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Sensors Based on Weakly Coupled Step-Impedance
Resonators (SIRs)
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Muiioz-Enano, Member, IEEE, Lijuan Su, Member, IEEE, and Ferran Martin, Fellow, IEEE

Abstract—This paper presents a small-sized and highly sen-
sitive planar microwave permittivity sensor based on a pair of
weakly coupled step-impedance resonators (SIRs), the sensing
elements. The sensor, a one-port structure, is implemented
in coplanar waveguide (CPW) technology, and it operates in
reflection mode. The sensing principle is the variation of the
phase of the reflection coefficient at the operating frequency,
the output variable, caused by changes in the dielectric constant
of the material under test (MUT). This paper demonstrates
that the maximum sensitivity is inversely proportional to the
square of the electric coupling coefficient between the sensing
SIRs. Thus, the sensitivity can be unprecedentedly enhanced by
merely separating enough the coupled SIRs (thereby reducing
their mutual coupling). Since the sensing area is circumscribed
to the region occupied by the square (capacitive) patches of the
SIRs, it follows that the proposed sensor exhibits also a very high
figure of merit (FoM = 26551°/ /12), or ratio between the maximum
sensitivity and the size of the sensing area expressed in terms of the
squared guided wavelength, A2,

Index Terms—Coplanar waveguide (CPW), coupled resonators,
microwave sensor, permittivity sensor, reflective-mode sensor, step-
impedance resonator (SIR).

I. INTRODUCTION

NE of the major challenges in the research field of

planar microwave sensors is the implementation of highly
sensitive devices, capable of detecting (or discriminating) small
variations in the input variable, usually known as measurand.
The canonical measurand in microwave sensors is the permit-
tivity of the so-called material under test (MUT). The reason is
that microwaves are highly sensitive to the dielectric properties
of the medium to which they interact. Nevertheless, many
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other physical, chemical, and biological variables related to
the permittivity, such as temperature, humidity, displacements
and velocities, material composition, concentration of solute in
liquid solutions, gas concentration, as well as many types of
health indicators and biological analytes, can be measured by
means of microwave sensors. In some cases, functional films,
bio-receptors, or reagents are needed, in order to enhance the
sensitivity of the device with the considered input variable.

Concerning the output variable, most planar microwave
sensors reported in the literature exploit frequency variation [1]-
[15]. Thus, in frequency-variation sensors, the MUT typically
perturbs the capacitance of a resonant (sensing) element, result-
ing in a shift in the resonance frequency, the output variable.
This frequency variation provides the dielectric constant of the
MUT. In (non-planar) cavity sensors, the loss tangent of the
MUT can also be accurately determined from the magnitude of
the resonance [16]-[20]. Thus, two output variables are needed
in this case, such as corresponds to the determination of two
measurands, i.e., the dielectric constant and the loss tangent of
the MUT (or its complex dielectric constant, with the real and
the imaginary parts). Planar sensors able to provide the complex
dielectric constant of the MUT have also been reported [5], [6],
[14], [15] but the accuracy in the determination of the loss factor
is limited, as compared to cavity sensors.

Although frequency-variation sensors are robust against the
effects of noise and electromagnetic interference (EMI), such
devices need wideband signals for sensing (at least covering
the spectral band corresponding to the output dynamic range).
This may represent an extra cost for the associated electronics in
operational environments, where, rather than vector network an-
alyzers, wideband voltage controlled oscillators (VCOs) should
be used for sensor feeding (note that the generation of a sweeping
signal covering a wide spectral band may represent the use of
various VCOs). This bandwidth limitation applies also to the
so-called frequency-splitting sensors [21]-[30], devices based
on symmetry disruption caused by changes in the dielectric
properties of the MUT, as compared to a reference (REF)
sample. Frequency-splitting sensors are quasi-differential-mode
sensors, robust against cross-sensitivities caused by variations
in ambient factors (e.g., temperature and humidity) [31].

Single-frequency sensors are the solution to the previously
cited bandwidth limitation. Coupling-modulation sensors [32]—-
[40] and phase-variation sensors [41]-[52] belong to this cate-
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gory. However, phase-variation sensors combine the advantages
of single-frequency operation with their intrinsic immunity to
noise and EMI (by contrast, coupling modulation sensors are
based on magnitude measurements, less tolerant to noise and
EMI). In phase-variation sensors, the output variable is the
phase of either the transmission (transmission-mode sensors
[41]-[43], [50]) or the reflection (reflective-mode sensors [44]—
[49], [51], [52]) coefficient. It is well known that in phase-
variation sensors based on transmission lines (the sensing
elements), the sensitivity, a key performance parameter, can
be enhanced either by operating at high frequencies or by
considering long lines (meandering has been applied in some
cases) [42]. However, operating at high frequencies is not always
possible, or convenient (it may increase the cost of the associated
electronics), and elongating the sensing lines goes against the
usual trend to reduce device dimensions as much as possible.

Recently, a novel strategy to boost up the sensitivity in one-
port reflective-mode phase-variation sensors was proposed [44].
The relevant competitive advantage of such sensing approach, is
that neither the operating frequency nor the length of the sensing
lines should be increased. Such reflective-mode phase-variation
sensors consist of a sensing element (either a distributed or a
semi-lumped resonator) cascaded to a step-impedance transmis-
sion line made of high/low impedance quarter-wavelength line
sections [44]-[46], [51], [52]. As it was demonstrated in [44],
the sensitivity can be unprecedentedly enhanced by considering
a sufficient number of high/low impedance sections exhibiting
a high impedance contrast. This sensitivity enhancement is not
at the expense of an increase in the sensing region, but adding
(few) high/low impedance quarter-wavelength line sections is
certainly required (nevertheless, it was demonstrated in [44]
that with simply two line sections, sensitivities above 500° per
unit of dielectric constant are achievable).

In this paper, we report a new approach for sensitivity
optimization in reflective-mode phase-variation sensors. The
sensing strategy, first presented in [53], also provides very
high sensitivities with small sensing regions, without the need
of cascading high/low impedance line sections to the sensing
element. By this means, not only the area of the sensing region
is kept within small values, but also the overall sensor size is
reduced. Indeed, the sensing element in this novel approach is a
pair of weakly coupled resonators, specifically a pair of mirrored
(semi-lumped) step-impedance resonators (SIRs). Such weak
coupling between the sensing SIRs is the key aspect to boost
up the sensitivity, as it will be demonstrated. The sensor is
implemented in coplanar waveguide (CPW) technology, more
favorable to sensitivity optimization, compared to microstrip
technology [53], since the MUT has a stronger effect on the
variation of the capacitances of the resonant sensing elements. It
should be mentioned that there are other sensors based on inter-
resonator’s coupling, but their principle is radically different
[10], [13], [54], [55]. On the other hand, in [56], reflective-
mode phase-variation sensors based on weakly coupled lines,
that use a principle similar to that of the sensors presented in
this paper, have been reported. The achieved sensitivities in
those sensors are very competitive, but the sensing elements
are distributed components (quarter-wavelength coupled lines).
By contrast, the sensors presented in this work are based on

semi-lumped sensing elements (a pair of weakly coupled SIRs).
This contributes to reduce the size of the sensing region and
to enhance the main figure of merit (FoM), defined as the ratio
of the maximum sensitivity and the size of the sensing region,
expressed in terms of the squared guided wavelength at the
frequency of operation. Other sensors based on coupled lines
have recently been proposed [57]-[61].

The organization of the paper is as follows. The sensing prin-
ciple, and specifically, the strategy for sensitivity optimization
based on weakly coupling the sensing resonant elements (SIRs
in our case), are reported in Section II. Such section includes
also the validation of the proposed circuit model of the sensor, by
comparing electromagnetic simulations and circuit simulations
(with extracted parameters). Section III reports a sensitivity
analysis, from which it is concluded that the maximum sensitiv-
ity is inversely proportional to the square of the electric coupling
coefficient between the SIRs (thereby, justifying the need for
weak coupling). A prototype example is reported in Section IV,
and applied to the dielectric characterization of solid samples.
The effects of losses on sensitivity are studied in Section V.
Section VI compares the sensor proposed in this paper with
other phase-variation sensors available in the literature. Finally,
Section VII summarizes the relevant aspects of the presented
work.

II. SENSING PRINCIPLE AND CIRCUIT MODEL VALIDATION

While the reflective-mode phase-variation sensors discussed
in this paper can be utilized for the measurement of various
types of physical magnitudes, it is assumed herein that the
input variable is the dielectric constant of the MUT, emur,
representing the canonical measurand. Therefore, the sensitivity
is given by

de,

demut’ M
where ¢,, i.e., the output variable, is the phase of the reflection
coeflicient seen from the (unique) input port. From (1), it is
clear that for sensitivity optimization, the maximum variation
of ¢, at the (also unique) operating frequency, fop, With emut
must be achieved. For that purpose, the one-port sensor must
exhibit a high phase slope (i.e., the slope of the phase of the
reflection coefficient) with frequency at f,,. In these sensors,
the sensitivity is not constant (sensitivity optimization is done
at the expense of sensor linearity degradation). This means
that it is necessary to specify the reference (REF) material,
or, more specifically, the reference dielectric constant (€rgr),
where the sensitivity should be optimized. Thus, for sensitivity
optimization, the maximum possible phase slope with frequency
at fop should be achieved when the sensing element is loaded
(covered) with the REF material (with dielectric constant ergg).

A matched transmission line terminated with a resonant
element, either a series or a parallel resonator, exhibits a phase
slope (of the reflection coefficient) at resonance determined by
the quality factor (Q-factor). Therefore, in series LC resonators,
a high value of the inductance L and/or a low value of the
capacitance C, providing a high Q-factor, are required in order to
achieve a significant phase slope at resonance. On the contrary,
the phase slope in parallel resonant tanks at resonance is
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magnified by increasing C and decreasing L. This explains that
in reflective-mode phase-variation sensors based on open-ended
quarter-wavelength transmission line resonators (equivalent to
grounded series resonator), the characteristic impedance of the
line must be set to a high value (corresponding to a high Q-factor)
for sensitivity optimization [44], [52]. By contrast, in sensors
based on open-ended half-wavelength sensing lines (equivalent
to parallel resonators), the characteristic impedance should be
low (high Q-factor) [44], [51]. In practice, the Q-factor of the
resonators cannot be made as high as it would be desirable.
The reason is that in distributed resonators (either open-ended
quarter-wavelength or open-ended half wavelength resonators)
the achievable characteristic impedances of the line cannot
take extreme values. In semi-lumped series resonators (such as
SIRs), or parallel resonators (such as open complementary split
ring resonators -OCSRRs), extreme values of the ratio L/C, as
required for high Q-factors, are neither possible. For this reason,
in [44], [51], [52], high/low impedance quarter-wavelength line
sections have been cascaded to the sensing resonators as a
means to enhance the phase slope at the operating frequency
(the resonance frequency of the resonators), and consequently
boost up the sensitivity.

In this paper, an alternative strategy for the design of highly
sensitive reflective-mode phase-variation sensors that avoids
the use of such high/low impedance quarter-wavelength line
sections cascaded to the sensing element is proposed. It consists
in weakly coupling a pair of identical resonators, the sensing
elements, one resonator being connected to the input port
of the sensor. In principle, both series and parallel coupled
resonators can be considered, and their mutual coupling can
be electric, magnetic, or mixed. The main idea behind this
approach is that by coupling two identical resonators, a split in
frequency should arise, and ideally, the phase of the reflection
coeflicient should undergo a 360° excursion between the two
new (split) resonances, f— and f,. Since the separation between
these two frequencies can be made arbitrarily small by weakly
coupling the resonators, it follows that the phase slope at the
operating frequency, fop, can be made very high, provided such
frequency satisfies f_ < fop < fy. It should be reiterated that
amplifying the phase slope at fq,, is the primary objective of this
approach. By this means, it is expected that the sensitivity can
be significantly enhanced (an aspect that will be demonstrated
in Section III). Naturally, the presence of losses, inevitable in
practice, may reduce the excursion of the phase of the reflection
coeflicient between f_ and f;, but despite this restrictive aspect,
the weakly-coupled-resonators’ method has been found to be
useful for significantly optimizing the sensitivity, as will be
shown later.

Figure 1 depicts four possible sensor configurations, in
which any combination of series/parallel resonators with elec-
tric/magnetic coupling is considered. In that figure, L and C
are the self-inductance and self-capacitance, respectively, of
the resonators, while their coupling is modeled by means of
the mutual capacitance Cjs (electric coupling), or the mutual
inductance M (magnetic coupling). For series resonators, in
the extreme case of null coupling, equivalent to an isolated
resonator, the phase of the reflection coefficient at resonance,
Jo,is» 1s ¢, = £180° (since the input impedance is null and
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Fig. 1. Configurations of reflective-mode phase-variation sensors based on

coupled resonators: (a) series resonator with electric coupling; (b) series
resonator with magnetic coupling; (c) parallel resonator with electric coupling;
(d) parallel resonator with magnetic coupling. The phase responses of the
isolated resonators (left), as well as those corresponding to the coupled
resonators (right), are also depicted.

hence the reflection coefficient is p = —1). By coupling a
resonator with the same reactive element values to the one
connected to the input port (either electrically or magnetically,
as depicted in the figure), the phase is ¢, = +180° at the new
resonance frequencies f_ and f,. Therefore, the resulting phase
slope between these two frequencies is significant, provided
the coupling is weak (and hence f- and f. are very close
to each other), see Fig. 1. For parallel resonators, electrically
or magnetically coupled, the phase response exhibits a null
(i.e., ¢p =0°) at f_ and f;, while it takes (¢, = £180°) at the
frequency f, which is between f_ and f.. Thus, in this case,
the overall phase excursion between f_ and f. is also (ideally)
360°.

In the present paper, the considered configuration is the one
of Fig. 1(a), synthesized by means of a pair of mirrored coupled
SIRs in CPW technology. A typical layout is depicted in Fig. 2.
Such figure also includes the equivalent circuit model to the one
depicted in Fig. 1(a). This topology takes into account the length
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extension effects of the coplanar waveguide short circuit, /g, in
order to maintain the same self-inductance value, L, between
the left and right resonators, as presented in [62]. The input
reactance of the circuit of Fig. 2(b) is

2 4 2
(1-1%) & -2 +1

Xin = (2)

Cw{g—g(l—k2)—1}

where w is the angular frequency, wg = 27 fy = 1/VLC is the
angular resonance frequency of the uncoupled resonator, and
k = Cp/C is the electric coupling coefficient. The resonances
of the coupled SIRs pair are given by those angular frequencies
that nullify the reactance, namely,

wo
15k
It is clear, according to (3), that if the coupling is weak, then
k << 1, and consequently, f_ and f, are very close one to
each other. Under these conditions, as anticipated, the phase of
the reflection coefficient experiences a strong variation between
f- and f;. Thus, by tuning the operating frequency of the
sensor to a value between f_ and f;, the slope of the phase
of the reflection coefficient, ¢,, with the dielectric constant
of the MUT, emur, is expected to be high (see Section III).
The procedure to determine the specific operating frequency,
denoted as the optimum frequency, which should fall between
therange of f_ and f,,is outlined in Appendix A. This frequency
is the one that effectively maximizes sensor sensitivity. It is
pointed out in Appendix A that the optimum frequency is
roughly f,, the pole frequency, i.e., the frequency where the
denominator of (2) is null, and hence yj, = o0 and p = 1 (or
¢, = 0°). The angular pole frequency is found to be

Wy = 27Tf:t =

3)

wo
V1 - k2
and the corresponding frequency, f, = wp/2nr, is located
slightly above fy and below f.., provided the coupling is weak
[see Fig. 1(a)].

For model validation, we utilized the sensing structure
with dimensions as indicated in the caption of Fig. 2. The
considered sensor substrate is the Rogers 4003C with dielectric
constant &, = 3.55, thickness 4 = 1.524 mm and loss tangent
tand = 0.0021. This structure does not take into account any
REF material on top of it (it is assumed to be surrounded
by air). Nevertheless, the dimensions will be redefined later
to consider a specific REF material on top of the sensing
region. In fact, the dimensions of the structure of Fig. 2 have
been determined in order to provide a resonance frequency
of the isolated resonator of fy;s = 2 GHz. The inductance
and capacitance of such isolated SIR resonator have been
found to be L = 6.54 nH and Cj; = 0.97 pF, respectively, as
inferred by extracting parameters from the resonance frequency
and the phase slope at resonance of the isolated SIR. Next,
the mutual capacitance Cps and the self-capacitance C have
been inferred from L, and the frequencies f_ and f; of the
coupled SIRs’ response. This yielded values C = 1.006 pF and
Cp = 0.121 pF. The mutual coupling when air is on top of
the coupled SIRs is thus k& = 0.120. Figure 3 depicts the phase

4)

wp =2nfp =

Sensing Region

(@)
L C|?A|4 L
o—7000\ || 5500
Py
C-Cu—_— —=C-Cu

Fig. 2. Typical topology of the considered sensor (a), and circuit model that
results by transforming the capacitive transformer in Fig. 1(a) to its equivalent
capacitive Il-circuit (b). The sensing region is indicated with red dashes,
whereas the reduced sensing region (that will be introduced in Section VI)
is indicated with green dots. Dimensions (in mm) are: I/, = 7.8, wr, = 0.2,
gL =19,1c =6.37, wec =3.6,gc =0.2,2=0.5,lc =0.3.

180 —— EM sim. \ \ }

135 1 = == Circuit sim.

—— EMUT = 1
0w \yr =355
g 45 — EMUT = 6
o 0 1—‘— emuT = 10.2
Q
S _45
—90 .
—135 \l
—180

T [N T I TN A TN [ T N T Y MY A Do N |
0.30.50.70.91.1131.51.71.9 2.1 2.3
Frequency (GHz)

Fig. 3. Phase response of the structure of Fig. 2, with the coupled SIRs covered
by air (bare SIRs) or by an MUT with the indicated dielectric constant. The
circuit parameters are provided in table I.

responses inferred from circuit and electromagnetic simulations
carried out using PathWave Advanced Design System (ADS) and
CST Microwave Studio software, respectively. The agreement
between these simulations is excellent in the region of interest.
Thus, with these results, the model is validated.

III. SENSITIVITY ANALYSIS

Next, an expression should be derived that provides the
sensitivity as a function of the circuit and substrate parameters.
In such analysis, the main hypothesis is that the electric
coupling coeflicient, k, does not appreciably change by varying
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the dielectric constant of the material under test, epyt. This
hypothesis is justified since the involved capacitances C and
Cp are both edge capacitances, and therefore it is expected
that such capacitances experience the same percentage of
variation with epur. In the previous section, it was considered
that the REF material was air. In this section, the sensitivity
analysis is generalized to encompass an arbitrary REF material,
characterized by a dielectric constant ergr. To differentiate
between the capacitances C and Cy, related to the coupled SIRs
covered with air (bare sensor) and those when a different REF
material is on top the coupled resonators, these capacitances will
be redesignated as Crgr and Cys rgr. It follows logically that if
the REF material is air, then Crgr = C and Cps rgr = Cpy. If the
REF material is semi-infinite in the vertical direction, Crgr and
Cu reF can be expressed in terms of C and Cyy, respectively,
according to [51], [52], [63]

Er,eq T EREF
Crep = C——— (5a)
Ereqt+1
Er,eq T EREF
Cpm rer = Cpyp ————— (5b)

Ereqt+1

where &, ¢q is the equivalent dielectric constant of the substrate,
defined as the dielectric constant of a hypothetical semi-infinite
substrate providing the same contribution to the overall capac-
itance (either Crgr or Cym rer) [63]. The equivalent dielectric
constant of the substrate depends slightly on the ratio between
the gap space of the considered capacitance and the substrate
thickness, and it approaches the substrate dielectric constant,
&y, if such ratio is very small (since under these conditions
the semi-infinite substrate approximation holds, and &, ¢q = &,).
Not necessarily the equivalent dielectric constant of the substrate
must be identical for both capacitances, Crgr and Cps rgF, but
the value is expected to be very similar if the gap space between
both SIRs and the width of the slots between the SIR patches and
the ground planes of the CPW do not differ so much. If now we
designate by C’ the self-capacitance of the SIRs covered with
the MUT and by C}, the mutual capacitance of the coupled SIR
also covered by the MUT, it is obvious that such capacitances
can be expressed as

Er,eq T EMUT Er,eq T EMUT

C' = Crgr = (6a)
€r,eq T EREF Ereqt1
Er.eq T EMUT Er,eq T EMUT
! ) £
Cyr = Cm REF = (6b)
Er,eq T EREF Ereqt 1

Thus, if we do assume that &, ¢4 is identical for both capaci-
tances, as indeed it is explicitly considered in expressions (5)
and (6), then it follows that k does not depend on the dielectric
constant of the MUT (note that, under the considered hypothesis,
k = Cy/C = Cym rer/Crer = Cy, /C’).

To verify the previous hypothesis (invariance of k with the
material on top of the coupled SIRs), we have simulated the
responses of the sensor of Fig. 2 by considering the coupled SIRs
covered with different MUTs, see Fig. 3. The circuit parameters
have been extracted for each case. In particular, the considered
dielectric constants of the (semi-infinite) MUTs have been set
to emur = 3.55,emur = 6, and epmyur = 10.2 (nevertheless
the response corresponding the higher dielectric constant is
not represented in Fig. 3 to avoid an excess of curves). The

TABLE I
CAPACITANCES OF THE COUPLED SIRS FOR DIFFERENT VALUES OF THE
DIELECTRIC CONSTANT OF THE MUT

emur L (mH) C’'(pF) C), (pF) k
(air) 1 6.54 1.01 0.12 0.120
(RO4003C) 3.55 6.54 1.60 0.19 0.118
6 6.54 2.17 0.25 0.117
(RO3010) 10.2 6.54 3.15 0.36 0.116

inductance L does not change as compared to the one of the
bare coupled SIRs, since it does not depend on the presence
of a dielectric material on top of the resonators. The extracted
capacitances for the different MUTs are indicated in table I,
together with the resulting electric coupling coefficients. It
follows from the table that the assumed hypothesis is reasonable,
and hence k can be considered constant in the sensitivity
analysis.
The sensitivity given by (1) can be expressed as follows

3 de¢p  dC’

B dac’ dSMUT,
that is, a variation in the dielectric constant of the MUT, eyqur,
modifies the capacitance of the SIR, C”’, and it in turn perturbs
the phase of the reflection coefficient, ¢,,. Obviously, a change

in epmur has also an effect on the mutual capacitance C7,, but
the reflection coefficient, given by
_Zn—Z
P= Zut 2o
where Z; is the reference impedance of the port, does not
explicitly depend on C7,, since Ziy, = j xin does not either, see
expression (2). The dependence of the reflection coefficient on
C), is through k, constant as justified before. Consequently, in
coherence with the considered hypothesis, expression (7) does
not include a term of the form d¢,,/dC}, - dC},/demur, as only
it would be necessary if an explicit dependence of xi, on C},
was present in (2).

For the sensitivity analysis, the starting point is expression (2),
where wg, the angular resonance frequency of the uncoupled
SIR surrounded by air must be replaced with the angular
resonance frequency of the uncoupled SIR covered with the
MUT, w;,. Additionally, the self-capacitance C of the uncoupled
SIR covered by air in (2) should be replaced with C’. Note that

wy, is simply

S

(7

(®)

1
VLC’

and it can be expressed in terms of wy, or in terms of the angular
resonance frequency of the SIR loaded with the REF material,
wo,REF, 1n this latter case, as

(€))

,_
0.)0—

1
) = _ _WOREF (10)
VL (Crer + AC) \/1 + &<
REF

where AC is the variation in the self-capacitance of the
uncoupled SIR, with regard to the REF one, when it is loaded
with the MUT (i.e., C’ = Crgr + AC).

Moving forward, the expression (2) should be presented for
the general case of the coupled SIRs loaded with an arbitrary
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MUT. For that purpose, we simply need to replace wg and C
with w6 and C’, respectively, in (2), i.e.,

2
2 4 AC T 2 AC
: (1—k)w§’REF(1+—CREF) ngREF(“cREF)“
in =
2 AC ) (1_k2) -
(CREF+Ac>w{w(;fREF (1+4%) (1-#) 1}
(11)

where expression (10) has been used. For optimal sensitivity,
the operating frequency is designated as the pole frequency,
fp.ReF, when the SIRs pair is loaded with the REF material (the
justification is provided in Appendix A). Evaluation of the input
reactance at that angular frequency, wp rgF, gives

‘ (1+ AC )2—2ﬁ(1+ AC)+1

( ) (1-k2) CreF Crer
Xin \Wp REF) = WoREF AC
(Crer + AC) /—f _",'ji Crir
(12)
an expression that can be simplified to
AC? 2
Xin (wp REF) = Cher_ - (13)
in N = .
g (Crer +AC) V1 — K2wo rer £

Introducing (13) in (8), the reflection coefficient can be
expressed as
_JN-2yD

A 14
P=N+2ZD 4

N and D being the numerator and the denominator, respectively,
of (13), and the phase of the reflection coeflicient, the relevant
(output) variable, is thus

AC? 12
G "
¢, =2arctan { — . (15)
g Zo (Crer + AC) V1 — k2w rep &5

CRrer

To compute the sensitivity, it is necessary to first derive the
right-hand side of (7). After some straightforward (but tedious)
calculation, the following result is obtained

2ZoV1 — k*wo REF {Az—cz + k2 (Crers28C) }

’ Crer

CREF

dep _
dAC

ZID? + N? (16

where it has been assumed that d¢,/dC’ = d¢,/dAC. In the
limit of small variations of the dielectric constant with regard to
the one of the REF material, i.e., for C’ — Crgr, or AC — 0,
expression (16) gives

d¢, _ _2Zpwo,rer V1 - k? _2Zywp REF (1-k?)
dAC |y emp i2 K2 '

a7
Concerning the second term of the right-hand side member of
(7), according to (6a), it is simply
dc’ _ CREF
deMuT  €req + EREF

(18)
Thus, introducing (17) and (18) in (7), the sensitivity in the limit
of small perturbations for a semi-infinite MUT is found to be

_ 2Zywp REF (1 - k?) Crer

k? (&/,eq + EREF)

S | EMUT=EREF

19)

From (19), it is clear that the main parameter determining
the sensitivity in the limit of small perturbations is the electric
coupling coefficient, k. Note that this coeflicient appears squared
in the denominator of (19), which means that the sensitivity in
that limit can be substantially enhanced by weakly coupling
the SIRs, as anticipated before. Furthermore, the term 1 — k2
appearing in the numerator of (19) approximates to 1 when
the coupling is weak. Indeed, ideally (i.e., by excluding the
effects of losses, to be discussed later), the sensitivity can be
boosted up to any desired value by simply reducing the electric
coupling coefficient to the necessary value given by (19). In
practice, a small coupling coeflicient is always achievable by
separating enough the SIRs. Another crucial factor impacting
the sensitivity value is the dielectric constant of the substrate and
reference material, represented by &, oq and ergr, respectively.
These constants are vital considerations in sensor design as they
appear in the denominator of (19). However, it must be taken
into account that losses have been excluded in the analysis,
and that their effects are expected to be more significant for high
sensitivities or small coupling coefficients, this will be discussed
in Section V. Moreover, by weakly coupling the resonators,
tuning the operating frequency to f, rgr is expected to be
subjected to certain difficulty, due to the proximity between
f+ and f_. Thus, in practice, a trade off is necessary, and
excessively weak coupling is not convenient. Nevertheless,
as it will be shown, very high sensitivities, combined with
small sensing regions, are achievable with the proposed sensing
strategy, representing a very competitive approach in terms of
the main Figure of Merit (FoM), or ratio between the maximum
sensitivity and the area of the sensing region expressed in guided
square wavelengths.

IV. ProTOoTYPE EXAMPLE AND EXPERIMENTAL VALIDATION

For validation of the proposed sensing approach, we have
designed a sensor where the sensitivity has been optimized by
considering that the REF material exhibits a dielectric constant
of ergr = 3.55, the one of the Rogers RO4003C microwave
substrate, available in our laboratory. The dimensions of the
SIR have been determined so that it exhibits a pole frequency
(when the sensing region is loaded with the REF material)
of fp rer =2.003 GHz. The device has been implemented
with the same Rogers RO4003C substrate with dielectric
constant &, = 3.55, thickness & = 1.524 mm and loss tangent
tand = 0.0021 (the LPKF H100 drilling machine has been used
for that purpose). The photograph of the fabricated sensor is
depicted in Fig. 4 (dimensions are indicated in the caption).
The electrical parameters have been inferred from the electro-
magnetically simulated response by excluding losses, providing
L =5.035 l‘lH, CREF =1.276 pF and CM,REF = 0.166 pF (i.e.,
k =0.130).

The simulated phase of the reflection coefficient (by including
and by excluding lossess) at the pole frequency, f,, rer, of the
coupled SIRs loaded with the REF material in the sensing
region, as a function of the dielectric constant of the MUT,
emur, is depicted in Fig. 5. This figure includes also the
sensitivity inferred from the derivative of the simulated data
points, where it can be seen that the lossless sensitivity
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e

Reduced Sensing Region

Fig. 4. Photograph of the fabricated sensor, the sensing region is indicated with
red dashes, and the reduced sensing region is shown with green dots. Dimensions
(in mm) are: [y = 6, wy = 3.39, go = 0.305, I, =6.40, wp, =0.3, gr. = 1.85,
lc =4.86, wc =3.6,gc =0.2, g =0.62, [c = 0.29.

in the limit of small perturbations, Spossiess, coincides with
the theoretical value, Stn, given by (19), to a very good
approximation. It is important to note that when losses are
included, the sensitivity, Syossy, €xperiences a slight increment,
an effect that will be discussed in Section V. It’s noteworthy that
the sensitivity, when including losses, has been inferred from
electromagnetic simulation by considering that the loss tangent
of the substrate and the one of the MUT are identical, i.e.,
tan dsyg = tan dpyt = 0.0021 (conductor losses have also been
included in the lossy electromagnetic simulation). This does not
represent a loss of generality, and points out that losses can help
to boost up the sensitivity in the limit of small perturbations.

For evaluation of (19), the equivalent dielectric constant of the
substrate, &, ¢q, has been estimated as follows. Given a certain
MUT, with a certain dielectric constant eyyt different from
the one of the REF material, we have simulated the frequency
response (not shown), and then we have inferred C’. Then, using
(6a), &, ¢q can be isolated, i.e.,

eMuTCREF — EREFC’
C’ — CRer

and it can be calculated since all the parameters appearing
in the above expression are known. In this case, for an MUT
with a dielectric constant of eyyr = 1, we have extracted
C’ = 0.809 pF and obtained &, ¢q = 3.36.

Experimental validation of the fabricated sensor has been
carried out by measuring the phase of the reflection coefficient
at fj, rgp, for various MUTs. The measurements have been
conducted utilizing a vector network analyzer, specifically
the Keysight PNA N5221A. The MUTs are stacked slabs of
uncladded microwave substrates present in our laboratory. By
stacking, the semi-infinite MUT approximation is guaranteed
(it has been demonstrated that a thickness of 6 mm suffices
for that purpose). The measured phases, included in Fig. 5, are
in good agreement with the simulated values corresponding to
dielectric constants of the different samples, wich are: eyyr = 1
for air, emyt = 2.8 for PLA (polylactic acid), emur = 3.55 for
Rogers RO4003C (our reference), emur = 4.4 for FR4, and
emur = 10.2 for Rogers RO3010.

In order to validate the sensor in the region of small
perturbations close the REF material another type of experiment

(20)

Ereq =

250 70
200 5 === Lossless EM Simulation _] —~100
150 N[ Lossy EM Simulation 7 _90q
100 - B Measured Samples J_300
5> 50 i
< ok —4 —400
_ o - ~
3_50 r SLossless = —-T774 4 —-500WN
~100 £ \ St =—T15" 1 1 _g00
- Ay J— -
—150 | : SLossy = —818 1 _%00
—200 |- [ :ﬁ -
L S oL - —800
=250, S T T
1 2 354 5 6 7 8 9 1011 12
~ EMUT

Fig. 5. Variation of the phase of the reflection coefficient at f}, Rgr as a
function of &yyr, inferred from electromagnetic simulation, and sensitivity.
The measured phase for the indicated MUTs is also included with error bars from
a set of three independent measurements. The sensing region is the rectangle
delimited by red dashes in Fig. 4.

has been carried out. Specifically, we have inferred the phase
of the reflection coefficient by varying the thickness of the
sample under test, maintaining the dielectric constant to the
one of the REF sample, i.e., 3.55. This change in the thickness
translates into a variation of the equivalent dielectric constant
of the MUT. This allows us to have more experimental data
points for the equivalent dielectric constant of the MUT between
1 and 3.55 (or equivalently, between O-mm and 6-mm thick
MUT, the semi-infinite MUT). To be able to obtain different
thickness of the MUT, we have stacked the same RO4003C
uncladded substrate with different standard thicknesses available
(0.203 mm, 0.508 mm, 0.813 mm, and 1.524 mm), abling
us to provide 20 discrete values betweeen 0 mm and 6 mm.
The simulated and measured points are shown in Fig. 6. Good
agreement between the simulated values (considering losses)
and the measured data is obtained. The insert in the figure
provides the correspondence between the value of the equivalent
dielectric constant, epyt, and the thickness of the sample with
a fixed epyt = 3.55 (as the thickness increases, the equivalent
dielectric constant tends to be 3.55, as expected). Note that for
values between 2 and 6 mm the equivalent dielectric constant
does not change so much. However, the phase experiences a
substantial change, a consequence of the high sensitivity of the
Sensor.

V. ErrecTS OF LOSSES ON THE SENSITIVITY

This section analyzes the effects of losses on sensitivity (note
that, according to Fig. 5, losses help to increase the sensitivity
in the limit of small perturbations). The dielectric losses of both
the MUT and substrate are modeled as conductances parallel-
connected to the different capacitive elements of the model,
i.e., the self-capacitance, C’, and the coupling capacitance, C,,
see Fig. 7(a). Ohmic losses, small when the metallic layer is
made of a high conductive material such as Cu (with 35-um
thickness in the prototype of Fig. 4), and radiation losses,
are not explicitly considered to avoid an excessively complex
lossy model. Nevertheless, their potential contribution to overall
losses are accounted for by the conductances that appear in
Fig. 7(a) to a good approximation, as revealed by the good
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Fig. 6. Variation of the phase of the reflection coefficient at f;, reF as a function
of the thickness of the MUT sample, inferred from electromagnetic simulation.
The measured phase for different values of thickness of the MUT is also included
with error bars from a set of three independent measurements.

agreement between the lossy model response and the lossy
electromagnetic simulations, to be demonstrated later. The link
between the two conductances in the model of Fig. 7(a), through
the coupling coefficient, k, is demonstrated in Appendix B.

It is important to mention that an analytical expression for
the sensitivity in the limit of small perturbations with losses
considered cannot be easily obtained from the model of Fig. 7(a).
Nevertheless, we can compare the phase response as well as
the magnitude response of the lossy electromagnetic simulation
with the circuit simulation response by including losses. Very
good agreement between the circuit model responses and the
simulations is obtained. To validate the last statement, a set of
simulations changing the value of the loss tangent (tandymut)
of the MUT has been carried out. The considered dielectric
constant is the one of the REF material (repeating the simula-
tions with other dielectric constants provides similar results but
shifted in frequency, not shown). After extracting the reactive
parameter values from the phase response of the reflection
coefficient for a base value of losses (tandyyr = 0.01), see
caption of Fig. 7, we tuned the value of G to match the same
level of the magnitude of the reflection coefficient for each of
the tandymyt values reported in Fig. 7.

It can be seen from Fig. 7 that the circuit model responses
are in very good agreement with the lossy EM simulations, and
therefore the lossy circuit model is validated. From that premise,
we can study the effects of losses on the value of the sensitivity.
Obtaining two responses for close values of the dielectric
constant of the MUT, epmur = erer and emut = €rer — 0.01,
and then calculating the difference of the phase response at
fp.REF, We can obtain an approximation to the value of the
sensitivity in the limit of small perturbations by dividing the
phase difference by the variation in the permittivity (—0.01 in
the considered case). Using this procedure, we can extract a set
of values of sensitivity for a hypothetical reference MUT with a
different value of the loss tangent while maintaining the real part
of the dielectric constant. To further validate the circuit model
with losses, we have also obtained the sensitivity for the values
of G that make the value of the magnitude of the reflection
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Fig. 7. Circuit model taking into account losses modeled by means of three
conductances dependent on only one value of G (a) and phase and magnitude
response of the reflection coefficient for different cases of loss of the MUT, for
the REF case (b). The extracted reactive element values are: C’ = 1.276 pF,
CI’VI =0.166 pF, L =5.035 nH, corresponfing to the case emuTr = EREF =
3.55.

coefficient at f, rer to coincide with the electromagnetic
simulation taking into account all loss contributions.

One important aspect from the responses shown in Fig. 7 is
that when losses increase, the phase slope at f), rgr increases.
However, there is a loss tangent of the MUT where the phase
slope suddenly changes from a negative value to a positive value.
When the phase slope is negative, losses are low or moderate,
and this regime can be designated as low-loss regime (the
analyzed case in this work). By contrast, the high-loss regime
is the one where the phase slope at the operational frequency
of the sensor is positive. According to these results, losses may
be beneficial for sensitivity enhancement in the limit of small
perturbations, because the phase slope near the frequency of
operation increases with losses whilst the resonances, f- and
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Fig. 8. Sensitivity extracted from lossy EM simulations for different values of
dielectric losses in the MUT, and sensitivity extracted from the circuit model
for different values of the conductance G.

TABLE II
APROXIMATED VALUES OF THE SENSITIVITY FOR DIFFERENT LEVELS OF LOSSES

tan put 0.01 0.02 0.03 0.04
G 138pS  210pS  281pS 352 pS
Sens. of Lossy EM sim.  -959°  —1401°  —-4011°  +2338°
Sens. of Lossy Circuit sim. ~ —-960°  —1420°  —4140°  +2256°

[+, do not vary. Nevertheless, it should be mentioned that for a
certain level of losses, the situation reverses, and the magnitude
of the sensitivity decreases with losses. Such level of losses
corresponds to the situation where the phase slope at f), rgr
experiences a change in its sign. Figure 8 illustrates this aspect.
It can be clearly observed that the magnitude of the sensitivity
first increases, it exhibits an asymptotic behavior at a particular
value of the loss tangent, and then decreases. The boundary
between the low-loss and the high-loss regime is thus very
clear. The point at which the sensitivity exhibits an asymptotic
behavior correlates to the resonators’ critical coupling. In the
case depicted in Fig. 8 it occurs when the loss tangent of the
MUT has a value close to tandpur = 0.035. At this point,
the impedance seen from the input port matches the reference
impedance, leading to complete absorption of the signal by
the resonators. It is important to note, however, that operating
at this critical coupling point is technically infeasible, as no
signal is reflected back. Furthermore, this critical coupling point
depends on various factors, including sensor properties, the
characteristics of the reference MUT, the coupling level, and
operating frequency.

According to Fig. 8, we can see that the sensitivity inferred
from the circuit model responses exhibits a similar phenomenol-
ogy to that of the EM simulation. Moreover, if we take into
account the correspondence between the extracted G values and
the values of tan dyyr, see Fig. 7, it follows that the resulting
sensitivities in the limit of small perturbations are very similar
(see Fig. 8). The specific sensitivities for the loss levels of Fig. 7
are given in table II.

In summary, losses help to boost the value of the sensitivity. If

the substrate and the considered MUT samples exhibit moderate
or low loss tangents, the impact on sensitivity is moderate (i.e.,
the lossy sensitivity is slightly enhanced as compared to the
lossless sensitivity), the case of the reported prototype. However,
a significant improvement in the sensitivity in the limit of small
perturbations is expected if losses are significant and are close
to the loss level where the change of regime (from low-loss to
high-loss) occurs.

VI. ComPARISON TO OTHER PHASE-VARIATION SENSORS AND
DiscussioNn

The sensitivity of the designed and fabricated sensor in the
limit of small perturbations (S = —818°) is very high by virtue of
the weak coupling between the sensing resonators. Taking into
account the area of the sensing region, indicated in Fig. 4, the
Figure of Merit is found to be FoM = 15469° /42, a respectable
value, but not competitive if we compare it to the one in
[53]. A is the guided wavelength at the operational frequency.
Nevertheless, it is worth mentioning that the overall sensor size,
A7, excluding the access line, can be considered to coincide
with the size of the sensing region, Ag, indicated in Fig. 4.
Note that the extra area of the fabricated sensor is irrelevant for
sensing purposes, though it is necessary to position the MUT
with nylon screws on top of the sensing region. The sensing
region is as small as Ag = Ay = 364 mm?, corresponding
to 0.0529 A%. Such sensing region takes into account a width
of 4 times the separation between the ground planes, in order
to ensure that the field lines are circumscribed within the
MUT. The highly achievable sensitivity (by weakly coupling
the sensing resonators) and the small overall sensor size are the
main competitive advantages of the proposed sensor. However,
the sensing region can be significantly reduced by considering
it to be delimited by the same width, but shorter length, i.e.,
the one corresponding to the patch capacitors, as depicted in
Fig. 2 and 4. With such new sensing region, designated as
reduced sensing region, the sensitivity is slightly degraded,
and the new value (Siequced = —620°) deviates from the one
predicted by the theory (Sth = —775°). The reason for such
divergence is the fact that the narrow inductive strip of the SIR
contributes to some degree to the self-capacitance, extracted
by considering that the MUT covers the whole SIRs pair.
However, the figure of merit with the reduced sensing region
is significantly enhanced (FoMeqyceq = 26551° //12), which is
a competitive value comparable to the one in [53], while
exhibiting a higher sensitivity.

The comparative table III includes several transmission-mode
and reflective-mode phase-variation sensors. Besides the FoM,
as defined before, such table includes also the ratio between the
maximum sensitivity and the whole device area Sp,x /A7. As can
be seen, the FoM (considering both the sensing region and the
reduced sensing region) is comparable to that of other sensors
reported in the available literature. However, the ratio Spax/Ar
is by far superior in the reported device, thanks to the fact that
sensitivity enhancement has been achieved without the need
to cascade additional quarter-wavelength high/low impedance
line sections to the sensing element, as other sensors do (e.g.,
[44]-[46], [51], [52]). Nevertheless, it should be noted that the
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TABLE III
COMPARISON OF VARIOUS PHASE-VARIATION PERMITTIVITY SENSORS

Ref ﬁ)p As AT Max. FoM Smax/AT
: (GHz) (1%) (A% Sensitivity (°/12)  (°/A?)
[44] 20 0025 031  5287° 21148 4036
[45] 20  0.100 0.297 45.5° 455 153
[64] 2.3 — — 600 dB — —
[41] — — — 54.8° — —
[42] 6.0 1290 1290  415.6° 322 322
[65] — 0075 0075 253dB — —
[66] 20 0020 0400 17.6dB — —
[43] 20  0.040 0.054 20.0° 500 370
[51] 20 0015 0073  83.35° 5643 1142
[52] 20  0.018 0.076 66.5° 3643 875
[53] 20 0017 0.103 468° 27419 4544
[56] 20  0.058 0.058 736° 12690 12690
This Work 20  0.053 0.053°  818° 15469 15469
T.W.(reduced 053 042"  620° 26551 14901
sens. area)

* The entries vary because the guided wavelength differs in cases where the
MUT fully covers the SIR pair (extended sensing region) and when it only
covers the capacitive patches (reduced sensing region). This yields a different
guided wavelength for the SIRs’ inductive section, leading to distinct A
values when expressed as a function of the guided wavelength. However, the
total sensor area (A7) in cm? is unique and does not depend on the size of
the sensing region and MUT.

sensitivity, FoM, and S/A7 in the sensors reported in [53], [56]
are also very competitive. The reason is that in such sensors,
boosting up the sensitivity is also based on weakly coupling
a pair or resonators [53] or coupled lines [56] (i.e., additional
stages are neither needed). As compared with the sensors of
[53], [56], also based on weakly coupled structures, the sensor
proposed in this work is implemented in CPW technology, more
sensitive to variations in the dielectric constant of the MUT. In
table I11, the sensors reported in [64]-[66] have been included, as
far as these devices are indeed sensors whose working principle
is phase variation. However, phase-to-magnitude transformation
is considered in such sensors, and for this reason, the sensitivity
is expressed in dB, and the FoM is not given.

In summary, the use of electrically small weakly coupled
resonators in the implementation of reflective-mode phase
variation sensors yields highly competitive devices in terms
of sensitivity, FoM, and overall sensor size.

To end this section, it should be noted that the experimental
validation demonstrated in the present study has been primarily
conducted using solid samples, characterized by relatively low
loss and moderate values of the dielectric constant. However,
this should not preclude the use of these sensors with specially
designed holders or channels for analyzing the dielectric
properties of liquid samples. It is crucial to emphasize that
liquids typically exhibit high losses and dielectric constants.
Thus, sensor sensitivity optimization by considering liquids (as
MUTS:) necessitates a redesign that takes into account such high
losses and dielectric constants. The effects of a high dielectric
constant of the MUT liquid can be compensated by reducing
the coupling level, taking into consideration the effects of
losses, which help to boost the sensitivity, provided the sensor
is designed to operate close to the critical coupling point, as
discussed before.

VII. CoNCLUSION

In conclusion, a novel strategy for the implementation of
highly sensitive reflective-mode phase-variation permittivity
sensors has been proposed in this work. The sensing element is
a pair of weakly coupled resonators, implemented by means of
coplanar waveguide (CPW) mirrored step impedance resonators
(SIRs) in this paper. It has been demonstrated that the sensitivity
is inversely proportional to the square of the electric coupling
coefficient between the capacitive patches of the SIRs, and this
explains the potential of the approach to boost up the sensitivity
(since very weak coupling can be achieved by merely separating
the resonators enough). A prototype device has been designed,
fabricated and experimentally characterized in order to validate
the approach. As compared to other phase variation sensors, the
proposed device exhibits very competitive size, performance
(sensitivity) and Figure of Merit. Moreover, sensor design is
very simple as far as the sensing elements are coupled SIRs,
i.e., electrically small resonators well described by means of
series LC tanks. An important conclusion derived from this
work is that substrate and MUT losses contribute to boost up
the sensitivity in the limit of small perturbations. This relevant
statement has been demonstrated by comparing the sensitivity
(inferred from electromagnetic simulations) with and without
losses, and also from circuit simulations by including losses in
the model (the good agreement with the lossy electromagnetic
simulations has been instrumental to validate the model). This
sensitivity enhancement related to losses is explained by the
increase in the phase slope (of the reflection coefficient) at
the operating frequency as the loss level increases, and is
a property that other reflective-mode phase-variation sensors
verify. Work is in progress to demonstrate this loss-assisted
sensitivity optimization in other sensors.

APPENDIX A
OpriMUM FREQUENCY OF OPERATION

The purpose of this appendix is to calculate the sensitivity at
any arbitrary operating frequency, and to demonstrate that the
optimum frequency (the one where the sensitivity in the limit
of small perturbations is maximized) is very close to f, rReF
(the operating frequency considered in this paper). To achieve
this, it is necessary to first compute the phase of the reflection
coefficient. Using (11), the following result is obtained

(1-17) = 1+ AS

) ? -2 2
C 2
©0),REF REF

AC
W3 REF (1+CREF )+1
(1+

4 (1-1)-1)
(21
From (21), and after some straightforward (but tedious) calcu-
lation, the first derivative of the right-hand side member of (7)
in the limit of small perturbations (AC = 0) is found to be

¢p = 2arctan

Z()(CREF+AC)w{ w2
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Fig. 9. Representation of expression (23), Fger, considering Zy =50 Q,
fO,REF =2 GHZ, CREF =1 pF, k = 0.1. The value of fp,REF =2.01008 GHZ,
indicated in the figure by the dashed line, is very close to the frequency that
nulls (23), the true optimum value.

In order to determine the frequency where (22) is a maximum,
it is necessary to obtain the derivative of (22) with frequency.
This gives:
¢ (7] )
dAC|\c—g) D N -N-D’
dw B D?
where N and D are the numerator and the denominator,
respectively, of (22) and N’ and D’ are the corresponding
derivatives, i.e.,

N’ =27, {5(1 —kz)

= Fder (23)

~o(1-#) -2 +1} (24)

W0,REF W0,REF

D’ =D} + D), (25)
with

3 2
DgzzzgcgEF{(1—k2) 2 —w} {3(1—/(2)‘2"7—1}
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4 2 4
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The optimum frequency for sensitivity optimization is found by
forcing the derivative (23) to be zero. However, an analytical
solution cannot be obtained. We have first checked if the opti-
mum angular frequency is wp Rer = 27 fp REF by introducing
this frequency in (23). The result is not null, i.e.,

d¢,
( dAC AC:O) _ 1oz (1- k?) @
dw k2

Wp REF

which means that, strictly speaking, the optimum frequency
is not wp rer. Nevertheless, it has been found numerically
that the optimum frequency is extremely close to w, rgr. For
that purpose, we have represented the derivative (23) for a
specific case (indicated in the caption of Fig. 9) as a function of
frequency, see Fig. 9, and it has been found that the optimum
frequency (where (23) is null) deviates from f, rer in less
than 1 MHz. This is a negligible percentage of variation with
regard to f), reF, and therefore we can assume that the optimum

w? i
-4 }-(26b>self—capacnance can be expressed as C’ = C]

frequency is fj, reF to a very good approximation (this is the
operating frequency considered in the paper). Moreover, in
practice, tuning accurately the operating frequency to f, Rer
is not exempt of certain difficulty. Actually, sensor operation at
any frequency within the range comprised between f_ andf;
is expected to provide a high sensitivity in the limit of small
perturbations provided the coupling is weak (despite the fact
that, certainly, the optimum frequency is, roughly, fp,REF). For
example, evaluation of (22) at wo rgr gives

d 27,
dig __ 00, REF (28)
- 2,2 2
A0 k2 (] + Zo‘”o,REFCREF)
and the overall sensitivity is found to be
2Zywo REFCREF
S|8MUT:8REF =~ - (29

2 2.2 2
k2 (& eq + EREF) (1 + ZOwO,REFCREF)

This value is smaller than the sensitivity evaluated at w, rgr
[see (19)], but note that the coupling coefficient appears squared
in the denominator of (29), and hence the sensitivity can also be
made high at such frequency by weakly coupling the resonators.

APPENDIX B
RELATIONSHIP BETWEEN THE CONDUCTANCES OF THE LOSSY
CIRCUIT MODEL OF THE SENSOR

Assume that the conductance parallel connected to C’ - C;,
is G, whereas G, is the conductance in parallel with C;,,
so that we must demonstrate in the present Appendix that
Gy = G-k/(1-k),according to Fig. 7(a). To achieve this, it will
be assumed that a quasi-magnetic wall exists in the slot between
the SIR patches, and also in the slots between the SIR patches
and the ground plane of the CPW (a reasonable hypothesis,
according to [63]). Under this hypothesis, the electric field
lines in such slots are roughly tangential (or parallel) to the
interface between the substrate and the MUT, and both the
self-capacitance C’ and the mutual capacitance Cj, can be

(263)considered to be constituted by the contribution of the substrate

plus the contribution of the MUT, see Fig. 10. Thus, the

’
. ; / MUT + CS.UB.’ and
the mutual capacitance as C;, = C v mut T Chrsus- Similarly,

the conductances can be expressed as the contribution of the
substrate and MUT conductances, i.e., G = Gyt + Gsus, and
Gm = Gymmur + Gm sus-

The loss tangent of the MUT can be alternatively expressed
by

tan Syut = Gwur (30)
w (Cﬁ/IUT - CI/W,MUT)
or by
tan Syr = MU 31)
wCly mut
whereas the loss tangent of the substrate is given by
tan dsup = Gsus (32)
w (CéUB - C;VI,SUB)
or by
tan Sgup = CMSUB_ (33)
wCly sup
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MUT tan omuT ComauT EMUT
Chmur
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Substrate = tandsup Ereq
GrsuB

Fig. 10. Contributions of the MUT and substrate to the mutual capacitance, C} ,,
and to the associated conductance, Gps. The indicated slot corresponds to the

separation, g, between the SIR patches. For the parallel capacitance, C’ —

and associated conductance, G, a similar figure applies.

[el4

Under the semi-infinite MUT approximation, it follows that the
contribution of the MUT and substrate capacitances are related

by

’ v
Cymurér.eq = Csypemut
for the self-capacitance, and by
’ v
Chr muter.eq = Cpp supEMUT

for the mutual capacitance. Thus, from (34) it follows that

EMUT )

Er,eq

C' =Ciup (1+

and from (35),

’ ’ EMUT
Cy =Chrsus (1 + ) .

Er,eq
Hence, it is apparent that

, ’
Cy  Cusus _

¢ Csu
Dividing (30) and (31), and using (38), it follows that
k
1-k
Similarly, dividing (32) and (33), one obtains
k
1-k

’
Chmur _
- =
Chur

k.

G pmut = Gmut

Gum,sus = Gsus

and using
Gm = Gummur + Gy sus
it is finally obtained
k

=G——
1-k

+ GsuB

k
Gu=G
M MUT ¢

in agreement with Fig. 7(a).
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