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Abstract. A difficult classical problem in the qualitative theory of differential systems in
the plane R2 is the center-focus problem, i.e. to distinguish between a focus and a center.

Another difficult problem is to distinguish inside a family of centers the ones which are

global. A global center is a center p such that R2 \ {p} is filled with periodic orbits.
In this paper we classify the global centers of the family of real polynomial differential

systems of degree 3 that in complex notation write

iẇ = w −A3w
2 −A4w

3 −A5w
2w −A6ww2,

where w = x + iy and Ak ∈ C for k = 3, 4, 5, 6.

1. Introduction

The general cubic differential equations in complex notation having either a weak focus or
a center at the origin of coordinates are

(1) iẇ = w −A1w
2 −A2ww −A3w

2 −A4w
3 −A5w

2w −A6ww
2 −A7w

3,

where w = x + iy and Ak ∈ C, k = 1, · · · , 7. These differential systems have been considered
in several articles, thus in the papers [2, 12, 13, 15] the authors provide for some subclasses
of these differential systems necessary and sufficient conditions in order that the equilibrium
point at the origin of coordinates be a center. In this paper we restrict our attention to the
subclass A1 = A2 = A7 = 0. Then the complex differential equation (1) can be written as the
following real cubic polynomial differential system

(2)

ẋ = y + 2a1xy − a2(x2 − y2)− (b2 + c2 + d2)x3 − (3b1 + c1 − d1)x2y
+(3b2 − c2 − d2)xy2,

ẏ = −x+ a1(x2 − y2) + 2a2xy + (b1 + c1 + d1)x3 − (3b2 + c2 − d2)x2y
+(−3b1 + c1 + d1)xy2 + (b2 − c2 + d2)y3,

in the plane R2, where A3 = a1 + ia2, A4 = b1 + ib2, A5 = c1 + ic2 and A6 = d1 + id2.

The main goal of this paper is to classify the global centers of system (2). We recall that
a center of a differential equation in R2 is an equilibrium point p having a neighbourhood U
such that U \ {p} is filled with periodic orbits. In particular, a global center is a center p such
that R2 \ {p} is filled with periodic orbits.

The classical problem of distinguishing between a focus and a center is a difficult one and
it is one of the challenges of the theory of nonlinear differential systems in the plane R2. The
rigorous notion of center appeared in the literature with the works of Poincaré [14] and Dulac
[5].
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The classification of all centers of the cubic polynomial differential systems is a problem
unsolved now. It has been solved only for some subclasses of cubic polynomial differential
systems, thus the authors of [13] provided necessary and sufficient conditions to determine
when the origin of the differential system (2) is a center. Their result is the following.

Theorem 1. The cubic polynomial differential systems (2) have a center at the origin if, and
only if, one of the following four sets of conditions is satisfied:

(i) c2 = 0, b2d1 + d2b1 = 0, 3b1 − d1 = 0;
(ii) c2 = 0, b2d1+d2b1 = 0, F = a2

2d
3
2−3a2

2d2d
2
1+6a2a1d

2
2d1−2a2a1d

3
1−a2

1d
3
2+3a2

1d2d
2
1 = 0;

(iii) c1 = c2 = 0, b2 − d2 = b1 + d1 = 0;
(iv) c2 = 0 = d1 = d2 = 0, G = −a2

2b
3
2 + 3a2

2b2b
2
1 + 6a2a1b

2
2b1 − 2a2a1b

3
1 + a2

1b
3
2 − 3a2

1b2b
2
1.

There are several works studying the global centers of different classes of polynomial dif-
ferential systems, for example in [7] and [10] the authors proved that polynomial differential
systems of even degree cannot have global centers because such systems always have orbits
coming from and going to infinity. However to classify all polynomial differential systems of
odd degree having a global center is a very difficult problem. This last problem was proposed
by Conti in [4], and in fact up to now only few partial results exist for certain families of
polynomial differential systems of odd degree, for more details see, for instance, [8, 9, 11].

Roughly speaking the Poincaré compactification, first, consists in identifying the plane R2

with the interior of unit closed disc D2 centered at the origin of coordinates, and the boundary
of this disc, the circle S1, with the infinity of R2. After the polynomial differential system
defined in R2 is extended analytically to the whole closed disc D2. In this way we can study
the dynamics of the polynomial differential systems in a neighbourhood of the infinity. All the
details on the Poincaré compactification can be found in [6, Chapter 5].

We emphasize that in order that the origin of a cubic polynomial differential system (2) be
a global center, that system either does not have equilibrium points at infinity in the Poincaré
compactification, or the local phase portraits of all its infinite equilibrium points are formed
by two hyperbolic sectors having their two separatrices at infinity, see Figure 1. This implies
that the Jacobian matrix at any infinite equilibrium point of system (2) must be identically
zero, otherwise the infinite equilibrium point would be either hyperbolic, or semi-hyperbolic,
or nilpotent, and it is known that the local phase portraits of such kind of equilibrium points
are not formed by two hyperbolic sectors having their two separatrices contained at infinity,
for details see Theorems 2.15, 2.19 and 3.5 of [6].

∞

Figure 1. An equilibrium point on the infinity line whose local phase portrait is formed

by two hyperbolic sectors whose two separatrices are contained on the infinity line.

Using Theorem 1 we prove the main result of this article, stated in the next theorem.

Theorem 2. The polynomial differential systems (2) have a global center at the origin of
coordinates if, and only if, one of the following sets of conditions holds:

(a) a1 = a2 = b2 = c2 = d2 = 0, d1 = 3b1, b1 = −c1/4, c1 < 0;
(b) a1 = a2 = b2 = c1 = c2 = d2 = 0, d1 = 3b1, b1 < 0;
(c) a2 = b1 = b2 = c2 = d1 = d2 = 0, a2

1 + c1 < 0;
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(d) a1 = a2 = b1 = b2 = c1 = c2 = d1 = d2 = 0;
(e) a1 = a2 = b2 = c2 = d2 = 0, d1 = −b1 − c1 6= 3b1, 2b1 + c1 ≤ 0, b1 > 0;
(f) a2 = b2 = c1 = c2 = d2 = 0, b1 6= 0, a2

1 + 3b1 − d1 < 0, a2
1 + 4(b1 + d1) < 0;

(g) a1 = a2 = b1 = b2 = c2 = d2 = 0, d1 = −c1 > 0.

The paper is organized as follows. In section 2 we present some basic results on the Poincaré
compactification for polynomial vector fields in the plane R2, on the characterization of global
centers, and on the vertical blow up’s. In section 3 we prove our main result (Theorem 2)
about the global centers of system (2).

2. Preliminaries

This section is devoted to establishing some basic results that will be used for proving
Theorem 2.

2.1. Poincaré Compactification for vector fields in the plane. To study the global
dynamics of a planar polynomial differential system X = (P,Q), we must classify the local
phase portraits of its finite and infinite equilibrium points in the Poincaré disc.

Let S2 = {z ∈ R3 : ||z|| = 1} be the unit sphere of R3. We know that the polynomial vector
field X induces an analytic vector field in S2, that we denote by p(X), see for instance [6,
Chaper 5] or [3].

The vector field p(X) allows to study the dynamics of the vector fieldX in the neighbourhood
of infinity, that is, in the neighbourhood of the equator S1 = {z ∈ S2 : z3 = 0}.

To obtain the analytical expression for p(X) we shall consider the sphere as a smooth
manifold. We choose the six local charts given by Ui = {z ∈ S2 : zi > 0} and Vi = {z ∈ S2 :
zi < 0}, for i = 1, 2, 3, with the corresponding coordinate maps ϕi : Ui → R2 and ψi : Vi → R2,
defined by ϕk(z) = ψk(z) = (zm/zk, zn/zk) for m < n and m,n 6= k. Denote by (u, v) the local
coordinates on Ui and Vi for i = 1, 2, 3. From [6, Chaper 5] the vector field p(X) in these local
charts is

(3)

(u̇, v̇) =

(
vn
(
−uP

(
1

v
,
u

v

)
+Q

(
1

v
,
u

v

))
,−vn+1P

(
1

v
,
u

v

))
in U1;

(u̇, v̇) =

(
vn
(
−uQ

(
u

v
,

1

v

)
+ P

(
u

v
,

1

v

))
,−vn+1Q

(
u

v
,

1

v

))
in U2;

(u̇, v̇) = (P (u, v), Q(u, v)) in U3,

where n is the degree of the polynomial vector field X. Recall that the expressions of the vector
field p(X) in the local chart (Vi, ψi) is the same that as in the local card (Ui, ϕi) multiplied by
(−1)n−1 for i = 1, 2, 3.

The points of the infinity in all the local chart are of the form (u, 0). The infinity S1 is
invariant under the flow of p (X).

The equilibrium points of the vector field X are called finite equilibrium points of X or of
p(X), while the equilibrium points of the vector field p(X) in S1 are called infinite equilibrium
points of X or of p(X).
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2.2. Characterization of the global centers. The following result gives the necessary and
sufficient conditions in order that a planar polynomial differential system has a global center,
a proof of this result can be found in [11].

Proposition 3. A polynomial differential system of degree n in R2 without a line of equilibrium
points at infinity, has a global center if, and only if, it has a unique finite equilibrium point
which is a center and all the local phase portraits of the infinite equilibrium points (if they
exists) are formed by two hyperbolic sectors, and consequently their two separatrices are on the
infinite circle.

2.3. Vertical blow up. Consider a real planar polynomial differential system given by

(4) ẋ = P (x, y) = Pn (x, y) + . . . , ẏ = Q (x, y) = Qn (x, y) + . . . ,

with P and Q being coprime polynomials, Pn and Qn being homogeneous polynomials of
degree n ∈ N and the dots representing higher order terms in x and y. Since n > 0 the origin
is an equilibrium point of system (4). Then the characteristic directions at the origin are given
by the straight lines trought the origin defined by the real linear factors of the homogeneous
polynomial

Rn(x, y) = Pn(x, y)y −Qn(x, y)x.

It is known that the orbits that start or end at the origin start or end tangent to the straight
lines given by the characteristic directions. For more details on the characteristic directions
see for instance [1].

Suppose that we have an equilibrium point at the origin of coordinates, as in the differential
system (4) and that this equilibrium is linearly zero. Then for studying its local phase portrait
we will do vertical blow up’s.

We define the vertical blow up in the y direction as the change of variables (u, v) = (x, y/x).
This change transforms the origin of system (4) in the straight line x = 0, analyzing the
dynamics of the differential system in a neighbourhood of this straight line we are analyzing
the local phase portrait of the equilibrium point at the origin of system (4). But before doing
a vertical blow up in order that we do not lost information we must avoid that the direction
x = 0 be a characteristic direction of the origin of system (4). If x = 0 is a characteristic
direction we do a convenient twist (x, y) = (u, u+ αv) with α 6= 0.

3. The classification of global centers

This section is dedicated to prove Theorem 2. Due to the fact that the proof is very long,
we divide it into six parts.

Case (i) of Theorem 1 when b1 6= 0. We start by analyzing case (i) of Theorem 1. Thus
c2 = 0, b2d1 + d2b1 = 0 and d1 = 3b1. Since b1 6= 0 we get the following system

(5)

ẋ = y + 2a1xy − a2(x2 − y2)−
(
b2 −

b2d1

b1

)
x3 − c1x2y +

(
3b2 +

b2d1

b1

)
xy2,

ẏ = −x+ a1(x2 − y2) + 2a2xy + (4b1 + c1)x3 −
(

3b2 +
b2d1

b1

)
x2y

+c1xy
2 +

(
b2 −

b2d1

b1

)
y3.



GLOBAL CENTERS 5

From (3) system (5) in the local charts U1 and U2 becomes

(6)

u̇ = 4b1 + c1 + 2c1u
2 − 2b2d1u(1 + u2)

b1
− 2b2(u+ u3)− v

(
a1(−1 + 3u2) + v

+u(a2(−3 + u2) + uv)
)
,

v̇ = − v

b1

(
b2d1(1 + u2) + b1(−c1u+ b2(−1 + 3u2)− a2v + (2a1 + a2u+ v)uv)

)
,

and
(7)

u̇ = −2c1u
2 − (4b1 + c1)u4 +

2b2
b1

(b1 + d1)u(1 + u2) + a2v − (3a2u+ a1(−3 + u2))u

v + (1 + u2)v2,

v̇ = v

(
b2
b1

(−b1 + d1 + (3b1 + d1)u2) + a1v − u(c1 + (4b1 + c1)u2 + (2a2 + a1u)v − v2)
)
,

respectively.

The origin of the chart U2 is an equilibrium point, see system (7). Then the Jacobian matrix
of system (7) at (0, 0) is 


2b2(b1 + d1)

b1
a2

0
b2(d1 − b1)

b1


 .

In order to have a global center of system (5) at the origin all the entries of this Jacobian
matrix must be zero. This implies that a2 = b2 = 0.

Case (i).1: c1 6= 0. In the chart U1 system (6) has the two equilibrium points p± =(
±
√

(−4b1 − c1)/(2c1), 0
)
. The Jacobian matrix of system (6) at p± is



±2
√

2
√
−c1(4b1 + c1)

a1 + 3a1(4b1 + c1)

2c1

0 ±
√
−c1(4b1 + c1)

2


 .

Since the Jacobian matrix at any infinite equilibrium point of system (5) must be identically
zero if we want a global center, we have that a1 = 0 and b1 = −c1/4. This implies that the
origin is the unique infinite equilibrium point of the chart U1. Since u = 0 is not a characteristic
direction at the origin of the chart U1, we do the vertical blow-up (u, v) = (u1, u1v1). Then
system (6) becomes

(8) u̇1 = u2
1

(
2c1 − (1 + u2

1)v2
1

)
, v̇1 = u1v1

(
v2

1 − c1
)
.

Doing a rescaling of the time we eliminate the common factor u1 between u̇1 and v̇1 and we
obtain the system

(9) u̇1 = u1

(
2c1 − (1 + u2

1)v2
1

)
, v̇1 = v1

(
v2

1 − c1
)
.

Then the equilibrium points of system (9) on the straight line u1 = 0 are (0, 0) and q± =
(0,±√c1). The eigenvalues of the Jacobian matrix of system (9) at the origin are 2c1 and −c1.
If c1 < 0, then (0, 0) is a hyperbolic saddle and the equilibrium points q+ and q− do not exist.
Therefore going back through the changes of variables we get that the origin of the local chart
U1 is formed by two hyperbolic sectors, see Figure 2.
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uu1u1

v1 v1 v

(b) (c)(a)

Figure 2. Case (i).1 with c1 < 0. (a) The local phase portrait at the origin of the

differential system (9). (b) The local phase portrait at the origin of the differential system

(8). (c) The local phase portrait at the origin of the local chart U1 of system (5).

If c1 > 0 the eigenvalues of the Jacobian matrix of system (9) at q± are c1 and 2c1. Then
q± are unstable hyperbolic nodes. Therefore the local phase portraits at the origin of the local
chart U1 are not formed by two hyperbolic sectors. Consequently system (5) cannot have a
global center.

Now we shall study the local phase portrait at the origin of the local chart U2 when c1 < 0.
Since the characteristic directions at the origin of U2 are given by the linear real factors of
v(v2 − c1u2), we do the vertical blow-up (u, v) = (u1, u1v1) and system (7) becomes

u̇1 = −u2
1

(
2c1 − (1 + u2

1)v2
1

)
, v̇1 = −u1v1

(
v2

1 − c1
)
.

Doing a rescaling of the time we eliminate the common factor u1 between u̇1 and v̇1 and we
obtain the system

(10) u̇1 = −u1

(
2c1 − (1 + u2

1)v2
1

)
, v̇1 = −v1

(
v2

1 − c1
)
.

Then the equilibrium points of system (10) on the straight line u1 = 0 are (0, 0) and q± =
(0,±√c1). The eigenvalues of the Jacobian matrix of system (10) at the origin are −2c1 and
c1. Since c1 < 0, then (0, 0) is a hyperbolic saddle and the equilibrium points q+ and q− do
not exist. Therefore going back through the changes of variables we get that the local phase
portrait at the origin of the local chart U2 is the one of the right picture of Figure 2, reversing
the orientation of the orbits. Hence the origin of the local chart U2 is formed by two hyperbolic
sectors.

In summary, for the values of the parameters a1 = a2 = b2 = c2 = 0, d1 = 3b1, b1 = −c1/4,
b2d1 + d2b1 = 0 and c1 < 0 the infinite equilibrium points satisfy the conditions of Proposition
3 in order to have a global center. Now we must see if the origin of coordinates is the unique
finite equilibrium point.

From the condition b2d1 + d2b1 = 0 and since b2 = 0 and b1 6= 0 we obtain that d2 = 0.
Therefore the differential system (2) reduces to

(11) ẋ = y − c1x2y, ẏ = −x+ c1xy
2.

Since the unique real equilibrium of this system is the origin of coordinates by Proposition 3
system (11) has a global center. This completes the proof of statement (a) of Theorem 2.

Case (i).2: c1 = 0. Now since in the local chart U1 system (6) has no infinite equilibrium
points, it is enough to study if the origin of the local chart U2 is an infinite equilibrium point.
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Notice that for system (7) R2(u, v) = v2(2a1u+v), so u = 0 is not a characteristic direction.
Hence we do the vertical blow-up (u, v) = (u1, u1v1) obtaining the system

(12) u̇1 = −u2
1

(
4b1u

2
1 − 3a1v1 + a1u

2
1v1 − v2

1 − u2
1v

2
1

)
, v̇1 = −u1v

2
1

(
2a1 + v1

)
.

Doing a rescaling of the time we eliminate the common factor u1 between u̇1 and v̇1 and we
obtain the system

(13) u̇1 = −u1

(
4b1u

2
1 − 3a1v1 + a1u

2
1v1 − v2

1 − u2
1v

2
1

)
, v̇1 = −v2

1

(
2a1 + v1

)
.

Then the equilibrium points of system (13) on the straight line u1 = 0 are (0, 0) and (0,−2a1).
The eigenvalues of the Jacobian matrix of system (13) at (0,−2a1) are −2a2

1 and −4a2
1 and

the origin is linearly zero.

Subcase 1: a1 6= 0. Then (0,−2a1) is a stable hyperbolic node. Therefore the local phase
portrait at the origin of the chart U2 is not formed by two hyperbolic sectors, and system (5)
cannot have a global center.

Subcase 2: a1 = 0. Then the unique equilibrium point of system (13) on the straight line
u1 = 0 is the (0, 0). We analyze its local phase portrait doing blow-up’s. For system (13)
R2(u1, v1) = 5a1u1v

2
1 , so u1 = 0 is a characteristic direction. Consequently before doing a

vertical blow-up we translate the direction u1 = 0 to the direction u1 = v1 doing the change
of variables (u1, v1) = (u2 − v2, v2). In the new variables (u2, v2) system (13) becomes

(14) u̇2 = −4b1(u2 − v2)3 + v2
2(u2 + u3

2 − 3u2
2v2 + 3u2v

2
2 − v2(2 + v2

2)), v̇2 = −v3
2 .

Now we do the vertical blow-up (u2, v2) = (u3, u3v3) obtaining the system
(15)

u̇3 = −u3
3

(
4b1 − 12b1v3 − v2

3 + 12b1v
2
3 − u2

3v
2
3 + 2v3

3 − 4b1v
3
3 + 3u2

3v
3
3 − 3u2

3v
4
3 + u2

3v
5
3

)
,

v̇3 = u2
3(v3 − 1)v3

(
4b1(1− v3)2 + (2 + u2

3(−1 + v3)2)v2
3

)
.

Doing a rescaling of the time we eliminate the common factor u2
3 between u̇3 and v̇3 and we

obtain the system
(16)

u̇3 = −u3

(
4b1 − 12b1v3 − v2

3 + 12b1v
2
3 − u2

3v
2
3 + 2v3

3 − 4b1v
3
3 + 3u2

3v
3
3 − 3u2

3v
4
3 + u2

3v
5
3

)
,

v̇3 = (v3 − 1)v3

(
4b1(1− v3)2 + (2 + u2

3(−1 + v3)2)v2
3

)
.

Here we consider two cases.

If b1 = 1/2, then the equilibrium points of system (16) on the straight line u3 = 0 are (0, 0),
(0, 1) and (0, 1/2). The eigenvalues of the Jacobian matrix of system (16) at (0, 1/2) are −1/4
and −1, then (0, 1/2) is a stable hyperbolic node. Therefore the local phase portrait of the
origin of the chart U2 is not formed by two hyperbolic sectors. Consequently system (5) cannot
have a global center.

If b1 6= 1/2, then the equilibrium points of system (16) on the straight line u3 = 0 are (0, 0),
(0, 1) and q± = (0, (2b1 ±

√
2b1)/(2b1 − 1)).

If b1 > 0, then the equilibrium points q+ and q− are hyperbolic nodes, because λ1λ2 =
(16b21(1 + 2

√
2b1 + 2b1)2)/((1 − 2b1)4) > 0, where λ1, λ2 are the eigenvalues of q±. Therefore

the local phase portrait of the origin of the chart U2 is not formed by two hyperbolic sectors,
and system (5) cannot have a global center.
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If b1 < 0, then the equilibrium points q+ and q− do not exist, and the equilibrium point
(0, 0) (resp. (0, 1)) is a hyperbolic saddle because its associated eigenvalues are −4b1 and 4b1
(resp. −1 and 2). Therefore going back through the changes of variables we get that the origin
of the local chart U2 is formed by two hyperbolic sectors, see Figure 3.

In summary, for the values of the parameters a1 = a2 = b2 = c1 = c2 = 0, d1 = 3b1,
b2d1 + d2b1 = 0 and b1 < 0 the infinite equilibrium points satisfy the conditions of Proposition
3 in order to have a global center. Now we must see if the origin of coordinates is the unique
finite equilibrium point.

From the condition b2d1 + d2b1 = 0 and since b2 = 0 and b1 6= 0 we obtain that d2 = 0.
Therefore the differential system (2) reduces to

(17) ẋ = y, ẏ = −x+ 4b1x
3.

Since the unique real equilibrium of this system is the origin of coordinates by Proposition 3
system (17) has a global center. This completes the proof of statement (b) of Theorem 2.

u

v2 = u2

u1

v1

u3

v3 = 1

v3

u2

v

u1

v1

u3

v3 = 1

v3

(b) (c)(a)

(e) (f)(d)

Figure 3. System (5) with a1 = a2 = b2 = c1 = d2 = 0 and b1 < 0. (a) The local

phase portrait along the straight line u3 = 0 of the differential system (16). (b) The local
phase portrait along the straight line u3 = 0 of the differential system (15) where now the

straight line u3 = 0 is filled with equilibria. (c) The local phase portrait at the origin of the

differential system (14). (d) The local phase portrait at the origin of the differential system
(13). (e) The local phase portrait at the origin of the differential system (12). (f) The local

phase portrait at the origin of the local chart U2 of system (7).

Case (i) of Theorem 1 when b1 = 0. From Theorem 1 we know that c2 = 0, b2d1 +d2b1 = 0,
d1 = 3b1. Therefore the differential system (2) reduces to

(18)
ẋ = y + 2a1xy − a2(x2 − y2)− (b2 + d2)x3 − c1x2y + (3b2 − d2)xy2,
ẏ = −x+ a1(x2 − y2) + 2a2xy + c1x

3 − (3b2 − d2)x2y + c1xy
2 + (b2 + d2)y3.
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From (3) system (18) in the local charts U1 and U2 becomes

(19)
u̇ = c1 + 2c1u

2 − 2(b2 − d2)(u+ u3) + a1v − (3a1u+ a2(−3 + u2))uv − (1 + u2)v2,

v̇ = v
(
b2 + d2 + c1u− 3b2u

2 + a2v + u(d2u− v(2a1 + a2u+ v))
)
,

and

(20)

u̇ = −c1u2(2 + u2) + 2b2(u+ u3)− 2d2(u+ u3) + a2v
−(3a2u+ a1(−3 + u2))uv + (1 + u2)v2,

v̇ = −v
(
b2 − 3b2u

2 + (d2 + c1u)(1 + u2) + 2a2uv + a1(−1 + u2)v − uv2
)
,

respectively.

In the chart U2 system (20) has the origin as an infinite equilibrium point. Then the Jacobian
matrix of system (20) at (0, 0) is

(
2b2 − 2d2 a2

0 −b2 − d2

)
.

In order to have a global center of system (18) at the origin of coordinates, all the entries
of this Jacobian matrix must be zero. This implies that a2 = b2 = d2 = 0. With these new
conditions we have that the origin of the chart U2 is the unique infinite equilibrium point of
system (18), because in the chart U1 system (19) has no equilibrium points. Hence it is enough
to study the local phase portrait at the origin of the local chart U2.

We need to do blow up’s for studying the local phase portrait at the origin of the chart U2.
Since R2(u, v) = v(−c1u2 + 2a1uv+ v2) the straight line u = 0 is not a characteristic direction
and we do the vertical blow-up (u, v) = (u1, u1v1). Then system (20) becomes

(21)
u̇1 = u2

1

(
− c1(2 + u2

1) + v1(3a1 − a1u
2
1 + v1 + u2

1v1)
)
,

v̇1 = u1v1

(
c1 − v1(2a1 + v1)

)
.

Doing a rescaling of the time we eliminate the common factor u1 between u̇1 and v̇1 and we
obtain the system

(22)
u̇1 = u1

(
− c1(2 + u2

1) + v1(3a1 − a1u
2
1 + v1 + u2

1v1)
)
,

v̇1 = v1

(
c1 − v1(2a1 + v1)

)
.

Then the equilibrium points of system (22) on the straight line u1 = 0 are (0, 0) and q± =(
0,−a1 ±

√
a2

1 + c1

)
. The eigenvalues of the Jacobian matrix of system (22) at the origin are

−2c1 and c1. We consider three subcases.

Subcase 1: a2
1 + c1 < 0. Then c1 < 0 and (0, 0) is a hyperbolic saddle and the equilibrium

points q+ and q− do not exist. Therefore going back through the changes of variables we get
that the origin of the local chart U2 is formed by two hyperbolic sectors, see Figure 2 reversing
the sense of all the orbits.

In summary, for the values of the parameters a2 = b1 = b2 = c2 = d1 = d2 = 0 and
a2

1 + c1 < 0 the infinite equilibrium points satisfy the conditions of Proposition 3 in order
to have a global center. Now we must see if the origin of coordinates is the unique finite
equilibrium point. Under the previous conditions the differential system (2) reduces to

(23) ẋ = y + 2a1xy − c1x2y, ẏ = −x+ a1(x2 − y2) + c1x
3 + c1xy

2.

Since the unique real equilibrium of this system is the origin of coordinates by Proposition 3
system (23) has a global center. This completes the proof of statement (c) of Theorem 2.
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Subcase 2: a2
1 + c1 > 0. Then the eigenvalues of the Jacobian matrix of system (22) at q± are

λ±1 = −(a2
1 + c1 ∓ a1

√
a2

1 + c1) and λ±2 = −2(a2
1 + c1 ∓ a1

√
a2

1 + c1).

If c1 6= 0, then λ±1 λ
±
2 = 2

(
a2

1 + c1 ∓ a1

√
a2

1 + c1

)2

> 0, so q+ and q− are hyperbolic nodes.

Therefore the origin of the local chart U2 is not formed by two hyperbolic sectors. Consequently
system (18) cannot have a global center.

If c1 = 0, then the equilibrium points are (0, 0) and (0,−2a1), and the eigenvalues of the
Jacobian matrix of system (22) at (0,−2a1) are −2a2

1 and −4a2
1, which implies that (0,−2a1)

is a stable hyperbolic node. Therefore system (18) cannot have a global center.

Subcase 3: a2
1 + c1 = 0. Then the equilibrium points q+ = q− = (0,−a1).

If a1 6= 0, then the equilibrium point (0, 0) is a hyperbolic saddle and q+ is linearly zero.
Doing the change of variables (u1, v1) = (u2, v2 − a1), we translate the equilibrium point
(0,−a1) to the origin of coordinates. Then system (22) in the variables (u2, v2) becomes

(24)
u̇2 = u2

(
3a2

1u
2
2 + (1 + u2

2)v2
2 + a1(v2 − 3u2

2v2)
)
,

v̇2 = v2
2

(
a1 − v2

)
.

Since R2(u, v) ≡ 0 all the directions are characteristic, in this case we do the blow-up (u2, v2) =
(u3, u3v3) and system (22) writes

(25)
u̇3 = u2

3

(
3a2

1u3 + (1 + u2
3)u3v

2
3 + a1(v3 − 3u2

3v3)
)
,

v̇3 = −u2
3v3

(
3a2

1 − 3a1u3v3 + (2 + u2
3)v2

3

)
.

Doing a rescaling of the time we eliminate the common factor u2
3 between u̇3 and v̇3 and we

obtain the system

(26)
u̇3 = 3a2

1u3 + (1 + u2
3)u3v

2
3 + a1(v3 − 3u2

3v3),

v̇3 = −v3

(
3a2

1 − 3a1u3v3 + (2 + u2
3)v2

3

)
.

Then the unique equilibrium point of system (26) on the straight line u3 = 0 is the (0, 0). The
eigenvalues of the Jacobian matrix of system (26) at the origin are 3a2

1 and −3a2
1. Hence the

equilibrium point (0, 0) is a hyperbolic saddle. Therefore going back through the changes of
variables when a1 > 0 (the case a1 < 0 is similar) the local phase portrait at the origin of
the local chart U2 is shown in Figure 4. Consequently there are orbits which go or come from
infinity in system (18), and thus the center of this system cannot global.

If a1 = 0, then c1 = 0 and all the parameters are 0 and we are in the trivial case in which
system (18) is ẋ = y, ẏ = −x. Thus we have that the origin is a global center. This completes
the proof of statement (d) of Theorem 2.

Case (ii) of Theorem 1 when b1 6= 0. We have that c2 = 0, b2d1 + d2b1 = 0, d1 6= 3b1 and
F = a2

2d
3
2 − 3a2

2d2d
2
1 + 6a2a1d

2
2d1 − 2a2a1d

3
1 − a2

1d
3
2 + 3a2

1d2d
2
1 = 0. Since b1 6= 0 system (2)
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u

v = −a1u

u1

−a1

v1

u3

v3

u2

v2

−a1

u1

v1

u3

v3

(b) (c)(a)

(e) (f)(d)

Figure 4. System (18) with a2 = b2 = d2 = 0 and a1 > 0. (a) The local phase portrait
at the origin of system (26). (b) The local phase portrait at the origin of system (25). (c)

The local phase portrait at the origin of system (24). (d) The local phase portrait in a

neighbourhood of the straight line u1 = 0 of system (22). (e) The local phase portrait in a
neighbourhood of the straight line u1 = 0 of system (21). (f) The local phase portrait at

the origin of the local chart U2 of system (20).

reduces to system

(27)

ẋ = y + 2a1xy −
(
b2 −

b2d1

b1

)
x3 − (3b1 + c1 − d1)x2y +

(
3b2 +

b2d1

b1

)
xy2

−a2(x2 − y2),

ẏ = −x+ (b1 + c1 + d1)x3 + 2a2xy −
(

3b2 +
b2d1

b1

)
x2y + (−3b1 + c1 + d1)xy2

+

(
b2 −

b2d1

b1

)
y3 + a1(x2 − y2).

From (3), system (27) in the local charts U1 and U2 becomes

(28)

u̇ = b1 + c1 + d1 + 2c1u
2 − 2b2d1u(1 + u2)

b1
− 2b2(u+ u3) + a1v

−v
(
a2u(−3 + u2) + v + u2(3a1 + v)

)
,

v̇ = v
(
b2 + 3b1u− 3b2u

2 − b2d1(1 + u2)

b1
+ a2v

−u(−c1 + d1 + v(2a1 + a2u+ v))
)
,
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and

(29)

u̇ = −2c1u
2 − (b1 + c1 + d1)u4 +

2b2
b1

(b1 + d1)u(1 + u2) + a2v

−u(3a2u+ a1(−3 + u2))v + (1 + u2)v2,

v̇ = v
(b2
b1

(−b1 + d1 + (3b1 + d1)u2) + a1v − u(c1 + d1 + (c1 + d1)u2

+b1(−3 + u2) + 2a2v + a1uv − v2)
)
,

respectively.

In the chart U2 system (29) has the origin as an equilibrium point. The Jacobian matrix of
system (29) at (0, 0) is




2b2(d1 + b1)

b1
a2

0
b2(d1 − b1)

b1


 .

In order to have a global center of system (27) at the origin, all entries of this Jacobian matrix
must be 0. This implies that a2 = b2 = 0. Note that these new conditions implies that F = 0.

Case (ii).1: c1 6= 0. Then in chart U1 system (28) has two equilibrium points: p± =(
±
√

(−b1 − c1 − d1)/(2c1), 0
)
. The Jacobian matrix of system (28) at p± is



±2
√

2
√
−c1(b1 + c1 + d1)

a1(3b1 + 5c1 + 3d1)

2c1

0 ±(3b1 + c1 − d1)

√
−(b1 + c1 + d1)

2c1


 .

Since the Jacobian matrix at any infinite equilibrium point of system (27) must be identically
zero, we obtain that a1 = 0 and d1 = −b1 − c1. This implies that the origin is the unique
equilibrium point in the chart U1. To determine the local phase portrait at the origin we must
do blow up’s. The straight line u = 0 is not a characteristic direction at the origin of U1

because R2(u, v) = −v(v2 + 4b1u
2). Hence we can do the vertical blow up (u, v) = (u1, u1v1),

and system (28) becomes

(30) u̇1 = u2
1

(
2c1 − (1 + u2

1)v2
1

)
, v̇1 = u1

(
4b1v1 + v3

1

)
.

Doing a rescaling of the time we eliminate the common factor u1 between u̇1 and v̇1 and we
obtain the system

(31) u̇1 = u1

(
2c1 − (1 + u2

1)v2
1

)
, v̇1 = 4b1v1 + v3

1 .

The equilibrium points of this system on the straight line u1 = 0 are (0, 0) and q± =
(0,±2

√
−b1). The eigenvalues of the Jacobian matrix of system (31) at the origin are 2c1

and 4b1.

Assume b1 > 0. If c1 > 0 the origin of system (31) is a node, and consequently going back
with the blow down the origin of U1 cannot have two hyperbolic sectors, and we cannot have
a global center. Suppose that c1 < 0. Then the origin is the unique equilibrium point, which
is a hyperbolic saddle. Therefore, going back through the changes of variables we get that the
origin of the local chart U1 is formed by two hyperbolic sectors. The pictures of the blow down
in this case coincide with the ones of Figure 2.
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Assume now that b1 < 0. If c1 < 0 the origin is a node, and as in the case b1 > 0 we
cannot have a global center. So consider c1 > 0. Then the eigenvalues of the Jacobian matrix
of system (31) at q± are 4b1 + 2c1 and −8b1.

If c1 = −2b1 (resp. c1 < −2b1), then from [6, Thorem 2.19] (resp. [6, Thorem 2.15]), we can
conclude that q± are semi-hyperbolic saddles (resp. hyperbolic saddles). Going back through
the changes of variables the local phase portrait at the origin of the chart U1 is shown in Figure
5. Consequently there are orbits of system (27) which go or come from the infinity, thus the
center of this system is not global.

u
u1u1

v1 v1

v = 2
√−b1uv = −2

√−b1u

(b) (c)(a)

Figure 5. Case (ii).1 with c1 ≤ −2b1. (a) The local phase portrait at the origin of the
differential system (30). (b) The local phase portrait at the origin of the differential system

(31). (c) The local phase portrait at the origin of the local chart U2 of system (29).

If c1 > −2b1 then q+ and q− are unstable hyperbolic nodes. Consequently, going back
through the changes of variables we obtain that there are orbits of system (27) which go or
come from the infinity, thus the center of this system cannot global.

In summary, the only possibility of having a global center in this case is when b1 > 0 and
c1 < 0. Under this conditions we must study the local phase portrait at the origin of the chart
U2 that it is a linearly zero equilibrium point. Since the characteristic directions at the origin
of U2 are given by R2(u, v) = v(v2−2(c1 +2b1)u2) the straight line u = 0 is not a characteristic
direction. Hence we do the vertical blow-up (u, v) = (u1, u1v1), and system (29) becomes

u̇1 = u2
1

(
− 2c1 + (1 + u2

1)v2
1

)
, v̇1 = u1v1

(
4b1 + 2c1 − v2

1

)
.

Doing a rescaling of the time we eliminate the common factor u1 between u̇1 and v̇1 and we
obtain the system

(32) u̇1 = u1

(
− 2c1 + (1 + u2

1)v2
1

)
, v̇1 = v1

(
4b1 + 2c1 − v2

1

)
.

The equilibrium points of this system on the straight line u1 = 0 are (0, 0) and q± =(
0,±
√

4b1 + 2c1
)
. The eigenvalues of the Jacobian matrix of system (32) at the origin are

−2c1 and 4b1 + 2c1.

If c1 = −2b1 (resp. c1 < −2b1), then from [6, Thorem 2.19] (resp. [6, Thorem 2.15]), we
can conclude that the origin is a semi-hyperbolic saddle (resp. hyperbolic saddle), its local
phase portrait is the one of the left picture of Figure 2 but with the orbits travelled in converse
sense. Going back through the changes of variables the local phase portrait at the origin of
system (32) is the one of the right picture of Figure 2 but with the orbit run in reverse sense.
Consequently the origin of the local chart U2 is formed by two hyperbolic sectors.

In summary, for the values of the parameters a1 = a2 = b2 = c2 = 0, d1 = −b1 − c1 6= 3b1,
2b1 + c1 ≤ 0, b2d1 + d2b1 = 0 and b1 > 0 the infinite equilibrium points satisfy the conditions
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of Proposition 3 in order to have a global center. Now we must see if the origin of coordinates
is the unique finite equilibrium point.

From the condition b2d1 + d2b1 = 0 and since b2 = 0 and b1 > 0 we obtain that d2 = 0.
Therefore the differential system (2) reduces to

(33) ẋ = y − (4b1 + 2c1)x2y, ẏ = −x− 4b1xy
2.

Since the unique real equilibrium of this system is the origin of coordinates by Proposition 3
system (33) has a global center. This completes the proof of statement (e) of Theorem 2.

If c1 > −2b1 then the origin is an unstable hyperbolic node. Consequently going back
through the changes of variables we obtain that there are orbits of system (27) which go or
come from the infinity, thus the center of this system cannot global.

Case (ii).2: c1 = 0 and b1 + d1 6= 0. Then in the chart U1 system (28) has no infinite
equilibrium points. So we study the equilibrium point at the origin of the chart U2.

Since for system (29) it follows that R2(u, v) = v2(2a1u+v+(−3b1 +d1)u2) the straight line
u = 0 is not a characteristic direction. Doing the vertical blow-up (u, v) = (u1, u1v1) system
(29) becomes

u̇1 = u2
1

(
− (b1 + d1)u2

1 − a1(−3 + u2
1)v1 + (1 + u2

1)v2
1

)
,

v̇1 = −u1v1

(
− 3b1 + d1 + v1(2a1 + v1)

)
.

Doing a rescaling of the time we eliminate the common factor u1 between u̇1 and v̇1 and we
obtain the system

(34)

u̇1 = u1

(
− (b1 + d1)u2

1 − a1(−3 + u2
1)v1 + (1 + u2

1)v2
1

)
,

v̇1 = −v1

(
− 3b1 + d1 + v1(2a1 + v1)

)
.

The equilibrium points of system (34) on the straight line u1 = 0 are (0, 0) and q± =
(

0,−a1±
√
a2

1 + 3b1 − d1

)
. The eigenvalues of the Jacobian matrix of system (34) at the origin are 0

and 3b1 − d1.

Subcase 1: a2
1 + 3b1 − d1 < 0. Then 3b1 − d1 < 0 and the equilibrium points q+ and q− do not

exist. If b1 + d1 < 0 (resp. b1 + d1 > 0), then [6, Thorem 2.19] implies that the origin is a
semi-hyperbolic saddle (resp. a semi-hyperbolic node as we know this case cannot produce a
global center). Going back through the changes of variables we get that the origin of the local
chart U2 is formed by two hyperbolic sectors when b1 + d1 < 0. The pictures of the blow down
in this case coincide with the ones of Figure 2 reversing the sense of the orbits.

In summary, for the values of the parameters a2 = b2 = c1 = c2 = 0, b1 6= 0, b1 + d1 6= 0,
b2d1 + d2b1 = 0 and a2

1 + 3b1 − d1 < 0, the infinite equilibrium points satisfy the conditions of
Proposition 3 in order to have a global center. Now we must see if the origin of coordinates is
the unique finite equilibrium point.

From the condition b2d1 + d2b1 = 0 and since b2 = 0 and b1 6= 0 we obtain that d2 = 0.
Therefore the differential system (2) reduces to

(35) ẋ = y + 2a1xy − (3b1 − d1)x2y, ẏ = −x+ a1(x2 − y2) + (b1 + d1)x3 + (d1 − 3b1)xy2.
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The unique equilibrium of this system is the (0, 0) if a2
1 + 4(b1 + d1) < 0. Therefore by

Proposition 3 system (35) has a global center. This completes the proof of statement (f) of
Theorem 2.

Subcase 2: a2
1 + 3b1−d1 = 0. Then the equilibrium points q+ = q− = (0,−a1). The eigenvalues

of the Jacobian matrix of system (34) at q+ are −a2
1 and 0. Recall that a1 6= 0 because

d1 6= 3b1. Thus 3b1 − d1 < 0 and by [6, Thorem 2.19], we can conclude that q+ is a semi-
hyperbolic saddle-node. Therefore there are orbits of system (27) which go or come from the
infinity. Consequently system (27) cannot have a global center.

Subcase 3: a2
1 + 3b1 − d1 > 0. Then system (34) has three equilibrium points on u1 = 0 and

doing an analysis similar to case (ii).1 when c1 ≤ −2b1 there are orbits of system (27) which
go or come from the infinity, thus the center of this system cannot global, see Figure 5.

Case (ii).3: c1 = 0 and b1 + d1 = 0. From systems (28) and (29) the circle of the infinity is
filled with equilibria. Doing a rescaling of the time we eliminate the common factor v between
u̇ and v̇ in the chart U1 and we obtain the system

(36) u̇ = a1(1− 3u2)− v − u2v, v̇ = 4b1u− uv(2a1 + v).

Since b1 6= 0, then v̇
∣∣∣
v=0

= 4b1u 6= 0. This means that depending on the sign of b1, there are

orbits which go or come from infinity in system (36), and the center cannot global.

Case (2) of Theorem 1 when b1 = 0. From Theorem 1 we know that c2 = 0, b2d1+d2b1 = 0,
d1 6= 3b1 and F = a2

2d
3
2 − 3a2

2d2d
2
1 + 6a2a1d

2
2d1 − 2a2a1d

3
1 − a2

1d
3
2 + 3a2

1d2d
2
1 = 0. Using that

c2 = b1 = 0 system (2) becomes
(37)
ẋ = −(b2 + d2)x3 + y + 2a1xy − (c1 − d1)x2y + (3b2 − d2)xy2 − a2(x2 − y2),
ẏ = −x+ (c1 + d1)x3 + 2a2xy − (3b2 − d2)x2y + (c1 + d1)xy2 + (b2 + d2)y3 + a1(x2 − y2).

From (3) system (37) in the local charts U1 and U2 writes

(38)

u̇ = c1 + d1 + 2c1u
2 − 2(b2 − d2)(u+ u3) + a1v − u(3a1u+ a2(−3 + u2))v

−(1 + u2)v2,

v̇ = v
(
b2 − 3b2u

2 + d2(1 + u2) + a2v − u(−c1 + d1 + v(2a1 + a2u+ v))
)
,

and
(39)
u̇ = 2b2(u+ u3)− u(2c1u+ (c1 + d1)u3 + 2d2(1 + u2)) + a2v − u(3a2u+ a1(−3 + u2))v

+(1 + u2)v2,

v̇ = −v
(
b2 + d2 + (c1 + d1)u3 − a1v + u2(−3b2 + d2 + a1v) + u(c1 + d1 + 2a2v − v2)

)
,

respectively.

In the chart U2 system (39) has the origin as an equilibrium point. The Jacobian matrix of
system (39) at (0, 0) is (

2b2 − 2d2 a2

0 −b2 − d2

)
.

In order to have a global center of system (37) at the origin, all entries in this Jacobian matrix
must be zero. Hence a2 = b2 = d2 = 0. Note that then F = 0.

Case (ii).4: c1 6= 0. With these new conditions we have that in chart U1 system (38) has two

equilibrium points p± =
(
±
√

(−d1 − c1)/(2c1), 0
)
. The Jacobian matrix of system (38) at p±
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is 

±2
√

2
√
−c1(c1 + d1)

a1(5c1 + 3d1)

2c1

0 ±(c1 − d1)

√
−(c1 + d1)

2c1


 .

Since the Jacobian matrix at any infinite equilibrium point of system (27) must be identically
zero, then a1 = 0 and d1 = −c1. This implies that the origin is the unique infinite equilibrium
point in the chart U1. To determine the local phase portrait at the origin we must do blow
up’s. The straight line u = 0 is not a characteristic direction at the origin of U1 because
R2(u, v) = −v3. We do the vertical blow-up (u, v) = (u1, u1v1), and system (38) becomes

u̇1 = −u2
1

(
2d1 + (1 + u2

1)v2
1

)
, v̇1 = u1v

3
1 .

Doing a rescaling of the time we eliminate the common factor u1 between u̇1 and v̇1 and we
obtain the system

(40) u̇1 = −u1

(
2d1 + (1 + u2

1)v2
1

)
, v̇1 = v3

1 .

The origin is the unique equilibrium point of this system on the straight line u1 = 0. The
eigenvalues of the Jacobian matrix of system (40) at the origin are −2d1 and 0. From [6,
Thorem 2.19] it follows that the origin is a semi-hyperbolic saddle (resp. semi-hyperbolic
node) if d1 > 0 (resp. d1 < 0, so this case cannot provide a global center). The phase portrait
for d1 > 0 is the one of the left picture of Figure 2. Going back through the changes of variables
we get that the origin of the local chart U1 is formed by two hyperbolic sectors when d1 > 0.
Thus the unique possibility of having a global center in this case is when d1 > 0.

Now we analyze the linearly zero equilibrium at the origin of the chart U2 doing blow
up’s. The straight line u = 0 is not a characteristic direction at the origin of U2 because
R2(u, v) = v(4d1u

2 + v2). Doing the vertical blow up (u, v) = (u1, u1v1) system (39) becomes

u̇1 = u2
1

(
2d1 + (1 + u2

1)v2
1

)
, v̇1 = −u1

(
2d1v1 + v3

1

)
.

Doing a rescaling of the time we eliminate the common factor u1 between u̇1 and v̇1 and we
obtain the system

(41) u̇1 = u1

(
2d1 + (1 + u2

1)v2
1

)
, v̇1 = −2d1v1 − v3

1 .

The equilibrium points of system (41) on the straight line u1 = 0 are (0, 0) and q± =(
0,±
√
−2d1

)
. The eigenvalues of the Jacobian matrix of system (41) at the origin are 2d1

and −2d1. Since d1 > 0 the origin is the unique infinite equilibrium point in U1, that is a
hyperbolic saddle. Going back through the changes of variables we get that the origin of the
local chart U2 is formed by two hyperbolic sectors. The pictures of the blow down in this case
coincide with the ones of Figure 2 reversing the sense of all its orbits.

In summary, for the values of the parameters a1 = a2 = b1 = b2 = c2 = d2 = 0 and
d1 = −c1 > 0. the infinite equilibrium points satisfy the conditions of Proposition 3 in order
to have a global center. Now we must see if the origin of coordinates is the unique finite
equilibrium point. The differential system (2) reduces to

(42) ẋ = y − 2c1x
2y, ẏ = −x :

The unique equilibrium of this system is the (0, 0). Therefore by Proposition 3 system (42)
has a global center. This completes the proof of statement (g) of Theorem 2.
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Case (ii).5: c1 = 0. We assume that d1 6= 0, otherwise system (37) becomes the polynomial
differential system of degree two

ẋ = y + 2a1xy, ẏ = −x+ a1(x2 − y2),

and we know that such systems has no global centers.

These new conditions implies that the origin of the chart U2 is the unique infinite equilibrium
point of system (39), because in the chart U1 system (38) has no infinite equilibrium points.
The origin of U2 is a linearly zero equilibrium so we must do blow up’s. Since u = 0 is not a
characteristic direction at the origin of U2 because R2(u, v) = v(2a1uv+ d1u

2 + v2), we do the
vertical blow up (u, v) = (u1, u1v1). Then system (39) becomes

u̇1 = −u2
1

(
d1u

2
1 − 3a1v1 + a1u

2
1v1 − v2

1 − u2
1v

2
1

)
, v̇1 = −u1v1

(
d1 + v1(2a1v1 + v1)

)
.

Doing a rescaling of the time we eliminate the common factor u1 between u̇1 and v̇1 and we
obtain the system

(43) u̇1 = −u1

(
d1u

2
1 − 3a1v1 + a1u

2
1v1 − v2

1 − u2
1v

2
1

)
, v̇1 = −v1

(
d1 + v1(2a1v1 + v1)

)
.

The equilibrium points of system (43) on the straight line u1 = 0 are (0, 0) and q± =(
0,−a1 ±

√
a2

1 − d1

)
. The eigenvalues of the Jacobian matrix of system (43) at the origin

are 0 and −d1. From [6, Thorem 2.19] it follows that the origin is a semi-hyperbolic node and
going back through the change of variables we obtain that there are orbits of system (37) going
or coming from the infinity. Consequently the center of this system cannot be global.

Case (iii) of Theorem 1. From Theorem 1 we know that c1 = c2 = 0, d1 = −b1 and d2 = b2.
Hence system (2) reduces to the system

(44)
ẋ = y − 2b2x

3 + 2a1xy − 4b1x
2y + 2b2xy

2 − a2(x2 − y2),
ẏ = −x+ 2a2xy − 2b2x

2y − 4b1xy
2 + 2b2y

3 + a1(x2 − y2).

From (3) system (44) in the local charts U1 and U2 becomes

(45)
u̇ = −v

(
a1(−1 + 3u2) + v + u(a2(−3 + u2) + uv)

)
,

v̇ = −v
(
− 4b1u+ 2b2(−1 + u2)− a2v + uv(2a1 + a2u+ v)

)
,

and

(46)
u̇ = v

(
a2 + 3a1u− 3a2u

2 + v + u2(−a1u+ v)
)
,

v̇ = v
(

4b1u+ 2b2(−1 + u2) + a1v + uv(−2a2 − a1u+ v)
)
,

respectively.

From systems (45) and (46) the circle of the infinity is filled with equilibria. Doing a rescaling
of the time we eliminate the common factor v between u̇ and v̇ in the chart U1 and we obtain
the system

(47)
u̇ = −

(
a1(−1 + 3u2) + v + u(a2(−3 + u2) + uv)

)
,

v̇ = −
(
− 4b1u+ 2b2(−1 + u2)− a2v + uv(2a1 + a2u+ v)

)
.

Now we consider the three subcases.

Subcase 1: b2 6= 0. Then v̇
∣∣∣
v=0

= 2b2 + 4b1u − 2b2u
2. This means that depending on the sign

of b2 there are orbits that go or come from infinity in system (47), and thus the center of this
system cannot global.
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Subcase 2: b2 = 0 and b1 6= 0. Then v̇
∣∣∣
v=0

= 4b1u. Using the same argument than before,

depending on the sign of b1, there are orbits which go or come from infinity in system (47),
and the center cannot global.

Subcase 3: b2 = 0 and b1 = 0. Then system (44) becomes the polynomial system of degree two

ẋ = y + 2a1xy − a2(x2 − y2), ẏ = −x+ 2a2xy + a1(x2 − y2),

and consequently we cannot have a global center.

Case (iv) of Theorem 1 We have that c2 = d1 = d2 = 0 and G = −a2
2b

3
2 + 3a2

2b2b
2
1 +

6a2a1b
2
2b1 − 2a2a1b

3
1 + a2

1b
3
2 − 3a2

1b2b
2
1 = 0. Using that c2 = d1 = d2 = 0 system (2) becomes

(48)
ẋ = −b2x3 + y + 2a1xy − (3b1 + c1)x2y + 3b2xy

2 − a2(x2 − y2),
ẏ = −x+ (b1 + c1)x3 + 2a2xy − 3b2x

2y + (−3b1 + c1)xy2 + b2y
3 + a1(x2 − y2).

From (3) system (48) in the local charts U1 and U2 writes

u̇ = b1 + c1 + 2c1u
2 − 2b2(u+ u3) + a1v − v

(
a2u(−3 + u2) + v + u2(3a1 + v)

)
,

v̇ = v
(
b2 − 3b2u

2 + a2v + u
(
(3b1 + c1 − v(2a1 + a2u+ v)

))
,

and

(49)

u̇ = −2c1u
2 − (b1 + c1)u4 + 2b2(u+ u3) + a2v −

(
3a2u+ a1(−3 + u2)

)
uv

+(1 + u2)v2,

v̇ = −v
(
b2 − 3b2u

2 − a1v + u
(
c1 + c1u

2 + b1(−3 + u2) + 2a2v + a1uv − v2
))
,

respectively.

In the chart U2 system (49) has the origin as an equilibrium point. The Jacobian matrix of
system (49) at (0, 0) is (

2b2 a2

0 −b2

)
.

In order to have a global center of system (48) at the origin all entries in this Jacobian matrix
must be zero. So a2 = b2 = 0. Note that these new conditions implies that G = 0. We divide
the study into the following three subcases.

Subcase 1: b1 = 0. This subcase was already analyzed in case (i) when b1 = 0.

Subcase 2: b1 6= 0 and c1 6= 0. This subcase was already worked in case (ii).1.

Subcase 3: b1 6= 0 and c1 = 0. This subcase was already done in case (ii).2.

This complete the proof of Theorem 2.
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