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1. Introduction

Let Z be the ring of integers modulo p* with s > 1 and p prime, and Zj. be the set
of n-tuples over Zys. In this paper, the elements of Zj. are also called vectors over Zps
of length n. A code over Z, of length n is a nonempty subset of Zj, and it is linear if it
is a subspace of Zj/. A nonempty subset of Zj. is a Zyps-additive code if it is a subgroup
of Zj.. Note that, when p = 2 and s = 1, a Zps-additive code is a binary linear code
and, when p = 2 and s = 2, it is a quaternary linear code or a linear code over Zj,.

Let S, be the symmetric group of permutations on the set {1,...,n}. Two codes
over Z, of length n, C1 and (5, are said to be permutation equivalent if there is a
permutation of coordinates m € S, such that Cy = {m(c) : ¢ € C1}. Two Zp--additive
codes of length n, C; and Cs, are said to be permutation equivalent if they differ only by
a permutation of coordinates, that is, if there is a permutation of coordinates m € S,,
such that Co = {m(c): c € C1}.

The Hamming weight of a vector u € Zy, denoted by wtx (u), is the number of nonzero
coordinates of u. The Hamming distance of two vectors u,v € Zy, denoted by du(u,v),
is the number of coordinates in which they differ. Note that dgy(u,v) = wty(v — u).
The minimum distance of a code C over Zj, is d(C) = min{dg(u,v) : u,v € C,u # v}.
For elements of Z,:, we consider the following metric, defined in [12], and also used in
[19,31]:

0 if z =0,
wt*(z) = {p*! if 2 € p*~'Zy-\{0}, (1)
(p—1)p*~2 otherwise.
The weight of a vector w = (u1,uz, ..., up) € Zp. is wt*(0) = 37, wt*(u;) € Zys; and
the distance between two vectors w,v € Zy. is d*(u,v) = wt*(u — v). The minimum
distance of a code C over Zys is d*(C) = min{d*(u,v) : u,v € C,u # v}.

In [20,27], a Gray map from Zg4 to Z3 is defined as ¢(0) = (0,0), #(1) = (0,1),
#(2) = (1,1) and ¢(3) = (1,0). There exist different generalizations of this Gray map,
which go from Zs- to Z2' ' [10,13,23]. The one given by Krotov in [23] is defined in
terms of the codewords of a Hadamard code, and the one given by Carlet in [10] is a
particular case of Krotov’s one satisfying >" A\;¢s(2°) = ¢5(>_ \i2%) [15]. In this paper,
we consider a generalization of Carlet’s Gray map, denoted by ¢ and defined as follows:

ds(u) = (Us—1,. .-, us—1) + (uo, ..., us—2)Ys_1, (2)

where u € Zps, [ug,u1,...,us—1]p is the p-ary expansion of w, that is u = Zf:_é plu;
(u; € Zyp), and Y, is a matrix of size (s — 1) x p*~! whose columns are the elements
of Zf,_l. Note that the rows of Y;_; form a basis of a first order Reed-Muller code after
adding the all-one row. This Gray map ¢, is an isometric embedding from (Z,,d")
into (Z£571,dH) [19,31]. If s = 1, then ¢; is the identity map. In order to simplify the
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notation, we write ¢ instead of ¢5, when s is clear from the context. Then, we define
Q:Zy. — Z;”’Sfl as the component-wise extension of ¢.

Let C be a Z,<-additive code of length n. We say that its Gray map image, C' = ®(C),
is a Zys=-linear code of length p*~'n. Since C is a subgroup of Zys, it is isomorphic to an
abelian structure Z;ls X Z;i,l X - X Z;S, and we say that C, or equivalently C' = ®(C),
is of type (n;ty,...,ts). Note that [C| = p*tip(s=Dt2 ... pts Unlike linear codes over finite
fields, linear codes over rings do not have a basis, but there exists a generator matrix for
these codes having minimum number of rows, that is, t; 4+ - -+ + t5 rows.

A generalized Hadamard (GH) matriz H(p,\) = (hi;) of order N = pX over Z, is a
PA X pA matrix with entries in Z, with the property that, for every ¢,7, 1 <1i < j < pA,
each of the multisets {h;x — hjr : 1 < k < pA} contains every element of Z, exactly A
times [22]. Two GH matrices Hy and Hy of order N are said to be equivalent if one can
be obtained from the other by a permutation of the rows and columns and adding the
same element of Z,, to all the coordinates in a row or in a column. We can always change
the first row and column of a GH matrix into zeros, obtaining an equivalent GH matrix
which is called normalized. From a GH matrix H, the generalized Hadamard (GH) code
is Cr = Ugez, (Fr +al), where Fg+al = {h+al:h € Fy}, Fp is the code consisting
of the rows of H, and 1 denotes the all-one vector [14]. Note that C is not necessarily
linear as a code over Z,,.

A Z,--additive code C such that ®(C) is a GH code is called a Z,--additive GH code
and ®(C) is called a Z,:-linear GH code. Note that a GH code over Z, of length N
has pN codewords and minimum distance (p — 1)N/p. The Z4-linear Hadamard codes
of length 2! have been studied and classified in [24,29], and their automorphism groups
have been characterized in [25,28]. For s > 2, Zgas-linear Hadamard codes where first
introduced in [23]. A full classification of Zg-linear Hadamard codes is provided in [16].
For s > 3, a partial classification and bounds on the number of nonequivalent Zss-linear
Hadamard codes of length 2¢ can be found in [15]. More generally, for any s > 2 and p
prime, Z,--linear GH codes are studied and partially classified in [5,6]. Moreover, it is
proved that, for p > 3, the Z--linear GH codes of type (n;1,0,...,0,ts) are the only ones
which are linear [5]. For p = 2, they are only linear when their type is (n;1,0,...,0,ts)
or (n;1,0,...,0,1,¢,) [15].

Let C be a code over Z, of length n with p* codewords. For a vector u € Z? and a
set I C {1,...,n}, we denote the projection of u to the coordinates of I by u|;. We say
that C' is a systematic code if there is a set I C {1,...,n} of k coordinate positions such
that |C;| = p*, where C; = {u|; : u € C}. The set I is called an information set for C
and {1,...,n}\I a redundancy set.

Permutation decoding is a technique, introduced by Prange [30] and developed by
MacWilliams [26] for linear codes, that involves finding a subset of the permutation au-
tomorphism group of a code in order to assist in decoding. In [4], a new permutation
decoding method for Zj-linear codes (not necessarily linear), based on having a sys-
tematic encoding for these codes, was introduced. Actually, it is also proved that this
method can be used for any nonlinear binary code, as long as it has a systematic en-
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coding. This can be generalized easily to systematic nonlinear codes over Z, [32]. Then,
since any Z,--linear code is systematic, as shown in [32] by giving a systematic encoding,
the permutation decoding method can also be used for these codes.

The idea behind the permutation decoding technique is to move all errors in a received
vector out of the information positions by using a permutation that preserves the code.
Let C be a t-error-correcting code over Z, and denote by PAut(C) its permutation
automorphism group. Then, it is necessary to find a subset S C PAut(C), with respect
to an information set for C, such that every r-set of coordinate positions is moved out
of the information coordinates by at least one element in S, where 1 < r < ¢. The set .S
is called an r-PD-set and, if » = ¢, it is called a PD-set.

The efficiency of the permutation decoding method depends on the size of the r-PD-
set S C PAut(C), since it needs to find the suitable permutation in S, for each received
vector. In general, determining the structure of PAut(C) is very complex, making the
search for r-PD-sets or PD-sets a difficult task. However, there are results that show how
to find r-PD-sets of small size for certain families of codes [2,3,11,18]. More specifically,
in [2], it is shown how to find r-PD-sets of size r + 1 for binary linear Hadamard codes
and (nonlinear) Z4-linear Hadamard codes. A similar result for Hadamard codes over
the field Fy is presented in [11]. In this paper, we generalize these results to Z,--linear
GH codes with s > 2 and p prime.

The paper is organized as follows. In Section 2, we recall the recursive construction of
Zps-additive GH codes. In Section 3, we study the permutation automorphism group for
these codes and show that it is isomorphic to a group formed by matrices of the general
linear group over Z,s. In Section 4, we give an information set for the corresponding Zs-
linear GH codes and establish a criterion to find r-PD-sets of size r 4+ 1. In Sections 5
and 06, explicit and recursive constructions of r-PD-sets of this size, up to a given upper
bound, are described. In Section 7, we present some computational results on a random
search of these sets for the codes where the upper bound is not reached. Finally, in
Section 8, some conclusions and further research on this topic are included.

2. Construction of Zp--additive GH codes

Generator matrices having minimum number of rows for Z 4-additive Hadamard codes,
as well as a recursive construction of these matrices, are given in [24]. In [23], Zss-additive
Hadamard codes with s > 2 are introduced and generator matrices with minimum num-
ber of rows are also given. A recursive construction for these matrices is presented in
[15]. More recently, Z,s-additive GH codes are considered in [5] generalizing these results
to any p > 3 prime. In this section, we recall the construction of Z,.-additive GH codes
with s > 2 and p prime.

Let t1, ta,...,ts be nonnegative integers with #; > 1. Consider the matrix Gti-ts
whose columns are exactly all the vectors of the form z7, z € {1} x Z;ls_l X (prs)t2 X

- X (ps—lzps)tS.
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Example 2.1. For p = 3 and s = 3, we have the following matrices over Za7:

gloa_ (111 giao_ (1111111 11
0918 )’ 03691215182124 |
groo _ (11111111111 1111 111111111111
~101234567891011121314151617181920212223242526 ) °

111111 111111111111 111111111
G =103691215182124 03691215182124 0 3 6 9 1215182124 |,
00000 000099999 9 9 9 9 181818181818181818

111---1 111---1 11 1---1
G201 =1012---26012---26 0 1 2 --- 26
000--- 0 999-.- 9 181818--- 18

Let 0,1,2,...,p°% — 1 be the vectors having the same element 0,1,2,...,p° — 1 from
Zps in all its coordinates, respectively. The order of a vector u over Z,s, denoted by
ord(u), is the smallest positive integer m such that mu = 0.

Any matrix G''s can also be obtained by applying the following recursive con-
struction. We start with g-:9-+0 = (1). Then, if we have a matrix G = Ghi-ots | for any

i €{1,...,s}, we may construct the matrix

_ g g G
gi - (O . pifl 1- pifl . (psfiqtl _ 1) . pi71 > . (3)

Finally, permuting the rows of G;, we obtain a matrix Gf1« where t; =t for j#i
t,

and ¢} = ¢; + 1. Note that any permutation of columns of G; gives also a matrix gtll""’
Example 2.2. From the matrix G1'%° = (1), we obtain the matrix G2%%; and from G*°
we can construct G201 where G200 and G*%! are the matrices given in Example 2.1.
Note that we can also generate another matrix G%! as follows: from G»%% = (1) we
obtain the matrix G1%! given in Example 2.1, and from G"%! we can construct the
matrix

111111 111---1 11 111
Gi=(109180918 0918--- 0 918 0 9 18
000 111 222 ---252525 26 26 26

Then, after permuting the rows of G;, we have the matrix

111111 111--111 1711
G*0l =000 111 222252525 262626 |,
0918 0918 0918--- 0 9 18 0 9 18



6 A. Torres-Martin, M. Villanueva / Finite Fields and Their Applications 93 (2024) 102316

which is different to the matrix G2%! given in Example 2.1. Note that these two matrices
G%0! generate permutation equivalent codes.

In this paper, we assume that the matrices G**»~'s are constructed recursively starting
from G199 in the following way. First, we obtain G':%+-0 by adding t; — 1 rows of
order p®; then Gt1:*2:9::0 is generated by adding ¢, rows of order p°*~!; and so on, until
Gtir-ots is reached by adding ¢, rows of order p.

We denote by H!'s the Zys:-additive code of type (n;ti,...,ts) generated by
Giiots where ty,...,t, are nonnegative integers with ¢; > 1. Note that n = pt=s*1,
where t = (}7_ (s —i+1)-t;) — 1. Let H"»ts = §(H'>-!<) denote the correspond-
ing Z,--linear code, which is a GH code of length p* [5]. Thus, we say that Ht-*

Zp-additive GH code, and H*» ' a Z,s-linear GH code.

s is a

3. Permutation automorphism group of Zp.-additive GH codes

The structure of the permutation automorphism group of Zj,-additive Hadamard
codes is described in [25,28]. In this section, we describe the structure of the permu-
tation automorphism group of the Z,.-additive GH code '«  that is, the structure
of PAut(H!-t). In particular, an isomorphism between PAut(H! %) and a cer-
tain group of matrices of the general linear group over Z,s is found, and the order of
PAut(H>+*) is computed.

Let GL(k, Zps) denote the general linear group of degree x over Z,s and let £ be the
set consisting of all matrices over Z s of the following form:

2 s—2 s—1

I a paz ptaz -+ pTTRas—1 pTas

0 Ay phip p*Aig oo pTRAL ptTMAL

0 Ay, Aoy pAss -+ pTTEAy .y ptTEAs

0 As; As o Ass - piHA3 .y ptTRAs , (4)
0 A1 Asio Az 0 Asiso1 PAs—1s

0 A As 2 Asz -+ Ag st As s

where Ay 1 € GL(t1 —1,Z,:), A;; € GL(t;,Z,:) for i € {2,...,s}, A; ; are matrices over
Lps, for i # j, a1 € Zfﬁg_l and a; € Z;].;, for j € {2,...,s}.

Lemma 3.1. The set L is a subgroup of GL(t1 + -+ +ts, Zps).
Proof. We first need to check that £ C GL(t1 + -+ + t5,Zps), ie., that det(M) €
°)

Zps \PZLyps for all M € L. Note that if M" € GL(k, Zys), then M = M'+pR € GL(k, Z,,
for any R. Thus, since det(M’) € Z,:\pZ,=, we have that det(M) € Z,:\pZ,=, where
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1 a 0 0 0 0
0 Ay O 0 0 0
0 Ay Ass 0O 0 0
M =10 Az, Az As 3 0 0
0 A1 As—12 Asiz -+ As—iso1 O
0 A As o Ass 0 Asso1 Ass

Finally, we prove that £ is a subgroup. Let us denote by M, ;, for 7,5 € {1,...,s+1},
the submatrix in the ith row and jth column of the block matrix M € L as given in (4).
Note that M; ; is a multiple of p?=2 for j € {2,...,s+ 1}, and M, ; is a multiple of
p’~fori,j €{2,...,5s+ 1} and j > i. Then, consider the submatrix Q; ; of @ = MN,
for M,N € L. Clearly, Q17 =1 and Q;1 =0 for i € {2,...,s+ 1}. For the first row,
we have Qy ; = S0 My Ny for j € {2,..., s+ 1}. Note that My N, j = N is a
multiple of p=2, My ;. Nj,; is a multiple of p*=2p/=% = pi=2 for k € {2,...,j}, and a
multiple of p*~2 for k € {j +1,...,s + 1}. Therefore, Q;,; is a multiple of p/~2. For the
rest of the rows, Q; ; = 2112 M; 1 Ny j for 4,5 € {2,...,s+ 1} and j > i. Note that
M 1Ny ; is a multiple of p/ =% for k € {2,...,i — 1}, a multiple of p*~ip/ =% = pi=% for
k€ {i,...,7}, and a multiple of p*~% for k € {j +1,...,s+ 1}. Therefore, Q; ; is also a
multiple of p/ . Finally, the block submatrices in the diagonal are Q; ; = 2112 Miyk./\/' ki
for i € {2,...,s + 1}. Note that M, ;N;; € GL(t;, Z,:) and M, 1Ny ; is a multiple of
p'~F for k < and a multiple of p*~% for k > 4, hence Q;; € GL(t;,Zp:). O

Let ¢; be the map from Z,: to Z,s defined as (;(a) = a mod p’, i € {1,...,s —1}.
This map can be extended to matrices over Z,s by applying (; to each one of their
entries. Let m be the map from £ to £ defined as

1w paz - PP Pas—1 p*las
0 Aia pAia - PP T2A s Pl A

0 (_1(A —1(A coe (o s=3 4 o - 52 4 .
M= | ¢ 1(. 2,1) € 1(. 2,2) | Cs—1(p . 2,5—1) € 1(p. 9.5)

S : . : : > ()
0 CQ(As—l,l) CQ(AS—LQ) e CQ(As—l,s—l) CQ(pAs—l,s)
0 Gi(As1) G(As2) -+ Ci(As 1) Ci(As )

for any matrix M € L as given in (4). Let 7(£) = {7(M) : M € L} C GL(t; +--- +
ts,Zp). By Lemma 3.1, it is clear that m(£) is a group with the operation * defined as
M« N =7(MN) for all M, N € 7(L). Note that the group operation * is well defined,
since 7(£) C L. By a generalization of the proof of Theorem 2 in [25], one can show the
following theorem.

Theorem 3.1. Let H''s be the Zps-additive GH code of type (n;ti,...,ts). Then,
PAut(H ) is isomorphic to m(L).
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Proof. Let R be the set Z;;ls_l X Z;ﬁ,l X oo X Z;f and denote by B the set of all affine
functions from R to Z,-. We can see these Z,s-valued affine functions as words of length
n = pshi=DH=Dtat+t gyer 7. by considering the image of all elements in the
domain. Let us define B = {z : R — ngl |z(:) = ¢(f(-)) for some f € B}. That
is, the image of the words in B by the generalized Gray map ®. By a straightforward
generalization of Lemma 1 in [25], we know that B is a Z,--linear GH code of type
(n;t1,ta,...,ts). This means that H -t = B and H' % = B, and we can see the
elements of Ht» -t as affine functions.

Note that an affine function f € B can be seen as a word wy of length n over Zys,
with the elements of R playing the role of coordinate positions. A permutation o € S,
acting on wy, by permuting its coordinates, gives a word o(wy) which corresponds to
the function f o o~! by considering f(c~!(v)) for any v € R. Therefore, a permutation
o is said to be in PAut(B) if and only if f o o~ ! is an affine function for any f € B.
Naturally, PAut(B) = PAut(H! ).

Now, we use an adaptation of Theorem 2 in [25] to prove that PAut(H''), or
equivalently PAut(B), consists of all affine permutations of R. First, we have that any
affine permutation belongs to PAut(B) since the composition of an affine permutation
and an affine function is also an affine function. Next, we see that any permutation
o € PAut(B) is affine. Let

agl),...,at(ll)_l R —Zps,

0_§2)7“.,0_§22) D R e,

R— 7Z,,
be the components of 1. That is,
_ 1 1 2 2 s s
o w) = (0N (), ... o (), (), oD (W), o (), ot (0)
for any v € R. Consider the following functions defined from R to Z,s:

fi(j)(xgl)7 1 .2 (2) (s) 7x,(55)) _ pj_lm(j)

s Ty Y e Ty e X

forie{l,...,t; —1}if j =1,
forie{1,...,t;}if j€{2,...,s}.

Z(-j) € Zps-j+1 in Zps. These functions are

affine, hence fi(j) € B and, since o € PAut(B), we have that fi(j) oo~! € B. Moreover,
1

Note that p’ ’1x§j ) defines the inclusion of

fi(j)(a’l(v)) = "1a§j)(v), therefore 02@ is affine. Since all components are affine, o~
and o are also affine.
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Finally, we show that the group of affine permutations over R is isomorphic to w(L).
Let us denote the former by S. Then, we see that S is isomorphic to 7(£) via the map
¥, defined from w(L£) to S as

Y(r(M)) = o(u1, ug, ..., us) = b+ ur Ay + ugpAs + - +up® LAy,
where b = (ay, pas, ...,p* las) and

Ay = (A1, pAra, ..., p" T AL),
Ao = (C—1(A21), Go—1(As2)s - .., Gm1 (PP As ),

As = (Q1(As1), Q1 (As2)5 - -5 C1(As s))-

Note that Aj,pAs,...,p* 1A, are matrices over Z,s with linearly independent rows
of order p*,p*~!,...,p, respectively, spanning R. This is ensured due to A; ;, for j €
{1,...,s}, being invertible. The map ¢ gives an isomorphism between 7(£) and S, so

7(£) and PAut(H' ) are isomorphic. O

Theorem 3.2. Let H'' s be the Z,:-additive GH code of type (n;ti,...,ts), where n =
ps=DH(s—Dtettte Lot b =t — 1 and t; = t; fori € {2,...,s}. The order of its
permutation automorphism group is

| PAut(Htt) = pP Ny -~ Ny, (6)

where N; = |GL(t;, Zps—i+1)| = pls— DB+ Hg;l(pj —1) and

E=sty+(s—1)iy+-+ 1, +ZZ (s —j + 1)tit;. (7)
1=1j=1i+1

Proof. The order of PAut(#H!*~!s) can be easily computed with a counting argument
over the matrix representation, that is, over the elements of w (L), given in (5).

The first row of a matrix M € (L) is a random tuple over Z;}Jl X Z;’i,l X X L.
There are p*(t1=D+(=Dtat+ts gych tuples.

Note that (s—i+1(p?*4; ), for i < j, is a matrix of size ; x t; defined over Z,:, with
entries among p* "1 /pi =" = p*=IT1 clements in Z,=. In the case i = 1, (s represents the
identity map from Z,s to Z,s. Therefore, there are pls=i+tDtit; guch matrices. Moreover,
Cs,jH(Aj’i), for i < j, is a matrix of size fj x t; with entries among the same number
of elements as (s_;+1(p’ A ;). Then, for each pair i,j € {1,..., s} such that i < j, we

have p2(e J+1)t;t.

s different possibilities to choose the correspondlng matrices.
All matrices in the diagonal are invertible matrices defined over Z,s. Moreover,

(s—i+1(A;;) can be represented as an invertible matrix over Z,.-i+1 by considering
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{0,...,p*7" 1 — 1} C Z,+ as elements in Zps-i+1. Therefore, (s_i11(A;;) is a matrix
in the group GL(t;, Zps—i+1). In [21], the order of the general linear group over inte-
gers modulo m is given. In particular, the order of GL(k, Z,s), denoted by v, (p®), for
p prime and integers x and s > 2, satisfies v, (p®) = p(s_l)"‘2uﬁ(p), where vi(p) =
(pF—1)(p" —p)--- (p* —p"~!) is the order of the general linear group over the field Z,,.

Then, the order of GL(t;, Zps—i+1) is vg, (Zps—i+1) = p(S*i)f?*m%U szl(pﬂ —1).

Considering all possible choices of submatrices, the result follows. 0O

Remark 3.1. If we consider the case with p = 2 and s = 2, that is, Z4-additive Hadamard
codes of type (n;t1,t2), then (7) becomes E = 2(t; — 1) + t2 + 2(¢; — 1)t2. We also have
Ni = [GL(ty — 1,Zy)| = 2D F 52 1090 1) and Ny = |GL(ta, Zo)| =
9 23— H;il(Qj —1). Therefore,

t1—1 to
| PAut(Ri )| = 22 -0 F % T 20— 1) [[@0 - 1).
Jj=1 j=1

Note that this expression coincides with the one given in [2].

Example 3.1. Consider the Zgyr-additive GH code H*%!. By Theorem 3.1, PAut(H>%!)
is isomorphic to the group 7(£) C GL(4,Z27). The subgroup £ C GL(4, Z27) is formed
by all matrices in the form

ai 3as 9as
A 3A12 9453
Asn Az 3As3 |
A1 Ass  Ass

o O O

where al,(lz,ag,Ai’j S Z27, Z,j S {1,2,3} with 1 7é j, and Al,l,AQ?Q,Agﬁg S 227\
{0,3,6,9,12,15,18,21,24}. For example, consider the following two matrices M, N € L:

1 1 21 9 1 19 18 0
0 2 3 18 0 8 24 9
M_014140 ’N_018200
0 9 16 22 0 16 4 7

The function 7 reduces the third row modulo 9 and the fourth row modulo 3, therefore

11 21 9 1 19 18 0
02 3 18 0 8 24 9
T™M=10 5 5 ol T™W=lo 0 2 0
00 1 1 01 1 1

Note that, since £ is a group, w(£) is also a group with the operation x*:
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19 12 18 1912 18
07 18 9 0718 9
T(M)xaN) =a(@MTN) =7 | 15 90 15 || =] 04 2 0
01 3 1 010 1

Theorem 3.2 gives the order of (L), or equivalently of PAut(H?11). Following the
same notation as in the statement of the theorem, we have that

N1 = |GL(1, Z27)| = 18,

Ny = |GL(1, Zo)| = 6,

N3 =|GL(1,Zs)| = 2,
E=3+2+14+44+2+2=14.

Therefore, | PAut(H>11)| = 3¥ Ny NoN3 = 317 - 23 = 1033121304.
4. r-PD-sets for Z,s-linear GH codes

In this section, we give an additive information set for the Z,.-additive GH code
Hiota - and an information set for the corresponding Z.-linear GH code H' b=,
Then, using the result given by Theorem 3.1, we establish a criterion in order to find
r-PD-sets of size r + 1 for H®ts with r up to a given upper bound.

An ordered set Z = {i1,... 94 +..4t. t C {1,...,n} of 1+ -+, coordinate positions
is said to be an additive information set for a Z,--additive code C of type (n;t1,...,ts)
if |Cz| = (p*)tr(p*~1)t2 .- - pts. If the elements of Z are ordered in such a way that, for
any k € {1,.... s}, [Cliy, v, 1o} = (p*)a(ps~ 1)tz ... (p*~F+1)t  then it can be seen
that the set ®(Z), defined as

O(Z) =W ({1, ..., i, ) U D ({ig 41, ..yt 42 U

U (L gt g1y - et 1)
where
dFN(I) = Use {p* i — 1) + 1,
P 1) P+ L
PN — 1) +p T 4,
psfl(i _ 1) +pk 142 + 17

is an information set for C = ®(C) [32]. Note that s — 2 — (k — 1) = s — k — 1, hence
®(*)(I) has s — k + 1 coordinate positions for each element in I.
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Example 4.1. It is easy to see, from the matrix GU'1'! given in Example 2.1, that the
set Z = {1,2,10} is an additive information set for the Zgz-additive GH code H11, so
®(Z) = M ({1} ud@ ({2}) ud® ({10}) = {1,2,4,10,13,82} is an information set for
Hl,l,l — @(Hl,l,l)'

In general, there is no unique way to obtain an additive information set for FHtt-ts.
The following result provides a recursive and simple form to obtain such a set.

Proposition 4.1. Let T be an additive information set for the Zys-additive GH code
Hivwts of type (nsty,. .., ts), where n = p*th=DHE=Dtattte  Then TU {n + 1} s
an additive information set for the codes Hi1thtzrts  Jtvtotlets and so on until
Hivt2 ot obtained from Hivt2 ot by applying (3).

Proof. Let H; = Hivt2t ke {1,...,s}, where th =tjfor j #kand t; =t,+1. Tt is
clear that an additive information set for Hy should have t; +to + -+t +1=|Z|+1
coordinate positions. Taking into account that Hj is constructed from Hit:t2:+ts by
applying (3), we have that [(Hy)zugey] = (°) (p*1)2 - plep*™7F for all € {n +
1,...,2n}. In particular, ZU {n + 1} is an additive information set for Hy. O

Let Z be an additive information set for H'» -t of type (n;ty,...,ts). Let Hy =
Hiviato ke {1,..., s}, where th = t; for j # k and t;, = t; + 1. Although the
additive information set Z U {n + 1}, given by Proposition 4.1, is the same for all Hy,
the information sets for the corresponding Zs-linear codes over Z,, Hy = ®(Hy), differ
for every k € {1,...,s}. In particular,

I® =@ u{p" 'n+1,p" I+ p" L p kPt 1 I p T 1)

is an information set for Hy,.

We can label the ith coordinate position of a Z,s-additive GH code H'*>'  with the
ith column of its generator matrix G'~!. Note that, by construction, all columns in
Gt1ts are different and there are n = p(t1—D+(s=Dta++ts of them. Thus, any additive
information set Z for H*'»--!s can also be considered as a set of vectors representing the
positions in Z. Let e; be the vector with all coordinates equal to 0 except the one in the
ith position, which is equal to 1. Then, by Proposition 4.1, we have that the set

Tiy,..p. ={er,e1+ea, ... oe1+e FU{er +pes i1, €1+ pegyp, b U U
—1 —1
{er +p" et ptatotte it 15 €1 DT €y bt )

is a suitable additive information set for H*>s. Depending on the context, Z;, ;. is
considered as a subset of {1,...,n} or {1} x Z;lsfl X (pZLps)'2 x -+ x (p* ™1 Zps)te.
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Example 4.2. Let H?%0 be the Zor-additive GH code of length 27 with generator matrix
G>0.0 given in Example 2.1. The set Zs 00 = {1,2}, or equivalently the set of vectors
Zo0,0 = {e1,e1 + e}, is an additive information set for H20.0,

By applying (3) over G99 we obtain matrices G>%°, G210 and G*%! that gen-
erate the Zoz-additive GH codes H390, H2L0 and H2O! of length 729, 243 and 81,
respectively. By Proposition 4.1, it follows that Zs 9 o U {28} = {1, 2,28} is an additive
information set for H>%0, 21,0 and #2911, Although this additive information set is the
same for these three codes, it is important to note that in terms of vectors representing
these positions, we have that

13,070 = {(17 0,0), (17 la 0)7 (15 07 1)}a
I2,1,0 = {(17 070)a (17 1’ 0)7 (15 07 3)}a and
12,071 - {(15 070)5 (17 L, 0)7 (L 0, 9)}

Finally,

IW = &(Ty0,0) U{244,245,247} = {1,2,4,10, 11,13, 244, 245, 247},
I® = &(Ty00) U {244,247} = {1,2,4,10,11,13, 244,247}, and
I®) = &(Ty00) U {244} = {1,2,4,10,11,13,244}

are information sets for the corresponding Z,7-linear GH codes H390, H21.0 and H201,
respectively.

Let C be a Zps-additive code of type (n;t1,...,ts), and let C = ®(C) be the corre-
sponding Z,--linear code of length p*~!n. Let ® : Sym(n) — Sym(p*~'n) be the map
defined as

. s i+ x(i .
S(r)(i) = pir <p7§f)> — x(i), (3)
where x(i) = p*~! — (i mod p*~1), for all 7 € Sym(n) and i € {1,...,p* 'n}. Given a
subset S C Sym(n), we define the set ®(S) = {®(7) : 7 € S} C Sym(p*~In). It is easy
to see that if S C PAut(C) C Sym(n), then ®(S) C PAut(®(C)) C Sym(p*~'n).

Lemma 4.1. The map ® : Sym(n) — Sym(p*~1n) is a group monomorphism.

Proof. We need to check that ®(o7) = ®(0)®(7) for all 7,0 € Sym(n). Let i be a
coordinate position in {1,...,p* " 'n} and x(i) = p*~'—(imod p*~!). Note that x(p* ta—
x(2)) = x(¢) for any integer a. Then

@020 = (o) (17 (20 ) -

P
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P17 (SR — (i) + x(0)

=p°lo e - x(2)
_ 8_10'7' 1+ X(l) i

—ptor (X))

= O(o7)(i).

Finally, it is easy to check that ® is injective. O

By Theorem 3.1, we identify PAut(#H* %) with the group m(L£). Recall that we can
label the ith coordinate position of H!t:'s with the ith column w; of the generator
matrix G'ts constructed via (3), i € {1,...,n}. Any matrix M € PAut(H! )
sends columns of G¥»~!s to other columns of G'+>~fs. Therefore, M can be seen as a
permutation of coordinate positions 7 € Sym(n), such that for all ¢ € {1,...,n}

(i) =j <= wiM=w;, je{l,...,n}. (9)

For any M € PAut(H! ), we define (M) = &(r) € Sym(p*~'n) and, for any
P C PAut(H't), we consider ®(P) = {®(M) : M € P} C Sym(p*~'n).

Proposition 4.2. Let H'»' be the Z,:-additive GH code of type (n;ti,...,ts) and
let P C PAut(H ). Then, ®(P) is an r-PD-set for H' -t with information set
O(Zy, ... +.) if and only if for each r-set € of column vectors of G'+t= there is M € P
such that {gM : g € EYNTIy, . 4, = 0.

Proof. If ®(P) is an r-PD-set with respect to the information set ®(Z,,, . .,), then,
for each r-set E C {1,...,p* In}, there is 7 € P C Sym(n) such that ®(7)(E) N
D(Zy,...+.) = 0. For every r-set £ C {1,...,n}, let B, = {p*1(i—1)+1:i€ &} We
know that there is 7 € P such that ®(7)(E,) N ®(Zy,,..+,) = . By the definition of ®,
we also have that 7(£) NZy, 4, = (), which is equivalent to the statement.

Conversely, we assume that for each r-set £ C {1,...,n}, there is 7 € P C Sym(n)
such that 7(€) NZ, . ., = 0. For every r-set E C {1,... ;0 In}, let & C {1,...,n}
be an r-set such that {i : 3k € {1,...,p* '} s.t. pr(i) € E} C &,, where (i) =
p*~1(i — 1) + k. Since there is 7 € P such that 7(&,) N Z;,
O(TE)NDP(Ty,,.. 1) =0. O

t. = 0, we have that

,,,,,

A slight modification of the proof of Proposition 4.2 leads to a more general result
that holds for any Z,.-additive code, not only for the family of Z,s-additive GH codes.

Proposition 4.3. Let C be a Zps-additive code, let I be an additive information set for
C, and let S C PAut(C). Then, S satisfies that for each r-set € C {1,...,n} there is
7 €8 such that T(E)NZ = 0 if and only if ®(S) C PAut(C) satisfies that for each r-set
E C{1,...,p° 'n} there is 0 € ®(S) such that o(E) N ®(Z) = 0.
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Definition 4.1. Let M € PAut(H! ') and let m; be the ith row of M, i € {1,...,t; +
-+ 4 ts}. We define M* over Z,- as the matrix where the first row is m; and the ith
row is my +my for i € {2,...,t1}, my +pm; fori € {t1 +1,...,t; +t2}, my + p>m; for
i€{ti+ta+1,...,t; +t2 +t3} and so on until my + p*~tm; for i € {t; + -+t 1 +
I i o 2

Theorem 4.1. Let H't' be the Z,s-additive GH code of type (n;t1,...,ts). Let P, =
{M; : 0 < i < r} bea set of r + 1 matrices in PAut(H!>'). Then, ®(P,) is an
r-PD-set of size r+ 1 for H'*t with information set ®(Zy, ... +.) if and only if no two
matrices (M;)* and (./\/lj_l)* have a row in common, fori,j € {0,...,r} and i # j.

Proof. The result can be proved using Proposition 4.2 and is a generalization of a similar
result given in [2] for Z4-linear Hadamard codes. However, we include the detailed proof
for the convenience of the reader.

Suppose that the set P, = {M; : 0 < i < r} satisfies that no two matrices (M;!)*
and (M;l)*, for i,5 € {0,...,r} and i # j, have a row in common. Assume that ®(P,.)
is not an r-PD-set for H' ! with information set ®(Z;,, ;. ). By Proposition 4.2, it
follows that there exists an r-set £ C {1} x Z;};l X (prs)t2 X -ee X (pS*IZps)ts, that
is, a set of r different column vectors of the generator matrix Gf--*s  such that for
each i € {0,...,7}, there is a g; € € so that g;M; € Z,, ;.. Note that there are r + 1
values for ¢, but only 7 elements in €. Therefore, gM; € I;, . ;, and gM; € I, . 4, for
some g € £ and ¢ # j. Suppose gM; = wy, and gM; = wy, for wy, wy € Iy, ... ;.. Then,

s

g = wpM; 1= wt/\/lj_l. Taking into account the form of the vectors in the information
set 7y, ... +., by multiplying for such inverse matrices M;l and M;l, we obtain the first
row or a certain addition between the first row and another row of each matrix. Thus, we
obtain that (M;')* and (/\/lj_l)* have a row in common, contradicting our assumption.
Let Py C P, of size k + 1. If this set satisfies the condition on the inverse matrices and
we suppose that it is not a k-PD-set, we arrive to a contradiction in the same way as
before.

t

Conversely, suppose that ®(P,) is an 7-PD-set for H®ts with information set

®(Zy, ... 1), but does not satisfy the condition on the inverse matrices. Thus, there are two
matrices (M; )* and (/\/lj_l)*, with 4,7 € {0,...,r}, such that they share a common row,
say the hth row of (M;1)* and the tth row of (M; )", with h,t € {1,... t; +---+1}.
In other words, we can define g = e, (M;1)* = et(/\/lj_l)*. Therefore, g = wpM; ! =
wt./\/lj_l7 where wp, wy € Zy, . +,. Finally, we obtain that gM; = w, and gM; = w;.
Let L={¢ : 0< ¢ < (+#1ij} Foreach ¢ € L, choose a row gy of the matrix
(Mz_l)*. It is clear that gy = ep, (M[l)* = wthzl, so geMy = wp, € Iy, . .. Finally,
since some of the g, may repeat, we obtain a set £ = {gy : ¢ € L} U {g} of size at
most 7. Nevertheless, no matrix in P, will map every member of £ out of the additive

information set Z;, . , which contradicts our assumption by Proposition 4.2. O
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Corollary 4.1. Let P, be a set of r + 1 matrices in PAut(H ). If ®(P,.) is an r-PD-
set of size r + 1 for H't  then any ordering of elements in ®(P,.) provides nested
k-PD-sets for k € {1,...,r}.

Corollary 4.2. Let P, be a set of r+1 matrices in PAut(H!>t). If ®(P,) is an r-PD-set
of size v+ 1 for H"» then r < fli-t where

ft17~.»,ts _ pst1+(871)t2+“'+ts*s oty —ty — e — 1
: t1+ta+ -+t

Proof. Following the condition on sets of matrices to be r-PD-sets of size 41, given by
Theorem 4.1, we have to obtain certain r+ 1 matrices with no rows in common. Since the
rows of length ¢; 4 --- +t, must have 1 in the first coordinate, elements from Z,s in the
coordinates from 2 to t1, and elements from pins in the coordinates from ¢+ - -+¢;+1 to
ty+---+tiyq, fori € {1,...,s—1}, the number of possible rows is p*(t1=1+(s=1tat+ts
Thus, taking this fact into account and counting the number of rows of each one of these
r -+ 1 matrices, we have that (r + 1)(t; +to + -+ +t,) < p*th=DH=Diat+ts and the
result follows. O

5. Explicit construction of r-PD-sets of size r + 1

In this section, by using Theorem 4.1, we create r-PD-sets of size r + 1 for different
infinite families of Z,s-linear GH codes. First, we give an explicit construction for the
Zps-linear GH codes Ht1:0-0 with ¢; > 2 and r < f;l’o’“"o. Then, using a similar
idea, we give an explicit construction for the Z,:-linear GH codes H; = HUtz:ts,
where ¢ € {2,...,s}, t; = 0 for all j # i, t; > 1, and r < f)-'2'. The main idea
behind these constructions is to use a certain ordered set of vectors as rows of a set
of matrices {Ng,..., N}, such that {Nj',...,N;7'} is an r-PD-set. This method is a
generalization of the one used in [2] for Z4-linear Hadamard codes, which, in turn, was
based on a similar idea for simplex codes given in [18].

Let R = GR(p*“*~Y)) be the Galois extension of dimension ¢; — 1 over Z,., which is
isomorphic to any ring Z,:[x]/(h(z)), where h(z) is a monic basic irreducible polynomial
over Zyps of degree t; — 1. A monic basic polynomial h(z) over Z,s is called irreducible
if h(z) is an irreducible polynomial over Z,, where h(z) is the polynomial obtained by
taking the coefficients of h(x) modulo p. Moreover, if h(z) is primitive, then h(z) is said
to be a monic basic primitive polynomial over Z,s. If f(z) is an irreducible polynomial
dividing 2" —1 in Z,[z], then there is a unique polynomial h(z) over Z - [z] that satisfies
h(x) = f(r) and that divides 2™ — 1 in Z,[z], which is called the Hensel lift of f(z)
to Zps. Moreover, if a polynomial of degree m is the Hensel lift of a monic primitive
polynomial over Z,, then it always has a root of order p™ — 1 [34]. Let h(zx) be such a
polynomial, with m = t; — 1. Let a € R be a root of h(z) of order £ = p'*=! — 1. Then,
the set T = {0,1,,a2,...,a* 1} is called the Teichmiiller set.
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We can always represent an element y € R in the following form:

y =a; + pas +p’az + -+ p* las,

where a; € T, for i € {1,...,s}, which is called the p-adic representation of y. Consider
T as an ordered set. Then, we consider the following ordering of the elements of R =
{y1,... 7yps(t171)}: a1 +pag+---+p*"ta, < by +pby+ -+ p° b, if a; < b; for the last
J where a; and b; differ. We can also represent an element y € R as a linear combination
of some powers of a:

Yy =bo+bra+bya® + -+ by, pa" 7

where b; € Zps, for j € {0,...,t; — 2}. This is called the additive representation of y
and it can be identified with the vector (bo, br, ..., by, —2) € Zx 7"
Using the ordering given by the p-adic representation, we construct the set

{NG, ..., N} of matrices of size t; X t1, where each one has the following form:
1 yyin
1 ytyive
we=|o
1 Yt (i4+1)
with the elements y;, for j € {1,... ,ps(tl_l)}, given as vectors of ¢t; — 1 components

over Zps by using the corresponding additive representation. Note that no two matrices
have a row in common, and there are [|R[/t;] = fi* " 4+ 1 such matrices, where
fl0e0 = | (p*' — #1) /11| by Corollary 4.2, so r < fl1:00,

Let nf; be the jth row of the matrix N, for any i € {0,...,r} and j € {1,...,}.
In the context of the Z,:-linear GH code H'%% we define N; as the matrix that
has n}, as the first row and nj; — nf, as the jth row, for j € {2,...,#1}. Note that
this is consistent with Definition 4.1. Indeed, in the proof of Theorem 5.1, we see that
Noy -, Ny € PAut(H0-0),

Lemma 5.1. Let K = Z,[z]/(f(z)), where f(z) € Zpy[z] is a primitive polynomial of
degree m. Let a € K be a root of f(x). Then, a — 1,0 —1,...,a™ — 1 are linearly
independent vectors over Zy.

Proof. Let f(z) = 2™ +am—12™ '+ -+ a1x+ag, where a; € Z, for all j € {0,...,m—
1}. Since « is a root of f(z), then o™ — 1 = —Z;n:_ol ajod — 1. Using the additive
representation of the elements of K, we obtain the following vectors over Z;": o' — 1 =
eiy1 —ep foranyi e {l,...,m— 1}, and ™ — 1 = — Z;’L;Ol ajej+1 — e1. Consider the

following m x m matrix over Z, by taking these vectors as rows:
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-1 Id,,—1
—ap—1 —a ’

where a = (a1,...,0m-1) € Z;“il. This matrix has the following determinant:
(—l)m(Z;"’:_ol a;+1). Since f(z) is irreducible, then f(1) = 1+Z§”:_01 a; # 0. Therefore,
the determinant is non-zero and the vectors are linearly independent over Z,. O

Theorem 5.1. Let P, = {Ny ',...,N;"'}. Then, ®(P,) is an r-PD-set of size v + 1 for
the Zys-linear GH code H!00 ith information set D(Zy, 0,...0), for all t1 > 2 and
2 S r S f]i;l,(),...,ol

Proof. By construction, the matrices N, ..., N, do not share a row in common. Thus,
if we prove that all matrices Ny ',..., N7 are in PAut(#":00), then ®(P,), where
P, ={Ny ', ..., N1}, would be an r-PD-set of size r+ 1 for H*:%-0 by Theorem 4.1.
Since PAut(H!1:9++9) is a group, it is enough to prove that A, ..., N, are in this group.
Note that these matrices are in the form

1 Ytii+1
0 Yryiv2 — Ytyit1

0 Yt1(i4+1) = Ytyi+1

for any i € {0,...,7}. As shown in (5), the elements in PAut(# %) have the form

1 ay
(). a

where a; € Z;ls_l and A1 € GL(t1 — 1,Z,s). By using the additive representation,

Yyri+1 € Z;,ls_l, for any ¢ € {0,...,7}. Then, we need to prove that the vectors y;, ;1o —
Ytritls -+ Yt (i+1) — Yt,i+1 are linearly independent over Z,., for any i € {0,...,7r}.

Taking into account that of = 1 and ; < pt~! for t; > 2, the set of vectors {12 —
Ytrit1,- > Yti (i+1) — Yrii+1} is equal to one of the following three sets:

L1 = {1,...7at1_2},
Ly = {afT — ok ... ofTh=1 ok}

Ly = {1 —aF, ... o't —aF, —aF 4 pba® —a* +pb,... o172 — ok 4 pb},

for some k € {0,...,£ — 1} and some b € R. Clearly, L; is a set of linearly independent
vectors over Zs.

For the second set Lo, suppose that Zf;_ll Ai(aFti—ak) = 0 for certain \; € Z,, with
some of them being non-zero. Note that, since « is a unit in R, then ), A\;(a’ — 1) = 0.
Let m be the smallest integer in {0, ...,s—1} for which there exists an i € {1,...,¢t; —1}
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such that \; € p"Zps and A; ¢ pm‘HZps. For example, if all A; € pZ,s and there is a
certain \; ¢ p*Z,-, then m = 1. Therefore, we can define \; = p™\, for all i, and we
obtain p™ Y, Xj(a* —1) = 0, hence >, Nj(a’ — 1) = p*~™] for a certain A\ € R. Thus, by
taking modulo p, we obtain ), MN(a* —1) = 0 over Zp, with at least one N, # 0. Clearly,
& is a unit in Z,[z]/(h(z)). Therefore, by applying Lemma 5.1 on the vectors &' — 1 for
i€ {l,...,t; — 1}, we obtain a contradiction.

For the third set L3, we follow a similar argument. Suppose that

{—k—1 t1—2

A1 =pb)+ > M@ —ak)+ YT MM —oF 4 pb) =0
=1 i=L—k

for certain A\; € Zps, with some of them being non- zero With the same definition
of m as in the previous case, we obtain —p™\; _(a® — pb) + p™ Ze bt )\'( kti _

ak) + pm 2 Ni(@F i — oF  pb) = 0, where A; = p™\,. Thus, —Agl,l( — pb) +
Zf FTUN (@b — k) 4 2 N (aF T — aF o pb) = p*™ for some A € R. Taking
modulo p, =X, ;&% + 3, Ni(@ e — ak) = 0 over Z,, with at least one \, # 0. Since
a is a unit, we obtain —\j _; + Y, Ai(@’ — 1) = 0. We obtain a contradiction since the

t1—2

vectors —1,a—1,...,& — 1 are linearly independent over Z,. O

Example 5.1. Let H>%Y be the Zgyr-additive GH code of type (3%;3,0,0). Let R =
GR(27?) be the Galois ring over Zsa7, isomorphic to Zar[x]/(h(z)), where h(z) = 2% +
222 +26. This polynomial can be obtained as the Hensel lift of f(x) = h(x) = 2% +x +2
over Z3. Note that h(z) is a monic basic primitive polynomial dividing 2% — 1 in Zor[x].
Let a be a root of h(x) of order 8. Then, T'= {0,1,a,a?,...,a”} and we can order the
elements of R as follows:

R={0+304+9-0,1+3-0+9-0,0+3-0+9-0,...,a" +3-0+9-0,
043-14+9:0,14+3-149-0,0+3-14+9-0,...,a"+3-1+9-0,

0+3-a"+9-a",143-a"+9-a",a+3-a"+9-a",
Q" +3-a"+9-a"}
={0,1,¢,...,22 4 q,
3,4,34+a,...,25+ qa,

21 4 120,22 + 120,21 + 13q, .. ., 16 + 13a}.

By Theorem 5.1, we can find r-PD-sets of size r+1 for all 2 < r < f3 /0,0

the elements of R. Indeed, we can construct up to 243 matrices taking all the elements

= 242, by using

of R in groups of 3 in order to reach the upper bound. Here, we just show a smaller
example by constructing an 11-PD-set formed by 12 matrices.
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Consider the following 12 matrices, constructed by dividing the first 36 ordered ele-
ments of R in groups of 3:

00 1 5 0 26

Ng = 10 r = 5 26 = 2 22
0 1 2 0 22 1

30 4 5 3 26

N = 40 N = 8 26 = 2 22
31 2 0 25 1

0 3 1 8 0 2

Ng = 13 N = 5 2 = 26 25
0 4 26 3 22 4

1 3 15 4 20 3 14
Ng=|1 4 15 5= 8 14 No=|1 2 10
1 3 16 2 15 1 25 16

Note that there are no repeated

{NGY, o N, where

rows in the whole set of

matrices. Let Pq;

100 11 16 1 1 16
yl=1010 Nit=101 15 si=10 22 17
001 0 5 10 0 1 16
124 0 1 25 25 1 16 19
Nyt=]0 1 0 =0 1 15 Nyt=10 22 17
0 0 1 0 5 10 0 1 16
10 24 1 13 13 1 25 22
st=101 0 =101 15 Ngt=1]0 22 17
00 1 0 5 10 0 1 16
1 24 12 14 10 11 22
Ngt=]101 0 =101 15 t=10 22 17
00 1 0 5 10 0 1 16

The matrices of P11 can also be represented as permutations of coordinate positions as
shown in (9). Let 7; € Sym(729) be the one corresponding to A ', i € {0,...,11}. Recall
that ®(N; ') = ®(r;) as defined in (8). Then, by Theorem 5.1, ®(Py;) = {®N;!) :
i € {0,...,11}} € Sym(6561) is an 11-PD-set of size 12 for the Zgz-linear GH code
H39%0 = §(H>00) with information set ®(Z300) = {1,2,4,10,11,13,244,245, 247},
given in Example 4.2.
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Remark 5.1. By Corollary 4.2, f;l’o’“"o is the maximum number of errors that can be
corrected using r-PD-sets of size 7 + 1 of the form ®(P,.), where P, C PAut(H!:00).
However, higher values of 7 could be achieved by considering elements in PAut(H!:0:0)
that are not the ® image of elements in PAut(#:0-0).

Following a similar reasoning to the one used in Theorem 5.1, we can also obtain
r-PD-sets of size 7 + 1 for the Zy:-linear GH codes H; = HVt2t § € {2,... s},
of type (n;1,t2,...,ts), where t; = 0 for all j # i, t; > 1, and r < fp'2 ', Let
R; = GR(p*~"D%) be the Galois extension of dimension #; over Z,.-i+1, isomorphic
to Zps—i+1[z]/(h(x)), with h(z) being a monic basic primitive polynomial of degree t;
dividing 27" ~! — 1 in Zys—i+1[z]. Let @ € R; be a root of h(z) of order £ = p' —1

and T = {0, l,a,aQ,...7a5_1}. The p-adic representation of an element y € R; is
y = a1 + pag + p*az + -+ p*tas_iy1, where ay € T for k € {1,...,5 — i+ 1}. Using
this representation, we define the ordered set {yi, ... ,yp@f”l)tj} with all the elements

in R;. Consider the set of matrices { M, ..., M*} of size (t; + 1) x (t; + 1) over Z,s,
where

i—1

1 r 1y(t71+1)j+1
M = 1 P y(tj,+l)j+2 7
L 9" Y1)
for j € {0,...,r}. Note that

p(sfiJrl)ti —1- tZJ
1+1;

r S f;,tQ,...7tS — L

by Corollary 4.2. The elements y € R; are given as vectors over Zy.—i+1 by using the
additive representation. Then, we consider the inclusion of vectors y over Zps-i+1 to
vectors over Z,: as p'~ly.

Let (1,pi_1m;k) be the kth row of the matrix M3, for any j € {0,...,r}. In the
context of the Z,:-linear GH code H;, we define M; as the matrix that has (1,pi_1m;71)
as the first row and (0,m], —mj ;) as the kth row, for k € {2,...,¢; + 1}. Note that
this is consistent with Definition 4.1. Indeed, in the proof of Corollary 5.1, we see that
Mo, ..., M, C PAut(H;), where H,; is the Z,--additive code such that ®(H;) = H;.

Corollary 5.1. Let P, = {Mg',..., M }. Then, ®(P,) is an r-PD-set of size v+ 1 for
the Zys-linear GH code H; = HY'2t where t; > 1,4 € {2,...,s}, and t; = 0 for
all j € {2,...,s} such that j # i, with information set ®(Ly4,,  4,), for all2 < r <

fg,t27~~~7ts.

Proof. Since Z,:-i+1 is isomorphic to p*~!Z,., the matrices M, ..., M} do not share
a row in common. Then, the matrix M is in the form
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1 P Y41y
0 Yo+1)j+2 = Y(ti+1)j+1

M= (ti+1)j+ . (ti+1)j+ ’ (12)
0 Yt +1)G+1) — Yt +1)5+1

for any j € {0,...,7}. As shown in (5), the elements in PAut(#%0:4:0:--0) have the

form
1 pi_lai
, 13
(0 Csi+1(Ai,i)> (13)

where a; € Z;’; and A; ; € GL(t;,Z,-). Note that (;_;41(A; ;) can be seen as an element
of GL(t;, Zps—i+1) and, in fact, it can be any element in GL(t;, Z,s-i+1).

Following the same argument as in the proof of Theorem 5.1, over the Galois ring R; =
GR(pt—"D%) instead of GR(p**1~1), it can be proven that the vectors Y(tit1)j+2 —
Y(ti+1)4+1s - s Y(ti+1)(G+1) — Y(t;+1)j+1 are linearly independent over Zps—i+1. O

Example 5.2. Let H!3C be the Zg-additive Hadamard code of type (2%;1,3,0). Let Ry =
GR(43) be the Galois ring over Zj, isomorphic to Z4[z]/(h(z)), where h(z) = 23 +22% +
x + 3. This polynomial can be obtained as the Hensel lift of f(z) = h(z) = 23 + 2 + 1
over Zs. Note that h(z) is a monic basic primitive polynomial dividing 27 — 1 in Z4[z].
Let a be a root of h(x) of order 7. Then, T = {0,1,a,a?,...,a%} and we can order the

64 elements of Ry as follows:

Ro={0+2-0,1+2-0,a+2-0,...,a5+2-0,
04+2-1,1+2-1,a+2-1,...,a°+2-1,
04+2-0%1+2-a% a+2-a%...,0°4+2-a%

={0,1,a,...,1 4+ 20+ a?,
2,3,24a,...,3+2a + o2,

2+2a% 342022+ a+2a%...,3+ 20+ 3a%}.
By Corollary 5.1, we can find r-PD-sets of size r+1 for all 2 < r < le’g’O = 15, by using
the elements of Rs. Indeed, we can construct up to 16 matrices taking all the elements
of R, multiplied by 2, in groups of 4 in order to reach the upper bound. Here, we just
show a smaller example by constructing an 8-PD-set formed by 9 matrices.
Consider the following 9 matrices over Zsg, constructed by taking the first 36 ordered
elements of Ry in groups of 4 and multiplying them by 2 as elements of Z3:
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1000 1 2 6 4 1400

. 1200 . | 1466 . | 1600
Mg = 1020 | Mi = 166 2| Ms = 14 20|

100 2 1 2 4 2 1 40 2

1 6 6 4 1040 1 2 2 4

. 106 6 . | 1240 . | 1426
Ms = 126 2| Mi= 106 0| Ms = 16 22|

16 4 2 10 4 2 120 2

100 4 1 26 0 1 440

. 1 20 4 . | 146 2 . | 1640

Ms = 102 4| Mz = 1 6 6 6 |’ Ms = 1 46 0

100 6 1 2 46 1 4 4 2

Note that there are no repeated rows in the whole set of matrices. Let Py =

MG, ..., Mg}, where

1000 16 46 1400
0100 0330 0100
-1 _ -1 _ -1 _
Mo = 0010}’ M 0233}|’ M 0010}|’
0001 0210 0001
1206 1040 1602
0330 0100 0330
-1 _ -1 _ -1 _
My = 0233\’ My 0010}|’ Ms 0233}|’
0210 0001 0210
100 4 1606 1440
0100 0330 0100
-1 _ -1 _ -1 _
M = 0010}’ Mz 0233\’ Ms 0010
0001 0210 0001

The matrices of Pg can also be represented as permutations of coordinate positions as
shown in (9). Let 7; € Sym(64) be the one corresponding to ./\/li_l, i € {0,...,8}. For
example, matrix ./\/ll_1 is equivalent to the permutation

71 = (1,60,19,56, 37, 46)(2, 55, 42, 23, 34, 63) (3, 50, 49, 54, 47, 16)

(4,61,12, 21, 44, 29)(5, 38, 41, 28, 27, 32)(6, 33, 52, 59, 24, 45)

(7,48, 11,26, 17, 62) (8,43, 18,57, 30, 15)(9, 20, 51, 64, 13, 14)
(10, 31)(22, 39, 40, 35, 58, 25)(36, 53).

Recall that ®(M;') = ®(7;) as defined in (8). Then, by Corollary 5.1, ®(Ps) =

{CIJ(MJ-_l) :j € {0,...,8}} C Sym(256) is an 8PD-set of size 9 for the Zg-linear

Hadamard code H'3? = ®(H»30) with information set ®(Z;30) = {1,2,3,5,7,17,
19,65, 67}
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6. Recursive constructions of r-PD-sets

In this section, given an r-PD-set of size £ for a Z,:-linear GH code H'*»+ we show

that one can easily obtain an r-PD-set of size ¢ for the Z,:-linear GH code H!1HtsFis

for all i1,...,%, > 0. In particular, this is useful to obtain r-PD-sets for any code Hts
including those of type different to (n;t1,0,...,0) and (n;1,0,...,0,¢,0,...,0), ¢ €
{2,..., s}, which have been already considered in Section 5.

We present two different constructions that produce a similar result. One uses the
matrix representation of the elements in PAut(H'>') and the other one uses the
permutation representation. These constructions are a generalization of the ones given
in [2] for Z4-linear Hadamard codes.

6.1. Matrixz representation
In this first construction, we consider the elements of PAut(H™ ') as matrices in

the subgroup m(L) of GL(t1 + - - + ts, Zys), described in Section 3. Consider a matrix
M € PAut(H" ) in the form given in (5) and s positive integers 1, ..., ks. Then,

we define the matrix M(kq,...,ks) as
1 aj pay - PP Pag_y P>t
0 Al pA7 o e ps_2Al1,571 ps_lAll,s
0 Co1(A5,) Coo1(Ahy) -+ Coa(P*3A5, 1) Ceoa(p®245,)
0 42(A;—1,1) C2(A;—1,2> T €2(A;—1,s—1) CQ(pA;—l,s)
0 G(AL) G(ALs) - G(Ay 1) Gu(AS )

where af = (a;,0) € ZLL7'", a; = (a;,0) € Z;’;fﬂj for j € {2,...,s}, A1, =

A, 0 , _ (A O , ,
( 0 Id,ﬂ> € GLih =14 m). Ay = ( 0 Idm) € QLU+ i Zye) for

Aji .
i € {2,...,s}, and A;,j = (Ai,j 0), A;Z = 6 > are matrices over Z,s for

i,j5 € {1,...,s} with ¢ < j, respectively. Note that M(k1,...,ks) € GL(t; + --- +
ts + K1+ -+ Ks, Lps).

Proposition 6.1. Let P, = {My,...,M,} C PAut(H" ') such that ®(P,) is an
r-PD-set of size r + 1 for H''< with information set ®(Zy, . +.). Then, Q, =
{M; (K1y. e k)7 6 € {0,000, 7))} C PAut(HU+r0ttrs) and &(Q,) is an r-PD-
set of size v + 1 for HU ru-tstrms with information set ®(Ly, 1, .. t.+r.), for any
Kiy...ykg > 0.

Proof. Since M; ' € PAut(Ht ), M; (k1. .., Ks) € PAut(HHr1tethe) 50 Q. C
PAut(H!rHr1tstrs)  Moreover, if ®(P,.) is an r-PD-set for H'1»~!s by Theorem 4.1,
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the matrices (M; ')* for i € {0,...,r} share no row in common. Clearly, the extended
matrices (M ! (k1,...,k,))* do not share any row either. 0O

6.2. Permutation representation

In the second construction, the elements of PAut(#H ') are considered as permu-
tations in Sym(n), where n = p*(th—D+E=Dtat4ts Tet o € Sym(n) and let ¢ be a
positive integer, then we define go € Sym(gn) as the permutation that acts as o in each
of the following sets of coordinate positions: {1,...,n}, {n+1,...,2n}, {2n+1,...,3n},
o {l@g=Dn+1,...,gn}.

Proposition 6.2. Let S be an r-PD-set of size £ for H' -t of length n with information
set I. Then, pS = {po : 0 € S} is an r-PD-set of size £ for H'»ts=1:tsF1 qith respect
to any information set I' = TU{j +n} with j € 1.

Proof. Let H = Hhts) H = &(H), H®) = Hirrte-ttsF L and HE) = ®(H)). Using
the recursive construction given in (3), we obtain

H® = {®((h,h,hy...,h) + X0,p* 1, 2p*" L ... (p—1)p*Y)) : he H,\ € Z,)}
= {(®(h), 2(h+Ap*7 "), ®(h+ A2p°"),...,2(h + A(p— 1)p° ")) :
heH, A€ Zy},

s—1 s—1

where 0 and p are the vectors with 0 and p in all components, respectively. We
have that ®(h + Aup®~!) = ®(h) + A\u®@(p*~!) = ®(h) + A\l for any A\, u € Z, [5].
Therefore,

HS = {(W W+ XL,W +X2,... K +AXp—1)) : ¥ e H A€ Z,}.

If o € PAut(H), then o(x) =y € H for any x € H. Consider an element x = (z,z +
A,...,x+ A(p—1)) € H®. Then,

(po)(x,z+A1,..., 2+ A(p—1)) = (o(x),0(x) + o(A1),...,0(x) + c(A(p — 1)))
=(yy+AL,...,y+Ap-1)) € HY,

which means that po € PAut(H ).

Let I C {1,...,n} be an information set for H. Define I’ = TU{j+n}, for any j € I.
We have that x|; = (@7, 2, +A), for any x = (z,2+A1,...,2+A(p — 1)) € H®), where
x € H and \ € Z,,. Since there are pst1+(s=Dtz++t different possible values of x|; and
p possible values of A, we obtain pst1H(s=Dtat+2t 1+t +1 different elements x|/, which
means that I’ is an information set for H(*).

Consider an error vector e = (el,... eP) € o of weight wty(e) < r, where e =

(e¥,....ek) e Zy for k € {1,...,p}. In order for pS to be an r-PD-set for H®) with

N
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respect to I’, there must be an element po € pS such that wty ((po)(e)|r) = 0. Note that
po(e) = (o(e'),...,a(e?)). Consider the vector & = (éy,...,é,) € Z such that & =1
if e} > 0ore? >0, and é = 0 otherwise, i € {1,...,n}. Since wty(é) < r, there exists
o € S such that wty (o (é)|;) = 0. Therefore, wty(o(et)|;) = 0 and wty(o(e?)|;) = 0,
hence wty ((po(e))|rugj4n:jery) = 0. Since I' C TU{j +n: j € I}, we obtain that pS' is
an r-PD-set for H(®) with information set I’. O

Note that Proposition 6.2 uses directly permutations from PAut(H" ), without as-
suming that they come from elements in PAut(#!*s). This means that one can also use
r-PD-sets for an r that may exceed the upper bound given by Corollary 4.2. This is not
the case in the following proposition, since if S is an r-PD-set for H%>~+% then it is not al-
ways true that p*~+1S is an r-PD-set for H) fori € {1,...,5—1}, where H") = ®(H )
and H() = Htootimntitltivnote This is because if o € PAut(H! ), it is generally
not true that p*~ ' € PAut(H®). Instead, we have to assume that the r-PD-sets
come from sets in PAut(H!~') and extend each permutation o € PAut(H! ) as
p*~ "o € PAut(H®) before applying the map ® to obtain permutations in PAut(H®).

Proposition 6.3. Let S C PAut(H!t) such that ®(S) is an r-PD-set of size { for
H ot with information set I = ®(Z), where T is an additive information set for
Hiveots . Then, for anyi € {1,...,s}, ®(p* "t1S) is an r-PD-set of size £ for H'irts,
with t; = t; + 1 and t; = t; for any j # i, with respect to any information set I' =
D(ZU{j+n}) with j € I, where n is the length of H'» s,

Proof. We follow a similar argument to the one given in Proposition 6.2, with the differ-
ence that S is a subset of PAut(#H'>'+) and not of PAut(H" ). Let H = H' s,
H = ®(H), HD = H'rt and HO = &(H?). Taking into account that H is con-
structed using (3),

HD = {(@(h),®(h+Ap" "), @(h+A2p""),...,@(h + A(p* " = 1)p'™))
theH, e Zpsfi‘#l}.

If 7 € PAut(H), then

("1 7)(0) = (o(h), o(h) + o), o(a) + (AP~ 1)pt)
= (o(h),a(h) + AP ", o(h) + AP = p' ) e HI,

forany h = (h, h+Ap'~ 1, ..., h+A(p* 1 —1)pi~1) € H), with h € H and X € Lippe—it1.
Therefore, (p*~*T'7) € PAut(H?) and ®(p*~*+17) € PAut(H®).

By Proposition 4.1, the set Z U {n + 1} is an additive information set for H(*). In
fact, in the proof we also show that any set ZU {z}, for x € {n 4+ 1,...,2n} is also an
information set. In particular Z/ = Z U {j + n}, for any j € Z, is an information set
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for H and I’ = ®(Z’) is an information set for H*). Note that I’ has s — i + 1 more
coordinates than I.

Finally, consider an error vector e = (el,.. .,epkiﬂ) of weight wty(e) < r, where
e’ = (ef,...,ek) € Z1 for k € {1,...,p* "'}, Define the vector & = (é1,...,6,) € ZI!
that satisfies é,, =1 1f et #0or e 7& 0, and é,, = 0 otherwise, m € {1,...,n}. Since
wtg(é) <7, there exists 7 € S such that wty (®(7)(é)|;) = 0. Thus, WtH((I)(T)(el) 1) =
0 and wtg (®(7)(e2)|;) = 0. Note that ®(p*~T17)(e) = (®(7)(e}),..., 0(r)(e?” ).
Therefore,

Wt ((p° " ) ()| 10 pe - tnjery) = Wea (R(7)(€h)[1) + wta (®(7)(e?)|1) = 0.

Since I’ CTU{j +p* 'n:j € I}, this implies that ®(p*~**+1S) is an r-PD-set for H®
with information set I’. O

Remark 6.1. By the definition of p*~**17 and ®, we have that ®(p*~*17) = p*~F1d(7),
for any 7 € PAut(H! <) and i € {1,...,s}. By the proof of Proposition 6.3, p* =17 €
PAut(H®), so p*~*T1®(7) € PAut(H®), where H(), H® are defined as in this proof.

Example 6.1. Consider the Zy7-linear GH code H?%9 as in Example 5.1. We have that

®(P11) is an 11-PD-set of size 12, where P;; can be identified by the set of permutations
{id, 71,..., 711} € Sym(729). Then, by Proposition 6.2 or Proposition 6.3, we know that
the following subset of Sym(19683):

{3@(1(1),3@(7’1), ey 3@(7‘11)}

is an 11-PD-set for the Zor-linear GH code H3%!, with information set D(Z301) =
D(Z300) U PP ({730}) = {1,2,4,10,11,13,244, 245,247,6562}. Similarly, by Proposi-
tion 6.3 and Remark 6.1, we know that the following subset of Sym(59049):

{9@(1(:1),9(1)(7'1), ey 9(1)(7'11)}

is an 11-PD-set for the Zaz-linear GH code H*19 with information set ®(Z31,0) =
B(Z30,0) U P ({730}) = {1,2,4,10,11, 13,244, 245,247, 6562, 6565 }. In general, we can
construct r-PD-sets for H>%! and H?”l’0 for any r < f3 0.0 — 949,

We could also use Proposition 6.3 in order to obtain an 11-PD-set for the Zgy7-linear
3,0,0 . .

= 242. However, in this

case, we can construct an r-PD-set directly, from the explicit construction presented in
Section 5, for any r < f4 00 — 4919,

GH code H*%9 or in general an r-PD-set for any r < f3’

Corollary 6.1. Let S C PAut(H''') such that ®(S) is an r-PD-set of size { for
Htvots with information set I. Then, ®(ps1+(s=Dizt+48) 4s an r-PD-set of size !
for HtiFivtatiz,totis it the information set obtained by applying recursively Propo-
sition 4.1, for any i1,i9,...,1s > 0.
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Corollary 6.2. If P, = {N0717 v N7}, as defined in Section 5 for the Z,:-linear GH
code H" 00 then ®(pls—Vtzt+tP.) is an r-PD-set of size r + 1 for the Zy-linear
GH code H' >t forallty,...,ts>0,t1 >2and2<r < f;l’o’“"o. Similarly, if P, =
{Mal, oy MY, as defined in Section 5 for the Zps-linear GH code H1-0»-0:8:0:--0,
Then, ®(p*P,.), where a =s(t1 — 1)+ -+ (s =i+ 2)t;_1 + (s — ) tix1 + -+ + s, is an
r-PD-set of size r+1 for the Z,:-linear GH code H'*»* | for allty, ..., ts >0, t1,t; > 1
and 2 <r < fg,o,..,,o,ti,o,...,ol

Depending on the type of the Zps-linear GH code, the largest r allowed by Corol-

lary 6.2 may be either f/10% or one of f}.004:0-20 for i € {2,...,s}. Let us define
ts 10,...,0  £1,82,0,...,0 1,0,...,0,ts seeats
fyrrote = max{ fir00, 02 oo fp )< et

If f;l"“’ts = f;170"“70, we achieve the largest r by using the explicit construction

to obtain P, for H*:90 and then extending the r-PD-set as ®(p(s~ Dzt ttep ),
fpr0r 01020 “ge achieve the largest r by using the ex-

0,050 and then extending the PD-set as

However, if f;lt

plicit construction to obtain P, for H0:
@(ps(tl_1)+"'+(3_i+2)ti—1+(5_7:)ti+1+"‘+t57)7‘).

Example 6.2. Consider the Zg-linear Hadamard codes H>>7, H3%7 and H338. By
Corollary 4.2, we have f2%° = 20, £,°° = 15, f;°7 = 15, f140 = 50, f,°% = 27.
Therefore, for example,

o for H337 since fo®" = max{fa®°, f320, f307} = 300 = 90, it is better to start
by using the expllclt construction for H 3,0,0,

o for H347 since f3 AT — 21 40— 50, it is better to start with the explicit construction
for H1’4’0.

o for H338 since f;”s’g = le’O’8 = 27, it is better to start with the explicit construction
for H1.0-8,

7. Computational results

The explicit constructions presented in Section 5 give r-PD-sets of size r 4+ 1 with an r
that reaches up to the upper bound given by Corollary 4.2. However, these constructions
are only defined for some specific Z,s-linear GH codes: H!:00 and H10:0::,0,..0)
with ¢; > 2 and t; > 1, respectively. The recursive constructions presented in Section 6
allow to obtain r-PD-sets for all Z,.-linear GH codes H'»~'= but they may not achieve
the upper bound. Indeed, for the codes where the explicit constructions can not be
applied, r < f;l’“"ts < flrote, so other strategies are necessary in order to achieve a
value of 7 closer to the theoretical upper bound fi1*

In this section, we present some computational results, obtained by using the computer
algebra system Magma [9]. These results show that we can increase the value of r for Z,s-

linear GH codes H'ts by looking for r-PD-sets randomly. We follow a similar method
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Table 1

Maximum value r for which r-
PD-sets were found for some
codes H' 'z with p = 2, us-
ing a non-deterministic method.
Comparison with previous re-
sults, 7,14, given in [2] and the
upper bound fgtl’tz‘

ti  ta Toa T faon
3 0 4 4 4
1 6 7 7
2 10 11 11
3 16 18 20
4 26 31 35
5 42 50 63
4 0 15 15 15
1 23 23 24
2 36 38 41
3 56 62 72
4 91 103 127
5 150 172 226
5 0 50 50 50
1 72 76 84
2 116 124 145
3 187 199 255
4 312 321 454
5 518 551 818

as the one used in [2]. That is, we generate sets P, = {My,..., M, } of r + 1 random
matrices in PAut(H! %) such that all rows from the matrices of {M,..., M*} are
different. The sets are constructed incrementally, starting from different initial matrices
M until the target value of r is achieved. Initially, the target value of r is defined as
the upper bound f;l’“"tb*. If the method has generated k£ < r matrices Mg, ..., M7, and
fails to generate M}, in a defined time constraint, then it starts again from another
initial matrix Mg. If the target value r is not attained after a certain number of different
initial matrices, then r is decreased by one and the process starts again. If, by decreasing
r, it reaches the value of f;lv“"t-*, then the r-PD-set given by Corollary 6.2 is returned.

Table 1 shows the maximum values of r obtained for Zj4-linear Hadamard codes
Hivt2 with 3 < t; < 5 and 0 < t5 < 5. They are compared with the values given
in [2] and the upper bound fztl’tQ. The results from [2] were obtained by using a method
that is currently implemented in the Magma function PDSetHadamardCodeZ4 (t1, t2:
AlgMethod:= "Nondeterministic") included in the official distribution [9]. We have
corrected an error found in the implementation of this function and made some im-
provements, which has allow us to achieve larger values of r in this case. Then, we have
generalized these functions to deal with Z,s-linear GH codes. Table 2 shows the maxi-
mum values of r obtained for Zg-linear Hadamard codes H!1:*2:%3 with t; = 3,0 <ty < 2
and 0 < t3 < 3. The upper bounds fg”tz’t3 and fg”tz’tS are also shown in order to see the
improvement with respect to the recursive construction, which is bounded by f~23 darts
and with respect to the theoretical maximum, given by fg t2rts,
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Table 2

Maximum value r for which r-PD-sets
were found for some codes H3'?t2:%s,
with p = 2, using a non-deterministic
method. Comparison with the upper
bound of the recursive constructions
fg*”*ta and the upper bound f23’t2't3.

te ta  f3tt eyt
0 0 20 20 20
1 20 30 31
2 20 46 50
3 20 73 84
1 0 20 61 63
1 20 94 101
2 20 149 169
3 20 242 291
2 0 20 189 203
1 20 299 340
2 20 476 584
3 20 773 1023

The Magma function developed to construct r-PD-sets of size r + 1 for Zs-linear
GH codes has been included in a new Magma package to deal with linear codes over
Z,- [17]. This package also allows the construction of Z,.-linear GH codes, and includes
functions related to generalized Gray maps, information sets, the process of encoding
and decoding using permutation decoding, among others. This package generalizes some
of the functions for codes over Z,, which are already included in the standard Magma
distribution [9]. It has been developed mainly by the authors of this paper and the
collaboration of some undergraduate students. The first version of this new package and
a manual describing all functions will be released this year, and it will be available in a
GitHub repository and in the CCSG web site (http://ccsg.uab.cat)

8. Conclusions

In this paper, we determine the permutation automorphism group of Z ,s-additive GH
codes, PAut(H! ) and give a representation of the elements as matrices of the general
linear group over Zps of dimension t; +- - - 4t,. Then, explicit constructions of r-PD-sets
of size r+1 for Zs-linear GH codes of types (n;t1,0,...,0) and (n;1,0,...,0,t,0,...,0),
with ¢t; > 2 and ¢; > 1, respectively, are given. For these cases, the value of r is upper-
bounded by f;l’o’“"o or f;,O,...,O,ti,O,...,O depending on the type. In general, for Z,s-linear
GH codes of any type (n;t1,...,ts), we also present some constructions of r-PD-sets of
size r + 1, but only up to r < f;lv“"ts < fhoeots,

The computational results given in Section 7 confirm that r-PD-sets of size r 4+ 1, with
values of r closer to the theoretical upper bound f;l““’tS, may exist for Z,s-linear GH
codes of any type. Therefore, a natural further research on this topic would be to find
explicit constructions for codes H'»-ts | with fp’fl""’ts <r< f;l""’tS.
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Another direction which extends this line of research would be the generalization of
these results to ZpZyz - - - Zps -linear GH codes, which are GH codes and can be obtained
from the generalized Gray map image of subgroups over mixed alphabets Z* xZ;ﬁ XX
Zy: . In particular, ZoZ4-linear codes have been studied extensively, see for example [7,8],
and the permutation decoding method given in [4] is also defined for these codes, since
they are systematic. More generally, Z,Z 2 - - - Zps-linear codes have been studied for
example in [1,31]. The results given in [32] can be extended to Z,Z,> - - - Zps-linear codes,
in order to obtain a systematic encoding for Z,Z,z - - - Zps-linear codes, which allow us
to use the permutation decoding method for these codes. This gives a motivation to
construct r-PD-sets for Z,Z,> - - - Zps-linear GH codes, which have been recently studied
in [5,6] showing that they are not necessarily equivalent to the Z,:-linear GH codes
considered in this paper.

For any Z,--additive GH code H'*'« we have obtained PAut(#H" ), which is
a subgroup of the monomial automorphism group, MAut(H! ). We also have that
O (PAut(Hit)) C PAut(H ). The study of these groups, MAut(Ht) and
PAut(H" '), also remain as an open problem for p > 3 or s > 3. For Zg-linear
Hadamard codes, these groups are studied in [25]. The description of PAut(H! )
may allow us to find r-PD-sets of size r + 1 for r» > f;l’“"ts or r-PD-sets of larger size,
up to the error-correcting capability, improving the results obtained in this paper.

Data availability
No data was used for the research described in the article.
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