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A B S T R A C T

For 𝑁 ≥ 3, we show the existence of symmetric periodic orbits of very large radii in the elliptic three-
dimensional restricted (𝑁 + 1)-body problem when the 𝑁 primaries have equal masses and are arranged in a
𝑁-gon central configuration. These periodic orbits are close to very large circular Keplerian orbits lying nearly
a plane perpendicular to that of the primaries. They exist for a discrete sequence of values of the mean motion,
no matter the value of the eccentricity of the primaries.
1. Introduction

The study of the motion of a system of particles is a subject of great
interest, among other things, due to many applications in several phys-
ical and chemical systems, and even more so in the three-dimensional
case. A particular example is the restricted (𝑁+ 1)-body problem, where
one body is considered to have infinitesimal mass and the other 𝑁
bodies, called primaries, follows a solution of the 𝑁-body problem.
This model for instance can be used to describe the dynamics of many
situations in the Solar System, such that the motion of an artificial
satellite or the motion of asteroids.

In the case of non-integrable dynamical systems, the only solutions
that can be known for all time are those of a periodic or asymptotic
nature. A classical tool in order to show the existence of periodic orbits
in a non-integrable systems is the well-known Poincare’s continuation
method, where the implicit function theorem is applied to solve a
system of equations with a small parameter.

In [1] the authors show the existence of some symmetric periodic
solutions of the elliptic three-dimensional restricted three-body prob-
lem when the primaries are of equal mass, and without any restriction
imposed on the eccentricity. The solutions found are slightly perturbed
circular Keplerian orbits lying in a plane perpendicular to that of the
primaries, with very large semiaxes, and the inverse of the semiaxis
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itself is taken as the small parameter used in the continuation. In [2],
the same authors remove the restriction that the primaries have equal
mass and consider any possible value of the mass parameter, with the
result that a new degeneracy appears in the system due to the loss of
a symmetry. These two papers together cover what would correspond
to the case 𝑁 = 2 of the results in the present paper; note nevertheless
that the arguments that we provide here require 𝑁 ≥ 3 and therefore,
in a strict sense, we do not obtain a generalization of their results.

After that, in [3] a double averaging procedure was used to search
for periodic solutions that are not necessarily perturbed circular Kep-
lerian orbits, but have any eccentricity. However, periodic orbits were
only proved to exist in the truncated doubly-reduced system, and their
persistence in the original system would require further study.

Besides, periodic orbits in restricted (𝑁 + 1)-body problems have
already been studied for the circular case in [4–8].

We will adapt the previous results to the case where 𝑁 primaries
with equal masses are located at the vertices of a regular 𝑁-gon and
move in elliptic orbits in the same plane, for 𝑁 ≥ 3. Our approach
follows closely what was done in [2]. Note that, like in that paper,
here we search for periodic orbits located approximately in a plane
perpendicular to the 𝑞1𝑞2-plane where the primaries are located. This
is convenient to do, since polar orbits make it easier to address the
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problem of the precession of the line of nodes (i.e., the line where
he orbital plane of the infinitesimal mass and the 𝑞1𝑞2-plane of the
rimaries intersect). Essentially, the fact that the orbits of the primaries
re elliptical and not circular causes a slow rotation of the orbital plane
of the infinitesimal mass) around the vertical axis 𝑞3. This hinders the
earch for periodic orbits, since a whole turn of the precession would be
equired for the orbit to return to the original position. The precession
s minimal for orbits near polar ones, and can hopefully be compensated
ith the variation of the orbital plane due to the perturbation.

The work is structured as follows: first we introduce the equations
of motion of the elliptic three-dimensional restricted (𝑁 + 1)-body
problem, and introduce a small parameter that is roughly the inverse
of the distance to the primaries. Then a new difficulty shows up due to
the fast motion of the primaries: the equations are no longer analytic
when the parameter is equal to zero, which precludes the use of the
standard implicit function theorem. This difficulty is readily overcome
in Section 3.4 by resorting to Arenstorf’s version of that theorem [9],
where weaker assumptions on differentiability are needed. This turns
out to be fundamental in the proof of the result. In Section 4 doubly-
ymmetric periodic orbits in the case of even 𝑁 are also established.
inally we discuss in Section 5 the extension of the present results when

the 𝑁 primaries follow other homographic solutions of the 𝑁-body
roblem.

2. The elliptic three-dimensional restricted (N+1)-body problem

The elliptic three-dimensional restricted (𝑁 + 1)-body problem de-
scribes the motion in R3 of a body of infinitesimal mass under the
Newtonian gravitational field created by 𝑁 bodies called primaries.

e will consider the case where there are at least three primaries;
.e., 𝑁 ≥ 3.

In our study, the primaries are supposed to be arranged in a 𝑁-gon
entral configuration and move in elliptic orbits, all of them contained

in the same plane, around their center of mass which remains fixed at
he origin. The primaries have the same mass 𝑀 , and the elliptic orbits

have the same eccentricity 𝜂 ∈ [0, 1) and the same semi-major axis 𝑎.
The equations of motion of the elliptic three-dimensional restricted

𝑁 + 1)-body problem can be derived from the non-autonomous Hamil-
tonian

(𝑡,𝐪,𝐩) = 1
2
‖𝐩‖2 − 1

𝑁

𝑁
∑

𝑘=1

1
𝑅𝑘(𝑡,𝐪)

, (1)

where 𝐪 = (𝑞1, 𝑞2, 𝑞3) and 𝐩 = (𝑝1, 𝑝2, 𝑝3) are, respectively, the position
nd momentum of the infinitesimal mass and 𝑅𝑘, 𝑘 = 1,… , 𝑁 , are the

distances from the infinitesimal mass to each of the 𝑁 primaries, which
move in the 𝑞1𝑞2-plane. Notice that a normalization of time, distance
and masses is applied in such a way that 𝑎 = 1 and 𝐺 𝑀 = 1∕𝑁 , where
𝐺 is the gravitational constant. In these units, the period of the elliptic
orbits of the primaries is 2𝜋.

Letting 𝐮𝑘(𝑡) denote the position of the 𝑘th primary at time 𝑡, we
ave that

𝐮𝑘(𝑡) = (𝜌 cos (𝜑 + 2 ((𝑘 − 1)∕𝑁)𝜋) , 𝜌 sin (𝜑 + 2 ((𝑘 − 1)∕𝑁)𝜋) , 0) , (2)

and then
(

𝑅𝑘(𝑡,𝐪)
)2 = ‖

‖

𝐪 − 𝐮𝑘(𝑡)‖‖
2

=
(

𝑞1 − 𝜌 cos (𝜑 + 2 ((𝑘 − 1)∕𝑁)𝜋)
)2

+
(

𝑞2 − 𝜌 sin (𝜑 + 2 ((𝑘 − 1)∕𝑁)𝜋)
)2 + 𝑞23 ,

where 𝜌 = 𝜌(𝑡) and 𝜑 = 𝜑(𝑡) are defined through the expressions
(see [10, p. 195 and p. 203]):

𝜌 =
1 − 𝜂2

1 + 𝜂 cos𝜑
, (3)

⎧

⎪

⎨

𝑑 𝜑
𝑑 𝑡 =

(1 + 𝜂 cos𝜑)2
(

1 − 𝜂2
)3∕2

,
(4)
⎪

⎩
𝜑(0) = 0.

2 
Lemma 1. The function 𝜑 has the following properties:
(a) The maximal domain of definition of 𝜑 is R.
(b) 𝜑∶R → R is bijective.
(c) 𝜑(−𝑡) = −𝜑(𝑡), ∀𝑡 ∈ R.
(d) For any 𝜅 ∈ Z, we have that 𝜑(𝑡 + 𝜅 𝜋) = 𝜑(𝑡) + 𝜅 𝜋, ∀𝑡 ∈ R.

Note that in particular, taking 𝜅 = 2 in (d), we have that 𝜑(𝑡+ 2𝜋) =
(𝑡) + 2𝜋, ∀𝑡 ∈ R. It is then immediate to see that Hamiltonian (1) is

2𝜋-periodic in the time variable 𝑡.
Our aim is to show the existence of periodic solutions using a

discrete symmetry, in a similar way that, for instance, in [11].
Next lemma shows that the equations of motion are invariant by

a symmetry. In essence, it is a consequence of the primaries being
rranged in the 𝑞1𝑞2-plane in a configuration (the regular 𝑁-gon) which
s symmetric with respect to the 𝑞1-axis.

Lemma 2. The equations of motion of the elliptic three-dimensional
restricted (𝑁 + 1)-body problem are invariant by the symmetry
𝑆 ∶ (𝑡, 𝑞1, 𝑞2, 𝑞3, 𝑝1, 𝑝2, 𝑝3) ↦ (−𝑡, 𝑞1,−𝑞2,−𝑞3,−𝑝1, 𝑝2, 𝑝3) . (5)

Proof. First, using that 𝜑(−𝑡) = −𝜑(𝑡) (see (c) of Lemma 1), we have
that

cos
(

𝜑(−𝑡) + 2
(𝑘 − 1

𝑁

)

𝜋
)

= cos
(

−𝜑(𝑡) + 2
(𝑘 − 1

𝑁

)

𝜋
)

=

= cos
(

𝜑(𝑡) + 2
(

𝑁 − (𝑘 − 1)
𝑁

)

𝜋
)

= cos
(

𝜑(𝑡) + 2
(

(𝑁 − 𝑘 + 2) − 1
𝑁

)

𝜋
)

,

and similarly,

sin
(

𝜑(−𝑡) + 2
(𝑘 − 1

𝑁

)

𝜋
)

= sin
(

−𝜑(𝑡) + 2
(𝑘 − 1

𝑁

)

𝜋
)

=

= − sin
(

𝜑(𝑡) + 2
(

𝑁 − (𝑘 − 1)
𝑁

)

𝜋
)

= − sin
(

𝜑(𝑡) + 2
(

(𝑁 − 𝑘 + 2) − 1
𝑁

)

𝜋
)

.

Then, taking into account that 𝜌(−𝑡) = 𝜌(𝑡), we obtain that 𝑅𝑘◦𝑆 =
𝑓 (𝑘), where

𝑓 ∶ {1,… , 𝑁} → {1,… , 𝑁}

𝑓 (𝑘) =
{

1, if 𝑘 = 1,
𝑁 − 𝑘 + 2, otherwise.

Note that 𝑓 is a bijection. Therefore ∑𝑁
𝑘=1

1
𝑅𝑘

=
∑𝑁

𝑘=1
1

𝑅𝑘◦𝑆
, and ◦𝑆 =

. From here it is immediate to check that the equations of motions
are invariant by the symmetry 𝑆. □

Due to this symmetry, and taking into account the Uniqueness
Theorem for Ordinary Differential Equations, we have the following
esult.

Proposition 1. Let (𝐪(𝑡),𝐩(𝑡)) = (𝑞1(𝑡), 𝑞2(𝑡), 𝑞3(𝑡), 𝑝1(𝑡), 𝑝2(𝑡), 𝑝3(𝑡)) be a
olution of the equations of motion for the infinitesimal mass, and 𝜑(𝑡)
 solution of (4). If, for a certain 𝑇 ∈ R+, the following conditions are
atisfied:

• 𝑞2(0) = 0, 𝑞3(0) = 0, 𝑝1(0) = 0, 𝜑(0) = 0.
• 𝑞2(𝑇 ∕2) = 0, 𝑞3(𝑇 ∕2) = 0, 𝑝1(𝑇 ∕2) = 0, 𝜑(𝑇 ∕2) = 𝜅 𝜋, for some
𝜅 ∈ N.

Then (𝐪(𝑡),𝐩(𝑡)) is a symmetric periodic solution of period 𝑇 .

Remark 1. Note that in order to have 𝜑(𝑇 ∕2) = 𝜅 𝜋 we must necessarily
take 𝑇 = 2𝜅 𝜋 (see (b) and (d) of Lemma 1).
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2.1. Scaling of the spatial variables

If the infinitesimal body moves far away from the primaries, in a so-
called comet-like orbit, its trajectory will be close to a Keplerian orbit,
although in the limit the orbit would be of infinite radius. We can then
take a suitable system of units in which the infinitesimal body is at
distance one from the origin and the 𝑁 primaries are very close to one
another. In this situation, the semi-major axis of the primaries is chosen
as the small parameter. When it takes very small values, the orbit
of the infinitesimal mass tends to a Keplerian circular orbit of radius
one; moreover, the perturbation originates a very fast periodic forcing,
which has as a consequence a loss of differentiability. We introduce a
small parameter 𝜀 > 0 and scale the variables by:

̃ = 𝜀2𝐪 , 𝐩̃ = 𝜀−1𝐩 . (6)

This is a symplectic transformation with multiplier 𝜀; i.e., d𝐪̃∧ d𝐩̃ =
𝜀 d𝐪 ∧ d𝐩. Thus, Hamiltonian (𝑡,𝐪,𝐩) in (1) becomes

̃ (𝑡, 𝐪̃, 𝐩̃; 𝜀) = 𝜀(𝑡, 𝜀−2𝐪̃, 𝜀 𝐩̃) = 𝜀

(

1
2
‖

‖

‖

𝜀 𝐩̃2‖‖
‖

− 1
𝑁

𝑁
∑

𝑘=1

1
𝑅𝑘(𝑡, 𝜀−2𝐪̃)

)

= 𝜀3
(

1
2
‖

‖

‖

𝐩̃2‖‖
‖

− 1
𝑁

𝑁
∑

𝑘=1

1
𝑅𝑘(𝑡, 𝐪̃)

)

,

(7)

where 𝑅𝑘(𝑡, 𝐪̃) ∶= 𝜀2𝑅𝑘(𝑡, 𝜀−2𝐪̃) = ‖

‖

‖

𝐪̃ − 𝜀2 𝐮𝑘(𝑡)
‖

‖

‖

and 𝐮𝑘 is given in (2).

2.2. Expansion in terms of Legendre polynomials

Using Proposition 5 in Appendix A, we expand each 1∕𝑅𝑘 in (7) in
terms of Legendre polynomials, arriving at:

1
𝑅𝑘(𝑡, 𝐪̃)

= 1
‖

‖

𝐪̃ − 𝜀2 𝐮𝑘(𝑡)‖‖
=

∞
∑

𝑗=0

‖

‖

‖

𝜀2 𝐮𝑘(𝑡)
‖

‖

‖

𝑗

‖𝐪̃‖𝑗+1
𝐿𝑗 (cos(𝛼𝑘))

=
∞
∑

𝑗=0

𝜀2𝑗𝜌𝑗

‖𝐪̃‖𝑗+1
𝐿𝑗 (cos(𝛼𝑘)) ,

where 𝛼𝑘 is the angle between the infinitesimal body and the 𝑘th
primary, which satisfies:

cos(𝛼𝑘) =
⟨ 𝐪̃, 𝜀2 𝐮𝑘(𝑡) ⟩
‖𝐪̃‖ ‖

‖

𝜀2 𝐮𝑘(𝑡)‖‖

=
𝑞1 𝜀2𝜌 cos

(

𝜑 + 2
(

𝑘−1
𝑁

)

𝜋
)

+ 𝑞2 𝜀2𝜌 sin
(

𝜑 + 2
(

𝑘−1
𝑁

)

𝜋
)

‖𝐪̃‖ 𝜀2𝜌

=
𝑞1 cos

(

𝜑 + 2
(

𝑘−1
𝑁

)

𝜋
)

+ 𝑞2 sin
(

𝜑 + 2
(

𝑘−1
𝑁

)

𝜋
)

‖𝐪̃‖
.

(8)

We now add together the terms in the 𝑗th position of the Legendre
expansions, and define:

̃0(𝑡, 𝐪̃, 𝐩̃; 𝜀) ∶= 𝜀3
(

1
2
‖

‖

‖

𝐩̃2‖‖
‖

− 1
𝑁

𝑁
∑

𝑘=1

𝜀2⋅0𝜌0

‖𝐪̃‖0+1
𝐿0(cos(𝛼𝑘))

)

= 𝜀3
(

1
2
‖

‖

‖

𝐩̃2‖‖
‖

− 1
‖𝐪̃‖

)

,

̃𝑗 (𝑡, 𝐪̃, 𝐩̃; 𝜀) ∶= 𝜀3
(

− 1
𝑁

𝑁
∑

𝑘=1

𝜀2𝑗𝜌𝑗

‖𝐪̃‖𝑗+1
𝐿𝑗 (cos(𝛼𝑘))

)

= 𝜀3+2𝑗
(

− 1
𝑁

𝜌𝑗

‖𝐪̃‖𝑗+1

𝑁
∑

𝑘=1
𝐿𝑗 (cos(𝛼𝑘))

)

, for 𝑗 ≥ 1.

It is then clear that we can express Hamiltonian ̃ in (7) in the form

̃ (𝑡, 𝐪̃, 𝐩̃; 𝜀) =
∞
∑

𝑗=0
𝜀3+2𝑗 H̃𝑗 (𝑡, 𝐪̃, 𝐩̃) , (9)

Expressions for the first terms in (9) are given in the next proposi-
ion.
3 
Proposition 2. The functions H̃0, H̃1 and H̃2 are given by:
H̃0(𝐪̃, 𝐩̃) = 1

2
‖

‖

‖

𝐩̃2‖‖
‖

− 1
‖𝐪̃‖

,

H̃1 = 0 ,

̃2(𝑡, 𝐪̃, 𝐩̃) = −1
2
𝜌2 1

‖

‖

𝐪̃3‖
‖

(

3
2

(

𝑞21 + 𝑞22
)

‖

‖

𝐪̃2‖
‖

− 1
)

.

(10)

Proof. The expression for H̃0 was already obtained.
For H̃1, taking into account that 𝐿1(𝑥) = 𝑥, we get:

H̃1(𝑡, 𝐪̃, 𝐩̃) = − 1
𝑁

𝜌
‖

‖

𝐪̃2‖
‖

𝑁
∑

𝑘=1
cos(𝛼𝑘).

Then, from (8) and Lemma 5 in Appendix B, we obtain that
∑𝑁

𝑘=1 cos(𝛼𝑘) = 0.
In order to get the expression for H̃2, we first compute:

𝑁
∑

𝑘=1
cos2(𝛼𝑘) =

𝑞21
‖

‖

𝐪̃2‖
‖

𝑁
∑

𝑘=1
cos2

(

𝜑 + 2
(𝑘 − 1

𝑁

)

𝜋
)

+
𝑞22

‖

‖

𝐪̃2‖
‖

𝑁
∑

𝑘=1
sin2

(

𝜑 + 2
(𝑘 − 1

𝑁

)

𝜋
)

+

+
2 𝑞1 𝑞2
‖

‖

𝐪̃2‖
‖

𝑁
∑

𝑘=1
cos

(

𝜑 + 2
(𝑘 − 1

𝑁

)

𝜋
)

sin
(

𝜑 + 2
(𝑘 − 1

𝑁

)

𝜋
)

=
𝑞21

‖

‖

𝐪̃2‖
‖

𝑁
2

+
𝑞22

‖

‖

𝐪̃2‖
‖

𝑁
2

= 𝑁
2

(

𝑞21 + 𝑞22
)

‖

‖

𝐪̃2‖
‖

,

where for the penultimate equality we have used identities (B.4), (B.5)
and (B.6) of Lemma 6 in Appendix B. Notice that the used identities do
ot work when 𝑁 = 2. In conclusion, recalling that 𝐿2(𝑥) = 1

2 (3𝑥
2 − 1),

we obtain:

H̃2(𝑡, 𝐪̃, 𝐩̃) = − 1
𝑁

𝜌2
‖

‖

𝐪̃3‖
‖

𝑁
∑

𝑘=1

1
2
(

3 cos2(𝛼𝑘) − 1)

= − 1
𝑁

𝜌2
‖

‖

𝐪̃3‖
‖

1
2

(

−𝑁 + 3
𝑁
∑

𝑘=1
cos2(𝛼𝑘)

)

= − 1
𝑁

𝜌2
‖

‖

𝐪̃3‖
‖

1
2

(

−𝑁 + 3 𝑁
2

(

𝑞21 + 𝑞22
)

‖

‖

𝐪̃2‖
‖

)

= − 𝜌2
‖

‖

𝐪̃3‖
‖

1
2

(

−1 + 3
2

(

𝑞21 + 𝑞22
)

‖

‖

𝐪̃2‖
‖

)

. □

Remark 2. The function H0(𝐪̃, 𝐩̃) is the Hamiltonian of the Kepler prob-
lem and therefore Hamiltonian (9) can be seen as a small perturbation
f the Kepler problem.

3. Continuation of symmetric periodic orbits

In this section we show that circular orbits of the unperturbed
Kepler problem can be continued to symmetric periodic orbits of the
lliptic three-dimensional restricted (𝑁 + 1)-body problem for small

values of 𝜀.

3.1. Poincaré-Delaunay variables

According to Remark 2, Hamiltonian ̃ can be seen as a per-
turbed Kepler problem, and therefore it is convenient to use Poincaré–
Delaunay variables. The change of variables from (𝐪̃, 𝐩̃) to the new
set of variables, which we denote by (𝐐,𝐏) = (𝑄1, 𝑄2, 𝑄3, 𝑃1, 𝑃2, 𝑃3),
an be expressed in a abbreviated manner by resorting to a series of
agnitudes of the unperturbed Kepler problem; namely,

𝑄1 = 𝑙 + 𝑔 , 𝑃1 = 𝐿 ,
𝑄2 = −

√

2(𝐿 − 𝐺) sin(𝑔) , 𝑃2 =
√

2(𝐿 − 𝐺) cos(𝑔) , (11)
𝑄3 = 𝜉 , 𝑃3 = 𝐺 cos(𝑖) ,
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where 𝑎 = 𝑎(𝐪̃, 𝐩̃) is the semi-major axis of the infinitesimal body,
= 𝐺(𝐪̃, 𝐩̃) its angular momentum, 𝑖 = 𝑖(𝐪̃, 𝐩̃) the inclination of its

orbital plane to the 𝑞1𝑞2-plane, 𝑙 = 𝑙(𝐪̃, 𝐩̃) the mean anomaly, 𝑔 = 𝑔(𝐪̃, 𝐩̃)
the argument of periapsis and 𝜉 = 𝜉(𝐪̃, 𝐩̃) the longitude of the ascending
node; moreover, 𝐿 ∶=

√

𝑎. The eccentricity of the infinitesimal body is
given by 𝑒 =

√

1 − 𝐺2∕𝐿2 .
We emphasize that the quantities in the previous paragraph refer

to magnitudes of the infinitesimal body in the unperturbed Kepler
roblem. For example, the angular momentum 𝐺 is simply given by
he formula 𝐺 = ‖𝐪̃‖ × 𝐩̃.

The new variables (𝑄1, 𝑄2, 𝑄3, 𝑃1, 𝑃2, 𝑃3) are defined on a neighbor-
ood of the direct circular Keplerian orbits, which occur at 𝐿 = 𝐺, or
quivalently, at 𝑄2 = 0, 𝑃2 = 0. If 𝑃3 = 0 the orbit lies in a plane
erpendicular to the 𝑞1𝑞2-plane.

In the new variables defined in (11), the periodicity conditions given
in Proposition 1 state that at time 𝑡 = 0 we must have

𝑄1(0) = 0 mod 𝜋 , 𝑄2(0) = 0 , 𝑄3(0) = 0 mod 𝜋 , 𝜑(0) = 0 , (12)

and at time 𝑡 = 𝑇 ∕2

𝑄1(𝑇 ∕2) = 0 mod 𝜋 , 𝑄2(𝑇 ∕2) = 0 , 𝑄3(𝑇 ∕2) = 0 mod 𝜋 , 𝜑(𝑇 ∕2) = 𝜅 𝜋 .
(13)

The condition 𝑄2 = 0 implies that either 𝑔 = 0 mod 𝜋 or 𝐿 = 𝐺, so
that the infinitesimal body is on an elliptic orbit with its periapsis on
the 𝑞1-axis or on a circular orbit.

Moreover, the change of variables in (11) is symplectic, and Hamil-
tonian ̃ in (9) becomes

H(𝑡,𝐐,𝐏; 𝜀) =
∞
∑

𝑗=0
𝜀3+2𝑗 H𝑗 (𝑡,𝐐,𝐏)

= 𝜀3H0(𝐐,𝐏) + 𝜀7H2(𝑡,𝐐,𝐏) + 𝜀9H𝑅(𝑡,𝐐,𝐏; 𝜀) ,

(14)

where

H𝑅(𝑡,𝐐,𝐏; 𝜀) ∶= 1
𝜀9

∞
∑

𝑗=3
𝜀3+2𝑗 H𝑗 (𝑡,𝐐,𝐏) ,

H0(𝐐,𝐏) = − 1
2𝑃 2

1

,

H2(𝑡,𝐐,𝐏) = −1
2
𝜌2 1

𝑟3

(

3
2
𝑃 2
3

𝐺2
− 1

)

,

𝑟 = 𝑟(𝐐,𝐏) being the distance of the infinitesimal body to the origin, and
= 𝐺(𝐐,𝐏) its angular momentum. Here we have taken into account

(10), and in particular, for the expression of H2, we have used that
(

𝑞21 + 𝑞22
)

‖

‖

𝐪̃2‖
‖

=
‖

‖

(𝑞1, 𝑞2, 0)‖‖2
‖

‖

𝐪̃2‖
‖

= cos2(𝑖) =
𝑃 2
3

𝐺2
.

Notice that the expression for H2(𝑡,𝐐,𝐏) is different from the one
n [2].

3.2. Lie transform

We aim to find a symplectic transformation that removes the time-
ependent component in H2.

More specifically, the function H2(𝑡,𝐐,𝐏) is 2𝜋-periodic in 𝑡 and can
be expanded as a Fourier series:

H2(𝑡,𝐐,𝐏) = −1
2
1
𝑟3

(

3
2
𝑃 2
3

𝐺2
− 1

) ∞
∑

𝜈=−∞
𝑎𝜈 (𝐐,𝐏) e𝑖𝜈 𝑡 ,

where

𝑎𝜈 (𝐐,𝐏) ∶= 1
2𝜋 ∫

𝜋

−𝜋
(𝜌(𝑡))2 e−𝑖𝜈 𝑡 d𝑡 .

In particular

𝑎0 =
1 𝜋

(𝜌(𝑡))2 d𝑡 = 1 𝜋 ( 1 − 𝜂2
)2

d𝑡

2𝜋 ∫−𝜋 2𝜋 ∫−𝜋 1 + 𝜂 cos(𝜑) i

4 
= 1
2𝜋 ∫

𝜋

−𝜋

(

1 − 𝜂2

1 + 𝜂 cos(𝜑)

)2 (

1 − 𝜂2
)3∕2

(1 + 𝜂 cos(𝜑))2
d𝜑

= 1
2𝜋 ∫

𝜋

−𝜋

(

1 − 𝜂2
)7∕2

(1 + 𝜂 cos(𝜑))4
d𝜑 = 3

2
𝜂2 + 1 .

Remark 3. In fact, in the end we will only need that 𝑎0 does not
vanish for any value of the eccentricity 𝜂 ∈ [0, 1[ , which can be already
deduced from its definition as the integral of a strictly positive function,
without calculating its explicit expression.

Note also that 𝑎0 does not depend on (𝐐,𝐏), only on the parameter
𝜂, again in contrast to the one in [2].

We are going to find the suitable symplectic transformation using
he Lie transform method. First, given two functions 𝐻 = 𝐻(𝑡,𝐐,𝐏)
nd 𝐹 = 𝐹 (𝑡,𝐐,𝐏), their Poisson bracket is defined as

{𝐻 , 𝐹 } =
3
∑

𝜘=1

(

𝜕 𝐻
𝜕 𝑄𝜘

𝜕 𝐹
𝜕 𝑃𝜘

− 𝜕 𝐻
𝜕 𝑃𝜘

𝜕 𝐹
𝜕 𝑄𝜘

)

− 𝜕 𝐹
𝜕 𝑡 . (15)

Let 𝛷𝑠
𝐹 be the time 𝑠 map of the Hamiltonian vector field associated

to 𝐹 . Applying the corresponding Lie transform to the Hamiltonian H

in (14), we obtain

H◦𝛷1
𝐹 = H + {H, 𝐹 } + ∫

1

0
(1 − 𝑠){{H, 𝐹 }, 𝐹 }◦𝛷𝑠

𝐹 d𝑠. (16)

Let 𝐹 = 𝐹 (𝑡,𝐐,𝐏) be such that

𝜕 𝐹
𝜕 𝑡 = 𝜀7

(

1
2
1
𝑟3

(

3
2
𝑃 2
3

𝐺2
− 1

)

𝑎0 + H2

)

.

Notice that such 𝐹 is (𝜀7). Then, taking into account (15), (16)
and using the same letters 𝐐,𝐏 for the new variables, applying the
transformation given by 𝛷1

𝐹 we arrive at a new Hamiltonian

𝐾(𝑡,𝐐,𝐏; 𝜀) = 𝜀3𝐾0(𝐐,𝐏) + 𝜀7𝐾2(𝐐,𝐏) + 𝜀9𝐾𝑅(𝑡,𝐐,𝐏; 𝜀) ,

where

𝐾0(𝐐,𝐏) = H0(𝐐,𝐏) = − 1
2𝑃 2

1

,

2(𝐐,𝐏) = −1
2
1
𝑟3

(

3
2
𝑃 2
3

𝐺2
− 1

)

𝑎0 .

Thus the new Hamiltonian 𝐾 does not depend on time up to order
𝜀9.

We now scale the time variable by 𝜏 = 𝜀3 𝑡, obtaining a new
Hamiltonian K(𝜏 ,𝐐,𝐏; 𝜀) = 𝜀−3 𝐾(𝜀−3𝜏 ,𝐐,𝐏; 𝜀) of the form

K(𝜏 ,𝐐,𝐏; 𝜀) = K0(𝐐,𝐏) + 𝜀4K1(𝐐,𝐏) + 𝜀6K𝑅(𝜏 ,𝐐,𝐏; 𝜀) , (17)

where

K0(𝐐,𝐏) = − 1
2𝑃 2

1

, (18)

K1(𝐐,𝐏) = −1
2
1
𝑟3

(

3
2
𝑃 2
3

𝐺2
− 1

)

𝑎0 , (19)

K𝑅(𝜏 ,𝐐,𝐏; 𝜀) = 𝐾𝑅(𝜀−3𝜏 ,𝐐,𝐏; 𝜀) . (20)

From now on we will work with 𝜏 as the new time variable and we
ill continue using the notation 𝐐̇(𝜏) ∶= d𝐐(𝜏)

d𝜏 , 𝐏̇(𝜏) ∶= d𝐏(𝜏)
d𝜏 .

3.3. Approximation of solutions of the perturbed system

The function K𝑅(𝜏 ,𝐐,𝐏; 𝜀) given in (20) is bounded by a constant
ndependent of 𝜀, since the term 𝜀−3𝜏 only appears in the argument of
rigonometric functions. Note that 𝜀6K𝑅 is continuous at 𝜀 = 0, but K𝑅
s not so because, as 𝜀 goes to zero, the frequency of the oscillations
ends to infinity. Moreover, the loss of differentiability with respect to
at 𝜀 = 0 prevents the use of expansions in power series in 𝜀, and

nstead we are going to apply the results in Appendix C.
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Let us denote 𝐳 = (𝐐,𝐏), then the equations of motion derived from
the 2𝜋 𝜀3-periodic Hamiltonian (17) can be written as

̇ = 0(𝐳) + 𝜀4 1(𝐳) + 𝜀6 𝑅(𝜏 , 𝐳; 𝜀) , (21)

where

0(𝐳) =
(

𝑃−3
1 , 0, 0, 0, 0, 0

)

,

1(𝐳) =
(

𝜕K1
𝜕 𝑃1

,
𝜕K1
𝜕 𝑃2

,
𝜕K1
𝜕 𝑃3

,−
𝜕K1
𝜕 𝑄1

,−
𝜕K1
𝜕 𝑄2

,−
𝜕K1
𝜕 𝑄3

)

.

The solution of Kepler problem (i.e., of (21) for 𝜀 = 0) with initial
onditions 𝜁 = (𝑄10, 𝑄20, 𝑄30, 𝑃10, 𝑃20, 𝑃30) at 𝜏 = 0 is given by

𝐳(0)(𝜏 , 𝜁 ) = (𝑄10 + 𝑃−3
10 𝜏 , 𝑄20, 𝑄30, 𝑃10, 𝑃20, 𝑃30) . (22)

In particular, for 𝐳∗0 = (0, 0, 0, 1, 0, 0) we have that

𝐳(0)(𝜏 , 𝐳∗0) = (𝜏 , 0, 0, 1, 0, 0) . (23)

We will look for initial conditions, in a neighborhood of 𝐳∗0 , of the
form 𝐳0 = (0, 0, 0, 𝑃10, 𝑃20, 𝑃30) (see (12)), in such a way that the solution
𝐳(𝜏 , 𝐳0; 𝜀) of system (21), with 𝜀 ≠ 0 small enough, is a symmetric
periodic solution.

From Lemma 7, we have that 𝐳(𝜏 , 𝐳0; 𝜀) = 𝐳(0)(𝜏 , 𝐳0) + 𝜀4 𝐳(1)(𝜏 , 𝐳0) +
𝐳𝑅(𝜏 , 𝐳0; 𝜀), where 𝐳𝑅(𝜏 , 𝐳0; 𝜀) = (𝜀6), 𝐳(0)(𝜏 , 𝐳0) =

(

𝑃−3
10 𝜏 , 0, 0, 𝑃10, 𝑃20,

𝑃30
)

and 𝐳(1)(𝜏 , 𝐳0) is given by

𝐳(1)(𝜏 , 𝐳0) = (𝜏 , 𝐳0) ∫
𝜏

0

(

(𝑠, 𝐳0)
)−1 1(𝐳(0)(𝑠, 𝐳0)) d𝑠 , (24)

where (𝜏 , 𝐳0) is the matrix

(𝜏 , 𝐳0) =
𝜕𝐳(0)(𝜏 , 𝜁 )

𝜕 𝜁
|

|

|

|𝜁=𝐳0
=

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 0 0 −3𝑃−4
10 𝜏 0 0

0
0
0
0
0

𝐼5

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

Note that

(

(𝜏 , 𝐳0)
)−1 =

⎛

⎜

⎜

⎜

⎜

⎜

⎜

⎝

1 0 0 3𝑃−4
10 𝜏 0 0

0
0
0
0
0

𝐼5

⎞

⎟

⎟

⎟

⎟

⎟

⎟

⎠

.

Then we have, correct to order 𝜀4

𝑄1(𝜏 , 𝐳0; 𝜀) = 𝑃−3
10 𝜏 + (𝜀4) ,

and correct to order 𝜀6

𝑄2(𝜏 , 𝐳0; 𝜀) = 𝜀4 𝑄(1)
2 (𝜏 , 𝐳0) + (𝜀6) ,

3(𝜏 , 𝐳0; 𝜀) = 𝜀4 𝑄(1)
3 (𝜏 , 𝐳0) + (𝜀6) ,

where 𝑄(1)
2 (𝜏 , 𝐳0) and 𝑄(1)

3 (𝜏 , 𝐳0) are given in the following lemma.

Lemma 3. Let 𝐱 ∶= (𝛥𝑃1, 𝑃2, 𝑃3) ∶= (𝑃1 − 1, 𝑃2, 𝑃3) and 𝐱0 =
𝛥𝑃10, 𝑃20, 𝑃30) = (𝑃10 − 1, 𝑃20, 𝑃30). Then
𝑄(1)

2 (𝜏 , 𝐳0) =1
2
𝑎0 3 sin(𝜏) + 1

2
𝑎0

(

−21
2

sin(𝜏) − 9𝜏 cos(𝜏)
)

𝛥𝑃10

+ 1
2
𝑎0 (3𝜏 + 9 sin(𝜏) cos(𝜏))𝑃20 + (‖

‖

𝐱0‖‖
2) ,

(1)
3 (𝜏 , 𝐳0) = − 1

2
𝑎0 3𝜏 𝑃30 + (‖

‖

𝐱0‖‖
2) ,

for 𝜏 in a finite interval of time.

Proof. From Eqs. (19) and (24) we have, for 𝜘 = 2, 3,

𝑄(1)
𝜘 (𝜏 , 𝐳0) = ∫

𝜏

0

(

𝜕K1
𝜕 𝑃𝜘

)

𝐳(0)(𝑠,𝐳0)
d𝑠

= −1
2
𝑎0 ∫

𝜏
(

𝜕
𝜕 𝑃

(

1
𝑟3

(

3
2
𝑃 2
3

𝐺2
− 1

)))

d𝑠 .

0 𝜘 𝐳(0)(𝑠,𝐳0)

5 
We aim to expand 𝐺 and 𝑟 as power series in 𝐱 = (𝛥𝑃1, 𝑃2, 𝑃3) up to
second order. Since we are interested in a neighborhood of the circular
periodic orbit 𝐳(0)(𝜏 , 𝐳∗0) given in (23), the expansions provided in [2,
Appendix] are convergent. For instance, we have that
𝑟 =1 + 2𝛥𝑃1 − 𝑃2 cos(𝑄1) + 𝛥𝑃 2

1 + 𝑃 2
2 sin2(𝑄1)

− 3
2
𝛥𝑃1𝑃2 cos(𝑄1) +𝑄2 sin(𝑄1) +𝑄2

2 cos
2(𝑄1)

+ 3
2
𝑄2𝛥𝑃1 sin(𝑄1) +𝑄2𝑃2 sin(2𝑄1) + (‖𝐱‖3) .

(25)

On the other hand, from the definition of the Poincaré–Delaunay
ariables in (11), it is straightforward that

𝐺 = 𝑃1 −
1
2
(

𝑄2
2 + 𝑃 2

2
)

= 1 + 𝛥𝑃1 −
1
2
𝑃 2
2 − 1

2
𝑄2

2 . (26)

Moreover, for an initial condition of the form 𝐳0 = (0, 0, 0, 𝑃10, 𝑃20,

30), all the points in the periodic orbit 𝐳(0)(𝑠, 𝐳0) =
(

𝑃−3
10 𝑠, 0, 0, 𝑃10, 𝑃20,

30
)

clearly satisfy that 𝑄2 = 𝑄3 = 0.
We shall therefore omit the terms in (25) and (26) which vanish for

𝑄2 = 𝑄3 = 0, obtaining respectively
𝑟 =1 + 2𝛥𝑃1 − cos(𝑄1)𝑃2 + 𝛥𝑃 2

1 − 3
2
cos(𝑄1)𝛥𝑃1𝑃2

+ sin2(𝑄1)𝑃 2
2 + (‖𝐱‖3)

(27)

and

𝐺 = 1 + 𝛥𝑃1 −
1
2
𝑃 2
2 . (28)

Using (27) and (28), we get that
1
𝑟3

=1 − 6𝛥𝑃1 + 3 cos(𝑄1)𝑃2 + 21𝛥𝑃 2
1 − 39

2
cos(𝑄1)𝛥𝑃1𝑃2

+
(

6 cos2(𝑄1) − 3 sin2(𝑄1)
)

𝑃 2
2 + (‖𝐱‖3) ,

1
𝐺2

=1 − 2𝛥𝑃1 + 3𝛥𝑃 2
1 + 𝑃 2

2 + (‖𝐱‖3) .

Thus
1
𝑟3

(

3
2
𝑃 2
3

𝐺2
− 1

)

= − 1 + 6𝛥𝑃1 − 3 cos(𝑄1)𝑃2 − 21𝛥𝑃 2
1 + 39

2
cos(𝑄1)𝛥𝑃1𝑃2

+
(

3 sin2(𝑄1) − 6 cos2(𝑄1)
)

𝑃 2
2 + 3

2
𝑃 2
3 + (‖𝐱‖3) .

When 𝜘 = 2, first we calculate
𝜕

𝜕 𝑃2

(

1
𝑟3

(

3
2
𝑃 2
3

𝐺2
− 1

))

= − 3 cos(𝑄1) + 39
2

cos(𝑄1)𝛥𝑃1

+
(

6 sin2(𝑄1) − 12 cos2(𝑄1)
)

𝑃2 + (‖𝐱‖2) .

Taking into account that on the periodic orbit 𝐳(0)(𝑠, 𝐳0) we have that
(0)
1 (𝑠, 𝐳0) = 𝑃−3

10 𝑠 = (𝛥𝑃10 + 1)−3 𝑠 = (1 − 3𝛥𝑃10 +(‖
‖

𝐱0‖‖
2)) 𝑠, we arrive

at
(

𝜕
𝜕 𝑃2

(

1
𝑟3

(

3
2
𝑃 2
3

𝐺2
− 1

)))

𝐳(0)(𝑠,𝐳0)

 − 3 cos((1 − 3𝛥𝑃10) 𝑠) + 39
2

cos(𝑠)𝛥𝑃10

+
(

6 sin2(𝑠) − 12 cos2(𝑠))𝑃20 + (‖
‖

𝐱0‖‖
2)

 − 3 cos(𝑠) +
( 39
2

cos(𝑠) − 9𝑠 sin(𝑠)
)

𝛥𝑃10

+
(

6 sin2(𝑠) − 12 cos2(𝑠))𝑃20 + (‖
‖

𝐱0‖‖
2) .

And finally we obtain

∫

𝜏

0

(

𝜕
𝜕 𝑃2

(

1
𝑟3

(

3
2
𝑃 2
3

𝐺2
− 1

)))

𝐳(0)(𝑠,𝐳0)

d𝑠

= − 3 sin(𝜏) +
( 21
2

sin(𝜏) + 9𝜏 cos(𝜏)
)

𝛥𝑃10

+ (−3𝜏 − 9 sin(𝜏) cos(𝜏))𝑃20 + (‖
‖

𝐱0‖‖
2) .

The expression of 𝑄(1)
3 (𝜏 , 𝐳0) can be derived similarly. □
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Recall now the periodicity conditions (13) that our solution had to
atisfy at 𝑡 = 𝑇 ∕2 (from Remark 1 we in fact know that 𝑇 ∕2 = 𝜅 𝜋 for

some 𝜅 ∈ N). Since 𝜏 = 𝜀3𝑡, in the new time variable 𝜏 it corresponds
to the value 𝜀3𝜅 𝜋.

Taking into account that our solution 𝐳(𝜏 , 𝐳0; 𝜀) is given at first order
by the unperturbed Kepler solution 𝐳(0)(𝜏 , 𝐳∗0) in (23), which satisfies
those periodicity conditions at 𝜏 = 𝜋, we choose 𝜀 such that 𝜀3𝜅 𝜋 = 𝜋;
.e., we take 𝜀3 = 1∕𝜅 for some 𝜅 ∈ N.

In summary, to guarantee the existence of a periodic orbit, we will
impose the following conditions of symmetry at time 𝜏 = 𝜋:

𝑄1(𝜋 , 𝐳0; 𝜀) = 𝜋 , 𝑄2(𝜋 , 𝐳0; 𝜀) = 0 , 𝑄3(𝜋 , 𝐳0; 𝜀) = 0 .
Let us define 𝑓 = (𝑓1, 𝑓2, 𝑓3), where 𝑓1(𝐱0, 𝜀) ∶= 𝑄1(𝜋 , 𝐳0; 𝜀) − 𝜋,

𝑓𝜘 (𝐱0, 𝜀) ∶= 𝜀−4𝑄𝜘 (𝜋 , 𝐳0; 𝜀), 𝜘 = 2, 3. Taking into account Lemma 3, we
have that
𝑓1(𝐱0, 𝜀) = (1 + 𝛥𝑃10)−3𝜋 − 𝜋 + (𝜀4) ,

2(𝐱0, 𝜀) = 1
2
𝑎0

(

9𝜋 𝛥𝑃10 + 3𝜋 𝑃20
)

+ (‖
‖

𝐱0‖‖
2) + (𝜀2) ,

𝑓3(𝐱0, 𝜀) = −1
2
𝑎0 3𝜋 𝑃30 + (‖

‖

𝐱0‖‖
2) + (𝜀2) .

(29)

Remark 4. Strictly speaking, the function 𝑓 = 𝑓 (𝐱0, 𝜀) is not defined
when 𝜀 = 0. Nevertheless, taking into account Lemmas 7 and 8, 𝑓 and
its derivative with respect to 𝐱0 admit a continuous extension for 𝜀 = 0,
which can be obtained by making formally vanish the terms (𝜀) in
(29).

3.4. Continuation method with non-regular dependency on the parameter

In conclusion, to obtain symmetric periodic orbits we need to find
solutions 𝐱0 of the system of equations 𝑓 (𝐱0, 𝜀) = 0 for 𝜀 ≠ 0.

However, the standard implicit function theorem cannot be applied,
since it requires differentiability of the function with respect to all
variables, and our function 𝑓 is not differentiable with respect to 𝜀 at
𝜀 = 0.

Instead, we shall use Arenstorf’s theorem [9]. More specifically, we
re going to use the following corollary, which was given in [2].

Proposition 3. Let 𝑈 ⊂ R𝑛 and 𝐼 ⊂ R be open domains with (0, 0) ∈ 𝑈×𝐼 ,
and let 𝑓 ∶𝑈 × 𝐼 → R𝑛, 𝑓 = 𝑓 (𝐱, 𝜀) be differentiable with respect to 𝐱 ∈ 𝑈
and such that 𝑓 (0, 0) = 0 and 𝜕𝐱𝑓 (0, 0) is nonsingular. Assume that there
exist 𝑐 > 0, 𝐶 > 0 such that for 𝐱 ∈ 𝑈 , 𝜀 ∈ 𝐼 :

(i) ‖

‖

𝜕𝐱𝑓 (𝐱, 𝜀) − 𝜕𝐱𝑓 (0, 0)‖‖ ≤ 𝑐 (‖𝐱‖ + |𝜀|) ,
(ii) ‖𝑓 (0, 𝜀)‖ ≤ 𝐶|𝜀| .

Then there exist an open domain 𝐼 such that 0 ∈ 𝐼 ⊆ 𝐼 , and a function
𝐱∶ 𝐼 → 𝑈 satisfying that 𝑥(0) = 0 and 𝑓 (𝐱(𝜀), 𝜀) = 0.

Note that in Proposition 3, and in contrast to the standard implicit
function theorem, differentiability with respect to 𝜀 is not required.

We are now going to prove our main result:

Theorem 1. Let𝑁 ≥ 3 and consider the equations of motion for the elliptic
three-dimensional restricted (𝑁+ 1)-body problem with the primaries moving
around each other on elliptic orbits with semi-major axis one, period 2𝜋 and
ccentricity 𝜂 ∈ [0, 1[. Then, for 𝜅 a positive integer large enough, there
xist initial conditions for the infinitesimal body such that its motion is a
ymmetric periodic solution of period 2𝜅 𝜋, near a Keplerian circular orbit
n a plane perpendicular to that of the primaries and with a radius of order

𝜅2∕3.

Proof. We have to check that the function 𝑓 (𝐱0, 𝜀) defined in (29) satis-
ies the conditions stated in Proposition 3 that guarantee the existence
f solutions of 𝑓 (𝐱0, 𝜀) = 0 in a neighborhood of (0, 0). Throughout the
roof it will be important to take into account Remark 4.

Note that the system 𝑓 (𝐱 , 𝜀) = 0 has the solution 𝐱 = 0 for 𝜀 = 0.
0 0

6 
Let 𝜕𝐱0𝑓 (𝐱0, 𝜀) be the Jacobian matrix of 𝑓 (𝐱0, 𝜀) with respect to 𝐱0.
or 𝜀 = 0 we have

𝜕𝐱0𝑓 (0, 0) = −1
2
𝑎0

⎛

⎜

⎜

⎜

⎝

−3𝜋
− 1

2 𝑎0
0 0

−9𝜋 −3𝜋 0
0 0 3𝜋

⎞

⎟

⎟

⎟

⎠

.

Note that the matrix 𝜕𝐱0𝑓 (0, 0) is nonsingular for any value of the
eccentricity 𝜂, since 𝑎0 ≠ 0 for any value of 𝜂 (see Remark 3).

In order to check Condition (i) of Proposition 3, we write
‖

‖

‖

𝜕𝐱0𝑓 (𝐱0, 𝜀) − 𝜕𝐱0𝑓 (0, 0)
‖

‖

‖

≤ ‖

‖

‖

𝜕𝐱0𝑓 (𝐱0, 𝜀) − 𝜕𝐱0𝑓 (𝐱0, 0)
‖

‖

‖

+ ‖

‖

‖

𝜕𝐱0𝑓 (𝐱0, 0) − 𝜕𝐱0𝑓 (0, 0)
‖

‖

‖

.

Then, on the one hand, we have that

‖

‖

‖

𝜕𝐱0𝑓 (𝐱0, 𝜀) − 𝜕𝐱0𝑓 (𝐱0, 0)
‖

‖

‖

≤
3
∑

𝜘=1

‖

‖

‖

𝜕𝐱0𝑓𝜘 (𝐱0, 𝜀) − 𝜕𝐱0𝑓𝜘 (𝐱0, 0)
‖

‖

‖

,

where the first term of the sum is bounded by 𝑐2 𝜀4 and the second and
third are less than 𝑐3 𝜀2 because of (29).

And on the other hand

‖

‖

‖

𝜕𝐱0𝑓 (𝐱0, 0) − 𝜕𝐱0𝑓 (0, 0)
‖

‖

‖

≤
3
∑

𝜘=1

‖

‖

‖

𝜕𝐱0𝑓𝜘 (𝐱0, 0) − 𝜕𝐱0𝑓𝜘 (0, 0)
‖

‖

‖

≤ 𝑐1 ‖‖𝐱0‖‖ ,

where in the last inequality we have used that 𝑓 (𝐱0, 0) is analytic as a
function of 𝐱0.

In conclusion, for 𝐱0 small enough, we have that
‖

‖

‖

𝜕𝐱0𝑓 (𝐱0, 𝜀) − 𝜕𝐱0𝑓 (0, 0)
‖

‖

‖

≤ 𝑐
(

‖

‖

𝐱0‖‖ + |𝜀|
)

.

Finally, Condition (ii) of Proposition 3 is a straightforward conse-
uence of (29) . □

4. Doubly-symmetric periodic orbits in the case of even N

When the number of primaries 𝑁 is even, then the system has an
additional symmetry:

Lemma 4. If 𝑁 is an even number, then the equations of motion of the
elliptic three-dimensional restricted (𝑁 + 1)-body problem are also invariant
by the symmetry
𝑆 ∶ (𝑡, 𝑞1, 𝑞2, 𝑞3, 𝑝1, 𝑝2, 𝑝3) ↦ (−𝑡,−𝑞1, 𝑞2, 𝑞3, 𝑝1,−𝑝2,−𝑝3) . (30)

In this case, due to the presence of the two symmetries 𝑆 in (5) and
𝑆 in (30), we may prove, as in [1], the existence of doubly-symmetric
periodic orbits (i.e., periodic solutions invariant by both symmetries)
using the following result

Proposition 4. Let (𝐪(𝑡),𝐩(𝑡)) = (𝑞1(𝑡), 𝑞2(𝑡), 𝑞3(𝑡), 𝑝1(𝑡), 𝑝2(𝑡), 𝑝3(𝑡)) be a
olution of the equations of motion for the infinitesimal mass, and 𝜑(𝑡)
 solution of (4). If, for a certain 𝑇 ∈ R+, the following conditions are
atisfied:

• 𝑞2(0) = 0, 𝑞3(0) = 0, 𝑝1(0) = 0, 𝜑(0) = 0.
• 𝑞1(𝑇 ∕4) = 0, 𝑝2(𝑇 ∕4) = 0, 𝑝3(𝑇 ∕4) = 0, 𝜑(𝑇 ∕4) = 𝜅 𝜋, for some
𝜅 ∈ N.

Then (𝐪(𝑡),𝐩(𝑡)) is a doubly-symmetric periodic solution of period 𝑇 .

Remark 5. Note that in order to have 𝜑(𝑇 ∕4) = 𝜅 𝜋 we must necessarily
take 𝑇 = 4𝜅 𝜋 (see (b) and (d) of Lemma 1).

In Poincaré–Delaunay variables, these periodicity conditions state
that at time 𝑡 = 0 we must have

𝑄1(0) = 0 mod 𝜋 , 𝑄2(0) = 0 , 𝑄3(0) = 0 mod 𝜋 , 𝜑(0) = 0 , (31)

and at time 𝑡 = 𝑇 ∕4
𝜋
𝑄1(𝑇 ∕4) = 2

mod 𝜋 , 𝑄3(𝑇 ∕4) = 0 mod 𝜋 , 𝑃2(𝑇 ∕4) = 0 , 𝜑(𝑇 ∕4) = 𝜅 𝜋 . (32)
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Akin to Section 3.3, we look for initial conditions of the form
0 = (0, 0, 0, 𝑃10, 𝑃20, 𝑃30), in such a way that the solution 𝐳(𝜏 , 𝐳0; 𝜀) is
 doubly-symmetric periodic orbit.

To that end, let 𝐱0 = (𝛥𝑃10, 𝑃20, 𝑃30) = (𝑃10− 1, 𝑃20, 𝑃30) and compute

𝑄1(𝜏 , 𝐳0; 𝜀) = (1 + 𝛥𝑃10)−3 𝜏 + (𝜀4) ,

3(𝜏 , 𝐳0; 𝜀) = 𝜀4 𝑄(1)
3 (𝜏 , 𝐳0) + (𝜀6) ,

𝑃2(𝜏 , 𝐳0; 𝜀) = 𝑃20 + (𝜀4) ,

where, from Lemma 3, we have that

𝑄(1)
3 (𝜏 , 𝐳0) = −1

2
𝑎0 3𝜏 𝑃30 + (‖

‖

𝐱0‖‖
2) .

Recall now the periodicity conditions (32) that our solution had to
atisfy at 𝑡 = 𝑇 ∕4 (from Remark 5 we in fact know that 𝑇 ∕4 = 𝜅 𝜋 for

some 𝜅 ∈ N). Since 𝜏 = 𝜀3𝑡, in the new time variable 𝜏 it corresponds
to the value 𝜀3𝜅 𝜋.

Taking into account that our solution 𝐳(𝜏 , 𝐳0; 𝜀) is given at first order
by the unperturbed Kepler solution 𝐳(0)(𝜏 , 𝐳∗0) in (23), which satisfies
those periodicity conditions at 𝜏 = 𝜋∕2, we choose 𝜀 such that 𝜀3𝜅 𝜋 =
𝜋∕2; i.e., we take 𝜀3 = 1

2𝜅 for some 𝜅 ∈ N.
In summary, to guarantee the existence of a doubly-periodic orbit,

e will impose the following conditions of symmetry at time 𝜏 = 𝜋∕2:

𝑄1(𝜋∕2, 𝐳0; 𝜀) = 𝜋
2
, 𝑄3(𝜋∕2, 𝐳0; 𝜀) = 0 , 𝑃2(𝜋∕2, 𝐳0; 𝜀) = 0 .

Let us define 𝑓 = (𝑓1, 𝑓2, 𝑓3), where 𝑓1(𝐱0, 𝜀) ∶= 𝑄1(𝜋∕2, 𝐳0; 𝜀) − 𝜋
2 ,

2(𝐱0, 𝜀) ∶= 𝜀−4𝑄3(𝜋∕2, 𝐳0; 𝜀), 𝑓3(𝐱0, 𝜀) ∶= 𝑃2(𝜋∕2, 𝐳0; 𝜀). Then we have
that

𝑓1(𝐱0, 𝜀) = (1 + 𝛥𝑃10)−3
𝜋
2
− 𝜋

2
+ (𝜀4) ,

𝑓2(𝐱0, 𝜀) = −1
2
𝑎0 3

𝜋
2
𝑃30 + (‖

‖

𝐱0‖‖
2) + (𝜀2) ,

𝑓3(𝐱0, 𝜀) = 𝑃20 + (𝜀4) .

Then, it is enough to check that the matrix

𝜕𝐱0𝑓 (0, 0) =
⎛

⎜

⎜

⎜

⎝

−3 𝜋
2 0 0

0 0 − 1
2 𝑎0 3

𝜋
2

0 1 0

⎞

⎟

⎟

⎟

⎠

.

is nonsingular in order to apply Arenstorf’s theorem as in Section 3.4
and finally obtain

Theorem 2. Let 𝑁 ≥ 3 be an even number and consider the equations of
motion for the elliptic three-dimensional restricted (𝑁+ 1)-body problem with
the primaries moving around each other on elliptic orbits with semi-major
xis one, period 2𝜋 and eccentricity 𝜂 ∈ [0, 1[. Then, for 𝜅 a positive integer
arge enough, there exist initial conditions for the infinitesimal body such
hat its motion is a doubly-symmetric periodic solution of period 4𝜅 𝜋, near
 Keplerian circular orbit on a plane perpendicular to that of the primaries
nd with a radius of order (2𝜅)2∕3.

5. Discussion

The existence of symmetric periodic orbits has been obtained using
that the equations of motions of our system are invariant by a discrete
symmetry, which in turn follows from the fact that the configuration
in which the primaries are arranged (the regular 𝑁-gon) is symmetric
with respect to a line. Similar results could be obtained when the
primaries form other symmetric central configurations; for instance,
in the case of three primaries where two of them have equal masses
(the case where all the three primaries have equal masses is already
covered in the present work). Nevertheless, for each of those cases, the
expansion in Legendre polynomials and computations akin to those in
Section 3.3 should be addressed in order to check that the Jacobian
matrix in the application of Arenstorf’s theorem is nonsingular. In
some instances it could be much harder to perform those calculations
analytically. Moreover, it could be necessary to exclude some values of
7 
the eccentricity of the primaries as happened in the elliptic restricted
three-body problem in [2].
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Appendix A. Legendre polynomials

The 𝑗th Legendre polynomial, denoted by 𝐿𝑗 , can be given explicitly
by the formula:

𝐿𝑗 (𝑥) =
𝑗
∑

𝑠=0

(

𝑗
𝑠

)(

𝑗 + 𝑠
𝑠

)

(𝑥 − 1
2

)𝑠

For example, the expressions for the first three Legendre polynomi-
als are:

𝐿0(𝑥) = 1, 𝐿1(𝑥) = 𝑥, 𝐿2(𝑥) = 1
2
(3𝑥2 − 1) .

One of the possible uses of Legendre polynomials is stated next.

Proposition 5. The Newtonian potential can be expanded in terms of
egendre polynomials according to the formula

1
‖𝐑 − 𝐫‖

=
∞
∑

𝑗=0

‖𝐫‖𝑗

‖𝐑‖𝑗+1
𝐿𝑗 (cos(𝛼)) , (A.1)

where 𝛼 is the angle between the vectors 𝐑 and 𝐫, i.e., cos(𝛼) = 𝐑⋅𝐫
‖𝐑‖ ‖𝐫‖ .

Note that the series in (A.1) converges when ‖𝐑‖ > ‖𝐫‖.

Appendix B. Some trigonometric identities

Lemma 5. Given an integer 𝑁 ≥ 2, the following trigonometric identities
hold:
𝑁
∑

𝑘=1
cos

(

𝜑 + 2
(𝑘 − 1

𝑁

)

𝜋
)

= 0 , ∀𝜑 ∈ R , (B.1)

𝑁
∑

𝑘=1
sin

(

𝜑 + 2
(𝑘 − 1

𝑁

)

𝜋
)

= 0 , ∀𝜑 ∈ R . (B.2)

Proof. We start by checking that
𝑁
∑

e𝑖
(

𝜑+2
(

𝑘−1
𝑁

)

𝜋
)

= 0. (B.3)

𝑘=1
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Indeed, we have that
𝑁
∑

𝑘=1
e𝑖
(

𝜑+2
(

𝑘−1
𝑁

)

𝜋
)

= e𝑖𝜑
𝑁
∑

𝑘=1

(

e
𝑖2𝜋
𝑁
)𝑘−1

= e𝑖𝜑
⎛

⎜

⎜

⎜

⎝

1 −
(

e
𝑖2𝜋
𝑁
)𝑁

1 − e 𝑖2𝜋
𝑁

⎞

⎟

⎟

⎟

⎠

= e𝑖𝜑
(

1 − e𝑖2𝜋
1 − e 𝑖2𝜋

𝑁

)

= 0,

where, in passing from the first to the second line, we have used the
formula for the sum of the first 𝑁 terms of a geometric series with
common ratio 𝛾 = e 𝑖2𝜋

𝑁 (note that 𝛾 ≠ 1 if 𝑁 ≥ 2).
Finally, identities (B.1) and (B.2) are obtained by taking real and

maginary parts, respectively, in (B.3). □

Lemma 6. Given an integer 𝑁 ≥ 3, the following trigonometric identity is
verified:
𝑁
∑

𝑘=1
cos2

(

𝜑 + 2
(𝑘 − 1

𝑁

)

𝜋
)

= 𝑁
2

, ∀𝜑 ∈ R . (B.4)

And clearly, also
𝑁
∑

𝑘=1
sin2

(

𝜑 + 2
(𝑘 − 1

𝑁

)

𝜋
)

= 𝑁
2

, ∀𝜑 ∈ R . (B.5)

Moreover,
𝑁
∑

𝑘=1
cos

(

𝜑 + 2
(𝑘 − 1

𝑁

)

𝜋
)

sin
(

𝜑 + 2
(𝑘 − 1

𝑁

)

𝜋
)

= 0 , ∀𝜑 ∈ R . (B.6)

Proof. We will start proving (B.4).
Using complex notation,

cos(𝜃) = e𝑖𝜃 + e−𝑖𝜃
2

, and consequently cos2(𝜃) = e𝑖2𝜃 + e−𝑖2𝜃 + 2
4

, ∀𝜃 ∈ R .

Therefore,
𝑁
∑

𝑘=1
cos2

(

𝜑 + 2
(𝑘 − 1

𝑁

)

𝜋
)

=
𝑁
∑

𝑘=1

e𝑖2
(

𝜑+2
(

𝑘−1
𝑁

)

𝜋
)

+ e−𝑖2
(

𝜑+2
(

𝑘−1
𝑁

)

𝜋
)

+ 2
4

= 𝑁
2

+ 1
4

𝑁
∑

𝑘=1
e𝑖2

(

𝜑+2
(

𝑘−1
𝑁

)

𝜋
)

+ 1
4

𝑁
∑

𝑘=1
e−𝑖2

(

𝜑+2
(

𝑘−1
𝑁

)

𝜋
)

.

We will now show that
𝑁
∑

=1
e𝑖2

(

𝜑+2
(

𝑘−1
𝑁

)

𝜋
)

= 0 , and similarly,
𝑁
∑

𝑘=1
e−𝑖2

(

𝜑+2
(

𝑘−1
𝑁

)

𝜋
)

= 0 .

For the first term we have that
𝑁
∑

𝑘=1
e𝑖2

(

𝜑+2
(

𝑘−1
𝑁

)

𝜋
)

=
𝑁
∑

𝑘=1
e𝑖2𝜑 e𝑖4

(

𝑘−1
𝑁

)

𝜋 = e𝑖2𝜑
𝑁
∑

𝑘=1

(

e
𝑖4𝜋
𝑁
)𝑘−1

= e𝑖2𝜑
⎛

⎜

⎜

⎜

⎝

1 −
(

e
𝑖4𝜋
𝑁
)𝑁

1 − e 𝑖4𝜋
𝑁

⎞

⎟

⎟

⎟

⎠

= e𝑖2𝜑
(

1 − e𝑖4𝜋
1 − e 𝑖4𝜋

𝑁

)

= 0 ,

where, in passing from the first to the second line, we have used the
formula for the sum of the first 𝑁 terms of a geometric series with
common ratio 𝛾 = e 𝑖4𝜋

𝑁 (note that 𝛾 ≠ 1 if 𝑁 ≥ 3).
The second term can be dealt with analogously. This concludes the

proof of identity (B.4).
Formula (B.5) can be deduced from (B.4) simply by noting that

in(𝜃) = cos(𝜃 − 𝜋∕2).
Finally, identity (B.6) can be obtained by differentiating both sides

of (B.4) with respect to 𝜑. □

This lemma has also been stated in [12] in a different context
central configurations) and with a slightly different proof.
8 
Appendix C. Two lemmas on differential equations

The following two lemmas from [13, Appendix 8.2] (see also [2,
Section 3]) state that, under some hypotheses, the solution of a per-
turbed system can be written as the solution of the unperturbed equa-
tion plus higher order terms in the perturbation parameter, and that an
analogous result holds for the partial derivatives of the solution with
respect to initial conditions.

More specifically, let us consider the differential equation

𝐳̇ =  (𝑡, 𝐳; 𝜀) , (C.1)

where 𝐳 ∈ R𝑛 and

 (𝑡, 𝐳; 𝜀) = 0(𝐳) + 𝜀𝓁 1(𝑡, 𝐳; 𝜀) + 𝜀𝓁+𝑟 𝑅(𝑡, 𝐳; 𝜀) ,

where 𝓁 > 0, 𝑟 > 0.
Let 𝐳0 ∈ R𝑛 be an initial condition such that 𝐳(0)(𝑡, 𝐳0) is a solution

of

𝐳̇(0)(𝑡, 𝐳0) = 0(𝐳(0)(𝑡, 𝐳0)) (C.2)

which remains bounded and bounded away from the singularities of  .
Let  ⊂ R𝑛 be a compact neighborhood of 𝐳(0)(𝑡, 𝐳0) without singu-

larities. We assume that the functions 0, 𝜀𝓁 1, 𝜀𝓁+𝑟 𝑅 are continuous
for 𝐳 ∈ , 𝜀 ∈ [0, 𝜀1], 𝑡 ∈ R. Furthermore, 0, 1 and 𝑅 together with
all their derivatives with respect to 𝐳 are bounded on  by a constant
𝐶1 independent of 𝜀. In particular, 0 is Lipschitz with respect to the
variable 𝐳 with a constant 𝐶2.

The next lemma shows that the solution of (C.1) can be written as
the solution of (C.2) plus terms which are of order 𝜀.

Lemma 7. Let 𝐳(𝑡, 𝐳0; 𝜀) be a solution of (C.1) with initial condition 𝐳0 and
let 𝐳(1)(𝑡, 𝐳0; 𝜀) be given by
𝐳(1)(𝑡, 𝐳0; 𝜀) = (𝑡, 𝐳0) ∫

𝑡

0

(

(𝑠, 𝐳0)
)−1 1(𝑠, 𝐳(0)(𝑠, 𝐳0); 𝜀) d𝑠 ,

where

(𝑡, 𝐳0) =
𝜕𝐳(0)(𝑡, 𝜁 )

𝜕 𝜁
|

|

|

|𝜁=𝐳0
.

Then we can write
𝐳(𝑡, 𝐳0; 𝜀) = 𝐳(0)(𝑡, 𝐳0) + 𝜀𝓁 𝐳(1)(𝑡, 𝐳0; 𝜀) + 𝐳𝑅(𝑡, 𝐳0; 𝜀) ,

where 𝐳𝑅(𝑡, 𝐳0; 𝜀) is (𝜀𝓁+𝑠), with 𝑠 ∶= min{𝓁, 𝑟}, in a finite interval of time.
The next lemma shows that similar bounds hold for the partial

derivatives of the solution with respect to the initial conditions.

Lemma 8. Let 𝐳𝑅(𝑡, 𝐳0; 𝜀) be as in Lemma 7. Then
𝜕𝐳0𝐳𝑅(𝑡, 𝐳0; 𝜀) = (𝜀𝓁+𝑠) , where 𝑠 ∶= min{𝓁, 𝑟} ,
for 𝑡 in a finite interval of time.

Remark 6. The case presented here is slightly different to that in [2,
Section 3]; nevertheless, the proofs of the lemmas are completely
nalogous and follow from reiteratedly applying Grönwall’s inequality
o bound the needed expressions.

Data availability

No data was used for the research described in the article.

References

[1] Josep M. Cors, Conxita Pinyol, Jaume Soler, Periodic solutions in the spatial
elliptic restricted three-body problem, Physica D 154 (3) (2001) 195–206.

[2] Josep M. Cors, Conxita Pinyol, Jaume Soler, Analytic continuation in the case
of non-regular dependency on a small parameter with an application to celestial
mechanics, J. Differential Equations 219 (1) (2005) 1–19.

http://refhub.elsevier.com/S0167-2789(24)00376-2/sb1
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb1
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb1
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb2
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb2
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb2
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb2
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb2


J.M. Cors and M. Garrido Physica D: Nonlinear Phenomena 470 (2024) 134426 
[3] Jesús F. Palacián, Patricia Yanguas, Silvia Fernández, Mariano A. Nicotra,
Searching for periodic orbits of the spatial elliptic restricted three-body problem
by double averaging, Physica D 213 (1) (2006) 15–24.

[4] Kenneth R. Meyer, Periodic orbits near infinity in the restricted 𝑁-body problem,
Celest. Mech. 23 (1981) 69–81.

[5] Kenneth R. Meyer, Periodic solutions of the 𝑁-body problem, J. Differential
Equations 39 (1) (1981) 2–38.

[6] R. Clarissa Howison, Kenneth R. Meyer, Doubly-symmetric periodic solutions of
the spatial restricted three-body problem, J. Differential Equations 163 (1) (2000)
174–197.

[7] Jaume Llibre, Luci Any Roberto, New doubly-symmetric families of comet-like
periodic orbits in the spatial restricted (𝑁 + 1)-body problem, Celest. Mech. Dyn.
Astron. 104 (3) (2009) 307–318.

[8] Jaume Llibre, Cristina Stoica, Comet- and hill-type periodic orbits in restricted
(𝑁 + 1)-body problems, J. Differential Equations 250 (3) (2011) 1747–1766.
9 
[9] Richard F. Arenstorf, A new method of perturbation theory and its application to
the satellite problem of celestial mechanics, J. Reine Angew. Math. 221 (1966)
113–145.

[10] Aurel Wintner, The Analytical Foundations of Celestial Mechanics, in: Princeton
Mathematical Series, vol. 5, Princeton University Press, Princeton, NJ, 1941.

[11] Kenneth R. Meyer, Continuation of periodic solutions in three dimensions,
Physica D 112 (1) (1998) 310–318.

[12] Montserrat Corbera, Claudia Valls, On the existence of symmetric bicircular
central configurations of the 3𝑛-body problem, J. Nonlinear Sci. 31 (6) (2021)
1–52, 88.

[13] Lúcia de Fatima Brandão, Claudio Vidal, Periodic solutions of the elliptic isosceles
restricted three-body problem with collision, J. Dynam. Differential Equations 20
(2) (2008) 377–423.

http://refhub.elsevier.com/S0167-2789(24)00376-2/sb3
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb3
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb3
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb3
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb3
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb4
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb4
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb4
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb5
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb5
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb5
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb6
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb6
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb6
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb6
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb6
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb7
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb7
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb7
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb7
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb7
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb8
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb8
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb8
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb9
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb9
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb9
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb9
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb9
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb10
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb10
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb10
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb11
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb11
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb11
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb12
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb12
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb12
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb12
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb12
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb13
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb13
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb13
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb13
http://refhub.elsevier.com/S0167-2789(24)00376-2/sb13

	Symmetric comet-type periodic orbits in the elliptic three-dimensional restricted (N+1)-body problem
	Introduction
	The elliptic three-dimensional restricted (N+1)-body problem
	Scaling of the spatial variables
	Expansion in terms of Legendre polynomials

	Continuation of symmetric periodic orbits
	Poincare-Delaunay variables
	Lie transform
	Approximation of solutions of the perturbed system
	Continuation method with non-regular dependency on the parameter

	Doubly-symmetric periodic orbits in the case of even N
	Discussion
	CRediT authorship contribution statement
	Declaration of competing interest
	Acknowledgments
	Legendre polynomials
	Appendix A. Legendre polynomials
	Some trigonometric identities
	Appendix B. Some trigonometric identities
	Two lemmas on differential equations
	Appendix C. Two lemmas on differential equations
	Data availability
	Appendix . Data availability
	References


