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ABSTRACT

A zero-Hopf equilibrium point p of a 3-dimensional autonomous differential system in R? is an equilibrium
point such that the eigenvalues of the linear part of the system at p are 0 and +wi with @ # 0. A zero-Hopf
bifurcation takes place when from a zero-Hopf equilibrium bifurcate some small-amplitude limit cycles moving
the parameters of the system.

Polynomial Kolmogorov systems are the natural extension of the polynomial Lotka—Volterra systems of
degree 2 to higher degree. The Kolmogorov systems have been studied intensively due to their applications
for modeling many natural phenomena.

In this paper we characterize, up to first order in the averaging theory, the eight distinct zero-Hopf
bifurcations which can exhibit the class of 3-dimensional Kolmogorov systems of degree 3, providing an explicit
approximation of the bifurcated small-amplitude limit cycles, together with information about their kind of

stability.

From each one of this eight different zero-Hopf bifurcations emerges one or two limit cycle using the
averaging theory of first order. Moreover we provide an explicit example of each one of these eight zero-Hopf
bifurcations.

1. Introduction

As usual a limit cycle of a differential system is a periodic orbit isolated in the set of all periodic orbits of the system.

A zero-Hopf equilibrium point p of a 3—-dimensional autonomous differential system in R? is an equilibrium such that the eigenvalues of the linear
part of the system at p are 0 and +wi with w # 0.

For an equilibrium point p of a 3-dimensional autonomous differential system in R3, such that the eigenvalues of the linear part of the system
at p are p and +wi with pw # 0, there is a general theory (see for instance pages 175-180 of Ref. 1) for studying the limit cycles which can bifurcate
from p changing a little the parameters of the system. Such a general theory does not exist for a zero-Hopf equilibrium. But the averaging theory
provides an algorithm for solving this problem, see for instance.?

The Kolmogorov systems® in R? are of the form

X =xP(x,y,z),
¥y =y0(x,,2), (@)
z=2zR(x,y,2),

where P, Q and R are polynomials of degree larger than one. In fact, the Kolmogorov systems are a generalization of the Lotka-Volterra systems®®>
which are the systems (1) when the degree of the polynomials P, O and R is one.

Kolmogorov systems have been studied intensively because they can model the dynamics of many natural phenomena, see for instance the
books.®®

To control the existence of limit cycles and their stability is one of the main objectives of the qualitative theory of differential systems. The
zero-Hopf bifurcations allow to study the limit cycles bifurcating from the zero-Hopf equilibrium points. The objective of these paper is to classify
all the zero-Hopf equilibria of the Kolmogorov systems of degree 3 in R* and the limit cycles bifurcating from themselves.
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Thus, first we study the zero-Hopf equilibrium points of Kolmogorov systems in R? of degree 3, and we obtain that there are exactly eight families
of such Kolmogorov systems having zero-Hopf equilibria. After using the averaging theory of first order we prove that from such equilibrium points
moving the parameters of the system bifurcates one periodic orbit. Finally we also provide for each one of these eight families an example of such
zero-Hopf bifurcation, we plot their bifurcated limit cycles, and we study their stability.

This kind of results for the Lotka-Volterra systems in R* were studied in Ref. 9.

For other differential systems the zero-Hopf bifurcation has been studied by many authors, for instance in Refs. 1, 10-16. In some cases the
existence of a zero-Hopf bifurcation can imply a local birth of “chaos” see for instance the articles (cf. Refs. 16-20).

For their applications the dynamics of the Kolmogorov systems are mainly studied in the positive octant. Let (a, b, ¢) be an equilibrium point of
a Kolmogorov system (1) with all its coordinates positive. Doing the rescaling of the variables (x, y, z) — (x/a, y/b, z/c), we can assume without loss
of generality that such an equilibrium point is the point (1, 1, 1). Then the general Kolmogorov systems in R? of degree 3 having the equilibrium
point (1,1,1) are

x=x(a(x=D+by—D+cz=D+di(x—D*+e;(x— Dy - D+ fi(x—Dz—D+g(r—17
+hy(y— Dz — D+ ky(z = 1)),

y=way(x =D+ by - D+ ez — D+ dy(x — D +e(x — Dy — D+ folx = D(z = D) + g, (v — 1)? @
+hy(y = D(z = D+ ky(z = D),

z=z(az3(x = 1)+ b3(y = D)+ c3(z— 1) + d3(x — 1%+ es(x—=D(y-D+ fzx=Dz-1)+ g0 - 1)?
+hy(y = 1)(z = 1) + ks(z — 1)?).

Note that the differential system (2) depends on 27 parameters.
In the next proposition we characterize when the equilibrium point (1, 1, 1) of the Kolmogorov systems (2) is a zero-Hopf equilibrium.

Proposition 1. There are eight m—parameter families of Kolmogorov systems (2) for which the equilibrium point (1,1,1) is a zero-Hopf equilibrium.
Namely:

(D a;=by=by=c; =c3=0, bye, <0, for this family m = 22;
(i) a; = —by,c; = ¢y =c3 =0, ayby + b3 <0, for this family m = 23;
(iii) a; =b; =c¢; =0, c3 = —by, byc, + b% <0, for this family m = 23;
(iv) a, = —c3,b; = b, C=£3 =0, aze; +c3 <0, for this family m = 23;
W) ay=—c3, ap = —1—13, by =by =0, azc; + byep + c% < 0, for this family m = 23;
bics bycy

i) a; =-by—c3, by = - a= ayb; +aze) + b% +2bye3 + c% < 0, for this family m = 24;

| 1
by (b, + ¢ b,yc
i) ay =—=by —c3, ay = —%, o =—=1, bl(a3b1c1 + bybscg +blc§) < 0, for this family m = 24;
1 1 1 -
ay(bycy — bscy) + (by + ¢3)(byc3 — bse
iii) ay = —by — c3, ay = 2P T )T ot bacs b)) 1 A e i family m = 25,
; bycy = byey bycy = byey

where A = —(=bjc; + by blcy + by(=2bsc ¢y + byeyes) + ea(bybyey — byeyes + byel) + ay(biey — bye? + byey(cy — by))).

Proposition 1 is proved in Section 3.
We define the following eight sets of conditions:
(i) a; =aj & by =byj€, by =by€, ¢| =cp €, 3 =316, by, <O;

(1) a; = —(byy + by1€), by = byg+ byi€, c| =€, ¢y =y €, €3 =C31€, ayb; +b§ <05
(iii) a; =ay &, by = byy+ by 1€, ¢| =cy1€, by = by, c3 = —=(byy + by €), b3c2+b§ <05
(iv) a; =—(c30 +c31€), by = b€, by = byj€, by = b3, ¢35 =30+ c31€, a3¢ +c§ <05
_ b =b b =b _ __%9%0 _ 9% b 2 .0
V) a; =—(c30+c31€), by =bj1e, by =byj€, 3 =30+ 316, ay = - C—e, azcy +byey +¢5 <0;
1 1
. biesg | bics byer | by
Vi)  a; = —byg — 39 — (byy + C31)€, by = by + by €, by = - + o &6 0= + & 3 =030 + c31€, ayby + azcy +b§ +2bycy +c§ <05
1 1 1 ]
. —byo(byy +30)  bog(bay + €31) + by (bag + C39) byc; by
iD) @y = —byy — c39 — (byy + c3))€s by = bog + byyes ay = 20(020 +C30)  Dyglbyy + ¢34 210920 7 €30) ¢ = 200, Dl ¢ =
3 b, b, b, b,
1
c30 + 316, b—l(a3blcl + bybyc) + blcg) <05
A
(viii) a; = -by — ¢z — 38 63 = ¢ + 38, bres—bae, > 0, a3 = m(ﬂz(bl%o = bye)) + (by + c3p)(baczp — b3¢2))
1 1 1 1

+ aybyez + (by + c30)byesp + c31(byes30 — 173‘32)5

bycy — byey

Theorem 2. Assume that the family of Kolmogorov systems (2) of Proposition 1 is perturbed by the condition (r), for r € {i, ii, iii, iv, v, vi, vii, viii}. Then
for € # 0 sufficiently small the perturbed system (2) has at least one periodic orbit (x(t,€), y(1, €), z(, €)) bifurcating from the zero-Hopf equilibrium (1,1, 1)
when ¢ = 0.

The structure of the rest of this paper is the following. In Section 2 we present the basic results of the averaging theory that we need for proving
Theorem 2, and in Section 3 we prove Proposition 1 and Theorem 2.

2. The averaging theory for periodic orbits

The averaging theory is a classical and matured tool for studying the dynamics of nonlinear smooth dynamical systems, and in particular for
studying their periodic orbits. The averaging theory has a long history that starts with the classical works of Lagrange and Laplace who provided an
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intuitive justification of this theory. The first formalization of this theory is due to Fatou®' in 1928. Important practical and theoretical contributions
to this theory were made by Krylov and Bogoliubov®? in the 1930s and by Bogoliubov?® in 1945. The averaging theory of first order for studying
periodic orbits can be found in Ref. 24, see also Ref. 12.

Now we present the basic results of the averaging theory of first order that we shall need for proving the results of this paper. The next theorem
also provides a first order approximation for the periodic orbits of a periodic differential system and some information about their kind of stability,
for a proof see for instance Theorems 11.5 and 11.6 of Verhulst?*.

Consider the differential system

x=eF(1,x) + G, x,€), x(0) = x,, 3)

with x € D, where D is an open subset of R”, r > 0. Moreover we assume that both F(7,x) and G(t,x, ¢) are T—periodic in ¢t. We also consider in D
the averaged differential equation

y=¢£f(@y). y0)=x,, 4

where

T
o =1 /0 Ft.y)dt. ©)

Theorem 3. Consider the two initial value problems (3) and (4). Suppose that

(i) F, its Jacobian OF /dx, its Hessian 0> F /dx?, G and its Jacobian dG/dx are defined, continuous and bounded by a constant independent of & in
[0,00) X D and € € (0, ¢y].
(ii) F and G are T—periodic in t (T independent of ).

Then the following statements hold.

(a) If p is an equilibrium point of the averaged Eq. (4) and

det (ﬂ >
ay

then there exists a limit cycle x(1, €) of period T of Eq. (3) such that x(0,e) — p as € — 0.

(b) The stability or instability of the limit cycle x(t, €) is given by the stability or instability of the equilibrium point p of the averaged system (4). If p is a
simple zero of the averaged system (4) the eigenvalues of the Jacobian matrix evaluated at p provides the linear stability, i.e. if some eigenvalue has
positive real part then the limit cycle associated to the zero p is unstable; if all the eigenvalues have negative real part then the limit cycle is stable.

#0, (6)

y=p

3. Proofs

Proof of Proposition 1. The characteristic polynomial of the linear part of the Kolmogorov system (2) at the equilibrium point (1,1, 1) is
p(A) = =23+ (@) + by + ¢3)A% + (ayb; — ayby + azc; + bycy — ajcy — byey)A
+aybyc3 — aybycy + aybye) — aybycy + azbycy, — azbyey.
Imposing that the characteristic polynomial p(1) = —A(4> + w?) with w # 0, i.e. imposing that the eigenvalues at the equilibrium (1, 1, 1) be 0, wi
and —wi with @ # 0 and consequently the equilibrium point (1, 1, 1) will be a zero-Hopf equilibrium, we obtain the system
a+by+c3 =0,
ayby — a b, + azcy + by, —ajc; — byey = —w°,
aybyc3 —aybyey + aybye) — aybiey + azbycy —azbye; = 0.
Tedious computations show that the solutions of the previous system are the eight families of zero-Hopf equilibria described in the statement of

Proposition 1. These computations have been also verified using the algebraic manipulators maple and mathematica. This completes the proof. []

For r € {i, i, iii,iv, v, vi, vii, viii} we shall prove that one periodic orbit bifurcates from the zero-Hopf equilibrium point (1, 1, 1) of the family (r)
of the Kolmogorov systems (2) of Proposition 1 satisfying the condition (r) when the parameters of this family are perturbed. We shall provide all
the details of the proof for (r)=(i), the proofs for the other families are analogous and we only indicate the main steps of those proofs.

Proof of Theorem 2 under the condition (i). We consider the Kolmogorov system (2) perturbed with the parameters given in the condition (i).
After we translate the equilibrium point (1, 1, 1) of the perturbed system to the origin of coordinates doing the change of variables x = X + 1,y =
Y + 1,z = Z + 1. Then this perturbed Kolmogorov system in the new variables (X,Y, Z) becomes

X=X+1)(X%d|+XYe, +XZf +eXay +Y>g +YZh +eYby + Z%k| +&Zc),
Y=+ (X?*dy+XYe, + XZf,+Y2gy +YZhy + Yeby + Z%ky + Xay + Zcy) )
Z=(Z+1)(X%d3+XYey + XZ[f3+Y?g3+YZhy + Z%k3 + Zecy + Xaz + Y b)) .
In order to facilitate the application of the averaging theory, described in Section 2, for studying the zero-Hopf bifurcation of system (7) at the
origin of coordinates, we write the linear part of system (7) with € = 0 at the equilibrium point (0,0, 0) in its real Jordan normal form

0 —v/=bsc, 0
V=bsc, 0 0
0 0 0
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For this we do the change of variables

~
Il
S
I
|
(=)
I
I
<

, with inverse

(8

N~ <

In the variables (u, v, w) the differential system (7) writes

= —;(((u2b3g2 — vb)c] + (—whdy + (v fy — e)w — kyv? — vhy)b3 — (e — 2e2)w? + ((hy — 2h)
N
v+ ep — 28w+ hyv)ashs + d2w((2g) — 3g)w +2g))e3 + ay(2vky + wf + hy)bs + (hy — 2hy)w + hy)as
Jwbzc, — kzwzagbg)u\/Tzlh + b3(—ub§ + ((Pey + vaz)w + u*(vh, + g))bs + a3((g) — 3g2)w + g )uz)c;+
(—0%ky = vw fr = w?dy)b3 + (= a3(d) — dy)w? + a3((—fy + )0+ ey — dw? + (= v((ky = kp)v + f1 = hy)
ay — P hyay))w — k2 ay)bl + dw((e; — ex)w? + ((hy — by + ey — g)w + hyv)by — 3w (g — g)w + &)
)3 + ay(Quky + w5 + a3 (f1 = f)w? + (2ky — 2k)v + i = hp)w + 2k, 0)by — daw((hy — hy)w + hy))
whyey = (kyby + ((ky = kp)w + ky)az)a3w?h?) + %(c%( — V/=eabseul((byy — 263w + by az+
b3 (—cybs)?

byyb3) + uPbsby 2 — as(((by — byw — bywas — (—w?ay; + (—veyy — ayy + by )w — ¢ v)b3)e; + wazazby
epy(w + 1)b),

b= (= (0 DB+ (0hy + wes)by = 2gywaz)cd + ar(— wb? + (e — ex)iw? + (g = 2h3)v + ey — hy)w+
c2b3 (C)]
hy )by — 2a30((g; — g3)w + g1))cy — A3wbs(hy — hy)w + hy)eyur/=crby +u? g3bs(v + 1y + (= (v + D(?
ks + vw f3 + w?d3)b3 + (ezay(v + Dw? + (WP (g) — 83)a, + hyvaz (v + Dw + u?gyay)by — gyw?a3 (v + 1)e3
+((—dy +d)w’ + (=1 + 20+ f5 —dpw? — v((ky = 3k3)v + fi = 2k3)w — kyv?)b3 + asw((e; — e3)w?
+((hy = 2h3)v + e — hy)w + hyV)by — 3w (g — g3)w + g1))azcd + ddwbs(((fy — f)w? + (2k; — 3ks)v+
f1 = k3w + 2k, v)by — azw((hy — hy)w + hy)e, — ad(ky — k3w + k) )w?b2) — 3Lb2( — cyby(uaseyby; (w+ 1)
%
V=cby = ((c1; — 3w + cll)wb3a§ + e (w?ay; + (=20 — Desy + e v+ aw + ¢ v)by — wazby (w+ 1
Na, + Ub3C§C3](U + 1)),
) 1
W= —ﬁ((w + D( = c(((vhy + we )by — 2g waz)cy — hywa,by)\/—c byu + u2b3c§’g1 +((= 0%k, — vwf; — wd,

273

)b§ + was(vhy + we; )by — glwzag)cg + ayw((2uk; + wf)bs — hjwaz)bsc, — wzagb%kl)) - szz( —(w+ e,
; ; c
273

by(y/—cabsubyicy + ((vey + way )by — wazby)cy — aywbseyy)).
Doing the rescaling of the variables (u, v, w) = (eU,eV,eW) system (9) in the new variables (U, V, W) writes

bye,V €
(e; — &2)cy — hyayaz)aszcy by — glagcg)Wz +(—-U((—ayh, + czez)bg + ((e; —2gy)cy — hyay)azbs — 2a§c2g1)
cr/=eaby + 2V ayerky = V2 [2)B3 + (Vasel + as(—f1 + m)V = ayy + byy)e2 + a5a52V ky + ¢1))b2
+(Vhy +by)Ea2b)W = UV e2 + (Vhy + by )ey)b? + (Vhy + byy)esasby)ery/—aby — V2kye2b3 + (Ug,
cg +a3(=V2k; - Vcll)cg)bg + U2g1c§a3b3),

((=a3ky + aye fr = €3d)b3 + (as(ey — d)e] + aras(fy — hy)ey — kya3as)b] + (a3

3 £
V= Uy/—cyby — ﬁ((«—ag& +asbyes — bidy)e; + ((f3 — d))b] + (eg — hy)azby — gya3)arc; + aybsy((fy — k3)
273
by — hyaz)e, — a;bgkl)Wz —(er((—2a383 + b3e3)c§ + (—b% + (e; — h3)b; — 2ga3)ayc, — hla§b3)U\/—c2b3
—Vaybshy = VB f3)c3 — (= f) + 2k3)V = ayy + ¢3))b% + (V Iy + byyasby)aycl — a3b2QVky +¢1)e)W)
+ (= (VD] + Vbshy)cs + (V Ry + by)byaycr)UA/—coby + Uy g5 + (=V2 ks = Vs b2 + U?ayg, b3)c3
+(=V2k; = Ve biayed)),

10

W= —C;T(((—a%kl +ayeyfy = 2d))b? — ayer(arhy — cre))bs — 2g @)W + (((ayhy — cye))bs + 2a50,8)U
273
V=eabs + by(<V £ = ay)es + asQV Ky + )by + (V Ry + byp)esas))es W+ e2by( = UV Ay + byy)y/erbs
+(=VZ%ky = Ve by + Ucyg))).
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Now we pass from the differential system (10) to cylindrical coordinates (r,8, W) defined by U = rcos and V = rsin6, and we obtain

F= e (((— byeyr((gy — by)c2 + ((=hy + k3)bs + 8,0, — hya3)es + kyabs) sin(0) + (e, — f3)W +

V-ebsbie;
byy — ¢3)b3 + ((ey = 285 + hy)W + byy)azhy — 2W g a3)c; — b3 ((fy + hy = 2k)W + ¢y + 203W aZk,)
cor cos*(0) + (W2ds + k)b — Wesazhy + Wgyad)es — ay(f5 — d)W? + (—ayy + c3)W — r?ky)b3
+W((e; — hy)W +by)azhy — W2gia3)el — WaZby(fy — k)W + ci1)by — Whyas)e, + Wk a3b2) sin(9)
+((W f3 + e3)by — Whyaz)c2 + ((fy = 2k3)W + ¢1)bs = W hyas)ase, — 2W kya3bs)bsear)/=bse, — ¢ an
cos(O)((—=b3 + (g2 — h3)bsy + g1a3)cy — b3(arhy — asky — byky))bsc3r? cos?(6) + bycyr(((e5 + a3)by — 2g3a3)
W2+ (=W (fy + )bl + (e — hy)ay — as(fy — )W + byjay — ¢1a3)bs + (—2aya38; + a3h )W )cy—
W aybs(ashy — 2asky — 2b3ks)) sin(0) + r2b2(hy + by)e3 + (~W?2dy — r?ky)b] + (a3(e; — d)W? — a3(ay, -
by )W + r¥(ayhy — a3k )b + Was((ey — g)W + byy)by = W2gia)e; + (W fob% + ((fy = hy)W +¢y1)azbs
—Whi@)W aybsc, — W2ashs(ask + bsk,)),
B by, + €
Voha | Vb
(((ey = f3)W + by — c3,)b§ + ((e; — 285 + hy)W + byy)azb; — 2Wg1a§)c§ - azbg((f1 +hy = 2k)W +¢yp)
¢y + 203W alk)eyrsin 6 — c3bir? + (W2dy — r2(hy — k3))b; — as(Wey + r2hy)bs + Wgsad)es — ar((f5
—dW? + (=ay; +cs)W = r2k b + W (e — hy)W + byp)ashy — Wgia3)es — Washy((f; — k)W +¢y
Yby — W hyaz)e, + W2kia3b2)y/=bsc, + (= (= ey ((=b2 + (83 — h3)by + g1a3)e; — by(ayhy — asky — byky))r
sin6 + ((e3 + a3)by — 2g3a)W 3 + (= W(f2 + a)bh + (= f1 + ha)ay + (e — hy)a))W + byja, — cqya3)bs
+(=2aya38; + aZh)W)cy — Wayby(ayhy — 2a3k — 2b3ky))bycarcos® 0 + (-W2d, — r2ky)b3 + as (e, —
AW+ (=ay; + by )W — 2k )b + Wai((e — @)W + byby — Wgiaes + (W fob5 + ((fy — hy)W+
cidazby — Whia)W aybse, — W2azhi(ask, + bsky)) sin @ — byey (= Wazelby + (W fob5 + ((fy = )W +¢yy
Yazby — Whya3)e, = 2W azbs(ask; + bykx))r)e,),
W = c;?(((agkl —ayeo f1 + c3d b} + aser(ayhy — cre)by + aac3g )W — ¢y (r(ashy — bs f1)e + 2k aybs)bs
273
sin @ + r((2a;g; — bzey)c, + hlazb3)\/T3c2cos(9 + (a3b3by) — a“bg)cz + azbgc“)W + rb3c§( —r(bsk|+

¢281) cos? 0 + cos O(rsin Oy + by)\/=bsc, + by(rky + ¢y sin6))).

(cos 8 — by((g3 = b3)c] + (=hy + k3)bs + g1ay — hyaz)e; + kyaybs)cir? cos?  —

We change the independent variable from ¢ to 6, and denoting the derivative with respect to ¢ by a dot, then the differential system (11)

becomes

F= == (= byear((gs = b3)e2 + ((=hy + k3)bs + g1y = hyaz)e, + kyazby)sin(0) + (e = F3)W + by = ¢31)

362

b2+ ((e) — 28, + hy)W + by )ashy — 2W g1a2)c3 — ayb3((fy + hy = 2k)W + ¢11)cy + 2b2W adk, ey r cos?(6)

+ W2y + Ply)by = Wesazshy + Wgsad)e; — ay(f3 — d)W? + (=ayy + e3)W = r?ky)b3 + W ((e; -

R)IW + by dasby — Wga)e2 — Wasbs(fy — k)W +¢11)by — Whyaz)e, + Wkya3b2) sin(0) + (W f3+

c31)b3 = Whyaz)es + (fy = 2k3)W + ¢11)by = Whyaz)ase, — 2W kya3b3)bsear)y/=bsc, — ¢y cos(0)((( — b3+

(g2 = h3)bs + g1a3)cy — by(arhy — asky — byky))bsc3r? cos*(8) + bycyr(((es + a3)by — 2g3a)W ey + (- W (S,

+a)bs + (e — hy)ay — as(f1 = )W + byjay — ¢11a3)bs + (—2a3a381 + a3h )W)y — Waybs(ayhy -2 (12)

asky = 2b3kx)) sin(6) + r?b3(hs + bs)c3 + (=W?d,y — r2ky)b3 + (as(e; — d)W? — as(ay — by )W +r(ay

hy = ask Db% + Wak((e; — g)W + by )by — W2g a3)ct + (W fob2 + (i — h))W + ¢y p)asby — Whyal)W

arbye, — W2a3bi(ask + bsky))) = Fy(6,r, W),

W = —%(((a%k] —ayeo fy + c2dbE + asey(arhy — cre))by + a2 g )W — cy(r((ashy — by f1)ey + 2k ayb3)by

273

sin 6 + r((2asgy — bye;)cy + hyazby)y/=bscy €08 8 + (asbybyy — ayb)ey + aybie; IW + rbycl(— r(bski+

¢281) cos? 0 + cos O(rsin Ohy + by )\/=bsc, + by(rk, + ¢y sin))) = F,(0,r, W).

The differential system (12) is writen in the normal form (3) ready for applying to it the averaging theory of Section 2, where x = (r, W), t = 6,

T =2n,

7 _ _ F6,r,W) _ f[1r, W)
(5 )=ronm=( B@) . gom= (50 a

5
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It is immediate to check that system (12) satisfies all the assumptions of Theorem 3. Now we compute the integrals (5), i.e.
ri/—cob
——22MW N,
2”3
V—cabs 2 2
2(DW? 4+ R+ CW).
3 b3
69

1 2r
feW)= - / FL(0,r,W)d0 =
2r Jo

2z
for, W) = L/ Fy(0,r,W)do = —
27 Jo

The system f,(r, W) = f,(r, W) = 0 has a unique solution (+*, W*) with r* > 0, namely

vy = | Ly [ENT DN N |

TI Rl Tl

if Ty > 0, R;(C;N,T; — D;N?) >0, and the Jacobian (6) at (+*, W*) takes the value J = N,(N, D, — C,T})/(2c}bT})
# 0 where

Ny = —=(((byy + c3)ca + azey )by + azby cy)erbs,

Ci = —2c)((a3byy — ayyb3)ey + azbseyy)bs,

Ty = ((—ey — f3)c} + ay(hy +2k3 — fi)ey + 202k )B2 + (28 + hs — e1)ey + 2ayhy )erazby + 2c2dlg,,
Dy = a3k —2ay0 f1 +2¢3d))b3 + 2a5¢5(arhy — cye))bs +2c3a5g,,

Ry = byci(bsk; — crgy).

Then Theorem 3 guarantees for ¢ > 0 sufficiently small the existence of a periodic solution (r(0,¢), W(0,¢)) of system (12) such that
(r0,€), W(0,¢)) = (r*, W*) when &£ — 0.

So for ¢ > 0 sufficiently small system (11) has the periodic solution (r(,€),0(t, ), W(t,€)) with 8(r,e) = +/=bsc,t + O(e), such that
((0,€),000,¢), W(0,¢)) = (r*,0, W*) when &€ — 0.

Consequently system (10) has the periodic solution

U, e),V(te), W(te) = (r* cos(y/—bsye, 1) + O(e), r* sin(y/—bscy 1) + O(e), W* + 0(6)),
for £ > 0 sufficiently small. Therefore system (9) for € > 0 sufficiently small has the periodic solution
(u(t, €), v(t, €), w(t,€)) = (er* cos(y/=bzc, 1) + O(e?), er* sin(y/=bsc, 1) + O(?), eW™* + O(?)). 14

Finally for £ > 0 sufficiently small system (7) has the periodic solution (X (z,¢), Y (1, €), Z(t, €)) obtained from (14) through the change of variables
(8). This periodic solution tends to the origin of coordinates when ¢ — 0. Therefore there is a periodic solution starting at the zero-Hopf equilibrium
point (1, 1, 1) when & = 0. This completes the proof of Theorem 2 under the condition (i). []

Application 1. Consider the Kolmogorov system
= x(x=3+y+z+Gx-12+x-Dy-D+z-1?,
y= yx-3+y+z+Gx-1D2+x-DE-D+@-12+E-1DY, (15)
z= zZx—l—y+z+Gx-12+@ -1 +@-DEz-1)+z-1)?.
This system in the new variables (X, Y, Z) writes
X=X+DX2+XY +Z%+(X - 2)e),
Y=Y +DX2+XZ+Y2+2Z2+X + 2Z),
Z=(Z+DX*+Y24+YZ+Z2+X-Y).
The corresponding system associated to the differential system (13) has its function F(0,r, W) with the components
Fi(0,r,W)= —r?cos®0+(1+4 W)rcos? 0+ (r(=5 W — 1)sin0 + W2 +2 W)cos
+(EW2+2r2 +2 W)sind + (=3 W - D,
F0,r,W)= —r?cos?0 —cosOWr—r2Q W + 1)sin@ +3W?2 +r2 +2 W.
To look for the limit cycles we must solve the system given by the averaged function f(r, W) = (f,(r, W), f5(r, W))
= (0,0) where

-rQ W +1)
) )

for, W) =3W? + %rz +2W.

f1r, W) =
This system has four solutions for (r, W) given by (0,0), (0,-2/3), (\/5/2, -1/2), (- \/5/2, —1/2). The solution (0,0) does not provide any periodic
orbit because correspond to the equilibrium point localized at the origin. There are two good solutions provide by the averaing theory of first
order the (0,-2/3) and the (\/5/2, —1/2). Since the determinants (6) at these two solutions are —1/3 and 1/2 and thus non-zero, respectively, the
Kolmogorov system (15) has two limit cycle bifurcating from the origin provided by the averaging theory of first order. We plot these two limit
cycles for € = 107> in Fig. 1, where we provide the initial conditions of the two limit cycles that we have drawn. The software used for doing all
the figures is maple 20.
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0.00001

=0.00002-

Fig. 1. 1st LC: X(0) = ¢/3, Y(0) = ¢/3, Z(0) = 5¢/3. 2nd LC: X(0) = —¢/2, Y(0) = —e(\/2 + 1)/2, Z(0) = ¢/2.

Since the eigenvalues of the Jacobian matrix of (f|, f,) at the singular points (0, —2/3) and (\/5/2, —1/2) are (-2,1/6) and (—1=+i)/2, respectively,
by Theorem 3 the limit cycles are unstable and stable, respectively. Going back through the changes of variables as we did in the proof of Theorem 2

we obtain that the limit cycle bifurcating from the equilibrium point (1, 1, 1) of system (15) are

(x(t,€), y(t,€), 2(t,€)) = (1 — 26 /3 + O(e?), 1 — 2¢/3 + O(€2), 1 +2¢/3 + O(e?)), and
(x(t, €), y(t,€), 2(t, ) = (1 — /2 + O(e2), | — e(\/2cost + 1)/2 + O(€2), 1 + e(v/2sint + 1)/2 + O(e2)),

respectively. This completes Application 1.

Proof of Theorem 2 under the condition (ii). Now we consider the Kolmogorov system (2) perturbed with the parameters given in the condition
(ii). We translate the equilibrium point (1,1, 1) to the origin of coordinates doing the change of variables x = X + 1,y =Y + 1,z = Z + 1. Then
system (2) becomes

X=X+ X*+e, XY + IXZ+g Y2+ hYZ +k Z* = byyX +b,Y +(=2Xby, + Zcy)e),

Y= + Do X2+, XY + foXZ + 8 Y2 + Y Z + ky Z2 + ay X + byyY + (Yby) + Zcy)e), 16)

Z=(Z+1)(X%ds+XYes+ XZ[fy+Y2g3+YZhy+ Z%k3 + Zecy; + Xaz + Yby).

We write the linear part of system (16) with e = 0 at the equilibrium point (0,0, 0) in its real Jordan normal form

0 —\/—ab =53, 0
\/—axby - b3, 0 0

0 0 0

For this we do the change of variables

by 1 0
- 0 b, 0
u bij\/—Ay  /—Ay X X — b 0 u
vo|= bi 0 0 Y |, withinverse [ Y |= P22 20 v |,
- b 1
w é P | Z VA \/—_Az 3 w
Ay Ay

where A, = a,b; + bgo, P, = a3b; + byybs, S, = —ayb; + a3by,. Now following the same steps as the case of Theorem 2 under the condition (i), we

get the system
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I3
AZb,
+ Pyb2 g+ ((fy = )by + 2b3k ) Pybayg — (by f + 2b3ky)by Py + A2gy + PFky) + rA; cos 0 sin 0(W (((fy — hy)
bag = 2b3ky)by + (b3 + Ap)hy — b2 fr + 2k (bygbs + P2)) + (azcqy = 3bygbay — byea))by + 2bygbsey) + 12 Ay
cos @sin® O(Py(by f1 + baghy + 2byk;) + Ay(B% + brey +2byyg; + byhy) — b3dy + (—ey — ay + dy )by — fob3)b?

(v/=Ayr cos? 0'sin® 0(A;(hy (bygbs + Py) + 2628 — b2(a — by + €3) — by (byy(2by — €] +285) + hyb3))

+(=b3) + (e — 8)b%) — by(hy — f1)bag — kyb2)by + byg(b3,81 + bagbshy + b3k()) + (—Az)% sin@W Wk +cy;
) + sin® 6(—A2)%r2(b§k1 +(by f1 + byoh)bs + bidy + bybyyey + byg1) + r(—Az)% sin? O(W (b, £, + byohy + 2b5
k1) = 2bybyy + bycy) — r/=Ay cos? O(((2by ky — 2bygky )Py + (byhy — bygh)ADW + (bycyy — bygey)) Py + Agby
by + r? cos® 0(((bag + 82)b1 — bagg1) A3 + Py(byhy — byghy) Ay + (byky — bagk ) PF) — Ay cos OW (W ky + ¢y
)by — byy(Wky +¢)) = Fi(0,r, W), a”n
—— (= rsin® 0cos 0((e3b; + 2g3by + b3(hs + b))A2 + ((—ey + f3 — ay + ap)by — 22 + (by — 2g,+
AZ\/=Ay 2 20
h3)byy — by(hy — 2k3)) P, + Sz(b% + biey +2bygg) + b3h ) Ay + (Sy(by f1 + byghy + 2b3k)) — Py(by f5 + byghy
+2b3kx))P)\/— Ay — r A, sin (W (((f3 + az)by + (hz + b3)byg + 2k3b3) Ay + Sy(by f + byohy + 2bsky) — Py(
by fy + baghy + 2b3ky)) + Aybycsy — S5(2by by — bycyy) — Py(baghay + bycyy)) — r2 A, sin® 0(A, (ks + ba)b3+
((f3 + a3)by + byghy)bs + b2dy + by byges + b2 g3) + Sp(b2ky + (by fy + byghy)bs + b2d; + bybygey + b3 81)—
Py(b3) + b3y + ((ay + €2)by + hyby)bog + kb3 + bdy + by by f)) + 17 cos? 0(Adgs + (hy — byg + by — £,) P
+ 85,81 )A% + Py((—hy + k3) Py + hy Sy) Ay + P2(S, k| — Pyky)) — cos 0+/=Ayr((A2(hs + b3) + Ay(hy S, — P
(hy = 2k3)) + 2Py(S2k; — Pyko))W — Ay Py(byy — c31) + Pa(Sacyy — Pacy))) — (A2ks + Ay(Syk) — Pk )W2
= (A2c3; + Ay(Syey) — Pacy) )W) = Fr(0,r, W).

In this case the integrals (5) are

1 2z
i, W) = —/ F(0,r,W)do =
27[ 0

2z
For, W) = i/ Fy(0,r,W)do = —
27 Jo

(T, W+ Ny)

3
2(=Ay)2 b,
D,W? + Ry + C,W

2-Ay)?

The system f,(r, W) = f,(r, W) = 0 has a unique solution (+*, W*) with r* > 0, namely

2
W) = 1 C,N,T, - DN, _&
) 7 —R2 T |

if T, > 0, Ry(C,N,T, — D,N2) > 0 and the Jacobian (6) at (+*, W*) is —=N,(C,T, — N, D,)/(2A3T;by) # 0, where

N, =
C, =
D, =
T, =
Ry =

—Ay(b1byy = byeqy) + Py(bycy — bygeqy)s

—245(Ayes; + Sheq — Pacyy)

—24,(Ayks + Syk; — Pyksy),

Ay(by(fy + hy) + 2b3k;) + 2Pyb ky — 2Py byoky,

A3((=k3 = byg)b3 + (—a3 = f3)by = bygh3)bs — bids = bybyes — by 83 + Sr8 — Py(by — b3 + 83 — ha))+
Ay(= Sy (B3ky + (by f1 + baghy)bs + bldy + bybygey + b381) + Py(by(byg(ar + €3) + by f) + b3 (brg + €2) + b7
dy + bygbyhy + b3ky + Syhy) = PI(hy — k3)) + Agg3 + P28,k — Pyky),

then, by Theorem 3 for & > 0 sufficiently small system (16) has a periodic solution (X (z,¢), Y (t,€), Z(1,¢)) tending to (0,0,0) when ¢ — 0. Therefore
there is a periodic solution starting at the zero-Hopf equilibrium point (1,1,1) when ¢ = 0. This completes the proof of Theorem 2 under the

condition (ii).

O

Application 2. Consider the Kolmogorov system

X =
y=

zZ=

X(x=3+y+z4+x-1D24+x-Dy-D+(z-1?),
YW2x+y+z+(x—1)2+(x=-Dz-D+G@-1*+z-1)3), (18)
zZx—1l—y+z+Gx-12+0@-D2+@-DEz-D+(z-1D>.

This system in the variables (X, Y, Z) writes

X =
Y =
7=

X+ DX+ XY +Z>-Ze—X+Y),
Y +DX2+XZ+Y?2+Z2+Ze-2X+7),
(Z+D)X2+Y24YZ+2Z>-3Ze+X-Y).

The corresponding system (17) is

Fi(0,r, W)= —rcos@sin0(—W +2) + W sin@(W — 1)+ 3r2sin® 0 + rsin® (=2 W + 1) + 2r2 cos® 0 + 2 cos oW,
F,0.r,W)= 4r2sinfcos — rsinO(3 W — 4) + 5r2 sin® 0+ r2cos? 0 +2W2 -4 W.
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To look for the limit cycles we must solve the system

rew-1

=0,
2

Sir, W) =

For, W) =2W?2 + 377 —4W =0.

This system possesses the solutions (r, W) given by (0,0), (0,2), (\/5/2, 1/2), (—\/5/2, 1/2). As in Application 1 we have two good solutions, the
(0,2) and the (\/5/2, 1/2). The determinants (6) at these solutions are —6 and 3, respectively. Hence system (18) has two limit cycle bifurcating

from the equilibrium point (1,1, 1) using the averaging theory of first order. We plot these two bifurcated limit cycles for £ = 10~ in Fig. 2.

0.000010 0.00001C
0.000005

0
000001 0.00002 -0.000005
0.00003 -0.000010

Fig. 2. 1st LC: X(0)=¢, Y(0) = ¢, Z(0) = 2e. 2nd LC: X(0) = ¢, Y(0) = eV/2/2, Z(0) = /2.

The eigenvalues of the Jacobian matrix of (f}, f,) at the singular points (0,2) and (\/5/2, 1/2) are (4,-3/2) and (-1 + i \/5), respectively, by

Theorem 3 the limit cycles are unstable and stable, respectively. This completes Application 2.

Proof of Theorem 2 under the condition (iii). Now we consider the Kolmogorov system (2) perturbed with the parameters given in the condition

(iii). We translate the equilibrium point (1, 1, 1) to the origin of coordinates and system (2) becomes

X=X+D((Xay, +Yby +ZeyDe+d\ X2 +e, XY + fLXZ +g Y2+ Y Z +k Z?),
Y= +1)X?d,+ XYe, + XZf, +Y?g, + Y Zhy + Yeby + Z%ky + Xay + Ybyy + Zc,),

19

Z=(Z+1)(X%dy+XYes+ XZf3+Y?gy+YZhy+ Z%ks — Zeby + Xay + Yby — Zby).

We write the linear part of system (19) with & = 0 at the equilibrium point (0,0, 0) in its real Jordan normal form

0 —\/—b3, —bse; O

\/—b3, = bsca 0 0
0 0 0
For this we do the change of variables
Py
— -1 0
0 0 A
u 4 X X 3 u
e el “ Y with inverse | Y - 0 B
v o|= , = v |,
w \ _1A3 V=4 —43 z z b V74 L, w
— 0 0 € €
Az
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where A; = bgo + b3cy, Py = —aybyy — azcy, Ly = —aybs + azby,. By following the same steps as the case of Theorem 2 under the condition (i), we
get the system

F=  —— (= /= A3 cos? Bsin O((—2byok; + ¢31) Py + (2bygksy — 2 — ) As + (ky — )b + (= hy + Ky

A3c§\/—_A3
)es + ark b2, — e3((=& + hy + b3)ey + ayhy)byg + arcl gy + ¢3g3) + Asr? cos 0 sin® 0((—hy — byg — by)e3 + (
=202 + (=hy + 2k3)byg — ayhy)ey + 2a3by0k + 203 Ky + Asky — Psk) — ¢y/=Asrcos 0sin0((A2 f, + (- c2
ey + ((—ex + f3 = ay + a3)bog — ayey + Py)ey + b3 fr + frazhog + (=1 + ) Py + 2L3ky) As + (( = by — byy—
b3)c3 + (=2b3 + (=hy + 2k3)byg — ayhy)ey + 2aybagky + 265 ky = 2P3ki) Ly = hy P + ((—cy + hy)bd + (b
=28, + h3)ey + ayh Dby — 2a36,81 — 2836 PIW = (apby; + 2bygby)ey — ¢1y(=azbyg + P3)) + cor cos? 0(((a,
€3 = byofa + ©20) A% + (L3c2 + (e + 28 + byg) Py + hy Ly)ey — byg((—f1 + hy) Py + 2L3ky)) A3 + P3((2byg
ky = cyh)Ly + Py(baghy — 2¢28 )W + (bygcyy — by1ca) Py + Asby ca) + co Agrsin® O((((byg + by + h3)es + ay
hy + hybyg) Py 4 ((—2cy + 2ky)byg + 2a5k; + 2cok3) Ly + ((f3 + az)cy + fras + foby0) A )W +ayeqy — bycy)
=12 cos® 0((b3,ky — bagcahy + c282) Az + (—b2 ky + bygerhy — c2g1)Py) + A3y/=A5((=byg + k3)ey + arky + by (20)
ky)r? sin® 0 — ¢21/= A3 W sin 0((A2(ayd, + bygds + cad3) + (((byg + €1)ay + byges + c2e3)P3 + ((f3 + az)er+
f1a2 + fobag)L3) Ay + ((ky — c)bag + k3 + azk ) L2 + ((byg + by + h3)es + ayhy + hobyg) P Ly + (arg; + b3,
+by8 + ) POW + (Asayy + Lyeyy + Pybyy)ay — by (Lyey — Pyby)) — ;W cos 0((A3d, + (e + a5 — d,
YPy + [ L)AL + (Liky + (cy = fi + hy) Py Ly + (—ey + & + byg) P A3 — LIPsky — Ly Prhy — g P))W — Py
(P3by; + (ay; — by)As + Lycy))) = Fi(0,rW),

&

W= ————=(?cos? 0(b2 k; — byyeshy +c2gy) — A3r?ky sin® 0 + sin 0+/=Azcor((As fi +2Lsky + Pyh)W +

3 A3\/—43

¢11) + cos O+/=A3r? sin 0Q2byoky — cyhy) + cyrcos 0((As(byy f1 — ceq) + (2bagky — cahy) Ly + Py(byohy — 2¢,
EIW +byeyy — byjey) + c2(Pgy + (Azey + Lyh)Py + Ad + As Ly fy + L2k )W? + (Azay, + Lycy; + Py
b))z W) = F(0,rW).

We compute the integrals (5) and we obtain

r(Ty W + N3) D3W?2 + Ryr? + c3gW
fl("aW)=—3—33, W)= ——2 3 i W
2¢,(—43)2 23 (=A3)2

The system f,(r, W) = f,(r, W) = 0 has a unique solution (+*, W*) with r* > 0, namely

2
o owy =L NTs = D3Ny Ny
’ T; Ry C T

if Ty > 0, Ry(c3pN3T3 — D3N3) > 0 and the Jacobian (6) at (*, W*) is N3(c3T3 — N3D3)/(2¢; AT;) # 0, where

Dy = 205(A3(Azdy + Ly fy + Pyey) + & Py + Ly(L3ky + Pshy)),
ep = 2¢3(Azayy + Lacyy + Pybyy),
Ry=  —cylbyhy —cr81) — ki (=3 + As3),
N3 = (bycy — b)) Ps + Azazeyy.
Ty=  ((ay+a3+ey+ f3)er + a3 [)AL + ((—ey + 28, + by + 2byg + by)cy + arhy + by [Py + (3 + (hy + 2k3—
2by)ey + 2azk ) L3) Az + P3((2byoky — cyhy) Ly + Py(byohy — 2¢581)).
then, by Theorem 3, for € > 0 sufficiently small and going back through the changes of variables we obtain that the differential system (2) has a

periodic solution (x(t, €), y(t, €), z(t, £)) which tends to the equilibrium (1, I, 1) when ¢ — 0. Therefore there is a periodic orbit starting at the zero-Hopf
equilibrium point located at (1, 1, 1) when ¢ = 0. This completes the proof of Theorem 2 under the condition (iii). []

Application 3. Consider the Kolmogorov system

= x(x=34+y+z+x—-1D>+(x-Dy-D+E-1?),
y= y(2x43+y-2z+@x -1 +x-Dz-D+G@-1D>+z-1)?), (21)
= zZx=34+y+z+(x-1D2+ (-2 4+ @ -Dz-D+(z-D2.
This system in the new variables (X, Y, Z) having the equilibrium point at the origin of coordinates writes
X =((X+ D(-3X + 2)e + X?> + XY + Z?),
Y= +DX2+XZ+Y24+2Z2-2X+Y -22),
Z=(Z+DX*+Y24+YZ+Z*+X+Y - 2Z).

10
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The two components of the corresponding system (20) are

Fi(0,r,W) = %(r(W(37 cos2 0 + 78 cos 0 sin 6 + 29 sin® B) + 4 cos? 6 + 6 cos 0 sin 0 + 2 sin® §)) — i(r2(9 cos® 0+
19cos? 6sin @ + 19 cos 6 sin” 0 + sin® 6)) + W sin 8(—65W — 12) + W cos O(—4TW — 24),

2
F,@0,r, W)= %(rcose(él W +1)—rsinf(rcosd —6 W —1)) — rz —-6W2-6W.

To look for the limit cycles we must solve the system

»

2
MWD o e w) = —6w? - = - 6w =0.

filr, W) = )
This system has the solutions (r, W) given by

0,0, (0,—-1), @V15/11,-1/11), (=4V/15/11,~1/11).

As in Application 1 we have two good solutions, the (0, —1) and the (44/15/11,—1/11). The determinants (6) at these solutions are —90 and 180/11,
respectively. Hence system (21) has two limit cycle bifurcating from the equilibrium point (1, 1, 1) using the averaging theory of first order. We
plot these two bifurcated limit cycles for e = 107 in Fig. 3.

.

-0.00002—
0.00004~

z 4

=0.00006~

0.000020

Fig. 3. 1st LC: X(0) =2e, Y(0) = =3¢, Z(0) = —2¢. 2nd LC: X(0) = ¢/11, Y(0) = —4(\/15 + De/11, Z(0) = —2/15 + 3)e/11.

The eigenvalues of the Jacobian matrix of (f}, f,) at the singular points (0,—1) and (4\/3/11,—1/11) are (—15,6) and (—27 + 3i \/139)/11,
respectively, by Theorem 3 the limit cycles are unstable and stable, respectively. This completes Application 3.

Proof of Theorem 2 under the condition (iv). Now we consider the Kolmogorov system (2) perturbed with the parameters given in the condition
(iv). We translate the equilibrium point (1,1,1) to the origin of coordinates and system (2) becomes

X=X+D{(—2Xcy +YbDe+d, X2 +e, XY + fLXZ + g\ Y2+ MY Z + k| Z% — c3oX + ¢, Z),
Y= +1)X%d,+XYe, +XZf, +Y?g, + Y Zhy + Yeby + Zk, + Xa, + Zc,), (22)
Z=(Z+D)((Yby + Zcze+d3 X + ;XY + f3XZ + Y2+ hY Z + k3 Z2 + a3 X + c3pZ).

We write the linear part of system (22) with € = 0 at the equilibrium point (0, 0, 0) in its real Jordan normal form
0 —¢/—azc| — cgo 0

0 0o |

0 0

2
—azc; — ¢y

0

For this we do the change of variables

c30 1
- 0 0 0
u ey —4A4 VA4 X X M, ° 1
v |= 1 0 0 Y |, withinverse | Y |=| — " (5] ™ v |,
w cl z z _A 4 04 w
4 4 —M, T 0

11
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2

where Ay = az¢; + ¢y,

M, = ayc; + cye39, Ky = ayesy — azc,. By following the same steps as the case of Theorem 2 under the condition (i) we get
the system
&
4
)ey + hyay + 2k az)csg — g3c§ + (2a,8; + azhy)cy)e; + 35§C3Ogl + 3czc§0h1 + 3c§0k1)AZr2 sin? 0 cos 0 + Ai
V=A4r? cos? 0sin 00 — Ay((a5 — 30 + f3)c? + (22 + (ks — f1)esg + cah3de; — eaezohy — 2c2 ky) — My(cles
+((hs —eq)czg +2c083)c) — 2c5¢3081 — c?ohl) + Aikl + AyMyhy + Mfgl) + Aircosé‘ sinO(( - c12e3 +((—hy

=

(((a3 = d3)e] + () + (—a3 — f3 +dy)esg + e1ay — e05 + fraz)ed + (= c3) + (2f ) — k3)ed, + ((2e; — hy
5] -

+ey)eyg + 2ay8 + hyaz — 2¢,83)c; + 2c§0h1 +4cyc308 )W + Ay((arbyy — b3y — 3e39c31)e; +2by¢ac30))
+ Ai(—A4)% r2sin® 0(c2 ky + (c1 f1 + eahy)esg + €2dy + ¢jeyey + c2g)) + sin 9(—A4)% W (Agby +Wgp) + AZr?
cos? 0(A2(c g + €1 ks — c30k)) + Ay My(c by — c3ohy) + M2(c 85 — c3081)) + AW cos 0(Ay(byyc30 — byjcp)
— W (e g3 — €3081)) — Ay cos? 9\/—_A4r((A4(clh3 —c30hy) +2My(c g3 — c308))W + Aiclc31 — AyMy (b,
30 — by cp)) + Ay sin’ 9(—A4)%r(A4(b11c2 —2ci¢31) + Wicieg +2¢,8, + c30h))) = Fi(0,r, W),

S (= Ay~ Ay cos Osin0(AX(c, fo + €3 + ey + 2e30ky) + Ag(Ky(2 + ¢, f) + eyhy + 2¢30k,)

AZy/-A,

+ M,((ay — a3+ ey — f3)e; — 2c§0 + (=2k;3 + 5 + hy)ezp — cr(hy — 282))) + KyMy(ciey +2¢,8) + c30h)—

(23)

Mf(cle3 +2c,83 + c30h3)) — Ayrsin 0((A4((ay + ep)cq + (c30 + 285y + c30hy) + Ky(ceg + 2¢,8; + c30h1)
— My(cie5 + 20583 + c30h) )W + A2by cy + Ay(Ky(byycy — 2¢1c3) — My(bs ¢y + c30¢31))) — A2r% sin” 0(A,
((e30 + gz)cg + ((ay + ey)cy + c30hy)e, + cgokz + clzdz +cie30f2) + (c§0k1 + (e f1 +cahy)ez + cfdl +cicp
e + c%gl)K4 - (c330 + k3c§0 + (a3 + f3)ey + cph3)cz0 + c12d3 +cjcpe; + g3c§)M4) + Ayr? cos? G(Aikz + Ai
(Kyky + My(cy = c30+ hy — k3)) + My Ay (Kyhy + My(gy — hy)) + Ky M2g) — M g3) — \/=Ayrcos 0((A2(c,
+hy) + Ay(Kyhy + My(2g, — hy)) + 2K, M8, — 2Mfg3)W + AZM4(b2] —c31) + MyAL (Kb — Mybs )+
(A8, — Kygy + M4g3)W2 - (Ain] + Ay(Kybyy — Myby )W) = F,(0,r, W).

Then

Ty W + Ny) DW?2 + Ryr? + CW

fir, W) = s S W) =-

5 5
2(=Ay)2¢ 2(-Ay)2

The system f,(r, W) = f,(r, W) = 0 has a unique solution (+*, W*) with r* > 0, namely

2
ey | L [EMT DT Ny
T, R, T,

if T, > 0, Ry(C4N, T, — D4NZ) > 0 and the Jacobian (6) at (r*, W*) is —N4(C,T, — N4D4)/(2A3T4c]) # 0, where

Ny= A2(bjjcr — cic3)) — AgMy(byyc30 — b3jcy),

Cy=  —2A4(A4by + Kybyy — Mybs)),
Ty = Aylcre; +cihy +2cr8)) +2My(ci 85 — c3081),
Dy=  -2(A48 + K48 — Myg3),

R, = Ai((cgo + k3c§0 + (a3 + f3)e; + hzcr)esg + c§g3 + c12d3 +cjcpe3 + Kyh )My, + M42(g2 —h3y) — (klcgo + (¢}
fi1+ehdezg + clzdl +cice + c%gl)K“) + Ai((—cm - g2)c§ + ((—ay — ep)cy — c39hy)ey — c§0k2 - clzdz—
ciesofz + Kyky + My(ey — cyg + hy — k3)) + Ay M2(Kygy — Mygs) + Alks,
then, by Theorem 3 for ¢ > 0 sufficiently small and going back through the changes of variables system (22) has one periodic solution

(X(t,€),Y(t,¢), Z(t,€)) which tends to the equilibrium (0,0,0) when £ — 0. Hence there is a periodic solution starting at the zero-Hopf equilibrium
point (1, 1,1) when £ = 0. This completes the proof of Theorem 2 under the condition (iv). []

Application 4. Consider the Kolmogorov system

X

x(x+y-2z+x-1D2+x-Dy-D+ -1,
y= y(2x4+y+z+x-D2+(x-Dz-D+@-D>+z-1?), (24)
= zx—l-y+z+(x-D2+@-D2+10y - Dz-1)—(z- D).
This system in the variables (X, Y, Z) writes
X=X+DX2+XY +6Xe+Z>-X-22),
Y=Y +DX2+XZ+Y2+22-2X+2),
Z=(Z+D)Y -32)e+X>+Y2+10YZ-Z%>+ X + 2).

12
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The two components of the corresponding system associated to system (23) are
%(((—22 W — 16)rsinf +2W?2 + 13r2 =2 W) cos 8 — 3r2 sin0) — 31r2 cos® @ + r(— 43rsinf + W—

F0,r,w)=
14) cos? 6 — r(W —6),
18412 cos? 0 + (246r2 sin 0 + r(=9 W +40)) cos 0 + rsin0(61 W +46) — 6W?2 —83r2 +5 W.

F@,r,W)=
To look for the limit cycles we must solve the system

firw) = TCW D VZ D _0, KW= 6w 192 4 5W =0,

This system has the solutions

0,0, (0,5/6), (V34/3,-2), (-V34/3,-2),
As in Application 1 we have two good solutions, the (0,5/6) and the (1/34/3,-2). The determinants (6) at these solutions are 85/12 and 34,
respectively. Hence system (24) has two limit cycle bifurcating from the equilibrium point (1, 1, 1) using the averaging theory of first order. We

plot these two bifurcated limit cycles for e = 107 in Fig. 4.

0.00003
0.00002
0.00001
z
=0.00001
=0.00002:
0.00003. -0.00004
-0.00002

-0.00005

0.00005

) 0.00010
0.00015

Fig. 4. 1st LC: X(0) = ¢, Y(0) = —5¢/6, Z(0) = e. 2nd LC: X(0) = ¢, Y(0) = —5e/34/3 + 2¢, Z(0) = \/34/3.
The eigenvalues of the Jacobian matrix of (f;, f,) at the singular points (0,5/6) and (v/34/3,-2) are (-5,—17/2) and (29 +1/705)/2, respectively,

by Theorem 3 the limit cycles are stable and unstable, respectively. This completes Application 4.
Proof of Theorem 2 under the condition (v). Now we consider the Kolmogorov system (2) perturbed with the parameters given in the condition

(v). We translate the equilibrium point (1,1, 1) to the origin of coordinates, then system (2) becomes
(25)

X=X+D{(—2Xcy +YbyDe+d X2 +e, XY + fLXZ + g Y2+ MY Z + k| Z% — c30X + ¢, Z),
cyc30X
207 e Z+d X+ e XY + oXZ + Y2 + MY Z + ky Z2),

. e X
Y=+ (= +by Ve - —

. 1 1

Z=(Z+1)(X%d5+XYes+ XZf3+Y2g3+YZhy+ Z%ks + Zecy; + Xaz + Yby + Zey).

As usual we write the linear part of system (25) with € = 0 at (0,0,0) in its real Jordan normal form

- —a3cl—b3cz—c§0 0
0 .
0

0
2
—azc; — byey — 3, 0
0
For this we do the change of variables
M
5 1 0
c1Asby As X
€30 0 1 v
v | = - s
w0 ¢ \/—CA5b3 1 byy/—As e
2
- — 0
1 4s As
with inverse
X cibsy 0 —cy by u
Y |=| b 0 M, v |,
V4 c30by  —b3\/—As  —c3pb; w

13
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2

where As = aze; + bye + ¢y,

Ms = aze) + cgo. By following the same steps as in the proof under the condition (i) we obtain the system
£
¢ A2b,
c30 + clzdl +cjce) + c%gl)M5) + cos 0\/—_A'5W((bgc1(c12d2 +cie30fn + cgokz) +((d; - ez)cl2 + c30(f1 — hy)
cr + e3 ki IBEMs — by((e — &)y + hycsg) M2 + MIg )W + Msbycy(byy + 2c31) + bicicacyy + M2by )+
V/=Asbsrcos? 0((M2(cye; +2c28 + c3phy) = be;2c2 ky + (261 fr + cap)esg + 2c3dy + ¢ cre5) — Msbs (2
d, — ez)cf + ((=hy +2f))ezg + cp(e; —285))c; + 2c§0k1 + cyc30n DWW + bycicy(by — c31) + Ms(byjcy — 2¢4

= - (/= Asbir? cos? (byci (c3)ky + (e fr + erhy)esg + €2dy + ¢ cre + 385) + (3 ki + (e1 f1 + ahy)

c31)) + A2b2r2 sin’ 0(c e + ¢ ks — e3pk)) + Asb?r? cos? 0 sin 0(((—as — f3 + dy)esg + by fo — erez)e? + (= ¢
+(f1 = k3)d) + (—hs — by + e))ey + 2kabs)esg — (85 — b3)ey — hybs)er)ey + exglclgy + cacsghy + c2 ki )+
Ms(c2 + ¢, fy + cahy +2c30ky) — c3d3) + Asbyr cos 0 sin 0((b3(2a3¢30 — bs f + cae3 — 2c30d + 2¢30 f3)c? — by
Q(ky — cl)cgo +Q(fy = k3)ey + czhl)cgo +((—h3 — by + €))cy + 2kyb3)c c3p — 2¢7d3) — Ms((by + e3)c? + (
(=hy = ¢y + 30 + f)bs + (h3 — €)e3g + 2c283)¢p + c30(2bsk; — 2c581 — c30/)) + MEADW + c39(byjc; = 3
cic31)) — AsW sinB(((c?d3 +c3p(ay + f3 — (/il)cl2 + c%o(k3 +c30— f)eg — klcgo)bg + M52(c1g3 —c3081) — (c%
e5 + c30(bs — eq + hy)ey — ¢3 )by M)W — c3(3bscicyy + Msby)) + cos 9(—A5)%r2b§ sin? 0(( — a3 + 39— 26)
F3)ed + (=2¢3) + (=2k3 + f1)e3g + (=hy = by)ey + kabs)ey +2¢3 ky + eye30hy + Msk;) — (—AS)% byrsin? 6(
(((b3 + h3)e; — hyczp)Ms — by((a3 — c30 + f3)c12 + c30(2¢39 — f1 + 2k3)c) — 26§0k1))W +c1e31))
= F0,rnW),

W = —;(Asbgﬂ sin 0(c; ky — cak) = b2r? cos? 0(c3dy + (—dy + ex)cs + c30f2)ed + (g2 — €1)e2 + e30(

¢ Asy/—As
hy — ey + c%okz)c] - c;gl - cgcmhl - czcgokl) + \/—_ASWb3r sin 0(((c, — fz)cl2 + (cr f1 — 2c30ky)e; +2¢,
c30k1)by + Ms((cy + hy)ey — eahy)) — \/=Asb2r? cos 0sin 0((cy — f2)e? + (—c2 + (f1 — ey — 2¢30k)er+
c%hl + 2¢yc30k ) — byrcos 0(((cfe2 + ((—ey +2g5)cr + hycyg)ey — 2c§g| —cyc30h))Ms — b3(2c13d2 + ((-24,
+e))ey +2e30f2)ef + (=cyeq + e3g(hy = 2f1)ey + 265 ko) — c3esghy = 26,65 ki DW + ¢3((byy + ¢31)¢; =
by162)) + (Msby(c?ey — ¢y (cye; — e39hy) — cacsphy) — M52(C182 —081) — b%(cfdz — c(erd) = e30.f2) — €139

(e2f1 = €30k2) = 263 k IW? + (bscicres + Mis(byicy — byyc )W) = Fp(6,r, W),

For this differential system we compute the integrals (5) and we obtain

rTs W + Ns) DsW? + Rsr2 + Cs W
HheW)=-—20 3 £ W)= 2 S
2(-A45)2 ¢ 2(=A5)2¢

The system f,(r, W) = f,(r, W) = 0 has a unique solution (+*, W*) with r* > 0, namely

2
e [ [NT DN g

if T5 > 0, Rs(CsNsTs — DsN2) > 0 and the Jacobian (6) at (r*, W*) is —Ns(CsTs — N5 Ds)/(2Tsc? A3) # 0, where

Ns = bscieabyy + Ms(byjcy — cie3p),
Cs = 2bycicpezy +2M5(by ey — byicy),

Ds = 2Msby(cie, —c(cre; — c3phy) = cae3phy) —2M2(ci g5 — €281) — 2b3(cidy — c}(eydy — c30f2) — eqeslen f1—
c30ky) — czcgokl),
Rs = bHAs(ciky — crky) — c3dy + ((d) — e2)es — c30.2)? + ((—gy + €)e3 — c3g(hy — f1)ey — 2 ka)ey + e(clg+

cye3hy + cgokl)),
Ts = MZ(ciey + 2028 + c30hy) — bie(2c3 ky + (¢, fo + a1y )esg + 2¢7dy + ¢1cyep) — Asby (a3 — cxg + f3)ef+
(2e30 = f1 +2k3)es0e; — 2¢2 k1) + Ms(((bs + hy)e — c3phy)As — (2d) — ep)c? + (—hy + 2 )esg + (e —
28,))c; + c30(cahy + 2¢30k))b3),
then, from Theorem 3, for ¢ > 0 sufficiently small and going back through the changes of variables system (25) has a periodic solution

(X(t,€),Y(t,¢), Z(t,€)) which tends to the equilibrium (0,0,0) when ¢ — 0. So there is a periodic solution starting at the zero-Hopf equilibrium
point (1,1, 1) when & = 0. This completes the proof of Theorem 2 under the condition (v). [

Application 5. Consider the Kolmogorov system

x= x(x=3+y+z+x-D2+x-D@-D+z-1?3),
Y= ¥ 4y+z+( -1+ -DE-D-0-1D?-@-DE-D+(z-1)7), 27)
2= zZx+1-3y+z+x—-1*+@-12-6(z-1?).

14
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This system in the variables (X,Y, Z) writes
X=X+DX2+XY -2Xe+Z> - X + 2),
Y= +DX2+XZ-Xe-Y2-YZ+Z?-X+2),
Z=(Z+DX?+Y2-6Z%2+Ze+ X -3Y + 2).
The corresponding system associated to system (26) is
F0,r,W)= %(W cos (=3 W —3) + W sin0(—65 W + 9)) + r( — 33rcos’ 6 + 3rcos2 sind + 35 W cos2 0 + 37 W
cos@sin@ —3cosOsin@ + 42rcos @ — 18rsin@ — 42W + 1),
F0,r,W)=18r%cos?0 +3rcos (-8 W + )+ TW?2 -3 W.
To look for the limit cycles we must solve the system
f1r W) = —%r(49 W =2)=0, fr(r,W)=TW?+9%2 -3W =0.
This system has the solutions
0,0), (0,3/7), (V266/147,2/49), (—V266/147,2/49).

As in Application 1 we have two good solutions, the (0,3/7) and the (1/266/147,2/49). The determinants (6) at these solutions are —57/2 and 38/7,
respectively. Hence system (27) has two limit cycle bifurcating from the equilibrium point (1, 1, 1) using the averaging theory of first order. We
plot these two bifurcated limit cycles for ¢ = 107 in Fig. 5.

X

0.000020

Fig. 5. 1st LC: X(0) = 16¢/7, Y(0) = 13¢/7, Z(0) = 16¢/7. 2nd LC: X(0) = e(6 — 1/266)/49, Y (0) = e(4 — 1/266)/49, Z(0) = e(6 — 1/266)/49.

The eigenvalues of the Jacobian matrix of (f|, f,) at the singular points (0,3/7) and (1/266/147,2/49) are (3,—19/2) and (17 = 5\/3_11')/14,
respectively, by Theorem 3 the limit cycles are unstable and stable, respectively. This completes Application 5.

Proof of Theorem 2 under the condition (vi). Now we consider the Kolmogorov system (2) perturbed with the parameters given in the condition
(vi). We translate the equilibrium point (1,1, 1) to the origin of coordinates and system (2) becomes

X= (X+DE2Xy +e3)e+di X2+, XY + IXZ+g Y2 +hYZ +k Z> = Xbyy— Xezg+ b Y +¢,2),

by Z Zbyyc;

+d2X2+€2XY+f2XZ+g2Y2+h2YZ+kZZZ> ' 28

Y = (Y+1)<<b21Y+ >e+a2X+Yb20+

1 1

. 2bic3 Y bicyY 2 2 2
Z= (Z+D)||——+cZ|e+aX+——+c30Z+d3 X +e3 XY + f3XZ+g3Y" + Y Z + k327 ),
€ B

We write the linear part of system (28) with € = 0 at the equilibrium point (0,0, 0) in its real Jordan normal form

0 -4 0
Nay» 0 0.

0 0 0
For this we do the change of variables

1

TE 0 0 VAs 00

X X byy/As P
20 6 6
v =] botae b _a Y |, withinverse | Y [= b b “r
Ag Ag As \/l ;
w Hy Fo ¢ P z z VA B by “
by Ag Ag  biAg “ ; ;

15
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where
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Ag = —(ayby +azc) + b%o + 2byyc30 + cgo), Hg = ayb cyy — azbycy,

— 2 _ 2
Pg = ayb, + b20 + bygc30, Fg = aycq + byyeyp + 3o

and by following the same steps as in the proof under the condition (i) we get the system

I3

3
Agbief
fi =y = e30)bag + c30(f1 + hy = 2k3 = c39))ey + 2k (bagesg + c3y + Fo)bi — (= esct + (= b3 + (e — 28,
+hy — c30)byg — e30(hs — e))ey + hy(=b3 + 3 + Fg — Po)deyby — 2=byogsc; + & (b3 + bygesg + Po))e?)
W + by c2((Bbyg + 3e30)by; + (4byg + 3e30)es )by + 2 cos O sin® O( — by Fy(—c30 + f3 + a3 — by)by + bag(byg
+h3))e? + (f2b% + ((c30 — f1 + hodbag + 3023 — Sy + 2k3))by — baghy(byg + c30))e; — 2by (= kyby + ky (b
+c30))e30) = Poey (((ay = bag — 30 + €2)ey + c3p(c30 + ho))b? + (esc] + (203 + (28, + c39 — e1)bag + c30(hs
—e)e; — hycyg(bag + c3o))by +2¢(ci 85 — (bag + 30)81)bag) + FEb2ky + FsPsbyc by + Plclg, N/ Aq — v?
W sin 0((kyb? + (=hy + k3)e; — ky(byg + c30))b? — ¢, ((hs — g2)ey — hy(bayg + c30))by — ((byg + c30)8) — €13
YW +bycley) — 12 sin® O(b2 F2(kyby + (ks + c3p)eq — ky(bag + ¢30)) + ((c30 + hp)by + (byg + h3)ey — Iy (
bag + c30)) Ps Fgbycy + (g2 + byg)by — baogy + ¢85 — c3081)¢; P2) + by rsin? 0((b; b2 ky + ((2k3 + c30 — hp)
¢ — 2k (byg + c30))b; — ¢ ((byg + h3)ey — hy(byy + c30))) Fg + ¢ ((c39 + hz)bf + ((hsy — byg — 285)c; — hy(by
+30))by + 2¢1 ((byg + 30)81 — €183)) PIW — (Fg + Po)byy + c31(Fg + 2Pg))c?by) + (r cos® 0/Ag((c2d, +
cre3f1 + kIbT + bygei(ceq + e3phy)by + b3 clgy) + r? sin cos? 0((—cidy — cie3 fr — k)] + (= dsc;
+((dy = ey = ay)byg — e30(f3 + a3 — dp))e} + e30((f1 = by = e30)byg + e30(f1 = k3 = e30))ey + e5ky (byg + e30
B2 + bag(—esc? + (—b2 + (=30 + €1 — g)bag + c3g(er — ha)ey + hyeyo(bag + c30))erby + b3, c2 ((byg + c39
)€1 — €183) + by Fo((c? + ¢ f1 + 230k )by + byghycy) + ¢ (B + byey + 2bygg)ey + byesghy) Ps) — rcos? (((
c1 1+ 2e30k 02 + ¢ (=crey + hy(byg — c30))by — 2bygc?g )W + 2c2(byy + ¢31)b1)by) Ag) = Fy (0,1, W),

f (byrsin O(W (F2by (2bTky — bycyhy — byged) + Fgby (Hg(2biky — chy) — ((byg + 285 — ha)ey + by 2k,
AG2 b?cl2
+e30 = ho))Pocy) = Pley(Biezg + byeghy = 2¢783) + He Pocy (b hy — 2¢18))) + A Fob by + Pebic}(Po — Ag
Jes) — 12 sin® O(F b3 ky — P2cd gy — ¢yby (39 — hy + k3)by — bage) ) PgFZ — c1by P2 Fg((=byy — &5 + h3)ei+
bycsg) + He(F2btky + FgPsbicihy + PZcig))) — Agr? cos? 0(((dab7 + bag(e + az)by + b3 (82 + bag + ¢30))
c + byesg(by f2 + baghy)ey + bEe2 k)b Fg — ¢ Po((de? + c3o(f3 + as)ey + (ks + bag + c30))b3 + bygey (¢
€5 + c30h3)by + g3b3,c7) + Ho((cdy + cie30f) + k)b + bygey (crey + c3phy)by + b3 c2g))) — B2W (W (Fg
by (B2ky — bycyhy + €2gy) — Pocy(brks — byeyhs + c2g3) + Hy(b2ky — byeyhy + c2g))) = Psbycley)) — /Aq(b,
rcos O(W ((((f3 + a3)e; + c30(2ks + byg + c30))b7 + ¢y (—ces + hy(byg — c30))by — 2bygcigs)e; Ps — Hgl(ey f
+2030k)b% + ¢y (—cyeq + hy(byy — )by — 2bygcig) — by (—ay — e2)by — (byg + 39 + 282)byg)c? + (b1 f
+hy(byg — c3p))bycy + 2be30ky) F) + (=2 Pghy byget — Pobyclesg — 2Hghychesy + (Fgbybyge? + Febyciesp—
2Hgbic)byy) + 12 cos 0 sin O(F2by (b2,c? + (b2 5 + bybyghy)ey + 2bcyoky) + Fgby (e Ps(((e; — f3 + a5 — a3)c
+e39(hy = 2ks = byg — 2e30))b; — byge; (hy — 2byg — 30 — 282)) + Hy((c? + ¢, fy + 2e30k )by + byghyc;))—

chl(bfcgo +bycles + byciesghs + 2byclgs) + (B + byey + 2bygg))e; + bycsphy)e; PsHg))) = Fy(0,r, W).

((W?cos 6(bTky — byeihy + cg)b} — rsin cos 0(((—c; fr — 2e30kx)b3 + ((e3 — f3 + ay — a3)ed + ((

(29)

Computing the integrals (5) we obtain

fir, W) =

T, W + N, DW?+R?+CW
Ty - e)’ For Wy = =28 36’ oW
2.2 2132

2b, A6 (5 2A6 blc1

The system f,(r, W) = f,(r, W) = 0 has a unique solution (+*, W*) with r* > 0, namely
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if Tg > 0, Rg(CgNgTs — DgN2) > 0, and the Jacobian (6) at (+*, W*) is —Ng(C¢Ts — NsDg)/ 2T Alblc}) # 0, where

Dg = 2Fh3(b2ky — bycihy + ¢2gy) — 2Psbe; (B ks — bycy hy + ¢2g3) + 2Hgh? (b2ky — bycyhy + ¢2g)),

Co= —2b3Psc’cy),

Ng = A6blb216f - Fﬁblcfcm,

Rg = F}blky+ (Hgb%ky — Psciby((c30 — hy + k3)by — bagey ) FE + (Aghy ((dob? + byg(es + ar)by + b3 (byg + 30+
80)? + bycsg(by fo + byghy)ey + kybie2)) = (—bag — & + h3)ey + byesg) P2ey by + Hg Pebychy) g + Ag(((c?
dy + c1c30f 1 + ok )bE + bygey (crey + cyphy)by + b3 28 ) Hg — Pocy ((d3c? + c30(f3 + az)e; + cZ (ks + by
+ 030))[)% + bygcq(cres + c39h3)by + g3b§0012)) + ch]z(—P()clg3 + Hgg)),

To = Ag((cif1 +2¢c30k)b] + ci(=creq + hy(bag — c30))by — 2byc?gy) — Feby (2kyb? + ((2k3 + c39 — hy)ey — 2Ky (
by + c300)b; = (b + h3)ey — hi(byg + c30))cp) — Psey ((hy + 530)17% + ((h3 = byg — 283)c; — hy(byg + c39))
by +2(—g3¢; + 81(byy + c30))cy)-

then, by Theorem 3, with ¢ > 0 sufficiently small and going back through the changes of variables system (28) has a periodic solution

(X(t,€),Y(t,¢), Z(t,e) ) which tends to the equilibrium (0,0,0) when ¢ — 0. Therefore there is one periodic solution starting at the zero-Hopf
equilibrium point (1,1, 1) when € = 0. This completes the proof of Theorem 2 under the condition (vi). [J

Application 6. Consider the Kolmogorov system
= x(x=3+y+z+Gx-D2+Gx-Dy-D+@-1D>+(z-1)?),
y= y=6x+4+y+z+x-12+x-DE-D+@-D*+@-Dz-1)+z-1?, (30)
z= z(x—1-y+z+Gx-1D>+@-1D?+@-Dz-D+(E-1D>.
This system in the new variables (X, Y, Z) writes
X= (X+DX2+XY —4Xe+Y2+Z2-2X+Y + 2),
Y= (Y+DX24+XZ+Y2+YZ+Z?*-6X+Y +2Z),
Z= (Z+D)(@EY +22)e+X>+Y?>+YZ+Z*+X+Y + 2).
The corresponding system associated to system (29) is

Fi(0,r,W)=13r2cos® 0 + (=302 sin 0 + r(15 W — 14)) cos? 0 + (=4 W — 14)rsin 0 + 2W?2 — 9r%) cos 0 + W2
+23r2 =2 W)sin8 + r(—=14 W + 10),

Fy(0,r, W)= —87r?cos? 0 + (=114r2sin @ + (34 W — 52)r)cos @ + rsin (=50 W +40) + TW? +84r> —8 W.
To look for the limit cycles we must solve the system
1 —
fir W) = —w =0, L0, W)=TW?*+ 871# —8W =0.

This system has the solutions (r, W) given by
0,0, (0,8/7), (2V186/117,6/13), (-2V/186/117,6/13).

As in Application 1 we have two good solutions, the (0,8/7) and the (24/186/117,6/13). The determinants (6) at these solutions are —248/7 and
372/13, respectively. Hence system (30) has two limit cycle bifurcating from the equilibrium point (1, 1, 1) using the averaging theory of first order.
We plot these two bifurcated limit cycles for € = 1075 in Fig. 6.

0.00002
0.00001

-0.00001

0.00016 0.00008

Y

0 ~0.00002

Fig. 6. 1st LC: X(0) = ¢, Y(0) = 8¢/7, Z(0) = —8¢/7. 2nd LC: X(0) = 218y (0) = “Z‘ﬁ“‘“, Z(0) = £eVisesy

u7 17
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The eigenvalues of the Jacobian matrix of (f}, f,) at singular points (0,8/7) and (2/186/117,6/13) are (8,—31/7) and (-10 + 81’\/7_4)/13,

respectively, by Theorem 3 the limit cycles are unstable and stable, respectively. This completes Application 6.

Proof of Theorem 2 under the condition (vii). Now we consider the Kolmogorov system (2) perturbed with the parameters given in the condition

(vii). We translate the equilibrium point (1,1, 1) to the origin of coordinates and system (2) becomes

X = (X +1D)((=2by —2¢3)Xe+(=byg—c30)X +b,Y +c; Z+d | X> +e; XY + fLXZ + g, Y> + MY Z + k, Z°),

. b byo(byy + + by (byy + by, Z by (byg + c30)X
Y= (Y41 ( <(_ 22031 _ bayg(hy, C31)b 21 (2o + €30) 21b01 >E b 20b ¢30) n
1 1 1 1

+dy X2 + e, XY + fLXZ + g Y2 + )Y Z + ky 22 )

>X+b21Y+ bygY

by Z (BD
1
Z= (Z+1D)(X?d3+XYes+XZfy+Y2g3+YZhy+ Z%k5+ Zecy, + Xaz + Yby + Zey).

As usual we write the linear part of system (31) with £ = 0 at the equilibrium point (0,0, 0) in its real Jordan normal form

\/—bl(a3blcl +bye2, + bygbsey)

0
by
\/—bl(a3b1cl +byc2, + bygbsey) ;
0 0
by
0 0 0
For this we do the change of variables
_B My 0
b1 Ay b1 A;
y byy +¢39 1 < );
v |=| — s
o bi\/=biA; /b1 A;  by\/—b A -
20 1 0
b, A, A,
with inverse
2
¥ -5 0 by M, .
vy |= —b%()b1 0 b, B, o |
z bieso  byy/=biA; b P w
—— ——— ~hiy
€1 €1

where A; = azb;c; + b1c§0 +bygbscy, My =bjczg—bscy, Py = azb; +byybs+bscyy, By = azcy + byyesg +c§0. By following the same steps as in the proof

under the condition (i) we obtain the system

j= ﬁ(,/—bmﬂlﬁ cos® O(B;((c2dy + ¢ic30 f1 + 2 k)b + bygey (crey + csphy)by + b3 c2g)) — M7 ((c2dy + ¢
151%7
c30f2 + €2)ka)b3 + bygey (e es + c39hn)by + bl c22))) + AZbY sin’ O(kyby + (c30 + k3)ey — ki (byg + c3))r+

Azbr? cos? 0sin 0(( — dyc + ((—a3 — f3 + dy)esg — bag(e, — dy))et + (=3 + (fi — k3)esg + bag(fy — Ba))esg

c + cgokl(bzo + c30))b% + bzocl(—e3c12 + ((eg = hy — b3)czg + bygle; — g2))cq + c3phy(byg + c30))by + bgoclz(
—g3¢1 + 81 (byg + c30)) + By((c2 + ¢1 [ + 2c30k )by + bagerhy)by — (B3c? + (B2 fo + by byghy)ey + 2b2ez0ks)

My = (c}dy + cie30fr + c3ka)b3) — Agbyrey sin 0 cos O((B; by (((by + ¢30 — €2)er — hyczg)b? + (= esef + (=

b3y + (=28, + ep)byg — e30(h3 + by — e))ey + esphy (byg + €30))b; = 2¢1(83¢1 — 81 (byg + €30))bag + M7 ((c+

f1 = )by = byge)) = 2Pybyky) + by M7 ((=2byd3 — byges)ed + (= 2dyb% + (= b3 + (—ey — 2c30 + 2d)byg — c39
(f3 + az + c30 = 2d )by + byg(bag + €1)(bag + c30))e; + (= foby + f1(bag + c30))b1c30 + 2Psby ko) + Pyby ((( (32
f3 + a3 = byg — c30)by + byg(hy + byg + by))e? + (207 + ((hy — f)bag + ks + 230 — f1)e30)by — baghy (b
+e30))ey — 2byesg(—kyby + ky(byg + c30))) + B2 (B3 Ry — M2 L)W = (((byg + 3¢30)by — bycp)byy +3byc30¢31)
¢1) = Ayby W el sin 0((B3by (bag + 82)by — baggy + 83¢1 — €3081) — Byby (M7 (b3 + (by + 30 + €))byg + (e39—
)by —cre3 + c3peq) + Pr((hy + byg + by)ey + bihy — byghy — e3phy)) + M2(b3, + (2c30 — dDbag + bydy + ¢

dy + cZ) — c30d )by — by M7((f3 + a3 — byg — c30)ey + foby = [fi(bayg + c30)) Py + (kaby + (c30 + ky)e; — k(b
+c30))PTb W + Bybyby — Preg(byy + c31) + Macsg(byy + 2¢31)) — /=y A7r?b} A; cos 0 sin? 0((( — a3 + by

+ 30 = f3)by — byo(hy + by + b3))012 + (b0 (f1 — hy) — (2k3 + 2e30 — f1)e30)by + byohy (byg + ¢30) — be%)cl

+2byc39(—kyby + ky(bag + c30)) + by (Byky — Myky)) + /by A; W c? cos 0((B3b3g; + B2((by — by + € — &)
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M = Pyh )b — Byb (M3 ((bag + c30 — d + €3)by = bag(bag + €30)) + M7((cy + f1 = hy)by — byge;) Py — P}
biki) = MabA(M3dy — M7 Py fr + PRIy))W — By Moby(3byy +2¢31) + M3((2byg + c30)byy + 2bygc31) + M7 Py
byie) + r((( = B3by(bic; + by(cieq + c3ohy) + 2bygei81) + Byby (M7 (((byg + c30 = 2d + €2)by + byg(byg — €
+28)))e; + byesglhy — f1)) + Py((c} + ¢ f1 + 2c30k )by + bygei ) + A7 ((Rs + byg + by)ey + by — byghy—
c30h1)) + M2(Qdyb2 + bybygey — b2 (byg + c3p))ey + bicsg f2) + My (by A ((f5 + a5 — byg — c30)ey + foby — fi
(bag + €30)) = Py(B3,c2 + (B3 f + bybyghy)ey + 263 c3pks)) — 2by Aq(kaby + (c30 + k3)e; — ky(bag + c30)) PIW
+2Byb1byyc; +2B7bicic3y — Mybyybyycg —2Mobygc ey + Aqbyycp + A7clc31)cos2 0 — A;((B;((h3 + byy+
by)ey + byhy — hy(by + c30))by + by M7((f3 + a3 — by — e30)e; + f2b1 — f1(byg + €30)) — 2(kyby + (e30 + k3)
e = ky(byy + c30))Pyb )W + ¢y (byy + c3))by\/=by Azc)) = Fy(6,r, W),
gy/—b A,
c?A%
230k )by + b3,c1(cy — hy)) = \/=by Aqcyrsin OOW by (B () — hy)bag + byhy) + My ((—¢; = f)byg + f2b))—
2P;(byky — bygk ) + c1byy) — bycyrcos 8((B7((byyc; — crep — c3oh2)b% + byg( = by + (=28, +ep)cy + c30hy
Yby +2b5,c181) + (B3¢ — ¢1(by — c30 — €)b3, + by (=30 +2d; — ex)e; + fiezn)byg — B2 (2edy + c30.f2))M;
+ P((c1 fo + 2e30ko)b? — bag(c? + (fy — hadey + 2¢30k )by + b3 c1(c; = R)ODW — bygbyyep) — byr? cos? 0((c?
dy + cie3pfr + Gk)bY + (o3 — dy)e} — e30(fy = hodey — kyc3)baghT + (82 — €1)e; — e3phy)b3erby — b e}
g1) + (Byb 2 (M (b3 + (by + c39 + €))bag — byey) + Py((c; — hy)byg + byhy)) — M3 ctb (b3 + (c30 — d1)byg
+bydy) + by M7 Py(foby — bygley + f))et — PRbic2(biky — bygky) — B3((bag + £2)by — baggi)eib)W? — by c?
byyM,; W) = Fy(0,r, W),

(A7537 sin® (by ky — byky) + /=Dy A7by P2 cos 8sin 0((c; f + 2¢30kp)b? — byg(c? + (fy = hy)e;+

Now we compute the integrals (5) and we get

ry/—A7b(T; W + N;) (Ry7% + D;W? + C; W)y/—A5b,
fie W) =~ - . LW = — :
2¢1 A3 2c1 A7

The system f,(r, W) = f,(r, W) = 0 has a unique solution (+*, W*) with r* > 0, namely

W ==

| |C;N:T; - D;N2 N
T; R; T

if T, > 0, Ry(C;N;T; — D;N2) > 0 and the Jacobian (6) at (+*, W*) is —b; N;(C;T; — N;D;)/(2A3cT;) # 0, where

D; =

T, =

1
—((a3(by; + c31)e; + e30((byg + €30)by; + €30¢31))by + bygbsciesp)ey,
—2by¢?byy M3,
A (byky = bagk) — by ((c2dy + ¢y c30.f2 + €2 ko)b3 + ((—dy + ex)c? + e3p(hy — f1)ey — kyc2bygh? + ¢ b2 (
(82 — €))e; — e3ohy by — b cPgy),
2b1¢2 By(M7 (b3 + (by + c30 + €))bag — byez) + Py((c; — hy)byg + byy)) = 2M2(b% + (39 — dy)byg + bydy)
by +2¢2by(by f> — byg(ey + f1))M7 Py — 2byc? PH(biky — bagky) — 2B3c2((byg + 82)by — baog)b1s
BIby(brc; + by(cieq + c3phy) + 2byc181) + By (A7 ((bag + by + h)ey + bihy — byghy — exghy) — M7 (((hy
+ 30— 2d; + ex)by + bag(byg — €1 +282))cy + byesg(hy — £1)) — (¢ + ¢y f1 + 2¢30k )by + bygey ) P) — M3
(b2dy + bybygey — b (b + c30))c + Bresg f2) + My (Py(b3,c2 + (B2 f + bybyghy)ey + 262 ¢s0ks) + by A7 ((as
—byy = c30 + f3)ey + by f2 = f1(byg + ¢30))) = 2b; A7 (bi Ky + (c30 + k3)eq — k(b + c30)) Py,

then, from Theorem 3 for ¢ > 0 sufficiently small and going back through the changes of variables system (32) has a periodic solution
(X(1,€),Y(t,€), Z(t,€)) which tends to the equilibrium (0,0,0) when ¢ — 0. Therefore there is one periodic solution starting at the zero-Hopf
equilibrium (1, 1, 1) when ¢ = 0. This completes the proof of Theorem 2 under the condition (vii). []

Application 7. Consider the Kolmogorov system

X =
y=

Z =

xx+y—-2z+x-D2+x-D@-D-0@-1)%+z-1?),
Y2x4+y+z+ -2+ x—-DEz-D+ G -1+ (z-1)?), (33)
Z2x =2 —y+z+x -2+ -1+ @ -Dz-D+z-1>.

This system in the variables (X, Y, Z) writes

X =
Y =
Z =

X+ D(X2+ XY +6Xe—Y2+2Z2-2X+Y -22),
Y +1D)(2X +4Y —82)e —2X +Y —2Z + X?>+ XZ + Y2 + Z?),
(Z+DX2+Y2+YZ+Z2-TZe+2X -Y + 2).

19



C. Bouagziz et al. Partial Differential Equations in Applied Mathematics 11 (2024) 100810

The two components corresponding to system (32) in this case are

F0,r,W)= —;(3 cos3(0) + 7 cos2(0) sin(0) + 5 sin3(9) — 7 cos(0) sin2(0)) - %( sin(@) cos()r(12 W —26) + r((—
10 W —10) cos2(0) + 3 W + 6)) + sin(@)W (=3W + 2) + cos(0)W (TW + 2),
E@,r, W)= —%(605(9) sin(0)r? + cos?(8)r? — sin(@)r(W — 8) — cos(@)r(=9 W +8)) —6W?2 +4 W.

To look for the limit cycles we must solve the system

i, W) = w =0, fo(r,W)=—-6W?— é +4W =0. (34)

As in Application 1 we have two good solutions, the (0,2/3) and the (\/5, 1/2). The determinants (6) at these solutions are —2/3 and 1, respectively.
Hence system (33) has two limit cycle bifurcating from the equilibrium point (1, 1, 1) using the averaging theory of first order. We plot these two

bifurcated limit cycles for e = 107 in Fig. 7.

=0.00001

X

0.00001

0.00002.

0.00001

-0.00001

-0.00002
Fig. 7. 1st LC: X(0) = —2¢/3, Y(0) = —4¢/3, Z(0) = e. 2nd LC: X(0) = —e V10— ¢/2, Y(0) = —e\/10 — ¢, Z(0) = e\/10/2.

The eigenvalues of the Jacobian matrix of (f}, f,) at the singular points (0,2/3) and (\/5, 1/2) are (—4,1/6) and —1 with multiplicity
two,respectively, by Theorem 3 the limit cycles are unstable and stable, respectively. This completes Application 7.

Proof of Theorem 2 under the condition (viii). Now we consider the Kolmogorov system (2) perturbed with the parameters given in the condition
(viii). We translate the equilibrium point (1,1, 1) to the origin of coordinates and system (2) becomes

X= X+D(-by—c30)X+b Y+, Z+d X>+e; XY+ fIXZ+g Y2+ YZ+k Z®—2c3 X&),
Y= (Y+DX%dy+XYey +XZf,+Y2g, +YZhy+ Z%ky + Xay + Yby + Zcy),

(aybyc31 + (by + c30)bye31 + e31(bye30 — b3ep)) X >
+c5Z
biey — byey

(35)

1
£+ —C((Gz(b1c3o = byep) + (b,
1

z= (Z+1)<< bie; — by

+e30)(byezg — b3eoNX) + b3 Y +¢30Z + d3 X2 + 3 XY + 3 X Z + Y2 + Y Z + ky Z° ) .

We write the linear part of system (35) with € = 0 at the equilibrium point (0,0, 0) in its real Jordan normal form

V(bjcy — bye))A

0 —
by — byey
bycy — byc))A s
Vb6 = byeA 0 0
bicy —byey
0 0 0

where A = —~(=bjc; + byblcy + by(=2bscicy + byeaesg) + cy(bybyey — bicyezg + byed)) + ay(be; — byc? + by (czp — by))). For this we do the change of

variables
FL _EM _F
u EA EA A X
o |=| _KVFA FVFA Y |.
w EA EA P
_G H _F
A A A

20
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with inverse

A
F —— F
VAF
X A
Yy |=| K - -K v |,
z VAF
A w
L P
F\ar
where
= ach - blcg +2bycich +cicrezg, P =arb + bg + bycs, F =bicy —bye;, G =bycyy—bscy,
= aybjc; +bjcyez0+ bgcl, K =ayc; + byey +cyc39, H =bjcyg — byey, Ag =—A,
L= aybic, +aycic3+ bgcz +2bycyez0 + czcgo,

= aybiciczp — a2b3cf + blb3c§ + blczcgo + b§c1c30 —2bybycqcy — bycycyeg.

By following the same steps as the first case (i) we get the system

&

F3AZE+\/-F Ag
c1¢y + Flp)) + (E(Kes F — P(b3csg + (=bycy — €1 f3 + €3)by + (azb) — byey)esg — azbyey + biey f3)) — KF
(L(by + ;) — M(ay + €)) + PF(L(¢c| + f1) = M[,))F + F(Egy — Lg; + M(b, + g,))K* — MK Pb,c2 + P?
F(E(ks + c30) = Lky + Mk))W — ¢3 F(EG + 2F L)) — F2 A2 sin® 0(((a, + e5)¢; + 2¢1d; + 30 f2)F* + K
F3((ay +2by + c39 = 2d; + ey)e; + (28, — by +2by + ¢30 — €1)cy — c30(f1 = hp)) + (E( = byc3ds + (b d3—
byes)es — c3p(agbs + by f3))e? + ((brey — bygs)es + (=bscsg + f3by — by(hs + 2b3))esge, — 20 (— agby + bylky
—b))ey + by cz(g3c§ + c30(hy + b3)er + cgo(k3 + c30)) — K2((by + e)e; +2¢,8, + e30h)F — LF((— by +d|

(F*AgW cos 0(((Edy + L(by + c39 — d,) + Md,)F> — KP(E(hs + bj)F — Lh; F + M( - b,

)c]2 + ((by + ey +c30f1 ey + c%gl +cye30hy + cgokl) + FM((g, + by + 630)(2% + ((ay + ep)cy + hyezp)er+
c1030f2 + ko + c2dy) + S(ey fo + €] + ahy + 230k ) F)F — KS(e? + ¢ f1 + eohy + 2c30k;)F) cos 6 + F2
Agr? cos? O((F(Eds + Md,) + L(by + ¢39 — d|)F + (Eey — L(b; +¢,) + M(a, + ¢,))K)F* + (F(Eg; — Lg,
+ M(by + g))K? + S(E(F f5 + G(by + ¢30) + Hay) — F(L(c, + f1) — M f5)) + KS(E(hy + b3) — Lhy + M
(¢y + h))DF? + S2F(E(ks + c39) — Lk| + Mk,)) — F3 Agrcos? 0((2Ed; + 2L(b, + ¢z — dy) + 2Md,) F*+
(EQKeyF — P(F f5 — Kby + Pcy)) + 2F(M(ay + e5) — L(by + e))K + PF(L(c; + f}) = M f,))F?> + 2F
(Egy — Lg; + M(by + £,))K?> = PF(E(hy + by) — Lhy + M(cy + hy))K + S(E(F f3 — Kby + Pcyg) — L(c,

+ fF + M fy F))F + SF(E(K(hy + by) = 2P(ky + ¢30)) — K(Lh; — M(c, + hy)) + 2P(Lk; — Mky)))W —
F2¢31(E(P+G)+2FL)— EScy F) + (—FAg)% F3W sin0((F3d, + (K(a, + by + c30 — dy + e;) — Pf5)F? (36)
+(KP(c; — ¢y + fi — hy) + P2k, — K2(by — b, + ¢| — g,))F — K3g, + K>Ph; — KP? k)W — 2FKcy)+
F*AZrsin® 0(((ay + ex)ey + 2¢1dy + 30 f2)F? + (K((ay + 2by + 30 — 2d + ey)c; + (28, — by +2b; + c30—
e1)cy — e30(f) — ) = P(ey fo + €2 + cyhy + 2e30ky))F = K2((by + €))c; + 2¢,8) + c30hy) + KP(c? + ¢, /)
+eyhy + 2030k DW —2Ke e3)) + F3 \/TASAérz sin® 0(((g, + by + c30)c§ + ((ay + ey)cy + hycyg)ey + cpezg
Fo+ ks + 2dy)F = ((=by + dy)e? + ((by + e))es + 30 f1)et + 281 + caczohy + 2 k)K) + F2y/=F AgrAg
cos 0sin 0((2d, F> + (2K (ay + by + 39 — dy + €3) — Pf)F* + (E(c3, P + F(2c(ds + cye5 + ¢30f3) — b3c30K)
—2K2(b; — by +e; — g)F + KP(c; — ¢y + f1 — h))F — L((—=2by — c30 + 2d,)e; + (by + e))es + 30 /1) F+
FM((ay + ey)c, +2¢1dy + c30f2) + S F)F? + (E(K(cies + 2¢,83 + c39(hy + b3))F — P(S + F(e; f5 + ¢
hy + 3 + 2¢30k3))) — FQK3g — K2 Phy + K(L((by + e))e; + 26,81 + ¢30hy) = M((2by + c30 +28y)¢ + (
a + ey)c; + hyey)) — P(L(c]2 +c f1+eohy +2c30k) — M(c) fr + c% +cyhy + 2¢30k,)) + S(K(cp — ¢y + f
— hy) + 2Pky)))F — KSF(Khy —2Pk))W — Fe3 (E(He, + Pey) + 2F?K +2Lc| F)) — \/—F Agr’ F Ag

sin 0 cos? 0(d, F® + K F(ay + by + c30 — dy + €) F* + (E(c2 P + F(2c1d5 + cye3 + c30.f3) — byc30K) — K2 (b
—by+e; —g)F — L((—2by — c39 + 2d))c; + (b +e))cy + c30fDF + FM((ay + ey)cy +2¢idy + ¢30f5) + S
foF)F3 + (EK(cie5 + 2¢585 + c30(hs + b3)) — K3g; — K(L((by + e))c; +2¢,8, + c3phy) — M((2b, + c50+
2g,)c, + (ay + ex)eq + hyezg) + S(ey — ¢y + f1 — )N F? + S(E(S + F(cy f5 + cohs + cgo + 2¢30k3)) — F(
K2hy + L(c] + ¢ f1 + hy + 2e30k)) = M ey fo + &5 + chy + 2c30k,) = SKkp))F = KS?hey F)) = Fy(6,r, W),
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m(F\/—FASr sin@(( — Hey(Kby(ayep + c3phy) + Pbycihy) — GP(cf +c f1 +cphy +2c30k))F+
H((2b5cicy + (=2b,62 + c2(ay + e3))by — byc2(e30 + 28K + P(— ¢ (¢ f2 + ¢ + 2¢30k0)by + byey(cyhy +2
c30k2))) + FG((by + e))e; +2¢28; + e30h)K + (2 P + F(2cdy + cyes + c30f3) — byezo K)F2 + ((( - 2b,—

ey +2d)e; + (b + ey + 30/ )GF — FH((ay + ey)cy + ¢30f2 + 2¢1dy) + K(cjez + 2¢,83 + ¢39(hs + b3))
F—P(S+F(c; f3+chy + c§0 +2¢30k3))F — H(K(((—c309 — 282)¢y — ¢30h2)by + bycyey)ey — Phcy(cy f

+ MW — 3 (F(Hey + Pey) = 2Ge, F)) — \/=F Agr? cos 0sin 0((c2) P + F(2¢;d5 + cae3 + c30f3) — byczoK
YF3 + F3(((=2by — c39 + 2dy)c; + (by + e))cy + 30 f1)G — (a3 + ey)cy + 30 f + 2¢1dy)H + K(cpe5 + 2¢,85+
c30(hs + b3))) + (KF(((by + e))e; +2¢281 + c30h1)G — ((2by + 30 +285)cp + (ay + ey)e; + c30hy)H) + S(S+
F(ei f3+ cahy + 3 + 2030k F + SF((c} + ¢ f1 + ¢k +2¢30k1)G = H (¢, f2 + €5 + ¢yhy + 2e50k,))) — F Ag
r2sin® O(F (308 + (8563 + (c03 + c30h3)ey + 2 ks + ¢2ds + ¢y f3)F) + (=by + dy)e? + () + €))e + ¢30.f1)
¢+ c%g] +cye30h) + c%ok] YFG —((b, + g + c3o)c§ + ((ay + ep)ey + c39hy)ey +cie30fr + c§0k2 + clzdz)FH)—
Frcos 0((2d3 F3 — (P(F f3 — Kby + Pcsg) + 2F(G(by + ¢30 — dy) + dy H — e3K)F? + (F(G(2(b; + e)K — P(c,
+f1)) — HQ(a, + e;)K — Pfy) + KQ2g3K — (h3 + b3)P)) + S(F f3 — Kby + Peyg))F? + F2((2Gg, — 2H (b,+
2 VK? + (S(hy + by) — P(h G — (¢ + i) H)K + S((¢; + f1)G — fo H — 2P(k5 + c50))) + SF(G(Kh — 2Pk,
)= H((c) + hy)K = 2Pk)))W — Fe3 (SF — F2(G — P))) + r* cos” 0(d; F® — F3(Gb, + Geyy — Gdy + Hdy — K
e3) + (KF((by +¢)G — H(a, + e;) + g3K) + S(F f3 — Kby + Pcyg))F? + F3((Gg, — H(by + g,)K? + S((c;+
G — f,H + K(hy + b3))) + SF2((hG — (¢3 + hy) H)K + S(k5 + c30)) + S2F(Gk, — Hk,)) + (d5 F® + (- F(G
(by + c30 —dy) + dy H — e3K) — P(F f5 — Kby + Pesg)F* + F4(G((by + ¢))K — P(c; + f)) — H((a, + e,)K—
Pf))+ K%gy — KP(hs + b3) + P2(ks + ¢30)) + F3(G(K*g; — KPhy + P?k)) — H((b, + g,)K? — P(c, + hy)K

+ P2)DW? + FAGWey)) = Fy(0,r, W).

Computing the integrals (5) we obtain

fir W) =

Fr(Ty W + Ng) W) (DgW? + Rgr* + CgW)
EEE—— P (S =- .
2AE\FA 2FAVF A

The system f,(r, W) = f,(r, W) = 0 has a unique solution (+*, W*) with r* > 0, namely

2
W) = 1 CgNgTg — D8Ng _&
’ T3 Rg N

if Ty > 0, Rg(DgN?2 — CyNgTy) > 0, and the Jacobian (6) at (r*, W*) is Ng(CyTy — Ny Dyg)/(2Ty A3 FE) # 0, where
8 g(DgNg 8Vgds 8(Cgly ss 8

Tg =

Ng =
Cg =

(Qd3E +2L(by + 39 — d}) + 2Mdy) F? + (EQKes — Pf3) — 2K((by + ¢))L — M(ay + ¢5)) + P((c; + f)L
— M f,) = ((ay + ey)cy + 2dscy + c30./2)Ag)F2 + (2Egy — 28, L+ 2M (b + g,))K? — (P((c; + hy)M + Eh,
—Lh))+ Ag((by + c39 — 2d| + ex)c) + (2gy + by —ep)ey + (—f1 + hy)ezg — F + K)K 4+ PAg(ey fr + c§+
cahy +2¢30ky) — E(P2esg — Sf3) — S((c; + f1)L — M f))F + Ag((by + e))c; +2g,¢5 + c30h VK2 + (((c+
h)M + Ehy — Lhy)S — Ag(c? + ¢, f1 + cahy + 2¢30k)P)K = (30 + 2k3) E — 2Lk +2Mk;)SP,

2d5 F> — by + c39 — d1)G + 2dy H — 2e5K + 23 P)F* + (2G((by + e))K — P(c; + f1)) — 2(K(ay + e5)—
foPYH +2g3K? — 2h3 PK + 2ks P2)F3 + (2G(K?g, — KPh, + P?k;) — 2H((b, + £,)K?> — P(c, + h))K

+k, P))F?,

dyF3 + (e3K — (b, + ¢30 — d))G — dy H)F* + (K((b) + )G — H(a, + ;) + g3K> + S f3)F> + ((( - b,
g)H +Gg)K? - Ag(k3C§0 +(c1 f3 + cah3)ezg + cfd3 +cjcey + g3c§) +((c; + f1)G+ Khy — H f5 + Pcyg
)S)F? + (GKShy — HKScy — HKShy + ¢30S? + S%ky — Ag(G((d) — by)e? + ((by + e1)ey + c30/ ey + &
3 + cacsohy +kic3) = ((by + c30 + 82)¢3 + (hyc3g + ¢1(ay + €2))cy + cldy + ¢ frez0 + koed ) H + Sczg))F
+5%(Gk, — Hk,),

-3 (EF(G+ P) +2F*L — 2K Age, + ES),

2F3Gey,.

then, from Theorem 3, for e > 0 sufficiently small and going back through the changes of variables system (35) has a periodic solution
(X(t,€),Y(t,¢), Z(t,€)) which tends to the equilibrium (0, 0,0) when £ — 0. Therefore there is a periodic solution starting at the zero-Hopf equilibrium
(1,1,1) when e = 0. This completes the proof of Theorem 2 under the condition (viii). []

Application 8. Consider the Kolmogorov system

X =
y=
7=

x(x=2+y+x-1D2+x-Dy-D+(z-1?),
Y2x4+2—y+z+(x—1D2+(x=-Dz-D+@-1D*+z-132), (37)
2Zx—1—-y+z+x—-D2+@-1D2+@-DEz-D+z-D>.
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This system in the variables (X,Y, Z) writes
X=X+DX2+XY -2Xe+Z2+7Y),
Y=Y +DX2+XZ+Y2+2Z2-2X-Y +2),
Z=(Z+D(2X+2)e-2X-Y+Z+X2+Y24+YZ+ Z%.

The two components of the corresponding system associated to system (36) are
Fi0,r,W)= —é(\/i( —2cos()W (12 W +4) — 4cos?(0)r2 + 2 cos2(0)r(10 W +2) + 14 sin(9)\/5W2 +20 sin2(0)

W +84/2sin3(0)r2 — 2 cos(0) sin(@)V2r(15 W + 1) + 12 sin(6) /2 cos2(0)r2)),
V2
4
To look for the limit cycles we must solve the system
rQ0 W +2)V2 (—4W2 4212
8 - 8 B
This system has the solutions

0,0, (V2/10,-1/10), (-V2/10,-1/10)

Here we have only one good solution, the (\/5/ 10,—1/10). The determinant (6) at this solution is —1/20. Hence system (37) has one limit cycle
bifurcating from the equilibrium point (1, 1, 1) using the averaging theory of first order. We plot this bifurcated limit cycle for e = 10~ in Fig. 8.

Fy0.r, W) = (Sin(@)V2r(W — 1) + cos(8) sin(@) V212 + 2 sin2(9)r2 — cos(O)r(—=6 W +2) — 2W'2).

fie, W) = 0, fo(r,W)= 0.

-0.000015

0.000005

Fig. 8. X(0) = e(1 + V/2)/10, Y(0) = ¢, Z(0) = —¢/10.

The eigenvalues of the Jacobian matrix of (f}, f,) at (\/5/ 10,—1/10) are (—\/5 + 1/22)/20. So this limit cycle is unstable. This completes
Application 8.

4. Conclusions

We have classified all the zero-Hopf equilibria of the Kolmogorov systems of degree 3 in R3, see Proposition 1, obtaining eight families of such
Kolmogorov systems exhibiting zero-Hopf equilibria. Moreover using the averaging theory of first order in Theorem 2 we have characterize the
limit cycles that bifurcate from such zero-Hopf equilibria. Finally we provide explicit examples of the limit cycles bifurcating from the eight families
of zero-Hopf equilibria.
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