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Abstract

We consider analytic maps and vector fields defined in RZ x T4, having a d-dimensional invariant torus
T". The map (resp. vector field) restricted to 7 defines a rotation of Diophantine frequency vector @ € RY,
and its derivative restricted to transversal directions to 7 does not diagonalize. In this context, we give
conditions on the coefficients of the nonlinear terms of the map (resp. vector field) under which 7 possesses
stable and unstable invariant manifolds, and we show that such invariant manifolds are analyitic away from
the invariant torus. We also provide effective algorithms to compute approximations of parameterizations
of the invariant manifolds, and a posteriori theorems that can be used to validate numerical computations.
Moreover, we present some applications of the results.
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1. Introduction

The study of parabolic invariant manifolds is relevant, apart from the interest that presents
itself as a mathematical problem, because this kind of manifolds appears naturally in many prob-
lems motivated by physics, chemistry and other sciences.

Parabolic manifolds have been used to prove the existence of oscillatory motions in some
well-known problems of Celestial Mechanics as the Sitnikov problem [19,16] and the circular
planar restricted three-body problem [12,13,15] using the transversal intersection of invariant
manifolds of parabolic points and symbolic dynamics.

The existence of oscillatory motions in all these instances is strongly related to some invariant
objects at infinity that are either fixed points, periodic orbits or invariant tori and to their stable
and unstable manifolds. Although these invariant objects are parabolic in the sense that the lin-
earization of the vector field on them has all the eigenvalues equal to zero, they do have stable
and unstable invariant manifolds in a similar way as for hyperbolic invariant objects, that is, the
sets of initial conditions of solutions that tend to the invariant object when t — =400, for the
stable/unstable manifolds, respectively.

Let T¢ = (R/Z)? be the real torus of dimension d and U an open set of R2 containing (0, 0).
In this paper, we consider analytic maps F : U x T? x A — R? x T< of the form

xX+c@,M)y+ filx,y,0,A)
F(x,y,0,A) = y+ fo(x,y,0,1) , (I.D
0+w+ f3(x,y,0,1)

where (x,y) e U CR%, 0 e T4, w e R4, A e A C R™, with fi(x,y,0,)), fr(x,y,0,1) =
O(l(x, y)|I?), and f3(x,y,0,1) = O(||(x, y)||), and analytic vector fields X : U x T? x R x
A — R2 x T4 of the form

c@,t, )y +gi1(x,y,0,t, 1)
X(x,y,0,t,0) = & (x,y,0,t,A) , (1.2)
w+g3(x,y,0,t, 1)

with g1 (x, y,0,1), g2(x,y,60,%) = O(l|(x, )|I*), and g3(x, y,6,%) = O(l|(x, y)|), depending
quasiperiodically on the time variable ¢.
The set

T ={(0,0,0) e U x T4}

is an invariant torus of F and X, that is, for all A € A, F(7,)A) C 7T, or in the case of vector
fields, for any point x € 7, X (x, A) is tangent to T at x. We say that T is a parabolic torus with
nilpotent part because the top-left 2 x 2 box of the derivative of F' (resp. X) at (0, 0, #) does not
diagonalize.

We study the existence and regularity of (d + 1)-dimensional invariant manifolds of such maps
and vector fields. Concretely, we give sufficient conditions on the coefficients of F and X that
guarantee the existence of a stable and an unstable invariant manifold, and we prove that such
invariant manifolds are analytic away form 7. Moreover, we provide an algorithm to compute an
approximation of a parameterization of the invariant manifolds up to any order. The results also
provide analytic dependence on parameters.
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For the case of maps we use a method similar to the one in [4], where the authors study the
existence of invariant manifolds of analytic maps and vector fields defined on R” x T¢, and
where the first n x n box of the linear part of the maps is equal to the identity. There, applications
to the study of the planar (n 4 1)-body problem are provided. Contrary to that paper, here the
results for vector fields are presented as a direct study of a functional equation in a suitable
Banach space, while in [4] the corresponding results for flows are obtained from the results for
maps.

In [21] the authors deal with invariant curves of C* planar maps of the form corresponding
to the first two components of (1.1) and they obtain the existence of a local stable manifold as
the graph of some function ¢ by solving a fixed point equation equivalent to the invariance of the
graph of ¢. This equation is solved by applying the Schauder fixed point theorem, and they obtain
invariant manifolds of class CI*+1)/21 where in our notation such k appears in the reduced form
of F given in Section 2.1. In this paper we generalize the results of [21] in several ways. First,
we consider both maps and vector fields having a parabolic invariant torus, where the particular
case of the maps restricted to the directions transversal to the torus have the form considered in
[21]. Also, the maps and vector fields that we consider are analytic, and we provide the existence
of analytic invariant manifolds for them, away from the invariant tori. We also provide a result
of uniqueness for the stable manifold for maps. In our approach we use the parameterization
method, which allows us to state the existence theorems as a posteriori results, and we provide
explicit algorithms to compute an approximation of a parameterization of the invariant manifolds.
Moreover, the use of this technique and the Banach fixed point theorem allows to prove the
existence results in a more compact way than in [21].

The results of [8] also generalize in some ways the ones of [21]. There, planar maps of class
C” having a nilpotent parabolic point are considered, and the existence of C” invariant curves
asymptotic to the fixed point is provided. The present paper is indeed a natural generalization of
[8] in the analytic case.

The paper is organized as follows. In Section 2.1 we introduce the reduced form of the maps
and vector fields we deal with and we present the parameterization method. Next, we state the
main results concerning the existence of invariant manifolds (Theorems 2.1 - 2.9) and we present
applications to the study of a quasiperiodically forced oscillator and the scattering of He atoms off
Cu surfaces in Section 2.3. In Section 3, we provide an algorithm to compute an approximation
of a parameterization of the invariant manifolds, both for maps and vector fields. The main results
of that section are Theorems 3.2 and 3.7. The rest of the paper is devoted to prove the main results
of existence. First, in Section 4 we introduce a functional equation equivalent to the invariance
of a parameterized manifold which will be the object of our study. We also introduce suitable
function spaces, some operators, and state their properties. Finally, the proofs of the main results
are provided in Section 5. In the Appendix we give two postponed proofs and we deal with
unstable manifolds.

2. Main results and applications

In this section we state the main results of the paper. To simplify the statements we write
them for maps and vector fields in their reduced form, introduced below. This requires some
preliminary notation. After the statements of the results we provide some applications.

Let V C R” be an open set. We say that a function 4 : V x R — RE K= h(x,t), depends
quasiperiodically on t if there exists a vector v = (v, ..., V) € R and a function / : U x
T4 — RY, called the hull function of /4, such that
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h(x,t) =h(x,vt).

We call v the vector of time frequencies of h. If d’ =1 then h is a periodic function of z.
Givenamap i : V x T? — RY, we define the average of h with respect to 6 € T as

- 1
h(x) = W / h(X,Q)d@,
Td

and the oscillatory part of h as Ez(x, 0) = h(x,0) — h(x). Sometimes, if a function 4 does not
depend on 6, we will still write & to emphasize this fact. If 4 also depends quasiperiodically on
time, we write

_ 1 .
)= ——— hx.0.0')dodo.
) = 01T = T7) / (x. 0.6

TdxTd

If ¢ denotes the time variable, then given two functions g(x, ¢) and A (x, ¢) the composition f =
h o g will mean

Jx, 1) =h(g(x,1),0).

We will deal with functions depending on a parameter A € A C R™. The previous definitions
and notation extend naturally to such functions.

2.1. Reduced form of the maps and vector fields

Along this paper we consider analytic maps of the form (1.1) and analytic vector fields
of the form (1.2). Performing the analytic change of variables given by X = x, y = y +
(:(9—1,/\) fi(x,y,0,1), 6 = 0, the nonlinear terms of the first components of (1.1) and (1.2) are
removed, and there remain only the linear terms. Performing also the change y — —y if neces-

sary, (1.1) and (1.2) can be written respectively as

x+c@,1)y
F(x,y,0,A) = y+ak(9,k)xk+A(x,y,9,k) 2.1
0+w+dy,(0,)x” +B(x,y,0,})
and
c(0,1,A)y
X(x,y,0,6,0)=|  a®1,)x*+Ax,y,0,1,4) |, (2.2)

ow+d,0,t, )x” +B(x,y,0,t,1)
with (x,y,0,1) e U x T4 x A and ¢ > 0, for some k > 2, p > 1. We assume that

Ax,y,0,16,0) =y O(lx, NIFH + olex, I,

-1 +1 2:3)
B(x,y,0,t,0) =y O(l(x, »I"") + Olx, NI,
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without the time dependence in the case of maps. We also assume that the vector field X given
in (2.2) depends quasiperiodically on ¢, being v € R4 the vector of time frequencies.

From now on, we will refer to (2.1) and (2.2) as the reduced form of (1.1) and (1.2), respec-
tively, and we will also denote them by F and X. When using those reduced forms, we will refer
not only to the form of the map and the vector field (2.1) and (2.2) but also to the conditions
(2.3).

For the sake of simplicity we will only consider the cases of F and X with a;(4), d p(A) #0,
which are conditions that are satisfied except in a set of maps of codimension two. In particular,
they are generic conditions. Other more degenerate cases may be treated with the same tech-
niques. In Theorem 2.11 we consider a case with ax(A) = 0 to be able to deal with an application
to the scattering of He atoms off Cu surfaces.

Along the paper we will sometimes omit the dependence of the functions we work with on
the parameter A when there is no danger of confusion. Concretely, we present the statements,
setting and function spaces with detail but we skip the dependence on parameters in the lemmas
and proofs.

To prove the results we use the parameterization method for invariant manifolds (see [5], [6],
[14]). It consists in looking for the invariant manifolds of F or X as images of parameterizations
together with a representation of the dynamics of F or X restricted to the invariant manifolds.

In the maps setting, we look for a pair of functions, K (u, 6, 1) : [0, p) x Td x A — RZx T4
and R(u,0,2):[0,p) x T¢ x A —> R x T4 satisfying the invariance equation

F(Ku,0,A),A)=K(R(u,0,1),1). 2.4

This equation establishes that the range of K is contained in the domain of F'. It is a functional
equation that has to be adapted to the setting of the problem at hand. It follows immediately from
(2.4) that the range of K is invariant. Actually, K is a (semi)conjugation of the map F restricted
to the range of K to R. Then, one has to solve equation (2.4) in a suitable space of functions.
Usually it is convenient to have good approximations of K and R and look for a small correction
of K, in some sense, while maintaining R fixed.

Assuming differentiability and taking derivatives in (2.4) we get DF o K - DK = DK o R -
DR which says that the range of DK has to be invariant by D F. Therefore, in our setting we
look for K = (K*, K¥) and R such that K(0,6,1) = (0,0,6), R(0,0,1) = (0,0 4+ w), and
0, K (u,0,1)/0,K*(u,0,1) > 0asu— 0.

The existence of K provides the existence of an invariant manifold, stable or unstable depend-
ing on whether 0 is an attractor or a repellor for R.

In the vector fields setting, to find an invariant manifold of X following the parameterization
method, we look for a map K and a vector field Y satisfying

XoK=DK.Y. 2.5)

This equation expresses that on the range of K, the vector field X is tangent to the range of K,
and therefore, the image of K is invariant under the flow of X. Moreover, the vector field Y is a
representation of X restricted to the image of K.

When X is nonautonomous one needs a time-dependent version of equation (2.5). Adding the
equation 7 = 1 to the system z = X (z, 1), z € U x T¢, and applying (2.5) to the new vector field
we arrive at the equation
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X(Ku,0,t,1),t,1) — 0,0 Ku,0,t,A) - Y(u,0,t,A) — ;K (u,0,t,1) =0 (2.6)

for K and Y also depending on ¢. Concretely, look for a map K (u,6,¢,A) and a vector field
Y(u,0,t, A) satisfying (2.6).

Then, equation (2.6) expresses that on the range of K, the vector field (X, 1) is tangent to the
range of K, and therefore, the image of K is invariant under the flow of (X, 1). Moreover, we
look for K and Y satisfying K (0,60,1,1) = (0,0,0) e R2 x T4, Y(0,60,1,1) = (0, w) € R x T4
and 0,K”/0,K* - 0asu — 0.

It is known that in the parabolic case, in general, there is a loss of regularity of the invariant
manifolds around the invariant torus with respect to the regularity of the map or the vector field
([2,3,10]). Then, we cannot assume a priori a Taylor expansion with respect to u# of high degree
of the manifolds at # = 0. However, we can obtain formal approximations, k,, R, and ), of
K, R and Y, satisfying the equations (2.4) and (2.6) up to any order. In our results we will show
that these expressions are indeed approximations of true invariant manifolds, whose existence is
rigorously established.

2.2. Main results

In this section we state the results on existence of analytic stable invariant manifolds for maps
and vector fields of the form (2.1) and (2.2), respectively, asymptotic to the invariant torus 7. For
both cases we also state an a posteriori result, which provides the existence of a stable invariant
manifold assuming it has been previously approximated but the statement is independent of the
way such an approximation has been obtained. In the Appendix at the end of the paper we show
that completely analogous results for the unstable manifolds also hold true.
Theorem 2.1 (Invariant manifolds of maps). Let F : U x T¢ x A — R? x T4 be an analytic map
of the form (2.1). Assume that 2p > k — 1, ar (L) > 0 for A € A, and that w is Diophantine. Then,
there exists p > 0 and a C' map K : [0, p) x T4 x A — R? x T¢, analytic in (0, p) x T? x A,
of the form
K@, 0,0) =@ Ky Ot 0+ K5 e+ (0w?), 0hH?), 0wP=+2)),
and a polynomial map R of the form

R(u,0,%) = (u+ R{u* + Ry, 0™, 6 + o),
with R,f (L) <0, such that
F(Ku,0,%),2) = K(R(u,0,1),2), u,0.2) €0, p) x T? x A.

Moreover, we have

=y o] 2am) =0 _dy) 2+ 1)
K ) = e (k+1) Kap—ir1®) = 2p—k+1\ cag

c(A)ap(2)
2k +1)

R ()=~
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Remark 2.2. In the statement we claim that K is analytic in (0, p) x T x A. In the proof we
work with spaces of functions analytic in S x T4 x Ac where S is the sector {z € C | |argz| <
B/2, 0 < |z| < p}, for some B, p > 0, and where T(‘f and A¢ are complex neighborhoods of
T and A, respectively (see the beginning of Section 3.1). From the proof it follows that in fact
K is analytic in a domain § x T¢ x Ac. The same holds in the next theorems concerning the
regularity of K and R.

Remark 2.3. The statement of Theorem 2.1 provides a local stable manifold parameterized by

K : [0, p) x T4 x A — R? x T¢ with p small. The proof does not give an explicit estimate for
the value of p, however, one can extend the domain of K by using the formula

K@.0,0)=F /KR (u,0,%), j=1,
while the iterates of the inverse map F~! exist.
Theorem 2.4 (A posteriori result for maps). Let F: U x T¢ x A — R? x T¢ be an analytic

map of the form (2.1) with 2p >k — 1, and let K : (—p, p) x T4 x A = R? x T? and R =
(—p,p) x T4 x A = R x T¢ be analytic maps of the form

R0, = W, By a1, 0+ Y,y GouP =441 4 (06), 0@hH?), 0w+,
and
R(u.0,%) = (u+ R, ()u + 0w ), 6 4+ w),
with Ry (A) < 0, satisfying
F(Ku,0,%), ) — K(Rw,0,)), %) = (0w"), 0", o@"+?r~1y),
for some n > 2.

Then, there exists a C' map K : [0, p) x T? x A — R? x T4, analytic in (0, p) x T4 x A,
and an analytic map R : (—p, p) x T4 x A — R x T such that

F(K(u,0,A),A) =K(Ru,0,1),1), (u,0) €0, p) x T,

and

K(M, 97 )\) - k\(u, 9, )\) = (0(un+]), O(un+k), 0(un+2p7k)),

s _[Ow@*N,0) ifn<k,

R(u,0,1) R(u,@,k)_{ 0.0) if n>k.

Remark 2.5. The format of this theorem permits, given a sufficiently good approximation of the
parameterization of the stable manifold obtained by any means (a power series approximation,
numerically, etc.), to infer that close to the approximation there is a true stable manifold, thus
validating expansions or numerical computations.
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We also have a uniqueness result for the invariant manifolds obtained in the previous theorems.
Theorem 2.6. Under the hypotheses of Theorems 2.1 and 2.4 the stable manifold is unique.
The proof is deferred to the Appendix.

Remark 2.7. The hypotheses of Theorems 2.1 and 2.4 imply that there is a weak contraction in
the x direction and a weak expansion in the y direction. These properties are the deep reason that
implies uniqueness. The proof in the Appendix A.1 consists in making changes of variables until
the method of proof of the uniqueness for two-dimensional maps in [10] can be applied in this
setting.

We note that the uniqueness of the stable manifold does not imply the uniqueness of a pa-
rameterization of it. In the proof of the existence of a parameterization we choose a part of it
(its lower order terms), for which we have some freedom, and once fixed this part we look for a
correction satisfying a functional equation that has a unique solution in the space we work with.

Theorem 2.8 (Invariant manifolds of vector fields). Let X be an analytic vector field of the form
(2.2) and let v € R be the time frequencies of X. Assume that 2p > k — 1. Assume also that
(w, v) is Diophantine and that ai(A) > 0 for . € A.

Then, there exists p > 0 and a c! map K : [0, p) x T xR x A — R% x T¢, analytic in
0, p) x T? x R x A, of the form

—y —0 _ —
K. 0,t,0) =@ Ky u't, 04Ky, 4 u? 7 HH4062), 0w*?), 0742y,

depending quasiperiodically on t with the same frequencies as X, and a polynomial vector field
Y of the form

Y(,0,6,A) =Y, 1) =, Muk + Y5 0u*!, w),
with Yz (A) <0, such that

X(K(uve’t’X)’t9A')_a(u,H)K(uvevta)")'Y(u507ta)\')_alK(u507ta)"):0’
(u,0,1,2) €0, p) x TY xR x A.

Moreover, we have

—y 2@ —o dp(N)  [2(k+1)
KW =y wmarn KW=, oac
e emay
= e

Theorem 2.9 (A posterlorl result for vector fields). Let X be an analytic vector field of the form
(22) and let v € R be the time frequencies of X. Let K: (—p,p) x T4 xR x A—RZx T4
and Y = (—p,p) x T? xR x A = R x T? be an analytic map and an analytic vector field,
respectively, of the form
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K, 0,1,3) = @2, K !, 04K, g 00?410 @), 0wk, 0w?r=+2)),
and

Y(u,0,t,2) = (Y (Wuk + 0@, o),
with Vz (A) <0, depending quasiperiodically on t with the same frequencies as X, satisfying

X(K,0,1,0),1,0) — 0.0\ K, 0,1,0) - Y(u,0,1,1) — 0, K(u,0,1, )

= (0", 0@ N, 0"y,

for some n > 2.
Then, there exists a C' map K : [0, p) x T4 x R x A — R? x T4, analytic in (0, p) x T? x
R x A, and an analytic vector field Y : (—p, p) x T? x R x A — R x T4 such that

X(Kw,0,t,7),t,1) — 0u,)K(u,0,t,1)-Y(u,0,t,1) — 0, K(u,0,1,1) =0,
(u,0,t,1) €10, p) x T? x R x A,

and

K@u,0,t,0) — Ku,0,t,A) = (0@"t"), 0"th), 0@"t?r=*y),

v _[©@*hH,0) ifn<k,

Y(u,0,t,1) Y(u,@,t,)»)_{(o’o) ifn >k

Remark 2.10. The first component of the map R and the vector field Y (corresponding to the
directions normal to the invariant torus) given in Theorems 2.1 and 2.8 is the normal form of the
dynamics of a one-dimensional system in a neighborhood of a parabolic point ([7,20]). In the
second component, R and Y define a rigid rotation of frequency w.

Finally, the following result is a particular case of a slightly modified version of Theorem 2.8.
It will be used later on in Section 2.3 devoted to the study of the scattering of helium atoms
off copper surfaces. Appendix A.2 details the small modifications needed in the proof of Theo-
rem 2.8 to obtain a proof of Theorem 2.11.

Theorem 2.11. Let X be an analytic vector field of the form

c(@)y
X(x,y,0)= b@)xy + 0 (%) ,
w+d©@)y+ o(l(x, M)

with (x,y) € R2, 0 € TY, w € RY. Assume that ¢ > 0, b #+ 0 and d #+ 0. Assume also that w is
Diophantine.

Then, there exists p > 0 and a C! map K : [0, p) X T > R% x T4, analytic in (0, p) x Te,
of the form
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K@u,0) = (u, K>u?, 6+ K1) + (0w, 06), 0w?),
and a polynomial vector field Y of the form
Y(,0)=Ywu)=Yru>+Y3u’, ),
with 7; < 0, such that
X(Ku,0))—DKu,0)-Yu,0)=0, (u,0) €0, p) x T,
Moreover, we have
b

K> = Kop k1=

=_, , Y=
2¢ 2

2d  —
— 2.7)
C

SRR

2.3. Applications

In this section we present two applications of the previous results. The first one is a simple
illustrative example, and the second one is related to a problem from chemistry.

2.3.1. A quasiperiodically forced oscillator

Consider a particle of mass 1 moving along a straight line under the action of a potential
V(x), with V(x) = cx?, ¢ >0, n € N. When n = 1, the system is a harmonic oscillator. The
corresponding equation of motion is

¥=—V'(x)=—2ncx¥ .
Denoting y = x the velocity of the particle, the equations of motion are

x=y,
(2.8)

y=—2ncx¥ 1.

System (2.8) has the first integral H (x, y) = %yz + cx?", and hence, the phase space is foliated
by periodic orbits around the origin, corresponding to the closed curves %yz + cx? = h, for
energy levels & > 0.

We show next that perturbing that oscillator with a suitable external force one can break the
center character of the origin of the system and introduce a parabolic stable invariant manifold.
Assume that the particle moving under the action of the potential V (x) is also subjected to an
external analytic force, F that may depend on the position x, the velocity x and the time ¢.

Now the equations of motion become

X=y,
_ - 2.9)
y=—2ncx + F(x,y,t).
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System (2.9) is a particular case of system (2.2) without its third component. Moreover, if the
analytic function f(x,y,t) = —2nex? 1 4 F(x, y, t) satisfies the hypotheses (2.3) and the de-
pendence on ¢ is Diophantine with frequencies v € R¢, then system (2.9) satisfies the hypotheses
of Theorem 2.8.

As a concrete example, taken =2 and F(x, y,t) = ax? g(t), with > 0 and g a quasiperiodic
function of ¢ with frequency v € R?, v Diophantine, and g > 0. This system is modeled by

X=y,
e ) (2.10)
y=—4cx’ +ax"g(t).

By Theorem 2.8 there are solutions of system (2.10) asymptotic to (0, 0), analytic away from
(0, 0), contained in the stable manifold of the origin. Moreover, one can apply Proposition 3.7
(see Section 3) to obtain the coefficients of an approximation of a parameterization of such stable
manifold.

To look for an unstable manifold of system (2.10) we consider the vector field obtained after
changing the sign of the time, ¢ — —¢, in (2.10). The stable manifold of the transformed system,
namely

x=-y,
(2.11)
y= dexd — ang(—t),

will be unstable manifold of system (2.10). Performing the change of variables y > —y to sys-
tem (2.11) we can apply again Theorem 2.8 to obtain the existence of an analytic stable manifold.
Finally, undoing the changes of variables we have that, system (2.10) has a stable manifold in the
lower right plane and an unstable manifold in the upper right plane, both of them analytic away
from the origin. We have then that for every « > 0, an external force of the form ax?g(t) with
the conditions stated before breaks the oscillatory behavior of the system and induces solutions
that brings the particle to the origin and others out of it.

2.3.2. Scattering of He atoms off Cu corrugated surfaces

In the paper [11], the authors study the phase-space structure of a differential equation model-
ing the scattering of helium atoms off copper corrugated surfaces. Concretely, elastic collisions
of “He atoms with corrugated Cu surfaces are considered, in particular those made of Cu(110)
and Cu(117). The system, which can be adequately treated at the classical level, can be modeled
by the following two degrees of freedom Hamiltonian describing the motion of a “He atom,

2 2
_l’_
H(x,z,px,pz)=%+V(x,Z), 2.12)

where x is the coordinate parallel to the copper surface and z is the coordinate perpendicular to
it, p, and p, are the respective momenta, and m is the mass of the atom. The potential energy
V(x, z) is given by

V(x,2) =Vu() + Ve(x, 2),

where Vi (z) = D(1 — e~%%)?2 is the Morse potential and V¢ (x, 2) = De 2% g(x) is the coupling
potential, with D = 6.35 meV, @ = 1.05 A~!, and g(x) is a periodic function. Thus, the variable
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x can be thought as an angle. For more information on the coefficients of the Morse and coupling
potentials, see Table 1 of [11].

The equations of motion derived from the Hamiltonian function (2.12) are

X = %, 7= %, px=—De g (x), p. = —2Dae % +2Dae 2 (14 g(x)).
(2.13)
This system has a periodic orbit at infinity (see below for the precise meaning).

We will use the results presented in Section 2.2 to show that the parabolic periodic orbit at
infinity has stable and unstable invariant manifolds. This means that for certain initial conditions
the helium atom goes away spiraling asymptotically to a periodic orbit, and also, for other initial
conditions with position far away, the atom comes asymptotically from the periodic orbit.

Since (2.13) is a Hamiltonian system, the energy H is conserved, and thus each solution of the
system is contained in a level set H(x, z, px, p;) = h. Therefore, we can reduce system (2.13)
to a three dimensional system restricting it to an energy level, H (x, z, px, p;) = h, removing the
equation for py. The obtained system reads

1
X= Z(zm(h — D1 — e )2 — e~ g(x)) — pg)l/z’

. Pz
=—
m

pz=—2Dae * +2Dae ***(1 + g(x)).

s

Next, to study the motion for very big values of z we perform the McGehee-like change of
variables given by y = —e~%%. Now the set y = 0 corresponds to infinite distance from the
copper surface. To adapt the notation to the one of Section 2.2, we write 6 = x and p = p,. We
get

p=2Day 4 2Day*(1 + g(6)),
o

Y="nb (2.14)

. 1
6= —(2m(h— D(1 +y)* = Dy*g(@) — p*)' ",

withy <0, peRand6 €T
The set {p = y = 0} is invariant for (2.14), and corresponds to a periodic orbit at the infinity
of system (2.13). For system (2.14) we have the following result.

Theorem 2.12. Let X be the vector field associated to system (2.14), and assume that h > D.
Then, the set y = {p =y = 0} is a periodic orbit and it has stable and unstable invariant mani-
folds. Concretely, there exist p > 0 and two c! maps, K=, K+ :[0,0) x T — RZx T, analytic
on (0, p) x T, and two analytic vector fields, Y, YT :[0, p) x T — R x T of the form

K wo)=|Ku>+0w® |, Y o= (_YZ” w+ Ysu > (2.15)
Kou+ 0w

corresponding to the stable manifold, and
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KTw.0)=| -kJu2+ 0w |. Y+(u,9)=<Y2“ ZYW ) (2.16)
Kleu+0(u2)

corresponding to the unstable manifold, with

K’ ! K? ! Yy = — ,/2(h_D) 2.17)
= = =, W=, —27, .
) LT T 2mh = D) 2T m m

such that
XoK (u,0)=DK~-Y (u,0) and XoK"(u,0)=DK"-Y*(u,0), @,0)el0,p)xT.

We emphasize that the existence of the manifolds essentially depends on the first two domi-
nant terms of the potential when |z]| > 1, i.e. D(1 — 2¢~%%). Therefore, potentials with the same
lower order terms and general terms of the form e_k‘“, k > 2, will also have a stable manifold,
although the higher order coefficients of K and Y will depend on the details of the potential.

Proof. We make the following analytic change of variables to system (2.14),

p=p.  F=y+U+gO))y: =0,

and we expand the right hand side of the third equation in Taylor series around (p, y) = (0, 0),
so that the new system reads, writing the new variables without tilde,

. . o .
p=2Day, y=—;py+0(y2), b=w—diy+ 0. NI, (2.18)

with dy = 205,

It is clear that system (2.18) has a periodic orbit, y, at p = y = 0 parameterized by y (¢) =
(0, 0, wt). Moreover, such system satisfies the hypotheses of Theorem 2.11 withd’ =0, ¢(6, A) =
2Da, b(0, 1) = —,-,and d(0, 1) = —d,.

Then, the stated results are a direct consequence of Theorem 2.11, which provides the exis-
tence of an analytic stable invariant manifold of system (2.18) and the expressions given in (2.15)
and (2.17).

Going back to the previous variables we obtain the parameterizations, K~ and Y, of the
stable manifold of y for the original system and the restricted dynamics on it, whose lower order
coefficients are the ones in (2.17).

The existence of the unstable manifold is obtained through the application of Theorem 2.11 to
the system obtained doing the change # — —t to (2.18). Also, performing the change p — —p,
we obtain

. . o .
p=2Day. §y==—py+00?., f=-w+dy+0(@E»I>. @19
Then, we can apply again Theorem 2.11 to system (2.19), which provides an analytic stable
invariant manifold, KT, asymptotic to y = {p = y = 0}, and an expression for the restricted

dynamics, Y, parameterized by
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Brwoy = &u2+ou® |.  Ttw.o = (—qu_z Yau )
—Kleu—l— O u?)

Finally, going back to the original variables we get the parameterizations of the unstable manifold
of y and the restricted dynamics on it, namely K+ and Y, given in (2.16). O

3. Systematic construction of approximate solutions of the invariance equation

In this section we provide an algorithm to compute an approximation of a parameterization of
the invariant manifolds of a map of the form (2.1) and a vector field of the form (2.2).

From now on, the superindices x, y and 6 on the symbol of a function or an operator with
values in R? x T denote the respective components of the function or the operator. In the next
sections we also use the superindices u, 6 and #, respectively, for functions or operators that take
values in C x T4 x TZ".

3.1. The case of maps

First, we recall a basic result concerning Diophantine vectors and the small divisors equation.
Let

TS =16 = (61, ,64) € (C/Z)! | Imb] < o)
denote a complex torus of dimension d. We also denote by A¢ a complex neighborhood of the
parameter space, A.

We say that a vector w € R? is Diophantine (in the map setting) if there exists ¢ > 0 and 7 > d
such that

lw-k =1 >clk|™F for all keZd\{O},leZ,
where |k| = |k1| + - - + |kg4| and w - k denotes the scalar product.

Along this section, when solving cohomological equations, we will encounter the so-called
small divisors equation. In the map setting this equation has the following form,

@O+ w,A) —@@,A) =h(@, 1), 3.1

with 4 : T9 x A —> R” and w € R?. To find a solution ©(0, A) of (3.1) we consider the Fourier
expansion of & with respect to 9:

"o, ) = Z hy (L) ek
keZd

If /1 has zero average and k - @ ¢ Z for all k # 0, then equation (3.1) has the formal solution

: hi (A
00,00 = 3 G0 gy = k0.

—onika’
keZd
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Note that all coefficients ¢ are uniquely determined except ¢ (the average of ¢), which is free.
The following well-known result establishes the existence of a solution to equation (3.1) when
h is analytic.

Lemma 3.1 (Small divisors lemma for maps). Let h : ']Tél x Ac — C" be an analytic function
such that SUP(9, ) Td x A A, 1)|| < oo and having zero average. Let w € R be Diophantine
with © > d. Then, there exists a unique analytic solution ¢ : Tél x Ac — C" of (3.1) with zero

average. Moreover,

sup lo@, M| < C87° sup IR0, M, 0<d<o,
0,)€T?_sxAc 0,2)eTdxAc

where C depends on t and d but not on 4.

The proof with close to optimal estimates is due to Riissmann [18]. A result with more precise
constants in the setting of computer assisted proofs is found in [9]. We will denote by SD(h) the
unique solution of (3.1) with zero average.

In the next result we obtain two pairs of maps, K,, and R, that are approximations of solutions
K and R of the invariance equation

FoK=KoR.

The obtained approximations correspond to the stable manifold when the coefficient Ei (1) of Ry,
is negative, and to the unstable manifold when such coefficient is positive. Moreover, the obtained
parameterizations of IC, and R, will satisfy the hypotheses of Theorem 2.4, and therefore /C,
will be an approximation of a true invariant manifold of F. Moreover, the first component of R,
coincides with the expression of the normal form of a one-dimensional map around a parabolic
point ([7,20]).

Theorem 3.2 (A computable approximation for maps). Let F be an analytic map of the form (2.1)
satisfying the hypotheses (2.3). Assume that 2p >k — 1, c(A), ar (LX) > 0 for A € A, and that w
is Diophantine. Then, for all n > 2, there exist two pairs of maps, K, : R x T4 x A — R? x T¢
and R, :R x T4 x A — R x T4, of the form

W+ YK Wt + Y R0, ol

K (u, 0, 1) = Z"+€+11]{(1(k)u + e 22Ky2(9 Mul
0+ S K ol + Y152 K00, 0
and
—-—X
u+Rk(k)uk i 2<n<k
R, 6.2) 0+w -
l/l, ’ = e —_
" u+ Ry (Wuk + Ry Mu?! skl
0+ w - ’
such that

328



C. Cufi-Cabré and E. Fontich Journal of Differential Equations 396 (2024) 314-362

G (u,0,3) 1= F(Ku(u, 0, 1), 1) = K (Ra(u,0,2)%) = (O @"™), 0@" 1), 0@"2P71).
(3.2)
Moreover, for the lowest order coefficients we have

=y _ 2ar(A) —0 L 4y 20k +1)
K1 )= jE\/ ik W= 0 V 0y ar()’
—x c(h) ax (n

KF(0,0) =SD@EO, )K (W), Ka (8, 1) = SD(@@r(6, 1)),
K{,(0.2) =SD(d, 0. 2)).

Remark 3.3. Although K, and R, are polynomials in u and therefore are defined for all # € R,
we only consider them for u > 0, so that choosing the sign “—"" in (3.3) we get an approximation
of the stable manifold and choosing the sign “+” we get the unstable one.

Remark 3.4. In the proof of this theorem we provide very precise algorithms to obtain the ap-
proximations. These algorithms can be easily implemented in modern computer languages.

Notation 3.5. Along the proof, given a map f(u, ), we will denote by [ f], the coefficient of
the term of order n of the jet of f with respect to u at 0.

Proof. We prove the result by induction on n showing that we can determine £, and R, itera-
tively.
For the first induction step, n = 2, we claim that there exist maps of the form

u? + Ky, @)uk!
Ko(u, 0) = K uf 1+ K3, (0)u . Rat,0) = (

_9 ~
0+ Ko u?? "+ K (0P

u+§zuk
0+w ’

such that Gy (u, 0) = F (K2 (u, 0)) — Ka(Ra(u, 0)) = (0O *+?), 0 (), 0 ?rt)).
Indeed, from the expansion of G,, since 2p > k — 1 we have

G, 0) = u"KF L (0) — Ky (0 + )+ c(O)K ), — 2R ]+ 0wk,
G (u, 0) = u[K3,(0) — K3, (0 + @) + ax(0) — (k + DK Re] + O @),

~ ~ _9 J—
GY (u,0) = u®[KY,(6) — K5, (6 + w) +dp(®) — @p —k+ DK3,_isy Rl + 0@ ™).
To obtain G5 (u, 0) = O (u**?) we have to solve the equation
Ki0) = KF 0+ o) + K3y, — 2R, =0.

We proceed as follows. We separate the average and the oscillatory part of the functions that de-
pend on 6 and we split the equation into two parts, one containing the terms that are independent
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of 0, namely E?i 1= 2§i, and the other being a small divisors equation of functions with zero
average, Kk+1(9 +w) - K, 0)= GO K-

We proceed in the same way to get G} (u, 6) = O @**!) and G (u,6) = O@*’*1). Since
E ar > 0 and w is Diophantine, the obtained equations have the solutions ?,{ L1 fg k1> Ez,

Py Jrl(6) K «(0) and K (9) given in the statement.
Next, we perform the 1nducti0n procedure. We assume that we have already obtained maps
K, and R,, n > 2, such that (3.2) holds true, and we look for

fx+1u”+l _|_ KX (9)un+k
7
Knt1(,0) =K, (u,0) + K +ku ko Kn+2k l(g)un-i-Zk 1 ’

n+2p—k n+2p—1
K ku +Kn+2p 1(0)14

R n+k—1
Rug1(u,0) =Ry (u,0) + <Rn+k—10u )

such that G, 41 (u, 0) = (O " 1), OW"*?%), O W"*+?P)). To simplify the notation, we denote
K =K1 =Ky and R}, | =Ruyp1 — R
Using Taylor’s theorem, we write
G, 0) = F(Kn (u, 0) + Kyf (u, 0)) — (K (u, 0) + Kyfy (u,0)) 0 (R, 0) + Ry¥ (u, 0))
=Gu(u,0) + DF (K, (u,0)) - K (u,0) = K, (4, 0) 0 (R, 0) + Ryf . (u, 0))

/(1 — $)D*F (K (u,0) + s K, (u,0)ds K (u, 0)%*
— DKy o Ru(u,0) - R\, (1, 6)

/(1 — $)DHC (R (u, ) +s R (u,0)ds R}, (u, )2,

Expanding the components of the previous expression we have

Gni1(u,0) =Gy (u,0)

i u"+k[1?,f+k(9)—frf+k(9 + a))+c(9)fz+k —(n+ l)szﬁz—ZEﬁJrk—l] + Ok,
i1 (,0) =Gy (u, 0)

Ltk 1[Ky+2k [(6) — n+2 O+ o) +kar @K, — (n+OK, Ry

— (k4 DK Ry 14 0@,
GY (. 0) =G4 (u,0)

+u PR, 0) = K)o 10+ @) + pdy (K,

—(+2p— k)Kn+2p—kRk —Q2p—k+ 1)K2p_k+1Rn+k—1] + OW"*?P).
(3.4)
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Since, by the induction hypothesis, G, (u, 0) = (O u"**), O @u"+t*-1), 0(u"+2P—1)) to com-
plete the induction step we need to make [G; w1lntk [gn 41ln+2k—1 and [gn +1ln+2p—1 vanish.
From (3.4), such conditions lead to the following cohomological equations,

X 0) — k(e + )+ K, — (n+ 1)@“?; — 2R iy + (GO ]ntk =0,
K oy 1@ —K), (0 +a))+kak(9)K —(n+ K, Ry
— (k + 1)?i+lﬁﬁ+k,1 +1G) ) lns2—1 =0,
Ks+2p 1) — n+2p 10+ )+ pdyO)K,,

_9 J—
—(1+2p =K 2y iRy — 2p =k + D2y _tsi Rukt + G2 O)s2p—1 =0.
3.5)

Taking averages with respect to 6 in the previous equations and separating the terms that depend
on 6 from the constant ones, we split (3.5) into three small divisors equations of functions with
zero average, namely,

KX 0+ o) — ~x+k ©) =EOVK) s+ [Gy Ok
K,,+2 w@+ow)— n+2k 10) = kak(Q)Kn_H + [gn (O)]In+2k—1, (3.6)
Kn+2p 1(6 +w) — n+2p 1(0) = Pd (Q)K,H_[ + [g (9)]n+2p 1

and the following linear system of equations with constant coefficients,

—(n+ DR, ¢ 0 E,;H
kay —(n+k) Ry 0 Kot
! N |
pd, 0 —n+2p =R ) \ K12y

_ . 3.7)
[g ]n+k +2Rn+k 1
= —[g Ing2k—1 + (k+ 1)Kk+1Rn+k 1

[Q In+2p—1+Q2p—k+ 1)K2p k1 Rk
Note that the determinant of the matrix in the left hand side of (3.7) is

- (k n)y(n+2k+1)
2(k+1)

(n+2p— k)R [kear — (n+ D+ (R = (n+2p — R, & :
which vanishes when kcay — (n + 1)(n + k) (§£)2 = 0. Since by hypothesis n +2p — k > 1,
if n # k the matrix is invertible, so we can take EZ +x—1 = 0 and then obtain fz 15 F;Vl 4k and

K, +2p—k in a unique way. When n =k the determinant of the matrix is zero. Then, choosing

B ZkE;(C [?i]zk + 5[@5]31(—1
21 2Gk+ 1R,
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. . - -y —0 .
system (3.7) has solutions. In this case, however, K ;i i1, K %k and K, , are not uniquely deter-
mined. ;
Once we have chosen solutions K;H, K;;Jrk and K, »,_ of system (3.7), we solve the small
divisors equations in (3.6) taking

K, 16) =SDEOK, s + G 0)nsn),
K 5 1(0)=SDKkax @)K, + G )ns2t—1),
RS\ s, 10)=SD(pdy®) Ky + G0 O)ns2p-1).

In this way all equations in (3.5) are solved and one can proceed to the next induction step. O
3.2. The case of vector fields

In this case we have analogous results. We denote H, = {z € C| |Im(z)| < o} the complex
strip of thickness 20 > 0.

We say that w € R? is Diophantine (in the vector field setting) if there exist ¢ > 0 and 7 >
d — 1 such that

lw-k|>clk]™®  forall  keZ%\{0}.

The small divisors equation in the vector field setting is

30, 1) - ®=h(O,n), (3.8)

with 72 : T? x A — R" and € RY.
Similarly to the case of maps, if /& has zero average and k - @ ¢ Z for all k # 0, then equation
(3.8) has the formal solution

Q)
T 2mik- o

9©.2) =Y g0 )
keZd

k#0,

where all the coefficients ¢ are uniquely determined except ¢g which is free.

Lemma 3.6 (Small divisors lemma for vector fields). Let h : Tff x Ac — C" be an analytic
function such that SUP(9, 1) T4 x A 1h(0,A)|| < oo and having zero average. Let w be Diophan-

tine with T > d — 1. Then, there exists a unique analytic solution ¢ : ']Tg x Ac = C" of (3.8)
with zero average. Moreover,

sup @, M) < C5~"  sup 1A (6, M), 0<6 <o,
0,0)eT?_;xAc 0.0eTIxAC

where C depends on t and d but not on §.
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A proof with the optimal power of § can be found in [17].

As in the case of maps we denote by SD(h) the unique solution of (3.8) with zero average.

As a consequence, if & : T;’ x Hy x Ac — C" is quasiperiodic with respect to ¢ € H with
frequencies v € R4, h has zero average and (w, v) € R4+ g Diophantine, then the equation

(09(0,¢t,A),0,0(0,t,1)) - (w,1)=h(O,1,1), (G,I,A)eTg x Hy x Ac, 3.9

has a unique solution with zero average, defined in Tg x Hy x Ac and bounded in Tg, x Hyr %
Ac forany 0 < ¢’ < 0. Indeed, since h is quasiperiodic in ¢, equation (3.9) is equivalent to

(BP0, T, 1), 3:¢(0,T, 1)) - (w,v) =h(B, T, 1)), 6.7.2) e TH x Ac, (3.10)

where T = vz and h(0,1, 1) = h(0, T, A). Then, applying Theorem 3.6 to equation (3.10) taking
(w, v) as the frequency vector, we obtain a unique solution ¢ : Tgﬂ” 4 % Ac — C" with zero av-
erage, and thus ¢ (0,7, 1) = ¢(0, t, A) is the unique solution of equation (3.9) with zero average.
We also denote it by SD(h). We use the same notation to denote the solution of a small divisors
equation that is either time dependent or independent, as such dependence will be understood by
the context.

In the next result, given an analytic vector field X of the form (2.2), we obtain two maps,
Ko (u, 0,1, &) and two vector fields, Y, (u, 8, t, 1), that are approximations of solutions K and Y
of the invariance equation

Xo(K.1)—dupK Y —8,K=0. @3.11)

Note that the obtained vector field ), neither depends on 6 nor on 7. Moreover, the first com-
ponent of )),, which represents the dynamics in transversal directions to the invariant torus,
coincides with the expression of the normal form of a one-dimensional vector field around a
parabolic point given in ([20]).

Theorem 3.7 (A computable approximation for vector fields). Let X be an analytic vector field
of the form (2.2) satisfying the hypotheses (2.3). Assume that 2p > k — 1. Assume also that
(w, v) is Diophantine and ar(A) > 0 for . € A. Then, for all n > 2, there exist two maps, K, :
RxT? xR x A— R2x T4, of the form

W+ K Ol + K@, u

Kn(u, 0,1, 2) = Z”j,f+111< (,\)u +Z”+2" 2K 6,1, 00 ,
2p—k—1 - 2 2 i
6+ 30 R G+ YT RO 6.,

depending quasiperiodically on time with the same frequencies as X, and two vector fields,
Vi:RxT?xRx A— R x T4 of the form

N
Vi if 2<n<k,
w
y(u,@,t,)\.)zy;(u,)\.): —_— J—
" ' (Yz(k)uk + Y;‘kl(,\)u%—l) ok
a) —_— 9
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such that

gn(uv 95 z, )\‘) = X(ICH(M’ 07 t, )\')7 t, )\') - a(u,@)lcn(ua 07 z, )\') : y}’l(u’ 95 z, )") - 8tlcn(u’ 95 z, )")

Z(O(Mn+k), 0(un+2k71)’ 0(un+2p7]))'
(.12)

Moreover, for the lowest order coefficients we obtain

-y _ 2ag(2) —0 _ dy(h) 2(k+ 1)
Ken®W =5z wrn W =5 W aman
> F00) a1

K§(0,6,0) =SDEO, 1, ) K (), K3, (0,1,2) = SD(@x(0, 1, 1)),
K{,0.1.2) = SD(dy(0. 1. 1)).

A remark analogous to Remark 3.3 also applies here.

Proof. The proof is analogous to the one of Theorem 3.2, but in this case we look for parame-
terizations /C, and )/, that approximate solutions of equation (3.11).
For the first induction step, n = 2, we claim that there exist a map and a vector field,

_’v/lz"i_il){c_i_l(gat)uk-‘rl 7}( k
Kau,0,1) = Kyt + K30, u , yz(u,e,n:( o )

_6 ~
0+ Kpp w1 + K50, 0P
such that

g2(U, 07 t) = X(ICQ(L{, 95 t)’ t) - a(u,@)’CZ(uv 65 t) : y2(U, 07 t) - atIC2(u, 95 t)

— (0W**?), 02y, 0WPH)y). (.13)
This leads to a set of d + 2 cohomological equations, that we split into two parts, one containing
the terms that are independent of (6, ¢), and the other being a small divisors equation for functions
of (8, t) with zero average.

Then, since ¢, a; > 0 and (w, v) is Diophantine, by the small divisors lemma (Lemma 3.6) the
equations obtained from (3.13) have solutions f,fH, ng_kﬂ, Y, Ef+l(9, 1), I?gk 6, 1) and
1?20 » (@, 1) as given in the statement. We emphasize that we obtain two solutions. The next terms
will depend on the choice we make for those solutions.

In the induction procedure we look for

T~ n+l1 24 n+k
K, u j—KnJrk(Q,t)u
)7

K1, 0,8) =K, (u,0,1) + ka untk 4 PERIN() £yun 2k

=0 n+2p—k 0 2p—1
p n+2p
Kn+2p7ku Kn+2p_l(9,t)u
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?x yhtk—1
yn+l(u799t):yn(u79st)+< n+k_10 )1

such that G,41(u, 0, 1) = (O "™+, O@"+2%), O u"+?r)).
Proceeding in the same way as in the case of maps we arrive to the following completely
analogous equations for the average and the oscillatory parts of the coefficients of K,, and Y,

K 0,0 0+ 8K (0,0) =0, 0K, +[GFO, Olut,

K 5 0.0 0+ 8K} 5 (0.0 =kax©.0K,y +1Gh @, Dlnsucr.  (3.14)
00KY 2y 1 0.0 0+ 8K, 10.0)=pdy® 0Ky +I1G50, Dlnsapt.

and
—(n+ DY} ¢ 0 Ky
kg ~(n+ kY, 0 K
< = —6
pd, 0 ~(n+2p kY, )\ K, pk

_ _ (3.15)
—y _[gz]rH»k + ZYZ_H(_]_X
=| G o DRV
= — X
_[gn]n+2p—1 +Q@p—k+ 1)K2p—k+1 Yn+k—1

As in Theorem 3.2, the matrix in the left hand side of (3.15) is invertible provided that n # k. In

=X = = -0 . .
such case one can take Y, _; =0 and we obtain K, , |, K,lerk and K, ,», 4 in a unique way.
When n =k, the determinant of the matrix is zero. Choosing

o 2kY; (G, ok + E[Gn 13k—2
21 2C6k+1)Y;

system (3.15) has solutions. In this case, K i1 K>, and fg » are not uniquely determined.

L= = —0 .
Once we have chosen solutions K ;{C 1. K ;k and K, for system (3.15) we proceed as in
the case of maps. O

4. A functional equation for a parametrization of the stable manifold

In this section we explain the approach to study the existence of stable invariant manifolds
for analytic maps of the form (2.1) and analytic time-dependent vector fields of the form (2.2).
We establish a functional equation for a parametrization of the stable invariant manifolds and
we present the function spaces and operators that we will use. The treatment in the map and the
vector field settings are somehow analogous, so we will omit some details in the latter.

4.1. The case of maps
To study the existence of a stable invariant manifold of a map of the form (2.1), we first
consider approximations K, :R x T¢ x A > R2x T4 and R, : R x T¢ x A — R x T¢ of

solutions of the equation

335



C. Cufi-Cabré and E. Fontich Journal of Differential Equations 396 (2024) 314-362

FoK=KoR, 4.1

obtained in Section 3.1 up to a high enough order, to be determined later on. Then, keeping
R =R, fixed, we look for a correction A : [0, p) x T4 x A — R? x T4, for some p > 0, of
K.y, analytic on (0, p) X T4 x A, such that the pair K = IC,, + A, R =R, satisfies the invariance
condition

Fo(Ky+A)—(Ky+A)oR=0. 4.2)

The proof of Theorems 2.1 and 2.4 concerning the stable manifolds is organized as follows.
First, we rewrite equation (4.2) to separate the dominant linear part with respect to A and the
remaining terms. This motivates the introduction of two families of operators, Snx, g and Nn, F,
and the spaces where these operators will act on. We provide the properties of these operators in
Lemmas 4.5 and 4.7, in particular the invertibility of Snx’ - Finally, we rewrite the equation for
A as the fixed point equation

A=Typ(A),  where T, r=(S ) o Ny F.

and we apply the Banach fixed point theorem to get the solution. The needed properties of the
operators 7T, r are given in Lemma 4.11.
Let F: U x T? x A — R? x T be an analytic map of the form (2.1):

x+c@,N)y
F(x,y,0,A) = y+Px,y,0,}) ,
04+w+ Q(x,y,0,A)

where P(x,y,60,1) =ax (0, Mxk 4+ A(x,y,0,A)and Q(x,y,0,A) =d, (0, )x” + B(x,y,0, 1)
and A and B have the form (2.3).
From Proposition 3.2, given n > 2 there exist /C,, and R = R,,, polynomial in u, such that

FokK,—K,oR=G,, 4.3)

where G, (t,0) = (O ("5), 0" t2=1), 0" +?P~1)). Since we are looking for a stable man-
ifold of F we will take the approximation corresponding to R = R, with the coefficient
R, (1) <O.

Hence, we look for p > 0andamap A: [0, p) x T? x A - RZx T4, A = (A", AY, AY) =
(O™, 0"t =1y, o@t2r—k-1y), satisfying (4.2), where C, and R are the mentioned maps
that satisfy (4.3).

Using (4.3) we can rewrite (4.2) as

A" oR—A"=K)[co(K!+ A% —coKl1+ A co(K?+ A% + G,
AYoR— A =Po(Ky+A)—PoK,+Gy, 4.4)

AoR—-A=Qo(K,+A)—QoK,+G°.
Given p € (0, 1) and B € (0, tZ5), let S be the complex sector
S=SB,p) ={zeC|larg@)] <5, 0<zl <p}.
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Definition 4.1. Given a sector S = S(8, p), the complex torus Tg with ¢ > 0, Ac € C* and
n € N, let W, be the Banach space

L0, A
an{f:SngXA<c—>(C|frea1analytic, 1 flln = sup lf(uin)'<oo},
.0.0)eSxTdxAc |ue]

with the norm || - ||,

Note that when n > 1 the functions f in W, can be continuously extended to z = 0 with
f(0,0,21) =0 and, if moreover we have n > 2, the derivative of f with respect to z can be
continuously extended to z = 0 with %(0, 6,1)=0.

Note also that W,41 C W, for all n € N, and that if f € W, 41, then || f|l, < || flln+1. More
concretely we have that || f ||, < poll fln+1. Moreover, if f € W,,, g € W,,, then fg € Wy, and

I fgllmtn < NSl lIgln-
Given a product space, ]_[l- W;, we endow it with the product norm

1/ U, i = max[l fillw, »

where f; =m; o f, and 7; is the canonical projection from [ | j W; to Wi.
Next, we define the spaces

d
an =Wy X Wygk—1 X Wn+2p—k—l’

endowed with the product norm defined above. Note that, in our setting, the functions in
Wi42p—k—1 are mapped into C/Z.

We will use the notation 3, to denote a closed ball of radius « not always belonging to the
same space. Such space will be understood by the context. For instance, we will write

By ={f=" " fHeW 1 fllyx <at W

For the sake of simplicity, we will omit the parameters p, 8 and o in the notation of the spaces
W, and W,*. We will consider A bounded. If not, we will work locally in bounded subsets of A.

Since F is analytic in U x T¢ x A, which is relatively compact, it has a holomorphic extension
to some complex neighborhood of the form Ug x T;I x Ac that contains U x T¢ x A, where
Uc is a neighborhood of (0, 0) in C2, Tg is a complex d-dimensional torus and A is a complex
extension of A. Moreover, since K, and R are analytic maps, their domain extends to a complex
domain of the form S(8, p) x Té’, x Ac. We emphasize that U is an open set of R? containing
the origin but S(B, p) is a cone in C containing the real interval (0, p).

Then, it is possible to set equation (4.4) in a space of holomorphic functions defined on
S(B, p) x T(‘f, x Ac, and to look for A being a real analytic function of complex variables.
To solve equation (4.4), we will consider n big enough and we will look for a solution,
A € By C W), for some a > 0. In what follows, we describe some conditions on «.

For compositions in (4.4) to make sense, we need to ensure that the range of I, + A is
contained in the domain where F is analytic. Let b > 0 be the radius of a closed ball in C2
contained in Ug, and let 6 < 0. We have to consider p > 0 and A such that ((\C, + A)*, (K, +
A eUc, (K, +A)Y e T(‘,j. To this end we will ensure that
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(K 4+ A, (K + A <b and  [Im((K, + )7 <6. 4.5

We choose p and o’ small enough such that SUPg(g. p)x T4 [(IC, (U, 6, 1), Ko(u,0,0)| < %

1 XAC
|Im(ICfl (u,0,1) < % Later on we may take smaller values of

and such that supgg ). T4 A
p. ’
We choose
a=min {1, 2 S} (4.6)
Therefore, for A € By C W,
sup AT (w,0, 1) < sup Ay |ul" <ap” <5 p",
s

S(B.p)xT4, xAc

and similarly, supg, pa . 1A (u,8,3)] < %p”k—], and

0 0 2p—k—1 2p—k—1 o 2p—k—1
sup A% (u, 0, 2)| < sup [ A% |lpy2pp—1 |u|" TP <o p" TP < G PR
Sng/xA(C S

and in particular, [Im(A?)| < & /2. Hence, with this choice of « the condition (4.5) holds true.
Below we introduce two families of operators that will be used to deal with (4.4). The defini-
tion of such operators is motivated by the equation itself.
We recall the next lemma, Lemma 2.4.2 from [1] that we state here with a slightly modified
notation adapted to the one of this paper.

Lemma 4.2. Let R* : S(8, p) = C be a holomorphic function of the form R*(u) = u +
Riu* + O(Jul*Y), with Ry < 0 and k > 2. Assume that 0 < B < k”Tl Then, for any u €
0, (k—1)|Ry|cosk), withk = %/3, there exists p > 0 small enough such that R* maps S(B, p)
into itself and

|| .
=Ty I/k=1 ueSPB, p) Jj=0,

Xy J
I(RY) (w)] < e

where (R)/ refers to the j-th iterate of the map R*.

Definition4.3. Letn > 1, B € (0, %), and let R : S(B, p) x T4, — S(B, p) x T?, be an analytic
map of the form

k k+1
u+ Riu® 4+ O(u ))’ 47

where Rj < 0 and the terms 0(uk+1) do not depend on 6.
We define S, g : W, — W,, as the linear operator given by

Surf=foR~F.
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Remark 4.4. By Lemma 4.2, for a map R as in Definition 4.3, we have that R* (u, 8) = R*(u)
maps S(B, p) into itself, and also, since w € R?, R?(u,0) = RY(9) maps T(f/ into itself. More-
over, the functions f € W, are defined on S(B, p) x T;’,, and thus the composition in the
definition of S, g is well defined.

The following lemma states that the operators S, g have a bounded right inverse and provide
a bound for ||S 1R||. It is a slightly modified version of Lemma 5.6 of [8]. Its proof will be
omitted.

Lemma 4.5. The operator S, g : W, — W, with n > 1 has a bounded right inverse,
Sn_)lR : Wn+k—l - W,

given by
o0
Srle”Z_ZUOR” 1N € Watk—1- (4.8)
j=0

Moreover, for any fixed u € (0, (k— 1)|Rj|cosk), with k = %ﬂ, there exists p > 0 such that,
taking S(B, p) X Tg, as the domain of the functions of W, +x—1, we have the bound

k=1

1(Sn )l < o 4 LA

Definition 4.6. Let F be the holomorphic extension of an analytic map of the form (2.1) satisfy-
ing the hypotheses of Theorem 2.1. Let « be as in (4.6).

Given n > 3 we introduce Ny, r = (N} 1, NZF, Nne’F) 1By CW, = W |, given by
NY p () =Kileo (K + f%) —co K1+ fYco (K§ + )+ Gy,
-/\[,zp(f)ZPO(ICn"‘f)_PO,Cn"‘gr{a
Ny p(H)=Q0(Ky+ f) = QoKy+3.

In the following lemma we show that the operators V,, r are Lipschitz and we provide bounds
for their Lipschitz constants.

Lemma 4.7. For each n > 3, there exists a constant, M,, > 0, for which the operator ./\/'n, F
satisfies

LipA7: < sup [6(O)] + Mp.
9eTd

Lip N, z <k sup |ax(0)| + M,p,
0eTd

LipN? ;< p sup |dy(0)| + Myp,
0eTd

where p is the radius of the sector S(B8, p).
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Proof. We deal with the three components of N, F separately. First we prove the bound for
LipN; . Let f, f € B, C W) We have,

1
N e () = Ny g () = (K + ) /Dc o (Ko + f*+s(f* = fnds(f* = %
0

+eo (G + 1) (f = 7).

We can then bound, for some M,, > 0,

1
1K+ ) f Deo K+ 7+ 5(f* — Fds (£ — 7 lnsier
0

<sup|Dc(0)| sup ;IICZ(M,G) + @, O, ) — 7w, 0)]

Td SxT?, |M|n+k7]
<1f? = Follntrop—k—1 1K + f7 lks1 sup | De(8)] p?P~F+!
T¢
< My p* P £ — g2 pit.
On the other hand,
. . . LfY (u, 0) — £ (u, )|
lleo (K5 + £ (fY = F)lnsk-1= sup |co (K + f)(.0)] T
SxT4, lul
<suplec@I £ — F lIntk—1,

']I‘d

o

and thus, we obtain

N £ () =Not g (Pllnk—1 < (up ¢(6)] + M) max (|| ¥ = ¥ k-1, 17 = FOllnsap—i—1),
TO

that is, Lip N\ o < supra [¢(0)] + My p.
Next, we consider J\/'ny - We write, for f, f eBy CW),

N o () =N, p(H =T+ T3, (4.9)
where
7] = ar o (KE + fOYCE + 5 = ap o (K + FOKE + X € Wagak—a,
and
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1

T2>’=/DAo§Sds(f—f) € Wat2k—1,
0

where we have defined, for s € [0, 1],

£ =&(f, ) =K+ f+5(f — F) € Wa x Wi x W)™

Note that indeed we have £X(u,6) = u®> + O(Jul?), & ,0) = Ky ju"™" + 0(u*+?), and
éf (u,0) =6 4+ O(Jul), since the presence of f does not affect the lowest order terms of &, and
since the coefficients depending on 6 of /C;, (u, 0) are bounded for 6 € Tj,, as a consequence of
the small divisors lemma (Lemma 3.1).

Since le contains the leading terms of (4.9), it is sufficient to bound the norm || le ln+2k—2 to
obtain the required estimate for (4.9). We write

T = ar o (K + fOYUCE+ £ —ap o (KE + FOYKCE + fHHE

1

1
— a0 (KT + f%kf(&;‘)k—l ds(f* = )+ (C: + ) / Day o &%) ds (f* — %)
0

0

and decomposing the last expression as lel + lez in the obvious way, we have

1
IT7) ns2k—2 < llak o (K& + )k / EH s a2 1 = F)In
0

1 X k—1 X FX
<ksup lax(@)| sup sup —s—[E-(u, D" I fT — fla
Td sel0,1] sxd, Ul

<k sup lax (@)1 + Mup) I f* — F¥ 1,
T¢

and [| T35 ln+2k—2 < My p2P 1 £0 = fOl042p—k—1, where 2p —k +1> 1.
Putting together the obtained bounds, we have
INY 2 () = N3 e (D llnsar—2 < llac (K + K + £ = ar (K + FOK + F5) lnrar—2
+ ||T2y||n+2k72

= (k sup |ax(0)| + Map) || f = Sl
T

o

Finally we prove the result for ./\/ne » in an analogous way as for ./\/;: - Here we have, for each

f. feBa Wy,
N () =N p(H =T + T, (4.10)
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where
=d, o (KI + fOYKE + f5P —dpo (K + FOYKE+ F)P € Wagap—a,

and

1

1f = [ DBotds (f = ) € Wiiaper.
0

Since T19 contains the leading terms of (4.10) we look for a bound for || Tle ln+2p—2. We have
=dy o (K + fOKL + )P —dp o (KI + fOKE + f5P
1

1
=d, o (K + f9>p/<s;‘>1’*1 ds(f* — f5) + (K5 + f5P / Dd, o (9 ds(f? — ).
0

0

We decompose Tf) = Tle1 + Tlez. We have

1T Ins2p—2 < lldp o (KE + ) p / EONP s lap—a I F* = FlIn

< sup sup ——— (pldy o (K + fO)w, O ES w, )P I = Fln

sel0.1] 5% T, |ue |2p

= psup ldp©@)|(1+ Mup) |Lf* = s
TG

and similarly, |7 ln2p—2 < My p?P~5F 1 £ — fO1l,10,—k—1. The term T is of higher order.
We have ||T29 lnt2p—2 < p ||T29 ln+2p—1. With these estimates we get the bound for Lip./\/'ne F
claimed in the statement. O

Next, we introduce some more operators.

Definition 4.8. For n > 2p — k — 1, we denote by Snx, r ‘W, — W) the linear operator defined
component-wise as S, p = (Su.R» Sutk—1,R» (Snt2p—k—1.8)9).

Remark 4.9. Since the components of S, are uncoupled, a right inverse (S ) 7! : Wy =

W) is given by

X — 1 —
SX R =Sk it Stap i)

Definition 4.10. Let F be the holomorphic extension of an analytic map of the form (2.1) satis-
fying the hypotheses of Theorem 2.1. Given n > 3, we define 7, r : B, C W, — W< by
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Tur=(S, g~ Lo N F.
Using the above operators, equations (4.4) can be written as
A =T, r(A). “4.11)

Lemma 4.11. There exist mo > 0 and py > 0 such that if p < py and n > mg, we have
Tn, F(By) € By and Ty F is a contraction operator in By.

Proof. By the definition of 7, r and the norm in W',

Lip T < max {11(S.0) " ILipA po 1(Sarkot.0) ™ ILIDAG
4.12)
1(Sut2p—k—1,8) "l LiPNn@,F]-

From (4. 12) and the estimates obtained in Lemmas 4.5 and 4.7, given u € (0, (k — 1)|R 1l cosk),
with k = 2 ,B , there is pg > 0 such that for p € (0, pgp) we have the bound

LipTy, < max {0 + L5 (sup [c(0)] + Map),
14

(0" + At 1)(sup lax 0)] + My p), (p**! mesup dp @)1+ Map)].

taking S(8, p) x Tj/ as the domain of the functions of 5.

Then, choosing p < pg small enough, it is clear that one can choose m( such that, for n > my,
one has Lip 7, r < 1.

Next, we prove that one can find pyp > 0, maybe smaller than pg, such that taking S(8, p) x
Tg,, with p < pg as the domain of the functions of By, then 7, r maps B, into itself.

For each f € B, we can write

1T Py < 1T () = T O llype + 1T 7 Oy
<aLipTor + [ Tn.r Oy

From the definitions of 7, r and NV, r we have, for each n € N,
Tar(0) = (S )~ o Nu F(0) = (S )" G-

Also, we have G, = (G, Gy, Qf:) € Whtk X Whgak—1 X Wh42p-1)*, and thus, for every ¢ > 0,
there is p, > 0 such that for p < p, one has

—1 0
170, F Oy < 1S, )~ Il max{llGy k-1, 1Gi lln+2k-2, 1Gy, Int2p—2} <&

Moreover, since we have Lip 7, r < 1, we can take p,, such that o Lip 7, + || 7, 7 (0) ||an <ua,
and then for every p < p, one has T, r(By) C By. We have to take ¢ <a(1 —LipT, ). O
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The estimates of Lemma 4.11 show that, if n is big enough, the fixed point operator 7, ¢ is a
contraction and this fact establishes the existence of the fixed point of equation (4.11) and hence
the desired solution of (4.2).

4.2. The case of vector fields

In this setting, we consider approximations K, : R x T¢ x R x A — R? x T¢ and ), :
RxT? xR x A— R x T4 of solutions of equation (3.11) obtained in Section 3.2 up to a high
enough order. Then, keeping Y = ), fixed, we look for a correction A : [0, p) x T? xR x A —
R2 x T4, for some o > 0, of IC,;, analytic on (0, p) x T4 xR x A, such that the pair K =K, + A,
Y =), satisfies the invariance condition

Xo(Ky+ A1) =0 (Kn+A)- Y —0,(K, +A)=0. 4.13)
To be able to deal with equation (4.13) in a sgitable space of analytic functions, we rewrite the
vector field (2.2) in terms of its hull function X (x, y,0, t,A) = X(x, y, 0, ¢, 1), with T = vt and
v € R?, and similarly for the functions that appear in its components. Hence, the corresponding

differential equation reads

X O, t,A)y
y]=1 @@ o oxf+ AR, y.0,5,0 |, (4.14)
6 w+dy0, 7, )xP + B(x,y,0,7, 1)

where ¢: T x Tvd/ x A — R, &0, 1, 1) =c(®,1t,1), and similarly for the other quantities. Now
the vector field X is defined in a domain of the form U x T9%4  and thus the new variables

(6, T) can be thought as angles.
We also introduce

Ién(uaes T9)\') =’Cn(u197t7)\')7 ?(l’hea ‘Cs)") = Y(u791 t9)\')1

and
Jw,0,7,0) = <Y(”’ o7 ’\)> .

Therefore, equation (4.13) can be written as
Xo(Kp+A,1)=DK,+A)-J=0, (4.15)
and then we look for a solution A = A(u, 0, t, 1) with A : [0, p) X T x T4 x A — R2 x T9.
The proofs of Theorems 2.8 and 2.9 are organized in a similar way as the ones of Theorems 2.1

and 2.4. As for the case of maps, we will rewrite the equation for A as the fixed point equation.
From Proposition 3.7, given n there exist a map /C,, and a vector field ¥ = ), such that

Xo(Ky,t) — a(u,ﬂ)lcn Y =Ky =G,
or equivalently,
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X oKy, 1) — DKy - J =Gy, (4.16)

where G, (1, 0, T, 1) = (O @"%), 0" T2=1), Ou"+2r- l)) Since we are looking for a stable
manifold we will take the approximations corresponding to Y= y,, with the coefficient Yk ) <
0.

Summarlzlng, we look for p > 0 and amap A : [0, p) x Td+d x A — R% x T4, analytic on
0, p) x T+ » A satisfying (4.15), where IC and J satisfy (4.16). Moreover, we ask A to be
of the form A = (A*, AY, A?) = (O™, OW" =1y, O " t2r—k-1y),

Similarly as in Section 4.1, we write

P(x,y,0,7, ) = a0, 1, )x* + Ax,y,0,7, 1),
Ox,v,0,7,%) =dy(0, 7, )x" 4+ B(x,y,0,1,1).

Then, using (4.16) we can rewrite (4.15) as

DA* - J=K)[Eo (Kl 4+ A% 1) — o (K, 1)1+ AV co (K? + AY, 1) + G,
DAY . J=Po(Ky+A,7)—Po(Kn,1)+Go, 4.17)
DAY J=Qo(Ky+A,1)— Qo Ky 1)+

To deal with equation (4.17) we introduce function spaces and operators adapted to the vector
field setting.

Definition 4.12. Given a sector S = S(8, p), 0 > 0and n € N, let Z,, be the Banach space
= {f .S x T4+ x Ac — C| f real analytic,

N flln = sup
(.0,71.)eSx T x A

| f (.0, 7, M) <OO}

|ua]"

with the norm || - ||,,.

Actually, it is exactly the same space as W, with the functions depending on (6, ) € Td+d'
instead of depending on 6 € T?.

As for the case of maps, we endow the product spaces [[; Z; with the product norm and we
define

X
Zn :Zn XZn+k_1 XZn+2p k—1-

Next, we set equation (4.17) in a space of holomorphic functions defined in a domain S(8, p) X
T;’,"’ 4 A, and we look for A being a real analytic function of complex variables. Concretely,
to solve equation (4.17), we will consider n big enough and we will look for a solution, A €
By C Z,, for some o > 0.

To determine suitable values for « we proceed in the same way as in the case of maps. We

take

345



C. Cufi-Cabré and E. Fontich Journal of Differential Equations 396 (2024) 314-362

},

—_
[SJjsH

o = min {j, %,
where b, 5, 0’ and p have the same meaning as there.

Definition 4.13. Let k > 2, n > 0, § < %5 and let J : S(B, p) x T4 — C x R4 be an
analytic vector field of the form

Jw,0,7) = Yk + 0@, w, v), (4.18)

with Y, < 0 and such that the term 0(uk+1) does not depend on (0, 7).
We define S, 5 : Z, — 2Z,, as the linear operator given by

Sng f=Df - J=0f T +0f -0+ [ v

Note that this operator has a similar notation to a linear operator used in the map setting but it
is different.
The following lemma concerns the properties of the flows of vector fields of the form (4.18).

Lemma 4.14. Let J (u, 0, t) be as in Definition 4.13 and let o5 = (¢¥, (pg, @?) be its flow. Then,
@s has the form

os(u,0,1) = (¢ (), 0 + ws, T+ vs),

and, for any fixed u € (0, (k — 1)|Yx|cosk), with k = k%lﬁ, there exists p € (0, p] small
enough such that ¢y (u) € S(B, p1) for allu € S(B, p1) and s € [0, 00). Moreover,
|ul

— YueS(B, p1), VYsel0,o00). (4.19)
(1 + splulk=1)e=T

loy ()] <

Proof. By definition, the time-s flow of J satisfies
N
00,1 = w.6.0)+ [ Togds, (420)
0

and thus, we obtain (pg (u,0,t) =60+ ws, ¢ (u,0,t) =t + vs, and that ¢} is independent of 6
and 7. _
Changing to complex polar coordinates, u = re'?, equation i = Yiu* + O u**') becomes
i = Yicos((k — D)rk + o (", 4.21)
¢ = Yisin((k — Do)r* =1 + 0(%). (4.22)
In the domain S(B, p), [(k — D)g| < k < m/2. It is immediately checked that, if p is small, on

the boundary of S, the vector field points to the interior of S. Indeed, at ¢ = 8/2, ¢ < 0; at
¢ =—p/2,¢>0;and at r = p, 7 < 0. For the last inequality we use that the O (r**!) term in
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(4.21) is less that Mr*if 0 < 7 < p. We take fi such that 0 < < fi < (k — 1)|Yx| cosk and
p1 < min{l, ﬁ}. Since cos((k — 1)¢) > cosk > 0 we have

F < Yicos((k — Do)rk + Mrkt!, 0<r<p.

With the previous choices

k

F<-— rk+Mprk§— re.

- k-1 k—1

Integrating the last inequality we obtain (4.19). O

The following lemma states that S, ; has a bounded right inverse and provides a bound of
1S, 51

Lemma 4.15. Given k > 2 and n > 1, the operator S, j : 2, — 2, has a bounded right inverse,

-1,
S e Zntk—1—> 2,

n

given by

00
Sn_ljn = _/ nogsds, n€ Zutk-1, (4.23)
0

where @5 denotes the time-s flow of J.
Moreover, for any fixed v € (0, (k — 1D)|Y]|cosk), with k = %,3, there exists p > 0 such

that, taking S(B, p) x Tg,"'d/ as the domain of the functions of Z,4x—1, we have
1SN~ < 2 51

From Lemma 4.14 we have that ¢ (1, 6, 7) belongs to S(8, p) forall s € [0, 00). Then, clearly
one has that s € S(8, p) x ']1“(‘;’,+ " and the composition 1 o ¢, is well defined for all s > 0. Using
again Lemma 4.14 we have, for p small enough,

7095, 0, D) < [1llnk—1 V,6,7)eSx THH, Vselo,00),

() 1TET)
so that the integral (4.23) converges uniformly on § x T[‘ffr d

Proof. To show that (4.23) is a formal expression for a right inverse of S, s, we recall that
os (W, 0, 1) = (p¥(u), 0 +ws, T +vs) is the time-s flow of J. By differentiating under the integral

sign one has
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oo oo oo

Sus o(sn,n—ln=—/au(no<ps>ds I —/39(77090s)ds'w—/ar(WO%)dS'V~

0 0 0
Moreover, the following relations hold true,

e ¢]

/Be(nows)dsw /89170% s0f ds,
0 0
o0 o0
/afmocmds v=/8rn0% 7 ds, 4.24)
0 0

e ¢]

/au(nogoadsﬂ:

0

0yn o @5 as@? ds.

o —

Indeed, the first two equalities above are immediate. To prove the third one, observe that we have

) o0 e 00

[amovyras= [amop s 120 =fg(s,u>h(s,u>ds, (4.25)
O s

0 0 0

where g(s, u) = 9,n 0 @5 J* o s and h(s, u) = 9,k JV .
We have that 9,4 (s, u) =0 and then A (s, u) = h(0, u) =1 forall s > 0.
Therefore, from (4.25) we have

o0 o0 o0
/8u(no<ps)des=/g(s,u)ds=/8uno¢sas<p;‘ds,
0 0 0

so that the third equality of (4.24) is proved. Finally, using (4.24) we obtain

o
Sn,Jo(Sn,J)‘lnz—/as(nocps)dSZnowo— lim nog@,=n.
§—> 00
0

Now we check that Sn_b is bounded on Z,;_1. From (4.23) and Lemma 4.14, one has

—1
1(Sn, )" " nlln < sup
S><']Td/+d/
g

/I(UO%)(H 6,7)lds

Joa]"
oo

1 |u| n+k—1
< —1 Sup —— d
< Inlln+k—1 SP PG / <(1+m|u|k1)1/k1) §
0
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k—1
n

=

Inlnsk—1. O

|-

Definition 4.16. Let X be a vector field satisfying the hypotheses of Theorem 2.8, and let
X(x,y,0,7) = X(x,y,0,1), defined in Uc x Tg+d. Given n > 3, we introduce Nn,x =
Ny Nnyx, NI By CZX— 2, by

NEx(H=KaleoK)+ f7. 1) = &0 (K). D1+ f7 0 (K + 7.1 + Gy,
Ny (F)=Po(Ky+ f.71) = Po(Ku.T)+ G,
NEx(f)=QoKn+ f. 1) — Qo(Kn. 1)+ Gl

With the previously introduced parameters, the operators N, x are Lipschitz.

Lemma 4.17. For each n > 3, there exists a constant, M,, > 0, such that

LipN,x = sup  [¢0, D)+ Myp,
0,7)eTd*

LipN x <k sup [0, 7)| + Mup,
6.0)eTd™

LipNYy<p sup  |dp(0,7)|+ Maup,
6,7)eTd+

where p is the radius of the sector S(8, p).

The proof is completely analogous to the one of Lemma 4.7, with the only difference that here
the vector field X and the functions of B, also depend on 7. It will be omitted.

Definition 4.18. For n > 2p — k — 1, we denote by S, 2, X — ZX the linear operator defined
component—wise as S,TJ = (Sn,.ls SnJrkfl,J, (Sn+2pfk71,]) ).

With these operators, we can write equations (4.17) as
8:,] A =./\/'n,x(A).
Similarly as in Section 4.1, the inverse operator (SnX J)_l is given by
1 — _
Sk =S S Sipapaiet )
Definition 4.19. Let X be a vector field satisfying the hypotheses of Theorem 2.8, and let
X(x,y,0,7) = X(x,y,0,t), defined in Uc X T(‘f X T(‘,’, Uc C CZ?. Given n > 3, we define

Tox 1By CZ — ZX by

X—(S J)
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Lemma 4.20. There exist mg > 0 and pog > 0 such that if p < po, then, for every n > mg, we
have T, x (By) € By and T, x is a contraction operator in By.

The proof is completely analogous to the one of Lemma 4.11 and will be omitted.
5. Proofs of the main results
5.1. The case of maps

Proof of Theorem 2.1. Let m( be the integer provided by Lemma 4.11, and let ng = max{my,
k + 1}. We take the maps KC,;, and R =R, given by Proposition 3.2, which satisty

o (4, 0) = F (Ko (1, 0)) — Ky (R(wt, 0)) = (O "), O @1, o@"ot2r=1y).

We will look for p > 0 and for a differentiable function A : [0, p) % T > RZxT9 A analytic
in (0, p) x T4, satisfying

Fo(Kyy+A)—(Kyy+A)oR=0. 5.1
Next, consider the holomorphic extension of F to a neighborhood Uc x T[f of (0,0) x T4,
where Uc C C? contains the closed ball of radius » > 0 and take o = min{%, %, %, }, with

0 < 0 < o. With this setting we rewrite (5.1) as

A o R— A" =Klco(K!+ A% —co Kl 4+ AV co (K + A% +GF,
AYoR—A =Po(Ky+A)—PoK,+Gi,
AoR—A"=Q0(Ky+A)—QoK,+G’,

with A € By, C W)X, or using the operators defined in the previous section,

A=Tu.r(d),  AcB,.

By Lemma 4.11, since ng > mg, we have that 7, r maps B, into itself and is a contraction.
Then, it has a unique fixed point, A° € .. Note that this solution is unique once /C,, is fixed.
Finally, K = K,,, + A satisfies the conditions in the statement.

The C! character of K at the origin follows from the order condition of K at0. 0O

Proof of Theorem 2.4. Let m( be the integer provided by Lemma 4.11, and let no = max{my,
k + 1}. We distinguish two cases: the value of n given in the statement is such that n < ng or
n > nyp. In the first case we start looking for a better approximation * of the form

no+1
K, 0) =K@, 0)+ Y Kj(u.0),
j=n+1

with
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Kl + K3, (0)u T
_y “ . _ ~ . _
Kiwo)=| Ky /™K @)l t72 (5.2)

el e o
Kjiap i/ 2P KD @)/ 202
and for
no+1
R*u.0)=Rw.0)+ Y R;w),
j=n+1
with
~ 8 kg1 Ry 121 if n <k,
RY (u) = | 01 2k nn= RO (u)=0. (5.3)
J ifn >k, Y

In the second case, when n > ng, we take K*=K+ I/(\,LH and R* = R + §n+1, with I/(\n+l and
R, 41 again as in (5.2) and (5.3), respectively. We introduce

«_ Jno if n < no,
n+1 if n > nyg.

The coefficients K j and R j»n+ 1< j <np, are obtained imposing the condition
F(K*(u,0)) — K*(R*(u,0)) = (0™ ™), 0™ T, o@" 71,

Indeed, proceeding as in Proposition 3.2, we obtain these coefficients iteratively. We denote

Kjw,0)=K@w,0) + Y] _ . Kn,0) and R;(w,0) = Rw,0) + ) _ .| Ru(u) for j >

n + 1. In the iterative step we have
F(K;u,0)) —K;(R;w,0) = (0w ™), 0@/, o@/t?r-1y).
Then,
FOCj(u,0) + K js1(u,0)—(Kj + Kj+1) 0 (Rj(u,0) + Rjt1(u))
=F(ICj(u,9)) —ICj(Rj(u,G))
+ DF(K;(u, 0)Kj11(u,0) — Kjr1(R;(u, 0) + Rj+1(w))
1
+/(1 —$)D*F(Kj(u,0) + 5K 11 (u,0))ds (Kj41(u,0))®

0
— DK (Rj(u,0)R;11(u)

1
- / (1 =)D (R (1, 8) + sRj 1 () ds (R 1 () ®2.
0
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The condition

F(Kj41(u,0)) — Kj41(Rj11(u,0)) = (0@ ™, 0@/ *), 0@/2ry)

leads to equations (3.6) and (3.7) in Proposition 3.2, which we solve in the same way.

From this point we can proceed as in the proof of Theorem 2.1 and look for A € B, C W)*
such that the pair K = K* + A, R ="R* satisfies Fo K = K o R.

Finally, for the map K, we also have

K@u,0) — K(u,0)=K*u,0) — Ku,0)+ Au, 0)
= > Kj@.0)+Aw.0)
j=n+1
= (0", 0", O@"*r*y)
+(OW"), 0" ), 0@ TR,

Since n* >n+1wehaven+2p —k <n*+2p — k — 1, and therefore,

Ku,0)— I/(\(u, 0) = (O™, OW"*y, O W' +2r=ky).

For the map R we have

n*

R(t,0)—R(u.0) =R*(u,0)—Ru.0) = Y R;@u)= {

j=n+1

(OW*=1,0) if n<k,
©0,0) if n>k.

5.2. The case of vector fields

Proof of Theorem 2.8. Let m( be the integer provided by Lemma 4.20, and let ng = max{my,
k + 1}. We take the approximations K, and Y = }),, given by Proposition 3.7, which satisfy

gn()(u9 9’ t) = X(IC,ZO(M, 09 t)? t) - a(u,Q)K:no(u, 93 t) : Y(”? 97 t) - atlcno(us 97 t)

:(0(uno+k)’ 0(un0+2k71), 0(uﬂ0+2p71)).

We will look for p > 0 and a function A : [0, p) x T¢ x R — R? x T?, A analytic in (0, p) x
T9 x R, satisfying

Xo Ky + A1) = 0,0 Ky +A)- Y —0,(Cpyy + A) =0. 5.4
Let X (x, .60, 0)=X(x,y,6,1) be the hull function of X and consider the holomorphic exten-
sionof X toa neighborhood U¢ x '[F‘”d of (0,0) >< T4+’ where Uc C C? contains the closed
ball of radius b > 0, and we also take ¢ = mm{z, 5 2} with 0 < & < o. This setting allows to

rewrite (5.4) as
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DA™ - T =Ki[éo (K)+ A% 1) — &0 (K. D]+ AYco (K) + A 1) + G5,
DAY - J=Po(Kn+A,7)— Po(Kn,1)+ G,
DA” J=Qo(Ky+A,7)— Qo0 (Kp 1) +Gl,

with A € B, C Z,°, or using the operators defined in the vector field setting,

A=Tnx(D),  AcB,.

By Lemma 4.20, since ng > mg, we have that 7,, x maps B, into itself and is a contraction.
Then, it has a unique fixed point, A® € B,. Note that this solution is unique once Kno is fixed.
Finally we take A®w,0,1) = A®(u, 6, 1), and then K = Kno + A satisfies the conditions in
the statement.

Again, the C! character of K at the origin follows from the order condition of K atu =0. O

Proof of Theorem 2.9. The proof is completely analogous to the one of Theorem 2.4, taking
into account that now we are in the vector field setting. In the last step we use the same argument
as in the proof of Theorem 2.8. O
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Appendix A
A.l. Proof of Theorem 2.6

The proof consists in doing a number of changes of variables that transforms the map into
a new map such that their x and y-components are independent on the angles up to order k
included, and has the form of the maps studied in [10]. Then, we can use the inequalities obtained
in that paper to get the uniqueness.

We write the map in the form

by x+c@)y
Flyl=| y+a@x*+A1(x,y.0y+A1(x,y.0) |, (6.1)
0 O+w+d,(0)xP +Bp_1(x,y,0)y + Bpy1(x,y,6)
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where Ay and By are homogeneous polynomials of degree k — 1 and p — 1 in x, y, respec-
tively, depending on 6, and A4 and B are function of order k 4+ 1 and p + 1 respectively.
We recall that 2p > k — 1. Moreover, it is convenient to assume that p < k. If not, terms of order
p can be put in a remainder of order k + 1.

In this proof we will write O; for a term of order j in the variables x, y and O (xty™) for a
term of order x¢y™ . Both terms may depend on 6.

We start doing some steps of averaging. We consider changes of the form

Di(x,y,0) = (x +0@)x"y", y,6), (6.2)
Da(x,y,0) = (x,y + d@O)x ", 6), (6.3)
D3(x, y,0) = (x, 5,60 + ¢@)x"y™), (6.4)

to average the monomials of order x‘y” in the x, y and # components, respectively. These
changes may introduce new terms of order bigger or equal than ¢ + m in any component. Below
we do a study of the terms that appear. First we make a change of the form (6.2) with £ =0 and
m =1 to average the term c(6)y. We obtain

X+¢©O)y+c®)y— @)y +a®)x* +yOr_1 + Ocy1)
Y+ a®)(x + @) + Ar1(R,y,0)y + Ary1 (£, y,60) ;
0 +w+dp@)(x+¢©0)y) + Bp_1(x,y,0)y + Bpy1(x,y,0)

FO

e =
|

where x = x + ¢ (0)y and 0=0+w+ dp(@)(x +¢(0)y)’ + Bp_1(X,y,0)y + Bp1(X,y,0).
We can rewrite the first component as

x+ (6@ +c@) =60 +0)y+ (40 +0) — @)y — 9@ O + yOr1 + Op,

and writing ¢ = ¢ + ¢, by the small divisors lemma (Lemma 3.1) there exists a unique zero
average function ¢ such that

$(0 +w) — @) =c(0)

and taking ¢ as such solution the first component becomes

x+¢y+y(0p+ Op—1) + O =: Cp(x,y,0)y + Cr(x,y,0).

The second and third components have the same structure and the same lower order terms y +
ak(Q)xk and 0 + w +d, (0)x?, respectively, as F. Thus, we have

x x+cy+Cp(x,y,0)y+Cr(x,y,0)
FOLy =1 y+a@x*+4, ,(x,9,0y+ As1(x,9,0) |, (6.5)
o 0 +w~+d,0)x? 4+ Bp_1(x,y,0)y + Bpyi(x,y,0)

with new functions A’s and B’s of the same form as the ones in (6.1).

The changes @1, ®3 and ®3 applied to F1 give new maps with the same structure and with
averaged coefficients, provided we choose a suitable ¢. Concretely, the change @1, used for
£+ m > p+ 1, produces
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X
oo FDod |y
0

X+ PO XY 4y ++Cp(R, y,0)y + Cr(£,5,0) — $(O)(x + &y + Opm) (v + O*)" + Opy1
= y+ar@)(x +p@)x Y™  + A1 (R, y,0)y + A1 (R, y,0) :
0+ w+dy(0)(x +¢@)x y™)P + By_1(X,y,0)y + Bpr1(%, y,0)

where £ = x + P@)xty™ and 6 =0 + w + d,O)(x + ¢O)x'y™)P + Bp_1(X,y,0)y +
B])+1(x’ yae)
The change ®,, used for, used for £ 4+ m = k, produces

X
oo FMod, |y
0

X 49+ Cp(x. §.0)5 + Cu(x.5.60)
= y+o@x " + ax@)xF + Ar_1(x, $,0)y + Ar1(x, $,0) — p(O) (x +EH Y™ + Oy |
0+w+dp@)x?+ Bp_1(x,3,0)y + Bpi1(x, ,0)

where $ =y + ¢(@)x’y™ and ) =6 + » + dp(@)x? +Bp_1(x,3,0)y + Bp11(x,9,0).
And the change &3, used when £ 4+ m > p, produces

X
<I>3_10F(1)ocb3 y
0

x4y +Cpx. y.0)y + Ce(x,y.6)
= Y +ap@)x* + A1 (x, v, 0)y + At (x, v, 0) ,
0+¢@)xy" +0+dp©O)x" + Bp1(x.y.0)y + Bps1(x.y.0) = d(0 + o) (x +Ey)°y" + O

where 6 = 6 + ¢ (0)xty™.

Now we make several changes of the form &3 to average the terms of order p of the third
component. This may introduce new terms of the same order but with a higher value of the
exponent of y. In this procedure we use the small divisors lemma (Lemma 3.1) in a completely
analogous way as we did to arrive to (6.5). Thus, we start averaging the term x”, then the term
xP~1y and so on until the term y” which can be averaged without introducing new terms of
order p. These changes introduce terms of order y Oz, in the first component and terms of order
YOy p—1 in the second one. Since 2p > k — 1, both kind of terms are of order k + 1 or bigger.

Then, we proceed making changes of the form ®3 and ®; to average the terms of order p + 1
and higher starting with the terms x/ and ending with y/ when dealing with a degree j, p + 1 <
Jj <k in the first component. The changes @1, when considering the averaging of a term of
order x“y™ introduce new terms of order x‘*y”~ i > 1 (possibly depending on #). Moreover,
when ¢ +m = p + 1 introduce terms yOy_1 in the third component. At order £ +m > p + 1
they introduce terms of order Oj+1 which can be forgotten. However, they maintain the structure
of the second component. Similarly, the changes ®3, when averaging a term of order x‘y™ in
the third component add terms of order x‘Z*iym’i, i > 1 in the third component. Also, when
£ + m = p they may introduce a term of order k in the third component. That is why we proceed
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in the order indicated in the previous paragraph. Finally we make changes of the form ®; to
average the terms of order k of the second component while do not change the already obtained
terms of order less or equal than k.

After having done these changes we arrive to a map of the form

[ x+cy+Cp(x »)y + cxxk +Ck+1(x y,0)
Fly|=| y+axt+A 1 (x, Y)Y+Ak+l(x v,0) |. (6.6)
0 04w+ dpx? + By_1(x,y)y + Bi(x, y,0)

Now we do a change (x, y,0) + (cx, y,0) which maintains the same form and changes the
constant ¢ to 1.
Next, we consider the related two-dimensional map (independent of the angles)

X x+y+Cp (x y)y + cpxk
G(Y) <y+6lkx K Apor(x, )y ) ©7)

and we make the changes to transform it to the normal form

X X+y
N = 0
(y) <y+akxk+...—|—ng€_1y+...>+ ket

given in [10]. The change to this normal form is known, and it is described in detail in [10]. To
arrive to the normal form one has to do a sequence of changes of the form

3 E+®E 0
C = , 6.8
(n 1+ WE ) ©8
where ® and W are homogeneous polynomials of degree j > 2 to remove as many monomials
of degree j as possible. The inverse is

—1 E _ g_d)(sv 77) .
(5 =(5Z0Em )+ our ©9)

We will use changes of order j > p+ 1. Then, 2j — 1 >2p + 1 > k, so that in our computations
these terms do not play any role.

With these changes one can remove all terms of order j except, in general, the terms x/ and
x/~1y in the second component of the map. We claim that in our case we can remove all terms of
the first component (except de linear ones) without adding new terms in the second component.
Indeed, assume inductively that G has the form

6 ()= (R TN ) o,
y y 4 agxk + Ag—1(x, y)y

where E; is a homogeneous polynomial of degree p + 1 <i < k. It very important to note that
wheni <k —1, E;(x,y) = y0O;_1. Doing a change of the form (6.8) we obtain

356



C. Cufi-Cabré and E. Fontich Journal of Differential Equations 396 (2024) 314-362

CloGoc<x>:(x+‘D+Y+‘I’—d>(x+y,y)+2f=jEi(x,y)

+ Oky1.
Y+ U —W(x+y,y) ) o

If we want to remove all terms of order j we need to solve

O(x,y) +W(x,y) —P(x+y,y)+ Ejx,y) =0,
Y(x,y) —W(x+y,y)=0.

Since these equations are for homogeneous polynomials of degree j, actually we have a linear
system for the coefficients of ® and W, given the coefficients of E;. This system is studied in
detail in [10]. We emphasize that here E; does not contain the term x7/. Then, we can take ¥ =0
and then solve the first equation taking into account the mentioned property.

When j =k we have

D(x,y) +W(x,y) — P(x +y,y) + Ex(x, ) =0,
W(x,y) — Wx 4y, y) +axk + A1 (x, y)y =0.

Now we are in the general situation and we get that the order k terms of the normal form are

0
<akxk + bk_lxk_ly) ’

In Section 4 of [10] it is proved that the (parabolic) stable manifold of the map

xX+Yy
<y+akxk+bk_1xk—1y) + Op+1

is unique. Let C be the change that puts G in the normal form N. Consider the change (x, y, 6) —
(C(x,y),0) that transforms the map F in (6.6) into a new map

X x+¢y+ Crea1(x, v,0)
Fly =1 y+axr+bx*"y+Ax,y.0) |- (6.10)
0 0 +w+dyxP + By_1(x, )y + Be(x, y,0)

The remainders of the first and second components are of order k£ + 1 and uniformly bounded
with respect to 6. Then, all bounds of Section 4 of [10] are also valid here for the first and second
components of the iterates of F and we have uniqueness of the stable manifold of F. Undoing
the (close to the identity) change, the stable manifold of F is also unique.

A.2. Proof of Theorem 2.11

The proof of Theorem 2.11 is completely analogous to the one of Theorem 2.8. However, for
the convenience of the reader we will sketch here an overview of the proof and the spaces and
operators that have to be used.

An analogous argument to the one of the proof of Proposition 3.7 provides the expressions of
the first coefficients of the parameterizations of K and Y, namely those given in (2.7).
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Proceeding inductively as described in the proof of Theorem 3.7 we obtain that given n there
exist IC,; and ), =Y such that

X oKy — DKy -Y =Gy, 6.11)

with G, (u, 0) = (0 (u"*?), Ou"*3), O(u"™2)).
Then, we look for a C! function, A = A(u, 0), A : [0, p) x T¢ — R?, analytic in (0, p) x T,
satisfying

Xo(Ky+A)— DK, +A)-Y=0. 6.12)

Moreover, we ask A to be of the form A = (A, AY, A?) = (0 w™), Ow"th, Ow™")).
Using (6.11) we can rewrite (6.12) as

DA-Y=Xo(Kn+A)—Xo0Kn—GCn, (6.13)

which is the functional equation that needs to be solved.
We fix 0 < B < 7 and we consider the sector S(f, p) for some 0 < p < 1. We take the Banach
spaces, for n € N, defined as

,0
an{f:Sfo—>(C|frealanalytic, | flln:=  sup W<oo},
(u,0)eSxTd Jue]

and we set equation (6.13) in the ball B, C Z¢ = Z, x 2,41 x Z,, endowed with the product
norm.

We define the operators S, : 2, — 2, and N, : 2 — ZnXJr] analogously as in Defini-
tions 4.13 and 4.16, and we obtain the bounds

-1 1 =X
1S, Il < n’ w € (0,2Y, cos(B/2)), n>1,
and

Lipj < sup [c(0) + Maup,
0eTd

Lip ;) < max{ sup |b(8)|, sup b(0)/2c(6)} + M, p,
0eTd 0eTd

LipN{ < sup |d(®)] + Myp.
0eTd

Finally, we have that 7, = S, 1o N, is contractive in By, which provides a solution, A, to (6.12)
and concludes the proof of Theorem 2.11.
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A.3. Unstable manifolds

The results of this paper concern the existence on stable invariant manifolds. However, com-
pletely analogous results to Theorems 2.1 and 2.8 hold true for the existence of unstable man-
ifolds assuming that ﬁz > 0 and 7),2 > 0, respectively. Moreover, a formal approximation /C,
obtained in Theorems 3.2 and 3.7, with ﬁi > (0 and 7);( > 0, respectively, is an approximation of
a parameterization of a true unstable manifold.

The results of existence of unstable manifolds for vector fields are obtained by just reversing
time t — —¢ and applying the results of existence to the new vector field, as we already have
done in the applications in Section 2.3.

For the case of maps, if F satisfies the hypotheses of Theorem 2.1, the results for the unstable
manifolds are obtained from the stated theorem without having to compute explicitly the inverse
map F~!. We show it in this section.

To clarify the notation, we will refer to K, and R, as approximations of the parametrizations
obtained in Proposition 3.2 corresponding to the stable manifold and the restricted dynamics on
it (namely, with R; < 0), and to K; and R;" as the parameterizations of the unstable manifold
and the restricted dynamics inside it (with Ei > 0).

Next, we show that the approximation C;” provided in Proposition 3.2 is an approximation
of a parameterization of a true unstable manifold, K*t, of F, asymptotic to 7¢. Moreover, the
dynamics on K™ can be parameterized by a map R that is also approximated by R,. As in the
stable case, such pairs of maps also satisfy

[/(\‘f‘(t, 0) — IC;:_(I, 0) = (O(t"+1), 0(tn+k), 0(tn+2p_k)),
and

St oy g oy | (OG@*TH,0) if n <k,

R0 R”(t’e)_{(O,O) if n> k.

Assume we have a map of the form (2.1). By Proposition 3.2, there exist approximations X and
R, such that

L =F oK — Ko R = (0", 0"t 1, 0" 2r1y), (6.14)
with
v (t+ R+ O
R, (t,0) _( 0+

and R, > 0, which means that R;} is a repellor in the normal directions of 7. Also, R; is
invertible and we have

el (1 =R+ 0@kt
(R) (t,9>—< K ,

and
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X x—c@ —w)y+clO—w)ar® —w)(x —c(O - a))y)k + A(x, v, 60)
F'y|= y = ar(6 = 0)(x = (¥ — )y)* + B(x.y.6) :
0 0—w—dyO —o)(x —c@ —w)y)? +C(x,y,0)

with A(x,y,0), B(x,y,0) = O, DI + yodlx, »IF Y, and C(x,y,0) =

Ol P + yOdllGe, »IP~H.
Composing by F~! by the left in (6.14) and using Taylor’s Theorem, we get

/C+=F_1O(IC;:'0R2_+QH)

n

(6.15)
=F lo(KfoRN+DF 'o(KFoRD) -G, + 06D,
and then composing by (R,J[)_1 by the right we obtain
FloKh =Kt o (RN = (0("), 021, 0" +2r7hy). (6.16)

There exists a change of variables ¢ that transforms F~! into H := ¢! o F~! o ¢ which is of
the form

x+c(®)y
y+ap@x*+D(x,y,0) |,
0 —w—dy(@)x? +G(x,y,0)

T
SR
Il

where b(x, v, 60) and é(x, v, 0) satisfy the properties (2.3). Note that the map H is of the form
(2.1) (with @ of opposite sign). Moreover, composing by ¢! by the left in (6.16) and using
Taylor’s Theorem as in (6.15), we get

¢—l ° F—l OIC;:— _ ¢—1 OIC; ° (R;ll—)—l — (0(tn+k)’ 0(tn+2k_l), 0(tn+2p—l))’
which is equivalent to
H O(ﬁil OIC; _¢71 O]C: ° (R’T)il — (0(tl1+k)’ O(tl‘l+2k71)’ 0(tn+2p71))'
Hence, H, ¢~ o IC; and (R;})~! are analytic maps that satisfy the hypotheses of Theorem 2.4,
where here the vector of frequencies is —w. Therefore, by Theorem 2.4, there exist a map K™ :

[0, p) x T? - R? x T?, analytic in (0, p) x T<, and an analytic map R : (—p, p) x T¢ —
R x T4 such that

HoKt=KToR™T, (6.17)
and moreover it holds that
K*(t,0)— ¢ 'KCH1, 0) = (00", 0" F), 027k, (6.18)
toon =l oy | (OG@*TH, 00 if n <k,
R™(t,0) —(R,) (t,0) = { 0.0) Y (6.19)

Also, composing by ¢ by the left in (6.17) we have
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FlopoKT=¢poKtoRT,

which means that ¢ o K is a parameterization of a stable manifold of F~!, and the restricted
dynamics on this stable manifold is given by the map R, which, using (6.19), is of the form

ok k+1
RY(1,0) = (’ — Rt" + 0" )>, (6.20)
0—w

with R, > 0.

As a consequence, ¢ o KT is a parameterization of an unstable manifold of F, analytic in
(0, p) x T4, for some p > 0. Moreover, composing by ¢ in (6.18) and using Taylor’s Theorem,
we have

(KT (1,0) — K;F (1,0) = (0" Th, 0" %), 0" T2P7Hy),

that is, ¢ o K T is approximated by the parameterization K, obtained in Proposition 3.2. Denoting
Kt:= ¢ o K™ we recover the notation used at the beginning of the section.
Finally, note that since R represents the restricted dynamics of F~! on the stable manifold
¢ o KT, then (R*)~! represents the restricted dynamics of F on the unstable manifold ¢ o K.
By the form of (6.20) we have
(R (t,0) = (t + Ryt + O(tkﬂ)) :
0+w

with Ez > 0, and hence, finally,

-1 b oo [ (OGFH,0) if n <k,
(RT) (t’g)_Rn(t’Q)_{(o,O) if 0>k,

as we claimed at the beginning of the section. Concretely, we recover the notation given at the
beginning of the section denoting Rt := (RT)~!.
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