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Abstract. In recent years there has been a significant interest in studying the piecewise
differential systems, mainly due to their wide range of applications in modeling natural

phenomena. To understand the dynamics of such systems in the plane is a significant

challenge, particularly when we want to study their periodic orbits and, more specifically,
their limit cycles. Consequently numerous studies have been dedicated to investigate the

existence or non-existence of periodic orbits within continuous and discontinuous piecewise
differential systems. However to the best of our knowledge, this paper is one of the pioneering

works analysing the periodic orbits within a specific class of piecewise differential systems,

the ones exhibiting continuity in one part of the separation line while being discontinuous
in the other part.

Our study analyzes the periodic orbits of the piecewise differential systems formed by

four pieces, having the curve xy = 0 as the separation line, and in each piece there is an
arbitrary linear Hamiltonian system. Moreover we assume that these piecewise differential

systems exhibit continuity along the x-axis while being discontinuous along the y-axis.

1. Introduction and statement of the main results

A dynamical system is any system that changes over time, and ODEs provide a concise
and elegant way to capture this behavior. A dynamical system can be defined a function that
describes the time dependence of a point in an ambient space, such as a parametric curve.
Examples of dynamical systems that can be modeled with ODEs include the oscillation of
a clock pendulum, the flow of water through a pipe, the motion of particles in the air, and
the population dynamics of a lake’s fish species. By modeling these systems with ODEs, we
gain insight into their behavior, which can inform important decisions in fields such as physics,
engineering, and ecology. Therefore, ODEs play a crucial role in the study of dynamical systems
and are essential tools for understanding the behavior of natural phenomena.

Piecewise differential systems in the plane are a particular type of dynamical system that
are defined by different sets of differential equations in different regions of the state space. The
boundary between regions, called the switching or separation line defines the conditions under
which the system switches from one set of equations to another, see for more details [8, 15, 26].
These systems are often used to model complex phenomena that exhibit different behaviors or
dynamics under different conditions, such as ecological systems or mechanical systems subject
to switching or control inputs.
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The study of dynamical systems and piecewise differential systems involves the analysis of
the system’s behavior, stability, and bifurcations. The complexity of these systems often limits
the effectiveness of the analytical methods. Therefore we use qualitative methods to study and
gain a deeper understanding of these systems.

Dynamical systems and in particular piecewise differential systems have numerous applica-
tions in science and engineering, see for instance [1, 4, 5, 13, 16, 21, 24]. Understanding the
principles of these systems can help researchers and engineers gain insight into the behavior of
real-world systems, leading to more effective control and optimization strategies.

While the continuous piecewise differential systems and the discontinuous ones have been
studied intersevely, see for instance [?, 2, 3, 6, 7, 9, 10, 11, 12, 14, 15, 17, 18, 19, 20, 22, 23, 25],
the piecewise differential systems exhibiting continuity in one part of the separation line while
being discontinuous in the other part almost have not been studied.

This paper studies the piecewise differential systems

(1) (ẋ, ẏ) = X(x, y) =





X1(x, y) =
(
−∂H1

∂y , ∂H1

∂x

)
if Q1 = {(x, y) ∈ R2 : x ≥ 0, y ≥ 0},

X2(x, y) =
(
−∂H2

∂y , ∂H2

∂x

)
if Q2 = {(x, y) ∈ R2 : x ≤ 0, y ≥ 0},

X3(x, y) =
(
−∂H3

∂y , ∂H3

∂x

)
if Q3 = {(x, y) ∈ R2 : x ≤ 0, y ≤ 0},

X4(x, y) =
(
−∂H4

∂y , ∂H4

∂x

)
if Q4 = {(x, y) ∈ R2 : x ≥ 0, y ≤ 0},

characterized by a combination of continuity and discontinuity on the separation line xy = 0,
where

H1(x, y) =a0 + a1x+ a2y + a3x
2 + a4xy + a5y

2,

H2(x, y) =b0 + b1x+ b2y + b3x
2 + b4xy + b5y

2,

H3(x, y) =d0 + d1x+ d2y + d3x
2 + d4xy + d5y

2,

H4(x, y) =c0 + c1x+ c2y + c3x
2 + c4xy + c5y

2.

Furthermore we assume that these piecewise differential systems exhibit continuity along the
x-axis while being discontinuous along the y-axis.

The principal outcome of our study can be summarized as follows.

Theorem 1. The continuous-discontinuous piecewise differential systems (1) possess at most
one limit cycle.

2. Proof of Theorem 1

The four linear Hamiltonian systems forming the piecewise differential systems (1) are

ẋ = −a2 − a4x− 2a5y, ẏ = a1 + 2a3x+ a4y, in Q1,
ẋ = −b2 − b4x− 2b5y, ẏ = b1 + 2b3x+ b4y, in Q2,
ẋ = −c2 − c4x− 2c5y, ẏ = c1 + 2c3x+ c4y, in Q3,
ẋ = −d2 − d4x− 2d5y, ẏ = d1 + 2d3x+ d4y, in Q4.

Since these piecewise differential systems are continuous on the x-axis they must verify

ẋQ1 − ẋQ4|y=0 = 0, ẏQ1 − ẏQ4|y=0 = 0, ẋQ2 − ẋQ3|y=0 = 0, ẏQ2 − ẏQ3|y=0 = 0.
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Therefore the following four linear polynomials must vanish

d2 − a2 + (d4 − a4)x = 0, a1 − d1 + 2(a3 − d3)x = 0,
c2 − b2 ++(c4 − b4)x = 0, b1 − c1 + 2(b3 − c3)x = 0,

and consequently we obtain that

a1 = d1, a2 = d2, a3 = d3, a4 = d4, b1 = c1, b2 = c2, b3 = c4, b4 = c4.

Hence the piecewise differential system (1) becomes

ẋ = −a2 − a4x− 2a5y, ẏ = a1 + 2a3x+ a4y, in Q1,
ẋ = −b2 − b4x− 2b5y, ẏ = b1 + 2b3x+ b4y, in Q2,
ẋ = −b2 − b4x− 2c5y, ẏ = b1 + 2b3x+ b4y, in Q3,
ẋ = −a2 − a4x− 2d5y, ẏ = a1 + 2a3x+ a4y, in Q4.

The Hamiltonians of these last Hamiltonian systems are

H1(x, y) = a0 + a1x+ a3x
2 + a2y + a4xy + a5y

2,
H2(x, y) = b0 + b1x+ b3x

2 + b2y + b4xy + b5y
2,

H3(x, y) = c0 + b1x+ b3x
2 + b2y + b4xy + c5y

2,
H4(x, y) = d0 + a1x+ a3x

2 + a2y + a4xy + d5y
2,

respectively.

Now we study the possible limit cycles of these continuous-discontinuous piecewise differen-
tial systems that intersect the positive and negative x and y axes in points of the form (α, 0),
(0, β), (δ, 0) and (0, γ) with α > 0, β > 0, δ < 0 and γ < 0. If such limit cycles exist these four
points must satisfy the following equations

H1(α, 0)−H1(0, β) = 0, H2(0, β)−H2(δ, 0) = 0,
H3(δ, 0)−H3(0, γ) = 0, H4(0, γ)−H4(α, 0) = 0,

i.e. we have

(2)
α2a3 + αa1 − βa2 − β2a5 = 0, β2b5 + βb2 − δb1 − δ2b3 = 0,
δb1 − γb2 + δ2b3 − γ2c5 = 0, −α2a3 − αa1 + γa2 + γ2d5 = 0.

In order to simplify the computations we do the the change of variables α = a2, β = b2,
δ = −c2, and γ = −b2. Then the previous system is transformed as follows

a3a
4 + a1a

2 − a2b
2 − a5b

4 = 0, b5b
4 + b2b

2 + b1c
2 − b3c

4 = 0,
−b1c

2 + b2d
2 + b3c

4 − c5d
4 = 0, −a3a

4 − a1a
2 − a2d

2 + d5d
4 = 0.

From these equations we obtain

a5 =
a4a3 + a2a1

b4
− a2

b2
, b5 =

b3c
4 − b1c

2

b4
− b2

b2
, c5 =

b3c
4 − b1c

2

d4
+

b2
d2

, d5 =
a4a3 + a2a1

d4
+

a2
d2

.

Substituting these expressions into system (2), we obtain the system

α2a3 + αa1 − βa2 − β2(
a4a3 + a2a1

b4
− a2

b2
) = 0,

β2(
b3c

4 − b1c
2

b4
− b2

b2
) + βb2 − δb1 − δ2b3 = 0,

δb1 − γb2 + δ2b3 − γ2(
b3c

4 − b1c
2

d4
+

b2
d2

) = 0,

−α2a3 − αa1 + γa2 + γ2(
a4a3 + a2a1

d4
+

a2
d2

) = 0.
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Doing tedious computations we have solved this algebraic system obtaining the following sets
of solutions, that they have been also verified using algebraic manipulators as maple and
mathematica:

S1 ={α = 0, β = 0, δ = 0, γ = 0},
S2 = {α = 0, β = 0, δ = −b1/b3, γ = 0} ,
S3 = {α = −a1/a3, β = 0, δ = 0, γ = 0} ,
S4 = {α = −a1/a3, β = 0, δ = −b1/b3, γ = 0} ,
S5 =

{
α = a2, β = b2, δ = −c2, γ = −d2

}
,

S6 =
{
α = a2, β = b2, δ = c2 − b1/b3, γ = −d2

}
,

S7 =
{
α = −(a2a3 + a1)/a3, β = b2, δ = −c2, γ = −d2

}
,

S8 =
{
α = −(a2a3 + a1)/a3, β = b2, δ = c2 − b1/b3, γ = −d2

}
,

S9 =
{
α = α1, β = 2b4/(b2 + d2)− b2, δ = δ1, γ = d2(b− d)(b+ d)/(b2 + d2)

}
,

where

α1 = −1
2a3

(
a1 ±

√
4a3(b−d)(b+d)(a4a3(b−d)(b+d)+2a2b2d2)

(b2+d2)2
+ 4a2a1a3(b2−d2)2

(b2+d2)2
+ a21

)
,

δ1 = −1
2b3

(
b1 ±

√
b4((b1−2b3c2)

2+8b2b3d2)+2b2d2(b21+4b1b3c2−4b3(b2d2+b3c4))+d4(b1−2b3c2)
2

(b2+d2)2

)
.

Among the previous sets of solutions, the only ones that satisfy the conditions α > 0, β > 0,
δ < 0, and γ < 0 are S5, S6, S7 and S8. However, it should be noted that these four solutions
can produce at most one limit cycle because they all share the same values for β and γ. This
completes the proof of Theorem 1.
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Figure 1. The limit cycle of the continuous-discontinuous piecewise differential

system (3).
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Now we provide a continuous-discontinuous piecewise differential system, continuous on the
x-axis and discontinuous on the y-axis formed by the following four linear Hamiltonian systems

(3)

ẋ = 2− 27y/2, ẏ = 22x+ 12,
ẋ = 3x− y − 11, ẏ = 10x− 3y − 2,
ẋ = 3x− 38y/3− 11, ẏ = 10x− 3y − 2,
ẋ = 2− 34y/9, ẏ = 22x+ 12,

having the Hamiltonians

H1 =11x2 + 12x+ 27y2/4− 2y,

H2 =5x2 − 3xy − 2x+ y2/2 + 11y,

H3 =5x2 − 3xy − 2x+ 19y2/3 + 11y,

H4 =11x2 + 12x+ 17y2/9− 2y,

respectively. This piecewise differential system possess a unique limit cycle that intersects the
axes at the points (1, 0), (0, 2), (−2, 0), and (0,−3). See figure 1.
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[6] R.D. Euzébio and J. Llibre, On the number of limit cycles in discontinuous piecewise linear differential

systems with two pieces separated by a straight line, J. Math. Anal. Appl. 424:475–486 (2015).
[7] M. Esteban, J. Llibre and C. Valls, The 16th Hilbert problem for discontinuous piecewise isochronous

centers of degree one or two separated by a straight line, Chaos: An Interdisciplinary J. of Nonlinear

Science. 31:043112 17 pp. 2021.
[8] A. Filippov. Differential Equation with Discontinuous Right-Hand Sides. Kluwer Academic, Amsterdam,

1988.

[9] E. Freire, E. Ponce, F. Rodrigo and F. Torres, Bifurcation sets of continuous piecewise linear systems with
two zones, Int. J. Bifurcation and Chaos. 8:2073–2097 (1998).

[10] E. Freire, E. Ponce and F. Torres, A general mechanism to generate three limit cycles in planar Filippov

systems with two zones, Nonlin. Dyn. 78:251–263 (2014).
[11] E. Freire, E. Ponce and F. Torres, Canonical discontinuous planar piecewise linear systems, SIAM J. Appl.

Dyn. Syst. 11:181–211 (2012).
[12] E. Freire, E. Ponce and F. Torres, Limit cycles bifurcating from the periodic orbits of a discontinuous

piecewise linear differentiable center with two zones, Int. J. Bifurcation and Chaos. 25: 1550144, 11 pp

(2015).



6 J. LLIBRE AND T. SALHI

[13] H. Glendinning and M.R. Jeffrey, An introduction to piecewise smooth dynamics, Springer, 2019..

[14] S.M. Huan and X.S. Yang, Limit cycles in a family of planar piecewise linear differential systems with a
nonregular line, Int. J. Bifurcation and Chaos. 29:1950109-1-22 (2019).

[15] R. Leine and D. Van Campen. Bifurcation phenomena in non-smooth dynamical systems. European Journal

of Mechanics-A/Solids, 25(4):595–616, 2006.
[16] R.I. Leine and H. Nijmeijer. Dynamics and bifurcations of non-smooth mechanical systems, volume 18.

Springer Science & Business Media, 2013.

[17] J. Llibre, D.D. Novaes and M.A. Teixeira, Maximum number of limit cycles for certain piecewise linear
dynamical systems, Nonlin. Dyn. 82:1159–1175 (2015).

[18] J. Llibre and M.A. Teixeira, Piecewise linear differential systems with only centers can create limit cycles?,

Nonlinear Dynam. 91:249–255 (2018).
[19] J. Llibre, M.A. Teixeira and J. Torregrosa, Lower bounds for the maximum number of limit cycles of

discontinuous piecewise linear differential systems with a straight line of separation, Int. J. Bifurcation and
Chaos. 23:1350066 10 pp (2013).

[20] J. Llibre and X. Zhang, Limit cycles for discontinuous planar piecewise linear differential systems separated

by one straight line and having a center, J. Math. Anal. Appl. 467:537–549 (2018).
[21] O. Makarenkov and J.S.W. Lamb, Dynamics and bifurcations of nonsmooth systems: a survey, Phys. D.

241:1826–1844 (2012).

[22] D.D. Novaes and E. Ponce, A simple solution to the Braga–Mello conjecture, Int. J. Bifurcation and Chaos.
25:1550009 7 pp (2015).

[23] E. Ponce, J. Ros and E. Vela, Bifurcations in continuous piecewise linear differential systems, Springer,

2022.
[24] D.J.W. Simpson, Bifurcations in piecewise-smooth continuous systems. World Scientific Series on Nonlinear

Science A. World Scientific, Singapore vol. 69 2010.

[25] Q. Zhao, C. Wang and J. Yu, Limit Cycles in discontinuous planar piecewise linear systems separated by
a nonregular line of center–center type, Int. J. Bifurcation and Chaos. 23, 2150136, 17 pp (2021).

[26] Z.T. Zhusubaliyev and E. Mosekilde. Bifurcations and chaos in piecewise-smooth dynamical systems, vol-
ume 44. World Scientific, 2003.
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