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Abstract. The evidence for a non-vanishing isotropic cosmic birefringence in recent analyses of the
CMB data provides a tantalizing hint for new physics. Domain wall (DW) networks have recently been
shown to generate an isotropic birefringence signal in the ballpark of the measured value when coupled
to photons. In this work, we explore the axionic defects hypothesis in more detail and extending
previous results to annihilating and late-forming networks, and by pointing out other smoking-gun
signatures of the network in the CMB spectrum such as the anisotropic birefringent spectrum and
B-modes. We also argue that the presence of cosmic strings in the network does not hinder a large
isotropic birefringence signal because of an intrinsic environmental contribution coming from low
redshifts thus leaving open the possibility that axionic defects can explain the signal. Regarding the
remaining CMB signatures, with the help of dedicated 3D numerical simulations of DW networks,
that we took as a proxy for the axionic defects, we show how the anisotropic birefringence spectrum
combined with a tomographic approach can be used to infer the formation and annihilation time
of the network. From the numerical simulations, we also computed the spectrum of gravitational
waves (GWs) generated by the network in the post-recombination epoch and use previous searches
for stochastic GW backgrounds in the CMB to derive for the first time a bound on the tension and
abundance of networks with DWs that annihilate after recombination. Our bounds extend to the case
where the network survives until the present time and improve over previous bounds by roughly one
order of magnitude. Finally, we show the interesting prospects for detecting B-modes of DW origin
with future CMB experiments.
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1 Introduction

Recent joint analyses of the Planck and WMAP EB power spectra have measured an isotropic rotation
of the Cosmic Microwave Background (CMB) polarization by an angle β = 0.342 ±0.094

0.091 deg at 68%
CL thus excluding the null hyphotesis at 3.6σ significance [1]. This effect, also known as a cosmic
birefringence [2–5], has been probed in the past [6–9], but its detection has been strongly limited by the
degeneracy with systematic errors in the instrumental calibration of the polarization angle. Recently,
this degeneracy was broken by the following methodology: miscalibration affects all electromagnetic
sources, including galactic foregrounds, while a cosmological birefringence is not expected to rotate
the galactic contribution significantly, given its relative proximity to the detector, thus allowing for a
separation between the cosmological and the galactic foregound miscalibration components [10–16].
The lack of a full understanding of the foreground contributions to the EB cross-correlation still leaves
some uncertainty on the cosmological origin of the effect [17, 18], but the tantalizing measurement
and the possibility that future CMB experiments will greatly improve the calibration accuracy [19, 20]
strongly motivates a search for the cosmological mechanisms that could be responsible for the cosmic
birefringence.

On the theory side, the situation is quite interesting and rather simple; to rotate the polarization
axis of the CMB photons it is sufficient to have a time-dependent (pseudo-) scalar field ϕ coupled to
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photons via the electromagnetic anomaly term [5, 21] (see [22] for a review), of the form

cγ
αem

8π

ϕ

f
Fµν F̃

µν

that is typically associated with axion-like particles [23]. Any space/time dependent background in
ϕ generates birefringence, with an amount determined by the variation of ϕ from the last scattering
surface until today.

Among the different ideas of explaining the birefringence measurement, two implementations
have been singled out. One includes an ultra-light axion, that can be (early) dark energy or a
subdominant component of dark matter, and that couples to photons as above [24–42]. The second
possibility is that the isotropic birefringence is caused by a network of cosmic domain walls (DWs)
[43–46] whose microphysical constituent couples to photons. DWs are field configurations that result
from the spontaneous breaking of a discrete symmetry and that connect between different (quasi-)
degenerate minima. The polarization of a photon that couples to the wall will then be rotated by a
sizeable amount when crossing it. In this case, the scalar field can have a larger mass than in the first
possibility thus greatly enlarging the range of parameters that can explain the signal. A potential
explanation within the framework of low-energy effective field theory of Standard Model (SMEFT)
is discussed in Ref. [47] concluding that no operator SMEFT could realize the measured isotropic
signal, which further hints towards the need of light (axion-like) degrees of freedom.

The DW network interpretation of the isotropic birefringence hinges on two crucial ingredients:
i) the coupling to the anomaly (with strength controlled by 1/f) and ii) the DWs, which provide
the space/time dependent background for ϕ with large ‘excursions’, ∆ϕ, the difference in field space
between the different vacua. For axion-like particles (axions, for short) ∆ϕ is typically set by f , and
this turns out to give the right ballpark to explain the isotropic birefringence [43], independently of
the value of f , since this factors out after all. Overall, this raises an added interest in the axionic case
as they are singled out as a simple explanation for isotropic birefringence.

Motivated by this, this work aims to explore in more detail the connection between the isotropic
birefringence and the networks of axionic defects, and to identify additional CMB signatures of such
connection. In particular, we shall develop three different aspects. First, the genericity of the isotropic
birefringence signal in axionic models with defects. Second, explore in more detail the connection with
anisotropic birefringence observables, aiming at the derivation of additional CMB signatures of the
network that can distinguish this model from other interpretations of the signal. Last, we will focus
on networks that include DWs and discuss one probe that is independent of the tension of the DW,
the spectrum of gravitational waves generated by the network.

To see a first glimpse that topological defects may lead to isotropic birefringence, start with the
DW case and assume that the network was present at the last scattering surface (LSS). For simplicity,
we consider a Z2 model, with two degenerate vacua. As is well known, a DW network has an attractor
‘scaling’ regime where at all times there is about one Hubble-sized DW per Hubble patch. The LSS,
then, is divided into many Hubble patches, with about one DW in each. To visualize the relevant
information (the field excursion along each line of sight), it is useful to draw a “celestial plot” showing
the field as a function of the angle and redshift. For illustration, we sketch in Fig. 1 how such
a celestial plot must look like in a model with two vacua in scaling. In scaling, the DW network
shapes are basically random while the volume in different vacua remains balanced. Then, the CMB
photons that we observe across the sky would come from regions of the different vacua with equal
probabilities. However, our local universe spontaneously breaks the symmetry and selects one of the
minima. Then, the sky-average of ∆ϕ along the line of sight is nonzero and, as it turns out, it gives
the right order of magnitude for the CMB isotropic birefringence [43]. Fig. 1 can be readily compared
with Fig. 2 where we show the same quantity but using instead real data obtained from of one of our
3D numerical simulations in a Z2 model with degenerate vacua. Despite that scaling is only reached
after some time, the plot with real data confirms that at all redshift z, there are statistically equal
numbers of Hubble patches of either color.

However, as we argue next, the nonzero isotropic birefringence signal can actually be achieved in
any axionic defect network, both with DWs and/or strings (cf. Fig. 3). Concerning the axionic string

– 2 –



Figure 1. The projection in the sky of the DW network evolution can be represented in a “celestial plot”,
showing the configuration of the network (of the scalar field) as a function of time and the angle in the sky.
Different colours correspond to different vacua. One can normalize the radial distance to be the redshift, z, so
that the center of the disk is z = 0 (here, now) and the boundary to, say, the CMB last scattering surface. The
plot sketches how the evolution looks like in a Z2 model with (2 degenerate vacua) during a scaling regime.
At all times there must be roughly as many color changes (DWs) as the number of Hubble patches. The gray
circle represents our local universe which can be taken as z ≃ 1.

and string-wall networks, recent works have discussed the isotropic birefringence and concluded that
the isotropic signal cannot be obtained in this case because it would violate current upper bounds
on the anisotropic component [48–50]. These works have focused on the birefringence produced by
the spatial and time distribution of string loops. However, here we will propose three ways that can
potentially circumvent this no-go result. First, the presence of a defect, either a string loop or a
closed domain wall, not too far from us so that it encompasses a sizeable subtended angle in the sky.
Second, the presence of gradients of the axion field in each Hubble patch that provides an additional
field excursion; for axionic strings the axion field is massless and so large gradients in any Hubble patch
are unavoidable. Third, if the string network only forms and or annihilates between recombination
and today the anisotropic signal can be suppressed. Note that, in the first two options, the signal is
of environmental type, in the sense that observers located at different places in our present Hubble
patch would find different values.

Regarding the anisotropic component of the signal, there is no evidence yet; so far only upper
bounds have been derived [51–57], however, the situation might change with future data and the
increase in sensitivity [58]. Different scenarios predict different levels of anisotropic birefringence;
while in the ultra-light axion case, the anisotropies in the signal will likely be small, if of inflationary
origin [32, 59], in the case of axionic networks the anisotropies are expected to leave a sharp footprint
in the spectrum [44, 45, 48]. We will compute those anisotropies by taking as a proxy dedicated 3D
numerical simulations of DW networks in a Z2 model with degenerate vacua and highlight the crucial
role of the reionization component of the spectrum. Moreover, the anisotropic birefringence spectrum,
similarly to the isotropic component, carries information about the time dependence of the signal.
There is also no evidence for the time dependence but with future CMB experiments such as Simons
Observatory [60], LiteBIRD [61, 62] or CMB-S4 [63, 64] it will be possible to perform a tomographic
approach by probing the spectral shape of the EB correlation function with different angular scales
and thereby measuring the amounts of birefringence angle at different times, the recombination and
reionization epoques [37, 65–68]. We will discuss how the tomographic approach could allow to
distinguish the formation/annihilation times of the network.

The discussion so far has been largely independent of the tension of the walls in the DW and
string-wall networks. However, if the tension of the walls is large enough the network will also leave a
gravitational imprint on the CMB. In the scaling regime, the network redshifts slower than matter and
radiation and therefore has a tendency to dominate the universe, what is commonly known as the DW
problem [69]. This problem can however be avoided at least in two ways: i) the tension of the DW is so
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Figure 2. Same as Fig. 1 but with data obtained from one of our numerical simulations in a Z2 model in
3 + 1 dimensions with 2 degenerate vacua, that is without bias. The plot is obtained by evaluating (a spatial
slice of) the scalar field in the past light cone and coloring the different vacua. The appearance of ’islands’ is
due to the 3+1 nature of the simulation: DWs can cross and then exit the chosen slice. Scaling is reached an
some intermediate time. At all redshifts z, there are statistically equal numbers of Hubble patches of either
color.

small that the network is irrelevant at all times in the cosmic history; ii) the network annihilates before
it dominates the universe. The annihilation of the network is not an exotic possibility. Anomalous
contributions from non-perturbative sectors (see e.g. [70, 71]) or even the standard lore that global
symmetries are broken by quantum gravity motivate a soft breaking of the discrete symmetry that
would cause pressure on the walls and annihilate the network; and several other mechanisms have
also been proposed [45, 72–74].

The fact that the network annihilates before the present time does not hinder the possibility
of probing it. DW and string-wall networks in the scaling regime become energetically more and
more relevant as time passes by, and so if long-lived they can generate a loud spectrum of stochastic
gravitational waves (GWs). Recent studies have shown that the GW signal generated by the network
can be probed by current [75] and future GW observatories (see [76] for a review), and potentially
even explain the spectrum observed by pulsar timing array observatories [77, 78]. However, the regime
where the network annihilates after recombination and the GW spectrum peaks at CMB scales has
remained so far unexplored. In this work, we will compute the GW spectrum from dedicated numerical
simulations and, using previous CMB searches for stochastic gravitational wave backgrounds [79],
derive the first CMB bounds on networks with DWs that annihilate after recombination thus closing
the existing gap in the literature: previous constraints applied to networks that either annihilate
before recombination [77, 80, 81] or survive until today [69, 82, 83]. We will finish this work by
discussing how future measurements of CMB B modes will improve the sensitivity to these networks.

The paper is organized as follows. In Section 2, we describe the basic properties of a DW network
and discuss different types of topological defect networks that can be hosted in the axionic case. We
then discuss in Section 3.1 the CMB isotropic birefringence signal that is characteristic of the different
networks and in Section 4 we compute the associated anisotropic birefringent signal by taking as a
proxy the results from our DW network simulation. In Section 5 we extend the discussion to the case
of networks that form or annihilate between the LSS and today. Finally, in Section 6 we study the
GWs generated by the network and derive bounds on the DW parameters from the non-observation
of CMB B-modes and conclude in Section 7.

2 Basics of defect networks

In this section, we start by briefly recapping the basic properties of domain wall networks in the
scaling regime and then discuss the type of defect networks that can be found in axionic case.
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2.1 Domain wall networks

The spontaneous symmetry breaking of discrete symmetries in the early universe is known to lead to
the formation of DW networks [84]. DWs are the localized field configurations that bridge the field
profile between (quasi-)degenerated minima. They are characterized by a width L, related to the mass
mϕ of the field by L ∼ 1/mϕ, and by a tension σ =

∫
ϕ′(z)2dz where z is the direction orthogonal to

the wall.
Roughly speaking, the network forms when the wall width fits in one Hubble radius, mϕ(zf ) ≃

H(zf ) where zf is the redshift of formation. From that point on, the continuous dissipation of
substructure leads the network to an attractor regime, known as scaling, that features some universal
properties (like the scalar and GW spectrum that we will explore in the next sections) that are
expected to be mostly insensitive to the initial conditions. While in scaling, the network has energy
density (see e.g. [85])

ρdw = c σH (2.1)

with c ∼ O(1) the average number of DWs per Hubble patch that here we take from the numerical
simulations described in App. A. The DW energy density dilutes slower than matter or radiation thus
causing the abundance

Ωdw(η) ≡ ρdw
ρtot

=
c σ

3M2
pH

(2.2)

to increase over time, where η is the conformal time coordinate. This remark will be important in
Section 6 when we study signatures that are proportional to Ωdw, hence, maximal around the latest
time the network is in scaling.

A long-lived network is therefore a dangerous cosmological relic. However, even if long-lived, the
network can still annihilate before it dominates the energy budget of the universe. That can happen
for example if: i) there is a restoration of the discrete symmetry at low energies causing the field to be
massless and the walls to disappear [72, 74]; ii) there is a bias in the initial conditions that populates
one minimum more than others [45, 73, 86, 87]; iii) the discrete symmetry is only approximate and
the differences in vacuum energy between the different minima exert pressure on the walls and make
them collapse [70].

In this work, we will keep the analysis agnostic with respect to the annihilation mechanism
and simply define the time (redshift) of annihilation of the network as ηann (zann), or equivalently the
corresponding CMB temperature Tann. This time scale can then be related to the physical parameters
causing the annihilation of the network in the different mechanisms. Furthermore, we will work in
a sudden decay approximation where we assume that the network annihilates quickly and neglect
additional signals that can be generated during the annihilation process, where the scaling properties
are no longer verified. In this sense, our approach will be conservative as the annihilation stage can
further enhance the signals but not suppress them.

2.2 Axionic defects

The distinctive feature of the axionic case is that essentially the axion is an angular variable. This
immediately leads to the possibility of having axionic cosmic strings. Moreover, an axion potential is
allowed, provided it is periodic. To fix ideas, we can take it to be

V (ϕ) =
f2m2

N2
[1 − cos (Nϕ/f)] (2.3)

with integer N . One recognises at once i) a discretum of degenerate minima a = 2πif/N with integer
i; ii) the possible existence of DWs, interpolating between neighboring vacua.

Thus, a given axion low energy theory can host a veriety of topological defect networks. Depend-
ing on when the corresponding Peccei-Quinn (PQ) symmetry (that gives rise to the axion) is broken,
one can envisage 4 types of network, consisting of:
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⋆ Strings only. Strings arise in post-inflationary models, when the PQ symmetry is spontaneously
broken after inflation. Axionic string networks seem to reach a scaling regime, roughly charac-
terized by a O(1) long string per Hubble patch. Our discussion below is not very sensitive to
possible logarithmic deviations from scaling.

⋆ Strings and DWs. The ‘explicit’ PQ breaking term in Eq. (2.3) leads to N walls attached to
each string. Previous numerical simulations [88, 89] show that this type of network reaches
scaling in the absence of a large ‘bias’ (further explicit breaking) terms. To a good enough
approximation, there is around about one string and N walls per Hubble patch implying that
all N vacua are statistically equally represented.

⋆ DWs only. A network of axionic DWs (without strings) can be realized if, for example, the
U(1) symmetry giving rise to the axion is broken during inflation and there is enough quantum
diffusion, proportional to Hinf/f where Hinf is the Hubble rate during inflation, such that the
field excursion throughout inflation is larger than one period (2πf) and the network forms at
late times [43–45].

⋆ Annihilating networks. Any additional source of the PQ symmetry leads to a potential of the
form (2.3), but generically aligned at a different field value and with a different value of N . This
breaks the degeneracy between vacua, causes the annihilation of the network and opens up the
possibility that the network was present at the last scattering surface (LSS) but disappears at
some point in between us and the LSS.

In the next section, we discuss how the isotropic birefringence signal arises in all these cases. In brief,
for networks with DWs a picture like Fig. 1 applies whereas networks with strings are better described
by the sketch in Fig. 3.

3 Isotropic birefringence

We now move to the phenomenon of birefringence. We start by discussing the isotropic component
and leave the discussion the anisotropies to Sec. 4.

Let us assume that the field ϕ couples to photons through the topological term,

cγ
αem

8π

ϕ

f
Fµν F̃

µν (3.1)

where F̃µν = ϵαβµνFαβ/(2
√−g), with ϵ is the Levi-Civita tensor, and g the determinant of the metric.

The dimensionful coupling f parametrizes the strength of the interaction, αem ≃ 1/137 is the fine
structure constant and cγ is a dimensionless coefficient. In the case of an axion-like particle, cγ is
typically E/N where E is the electromagnetic anomaly and N the DW number.

The coupling in eq. 3.1 acts as a birefringent medium for the CMB photons thus causing the
rotation of the polarization axis along their path. The amount of rotation β that is generated from a
time η (redshift z) until the present time η0 (z = 0) is [2]

β(z) =

∫ η(z)

η0

cγ
αem

4π
˙⟨θ⟩ dη =

αemcγ
4π

(⟨θ(z)⟩ − θloc) ≈ 0.21cγ

( ⟨θ(z)⟩ − θloc
2π

)
deg (3.2)

where θ ≡ ϕ/f and ⟨θ(z)⟩ denotes the average of θ over the observable universe at redshift z and θloc is
our local value. The CMB data is sensitive to the rotation that takes place after recombination mostly
through the parity-odd cross-correlation power spectrum CEB

ℓ ∝ sin(4β)CEE
ℓ that would vanish in

the absence of birefringence [5].
We proceed by first describing the expected values for βrec ≡ β(z = zrec) from networks in

the scaling regime, first for a Z2 DW network and then for the axionic defect networks with strings
assuming they are present at recombination and are stable until today. The case of annihilating and
late-forming networks is discussed in Sec. 5.
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3.1 Z2 Domain Walls

A Z2 domain wall network (without strings) in the scaling regime at recombination, mϕ ≳ Hrec =
3 × 10−29eV, is characterized by about one wall per Hubble patch. Therefore, at recombination, the
field is expected to equally populate the N = 2 minima at θi = 2πi/N , and the probability that a
photon coming from a solid angle Ω originates from a region where θ is at the minimum i is then
p(θi,Ω) = 1/N (see Figs. 1 and 2 for a visual confirmation of this equal-sharing property).

With these considerations in mind, the amount of birefringent rotation from recombination is

βrec =
αemcγ

4π

(∫
dΩ

4π

N∑
i=1

θi p(θi,Ω) − θloc

)
=
αemcγ

4π

(
N∑
i=1

2πi

N
− θloc

)
(3.3)

=
αemcγ

2

[
N + 1

N
− θloc

2π

]
. (3.4)

The prediction for βrec is probabilistic; it is equally probable for our local universe to be at any of the
minima, p(θi0 = θi) = 1/N . For N = 2, there are two possible outcomes for isotropic birefringence,
βrec ≃ ±0.21cγ/2 degrees, each with 50% probability [43, 44].

3.2 String and string-wall networks

When strings are present the signal is richer and can be split into two types of contributions: from
the crossing of defects such as string loops βloops and from gradients βgrad. The first type has been
considered in previous works [48–50] and it gives a ±2π shift in the axion field excursion every time the
photon crosses an axion string loop. The gradient component also contributes to the field excursion
between the LSS θLSS and the value today θloc and we can actually define it modulo 2π to remove
the effect of the loops. Therefore, putting both contributions together we have

β = βgrad, mod 2π + βloops . (3.5)

Each contribution moves the axion field, and consequently rotates the photon polarization, randomly
in both positive and negative directions thus we can think of the birefringence along each line of
sight as being a realization of this random process1 and, as we explain next in more detail, the
lowest multipoles are those contributing to the isotropic birefringence thus causing an effect of the
“environmental” type.

Let us see that more explicitly in the case of string loops. In scaling, we expect around one loop
in each Hubble patch at all times so photons, coming from each line of sight n̂, can pass through
several randomly oriented loops. The number of crossed loops is about the number of e-folds to
LSS, Ne(zLSS). Therefore, in each direction, the polarization of the CMB experiences a random walk
of Ne(zLSS) steps of ±2π in ∆θ which gives a variance of ⟨∆θ(n̂)2⟩1/2 ≃ 2π

√
Ne(zLSS). However,

to compute the monopole we need to average over all angles. At the LSS, the total number of
independent realizations of this random walk is roughly given by the number of Hubble patches at
the LSS2, which is Npatches ≃ 7× 103. Thus, the variance of the distribution for ∆θ can be estimated

from the central limit theorem, to be ⟨∆θ2LSS⟩1/2 ≃ 2π
√
Ne(zLSS)/Npatches(zLSS) ≪ 1. This reasoning

can be repeated for different opening angles and redshifts by accounting for the fact that Ne(z) is
the number of e-folds up to redshift z and the number of patches at that time depends on the angle
subtended by the horizon at redshift z. Then it becomes clear that the major contribution to the
variance ⟨∆θ2LSS⟩ comes from low redshifts/ large opening angles where

√
Ne/Npatches ∼ O(0.1 − 1)

and can be understood as the contribution from the nearest structures in our local universe thus
causing an effect of the “environmental” type. Since the closest structures contribute the most to the
isotropic birefringence, we should also take into account other types of “environmental” effects that
might be subdominant for computing the anisotropic power spectrum on large scales.

1In saying this we have implicitly assumed that the mean of the distribution of the axion field at the LSS corresponds
to the value in our local universe. If this assumption does not hold there would be a further contribution to the isotropic
signal coming from ⟨θ⟩LSS − θloc.

2The number of patches is computed from the angle subtended by the horizon at the LSS ηLSS/η0 ≃ 0.022 rad, thus
Npatches ≃ (2η0/ηLSS)

2.
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Figure 3. Illustration of the environmental effect in a cosmic string network with DWs (right) and without
(left). In a 2D cut, the strings can be represented as ‘vortices’. Colour corresponds to the value of the axion
field. Colour flows in red-green-blue order (counter-)clockwise around (anti-) vortices. As in the previous
figures, the radial distance corresponds to redshift, earlier times at the edge of the disk – which represents
the LSS. The inner gray circle represents a present-day Hubble patch (say, z = 1). The precise location of,
say, the solar system is a random choice in the gray circle that is completely uncorrelated from the axion
configuration at LSS. This leads to a uniform distribution of values and an O(π) estimate for its variance.
The case of a string-wall network with domain wall number N = 3 is shown on the right.

For example, let us consider the effect of a single nearby loop. The axion field receives a ±2π
boost in the solid angle Ω enclosed by the loop. Then we have that

βloop = 0.21cγ

(
Ω

4π

)
deg. (3.6)

The coefficient cγ is bounded by the anisotropic birefringent effect that string loops have on the
CMB [48–50]. For a network with one Hubble-size string loops per Hubble patch, the axion-photon
coupling is constrained to be cγ ≲ 3.8 [50]. Therefore, a nearby string loop could explain the isotropic
birefringent signal at the 2σ level if it encloses an angle of at least 2.5 steradians, around 1/5 of the
whole sky. Clearly, the likelihood that a loop encloses this solid angle clearly depends on the size of
the loop. For small loops this would certainly require a quite special location. However, a network
that survives until today typically contains Hubble-sized loops that can cover a significant solid angle
even at a cosmological distance from us. For example, in order to cover 2.5 steradians, a Hubble-sized
loop should be no farther than redshift z ∼ 1/ tan(2.5/2) ∼ 0.3. This seems compatible with the
configurations encountered during scaling, typical distance between strings (and large loops) being
of order 1/H. To better quantify this statement it would be interesting to study the probability
distribution for a random point to be at a given distance from the closest loop.

In [50] the authors found that when accounting for the cumulative effect of loops at higher and
higher redshifts, the typical size of the isotropic signal was not enough to explain the value recently
observed (without spoiling the constraints on the anisotropic signal). It would be interesting to see if
the inclusion of closer structures (lower redshifts) in the analysis could change the conclusions or if the
cancellation of the loop effect from larger redshifts could be reduced when allowing for a distribution
of loop sizes (the authors assumed a fixed comoving loop size at all redshifts).

Yet, just an order two increase in the variance of the isotropic signal from string loops found
in [50] would be enough to avoid the no-go conclusion. Therefore, it is important to understand the
role played by the remaining contributions, the gradients, to isotropic birefringence. We identify two
kinds of gradients depending on whether the network has DWs or not. In the case with DWs, our
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local universe could, for example, be enclosed by a wall that is attached to a string loop (as in Fig.
3 of [50]). Photons that come from the outside of the domain wall, coherently feel an axion field
excursion proportional to 2π/N , because they had to cross a few walls, whereas those that come from
the direction of the string loop feel instead an excursion of −2π + 2π/N . Assuming that the string
loop encloses a much smaller angle in the sky than that of the enclosed DW then the typical size of
the signal would be

βenclosing DWs ≃ 0.21cγ/N (3.7)

A similar result can be found if we think instead of a domain wall that cuts asymmetrically our current
universe.

In the absence of DWs, the axion field is massless and so it can also develop large gradients even
more so if there is a defect not too far from our local universe. For example, as also noted in [48],
if a photon moves on a trajectory perpendicular to a straight string it will travel through an axion
field excursion of π (asymptotically). This field excursion needs not to be exactly dipolar over the
whole sky, which would be the case if, in each half of the sky, there is an ± excursion as there can
naturally be some asymmetry. Therefore, we estimate the environmental contribution of gradients to
the monopole to be

βgradients, mod 2π ≃ 0.21cγ/2 × ν (3.8)

where ν is the portion of the sky with the asymmetry (see Fig. 3 for an idea of the environmental
effects).

These additional contributions to isotropic birefringence, which can be of the same order of
magnitude as those for string loops, will unavoidably increase the signal, potentially, without spoiling
the anisotropic measurement. It is however crucial to perform a more dedicated analysis of this
situation, optimally using lattice simulations of cosmic strings, to confirm if that is indeed the case.
A smoking gun for these “environmental” effects from stable networks would be that the isotropic
birefringence turns to be driven by data coming from a particular direction of the sky.

On the other hand, possible logarithmic deviations from scaling would, if confirmed, increase the
average number of strings per Hubble patch by a number ξ ∼ O(log(f/H)), and potentially affect the
results in two ways. First, the anisotropic constraint on cγ would become stronger by a factor of 1/

√
ξ

thus reducing the maximal β allowed. Second, because there would be more strings at low redshifts
their contributions to the isotropic birefringent signal would partially cancel and suppress the signal
by a factor of 1/

√
ξ. These two effects combined can therefore suppress the maximal β by a factor of

1/ξ. However, apart from the uncertainty on the logarithmic departure from scaling, and whether it
can be extrapolated for a large hierarchy of scales, the effect is also model-dependent because of the
dependence on f . For sufficiently small f the logarithmic effect even if present will give a negligible
contribution.

In Sec. 5, we extend the discussion to the case where the network forms or annihilates in between
recombination and today but we anticipate that also in that case there can still be a contribution
to the isotropic birefringent angle from the misaligned contributions to the potential that cause the
network to annihilate.

4 Anisotropic birefringence

The spatial distribution of the defects inevitably generates an angular-dependent signal β(η, n̂) on
top of the isotropic component given in eq. (3.2) which is expected to be much larger than in
the pre-inflationary case where anisotropies are suppressed by HI/fa ≪ 1 with HI the Hubble scale
during inflation [90]. Therefore, looking for anisotropies in the birefringence is better motivated in the
presence of topological defects. This anisotropic component induces mixings between the CEE , CBB

and CEB spectra, similarly to the effect of isotropic birefringence, but involving different multipoles
[91–93]. Contrary to the isotropic birefringence, no evidence of anisotropic birefringence has been

measured and current BICEP/Keck data puts a tightest bound on its magnitude ℓ(ℓ + 1)Cββ
ℓ /2π ≤
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Figure 4. 3D scalar power spectrum of the Z2 DW network. In blue we show Pϕ for the thermal initial
condition and in black that for the white noise initial condition. Note that on scales smaller than the peak
the spectrum has the same scaling whereas on larger scales depends on the choice of the initial conditions.

0.014 deg2 [94], improving on previous results from the Atacama telescope and SPT mission ≤ 0.033
deg2 [54, 55]. However, these bounds assume a scale-invariant power spectrum; for defects, one should

compare the data with the expected Cββ
ℓ spectrum for which we will provide a good fit in the Appendix

C that will hopefully be useful for future searches.
In what follows, we review the formalism that connects the anisotropic birefringence spectrum

with the scalar power spectrum. We then take the power spectrum from 3D numerical simulations
of Z2 DW networks, whose details are discussed in A. We interpret these results as a proxy for the
axionic defects. Networks with strings naturally differ from the DW-only case in several aspects, like
in the presence of string loops. However, the presence of a peak in the spectrum at horizon scales is
also expected in the cases with strings therefore justifying the use of the DW network as a proxy.

4.1 Scalar power spectrum

The first quantity we should look at is the scalar power spectrum for the DW network P θ
k1

(η), defined
as

⟨θ∗(η, k̂1)θ(η, k̂2)⟩ = (2π)3δ3(k1 − k2)P θ
k1

(η) (4.1)

and related to the adimensional quantity Pθ
k = k3P θ

k /(2π
2). In the scaling regime, the spectrum only

depends on kη and presents a constant peak at horizon scales kη ∼ 1 as shown in Figure 4 for two
different common choices of initial conditions, white noise (black) and thermal (blue) described in
A. The spectrum has a universal behaviour ∼ k−1.3 at scales smaller than the horizon that is close,
but slightly deviates from the analytical expectation ∼ k−1 given in [43, 44] where the 2D network
is approximated by a random process following a Poisson distribution in real space. Note that in the
thermal case the amplitude at small scales is suppressed by an order O(1) compared to the white
noise case. On the other hand, at scales larger than the horizon the slope of the power spectrum
depends on the initial condition with the thermal case being more similar to the inflationary initial
conditions [45], due to the assumption of larger power on superhorizon scales in the initial conditions.
In what follows we focus on the anisotropic power spectrum for the white noise case, but stress that
the results on large scales/small multipoles can vary if the initial conditions feature correlations on
superhorizon scales (see also [45]).
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4.2 Anisotropic birefringence from recombination and reionization

To connect the anisotropic birefringence to the scalar power spectrum, we start by decomposing in
spherical harmonics the birefringent angle at a time η for a photon coming from the direction n̂ as

β(η, n̂) ≡
(cγαem

4π

)
∆θ(η, n̂) =

∑
ℓ,m

βℓm(η)Yℓm(n̂) (4.2)

where ∆θ(η, n̂) = θ(n̂, η)− θ(η0). The anisotropic birefringence power spectrum Cββ
ℓ is then given by

⟨β∗
ℓ1m1

(η1)βℓ2m2
(η2)⟩ = Cββ

ℓ1
(η1, η2)δℓ1ℓ2δm1m2

, (4.3)

which, as we review in Appendix B, is related to the scalar field power spectrum P θ
k (η) via [95]

Cββ
ℓ (η1, η2) = 4π

(cγαem

4π

)2 ∫ dk

2π2
k2jℓ(k∆η1)jℓ(k∆η2)P θ

k (η1, η2), (4.4)

where ∆ηi ≡ η0 − ηi is the comoving distance. Note that by taking β ≃ cγαem/4, valid for the Z2

model we are considering, the anisotropic and the isotropic signal are correlated Cββ
ℓ ∝ β2.

Since the polarization of the CMB photons is mostly generated at two instances of time, recom-
bination and, to a lesser extent, reionization, the anisotropic birefringence spectrum will mainly have
contributions from these two epochs. Following [65, 95], we treat both rotations as independent and
decompose the birefringence angle as3:

β(n̂) =
∑
ℓ,m

(βrec
ℓm + βrei

ℓm)Yℓm(n̂) (4.5)

so the total power spectrum presents the following contributions

⟨β∗
ℓ1m1

βℓ2m2
⟩ = ⟨β∗rec

ℓ1m1
βrec
ℓ2m2

⟩ + ⟨β∗rei
ℓ1m1

βrei
ℓ2m2

⟩ + ⟨β∗rec
ℓ1m1

βrei
ℓ2m2

⟩ + ⟨β∗rei
ℓ1m1

βrec
ℓ2m2

⟩ (4.6)

= δℓ1ℓ2δm1m2

[
Cββ

ℓ1
(ηrec, ηrec) + Cββ

ℓ1
(ηrei, ηrei) + 2Cββ

ℓ1
(ηrec, ηrei)

]
. (4.7)

Since the cross-term

Cββ
ℓ (ηrec, ηrei) = 4π

(cγαem

4π

)2 ∫ dk

2π2
k2jℓ(k∆ηrec)jℓ(k∆ηrei)P

θ
k (ηrec, ηrei), (4.8)

is negligible because the two Bessel functions, that peak at ℓ = kη, have little common support
because ηrei ≃ 15ηrec, the total power spectrum can be treated as the sum of the contribution from
recombination and reionization. We can use this fact, together with the information from the isotropic
birefringence, to test different evolutions of the network as we discuss in Sec. 5.

In Figure 5 we show the anisotropic birefringence of the DW network at recombination and
reionization computed from eq. (4.4) and compare it with the flat-sky approximation that we derived
in Appendix B. As expected, the anisotropic birefringence peaks at the horizon scale of recombination
and reionization, respectively. In the flat-sky approximation, our result closely matches previous
results in literature [43, 44], thus confirming their robustness. However, we note that on large scales
there are sizeable differences between the flat-sky and full-sky results even for the recombination part
where we expected those differences to be less pronounced. The full-sky result is numerically more

3The recombination and reionization contributions can be isolated by convoluting the power spectrum with the
visibility function around the recombination and reionization peaks [95]. In this work, for simplicity, we work under the
instantaneous emission approximation, in this way, we can provide some useful formulas that can be used to compare
with CMB data, as through eq. (67) of [95]. As we discuss below in more detail, we expect this simplification to have
negligible effects on the recombination piece, due to the sharpness of the visibility function at that time, but perhaps
a non-negligible effect on the reionization contribution. Moreover, we note that taking into account the full redshift
evolution of the anisotropies can leave non-trivial effects. Indeed, the anisotropies grow until the network reaches
scaling, thus, a bigger amplitude at later times can compensate for the smallness of the visibility function outside the
recombination and reionization period. However, here we do not consider such a possibility.
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Figure 5. Anisotropic birefringence power spectrum obtained from 3D numerical simulation of DWs com-
puted for recombination (left) and reionization (right). The green line shows the flat-sky result given in eq.
(B.10), the error bars come directly from those in the power spectrum of Figure 4. The red lines show the
full-sky result computed from eq. (4.4) from the values of the averaged power spectrum shown in Figure 4 with
white noise initial conditions. The red error bar on the left panel comes from computing the full-sky result
from the one sigma scalar power spectrum of Figure 4 and we checked that the cosmic variance contribution
to the error is comparable to this. On the right plot, the error bar is instead mainly given by cosmic variance.
The gray lines represent the experimental constraint from BICEP/KECK (solid) [94] and the future forecasts
with LiteBIRD, Simons Observatory and CMB-S4 (dashed) [58]. The BICEP bound looks in tension with
the reionization signal for β = 0.342 deg, but both can be reconciled within the two sigma of the isotropic
birefringence measurement, i.e. β ≃ 0.16 deg, as shown by the red dashed line.

demanding because of the highly oscillating integrand on eq. (B.7) so in Appendix C we provide some
numerical fit for both the recombination and reionization spectra to facilitate future searches.

These spectral amplitudes are potentially testable with future CMB measurements, such as
Simons Observatory, LiteBIRD and CMB-S4 [58]. These sensitivity curves are determined by the
statistical uncertainty from beam systematics [96] whose effect becomes dominant for smaller angular
scales. Namely, the anisotropic birefringence power spectrum for the reionization epoch, which has
a peak at large angular scales in comparison with that for the recombination epoch, is advantageous
for CMB measurements. Indeed, by comparing our prediction to current constraints on the scale-
invariant power spectrum from BICEP/Keck [94], it looks like there is already a tension between the
two. This can however be relaxed by lowering the isotropic signal at reionization within the two-sigma
range β → 0.342−2σ ≃ 0.16 deg as shown with the red dashed line on the right panel of Figure 5. To
have a more direct comparison with the observed data and the sensitivity over different multipoles in
Figure 6 we compare our spectra with the data of BICEP/Keck [94] on the left and of ACTpol [54]
and SPTpol [55] on the right.

4.3 Effects of the finite thickness of the last scattering surface and axion mass

Some comments are in order: first, neither recombination nor reionization are instantaneous during
the evolution of the Universe thus their thickness could leave some effect on the observed anisotropies;
second, the walls move in random directions at relativistic speeds which can also affect the observed
spectrum. Regarding the finite width of the last scattering surface, which we denote as ∆ηrec, one
would need to convolute the scalar power spectrum with the visibility function, but we believe this
to be a small correction as we now explain. The scalar power spectrum always peaks at the same
comoving scale k ∼ 1/η, thus, we expect the finite width to smear the peak of the signal over the
scales

ℓpeak ≃ η0
ηrec ± ∆ηrec

≃ η0
ηrec

(
1 ∓ ∆ηrec

ηrec

)
.

Given that ∆ηrec/ηrec = 0.04, this is a small effect at recombination and it changes the value of the
peak by ∆ℓpeak ∼ O(1) at ℓpeak ∼ 100. The effect is however more important at reionization since the

relative thickness of this period is bigger. Cosmic variance, estimated by ∆Cββ
ℓ ≃

√
2/(2ℓ+ 1)Cββ

ℓ
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Figure 6. Comparison of Cββ
ℓ to observed data, from BICEP/Keck [94] on the left and ACTpol [54] and

SPTpol [55] on the right. On the left panel, we show both the contribution from recombination and reionization
for β ≃ 0.16 deg, it’s clear that data at low multiples already put stringent constraints on the reionization
spectra because of its larger amplitude on large scales. As in [94], in the left panel the blue data points
correspond to spectra at 150 GHz, red data at 95 GHz and orange data come from the combined spectra.

[43], is another source of uncertainty at these multipoles which impacts the reionization spectrum as
shown in the error bars of Figure 5.

Regarding the relativistic velocities of the DWs, we expect their relative motion to lead to
some fuzziness in the anisotropies at scales smaller than the typical distance4 travelled by the walls
during recombination ∆ηrec. Taking as typical DW velocity projected on the sky 0.5

√
⟨v2DW⟩, the

corresponding angular scale is

∆LDW ∼ 0.5c∆ηrec ∼ 0.02ηrec → θ ≃ ∆LDW

η0
≃ 0.02

ηrec
η0

≃ 0.02 deg, (4.9)

which corresponds to large multipoles ℓfuzz ∼ η0

∆LDW
= 50 η0

ηrec
≃ 2500. Thus, we do not expect these

effects to significantly modify the birefringence spectrum shown in Figure 5, nor the expectation for
the isotropic birefringence which is an averaged quantity over the sky thus small-scale variations are
not important.

Lastly, we comment on the effect of the mass on the spectrum. Because the scalar power spectrum
decays exponentially on scales k ≳ km = 1/mϕ, the spectrum shown in Figure 5 will be suppressed
at multipoles larger than

ℓm ∼ km
10−4

Mpc

h0
∼ 100

h0

(
10−27eV

mϕ

)
. (4.10)

This suppression of anisotropies will be pronounced if the axion mass is smaller or comparable to the
Hubble rate at recombination.

5 Tomographic probes of annihilating and late-forming networks

Recent analyses of the CMB data have found evidence for a non-vanishing signal of β(zrec) =
0.342+0.094

−0.091 deg at 68% CL [1]. However, the amount of rotation can in principle vary in time and
recent works proposed a way to probe the time dependence through a tomographic analysis. The
polarization of the CMB photons is mostly generated at two characteristic times: recombination
(zrec ∼ 1100, from Thomson scattering and quadrupole anisotropies), and reionization (zrei ∼ 8, when
the first stars reionize the intergalactic medium) [97]. Therefore, we expect two peaks in the CEB

l

spectrum at the two corresponding angular scales. A possible detection of such peaks with future
data would then allow to distinguish the amount of birefringence generated from recombination from

4The typical velocity of the DWs is close to the speed of light. To be conservative, we take
√

⟨v2DW⟩ ∼ c which gets

reduced by a factor of two if one assumes that the orientation of the DW with respect to the line of sight, denoted by

Θ, is random and isotropic ⟨sin(Θ)⟩ =
∫ π/2
0 cos(Θ) sin(Θ)dΘ = 0.5.

– 13 –



Figure 7. “Celestial plot” representation of an annihilating DW network in a Z2 model (only 2 vacua). The
annihilation redshift corresponds to the solid black circle. From then on, all patches are in one and the same
vacuum. Note that the contribution of the isotropic birefringent angle from recombination would coincide
with the one from a network in scaling (depicted in Fig. 1), in magnitude. In the annihilating network case,
the sign of the signal can be predicted.

that generated from reionization [37, 65, 67]5. To make contact with the toy model of ref. [37], where
it is studied the impact of a redshift dependent isotropic signal on CEB

ℓ , it is convenient to simplify
the redshift dependence of β as [37]:

β(z) =


0 , z = 0

βrei , 0 < z ≤ zrei

βrec , z > zrei .

(5.1)

There are several distinct cases, that we summarize in Table 1. When the network forms before
recombination and survives until today one expects the average value of θ at recombination and
reionization to be similar ⟨θrei⟩ ≃ ⟨θrec⟩ [43, 44] 6. However, that might no longer be the case when
the network forms or annihilates between recombination and the present time as depicted in Figure
7. If the network forms after recombination the value of ⟨θrec⟩ can change depending on the details
of the scalar field potential at that time - before the defects are formed.

If, instead, the network annihilates after recombination the prediction for βrec remains essentially
the same in the case of the Z2 DW network, with the only difference being that the local value θloc
would then correspond to one single global minimum and the final result becomes deterministic. In
the case of the string-wall network, the environmental effect from local structures is suppressed for
large zann. However, there can still be a leftover signal for example from the fact that the misaligned
contribution to the axion potential the one that can cause the annihilation of the network, is in
general not aligned with the potential V in eq. 2.3 7. In any case, if the annihilation happens before
reionization, there will be no further rotation of the photon polarization axis after that point implying
that βrec ̸= βrei = 0. The tomographic measurement of the isotropic birefringence as proposed in
[37, 65] can then allow to measure βrei and βrec and so distinguish between scenarios with different

5Polarized Sunyaev-Zel’dovich effects by the scattering of CMB photons by electrons in galaxy clusters are potentially
another tomographic observable that could allow to test the cosmic birefringence at redshifts lower than the cosmic
reionization epoch [66, 68].

6The average value of ⟨θ(z)⟩ is computed by summing over the number of Hubble patches Npatches at redshift z and

so has fluctuations that decrease with 1/
√

Npatches. At recombination there are Npatches ≃ 7 × 103 then the relative
uncertainty on the isotropic birefringence is σβ/⟨β⟩ ≃ 0.01; at reionization, the number of patches is much smaller
Npatches ≃ 30 which translates into a relative uncertainty of σβ/⟨β⟩ ≃ 0.18. Overall this is a small error and we will
neglect it in the rest of the paper.

7For example, if the misaligned potential Vmis, moves the global minima to a field value that is asymmetric with
respect to the minima of V then photons that come from the different minima of V , while the network was in scaling,
travel through different field excursions thus leaving again a signal on the ballpark of βrec ∼ 0.21cγ/N deg.
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Formation

Annihilation
zrec > zann > zrei zrei > zann ≥ 0

Isotropic Birefringence:

βrec ̸= βrei = 0 βrec ≃ βrei ̸= 0

Anisotropic Birefringence:

zf > zrec Cββ
DW|rec, Cββ

DW|rei ∼ 0 Cββ
DW|rec, Cββ

DW|rei
zrec > zf > zrei Cββ

IC |rec, Cββ
DW|rei ∼ 0 Cββ

IC |rec, Cββ
DW|rei

zrei > zf > 0 // Cββ
IC |rec, Cββ

IC |rei

Table 1. Properties of the cosmic isotropic and anisotropic birefringence caused by DW networks with differ-
ent times of formation and annihilation. The isotropic value depends only on the annihilation time whereas
the anisotropic component depends on both. We distinguish when the anisotropic spectrum is determined by
the DW network Cββ

DW from when it is sensitive to the initial condition of the scalar field Cββ
IC . We expect

that most of these features can be extrapolated to the case of string and string-wall networks.

annihilation times, although not between scenarios with different formation times. For the latter, the
information stored in the anisotropic signal, described in the next paragraphs, can provide further
input as summarized in Table 1.

Let’s first consider the case where the network does not annihilate or annihilates after reionization
(second column of Table 1). If the network has formed before recombination the anisotropic signal
would show a double peak spectrum, corresponding to the sum of the spectra of recombination and
reionization as shown in Figure 5. In case the network is not yet formed at the time of recombination,
the anisotropies at those scales will likely be much smaller and sensitive to the initial conditions of
the scalar field before the walls are formed Cββ

IC . In the remaining case, when the network forms
after reionization, the phenomenology will be hard to distinguish from the axion-like case with masses
mϕ ≲ 10−32 eV because the anisotropies at recombination and reionization are both small.

If instead, the network annihilates between recombination and reionization (first column of Table
1). Then, both the isotropic and anisotropic reionization components, βrei and Cββ |rei, vanish. If,
moreover, the network is not yet formed at the time of recombination, the anisotropies at those scales
will again also likely be small and initial condition dependent. We expect that most of these features
can be extrapolated to the string and string-wall networks with the caution of adapting Cββ |rec,rei to
the presence of the string loop effects that can affect the overall spectrum.

So even if future analyses do not detect anisotropies on the birefringence angle a late-formed
domain wall network is not ruled out but it could still be probed by other observational signatures,
such as the effect on polarized sources at low redshifts like Quasars [98] or Pulsars [99? ]. Interestingly,
all the previously discussed scenarios can leave an imprint on the B-modes of the CMB as we discuss
in the next section.

6 Gravitational waves from networks with DWs

The axionic networks are very inhomogeneous on scales around the horizon, i.e. δρ(kH , η) ∼ ρ(η),
where ρ is the network’s energy density and δρ(kH , η) its perturbations from the average value at the
horizon scale kH at the time η. Therefore, if present at CMB times the network can leave sizeable
effects on the CMB perturbations even when not coupled to photons.

The gravitational effect of strings in the CMB is typically small unless the string tension is
considerably large (see e.g. [100] for a recent analysis). However, the situation changes dramatically
when DWs are present (with or without strings) due to their growing abundance, as discussed in 2.
In this latter case, previous works have focused on the CMB effects of networks that: i) remain stable
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Figure 8. Time evolution of the spectral function S(k, η) (from light red to dark red) as a function of kη and
for thermal initial conditions. The green curve is the fit to the latest time of the simulation. The data points
and their errors are not shown in this figure to avoid cluttering. See Appendix D for more details.

until today, σ1/3 ≲ MeV [69, 82, 83], ii) annihilate before recombination [81]. Here, we extend these
works by studying the gravitational waves (GW) generated by the network while in scaling and their
impact on the CMB B modes, and by considering networks that annihilate between recombination
and today. To this end, we have used the dedicated numerical simulations, described in appendix A,
to derive the GW spectrum of the DW network which we will then use to derive bounds on the wall
tension σ (or equivalently Ωann) using existing constraints on stochastic GW backgrounds at CMB
scales [79]. While in the scaling regime, the network abundance Ωdw(η) in eq. 2.2 grows in time and
so does its GW spectrum that is proportional to Ω2

dw [101]. Therefore, the GW signal is expected to
peak around the time the network annihilates. 8 We follow the approach used in previous works and
estimate the GW signal from the network to be that of the scaling regime evaluated at the time of
annihilation.

In terms of the microphysical parameters of the DW, the gravitational wave spectrum ΩGW(η, k)
is characterized by [101]

ΩGW(η, k) =
1

ρtot(η)

dρGW(η, k)

d log k
=

(
ρdw
ρtot

)2

S(k, η) . (6.1)

where S(k, η) is a spectral function that in the scaling regime reaches an attractor shape that only
depends on the product kη,

S(k, η) → Ssc(kη) , (6.2)

and peaks at the horizon scale. We show in Fig. 8 the time-evolution of S(k, η) throughout the
simulation (where the comoving momenta k are kept fixed). The parameters describing the simulations
are described in Appendix A. The spectrum evolves from early times (light red), where we have chosen
thermal initial conditions for the scalar field, to the scaling regime at late times (dark red) where the
spectrum reaches the attractor shape Ssc(kη). The case with white noise initial conditions is shown
in Fig. 13.

8Note that after annihilation the network will decay into its massive scalar field components. Therefore, the scalar
field abundance will remain approximately constant after annihilation (unless it decays into radiation in the meantime).
However, in that regime, the GW spectrum moves towards smaller, non-CMB, scales as there are no longer coherent
structures of cosmological size.
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To reconstruct the shape function we have taken the scalar field data at the latest time of the
simulation 9 in Fig. 8 (taking into account the 1σ errors obtained after averaging over 5 realizations)
and fitted the spectral shape Ssc(kη) to the double power-law function

Sfit
sc (x) = A

θ + β

θ
(

x
xpeak

)−β

+ β
(

x
xpeak

)θ . (6.3)

The best fit is shown in green in Fig. 8 and corresponds to the best-fit parameters: A ≃ 0.02, β ≃
2.9, θ ≃ 1.7 and xpeak ≃ 3 (see Appendix D for more details about the fit and the data selected). We
find this functional form of the fit to be a good description of the data for kη ≲ 50. For even smaller
scales we see the appearance of a flattening region, in the case of thermal initial conditions, or a bump
in the case of white noise initial conditions. It is unclear at this point if this behavior is caused by
the finite width of the wall, by some remnant of the initial conditions that have not yet diluted, or if
it is a physical feature. Therefore, we discard the data points with kη > 50 when performing the fit.
A dedicated study with a larger numerical simulation should clarify the origin of the change of slope
at those scales.

Let us now discuss the best-fit parameters obtained. The position of the peak at kη ≃ 3 is
compatible with the expectation of a peak at the scale of the horizon kpeak ∼ aH ∼ 2/η where the
factor of 2 is present for a matter-dominated background evolution. We find β = 4.3 for the slope
of the spectrum at low momenta, stronger than that dictated by the causality argument (∝ k in
a matter-dominated regime). Note, however, that the causality slope is only expected once scales
that were superhorizon at the time the signal was generated reenter the horizon, and not for these
intermediate horizon-size lengths. On the other hand, for high momenta, at the right of the peak, we
find a slope of θ = 1.7. 10 This value is larger than the value obtained in previous studies in radiation
domination backgrounds where θ was found to be around one [101]. The best-fit values for the case
with white noise initial conditions are shown in Table 2.

The attractor nature of Ssc(kη), allows to extrapolate the spectrum of GWs obtained from our
numerical simulation to other networks with different DW tensions and annihilation times, by means of
eq. 6.1 and the appropriate rescaling of ρdw and ρtot.

11 The next step is to evolve the spectrum from
annihilation to the present time. The wave numbers that are subhorizon at the time of annihilation
redshift as radiation, and so faster than the matter-dominated background by a factor of a, the scale
factor. For these modes, the GW spectrum today is given by

ΩGW(η0, k) =

(
aann
a0

)
(Ωann

dw )
2
Ssc (kη0) (6.4)

where Ωann
dw ≡ Ωdw(ηann) and aann/a0 ≃ T0/Tann with T0 (Tann) the CMB temperature at the present

(annihilation) time. Regarding the modes that are superhorizon at ηann, we extrapolate their GW
spectrum using the causality argument that sets the slope of the spectrum to be k once they re-enter
the horizon (rather than the k3 for radiation domination) [104]. Finally, we use the approximate
expression η ≃ 2/(

√
ΩmH0)

(√
a+ aeq −√

aeq
)
, valid for a universe filled with matter and radiation 12,

to relate the annihilation time ηann with the present conformal time η0, where Ωm, H0 are respectively
the matter abundance and the Hubble rate today that we take from the latest Planck analysis [97].

In Fig. 9 we show the resulting GW spectrum as a function of the physical momenta today
for different values of Ωann

dw and the annihilation temperature Tann using the fitted spectral function
discussed above (with thermal initial conditions). The dotted lines correspond to the extrapolation of
the spectrum to the scales that were superhorizon at ηann. For fixed Ωann

dw , networks that annihilate

9To find the fitting function we discarded the data at the smallest scales, as their evolution is influenced by the finite
width of the wall.

10Including more UV points in the fit moves the best fit to values closer to one, see discussion in App. D.
11The annihilation of the network is a violent process that includes the collapse of closed domains and thus can

further source gravitational waves (see e.g. [78, 102, 103]). Here we neglect these potential additional sources of GWs.
Our approach is, in this sense, conservative.

12The correction from dark energy is small, of approximately 20%.
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Figure 9. Fitted GW spectrum (thermal initial conditions) from DW networks with four different sets of
parameters (see main text for more details). Black and gray regions correspond to current CMB constraints
on a stochastic spectrum of GWs, and the region above the dot-dashed line are the prospects with future
CMB experiments [79].
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Figure 10. Left: Bounds on the DW abundance at the time of annihilation of the network Ωann
dw ≡

ρdw/ρtot(Tann) as a function of the CMB temperature at the same time (this work). The dark blue re-
gion is excluded by current CMB data due to the overproduction of GWs. The light blue region shows the
prospects for detection with an idealized future CMB experiment [79] (see main text for more details). Black
contours correspond to the same bounds but with white noise (rather than thermal) initial conditions. The
gray region is excluded by the CMB analysis of [81] and the black circles denote the bounds on stable DW
networks (Tann ≲ 2.7K) from [69, 82, 83]. Right: Same as the left plot but in terms of the wall tension.

later have a larger GW spectrum because the GWs redshift faster than the background for a shorter
time. On the other hand, different annihilation temperatures move the peak of the spectrum to
different scales. In the same plot, we also show the current CMB bounds on a general stochastic
spectrum of GWs, that we will use in the next paragraphs to constraint the parameters of the model,
and the prospects for detection with future CMB experiments [79, 105].

We proceed with a systematic analysis where we use the GW spectrum in eq. (6.4) to search
for the region of parameters in the Ωann

dw –Tann plane where the spectrum overlaps with the region
excluded by the CMB bounds derived in [79] and shown in Fig. 9. We show the resulting constraints

– 18 –



in Fig. 10 in terms of the DW abundance Ωann
dw (left) and DW tension σ1/3 (right). 13 The dark

blue region is excluded by the current data whereas the region in light blue could be detected by
an idealized full sky CMB experiment with µK-arcmin white noise with an arcmin Gaussian beam
[79]. 14 The black (continuous and dashed) contours indicate the same constraints but using instead
the GW spectrum from the simulation with white noise initial conditions (instead of thermal). We
note that the constraints are not very sensitive to this dependence. Finally, in gray we show the CMB
constraints on DW networks that annihilate before recombination [81].

Roughly speaking, the current CMB data limits Ωann
dw to values smaller than 10−4 − 6 · 10−6

and DW tensions below 0.5− 100 MeV, depending on the annihilation temperature, and future CMB
experiments will in principle be able to probe DW networks with abundances down to 10−7 and
tensions down to 0.1 MeV. The bound on Ωann

dw is in the ballpark of what one would expect by roughly
comparing Ωann

dw with the amplitude of the CMB anisotropies. Note also that even if the CMB bounds
shown in Fig. 9 are peaked at k ∼ 0.01Mpc−1, the constraints on Ωdw are rather flat on Tann. This is
because of the shallower spectral shape of the GW signal and the fact that the GW peak for networks
that annihilate after recombination lies at k ≲ 0.01Mpc−1.

Our analysis also extends to networks that survive until today, with the GW spectrum given in
that case by eq. 6.4 with Tann ≃ TCMB ≃ 2.7 K. We find the resulting bounds to be stronger than in
previous analyses (black circles in Fig. 10) [82, 83]. We believe that this improvement is justified by
the fact that we are using Planck 2018 data and the information from all multipoles, while previous
works used 2015 data and only low-l data.

We finish this section with a few remarks. The constraints on the stochastic GW spectrum
derived in [79, 105], and that we use to derive our bounds, assume a monochromatic top-hat GW
spectrum at each momentum. In reality, our spectrum is broader so we expect that a dedicated CMB
analysis could lead to even stronger constraints. On the other end, in [79, 105] it is assumed that
the stochastic GW spectrum is present at all times relevant for the CMB, from recombination until
today. In the case of the DW network, the GW is mostly generated at the annihilation time, which
can be much after recombination. Therefore, even though we do not expect this difference to have a
large quantitative impact, it motivates a dedicated CMB analysis.

7 Conclusion

The recent measurement of a non-vanishing isotropic cosmic birefringence signal in the CMB, hints
towards new physics, potentially connected to axions. In this work, we have argued that networks
of axionic defects that couple to photons, including the DWs studied in [43, 44] but also string
and string-wall networks, can yield an isotropic birefringence signal in the ballpark of the recently
measured signal. In these scenarios, O(2πf) field excursions are guaranteed independently of initial
conditions, and we argued that a nonzero isotropic signal is generic provided the network of defects
is present at the last scattering surface (LSS). We have also shown, using as a proxy dedicated 3D
numerical simulations of domain wall networks, that the presence of defects comes along with a set
of other signatures, both at the level of the birefringent signal and at the level of GWs, that can
be probed with future data and that will help to disentangle the defect interpretation from other
proposed explanations for the measurement.

In Sec. 3 we discussed the isotropic birefringence signals that are characteristic of the axionic
defects. We started by reviewing the case of DW networks and then argued that similar results
apply to string and string-wall networks. Our reasoning was based on what we called environmental
birefringence: the fact that gradients and defects at low redshifts can induce large field excursions for

13To obtain the bounds for the tension of the wall σ, right plot of Fig. 10, we have used the scaling relation ρdw = cσH
with c = 3/2 · 0.5 that we take from the numerical simulations with thermal initial conditions (the case of white noise is
only slightly different with c = 3/2 · 0.8). On the other hand, to obtain the gray region in the left plot, where we show
the bounds derived in [81] that apply for DWs that annihilate in a radiation-dominated regime, we have instead used
c = 2 · 0.8 [101] to convert the bounds into Ωann

dw .
14An important observation is that we are considering axion masses mϕ ≫ Hrec so that the suppression of the

spectrum at scales k ≫ m−1
ϕ lies outside the scales probed by CMB. The suppression occurs at scales higher than

k ≳ m−1
ϕ ∼ 0.01Mpc (10−27eV/mϕ).
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the axion at large angles in the sky that, contrary to their high redshift partners, do not average out
thus leaving an isotropic birefringence signal of environmental type. Compared to previous work, we
identified a few more contributions to the isotropic signal, in the form of local gradients, besides the
string loop contribution studied in [48–50]. These additional contributions can potentially overcome
the constraints from the anisotropic birefringence spectrum and, therefore, it would be interesting to
verify these statements with a dedicated simulation of axionic strings.

We then looked into the anisotropic part of the birefringence signal in Sec. 4. The inhomo-
geneities of the network, peaked at the horizon scale, are a smoking gun for this scenario. We
computed the anisotropic birefringence signal for a network that is in scaling at recombination and/or
reionization using for the first time a dedicated 3D numerical simulation (with thermal and white
noise initial conditions) of a domain wall network and the full-sky power spectrum, without the flat-
sky approximation. We found that the reionization component is in slight tension with the current
data from BICEP/Keck [94], but a more detailed analysis should be done which takes into account
the actual shape of the DW spectrum, for which we provide numerical fits in the Appendix C. We
have also estimated the effects on the anisotropic spectrum of the finite thickness of the LSS and the
relativistic motion of the network and found them to be negligible at multiples close to the peak.
Similarly, the monopole signal is free from the wash-out from the finite thickness of the LSS that
happens for axion dark matter models. We stress again that our results are based on simulations of
domain wall networks in a Z2 model, not really an axionic model. However, concerning these points
we expect qualitatively similar conclusions for the string and string wall cases as the scalar power
spectrum does not differ much among those different regimes [106].

Then in section 5, we discussed how a tomographic analysis, through the measurement of the EB
power spectrum at low l with future CMB surveys as proposed in [65, 68], would allow to distinguish if
the network was formed before or after recombination formation and/or if it annihilated before or after
reionization. In the process, we also argued that even if the network annihilates before today there
can be situations where the isotropic signal remains due, for example, from misaligned contributions
to the potential. This would suppress the signal at low l and so alleviate the currently mild tension
with BICEP/KECK data. We summarized the different regimes and predictions for isotropic and
anisotropic birefringence in table 1.

Finally, in section 6, we studied the gravitational effects of networks with DWs on the CMB
anisotropies, which are proportional to the tension of the walls and independent of the birefringence
signals. We assumed, conservatively, that the GW spectrum is maximal at the time the network
annihilates and so used the aforementioned numerical simulations in the scaling regime to compute
the GW spectrum today (see Fig. 9). Previous works placed CMB bounds [79] on stochastic GW
backgrounds such as that generated by the DW network. We used those existing bounds to constraint
the energy density of the network Ωann

dw (or equivalently the DW tension) as a function of the anni-
hilation temperature of the network (see Fig. 10). Our results are the first bounds on DW networks
that annihilate after recombination and bridge an existing gap in the literature: previous analyses
have analyzed networks that either do not annihilate [69, 82, 83] or annihilate before recombination
[81]. We ended by showing the prospects for detection with future CMB B-mode experiments. A pos-
sible measurement of a DW-like GW spectrum on CMB scales combined with DW-like birefringence
signatures would make a strong case for the presence of DWs after the recombination epoch.

This work has left a few research directions that would be interesting to explore in the future. We
list here a few of those ideas. We have shown interesting predictions at the level of the birefringence
spectrum. Therefore, it would be timely to perform a dedicated analysis of the detectability of these
effects with near-future experiments such as Simons Observatory, LiteBIRD and CMB-S4.

Regarding the gravitational impact of the network on the CMB, here we restricted our analysis
to the CMB B spectrum. However, DW networks also impact the remaining CMB correlators, in
particular, through the generation of isocurvature perturbations. It would be interesting to study
these effects in more detail and, if possible, implement the backreaction effects of the network on
the CMB perturbations directly on a CMB Boltzmann solver, in the spirit of what has been done in
[82, 83]. That would allow us to improve the sensitivity to the tension of the wall and to perform
further tests of the DW interpretation of the cosmic birefringence signal.
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A Numerical Simulation

A.1 Evolution equations and initial conditions

The field theory model that we simulate in this paper is described by the following action for a scalar
field,

S = −
∫
d4x

√−g
[

1

2
∂µϕ∂µϕ+

λ

4
(ϕ2 − v2)2

]
, (A.1)

in the cosmological background,

ds2 = a2
{
−dη2 + (δij + hij)dx

idxj
}
, (A.2)

where η is the conformal time, hij is the tensor perturbation. Throughout this paper, we fix λ = 1.
The action (A.1) yields the evolution equation of the scalar field,

ϕ̈+ 2Hϕ̇− ∂i∂iϕ = −a2λ(ϕ2 − v2)ϕ, (A.3)

where the dot represents the derivative with respect to the conformal time and H := aH is the
conformal Hubble parameter. Defining the dimensionless variables, η̂ := vη, x̂ := vx, and ψ := aϕ/v,
we obtain

ψ̈ − ä

a
ψ − ∂i∂iψ = −λ(ψ2 − v2a2)ψ. (A.4)

Henceforth, we omit the hat for the dimensionless variables and all physical quantities shall be nor-
malised by v. The action (A.1) yields also the evolution equations of the tensor perturbations,

ḧij + 2Hḣij − ∂k∂khij =
2

M2
pl

Tij , (A.5)

where Mpl := (8πG)−1/2. Introducing χij := ahij and ϵG := v/Mpl, we obtain

χ̈ij −
ä

a
χ− ∂k∂kχij = 2aϵ2G

Tij
v2
. (A.6)

We fix ϵG = 0.1, but the normalisation of χij is not important since in Sec. 6 we define the spectral
function, S(k, η), which is independent to v. Tij is the spatial part of the energy-momentum tensor,

Tµν = ∂µϕ∂νϕ− gµν

{
1

2
∂αϕ∂αϕ+

λ

4
(ϕ2 − v2)2

}
. (A.7)
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Figure 11. Time evolution of the area parameter. The area parameter becomes almost constant in the late
time, implying the scaling regime. We consider the cases with the white noise and thermal initial conditions
in a small box (L = 20) and a large box (L = 80). Each result is averaged over 5 realisations, and the coloured
bands indicate the 1σ error.

We consider only the relevant term that sources the gravitational waves, which is given as

Tij
v2

⊃ 1

v2
∂iϕ∂jϕ =

1

a2
∂iψ∂jψ. (A.8)

When we evaluate the gravitational wave spectrum, the transverse-traceless projection drops the other
terms in the energy-momentum tensor.

In our simulations, we solve Eqs. (A.4) and(A.6) with the periodic boundary condition in the
comoving box. We performed simulations with L = 20 and 80. The physical box size at η is given
as a(η)L where we set a(ηin) = 1. The number of grids is fixed to be N = 10243. We employ the
Leap-Frog method and the central finite differences for the spatial derivatives, which achieves the
second order both in time and space. We assume a matter-dominant Universe in which the conformal
Hubble parameter is H = 2/η. The initial conformal time is ηin = 2.24 and thus the Hubble parameter
at this time is H(ηin) = 0.894.

For the initial conditions, we consider two different cases. One is the thermal noise for ψ, so that
the two-point correlation functions of ϕ and ϕ̇ are given in [107] with a temperature Tin = v. The
second choice is the Gaussian random noise with

√
⟨ψ2⟩ = 0.1 and ⟨ψ⟩ = 0. As the power spectrum

of the Gaussian random noise is given as P(k) ∝ k2, the power on small scales becomes too large. To
smooth the initial field distribution, we apply a cooling period before starting a simulation according
to Ref. [108]. We solve a diffusive equation replacing the second time-derivative of the field equation,
ψ̈, by the first time-derivative, ψ̇,

ψ̇ = ∂i∂iψ − λ(ψ2 − 1)ψ, (A.9)

for ηin − ηdiff ≤ η ≤ ηin with ηdiff = 100∆ηdiff and ∆ηdiff = 3 × 10−3. During this process, we do
not consider the cosmic expansion by setting a = 1. For η ≥ ηin, we turn on the cosmic expansion
and solve Eqs. (A.4) and (A.6). The cooling process reduces the power of the fluctuations on small
scales for k > kdiff where kdiff = 1/

√
ηdiff . We confirmed that the resulting power spectrum at the

simulation end remains unchanged up to
√
⟨ψ2⟩ = 10.

A.2 Area parameter

We use the algorithm introduced by Ref. [109] to estimate the comoving area of domain walls in the
computational domain as

A = ∆x2
∑
links

δ+−
|∇ϕ|

|∂ϕ/∂x| + |∂ϕ/∂y| + |∂ϕ/∂z| , (A.10)
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where ∆x is the lattice spacing and δ+− is defined to be 1 if a link between neighbour grid points
crosses a wall and 0 if it does not. Then we introduce the area parameter defined as [106]

A =
ρdw
σ
t =

2A

3L3H ,

where ρdw and σ are the energy density and the tension of domain walls, respectively, A is the comoving
area and L is the comoving box size. Note that we find c = 3A/2 in eq. (2.1). The comoving area
of the domain wall is proportional to time, just as the correlation length of the cosmic string in the
scaling regime is proportional to time. Therefore, the area parameter becomes constant in the scaling
regime. In Fig. 11, we show the time evolution of the area parameter with L = 20, 80 and the thermal
and the white-noise initial conditions with the cooling process. Although there is a scatter, the area
parameter becomes almost constant and converges to A ≈ 0.5 ± 0.1.

B Angular Power Spectrum

In this section, we review the computation of the anisotropic birefringence power spectrum (see e.g.
[95, 110] for more details). The coefficients of the multipole expansion in eq. (4.2) are given by

βℓm(η) =

∫
d2nY ∗

ℓm(n̂)β(η,∆η n̂), (B.1)

with ∆η = (η0 − η) the comoving distance between the time η and the present time η0. By taking
the Fourier transform of the field

β(η,∆η n̂) =

∫
d3k

(2π)3
ei∆η n̂·k̂β(η, k̂) (B.2)

and using the plane wave expansion in terms of spherical harmonics

ei∆η n̂·k̂ = 4π
∑
ℓm

iℓjℓ(k∆η)Y ∗
ℓm(k̂)Yℓm(n̂) (B.3)

where jℓ is the ℓ−th spherical Bessel function, one can write eq. (B.2) as

βℓm(η) = 4πiℓ
∫

d3k

(2π)3
Y ∗
ℓm(k̂)jℓ(k∆η)(k̂)β(η, k̂) (B.4)

where we have used the orthonormality property of the spherical harmonics∫
d2k̂Y ∗

ℓ1m1
(k̂)Yℓ2m2(k̂) = δℓ1ℓ2δm1m2 . (B.5)

Then we can write the two-point function as

⟨β∗
ℓ1m1

(η1)βℓ2m2
(η2)⟩ =(4π)2iℓ2−ℓ1

∫
d3k1

(2π)3

∫
d3k2

(2π)3
Y ∗
ℓ1m1

(k̂1)Y ∗
ℓ2m2

(k̂2)

× jℓ1(k1∆η1)jℓ2(k2∆η2)⟨β∗(η1, k̂1)β(η2, k̂2)⟩. (B.6)

Using eq. (4.2) and the definition of the scalar power spectrum (4.1), this simplifies to

⟨β∗
ℓ1m1

(η1)βℓ2m2
(η2)⟩ = 4π

(cγαem

4π

)2
δℓ1ℓ2δm1m2

∫
dk

2π2
k2jℓ1(k∆η1)jℓ2(k∆η2)P θ

k (η1, η2), (B.7)

Note that for the anisotropic part of the birefringence, we just care about the field value at emis-
sion since θ(η0) in eq. (4.2) only contributes to the monopole ℓ = 0. By evaluating eq. (B.7) at
recombination we get that

Cββ
ℓ |rec =

2

π

(cγαem

4π

)2 ∫
dkk2j2ℓ (k∆ηrec)P

θ
k (ηrec). (B.8)
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Figure 12. The left panel shows the anisotropic spectrum of birefringence of recombination whereas the
right panel shows it of reionization. In both panels, we show the numerical data points with the respective
errors coming from 5 realizations in blue. In green and red we show the numerical fits which describe the two
power-law behaviours at multiples higher than ℓpeak as explained in the text. The error band between the
dashed lines comes from the cosmic variance.

We can make contact with the result of [44] obtained in the flat-sky approximation by using the fact
that for high ℓ the Bessel function jℓ(k∆η) is well approximated by a delta function which peaks at
ℓ = k∆η, therefore, we can write eq. (B.8) as

Cββ
ℓ |rec ≃

4π2

π

(cγαem

4π

)2 (
Pθ
k= ℓ

∆ηrec

)∫ ∞

0

d lnx j2ℓ (x) = 4π
(cγαem

4π

)2 (
Pθ
k= ℓ

∆ηrec

) 1

2ℓ(1 + ℓ)
(B.9)

where we have assumed that P θ
k is approximately constant in the region where the Bessel function has

support, used the well-known result
∫∞
0

d lnx j2ℓ (x) = 1/2ℓ(1 + ℓ) [111] and defined the adimensional

quantity Pθ
k = k3

2π2P
θ
k . Then using the fact that β ≃ cγαem/4 and ∆ηrec ≃ η0 we find

ℓ(ℓ+ 1)

β2
Cββ

ℓ ≃ 2

π
Pθ(ℓ/η0), (B.10)

this is analogous to the formula given in [44], but in terms of the 3D power spectrum. In Figure 5,
we show the difference between this flat-sky approximation and the full-sky result.

C Fitting the Cℓ
In this section, we provide numerical fits for the spectra of the anisotropic birefringence that could be
useful in future searches. We found our numerical results to be better described, at multipoles higher
than the peak, by a change in the power law behaviour as can be seen in Figure 12. In both regimes,
we use the following function to fit the Cββ

ℓ

f(x) =
A

1 + ( x
xpeak

)δ
. (C.1)

In the case of recombination the change of behaviour is found around ℓ ≃ 330 and the best-fit
parameters are A = 0.0003, xpeak = 140, δ = 4 for ℓ < 330 and A = 0.00005, xpeak = 201, δ = 3

for ℓ > 330. Note that in Figure 12 we plot ℓ(ℓ+ 1)Cββ
ℓ /2πβ2 with β = cγαem/4 such that the error

associated with β is factorized out. At low multiples ℓ < ℓpeak, the spectrum goes like ℓ(ℓ+1)Cββ
ℓ ∝ ℓ2.

Close to the peak at ℓ > ℓpeak, it has a steeper slope ℓ(ℓ+1)Cββ
ℓ ∝ ℓ−2 whereas at even higher multiples

ℓ(ℓ+ 1)Cββ
ℓ ∝ ℓ−1 which is compatible with the scaling of the power spectrum Pϕ ∝ (kη)−1.3 that we

discussed in section 4. For reionization, the best-fit parameters are A = 0.1, xpeak = 7, δ = 3.9 for
ℓ < 16 and A = 0.02, xpeak = 9.7, δ = 3 for ℓ > 16. The bands enclosed between the dashed lines show

the error from cosmic variance approximated as ∆Cββ
ℓ ≃

√
2/2ℓ+ 1Cββ

ℓ [43]. As it’s evident from
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Figure 13. In blue are the data points used to perform the fit and their 1-sigma errors. The orange curve
shows the full output of the simulation and the green curve the fitting function. Left plot: thermal initial
conditions, Right plot: White Noise initial conditions.

Figure 12, the cosmic variance error is much more important at lower multiples being the dominant
source of error for the spectrum of reionization whereas it’s of the same order as the numerical one
in the case of recombination.

D Fitting the GW spectrum

In this section, we provide more details on how we fitted the GW spectrum from the numerical
simulations. We focus on the cases where the simulation box has size N = 1024 and L = 80 (see App.
A).

As explained in the main text, to perform the fit we used the simulation data at the latest time
ηf , when the spectrum has approximately converged to an attractor shape. We show in Fig.13 in
orange the full spectrum at ηf . It is clear that there is a change in slope at the small scale kη ∼ 50
in both the simulations with thermal and white noise initial conditions. Therefore, for the purpose
of performing the fit we discarded the data at kη > 50 as these scales are more sensitive to the finite
width of the DW which for numerical reasons cannot be much smaller than the Hubble radius H−1.
However, we do not discard the possibility that the change in slope is physical. A dedicated study of
this effect using larger numerical simulations would be needed to confirm this aspect.

We show in Fig. 13 in blue the data points that were used to perform the fits, and their 1σ errors
obtained after averaging the simulation over 5 realizations. We have then used the NonlinearModelFit
function of Mathematica [112] that performs a nonlinear regression of the formula in eq. 6.3 to the
data points including the 1σ errors. The best-fit values and standard errors for the parameters are
shown in Table 2.

We note however that when including all the data in the simulation (apart from the last growing
part of the spectrum which is a clear numerical artifact) we find that the best fit value for the slope
of the spectrum in the UV gets closer θ1 which is the value obtained in previous studies [101].

References

[1] J. R. Eskilt and E. Komatsu, Improved constraints on cosmic birefringence from the WMAP and
Planck cosmic microwave background polarization data, Phys. Rev. D 106 (2022) 063503,
[2205.13962].

[2] S. M. Carroll, G. B. Field and R. Jackiw, Limits on a Lorentz and Parity Violating Modification of
Electrodynamics, Phys. Rev. D 41 (1990) 1231.

[3] S. M. Carroll and G. B. Field, Einstein equivalence principle and the polarization of radio galaxies,
Phys. Rev. D 43 (Jun, 1991) 3789–3793.

– 25 –

http://dx.doi.org/10.1103/PhysRevD.106.063503
https://arxiv.org/abs/2205.13962
http://dx.doi.org/10.1103/PhysRevD.41.1231
http://dx.doi.org/10.1103/PhysRevD.43.3789


Estimate Standard Error

A 0.0175 0.0007

β 2.6 0.1

θ 1.772 0.008

xpeak 3.30 0.06

Estimate Standard Error

A 0.0071 0.00007

β 2.49 0.09

θ 2.07 0.04

xpeak 3.93 0.03

Table 2. Best-fit values for thermal (left) and white noise (right) initial conditions.

[4] D. Harari and P. Sikivie, Effects of a Nambu-Goldstone boson on the polarization of radio galaxies and
the cosmic microwave background, Phys. Lett. B 289 (1992) 67–72.

[5] A. Lue, L.-M. Wang and M. Kamionkowski, Cosmological signature of new parity violating
interactions, Phys. Rev. Lett. 83 (1999) 1506–1509, [astro-ph/9812088].

[6] B. Feng, M. Li, J.-Q. Xia, X. Chen and X. Zhang, Searching for CPT Violation with Cosmic
Microwave Background Data from WMAP and BOOMERANG, Phys. Rev. Lett. 96 (2006) 221302,
[astro-ph/0601095].

[7] QUaD collaboration, E. Y. S. Wu et al., Parity Violation Constraints Using Cosmic Microwave
Background Polarization Spectra from 2006 and 2007 Observations by the QUaD Polarimeter, Phys.
Rev. Lett. 102 (2009) 161302, [0811.0618].

[8] WMAP collaboration, E. Komatsu et al., Seven-Year Wilkinson Microwave Anisotropy Probe
(WMAP) Observations: Cosmological Interpretation, Astrophys. J. Suppl. 192 (2011) 18, [1001.4538].

[9] Planck collaboration, N. Aghanim et al., Planck intermediate results. XLIX. Parity-violation
constraints from polarization data, Astron. Astrophys. 596 (2016) A110, [1605.08633].

[10] Y. Minami, H. Ochi, K. Ichiki, N. Katayama, E. Komatsu and T. Matsumura, Simultaneous
determination of the cosmic birefringence and miscalibrated polarization angles from CMB
experiments, PTEP 2019 (2019) 083E02, [1904.12440].

[11] Y. Minami, Determination of miscalibrated polarization angles from observed cosmic microwave
background and foreground EB power spectra: Application to partial-sky observation, PTEP 2020
(2020) 063E01, [2002.03572].

[12] Y. Minami and E. Komatsu, Simultaneous determination of the cosmic birefringence and miscalibrated
polarization angles II: Including cross frequency spectra, PTEP 2020 (2020) 103E02, [2006.15982].

[13] Y. Minami and E. Komatsu, New Extraction of the Cosmic Birefringence from the Planck 2018
Polarization Data, Phys. Rev. Lett. 125 (2020) 221301, [2011.11254].

[14] P. Diego-Palazuelos et al., Cosmic Birefringence from the Planck Data Release 4, Phys. Rev. Lett. 128
(2022) 091302, [2201.07682].

[15] J. R. Eskilt, Frequency-dependent constraints on cosmic birefringence from the LFI and HFI Planck
Data Release 4, Astron. Astrophys. 662 (2022) A10, [2201.13347].

[16] J. R. Eskilt et al., Cosmoglobe DR1 results. II. Constraints on isotropic cosmic birefringence from
reprocessed WMAP and Planck LFI data, 2305.02268.

[17] S. E. Clark, C.-G. Kim, J. C. Hill and B. S. Hensley, The Origin of Parity Violation in Polarized Dust
Emission and Implications for Cosmic Birefringence, Astrophys. J. 919 (2021) 53, [2105.00120].

[18] P. Diego-Palazuelos et al., Robustness of cosmic birefringence measurement against Galactic
foreground emission and instrumental systematics, JCAP 01 (2023) 044, [2210.07655].

[19] M. Monelli, E. Komatsu, A. E. Adler, M. Billi, P. Campeti, N. Dachlythra et al., Impact of half-wave
plate systematics on the measurement of cosmic birefringence from CMB polarization, 2211.05685.

– 26 –

http://dx.doi.org/10.1016/0370-2693(92)91363-E
http://dx.doi.org/10.1103/PhysRevLett.83.1506
https://arxiv.org/abs/astro-ph/9812088
http://dx.doi.org/10.1103/PhysRevLett.96.221302
https://arxiv.org/abs/astro-ph/0601095
http://dx.doi.org/10.1103/PhysRevLett.102.161302
http://dx.doi.org/10.1103/PhysRevLett.102.161302
https://arxiv.org/abs/0811.0618
http://dx.doi.org/10.1088/0067-0049/192/2/18
https://arxiv.org/abs/1001.4538
http://dx.doi.org/10.1051/0004-6361/201629018
https://arxiv.org/abs/1605.08633
http://dx.doi.org/10.1093/ptep/ptz079
https://arxiv.org/abs/1904.12440
http://dx.doi.org/10.1093/ptep/ptaa057
http://dx.doi.org/10.1093/ptep/ptaa057
https://arxiv.org/abs/2002.03572
http://dx.doi.org/10.1093/ptep/ptaa130
https://arxiv.org/abs/2006.15982
http://dx.doi.org/10.1103/PhysRevLett.125.221301
https://arxiv.org/abs/2011.11254
http://dx.doi.org/10.1103/PhysRevLett.128.091302
http://dx.doi.org/10.1103/PhysRevLett.128.091302
https://arxiv.org/abs/2201.07682
http://dx.doi.org/10.1051/0004-6361/202243269
https://arxiv.org/abs/2201.13347
https://arxiv.org/abs/2305.02268
http://dx.doi.org/10.3847/1538-4357/ac0e35
https://arxiv.org/abs/2105.00120
http://dx.doi.org/10.1088/1475-7516/2023/01/044
https://arxiv.org/abs/2210.07655
https://arxiv.org/abs/2211.05685


[20] B. Jost, J. Errard and R. Stompor, Characterising cosmic birefringence in the presence of galactic
foregrounds and instrumental systematic effects, 2212.08007.

[21] S. M. Carroll, Quintessence and the rest of the world, Phys. Rev. Lett. 81 (1998) 3067–3070,
[astro-ph/9806099].

[22] E. Komatsu, New physics from the polarized light of the cosmic microwave background, Nature Rev.
Phys. 4 (2022) 452–469, [2202.13919].

[23] A. Arvanitaki, S. Dimopoulos, S. Dubovsky, N. Kaloper and J. March-Russell, String Axiverse, Phys.
Rev. D 81 (2010) 123530, [0905.4720].

[24] M. Pospelov, A. Ritz, C. Skordis, A. Ritz and C. Skordis, Pseudoscalar perturbations and polarization
of the cosmic microwave background, Phys. Rev. Lett. 103 (2009) 051302, [0808.0673].

[25] F. Finelli and M. Galaverni, Rotation of Linear Polarization Plane and Circular Polarization from
Cosmological Pseudo-Scalar Fields, Phys. Rev. D 79 (2009) 063002, [0802.4210].

[26] S. Panda, Y. Sumitomo and S. P. Trivedi, Axions as Quintessence in String Theory, Phys. Rev. D 83
(2011) 083506, [1011.5877].

[27] S. Lee, G.-C. Liu and K.-W. Ng, Imprint of Scalar Dark Energy on Cosmic Microwave Background
Polarization, Phys. Rev. D 89 (2014) 063010, [1307.6298].

[28] W. Zhao and M. Li, Fluctuations of cosmological birefringence and the effect on CMB B-mode
polarization, Phys. Rev. D 89 (2014) 103518, [1403.3997].

[29] G.-C. Liu and K.-W. Ng, Axion Dark Matter Induced Cosmic Microwave Background B-modes, Phys.
Dark Univ. 16 (2017) 22–25, [1612.02104].

[30] G. Sigl and P. Trivedi, Axion-like Dark Matter Constraints from CMB Birefringence, 1811.07873.

[31] M. A. Fedderke, P. W. Graham and S. Rajendran, Axion Dark Matter Detection with CMB
Polarization, Phys. Rev. D 100 (2019) 015040, [1903.02666].

[32] T. Fujita, Y. Minami, K. Murai and H. Nakatsuka, Probing axionlike particles via cosmic microwave
background polarization, Phys. Rev. D 103 (2021) 063508, [2008.02473].

[33] T. Fujita, K. Murai, H. Nakatsuka and S. Tsujikawa, Detection of isotropic cosmic birefringence and
its implications for axionlike particles including dark energy, Phys. Rev. D 103 (2021) 043509,
[2011.11894].

[34] G. Choi, W. Lin, L. Visinelli and T. T. Yanagida, Cosmic birefringence and electroweak axion dark
energy, Phys. Rev. D 104 (2021) L101302, [2106.12602].

[35] I. Obata, Implications of the cosmic birefringence measurement for the axion dark matter search,
JCAP 09 (2022) 062, [2108.02150].

[36] J. Alvey and M. Escudero Abenza, Constraints on global symmetry breaking in quantum gravity from
cosmic birefringence measurements, Phys. Lett. B 823 (2021) 136752, [2106.04226].

[37] H. Nakatsuka, T. Namikawa and E. Komatsu, Is cosmic birefringence due to dark energy or dark
matter? A tomographic approach, Phys. Rev. D 105 (2022) 123509, [2203.08560].

[38] S. Gasparotto and I. Obata, Cosmic birefringence from monodromic axion dark energy, JCAP 08
(2022) 025, [2203.09409].

[39] K. Murai, F. Naokawa, T. Namikawa and E. Komatsu, Isotropic cosmic birefringence from early dark
energy, Phys. Rev. D 107 (2023) L041302, [2209.07804].

[40] J. R. Eskilt, L. Herold, E. Komatsu, K. Murai, T. Namikawa and F. Naokawa, Constraints on Early
Dark Energy from Isotropic Cosmic Birefringence, Phys. Rev. Lett. 131 (2023) 121001, [2303.15369].

[41] L. Yin, J. Kochappan, T. Ghosh and B.-H. Lee, Is cosmic birefringence model-dependent?, JCAP 10
(2023) 007, [2305.07937].

[42] S. Gasparotto and E. I. Sfakianakis, Axiverse Birefringence, 2306.16355.

[43] F. Takahashi and W. Yin, Kilobyte Cosmic Birefringence from ALP Domain Walls, JCAP 04 (2021)
007, [2012.11576].

– 27 –

https://arxiv.org/abs/2212.08007
http://dx.doi.org/10.1103/PhysRevLett.81.3067
https://arxiv.org/abs/astro-ph/9806099
http://dx.doi.org/10.1038/s42254-022-00452-4
http://dx.doi.org/10.1038/s42254-022-00452-4
https://arxiv.org/abs/2202.13919
http://dx.doi.org/10.1103/PhysRevD.81.123530
http://dx.doi.org/10.1103/PhysRevD.81.123530
https://arxiv.org/abs/0905.4720
http://dx.doi.org/10.1103/PhysRevLett.103.051302
https://arxiv.org/abs/0808.0673
http://dx.doi.org/10.1103/PhysRevD.79.063002
https://arxiv.org/abs/0802.4210
http://dx.doi.org/10.1103/PhysRevD.83.083506
http://dx.doi.org/10.1103/PhysRevD.83.083506
https://arxiv.org/abs/1011.5877
http://dx.doi.org/10.1103/PhysRevD.89.063010
https://arxiv.org/abs/1307.6298
http://dx.doi.org/10.1103/PhysRevD.89.103518
https://arxiv.org/abs/1403.3997
http://dx.doi.org/10.1016/j.dark.2017.02.004
http://dx.doi.org/10.1016/j.dark.2017.02.004
https://arxiv.org/abs/1612.02104
https://arxiv.org/abs/1811.07873
http://dx.doi.org/10.1103/PhysRevD.100.015040
https://arxiv.org/abs/1903.02666
http://dx.doi.org/10.1103/PhysRevD.103.063508
https://arxiv.org/abs/2008.02473
http://dx.doi.org/10.1103/PhysRevD.103.043509
https://arxiv.org/abs/2011.11894
http://dx.doi.org/10.1103/PhysRevD.104.L101302
https://arxiv.org/abs/2106.12602
http://dx.doi.org/10.1088/1475-7516/2022/09/062
https://arxiv.org/abs/2108.02150
http://dx.doi.org/10.1016/j.physletb.2021.136752
https://arxiv.org/abs/2106.04226
http://dx.doi.org/10.1103/PhysRevD.105.123509
https://arxiv.org/abs/2203.08560
http://dx.doi.org/10.1088/1475-7516/2022/08/025
http://dx.doi.org/10.1088/1475-7516/2022/08/025
https://arxiv.org/abs/2203.09409
http://dx.doi.org/10.1103/PhysRevD.107.L041302
https://arxiv.org/abs/2209.07804
http://dx.doi.org/10.1103/PhysRevLett.131.121001
https://arxiv.org/abs/2303.15369
http://dx.doi.org/10.1088/1475-7516/2023/10/007
http://dx.doi.org/10.1088/1475-7516/2023/10/007
https://arxiv.org/abs/2305.07937
https://arxiv.org/abs/2306.16355
http://dx.doi.org/10.1088/1475-7516/2021/04/007
http://dx.doi.org/10.1088/1475-7516/2021/04/007
https://arxiv.org/abs/2012.11576


[44] N. Kitajima, F. Kozai, F. Takahashi and W. Yin, Power spectrum of domain-wall network and its
implications for isotropic and anisotropic cosmic birefringence, 2205.05083.

[45] D. Gonzalez, N. Kitajima, F. Takahashi and W. Yin, Stability of domain wall network with initial
inflationary fluctuations, and its implications for cosmic birefringence, 2211.06849.

[46] N. Kitajima, J. Lee, F. Takahashi and W. Yin, Stability of domain walls with inflationary fluctuations
under potential bias, and gravitational wave signatures, 2311.14590.

[47] Y. Nakai, R. Namba, I. Obata, Y.-C. Qiu and R. Saito, Can we explain cosmic birefringence without a
new light field beyond Standard Model?, 2310.09152.

[48] P. Agrawal, A. Hook and J. Huang, A CMB Millikan experiment with cosmic axiverse strings, JHEP
07 (2020) 138, [1912.02823].

[49] M. Jain, A. J. Long and M. A. Amin, CMB birefringence from ultralight-axion string networks, JCAP
05 (2021) 055, [2103.10962].

[50] M. Jain, R. Hagimoto, A. J. Long and M. A. Amin, Searching for axion-like particles through CMB
birefringence from string-wall networks, JCAP 10 (2022) 090, [2208.08391].

[51] V. Gluscevic, D. Hanson, M. Kamionkowski and C. M. Hirata, First CMB constraints on
direction-dependent cosmological birefringence from WMAP-7, prd 86 (Nov., 2012) 103529,
[1206.5546].

[52] POLARBEAR collaboration, P. A. R. Ade et al., POLARBEAR Constraints on Cosmic
Birefringence and Primordial Magnetic Fields, Phys. Rev. D 92 (2015) 123509, [1509.02461].

[53] BICEP2, Keck Arrary collaboration, P. A. R. Ade et al., BICEP2 / Keck Array IX: New bounds
on anisotropies of CMB polarization rotation and implications for axionlike particles and primordial
magnetic fields, Phys. Rev. D 96 (2017) 102003, [1705.02523].

[54] T. Namikawa et al., Atacama Cosmology Telescope: Constraints on cosmic birefringence, Phys. Rev. D
101 (2020) 083527, [2001.10465].

[55] SPT collaboration, F. Bianchini et al., Searching for Anisotropic Cosmic Birefringence with
Polarization Data from SPTpol, Phys. Rev. D 102 (2020) 083504, [2006.08061].

[56] A. Gruppuso, D. Molinari, P. Natoli and L. Pagano, Planck 2018 constraints on anisotropic
birefringence and its cross-correlation with CMB anisotropy, JCAP 11 (2020) 066, [2008.10334].

[57] M. Bortolami, M. Billi, A. Gruppuso, P. Natoli and L. Pagano, Planck constraints on
cross-correlations between anisotropic cosmic birefringence and CMB polarization, JCAP 09 (2022)
075, [2206.01635].

[58] L. Pogosian, M. Shimon, M. Mewes and B. Keating, Future CMB constraints on cosmic birefringence
and implications for fundamental physics, Phys. Rev. D 100 (2019) 023507, [1904.07855].

[59] R. R. Caldwell, V. Gluscevic and M. Kamionkowski, Cross-Correlation of Cosmological Birefringence
with CMB Temperature, Phys. Rev. D 84 (2011) 043504, [1104.1634].

[60] Simons Observatory collaboration, P. Ade et al., The Simons Observatory: Science goals and
forecasts, JCAP 02 (2019) 056, [1808.07445].

[61] T. Matsumura et al., Mission design of LiteBIRD, J. Low Temp. Phys. 176 (2014) 733, [1311.2847].

[62] LiteBIRD collaboration, E. Allys et al., Probing Cosmic Inflation with the LiteBIRD Cosmic
Microwave Background Polarization Survey, 2202.02773.

[63] CMB-S4 collaboration, K. N. Abazajian et al., CMB-S4 Science Book, First Edition, 1610.02743.

[64] CMB-S4 Collaboration, CMB-S4: Forecasting Constraints on Primordial Gravitational Waves, apj
926 (2022) 54, [2008.12619].

[65] B. D. Sherwin and T. Namikawa, Cosmic birefringence tomography and calibration-independence with
reionization signals in the CMB, 2108.09287.

[66] N. Lee, S. C. Hotinli and M. Kamionkowski, Probing cosmic birefringence with polarized
Sunyaev-Zel’dovich tomography, Phys. Rev. D 106 (2022) 083518, [2207.05687].

– 28 –

https://arxiv.org/abs/2205.05083
https://arxiv.org/abs/2211.06849
https://arxiv.org/abs/2311.14590
https://arxiv.org/abs/2310.09152
http://dx.doi.org/10.1007/JHEP07(2020)138
http://dx.doi.org/10.1007/JHEP07(2020)138
https://arxiv.org/abs/1912.02823
http://dx.doi.org/10.1088/1475-7516/2021/05/055
http://dx.doi.org/10.1088/1475-7516/2021/05/055
https://arxiv.org/abs/2103.10962
http://dx.doi.org/10.1088/1475-7516/2022/10/090
https://arxiv.org/abs/2208.08391
http://dx.doi.org/10.1103/PhysRevD.86.103529
https://arxiv.org/abs/1206.5546
http://dx.doi.org/10.1103/PhysRevD.92.123509
https://arxiv.org/abs/1509.02461
http://dx.doi.org/10.1103/PhysRevD.96.102003
https://arxiv.org/abs/1705.02523
http://dx.doi.org/10.1103/PhysRevD.101.083527
http://dx.doi.org/10.1103/PhysRevD.101.083527
https://arxiv.org/abs/2001.10465
http://dx.doi.org/10.1103/PhysRevD.102.083504
https://arxiv.org/abs/2006.08061
http://dx.doi.org/10.1088/1475-7516/2020/11/066
https://arxiv.org/abs/2008.10334
http://dx.doi.org/10.1088/1475-7516/2022/09/075
http://dx.doi.org/10.1088/1475-7516/2022/09/075
https://arxiv.org/abs/2206.01635
http://dx.doi.org/10.1103/PhysRevD.100.023507
https://arxiv.org/abs/1904.07855
http://dx.doi.org/10.1103/PhysRevD.84.043504
https://arxiv.org/abs/1104.1634
http://dx.doi.org/10.1088/1475-7516/2019/02/056
https://arxiv.org/abs/1808.07445
http://dx.doi.org/10.1007/s10909-013-0996-1
https://arxiv.org/abs/1311.2847
https://arxiv.org/abs/2202.02773
https://arxiv.org/abs/1610.02743
http://dx.doi.org/10.3847/1538-4357/ac1596
http://dx.doi.org/10.3847/1538-4357/ac1596
https://arxiv.org/abs/2008.12619
https://arxiv.org/abs/2108.09287
http://dx.doi.org/10.1103/PhysRevD.106.083518
https://arxiv.org/abs/2207.05687


[67] M. Galaverni, F. Finelli and D. Paoletti, Redshift evolution of cosmic birefringence in CMB
anisotropies, Phys. Rev. D 107 (2023) 083529, [2301.07971].

[68] T. Namikawa and I. Obata, Cosmic birefringence tomography with polarized Sunyaev Zel’dovich effect,
2306.08875.

[69] Y. B. Zeldovich, I. Y. Kobzarev and L. B. Okun, Cosmological Consequences of the Spontaneous
Breakdown of Discrete Symmetry, Zh. Eksp. Teor. Fiz. 67 (1974) 3–11.

[70] P. Sikivie, Of Axions, Domain Walls and the Early Universe, Phys. Rev. Lett. 48 (1982) 1156–1159.

[71] M. Kamionkowski and J. March-Russell, Planck scale physics and the Peccei-Quinn mechanism, Phys.
Lett. B 282 (1992) 137–141, [hep-th/9202003].

[72] A. Vilenkin, Gravitational Field of Vacuum Domain Walls and Strings, Phys. Rev. D 23 (1981)
852–857.

[73] D. Coulson, Z. Lalak and B. A. Ovrut, Biased domain walls, Phys. Rev. D 53 (1996) 4237–4246.

[74] E. Babichev, D. Gorbunov, S. Ramazanov and A. Vikman, Gravitational shine of dark domain walls,
JCAP 04 (2022) 028, [2112.12608].

[75] R. Zambujal Ferreira, A. Notari, O. Pujolàs and F. Rompineve, High Quality QCD Axion at
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