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LIMIT CYCLES FOR DISCONTINUOUS PIECEWISE DIFFERENTIAL
SYSTEMS IN R? SEPARATED BY A PARABOLOID

JOHANA JIMENEZ!, JAUME LLIBRE? AND CLAUDIA VALLS?

ABSTRACT. In planar piecewise differential systems it is known that when the discontinu-
ity curve is a straight line and both differential systems are linear centers, these piecewise
differential systems have no limit cycles but if they are separated by other types of dis-
continuity curves, such as parabolas, then they have limit cycles. All these results are in
the plane and although the qualitative theory of planar piecewise differential systems has
been the subject of many research, this is not the case for piecewise differential systems
in higher dimensions. In this paper, we study the maximum number of limit cycles of
discontinuous piecewise differential systems in R* separated by a paraboloid ( elliptic or
hyperbolic), and formed by what we call two linear differential centers. We prove that
these systems can have at most one limit cycle and that this upper bound is reached. We
also provide systems of these types without periodic solutions and with a continuum of
periodic solutions.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULT

The study of piecewise linear differential systems goes back to Andronov et al. 1] and
still continues to receive attention from researchers. These last years a renewed interest
has appeared in the mathematical community for understanding the dynamical richness of
these piecewise linear differential systems because they are widely used to model processes
appearing in electronics, mechanics, economy, etc., see for instance the books of di Bernardo
et al. [5], Simpson [16], the survey of Makarenkov and Lamb [14] and the hundreds of
references quoted in these works.

In the qualitative theory of dynamical systems the existence of periodic orbits and more
precisely of limit cycles is very important because when they exist, they enable us to under-
stand the dynamical behavior of differential systems. Moreover many real world phenomena
are related to their existence, see for instance the Van der Pol oscillator [17, 18], among many
others. In order to understand the dynamical behavior of the discontinuous piecewise differ-
ential systems it is also important to know if they have crossing periodic orbits and crossing
limit cycles. In discontinuous piecewise differential systems a crossing periodic orbit is a pe-
riodic orbit that intersects the discontinuity manifold in a finite number of crossing points
and a crossing limit cycle is a crossing periodic orbit that is isolated in the set of all periodic
orbits of the system.

In the last years, the study of the existence and maximum number of limit cycles of planar
piecewise differential systems has been a subject of intense research. Most of the studies
developed in this direction were done considering piecewise linear differential systems with
only two zones and separated by a straight line and only a few of them were done taking
into account more zones or considering discontinuity curves with different shapes than a
straight line.

In the case of planar piecewise differential systems separated by a straight line, the follow-
ing interesting question emerged: discontinuous piecewise linear differential systems with
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only centers can create limit cycles? In 2018 Llibre and Teixeira answered this question by
proving that these piecewise differential systems have no limit cycles, see [11].

In this regard, recently in |2, 4, 7, 8, 13| some authors studied the existence and the
maximum number of limit cycles for discontinuous piecewise differential systems formed by
differential centers that have either two or more zones, and they are separated either straight
line or conics (reducible or irreducible) and they proved that these systems have limit cycles.
In particular, in [13] the authors proved that discontinuous piecewise differential systems
separated by a parabola and formed by two linear differential centers have at most 3 limit
cycles and that this upper bound is reached. From these works, it is apparent that the
shape of the discontinuity curve plays an important role in the number of limit cycles that
a discontinuous piecewise differential system can have.

In this way, a natural question arises, namely, to consider discontinuous piecewise differ-
ential systems in R3, since although the qualitative theory of planar piecewise differential
systems has been a subject of many research this is not the case for piecewise differential sys-
tems in higher dimensions. Most of the existing results are related to very specific families of
systems (see for instance [12], where the authors characterized the families of periodic orbits
of two discontinuous piecewise differential systems in R3 where the discontinuity surface is
a plane).

Our objective is to study the existence and the maximum number of crossing limit cy-
cles for discontinuous piecewise differential systems in R? formed by two linear differential
systems which we will call linear centers in R? and separateda paraboloid ( elliptic or hy-
perbolic). Without loss of generality, we can consider that an elliptic paraboloid is of the
form

Pp={(X,Y,2)eR*: Z=X*+Y?}.
And a hyperbolic paraboloid is of the form

Py ={(X,Y,Z)eR®: Z=X*-Y?}.
We observe that indeed Pr and Py divide the space R? in two regions, namely
Rp={(X,Y,2)eR*: Z-X*-Y?*>0}; RE={(X,Y,2)eR*: Z - X? -Y? <0},
and
Ry={(X.Y,Z)eR*: Z-X*+Y?>>0}; Ry ={(X,Y,Z) e R®: Z - X* +Y? <0},
respectively.

We recall that a center of a differential system in the plane R? is an equilibrium point p
having a neighborhood U such that U \ {p} is filled of periodic orbits. A global center is a
center p such that R? \ {p} is filled with periodic orbits. The notion of a center appeared
already in the works of Poincaré [15] in 1881 and Dulac [6] in 1908.

In R3 there are no centers in the sense that there are no equilibrium points p having a
neighborhood U such that U \ {p} is filled of periodic orbits, see for instance [3|. In the
following, we introduce the notion of the linear center in R? that we shall use.

One of the differential systems in R? with more periodic orbits is
(1) rt=-y, y=z, 2z=0.
This differential system has two linearly independent first integrals, namely
Hy(z,y,2) = 2* +y*,  Ha(z,y,2) = 2.

Moreover system (1) has a global center at the equilibrium point (0,0, zp) of each plane
z = zp. So all its orbits are periodic except the points of the z- axis which are equilibrium
points. We denote this differential system as a linear center in R3.
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FiGURE 1. The three cross-
ing periodic orbits S¢, i =
1,2,3 of the discontinuous
piecewise differential system
formed by the linear systems
(26) and (27).

FiGURE 2. The three cross-
ing periodic orbits S¢, i =
1,2,3 of the discontinuous
piecewise differential system
formed by the linear systems
(29) and (30).

The aim of this paper is to study the maximum number of crossing limit cycles that the
discontinuous piecewise differential systems formed by two linear centers (after applying
an affine change of variables) and separated by the paraboloid either Pg or Py can have.
Moreover, we also want to show that this maximum is reached.

Our main result is as follows.

Theorem 1. Consider discontinuous piecewise linear differential systems in R3 formed by
two linear centers (after applying an affine change of variables) and separated by a paraboloid
( elliptic or hyperbolic). The following statements hold:

(i) The mazimum number of limit cycles in both cases is one.
(73) In both cases there are systems without crossing periodic orbits.
(7i1) In both cases there are systems with a continuum of crossing periodic orbits. See
Figure 1 for the case of the elliptic paraboloid and Figure 2 for the case of the

hyperbolic paraboloid.
(iv) In both cases there are systems with one crossing limit cycle. See Figure 3 for the
case of the elliptic paraboloid and Figure 4 for the case of the hyperbolic paraboloid.

Theorem 1 is proved in Section 3.

2. PRELIMINARIES

The linear differential systems considered in each piece R} ,R%, R}{ and qu are linear
differential centers (1) after applying a general affine transformation. More precisely, we
shall use the next result.

Lemma 1. Doing a rescaling of the independent variable after the affine change of variables
given by

x:a1X+a2Y+agZ+a4, y:le+b2Y+b3Z+b4 and Z201X+CQY+C3Z+C4,
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where a;,b;,c; € R fori=1,2,3,4 and
(agb3 — azba)cy + (azby — a1bs)ca + (a1ba — azby)cs # 0,
system (1) becomes

X =((a1a3 + bibs)ca — (arag + biba)es) X + ((agas + babsg)ca — (a2 + b2)e3)Y
+ ((a3 + b2)ca — (agas + babz)es3)Z + (azaq + bsby)co — (asay + baby)cs,
Y =(—(aras + bibg)er + (af + b3)c3) X + (—(asas + babs)er + (aras + byba)cs)Y
+ (—(a3 +b3)c1 + (araz + bibs)cs) Z — (azaq + bgba)cr + (arays + biba)cs,
Z =((aras + bibo)cy — (a2 + b3)ca) X + ((a3 + b3)c1 — (arag + bibo)ca)Y
+ ((agas + bobs)c1 — (a1as + bibs)ca) Z + (agay + bobg)cy — (ajaq + biby)ca.

Moreover, two linearly independent first integrals of the differential system (2) are

FI(X,Y,Z) = (a1 X 4+ aoY + a3Z 4 ag)* + (1 X 4 boY + b3Z + by)?,

(3) FQ(X,Y,Z) =1 X+ Y +c3Z + cy.

In general, studying crossing periodic orbits of discontinuous piecewise differential systems
is a very difficult problem. And a useful tool that allows studying these periodic orbits
is to verify if the differential systems that compose the piecewise differential system are
completely integrable. We recall that a differential system in R? is completely integrable if
it has two first integrals linearly independent because then we can describe an orbit that
passes through a given point p as the intersection of all level surfaces to which the point p
belongs. It is known that linear differential systems are always completely integrable.

Therefore in order to study crossing periodic orbits of a piecewise differential system in
R3 formed by two linear differential systems, which intersect the discontinuity surface in the
points po and p1, these points must belong to the intersection of the same level surfaces to
both differential systems, this is, they must satisfy the following closing equations

Fi(po) = Fi(p1),
(4) Fy(po) = Fa(p1),
Gi(po) = Gi(p1),
Ga(po) = Ga(p1),
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where F;(z1, 2, z3) and G;(x1, 2, z3) for i = 1,2, are the linearly independent first integrals
of the systems that compose the discontinuous piecewise differential system. This tool has
been used in the papers [9, 10]. We use the same technique in the proof of Theorem 1.

3. PROOF OF THEOREM 1

Proof of statement (i). We have two cases, first when the discontinuity surface is an elliptic
paraboloid (Pg) and second when the discontinuity surface is a hyperbolic paraboloid (Pp).
Here we only provide all the details of the proof of statement (i) considering that the
discontinuity surface is Pg, because the proof considering the paraboloid Py is completely
analogous.

By Lemma 1, we consider the discontinuous piecewise differential systems such that in
the region R is considered the linear differential center (2), which has the two linearly
independent first integrals (3) and in the region R% we consider the linear differential center

X =((a1as + B153)72 — (12 + B1B2)73) X + ((azaz + B2fBs)y2 — (o + B3)y3)Y
+ (3 + B3)y2 — (a2as + B283)73) Z + (3 + B3Ba)v2 — (e + Bafa)vs,
Y =(—(aras + fiBs)n + (f + B1)13) X + (—(azas + Bofs)n + (arag + B182)73)Y
+ ((—a3 + B + (cnas + B18s3)y3) Z — (o + BsBa)n + (cnau + B1Ba)7s,
Z =((o10z + B1B2) 1 — (0F + BD)v2) X + (03 + B3)71 — (ara2 + B182)72)Y
+ ((azas + BaB3)11 — (aras + B183)72) Z + (aay + B2Ba)y1 — (ray + B1B4)7e.
Where «;, 5;,7: € R for i = 1,2,3,4 and
(23 — asfo)y1 + (3B — a1 f3)y2 + (a1f2 — a2B)y3 # 0.
This system has the two linearly independent first integrals
G1(X,Y,Z) = (1 X + asY + a3Z + as)* + (B1X + BoY + 37 + B4)?,
Ga(X,Y,Z) =1 X + %Y + 7132 + .

(5)

In order to have a crossing periodic orbit that intersects the discontinuity surface Pg in
two points pg = (Xo, Yo, Zo) and p1 = (X1,Y1,Z1), using (4) we obtain that these points
must satisfy the following equivalent system

el : (aqg + a1 Xo + a2Yp + azZ)? + (bg + b1 Xo + bo Yo + b3 Zp)?
—(ag + a1 X1 + a2Ys + azZ1)? — (ba + b1 X1 + baV1 + b321)? = 0,
e : c1Xo — c1 X1 + oYy — oY1 + 340 — 341 =0,
es (Xoa1 + Yoas + Zoaz + as)® + (XoB1 + YoB2 + Zofs + fa)?
—(X101 + Yiag + Ziag + ag)? — (X181 + Y162 + Z183 + B4)? =0,
eq: Xom — X1 + Yor2 — Y1y + Zoys — Z1v3 = 0,
Zo— X2 -YZ =0,
Z— X2 Y =0.
We study two cases: ¢3y3 # 0 and c3y3 = 0.
Case 1: c3y3 # 0. Setting E1 = 7y3e3 — c3eq, we obtain
(7) Ey = (esm1 — e173) (X1 — Xo) — (e372 — e273) (Y1 — Yo).

We have two subcases: c3y1 — c1v3 = 0, or ¢3y1 — ¢1y3 # 0.
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Subcase 1.1: c3y1 — c1y3 = 0.
We have E1 = (c372 — c273)(Yo — Y1) = 0. We have two subcases: c3vy2 — cay3 # 0, or
c3y2 — 3 = 0.
Subcase 1.1.1: c3y2 — cay3 # 0. From E; we obtain that
(8) Y1 = Yo.
Then equations e, e3 and ey in system (6) reduce to
e1 :(Xo — X1)(2a1a4 + 2b1bs + (af + 2azaq + b3 + 2b3bs) Xo + 2(aras + bibs) X5
+ (a3 + b3)X§ + (af + 2azaq + b7 + 2b3by) X1 + 2(araz + brbs) Xo X1
+ (a3 + b3) X3 X1 + 2(ara3 + bibz) X7 + (af + b3) XoXT + (a3b3) X7
+ 2(araz + b1b2)Yo + 2(azas + bebs) XYy + 2(agas + babs) X1Yo + 2(a1as
+biba)Yg + 2(a3 + b3) Xo Yy + 2(a3 + b3) X1 Y),
e :(Xo — X1)(Xoad + X105 + 2Ypanao + 2Xjanaz + 2XoX1a1a3 + 2X o as + 2V o
+ 2XoYoanas 4+ 2X 1 Yoanasz + Xga3 + X2 X105 + XoXiai + XPa3 +2XoYia3
+2X1 Y3 + 20104 + 2Xoazay + 2X1azay + XoBi + X187 + 2YoB1 B2 + 2X3 155
+2X0X 18183 + 2X 326183 + 2Y{ 5103 + 2X0YoB2B3 + 2X1YoBeBs + X565 + XE X153
+ Xo X185 + X783 + 2X0Y5 85 + 2X1Y5 B3 + 251 B4 + 2X0B3B4 + 2X183B4),
es :(Xo — X1)(m1 + Xovs + X173)-

We observe that we can consider Xy # X, because if Xo = X; from (8), we would have
that pp = p1, and consequently we would not have limit cycles. From equation e4 we get

—v1 — X
(9) X, = Ba! 0V3‘
73
Now we introduce X7 into e; and e3 and we obtain
(10)

er: —((a3 + b3)77) + 2(aras + bibs)yiys — (af + 2azas + b3 + 2b3bs) 1173 + 2(a1a4
+b1b4)73 + 23 Xov1 (—ajy1 — b3y + arasys + bibsys) + 2Yo(—azasy1y3
—bob3m173 + aragys + bibayi) + 293 X5 (—azy — b3v1 + arazys + bibzys)
+273YF (—a3y1 — b3y + arazys + bibsys),
e3: —((03 + BINY) + 2(cnas + B1B3)viys — (af + 2azaq + BT + 28364)1173
+2(aray + B1Ba)73 + 23 Xo(—a3m1 — B3 + arazys + B16373)
+2Yy(—aoasy17i — B2Bsmivs + cnonys + B18273) + 293 X3 (—adv — Bim
+orasys + B1Bsv3) + 2v3YE (—adm — B3 + arasyi + B1B373).
Analyzing equation e; we have two subcases: y1(—a3y1 — b3y1 + araszys + bibsys) # 0, or
Y1(—ady1 — b3y + arasys + bibsys) = 0.
Subcase 1.1.1.1: y1(—a3y1 — b3y1 + a1a3ys + bibgys) # 0. From equation e we can isolate
the variable Xy and we get
1
4(—ady1 — b3y1 + arazys + bibsys
+ /(= 20397 73 — 2037773 + 2a1a3m73 + 2b1bsy1v3)” — 4(—2a3m175 — 2630173
+ 2a1a375 + 2b1b373 ) (—a3yd — b33 + 2a1a37ivs + 2b1b3yiys — ainVs — 2asa4m3

— bIv173 — 2b3bay1V3 — 2a2a3Yov17; — 2bebsYoy1vs — 2a3Yimvs — 263Yi3

Xi =

) (201237%73 + 203733 — 2a1a37173 — 2b1b3 113

+ 2a1a47; + 2b1bavs + 2a1a2Yo3 + 2b102Y05 + 2a1a3Y5 5 + 261535/02’73?)))
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We observe that

— g
(11) Xf+X5=--.

73

Consider X;. From (9) we have X; = (—v1 — X 73)/73 and from equation e3 in (10), we
obtain

Yy =((y((af +0])m1 — 2(araa + biba)yz) + 2azasy1y3 + 2b3bay173) (@3 + 53) 11 — (s
+ B1B3)y3) + (a3n + b371)((cnas + BifBs) 77 — (af + 2az0u + BT + 26384) 173
+2(cnay + B18a)n3) + (ar ag + bibs)(—((aF + B3)7) + (o] + 20304 + 57 + 26364)
173 — 2(arou + B184)73)) /(2 v3((a3n + b3y — asarys — bsbivs) (asasy + B2 Bsm
— a109y3 — B1 Bys) + ((araz + bibe)vys — azagyr — bsbami)((0F + B3)11 — (a3
+ B183)73)))-

Using this and also (8), we have that

(12) (X0, Yy, 2y, X1, Yy, Z7)

is a solution of system (6).

Now if we consider X, by (9) we have X;” = (—y1 — X 73)/73 and by equation ez we
get Y,", which satisfies that

Yy =Yy
Moreover by (9) and (11) we have that
Xf=-2_Xp=X; and X7 =-2 — X5 = X{.
73 73

From the above conditions and by (8), the second solution is given by
(XS_7 YE)+7 Z(Si_?Xf_> Y0+v Zf_) = (X1_> Yo .27, Xy, Yy, ZO_)

That is, the second solution provides the same periodic orbit than the solution (12). There-
fore in this case we have proved that it is possible to have at most one limit cycle intersecting
the paraboloid Pg in two different points pg and p;.

Subcase 1.1.1.2: 'yl(—agfyl —bgwl +ajasys+b1b3ys) = 0. We have three subcases: v = 0 and
—2a371—2b3714+2a1a373+2b1bgys # 0, or 41 # 0 and —2a3y1 —2b3y1+2a1a373+2b1b3y3 = 0,
or v1 = 0 and —2a3y1 — 2b3v1 + 2a1a373 + 2b1b3y3 = 0.

Subcase 1.1.1.2.1: 41 = 0 and —a3y1 — b3y1 + arazys + bibsys # 0. When 1 = 0, from e;
in (10) we obtain

n V—a1ag — biby — ajasYy — b1baYo — arazY@ — bibsYy
Vaias + b1bs .

If we consider X, , from (9) and e3 we obtain X, and Y|, respectively. Similarly to Subcase
1.1.1.1, if we consider Xgr we get X" and Y0+. But then we have that

XF =

Xy =X X7 =X, and Yy =Y
So we only have one solution of system (6) and therefore at most one limit cycle.

Subcase 1.1.1.2.2: 71 # 0 and —a3vy1 — b3y + arasys + bibgys = 0. If a3 + b3 # 0, from
—a§71 - b%% + ajasys + bibsys = 0 we get

(ara3 + b1b3)vs

TR
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Substituting into equation e, we get

=75 (a1bs — asbr) ((alas + b1b3)(a1bs — aszby)
(a2 + b3) (a2 + b3)

+ 2((13[)4 — a4b3) + 2((13b2 - agbg)Y[)) .

If a1b3 — azby = 0 we have that e; = 0 and equation eg = 0 has two unknowns Xy and
Yy. Then if there are solutions for this equation, we would have a continuum of solutions
that would generate a continuum of crossing periodic solutions, and so we would not have
limit cycles.

If a1b3 — asb; # 0 and aszby — asbs = 0 then equation e; = 0 only provides conditions
for the parameters a;, b; for i = 1,3, 4, and moreover to solve system (6) it is equivalent to
solve equation ez = 0 which has two unknowns Xy and Yy. As before, we cannot have limit
cycles.

If a1b3 — asby # 0 and agby — asbs # 0, then we have
(a1a3 + blbg)(agbl — albg) + 2(a4b3 — a3b4)(a§ + b%)

2(&352 — agbg)(ag + b%) '
Substituting Yy into equation ez we obtain Xoi. Similarly to the above case, if we consider
X, using (9) we obtain X, and then we have the solution (X, Yo, Z,,X;,Y0,27).
Considering XOJr we get X", but we have that

Xo =X, Xy =X{.

Yy =

Then the second solution provides the same periodic orbit as the first one. Therefore in this
case we only have one solution for system (6), and hence at most one limit cycle intersecting
the paraboloid Pg in two points.

If a% + b3 = 0, equation e; in (10) becomes
e1: 273 (a1ag + bib2) Yo + 75 (2y3(a1as + b1ba) — (ai + bF)n).
If a1as + b1be = 0, equation e; = 0 provides conditions for the parameters a1, aq, b1, b4,

1,73, and similarly to the above case, equation es = 0 has two unknowns Xy and Yy and
as before, we cannot have limit cycles.

Considering that ajas + b1bs # 0, from e; we get
a3yy + b3y — 2a1a4y3 — 2b1bsy3
2(a1a2 + ble)’)/g ’

Substituting it in equation es we obtain X7, and similarly to the above cases, the two
possible solutions generate the same periodic orbit, and so we have at most one limit cycle.

-Y-OZ

Subcase 1.1.1.2.3: v1 = 0 and —a%*yl—bgfyl +aiasys+b1bsys = 0. This condition is equivalent
to v =0 and

(13) aijas + b1bs = 0.
From (13) we obtain that when ag # 0 then a; = —b1b3/as3. In this case equation e; becomes

2b173
as

er: ((a3b4 — a4b3) + (a3bg — agbg)Yb) .

If by = 0 then e; = 0 and as in the above case, equation e3 = 0 has two unknowns Xj
and Y, and if there are solutions for this equation, we would have a continuum of crossing
periodic orbits and so we do not have limit cycles.

If by # 0 and asbs — azbs = 0, equation e; = 0 provides conditions for the parameters
as, aq,bs and by, and again e3 = 0 has two unknowns Xy and Yp, and so we cannot have
limit cycles.
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If by # 0 and agby—asbs # 0 then from equation e, we get Yy = (agbs—asbs)/(asba—a2bs).
In this case, substituting it in equation es we obtain th, and as in the above cases the two
possible solutions generate only one periodic orbit and then we have at most one limit cycle.

When ag = 0, from the condition (13) we obtain three possibilities, namely either b =0
and b3 #£ 0, or by # 0 and b3 = 0, or by = 0 = bs. In all cases, we obtain the expression for Yj
by equation e in (10) and substituting it in equation es we obtain XSE. These points satisfy
XO+ = X; and X, = Xf, that is, the two possible solutions (X(?,YO,ZOi,XfE,YO,ZfE)
generate the same periodic orbit. Therefore we can have at most one crossing limit cycle.

Subcase 1.1.2: ¢392 — coy3 = 0. In this case, we have that equations ey and ey in (6) satisfy,

C3
€2 = —€y4,
3

this is, system (6) reduces to system which has three polynomial equations and four un-
knowns Xy, X1, Yy, Y1, if there are solutions for this system, then it would have a continuum
of solutions that produce a continuum of crossing periodic solutions, then we cannot have
crossing limit cycles.
Subcase 1.2: c3y1 — c17y3 # 0. From (7) we get
(14) X, — (e371 — c173) X1 — (e372 — eon3) (V1 — Yo).

€371 — €173
Substituting this expression of X into system (6), we obtain that equations e, e3 and ey,
have as common factor Y7 — Yj, and we observed that this factor can be eliminated because
if Y1 =Yg, by (14) we would have that py = p1, and consequently we would not have limit
cycles.

The expression for equation ey is
(15)
ex: —(cam — aye)(esm — a1y3) 4+ 2X1(c3v2 — c2v3)(esm1 — c1ys) + Yo(—c3(v3 +73)
+2c3(c1m + c2v2)73 — (€] + 3)73) — Yil(ea(n — 72) + (c2 — e1)y3)(e3(m1 + 72)
—(e1 + e2)v3))-

Then we have two subcases, either csys — cay3 = 0, or c3y2 — cay3 # 0.

Subcase 1.2.1: c3y2 — cay3 = 0. We obtain that
C372

Cy = .
V3

Moreover by (14), we get that
(16) Xo = Xi.
And from (15) we obtain

(17) Yo=-vi— 2.

73
Substituting these expressions into equations e; and ez, we have
(18)

€1 = (CL% + b§)7§’ — 2((12(13 + bzbg)’yg’yg + (a% + 2a3a4 + b% + 2b3()4)’yg’y§ — 2(@2(14
+b2ba)vs + 272731 ((a3 + b3)v2 — (azas + babs)vs) + 273 X1 (a1azyz + bibsye
—ajay3 — bibyys) + 293 X7 ((a3 + b3)y2 — (azas + babs)ys) + 293Y7((a3 + b3)72
—(azas + bab3)v3),

es = (a3 + B3)7s — 2(azas + B23)V57v3 + (a3 + 2304 + B3 + 2B384) 7273 — 2(azau
+B281)73 + 27273Y1 (a3 + B2)v2 — (aas + B2B3)ys) + 273 X1 (arasyz + BiBse
—anany3 — B18273) + 293 X7 ((0F 4 B3)72 — (azas + B2f83)73) + 293Y (03
+82)v2 — (aas + B2B3)Y3).-
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By equation e; we can have two subcases: (a3 +b3)y2 — (azas +babs)ys = 0, or (a3 +b3)y2 —
(a2a3 + bgbg)’}/g 75 0.

Subcase 1.2.1.1: (a% + b%)"yg — (agas + babs)ys = 0. If we consider a% + b% £ 0, by (a% +
b%)’YQ — (agas + babs)ys = 0, we obtain

(azasz + babs)ys

19 pu—
( ) 72 ag T b%

Hence from e we get

2(agby — a1bs)(agby — agbg)vg

X =—
! a3 + b2

Now we introduce X7 into ez and we obtain two options for Y7, namely Y1+ and Y|, which
satisfy

_ aga3 + bobs

20 YT +Y =
(20) 1 T a2+ 2

Then we have two real solutions, namely S* = (X(;—L, Yoi, ZSE,Xli, Yli, Zf[), but from (16),

we have that XofE = Xli. Moreover from equation (17) we obtain two options for Yy, this is,

72
(21) R G
73

Then by equations (19), (20) and (21), we have that

Y2 _ . aga3+bobs o _

W= N Ty T
3 3 3 3
_ 7 asas + babs o

i
3 3 3 V3

Then the solution
Si = (XO_7}/Q_7ZO_7X1_7Y1_721_) = (X07YE]_7Z()_7X07Y1_7Z1_) = (X07Y1+7ZT7X07}/0+7Z(—]F)7

generates the same periodic orbit than the solution S™. Therefore we have proved that it is
possible to have at most one real solution of system (6) and so at most one limit cycle that
intersects the paraboloid Pg in two points.

If a3 + b2 = 0, we can find the expression for X; from equation e; and substituting
in equation es we get two options for Y7, namely Yli. Moreover these points satisfy that
YT + Y] = —72/73 and similarly to the above case, we obtain that Y;t = ¥, and Y; =
Y;" and so the two possible solutions S* = (XSE,YOi, Zg[,Xli, Yli, Zli) generate the same
periodic orbit. In short, we can have at most one limit cycle.

Subcase 1.2.1.2: (a3 + b3)v2 — (a2a3 + babs)ys # 0. By equation e; in (18) we obtain
—1

273 (a3 + b3)72 — (azaz + bab3)73)

+ /(=3 ((a3 + 03)y2 — (a2a3 + babs)3) ((aF + b3)73 — 3(azaz + babs)137

+2(a3 + b3 + 2a3 X7 + 2a3(as + a1 X1) + 2b3(bs + X1(b1 + b3X1))) 1273

— 4as(as + X1 (a1 +a3X0) + balba + X (b1 + b5 X)) ).

Vi =

(7273((6@ + b3)v2 — (azaz + babs)7ys)

Moreover we observe that
(22) Yy = -2

V3
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Then we have two reals solution, namely S* = (Xoi,YOi, Zoi,Xli,Yli, Zf[) Substituting
Yi¥ in equation ez in (18) we get expressions for Xi*. From (17) we have Y& = — Y= —49/73.
More precisely from (17) and (22) we have that
}/E)+:_Y1+_B:}q_7
3

YE)_:_Yl__B:YlJF-
3

Then for conditions above and by (16) the solution S~ = (Xo,Y, ,Z;,X0,Y] ,Z;) =
(Xo, Y1+, Zfr, Xo, YE)+, ZJ), generates the same periodic orbit than the solution S*. There-
fore we only have one real solution of system (6), and so at most one limit cycle.

Subcase 1.2.2: c37y2 — coy3 # 0. From equation ey4 in (15) we get
1

2(esm — e1v3)(esv2 — c273)

(e3(m +72) = (e1 + e2)73) + Yo(3(F +13) — 2e3(cim + exne)ys + (¢ + 3)3)).

Then substituting this expression into equations e; and es, they become
eq ko + k1(Yo + Y1) + ko (Y5 + Y7) + k3YoYa,
ez mo +m (Yo + Y1) + n2 (Y5 + Y1) + nsYoYi.

Where the expressions of the coefficients k; for ¢ = 0,1,2,3 are

Xy = ((cam1 — e1y2) (s — e1y3) + Yiles(y — v2) + (c2 — ¢1)93)

ko =(csm — c173)*(a3(can1 — c172)” + b3(com — e172) + 2(e372 — c2y3) (—araz(cam
—c1y2)(esy1 — c1v3) — biba(eayr — c1v2)(e3y1 — e1y3) — 2(azaq + babs)(csm — c173)
(c3y2 — c273) + 2a1a4(csy2 — c2v3)” + 2b1ba(csy2 — cay3)* — af(camt — c17y2)
(—c3v2 + c2y3) — bi(camt — e1y2) (372 + c273)) — as(cam1 — c1y2)(az(camt — €17y2)
(e3m1 — c1v3) + (—c3y2 + c2y3)(Barcays — 3arcivyz + dagczyr — dascays))
— bz(cay1 — c172)(ba(cay1 — c172) (371 — €173) + (—c372 + c273) (3bicayr — 3biciye
+ 4byczya — 4bscaz))),

kr = — 2(esm1 — c173)(—a3(cam — c172)(esm — 1) — b3 (cam — c1v2)*(esm — c1v3)
—az(cam — c172)(2a1(e3m1 — c1v3)(e3y2 — c2v3) — az(es(v1 — 72) + (—c1 + c2)v3)
(cs(y1 +72) = (c1 + c2)73)) — (372 — c2y3) (@i (csm1 — c1y3)(esy2 — c2v3) + b (esm
— c173)(csy2 — c2y3) — (a3 + b3) (cam1 — c1y3)(esy2 — c2y3) — biba(esy1 — €372 — €173
+ cov3)(e3(1 + 72) — (e1 4 c2)y3) — araz(e3(y1 — y2) + (—c1 + e2)y3) (e3(71 + 72)
— (1 + e2)y3)) — ba(cay — c172)(2b1(c3m1 — c1y3) (e372 — cay3) — bales(1 — 72)
+ (=1 + e2)y3)(es(n +72) — (1 + ¢2)73))),
ko =((7F +13) — 2cs(cim1 + cav2)ys + (6 + ¢3)73) (a3 (cam1 — c1y2) + as(—azesy + ax
372 + azc1ys — arceys) + b3(bzcayr — baczyr — bsciyz + bicsyz + baciys — bicays)),
ks =2(cs(y1 — 72) + (—c1 + ca)ys)(es(v1 + 72) — (1 + 2)¥3) (B (7F +73) — 2e3(c1m
+ cov2)y3 + (¢ + c3)v3) (a3 (cay1 — c172) + az(—azcsy1 + arczye + azciys — aicays)
+ b3(bgcayr — bacgyr — bsciye + bicsye + baciys — bicays)).
The expressions of 7; for ¢ = 0,1, 2,3 are equals, only interchanging a; by «; and b; by 3;
for j = 1,2,3, 4.

We know that if (Yp, Y1) is a solution of the system e; = 0, e3 = 0, the point Yy must
be a root of the resultant of e; and eg with respect to the variable Y;. We denote such
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a resultant as R(Yp). Moreover the point Y7 must be a root of the resultant of e; and eg
with respect to the variable Yy, which we denote it as R(Y7). In this case, it is possible to
verify that by interchanging the variable Yy by Y7, the expressions of the resultants R(Yp)
and R(Y7) are the same. Moreover in this case the resultants are polynomials of degree
2. Then we would have at most two reals solutions Yy, Y7 for system e; = 0 = e3, and
consequently two real solutions S° = (X§,Y{, Z§, X4,Y{, Zi) for system (6). But we can
observe that if (X, Yo, Zo, X1, Y1, Z1) is a solution of system (6) then (X1, Y1, Z1, Xo, Yo, Zo)
is also a solution, and this last solution generates the same periodic orbit than the first one.
Therefore we can conclude that system (6) has at most one real solution and consequently
the discontinuous piecewise differential system formed by the linear differential systems (2)
and (5) has at most one limit cycle.

We do not give the explicit expressions of the polynomials R(Yy) and R(Y1) because their
expressions are huge. These resultants can be computed immediately using an algebraic
manipulator, such as Mathematica or Maple.

Case 2: c3y3 = 0. We have three subcases: c3 =73 =0, 0r c3 =0and y3 # 0, or c3 # 0
and v3 = 0.

Subcase 2.1: c3 = v3 = 0. Equation ey in system (6) becomes
(23) es: e1(Xo — X1) + ca(Yy — V7).
then we have two subcases co # 0, or co = 0.
Subcase 2.1.1 co # 0. From (23), we get

_ca(Xo— X1) + 2y

24 Y, = .
(24) 1 o

Then equation ey in system (6) reduces to

es: (Xo — X1)(eam — c172)
(&)

First, we assume that coy1 — ¢172 # 0. Then from eq we get Xo = X1, and from (24) we
get Yy = Y1, So we have that pg = p; and we do not have limit cycles.

Second we consider that cpy; — c1y2 = 0, that is , 71 = ¢172/c2. Then ey = 0, and
equation e; becomes

e1 :(ag + a1 Xo + aoYy + az(X3 + Y))% + (by + b1 X0 + bo Yo + b3(X5 + Y))?

Xo - X Xo — X1) + 2Y))%\\ 2

—<CL4+CL1X1—|—CL2(M+Y'O)+&3(X12+(Cl( 0 21) Cc2 0) ))
C2 3

Xo— X Xo— X1) + 2Yp)?\\ 2

- <b4+b1X1+bz(cl(Ocl)+Yo> (X7 + (e1(Xo 621) c2Yp) )
2 2

Moreover, the expression for equation es are the same, changing (a1, as, as, a4, by, ba, b3, by)
by (a1, a9, a3, aq, 1, B2, B3, B1). This means that we must solve system e; = 0 = ez, which
has two polynomial equations and three unknowns Xy, X1, Yy. Hence, if there are solutions
for this system, then it would have a continuum of solutions that produce a continuum of
crossing periodic solutions and therefore we cannot have crossing limit cycles.

Subcase 2.1.2: ¢ = 0. Equation (23) becomes
€9 . Cl(Xo — Xl)

First, we consider that ¢; # 0. Then we have that Xy = X; and equation e4 in system
(6) reduces to

eq =72(Yo — 11).
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We observe that we can consider Yy # Y7, because if Yy = Y7 we have that pg = p1 and we
do not have limit cycles. Hence v = 0 and equation

e1 (as + a1 Xo + a2Yp + a3(X§ + Yi7))? + (ba + b1 Xo + baYo + b3(X§ + Y§))? — (a4 + a1 X0
+ a2Yi + az(XG + Y2))? = (ba + b1 Xo + baY7 + b3(X3 + Y2))2.

Moreover the expression for equation es is the same changing a; by «; and b; by 5;, respec-
tively, for ¢ = 1,2, 3,4. Then similar arguments used for Subcase 2.1.1 show that if system
e1 = 0 = e3 has real solutions then it has a continuum of solutions and therefore we do not
have limit cycles.

Second, if we consider ¢; = 0, then we have c2 = 0 = ¢3. In this case, we obtain that the

linear differential system (2) considered in the region RL, becomes X =0, Y =0, Z =0
and so we cannot have limit cycles.

Subcase 2.2: c3 = 0 and 3 # 0. Equation ey in system (6) reduces to equation (23). Then
we have two subcases co # 0, or co = 0.

Subcase 2.2.1: co # 0. From equation ey, we obtain the expression for Y; given in (24).
Then equation e4 in system (6) becomes

(Xo — X1)(3(X1 — Xo)vs + (1 + (Xo + X1)y3) — crca(72 + 2Yo73))
2
)

(25) €q .

We can consider Xy # X, because if Xy = X, from equation (24), we get Yy = Y] and
then pg = p1 implying that we cannot have limit cycles. So, considering Xy # X in ey (25),
we get

—c3y1 + creave + A Xovs — 3 Xovs + 2c162Y073
(cF+c3)s

X =

Substituting Y7 and X7 in equations e; and eg of system (6), we have

1 2, 2 3_Cly3 2 ‘ 2 2 2
er :W(Ao(q + ) (X5 - oYY X - 5YOXO) — 2N YE + 200X}
2 2 -
FXXoYh - Ay - Soag¥y — (B0
3 3 3
1 2, 2 3_CGys 2 ‘a 2 2 2
es :(c%+c§)2fy§(60(cl + ) (X3 - Y YT - gYOXO) — 26, Y3 + 26,

2 2 —
+ 03 XY — —04Xo — —05Y0 — (62%—6172)56)7
V3 73 V3
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and the expressions of the coefficients A; for i =0,1,2,3,4,5,6 are

Ao = — 4(a3 + b3)ca(cam1 — c12) + dea(—azaser — babser + arascs + bibsca)vs,

AL =(a3 + b3)(3¢i + ¢3)(cam1 — c172)? — (azazer (=3¢T + &) + babser (c3 — 3¢7)

+ (a1as + bibs)ca(5¢; + 3))(cam1 — c172)73 + 2c12(—((araz + bibg)c})
+ (a? — a3 + b2 — b3)cico + (aran + biby)cd )3,

Ao = — ((a3 + 13)(c} 4 3¢3)(cam1 — c172)?) + ((aras + bibs)ca(c? — 3¢3) + agazei(c3 + 5¢3)
+ babscr (¢34 5¢3))(—cay1 + c1y2)73 + 2c1ca(—((aras + bibo)ct) + (af — a3 + b3 — b3)
c1ea + (arag + biba)c3)73,

A3 =(8(a3 + b3)ciea(cay1 — c1y2)? — 4(arazer (2 — 3c3) + bibsei (2 — 3¢3) — (agas + babs)ca
(=3¢ + ) (—cay1 4 c172)y3 + 4(c1 — e2)(c1 + ¢2)((arag + bibo)ct + (a3 — a? — b3
+b3)cre2 — (araz + biba)c3) 73,

Ay =2(a3 + b3)ca(com1 — c172)” + ((aras + bibs)ci + 4(azas + babs)cica — 3(aras + bybs)c3)
(cam1 — c172)?y3 + ((a1az + bibo)e} — (af — 2a5 — 2azaq + b — 2(b5 + bzba)) i e
— 3(a1as + biba)crcs + (af + 2azas + by + 2b3b4)c3) (cam1 — c172)73 — 2¢a2(—azascy
— bobyci + aragco + b1b402)(c% + C%)'yg’,

As =2(a3 + b3)er(—cam1 + c172)” + 73(4(aras + bibs)cicy — 3(azas + babs)ct + (agas + bbs)
c%)(cwl — 0172)2 + ((a% + 2aza4 + bg + 2b3b4)c‘1’ — 3(ara2 + ble)C%CQ + (2a% — a%
+ 2a3a4 + Qb% — b% + 26364)0103 + (arag + blbg)cg)(—cwl + clfyg)’yg — 2¢1(agaqcq
+ babgey — (arag + biby)ea)(c3 4+ 373,

A =(a3 +b3)(cay1 — c172)® + 2(agazcer + babzer — (aras + bibg)ez)(cay1 — c172)%y3
+ ((a3 + 2azaq + b3 + 2b3by) s — 2(arag + biba)cica + (a? + 2azay + b3 + 2b3bs)c3)
(c2m1 — c172)73 + 2(azascy + babsey — (aras + bibs)ea)(cF + 3)75.

Moreover the expressions of ¢; for ¢ = 0, 1,2, 3,4, 5,6 are equal, only interchanging a; by «;
and b; by f;, respectively, for j = 1,2,3,4. We know that if (X, Yp) is a solution of the
system e; = 0, es = 0, the point X must be a root of the resultant of e; and es with respect
to the variable Yp, that we denote it by R(X(). Moreover the point Yy must be a root of
the resultant of e; and e3 with respect to the variable Xy, which we denote by R(Yp). In
this case, it is possible to verify that R(Yp) = R(Xo) = 0. Therefore we cannot have limit
cycles.

Subcase 2.2.2: co = 0. Equation es given in (23) reduces to

€9 = Cl(XO — Xl).

First if we consider that ¢; # 0, then Xy = X; and equation e4 in (6) becomes

eqs = (Yo — Y1)(v2 + (Yo + Y1)73).

We observe that we can consider Yy # Y1, because if Yy = Y1 we obtain that pg = p; and
we cannot have limit cycles. Then from ey, we get Yo = —(72 — Y173) /73, and substituting
them in equations e; and e3 we obtain two polynomials of degree 4 whose resultants are
zero. Therefore we cannot have limit cycles.

Second, we consider that ¢; = 0. But then since ca = ¢3 = 0, we obtain that the linear
differential system (2) considered in the region R}; becomes X =0, Y =0, Z =0, and
so we cannot have limit cycles.
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Subcase 2.3: c3 # 0 and v3 = 0. The proof in this case is analogous to the Subcase 2.2 O

Proof of statement (i7). If the discontinuity surface is Ppg it is sufficient to consider the
discontinuous piecewise linear differential system formed by a linear differential center (1)
in the region R} and an arbitrary linear differential center (5) in the region R%. We have
that this discontinuous piecewise differential system has no crossing periodic orbits. If the
discontinuity surface is Py we consider the linear differential systems (2) and (5) in R,
and R%, respectively, considering c3 = 0 = 3, ca # 0, and coy1 — c172 # 0, as in the proof
of Subcase 2.1.1 in a statement (i). In this case, we obtain that the unique real solution
for system (4) is (Xo, Yo, Zo, Xo, Yo, Zo) for Xo, Yy, Zp € R, which do not generates crossing
periodic orbits. O

Proof of statement (iii). First, we provide a discontinuous piecewise differential system that
has a continuum of crossing periodic orbits when the discontinuity surface is Pg. For this
we consider in the region R}, the linear differential system

- 15 . X X
26 X=——(-14+2Y+4Z Y=—— Z=—
(26) (-1+2Y +42), = Z=1

and in the region R% the linear differential system

. 319(15Y +16(Z — 15)) . 29 .87
2 X = v=""x z=-%x
(27) 19200 ’ 47 4
Considering Zy = X + Y@ and Z; = X7 + Y we get that system (6) is equivalent to
1
er: 55(X3 = XP)(~49 4 100XF + 100X7 + 100¥; + 200¥2),

e2: —Xg+ X —2Yy — Y +2Y; + Y72,

29(X3 — X7)(210 + 8X3 + 8X7 + 15Y; + 16Y}?)
1800 ’

es .
eq: (X2 —X3).

We observe that the points po1 = (£Xo, Yo, Zo) for Xo,Yp, Zy € R are solutions of
system (28). Therefore, the discontinuous piecewise linear differential system formed by
the differential systems (26) and (27) has a continuum of crossing periodic solutions, which
intersect the paraboloid Pg at the two points pg and p;. See the three crossing periodic
solutions S* = (p§,pt) for i = 1,2,3, of this continuum of crossing periodic solutions in
Figure 1, where

), s?=(-S L1301 105
’ - 57107 100" 5710’ 100/’

Now we consider that the discontinuity surface is Py and we provide a discontinuous piece-
wise differential system that has a continuum of crossing periodic orbits. In the region R
we consider the linear differential system

~ 15 . X X
29 X=—(-142Y+42), Y=— Z=—
(29) (—142Y +42), - =1
and in the region R? the linear differential system
. 1073(15Y 4+ 16(Z — 15 . 2 . 7
(30) x = WBUSY +16(Z15) -y 29 5 8Ty
38400 8 4
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Considering Zy = X3 — Y@ and Z; = X7 — Y we get that system (4) is equivalent to

1
e : 2T)(Xg — X2)(—49 + 100X2 + 100X2 + 100Y; — 200Y3),
ea: —XZ+ X} -2V 42y, +YE - Y2,
(31) 29(X2 — X7)(210 + 8X3 + 8X? + 15Y1 — 16Y7)
. 1800 ’
—(X§ - X1)
ey ——————=.

2

We observe that the points pg1 = (£Xo, Yo, Zo) for Xo, Yo, Zp € R are solutions of system
(31). Then, the discontinuous piecewise linear differential system formed by the differential
systems (29) and (30) has a continuum of crossing periodic solutions, which intersect the
paraboloid Py at the two points pg and p;. See the three crossing periodic solutions S* =
(pé, pt) for i = 1,2, 3, of this continuum of crossing periodic solutions in Figure 2, where
Sl: (1717§7_1a17§>1 52: (§717B7_§717§)1
24 24 5710720 5710 20
sio (7,02 19 %y
5710°20" 5710720
O

Proof of statement (iv). We provide two examples of discontinuous piecewise differential
systems separated by either Pr or Py and which have one crossing limit cycle. With these
examples we can conclude that the upper bound found is reached.

First, we provide a discontinuous piecewise differential system whose discontinuity surface
is Pg and that has one crossing limit cycle. In the region R} we consider the linear
differential system

5(—77131 + 7/146892247) X — 16(1040 + 5385Y + 1818%)
1200 ’

((307751207 — 25325v146892247) X — 16(74045 — 51146892247

~ 14400
+ 15(—9748 + V/146892247)Y + 9(—62959 + 5\/146892247)2)),

~ 28800
+ 3(—10825 + V/146892247)Y + 9(—12713 + \/146892247)2)),

Z ((154454086 — 12715v/146892247) X — 40(14185 — /146892247

and in the region R% the linear differential system

(—984749 + 1676+/291071) X — 16(—9790 + 17066Y + 1748572)
8000 ’

= 23000 (2053428 — 5327v/291071) X — 16(5990 — 10v/291071 + (~7996
+14v/291071)Y + (—8660 + 15 291071)2)),

<(319954973 —576992v/291071) X — 16(656710 — 1080291071

~ 128000
+ (—880634 + 1512v/291071)Y + (—952765 + 1620\/291071)Z)).
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With these linear differential systems, system (6) has only one real solution which generates
one limit cycle that intersects the paraboloid Pg in two different points py = (Xo, Yo, Zo)
and p; = (X1,Y1, Z1), namely

(1 1 17) and ( 17 1 305)
= _—, — I = —_— =, — ].
po "4 16 p1 16’4’ 256
See this crossing limit cycle in Figure 3.

Now we provide a discontinuous piecewise differential system whose discontinuity surface
is Py and that has one crossing limit cycle. We consider in the region R}, the linear
differential system

5(—67051 + 7v/112701463) X — 16(1040 + 5385Y + 18182)

X — ,
1200
1
Y =00 ((239166023 — 22445+/112701463) X — 16(66845 — 5/112701463

+15(—8308 + V/112701463)Y + 9(—55759 + 5 112701463)2)),
1
= 22800 ((120085894 — 11275v/112701463) X — 40(12745 — v/112701463

+ 3(—9385 + v/112701463)Y + 9(—11273 + \/112701463)2)),

and in the region R? the linear differential system

(—783629 + 1676+/166911)X — 16(—9790 + 17066Y -+ 174857)

X =
8000 ’
1
= 32000 (11(170468 —397v166911) X + 32(3158 — 7v166911)Y

— 80(958 — 2v/166911 + (—1372 + 3\/166911)Z)),

<(203299613 —473312v166911) X — 16(527110 — 1080166911

~ 128000
+ (—699194 + 1512v/166911)Y + (—758365 + 1620\/166911)Z)).

With these linear differential systems, system (4) has only one real solution which generates
one crossing limit cycle that intersects the paraboloid Py in two different points pg =
(Xo, Y0, Zo) and p1 = (X1, Y1, Z1), namely

(1 1 15) d ( 17 1 273)
— _ — a o - = —).
o=y 0 M 1674’ 256
See this crossing limit cycle in Figure 4.

This completes the proof of Theorem 1. O
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