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Abstract— This paper is focused on the analysis of the effects 

of losses on the sensitivity of reflective-mode phase-variation 

liquid sensors implemented by means of an open-ended (either 

quarter-wavelength or half-wavelength) transmission line 

distributed resonator (the sensing element) cascaded to a set of 

high/low impedance inverters (implemented by means of quarter-

wavelength line sections). The device operates at a single 

frequency and the working principle is the variation of the phase 

of the reflection coefficient (the output variable) caused by 

changes in the dielectric properties of the material under test 

(MUT), a liquid in the present study. Since liquids are lossy 

samples, it is expected that the sensitivity of the sensor is 

influenced by losses, an aspect demonstrated in this paper. It is 

shown that two operation regimes can be distinguished: (i) the 

low-loss regime, where the sensitivity is influenced by MUT 

losses, but the behavior is similar to the one of the lossless case; 

and (ii) the high-loss regime, where losses not only play a key role 

on the sensitivity, but also modify the dependence of the output 

variable with the dielectric constant of the liquid under 

consideration, as compared to the lossless case. Nevertheless, 

contrarily to general belief, with an adequate sensor design, 

losses might be beneficial in order to boost up the sensitivity in 

the limit of small perturbations (this is the main contribution of 

this paper). Validation is carried out by considering different 

types of oil samples, and various sensing devices operating either 

in the low-loss or in the high-loss regime. 

 
Index Terms— dielectric losses, microstrip technology, 

microwave sensors, permittivity sensors, phase-variation sensors. 

 

I. INTRODUCTION 

LANAR microwave sensors have been the subject of an 

intensive research activity in recent years [1], [2]. The 

main reasons are their low cost and profile, their 

robustness against operation in harsh environments (e.g., with 

pollution and dirtiness), their compatibility with other 

technologies (e.g., microfluidics, substrate integrated 

waveguides, textiles, micromachining, 3D-printing, etc.) and 
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many types of substrates (rigid, flexible, polymeric, paper, 

etc.), and their inherent wireless connectivity, among others. 

Since microwaves are very sensitive to the dielectric 

properties of the materials to which they interact, microwave 

sensors have been mainly devoted to the measurement of 

material permittivity and other variables related to it, including 

physical variables (e.g., temperature [3], [4], humidity [5], [6], 

etc.), chemical variables (e.g., gas concentration [7], [8], 

material composition [9]-[12], etc.), or biological variables 

(e.g., glucose concentration [13], [14], electrolyte 

concentration [15], [16], bacterial growth [17], [18], 

monitoring the denaturation of proteins [19], etc.). 

Nevertheless, other applications of planar microwave sensors, 

such as the measurement of spatial variables (displacements 

and velocities) [20]-[26], or even, the monitoring of vital signs 

(e.g., [27], [28]), have been reported. 

  This diversity of applications of planar microwave sensors 

has been achieved by considering different working principles, 

with their pros and cons, mainly including frequency variation 

[9], [29]-[38], frequency splitting [39]-[43], coupling 

modulation [20], [23], [44]-[53], and phase variation [24], 

[54]-[73]. Though most planar microwave sensors are based 

on resonant elements and exploit the resonance frequency 

variation experienced by the sensing (resonant) element due to 

changes in its immediate surrounding, such sensors require 

wideband signals for sensing (the sweeping interrogation 

signal must cover the output dynamic range). This might 

represent a limitation in operational environment, due to the 

increase in the cost of the associated electronics (wideband 

voltage-controlled oscillators –VCOs–, or arrays of VCOs, are 

needed). Such limitative aspect applies also to frequency-

splitting sensors. Thus, single-frequency sensors, such as 

coupling-modulation sensors and phase-variation sensors are 

of high interest. Indeed, phase-variation sensors combine the 

advantages of single-frequency sensors with the robustness 

against electromagnetic interference (EMI) and noise inherent 

to phase measurements (and to frequency measurements). By 

contrast, in coupling modulation sensors, the output variable is 

typically the magnitude of the transmission or reflection 

coefficient of the sensing device (or a voltage, provided an 

amplitude detector is included), less tolerant to the effects of 

EMI and noise.  

   The previous advantageous aspects of phase-variation 

sensors, and the highly achievable sensitivity, especially in 

one-port sensors operating in reflection mode, have motivated 

a significant research activity focused on the optimization of 

phase-variation sensors. Unprecedented sensitivities with the 
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dielectric constant of the material under test (MUT), the 

canonical input variable, have been achieved by considering 

reflective-mode phase-variation sensors based on two different 

approaches. One of such approaches, first presented in [63], 

uses a sensing resonator (either distributed [63]-[65], or semi-

lumped [66], [67]) as termination of a set of cascaded 

high/low impedance inverters (implemented by means of 

quarter-wavelength transmission lines). In the other approach, 

a pair of weakly coupled resonators (either distributed [69] or 

semi-lumped [70]) is considered for sensing. In both cases, 

maximum sensitivities of hundreds of degrees per unit of 

dielectric constant have been reported [63], [69]. In the 

sensors proposed in [63]-[70], the considered MUTs were 

low-loss solid samples. It was demonstrated in [63] that the 

effects of MUT losses on the sensor response and sensitivity 

are not significant provided losses are small (and hence losses 

were neglected in those works). However, for certain 

materials, such as liquids (in general, exhibiting high loss 

factors), this low-loss assumption might not be valid. 

In this paper, the effects of MUT losses on the sensitivity of 

one-port reflective-mode phase-variation sensors based on a 

cascade of high/low impedance inverters terminated with a 

distributed resonator (either an open-ended quarter- or a half-

wavelength sensing line) are studied analytically. The main 

conclusions of such analysis are validated through full-wave 

electromagnetic simulation and experimentally, by 

considering various oil samples. Note that oils are liquids 

exhibiting a non-negligible loss tangent and are therefore very 

appropriate for the present study. The main goal of the paper 

is to provide a guide on how to design a sensor taking 

advantage of the losses of the intended material to be 

measured (oils in this paper) for sensitivity optimization.  

The paper is organized as follows. The sensor under study 

and the sensitivity analysis by including the effects of losses in 

the MUT are the subject of Section II. Section III presents the 

specific designed and fabricated sensors, based on a fluidic 

channel made of methacrylate and validates the sensitivity 

analysis. A discussion, mainly devoted to compare the sensors 

of this work with other phase variation sensors is carried out in 

Section IV. Finally, Section V concludes the work.    

II. THE PROPOSED REFLECTIVE-MODE PHASE-VARIATION 

LIQUID SENSOR AND SENSITIVITY ANALYSIS BY INCLUDING 

MUT LOSSES 

Figure 1 depicts a perspective view (sketch), a typical 

layout (microwave module), and the circuit schematic of the 

proposed liquid sensor. The microwave module (implemented 

in microstrip technology) consists of a one-port structure 

including the access line (matched to the reference impedance 

of the port, Z0 = 50 Ω in this work), the cascade of N 

impedance inverters (implemented by means of quarter-

wavelength transmission line sections) with alternating high 

and low characteristic impedance, denoted as Zi (with i = 1… 

N), and the sensing line (an open-ended quarter- or half-

wavelength distributed resonator). The impedance Zs and 

electrical length s of the sensing line both depend on the 

dielectric properties of the material under study. Note that in 

the specific sketch and layout of Fig. 1, a single inverter is 

considered (i.e., N = 1), but the number of inverters can be 

arbitrary [see Fig. 1(c)]. The sensing region is indicated by the 

dashed rectangle in the layout. Thus, the liquid (fluidic) 

channel should be placed on top of it, so that the liquid under 

test (LUT from now on) is in contact with the sensitive 

element.  

The working principle of the sensor is the variation in the 

phase of the reflection coefficient caused by changes in the 

dielectric constant of the LUT placed in the fluidic channel. It 

was demonstrated in [63] that in the limit of small 

perturbations of the dielectric constant of the LUT (LUT) in 

the vicinity of the reference REF dielectric constant (REF), the 

sensitivity is optimized by considering either a high-

impedance open-ended quarter-wavelength transmission line 

sensing resonator [the case of Fig. 1(a) and (b)] or a low-

impedance open-ended half-wavelength transmission line 

sensing resonator (in both cases corresponding to a high Q-

resonator). The reason is that, under these conditions, the 

phase slope at resonance (f0, the operating frequency) is high. 

This generates a significant excursion of the phase of the 

reflection coefficient at f0 (the output variable) when the 

dielectric constant of the LUT varies (note that a lateral shift 

in the phase response caused by a change in LUT generates an 

important phase variation at a fixed frequency, in particular, at 

f0, if the phase slope at that frequency is high). Let us clarify 

that the nominal electrical length of the sensing line, s (either 

90º or 180º), corresponds to the situation where such line is 

coated with the REF liquid.  

It was also shown in [63] that the sensitivity in the limit of 

small perturbations can be further optimized by cascading a 

set of impedance inverters, with alternating high and low 

impedance, between the sensing line resonator and the access 

line. A requirement of such inverters (in practice implemented 

by means of quarter-wavelength transmission line sections, so 

that i = 90º) is that the impedance of the inverter adjacent to 

the sensing line, Z1, should be low if the sensing line is a high-

impedance open-ended quarter-wavelength resonator, and it 

should be high when the sensing line is a low-impedance 

open-ended half-wavelength resonator. The higher the 

impedance contrast of the quarter-wavelength line sections 

(inverters), including the sensing line, the optimum the 

sensitivity in the limit of small perturbations [63]. 
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Fig. 1. Proposed liquid sensor. (a) Sketch of the perspective view; (b) typical 
layout; (c) circuit schematic by considering N impedance inverters, excluding 

the access line. Relevant dimensions are indicated in (b). In (a) and (b) a 

single inverter (N = 1) is considered. Length l0 and width W0 correspond to the 
access line, whereas for the inverter stages such dimensions are designated as 

li and Wi (the subindex i specifying the inverter). 

   Let us next focus on the sensitivity analysis by including the 

effects of losses in the MUT (LUT for the specific case under 

study, provided we deal with liquid samples). The sensitivity 

is defined as the derivative of the output variable with regard 

to the input variable, i.e., 

𝑆 =
𝑑



𝑑LUT

                                         (1) 

where  is the phase of the reflection coefficient at f0. As 

pointed out in [63], such derivative can be expressed as  

𝑆 =
𝑑



𝑑
𝑠


𝑑

𝑠

𝑑LUT

+
𝑑



𝑑𝑍𝑠


𝑑𝑍𝑠

𝑑LUT

                         (2) 

since a variation in LUT is expected to perturb  through a 

modification of both the electrical length, s, and characteristic 

impedance, Zs, of the sensing line. However, 𝑑

/𝑑𝑍𝑠 = 0 

when the electrical length of the sensing line is a multiple of 

/2 (the cases under consideration) [63]. Consequently, only 

the first term of the right-hand side member of (2) must be 

retained. To calculate the sensitivity, the first step is to express 

the input impedance of the sensor as a function of the different 

electrical parameters of the constitutive lines. By excluding 

the access line, which only generates a constant phase shift in 

the reflection coefficient (and, thus, its effects can be 

neglected), the input impedance can be expressed as 

𝑍𝑖𝑛 = {𝑍𝑖𝑛,𝑠}
(−1)𝑁

∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁

𝑖=1

                     (3) 

where Zin,s is the impedance seen from the input port of the 

sensing line, see Fig. 1(c), and Zi (with i = 1, 2, 3…N) are the 

characteristic impedances of the cascaded high/low quarter-

wavelength (at f0) line sections (impedance inverters), as 

mentioned. By considering losses in the sensing line (mainly 

caused by the presence of the LUT on top of it) the impedance 

Zin,s can be expressed as shown in [74]  

𝑍𝑖𝑛,𝑠 = 𝑍𝑠 coth 𝑙𝑠                                  (4) 

where  =  + j is the complex propagation constant ( and  

being the attenuation constant and the phase constant, 

respectively, of the sensing line), and ls is the physical length 

of such line (i.e., s = ls). After some simple algebra, 

expression (4) can be written as  

𝑍𝑖𝑛,𝑠 = 𝑍𝑠

sinh 2𝑙𝑠 − 𝑗 sin 2
𝑠

cosh 2𝑙𝑠 − cos 2
𝑠

                      (5) 

The reflection coefficient seen from the input port of the 

sensor (excluding the access line) is: 

 =
𝑍𝑖𝑛 − 𝑍0

𝑍𝑖𝑛 + 𝑍0

                                     (6) 

Let us first calculate the phase of the reflection coefficient 

and the sensitivity by considering that the sensing line is 

directly connected to the input port, i.e., without impedance 

inverters (N = 0), and then we will generalize to the case of a 

sensor with an arbitrary number N of impedance inverters. 

With N = 0, Zin = Zin,s, and the reflection coefficient is  

 =

𝑍𝑠

sinh 2𝑙𝑠 − 𝑗 sin 2
𝑠

cosh 2𝑙𝑠 − cos 2
𝑠

− 𝑍0

𝑍𝑠

sinh 2𝑙𝑠 − 𝑗 sin 2
𝑠

cosh 2𝑙𝑠 − cos 2
𝑠

+ 𝑍0

                  (7) 

which in turn can be expressed as 

 =
𝑍𝑠 sinh 2𝑙𝑠 − 𝑍0 (cosh 2𝑙𝑠 − cos 2

𝑠
) − 𝑗𝑍𝑠 sin 2

𝑠

𝑍𝑠 sinh 2𝑙𝑠 + 𝑍0 (cosh 2𝑙𝑠 − cos 2
𝑠
) − 𝑗𝑍𝑠 sin 2

𝑠

  (8) 

where the real and the imaginary parts in the numerator and 

the denominator are separated, in order to calculate the phase 

of the reflection coefficient. Note that, though losses are taken 

into account, it is considered that the characteristic impedance 

of the sensing line, Zs, is a real number, a reasonable (and 

accepted) approximation. Let us also indicate that losses, 

accounted for by means of , also include ohmic losses 

(generally small in transmission lines) and radiation losses.  

The phase of the reflection coefficient is: 




= 
𝑁

− 
𝐷

                                       (9) 

where N and D are the phase of the numerator and the phase 

of the denominator, respectively, in (8), given by 


𝑁

= arctan (
𝑍𝑠 sin 2

𝑠

𝑍0 (cosh 2𝑙𝑠 − cos 2
𝑠
) − 𝑍𝑠 sinh 2𝑙𝑠

)   (10a) 


𝐷

= −arctan (
𝑍𝑠 sin 2

𝑠

𝑍0 (cosh 2𝑙𝑠 − cos 2
𝑠
) + 𝑍𝑠 sinh 2𝑙𝑠

) (10b) 

Let us next calculate the derivative 𝑑

/𝑑

𝑠
, i.e., the first 

term in the sensitivity, as given by (2). Such derivative can be 

expressed as 

𝑑


𝑑
𝑠

=
1

1 + (
𝑁
𝐷1

)
2

2𝑍𝑠𝐷1 cos 2
𝑠

− 2𝑍0𝑁 sin 2
𝑠

𝐷1
2 + 

+
1

1 + (
𝑁
𝐷2

)
2

2𝑍𝑠𝐷2 cos 2
𝑠

− 2𝑍0𝑁 sin 2
𝑠

𝐷2
2         (11) 

Sensing Region

P1

l0

W0

W1

l1

ls

Ws

Zin,sZin

ZN , ϕN Z2 , ϕ2 Z1 , ϕ1 Zs , ϕs

P1

(b) 

(c) 
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where the following terms have been defined in order to 

simplify the formulas 

𝑁 = 𝑍𝑠 sin 2
𝑠

                                                                 (12a) 

𝐷1 = 𝑍0 (cosh 2𝑙𝑠 − cos 2
𝑠
) − 𝑍

𝑠
sinh 2𝑙𝑠        (12b) 

𝐷2 = 𝑍0 (cosh 2𝑙𝑠 − cos 2
𝑠
) + 𝑍

𝑠
sinh 2𝑙𝑠        (12c) 

Since the interest is the calculation of the sensitivity in the 

limit of small perturbations in the vicinity of the dielectric 

constant of the REF liquid, and the sensor should be designed 

in order to exhibit a sensing line length of either a quarter-

wavelength (or an odd multiple), or a half-wavelength (or any 

multiple), we should evaluate (11) for phases satisfying either 

s = (2n + 1)/2 or s = n. The following results are 

obtained: 

𝑑


𝑑
𝑠

|
𝑠=(2𝑛 + 1)/2

= −
2𝑍𝑠𝑍0

𝑍0
2cosh2𝑙𝑠 − 𝑍𝑠

2sinh2𝑙𝑠

    (13a) 

𝑑


𝑑
𝑠

|
𝑠=𝑛

= −
2𝑍𝑠𝑍0

𝑍𝑠
2cosh2𝑙𝑠 − 𝑍0

2sinh2𝑙𝑠

                 (13b) 

To calculate the sensitivity (expression 2), the term 𝑑
𝑠
/

𝑑LUT must be calculated and evaluated at REF. Such 

derivative can be decomposed as  

𝑑
𝑠

𝑑LUT

=
𝑑

𝑠

𝑑eff


𝑑eff

𝑑LUT

                           (14) 

where eff is the effective dielectric constant of the sensing 

line. The first derivative of the right-hand side member in (14) 

is simply: 

𝑑
𝑠

𝑑eff

=


𝑠

2eff

                                (15) 

as it follows from the fact that 


𝑠

= 𝑙𝑠 =  


𝑣𝑝

𝑙𝑠 =
√eff

𝑐
𝑙𝑠                     (16) 

vp being the phase velocity, c the speed of light in vacuum, 

and  the angular frequency.  

Concerning the second derivative of the right-hand side 

member in (14), it can be easily calculated, provided the LUT 

can be considered semi-infinite in the vertical direction (so 

that the field lines do not reach the interface of the LUT with 

the fluidic channel). Under these conditions, the effective 

dielectric constant is  

eff =  
𝑟 + LUT

2
 +

𝑟 − LUT

2
𝐹                     (17) 

where r is the substrate dielectric constant and F a geometry 

factor that depends on the width of the line, Ws, and thickness 

of the substrate, h, according to 

𝐹 = (1 + 12
ℎ

𝑊𝑠

)
−1/2

                       (18a) 

provided Ws > h. If Ws < h, the geometry factor is 

𝐹 = (1 + 12
ℎ

𝑊𝑠

)
−1/2

+ 0.04 (1 −
𝑊𝑠

ℎ
)

2

         (18b) 

The validity of (18) requires that t << h, as usually occurs, 

where t is the thickness of the metallic layer. Using (17), the 

following result is obtained:  

𝑑eff

𝑑LUT

=
1

2
(1 − 𝐹)                             (19) 

If the semi-infinite approximation is not valid, the effective 

dielectric constant as a function of the dielectric constant of 

the LUT must be calculated by any other method, e.g., 

numerically, or by means of dedicated software tools (e.g., the 

ANSYS HFSS electromagnetic simulator provides the value of 

eff from the dielectric constant of the material on top of the 

line, the transverse geometry of the line, and the height of such 

material). We should mention at this point that, as it will be 

later shown, in order to prevent from substrate absorption 

when a liquid is on top of the sensing line, a protective (dry) 

film should be used (details of such film will be latter 

provided). Under these conditions, the semi-infinite 

approximation (which also requires that the LUT is in direct 

contact with the sensing line) does not hold, and this will force 

us to calculate the contribution to the sensitivity given by the 

last derivative in (14) by means of the ANSYS HFSS 

commercial software and the method specified in Section III. 

The contribution to the sensitivity as given by the derivatives 

in (14) essentially dictates that the sensitivity decreases as the 

dielectric constant of the REF sample increases [because eff 

also increases, and this term appears in the denominator in 

(15)]. Indeed, many liquids exhibit high dielectric constants, 

e.g., DI water (with a value of roughly 80). Hence, the typical 

sensitivities achievable when the REF sample is DI water are 

low, as compared to those corresponding to solid samples, or 

other low dielectric constant liquids, such as oils, the LUT 

materials considered in this work. Indeed, the relevant term to 

tailor the sensitivity in the limit of small perturbations is (13). 

Thus, let us next discuss the contribution to the sensitivity 

given by (13). 

In view of (13), depending on the sign of the denominator, 

the sensitivity can be either positive or negative. If losses are 

small the terms proportional to sinh2𝑙𝑠 in the denominators 

of (13) are expected to be small as compared to the terms 

proportional to cosh2𝑙𝑠, and the sensitivity is negative. We 

can define a low-loss regime as the one where losses are 

sufficiently small so as to obtain a negative sensitivity. 

According to (13a), for s = (2n + 1)/2, the low-loss regime 

is thus given by those values of  satisfying tanh 𝑙𝑠 < 𝑍0/
𝑍𝑠. Under this regime, the sensitivity is negative, and the 

magnitude of the sensitivity (its absolute value) increases as 

𝑍0/𝑍𝑠 decreases. In the lossless limit, with  = 0, (13a) is 

rewritten as 
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𝑑



𝑑
𝑠

|
𝑠=(2𝑛 + 1)/2

= −
2𝑍𝑠

𝑍0

                       (20a) 

a result identical to the one given in [63], where the sensitivity 

analysis was performed by excluding losses. Note that the 

sensitivity goes to infinite in the limiting case where 

tanh𝑙𝑠 = 𝑍0/𝑍𝑠. Thus, given a value of Zs, losses might help 

to boost up the sensitivity [in the absence of losses, by 

contrast, a high value of Zs will never bring the sensitivity to 

extremely high values, as it can be appreciated from 

expression 20(a)].  For high losses, with tanh𝑙𝑠 > 𝑍0/𝑍𝑠 

(high-loss regime), the phase slope is positive, and the 

magnitude of the slope increases as 𝑍0/𝑍𝑠 increases. For s = 

n, the low loss regime is dictated by those values of  

satisfying tanh𝑙𝑠 < 𝑍𝑠/𝑍0, and the sensitivity (negative) 

exhibits a magnitude that increases as 𝑍𝑠/𝑍0 decreases. In the 

lossless limit, (13b) is rewritten as 

𝑑


𝑑
𝑠

|
𝑠=𝑛

= −
2𝑍0

𝑍𝑠

                        (20b) 

the value reported in [63]. By contrast, for tanh𝑙𝑠 > 𝑍𝑠/𝑍0 

(high-loss regime), the phase slope is positive and its absolute 

value increases as 𝑍𝑠/𝑍0 increases. 

Let us next generalize the sensitivity analysis carried out 

before by considering an arbitrary number N of impedance 

inverters. For N even, the input impedance (3) can be rewritten 

as  

𝑍𝑖𝑛 = 𝑍𝑖𝑛,𝑠∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁

𝑖=1

                         (21) 

and the reflection coefficient is 

 =

𝑍𝑠

sinh 2𝑙𝑠 − 𝑗 sin 2
𝑠

cosh 2𝑙𝑠 − cos 2
𝑠

∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁
𝑖=1 − 𝑍0

𝑍𝑠

sinh 2𝑙𝑠 − 𝑗 sin 2
𝑠

cosh 2𝑙𝑠 − cos 2
𝑠

∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁
𝑖=1 + 𝑍0

       (22) 

or, alternatively, 

 =

𝑍𝑠

sinh 2𝑙𝑠 − 𝑗 sin 2
𝑠

cosh 2𝑙𝑠 − cos 2
𝑠

−
𝑍0

∏ 𝑍𝑖
2(−1)

𝑖+𝑁
𝑁
𝑖=1

𝑍𝑠

sinh 2𝑙𝑠 − 𝑗 sin 2
𝑠

cosh 2𝑙𝑠 − cos 2
𝑠

+
𝑍0

∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁
𝑖=1

           (23) 

Formally, expression (23) is identical to expression (7). 

Namely by replacing Z0 with 𝑍0/ ∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁
𝑖=1  in (7), 

expression (23) is obtained. This means that for N even, the 

derivatives of (13) apply, but replacing Z0 with 

Z0/∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁
𝑖=1 , i.e., 

𝑑


𝑑
𝑠

|
𝑠=(2𝑛 + 1)/2

= −

2𝑍𝑠
𝑍0

∏ 𝑍𝑖
2(−1)𝑖+𝑁𝑁

𝑖=1

(
𝑍0

∏ 𝑍𝑖
2(−1)𝑖+𝑁𝑁

𝑖=1

)

2

cosh2𝑙𝑠 − 𝑍𝑠
2sinh2𝑙𝑠

 (24a) 

 

𝑑


𝑑
𝑠

|
𝑠=𝑛

= −

2𝑍𝑠
𝑍0

∏ 𝑍𝑖
2(−1)𝑖+𝑁𝑁

𝑖=1

𝑍𝑠
2cosh2𝑙𝑠 − (

𝑍0

∏ 𝑍𝑖
2(−1)𝑖+𝑁𝑁

𝑖=1

)

2

sinh2𝑙𝑠

              (24b) 

For N odd, the input impedance (3) is 

𝑍𝑖𝑛 =
∏ 𝑍𝑖

2(−1)𝑖+𝑁
𝑁
𝑖=1

𝑍𝑖𝑛,𝑠

                            (25) 

and the reflection coefficient is 

 =

∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁
𝑖=1

𝑍𝑠

sinh 2𝑙𝑠 − 𝑗 sin 2
𝑠

cosh 2𝑙𝑠 − cos 2
𝑠

− 𝑍0

∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁
𝑖=1

𝑍𝑠

sinh 2𝑙𝑠 − 𝑗 sin 2
𝑠

cosh 2𝑙𝑠 − cos 2
𝑠

+ 𝑍0

                   (26) 

or, alternatively, 

 = −

𝑍𝑠

sinh 2𝑙𝑠 − 𝑗 sin 2
𝑠

cosh 2𝑙𝑠 − cos 2
𝑠

−
∏ 𝑍𝑖

2(−1)𝑖+𝑁
𝑁
𝑖=1

𝑍0

𝑍𝑠

sinh 2𝑙𝑠 − 𝑗 sin 2
𝑠

cosh 2𝑙𝑠 − cos 2
𝑠

+
∏ 𝑍𝑖

2(−1)𝑖+𝑁
𝑁
𝑖=1

𝑍0

        (27) 

Except by the (−) sign, expression (27) is identical to (7), 

provided Z0 is replaced with ∏ 𝑍𝑖
2(−1)𝑖+𝑁

/𝑍0
𝑁
𝑖=1 . Since the (−) 

sign in (27) introduces a constant phase of , the derivatives of 

(13) also apply for N odd, but in this case by replacing Z0 with 

∏ 𝑍𝑖
2(−1)𝑖+𝑁

/𝑍0
𝑁
𝑖=1 . Thus, the following derivatives are 

obtained: 

𝑑


𝑑
𝑠

|
𝑠=(2𝑛 + 1)/2

= −
2𝑍𝑠

∏ 𝑍𝑖
2(−1)𝑖+𝑁𝑁

𝑖=1

𝑍0

(
∏ 𝑍𝑖

2(−1)𝑖+𝑁𝑁
𝑖=1

𝑍0
)

2

cosh2𝑙𝑠 − 𝑍𝑠
2sinh2𝑙𝑠

 (28a) 

 

𝑑


𝑑
𝑠

|
𝑠=𝑛

= −
2𝑍𝑠

∏ 𝑍𝑖
2(−1)𝑖+𝑁𝑁

𝑖=1

𝑍0

𝑍𝑠
2cosh2𝑙𝑠 − (

∏ 𝑍𝑖
2(−1)𝑖+𝑁𝑁

𝑖=1

𝑍0
)

2

sinh2𝑙𝑠

              (28b) 

With N = 0, it was shown before that the limit between the 

low-loss and the high-loss regime is dictated by the ratio Zs/Z0, 

particularly, for s = (2n + 1)/2, the low-loss regime 

corresponds to values of  satisfying tanh 𝑙𝑠 < 𝑍0/𝑍𝑠, and  

tanh𝑙𝑠 > 𝑍0/𝑍𝑠 for the high-loss regime, whereas for s = 

n, the low loss regime is dictated by those values of  

satisfying tanh𝑙𝑠 < 𝑍𝑠/𝑍0, and tanh 𝑙𝑠 > 𝑍𝑠/𝑍0 for high 

losses. The same applies when N  0, but replacing Z0 with 

𝑍0/ ∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁
𝑖=1 for N even, and replacing Z0 with 

∏ 𝑍𝑖
2(−1)𝑖+𝑁

/𝑍0
𝑁
𝑖=1  for N odd.  
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Let us next summarize the strategy for sensitivity 

enhancement in the limit of small perturbations when N is an 

arbitrary number: 

• Case A: s = (2n + 1)/2. In the low-loss regime, Zs must 

be as high as possible. For N even, 𝑍0/ ∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁
𝑖=1  

must be as low as possible, and for N odd, ∏ 𝑍𝑖
2(−1)𝑖+𝑁

/𝑁
𝑖=1

𝑍0 must be as low as possible, in both cases ensuring that 

the denominators of 24(a) and 28(a) are positive, as 

corresponds to the low-loss regime. In both cases (N even 

and odd) the characteristic impedance of the inverter 

cascaded to the sensing line, Z1, must be low, and the 

subsequent inverter impedances must by high and low, 

alternating. This is the most usual operation mode. 

However, for certain materials, such as liquids, with high 

level of losses, operation in the high-loss regime is 

possible. For the high-loss regime, sensitivity optimization 

occurs when the denominator of (24a), for N even, and the 

denominator of (28a), for N odd, are close to zero and 

negative. Thus, under this operation regime, the sensitivity 

increases when 𝑍0/𝑍𝑠 ∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁
𝑖=1   increases for N 

even, and when ∏ 𝑍𝑖
2(−1)𝑖+𝑁

/𝑍0
𝑁
𝑖=1 𝑍𝑠 increases for N odd.            

• Case B: s = n. In the low-loss regime, Zs must be as low 

as possible. For N even, 𝑍0/ ∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁
𝑖=1  must be as 

high as possible, and for N odd, ∏ 𝑍𝑖
2(−1)𝑖+𝑁

/𝑍0
𝑁
𝑖=1  must be 

as high as possible, in both cases ensuring that the 

denominators of 24(b) and 28(b) are positive, as 

corresponds to the low-loss regime. In both cases (N even 

and odd), the characteristic impedance of the inverter in 

contact with the sensing line must be high, and the 

additional cascaded inverters (if they are present) must 

exhibit a characteristic impedance with low and high 

values alternating. For the high-loss regime, the sensitivity 

increases when 𝑍𝑠 ∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁
𝑖=1 /𝑍0 increases for N even, 

and when 𝑍𝑠𝑍0/ ∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁
𝑖=1  increases for N odd. 

In summary, the overall sensitivity in the limit of small 

perturbations for the sensor with N inverters terminated with 

either an open-ended half-wavelength or an open-ended 

quarter-wavelength sensing resonator is given by:  

𝑆 =
𝑑



𝑑
𝑠


𝑑

𝑠

𝑑LUT

=
𝑑



𝑑
𝑠


𝑑

𝑠

𝑑eff


𝑑eff

𝑑LUT

                  (29) 

where the last two terms are given by (14), (15), and (19), and 

the first term is given by (13) for N = 0, by (24) for N even and 

by (28) for N odd. 

It should be mentioned that a variation in the phase of the 

reflection coefficient can also be caused by a change in the 

loss tangent of the LUT, tanLUT, since tanLUT is intimately 

related with the attenuation constant,  [see expressions (9) 

and (10)]. Usually, a variation of the dielectric constant of the 

LUT, LUT, in the vicinity of the REF value, REF, is 

accompanied with a variation in tanLUT, or . However, the 

derivative of  with  is null in the limit of small 

perturbations, and for this reason the effects of tanLUT 

variation have been ignored. This aspect is demonstrated in 

Appendix A. 

III. THE PROPOSED LIQUID SENSORS AND VALIDATION OF THE 

SENSITIVITY ANALYSIS 

Three prototype sensors have been designed and fabricated. In 

all cases, the sensing line is an open-ended quarter-wavelength 

transmission line. The difference concerns the number N of 

impedance inverters and the operation regime. Thus, in the so-

called sensor A, a single inverter is cascaded to the sensing line 

(N = 1), and the sensor operates under the low-loss regime. 

Sensor B utilizes two inverters (N = 2) and operates under the 

high-loss regime. Finally, sensor C uses two inverters (N = 2) 

with an optimized value of the impedance of the second one (Z2) 

to boost up the sensitivity in the limit of small perturbations (it 

operates in the low-loss regime). The main aim of this section is 

to validate the previous sensitivity analysis on the basis of the 

three designed and fabricated prototype sensors. It is considered 

that the REF liquid is sunflower oil with measured dielectric 

constant and loss tangent of REF = 2.6 and tan𝛿REF = 0.065 at the 

operation frequency of the sensor (f0) and at room temperature 

(22ºC). In the considered sensors, the liquid samples (different 

types of oils in all cases) are put in contact with the sensing line 

by means of a fluidic channel made of methacrylate (with 

estimated dielectric constant of 2.4). The height of such channel is 

3 mm, the width is 50 mm, and the length extends from the 

contact plane between the sensing line and the first cascaded 

impedance inverter up to a distance beyond the open-end of the 

sensing line (the total length being 25.35 mm). Moreover, in 

order to prevent from substrate absorption, we have coated the 

sensing region with a dry film of PET (Polyethylene 

Terephthalate), with a thickness of 0.06 mm and an estimated 

dielectric constant and dielectric loss tangent of 3.5 and 0.01 

respectively. 

Before designing the sensors, we have first estimated the 

attenuation constant, , when the fluidic channel contains the 

REF oil ( is a relevant parameter for the theoretical prediction of 

the sensitivity in the limit of small perturbations). For that 

purpose, we have carried out the electromagnetic simulation of 

the reflection coefficient of the open-ended 90º sensing line. The 

considered length of that line is ls = 20.7 mm, whereas its width is 

Ws = 0.2 mm. With such width, the characteristic impedance of 

the sensing line with the fluidic channel loaded with the REF oil 

is Zs = 134.72 Ω (the effects of the dry film and methacrylate 

have been taken into account). The considered substrate is the 

Rogers 4003C with dielectric constant r = 3.55, thickness h = 

1.524 mm, and loss factor tan = 0.0022. Figure 2 depicts the 

reflection coefficient, represented in the Smith Chart, seen from 

the input port of the sensing line. At resonance, i.e., for s = 90º, 

the reflection coefficient (8) is a real number given by 

 =
𝑍𝑠 sinh 2𝑙𝑠 − 𝑍0 (cosh 2𝑙𝑠 + 1)

𝑍𝑠 sinh 2𝑙𝑠 + 𝑍0 (cosh 2𝑙𝑠 + 1)
                (30) 
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Note that if losses are absent,  = −1, corresponding to a short 

circuit seen from the input port (the 90º line inverts the open-end 

termination of the line). The effect of losses is a displacement of 

the reflection coefficient at resonance slightly to the right in the 

Smit Chart. Since Zs is known, and Z0 = 50 Ω, from the (real) 

value of  at resonance (given by the cross of the trace of  in the 

Smith Chart with the horizontal axis), the value of  can be 

inferred. The resonance frequency (where s = 90º) can be 

accurately determined, since it is the frequency corresponding to 

the cross of  in the Smith Chart with the horizontal axis. Since ls 

is known, the phase constant, , and the phase velocity can be 

obtained, and from the phase velocity, the effective dielectric 

constant can be retrieved [see (16)]. Note that the effective 

dielectric constant does not appear in (13), (24) or (28). However, 

for the calculation of the overall sensitivity, the last term in (29) is 

necessary, and (19) does not apply. Consequently, we can apply 

the previous method for the determination of the effective 

dielectric constant as a function of the dielectric constant of the 

LUT, and from this dependence we can obtain the last term in 

(29). Namely, for each LUT value in the vicinity of REF,, we can 

represent the reflection coefficient in the  

Smith chart, and determine the frequency where the trace crosses 

the horizontal axis. Once this frequency is determined, eff  can be 

inferred using (16). Note also that eff is necessary for the 

calculation of 𝑑
𝑠
/𝑑eff in (29), as given by (15). An alternative 

to this method to retrieve eff (or 𝑑eff/𝑑LUT) is to use the 

ANSYS HFSS commercial software, which is able to directly 

provide eff (or 𝑑eff/𝑑LUT) from the transverse geometry 

(sensor substrate, dry film, and LUT) and material parameters 

(dielectric constants and loss tangents). In this paper, we have 

used this latter approach providing a value for eff  and deff/ 
𝑑LUT of 3.10 and 0.28, respectively. 

 
Fig. 2. Representation of the reflection coefficient in the Smith Chart, as 

inferred from full wave electromagnetic simulation for the sensing line with 

dimensions indicated in the text and coated with a material with the dielectric 
characteristics of sunflower oil (see text), fluidic holder and PET film. 
    

   With the estimated value of  (= 0.967 Np/m), the derivative 

(13a) is found to be −5.40 and the overall sensitivity using (29) is 

found to be Sth =  − 22.02º (note that this is the sensitivity in the 

limit of small perturbations). The absolute value of such 

sensitivity is slightly superior to the one achieved by excluding 

losses, since, in this case, the derivative of 13(a), which reduces to 

20(a), is −5.36. Although the sensor merely based on the sensing 

line (N = 0) has not been fabricated, we have obtained the 

dependence of  with LUT from full wave electromagnetic 

simulation (the loss tangent has been set to tan𝛿REF = 0.065). The 

results are depicted in Fig. 3. From these simulated data points, 

the derivative has been obtained (also depicted in Fig. 3), and the 

value corresponding to LUT = REF (Ssim = −23.73º) is in good 

agreement with the theoretical prediction.  

 

 

Fig. 3. Variation of  with LUT for the considered open-ended quarter-

wavelength sensing line, and sensitivity. The operating frequency is f0 = 2 GHz. 

A. Prototype Sensor A (N = 1 and operation in the low-loss 

regime)   

Based on the previous sensing line, the first fabricated one-port 

phase-variation liquid sensor (sensor A) has been implemented by 

cascading a single impedance inverter (N = 1) with low 

characteristic impedance (Z1 = 24.64 Ω) to such line. The width 

and length of such cascaded transmission line section is 

W1 = 9.1 mm and l1 = 21.72 mm, respectively, corresponding to a 

low-impedance quarter-wavelength transmission line section. 

Figure 4 depicts the top view of the microwave structure (sensing 

line, impedance inverter and access line), as well as a photograph 

of the whole sensor, which includes the fluidic channel, and 

fluidic connectors. The microwave part has been fabricated by 

means of the LPKF HF100 drilling machine. 

 
(a) 
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(b) 

 

Fig. 4. Photograph of the fabricated sensor with N = 1 (sensor A). (a) Top 

view of the microwave module; (b) complete sensor. Dimensions (in mm) are: 

W0 = 3.4, l0 = 10.0, W1 = 9.1, l1 = 21.72, Ws = 0.20, and ls = 20.7. 

 

   With the value of  found before and the characteristic 

impedances of the sensing line and inverter, expression (28a) (the 

one that should be applied for N odd) gives –25.93, a value 

substantially superior (in absolute value) than the one obtained 

when a single sensing line is considered. The (−) sign means that 

the sensor operates under the low-loss regime. The whole 

sensitivity in the limit of small perturbations, given by (29), is 

found to be Sth = −105.75º. We have obtained the sensor response 

(dependence of  with LUT) through electromagnetic simulation 

(we have excluded the effects of the access line). The considered 

loss tangent is the one of the REF liquid (tan𝛿REF = 0.065), and it 

is assumed that it does not change with LUT. The results are 

depicted in Fig. 5. Such figure includes also the sensitivity 

inferred from the simulated data points. The sensitivity in the 

limit of small perturbations (LUT = REF) is found to be Ssim = 

−101.70º, in reasonably good agreement with the theoretical 

value. 

 

 

Fig. 5. Variation of  with LUT for the considered liquid sensor A with N = 1, and 

sensitivity. The operating frequency is f0 = 1.980 GHz. The dots correspond to the 

measured phases with different LUTs (oils). The dielectric constant values inferred 
with the proposed sensor are 2.235 (motor oil) 2.540 (olive oil), 2.600 (sunflower 

oil), 2.570 (sesame oil), and 2.640 (coconut oil), whereas those obtained with the 

dielectric probe are 2.239 (motor oil), 2.550 (olive oil), 2.600 (sunflower oil), 2.590 
(sesame oil), and 2.730 (coconut oil). A zoom of the region of interest with the 

measured data is included as an inset. 

 

    

   We have used the fabricated sensor of Fig. 4 to infer the 

response of different types of oils. The measured phase responses 

(at f0) are included in Fig. 5, particularly, at the corresponding 

phase value inferred from simulation. From these data, the 

dielectric constant of the different oils has been obtained (given 

by the anti-image value), and the agreement with independent 

measurements carried out by means of the DAK-3.5 R140B 

dielectric probe is good (see the values in the caption of Fig. 5). 

 

B. Prototype Sensor B (N = 2 and operation in the high-loss 

regime)    

 

Increasing the number N of inverter stages eases operation in 

the high-loss regime. To verify this, let us carefully analyze the 

denominators of expressions (24a) and (28a), corresponding to N 

even and N odd, respectively, and for a quarter-wavelength (or 

odd multiple) sensing line, the case under consideration. In both 

cases, as the number of inverter stages (N) increases, the 

weighting term of cosh2𝑙𝑠 in the denominators (𝑍0/

∏ 𝑍𝑖
2(−1)𝑖+𝑁

𝑁
𝑖=1 for N even and ∏ 𝑍𝑖

2(−1)𝑖+𝑁

/𝑍0
𝑁
𝑖=1 for N odd) 

decreases, provided Z1 is low, Z2 is high, Z3 is low, and so on. 

Thus, given a certain level of losses (dictated by ), the 

likelihood that the sensor operates under the high-loss regime 

is higher if N is high [this occurs when the denominator in 

expressions (24) and (28) is negative]. Indeed, for N = 2, and 

an appropriate selection of the inverter impedances, operation 

in the high-loss regime can be easily achieved (to be discussed 

next).  

The second designed and fabricated liquid sensor 

(designated as sensor B), with N = 2, is depicted in Fig. 6.  

The dimensions of the sensing line and inverter line 1 are 

identical to those of the previous sensor. The second inverter 

line exhibits a characteristic impedance of Z2 = 156.14 Ω, and 

the width and length of such quarter-wavelength transmission 

line section is W2 = 0.2 mm and l2 = 23.85 mm, respectively. 

With the characteristic impedances of the sensing line and 

inverters, expression (24a) (the one that should be applied for 

N even) gives +50.98, a positive value. Consequently, the 

sensor operates under the high-loss regime. The whole 

sensitivity in the limit of small perturbations, given by (29), is 

found to be Sth = +207.88º. The dependence of  with LUT, as 

inferred through electromagnetic simulation (excluding the 

effects of the access line), is depicted in Fig. 7. Similar to Fig. 

5, the considered loss tangent is the one of the REF liquid, and 

it is assumed that it does not change with LUT. The sensitivity, 

inferred from the simulated data points, also included in the 

figure, reveals that, in the limit of small perturbations 

(LUT = REF), the value (Ssim = +206.66º) is in good agreement 

with the theoretical value. 
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(a) 

 
(b) 

 
Fig. 6. Photograph of the fabricated sensor B with N = 2. (a) Top view of the 

microwave module; (b) complete sensor. Dimensions (in mm) are: W0 = 3.4, 
l0 = 10.0 , W2 = 0.2, l2 = 23.89, W1 = 9.1, l1 = 21.72, Ws = 0.2, and ls = 20.7. 

 

The same oils used to verify the functionality of the previous 

sensor have been the considered LUTs in the sensor of Fig. 6. The 

measured phase responses (at f0) are included in Fig. 7, and the 

dielectric constants of the different oils are given in the caption of 

that figure. Again, the agreement with the measurements carried 

out by means of the DAK-3.5 R140B dielectric probe is good. 

Notice that in this case (Fig. 7), the dielectric constant of motor 

oil (2.239) cannot be extracted by measuring the phase variation 

of ϕρ since the dynamic range of operation (where the phase slope 

is positive – high loss regime) is limited. Typically, when losses 

are significant, the sensor response (dependence of  with LUT) 

no longer exhibits a monotonic variation. Rather than that, a bi-

valued dielectric constant for each phase point appears in certain 

regions, and, under these circumstances, the sensor functionality 

is no longer valid. This aspect has been verified by means of 

electromagnetic simulation, by considering the sensor of Fig. 6, 

but with the phase response parametrized by the loss tangent of 

the LUT. These phase responses are depicted in Fig. 8, where it 

can be appreciated that, in some cases, the response is non-

monotonic. Thus, when operating in the high-loss regime, the 

input dynamic range should be circumscribed to a very small 

region in the vicinity of the REF dielectric constant. 

 

Fig. 7. Variation of  with LUT for the considered liquid sensor B with N = 2, and 

sensitivity. The operating frequency is f0 = 1.980 GHz. The dots correspond to the 
measured phases with different LUTs (oils). The dielectric constant values inferred 

with the proposed sensor are 2.535 (olive oil), 2.600 (sunflower oil), 2.578 (sesame 

oil), and 2.670 (coconut oil), whereas those obtained with the dielectric probe are 
2.550 (olive oil), 2.600 (sunflower oil), 2.590 (sesame oil), and 2.730 (coconut oil). 

 

 

Fig. 8. Variation of  with LUT for the considered liquid sensor with N = 2, 

parametrized by the loss tangent of the LUT, tanLUT. 

   

The non-monotonic phase response might also occur in 

situations where a change in the dielectric constant of the LUT 

leads also to a change in the loss tangent. For example, in binary 

mixtures of liquids with unequal (and very different) dielectric 

constants and loss tangents, a change in the volume fraction is 

expected to generate significant changes in both the dielectric 

constant and the loss tangent. Under these conditions, a non-

monotonic response (even, but not necessarily, caused by a 

change of regime) is more likely to occur. Nevertheless, it should 

be mentioned that the interest in highly sensitive liquid sensors 

concerns the measurement and detection of small changes in the 

properties of the LUT. If the input dynamic range is limited, then 

it is possible to design the sensor to operate within the monotonic 

range (and avoid a change of regime).  

 

C. Prototype Sensor C (N = 2 and operation in the low-loss 

regime)    

   The sensitivities obtained in sensors A and B in the limit of 

small perturbations are good. Such sensitivities can be further 

improved, especially for the sensor with N = 2 (with more 
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degrees of freedom), by appropriately choosing the impedances 

of the inverters. Namely, the sensitivity increases dramatically in 

the limit when the denominators of expressions (24) and (28) are 

null, and such limit is more easily achievable if more than one 

inverter stage is considered. Let us next consider the topology of 

the sensor in Fig. 6 (i.e., a liquid sensor with N = 2), where the 

characteristic impedance, Zs, and length, ls, of the sensing line, as 

well as the characteristic impedance, Z1, and length, l1, of the first 

inverter are maintained. It is possible to increase the sensitivity in 

the limit of small perturbations of εLUT by modifying only the 

value of the characteristic impedance of inverter 2, Z2.  According 

to equation (24a), by setting the characteristic impedance of such 

inverter to Z2 = 83.16 Ω (considering air on top of it and the same 

length l2), the sensor exhibits a low-loss regime of operation, at 

least in the limit of small perturbations. With the new 

characteristic impedances of inverter 2, Z2, expression (24a), the 

one that should be applied for N even, gives −105.11, a negative 

value. In this case, the variation of ϕρ with εLUT (inferred by 

electromagnetic simulation) for the considered optimized liquid 

sensor with N = 2 (Fig. 9) is shown in Fig. 10. 

 

 

Fig. 9. Photograph of the fabricated optimized sensor C with N = 2. 

Dimensions (in mm) are: W0 = 3.4, l0 = 10.0, W2 = 1.33, l2 = 23.25, W1 = 9.1, 

l1 = 21.72, Ws = 0.2, and ls = 20.7. 
 

    The whole sensitivity in the limit of small perturbations, given 

by (29), is found to be Sth = −507.05º (2.46 times higher than the 

sensitivity of the sensor B of Fig. 6 with the same dimensions for 

the whole sensor). Again, the same set of oil samples used in the 

previous prototypes has been tested to verify the functionality of 

the optimized sensor C. The measured phase variation of the 

reflection coefficient at f0 is plotted with black dots in Fig. 10. 

The extracted dielectric constants of the different measured oils 

are listed in the caption of the figure. Besides increasing the 

sensitivity for small perturbations around the REF dielectric 

constant (the dielectric constant of sunflower oil) without 

increasing overall sensor dimensions, the device exhibits 

operation in the low-loss regime, and the dielectric constant of 

motor oil can be (again) fully characterized (note that the 

response is monotonic). The sensitivity, inferred from the 

simulated data points (excluding the effect of the access line) is 

included in the figure, and reveals that, in the limit of small 

perturbations (LUT = REF), the value (Ssim = −502.80º) is in good 

agreement with the theoretical value. Such high sensitivity is 

aided by losses, as reveals the fact that (24a) reduces to −67.56 

when losses are excluded (note that the value is −105.11 when 

losses are considered, as indicated in the preceding paragraph). 

 

 

Fig. 10. Variation of  with LUT for the considered liquid sensor C with N = 2, 

and sensitivity. The operating frequency is f0 = 1.980 GHz. The dots correspond to 

the measured phases with different LUTs (oils). The dielectric constant values 

inferred with the proposed sensor are 2.376 (motor oil) 2.570 (olive oil), 2.600 
(sunflower oil), 2.590 (sesame oil), and 2.667 (coconut oil), whereas those obtained 

with the dielectric probe are 2.239 (motor oil), 2.550 (olive oil), 2.600 (sunflower 

oil), 2.590 (sesame oil), and 2.730 (coconut oil). A zoom of the region of interest 
with the measured data is included in the inset. 

 

D. Application to the Characterization of Edible Oils by Usage    

 

   In the final experiment reported in the present paper, the highly 

sensitive sensor C of Fig. 9 has been used to detect the changes 

experienced by an edible sunflower oil by usage (in frying 

processes). The nominal dielectric constant of such (unfried) oil is 

LUT = REF = 2.6. Thus, this experiment is of particular interest to 

analyze the capability of sensor C to detect very tiny changes in 

the dielectric properties of the LUT. For that purpose, we have 

fried potatoes (150 g of fresh potatoes) in cycles of 10 minutes 

at 185 ºC. An oil sample (of roughly 10 mL) has been 

obtained and cooled down for 30 min after the different frying 

cycles for characterization. The measured responses for the 

different oil samples are depicted in Fig. 11. The sensor is able 

to capture the changes experienced by the oil due to its usage, 

mainly caused by the accumulation of water. Figure 12 depicts 

the phase of the reflection coefficient at f0, referred to the 

phase of the unused oil, as a function of the number of frying 

cycles. The phase varies roughly linearly, and the average 

sensitivity is found to be 24.63º per frying cycle. These results 

point out that the designed and fabricated sensor C of Fig. 9 is 

very sensitive and can be used to detect the deterioration-

related dielectric changes experienced by edible oil, when it is 

subjected to repeated frying cycles. 
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(a) 

  
(b) 

Fig. 11. Measured frequency response of the sensor C of Fig. 9 loaded with 

unused oil and with oils subjected to different frying cycles (indicated in the 

figure). (a) Magnitude response; (b) phase response. 

 

 

Fig. 12. Dependence of the phase (in absolute value) of the reflection coefficient at 

f0 with the number of frying cycles for the sensor of Fig. 9. 

IV. DISCUSSION AND COMPARISON 

Most reported phase-variation sensors, either operating in 

reflection or in transmission, are devoted to the characterization 

of solid samples [56], [57], [59]-[61], [63]-[67], [69]-[72].  

Exceptions are the differential transmission-mode sensor reported 

in [58], based on a pair of meander lines, and the reflective-mode 

submersible sensor of ref. [73], based on the same topology as the 

sensors of this work, and focused on the determination of ethanol 

concentration in deionized (DI) water. In such latter sensor, the 

sensitivity is moderate, as compared to the sensitivities achieved 

in the sensors of this work, or to the sensitivities of other phase-

variation sensors aimed to the analysis of solid samples. The main 

reason that explains the limited sensitivity in the sensor of [73] is 

the fact that the considered REF liquid is DI water, with a 

dielectric constant of roughly REF = 80 at the operating frequency 

of the sensor. This high dielectric constant value provides also a 

high effective dielectric constant of the sensing line, eff, which 

appears in the denominator in (15), and thereby degrades the 

sensitivity. Moreover, in the submersible sensor of [73], a 60-m 

protective dry film of polyethylene terephthalate (PET) was used 

to prevent from substrate absorption. Such dry film further 

degrades the sensitivity (despite its small thickness), since many 

electric field lines generated by the sensing line are concentrated 

in such layer. In the sensors of Figs. 4 (Sensor A), 6 (sensor B), 

and 9 (sensor C), a dry film is also used, thereby limiting the 

sensitivity. However, the dielectric constant of the considered 

REF oil is more than one order of magnitude lower than the one 

of DI water. Consequently, the achievable sensitivity with one (N 

= 1) or two (N = 2) inverter stages is by far superior to the one of 

the submersible sensor of [73], and comparable to the one of 

other reflective-mode phase-variation sensors devoted to the 

measurement of the dielectric properties of solids.  

Table I compares the sensitivity and other sensor parameters of 

various reported phase-variation sensors, in particular the main 

figure of merit (FoM), defined as the ratio between the maximum 

sensitivity and the area of the sensing region expressed in terms 

of the squared guided wavelength (𝜆𝑔
2 ). The performance of the 

proposed liquid sensors is comparable to the one of other sensors 

(for solids) that appear in Table I (note that the table reports the 

characteristics of Sensor C, only). The sensitivity can be 

enhanced by adding further inverters, or by conveniently 

adjusting the impedances of the inverters and sensing line [note 

that in the limit when the denominators in (24) and (28) are null, 

the sensitivity dramatically increases]. Nevertheless, the main 

objective of this paper has been to analyze the effects of MUT 

losses on sensitivity, and we have considered oils, since these 

substances are lossy samples, very useful to validate the main 

conclusions derived from the analysis.  

On the other hand, in order to demonstrate the potential of one 

of the proposed sensors to detect small changes in the dielectric 

properties of the MUT, we have modified the dielectric properties 

of an edible oil by usage (by subjecting it to multiple frying 

cycles), and the sensor has been able to discriminate different 

states of oil degradation (as revealed by the varying phase of the 

reflection coefficient at the operating frequency). There are many 

different techniques for the characterization of used oils, 

including luminescence spectroscopy [75], dielectric 

spectroscopy [76], [77], impedance spectrometry [78], 

electrical impedance sensing [79], capacitive sensing [80]-

[82], and machine vision systems [83], among others. 

However, microwave technologies offer low-cost solutions for 

sensing, and such technologies oriented towards the 

characterization of oils, and in general towards food quality 

assessment, have been a subject of research in recent years. 

Thus, in [84]-[87], oil sensors based on semi-lumped 
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resonators have been proposed. However, the working 

principle in such sensors is the variation in the resonance 

frequency (and eventually magnitude) of the notch or peak, 

caused by the changes in the dielectric properties of the oil 

samples, when they are subjected to frying processes. 

Therefore, a faithful quantitative comparison with the sensors 

reported in this work (with a completely different working 

principle) is not possible, and, for that reason, such sensors are 

not included in Table I (only devoted to phase-variation 

sensors). Nevertheless, a qualitative comparison is reasonable 

to be discussed in the next paragraph. 

 

TABLE I 

COMPARISON OF VARIOUS PHASE-VARIATION SENSORS  

Ref. Mode 

Sensing 

size* 

(g
2) 

Overall 

size (g
2) 

Max. 

Sensitivity 

FoM 

(º/g
2) 

[63] RX 0.025 0.131 528.7º 21148 

[64] RX 0.100 0.297 45.5º 455 

[54] TX --- --- 600 dB --- 

[55] TX --- --- 54.8º --- 

[56] TX 12.90 12.90 415.6º 32.2 

[57] TX 0.075 0.075 25.3 dB --- 

[58] TX 0.020 0.40 17.6 dB --- 

[65] RX 0.065 0.126 101.3º 1558 

[59] TX 0.030 0.090 7.7º 257 

[60] TX 0.040 0.054 20.0º 500 

[61] TX 0.038 0.053 12.3º 332 

[66] RX 0.015 0.073 83.35º 5643 

[67] RX 0.018 0.076 66.5º 3643 

[69a] RX 0.070 0.070 659.6º 9401 

[69b] RX 0.058 0.058 736.0º 12690 

[70] RX 0.017 0.103 468.0º 27419 

[73] RX 0.023 0.032 1.00º 865.05 

T.W. 

sensor C 

 

RX 

 

0.0286 0.092 502.8º 17551º 

*This size corresponds to the sensing region, not to the size of the whole 

sensing structure, referred to as overall size and indicated in the adjacent 

column to the right. 

 

For example, the sensor in [85] is a one-port reflective-mode 

sensor acting as a planar submersible probe loaded with a pair 

of complementary split ring resonators (CSRRs). The output 

variable is the resonance in the reflection coefficient, dictated 

by the dielectric properties of the considered oil sample. In 

such sensor, deterioration of an edible oil is emulated by the 

adulteration with mineral oil, and it is reported that the 

minimum deducible frequency shift corresponding to 10% 

adulteration of mineral oil in the edible oil is found to be 

approximately 14 MHz. This resolution does not seem to be 

comparable to the one of the proposed sensors, able to detect 

tiny changes caused by the frying processes. The sensor in 

[86], also resonant, operates in transmission and reflection, 

and can detect the changes generated in an edible sunflower 

oil by usage (by frying potatoes, similar to this work), through 

the changes in the resonance frequency. It is reported that 

changes in the dielectric constant of the fried oil between 2.9 

and 3.3 leads to a frequency variation of 100 MHz at 5.4 GHz, 

i.e., a reasonable sensitivity. The sensor of [84] is a 

transmission-mode resonant sensor consisting of a line loaded 

with an open complementary spit ring resonator (OCSRR). In 

this sensor, oil adulteration is emulated by introducing a 

certain percentage of a type of oil in another one, and the 

output signal is the resonance frequency variation. All these 

three sensors ([84]-[86]) exploit frequency variation, whereas 

in the sensors of the present work, phase variation is the 

considered sensing mechanism. This eases the implementation 

of the associated electronics in operational environment, 

where vector network analyzers should be avoided. Note that 

the reported sensors of this paper only require an electronic 

oscillator, or a voltage-controlled oscillator (VCO) tuned to 

the operating frequency. By contrast a sweeping interrogation 

signal is necessary in the frequency-variation sensors of [84]-

[86].  

To end this section, let us mention that an alternative 

approach to enhance sensor resolution and sensitivity that uses 

active circuitry has been proposed in several works [88]-[90]. 

Nevertheless, these sensors exploit resonance frequency 

variation, rather than phase variation, and therefore, a 

comparison with the sensors of this paper and those in Table I 

is meaningless. Nevertheless, a qualitative advantage of the 

sensors of this paper over those presented in [88]-[90] 

concerns the fact that they are fully passive. 
 

V. CONCLUSION 

In conclusion, the effects of losses on the sensitivity of 

reflective-mode phase-variation sensors based on a set of 

cascaded high/low impedance inverters terminated with a 

distributed (either a quarter- or a half-wavelength) resonator, 

the sensitive element, have been studied. We have analyzed 

the sensitivity of the phase of the reflection coefficient, the 

considered output variable, with the dielectric constant of the 

MUT, the input variable. The main relevant conclusion of the 

work concerns the fact that, through a proper sensor design, 

MUT losses contribute to boost up the sensitivity in the limit 

of small perturbations. This aspect has been validated by 

considering the design of three liquid (fluidic) sensors devoted 

to the measurement of the dielectric constant of oil samples, 

two of them operating in the so-called low-loss regime, and 

the other one working under the high-loss regime. It has been 

shown that in the low-loss regime, with the attenuation factor 

of the sensing line below a certain threshold that depends on 

the characteristic impedance of the sensing line and inverters, 

the sensitivity is negative, whereas it switches to a positive 

value when the attenuation constant is above that threshold 

value (high-loss regime). The achieved sensitivities in the 

limit of small perturbations for the fabricated sensors have 

been found to be Smax = −101.70º (sensor with a single inverter 

stage operating in the low-loss regime), Smax = +206.66º 

(sensor with two inverters operating in the high-loss regime), 

and Smax = −502.80º (sensor with two inverters operating in the 

low-loss regime). The high sensitivity in the latter sensor has 

been instrumental to detect the deterioration of edible oil by 
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usage (particularly by subjecting it to subsequent frying cycles 

of potatoes).    

APPENDIX A 

A variation in the phase of the reflection coefficient, 

, can 

be due to a change in both the dielectric constant, LUT, and 

the loss tangent, tanLUT (or attenuation constant, , 

intimately related with the loss tangent) of the liquid under test 

(LUT). Thus, a variation in the phase of the reflection 

coefficient should actually be expressed as  




=
𝑑



𝑑LUT

 LUT +
𝑑



𝑑tanLUT

 tanLUT          (A1) 

where two sensitivities are included, i.e., the one with LUT, 

given by (1) and (2), and the one with tanLUT, namely: 

𝑑


𝑑tanLUT

=
𝑑



𝑑(𝑙𝑠)


𝑑(𝑙𝑠)

𝑑tanLUT

                        (A2) 

where the explicit dependence of 

 with 𝑙𝑠 is apparent in 

expressions (9) and (10). 

Let us next calculate the derivative 𝑑

/𝑑(𝑙𝑠) that appears 

in (A2). Such derivative, for the case of a sensor based merely 

on the 90º, or 180º, sensing line (i.e., with N = 0) is: 

𝑑


𝑑(𝑙𝑠)
=

=
−1

1 + (
𝑁
𝐷1

)
2

2𝑍𝑠 sin 2
𝑠

{𝑍0 sinh 2𝑙𝑠 − 𝑍𝑠 cosh 2𝑙𝑠}

𝐷1
2 + 

+
1

1 + (
𝑁
𝐷2

)
2

2𝑍𝑠 sin 2
𝑠

{𝑍0 sinh 2𝑙𝑠 + 𝑍𝑠 cosh 2𝑙𝑠}

𝐷2
2  (A3) 

where N, D1 and D2 are defined in expressions (12). The 

derivative (A3) can be rewritten as 

𝑑


𝑑𝑙𝑠

= −
2𝑍𝑠 sin 2

𝑠
{𝑍0 sinh 2𝑙𝑠 − 𝑍𝑠 cosh 2𝑙𝑠}

𝐷1
2 + 𝑁2

+ 

+
2𝑍𝑠 sin 2

𝑠
{𝑍0 sinh 2𝑙𝑠 + 𝑍𝑠 cosh 2𝑙𝑠}

𝐷2
2 + 𝑁2

        (A4) 

Since the interest in this work is the implementation of very 

high sensitive sensors, useful to detect tiny variations of the 

LUT in the vicinity of the reference LUT, it is apparent that 

the derivative (A4) must be obtained in the limit of small 

perturbations of tanLUT and LUT with regard to tanREF and 

REF. Therefore, (A4) must be evaluated for either s = (2n + 

1)/2 or s = n (the electrical lengths of the sensing line 

corresponding to the REF material). For these specific phases, 

the derivative (A4) is null, and for this main reason, the 

second term in the right-hand side of (A1) can be obviated (as 

it has been done in the sensitivity analysis if section II). This 

result is also generalizable to a sensor with an arbitrary 

number of inverter sections, N. 
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