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LIMIT CYCLES OF DISCONTINUOUS PIECEWISE
DIFFERENTIAL HAMILTONIAN SYSTEMS SEPARATED BY A
CIRCLE, OR A PARABOLA, OR A HYPERBOLA

JOYCE A. CASIMIRO! AND JAUME LLIBRE?

ABSTRACT. Piecewise differential systems in the plane have been extensively
studied in the last two decades, due to the vast application of these systems to
describe natural phenomena. The knowledge of the existence or not of periodic
solutions, in particular, of the limit cycles, is very important for understanding
the dynamics of the differential systems. In this article we studied the max-
imum number of limit cycles of discontinuous piecewise differential systems,
formed by two Hamiltonians systems of degree one with three distinct lines of
discontinuity either a circle, or a parabola, or a hyperbola.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The study of discontinuity piecewise differential systems started with the works of
Andronov, Vitt and Khaikin in the 1920s aiming at applications to some mechanical
systems, see [20]. Since then, these equations have been extensively studied due to
a new range of applications in others areas such as electronics and economics, to
cite a few, for a further discussion see the books of Simpson [21], di Bernardo et al.
[2], the survey of Makarenkov and Lamb [19], and the references therein.

We are interested in studying the limit cycles of discontinuity piecewise smooth
differential systems. A limit cycle of a system is a periodic orbit of that system for
which there is no other periodic orbit in some sufficiently small neighbourhood
containing it. Limit cycles of discontinuity piecewise linear diferential systems
separated by a straight line have been heavily studied over the last decades, see
[1,3,4,6,7,8,9,10, 11, 12, 13, 14, 15, 16, 17, 18]. In this work, we study the limit
cycles for a class of discontinuous piecewise differential linear Hamiltonian systems
separated by conics.

The discontinuity piecewise differential systems here studied are particular Fil-
ippov systems, so the properties that we know for differential systems cannot be
directly used. Therefore, to clarify the study of this kind of systems we introduce
some important notions used in this work.

We recall the Filippov’s convention for discontinuous piecewise smooth vector
fields defined on a open set U C R?. We assume that the discontinuities appear in
a differentiable submanifold ¥ which can be given as ¥ = f~1(0) N U, being 0 a
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regular value of the C* function f : U — R with k& > 0. Then the curve ¥ splits
the open set U in two open sets

ti={(z,y) €U : f(z,y) >0} and ¥~ := {(x,y) € U : f(z,y) <0},

In this paper the piecewise smooth differential system is given by the vector fields

Zl(x7y)v if f(xvy >

) <0
(1) Z(Ivy) = .
Zs(x,y), if f(z,y) > 0.

In [5] Filippov conventioned that the trajectories of (1) correspond to the solutions
of the differential inclusion
x € Fy (X),
where x = (z,y) and Fz is the following set-valued function
Z1(x) + Z>(x) Z1(x) — Z5(x)

Fal) = ZHOILLD i) S22,
with
-1 if u <0,
sign(u) = ¢ [-1,1] ifu=0,
1 if u>0.

The local trajectory through a point x € U N X+ is defined by the vector field Z;
as usual (respectively for a point x € U N X~ the local trajectory is defined by the
vector field Z3). To extend the definition of a trajectory through points of X, we
consider three parts of X

e Crossing region: ¥¢ = {x € ¥: Z; f(x) - Zof(x) > 0},
e Sliding region: ¥* = {x € X : Z; f(x) < 0, Z2f(x) > 0},
e Escaping region: X¢ = {x € X : Z; f(x) > 0, Zof(x) < 0},

where Z, f(x) = Z;(x)-grad f(x) is the Lie derivative of f with respect to the vector
field X;, i = 1,2 at the point x.

FiGURE 1. Illustration of the sliding, crossing and escaping re-
gions of ¥, in Filippov’s convetion. The points p; € ¥° represents
a pseudo-equilibrium and the points po,p3 € 9% represent tan-
gential singularities.

There exist two types of limit cycles in piecewise smooth differential equations.
Those of the first type are called sliding limit cycles and are such that some part



of the cycle is contained in the sliding region. On the other hand, those of second
type are called crossing limit cycles and correspond to the ones that touch the
discontinuity line only on points of the crossing region.

In this paper we provide an upper bound for the maximum number of crossing
limit cycles, simple limit cycles in what follows, for the discontinuous system (1),
where Z; for i € {1,2} are given by,

. 0
T = a_sz(xa y)a
. 0
v =5, Hi(z,y).
and Hy, Hy are Hamiltonians of degree two,
Hi(z,y) = ag+ax+ ay + azx? + agzy + asy?,
(2)
Hy(z,y) = bo+bix+ boy + bza? + byxy + bsy?.

So the Hamiltonians vector fields Z; and Z5 of the discontinuous piecewise differ-
ential systems (1) that we shall work with in this paper are

Zi(z,y) = (a2 + asx + 2a5y, —a1 — 2a37 — azy),
Zs(x,y) = (ba + bax + 2b5y, —b1 — 2bsx — bay).

3)

We consider three distinct discontinuous lines f(x,y) = 0, the circle, the parabola
and the hyperbola, which unless of an affine change of variables can be written
without loss of generality as

f($7y) :$2+y2—1,
flayy) =a2%—y,
f(‘rvy) :17203/,

respectively. See Figure 2.

" ; s
NI

(a) 2 +9y* =1 (B) y = a? (c) zy =1

Zy Zy

FIGURE 2. Lines of discontinuities

Theorem 1. The maximum number of limit cycles of the piecewise differential
systems (1) with Zy and Zs given by (3), intersecting in two points the line of
discontinuity f(xz,y) =0 is



4 JOYCE A. CASIMIRO AND JAUME LLIBRE

(1) 37 fOT'f(.’L',y):fL'z‘f'yQ—l,
(11) 3’ fO’f’ f(xvy) = I2 - Y,
(ili) 2, for f(z,y) =1—ay.

These upper bounds are reached.

Theorem 1 is proved in Section 2.

2. PROOF OF THEOREM 1

Proof of statement (i) of Theorem 1. Notice that Hy (z,y) and Ha(z,y) given in (2)
are first integrals of the vectors fields Z; (x, y) and Z2(x, y) given in (3), respectively.
If the discontinuous piecewise differential system (1) has a limit cycle which intersect
the unit circle in the two points

2t 1—-13 2y 113
1=\ 577 y P2=\ 5773 )
24+12 41 34+13+1

with ¢ # to. These t; and ¢ must satisfy the equations

o - _ 2t —t) _
" 1 Hy(p1) — Hi(p2) o 17 @+ 1)
ea = Hy(p1) — Ha(p2) = 21 — ta) E> =0,

(B+1)° (B +1)
where Ey = a1t3t3 + a1t3ts — a1t3t3 — a1t? + artits + artits — a1t — ag + aotit3 +
04225:13 +a2t%t§’ +a2t%t2 +a2t1t% +a2t1 +a2t§ +a2t2 +2a3t?t% +2a3t%t§ — 2a3t1 — 2a3t2 —
ast3ts + astts + 3aatit3 + aqgt? + ast1t3 + 3agtits + ast3 — ag — 2a5t3t3 — 2ast3t3 +
2asty + 2aste, and Es has the same expression of E; replacing (a1, as, as, a4, as) by

(bla b27b37 b47b5)'

Note that if (s1, s2) is a solution of (4), then (s2,s1) is a solution too, call this
property the symmetric property. Of course both solutions give rise to the same
possible limit cycle.

On the other hand we know that if (s1,s2) is a solution of Ey = Es = 0 then
s1 must be a root of the resultant polynomial R(t1) of E; and E5 respected to the
variable to. Similarly so must be a root of the resultant polynomial R(t2) of E;
and F5 respected to the variable ¢;. These resultants R(t1) and R(¢2) are equal to
each other only replacing t; by t2. We have that

6 ~
R(t1) = =4 (t] +1)" R(ty),
the real solutions of R(t;) are the real zeros of R(t;), and the degree of the poly-
nomial R(¢;) is six. By the symmetric property, the discontinuous piecewise differ-
ential system (1) can have at most three limit limit cycles.

The expression of é(tl) is huge, so we do not writing here, but it can be computed
easily using same algebraic manipulators. (I

Proof of statement (ii) of Theorem 1. Notice that Hi(z,y) and Ha(z,y) given in
(2) are first integrals of the vector fields Z;(z,y) and Zs(z,y) given by (3), re-
spectively. If the discontinuous piecewise differential systems (1) have a limit cycle



which intersect the parabola in the two points

p1= (tht%), p2 = (t2,t§) ;

with t; # t5. Then these two points must satisfy the equations

e1 = Hi(p1) — Hi(p2) = (t1 — t2) By = 0,

5

®) es = Ha(p1) — Ha(p2) = (t1 —t2)E2 =0,

where F7 = aq + tg(ag +asz+t; (a4 + a5t1)) + tl(ag +as+1t1 (a4 + (l5t1)) + t%(a4 +
ast1) + ast3 and Eo has the same expression of Ej replacing (a1, az,as, a4, as) by
(b1, b2, b3, ba, bs). Note that if (s1,s2) is a solution of system (5) then (sg,s1) is a
solution too, as before call this property by the symmetric property. Then both
give rise to the same possible limit cycle.

On the other hand we know that if (s1,s2) is a solution of Ey = Es = 0 then
s1 must be a root of the resultant polynomial R(¢1) of Ey and Es respected to the
variable to. Similarly so must be a root of the resultant polynomial R(t3) of E;
and Ej respected to the variable ¢;. These resultants R(¢;) and R(2) are equal to
each other only replacing t; by to.

By the symmetric property the discontinuous piecewise differential systems (1)
can have at most three limit limit cycles.

The expression of R(tl) is huge, so we do not writing here, but it can be computed
easily using algebraic manipulators. (I

Proof of statement (iii) of Theorem 1. Suppose that exist three limit cycles for the
discontinuity piecewise differential system generated by the Hamiltonians (2) and
we shall arrive to a contradicton. At least two of these limit cycles intersect the
same branch of the hyperbola. Assume without loss of generality that these two
limit cycles intersect the branch of the hyperbola contained in the first quadrant of
the plane R?. Consider that the points of intersection of these limit cycles with the
hyperbola are given by the points

=|t,— = | to, — = | t3, — and = |t *1
) ’ ) ’ ’ ) )
p1 1 tl P2 2 t2 ps3 3 tg P4 4 n

without loss of generality we can assume that 0 < t; < to < t3 < t4 and that if
there are other limit cycles intersecting this branch of the hyperbola are contained
in the bounded region limited by these two limit cycles. So one of the limit cycles
passes through p1, ps4, and the other limit cycle passes through points ps and ps.
These points must satisfy the equations

Hi(p1) — Hi(ps) =0 as(ty +ta) — tita(tr1ta(ar +as(ts +t4)) —a2) =0,
Hg(pl) — Hg(p4) =0« t%tibl — t1tabo + t?ﬁibg + t%tibg —t1bs — t4b5 = 0,
Hl(p2> — Hl(p'g,) = O == a5(t2 + fg) — tgtg(tztg(al + a3(t2 + tg)) — CLQ) = O,

Hs(p2) — Ha(ps) = 0 & t3t3b1 — tatsbe + tat3bs + t3t3bs — tobs — t3bs = 0,
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Solving system (6) in terms of the coefficients of the polynomials Hy(z,y) and
H(z,y) we obtain

 tytats(ag — artats) — (art3t3 — astats + asty(to + t3))ts + arti(to + t3)t]

“ (t2 + ta)(t1 + ta) (1325 — £363) ’
0 — titatsty(artitats(ta — t1 +t3 — ta)ts + ao(—t3ts — tatd + t1ts(ts + ts)))
(t2 + t3)(t1 + ta) (8383 — 15t]) ’
by — bs(tita(ts — ta) — titats + totsty) + batitatsts(tits + totd — tita(ts + t4))’
titotsts(—tots + t1ts)
by — bat2t3t2(ty — t1 +t3 — ta)t2 + bs (1383 + t5t3t, — t3(ta + tg)ti)'

titotsta(—tats + t1ta)

Replacing as, as, by, be in Hi(x,y) we obtain the following expression for Hi(x,y)

(7)

(trtats(as — artats) — (a1t3ts — astats + asty(ta + t3))ts + art?(ts + t3)t5) 2>
(tz + t3)(t1 + t4)(t2t3 - t1t4)(t2t3 + t1t4)

+t1t2t3t4(a1t1t2t3(t2 — 11 +1t3 — t4)t4 — a2t2t3(t2 + t3) + a2t1t4(t1 -+ t4))y2
(tz + t3)(t1 + t4)(t2t3 — t1t4)(t2t3 + t1t4)

+a1x + agy + aqxy,

and for Ha(z,y)
(8)

(bs(tita(ts — ta) — titats + totsts) + batitatsta(t3ts + totd — tits(ts + ta)))x
titotsta(—tats +t1ta)
(b3t3t3t3(—t1 + to +t3 — ta)t] + bs(t1t3t3 + t3t3ty — t3(t2 + t3)t3))y
titotsta(—tats + t1ta)

+
+byxy + bsy? + byx?.

The possible limit cycles intersects the hyperbola zy = 1 in the points (x,1/z) and
(X,1/X), their coordinates x, X must satisfy the system

ei1(z, X) = Hi(z,1/x) — H1(X,1/X) =0,
ez(z, X) := Ho(z,1/x) — H(X,1/X) =0,

where H; and Hs are given by (7) and (8). This system has three solutions of the
form (x, X)
(t17t4)7 (t27t3)7 (avﬁ)

Therefore if the three solutions gave rise to a limit cycle, these limit cycles must
pass through the points

1 1
b1 = <t17 t]) and bs = <t47 t4> )
1 1
b2 = (t27 tg) and ps = <t37 tf’)) )
a—<a,1> and,@—(ﬁ,1>.
o g



Here

A-+/B A++VB
- b=—¢—

where
A= (ty +t3 — ty — t4)(tats + t1tg) (tats(ty + ta) — tita(ts + t3)),
B = (t; +ty —to — t3)(tatz(ty +t4) — tita(ta + tg))(4t1t2t3t4(t2t3 —t1ty)?
+(t1 + tg — bty — t3)(bats + t1ta)? (tats(ty + ts) — trta(ta + t3))),
C = 2tats — tyty)(tats(ty + ta) — tita(ts + t3)).
We note that B > 0, otherwise a and S are non-real.

Note that we can assume that 0 < t1 < tg < t3 < t4 and that if there is another
limit cycle intersecting the branch of the hyperbola intersected by the two limit
cycles through the points (¢, 1/tx) for k = 1,2, 3,4, such a limit cycle is contained
in the bounded region limited by these two limit cycles, it follows that the possible
distribution for the coordinates t1, 9, t3,t4, @ and 3 are

0<t; <ty <a<f<ts<ty,

() O<ti <ty <P <a<ts;<ty,

Oé<6<0<t1<t2<t3<t4,
B<a<0<t <ty <ts<tiy.

The first two cases takes place when the limit cycle through the points (o, 1/«)
and (3,1/0) intersect the same branch than the two limit cycles through the points
(tg, 1/tx) for k = 1,2, 3,4, and the last two cases takes place when the limit cycle
through the points (o, 1/«) and (3,1/8) intersect the branch of the hyperbola dis-
tinct to the branch intersected by the two limit cycles through the points (¢, 1/tx)
for k =1,2,3,4.

In the first two inequalities of eqrefab we have that

(tl +ty —to — tg)(tztg + t1t4) S

ath= tity — tols 0
and consequently
0<t1<t2<aT+6<t3<t4,
ie.
0<ty <ty < itta—ta—to)llatsttits) ty < ty.

2(t1ts — tats)
Or equivalently,

1ty P12 - 2)(tats + tta) - t3

0< + < 2 cla 1,
te oty 2(tits — tots) t4
i.e.
11 to i3 ta t3 t1
oty (B4l-tr_taylataghy
0< -+ <2<l i fatits Mt o3 o
ta ty 2(& — ii ty
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Let s = ti/tg be for k = 1,2,3. Then the last inequatilies become

1— g, —
(10) 0< 51 <8< (141 =5 = s3)(sa53 £51) s3 < 1.
2(81 — 5253)

The region R of Figure 3 is defined satisfying the inequalites

s1+1—59— 83)(8283 + 51)
2(51 — 8283)

Hence the region defined by the inequalities (10) is empty. In other words, the

possible limit cycle passing through the points («, 1/a) and (3, 1/8) intersecting the

same branch than the two limit cycles through the points (¢, 1/ty) for k = 1,2,3,4

does not exist.

0< sy <89< and s3 < 1.

FI1GURE 3. The region R defined by the inequalites 0 < 51 < 59 <
S1 —|— ]. — S92 — 83)(8283 —|— 81)

2(81 — 8283)

and s3 > so.

Assume that the two last cases of (9) hold. Then we have that
(ty 4 ta — to — t3)(tats + t1ts)

= 0
ath t1tg — tats =%
titotstys(t tg—t1 —t
af = 1tatsta(ta +t3 — t1 4)>0.
t2t3(t1 + t4) - t1t4(t2 + t3)
Therefore
t ty —tog —1t t tg—t; —t
(11) htta=h=th g 2fbmhzh

t1ty — tats tots(ts + ta) — t1ta(te + t3)
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Assume that t; + ¢4 — t3 — t3 < 0, then from the second inequality of (11) we get
that tots(t; +t4) — t1ta(t2 +t3) > 0. But from the first inequality of (11) we obtain
that t1t4 > tots and since to+1t3 > t1 +t4, we get that ﬁ1t4(t2 +t3) > tgtg(tl +t4) n
contradiction with tots(t1 4 t4) — t1ta(te +1t3) > 0. If t1 +t4 — ta —t3 > 0 repeating
the same arguments we also arrive to a contradiction. Therefore the last two cases
of (9) cannot occur. In summary, the maximum number of limit cycles for the
discontinuity piecewise differential system (1) with the line of discontinuity zy = 1
is two. (I

3. EXAMPLES

To prove that the upper bound is reached we show some examples for Theorem
1.

Example 1. Consider the following two Hamiltonians of degree two, separated by
the line of discontinuity 2 4+ y? =1

2 137zy 211z 11y* 421y
30 100 10 100’
o 2Mbay S5z, 5oy
303 101 101°

These Hamiltonians generate the Hamiltonian vector fields

Hy(z,y)
(12)

H2(£>y) =

137z 11y 421 137y 211
1 z Y e O VA A e
(13) 1(9) ( 30 5 1000 T 30 +100>’
275z 55 275y 55
14 Z. =(- 2 == 9 b AT
(14) 2(2,9) ( 303 YT 100 T 303 +101)’

respectively. Of course Hy(z,y) and Hs(x,y) are first integrals of the vector fields
(13) and (14), respectively. Notice that the limit cycles intersecting the circle at
the points (z,y) and (X,Y’) must satisfy the system

Hy(z,y) = Hi(X,Y),
Hy(z,y) = Ho(X,Y),
22 4+ y? =1,
X2+Y?=1.

(15)

System (15) has the three pairs of solutions formed by the points

4 3 3 4
= —-—=.—= Pi==—-=
p1 < 57 5>7 1 <5a 5)a
4 3
(16) (=2 P, = (1
D2 5a5 ) 2 ( 70)a
p3:(7170)7 P?): (07 1)

Then the two points of intersection for each limit cycle are p; and P; for ¢ € {1,2,3}
as we can see in Figure 4.
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Y

ZQ(x:y)

Zl(xvy)

FIGURE 4. The three limit cycles of the discontinuous piecewise
differential system generate by Hamiltonians (12) passing through
the points p; and P;, i € {1,2,3} given in (16).

Example 2. This example provided three limits cycles for the discontinuous piece-
wise differential system

Zl(x7y)7 lfy S $2,
(17) Z(z,y) =
ZQ(x7y)7 lfy 2 an

where

O A

_577x 103y 3093l 577y
15637 ' 15637 ' 15637 = 15637 ’

103y 577z 343z 577y
1 Z - _ _
(19) 2(9) <15637 15637 15637 | 15637 ) ’
The Hamiltonians vector fields Z; and Zs have, respectively, the Hamiltonians
Hy(z.y) 3093122  577xy 103y?
xT = — X —
20) 1wy 31274 15637 31274
34322 577z 1032
H2 ('r7 y) = Y Y

31274 15637 © ' 31274

Of course Hi(z,y) and Ha(x,y) are first integrals of systems (18) and (19), respec-
tively. Notice that the limit cycles passing through the points (z,y) and (X,Y") of
the parabola must satisfy the system

(21)
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System (21) has the three pair of solutions formed by the points

1 840097 — 227+/1628665
pL=(2,4), P = (Too’ (227 — /1628665) , 51318 > ,

(22)

103

1 2 (260417 — 165+/493609
p2=(3,9), P,= <_ (165 — v/493609) , ( 10600 )> ,

pP3 = (717 1), P3 = (*4, 16)

Then the two points of intersection for each limit cycle are p; and P; for ¢ € {1,2,3}
as we can see in Figure 4.
Y

Zs(z,y)

Zl('r7y)

X z

FiGURE 5. The three limit cycles of the discontinuous piecewise
differential system generate by Hamiltonians (20) passing through
the points p; and P;, i € {1,2,3} given in (22).

Example 3. Consider the following two Hamiltonians of degree two,

e = () (-2)

Hy(z,y) = —(—2%+1.25507z — 0.335138y% — 1.40792y) .

These Hamiltonians generate the Hamiltonian systems

24 2t = (2(v-1) 2 (- 2)).

(25) Zy(x,y) = (0.670277y + 1.40792,1.25507 — 2z) ,

respectively. Of course H;(z,y) and Ha(z,y) are first integrals of the vector fields
(24) and (25), respectively. Notice that the limit cycles passing through the points
(z,y) and (X,Y) of the hyperbola must satisfy the system

Hl(x,y):Hl(XaY>a

Hy(z,y) = Hy(X,Y),
(26) 2(2,y) 2( )

xy =1,

XY =1.
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System (26) has the two pairs of solutions formed of the points

p1 = (0.9923,1.007), P, = (1.546,0.6467),

(27)
po = (1.053,0.9517), P, = (1.47,0.6803).

Then the two points of intersection for each limit cycle are p; and P; for i € {1,2}
as we can see in Figure 4.

Y,

ZQ(-%',,’U)

Zl(xay)

0 T

FIiGURE 6. The two limit cycles of the discontinuous piecewise
differential system generate by Hamiltonians (23) passing through
the points p; and P;, i € {1,2} given in (27).
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