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Abstract. We study planar discontinuous piecewise differential systems formed

by three linear Hamiltonian saddles separated by the non-regular line Σ =
{(x, y) ∈ R2 : (y = 0) ∨ (x = 0 ∧ y ≥ 0)}. We prove that when the linear

Hamiltonian saddles are homogeneous they have no limit cycles, and when

they are non homogeneous they can have at most three limit cycles having
exactly one point on each branch of Σ, and at most one limit cycle having four

intersection points on Σ. Moreover we show that they can have at most one

limit cycle having four intersection points on Σ and three limit cycles having
three intersection points on Σ, simultaneously. Thus we have solved the exten-

sion of the 16th Hilbert problem to this class of piecewise differential systems.

Furthermore we show that for the three types of combination of the limit cycles
here studied in two of them the upper bound are sharp by providing examples

of these systems with the maximum number of possible limit cycles. For the

remaining type of limit cycles the upper bound is four and we have examples
with three limit cycles. So at this moment is an open problem to know if the

sharp upper bound is four or three.

1. Introduction and statement of the main results

Discontinuous piecewise differential systems in the plane R2 formed by linear
differential systems appeared in a natural way studying some mechanical systems,
see the pioneering book [1]. Later on these kind of differential systems allowed to
study several electrical circuits and many other natural phenomena, see for instance
the books [5,23], the survey [21], and the paper [24]. These differential systems also
play a main role in the control theory, see for example the books [2, 9, 12,13].

The dynamics of the discontinuous piecewise differential systems started to be
well defined in the book [6].

One of the main objects in the qualitative theory of planar differential systems
are the limit cycles. We recall that a limit cycle is an isolated periodic orbit in the
set of all orbits of a given differential system.

We remark that, in general, it is not easy to provide an explicit upper bound for
the maximum number of limit cycles in a given class of differential systems, and
even harder is to prove that this bound is reached. Thus the famous 16th Hilbert
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problem, stated in 1900, which asks for an upper bound for the maximum number
of limit cycles that the planar polynomial differential systems of a given degree can
exhibit remains open, see [10].

It is well known that a linear differential system has no limit cycles, because
when a linear differential system has a periodic orbit this is not isolated. But the
discontinuous piecewise differential systems formed by linear differential systems
can have two kinds of limit cycles, the crossing limit cycles which are the limit
cycles which only contain isolated points of the line of discontinuity which separate
the distinct linear differential systems, and the sliding limit cycles which contains
arcs of the line of discontinuity, for more details on these two classes of limit cycles
see for instance [8].

The crossing limit cycles, due to their importance in the study of the dynam-
ics of the discontinuous piecewise differential systems formed by linear differential
systems, have been studied intensively in the present century. Being far to be
exhaustive see for instance [3, 4, 7, 11,14–18].

A linear Hamiltonian system having a saddle will be called simply a linear Hamil-
tonian saddle.

In this paper we study the crossing limit cycles of the planar discontinuous
piecewise differential systems formed by three linear Hamiltonian saddles separated
by the non-regular line

Σ = {(x, y) ∈ R2 : (y = 0) ∨ (x = 0 ∧ y ≥ 0)}.
The three components of R2 \ Σ are the positive or first quadrant

R1 = {(x, y) ∈ R2 : x > 0 ∧ y > 0},
the second quadrant

R2 = {(x, y) ∈ R2 : x < 0 ∧ y > 0}
and the half-plane

R3 = {(x, y) ∈ R2 : y < 0}.

We denote by class C1 the class of crossing limit cycles intersecting in a unique
point each branch of Σ, and by C2 the class of crossing limit cycles intersecting Σ
in four points. Our main result is the following.

Theorem 1. The maximum number of crossing limit cycles of the discontinuous
piecewise differential systems separated by the line Σ and formed by three linear
Hamiltonian saddles is

(a) three of type C1 and this upper bound is reached. Moreover we also provide
examples of such systems with 1, or 2 crossing limit cycles of type C1.

(b) one of type C2 and this upper bound is reached.

(c) three of type C1 and one of type C2. We provide an example of these systems
with one crossing limit cycle of type C1 and one or two crossing limit cycles
of type C2, simultaneously. Moreover we give one of the systems satisfying
all the conditions for having one limit cycle of type C2 and three limit cycles
of type C1, but this system has no such four limit cycles.
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The proof of Theorem 1 is given in section 2.

Statement (c) shows that our method for obtaining the upper bound on the
number of simultaneous limit cycles of type C1 and C2 cannot the improved. That
is at most one limit cycle of type C2 and three limiy cycles of type C1 is the upper
bound, but we also have examples with one limit cycle of type C2 and two limit
cycles of type C1.

Note that Theorem 1 solves the extension of the 16th Hilbert problem for the
class of discontinuous piecewise differential systems separated by the line Σ and
formed by three linear Hamiltonian saddles. The 16th Hilbert problem for the class
of discontinuous piecewise differential systems separated by the line Σ and formed
by three linear centers was solved in [20]. As far as the authors know these two
papers are among the very few papers where the extension of the 16th Hilbert
problem for discontinuous piecewise differential systems has been proved.

Proposition 2. Discontinuous piecewise differential systems formed by homoge-
neous linear Hamiltonian saddles and separated by the line Σ have neither limit
cycles of type C1, nor limit cycles of type C2.

The proof of the proposition is given in section 3.

2. Proof of Theorem 1

The following lemma provides a normal form for an arbitrary linear differential
system having a Hamiltonian saddle.

Lemma 1. A linear differential system having a Hamiltonian saddle can be written
as

ẋ = −Ax− δy +B, ẏ = αx+Ay + C,(1)

with α ∈ {0, 1}, A,B,C ∈ R. If α = 1 then δ = A2 − ω with ω > 0, and if α = 0
then A = 1. Moreover, a first integral of system (1) is

H = −α2

2
x2 −Axy − δ

2
y2 − Cx+By.

For a proof of Lemma 1 see Proposition 1 of [19].

We prove each statement of Theorem 1 separately.

Proof of statement (a) of Theorem 1. Assume that we have a discontinuous piece-
wise differential system formed by three linear Hamiltonian saddles separated by
the line Σ. By Lemma 1 we can write such a discontinuous piecewise differential
system as

ẋ = −A1x− δ1y +B1, ẏ = α1x+A1y + C1 in R1,

ẋ = −A2x− δ2y +B2, ẏ = α2x+A2y + C2 in R2,

ẋ = −A3x− δ3y +B3, ẏ = α3x+A3y + C3 in R3.

(2)
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The linear Hamiltonian saddles in R1, R2 and R3 have the first integrals

H1 =− α2
1

2
x2 −A1xy −

δ1
2
y2 − C1x+B1y,

H2 =− α2
2

2
x2 −A2xy −

δ2
2
y2 − C2x+B2y,

H3 =− α2
3

2
x2 −A3xy −

δ3
2
y2 − C3x+B3y,

(3)

respectively.

Assume that this discontinuous piecewise differential system has some crossing
limit cycle of type C1, with the points intersecting Σ being (u1, 0) with u1 > 0,
(0, v1) with v1 > 0 and (u2, 0) with u2 < 0. Then the first integrals given in (3)
must satisfy the following system

e1 = H1(u1, 0)−H1(0, v1) = 0,

e2 = H2(0, v1)−H2(u2, 0) = 0,

e3 = H3(u2, 0)−H3(u1, 0) = 0,

(4)

or equivalently

e1 = δ1v
2
1 − 2B1v1 − α2

1u
2
1 − 2C1u1 = 0,

e2 = α2
2u

2
2 + 2C2u2 − δ2v

2
1 + 2B2v1 = 0,

e3 = (u1 − u2)
(
α2
3u1 + α2

3u2 + 2C3

)
= 0.

(5)

Since u1 − u2 > 0, by Bezout Theorem (see [22]), system (5) has at most four real
solutions. So the discontinuous piecewise differential system (2) can have at most
four crossing limit cycles.

If α3 = 0 it follows from Lemma 1 that A3 = 1 and equation e3 = 0 reduces to
C3 = 0. Therefore system e1 = e2 = 0 leads to a continuum of solutions, because
we have two equations and three unknowns u1, u2, v1. Consequently system (2) has
no limit cycles in this case. Hence, from Lemma 1 we can assume that α3 = 1 and
A2

3 = δ3 + ω, ω > 0.

From the third equation of system (5) we obtain

(6) u2 = −u1 − 2C3.

Substituting u2 in the first and second equations of (5) we obtain

E1 = δ1v
2
1 − 2B1v1 − α2

1u
2
1 − 2C1u1 = 0,

E2 = −δ2v
2
1 + 2B2v1 + α2

2u
2
1 +

(
4α2

2C3 − 2C2

)
u1 + 4C3(α

2
2C3 − C2) = 0.

(7)

We consider the following cases.

Case 1: α1 = α2 = 0. Then by Lemma 1 A1 = A2 = 1, and using the resultant
between E1, E2 with respect to the variable u1 we get the polynomial

1

2
(C2δ1 + C1δ2)v

2
1 − (B2C1 +B1C2)v1 +

2C1C2C3

α2
3

= 0.

So in this case the discontinuous piecewise differential system (2) can have at most
two crossing limit cycles, and statement (a) is proved in this case.
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Case 2: α1 = α2 = 1. Then by Lemma 1 A2
1 = δ1 + ω, A2

2 = δ2 + ω, ω > 0, and
system (7) becomes

E1 = δ1v
2
1 − 2B1v1 − u2

1 − 2C1u1 = 0,

E2 = −δ2v
2
1 + 2B2v1 + u2

1 + (4C3 − 2C2)u1 + 4C3(C3 − C2) = 0.
(8)

Note that if C3 = 0, system (8) has the solution (u1, v1) = (0, 0) which cannot
contribute to a limit cycle, and so in this case, system (5) can have at most three
solutions that can provide limit cycles for system (2), proving statement (a) when
C3 = 0 in Case 2.

From now on in this case we assume that C3 ̸= 0 and we will study system (8)
considering the following subcases.

Subcase 2.1: δ1 = δ2 = 0. Then system (8) reduces to

E1 = −2B1v1 − u2
1 − 2C1u1 = 0,

E2 = 2B2v1 + u2
1 + (4C3 − 2C2)u1 + 4C3(C3 − C2) = 0.

(9)

To compute the common zeroes of E1 = E2 = 0 we will compute the resultant of
E1 and E2 respect to the variable u1, that is, R1 = Res(E1, E2, v1). This resultant
is

R1 = u2
1(B2 −B1) + 2u1(B1C2 − 2B1C3 +B2C1) + 4B1C3(C2 − C3) = 0.

Then at most there are two positive solutions of R1 = 0. Therefore there are at
most two positive solutions of E1 = E2 = 0, and so at most two crossing limit
cycles for system (2) in this subcase.

Subcase 2.2: δ1 = 0 and δ2 ̸= 0. System (8) becomes

E1 = −u2
1 − 2C1u1 − 2B1v1 = 0,

E2 = u2
1 + (4C3 − 2C2)u1 + 4C3(C3 − C2)− δ2v

2
1 + 2B2v1 = 0.

(10)

By Bezout Theorem there are at most four positive solutions (ui
1, v

i
1) for i =

1, 2, 3, 4 of system (10) with ui
1 and vi1 positive. We observe that although there

can be four possible admissible solutions we will prove that there are at most three.
Note that these admissible solutions must satisfy

(11) 0 < u1
1 < u2

1 < u3
1 and 0 < v11 < v21 < v31 ,

otherwise the solutions of system (2) connecting the points (ui, 0) and (0, vi) in the
region R1 would intersect, which contradicts the Uniqueness Theorem of solutions
of an ordinary differential equation with a given initial value.

We observe that if B1 = 0, the first equation of (10) has at most one positive
solution and therefore, from the second equation of (10) there are at most two
solutions.

If B1 ̸= 0 the first equation of (10) is a parabola, and we can write it as

(12) (u1 + C1)
2 = −2B1

(
v1 −

C2
1

2B1

)
.

Note that the axis of symmetry of this parabola is parallel to the v1-axis.
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The second equation of (10) for δ2 > 0 can be written as

(13) (u1 + 2C3 − C2)
2 −

(√
δ2v1 −

B2√
δ2

)2

= C2
2 − B2

2

δ2
= h,

which is a hyperbola with its two axes of symmetry parallel to the coordinates axes
if h ̸= 0, and two straight lines intersecting in a point with two axes of symmetry
parallel to the coordinates axes if h = 0. The second equation of (10) for δ2 < 0
can be written as

(14) (u1 + 2C3 − C2)
2
+

(√
−δ2v1 −

B2√
−δ2

)2

= C2
2 − B2

2

δ2
= r,

which is an ellipse again with its two axes of symmetry parallel to the coordinates
axes if r > 0, a point if r = 0 and the empty set if r < 0.

If the hyperbola (13) or the ellipse (14) intersects the piece of the parabola (12)
contained in the positive quadrant of the plane (u1, v1) in four points, (ui

1, v
i
1) for

i = 1, 2, 3, 4, since the axis of symmetry of the parabola is parallel to the v1-axis,
the axes of symmetry of the hyperbola, or of the two straight lines intersecting
in a point, or of the ellipse have its two axes of symmetry parallel to the axes of
coordinates, two points of the intersection are in the increasing part of the parabola
and the other two points are in the decreasing part of the parabola. The coordinates
of these four points satisfy 0 < u1

1 < u2
1 < u3

1 < u4
1, but they cannot satisfy

0 < v11 < v21 < v31 < v41 . Hence at most the mentioned intersection can have three
points, and the statement (a) holds in this case.

Subcase 2.3: δ1 ̸= 0 and δ2 = 0. The proof is analogous to the previous case.

Subcase 2.4: δ1 ̸= 0 and δ2 ̸= 0. Then the first equation of (8) if δ1 > 0 can be
written as

(15)

(√
δ1v1 −

B1√
δ1

)2

− (u1 + C1)
2 =

B2
1

δ1
− C2

1 = k,

which is a hyperbola if k ̸= 0, and two straight lines intersecting in a point if k = 0.
The first equation of (8) if δ1 < 0 can be written as

(16) −
(√

−δ1v1 −
B1√
−δ1

)2

− (u1 + C1)
2 =

B2
1

δ1
− C2

1 = s,

which is an ellipse if s < 0, a point if s = 0 and the empty-set if s > 0.

Note that the hyperbola, or the two straight lines intersecting in a point (15),
and the ellipse (16) have their axes of symmetry parallel to the coordinate axes.
Consequently when they intersect in four points, (ui

1, v
i
1) for i = 1, 2, 3, 4 with

second equation E2 = 0 in (8) their coordinates can never verify the conditions
0 < u1

1 < u2
1 < u3

1 < u4
1 and 0 < v11 < v21 < v31 < v41 simultaneously. So statement

(a) is proved in this case.

Case 3: α1 = 0 and α2 = 1. Then system (7) becomes

E1 = δ1v
2
1 − 2B1v1 − 2C1u1 = 0,

E2 = −δ2v
2
1 + 2B2v1 + α2

2u
2
1 +

(
4α2

2C3 − 2C2

)
u1 + 4C3(α

2
2C3 − C2) = 0.

(17)

If δ1 = 0 equation E1 = 0 is an straight line, and by Bezout Theorem the system
E1 = E2 = 0 has at most two points of intersection.
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If δ1 ̸= 0 equation E1 = 0 defines a parabola, and the proof of statement (a) in
this case follows as in subcase 2.2.

Case 4: α1 = 1 and α2 = 0. The proof is the same than in case 3.

In order to complete the proof of statement (a) we provide now examples of such
systems with 1, 2, or 3 crossing limit cycles of type C1.

First we provide an example with one crossing limit cycle intersecting in a unique
point in each branch of Σ. In this case we consider the discontinuous piecewise
differential system formed by the following three linear Hamiltonian saddles

ẋ = −x− 7y +
5

3
, ẏ = y + 1 in R1,

ẋ = −x− 4y +
1

3
, ẏ = y − 10 in R2,

ẋ = −6x− 35y + 30, ẏ = x+ 6y − 2 in R3,

(18)

with the first integrals

H1(x, y) = −xy − x− 7y2

2
+

5y

3
,

H2(x, y) = −xy + 10x− 2y2 +
y

3
,

H3(x, y) = −x2

2
− 6xy + 2x− 35y2

2
+ 30y,

respectively.

Taking into account that we are only interested in the solutions (u1, v1, u2) of
system (4) with u1 > 0, v1 > 0 and u2 < 0, the unique good solution of system (4)
is (u1, v1, u2) = (4.33276.., 1.37591..,−0.332762..) which provides the crossing limit
cycle of Figure 1 which is traveled in counterclockwise sense.

- 1 1 2 3 4

0.5

1.0

1.5

Figure 1: The unique crossing limit cycle of the discontinuous piecewise differential
system formed by the linear Hamiltonian saddles (18). This limit cycle is traveled
in counterclockwise sense.
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The next example will have two limit cycles intersecting in one point each branch
of Σ. We consider the discontinuous piecewise differential system formed by the
following three linear Hamiltonian saddles

ẋ = −3.39116..x− 21y

2
+

25

4
, ẏ = x+ 3.39116..y + 8, in R1,

ẋ = −3.51188..x− 34y

3
− 5

3
, ẏ = x+ 3.51188..y − 12, in R2,

ẋ = 3y + 30, ẏ = x+
1

2
, in R3,

(19)

with the first integrals

H1(x, y) = −x2

2
− 3.39116..xy − 8x− 21y2

4
+

25y

4
,

H2(x, y) = −x2

2
− 3.51188..xy + 12x− 17y2

3
− 5y

3
,

H3(x, y)−
x2

2
− x

2
+

3y2

2
+ 30y.

Taking into account that we are only interested in the solutions (u1, v1, u2) with
u1 > 0, v1 > 0 and u2 < 0, the unique eligible two solutions of the system (4) are

(u1
1, v

1
1 , u

1
2) = (1, 2,−2), (u2

1, v
2
1 , u

2
2) = (3, 3,−4)

which provide the two crossing limit cycles of Figure 2 which are traveled in coun-
terclockwise sense.

- 4 - 2 2

0.5

1.0

1.5

2.0

2.5

3.0

Figure 2: The two crossing limit cycles of the discontinuous piecewise differential
system formed by the linear Hamiltonian saddles (19). These limit cycles are trav-
eled in counterclockwise sense.

Now we construct a system having three limit cycles, intersecting in three points
on each branch of Σ. We consider the linear differential systems

ẋ = −3.9988..x− 11.9904..y + 2.86091.., ẏ = x+ 3.9988..y + 0.633453.., in R1,

ẋ = 3.58474..x− 11.8504..y + 2.58228.., ẏ = x− 3.58474..y − 0.483858.., in R2,

ẋ = −4x− 2.5y + 3, ẏ = x+ 4y + 0.1, in R3,

(20)
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with first integrales

H1(x, y) = −x2

2
− 3.9988..xy − 0.633453..x− 5.9952..y2 + 2.86091..y,

H2(x, y) = −x2

2
+ 3.58474..xy + 0.483858..x− 5.9252..y2 + 2.58228..y,

H3(x, y) = −x2

2
− 4xy − 0.1x− 1.25y2 + 3y.

Taking into account that we are only interested in the solutions (u1, v1, u2) of
system (4) with u1 > 0, v1 > 0 and u2 < 0, the unique eligible three solutions of
system (4) are

(u1
1, v

1
1 , u

1
2) = (0.1, 0.5,−0.3), (u2

1, v
2
1 , u

2
2) = (0.5, 0.6,−0.7),

(u3
1, v

3
1 , u

3
2) = (0.8, 0.68,−1),

which provide the three crossing limit cycles of Figure 3 which are traveled in
counterclockwise sense.

This completes the proof of statement (a) of Theorem 1. □

- 1.0 - 0.5 0.5

- 0.2

0.2

0.4

0.6

Figure 3: The three crossing limit cycles of the discontinuous piecewise differential
system formed by saddles (20). These limit cycles are traveled in counterclockwise.

Proof of statement (b) of Theorem 1. Assume that we have a discontinuous piece-
wise differential system formed by three linear Hamiltonian saddles and separated
by the line Σ. These linear Hamiltonian saddles in R1, R2 and R3 have the first
integrals H1, H2 and H3 described in (3). Assume also that this discontinuous
piecewise differential system has a crossing limit cycle of type C2. The intersec-
tion points of this crossing limit cycle with Σ can only be of the following two
forms: either (x1, 0), (x2, 0), (0, y1) and (0, y2) with 0 < y1 < y2, 0 < x1 < x2; or
x2 < x1 < 0. We assume the first case, the proof of the second is similar. In order
that these four points correspond to the intersection points of a limit cycle with Σ,
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they must satisfy the following system

e1 = H1(x2, 0)−H1(0, y2) = 0,

e2 = H2(0, y2)−H2(0, y1) = 0,

e3 = H1(0, y1)−H1(x1, 0) = 0,

e4 = H3(x1, 0)−H3(x2, 0) = 0,

(21)

or equivalently,

e1 = δ1y
2
2 − 2B1y2 − α2

1x
2
2 − 2C1x2 = 0,

e2 = (y1 − y2)(2B2 − δ2y1 − δ2y2) = 0,

e3 = α2
1x

2
1 + 2C1x1 − δ1y

2
1 + 2B1y1 = 0,

e4 = (x1 − x2)(2C3 + α2
3x1 + α2

3x2) = 0.

(22)

Observe first that if α3 = 0 or δ2 = 0, then system e1 = e3 = 0 leads to a contin-
uum of solutions, because we have two equations and four unknowns x1, x2, y1, y2.
Consequently, system (2) has no limit cycles. So in what follows we take δ2 ̸= 0
and α3 = 1. From equations e2 = 0 and e4 = 0, we isolate y2 and x2, and we obtain

(23) y2 = −y1 +
2B2

δ2
, x2 = −x1 − 2C3.

Substituting (23) into e1 and summing up the expressions of e1 and e3, we get

e13 =

(
y1 −

B2

δ2

)(
B1 −

B2δ1
δ2

)
+ (x1 + C3)(C1 − α2

1C3) = 0.

Hence to solve system (22) is equivalent to solve the system

e13 = 0 and e3 = 0.

According δ1 and α1 we have the following situations:
1) If δ1 = 0 and α1 = 0 we get

(24) e13 = B1

(
y1 −

B2

δ2

)
+ C1(x1 + C3) = 0, e3 = C1x1 +B1y1 = 0.

Then by Bezout’s Theorem the system has a real solution. So, the system (2) has
no limit cycle of type C2.

2) If δ1 ̸= 0 and α1 = 0 we have
(25)

L :

(
y1 −

B2

δ2

)(
B1 −

B2δ1
δ2

)
+(x1+C3)C1 = 0, P : −δ1y

2
1+2B1y1+2C1x1 = 0.

3) If δ1 > 0 and α1 = 1 we have

(26) L : e13 = 0, H : (x1 + C1)
2 −

(√
δ1y1 −

B1√
δ1

)2

= C2
1 − B2

1

δ1
= r.

4) If δ1 = 0 and α1 = 1 we obtain
(27)

L : B1

(
y1 −

B2

δ2

)
+ (x1 +C3)(C1 −C3) = 0, P : (x1 +C1)

2 = −2B1

(
y1 −

C2
1

2B1

)
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5) If δ1 < 0 and α1 = 1 we have

(28) L : e13 = 0, E : (x1 + C1)
2
+

(√
−δ1y1 −

B1√
−δ1

)2

= C2
1 − B2

1

δ1
= s.

By Bezout’s Theorem the system (25) or (26) or (27) or (28) has at most two
solutions, that is, there are at most one limit cycle of type C2. This proves the
statement (b).

In order to complete the proof of statement (b) we provide an example with one
limit cycle of type C2.

Now we will give an example having a saddle in each of the regions R1, R2 and
R3 that has exactly one limit cycle, which intersect the set Σ in four points. We
consider the discontinuous piecewise linear differential systems

ẋ = −0.4x− 0.135135..y + 0.5, ẏ = x+ 0.4y − 1.39189.., in R1,

ẋ = −5x− 0.727273..y + 4, ẏ = x+ 5y − 50, in R2,

ẋ = −0.1x− 0.005y + 4, ẏ = x+ 0.1y − 2, in R3,

(29)

with first integrales

H1(x, y) = −0.5x2 − 0.4xy + 1.39189..x− 0.0675676..y2 + 0.5y,

H2(x, y) = −0.5x2 − 5xy + 50x− 0.363636..y2 + 4y,

H3(x, y) = −0.5x2 − 0.1xy + 2x− 0.0025..y2 + 4y.

Taking into account that we are only interested in the solutions of system (21) of
the form (x1, y1, x2, y2) satisfying 0 < x1 < x2 and 0 < y1 < y2, the unique eligible
solution of system (21) is (x1, y1, x2, y2) = (1, 3, 3, 8) which provides the limit cycle
of Figure 4, which is traveled in counterclockwise sense.

This completes the proof of statement (b) of the Theorem 1. □

0.5 1.0 1.5 2.0 2.5 3.0

2

4

6

8

Figure 4: The unique crossing limit cycle of the discontinuous piecewise differential
system formed by saddles (29). This limit cycle is traveled in counterclockwise.

Proof of statement (c) of Theorem 1. The upper bound of the simultaneous limit
cycles of three of type C1 and one of type C2 follows directly from the statements
(a) and (b).
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We provide an example of a discontinuous piecewise differential system having
one crossing limit cycle of type C2 and one or two crossing limit cycle of type C1,
simultaneously. Later on, we give one of the systems satisfying all the conditions
for having one limit cycle of type C2 and three limit cycles of type C1, but this
system has no such four limit cycles.

For the first case we consider the discontinuous piecewise differential system
formed by the following three linear Hamiltonian saddles

ẋ = −1.5x− 0.85y + 1.45, ẏ = x+ 1.5y − 2.3, in R1,

ẋ = 2x− 0.5625y + 0.84375, ẏ = x− 2y − 2, in R2,

ẋ = 6x− 4y + 4, ẏ = x− 6y − 2.25, in R3,

(30)

with first integrals

H1(x, y) = −0.5x2 − 1.5xy + 2.3x− 0.425y2 + 1.45y,

H2(x, y) = −0.5x2 + 2xy + 2x− 0.28125y2 + 0.84375y,

H3(x, y) = −0.5x2 + 6xy + 2.25x− 2y2 + 4y.

Then system (22) is equivalent to system

e1 = −x2
2 + 4.6x2 + 0.85y22 − 2.9y2 = 0,

e2 = 0.5625y1 + 0.5625y2 − 1.6875 = 0,

e3 = x2
1 − 4.6x1 − 0.85y21 + 2.9y1 = 0,

e4 = −x1 − x2 + 4.5 = 0,

and system (5) becomes

e5 = −u2
1 + 4.6u1 + 0.85v21 − 2.9v1 = 0,

e6 = u2
2 − 4u2 − 0.5625v21 + 1.6875v1 = 0,

e7 = u1 + u2 − 4.5 = 0.

Taking into account that we are only interested in the solutions (x1, y1, x2, y2)
with x2 > x1 > 0, y2 > y1 > 0, the unique solution of system e1 = 0, e2 =
0, e3 = 0, e4 = 0 is (x1, y1, x2, y2) = (0.5, 1, 4, 2), and the unique solution of system
e5 = 0, e6 = 0, e7 = 0 satisfying u1 > 0, v1 > 0, u2 < 0 is (u1, v1, u2) = (5, 4,−0.5).
So we obtain the two crossing limit cycles of Figure (5), one of type C1 and the
other of type C2. They are both travelled in counterclockwise sense.

For the second case we consider the discontinuous piecewise differential system
formed by the following three linear Hamiltonian saddles

ẋ = −x− 0.764706y + 1.73529, ẏ = x+ y − 2.44118, in R1,

ẋ = 4x− 0.559089y + 1.39772, ẏ = x− 4y − 1.17727, in R2,

ẋ = 3x− 4y + 10, ẏ = x− 3y − 2.5, in R3,

(31)

with first integrales

H1(x, y) = −0.5x2 − xy + 2.44118x− 0.382353y2 + 1.73529y,

H2(x, y) = −0.5x2 + 4xy + 1.17727x− 0.279544y2 + 1.39772y,

H3(x, y) = −0.5x2 + 3xy + 2.5x− 2y2 + 10y.
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1 2 3 4 5

1

2

3

4

Figure 5: Two crossing limit cycles: one of type C1 and one of type C2 of the
discontinuous piecewise differential system formed by saddles (30). These limit
cycles are traveled in counterclockwise.

Then system (22) is equivalent to system

e1 = −x2
2 + 4.88235x2 + 0.764706y22 − 3.47059y2 = 0,

e2 = 0.559089y1 + 0.559089y2 − 2.79544 = 0,

e3 = x2
1 − 4.88235x1 − 0.764706y21 + 3.47059y1 = 0,

e4 = −x1 − x2 + 5 = 0,

and system (5) becomes

e5 = −u2
1 + 4.88235u1 + 0.764706v21 − 3.47059v1 = 0,

e6 = u2
2 − 2.35453u2 − 0.559089v21 + 2.79544v1 = 0,

e7 = u1 + u2 − 5 = 0.

Taking into account that we are only interested in the solutions (x1, y1, x2, y2) with
x2 > x1 > 0, y2 > y1 > 0, the unique solution of system e1 = 0, e2 = 0, e3 = 0, e4 =
0 is (x1, y1, x2, y2) = (1, 2, 4, 3), and the solutions of system e5 = 0, e6 = 0, e7 = 0
satisfying u1 > 0, v1 > 0, u2 < 0 are (u1

1, v
1
1 , u

1
2) = (6, 6,−1) and (u2

1, v
2
1 , u

2
2) =

(8, 8.41454,−3). So we obtain the three crossing limit cycles of Figure 6, one of
type C2 and two of type C1. They are both travelled in counterclockwise sense.

Now we use the notations given in the proofs of statements (a) and (b). First
we assume that system (22) has a limit cycle intersecting Σ in four points, and
without loss of generality, we can further assume that two of these four points
are located on the positive x-axis. The solution of (22) providing the limit cycle
intersecting Σ in four points is (x1, 0), (x2, 0), (0, y1) and (0, y2) with 0 < x1 < x2

and 0 < y1 < y2. Next, we are going to study the system (22) from a geometrical
point of view according the parameters.

We consider the case α1 = 1 and δ1 > 0 we observe that system (26) has a
limit cycle intersecting Σ in the four points if L intersects H in the two points
P1 = (x1, y1) and P2 = (x2, y2). Note that the second equation of (26) has the two
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- 2 2 4 6 8

2

4

6

8

Figure 6: Three crossing limit cycles: one of type C2 and two of type C1 of the
discontinuous piecewise differential system formed by saddles (31). These limit
cycles are traveled in counterclockwise.

asymptotes,

L1 : x1 +
√

δ1y1 + C1 −
B1√
δ1

= 0,

L2 : x1 −
√

δ1y1 + C1 +
B1√
δ1

= 0,

(32)

which intersect in IH =
(
−C1,

B1

δ1

)
. The restrictions 0 < x1 < x2 and 0 < y1 < y2

together with (23) forces that

(33) 0 < x1 < −C3 < x2, 0 < y1 <
B2

δ2
< y2.

Note that IL =
(
−C3,

B2

δ2

)
is a point of the line L in (26). It follows from (33) that

the straight line L must have positive slope, i.e.,

(34)
δ2(C3 − C1)

δ2B1 − δ1B2
> 0.

We assume without loss of generality that the hyperbola H is of left-right type and
that the P1 and P2 are located on the left branch of Hl with the slope of L larger
than L2.

Assume that there exists a discontinuous piecewise differential system separated
by the line Σ and formed by three linear Hamiltonian saddles and having one limit
cycle of type C2 and three limit cycles of type C1 satisfying equations (22) and (8),
respectively. Using the previous notation for the coordinates of the intersection
points of these limit cycles with the line Σ, these coordinates must satisfy

(35) 0 < x1 < x2 < u1
1 < u2

1 < u3
1 and 0 < y1 < y2 < v11 < v21 < v31 ,

where Qi = (ui
1, v

i
1) for i = 1, 2, 3 are the coordinates associated to the intersection

points of the three limit cycles of type C1.
Next, we prove that systems (8) and (22) have a solution satisfying the conditions

(35), but that the closed orbits of these solutions only define one limit cycle of type
C1.
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We assume the existence of one limit cycle of type C1 intersecting Σ in three
points (u1, 0), (0, v1) and (u2, 0) with u1 > 0, v1 > 0 and u2 < 0. We point out
that under the condition (6) we must have the restriction

(36) u1 > −2C3.

In this case we observe that the first equation of (8) is the same than the third
equation of (22), whose form has already been analyzed. Now we consider the
second equation of (8) which is a hyperbola in the variables u1 and v1, denoted by
H1 having the asymptotes

L1
H1

: u1 +
√

δ2v1 + 2C3 − C2 −
B2√
δ2

= 0,

L2
H1

: u1 −
√
δ2v1 + 2C3 − C2 +

B2√
δ2

= 0,

(37)

which intersect at the point IH1
=

(
C2 − 2C3,

B2

δ2

)
. Observe that if there is a limit

cycle of type C1 it cuts the negative x-axis. Therefore the region bounded by this
limit cycle must contain the limit cycle of type C2 in its interior.

To study the maximum number of limit cycles of system (8) of type C1 provided
the existence of a limit cycle of type C2, is equivalent to find the maximum number
of intersection points of the hyperbolas H and H1, whose coordinates must satisfy
(35).

Knowing that L intersects H in the two points P1 and P2 (of the limit cycle of
type C2). Note that since IH1 has the same horizontal coordinate as IL, in order
that there exist at most three points Qi that satisfies (35), we must have that
IL ≺ IH1

, i.e. the second coordinate of the point IL is smaller than the second
coordinate of the point IH1

(when C2 > C3), or IH1
≺ IL (when C2 < C3), and the

points Qi are located above the horizontal line y = B2/δ2. Moreover these points
must satisfy

(38) P1 ≺ P2 ≺ Q1 ≺ Q2 ≺ Q3.

From the existence of P1 and P2 we have that they can be located both on the
left branch Hl. In this case we can have that the hyperbola H1 is of left-right type
or of upper-down type and that there is at most three intersection points Q1, Q2

and Q3 of H1 with H which satisfy (35), see Figure (7).

Now we provide an example of a discontinuous differential system formed by the
following three linear Hamiltonian saddles

ẋ = −1.64317x− 1.7y + 7.5, ẏ = x+ 1.64317y − 6.4, in R1,

ẋ = 2.54951x− 5.5y + 1.9, ẏ = x− 2.54951y − 4.9, in R2,

ẋ = −3x− 4y + 40, ẏ = x+ 3y − 0.4, in R3.

(39)

Then L, H and H1 defined in (26) and (8) are the following

L : 30.25(−6.4(x1 − 0.4) + 0.4x1 + 7.5y1 − 0.16)− 10.45(1.7y1 + 7.5) + 6.137 = 0,

H : x2
1 − 12.8x1 − 1.7y21 + 15.y1 = 0,

H1 : (u1 − 0.8)2 + 9.8(u1 − 0.8)− 5.5v21 + 3.8v1 = 0.
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Figure 7: Relative positions of the hyperbola H of (26) with the hyperbola H1 of
(8) and the three possible intersection points Q1, Q2 and Q3.

It follows from the previous proof that the intersection points of L and H are
P1 = (0.140234.., 0.119987..) and P2 = (0.659766.., 0.570922..), while thatH andH1

intersect in three points Q1 = (0.802264.., 0.696702..), Q2 = (2.33881.., 2.15977..)
and Q3 = (9.82011.., 5.91185..). These coordinates satisfy the condition (35), and
the solutions of the system (26) and (8) are the following

(x1, y1, x2, y2) = (0.140234.., 0.119987.., 0.659766.., 0.570922..),

(u1
1, v

1
1 , u

1
2) = (0.802264.., 0.696702..,−0.0022644..),

(u2
1, v

2
1 , u

2
2) = (2.33881.., 2.15977..,−1.53881..),

(u3
1, v

3
1 , u

3
2) = (9.82011.., 5.91185..,−9.02011..).

But only the last one defines a limit cycle travelled counterclockwise sense.

This completes the proof of statement (c) of Theorem 1. □
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3. Proof of Proposition 2

Assume that we have a discontinuous piecewise differential system homogeneous
formed by three linear Hamiltonian saddles and separated by the set Σ. By Lemma
1 with B = C = 0, we can write such a discontinuous piecewise linear differential
system as

ẋ = −A1x− δ1y, ẏ = α1x+A1y in R1,

ẋ = −A2x− δ2y, ẏ = α2x+A2y in R2,

ẋ = −A3x− δ3y, ẏ = α3x+A3y in R3.

(40)

The linear Hamiltonian saddles in R1, R2 and R3 have the first integrals

H1 =− α2
1

2
x2 −A1xy −

δ1
2
y2,

H2 =− α2
2

2
x2 −A2xy −

δ2
2
y2,

H3 =− α2
3

2
x2 −A3xy −

δ3
2
y2,

(41)

respectively. Assume that this discontinuous piecewise differential system has a
crossing limit cycle of type C1 and let (x1, 0) with x1 > 0, (0, y1) with y1 > 0 and
(x2, 0) with x2 < 0 be the three points intersecting Σ (one in each branch). Then
the following system must hold

e1 = H1(x1, 0)−H1(0, y1) = 0,

e2 = H2(0, y1)−H2(x2, 0) = 0,

e3 = H3(x2, 0)−H3(x1, 0) = 0,

(42)

or equivalently

e1 = δ1y
2
1 − α2

1x
2
1 = 0,

e2 = α2
2x

2
2 − δ2y

2
1 = 0,

e3 = α2
3x1 + α2

3x2 = 0.

(43)

If system (43) has not a continuum of solutions, then it has only the solution
(x1, y1, x2) = (0, 0, 0), and so system (42) can not have limit cycles of class C1.

On the other hand, we can assume that the discontinuous piecewise differential
system (40) has a crossing limit cycle of type C2 and let (x1, 0), (x2, 0), (0, y1) and
(0, y2) with x2 > x1 > 0 and y2 > y1 > 0, they must satisfy the following system

e1 = H1(x2, 0)−H1(0, y2) = 0,

e2 = H2(0, y2)−H2(0, y1) = 0,

e3 = H1(0, y1)−H1(x1, 0) = 0,

e4 = H3(x1, 0)−H3(x2, 0) = 0,

(44)

or equivalently

e1 = −α2
1x

2
2 + δ1y

2
2 = 0,

e2 = δ2(y1 + y2) = 0,

e3 = α2
1x

2
1 − δ1y

2
1 = 0,

e4 = α2
3(x1 + x2) = 0.

(45)
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Note that if δ2 = 0 and α3 = 0, then system e1 = e3 = 0 has a continuum of
solutions and system (40) has no limit cycles. So from e2 = 0 and e4 = 0 we obtain
that

x2 = −x1, y2 = −y1.

But observe that in this case system (45) has no solution such that x2 > x1 > 0
and y2 > y1 > 0. So system (40) can not have limit cycles of type C2.

This completes the proof of the proposition.
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