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property, we show that 1/4/u is pointwise equivalent to the
Fefferman-Phong-Shen maximal function m(-, V') (also known
as Shen’s critical radius function); in particular this gives a
setting where the Agmon distance with weight 1/ is not too
degenerate. Finally, we extend results from the literature for
L,y regarding exponential decay of the fundamental solution
and eigenfunctions, to the situation of irregular magnetic
fields with directionality assumptions.
© 2024 The Author(s). Published by Elsevier Inc. This is an
open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
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1. Introduction

In the present paper, we investigate the link between the Filoche-Mayboroda land-
scape function for the Dirichlet problem and the exponential decay of solutions to
Schrédinger operators

L=—divAV+V (1.1)

on a (possibly unbounded) domain Q@ C R™, n > 1, with non-negative potentials V €
Ll .(2) and A = (4;;) a (not necessarily symmetric) matrix of bounded measurable

coeficients on €2 satisfying the uniform ellipticity condition

, ze, (eR", (1.2)

> =

AP < Z A (2)&:&5, [All L) <

4,j=1

for some A € (0, 1). Here, the landscape function is the solution u to the problem Lu =1
with Dirichlet boundary conditions. A part of this story (with Neumann boundary con-
ditions) was already considered for eigenfunctions in [5], and partly our goal here will be
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to further study the exponential decay as it pertains to Lax-Milgram solutions, Dirichlet
eigenfunctions, and Green’s functions (Theorems 2.2, 2.5, 2.3), while also removing the
boundedness assumption on V' and on the domain. We will show that, under a mild decay
condition on the Green’s function, a landscape function exists over unbounded domains
(Theorem 2.1), and that it can be used to study a priori exponential decay of the Green’s
function. Moreover, we will show that, under natural assumptions, an appropriate power
of this landscape function is pointwise equivalent to the Fefferman-Phong-Shen maximal

function
1 1

W = sup {T S / V(y)dy < C’l}, (1.3)

B(w,r)

which is a tool that has been used to study many related properties of the Schrédinger
operators, indicating that the landscape function is in some sense both a generalization
and a regularization of this maximal function (Theorem 2.7). In particular, in this setting
u satisfies certain interesting properties (Corollary 2.10) such as a strong scale-invariant
Harnack inequality. Finally, we will apply these results to exhibit the existence of a new
landscape function (Theorem 2.12) related to the magnetic Schrédinger operator

Layv =—(V —ia)?+7V, (1.4)

and we will use this landscape function to also obtain a priori exponential decay for this
operator, and recover many results (see Theorem 2.16, Corollary 2.18 and Section 6.2)
under directionality assumptions (Section 2.2) on the magnetic field

daj(xz)  Oay(x) )
oy Oz; J1<jk<n’

B(LU) = Curla(x) = (bjk(x))lgj’kgn = ( (15)
which in particular allow for non-positive singular potentials V' and completely relax
usual conditions on VB found in related literature, solving a conjecture (Conjecture 1.1)
and an open problem (Problem 1.2) of Zhongwei Shen from the 90’s in the process.

Before precisely stating our main results in Sections 2.1 and 2.3, let us provide the
appropriate historical context and define the meaningful notions.

In 2012, a simple but remarkably versatile tool was introduced by Filoche and May-
boroda [33,34] to study the localization of eigenfunctions of Schrédinger operators. For
the Schrodinger operator L = —A + V| they considered a solution u to the equation
Lu = 1, and showed that this function predicts the shape and location of localized
low energy eigenfunctions of L whose localization is caused either by the disorder of
the potential or the geometry of the underlying domain. This solution has come to
be known as the landscape function, and over the last decade it has seen numerous
appearances in mathematics [3-5,17,25,61,84,85,88], and theoretical and experimental
physics [16,26,36,57,59], mainly concerning the study of the spectrum and eigenfunc-
tions of Schrodinger operators acting under a disordered potential. In particular, it has
yielded striking new results in the study of Anderson localization [5], and a substantial
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improvement over the Weyl law [25], for Schrédinger operators, although the numerical
evidence [4] suggests that the proven results so far capture only a fraction of its pre-
dictive power. The concept of the landscape function has been used effectively to study
Anderson-type localization for Schrédinger operators on quantum graphs [42], for the
tight binding model [3], for the case of many-body localization [10], and even for random
M-matrices [35].

The power of the landscape function u to give so many mathematical and numerical
results concerning Anderson localization (that is, localization of eigenfunctions via po-
tentials that exhibit randomness) has been referred to as “almost magical” [35], because
even though the landscape function is defined using a deterministic right-hand side, it
nonetheless can be used to study the effects of randomness on eigenfunctions. Moreover,
the mathematical results [5] regarding the exponential decay of eigenfunctions for the
Schrodinger operators with random potentials are phrased in terms of decayin an Agmon
distance with weight %; more precisely, for the Schrodinger operator —A+V in a domain
Q the Agmon distance with weight % is the distance p for the degenerate Riemannian
metric ds? = %de, given by

| dt, x,y € £, (1.6)

1
. 1 /
p(z,y,1/u) = lgfo/mh (t)

where 7 : [0, 1] — § is absolutely continuous, with v(0) = 2 and (1) = y. However, the
relationship of this Agmon distance with the FEuclidean distance has not been studied,
and there may be no link when V is too degenerate (that is, too close to 0 too often).
For instance, if the potential V is 0 outside of a small ball, then the Agmon distance
with weight 1/u (with Neumann boundary conditions) between any two points z,y € Q
is bounded above by a uniform constant regardless of how large |« — y| is. Nevertheless,
the numerical results predict localization in the Euclidean sense when the potential is
random. We might expect that, at least in some classical cases where the potential V is
not random, not degenerate, and has some regularity, we should be able to connect the
Agmon distance with weight 1/u (1.6) to the Euclidean distance.

A classical setting which has been studied extensively for its connection to harmonic
analysis is the case of non-negative potentials V' in dimension n > 3 which satisfy the
reverse Hélder inequality

<][Vf) "< ][v, for all balls B. (1.7)

B B

Such functions are said to belong to the space RH,, /5, and the best constant in (1.7) is
the RH,, /o characteristic of V. Examples of potentials in RH,, /5 include, for instance, all
non-negative polynomials, and the functions |z|® with o > —2, while non-examples are
certain potentials given by random Bernoulli variables, and also exponentially decaying
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potentials. In the setting when (1.7) holds, Z. Shen [74] proved that the operators V(—A+
V)~V2 (=A+V)"Y2V, and V(—~A 4 V)~V are bounded in L?, extending similar L?
estimates for non-negative polynomials of [89]. A key idea to prove these results is to
first show that the fundamental solution T" of the operator —A+ V' has polynomial decay
of sufficiently large degree. In order to do this, Shen [73] defined the function m(z,w)
(which has come to be known as the Fefferman-Phong-Shen maximal function, or the
critical radius function), given by (1.3) which generalizes a smooth weight function suited
to work with non-negative polynomials [43,44,82,89], and proved the following variant of
the Fefferman-Phong uncertainty principle [32]

/m2(:c,V)f2(a:) dr < / [VF@P + V@) @) de,  forall f e CHR™). (1)

R~ R~

The estimate (1.8) was used in [73,74] to show the required polynomial decay of the
fundamental solution. On the other hand, when n = 2, M. Christ [18] showed that the
fundamental solution for the operator —A+V under certain related assumptions satisfies
quite sharp exponential decay estimates. The sharp exponential decay estimates for the
fundamental solution in n > 3 were later obtained in [79] in terms of the Agmon distance
p(z,y,m?), defined as in (1.6) with m? instead of 1/u. Thus, in the case when n > 3 and
V > 0 satisfies (1.7), Z. Shen proved the existence of positive constants C, 1, and &g,
such that

1
- €
Clr —y["—2

—e1p(@y,m?) <T'(z,y) < L_e*“p(m’y’mz), for all z,y € R", x # y,
|z —y|" 2

with the help of the uncertainty principle (1.8) and an Agmon-type argument [1]. This

sharp exponential decay result would later be extended by S. Mayboroda and the author

of this article to encompass the case of Schrodinger operators — div AV 4+ V' with A an

elliptic, not necessarily symmetric matrix of bounded measurable coefficients [62].

In addition to the exponential decay of fundamental solutions [62,79] and the L? esti-
mates for Schréodinger operators [6,74], the function m (or very similar ideas stemming
from the Fefferman-Phong inequality) has also been used to study the Neumann problem
for the Schroédinger operator —A + V' [64,73], bounds on the eigenvalue counting func-
tion [75,77,78], heat kernels [54], and several analogous results concerning the magnetic
Schrodinger operator Ly for n > 3 [12,13,54-56,62,75—77]. For these results on L, v,
the authors consider the function m(z, |B| + V) where

Bl(z) := Y [bju(2)l,  zeR",
j<k
and they naturally assume that |B| 4 V satisfies (1.7), to ensure that m(-, |B| + V') has
nice properties. However, in order to prove an uncertainty principle for the magnetic

case, the following rather strong assumption is made on the gradient of the magnetic
field
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[VB(z)| < m(z, [B] +V)?, (1.9)

on all of the aforementioned works.! When V is not identically 0, (1.9) has often appeared
[12,56,62,76] alongside a strong condition on the size of V:

V(z) <m(x, |B|+ V)2 (1.10)

Observe that under assumption (1.7) for |B| + V, (1.9) implies in particular that the
components of B are locally Lipschitz continuous. It is more natural [12,76] to assume
(1.9) when one is interested in LP estimates of associated Riesz transforms, for large
p, since one often needs pointwise bounds for gradients of solutions. However, it would
be desirable to dispose of (1.9) when studying questions about the spectrum of L, v .
Shen remarked [77, Remark 0.17] that for n > 3, some condition on VB seemed to
be necessary to prove a bound on the number of negative eigenvalues of a magnetic
Schrodinger operator with a potential V' with non-trivial negative part, but that (1.9)
was more restrictive than one would hope.

Conjecture 1.1 (Shen’s conjecture [77]). For n > 3, some condition on VB is necessary
to prove Theorem 0.11 of [77].

However, in the case of n = 2, Z. Shen [78] studied lower and upper bounds for the
dimension of the spectral projection of L,y on an interval [0,7), 7 > 0,” under the
milder conditions that B (in this two-dimensional case, given by a single function by2)
satisfies a reverse Holder inequality and that

bia does not change sign over R?. (1.11)

(The assumptions on B in [78] are quite more general than stated here.) The main
result of [78] depends primarily on its Main Lemma [78, p.481], which is an uncertainty
principle whose idea was suggested to Z. Shen by C. Fefferman, but the argument worked
only in the two-dimensional case. The challenge of extending the ideas of [78] to study
the analogous problem in higher dimensions was asked by Shen in that same article [78,
p. 486], but it has remained open. Let us give a precise statement of the problem that
we will consider.

Problem 1.2 (Shen’s problem [78]). For n > 3, recover the conclusion of [78, Main Theo-
rem] without assuming (1.9); instead, impose an assumption on B that extends, in some
sense, the conditions of [78] in the two-dimensional setting.

! We point out that in [13], the author does not assume (1.9), but still assumes a pointwise estimate on
the gradient of the magnetic field.
2 The magnetic Schrédinger operator on R™ only makes sense for n > 2, due to the gauge invariance.
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The question of relaxing the scale-invariant condition (1.9) when studying the eigen-
value counting function of L, 1 was also asked by S. Mayboroda,® and is of importance
in the case of irregular magnetic fields. In Section 2.3, we will use a new landscape
function for L, v to show that, for n > 3, and under favored directionality assumptions
(Section 2.2) that in some sense generalize the sign condition (1.11), no assumption
on VB is necessary (not even merely its existence as a locally integrable function) to
study several properties of magnetic Schréodinger operators, and in particular, recover
the conclusions of [77, Theorem 0.11] and [78, Main Theorem]. We will provide an ex-
plicit counterexample (Example 2.11) to Conjecture 1.1, and we will give a solution to
Problem 1.2 (see Section 6.2). Moreover, we will not assume any quantitative regularity
of the magnetic field (not even |B| € RH, /o) when stating our a priori Agmon-type
results on the exponential decay of eigenfunctions and Lax-Milgram solutions for Lg v,
so that these results hold true also for magnetic fields exhibiting random features.

Let us circle back to the Filoche-Mayboroda landscape function u, which solves the
equation —div AVu+ Vu = 1. As in the case of the maximal function m, an uncertainty
principle for u akin to (1.8) may also be devised, which is in fact quite stronger. In [5],
the following integral identity was shown

/[AvaHVf?} :/[UQAV(f/u)V(f/u)Jr%fQ . feC=(Q), (112

Q Q

for a bounded domain 2 C R", n > 3, with Neumann boundary conditions, symmetric
A, and V € L*°(Q). Observe that (1.12) readily implies the uncertainty principle

/%ﬁ g/[AVfVHsz} (1.13)

Q Q

which ought to be compared to (1.8). As such, it is not surprising that (1.13) was used
along with an Agmon argument to give the exponential decay of eigenfunctions to L
on , with respect to the Agmon distance with weight 1/u (1.6). On the other hand, if
V' also satisfied the reverse Holder inequality (1.7), then we may alternatively give the
exponential decay of eigenfunctions with an Agmon distance with weight m?(-, V). It
is thus natural to wonder, if there is any relationship between the landscape function u
and the Fefferman-Phong-Shen maximal function m, at least in the cases when the latter
makes sense. A main result of our paper, which is at the heart of this investigation, is
that such a relationship does exist (see Theorem 2.7).

To end this preliminary discussion, let us mention that finding a landscape function for
the magnetic Schrédinger operator has remained an open question, and is of independent
interest. Main difficulties have been that solutions to L, yu = f are generally complex-
valued, and that the algebra of the equation has not been favorable towards finding

3 Private communication.
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an analogous conjugation (1.12) that would yield a useful uncertainty principle (1.13).
In Section 2.3, we exhibit a new candidate for a landscape function for L, v, which as
we will see, has many a priori properties similar to those of the landscape function of
Filoche-Mayboroda.

2. Main results
2.1. Main results for the Schrodinger operator —div AV +V

Given an open, connected set @ C R™, n > 1, with (possibly empty) Lipschitz bound-
ary, we let 0 <V € Li (Q) with [,V >0, and G = Gq be the Green’s function for the
operator L on  with 0 Dirichlet boundary conditions (see Section 3.1). Under our very
mild assumptions on V', the Green’s function may not exist as a distributional solution to
the equation LG(x,-) = d, in  [14,71], but it always exists as a non-negative® integral
kernel of the (homogeneous) operator L™! (see Appendix A).

When 2 is bounded, the landscape function may be easily taken as the Lax-Milgram
solution L~ !¢ (see Section 3.1 for the definition of L~1!), but this approach does not
work on unbounded domains. We are interested in the unbounded case because later it
will allow us to connect the landscape function to the maximal function m on Q = R",
which is critical to our main results for L, . The first main result of our paper is to
establish that the existence of a landscape function over unbounded domains is equivalent
to a mild decay assumption on the Green’s function. If this decay condition holds, then
we show that, even though in our setting the zero-set of w in the interior of 2 may
not be trivial, and even though it may not be true that = € Lf® (), nevertheless, the

loc
uncertainty principle (1.13) remains valid.

Theorem 2.1 (A landscape function over unbounded domains). Let n > 1, let 2 C R™ be
an open connected set, with empty or Lipschitz (n — 1)-dimensional boundary, let A be
a not necessarily symmetric matriz of bounded measurable coefficients on € satisfying
the uniform ellipticity condition (1.2), and 0 <V € LL () satisfies [,V > 0. Denote
L = —div AV + V. The following statements hold.

(i) Fizx xg € Q and for each R € N, let Qr := QN B(xg, R). Consider the land-
scape function ur = Lé;]].QR on the domain Qg with zero Dirichlet boundary
conditions, and extend it by 0 on Q\Qg. Then the sequence {ur}$s_, is pointwise
non-decreasing, and the limit

uw:=limsupugr (2.1)
R—o00

4 The non-negativity of G follows essentially from the non-degeneracy condition fQ VvV >o.
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exists as a measurable non-negative function on Q (whose values may be +o0o ev-
erywhere).
(ii) The function u of (i) satisfies that u € Wﬁ)f(Q) N LE.(Q,V dx) and solves the

equation Lu = 1 in the weak sense in Q (see Definition 3.1) if and only if there
exists ¢ > 0 such that

/Gg(x,y) dy € LL (9, dx). (2.2)
o)

(7i7) If (2.2) holds, then we call u the landscape function for L on 2 (with zero Dirichlet
boundary conditions), and moreover, we have that v = [, G(-,y)dy a.e. on Q, and
the uncertainty principle

L 1 2
A< | A 2.
[or < [ saavevss [vs (23)
Q Q Q
holds for each f € D(Q).° In particular, * € Li () and Vlog(u) € LE ().

Furthermore, if A is symmetric, then for each f € D(Q), we have the stronger
uncertainty principle

[+ [eavuwvim < [avivi+ [ve, (24)
Q Q

Q Q

Of course, if Q is bounded, then (2.2) holds by (A.1). In the case of unbounded 2,
the estimate (2.2) is a very mild decay condition on the Green’s function, which implies
some non-degeneracy of V' at infinity. Indeed, if V = 0 outside of a bounded set in R™
and V € L*°(R"™), then (2.2) is not satisfied, and the limit in (2.1) is 400 everywhere
on R™. On the other hand, for n > 3, Q@ = R", and for V satisfying (1.7), then (2.2) is
known to hold, by virtue of the exponential decay results of the fundamental solution
[62,79].°

In fact, when A = I, the assumptions on V allow for the existence of a universal
zero-set Z C § such that every weak solution of Lu = f, f € L°°()) vanishes on Z [69,
Examples 1.1-1.4], so that the strong maximum principle does not hold in our generality.
In particular, the landscape function that we construct may not be continuous, and is
forced to take the value 0 at points in the interior of {2 where V' is highly singular [69,
Theorem 1.1 and Corollary 1.2]; both of these properties differ substantially from the
setting of [5]. Still, motivations to consider such singular V include that, by the weak
maximum principle we should expect more exponential decay of solutions when V is

® See Section 3.1 for the definition of the space D (Q).
5 The results in [62] are shown under stronger hypotheses, but it is an easy exercise to see that they
extend to the Shen potentials, following [79].
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higher, and we should expect that the landscape function can still quantify this decay;
and also, L11OC is the minimal condition that can be imposed on a measurable function
so that the bilinear form induced by L acts on smooth compactly supported functions.

We remark that the continuity of the landscape function is always true in dimension
1 by Morrey’s inequality, and the strong maximum principle can be verified for n > 1 if
V belongs to the Lorentz space LE’: (Q) or if V belongs to the Kato class K,,. The issue
of whether the strong maximum principle holds is strongly tied to certain capacities of
the zero sets of solutions [2]. For more on this, see [68,69].

With the existence of a landscape function at hand, we tackle a priori exponential
decay estimates for Lax-Milgram solutions, Green’s functions, and eigenfunctions, ex-
tending results of [5] to the case V € L () and to Dirichlet boundary conditions.”
The a priori exponential decay of eigenfunctions for tight-binding Hamiltonians has also
been considered [88]. Recall we already defined the Agmon distance p in (1.6); the defi-

nitions of p4 and the version @ of the landscape function are found in Section 4.

Theorem 2.2 (Exponential decay estimates I: Laz-Milgram solutions). Retain the setting
of Theorem 2.1, assume that (2.2) holds, and that

1
p(z,y,=) — 0, as|z—y|—0, for any x,y € Q. (2.5)
a

Then there exist constants €, C, depending only on X, such that for every f € L?(Q2) with
compact support in €,

/lezsp(-,suppf,%)w*lﬂ? < C/qu. (2.6)

u
Q Q

Moreover, if A is symmetric and continuous, then for each o € (0,1/4),

apa(-supp f,5) [,—1 apa(-supp f,4) 1,—1
s o /

u u
Q

1 - 1y, _ 1
_‘_/ae%m(,smpﬁa) L7 < m/qu. (2.7)
Q

Q

Assumption (2.5) says that the rate at which « \, 0 within compact subsets of Q is
mildly controlled; for instance, this assumption holds if u > 0 on £ (and this is true, in
particular, for bounded potentials, or potentials in the Kato class KC,,).

Knowing that the Green’s function of an operator exhibits large decay is useful in the
study of the spectrum of the operator, as well as towards proving LP estimates of Riesz

7 See also Corollary 4.7 for the exponential decay of resolvents.
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transforms associated to the Schrodinger operator, and related questions in harmonic
analysis [6,8,9,12,76,89]. The following theorem says that the decay of the integral kernel
is a priori governed by the behavior of the landscape function.

Theorem 2.3 (Exponential decay estimates II: Green’s function). Retain the setting of
Theorem 2.1, and assume that (2.2) and (2.5) hold. Then, for each a € (0,1), we have
that

G(x,y)dydx
B(z0,6) B(yo,e)
1 1 n _mn 3 3 1
< 5 5% ( u) ( u) max min e P@Yw)
|B(0,1)] (1 —«?) z€B(20,6) y€B(yo,¢)

B(yo,¢) B(z0,9)
(2.8)

for each xo,y0 € Q and d,¢ > 0 such that B(xg,d) U B(yo,e) C L.
Furthermore, if n > 3 and V € L*>(Q), then for any x,y € Q with

—1/2 —1/2
By N By = B(z, |V, ¥5%0) N By, VI X5) =2, 4B.U4B, CQ,

there exist & € B, § € By such that the estimate

G(e,y) < CIV | oy Val@ a7 @0 (2.9)
holds, and C depends only on n, a, and .

Remark 2.4. If n > 3, then we may use the Moser estimate to deduce from (2.8) that

1 1
G(xo,yo)SC(;_%s_%( ][ U)Z( ][ u)2 max min e—ap(w,y,%)’

z€B(x0,0) yEB(yo,€)
B(yo,¢) B(o,6)

for each xp,yp € Q and §,e > 0 such that B(xg,d) U B(yg,e) C Q. Here, C depends only
on n, A, and a.

For the a priori exponential decay estimate on eigenfunctions, we restrict to symmetric
and continuous A. The existence of a discrete spectrum o, for Schréodinger operators, and
the conditions on V or ) which guarantee it, are well-researched topics in the literature.
However, due to the generality of our setting, in this paper we will not deal with the
existence of o4, and we will simply show that if an eigenfunction exists, then its decay
is governed by the Agmon distance with a weight given by the landscape function.

Theorem 2.5 (Ezponential decay estimates III: Eigenfunctions). Retain the setting of
Theorem 2.1, and moreover, assume that (2.2) and (2.5) hold, and that A is symmetric
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and continuous.® Let £ be the operator in Definition /.6, with domain P(£) C L(£2).
Suppose that there exist u > 0 and ¥ € D (L) such that L = u. Let

w(zx) = (u(lx) — ), :max{(),% —p}, and E:={zeQ: ﬁ < pu}.

Then for each o € (0,1/4), we have that

/U2Av<eaPA('7E7w)w)v(eaPA(',E,w)w)

u u

Q
[ (5w s < s [ (u1) WP 20
Q E

Remark 2.6. Note that, under the assumptions of Theorem 2.5, the right-hand side of
(2.10) is always finite, since 1 € L*(Q) and [, 14/ < +o0o because of the uncertainty
principle (2.4).

The proofs of the three previous theorems may be found in Section 4 and consist of
an Agmon-type argument, using the uncertainty principle, similar as in [5]. However,
technical issues have to be dealt with since V' is no longer bounded (except for (2.9)),
% — 400 at 99, and u is not even necessarily positive on 2. The averaged L' decay result
of Theorem 2.3 relies on Theorem 2.2 and the representation formula for Lax-Milgram
solutions in terms of the Green’s function. From (2.8) and a lower bound for « in terms of
V' (which is not trivial when w is the Dirichlet landscape function; see Proposition 3.13),
(2.9) follows. Let us emphasize that the decay estimates of the previous theorems do
not assume any regularity of the potential V; hence, in particular, they hold for random
potentials. On the other hand, in the generality of our setting the Agmon distance
p(z,y,+) may be degenerate, and may not look anything like the Euclidean distance,
even for bounded V. This is why we say that our estimates are a priori.

Now we restrict to n > 3 for the next few results, which will give situations where
the Agmon distance with weight 1/u is not degenerate. Of course, the estimates of
Theorems 2.2 and 2.3 also hold for potentials V' € RH,, 2, and in this case these results
overlap with certain upper bound exponential decay estimates from [62,79], where the
maximal function m was used; however, the Agmon distance used in these papers a
priori differs from the Agmon distance used in this article, because m? and 1/u are
different weights. Nevertheless, this is not an issue: our next main result shows that the
functions m? and 1/u are pointwise equivalent. In fact, we show this under the much
milder assumptions of [79] introduced as (V1) and (V2) below, themselves inspired by
[18].

8 If A is not continuous, then the results here still hold with pa replaced by p, and up to multiplicative
constants depending on A.
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Theorem 2.7 (The relation between 1/u and m?(-, V') ). Retain the setting of Theorem 2.1,
and moreover, assume that n > 3, that Q = R"™, and suppose that V satisfies:

(V1) (Scale-invariant Kato Condition) [79, Display (0.2)]. There exist positive constants
Coy and & such that for all z € R™ and all 0 <7 < R,

n 246
/V dy<CO /V (2.11)

B(z,r) (z,R)

(V2) (Doubling on balls with high mass) [79, Display (0.3)]. There exists a positive
constant Cy such that for all x € R™ and all r > 0,

Vy)dy < Cl{ / V(y)dy + 7""_2] (2.12)

B(x,2r) B(z,r)
Then (2.2) holds, and there exists C > 0, depending only on n, X, Co, C1,d, such that

1 1 1

- < <(C—— h R" 2.13
CrE ) S u(z) < 2@ V) for each x € R™, (2.13)

where m(-, V') is the maximal function from (1.3), and u is the landscape function defined
in Theorem 2.1.

Remark 2.8. It is important in Theorem 2.7 that we take the solution v to Lu = 1
described in Theorem 2.1; other solutions to Lv = 1 may not verify (2.13). For instance,
take V' = 1; in this case, m(-,1) = C, and consider v = e®* + 1, which solves —Av+v =1
on R™. Tt is clear that (2.13) does not hold for v in place of u.

The potentials satisfying the conditions (V1) and (V2) will be called Shen potentials.
The proof of this theorem is given in Section 5, and relies on exponential decay estimates
from [62] for Lax-Milgram solutions.

Let us make a few remarks regarding the conditions (2.11) and (2.12). First, if V
satisfies the reverse Holder inequality (1.7), then V is a Shen potential. On the other
hand, V(z) = e~1#l is a Shen potential, but does not lie in any reverse Holder class RH,,
g > 1 (because V is not doubling). More generally, note that if V € RH,, then V is the
Radon-Nikodym derivative of a measure which is A.-absolutely continuous with respect
to the Lebesgue measure, but Shen potentials may be zero on open sets, for instance.
Finally, let us note that random Schrodinger potentials generally fail both conditions
(V1) and (V2).

There is a practical advantage in working with 1/u instead of m?, even though they
are pointwise equivalent by the previous theorem. Namely, from the point of view of
numerics, it is much easier to compute the solution to the problem Lu = 1 than to
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compute the maximal function m; moreover, under the setting of Theorem 2.7, u is
Holder continuous, while m is not. Now, from well-known results concerning m, we are
able to give immediate corollaries which are new for the landscape function. The first one
uses the exponential decay results of [62,79] to obtain upper and lower bound exponential
decay estimates in terms of an Agmon distance with weight 1/u.

Corollary 2.9 (Sharp exponential decay with the landscape function for Shen potentials).
Retain the setting and assumptions of Theorem 2.7, and let T be the fundamental solution
for the operator L. Then there exist constants C, €1, and €9, which depend only on n,
A, Co, Cq, and §, such that

1
Clo —y[—2

1
e~ @) < [(z,y) < Cme%zp(w’y’%), for each x,y € R".
z—y

The next corollary gives properties that v enjoys by virtue of being pointwise equiv-

alent to 1/m?, under the assumptions (2.11) and (2.12).

Corollary 2.10 (Properties of the landscape function for Shen potentials). Retain the
setting and assumptions of Theorem 2.7. Then there exist C > 0 and kg € N, which
depend only on n, X\, Cy, C1, and §, such that the following statements hold.

(i) (1/u encodes V). For each x € R™, we have that

ﬁg ][ Viy) dy < O——

u(z)
B(a,/u(@))

Ql -

(ii) (Scale-invariant Harnack inequality). For each x € R™, if y € B(x, \/u(z)), then

—u(x) < u(y) < Cu(z). (2.14)
(7ii) (Comparability at a long distance). For each z,y € R™, we have that

1 1 |z — y| Y o 1 C 1 |z — y| ko
Vi S Y v kv Gy ot SR

(iv) (Case of polynomial potentials [77, Estimate (0.8)]). If V(z) = |P(x)|* where P is
a polynomial of degree k € N and a > 0, then

( Z |07 P(z) QIB\+2> , for each x € R™.
1BI<k

The scale-invariant Harnack inequality (2.14) is also known as the slowly varying
property; note that this property is significantly stronger than what the regular Harnack
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inequality [39, Theorem 8.18] would predict for u. The estimates (2.15) imply that the
Agmon distance with respect to 1/u is pointwise controlled by powers of the Euclidean
distance. Therefore, under the assumptions of Theorem 2.7, exponential decay in the
Agmon distance with weight 1/u also implies exponential decay in the Euclidean distance.
To the author’s knowledge, this is the first time that the link between exponential decay
in the Agmon distance with weight 1/u and the exponential decay in the Euclidean sense
has been rigorously investigated. On the other hand, let us emphasize that we have only
proved the results in the last corollary for potentials which satisfy the assumptions (2.11)
and (2.12), and random potentials decidedly do not satisfy either of these assumptions.

2.2. Directionality assumptions on the magnetic field

Let us now show an application of the previous theorems. We construct a new land-
scape function for the magnetic Schrodinger operator L,y given in (1.4) on an open
domain Q C R", n > 2, and prove that it gives exponential decay of solutions.” Here,
the real-valued vector function a(x) = (a1(x),...,a,(z)) is the magnetic potential, and
recall that the magnetic field B is given in (1.5).

Our idea in constructing a landscape function for L, v relies on the gauge invariance
property of this operator: if ® € C! is any real-valued function, then the magnetic
potential & = a+ V® has the same magnetic field as that of a; hence B = B. Moreover,
the identities

Léf == eiq)La(e_iq)f), Dj,gf = e@Dﬁa(e_iq)f) (216)
hold, where
of . .
Djaf =5 —iajf, 1<j<n, = Da:=(Dja)igjzn- (2.17)
J

By (2.16), the spectrum and the quantitative properties of the eigenfunctions associ-
ated to L, are invariant under gauge transformations, and determined solely by the
magnetic field B. For this reason, when seeking a landscape function for the magnetic
Schrodinger operator that generalizes the Filoche-Mayboroda landscape function for the
non-magnetic case, it makes sense to attempt to create it solely by knowledge of the mag-
netic field, and not of the specific magnetic potential a, which can always be “gauged
out”. Moreover, we seek to do this under minimal assumptions on the magnetic field; in
particular, we do not want to assume any pointwise bound like (1.9) on the gradient of
the magnetic field, since we want to be able to treat random magnetic potentials as well
(at least, in an a priori way, similar as how it was done in Section 2.1).

9 More precisely, we construct a candidate for a landscape function; the question of whether the function
constructed here is helpful in the study of Anderson localization under the presence of a random magnetic
field will be the subject of future investigations.
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We now state our assumptions on the magnetic field. Without loss of generality we
may assume that the origin lies in Q. We say that S = {(j', k) } is a selection of pairs
if for each j,k € {1,2,...,n} with j # k, exactly one of (j,k) or (k,j) belong to S.
Selections of pairs will correspond to choosing exactly one function of bj; or by, for each
7, k. Note that, since B is antisymmetric,

IB|(x) = Z |bjsks (z)|, for any selection of pairs S.
(3"k)eS

We assume that
ac L. (Q),bjxVeLL.(Q), foreachjk={1,2...,n}, (2.18)

and that

possibly after an orthonormal change of coordinates, there exists S such that

Z bjriw +V > 0 pointwise a.e. on 2. (2.19)
4",k €S

If S is such that the inequality in (2.19) is satisfied (for some given coordinates), then
we call § an admissible selection.

Observe that, if V= 0, (2.19) is essentially a requirement that the magnetic field
favors certain directions. For instance, (2.19) is satisfied if

|IB| + V > 0 and, possibly after an orthonormal change of coordinates,

b, does not change sign over €2, for each j, k= {1,2,...,n}. (2.20)

In the case that (2.20) holds, there is a unique admissible selection S which satisfies

Bl= > b (2.21)

(4",k")ES

We refer to (2.19) and (2.20) respectively as the weak and strong favored directionality
assumptions. Let us discuss the meaning and viability of these conditions.

For n = 2, (2.20) is easily seen to be related to (1.11) which appeared in [11,77], and if
V =0, it simply states that the direction of the magnetic field is not allowed to flip; (1.11)
was also considered in [31] for the study of Anderson localization for random magnetic
fields, and the Aharonov-Bohm fields [63] also formally'® satisfy the assumption. For
n > 3, the landmark paper [7] introduced a condition on the direction of the magnetic
field in their Corollary 2.10 which allowed the construction of magnetic bottles over R™.

10 For the Aharonov-Bohm fields, the magnetic field is a measure with atoms.
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They gave as an example that in three dimensions where we may identify the magnetic
field as (b1, ba, b3), if by, ba, by are non-negative and by + by + b3 — +00 as || — oo, then
the operator L, o has compact resolvent. Thus the favored directionality assumptions
(2.19), (2.20) are very much related to the condition of [7, Corollary 2.10]. This latter
condition has been used many times in the literature [11,19,21,28-30,67,87] to obtain
uncertainty principles, magnetic Hardy inequalities, and magnetic bottles; on the other
hand, these papers have often introduced extra regularity assumptions on the direction
of the magnetic field, requiring its smoothness in a scale-invariant sense, which is what
we are trying to avoid in this paper (but see Theorem 6.9 for a case where we consider
a mixture of our assumption (2.20) and the regularity condition (1.9)).

Let us give two intuitive reformulations of (2.20) for the physically relevant case n = 3.
Here, the magnetic field may be identified by a vector function b = (b1, bs,b3), and in
this case the second statement of (2.20) is equivalent to

the range of b is a subset of the convexhull of the positive half-axes

associated to some orthonormal basis of R®.
Another equivalent way to understand the second statement of (2.20) for n = 3 is
b(x)-b(y) >0, for each x,y € Q.

Therefore, (2.20) says that the direction of the magnetic field must be somewhat consis-
tent over the whole domain. Note that for any n, if B is continuous and if V' > 0, then
(2.20) is always satisfied in a neighborhood of a point where the multiplicity of 0 as an
eigenvalue for B is no more than 1; this is a consequence of the spectral theory for anti-
symmetric matrices. Let us be more precise: fix z¢ € €2, and since B(zy) is a real-valued
antisymmetric matrix, there is an orthonormal change of coordinates © (depending on
xg) so that, if n = 2m is even,

[0 b5, i
oy 0 0 !
o
0 b 0
B (z) = e
0 °

0 0 6 (m—1)m

L b(m—l)m i

with b% > b% >0 > b(emq)m > 0. If n is odd, we have to add a row and column of 0
to B®(z0), but we still get the same sequence {b?(jﬂ)} as above, with n = 2m + 1. It is
clear then that (2.20) is satisfied at xo, and if b(—1)m, > 0, then by the continuity of B
we get that (2.20) is satisfied in a small neighborhood of .

We mention that, for n > 2, the assumptions (2.19) and (2.20) are well-suited to work
with random Landau Hamiltonians, where the magnetic field is constant. They are also
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suited to work with random magnetic potentials of the form ay 4 da,,, where ag is a
given magnetic potential satisfying (2.19), a,, is an arbitrary bounded random magnetic
potential, and ¢ > 0 is sufficiently small. These situations have been considered heavily
in the literature; some related works are [22,38,47,52,53].

Given a magnetic field B over R", it is easy to consider many examples when Q is
chosen so that (2.20) holds for B on Q. Examples of (2.20) over R™ include magnetic fields
whose components are polynomials which do not change signs (in particular, constant
magnetic fields satisfy (2.20)), but these are treated by existing literature, since the
smoothness assumption (1.9) holds for these cases. Let us now give an example over R"™
which is not handled by the assumptions of Z. Shen [54,62,75,77,78], but which satisfies
our assumptions.

Example 2.11. For n > 3, let € (0,1), and consider a = (aq,...,a,) given by

¢ Tiy1 >0 .
aj(r) = I It = =12,....,n, = =x.
J( ) {—(—xj-i-l)% -rj—l-l <07 ] 9 &y y 1l n+1 1

Clearly, a is Holder continuous, but not Lipschitz continuous, since

8(Lj 1 8aj . .
= 1] — =0 =1,...,n,k 1 ntl = T1.
aijrl a“rj+1| ) a{L‘k ) J ) » 1, 7é J+1 =z +1 x1
It follows that bj(j41) = —bjj—1) = alzjy|*1, and bj, = 0 otherwise for j = 1,...,n,

and where we have identified the subscripts n + 1 with 1, and 0 with n. Let S = {(j, k) :
j < k} be the upper triangular selection. Then this example satisfies assumption (2.20),
and

n
\B|:a2|xj|a_1: Z bjrkr,
=1

(4",k")€eS

so that S is the unique admissible selection from (2.21). Notice that |B| is smooth away
from the axes, and [B| € L} (R™) for each p € (1,12-). A simple calculation'' will
show also that |B| € RH), for any such p. In particular, if o > ”T_Q, then |B| € RH,, /5.
On the other hand, a weak derivative does not exist as an integrable function near the
coordinate axes for any non-zero component of B.

Finally, note that if o > =2 and —2 > |z;]*7! < V < 0, then we still have
0 < |B|+V € RH, /s, so that the maximal function m(-,|B| + V) is well-defined, and
this example satisfies the assumptions of Theorem 2.12. If V' > 0, then this example
furthermore satisfies the assumptions of Theorem 2.16 (except for the assumptions in

(iii), since the magnetic field is unbounded) and Corollaries 6.6 and 6.7. O

1
11 1t is easier to show the property (fQ B|P)r < fQ |B| over cubes @ in this example.
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Note that the condition (2.19) is quite a bit more general than (2.20), since it allows
for cancellations to occur between the different components of the magnetic field and
the potential V' as well. In particular, we do not in general require V' > 0 in (2.19)
nor in (2.20), so that these assumptions allow one to study cases when the negative
contributions of V' are canceled by the magnetic field, as illustrated in Example 2.11. In
the opposite case where V' is dominant, note that if

2
(n—1)n

then (2.19) is satisfied in any coordinate system, and any selection S is an admissible

IB| < v,

selection.'” For these reasons, and for the way that we will use (2.19),

we propose that our assumption (2.19) generalizes to Lay the non-negativity condition
on V' which is often placed when studying Loy .

2.8. Main results for the magnetic Schrédinger operator —(V —ia)? +V

Fix a coordinate system for which (2.19) holds, let

ZsB(x) = Z bj/k/,

(4",k")ES

where S is an admissible selection, and let v = ug be the landscape function (with 0
Dirichlet boundary conditions) from Theorem 2.1 for the Schrodinger operator

L:=-A+3sB+YV, (2.22)
so that
—Au+YXsBu+Vu=1, on . (2.23)

Theorem 2.12 (An uncertainty principle for the magnetic Schrédinger operator). Let n >
2, and let  C R™ be an open connected set, with empty or Lipschitz (n — 1)-dimensional
boundary. Assume that a, B,V satisfy the assumptions (2.18) and (2.19), and suppose
that S is an admissible selection such that the Green’s function on ) for the operator L
from (2.22) satisfies (2.2). Then we have that

Jav (I [ Lise < [ [oare +vise) (2:24)

Q Q Q

for any f € C(;C). Here, us is the Filoche-Mayboroda landscape function for L.

12 This situation, where the magnetic field is dominated by V, was studied in [13], under scale-invariant
assumptions on VB.
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Remark 2.13. The left-hand side of (2.24) depends on which admissible selection S is
taken, and in the full generality of the assumption (2.19), there may not necessarily exist
a “maximal” admissible selection S* such that ugs« is pointwise bounded above in Q by
us, for any other admissible selection S. We may remove dependence on § from (2.24)
by adding up the estimate over all admissible selections S, of which there are at most
a uniform constant depending only on dimension (for a fixed coordinate system). On
the other hand, observe that if the stronger direction assumption (2.20) is satisfied, then
there does exist a maximal admissible selection, due to (2.21).

Remark 2.14. The assumption (2.19) is used to qualitatively assert the existence and
non-negativity of u; it might be the case that some further generalization of (2.19) is
possible; for instance, under subcriticality assumptions on the negative part of XsB+V,
but we have not pursued this direction.

The proof of Theorem 2.12 is shown in Section 6, and relies on the uncertainty princi-
ple that u is already known to satisfy as the Filoche-Mayboroda landscape function for a
Schrodinger operator with no magnetic field, as well as the identification of the compo-
nents of the magnetic fields as commutators of the operators (2.17). This identification
or similar ideas have been used by several authors before to obtain uncertainty principles
[7,11,19-21,45,48,67,75], but usually at the cost of extra derivatives of the magnetic field,
or scale-invariant regularity of the direction of the magnetic field. Our insight is that,
under the favored directionality assumption (2.19), we may use a landscape function to
dispense of the scale-invariant smoothness condition (1.9). The idea of studying proper-
ties of L, 1 by comparison to a non-magnetic Schrédinger operator is well-established;
indeed, when V' > 0 and under minimal integrability conditions on a, the Kato-Simon
inequality [49,80] (see also [58]) is the semigroup estimate

le7thav | < €2y, for each p € C°(R™).
In Section 6.3, we also show uncertainty principles using landscape functions in cases
where our directionality assumptions may not apply, or apply only on subdomains of
R™.

From Theorem 2.12, a priori exponential decay results can be obtained for the mag-
netic Schrédinger operator. The precise definitions of the operators Ly, £® are in
Section 6. For the a priori exponential decay of the Green’s function, we will need to
make some more assumptions.

Assumption 2.15. For n > 3, assume that'? the local weak solutions of La 11 = 0 satisfy
a scale-invariant Moser estimate,'” that the Green’s function G v for L, v exists on €,
that it solves Lo v Ga,v = 0 outside the diagonal, and that it satisfies

13 If V > 0, then La v satisfies the properties here stated, as presented in [62, Section 5].
14 See Definition 6.1 of [62].
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1
|Ga,V(x7 y) S

| ~ W7 for all X,y € Q. (225)

Theorem 2.16 (Exponential decay of solutions to La,yv ). Retain the setting and assump-
tions of Theorem 2.12, assume that (2.5) holds for 4 = s, and moreover, assume that

YsB > nV_ = nmax{0,-V}.
Then there exist € > 0 and C' > 1, depending only on n, so that the following are true.

(i) (Lax-Milgram solutions). For every f € L*(Q; C) with compact support in €,

eap(wsuppﬁ%) -1 5 1
/u%‘V( | a,Vf|)’ +/_626p(~,suppf7%)|L;%/f‘2 < C/u$|f\2.
Q

us us
Q

(ii) (Eigenfunctions). Suppose there is > 0 and ¢ € (L) with L) = ). Let

w(x) = (ﬂsl(m) - u)+ = max {0, #(z) —u}, and E:={zecQ: ﬁsl(m) < p}.

/ui‘V(iesp(f:W')f +Q/(é —u)+ e CEW 12 < ¢, / le2

Q
(2.26)

(iii) (Green’s function). Suppose that n > 3, that By := [|[X¥sB + V|| =) < 400, and
that Assumption 2.15 holds. Then there exists Cg > 1, depending on the constants
from Assumption 2.15, so that for any x,y € Q0 with

B,N B, :=B(z,B}/?*) nB(y,B}/?) =2, 4B, U4B, C Q,
there exist'® & € By, § € By such that

|Gav (7, 5)] < CCeBE /(@) u(g)e @0 us), (2.27)

Remark 2.17. The estimates in Theorem 2.16 are not optimal in every setting. Indeed,
it is known that if n = 2, @ = R2, V = 0, and the magnetic field is constant, then the
integral kernel G, v exhibits Gaussian decay; this faster-than-exponential decay has also
been studied for eigenfunctions to L, in some more general cases; see, for instance,
[23,27,66,83].

15 See also Remark 6.1 for a situation where we may use x,y directly in (2.27).
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Finally, we restrict to n > 3, and apply Theorem 2.7 together with Theorem 2.12 to
trade the smoothness assumption (1.9) for the directionality assumption (2.19) in the
proof of the Fefferman-Phong uncertainty principle for the maximal function m.

Corollary 2.18 (Uncertainty principle for La v via the Fefferman-Phong-Shen mazimal
function). Let n > 3, Q = R”, and suppose that the operator Lay on R™ satisfies
the assumptions (2.18) and (2.19). Assume, in addition, that there exists an admissible
selection S for which ¥sB + V is a non-degenerate Shen potential. Then there exists
C > 1, which depends only on n,Cy, C1,8, such that for each f € C°(R™;C),

/ m*( SsB A V)|f2 < C / (1D P2 + VI, (2.28)
R»

R~

where m(-,XsB + V) is the function from (1.3). Moreover, the landscape function us
satisfies the properties (i), (ii), and (iii) of Corollary 2.10 (with XsB 4+ V in place of
V).

Remark 2.19. Note that if V and B satisfy (2.18), (2.20), and |B|+V is a non-degenerate
Shen potential, then the assumptions of Corollary 2.18 hold, and in this case we may
canonically take a maximal admissible selection S; see Remark 2.13.

The proof is an immediate application of the aforementioned theorems. From Corol-
lary 2.18, we are able to recover several results from the literature without imposing
conditions on VB nor on the pointwise size of V', having traded these for the favored
directionality assumptions (2.19) or (2.20). As a consequence, we resolve Conjecture 1.1
in the negative, and we have solved Problem 1.2 of extending to higher dimensions the
idea of Shen [78] to treat the magnetic Schrodinger operator with directionality assump-
tions instead of smoothness assumptions. The results recovered from the literature by
our methods are detailed in Section 6.2.

Remark 2.20. Throughout this paper, we have proved and stated results for the landscape
function with homogeneous Dirichlet boundary conditions. However, several of the proofs
in this paper apply also with natural modifications to problems with different boundary
conditions, such as Neumann or mixed boundary conditions, at least in the setting of
bounded domains. For the sake of simplicity and brevity, we do not state these results
for problems with different boundary conditions.

The rest of this paper is organized as follows. In Section 3, we prove Theorem 2.1
and give necessary preliminaries. In Section 4, we prove Theorems 2.2, 2.3, and 2.5. In
Section 5, we prove Theorem 2.7. Finally, in Section 6, we prove Theorem 2.12, and give
solutions to Conjecture 1.1 and Problem 1.2.
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3. The landscape function on unbounded domains

In this section, we provide operator-theoretic preliminaries to construct the landscape
function, show the uncertainty principle, and prove Theorem 2.1.

3.1. Preliminaries

We write a < b to mean that there exists a uniform constant C' > 0 such that a < Cb,
and a =~ b means that C~'b < a < Cb. Throughout this section, we take the setting and
assumptions of Theorem 2.1, unless explicitly mentioned otherwise.

Define the elliptic operator L acting formally on real-valued functions v by

o _ N 9, 0
Lip = — div(AVY) + Vip = ;1 3o, (a” 8xj)+vw.

We will need to consider the weak form of the operator L. Recall that C$°(Q) is the
space of compactly supported smooth functions on €, and that W'2(Q) is the Sobolev
space of square integrable functions on 2 whose weak derivatives exist in ) and are
square integrable functions, while WO1 2(Q) is the completion of C2°(Q) under the norm

ol = | [ 16f2+ 7o

Q

Moreover, the space W12() consists of the L} () functions whose weak gradient is
square integrable over ), and for p > 1, we denote by L2(2) the space of (real-valued)

Lebesgue p-th integrable functions with compact support in Q.

Definition 3.1 (Weak solutions). Given f € (C°(2))*, we say that a function ¢ €

WL (Q) N L (Q,V dz) satisfies Ly = f in the weak sense in Q if for each ¢ € C°(Q),
we have that
[ [aveve s vee] =10 (31)
Q

The following local estimate on the gradients of weak solutions is standard.

Lemma 3.2 (Caccioppoli inequality). Retain the setting of Theorem 2.1, let B be a ball
such that 2B C Q, let f € LY(2B) for some q¢ > max{1l,n/2}, and suppose that ¢ €
W12(2B) N LY(2B,V dz) solves Ly = f in the weak sense in 2B. Then there exists
C > 1, depending only on n and A, such that

/[|vw|2+vw2] < c[@/w%/m]
2B 2B

B
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Define on CZ°(€2), the (Dirichlet) form

(09) = laavibe) = [ [AT6Ve+VIe],  vpecz@.  62)
Q

Throughout this manuscript, we will omit the subscripts from [ whenever they are under-
stood from the context. In fact, the function space on which we have defined the form [
so far is suboptimal. Owing to the conditions we have placed on A and V', the functional

[Pl = VI, ) (3.3)

is a norm on C°(Q), and we let ® = D 4 () be the completion of C°(Q) under this
norm. Thus ® is complete.

Lemma 3.3 (Embeddings of © in bounded subdomains). Retain the setting of Theo-
rem 2.1. The following statements are true.

(i) Let M be any open, bounded subset of Q with Lipshitz boundary, with fM vV > 0.
Then there exists C, depending only on n, A, and M, such that

[ (496904 ve] = Sl (3.4)

M

holds for each ¢ € C*°(M). In particular, if 1 € D(Q), then ¢ € LY (Q) for each
pE [1,%} if n>3, and each p € [1,00) if n =1,2.

(ii) If 0 is bounded, then the embedding D () — Wy *(Q) is continuous. Moreover, if
Ve L=(Q), then D(Q) = Wy (Q), and || - | = || - [lwr2(0)-

Proof. We prove (i) first. By the ellipticity of A and the definition of the norm || - ||, we
have that

IV 1220 = / NEES / AVETY
M M

for each ¢ € C°°(Q2). Then, the fact that |[1)||z2(ar) is controlled by the left-hand side of
(3.4) can be proved via a standard compactness argument using the Rellich-Kondrachov
theorem,'® where we must apply the fact that V is positive on a subset of positive mea-
sure. As for (ii), the trace 1¥|gq vanishes via the trace theorem for C2°(Q) functions and
a completion argument, and therefore ¢ € L?(Q) due to the Poincaré-Sobolev inequality
when 2 is bounded. We omit further details. O

16 When n = 1, we may not use this theorem, but instead we appeal to Morrey’s inequality and the
Arzela-Ascoli theorem to reach the same conclusion.
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Note that the form [ is bounded and coercive on ® (the coercivity follows by definition
and the non-degeneracy of V| while the boundedness follows from the Cauchy-Schwartz
inequality and (1.2)), which turns ® into a Hilbert space. Denote by ©* the space of
bounded linear functionals on ®, and note that for each ¢ > max{1, f—fQ}, the space
L1(Q) is contained in ®* by virtue of Lemma 3.3 (i) and the Sobolev embedding theo-
rems. Define the Dirichlet operator L = Lo 4,y : ® — ©* in the following way: for each
P €D, Ly € D* is the functional given by

(L, ) :== (¥, ), for each p € ®.

We may thus apply the Lax-Milgram theorem to see that L : ® — ©* is bounded and
invertible. Consequently, for each f € ©*, there exists a unique ¢ = L~! f € D such that

(b, ) = (f.p),  foreach p €D.

We now state the weak maximum principle, proven in [5, Proposition 3.2] for the case
of V. € L*(Q) and symmetric A; we omit the proof of the general case as it is very
similar. If f € ©* we say that f > 0 if (f,¢) > 0 for each ¢ > 0 in D.

Lemma 3.4 (Weak mazimum principle, [5]). Retain the setting of Theorem 2.1. Suppose
that v is a continuous function such that ||¢|y < oo, that ¢ > 0 on 09, and that
Ly = f > 0 in the weak sense in Q, for f € ®*. Then ¢ > 0 in .

We will repeatedly make use of the following technical fact about approximations of
solutions; its proof is very similar to that of [62, Lemma 5.31], and thus omitted.

Lemma 3.5 (Approximation of solutions via bounded potentials). Retain the setting of
Theorem 2.1. Fix f € Li(Q) for some q¢ > max{1,n/2}, and for each N € N, let
Vn = min{V, N}, ¢, := L;;f, Y = Ly f. Then Vo — Vb strongly in L2(Q)",
V]\l/QwN — VY24 strongly in L*(Q), and 1n — 1 strongly in L2 (Q).

Moreover, if f >0, then ¥n \ ¢ pointwise a.e. in Q).

The last lemma allows us to upgrade our weak maximum principle.

Corollary 3.6. Retain the setting of Theorem 2.1, and let 0 < f € L%(Q) for some
q > max{1,n/2}. Then L™'f >0 in Q.

When the singularities of V' are controlled, the following stronger version of the max-
imum principle is classical.

Lemma 3.7 (Strong mazimum principle). Retain the setting of Theorem 2.1, assume that
V € L1(Q) for some g > max{1l,n/2}, and that Q is bounded. Then, if 1» € D satisfies
Ly =f>0, feL*Q), with [, f >0, it follows that ¢» > 0 in Q.
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The weak maximum principle can be used to verify the existence of Green’s function
G as an integral kernel of the operator L~!. We state the definition of G below, and
defer its existence to Proposition A.1 in Appendix A.

Definition 3.8 (Green’s function). We say that a measurable function
G:OxQ—-R

is the Green’s function for the operator L on € if the following statements hold.
(i) For each z € Q, 0 < G(z,-) € Lt (Q) for some p > 1.
(ii) For each f € L(§), we have the identity

(L7 ) (z) = /G(x, y)f(y)dy for a.e. z € Q. (3.5)
Q

When 2 = R"”, the Green’s function is known as the fundamental solution. Note that,
under stronger assumptions on V (say, for instance, 0 <V € ij:re () when n > 3), it
can be shown [24] that for each p € C°(Q), the identity

[ (409610 V (@) + V@) )o@ de = o) (3.6)
Q

holds for all y € Q. However, for our singular potentials, (3.6) may not be true, as
remarked in Section 2.1.

3.2. Construction of the landscape function and the uncertainty principle

Definition 3.9 (The landscape function on bounded domains). If 0 is bounded, let u =
uqg = Lg . Thus, u is the unique weak solution to the Dirichlet problem Lu = 1 with
Dirichlet data 0, called the landscape function. Observe that Tru|sq = 0.

The following lemma is crucial in understanding the usefulness of the landscape func-
tion. It is shown in [5] for symmetric matrices, under the additional assumption that
f € L*>(Q), and for a landscape function which is strongly positive on . Our setting is
a bit more complicated; let us give a careful proof.

Lemma 3.10 (Operator conjugation by % for bounded potentials). Retain the setting of
Theorem 2.1, and moreover, assume that V € L (), and that  is bounded. Let u =
Lo 1q. Then for each f € W&’2(Q), the identity

[lavevssve] = [eavi v+ r]

Q Q
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n / ﬂAVfVu—AVWf} (3.7)
Q

holds. In particular, if A is symmetric, the last integral vanishes for any f.

Remark 3.11. Since % necessarily blows up near 0f2, the finiteness of the integrals in the
right-hand side of (3.7) is not trivial.

Proof of Lemma 3.10. Step 1: Case of f € C°(2). Since V' € L () and 2 is bounded,
then © = WO1 2(Q) by Lemma 3.3, and by the Hélder continuity of u and the strong
maximum principle, we have that % € L (supp f). Then it is easy to see that f2/u
belongs to ® since % € L>®(supp f) and Vu € L?(Q). Thus we may use f2/u as a test
function in the identity [(u, ) = (1, ) to see that

/ [AVuv (72 /) + V2] = / % 2. (3.9)
Q Q

Using the product rule we may rewrite the first term of (3.8) as follows:
AVUV (2 Ju) = AVV | — w2 AV(f Ju)V(f Ju) + g[Avqu CAVIVu].  (3.9)

Putting the last two identities together yields (3.7) in this case.

Step 2: Finiteness of the integrals. We now show that (3.7) holds for f € W, ?(Q).
Let {fi}?2, be a family of functions in C2°(Q2) such that fi — f strongly in Wol’Q(Q).
In particular, there is a subsequence where fir — f, Vfiv — V f pointwise a.e. in {2 as
k' — oo, and for simplicity of notation we now take this subsequence to be the whole
sequence. Observe that (3.7) is true with f replaced by fi, for each k € N. By using the
Cauchy inequality with £ > 0 and (1.2), we easily obtain the pointwise estimate

2
1
2% avuv | < Lk avuvu + LAV f.
U u? A4

Since

Ji

AVuV (2 /u) = 2;Avuv fr—

J& Avuva (3.10)
u? ’ ’

it therefore follows that
1
AVuV (fE/u) < FAkaka.

We now plug this last estimate in (3.8) to see that

1 1
/af;? < / [FAkaka + Vf,f], for each k € N. (3.11)
Q Q
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Let us point out that for any j,¢ € N, f; — fo € C°(2), and thus we may obtain (3.11)
with f replaced by f; — fe. Since {fi} is Cauchy in Wol’2(Q), this implies that {f} is
Cauchy in L*(Q, L dz). It follows that L f2 € L}(Q), and 1 f2 — 12 in L1(Q).

Now we investigate the finiteness of the rest of the integrals in (3.7). For each k € N,
we use (3.8) and (3.10) to obtain the identity

/[i—’g/xvuvu—z%/xvuwk} - / (V— %)f,f (3.12)
Q Q

The right-hand side of (3.12) has a limit as k — oo, whence it must be the case that the
left-hand side also has a limit. In particular, there exists C' € [0, c0) such that

2
/[f_I;Avuvu_2&Avquk} <C, forallkeN,
U u
Q

Now we may use the Cauchy inequality with € > 0 to see that
1 2 2
‘/QEAVquk‘ < —/f—kAVuVu + —,/|ka|27 for all k € N.
u 2 /) u? A3
Q Q Q

Therefore the estimate

fi 4
/u—’;Avuvu <2C + = Vfi]? < (3.13)
Q Q

holds for all k € N, and C’ > 0 is uniform in k. By Fatou’s Lemma it follows that
i—zAVuVu € L'(Q), and similarly we obtain that %AVqu, %AVfVu € L'(Q). Then,
by (3.9) and (3.10), we also conclude that u?AV(f/u)V(f/u) € L*(Q2), and thus every
integral in (3.7) is finite.

Step 3: Passing to the limit. It remains to pass the identity (3.7), currently shown for
f replaced by fi, to the limit as k — 0o. To this end, we first show that %|Vu|ka| —
%‘VUHVH in L1(Q). Since %Vu € L*(Q), {%|Vu|} is uniformly bounded in L?(€2), and

]!”f|vU||ka|!'f|vU|Vf|\ sQ/'{’;'wwkw " \!WVu|Vf|\

)

<[ e

L2(Q)

V5=l + | [ L= wuos
Q

by [37, Exercise 2.21], we reach the desired conclusion if we prove that “;—’“‘ |Vu| — %‘ |Vul
weakly in L2(Q). But if ¢ € C2°(9), then +|Vu| € L?(supp ) and therefore
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il = 1S 1
| [P ug] < s = flzeco g Vel ummr — 0
Q

as k — oo, whence %|VU — %|Vu| weakly in L?(2), and our claim is shown. Then,
by the Lebesgue Dominated Convergence Theorem and the boundedness of A, we have
that

Jr

u

f

u

Jr

u

AVuV fr, = = AVuV f, AV f,Vu — gAVfVu

in L1(Q2) as k — oo. Now we need only pass I(fi) := u?AV(fr/u)V(fx/u) to the
limit in L'(2). But in fact, by using fx — f¢ in place of f; in (3.7), we deduce that
0 < I(fx — fo) = F(fx — fe), where F(fr — fo) — 0 as k,{ — oo, since we have
already shown every other term in (3.7) can pass to the limit in L'(Q). The desired

result follows. 0O

The previous lemma allows us to show the uncertainty principle that the landscape
function satisfies, for singular potentials.

Corollary 3.12 (Uncertainty Principle on bounded domains). Retain the setting of The-
orem 2.1, and assume that Q) is bounded. Then + € Li (), Vlogu € L (Q), and for
each f € D(Q), each of the integrands in (3.7) lies in L*(Q), and (refeq.unprinciple)
holds. If we further assume that A is symmetric, then for each f € (), we have that

(2.4) holds.

Proof. If Viy := min{V, N}, then 0 < u /" uy := L(/]i]lg pointwise a.e. in €, by virtue
of Lemma 3.5 and Corollary 3.6. Then the estimate (2.3) follows by Fatou’s lemma and
the estimate (3.11) shown in the proof of Lemma 3.10. Since (2.3) holds for arbitrary f €

() C I/Vol"2 (), we see that = € Ll (). Moreover, from the proof of Lemma 3.10, we
2

loc

may similarly check that (3.13) implies Vlogu € Li. (), and from there, the finiteness
of each of the integrals in (3.7) follows. Finally, if A is symmetric, then (2.4) follows

directly from (3.7) and Fatou’s lemma. 0O
We turn to the proof of our first main result.

Proof of Theorem 2.1. The statement (i) follows from the weak maximum principle.
Proof of (ii) ( <= ). Suppose that (2.2) holds. Fix ¢ € C*(Q), let 2o € Q be as in (i),
and let R > Ry with Ry large enough so that supp ¢ C 2| g, /2). By the weak maximum
principle and the Green’s representation formula (3.5), it is easy to see that for a.e.
x € Qr, Gr(x,y) < G(x,y) for a.e. y € Qg. Let B be any ball such that 2B C Qg,. By
the De Giorgi-Nash-Moser estimate'” [41, Theorem 4.1], we have that for all R > R,

7 If n = 1, we get the same conclusion by Morrey’s inequality.
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lurllL=s)y < CB[HURHL‘I@B) + 1} =Cp {H / Gr(,y) dy‘
Qr

<C G(z,y)d
ol [t

+ 1}
L4(2B, dz)

+ 1} <Cp (3.14)
L4(2B, dz)

where we have used (2.2), and the constant Cp does not depend on R. Since supp ¢ is
compact, we may cover it by finitely many balls B of bounded radius rad(B) ~ 1 and
such that 2B C Q2g,. Then, from (3.14) we may furnish the estimate

lur|l Lo (supp ) < Cops for each R > Ry. (3.15)

This estimate implies that u, defined via (2.1), is essentially bounded in supp . With
(3.15) at hand and via a similar covering argument, the Caccioppoli inequality Lemma 3.2
gives that {Vugr}rsg, is a uniformly bounded sequence in L?(supp ¢), so that a sub-
sequence converges weakly in L?(supp @), say, to g € L?(supp ¢)". Then we must have
Vu = g, and thus we must have that the whole sequence Vupg converges weakly to Vu
in L?(supp ¢). Moreover, by (2.1), (3.15), and the LDCT, we have that Vurp — Vugp
in L (supp ). Since ug solves Lug = 1 weakly in Qp, for each R > Ry, we may use the
test function ¢ for all R > Ry and pass to the limit R — oo in the integral identity to

see that
/[AVquerpr} = /(p.

Q Q

But because ¢ € C°(Q2) was arbitrary, we have obtained the desired conclusion.

Proof of (ii) (= ). Assume that the function u of (2.1) lies in W,2*(Q)NL2 (2, V dx)
and solves the equation Lu = 1 in the weak sense in 2. Extend each G g by 0 outside of its
original domain of definition Q2 X (g, and observe that by the weak maximum principle,
for a.e. x € Q, {Gr(x,y)}r>1 is @ monotone non-decreasing sequence of functions in y.
Hence, for a.e. x € Q, let J(z,y) := limg_ oo Gr(z,y) = limsupp_, ., Gr(z,y), and by
the weak maximum principle again it is easy to see that 0 < J(z,y) < G(z,y).

Fix a ball B such that 2B C €2, and let Ry be so large that 2B C Qg,. Since Lu =1
in the weak sense in €2, then by the Moser estimate we have that ||u||z~p) < Cp. The
Lebesgue Monotone Convergence Theorem lets us conclude that

/J(a:,y) dy = Rlim /GR(a:,y) dy = u(x), for a.e. x € B,
— 00
Q Qr

whence [, J(z,y)dy € L>°(B, dzx). It remains only to check that J = G as a measurable
function on 2 x Q. But, by considering arbitrary f € L(2), it may be checked, similarly
as in the convergence argument in the proof of (ii) ( <=) (see also Lemma 3.5 and [62,
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Lemma 5.31]), that [, J(z,y)f(y) dy = L' f. From this fact and the uniqueness of the
Green’s function, we conclude that J = G. Then (2.2) holds with ¢ = oo

Proof of (iii) Suppose that (2.2) holds. In the proof of (ii) ( =) we already saw that
u = fQ y)dy a.e. on Q. If Q is bounded, by the uniqueness of the Green’s function
there is no conﬂlct with Definition 3.9 of the landscape function on bounded domains.
The uncertainty principles follow easily by Corollary 3.12 (and its proof), Fatou’s lemma
and the convergence properties of ug to u. We omit further details. O

We finish this section with a lower bound property for the landscape function in terms
of the original potential V. When V and  are bounded, for a Neumann landscape
function ug it is easy to obtain the estimate uy > ||V () Via the maximum principle
[5, Proposition 3.2], but since the Dirichlet landscape function vanishes at the boundary,
such an estimate cannot hold over 2 for our u. Nevertheless, it is still possible to find
plenty of balls where the estimate holds up to a uniform multiplicative constant. We
will use the following result heavily in the proof of the exponential decay estimate for
Green’s function for bounded potentials.

Proposition 3.13. Retain the setting of Theorem 2.1, assume that n > 2, that (2.2)

holds, and that V € L (). Then there exist constants c1,ca € (0,1), depending only on

n and X\, such that for any xo € Q with B(:no,ZlHVHZjQ/QQ ) C Q, there exists T € By :=
—1/2

B(xo, HV||LOO(Q)) so that

u(z) > cl||V||£olo(Q) for every x € B(Z, 02||V||Loo Q)) (3.16)

Proof. We first show that there exists a point & € By so that u(z) > CHV||LC,Q(Q for ¢
small enough. Fix a parameter p € (0,1), and suppose that u < u||V||Lm(Q) on By. Fix
any f € C2°(By), and by the uncertainty principle (2.3) we obtain that

J19s 28 [ =AWl [ 1P (3.17)
By Bo

In particular, (3.17) must be valid for the cut-off function f given as f = 1 on %Bo,
0< f<1,and |[Vf]| < 2HV||2/03 q)- From (3.17), it follows that pt <1 ontNS
Hence, if = 27"72)\5, then there must exist & € By so that u(%) > u||V||LOC(Q)

To finish the proof, we fix § € (0,1) and recall the Harnack inequality [39, Theorems
8.17 and 8.18] that u satisfies:

_ 52
sup u(z) < C[ inf e } (3.18)

reBE AV 2) 2€B@5VII;Y%,) [Vl (o)
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where C' depends only on n and ), since the dependence on (||V||i/i @) )(HVHZ;/QQ)) 1

disappears.'® It follows that if § = y/u/2C, then for any z € B(Z, 6||V||Zolo/(29 ),

1 52 1
>

u 1
u(z) > = - > =,
ClVi=@ IVlr=@ ~ 2C VL=

as desired. O
4. A priori exponential decay results for — div AV +V

Throughout this section, we take the setting of Theorem 2.1, and additionally, we
assume that (2.2) holds, so that the landscape function u, as defined in (2.1), makes
sense over §) as a solution to the equation Lu = 1.

Let w be a non-negative, continuous function on €. Given an elliptic matrix A, we
denote the entries of A~! by A;l(x) We define the distance p(z,y,w) on Q for the
degenerate Riemannian metric ds? = w(z) .Ai_jld:z:,;dxj by

pateyw) = int [ (w60) Y A5 GO0) " d (41)
0

By
4,5=1

if A is symmetric and continuous, where the infimum is taken over all absolutely con-
tinuous paths 7 : [0,1] — €2 such that v(0) = = and (1) = y. If the matrix A is not
symmetric or not continuous, then we will use the distance p(z,y,w) = pr(z,y,w),
where [ is the n x n identity matrix. The main reason to take the assumption of continu-
ity when A is symmetric is that it will allow us a quantitative bound with no dependence
on the ellipticity constants. If A is not symmetric, we have already introduced quantita-
tive dependence on the ellipticity constants in Corollary 3.12, so in this case we do not
bother with the continuity assumption.

Lemma 4.1 ([1], Theorem 4, p.18). Suppose that A is a, symmetric, continuous, elliptic
matriz, and let w be a non-negative, continuous function on Q. If ¢ is real-valued and
lp(z) — d(y)| < palz,y,w) for all x,y € M, then ¢ is locally Lipschitz, and

A(x)Vo(z)Vo(z) < w(z), for each x € M. (4.2)
In particular, we may choose ¢ = p(-, E,w) := inf,ep p(-, y, w) for any nonempty E C Q.

Remark 4.2. If V € L>°(Q), then the landscape function u is locally Hélder continuous,
and positive on 2 by virtue of the strong maximum principle, and so in the case of

18 Technically, the estimates as written in [39] allow a dependence on §; but as long as § € (0, 1), this
dependence can be ignored because the constant only grows when § > 1; see also the discussion after
Theorem 8.20 in [39].



B. Poggi / Advances in Mathematics 445 (2024) 109665 33

bounded potentials, we may take w = 1/u with no issues. However, if we merely have
V € L} .(Q), then we may lose both the positivity and continuity of w. In fact, in this
general case, we may have different representatives of u which agree pointwise a.e. on €,
but their respective Agmon distances may be quite different. To fix this issue, we will

always consider the representative 4 pointwise given by

a(x) = ]\}gnoo un(z), for each z € Q,

where for each N € N, uy is the (Dirichlet) landscape function on € for the operator
—div AV 4+ Vy, Vi := min{V, N}, as constructed in Theorem 2.1. The limit exists
pointwise because {uy} is a monotone non-increasing family of functions on 2. That @
solves L4 = 1 on () and agrees with u as an element of I/Vlif () (where w is as defined
in Theorem 2.1) is a consequence of our approximation results from Section 3. With this
definition, we will let w = 1/4. Of course, if V € L*>°(Q)), then u = @ pointwise on .

Proof of Theorem 2.2. Fix f € L2(2), and let us first show the estimate (2.6) when
V € L*(2). Write ¢ := L' f, and for each M € N, let ¢y := min{M, p(z, supp f, %)}
and g = e**™ for some € > 0. Then gy € D(Q): indeed, gy € L*(Q,V dx) because
g < M on Q, and since V(gtp) = epef?M V¢ + €M Vap, then V(gyp) € L%(), because
Vi € L*(Q) and |Vl < ﬁ‘iﬂ € L?(Q) by (2.3). Using (2.3) with gi, we see that

[ wowk <c [ [a9@0ie0) + VeIl (1.3

Q

Observe that

AV (g9)V(g¥) = V> AVgVg + g° AVYV + g AV gV + gAVHVg
< C[?AVYVY +¢*AVgVyg]. (4.4)

Now, since g2 AV V) = AVYV (g%¢) — 2919 AVHV g, then
GPAVYVY < 24V9V (g*Y) + C|p|?AVgVg. (4.5)

On the other hand, g%y € D(Q2), and we may write

[ [avevigo) « vee] = [ g0, (4.6)

Q Q

Putting (4.3), (4.4), (4.5), and (4.6) together, it follows that

/ggw < O[/wQAngw/gﬂfw}, (4.7)
Q

Q Q
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where C' depends only on A. From (4.7) and Lemma 4.1, we see that

/ Lezeon [1-eclu*<c / 2Oy f? +i / Lezeonry2,
u u

Q supp f Q

whence, if ¢ = 1/(2C), we obtain for each M € N the estimate

/1625¢NI¢2 < C/uf2
u

Q Q

Then the desired estimate (2.6) for bounded V follows by Fatou’s lemma.

We now consider the general case V € L (Q2) for (2.6). Let Vi := min{V, N}, and
un the landscape function for Ly, . Using Lemma 3.5, we have that uy — u strongly
in L?(supp f), uxy \ u pointwise as N — oo and, under assumption (2.5), it can be
shown that for each = € Q, p(z,supp f, %) — p(z,supp f, %) as N — co. Then (2.6) is
obtained by Fatou’s lemma.

The proof of (2.7) when A is symmetric and continuous is similar to the argument
above, except no dependence on A need be introduced. Following the argument as above,
the required convergence as M, N — oo of the first term on the left-hand side (2.7)
follows by applications of Fatou’s lemma, Cauchy inequality with ¢ > 0, the Dominated

Convergence Theorem, and (2.4). We omit the details. O

Remark 4.3. In (2.7), we may take o € (0,1) either if Q is bounded, or if we drop the
first integral on the left-hand side of (2.7).

We now prove the exponential decay estimates of the integral kernels.

Proof of Theorem 2.3. We first prove (2.8). Fix zg,y0 € Q and let §,& be positive
numbers, to be chosen later, with the constraint that B(zo,d) U B(yo,e) C Q. Let
J:=1g(,,)- Then f € L°(Q), and therefore the identity

L@ = [Geaf@i= [ ey
Q B(yo.€)
holds for a.e. z € ). Then we may use (2.6) to see that
e2ap(z,B(yose)) o p 2 p 1 p
- < - .
/ u(x) ’ / (l‘, Z) Z‘ T > (1 — ag)g / U(y) Yy
Q B(yo,e) B(yo.¢)

Write p(x) = p(x, B(yo,e)). We have that
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/ / zedzdm‘

B(0,9) B(yo,¢)

ap(zx) 2
¢ u(z)e P dx‘

:‘ / ( / G@wmﬁ

B(wo,6) B(yo.e)

S{ / ei";:;) / G(x,z)dzrdx}{ / u(x)efza’)(m)dx}

B(z0,9) B(yo,¢) B(z0,9)

Yk [ s [ s

B(yo,e) B(z0,9)

u(x)

where we used the Cauchy-Schwartz inequality and (2.6). Hence,

/G(x,y)dydxgﬁ( / u)%( / ue_20‘9>%7

B(w0,6) B(yo,e) B(yo.¢) B(zo,9)
or in other words,

1 1 n n

Dy < 1es

Gy dydr < po i a—a’ ©

B(x0,6) B(yo,e) B(yo,¢) B(xo,9)

which finishes the proof of (2.8).

We now prove (2.9). Thus we take n > 3, 0 = ¢ = ||VHLOC(Q) and assume that
B(x0,49) N B(yo,4e) = &, B(xg,40) U B(yo,4¢) C . In this case, the Green’s function
G is known (see [24], for instance) to be a continuous weak solution of the equation
LG(z,-) = 0 away from z, and moreover, it satisfies that G(z,y) = G (y,x) for each
z,y € Q, z # y. Let Z, § be the points associated to the balls B(zg,d), B(yg,e) from
Proposition 3.13. By the Harnack inequality [39, Theorems 8.17 and 8.18] applied for
G(-,90) and then for GT(%,-), it is easy to see that G(wxg,y0) ~ G(&,7). Similarly, we
obtain that

~

cans { | Gaydyds,

B(&,c28) B(§,c2¢)
where ¢, is the constant from Proposition 3.13. By Proposition 3.13 again, we have that
u S u(y), u S u().
B(g,c2¢) B(Z,c20)

By the Triangle inequality and Proposition 3.13, for all x € B(Z, c2d) we have that
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1 .1
p(ow(yOaE)v _) > p<$,y, _) - C.
u u
Therefore, (2.8) implies that

G(3,5) S Va@Va@ (V] f e 0, (4.8)
which gives the desired result. O

Remark 4.4. Under the setting of Theorem 2.3, if V' € L>°(Q) and {2 is bounded, then we
may define a Neumann landscape function us; on €2, via the operator with 0 Neumann
boundary conditions, similarly as was done in Section 3. Using this landscape function,
it is possible to obtain the following analogue of (2.9):

Gale,9) < IV 2w o)V @) Vum(yle o), (4.9)

where G, is the integral kernel for the (Dirichlet) solution operator L=! on €. The proof
of (4.9) is similar to (and simpler than) that of (2.9).

Remark 4.5. Take the assumptions of Theorem 2.3, n > 3, and suppose it were known
that U := [|ul| < (q) < 0o. Then we may use (2.8) with § = ¢ = |zg —yo|/3 together with
the fact that % > % and the Moser estimate to obtain that

1 _a lzo—vol
3

G(o,w) S 77—
( 0 0) ‘mo_y0|n

whenever B(w,40) U B(yo, 4¢) C Q. Now, if x¢,yo are such that |x¢ — yo|> > U, then

Otherwise, if |zg — yo|?> < U, then we have by the domination of the Green’s function by

the fundamental solution I'(xq, yo) that

]. _alzo—yol
Glao,y0) S ———mge © 0

e T

Hence, in any case, we obtain that

1 _a lzo—vol
G($07y0)§W€ sovU, (4.10)

for each @o,yo € 2 such that B(wo, 5|0 — yo|) U B(yo, 3lzo — %o|) C Q. The implicit
constant in (4.10) does not depend on u, V, U nor on .
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In order to study the exponential decay of eigenfunctions, we must first consider a
non-homogeneous analogue of the operator L defined in Section 3.1. Recall that ©(Q) is
the completion of C°(Q) in the norm ||¢||; given by (3.3).

Definition 4.6 (The non-homogeneous operator £ ). We let 2(Q2) be the completion of
C2°(€) in the norm

I+ 10122 0) v e C2(@).

Following Ouhabaz [70] (see also Section 2.1 of [62] for more details), we may associate
to the form [ an unbounded operator £ : 2(%) — L?(Q2) where

2(Z) = {1/1 € 2(Q) such that there exists f € L*(Q)
with (1, 9) = (f, @)z for every g € 2(@)}, L= f.

Then Proposition 1.22 in [70] applies and we conclude that .% is densely defined, for
every € > 0 the operator £ + ¢ is invertible from 2(%) into L?(f2), and its inverse
(& +¢)~ ! is a bounded operator on L?(2). In addition,

||8($ + E)_lfHLz(Q) < Hf||L2(Q)7 for each € > 0, f S LQ(Q)

For each t € (0,0), and f € L?(Q2), denote

1
Vi=V+

12’

1 _ 1
$:$+t—2, Hif = (1+12) 1f:t—2-$t i

We call #Z; a resolvent of £. Observe that L.(%:f) = t%f in the weak sense. Let u;
be the landscape function of Theorem 2.1 for the operator L, = —div AV + (V + ).
The following result is not, strictly speaking, a corollary of Theorem 2.2, but its proof
is essentially the same.

Corollary 4.7 (Exponential decay estimate for resolvents). Retain the setting and assump-
tions of Theorem 2.2. For each t € (0,00), let uy and Z:f be as defined above. Then for
all a € (0,1) and f € L*(2) with compact support, we have the estimate

1 1
/_e2ap(<,suppf7ﬁ%)|<@tf‘2 < Ot_4/utf2’ (4.11)
Q

Uy
Q

where C depends only on A and «. Moreover, if A is symmetric and continuous, we have
a corresponding analogue of (2.7).

Remark 4.8. Note that, for each ¢ > 0, u; can be replaced by u in (4.11).
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Proof of Theorem 2.5. If A is symmetric, then the operator . from Definition 4.6 is self-
adjoint; moreover, simple coercivity arguments show that .Z has no negative eigenvalues.
The proof of the estimate (2.10) is essentially the same as that of (2.7) and (2.6) given
above; one would need to use that 2(.%) C 2(2) C ©(N?) and that p(z, E,w) = 0 for
each x € F. We omit further details. O

5. Comparison to the Fefferman-Phong-Shen maximal function
We will heavily make use of the following properties of the maximal function m.

Proposition 5.1 (Properties of the Fefferman-Phong-Shen mazimal function [79]). Retain
the settings and assumptions of Theorem 2.7. Then

(a) 0 < m(x) < oo for every x € R,
(b) if y € B(z,C/m(x)), then m(y) = m(z).
(c) there exists ko > 0 such that for any xz,y € R™,

m(z)

(14 |z — ylm()] o5

m(y) 2

Proof of Theorem 2.7. First, since V is a Shen potential, then (2.2) is known to hold
[62,79], so that the function u from Theorem 2.1 solves Lu = 1 weakly in R™ and
u = fRn y) dy, where T is the fundamental solution for the operator L. Now we show
the lower bound for u. Fix z € R™. By [79, Lemma 4.8],' we have that

Cn

c
F( ,y)_w, for eaChyGB(I’,m),

where c¢,, is the dimensional constant such that I'_a = m_i}% It follows that

c/m(x)
1 1
=T dy > r dy > =y > .
wo) = [Yamdr= [ Tendz [ Sz s
R B(z,c/m(x)) 0

We turn to the proof of the upper bound for u, which is more involved. First, note
that by [62, Theorem 4.16], we may procure the estimate

/m 28p y,supp f,m |L_1f(y)\2 dy 5 / (y) dy (5.1)
Rn

1
m2(y)

19 See also [62, Lemma, 7.17] for the case of —div AV 4 V.
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for each f € L?(R™) with compact support.”’ Note that the landscape function u over

R"™ is not a Lax-Milgram solution; however, we may write it as a sum of Lax-Milgram

solutions by decomposing the constant function 1 into annuli; then we will exploit the fact

that these decompositions exhibit exponential decay by virtue of (5.1) to finish the proof.
. L 1 L Qk 1

5\;}( x € R"™ let Ag := B(m, W)’ and for each k € N let A := ( , m(x))\B( z)).
rite

Jr =14, uy ==L [y, Unm 1=ZW~

By the maximum principle, we have that Uy > Up; whenever N > M. Moreover, since

M—o0 M — o0

M
U@%Z/F@wﬂyzhm Mey) Y Ta@)dy = lim U,
Rn R» =0

it follows that Uy * u pointwise as M — oo.
We now estimate each uy(x). For ug(x), by (5.1) we have that

ug(y)dy <
B(a,1/m(x)) B(a,1/m(x))

i Bl 1 /m(@))],

where we have also used the slowly-varying properties of m. Thus we have that

1/2 1
( ][ u(y) dy) STk
B(a,1/m(x)

Then, applying the Moser estimate for — div AVw + Vw = 1, we conclude that

1
< . 5.2
la) § (5:2)
Now let k& > 1. Using (5.1), we see that
2 2ep(y,supp fre.m?) g < 1 / 1 d
B(z,1/m(x)) Ay
2% /m(z)
1 at 1 a¥1,n—1
< () / [1+ ]y —a|m(z)] " dy < Y / [1+7rm(z)] " dr
Ay 2k=1/m(z)
1
< B 1 22kn
S i a1 fmfa)

20 We may also prove (5.1) in a similar way as we proved (2.6).
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where we have used the properties of m. Using these properties once again and the Moser
estimate (note that uy solves —div AVw + Vw = 0 in B(z,1/m(x))), we obtain that

1/2 1
“’“(“””)5( ][ Ui<y)dy) 5mz(x)2’“”efsp<wvsuppfk7m2>
B(z,1/m(z))

1 1+dist(z,s a1 L ok 2e1
okn ,—e[l+dist(z,supp f)m(z)] < oM =€ . (5.3)

m2(x) m?(x)

S

We are ready to collect our estimates. For each M € N, use (5.2) and (5.3) to see that

M - k 1
Un(z) =S up(z) < ohne=e2ett < )
2 uk@) S Sy 2 )

Since Ups(x) / u(x) and Uy is bounded by 1/m?(x), the desired result follows. O
6. Applications to the magnetic Schriodinger operator
6.1. The uncertainty principle for Lo v and a priori exponential decay results

First, let us prove the uncertainty principle for the magnetic Schréodinger operator via
the landscape function for the operator L from (2.22).

Proof of Theorem 2.12. By assumption, we have that (perhaps after an orthonormal
change of variables) ¥sB + V > 0 on . By the uncertainty principle (2.4), we may
write, for any real-valued Lipschitz function g on Q with compact support,

29/ + [ 2g? < [ 199 + (SsB + Vg (6.1)
/ [ur=]

It follows that, for any complex-valued f € C°(R™), by taking g = | f],

[ < [1901] + 5B+ V)IfE < [IDuf? + (BB VI (62)
Q Q Q

where in the last inequality we used the diamagnetic inequality |V|f|| < |Daf].
Now, define the commutator
[Dj, Di) = DDy, — Dy, Dy, (6.3)

and note that

bjr(x) f(x) = —i([Dj, Di] f)(x), for each z € Q. (6.4)
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Then, we may estimate the middle term of (6.2) as follows:

| [ssB@li@Pds] =| Y [ bl
Q

(4", k")ES O

- v /{(Dj/Dk/ka/Dj/)f}mdz‘

(4",k)ES ¢

- Z /[_(Dj’Dk’f)(x)?)‘F(Dk’Dj/f)(x)m} dx’

(4",k)ES ¢

=| Y [ [-DusDif)+ Dy fDi ]|

(3".k)ES G

< > [1DusP 41D

(4"k")ES
=(n-1) ) [Drf* = (n=1) [ [Daf|*.
[gmtzvn]

The desired result follows. O

Operator-theoretic preliminaries Now, let us give the necessary setup for Theorem 2.16;
see Section 2.1 of [62] for a more general setting, or more details. For the rest of this
section, all functions are assumed complex-valued, unless explicitly mentioned otherwise.
On C°(9) define the form

o) = [ [DatDap+Vig],  vi0eC@) (65)

Q

Under the assumptions of Theorem 2.16, we may prove, similar to Theorem 2.12, that

/V_W <" L /|Da¢\2, for each v € C2°(Q). (6.6)
Q Q

It follows that
/V_|¢|2 < (n—1)a(e,v), for each v € C2(Q). (6.7)
Q

From (6.5), (6.6), (6.7), the diamagnetic inequality, and the fact that a and V' are not
both identically 0, we have that a(,v) > 0, and a(y,v) = 0 implies 1) = 0. Now, using
(6.6), (6.7), and the Cauchy-Schwartz inequality, it is easily seen that
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la(¥, )| <9nl[¢llallolla;

where

[¥]la == Va(¥, ).

Moreover, from (2.24) and (6.7), we have that

[+ [ Lk <o) [ [ipwr+vier].  vecz@. 63

Q Q Q

We may now set up Lax-Milgram solutions. Since the form a is symmetric and sesquilin-
ear, we know that a is an inner product on C2°(£2), and therefore | - ||; is a norm on
C(Q2). Now we let D%(Q2) = D 1,(£2) be the completion of C°(€2) in the norm | - 4.
Then (D%(f2),a) is a Hilbert space on which a is a bounded and coercive form. Then
(6.6), (6.7), and (6.8) hold also for ¢ € ©%(Q2). Let Lay : D%(2) — (D*(Q2))* be the
operator defined as follows: for ¢ € ©%(2), La, v is the functional given by the rule
(La,v, @) = a(y, ) for any ¢ € ©%(2). Then, by the Lax-Milgram theorem, L, y is
invertible. Via a compactness argument similar to the proof of (3.4), it can be shown that
Li(Q) C (D%(Q))* for ¢ > max{l, nZ—fQ} For n > 3, the existence of Green’s function
(as an integral kernel) for the operator L,y under our assumptions was shown in [62,
Theorem 5.17].%!

To set up eigenfunctions of the magnetic Schrodinger operator, we consider a non-
homogeneous version of La v, similar to Definition 4.6. Let 2%(Q2) be the completion
of C(Q) in the norm \/a(w,w) + ”wH%Z(Q)' Then, in the terminology of [70], a is a

densely defined, accretive, continuous, and closed sesquilinear form on L?(Q2). We may
thus associate to a an unbounded operator .£* : 2(£*) — L?(Q2) with

(L) = {1/} € 2°(Q) such that there exists f € L*(1)

with a(Y,¢) = (f, 9120 for every p € 7°(Q)}, L% = f.
Note that 2(£*) C 2%(2) C L*(Q2). Then from Proposition 1.22 [70] we conclude that
£ is densely defined, for every € > 0 the operator £*° + ¢ is invertible from 2(£*%)
into L?(€2), and its inverse (£* +¢)~! is a bounded operator on L*(Q). In addition,

HE(XG + E)_lf”Lz(Q) < ||f||L2(Q)7 for each ¢ > O,f S LQ(Q>

In particular, £ is self-adjoint, and has no negative eigenvalues.

21 The proof there was for the fundamental solution; but it can be adapted to Lipschitz domains.
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Proof of Theorem 2.16. We first prove (i); the technique is similar to that of Theo-
rem 2.2, but the possible negative part of V is a bit cumbersome. We show how to
obtain an analogue estimate to (4.7) when ¥¢B + V is bounded, from which the desired
result in the full generality will follow in the same way as it did in the proof of (2.6).
Fix f € L3(Q), and ¢ = L;}/f. If g = e where ¢ is Lipschitz and bounded, then
g, g%y € ©%(Q). By the Cauchy inequality with & > 0,

[Da(g¥)|* < (1 +€)g?|Day” + Ce| Vg * |0 (6.9)

On the other hand, Da¥ D, ( 29h) = g?|Dath|? + 299V gDa, so in turn we have

9% Dav? < —%e{DawD (g%0)} + C| Vgl v, (6.10)

Moreover, since La vt = f, then
DatDa(g?y) = [ fo*d — | Vg*[y[*. (6.11)
/ [

Putting together (6.9), (6.10), and (6.11), we see that

[ 1Dag0)P < %/ Pk - 1 [vigtur v e[ [ o |f\|w|+/\v9| vl?).
Q Q Q

(6.12)
Using (6.6) now, we may choose € small (depending only on n) so that the first term on
the right-hand side of (6.12) can be absorbed to the left-hand side. Consequently, from
this estimate and the uncertainty principle (2.24), we obtain that

[ale (2 Q/ g < Q/ #1fllul + ! VoPlwb]. (613

Q

From (6.13), it is not hard to conclude the proof of (i).

The proof of (ii) follows similarly, using the estimate (6.13); we skip the details.

We turn to (iii). Since Ga,v is in general complex-valued, the method of proof of (2.9)
will not work here. Instead, we follow a method of proof similar to Shen’s upper bound
exponential decay estimate [79]; see also [62, Section 6]. To start, fix a ball B C €, let
<p € C(Q\2B;R) with ¢ = 0 on 2B, and note that if v € L2 _(Q\B) and Day) €
(Q\B) with L, vt = 0 in the weak sense on Q\B, then using (6.13), we may prove

loc

that

1
/ —lufe < Cn / PIVePlP, (6.14)

Q Q
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where ¢ = €, and ¢ is Lipschitz, real, and bounded on €. Fix z,Y, By, By as in the
statement of (iii), and let &, § be the points associated to the balls B, B, from Propo-
sition 3.13. Note that L, vGa v (-, §) = 0 in the weak sense in Q\B(7, C2B_1/2) O\ B,
where ¢y is the constant from Proposition 3.13. Fix M € N large and choose ¢ €
C>(B(¢,2M)) as the cut-off function 0 < ¢ < 1, ¢ = 0 on 2B, |Vy| < 2B on
4B\2B, ¢ = 1 on B(§, M)\4B, and |Vg| < 2/M on B(g,2M)\B(j, M). Use (6.14) with
1 = G(-,7) and ¢ as described above; then, since Ga y satisfies (2.25), we eventually
obtain

1 5 - - -
/ G PP < OB / 216 9)P. (6.15)

B 4B\2B

after passing M — oo (see [62, Section 6] for more details on a similar argument), and
where B := B(j,cQB(;l/ 2). Moreover, by an approximation argument as in the proof
of Theorem 2.2, we may now without loss of generality take ¢ = p(-, 7, uls) in (6.15).
From Proposition 3.13, we have that us(z) =~ us(%) for z € B, and us(w ) ~ us(9)
for w € 4B; we also have that max{p(z, Z, uls) p(w, g, o L)} < C for z € Byw € 4B,
respectively. Putting all these observations together, as well as (2.25) and (3.16), into
(6.15) yields that

(][|G<-,g>|2)1/ < CBY?Vus(#)/us(g)e 00w,
B

which gives (2.27) using scale-invariant local boundedness [62, Definition 6.1]. O

Remark 6.1. Under the assumptions of (iii), if €2 is bounded then as in Remark 4.4 we may
consider instead a Neumann landscape function ug s. Using this Neumann landscape
function, it is possible to prove (2.27) directly with « and y, without passing to Z,§.
This is because un s > B! on Q.

Remark 6.2. It is clear that one may also get an exponential decay estimate for resolvents
of £% similar to that of Corollary 4.7.

6.2. The solutions to Shen’s problems, and other corollaries

Here, we describe some results which are almost “free” from the methods in the lit-
erature when combined with the uncertainty principle Corollary 2.18 under the favored
directionality assumptions. This list of corollaries is not exhaustive; several other results
of independent interest from the literature are also recovered under our setting of irreg-
ular magnetic fields, but we have chosen to highlight only a select few, for the sake of
brevity. Let us emphasize that the heavy lifting of the results in this section was done by
the respective cited authors. In each of the following corollaries, there is an underlying
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landscape function wus, but we choose to work exclusively with the Fefferman-Phong-
Shen maximal function (1.3), to emphasize the connection to the corresponding results
in the literature; of course, due to Theorem 2.7, there is essentially no difference in
working with m? or with 1/u, for Shen potentials. For literature on the results related
to the corollaries presented here, we kindly direct the reader to the papers cited in each
corollary.

We begin with the exponential decay of the fundamental solution for Shen potentials.

Corollary 6.3 (Ezponential decay of the fundamental solution; [62, Corollary 6.16]). Let
n >3, and Q = R™. Assume that a, B,V satisfy (2.18) and (2.19), and that Assump-
tion 2.15 holds.”? Moreover, suppose that S is an admissible selection such that LsB+V
is a non-degenerate Shen potential. Then there exist € > 0 and C > 1, depending only
on n, Cy, C1, 9§, and the constants from Assumption 2.15, such that for a.e. xz,y € Q,

C (2o
Py (@ y)l < e i CReBE0, (6.16)

In particular, if V>0 and (2.20) holds, then there exists S so that |B| = £sB.

The condition (1.9) was used in [62] to prove (6.16) only to verify that the uncertainty
principle (2.28) is true; we have seen that under the favored directionality assumption
(2.19), we can recover (2.28) without either assumption (1.9) or (1.10). The rest of the
proof in [62, Section 6] remains unchanged, giving us (6.16) in our situation.

Remark 6.4. We can also obtain exponential decay estimates for heat kernels [54] under
assumptions similar to those of Corollary 6.3, with no assumption on VB.

In Theorem 2.16 (ii), we have shown an a priori L? exponential decay estimate for
eigenfunctions of L, y. The following result tells us that under further assumptions,
exponential decay in the Agmon distance with 1/us implies exponential decay in the
Euclidean distance. The proof is similar to those of [75, Theorem 0.20] and (2.26).

Corollary 6.5 (Exponential decay of eigenfunctions for Layv; [75, Theorem 0.20]). Let
n > 3, and Q@ = R™. Assume that a,B,V satisfy (2.18) and (2.20), and that V > 0.
Moreover, suppose that |B| 4V is a non-degenerate Shen potential, and that there exist
p >0 and € D(L*) with L% = . Let E, :== {& € R" : m?(z,|B| + V) < o}.
Then there exist € > 0 and C > 1, depending only on n, Cy, Cy, , such that

()| < Ou/2e= @ Bewm® BV |y ooy, for cach z € Q,  if u> C.

22 As remarked in Section 2.3, Assumption 2.15 holds, in particular, if V > 0 and (2.18) is true.
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Now, we turn to bounds on the eigenvalue counting function, when V' > 0. For 1 € R,
let N (4, La,v) be the dimension of the spectral projection for £}, (see Section 6.1) cor-
responding to the interval (—oo, ). When N (u, L, v) is finite for a given u, N(u, La,v)
is in particular the number of eigenvalues (counting multiplicity) of ‘Z;,V smaller than
p- In the case that V' > 0, £}, has no negative eigenvalues. Given p > 0, let {Q;}; be
a grid of mutually disjoint cubes on R"™ of sidelength ﬁ, and let N () be the number
of cubes @; such that

(][ |B|”/2)2/n + (][V"/Q)z/n < (6.17)
Qj

Qj

Corollary 6.6 (Bounds on the eigenvalue counting function; [78, Main Theorem and
Remark 4.2]). Let n > 3, Q = R™, and suppose that the operator Lao on R™ satisfies
(2.18) and (2.20). Let V > 0 and assume that |B|+V € RH, 5. Then there exist ci,ca,
depending only on n and the RH,, 5 characteristic of |B|+ V', so that for every p >0,

N(eip) < N(p, La,yv) < N(cap). (6.18)

As in the previous results, the main issue to obtain the above corollary without any
assumption on VB was an uncertainty principle (2.28). Note that only the upper bound
is new here, as the lower bound is already proved in [78] in a generality that includes our
setting. In Remark 4.2 of [78], Z. Shen shows how one can use an uncertainty principle to
restore the argument for the main theorem. Then it is an exercise to check that his Lemma
4.1 still works (with proper modifications) in this setting; to check that Lemma 4.1 still
works, we mention that it is useful to recall the well-known fact that if w € RH,, /5, then
w € RHy . for some € > 0 determined by the RH,, ; characteristic of w. Note that we
do not need to assume (6.21) for this result.

Since Corollary 6.6 extends to n > 3 the bounds on the eigenvalue counting function
of Shen [78] under a “sign” assumption on B (that is, the strong favored directionality
assumption (2.20)), while removing the condition (1.9) or any other condition on VB,
we see that Corollary 6.6 gives a solution to Problem 1.2. Example 2.11 is an explicit
magnetic potential which satisfies the hypotheses of the corollary. We also note that
Corollary 6.6 is very much related to recent landscape laws for non-magnetic Schrédinger
operators [3,25], which give bounds on the integrated density of states in terms of a
landscape function.

Next, we show an analogue of [77, Theorem 0.11]. If V_ is non-trivial, then Z3y may
have negative eigenvalues. The following result gives an upper bound on the number of
such negative eigenvalues.

Corollary 6.7 (An upper bound on the number of negative eigenvalues of La v ; [77, Theo-
rem 0.11]). Letn > 3, Q = R™, and suppose that the operator La o on R™ satisfies (2.18)
and (2.20) (with V = 0). Moreover, let V € LY (R™) for some p > 1, and assume that
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|B| € RH,, /5. Then there exist C', which depend only on n, and c,a > 0, which depends
only on n, p, and the RH,, ;5 characteristic of |B|, such that, for p <0,

N(:u’a La,V) S CNO?

where Ng is the number of minimal disjoint dyadic cubes QQ which satisfy

and

0Q) < inf

P PR TEIIE (6.19)

The condition (1.9) in [77] was most saliently used to obtain the uncertainty principle
(2.28) and the decay of the fundamental solution. In our situation, we have already
seen that we recover both the uncertainty principle and the exponential decay of the
fundamental solution Corollary 6.3. Note that in [77], the number Ny in Theorem 0.11
is defined using the condition

E(Q)Q(][ IBIQ)% <1, (6.20)
2

instead of (6.19). In fact (see [77, Remark 0.18]), the definition of Ny with (6.19) is
enough to prove the theorem, and if Ny is defined in the same way as Ny but with (6.20)
in place of (6.19), then Ny < Ny whenever we have that

IB(z)| < Com(z, |B|)2. (6.21)

The inequality (6.21) is true if (1.9) holds and |B| € RH, 5, but the novelty of our
corollary is that we replace (1.9) with the favored directionality assumption (2.20). If
we further assumed that (6.21) is true (which does not place any assumptions on VB
either), then we could state Corollary 6.7 with Ny instead of No, as it is stated in [77].

Actually, (6.21) is used within the proof of [77, Theorem 0.11] non-trivially, to bound
the contribution of a carefully crafted gauge transform h/ on a cube Q; (see [77, p.
659]). However, we may instead obtain the desired bound by following the method of
[78, Lemma 4.1], and using (6.19) and the definition of m(-, |B|), provided that « is small
(depending on allowable constants).

Note we have obtained an appropriate analogue of [77, Theorem 0.11] with no as-
sumptions on VB, and Example 2.11 shows that Corollary 6.7 has content. This resolves
Conjecture 1.1.
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6.3. An uncertainty principle for L v with a good transition region

Lastly, we remark about the applicability of the landscape function (2.23) when V' > 0
but the magnetic field does not satisfy the favored directionality assumption (2.19) ev-
erywhere on R™. As mentioned in the introduction, a scale-invariant regularity condition
on the direction of the magnetic field has been used to obtain uncertainty principles, and
the condition (1.9) of Z. Shen essentially fulfills this role. Let us first see that if (1.9) is
satisfied over the whole domain, then we may still construct a landscape function.

Example 6.8 (4 landscape function for Lay under Shen’s assumptions). Suppose that
B is a magnetic field which is a non-degenerate Shen potential and that satisfies the
assumption (1.9), so that its direction is slowly varying, in particular. In this case,
instead of considering the landscape of the operator (2.22), take u to be instead the
landscape function of the operator

-A+B|+V, so that — Au + [Blu+ Vu = 1. (6.22)

By Theorem 2.7, ﬁl) ~ m?(z,|B| 4+ V), and in this case we also have the uncertainty
principle [75, Theorem 2.7]

[alP el [IDaP+ Vi), forany fecE@n,  (623)
2

Rn

where C' depends on n, Cy, Cq, and §. O

Now let us describe a situation where we may obtain a landscape function and an
uncertainty principle over R™ if there is a “good transition” region between two subsets
of R™ where our stronger directionality assumption (2.20) is satisfied. Our assumptions
are by no means optimal, but the point is to illustrate the fact that the favored direction-
ality assumptions can be considered alongside with regularity assumptions to establish
uncertainty principles.

Theorem 6.9 (A landscape for Lay with a transition region). Let n > 3, Q = R",
B € RH,, 5 such that |B| > 1, and take V = 0. Assume that R" = Q; UT U Qy, where
Q1,05,T are open sets,

o C T,  d;=dist(Q\T,00,) >0, i=12,

and such that (2.20) is satisfied over Q1 and over Qo separately.”®> Moreover, assume
that there exist K, M > 1 such that M > \/ji, where p = p(K) is fived in (6.29), and

23 There may be different admissible selections 81, Sz which verify (2.21) over €1, Q2 respectively, but the
coordinate system is fixed.
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|VB(z)| < Km?(x,|B|+ 1), for eachx € T + M, (6.24)
where T + M := {x € R™ : dist(x,T) < M}. Then
1
[slr<c [1DafP, jor any g e c@n)
R’n, R’n,

where u is the landscape function for the operator (6.22) over R™.

T should be thought of as a “transition region” from €2y to 25 around which we assume
that VB is uniformly well-behaved.

Proof. Fix f € C°(R™). Let p € C°(21) with o =1 on U\T, 0 < ¢ <1 on 4, and
V| < dit. Since Da(fo) = p1Daf + £V, we may obtain the estimate

/ %mQ = C”{/|Daf|2+/df1m2('alBl)|f|2}, (6.25)

QT o T

similar as to how we obtained (2.24), and where we have used that |B| > 1. Here, C,
is a constant depending only on dimension. We can obtain an analogous estimate with
04, dy replaced by g, da. Now, in the same manner as to how [75, estimate (2.13)] is
achieved, we may see that

2
/m S A N e vt (6.26)
T+1 T+1

where C3 depends only on n and the RH, o characteristic of [B|. Next we fix ¢ €
CP(T+ M) with0< ¢ <1, ¢=10onT+1, and |V¢| < 1/M, and thus it may be
proved that

2
/m2|B|B| F1? < G /\D (P + [ IDaso)meBYF]. (020
R~

in the same way as [75, estimate (2.12)] is shown. Here, C3 depends on K from (6.24),
n, and the RH,, /, characteristic of |[B|. Putting (6.26) together with (6.27) and using
the Cauchy inequality with a fixed € > 0, we obtain that

C C.
[t B0lE < S [ 1DarP+ St [ mPIBISE e [ micBOIE (628
T Rn R~ R~

Bringing the estimates (6.25), (6.28) together, and using Theorem 2.7, by choosing &
appropriately we may prove that
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C
[me BNl <0 [(Dar+ o [ BOISE + /m . BIIP,
R~ R» Rn

where C, C5 depend on K, n, di, do, and the RH,, /; characteristic of |B|. If we take
u=4Cs, (6.29)

then we finally obtain

[meIBhisE < [ 10as,

Rn Rn

which yields the desired estimate by Theorem 2.7. O
Appendix A. Existence of Green’s function as an integral kernel

In this appendix, we prove that, in the setting of Theorem 2.1, there always exists
a Green’s function (that is, an integral kernel for the solution operator L=!) in the
sense of Definition 3.8. The existence of Green’s function has been considered by several
authors under certain assumptions on the coefficients [18,24,40,46,50,51,60,65,72,79,81],
but the purpose of our construction is to give a unified existence proof to the case where
A is not necessarily symmetric, 0 < V € Li_and n > 1. On the other hand, note
that, for our purposes, we are satisfied with the existence of the Green’s function, and

loc

we do not pursue stronger properties which have been proved for several cases in the
aforementioned references, such as continuity of the Green’s function or regularity of its
gradient.

Our method is classical, relying on the Dunford-Pettis Theorem, but our very general
assumptions on A and V require some technical care, as the solutions to —div AV +V
may not be continuous; however, the non-negativity assumption on V and the weak
maximum principle will save the day.

Proposition A.1 (Existence of Green’s function). Retain the setting of Theorem 2.1. Then
the Green’s function exists in the sense of Definition 3.8, and is unique. Moreover, for
each bounded set M C 0 and each p € [1,-"5) if n >3 and p € [1,00) if n = 1,2, we
have that

sup [|G(z, )| Lr(ar) < +00. (A1)
zeEM

Proof. Fix 2y € Q and Ry € N sufficiently large so that fM V >0, Mg, := B(zo, Ro)N
Q, fix R > Ry, and observe that My has Lipschitz boundary We will show that for every
g > max{1,n/2} and every f € L1(Mpg),

I Fll o vam) SN a(arn)- (A.2)
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Let Viy := min{V, N} foreach N € N. Let 0 < f € L9(Mpg) for some ¢ > max{1,n/2},
and for each N € N, write ¢y = L;}if. By Lemma 3.5, we have that ¢y \ ¢ = L(,lf,
and therefore by the global boundedness of weak solutions on bounded domains [39,
Theorem 8.25],%* we see that

sup®) < supthr S [[Y1llL2asor) + 1fllLoaen) S N1l + 1 Laarn) S N F1Loazn),
Mg Mpr

where we have used (3.4) and the Sobolev embedding, and the implicit constant depends
only on n, A, ¢, R, and Mpg. Thus we have shown (A.2) for any 0 < f € L%(Mg).
Then we can obtain the general case f € LY(Mpg) by the weak maximum principle and
using (A.2) for |f| (consider L=Y(|f|] — f), and as before, approximations via bounded
potentials); we omit further details.

Thus the operator L™ maps LY(Mpg) into L>(Mp).”® By the Dunford-Pettis Theo-
rem (see [86, Theorem 46.1] or [15, Theorem 2]), it follows that L~! has a unique integral
kernel on Mg, and so there exists a measurable function G : Mg X Mr — R such that

(L7 ) (x) = / Gr(x,y) f(y) dy, for a.e. z € Mg, (A.3)

and if ¢’ is the Holder conjugate of ¢, then

sup (|G r(2, )| L (aryy < +00

rEMR

Observe that if R > R, then for every © € Mg, Gr/(z,-) must coincide pointwise a.e. on
Mp with Gg(z, ). From these facts, we deduce that there exists a measurable function
G : Q x Q — R such that for any ¢ > n/2 and f € L2(Q), the identity (3.5) holds, and
furthermore, for each z € Q we have that G(z,-) € L} (Q) for any p € [1, -"5). The
non-negativity follows immediately from the maximum principle. O
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