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LIMIT CYCLES IN A CLASS OF PLANAR DISCONTINUOUS PIECEWISE
QUADRATIC DIFFERENTIAL SYSTEMS WITH A NON-REGULAR
DISCONTINUOUS BOUNDARY (II)

DONGPING HE" ™ AND JAUME LLIBRE?

ABSTRACT. In our previous work we have already studied the Poincaré bifurcation for a class of
discontinuous piecewise quadratic polynomial differential systems with a non-regular discontinuous
boundary, which is formed by two rays starting from the origin and forming an angle o = 7/2. The
unperturbed system is the quadratic uniform isochronous center & = —y + zy, §y = « + y? with a
family of periodic orbits surrounding the origin. In this paper, we continue to investigate this kind
of piecewise differential systems but now the angle between the two rays is o € (0, 7/2) U [37/2, 27).
Using the averaging theory of first order and the Chebyshev theory we prove that the maximum
number of hyperbolic limit cycles which can bifurcate from these periodic orbits is exactly 8 for
a € (0,7/2) U [3m/2,2m). Together with our previous work, which concerns on the case of a = /2,
we can conclude that by using the averaging theory of first order the maximum number of hyperbolic
limit cycles is exactly 8, when this quadratic center is perturbed inside the above mentioned classes
separated by a non-regular discontinuous boundary with a € (0, 7/2] U [37/2, 27).

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The weak Hilbert’s 16th problem proposed by Arnold [2], that concerns about the maximum number
of orbits of the centers of polynomial differential systems that persist as limit cycles (i.e., isolated
periodic orbits) when they are perturbed inside the class of all polynomial differential systems of degree
n. This is one of the classical ways to produce limit cycles, and this mechanism is also called Poincaré
bifurcation. Although the weak Hilbert’s 16th problem reduces the difficulty of the investigation of the
second part of the Hilbert’s 16th problem, which ask for an upper bound of the maximum number of
limit cycles in function of the degree of the planar polynomial differential systems, and for the possible
distribution of the limit cycles, see [16, 19, 21]. The possible distributions of limit cycles has been
solved, see [31], but to find such upper bound remains unsolved.

In this paper we will perturb a uniform isochronous center. Recall that for planar polynomial
differential systems, Conti [10] proved that a center is called a uniform isochronous center if in polar
coordinates x = rcosf, y = rsinf it can be written in the form » = R(Q,r),é = k, where k is a
nonzero real number.

As it is indicated in [27] the quadratic polynomial differential systems with a uniform isochronous
center can be written as,

(1) i=-y+ay, y=z+y°.

In fact, this system, under the transformation x = —Y,y = X, can be transformed into the system
(S2) of Table 4 in [7], or of Table 1 in [33]. Therefore systems (1) and (S2) are equivalent, and then we
will summarize the existing results for system (1) even if some of them are concerned on system (S5).
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There exist some results on the number of limit cycles which bifurcate from the periodic orbits of
the uniform isochronous center (1), when it is perturbed inside the class of polynomial differential
systems of degree n. For n = 2 Chicone and Jacobs [8] proved that at most 2 limit cycles bifurcate
from the periodic orbits of the uniform isochronous center (1). If the isochronous center (1) is only
perturbed by homogeneous quadratic polynomial perturbations, in 2000 Li, Li, Llibre and Zhang [22]
proved that at most 1 limit cycle can bifurcate. However, in 2015 Llibre and Makhlouf [27] obtained
at most 2 limit cycles as given in [8] by using the averaging theory of first order. For arbitrary n Li,
Li, Llibre and Zhang [23] gave a linear estimate for the number of limit cycles, where 0 for n = 0,1
and n for n > 2, bifurcating from the periodic orbits of the uniform isochronous center (1), and these
bounds are sharp.

When the uniform isochronous center (1) is perturbed inside the class of all discontinuous piecewise
polynomial differential systems of degree n with two zones separated by a straight line. If this straight
line is y = 0 and n = 2, Llibre and Mereu [28] in 2014 using the averaging theory of first order proved
that at least 5 limit cycles bifurcate from the periodic orbits of the uniform isochronous center (1).
Different from the method used in [28], Yang and Zhao [36] using the first order Melnikov method,
Picard—Fuchs equation and Chebyshev theory considered the same systems discussed in [28] and proved
that the maximum number of limit cycles is exactly 6. If the discontinuous boundary is x = 0, Xiong
[34] in 2015 showed that, under the piecewise quadratic polynomial perturbations, there exist 6 limit
cycles bifurcating from the periodic orbits of the uniform isochronous center (1). In 2019 da Cruz,
Novaes and Torregrosa [11] added the nonzero constant terms in the polynomial perturbations of [28§]
and also using the averaging theory of first order proved that at least 4, 5 and 7 small-amplitude limit
cycles can bifurcate from the uniform isochronous center itself (1) when the discontinuity boundary is
z =0,y =0 and y + v3z = 0 respectively. Recently, Cen, Liu, Yang and Zhang [6] also using the
first order Melnikov method considered the piecewise polynomial perturbations of arbitrary degree n
with the nonzero constant terms, and showed that n+ 1 for n = 0,1, and 2n + 2 for n > 2 limit cycles
can bifurcate from the periodic orbits of the uniform isochronous center (1), when the discontinuous
boundary of [6] is a straight line y = 0. It follows from the results of [28] and [6, 34, 36] that the
averaging theory of first order and the first order Melnikov function are not equivalent in studying the
number of limit cycles for piecewise polynomial differential systems.

Notice that the existing results as mentioned above are concerned on the case where the discontinu-
ous boundary is a straight line. Here we are interested in the case when the discontinuous boundary is
non-regular one, i.e., the discontinuous boundary is formed by two rays separating the plane into two
angular sectors with angles « € (0,7) and 27 — a. Without loss of generality, we assume that one ray
is the positive z-axis, and the other ray starting at O and forming with the positive z-axis an angle
a € (0, 7). Therefore the non-regular discontinuous boundary can be expressed as follows:

@) v {ZOU {(z,y) eR?: y =tan(a) - x,y >0}, «a€(0,7/2)U(7/2,7),

B EOU{(x,y)ERZ:xz(),yZO}, a=T7/2,

where % := {(z,y) € R? : © > 0,y = 0}. Then X are two angular sectors separated by ¥, with
angles o and 27 — «, respectively. Moreover the discontinuous boundary is a straight line when o = 7,
which is called here the regular case.

Following the Filippov convention [12], the sliding regions are defined as the set of points in ¥, /{O0}
where the vector fields X'*, which are the vector fields of the differential systems in X% respectively,
point outward or inward from 3,/{O} simultaneously, and the crossing regions are the complement
of the sliding regions on %, /{O} except for the tangency points of X+ with ¥,. If a periodic orbit
intersect ¥, only in the crossing regions, then this periodic orbit is called a crossing periodic orbit.
This periodic orbit is a crossing limit cycle when it is isolated in the set of all crossing periodic orbits.
In what follows the crossing limit cycles will be called simply limit cycles.



When the discontinuous boundary is non-regular X, defined in (2), there exist some results on
the number of limit cycles for the discontinuous piecewise linear polynomial differential systems, see
[1, 26]. In the following we only introduce the results that these limit cycles bifurcate from the periodic
orbits of the linear center. For example, by calculating the higher order Melnikov functions Cardin
and Torregrosa [4] in 2016 studied the number of limit cycles for a class of piecewise linear differential
systems, and proved that the maximum number of the bifurcated limit cycles is 5 when the sixth
Melnikov function is not zero identically, and this number can be realized in an explicit example with
the non-regular discontinuous boundary X /o defined in (2). As commented in [35], the method used
in [4] can not be applied to the cases which are not suitable for a polar coordinate transformation.
Therefore, they overcame this difficulty and derived the explicit formulas of the first and second order
Melnikov functions for general piecewise Hamiltonian systems. Then, they used the obtained Melnikov
functions to study the number of limit cycles for a class of piecewise linear Hamiltonian systems, whose
unperturbed system is piecewise smooth forming by a linear center and a constant differential system.
Two years later, Liang, Romanovski and Zhang [25] using the first-order Melnikov method obtained
one more limit cycle in a class of planar piecewise linear Hamiltonian systems compared with the case
where the discontinuous boundary is a straight line. Note that in the above mentioned works, the
considered polynomial perturbations have the same degrees in two zones Y= defined below (2). If the
considered polynomial perturbations in the two sectors ¥ have different degrees, Li and Llibre [24]
using the averaging theory up to any order provided an upper bound for the maximum number of limit
cycles that bifurcate from the periodic orbits of the linear center, where this upper bound can realized
for the first two orders. If the linear center is perturbed inside the class of piecewise polynomial
Liénard systems, they gave some better upper bounds in comparison with the one obtained in the
general piecewise polynomial perturbations.

It follows from [4, 24, 35] that more limit cycles can be obtained in piecewise linear differential
systems when the discontinuous boundary becomes a non-regular one. Therefore, it inspires us to
consider the following question: under the discontinuous piecewise quadratic polynomial perturbations,
how many limit cycles can bifurcate from the periodic orbits of the uniform isochronous center (1) when
the discontinuous boundary becomes a non-regular one with a € (0,7)? More precisely, we consider
the following discontinuous piecewise quadratic polynomial differential systems:

—y+zy+epi(x,y)
, for (z,y) € Bf,

(
i z+y° +eq(z,y)
0 (,)-
y —y+ay +epa(z,y)
z+y° +eq(z,y)
where ¢ is a small parameter, and
2 2
pile,y) =Y agr'y, qizy) = Y byaty,
i+j=0 i+7j=0
2 2
pa(w,y) ==Y cya'y!, qalwy) = Y digay.
i+j=0 i+j=0

In this work, we consider the case of & € (0,7/2], and the case of « € (7/2, ) we leave it for further
study. The main result of this paper is the following one.

Theorem 1. For |e| # 0 enough small and o € (0,7/2], the mazimum number of hyperbolic limit
cycles bifurcating from the periodic orbits of the quadratic uniform isochronous center (3)|.=o is exactly
8 using the averaging theory of first order.



For the result of Theorem 1, it was considered in [17, Theorem 1] when o = 7/2 by using the
averaging theory of first order and the Chebyshev theory, therefore this statement generalizes the
results of Theorem 1 in [17], and we only discuss the case of (0,7/2) in this paper.

Moreover if a € [37/2, 2m), then the non-regular discontinuous boundary ¥, defined in (2) becomes

@) 5 SoU{(z,y) e R? :y =tan(a) - z,y <0}, «a € (3m/2,2n),
“ EOU{(JJ,y)GR2:z:07y§O}, a=31/2,

where ¥ is defined below (2). Under the change of variables (z,y,t) — (x, —y, —t) and for each pair
natural numbers ¢ and j the parametric transformations

(@i,0,@0,2i5 bi,2j4+1, Ci,0, C0,2i5 di2j+1) = — (64,0, @0,2i, Di 2541, Ci,0, €0,2i, di 2j+1),

the discontinuous boundary ¥, defined in (4) is transformed into 3, defined in (2), and system (3) is
also invariant. Therefore from Theorem 1 and Theorem 1 in [17] we have the following corollary.

Corollary 2. For |e| # 0 enough small and « € [37/2,27), the mazimum number of hyperbolic limit
cycles bifurcating from the periodic orbits of the quadratic uniform isochronous center (3)|.=o is exzactly
8 using the averaging theory of first order.

The rest of this paper is organized as follows. In the next section we will introduce the basic
averaging theory and the Chebyshev theory, which will be used to prove our main result. Moreover,
we also introduce the technique given in [3] for transforming a planar polynomial differential system in
the standard form for applying the averaging theory. In section 3, we first derive the recurrent formulas
for calculating some definite integrals, which will be used to deduce the explicit expression of the first
averaged function of system (3), and then determine the minimum number of the generated functions
whose nontrivial linear combination generates that averaged function. Section 4 is devoted to prove
Theorem 1 and give two numerical examples to confirm the results of Theorem 1. More precisely, we
use the Chebyshev theory to give the exact upper bound for the number of limit cycles, that can be
obtained using the averaging theory of first order, of the discontinuous piecewise quadratic differential
system (3) when |e| # 0 is sufficiently small. Finally, we give some important and long expressions in
Appendix for completeness.

2. PRELIMINARY RESULTS

In this section we first introduce the averaging theory of first order (see for instance [18]) which will
be used for studying the number of limit cycles of the discontinuous piecewise quadratic polynomial
differential system (3) when || # 0 is sufficiently small. After we recall the concepts and the known
results of the extended complete Chebyshev systems.

2.1. Averaging theory. In 2015 Llibre, Novaes, Teixeira [30] developed, via Brouwer degree theory,
the averaging theory of first order for studying periodic orbits of discontinuous piecewise differential
systems in two zones separated by a straight line. Two years later Itikawa, Llibre and Novaes [1§]
improved the averaging theory at any order for analyzing the periodic solutions of discontinuous
piecewise differential systems with two zones, where the discontinuous boundary composed by two
half-straight lines starting at the origin and forming an angle «. In the same year, Llibre, Novaes
and Rodrigues [29] generalized the results of [18] and considered a class of e-family of discontinuous
differential systems with many zones. Here we introduced the results obtained in [18, 29] that we will
use to prove our main results.

Consider a non-autonomous discontinuous piecewise differential system

dr

Frh eF1(0,7) + ®Ra(0,1,¢€),

()



where ¢ is a real parameter with 0 < |e| < 1, r € R, § € R/(27Z),
2 2
Fi (9,7‘) = szi (Q)in (077')7 ’R’Q(Gvrv 6) = szi (Q)R;t (077,,7 5)5
i=1 i=1

FE:S'xD =R, RE:D xS x (—ep,60) = R, are C? functions, 27-periodic in the variable 6, and
D is an open and bounded interval of (0,00), and ¢ is a positive number. Additionally, xs(f) is the
characteristic function of a set S C R2, where

() = 1, for 6€S,
XSt = 0, for 0¢S.
Here the S; are the open intervals (0;,60;,1) for i = 0,1 and 0 = 0y < 0; < 0 = 27. It follows that the
set of discontinuity of system (5) is defined by %y, = ({# =0} U {0 =6,})NS! x D.
If r(6,ro) is the solution of the system (5) satisfying r(0,7) = ro, then we obtain that
r(2m,r9) —ro =ef(r) + O(e),
where f : D — R is called the first averaged function and of the form

(6) fr) = /0 F1(6,r)de.

As shown in [18] every positive isolated zero of the averaged function f(r) provides a crossing limit
cycle of the discontinuous piecewise differential systems (5) on the cylinder C = {(#,7) € St x (0,00)}.
From Theorem 1 of [18] we have the following result on the periodic orbits of system (5).

Lemma 3. For the non-autonomous discontinuous piecewise differential system (5), if there exists
r* € D such that f(r*) =0 and f'(r*) # 0, then for |e| # 0 enough small there exists a 2mw-periodic
solution (8, ¢) satisfying r(0,€) — r* when ¢ tends to 0.

Notice that under the polar coordinates (z,y) — (r cos,rsin6), system (3) can not be written into
the standard form (5). In order to obtain the standard form (5) we apply the following result given
by Buica and Llibre in [3]. Consider the following perturbed differential systems
&= P(x,y) +ep(z,y),
¥ =Q(z,y) +eq(z,y),
where P, Q, p, ¢ : R? — R are continuous functions, and ¢ is a small parameter. Assume that system

(7) has a center at O = (0,0) when ¢ = 0. It follows that there exist a periodic annulus around this
center, which is formed by a continuous family of periodic orbits

{Tn} c {(z,y) €R?: H(z,y) = h,h € (he, hs)},

(7)

where H(z,y) is a first integral of system (7)|.—¢, and h. and h, correspond to the values of H(z,y)
at the center and at the boundary of the periodic annulus of the center, respectively. Recall that the
periodic annulus of a center is the maximal open set U containing the center O and such that U\ {O}
is filled of periodic orbits.

Lemma 4. ([3, Theorem 5.1]) Consider the unperturbed system (7)|.=o, which has a first integral
H(z,y). Suppose that xQ(x,y) —yP(x,y) # 0 for all (x,y) in the periodic annulus formed by the ovals
{T1} and that H(x,y) takes non-negative values on the periodic annulus. Let p : [0,27) X (v/he, Vhs) —
[0,00) be a continuous function satisfying

H(p(6, R) cos, p(0, R) sin @) = R?

for all R € (v/he,vVhs) and all 6 € [0,27). Then the differential equation which indicates the depen-
dence between the square root of the energy R = v'h and the angle associated to the perturbed system
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(7) is of the form

dR __p(@® +y*)(Qp— Pg)
de 2R(zQ — yP)

+0(e?),

where = p(xz,y) is the integrating factor associated to the first integral H, and x = p(, R) cosf and
y = p(0, R)sind.

2.2. Chebyshev theory. Determining the maximum number of isolated zeros of the first averaged
function is a difficult task, because in general this function is a nontrivial linear combination of various
elementary functions, such as a square root function, an inverse trigonometric function and logarithmic
function, as the averaged function given in (18). In order to obtain the exact number of zeros for such
averaged function, we introduce the some effective results, which are concerned on the lower bound
and the upper bound of the number of zeros for this averaged function.

The following result is effective for the lower bound.

Lemma 5. ([9, Lemma 4.5]) If the analytic functions u; : I — R for i = 0,1,--- ,m are linearly
independent, where I C R is an interval, and there exists j € {0,1,--- ,m} such that u;(x) has
constant sign, then there exist m + 1 constants a; € R for i =0,1,--- ,m and m constants a; € I for

j=1,2,--- ,m such that for every j € {1,2,--- ,m} the function u(z) = 3 a;u;(x) satisfies u(a;) =0
i=0
and u'(a;) # 0.

As it is indicated in [32, Appendix|, we say that the functions u; : I — R for ¢ = 0,1,--- ,m are
linearly independent in the interval I if and only if for any a € I the following condition holds,

m
Zaiui(a)=0:>a1=a2=~~-=am=0,
i=0

where «;’s are real numbers.

For the upper bound, we introduce the theory of Extended Complete Chebyshev systems (abbriv.
ECT-system), which is a classical tool to deal with this maximum number of isolated zeros of these
averaged functions. Assume that U := [ug,uq,- - ,Uy] is an ordered set of analytic functions on an
open interval I := (a,b) C R. This ordered set forms an ECT-system on I, provided that, for all

k

k = 0,1,---,m, any nontrivial function Y a;u,(x) in Span(i) can have at most k isolated zeros
i=0

on I counting their multiplicities. Here Span({) is the set of functions generated by all nontrivial

m
linear combinations of elements of U, namely, u(z) = > «;um(x), where the coefficients a;’s are real
=0
m
numbers. Moreover, a function u(x) is said to be nontrivial if > a? > 0.
=0

Lemma 6. ([20]) If the ordered set U forms an ECT-system on I, then the number of isolated zeros
for each element in Span(U) does not exceed m. Additionally, for every configuration of n < m zeros
counting their multiplicities, there exists an element in Span(U) having this configuration of zeros.

Remark 7. ([15, Remark 3.7]) If the ordered set U forms an ECT-system on I, then for every k =
k
0,1,---,m there exists af € R (i = 0,1,---,k) such that the nontrivial function Y afur(x) in

i=0
Span(U) has exactly k simple zeros on 1.

In order to apply Lemma 6 we need to prove that the ordered set I/ is an ECT-system on 1. The
following lemma, see for instance [14, 20], gives a method to achieve this.



Lemma 8. The ordered set U is an ECT-system on 1 if and only if for every k € {0,1,2,--- ,m} and
all z € I, the Wronskian Wy (x) # 0, where

Wi(z) == Wlug, ug, -, uz)(z) = uol(:z:) ulf‘r) “k:(f)
W@ WP o uP)

3. AVERAGED FUNCTION

This section is devoted to deduce the recurrent formulas of some definite integrals that appear
in deducing the expression of the first averaged function for the discontinuous piecewise quadratic
polynomial differential system (3) with o € (0,7/2), and then to determine the minimum number of
functions whose nontrivial linear combination generates that averaged function.

A first integral and its associated integrating factor of system (1) are

22 4 y? 2
H(z,y) = m and  p(z,y) = m,

respectively. Moreover the periodic annulus of the uniform isochronous center (1) is formed by a
continuous family of periodic orbits {I'y} C {(z,y) € R? : H(z,y) = h,h € (0,1)} because system (1)
has the invariant algebraic curve 2z +y? — 1 = 0, namely the minimal distance of the outer boundary
of the periodic annulus of the center to the origin is 1. Therefore for system (1) we have h. = 0 and
hs =1, and then the function p(6, R) satisfying the assumption of Lemma 4 is

p(0,R) = R/(1+ Rcosb),
for all R € (0,1).

From Lemma 4 we choose the following transformations

Rcosf Rsiné

(8) le—l—RcosG’ yzl—l—RcosQ’

and then using (8) system (3) can be written into the form,

ar | eF0.R) +0(?), for 0<0<a,

(9) &
do eF; (0, R)+ O(g?), for a <6< 2m,
where
1 3
+ . - i . i . .
Fio= 1T Roost ; (F1i(R) cos(if) + Fy; (R) sin(if)) ,

in which F;;’s and F,,’s are obtained by the substitution (a;;,b;;) — (cij,d;;) in Fy;’s and F,7’s,
Fily := —(R/2) (4a00 + a10 + bo1 + (ago + a10 + azo + ag2) R?)
Fih = —(1/4) (4aoo + (11ago + Taio + 3azo + ap2 + bo1 + b11)R?),
Fiy = —(R/2) (2a00 + a10 — bo1 + (aoo + a0 + azo — ap2) R?)
Fify = —(1/4) (ago + a10 + azo0 — ag2 — bor — b11) R?,
Foly =0, Ff=—(1/4) (4b00 + (5agy + a11 + boo + b1o + bao + 3b02)R2) ,
Fay = —(R/2) (ao1 + 2bgo + b1o + (ao1 + a11)R?),
Fofy = —(1/4) (ao1 + a11 + boo + bio + bao — boz) R*.



Note that system (9) is in the form (5) so the averaging theory can be applied to it. From (6) we
know that the first averaged function f : (0,1) — R associated with system (9) can be expressed as

« 2r—a
fla, R) :/ FiH (0, R)do —l—/ Fi (0 + a, R)db,
0 0

(10) =Y FRL(RI (o, R) + > Ff(R) I (o, R)
k=0 /=0

3 3
Y FR(RTT (0, R) + > Fo(R)IF™ (o R),
k=0 =0
where the functions F2 and FZ are given below (9),

*  cos(k0) /a sin(46)
Za = 7(10 o = —
b /0 14 Rcosf Ji o 1+ Rcosf

e /2”“ cos (k(0 + a)) a6, T e /2““ sin (£(0 + «)) €.
0 14 Recos(f + ) 0 14 Rcos(6 + )

(11)

In order to simplify the calculations of the integrals in (10), we introduce the following results.

Proposition 9. For 0 < a < 7/2 and 0 < R < 1 the functions T, * and J}" ™ defined in (11),
can be simplified as

IQ‘/r a Oé R ZIJ(W/Z) +I37r/2( _R)7
(12) : )
T, R) =Y TP @, R) + T (e R,
=0
where
IJ(W/Q) / cos (k (0 + a+ j(r/2)))
1+Rcos (0+a+i(n/2)
jJ(W/Q) / sm 9+a+j(7r/2)))
(13) 14 Rcos (0 4+ a+ j(m/2))

ae,

Fan/2 ._/“/2 * cos (k (0 + o+ 3m/2))
L A 1+ Rsin( + «)
~37/2 /”/2_0“ sin (€ (0 + a + 37/2))
T =

0

de.
1+ Rsin(0 + o)

Proof. Notice that a € (0,7/2), then 27 —a € (37/2,27). When we calculate the integrals Z;"~“(«, R)
and J2"~*(a, R), we need to apply the change of variables cos § = (1—¢?)/(1+¢?), sin 6 = 2¢/(1+¢?)
and ¢ = tan(#/2), under this change the interval (0, 2m—a) pass to the intervals (0, +o00)U(—00, tan(m—
a/2)). In order to keep the continuity of the integral interval after using the above change of variables,
we first convert the interval (0,27 — &) into the interval (0, 7/2).

For a € (0,7/2) the definite integral Z;™*(c, R) in (11) can be written as

/2”_0‘ cos(k(6 + ) dG—/F/z cos(k(0 + «)) d0+/%_a cos(k(0 + )
0 1+ Rcos(0+a)  Jy 1+ Rcos(f+a) x2 1+ Reos(0+ )

37/2 cos(k(0 + ) d9+/2”_“‘ cos(k(0 + )) 40
3

(14)
=7 —
k(a’R)_'—/ﬂ/Q 1+ Rcos(8 + ) =2 1+ Rcos(d +a)
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because 27 — a € (37/2,27) in this case. Then we apply the change of variable § = ¢ + 7/2 twice in
the second definite integral of (14), and we obtain

/3”/2 cos (k(0 + a)) da—/ﬂ cos(k(f +a +7/2) o
=2 1+ Rcos(0+ ) ~Jo 1-Rsin(d+a)
)2 T cos(k(0+ a+7/2))

=0 e ) + /,T/Q 1— Rsin(0 + o)

de

~77%(a, R) + I} (a, R),

where we still use 6 instead of ¢ for simplicity. Similarly, using the change of variable § = ¢ + 37/2 in
the third definite integral of (14), we get

22—« .

0 ~3n

/ Mdgzzg "(a, R).
3rj2 1+ Reos(0 + )

It follows that for o € (0,7/2) we obtain the expression of Z;"*(a, R) as given in (12).

The simplification of the integral J7™ *(a, R) can be deduced similarly. Thus, we complete the
proof of this proposition. O

From Proposition 9 we know that it is an important step to calculate the integrals Z7* and J in
(11), I,JC(WN), ﬁ(ﬂ/Q), I,‘:’MZ and \75377/2 in (13) in order to deduce the expression of the first averaged
function for @ € (0,7/2). In the following we will give the explicit recurrences for each integral in
order to obtain the explicit expressions of theses integrals.

Lemma 10. For 0 < o < 7/2 and 0 < R < 1 the functions I} and J& in (11) write as
2A(a, R)

T 75 k :Oa
V1 — R?
I3 (o, R) = M, k=1,
R
2sin((k — 1)a) 2
— 2 — T (a,R)—T9 5(a, R), k >2,
0, £ =0,
—lln 1+ Rcosa /=
I, R) = R 1+R ’ -
2—2cos(({ — 1)) 2 _, o
(E — 1)R - E‘jéfl(o‘vR) - ‘-7872(0‘71{)7 ¢ 22,
where
1-R o
(16) A := arctan ( TR tan 2) .

Proof. For k = 0,1 the expressions of the functions Z (o, R) are given by direct integration. For k > 2
the recurrence for Zg (e, R) can be deduced by the following calculations:

’ (% cos (k= 1)6) (1 + Reosf)
/0 COS((k_l)Q)de_/o 1+ Rcosd do

a0ty

0 1+ Rcos#f
«a « -2
_ T (o R)+ g </ cos (k0) d9+/ cos ((k )9)d0>
0 0

1+ Rcosf 1+ Rcos6
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(63 R (63 (67
=Ty (o, R) + 5 (Zi (o, R) + I _5(a, R)) .

Similarly we can derive the recurrence for J (o, R) as we wanted to prove, in this case for £ =0, 1
the expressions of the integral J*(c, R) are given by direct integration, while for ¢ > 2 we should
consider the integral [;"sin ((¢ — 1)#)d6 instead of [;* cos ((k — 1)#)df. Hence the proof of Lemma 10
is completed. (I

From the expressions of the functions IJW/Q) jj(ﬂ/z) 1'3”/2 nd j37r/2 (13), we know that they
can be further simplified. The following two propositions and lemmas are devoted to simplify them in
order to reduce the difficulty of the calculations and then to deduce the explicit expressions for these
integrals.

For natural numbers k& and ¢ we define the following functions:

w/2 k(0 w/2 in (0(0
CZ]/Q .:/ cos (j( + ) a0, SZ-/Q ::/ sin (j( + ) ae,
o 1+ (-1)z2Rcos(f + «) o 1+ (-1)z2Rcos(f+ «)
w/2 /2 .
(17) &/ ::/ cos (Jzﬁt‘) +a)) a6, §);71/2 ::/ sin (]1159 +a)) a6,
o 1+ (=1)"= Rsin(6+ ) o 1+ (=1 Rsin(6+ )

c:/Q_Q :/”/20‘ cos (1/@ + oe)) a9, 53/2_a :/”/20‘ sin (1/(.9 + a)) 46
0 1+ Rsin(f + «) 0 1+ Rsin(6 + «)

where v € {k, (}.
The following proposition is proved after simple calculations, so we omit its proof.

Proposition 11. For 0 < a < 7/2 and 0 < R < 1 the functions I,z(”/z) and Jej(ﬂ/z) in (13) are

/2
Ck]/( R),

J =4m,

)52 (,R),  j=dm+1, k=4  or k=4i+2,
70/ (o, R) 1)“1”’3/2(04,11’), j=4m+1, k=4i+1 or k=4i+3,
k «, =

(=

(=

(-D* i/ *(a,R),  j=4m+2,

(-5 (a,R),  j=4m+3, k=4i  or k=4i+2,
(,1)%5“2]/2(@,3), j=4m+3, k=4i+1 or k=4i+3,
sp/ (o R), j =4m,

~1):5]%(a, R),  j=dm+1, (=di or {=4i+2,

TP e R) =

(
(-1) = &/*(,R), j=Am+1, L=4i+1 or (=4i+3,
(-1)'s;* (o, R),  j=4m+2,

(

~1)25;%(, R),  j=dm+3, (=di or £=4i+2,

(-1)F &/ (,R), j=4m+3, (=4i+1 or =4i+3,
where i and m are natural numbers.

The following lemma gives the recurrent formulas in terms of k, j, £ and v for the functions CZJ/ 2,

323/2, E:J/Q and 3, /2 defined in (17).

Lemma 12. For0 < a < n/2 and 0 < R < 1 the following two statements hold.



(i) The functions ¢ * and sg/ defined in (17) are

2
+ _ P
WAO (o, R), k=0, j=4m,
2
— 2 A (,R), k=0, j—4m+2,
P \/ﬁ 0( ) J
CZ' (CV,R) = 27 w/2 .
7 B ECOJ (o, R), k=1, j=4m,
27 1 /2
,ﬁjLEcOJ (,R), k=1, j=4m+2
Co(a, R), k>2, j=4m or j=4m+2
0, {=0, j=4m or j=4m+ 2
1
o2 B Eﬁ (o, R), £=1, j=4m,
se; (o, R) = 1
~ Lol R), €=1, j=dm+2,
So(ay, R), £>2, j=4m or j=4m+2,
where
2sin ((k — 1)(a+7/2)) —2cos ((k— 1)« 2 x ”
C’O = ( 7 ) ( ) - 7 k/21 J(OL,R) Ck/éj(avR)v
(=D2(k-1R (=D2R
2cos (0 —1)a) —2cos (£ — 1)(a + 7/2) 2 "
Sy = ( ) - ( ) — 5 szﬁJ(a,R)—se 2J(a R),
(-D=(-1R (-1):R
1+ R(cosa — sin a) 1+ Rcosa
+ +
= =1 .
A arccot( N ), L n(lZFRsinoz>

(i) The functions ¢, Nﬂ/ and s, ? defined in (17) for v € {k, ¢} are

2
ﬁA;(aa R), v =0, j=4m+1,
2
— \/TiRQ.AT(a, R)7 1% :07 ] :4m + 37
~7/2
¢, (a,R) = 1 .
vi (@) — ﬁﬁl (o, R), v=1, j=4m+1,
1
Ecj(oz,R), v=1, j=4m+3,
Ci(a, R), v>2 j=4m+1 or j=4m+3,
0, v=0, j=4m+1 or j=4m+ 3,
1 .
/2 7E+ECO/J2(Q7R)’ v=1, j=4m+1,
5 R
(a ) ™ ~7T/2 .
ﬁ_'_ﬁ ol (a, R), v=1, j=4m+3,
S1(a, R), v>2, j=4dm+1 or j=4m+3,

where
2cos ((v —1)(a+m/2)) —2cos (v — 1)a) N 2 /2

C1 = J+1 g+ Sy— 1,5
(D™= (w-DR (-5 R

(Oé R)+CV 2](0[ R)
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2sin ((v — 1)(a+7/2)) — 2sin ((v — Do 2 . -
-2 (—1)”'31@)— DR ( - (—1)%Rcvﬁu(0‘ R)+ 55 (00 R)
1+ Rcosa R+tan @ R+tan (Z +9)
+ + 2 4T3
Z:1 _— = [— —_ R - .
L3 n <1 i Rsina) ,  Aj arctan ( N ) arctan ( N )

Proof. The expressions of the integrals ck (a R) and Eff(a,R) for Kk = 0,1 and v = 0,1 can be
obtained by direct integration, and also have been verified by the algebraic manipulators, such as
MATHEMATICA or MAPLE.

For k > 2 we do the following calculations:
/2 3 _ ™/2 cos ((k —1)(0 + ) (1—|—( 1)z Rcos(9+a))
/0 cos (& 1)(0—|—a))d9—/0 14 (—=1)2Rcos(f + «)
o= e /2 cos ((k — 1)(0 + @)) cos( + a)
= Gl B+ (1) R/o 1+ (=1)2 Rcos(6 + a)
cos (k(6 + o))

do

de

:C%_ . Oz,R + -1 % / J
i-1(e R) +(=1) 0 14 (=1)2Rcos(f + )

R

2

R cos ((k—?)(9+a))
§A a0
R

2

+(71)§ 1—|—(—1)%Rcos(0—|—a)

= ¢l R+ ()P (ef (@ B) + ey (o, R)).

So the recurrence for the function c,? ;(a, R) is proved.
For v > 2 the recurrence for the function E:j/ 2(@, R) follows doing the next calculations:

/2 /2 gin ((v — « 5 Rsin «
/0 sin (v — 1)(6 + ) dg = /O (« 1)1((:_3 Q _;(51n()0 " f) (0+)) 4
2 in (0~ 1) + ) 0 + )
1+ (=1)" Rsin(d + )

dé

s iR ™2 cos ((v —2)(0 + )
=37 (0, R)+ (-1) 2/0 1+(— ) Reim(d + @)
LR [ cos(v(@+0))
=) 2/0 1+( 1) Rsm(@—i—a)da

=550 B+ (1) T (G, (0 B) — (o, ).

Similarly we can deduce the recurrences for the functions s;/ 2(a R) and §:j/ *(a, R), in these cases
by direct integration we obatin the expressions of the integrals Se (a R) and §7Vr]/ 2(01, R) for £ = 0,1
and v = 0,1, while for £ > 2 and v > 2 we should consider the integrals foﬂ/Q sin ((¢ — 1)(6 + «))do
and foﬁ/Q cos ((v — 1)(0 + «))dé respectively. Hence the proof of this lemma is completed. O

Proposition 13. For 0 < a < 7/2 and 0 < R < 1 the functions fgﬂm and j@?’ﬁ/Q in (13) are
(05> (o R),  k=tm  or k=dm+2,

(o, R) = .
k-1l 7/2—a
(1) = s, (a,R), k=4m+1 or k=4m+ 3,
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L w/2—a
j37'r/2( R) = (=1)2s, /2 (a,R), £=4m or {=4m + 2,
(—1)%02/270‘(04,1%), L=4m+1 or (=4m+ 3,

where m is a natural number, v € {k, (}.

The proof of Proposition 13 is omitted here because its results can be deduced directly after simple
calculations. In the following lemma we give the recurrent formulas in terms of k and ¢ for the functions

2?7 and s5/*7® defined in (17).

Lemma 14. For 0 < a < 7/2 and 0 < R < 1 the functions ci/>~* and s3/*~* defined in (17) for
v € {k,L} write as

2
——A3(a, R), v =0,
i@ )
1 1+ R
T/2—« _ _ - 7 —
CIJ (ayR)f R1n<1+RCOSO[>’ v 17
2sin (v(m/2)) — 2cos (v — 1)) 2 w2
= >2
- DR —I—R ", R)+ 5 (o, R), v >2,
0, v =0,
7772a_77,/2 a( R) 1
SZ/Q_Q(OZ,R) — 2R R Co a, y v =1,
2cos (v(m/2)) + 2sin ((v — 1)« 2 n/2-a r/2—a
_ ( (3—1)1% ( ) - = 27, R) + 575 (o, R), v >2,

. 1+R\ R+tan &
where As := arctan (, / —I_R) arctan ( T )

Proof. For v = 0,1, direct integrations give the expressions for the function 03/270‘(04, R) . Forv > 2,

T/2—a
/0 sin (v —1)( + @))d6

- /ﬂ/za sin (v = 1)(6 + ) (1 + Rsin(6 + «)) "
A 1+ Rsin(6 + «)

T/2—a o _ :
,r/2 o sin (v —1)(0 + )) sin 6
- (o RHR/ 1+ Rsm(@+a) 00

o gy B[ eos (=20 +0) ) 7 cos (w6 +a))
=51 (7R)+2</0 e /0 . d6

1+ R(sin(6 + ) 1+ Rsin(f + )
= ST R) 4y (e R) (@0 R))

It follows that the recurrence for the function ¢/ 2_O‘(a, R) is obtained directly.

Similarly we can deduce the recurrence for the function sp/?” “(a, R) as in Lemma 14 for v > 2, while
in this case we should consider the integral fw/2 “ cos ((V —1)(6 + «))df instead of fw/Q ¢

1)(0 + cv))d6. Moreover, the expressions of the integral s/ ~“(a, R) are obtained by direct integration
when v = 0, 1. Hence the proof of this lemma is completed. (I

sin ((V —

In the following we will introduce how to use the above recurrences to deduce the expression of
the first averaged function f(«, R) defined in (10) for a € (0,7/2), and then determine the minimum
number of functions whose nontrivial linear combination generates that averaged function.
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Lemma 15. For 0 < a < 7/2 and 0 < R < 1 the averaged function f(c, R) in (10) can be expressed
into the following form
fle, R) = ks fa(o, R) + ks f5(o, R) + kg fo(ov, R)

(18) 12
+ Z ki fi(o, R) + k15 fis5(a, R) + K6 fis(a, R),

i=9
where the functions f;’s are given in the Appendix A,
ko :=ago, kg := boo — doo + (aoo — coo)n00,
ks :=b1o — boz + doz2 — d1o — (b11 — d11)n00 + agomo1

+ coomno2 + a10mo3 + c1omos + bo1nos + do1nos,

(19)
ke = (aoo + aio + bi1 — coo — c10 — di1) noo + ao1 + bo2 — co1 — dog,
ky :=ago — b11, k1o := cg0 — da1, k11 := bao — dao,
k12 :=a11 — b2 — c11 + do2, k15 := ape, k16 := co2.
and
3o — 2sin o — sin « cos «
ngp :=cot (a/2), nop 1= — ,
sin® v
a — sin«
(20) ng2 :=csca (2 + cosa + (67 — 3a) csca) , ne3 ‘=———5—
sin® o
2w a — sin « cos o 9
no4 :=——5— —No3, N5 := ————5———, TNo6 =cota + (27 — o) csc” o
sin® « sin® «

Proof. For the first and second parts of the first averaged function f(«, R) in (10) can be calculated
applying the recurrent formulas of the integrals Z¢ (o, R) and J2 (o, R) in (15) for k = 0,1,2,3 and
¢ =0,1,2,3. For the third and fourth parts of the first averaged function f(«, R) in (10), by Proposition
9 they can be reduced to

3 3
S FR(RITT (0, R)+ > Fay(R) TP *(a, R)
k=0 £=0

w

2
+3 Fu®) [ Y7, R) + T (0, R)

£=0 j=0
Then using Propositions 11 and 13, and the recurrent formulas given in Lemmas 12 and 14, we can
obtain the explicit expressions for the integrals Ii(ﬂ/Q)(oz, R) and ._721(”/2)(04, R), and IZW/Q(a, R) and
jzgﬂ/z(a,R) when k,¢ = 0,1,2,3, and further we can derive the third and fourth parts of the first

averaged function f(«, R) in (10). Based on the above calculations we add the obtained results and
deduce that the first averaged function f(c, R) in (10) becomes

fle, R) = ago fo(at, R) + coof1(e, R) + (boo — doo) f2(at, R) + a10 f3(cv, R)
+ c10fa(o, R) + (bio — dio) f5(x, R) + (ao1 — co1) fo(av, R)
+ bo1 fr(a, R) + do1 fs (v, R) + a0 fo(v, R) + ca0 fro(r, R)
+ (bzo - d20)f11(a, R) + (a11 - 611)f12(a7R) + b11f13(a, R)
+ di1 fra(a, R) + aoz fi5(a, R) + co2 fi6(c, R) 4 (bo2 — do2) fi7(a, R),
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where the functions f;’s are given in the Appendix A. From the expressions of the functions f;’s, we
can check that

fo=noo(f2 + f6) +no1fs,  fr =—noo(fe + f6) +no2fs, fz3 =nosfs +noofs,

fa=noafs —noofs, J7 =nos[s5, Js =no6 f5,

f13 =noo(fe — f5) — fo, Jia =(fs — fe)noo — fio, Jir=—fs+ fe — f12,
where the coefficients ng;’s are given in (20). It follows that the first averaged function f(a, R) in (10)
can be written into the form as (18), and the proof of this proposition is completed. ]

4. PROOF OF THEOREM 1

Having deduced the expression of the first averaged function f(«, R) in (10) as given in (18), in this
section we discuss the number of isolated zeros of this averaged function, which provide the maximum
number of limit cycles for the discontinuous piecewise quadratic polynomial differential systems (3)
when |e| # 0 is sufficiently small that can be obtained using the averaging theory of first order.

The following proposition is devoted to determine the lower bound of the number of isolated zeros
of the function f(a, R) in (18).

Proposition 16. For a € (0,7/2) the mazimum number of simple zeros of the first averaged function
fla, R) given in (18) with respect to the variable R is at least 8 in the interval (0,1).

Proof. In order to determine the maximum number of simple zeros of the first averaged function f(a, R)
given in (18) with respect to the variable R when a € (0,7/2), we calculate the Taylor expansions
of the functions f;,i € {2,5,6,9,10,11,12,15,16} of (18) in the variable R at R = 0, and then we
take the coefficients of the monomials R’ for j = 0,1,2,---,8 in the obtained nine Taylor expansions
forming a 9 x 9 matrix with nine columns. One can check that the determinant of this matrix is
—(2/4964125)72 sin?’ (a/2) sin'? a # 0, it follows that the functions f;’s are linearly independent.

Moreover, for i € {2,5,6,9,10,11,12,15,16} the coefficient k; given in (19) of the function f; in
(18) are independent because the rank of the Jacobian matrix of these coefficients with respect to the
variables ago, @10, @01, G20, @11, @02, boo, b1o, bo1, b2o, b11, bo2, Coo, €10, Co1, C20, C11, Co2, doo, d1o, dot,
dao, di1 and dpz is 9. Notice that the functions fs5 and fs in (18) have constant signs in (0,1) when
a € (0,7/2). Tt follows from Lemma 5 that there exist coefficients (a*,b*, ¢*,d*) € R where

a* 12(“3(» aT07 aEk)lv a;07 a;l’ a32)7 b* 1:(5307 TO? bélv b;ov ’{17 bE;Q)v

" :=(cgo, Clos Co1» €205 €115 C02)s A" :=(dgo, dTo, doy > daos diys doo)

such that there always exists a nontrivial function generated by the functions f; for i € {2,5,6,9, 10, 11,
12,15,16} with at least 8 simple zeros. From (18) we know that the averaged function f(«, R) is a
nontrivial linear combination of the functions f;’s, and then we can conclude that for « € (0,7/2) the
maximum number of simple zeros of the first averaged function f(«, R) in (18) with respect to the
variable R is at least 8 in the interval (0,1). Therefore this completes the proof of Lemma 16. O

In the following, we estimate the sharp upper bound of the number of simple zeros for the first
averaged function f(c, R) in (18), we will discuss the number of simple zeros of the function F(«, R) =
Rf(a, R) with respect to the variable R, which has the same number of zeros as f(a, R) with respect
to the variable R in the interval (0, 1).

As it was indicated in Section 2.2 the Chebyshev theory is an effective method to estimate an upper
bound for the number of zeros of the function F'(a, R), and from Lemma 8 it is enough to prove that the
corresponding Wronskians formed by the functions generating the function F'(«, R) are non-vanishing.
However, the expression of F(a, R) contains some elementary functions, such as v/1 — R2, (1 — R?)3/2,
In(1+ Rcosa)/(1+ R) and some inverse trigonometric functions, therefore it is a challenging work to
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calculate the Wronskians and to determine whether these Wronskians vanish or not. Hence it is hard
to estimate the exact upper bound of the number of isolated zeros of F'(«, R).

In order to reduce these difficulties, enlightened by the works in [5, p.321] and [13, p.72] we consider

F(a,R) \' G(a, R)
(21) <(1R2)3/2> N (1 — R2)5/2(1 + Rcosa)’
in which
(22) G(aa R) = Z migi(a’ R)7

i=0
where the coefficients m;’s are given in the Appendix B, and

. 1+ Rcosa
i=Ri, fori=0,1,--- 4, =R(1 In(———>—),
gi =R’ fori=0 g5 =R( +Rcosa)n( TR >
(23) 3 1+ Rcosa
g6 :=R°(1+ Rcosa)ln T r ) gr ::Rm(l—t—Rcosa),

gs :=Rv1— R2(1+ Rcosa)A(a, R),
where A(«, R) is given in (16). It follows from (21) that
G, )

R
(24) F(a,R)=(1- R2)3/2/0 (1— 52)5/2(1 + fCOSOé) ’

which has at most as much zeros as G(«, R) in R by the Rolle’s Theorem.

The following result is concerned on determining the exact number of simple zeros of the function
G(a, R) defined in (22) with respect to the variable R when R € (0,1) and a € (0,7/2).

Lemma 17. For 0 < a < 7/2 and 0 < R < 1 the mazimum number of simple zeros of the function
G(ay, R) defined in (22) with respect to the variable R is exactly 8. Then from (24) the mazimum
number of simple zeros of the function F(a, R) in R is at most 8 in the interval (0,1).

Proof. We firstly prove the first part of Lemma 17. Similarly to the proof of Proposition 17 we obtain
that for o € (0,7/2) and R € (0,1). the maximum number of simple zeros of the function G(o, R) in
(22) with respect to the variable R is at least 8.

In the following we prove that this maximum number is at most 8. In fact, it suffices to claim that
the ordered set G := (g0, 91, , gs), where g;’s are the functions given in (23), forms an ECT-system,
which from Lemma 8 is equivalent to check that all the Wronskians Wy (a, R) # 0 when o € (0,7/2)
and R € (0,1) for k=0,1,---,8. Straightforward calculations show that

Wo(Oé,R) = 1, Wl(Oé,R) = ]., WQ(Q,R) = 2, Wg(a,R) = 12,
576(1 — cos a)?
(1+ R)®>(1 4 Rcosa)

Wi(a, R) = 288, Ws(a, R) = Ws(a, R),

6912(1 — cos )b  —

25 Vol B) = TR0 T Reosays o B
9720(1 — cos a)® —~
Wz(a, R) = We(a, R
"(a, R) (1 — R2)13/2(1 + R)'9(1 + Rcosa)'0 "(o B),
9331200(1 — cos a)® sin® o ~
W, R)=—- W, R
3(o R) (1 — R2)15/2(1 + R)'2(1 + Rcos a)'? 3(o B),
where

3 4
Wy = ZUJ57;(COS )R, We = ZUJG»L'(COS )R,
i=0 i=0
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9 6
Wy = E wri(cosa)R', Wg :=8 E wsg;(cos a) R,
i=0 i=0
and ws;’s, we;’s, wr;’s and wg;’s are polynomials in cos « given in the Appendix C.

Since we can easily check that for &k = 0,1, -- ,4 the Wronskians Wy («, R) in (25) are non-vanishing
in (0,7/2) x (0,1), we discuss whether the Wronskians W;(«, R) for j = 5,6,7,8 on (0,7/2) x (0,1)
vanish. For the Wronskian Ws(«, R) defined in (25), it suffices to discuss the sign of the function
Ws(a, R) because its factor 576(1 — cos )2/ (14 R)°(1 4 Rcosa)*) > 0 on (0,7/2) x (0,1). Notice
that the coefficients ws;’s given in the Appendix C of Wg,(a, R) are positive on (0,7/2) x (0,1). It
follows that Ws(«, R) > 0 on (0,7/2) x (0,1).

Similarly we can obtain that Wg(a, R) > 0, Wr(c, R) > 0 and Ws(«, R) < 0 on (0,7/2) x (0,1).

Therefore we have that for kK = 0,1,---,8 the Wronskians Wy («, R) are non-vanishing on (0, 7/2) x
(0,1), and then the claim above (25) is proved.

It follows from the claim above (25) that the ordered set G forms an ECT-system when R € (0,1)
and « € (0,7/2). Then from Lemma 6 and Remark 7 the number of simple zeros for each nontrivial
function generated by the functions g¢;, ¢ € {0,1,---,8} is at most 8, and this number can be realized.
Notice that for a € (0,7/2) the function G(«, R) in (22) is a nontrivial linear combination of the
functions g;’s. Therefore for o € (0,7/2) the number of simple zeros of the function G(«, R) in (22)
with respect to the variable R is at most 8 in (0, 1), and this number can be reached. Hence the first
part of Lemma 17 holds.

For the second part of Lemma 17 we obtain the results directly by using the relation (24). In short
the proof of this lemma is completed. O

Next we turn to give the proof of Theorem 1.

Proof of Theorem 1. From Proposition 16 we know that for o € (0,7/2) the maximum number of
simple zeros of the first averaged function f(«, R) in (18) with respect to the variable R is at least
8 in the interval (0,1). On the other hand, it follows from f(«a, R) = F(«, R)/R and together with
Lemma 17 that the first averaged function f(«, R) given by (18) with respect to the variable R has at
most 8 simple zeros in the interval (0,1). Thus we can conclude that for a € (0,7/2) the maximum
number of simple zeros of the first averaged function f(a, R) in (18) with respect to the variable R
is exactly 8 in the interval (0,1). Moreover by Lemma 3 we obtain that the discontinuous piecewise
quadratic polynomial differential systems (3) can exactly produce 8 hyperbolic limit cycles when || # 0
is sufficiently small. O

Finally we give two numerical examples to confirm the results of our Theorem 1. Consider system
(3) with a = 7/4 and
app = —1.00006, ap; = 13.5715, a1 =99911.1, ape = —167942,
bog = —17735.7, by1 = 136164, boo = —180404, cp2 = 0.001,
(26) dy1 = 1.00019, a10 = a0 = bgg = b1o =bo1 =1, coo=—1,
€10 = ¢o1 = €20 = 11 = doo = d1o = do1 = d2o = dp2 = 1.
It follows that the discontinuous boundary ¥, defined in (2) becomes
Srsa =0 U {(z,y) e R? cy=u=z,y >0},
and the polynomial perturbations p;’s and ¢;’s defined below (3) reduce to the form
p1(z,y) = —1.00006 + = + 13.5715y + 2% + 99911.1zy — 16794212,
qi(z,y) =1 +x +y— 17735.72% + 1361642y — 180404y2,
pa(z,y) = 1+ +y+2® + zy + 0.001y2,
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¢z, y) =1+ 2z +y+ 22 +1.00019zy + y>.
Then computing the averaged function f(R) in (18) for this system we have
1
f(R) = 198434 (—0.125784 4 0.500817R + 0.356753R* — 0.745939 R

—3.16638 x 107%/1 — R2(1.19164 — R?)

1-R
(27) +1.69268+/1 — R2(0.18923 — R?) arctan ( TRt %)
2+R
+1.41264(0.936726 — R?) In V24RO
V2(1+R)
Straightforward calculations show that the zeros of f(R) in (27) are
1 1 2 1 13 3 17 19
R =— Ry = — Ry = — Ry = — Rs = — Ry = — R, = — .
T Py BTy M Ty BT T T TR g
and f'(R;) #0fori=1,---,7, see Fig.1(a).
f f
1.5x107
15x107
1.x107
1.x107
-7
5.x10 5.x10°7
- - R 1.
1.0 1
-5.x107 -5.x107
-1.x107 -1.x10°
_1.5)(10—6 -1.5)(10_6
(a) a=m/4 (b) a=m/3.

FIGURE 1. The graphics of the averaged functions f(R) in (27) and (28).

When o = 7/3 and
apgo = —1.00005, ag; = 9.38065, a1 = 2980, age = —3312.7,
boo = —1172.92, by = 6267.14, Doy = —5615.58, coo = 0.001, dy; = 1.00022,

and the other parameters are the same as (26), it follows that the discontinuous boundary ¥, defined
in (2) becomes

2‘Ir/3 =3U {(xay) € R? : Yy= \/§$7ZJ > 0}7
and the polynomial perturbations p;’s and ¢;’s defined below (3) reduce to the form

pilz,y) = —1.00005 + = + 9.38065y + 22 + 2080y — 3312.7y2,
a(z,y) =1+ x4y —1172.922% 4+ 6267.14xy — 5615.58y,
po(z,y) = =1+ 2 +y+ 22 + 2y + 0.001y,

@z, y) =1+ 24y + 22 +1.00022zy + 2.
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Therefore the averaged function f(«, R) in (18) is written into the form
1 .
J(R) = 1476.72 5 (2.0944 4 0.780830R — 0.149605 > — 2.95424 R

—4.25483 x 107%y/1 — R2(1.21941 — R?)

1-R
—4.48657v/1 — R2(0.89154 2 —_—
8657 R(08959+R)arctan< 3(1+R)>

(28)

1+R
5.82073(0.863427 — R%)1 _
582073 )”<2<1+R>>>’

where its zeros are

1 3 9 1 13 7 17 9
TO’ RQ_Ea Rd_%a R4_7 RS_%a - - TR

Ry = 9’
and f'(R;) #0 fori=1,2,---,7, see Fig.1(b).

By Lemma 3 it follows that for € # 0 small enough the above two discontinuous piecewise differential
systems can have 8 isolated periodic solutions, which confirm that under the assumptions of Theorem
1 there are systems (3) with exactly 8 hyperbolic limit cycles bifurcating from the periodic orbits of
the quadratic isochronous center (1) when ¢ # 0 is sufficiently small.
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APPENDICES
In this section we provide the explicit expressions of the generated functions f;’s of the averaged
function f(a, R) in (18), the coefficients that appear in the function G(a, R) in (22), and the coefficients
that appear in Wronskians Wy’s in (25), which will give an important information in determining the
sign of these Wronskians.
A. The generated functions of f(a, R) in (18).

R
fo=—sina— 5(3@ +sinacosa) — R?sina,

1
f1i=sna— 3 (67 — 3 — sinavcos ) R + R?sin a,

foi=—1+cosa — gsin2 a, f3:= —%R(a + cosasina) — R?sina,
fa:= ) (2m — a — cosasina) + R*sina, f5:= —%Rsin2 Q,

f6 := —%RsinQa - (1- cosoz)RQ7 fr:= —5(04 — cosasin «),

fs = —%R(27T —a+cosasina),

fo = —% +sina + iR(?a —sin(2a)) — R?*sina + %A(Q,R),

2m — 2V1 — R?

fio:=— i

1
? _sina+ ZR (4 — 20 4 sin(2a)) + R? sin o + (m — A(a, R)),
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1 1 1+ R
f11 :—1cosa2Rsin2a+Rln(—'_1_’_Clzsa>,
1 1 1+ R
fi2:=1—cosa— §Rsin2a— (1 —cosa)R? + <R —R) In <+1+C;SOC> ,
1 2v/1— R?
f13 = 2 dina— ~R(a—cosasina) + ——— A(a, R),
R 2 R
2m — 1 2v/1— R?
f1a = ﬂ—Ra+Sina*5R(27T704+C0S018ina)7T(W*A(O&,R)),
1 2(1— R?)%/?
fis = L sina— ~R(3a — cosasina) + R*sina — QA((),R),
R 2 R
2m — 1
fie = T a+sinoz—§R(6ﬂ'—3a+cosasinoz)
21 — 2\3/2
~R%sina — % (1 — A(e, R)),
1 1 1+ R
f17:_—1+cosa+2Rsin2a+<R—R>ln<m),

where A(w, R) is given in (16).

B. Coefficients of the function G(«, R) in (22).
mo = —ka(1 — cos a),
my := —kg(cosa — cos(2a)) — (ks + ke) sin® o — k1o(47 — 200) — 2kgar,
mg := —(1/4)k2(8 — 7cos a — cos(3ar)) — (1/4)ke(12 — 11 cos o — cos(3ar))
—(1/2)kg cos ov(4er + sin(2a)) — (1/2)k1o cos oo(8m — 4o — sin(2ax))
+k11(2 + cosa)(1 — cosa)? — (1/2)(ks + k12) sin asin(2a)
— (k15 — k16) sin® a,
mg := —(1/2)ka(1 + 5cosa)(1 — cosa) — (1/2)ke(1 + 7cosa)(1 — cos )
+(1/2)kg (o — 3cos asin ) + (1/4) ko (47 — 2a + 3sin(2))
—(1/2)k11(1 — 3cosa)(1 — cosa) — (1/2)(ks + 3ki2) sin®
—(3/4)k15(2a — sin(2a)) — (3/4) k16 (47 — 2 + sin(2a)),
myg = —(1/4) (k2 + ks + ks + k11 + k12) sin asin(2a«)
+(1/4)kg cos a(2ac — sin(2a)) + (1/4)k10 cos o (4m — 2 + sin(2a))
—(1/8)k15(12a cos a — 9sin a — sin(3cv))
—(1/8)k16(12(2m — a) cos v + 9sin v + sin(3cv)),
ms := 3k11 + k12, me = —kia, my:=4kiom, mg:=4(ke — ko).

C. Coeflicients of the Wronskians W;(«, R) for j =5,6,7,8 in (25).

wso :=5(3+2cosa + cos? a), ws1 1= 34 56 cosa + 29 cos? a + 2 cos® v,
wsg := 10cos a1 + 7cos a + cos? ), ws3 := 10cos? a1 + 2 cos a),
weo == 20(3 + 2 cos ), we1 := 25(3 + cos ) (1 + 3cos ),

we2 := 15(2 4+ 3 cos a)(1 + 6 cos a + cos® a),

we3 = 3 + 68 cosa + 183 cos® a + 138 cos® o 4 8 cos? a,

wes 1= Hcosa(l +cosa)’(1+4cosa), wro:=140(5+ 14cosa + 12cos? o + 4 cos® ),
w1 := 8(491 + 1721 cos a + 2286 cos? o + 1216 cos® v + 236 cos? ),

wry 1= 4(2260 + 10516 cos a 4 17901 cos? a + 14216 cos® a + 4816 cos® a + 516 cos® a),
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wrz := 11555 + 68950 cos o + 151419 cos? a + 156624 cos® o
+79184 cos® a + 16464 cos® o + 904 cos® «,
wry := 2(4375 + 33785 cos o + 94005 cos? o + 124479 cos® o + 83354 cos* a
426784 cos® a + 3104 cos® a + 64 cos” @),
wrs = 5(769 + 8114 cos a + 28599 cos® a + 47724 cos® o + 41246 cos”
+17976 cos® a + 3392 cos® o 4 160 cos” a),
wre 1= 10(90 + 1441 cos o + 6606 cos? o 4 13908 cos® o + 15248 cos® a
+8715 cos® o 4 2310 cos® av + 192 cos” @),
wry :=5(1 + cos a)?(18 4 512 cos a + 2432 cos® a + 4068 cos® o + 2583 cos? av + 432 cos® ),
wrg := 10cos a1 + cos a)?(22 + 178 cos a + 447 cos® av + 423 cos® o + 120 cos® ),
wrg := 5cos® a(1 4 cos )?(3 4 4 cos @) (6 + 16 cos a + 13 cos? ),
wgo = 224, wg1 = 483(1 + 2 cos @), wso 1= 420(1 + 2cos a)?,
ws3 1= 2(89 4 572 cos o + 1144 cos? o + 750 cos® av),
wsy 1= 36(1 4 2cosa)(1 + 8cosa + 16 cos® a 4 10 cos® a),
wgs := 3(1 + 16 cos a + 80 cos? o + 168 cos® a + 160 cos® a + 58 cos® ),

wge := 2cos a(l 4 cosa)?(1 4 5cosa + 8 cos? a),
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