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THE REGULARITY PROBLEM FOR THE LAPLACE EQUATION
IN ROUGH DOMAINS

MIHALIS MOURGOGLOU AND XAVIER TOLSA

ABSTRACT. Let @ C R"™' n > 2, be a bounded open and connected set
satisfying the corkscrew condition with uniformly n-rectifiable boundary. In
this paper we study the connection between the solvability of (D,), the Dirich-
let problem for the Laplacian with boundary data in L’ (092), and (R)p) (resp.
(ﬁ’,p)), the regularity problem for the Laplacian with boundary data in the Hajtasz
Sobolev space WP (99) (resp. W“’(@Q), the usual Sobolev space in terms
of the tangential derivative), where p € (1,2 +¢) and 1/p + 1/p’ = 1. Our
main result shows that (D,,) is solvable if and only if so is (R;,). Under addi-
tional geometric assumptions (two-sided local John condition or weak Poincaré
inequality on the boundary), we prove that (D,/) = (Rp). In particular, we
deduce that in bounded chord-arc domains (resp. two-sided chord-arc domains)
there exists po € (1,2 + €) so that (Rp,) (resp. (ﬁpo)) is solvable. We also
extend the results to unbounded domains with compact boundary and show that
in two-sided corkscrew domains with n-Ahlfors-David regular boundaries the
single layer potential operator is invertible from L”(92) to the inhomogeneous
Sobolev space W7 (9). Finally, we provide a counterexample of a chord-arc
domain 2y C R"*!, n > 3, so that (R,) is not solvable for any p € [1, 0c).
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1. INTRODUCTION

In this paper we study the equivalence between solvability of the L Dirichlet
and solvability of the LP-regularity problem for the Laplace operator in corkscrew
domains with uniformly rectifiable boundaries. In particular, our main result solves
an old problem posed by Kenig in 1991 in [Ke2, Problem 3.2.2], which was rein-
troduced by Toro at the ICM in 2010 [Tor, Question 2.5], and can be stated as
follows:

Problem. In a bounded chord-arc domain @ C R™™!, n > 2, does there exist
p > 1 such that the regularity problem for the Laplacian with boundary data in the
Sobolev space W1P(99) is solvable?! If so, are the layer potentials invertible in
appropriate L spaces for such p > 1?

Up to now, the problem above was only solved for Lipschitz domains, by means
of L? Rellich type inequalities, which simultaneously addressed the Neumann
problem. These inequalities are not available in more general domains, such as
chord-arc domains (even assuming quantitative connectedness conditions both for
the domain and its boundary). So it is a major problem in the area how to solve
both the regularity and the Neumann problems in chord-arc and more general do-
mains. In the current paper, we solve the case of the regularity problem’, even in
greater geometric generality than just chord-arc domains. The main ideas used in
this paper are not based in the developments of the last years that have allowed
to make substantial progress in problems connected with the LP solvability of the
Dirichlet problem (see [AHMMT], [AHM?TV], [HMM], [HLMN], [MT], for ex-
ample). Instead, our approach relies on new ideas, such as the introduction of an
“almost harmonic extension” of the boundary Dirichlet data, which is the correct
analogue of the Varopoulos’ extension for one “smoothness level” up (associated
with boundary functions in the WP Sobolev space instead of L? or BMO). Its

IThe result is known to hold for n = 1. See the discussion on p-7.
2The Neumann problem in chord-arc or more general domains is still open.
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construction is based on a delicate corona decomposition of the domain in mutually
disjoint bounded starlike Lipschitz domains along with a “small” buffer region, and
the solvability of the regularity problem for the Laplacian in LP in such domains
(proved by Dahlberg and Kenig [DaKe] in 1987). It is worth noting that all duality
methods that had previously appeared in the literature in connection to this problem
fail in this general setting. In fact, for chord-arc domains, David and Jerison [DJ]
had already proved that the L¥ -Dirichlet problem for the Laplacian is solvable in
1990 but even in such domains the regularity problem remained open until now.

Let us remark that the Sobolev space for which the problem was originally posed
was the class of LP(0€2) functions whose tangential gradient is in LP(0€2) (denote
it by Wwie (0Q)) and, in particular, Kenig referred to the paper of Semmes [Se]
for the study of such Sobolev spaces. It turns out that this is not the right space
to solve the regularity problem in so general domains. Indeed in Section 10, we
show that there exists a chord-arc domain Qy C R”t!, n > 3, such that for any
p € [1,00) there is a Lipschitz function f on 0§ so that the solution of the contin-
uous Dirichlet problem in €2y with boundary data f does not satisfy the regularity
estimate (1.6), and thus, the regularity problem in terms of W17 () is not solv-
able. Instead, we solve the problem for boundary data in the so-called Hajtasz
Sobolev space WP (92) (see Section 2.3 for the precise definition of this space).
We would like to highlight that, for example, in two-sided chord-arc domains, we
have

(1.1) 1 liroo0) = IVefllieon),  forany f € Lip(9€2),

where || - HWI,,,( o) 1s the associated Hajtasz seminorm and V; stands for the tan-
gential gradient. In fact, a more general result is true and in order for the < part
of (1.1) to hold, it seems that one should impose scale invariant connectivity con-
ditions, either from (certain) interior points in 2 and R"*1 \ Q to boundary points
(such as the two-sided local John condition), or a quantitative connectivity condi-
tion of the boundary (such as a weak Poincaré inequality on OS2, which, in turn,
implies quasi-convexity of 0f2).

We introduce some definitions and notations. Recall that a set £ C R"*! is

called n-AD-regular (or just AD-regular or Ahlfors-David regular) if there exists
some constant Cjy > 0 such that

Cy'r™ < H"(B(z,r)NE) < Cor™  forallz € Eand 0 < r < diam(E).

Following [JeK2], we say that  C R™*! satisfies the corkscrew condition, or that
it is a corkscrew open set or domain if there exists some ¢ > 0 such that for all
x € 00 and all r € (0,2 diam(£2)) there exists a ball B C B(x,r) N such that
r(B) > cr. We say that Q is two-sided corkscrew if both 2 and R"*1 \ Q satisfy
the corkscrew condition.

Let Q C R™"! be an open set and set o := H"|sq, to be its surface measure. For
a > 0and z € 01, we define the cone with vertex x and aperture o« > 0 by

(1.2) Yo(x) ={y € Q: |z —y| < (1 + a)dist(y,0N)}
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and the non-tangential maximal function operator of a measurable function u :
Q — Rby

(1.3) Na(u)(z) := sup |u(y)|, = € 0.

SE)
If 0S) is AD-regular, it holds that [N (u)| e (o) Ra,s IN5(w)| Lr (o) forall o, 8 >
0 and so, from now on, we will only write N/ dropping the dependence on the
aperture. This is a well know result due to Fefferman and Stein in R"*! (see [FS,
Lemma 1]). For the proof in the context of domains with AD-regular boundaries,
see [HMT, Proposition 2.2].

We are now ready to state the definitions of the LP-Dirichlet and the LP-regularity
problem in §2:

e In a domain Q C R"*! with n-AD-regular boundary, we say that the
Dirichlet problem is solvable in LP for the Laplacian (write (D)) is solv-
able) if there exists some constant Cp, > 0 such that, for any f € C.(952),
the solution u : {2 — R of the continuous Dirichlet problem for the Lapla-
cian in Q with boundary data f° satisfies

(1.4) IN ()l ey < Co, 1fll Lo (0)-

e Assume that  C R"™*! is either a bounded domain or that it has un-
bounded boundary 9. If 9N is n-AD-regular, then we say that the regu-
larity problem is solvable in LP for the Laplacian (write (R),) is solvable)
if there exists some constant C'r, > 0 such that, for any compactly sup-
ported Lipschitz function f : 92 — R, the solution u : 2 — R of the
continuous Dirichlet problem for the Laplacian in {2 with boundary data f
satisfies

(1.5) IN(V) |10 < Cryll oo

Here (and throughout all the paper) we denote by W'?(s) and W'? (o)
the Hajtasz Sobolev spaces defined on the metric measure space (0S, o).
The definition of (R,) can be extended so that the boundary data are func-
tions in W1P(o) that are continuous on 95 (see Theorem 7.1).

As discussed earlier, one may define the regularity problem in domains with locally
rectifiable boundaries using the tangential derivative with respect to the boundary
at a boundary point, which for Lipschitz functions exists for o-a.e. point of the
boundary. In that case the only difference in the definition of the regularity problem
is that we ask for the estimate

(1.6) IN (V)| 2o (o) < Cr, Ve o (o)

and we write that (R,)) is solvable for the Laplacian. This definition is customary
in nicer domains such as Lipschitz domains.

3This is given as the harmonic function constructed by the Perron method, say H(z), which
in domains with n-AD-regular boundary and for f € C.(9), satisfies lim,_.¢ Hf(z) = f(£)
for every & € 0. This is true in unbounded domains as well (see e.g. [AGMT, Section 2.4]).
Nevertheless, in bounded domains, Hy € w2 (Q) (see e.g. [HKM, Corollary 9.29]).
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Remark 1.1. Recall that in bounded starlike Lipschitz domains, it was proved in

[DaKe] (see [V] for p = 2) that there exists € € (0, 1) such that (R,) is solvable for
the Laplacian for any 1 < p < 2+ ¢ with € and C R, depending only on dimension
and the Lipschitz character of the domain. Therefore, one can find g € (0,1)
and C r, > 0 such that, in every starlike Lipschitz domain with the same Lipschitz

character, (R,) is solvable for the Laplacian for any 1 < p < 2+ ¢( with the same

constants C'g, > 0.

In the sequel, we will only work with the Laplacian and so, without any confu-
sion, we will write that a boundary value problem is solvable without specifying
the operator. We will also assume that n > 2.

Next we wish to recall what means that a metric space > supports Poincaré
inequality. Given an interval I C R, any continuous v : I — X is called path.
A path of finite length is called rectifiable path. Let f : ¥ — R be an arbitrary
real-valued function. We say that a Borel measurable function g : ¥ — R is an
upper gradient of f if for all compact rectifiable paths  the following inequality
holds:

(1.7 £0)~ f0)] < [ gan
gl
where x,y € X are the endpoints of the path.

We say that (X, 0) supports a weak (1, p)-Poincaré inequality if there exist
constants C' > 1 and A > 1 so that for every ball B centered at 3. with radius
r(B) € (0,diam¥) and every pair (f,g), where f € L], (o) and g is an upper
gradient of f, it holds

(18) ﬁummﬂmwwsmw&fwmwmﬂw,

AB
where we denoted mq. 5(f) = f5 f(y) do(y). In the specific case that & C R? is
n-AD-regular and 0 = H"|y, Azzam [Az] recently showed that if 3 supports a
weak (1, n)-Poincaré inequality, then X is uniformly n-rectifiable.

Let us now state our main result.

Theorem 1.2. Let Q@ C R™ ™! be a bounded corkscrew domain with n-AD-regular
boundary. There exists g > 0 (depending just on n) such that, given p € (1,2 +
€0), if (Dy) is solvable (where 1/p + 1/p = 1), then (R)) is solvable. If, in
addition, either 0X) admits a weak (1,p)-Poincaré inequality or ) satisfies the
two-sided local John condition, then (Ep) is solvable as well.

The two-sided local John condition is a connectivity property of €2 introduced
in [HMT] which is defined in Section 2.2. Remark also that, after the completion
of this paper, in a subsequent joint work with Bruno Poggi [MPT], we realized
that the condition that p € (1,2 + ¢¢) can be eliminated and require only that
p € (1,00). To do so, we just have to replace the corona decomposition of €2
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into Lipschitz subdomains from Section 3 by a decomposition into sufficiently flat
Lipschitz subdomains, arguing as in [MPT].

Remark that the part of Theorem 1.2 dealing with the (ﬁp) solvability follows
from the implication (D,/) = (R,) and the following result.

Lemma 1.3. Let Q C R™"™ be a bounded domain with uniformly n-rectifiable
boundary. Suppose either that

(a) 09 admits a weak (1, p)-Poincaré inequality, or

(b) Q satisfies the two sided local John condition.*.

For any Lipschitz function f : 02 — R, we have
(1.9) IVapflizee) = IVefllLeo)-

The second result of our paper extends the solvability of (R,) to general bound-
ary data in the Hajtasz Sobolev space W1P(9§)) = W'P(o) and shows the well-
posedness of the problem in this space.

Theorem 1.4. Let p € (1,00) and let  C R™ be a bounded corkscrew domain
with n-AD-regular boundary.

(a) If (Ry) is solvable, then for any f € W1P(9Q) there exists a harmonic
function u in Q such that |N(Vu)||ro) < Cliflyirroon) and w — f
non-tangentially o-a.e. on 0S).

(b) Suppose that () satisfies also the weak local John condition. Let u : () —
R be a harmonic function which has a vanishing non-tangential limit for
o-ae. x € 0N and such that |N(Vu)|tr) < oo. Then u vanishes
identically in €.

Above, || - [[ji1.p (oq) Stands for the Hajtasz seminorm in WLP(9Q). For the
definition of the aforementioned weak local John condition, see Section 2.2

Let us highlight that in Theorem 8.2 we extend Theorems 1.2 and 1.4 to the
case of unbounded domains with compact boundary (the statements are modified
accordingly). We also deal with the question of invertibility of the single layer
potential in our paper. Recall that this operator, which plays an important role in
the study of the Dirichlet and regularity problems, is defined by

Sf(x) = /8 - n)fW)doly)., v,

where £ stands for the fundamental solution of the Laplacian. We prove invertibil-
ity of the single layer potential from LP(0€) to W1P(9Q) in the next theorem.

Theorem 1.5. Letp € (1,00) and let Q) C R" L bea bounded two-sided corkscrew
domain with n-AD-regular boundary such that R"*1 \ Q is connected. Suppose

*In a recent work [TaT] of O. Tapiola and the second named author, which was motivated by the
results of the present manuscript and completed after writing this paper, it is proven that if a domain
satisfies the two-sided local John condition and has n-AD-regular boundary, then it is a two-sided
chord-arc domain. See Section 2.2 for the precise definition. Moreover, in the same work is shown
that the boundaries of such domains support a weak (1, p)-Poincaré inequality for any p > 1.
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either that () satisfies the two-sided local John condition or that O} supports a
weak (1, p)-Poincaré inequality. If (D,y) is solvable for both 2 and R" 1\ Q, then
S : LP(0Q) — WLP(9Q) is bounded and invertible.

The last main result of the paper goes in the converse direction. It shows that
one can deduce solvability of the Dirichlet problem from the regularity problem.
The precise result is the following.

Theorem 1.6. Let Q C R™™! be a bounded domain with n-AD-regular boundary.
If (Ry) is solvable for some p € (1,00), then (D,y) is solvable, where 1/p+1/p" =
1.

Some remarks are in order.

(i) Recall that under the assumptions of Theorem 1.2, solvability of (D,)
implies that 02 is uniformly n-rectifiable (see [HLMN] and [MT]).

(i1) From Theorems 1.2 and 1.6, for bounded corkscrew domains with n-AD-
regular boundary and 1 < p < 24-&g, we have (D,/) < (R,). Italso holds
(Ep) = (R)), by the (easy) estimate (4.15). Under the additional assump-
tion that (2 is two-sided local John or supports a p-Poincaré inequality, the
converse implication (R,,) = (R,) holds by Lemma 1.3.

(iii) Although our results are stated in bounded domains, the constant Cg,
(resp. Cp,) we obtain in Theorem 1.2 (resp. Theorem 1.6) is indepen-
dent of the diameter of O€2. In fact, they only depend on Cp, (resp. Cr,),
the constants that appear in the definitions of AD-regularity and uniform
rectifiability, the corkscrew constants, and other geometric parameters re-
lated to the two-sided local John condition or the supported weak Poincaré
inequality when these conditions are required.

Combining Theorems 1.2 and 1.6 and the extrapolation of solvability of (D,,)

(see Theorem 9.2 and Remark 9.3 below), we obtain the following extrapolation of
solvability of the regularity problem:

Corollary 1.7. Let Q C R"*! be a bounded corkscrew domain with n-AD-regular
boundary. Suppose that (R)) is solvable for some p € (1,2 + €g). Then (R;) is
solvable for all s € (1,p + &), for some e;, > 0.

Theorems 1.2 and 1.6 in concert with [AHMMT, Theorem 1.3] give the follow-
ing geometric implications:

Corollary 1.8. Let Q C R"*! be a bounded corkscrew domain with n-AD-regular
boundary and let g be as in Theorem 1.2.
() If Q has IBPCAD’, then there exists p € (1,2 + ¢o) such that (R,) is
solvable.
(b) If Q2 has IBPCAD, then there exists p € (1,2 + €¢) such that if O admits

a weak (1, p)-Poincaré inequality, then both (Ry,) and (R,) are solvable.

SIBPCAD stands for interior big pieces of chord-arc domains (see Subsection 2.2 for the exact
definition)
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(c) If (Ry) is solvable for some p € (1,00), then ) has IBPCAD.

Solvability of (D,/) and (R,)° has been a subject of considerable research the
last 45 years. In R?, already in 1936, Lavrentiev [Lav] proved that in simply con-
nected chord-arc domains, the harmonic measure is in Ay (o) and so there exists
p > 1such that (D), 1/p+ 1/p" = 1, is solvable for the Laplacian. Then Jerison

and Kenig [JeK3] showed the duality (D,/) < (R,) in such domains and so (R,)
is also solvable for the Laplacian (remark that in planar simply connected chord-
arc domains the comparability (1.9) holds and thus (R,) < (R,)). Moreover,
Jerison [Je] proved that for every p > 1, there exists a chord-arc domain such that
(D,) is not solvable and thus, neither is (R,). For more details we refer to the
discussion in [Ke2, pp. 115-116]. In higher dimensions, the study of (D,/) for the
Laplacian in Lipschitz domains was initiated by Dahlberg [Dal, Da2] who proved
that it is solvable for p > 2. He also showed that in C'! domains the range extends
to 1 < p < oo. Subsequently, a big breakthrough was made by Jerison and Kenig
[JeK1] who obtained (Ds3) for elliptic operators in divergence form with smooth
and L*° coefficients. The importance of their proof, even for the Laplace operator,
is that their method was based on a new identity, the so-called Rellich identity. This
is a clever integration by parts argument that allows to compare the tangential and
the normal derivative of the solution on the boundary in the following sense:

(1.10) [0vull L2(a0) = [ Viull L2 (a0)-

In chord-arc domains, David and Jerison [DJ] extended the work of Lavrentiev
and, relying on a geometric construction, showed that harmonic measure is Ao,
and thus (D,y) is solvable for some p > 1. Recently the authors along with Az-
zam, Hofmann, and Martell [AHMMT] gave a geometric characterization of the
corkscrew open sets that have AD-regular boundaries in which (D,/) is solvable
for some p > 1. Those domains were identified to be the ones that have IBPCAD.

A common method to solve boundary value problems (especially regularity and
Neumann) is by proving invertibility of the appropriate layer potential operators.
In C! domains this had already been established by Fabes, Jodeit, and Riviére
[FIR] in LP(99)) and W1P(9Q) for all p € (1, 0), using Fredholm theory, which
resulted to the solution of (D)) and (R,) for all p > 1. In Lipschitz domains,
Fredholm theory is not applicable as Fabes, Jodeit, and Lewis [FJL] showed that
the relevant operators need not be compact. Therefore, to overcome this difficulty
in Lipschitz domains, new ideas were required. Indeed, Verchota [V] realized how
to use (1.10) in order to show (among others) that the tangential gradient of the
single layer potential is invertible in L2(9$2) and the double layer in W12(5(2)
and L?(992) solving (Rz) and (D3) in Lipschitz domains. In fact, he also showed
solvability of (R,) for any 1 < p < 2. Using a different method, his results were
extrapolated to the optimal range of exponents by Dahlberg and Kenig showing
that (R,) and (D,/) are solvable in Lipschitz domains for 1 < p < 2+ ¢, for some

OWe will only discuss results related to Dirichlet and regularity problems and not Neumann.
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e small depending on dimension and the Lipschitz character of the domain’, while
Kenig and Shen [KeSh] extended them even further in the case of Holder contin-
uous periodic coefficients. In regular Semmes-Kenig-Toro domains (see [HMT,
Definition 4.8]), invertibility of layer potentials was demonstrated by Hofmann,
Mitrea, and Taylor in [HMT]. It is worth noting here that for every p < 2, there
exists a bounded Lipschitz domain such (D)) is not solvable [Kel, pp. 153-154].

Concerning the duality between (R,,) and (D,y), in Lipschitz domains for the
Laplacian, Verchota established (R,) <> (D,/) reducing matters to an LP" estimate
on the boundary of the so-called harmonic conjugate system. For real equations,
Kenig and Pipher [KP] showed that (R,,) implies (D, ), p € (1, 00), while Dindo$
and Kirsch [DiK] obtained the endpoint case where the regularity data are in the
Sobolev-Hardy space H':'(9)) and the Dirichlet data in BMO(952). For the
equivalence between solvability of (R,) and solvability of (D,,) for real symmet-
ric constant coefficient systems, we refer to Kilty and Shen [KiSh, Sh], while, in
R’j_“ and for elliptic equations with ¢-independent and L°° complex coefficients
under the assumption that the De Giorgi/Nash/Moser estimates hold, we refer to
Hofmann, Kenig, Mayboroda, and Pipher [HKMP] for the range p € (1,2 + ¢),
and to Auscher and the first author of this paper [AMo] for the range p € (po, 2],
for some py < 1 determined by the exponent in the assumed interior Holder con-
dition. In the last paper, the results in fact hold for systems, while extrapolation of
solvability all the way to the endpoint was obtained as well.

The strategy of Theorem 1.2 (our main result) consists in constructing an “al-
most harmonic extension” v of the boundary function f € Lip(9€2) (the Dirichlet
data) to €2, so that its distributional Laplacian Av satisfies an LP-Carleson condi-
tion in €2, i.e., the Carleson functional defined in (4.12) is in LP(02), and, more-
over, roughly speaking, its normal derivative 0, v in 02 is controlled by the Hajtasz
tangential gradient of f. The construction of this almost orthogonal extension is
performed by means of a corona type decomposition of €2 in terms of mutually dis-
joint interior Lipschitz subdomains together with some “buffer” regions. As far as
we know this decomposition is new and may be of independent interest®. The two
components that allow us to show that the Laplacian of the extension v satisfies an
LP-Carleson condition are the following: a) an extension using the best affine ap-
proximation of boundary Lipschitz functions a la Dorronsoro in the buffer regions
and the boundaries of the Lipschitz subdomains, and b) the application of the LP
solvability of the regularity problem in the Lipschitz subdomains with boundary
data the aforementioned extension. With the almost harmonic extension in hand,
we are able to apply a duality argument to show that Dirichlet solvability in o
implies the existence of an “one-sided” Rellich type inequality that shows that the
normal derivative of the solution of the Dirichlet problem with boundary data f

"The main novelty of that paper is the solution of the Neumann problem rather than the regularity.

80ne may compare our construction with the one of Hofmann, Martell, and Mayboroda [HMM],
which was done in terms of interior chord-arc domains that have bounded overlaps. Using Lipschitz
graph domains, those arguments were improved by Bortz, Hoffman, Hofmann, Luna Garcia, and
Nystrom in [BHHLGN].
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is controlled by the Hajtasz tangential gradient of f in LP norm. Finally, we use
arguments involving layer potentials to obtain the desired non-tangential estimates
that prove the LP solvability of the regularity problem. We remark that we assume
that the Dirichlet data f are Lipschitz functions, however, there is no loss of gener-
ality in this assumption since Lipschitz functions are dense in the Hajtasz Sobolev
space (see [Ha]) and the extension follows by Theorems 7.1, 7.2, and 7.3.

In the last step described above we apply some techniques developed by Hof-
mann, Mitrea, and Taylor [HMT] which involve a tangential gradient defined by
integration by parts (from now on, to be called the HMT tangential gradient). In our
paper we show that the HMT tangential gradient coincides with the usual pointwise
tangential gradient for all Lipschitz functions f, for almost all points with respect
to surface measure up to a change of sign. Concerning the problem (ﬁp) (the one
in terms of the usual tangential gradient, instead of the Hajtasz gradient), it was
shown in [HMT] that, in domains satisfying the two-sided local John condition, the
norm in the Hajtasz Sobolev space W7 is comparable to the one defined using the
HMT tangential gradient. This, in turn, equals the one in terms of pointwise tan-
gential gradient, by our arguments. For domains satisfying a weak (1, p)-Poincaré
inequality, we show that the Hajtasz gradient is also comparable to the pointwise
tangential gradient in LP norm, for any Lipschitz function. Those results are also
new and may be of independent interest.

Our arguments for Theorems 1.4, 1.5, and 1.6 follow more classical arguments
(although there are significant technical complications in the present framework).
For example, in Theorem 1.5 we deduce invertibility of the single layer potential
from LP(o) to WLP(0) from the solvability (Ep) both in Q and R* 1\ Q, us-
ing arguments that are inspired by the ones of Hofmann, Kenig, Mayboroda, and
Pipher in [HKMP]. Since R™*!\ € is an unbounded domain with compact bound-
ary, we use an appropriate version of the Kelvin transform to deduce solbavility
of (Rp) in such domains from (R,) in bounded ones (see Theorem 8.2 for more
details). In connection with Theorem 1.6, we show that the LP solvability of the
regularity problem (R),) is equivalent to a suitable reverse Holder inequality with
exponent p for harmonic measure, which, in turn, is equivalent to the LY solv-
ability of the Dirichlet problem. Similar arguments are well known for the case
of Lipschitz domains and they extend to the domains we are considering, although
with additional technical difficulties.

The plan of our paper is the following. Section 2 contains some preliminary
results which will be used along the paper. Sections 3-6 are devoted to the proof
of Theorem 1.2, while Section 7 deals with Theorem 1.4. On the other hand, The-
orems 1.5 and and Theorem 1.6 are proved in Sections 8 and 9, respectively. The
final Section 10 deals with the construction of a chord-arc domain with connected
boundary which for the regularity problem (R,,) is not solvable for any p € [1, 00).
In the case that the boundary of €2 is not connected, it is immediate to check that
(Ep) is not solvable: just write 92 = EUF, with E and F closed and disjoint, and
consider a function f which equals 1 in £ and vanishes in F'. Then V; f vanishes,

but the gradient of the solution of the Dirichlet problem is not identically 0 because
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f is not constant, and thus (1.6) cannot hold. The counterexample in Section 10
has connected boundary and thus it is more interesting.
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eral fruitful conversations and also for his support and encouragement.
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2. PRELIMINIARIES

We will write a < b if there is C' > 0 so that a < Cb and a <; b if the constant
C depends on the parameter t. We write ¢ ~ bto mean a < b < a and define
a ~¢ b similarly.

2.1. Rectifiability, measures and dyadic lattices. A set £ C R"*! is called n-
rectifiable if there are Lipschitz maps f; : R® — R"*1 i = 1,2,..., such that

H" (E \U; fi(R”)> = 0, where H" stands for the n-dimensional Hausdorff mea-

sure. We will assume H" to be normalized so that it coincides with n-dimensional
Lebesgue measure in R"™. Sometimes we will denote the (n + 1)-dimensional
Lebesgue measures in R”*! by m, and integration with respect to dz or dy also
means integration with respect to Lebesgue measure.

All measures in this paper are assumed to be Radon measures. A measure y in
R"*+1 is called n-AD-regular (or just AD-regular or Ahlfors-David regular) if there
exists some constant Cy > 0 such that

Cy'r™ < u(B(z,7)) < Cor™  forallz € supp pand 0 < r < diam(supp ).

The measure p is uniformly n-rectifiable if it is n-AD-regular and there exist
constants 6, M > 0 such that for all z € supp p and all 0 < r < diam(supp )
there is a Lipschitz mapping ¢ from the ball B,,(0, r) in R™ to R"*! with Lip(g) <
M such that u(B(z,7r) N g(By(0,7))) > Or™.

A set E C R™""is n-AD-regular if H"| g is n-AD-regular. Also, E is uniformly
n-rectifiable if H"|g is uniformly n-rectifiable.

The notion of uniform rectifiability should be considered a quantitative version
of rectifiability. It was introduced in the pioneering works [DS1] and [DS2] of
David and Semmes, who were seeking a good geometric framework under which
all singular integrals with odd and sufficiently smooth kernels are bounded in L?.

Given an n-AD-regular measure ;2 in R"*!, we consider the dyadic lattice of
“cubes” built by David and Semmes in [DS2, Chapter 3 of Part I]. The properties
satisfied by D,, are the following. Assume first, for simplicity, that diam(supp p) =
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00). Then for each j € Z there exists a family D,, ; of Borel subsets of supp p (the
dyadic cubes of the j-th generation) such that:

(a) each D, j is a partition of supp f, i.e. supp u = UQGDu,j Qand QNQ’ =
@ whenever @, Q" € D, ; and Q # Q';
(b) if Q € D, jand Q" € D, with k < j, then either Q C Q" or QNQ' = @;
(c) forall j € Zand Q € D, ;, we have 277 < diam(Q) < 277 and u(Q) ~
2—in.
(d) there exists C' > 0 such that, forall j € Z, Q € D, j,and 0 < 7 < 1,
p({z € Q +dist(z,supp p \ Q) < 7277})
+p({z €suppp\ Q : dist(z, Q) < 7277}) < Crt/Coim,
This property is usually called the small boundaries condition. From (2.1),

it follows that there is a point g € () (the center of )) such that dist(x ¢, supp p\
Q) 2 277 (see [DS2, Lemma 3.5 of Part I]).

We set Dy, := Uz Dpj-
In case that diam(supp ) < oo, the families D,, ; are only defined for j >
jo, with 279 ~ diam(supp u), and the same properties above hold for D,, :=

2.1)

U] >Jj0 D#J : .
Given a cube Q € D, j, we say that its side length is 277, and we denote it by
£(Q). Notice that diam(Q) < ¢(Q). We also denote

2.2) B(Q) = B($Q7 61€<Q))7 BQ = B(JJQ,@(Q)),

where ¢; > 0 is some fix constant so that B(Q) Nsupppu C @, forall Q € D,,.
Clearly, we have () C Bg.
For A > 1, we write

AQ = {z € suppp : dist(z,Q) < (A —1)£(Q)}.

The side length of a “true cube” P C R"™™! is also denoted by £(P). On the
other hand, given a ball B C R"*!, its radius is denoted by r(B). For A > 0, the
ball \B is the ball concentric with B with radius A r(B).

Given E C R""!, aball B, and a hyperplane L, we denote

bip(B. L) = dist(y, L) dist(z, E)
yeEns  T(B) yerns T(B)

We set
bi(B) = it bBp(B. L),

where the infimum is taken over all hyperplanes L C R"*!. Fora B = B(x,r),
we also write bBg(z,r, L) = bBgr(B, L) and bBg(z,r) = bBr(B).
For p > 1, a measure p, a ball B, and a hyperplane L, we set

.00 = (s [, (B5) )
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We define f3,,(B) = infy 8,,(B, L), where the infimum is taken over all hy-
perplanes L. For B = B(z,r), we also write 3, ,(x,7,L) = B,,(B,L) and
Bup(x,r) = Bup(B). For a given cube Q € D,,, we define:

5/1«,11(@) L) = ﬁu,p(BQ> L)7 ﬁ,u,p()\Qa L) = B/A,p()\BQa L)7
5#@(@) = ﬁu,p(BQ)a 5%:0()\@) = 5%10()\3@)-

Also, we define similarly

bﬁu(@a L) = bﬁsupp,u(BQ> L)7 bﬁ#(AQ, L) = bﬁsuppu()\BQa L),
bﬁu(@) = bﬁsupp,u(BQ)a bﬁu()‘Q) = bﬁsuppu()‘BQ)'

The coefficients b5 and 3, , above measure the goodness of the approximation
of IV and supp p, respectively, in a ball B by a hyperplane. They play an important
role in the theory of uniform n-rectifiability. See [DS1].

2.2. Types of domains and the Whitney decomposition. Recall that a domain
is a connected open set. In the whole paper, 2 will be an open set in R"+! (quite
often a domain), with n > 1. Very often we will denote the n-Hausdorff measure
on 92 by 0.

Given two points z, 2z’ € (2, and a pair of numbers M, N > 1, an (M, N)-
Harnack chain connecting x to 7', is a chain of open balls By, ..., By C £, with
r € By, 2 € By, By N Byy1 # @ and M~ !diam(B;,) < dist(By, 09Q) <
M diam(By;). We say that €2 satisfies the Harnack chain condition if there is a
uniform constant M such that for any two points x, 2z’ € €, there is an (M, N)-
Harnack chain connecting them, with N depending only on M and the ratio |x —
2’|/ (min (6 (z), b (') ), where dg(z) := dist(z, 9RQ).

Following [JeK2], we say that a domain Q C R™*! is NTA (Non-tangentially
accessible) if it satisfies the Harnack chain condition, and if both  and Qey :=
R™*1\ ) satisfy the corkscrew condition. We also say that a connected open
set Q@ C R™! is a CAD (chord-arc domain), if it is NTA, and if 9 is n-AD-
regular. Remark that NTA domains satisfy the local John condition. Additionally,
if a domain € and its exterior R"*1\ 2 are CAD, then we say that Q2 is a two-sided
CAD.

The open set 2 C R"*! is said to satisfy the local John condition if there is
6 € (0,1) such that the following holds: For all z € 92 and r € (0, 2 diam(£2))
there is y € B(z,r) N such that B(y,0r) C  with the property that for all
z € B(z,r) N O one can find a rectifiable path 7, : [0,1] — Q with length at
most 1|z — y| such that
(2.3)

7:(0) = z, v:(1) =y, dist(7y.(t),00) > 0|v.(t) — 2| forallt € [0,1].

If both 2 and R™*1 \ Q) satisfy the local John condition, we say that {2 satisfies the
two-sided local John condition.

Another interesting connectivity condition is the semiuniformity. We say that
Q C R*!is semiuniform if there is 6§ € (0, 1) such that every x € 9 and y € Q
can be connected by a rectifiable path v : [0, 1] — € with length at most |z —y|
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such that y(0) = z, y(1) = y, and min{¢(z, 2), £(y, 2)} < 6~ dist(z, OQ) for all
z € v, where £(a, b) denotes the length of the sub-arc in y between a and b.

An open set  C R™! is said to satisfy the weak local John condition if
there are \,6 € (0,1) and A > 2 such that the following holds: For every
x € () there is a Borel subset ' C B(x, Adist(z,0Q)) N 0N) with o(F) >
Ao (B(z, Adist(z,0Q2)) N 0N2) such that every z € F one can find a rectifiable
path 7y, : [0, 1] — Q with length at most 6|z — z| such that (2.3) holds.

Remark that, for a domain €2,

local John,
NTA = uniform = semiuniform =
weak local John.

It is easy to check that there are domains that satisfy the weak local John condition
but not the local John condition. However, as far as we know, it is an open problem
if the local John condition implies the weak local John condition (assuming 952 to
be AD regular, say).

Following [AHMMT], we say that a connected open set @ C R™*! has interior
big pieces of chord-arc domains (IBPCAD) if there exist positive constants 7 and
C, and N > 2, such that for every = € (2, with dq(z) < diam(9f), there is a
chord-arc domain 2,, C €2 such that:

T € Q.

dist(x, 0Q) > ndq(x).

diam(§2,) < Coq(x).

The set AY := 9ONB(x, Néq(x) satisfies 0(0Q,NAY) > na(AY) ~y
nda(x)".

e The chord-arc constants of the domains €2, are uniform in z.

Domains with n-AD-regular boundaries that satisfy IBPCAD are uniformly n-
rectifiable. In fact, as shown in [AHMMT], if 0€) is AD-regular ant {2 has interior
corkscrews, then the following are equivalent:

o () satisfies the IBPCAD condition.
e 0 is uniformly rectifiable and € satisfies the weak local John condition.
e (D,) is solvable for 2 for some p € (1, 00).

We consider the following Whitney decomposition of {2 (assuming © # R"+1);
we have a family W(Q) of dyadic cubes in R™ with disjoint interiors such that
U PEW(Q) P = Q, and moreover there are some constants A > 20 and Dy > 1

such the following holds for every P € W(£2):

(i) 10P C O
Gi) AP NOQ £
(iii) there are at most D cubes P’ € W(€) such that 10PN10P’ # &. Further,
for such cubes P’, we have 3((P') < ((P) < 2((P").
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From the properties (i) and (ii) it is clear that dist(P, 092) =~ £(P). We assume that
the Whitney cubes are small enough so that

(2.4) diam(P) < % dist(P, 99).

The arguments to construct a Whitney decomposition satisfying the properties
above are standard.

Suppose that 9€) is n-AD-regular and consider the dyadic lattice D, defined
above. Then, for each Whitney P € W((2) there is some cube () € D, such that
2(Q) = £(P) and dist(P, Q) ~ £(Q), with the implicit constant depending on the
parameters of D, and on the Whitney decomposition. We denote this by Q) = b(P)
(“b” stands for “boundary”). Conversely, given ) € D,, we let

(2.5) w(Q) = U P.

PeW(Q):Q=b(P)

It is immediate to check that w(Q) is made up at most of a uniformly bounded
number of cubes P, but it may happen that w(Q) = &.

2.3. Sobolev spaces and the Poincaré inequality. If © C R+ is open, we
define the (homogeneous) Sobolev space W'2(Q2) to be the space of functions
u € Li,.(€) such that Vu € L*(Q2) equipped with the seminorm [|ul|yj1.2qy) =

loc
Vullp2(q)- On the other hand, Wh2(Q) stands for the usual inhomogeneous
Sobolev space equipped with the norm [|ully1.2(0) = [ull2@) + [IVullL2(0)-

2(;:1) , we define the (inhomogeneous) Sobolev space Y 1+2(2) :=

L?(Q) N W'2(Q) with norm lullyr2@) = llullz2s ) + [[Vulz2(q). We also

define the Sobolev space Y, %(Q) := CgO(Q)H'”Yl’Q(Q). It is clear that, by Holder’s
inequality, for any ball B centered at the boundary, W12(B) c Y!2(B).

Let X be a metric space equipped with a doubling measure o on Y, which means
that there is a uniform constant C,, > 1 such that o(B(z,2r)) < C, o(B(z,1)),
forall z € ¥ and r > 0. We will now define the Hajtasz’s Sobolev spaces W' (X)
and W1P(X), which were introduced in [Ha]. For more information on those
spaces and, in general, Sobolev spaces in metric measure spaces, the reader may
consult [He].

For a Borel function f : ¥ — R, we say that a non-negative Borel function

g : X — Ris a Hajlasz upper gradient of f if

(2.6) |f(x) = fW)] < |z —yl(g(z) +g(y)) foro-ae z,y€X.

We denote the collection of all the Hajtasz upper gradients of f by D(f).

For p > 1, we denote by lep(Z) the space of Borel functions f which have a
Hajtasz upper gradient in LP (), and we let W1P(X) be the space of functions f €
LP(c) which have a Hajtasz upper gradient in L (o), i.e., WhP(2) = WhP(2) N
LP(0). We define the semi-norm (as it annihilates constants)

Moreover, if 2* :=

2.7 ||f”v'v1-p(z) = geigff) ||g||LP(E)
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and the scale-invariant norm

2. = diam(x2) ! inf
(2.8) [ fllwes) = diam(X) ||f||Lp(z)+gelg(f)||g||m(z)

Remark that, for any a metric space ¥, in the case p € (1, 00), from the uniform
convexity of LP(o), one easily deduces that the infimum in the definition of the
norm || - [[1.p(s) and | - [lyi15(x) in (2.7) and (2.8) is attained and is unique. We
denote by V7, f the function g which attains the infimum.

Proposition 2.1. For every ball B centered at 3., every Borel function f : ¥ — R
and every Hajtasz upper gradient g of f,

L1 = mantnldo < cos) f gdo

Proof. The proof is almost immediate:

1t =man(nldr < f £ 170) = )] dola) doty)
<2r(B ][][ ) do(z) do(y) S4T(B)]égda.

O

Observe now also that if f : ¥ — R is Lipschitz, then

(2.9) IV fllLe o) < Lip(f)/2.

This follows easily from the fact that if ¢ is a Hajtasz upper gradient for f, then
min(g, Lip(f)/2) is also a Hajtasz upper gradient.

2.4. Finite perimeter, measure theoretic boundary, and tangential gradients.
An open set Q C R™! has finite perimeter if the distributional gradient Vg of
Xa is a locally finite R"*!-valued measure. From results of De Giorgi and Moser
it follows that Vixq = —vq Hjjq., where 92 C OS2 is the reduced boundary of
Qand |vg(x)| = 1 H"-a.e. in 0*Q. By [EG, Theorem 5.15], 0*2 can be written,
up to a set of H"-measure zero, as a countable union of compact sets { K };'0:1

where K; C S; for a C* hypersurface S; and v |s; is normal to .S;. Moreover, the
following Green’s formula is satisfied: for every ¢ € C° (R 1, R H1),

@.10) [ dive@e= [ (o) 10,

More generally, given a unit vector v and = € 02, we define the (closed) half-
spaces

Hfﬂ(x) ={yedQ:vg-(y—z)>0}.
Then, for z € 0*(), it holds

(2.11) lim r~ " m(B(x,r) N QE N HE (2)) > 0,
r—

where QT = Q and Q~ = R"*! \  (see for instance [EG, p. 230]). A unit vector
vq satisfying (2.11) is called the measure theoretic outer unit normal to ) at x
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and we denote by 0p{2 all the points of 92 for which (2.11) holds. Tt is clear that
a*Q C 9.
The measure theoretic boundary 0,£) consists of the points € OS2 such that

m(B(z,r) N Q)
rn—l—l

m(B(x,7)\ Q)

rn+l > 0.

>0 and limsup
r—0

lim sup
r—0

When €2 has finite perimeter, it holds that 9,2 C 9y C 9*Q C 92 and H"(9*Q\
0,) = 0. A good reference for those results is either the book of Evans and
Gariepy [EG] or the book of Maggi [Ma].

It was proved by Federer (see [Fed, p. 314] and the references therein) that if
Q ¢ R™! is a bounded set such that H"(99) < oo and u € C(Q) N W1(Q),
then for any integer j € [1,n + 1], it holds that

(2.12) /Q dyu(x) dx — /8 ey nl€) u() doe).

where e; is the j-th standard basis vector of R+ and vq is the measure theoretic
outer unit normal to 2.

Given an n-rectifiable set £ C R"*!, consider a point € E such that the
approximate tangent space 1, F exists (this is just the n-dimensional vector space
parallel to the approximate tangent to F in z). We say that f : R"™1 — R is
tangentially differentiable with respect to F at x if the restriction of f to T, F is
differentiable at x, and we denote its gradient by V,; g f(x), or V, f(x) if there is
no confusion about E.

If f: E — R is Lipschitz, then we can consider an arbitrary Lipschitz ex-
tension of f to R"jl, which we denote by f : R"! — R. Then we define
Vi.gf(z) :== Vg f(x) and, by [Ma, Theorem 11.4], V, g f(x) exists for H"-a.e.
x € E. Furthermore, the definition does not depend on the particular extension f,
for H"-a.e. x € E. This follows easily from [Ma, Lemma 11.5].

Lemma 2.2. Let E C R""! be uniformly n-rectifiable and f : Rt — R be

Lipschitz. Then

2.13)

|vt,Ef(-T)‘ _ limsup |f(y) — f(aj)‘ ~ limsup][ |f(y) — f(.%')| dan(y)
B(z,r)NE

E>y—z ly — x| r—0 ly — x|
for H™-a.e. z € E.

Proof. Let x € FE be a point of tangential differentiability of f such that there
exists an approximate tangent plane L, to F at x and lim,_,o b8g(z,r) = 0. We
claim that (2.13) holds for . To this end, notice that, by the definition of tangential
derivative,

(2.14) Ve pf(2)] = limsup L= /@]

I;3z—x |Z - 1"’ ’
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where 11, is the orthogonal projection on L,. Then we have

fmsup FO =F@ o AL = F@1 o 1O ) = £@)
E>y—ax Iy—x\ Esy—a |y—x| Esy—z |y_x|

. , I, (y) —
< Ve (@)| + Lip(f) limsup L) =41
Esy—z Y — T

From the condition that lim,_,0 bSg(x,r) = 0 and the fact that L, is an approxi-

mate tangent hyperplane, if follows easily that b8g(x, r, L,) — 0 asr — 0 and so
the last limsup above vanishes. Thus,

s 70 = F@)

E>y—x ’y - x’

< |Vief(x)l.

The converse estimate is similar. For each y € L,, let p(y) be the closest point
from E to y. Then, we have |y — p(y)| < bB8(x, 2|z — y|, Ly)|z — y|, and thus by
(2.14), arguing as above,

[/ (p(y) = f(@)| |f(p(y) — fly)]

Vi f(z)| < limsup + lim sup
I, 5y—=a |y_$| I 35y—x |y—$\
The second term satisfies
Jimn sup |f(p(y)) — f(y)] < Lip(f) lim sup ip(y) — yl
I, Sy—a ly — | M5y—z |Y — 2
< Lip(f) limsup b3 (x, 2]z — yl, Ls) = 0,
I 2y—z

which shows that |V, g f(x)| < limsupgs,_,, %, so that the first identity
in (2.13) holds.

Regarding the comparability on the right side of (2.13), we use similar argu-
ments. First we choose an orthonormal basis v, . . ., v, of L, —x, and for each i we
let B; be a ball centered at v; with radius 1/2n, so that for all points z; € B;NL,—x
and any vector u € L, — «,

= - 1 1 N2 1

i

In particular, this gives that

n n
Z]zzu\%z:]vzu\ forall z; € B;,i=1,...,n
i=1

=1

In this way, if we let B, be balls with radius ¢(n)r centered at = + r v;, for all the
points z; » € B; N L, we have

(2.15) ’VtEf |NZ”zzr: vtEf ‘NZM‘FO(T)'

Zir ‘er_x‘
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Assuming bSg(x,r, L,) small enough, by the AD-regularity of E, we have
H"(%Bm N E) ~ r" for each i. Consider arbitrary points y;, € %Bi,r N E.
Since

|f(ir) — f(Ma(yir)| < Lip(f) [yir — D (yir)| S Lip(f) b8E (2,7, Le) 1,
by (2.15) we get

— — flx
Z ‘f yzr Z ’f yzr f( )‘ —I—O(?“) ~ ‘Vt,Ef(x)’ +0(7’),

’yzr_x| |yz7‘_w‘

taking also into account that the points II,(y; ) belong to L, N B; , and |y; , —x| ~
r, and applying (2.15) to the points z; , = IL;(y; ), assuming again bBE(a: r,Ly)
small enough. Averaging over all y; , € BZ +NE, and using that H”( irNE) ~
r", we conclude

Vi@l f MBI

dH"™ + o(r).
B(z,2r)nE ‘y - J"’

O

In [HMT], Hofmann, Mitrea, and Taylor have introduced some tangential deriva-
tives and another tangential gradient which are well suited for arguments involving
integration by parts and layer potentials under the assumption that H"™(0Q\0*Q2) =
0. We will adapt their definition to more general domains by simply restricting
most things to the reduced boundary 0*(2

Let Q C R™"! be an open set with finite perimeter. For a C function ¢ :
R*"* — Rand 1 < j,k < n+ 1, one defines the tangential derivatives on 9*{) by

(2.16) O j ke = V;j (Okp)

where v;, ¢ = 1,...,n + 1 are the components of the outer normal v. Remark
that, by integration by parts, if and ¢, 1) are C! in a neighborhood of 052, the same
arguments as in [HMT, p. 2676] (using (2.10)) show that

o+ — Vi (050)]0+qs

2.17) O i pdH" = / Y O g jp dH".
0*Q 0*Q2

We define the Sobolev type space LY (H"|9-q) (see [HMT, display (3.6.3)])

as the subspace of functions in LP(H"|9+q) for which there exists some constant
C(f) such that

(2.18) Z

1<5,k<n+1

S CU) el Lo 3 pug)

/ f Ouyp dH”
o0*Q

for all ¢ € C°(R"*1). By the Riesz representation theorem, for each f €
LY (H™|s+q) and each j,k = 1,...,n + 1, there exists some function h;j €
LP(H"™|5+q) such that

/ hj7k gOdHn = / f@nmw den
*Q 0*Q)
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and we set Oy j 1. f := hj 1, so that this is coherent with (2.17). It is easy to check
that Lipschitz functions with compact support are contained in L} (9*(2).

We introduce two important integral operators whose kernels are associated with
&, the fundamental solution for the Laplacian. The first one is the single layer
potential

(2.19) Sf(x) = 895(9«“ —y)f(y)do(y), x€Q
and the second one is the double layer potential

@) Di@ = [ vl)ViEa I do). ve,

where v stands for the measure theoretic outer unit normal of 2. As VS isupto a
multiplicative constant the Riesz transform, if 9€2 is uniformly n-rectifiable, by the
LP(0) boundedness of the Riesz transform [Dav] and Cotlar’s inequality, we have

(2.21) IN(VEN e o) S 1f v (o)

See [HMT, Proposition 3.20] for the precise details, for example. Moreover, by the
discussion above, if we argue as in the proof of [HMT, Proposition 3.37], it holds
that

n+1

(2.22) NPTy S D 10k F I o3
k=1

Below we will need the following technical result regarding the tangential gra-
dients.

Lemma 2.3. Let Q C R™"! be a bounded corkscrew domain with uniformly n-
rectifiable boundary. If f is a function which is C in a neighborhood of 0%), then
we have that for every j, k € {1,2,...,n+ 1},

(2.23) O jif(x) =v; (Vif)r(x) — v (Vef)j(x)  for H'|o+q-a.e. x € 0*Q,
where (V. f )i, stands for the k-th component of Vi f =V, aa f.

Proof. As shown in [HMT], for a function f which is C! in a neighborhood of €2,
we have the pointwise identity

8t,j,kf =Vj (8kf)|aQ — Vi (ajf)‘ag = (Vj €L — Vg 6j) . Vf o-a.e.in 897

where e;, i = 1,...,n + 1, is the standard orthonormal basis of R**!. Since
(2.24) (viex —vpej) - v=vjv, — v =0,
we have

Z?m,kf = (I/j €L — Vg €j) . Vf = (I/j €L — Vg €j) . th,
which implies (2.23). [l
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3. THE CORONA DECOMPOSITION IN TERMS OF LIPSCHITZ SUBDOMAINS

In this section we assume that  C R+ is a bounded open set with uniformly
rectifiable boundary satisfying the corkscrew condition. Notice that if ) satisfies
the assumptions in Theorem 1.2 (n-AD-regular boundary, corkscrew condition,
and solvability of (D,,)), it follows that OS2 is uniformly rectifiable, by combining
the results from [HoL] and either [HLMN] or [MT].

3.1. The approximating Lipschitz graph. In this subsection we describe how to
associate an approximating Lipschitz graph to a cube R € D,,, assuming bj3, (k1 R)
to be small enough for some big constant k; > 2 (recall that the coefficients b3, are
defined at the end of Section 2.1). We will follow the arguments in [DS1, Chapters
7,8, 12, 13, 14] quite closely. The first step consists in defining suitable stopping
cubes.

Given x € R"*!, we write x = (2/,2,,1). For a given cube R € D,, we
denote by Lp a best approximating hyperplane for b3, (k1 R). We also assume,
without loss of generality, that Lp is the horizontal hyperplane {x, 11 = 0}. We
denote by C'(R) the cylinder

{e e R o’ —(2p)'| < 272r(B(R)), [2ns1 — (wr)ns1] < 272r(B(R))}.

Observe that C(R) C B(R).

We fix 0 < ¢ < § < 1 to be chosen later (depending on the cokscrew condition
and the uniform rectifiability constants), k; > 2, and we denote by B or B(¢) the
family of cubes ) € D, such that b5, (k1Q) > . We consider R € D, such that
bBs(k1R) < . We let Stop(R) be the family of maximal cubes () € D,(R) such
that at least one of the following holds:

(@ QNC(R) = 2.

(b) Q € B(e), ie., bfs(k1Q) > e.

(c) Z(Lg,LRr) > 0, where Lg, Lp are best approximating hyperplanes for
Bo.0o(k1Q) and By o0 (k1 R), respectively, and Z(Lg, Lr) denotes the an-
gle between L¢ and Lg.

We denote by Tree(R) the family of cubes in D, (R) which are not strictly con-
tained in any cube from Stop(R). We also consider the function

dr(z) = Qgi{lefe(R) (dist(z, Q) + diam(Q)).

Notice that dg is 1-Lipschitz. Assuming k; big enough (but independent of € and
0) and arguing as in the proof of [DS1, Proposition 8.2], the following holds:

Lemma 3.1. Denote by Il the orthogonal projection on L. There is a Lipschitz
function A : Lr — LIJ-% with slope at most C' such that

dist(x, (IIg(z), A(Tlg(x)))) < Ciedgr(x) forall x € ki R.

Remark that in this lemma, and in the whole subsection, we assume that R is as
above, so that, in particular, b3, (k1 R) < .
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Forall y € Ly we denote Dg(y) = infa:engl W) dg(x). It is immediate to check

that Dp, is also a 1-Lipschitz function. Further, as shown in [DS1, Lemma 8.21],
there is some fixed constant C'y such that
(3.1) Cy'dr(x) < Dr(Ilg(x)) < dr(z) forallz € 3B(R).

We denote by Z(R) the set of points € R such that dr(z) = 0. The following
lemma is an immediate consequence of the results obtained in [DS1, Chapters 7,
12-14].

Lemma 3.2. There are some constants C3(e,6) > 0 and k1 > 2 such that
3.2)
o(R) = o(C(R)) <20(Z(R))
+2 Yoo @40 ) Bea(kiQ)?o(Q).

QeStop(R)NB(e) QETree(R)

The fact that o(R) ~ o(C(R)) is an immediate consequence of the AD-regularity
of 0. The lemma above is not stated explicitly in [DS1]. However, this follows eas-
ily from the results in [DS1]. Indeed, denote

T = {R €D, : U(QEStOE(JRWC) Q) > o(C(R)) /2},

where ) € Stop(R) N (c) means that @) satisfies the condition (c) in the above
definition of Stop(R). Notice that .%; is very similar to the analogous set .%;
defined in [DS1, p.39]. A (harmless) difference is that we wrote o(C(R))/2 in the
definition above, instead of o(R)/2 as in [DS1]. Assuming ¢ > 0 small enough
(depending on 0) in the definition of B(e), in equation (12.2) from [DS1] (proved
along the Chapters 12-14) it is shown that there exists some k£ > 1 (independent of
¢ and ) such that if R € .%#, then

//Xﬁmx, k2 2O ),

7 <
where
X = {(z,t) €suppo x (0,+00) : ¥ € kR, k™ 'dp(z) <t < kl(R)}.
It is easy to check that, choosing k; > k large enough,
// B (x,t)? da(f)dt Sk Y Bei(kiQ)?o(Q).
X QETree(R)

Hence, (3.2) holds when R € 7.
In the case R ¢ .71, by the definition of Stop(R) we have

o(R)~o(C(R)) <o(Z(R)NC(R))
+ Y o@nCMR)+ Y. a(@NC(R)).

QeStop(R)NB(e) QeStop(R)N(c)
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Since the last sum does not exceed o(C(R))/2, we deduce that

% o(C(R) <o(Z(RNC(R)+ 3. o@NC(R)),
QEeStop(R)NB(e)

and so (3.2) also holds.

3.2. The starlike Lipschitz subdomains Qli%. Abusing notation, below we write
Dg(2') = Dg(z), forx = (2',2p11).
Lemma 3.3. Let
Ur={z € C(R) : xp11 > A(z') + C1C2e Dg(x)},
Ve ={x € O(R) : mpy1 < A(z") — C1C2eDg(2’)},
and
Wg={z € C(R) : A(z') — C1C2eDg(2') < 241 < A(2") + C1CaeDg(2')}.

Then 00 N C(R) C Wr. Also, Ug is either contained in §) or in R"1\ Q, and
the same happens with Vr. Further, at least one of the sets Ug, Vg is contained in
Q.

Remark that it may happen that Ur and Vj are both contained in €2, or that one
set is contained in € and the other in R"T1\ Q.

Proof. Let us see that 9 N C(R) C Wg. Indeed, we have 9 N C(R) C 92N
B(R) C R, by the definition of B(R). Then, by Lemma 3.1 and (3.1), for all
x € 00N C(R) we have |z — (2/, A(2"))| < Credgr(z) < C1C2e Dr(x), which
is equivalent to saying that x € Whg.

Next we claim that if Ur N Q2 # &, then Ur C ). This follows from con-
nectivity, taking into account that if x € Ur N Q and r = dist(z, 0Ug), then
B(x,r) C . Otherwise, there exists some point y € B(x,r) \ ©Q, and thus there
exists some z € 02 which belongs to the segment zy. This would contradict the
fact that 02 C Wpg. The same argument works replacing Ugr and/or €2 by Vg
and/or R*+1 \ Q, and thus we deduce that any of the sets Ugr, Vg is contained
either in  or in R\ Q.

Finally, from the corkscrew condition we can find a pointy € B(z g, r(B(R)))N
Q with dist(y,09Q) 2 r(B(R)). So if €,d are small enough we deduce that
y € (UrUVR)NQ because bS5, (k1 R) < e and both 9QNC(R) and the graphs of A
in C(R) are contained in a C'0¢( R)-neighborhood of the hyperplane {z,4+1 = 0}.
Then by the discussion in the previous paragraph, we infer that either Ug C Q or
Vi C Q. U

Suppose that Ur C 2. We denote by FE the Lipschitz graph of the function
C(R)NLgk 3 2’ — A(2')+ 6 Dg(2'). Notice that this is a Lipschitz function with
slope at most C'§ < 1 (assuming  small enough). So FE intersects neither the top
nor the bottom faces of C'(R), assuming ¢ small enough too. Then we define

Qf = {z = (2/,2p41) € Int(C(R)) : Tp1 > A(2") + 6 Dr(2') }.
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Observe that QE is a starlike Lipschitz domain (with uniform Lipschitz character)
and that Q;g C Ug, assuming that C';Cye < 6.

In case that Vi C (2, we define I'j; and Q2 analogously, replacing the above
function A(z")+8 Dg(z") by A(x")—8 Dg(2’). Itis clear that Q7 is also a starlike
Lipschitz domain. If Vz € R™*1\ Q, then we set Q0 = @. In any case, we define

Or = QLU

so that ) is the disjoint union of at most two starlike Lipschitz subdomains. From
Lemma 3.3 and the assumption that C;Cae < 4, it is immediate to check that

(3.3) dist(xz,0Q) > gDR(a:) forall z € Qpg.

For a given a > 1, we say that two cubes @, Q' are a-close if

aH(Q) < UQ) < al(Q) and dist(Q, Q) < a(l(Q) + UQ"))-

We say that Q € D, is a-close to Tree(R) if there exists some Q' € Tree(R) such
that Q and Q' are a-close. For 1 < a* < a** to be fixed below, we define the
augmented trees

Tree*(R) = {Q € D, : Q is a*~close to Tree(R)},

Tree™ (R) = {Q € D, : Q is a™-close to Tree(R)}.

Obviously, Tree(R) C Tree*(R) C Tree**(R). Notice also that the families of
cubes from Tree*(R) or Tree**(R) may not be trees.

We consider now the decomposition of €2 into the family of Whitney cubes
W(£2) described in Subsection 2.2.

Lemma 3.4. Assuming a* > 1 to be big enough, we have

ﬁRmQC U w(Q)

QETree*(R)

Recall that w(Q) is the Whitney region associated with @ (see (2.5)). Notice
that in case that {2, # @, it may happen that w(()) is the union of some Whitney
cubes contained in QE and others in {25, for example.

Proof. Let P € W(Q) be such that P N Qg # @ and let Q = b(P) € D, is
such that P C w(Q). It suffices to show that @) € Tree*(R) if a* is taken big
enough. To this end, we have to show that there exists some )’ € Tree(R) which
is a*-close to Q.

Notice first that /(P) < C5¢(R) for some fixed constant C5, because P inter-
sects Qp and thus B R).Letz € PN Qpr. Then by (3.3) we have

—~

Dp(z) < dist(z,00) =~ {(P) = {(Q),

| S

for () as above. Thus,
dr(zq) ~ Dr(rq) < Dr(z) + CH(Q) S 6 1(Q).
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From the definition of dr we infer that there exists some cube ' € Tree(R) such
that

UQ') +dist(Q, Q") < CO7H(Q).
In case that £(Q") > C5 '4(R), we let Q" = Q'. Otherwise, we let Q" be an
ancestor of @)’ belonging to Tree(R) and satisfying
O Q) < Q") < 2051(Q).

The above condition ¢(Q) = ¢(P) < C5 {(R) ensures the existence of Q. Then,
in any case, it easily follows that Q’ is a*-close to @, for a* big enough depending
on 9. O

In the rest of the lemmas in this subsection, we assume, without loss of general-
ity, that Qf, C Ug C €.

Lemma 3.5. If ) € Tree(R), then

dist(w(@).25) < C Q)
Also, if Qp, #+ @,

dist(w(Q), 25) < CH(Q).
Proof. We will prove the first statement. The second one follows by the same
arguments. It is clear that dist(w(Q),Q2};) < C ¢(R), and so the statement above
holds if £(Q) 2 ¢(R).

So we may assume that /(@) < ¢; ¢(R) for some small ¢; to be fixed below. By
construction, the parent @) of @ satisfies Q N C(R) # &. Thus there exists some
point z € C(R) such that |z — zg| < 4(Q). Clearly, it holds dist(z, 0Q) < 4(Q).
On the other hand, by interchanging x with (2/, x,+1 + 2¢(Q)) if necessary, we
may assume that

(3.4) dist(z, 00 UT}) > 4(Q).
By the definition of dr and Dp,
Dr(zq) < dr(zq) < Q).
Hence,
Di(w) < Dalag) + C Q) S UQ) < dist(x, 09).

Assuming ¢ small enough, we deduce that

106 Dg(x) < dist(x,09) < CUQ) < c1CLU(R).
By the definition of 7, this implies that z € QFf, if ¢; is small enough. Indeed,
since z € C(R), by (3.4) and the last estimate, A(z') + § Dg(2') < xpi1 ¢
((R). O

We denote
JTree™ (R) = {Q € Tree™(R) : w(Q) ¢ Qr}.
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Lemma 3.6. Forall S € D, we have
> 7(Q) Sar+ (S).
QEATree™™ (R):QCS

Proof. We will prove the following:

Claim. For each Q € 0Tree™ (R) there exists some cube P = P(Q) € W(Q)
such that

PNoQg 7& g, E(P) Rax*§ E(Q)v diSt(Pv Q) Sa**,é E(Q)

The lemma follows easily from this claim. Indeed, using that Qp is either a
Lipschitz domain or a union of two Lipschitz domains, that

(3.5) H' (2P NONR) = U(P)" ~gxx 5 0(Q),
and that P(Q) C B(zg,C(a™)¢(S)) for each Q) C S, we obtain

> 0(Q) Saw s > H"(2P(Q) N OQR)

Q€EITree™™ (R):QCS Q€EITree*™* (R):QCS
Sa**75 Z Z Hn<2plm89R).
Pew(Q): QedTree™™ (R):

P'CB(zs,C(a™)U(S))  P'=P(Q)
From the properties (3.5) it easily follows that, for every P’ € W(),
#{Q € 0Tree™ (R) : P' = P(Q)} < C(a™,9).
Taking also into account the finite superposition of the cubes 2P’, we deduce
> 7(Q) Sars > H"(2P' N OQR)

QedTree** (R):QCS Pew(Q):
P'CB(zg,C(a**)4(S))

S H'(0QR N B(zg, C'(a™)6(S))) S 4(S)™

To prove the claim we distinguish several cases:

Case 1. Incasethat £(Q) > c(a™*,0)¢(R) (with ¢(a™, J) to be chosen below), we
let P(QQ) be any Whitney cube that intersects the top face of C'(R). It is immediate
to check that this choice satisfies the properties described in (3.5).

Case 2. Suppose now that /(Q) < c(a**,0)¢(R) and that dist(Q,0C(R)) >
Cs £(Q) for some big Cs(a™) > 1 to be chosen below. Let us see that this implies
that zg € C(R). Indeed, from the definition of Tree™*(R) there exists some
S € Tree(R) such that  and S are a**-close. Since S N C(R) # @, there exists

some g € SNC(R). If zg ¢ C(R), by continuity the segment ¢ =g intersects
OC(R) at some point z. So we have

dist(zq, 0C(R)) < |vg — 2| < |zg — 24
< A(Q) +£(5)) + diam(Q) < C(a*)U(Q),
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which contradicts the assumption above if Cg(a**) is big enough. In particular,
notice that the conditions that dist(Q), 0C(R)) > Cs ¢(Q) and z¢ € C(R) imply
that w(Q) C C(R) if Cg is taken big enough.

If w(Q)NQgr # 2, then we take a Whitney cube P with {(P) = ¢(Q) contained
in w(Q) that intersects Qr. Otherwise, w(Q) C Q2 \ Qg, and from the fact that
Q) < c(a**,8)L(R) we infer that w(Q) lies below the Lipschitz graph I'}, that
defines the bottom of 92, and above the graph I'}, in case that 2, # @. Then
we take * € w(Q) and 2 = I, (v) N Tk, and also 2~ = ;' (z) N T, in case
that Q, # @.

When Q0 = &, we let P be the Whitney that contains 2. Since Vi C R" 1\
Q, there exists y = IT;' (v) N 9Q N C(R). Then we deduce

(3.6) U(P)=dist(zT,00Q) = |27 —y| > H (w(Q) N5  (zT)) > €(Q).
Using again that there exists some S € Tree(R) such that  and S are a**-close
we get
(3.7 {(P) =~ dist(z",00Q) < Dr(z") = Dr(z) < Dr(zg) + C4(Q)

< Dr(zs) + zq — zs| + CL(Q) S C(a™,0)L(Q).
Further,
(3.8) dist(P,Q) < |zg — 2| <|zg — |+ |z — 21| S 4(Q),

and so P satisfies the properties in the claim.

If Qp # @ (ie., VR C Q), we let P be the largest Whitney cube that inter-
sects {zT, 2~ }. From the fact that b3, (k1Q) < e and the stopping condition
(c) we easily infer that there exists some point y € IT;'(z*) N C(R) such that
dist(y, 0Q) < e(Q). Then it follows

(3.9) UP) 2 |2t — a7 | > HN (w(Q) NTTE! (z)) > £(Q).

Also the estimates (3.7) and (3.8) are still valid, replacing 2+ by 2~ if 2~ € P. So
again P satisfies the required properties.

Case 3. Suppose that £(Q) < c(a™, §)¢(R) and that dist(Q, 0C(R)) < Cs 4(Q)
for Cg(a**) > 1 as above. From the smallness of /((Q) (remark that the constant
c(a**, 9) is chosen after fixing C's) we infer that dist(Q, 0,C'(R)) = dist(Q, 0C(R)),
where 0;C(R) is the lateral part of JC(R). So there exists some point z € 9;C(R)
such that [zg — z| Se= £(Q). We also denote zT = IT7!(2) N T'%. As above, we
take S € Tree(R) such that ) and S are a**-close, so that by the 1-Lipschitzness
of Dr we have

dist(2",09) ~ Dg(z") = Dr(z) < Dr(zs) + |2 —2q| + |rq — 5| Sar Q).
From this fact we infer that there exists some point y € II-!(z) N 9Qx such
that |z — y| Se+ £(Q) and dist(y, 9Q) =4+ £(Q). For example, we can take
y = (7, zny1 + C(a™)0(Q)) for a suitable C'(a**) > 1. This point satisfies

[z —yl < lxg — 2[ + |2 =yl Sa=- £(Q),
and so letting P be the Whitney cube that contains y we are done. O
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3.3. The corona decomposition of (2. We will now perform a corona decom-
position of €2 using the Lipschitz subdomains {2r constructed above. We define
inductively a family Top C D, as follows. First we let Ry € D, be a cube such
that b8, (k1Ro) < e having maximal side length. Assuming Ry, R1, ..., R; to be
defined, we let R; 1 € D, be a cube from

Dy \ U Tree™ (Ry)
0<k<i
such that b3, (k1 R;+1) < e with maximal side length. We set
TOp = {Rl}lzo

For each R € Top we consider the subdomain {2 constructed in the previous
subsection.

Lemma 3.7. The sets Qr N Q, with R € Top, are pairwise disjoint, assuming that
the constant a** is big enough (possibly depending on a*).

Remark that the constants a* and a** depend on . However, this dependence is
harmless for our purposes.
In particular, from this lemma it follows that, if we denote H = Q\ Ugcop 2R
then the union
(3.10) 0= U QrUH.
ReTop
is a partition of €2 into disjoint sets.

Proof of Lemma 3.7. Suppose that R, R’ € Top are such that Qp N Qr N Q # @.
Suppose also that R = R;, R’ = R;, with j > 4, so that in particular £(R’) <
((R). From Lemma 3.4 we infer that there exist cubes @ € Tree*(R) and Q' €
Tree*(R') such that w(Q) N w(Q') # @. Clearly, this implies that £(Q) ~ £(Q’),
and from the definition of Tree*(R) and Tree*(R’) we deduce that there are two
cubes S € Tree(R), S’ € Tree(R') such that dist(S, S) <, €(S) ~q £(S"). Let S
be the ancestor of S with £(S) = ¢(R’) (or take S = S if £(S) > {(R')). Clearly,
S € Tree(R) and dist(S, R') <g+ ((R'). So R' € Tree**(R) if a** = a**(a*) is
chosen big enough, which contradicts the construction of Top. U

Lemma 3.8. The family Top satisfies the packing condition
Z 0(R) Ses0(S)  forall S € D,.
ReTop:RCS
Proof. By Lemma 3.2 we have

@iy > RS D> o ZR)+ ), DA (®)

ReTop:RCS ReTop:RCS ReTop QeStop(R)NB(e)

+ Y Y Bea(1Q)? o (Q).

ReTop:RCS Q€Tree(R)
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By construction, the sets Z(R) are disjoint, and thus the first sum does not exceed
o(S). The second term does not exceed

> 0@ 5 a(9),
QED, (S)NB(e)

by the uniform rectifiability of 0€2. Concerning the last term in (3.11), the families
Tree(R), with R € Top, are also disjoint by construction. Therefore, again by the
uniform rectifiability of 0f2,

YooY Beah@QPo(@Q) <) Bri(kQ)?o(Q) Ses o(S).

ReTop:RCS Q€Tree(R) QCS

Lemma 3.9. There is a subfamily H C D, such that
(3.12) Hc | w@)
QeH
which satisfies the packing condition
(3.13) Y 0@ So(S) forall S €Dy,
QEH:QCS

with the implicit constant depending on €, 6, a™**.

Proof. By construction,
D, C BU U Tree* (R),
ReTop
and thus
ac | Jw@u U U w@u J o
QeB ReTop QedTree** (R) ReTop
So (3.12) holds if we define
H:=BU U 0Tree™ (R).
ReTop

It remains to prove the packing condition (3.13). From the uniform rectifiability
of 02 we know that the family B3 satisfies a Carleson packing condition, and so it
suffices to show that the same holds for |z, OTree™ (R). This is an immediate
consequence of Lemmas 3.6 and 3.8. Indeed, for any S € D,, let

To = {R € Top : Tree™ (R) N D,(S) # @}
and

Ty ={ReTy: {(R)<(S)}, To={ReTy:lR)>LlS)},
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so that

> > @< Y 0@

RETop QEdTree** (R)ND, (S) RET) Q€0Tree**(R)

+ ) > o(Q).

RETy QEdTree™* (R)ND, (S)

Since all the cubes from Tree** (R) are contained in C'(a**) R, it follows that the
cubes from 77 are contained in C’(a**)S, and thus

Z Z o(Q) Sar Z 0(R) Ses 0(5).

ReT) QedTree** (R) ReTy

Also, it is immediate to check that the number of cubes from 7% is uniformly
bounded by some constant depending on a**. Therefore,

> > Q) a3 0(8) Sare 0 (S).

ReT> QedTree** (R)NDy(S) ReTy

Below we will need the following auxiliary result too.

Lemma 3.10. Given any o > 0, for o-a.e. § € OS) there exists r¢ o > 0 such that

(3.14) 10§ NB(Erea) € | Q-
ReTop

Further, o-a.e. £ € 98 belongs to |Jpcrop 8(2%.

Proof. To prove the first statement, notice that if v, () N H # &, then there exists
some ) € H such that v, (&) Nw(Q) # @, which implies that dist(¢, Q) S, (Q),
and so £ € C()Q, for some C(«) > 1. From the Carleson condition on H, we
know that 34, 0(C(a)Q) Sa 0(99), and so by Chebychev’s inequality,

U({§ € 0N : Z Xc(a)@(§) > N}) < N_l/ Z Xc(a)Q 4o Sp N_IU(Z?Q).
QEH

QeH

By taking N — oo, we deduce that for o-a.e. £ € OS2, there is a finite number of
cubes (Q € H such that £ € C(«)Q. So, by the definition of H, for such points £
there exists some 7¢ o, > 0 such that v,(§) N B(§,r¢.o) N H = @, which yields
(3.14).

The inclusion (3.14) implies that o-a.e. £ € 92 belongs to | J RETop 89%. (]
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4. THE ALMOST HARMONIC EXTENSION OF LIPSCHITZ FUNCTIONS ON THE
BOUNDARY

In this section we will assume that 2 is a domain in R™*! satisfying the proper-
ties in Theorem 1.2. That is, € is a bounded corkscrew domain with n-AD-regular
boundary and (D,,) is solvable for some p € (1,2 + £g). As remarked at the
beginning of Section 3, this implies that 02 is uniformly rectifiable.

Let f : 9 — R be a Lipschitz function, so that in particular f € W1P(99).
In this section we will construct an “almost harmonic extension” of f to £2. To this
end, first we need to define another auxiliary extension, following some ideas from
[AMV].

Given a ball B C R™*! centered in J92 and an affine map A : R"*! — R, we
consider the coefficient

2) =t (1wal+ f, Soitar)

where the infimums are taken over all affine maps A : R"*! — R. We denote by
Ap an affine map that minimizes y;(B).

Recall that, by Proposition 2.1, the following Poincaré inequality holds, for ev-
ery ball B centered in 0€:

@ ]{3 f —mpofldo < r(B)mpo(Viyf),

where V , f denotes the optimal Hajtasz upper p-integrable gradient for f.

Lemma 4.1. The following properties hold:
(a) For every ball B centered in 02 with r(B) < diam(2),

(4.2) v#(B) SmBo([Vapf])
and
4.3) IVAB| S mpo(VHpf).

(b) If B, B’ are balls centered in 092 such that B C B’ with r(B) ~ r(B’) <
diam(€?), then

(4.4) |Ap(2) — Ap(2)| S mp o (Vupf) (r(B) + dist(z, B)).

The implicit constants in the above estimates depend only on the implicit constant
in the Poincaré inequality (4.1) and on the AD-regularity of 9€).

The estimates in this lemma follow easily from some similar (but sharper and
more general) calculations from [AMV] for some related coefficients. However,
for the reader’s convenience we provide the detailed arguments here.

Proof. To prove (4.2), we just use the affine constant function A := m,gf as a
competitor in the definition of v and we apply (4.1) to get

1) <0+ f L2 o < ().
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The estimate (4.3) is now an immediate consequence of the definition of v¢(B)
and (4.2):
[VAp| < v¢(B) £ mpo(Vipf)-
Finally we deal with (b). For B and B’ as in (b), we have

Ap(2) — Ap(a) @)~ Ap@)]
L e £ f L dote)

|f(z) — Ap(2)]
+][, (B do(x)

SmBe(Vupf) + mpo(Vipf) S mp o(Vapf)
Thus, there exists some xg € supp o N B such that
|AB(z0) — Ap(0)| S 7(B) mpr o(VHpf)-
Consequently, for any = € R"*!, using also the property (4.3),
|Ap(x) — Api(z)| = |Ap(z0) — Ap/(x0) + V(Ap — Apr) - (x — x0)]

<Cr(B) mB/’J(VH,pf) + (’VAB’ + |VAB/|) |z — 0|

S mpe(Vipf) (r(B) + |z — o)),
which gives (b). U

Next, for each Whitney cube P € W(2) we consider a C'*° bump function ¢ p
supported on 1.1P such that the functions pp, P € W(Q2), form a partition of

unity of yq. That is,
Z YpP = XQ-

PEW(Q)
We define the extension f: Q — R of f as follows:

Flaa = 1, flo= Z ©p A2B, p)-

PEW(Q)

It is clear that fis smooth in €. Recall that b(P) is the (unique) boundary cube
from D, associated with P and that By p) is a ball concentric with b(P) that con-
tains b(P). See Section 2. Abusing notation we will also write

AQBb(P) = Ab(P) = AP.

Lemma 4.2. Given a Lipschitz function [ : 0§ — R, the extension fis Lipschitz
in Q, with Lip(f) < Lip(f).

Proof. We will show that fis Lipschitz in €2 and continuous in 952, so that it is
globally Lipschitz in Q.

Given z,y € Q, let P1, P» € W(Q) be such that x € Py, y € Py. Assume first
the 2P N 2P, # &, and let Py € W(Q2) be a cube with minimal side length such
that

2Bypy C 2By(p,) forany P € W(Q2) such that 1.1P N (P U ) # @.
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In this case ¢(P;) ~ {(Ps) ~ £(Py), and we write
@5 f@)-f)= Y. er@Ap)— > epy)Apy)

Pew(9) Pew()
= > ¢p(z) (Ap(x) — Ap(y))
Pew(Q)
+ (er(x) —0pr(y)) (Ap(y) — Apy(y))-
Pew(Q)

To bound the first sum on the right hand side we use (4.3):

Z op(z) |[Ap(z) — Ap(y)| < Z op(z) [VAp| |z —y|
PEW(Q) PeW(Q)

S Y. ep(@)mapy o(Vaef) |z -yl
PeW()
S Lip(f) |z —yl,
where in the last inequality we used that, since f is Lipschitz in €2, then Vi, f <
Lip(f), by (2.9). To deal with the last sum on the right hand side of (4.5) we may
assume that the cubes P appearing in the sum are such that either 1.1P N P} # @
or 1.1P N P, # @, since otherwise the associated summand vanishes. We denote

by Iy the family of such cubes. So the cubes from I are such that By py C 2By(p)
and they satisfy ¢(P) ~ ¢(Fp). Then by (4.4),

[Ap(y) = Ar,(Y)| S m2Bypy) .0 (Vapf) €(P) < Lip(f) £(P).

Thus, since o p is smooth and ||V pleo < £(P)~1, we have that

Z lep(@) —epy)| |[Ap(y) — Ap,(v)]
PEW(Q)

r—y ]
<2 |e< P) 0P Moty o (Vi1.0) S in(f) [ —
Pely

where we used that the number of cubes P € I is at most a uniform dimensional
constant. Hence,

(4.6) |f(z) = f(y)| < Lip(f) |z —yl-
Next we turn our attention to the case 2P N 2P, = @ and write
4.7
f@) = Ffw) = > ¢p()(Ap(x) — Ap,(2))
PeW(Q)
— Y ¢er(y) (Ary) — Ar,(v)) + (Ap (z) — Ap,(v))
PEW(Q)
=: 51+ S5y + Ss.
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If we use again (4.4) and the fact that |x — y| 2 ¢(P;), we infer that
1SS D ep(@)map, o (Vapf) £(P1) S Lip(f) |z — y).
PEW(Q)

and, by an analogous estimate, |S2| < Lip(f) |« — y|. Finally,

|Ap, (z) — Ap,(y)| < |Ap, (2) — map, ) o (Ap)| + M2, 0 (Ap, — £)]
+ [mopy o0 (F) = M2Byp) o (F)| + |MaBy s, 0 (f = Ap,)|
+ |MaBy gy, 0 (Ar,) — Ap, (y)]

By (4.2) and (4.3),

|Ap, (2) = map,p ) o (Ap)| + [maBy ) o (Ap — f)]
SJ |VAP1 ’ E(Pl) + mQBb(p1>,O'(VH,pf) E(Pl) S Llp(f) ’.’L‘ - y|

The same estimate holds replacing x by y and P; by P». Therefore,

‘AP1 (z) — APQ(y)‘ S Lip(f) |z —yl+ ‘mQBb(pl),U(f) - m23b<p2),0(f)|
S Lip(f) [& =yl + Lip(f) (Jo — y| + £(P1) + £(Py))
~ Lip(f) [« — yl.

This shows that (4.6) holds also in this case and thus fis Lipschitz in 2.
Finally it remains to show that f|o extends continuously to 02, and that the
extension coincides with f. For x € 92 and y € €2 such that |z — y| < J, we write

F@)-Fwl=f@- Y er@ar@|< Y er®)lf@-Apw)l

Pew(Q) Pew(Q)

Notice that any cube P € WW(2) such thaty € 1.1P is contained in B(z, C§), for
a suitable C' depending on the parameters of the Whitney decomposition. Then,
for all x, y, and P as in the last sum, using that f is Lipschitz and that /(P) < §,
together with (4.2) and (4.3),

[f (@) = Ap()| < |f(x) = mapyp o f| + [m2By ) o (f = AP)]

+ |m2Byp) 0 (AP) — Ap(y)
S Lip(f) 0 + mapyp),o(Vipf)§ S Lip(f) 0.

Thus, |f(x) — f(y)| < Lip(f) d. Clearly, the same estimate also holds in case that
z,y € 0Q, and so limg,, . f(y) = f(z), as wished.

O

Given the corona construction in terms of the family Top from Section 3, for
each R € Top we denote by vg the solution of the Dirichlet problem in (2p with
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boundary data ﬂag »- We define the function v : Q — Rby

vgr ineach Qg, with R € Top,

and we call it almost harmonic extension of f. Notice that v is well defined because
of the disjointness of the domains 2 proved in Lemma 3.7.

Lemma 4.3. Assume that f is Lipschitz on 0S). Then the almost harmonic exten-
sion v is continuous in ). Also, v € WI’Q(Q), with

(4.8) IV0l[72(q) S Lip(f)? m(€).

Remark 4.4. Let Qg C R"*! be a bounded Wiener regular domain. Given f €
Lip(9€), we can consider an extension of f to the whole R™*! with the same
Lipschitz norm, which we continue to denote by f. Let uy : 9 — R be the
solution of the continuous Dirichlet problem in €}y with boundary data f. By
[HKM, Corollary 9.29], it holds that u; is the unique solution of the variational
Dirichlet problem, i.e., Au = 0 in § in the weak sense, uy € W1?(€y), and
up — f € I/VD1 ’Q(QO). Since uy minimizes the Dirichlet energy in €2y, we deduce
that

Vgl 20 < IV Flz20) < IV Fl Lo (o) m(Q0)Y2 < Lip(f) m(Q0)"/2.
Notice the analogy between the previous estimate and (4.8).

Proof of Lemma 4.3. First we will show that v is continuous. Since the domains
Q1R are Lipschitz and thus Wiener regular, it is clear that v is continuous in each
set Qp. Then taking into account that v = f in H and that f is Lipschitz, it just
remains to show that v is continuous on 9f2. To this end, we fix z € 9 and € > 0.
Let Top, be the family of cubes R € Top such that £(R) > ¢. Since this is a finite
family, there is some J > 0 such that

4.9) |vr(y) —vr(2)] <e forally,z € Qg such that |y — z| < 6§, R € Top..

Set &' := min(d,¢) and for y € QN B(x, "), let us estimate |v(z) — v(y)|. If
Yy ¢ URETop QR, then

@.10) [v(x) —v(y)| = |f(@) = f(y)| < Lip(f) e = y| S Lip(f) & < Lin(f)e.
If y € Qg for some R € Top,, then we consider some z € QD O0r N B(x,d") (it
is easy to check that such z exists) and, since v(x) —v(z) = f(x) — f(z), we may

apply Lemma 4.2 and (4.9) to get that
4.11) N

[v(z)—v(y)| < [v(z)—v(2)|+|vr(z)—vr(y)| < Lip(f) |z—z[+e < (Lip(f)+1)e.
Suppose now that y € Qg for some R € Top \ Top,. In this case, we have Qp C
B(R) C B(z,Ce¢) because dist(z, ) < |z —y| < ¢ and diam(Q2r) < e (since
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((R) < ). Let &min and &pax the points in Qg where v, attains its minimum and
maximum, respectively. Then we have

f(ﬁmin)_f(x) = v(gmin)_v(x) < U(y)_v(‘r) < U(fmax)_v(m) = f(ﬁmax)_f(x)'
Since &min, Emax € B(z, Ce) and fis Lipschitz in O \ USeTop Qg, we deduce that

—Lip(f) e S v(y) — v(x) < Lip(f)e,
and so |v(z) —v(y)| < Lip(f) e. Together with (4.10) and (4.11) this shows that
lv(xz) —v(y)| < (Lip(f)+1)e forall y € Q such that |z — y| < ¢,

which concludes the proof that v is continuous in x, and thus in the whole .
It remains to estimate ||Vv||z2(q). Since v is Lipschitz on 0y, for any R €
Top, by Remark 4.4 it follows that

V07200, < Lin(f) m(Qr) < Lip(f) m(Q).

Taking into account that v is continuous in §2 and Lipschitz in Q \ | J ReTop 2R We
infer that v € W2

loc (Q), and moreover

IVoll72(q) S Lin(f + Y IVlliagq,
ReTop
< Lip(f + Y Lip(f)*m(Qg) < Lip(f)? m(9),
ReTop
concluding the proof of the lemma. (]

Lemma 4.5. In the distributional sense,
Av = Z (&'Rf_ Ourvr) H" laa 00 + XH Af in Q,
ReTop

where VR stands for the outer unit normal to 02R.

Proof. Let ¢ be a C function supported on some ball B CC (2. Denote by I the
family of cubes R € Top such that Qr N B # @. Notice that [ is a finite family.
Then we write

<Av,¢):/vA¢dm Z/B

URA¢dm+/ v A¢dm.
Rer”’ BMr H

Notice now that B N Q2 and B N H are piecewise Lipschitz domains and that vy
is harmonic in 2r. Hence, by Green’s formula,

/qusdm Z/BOOQR VR Dy AH™ — Z/B DR & dH"

Rel Rel Y BNOQR

+/ Af¢dm+/ faymdm_/ Oy [ & dH™,
H BNOH BNOH
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where v is the outer unit normal to B N dH. Using the continuity of v in €2, it is

clear that
2/ VR Oy AH™ = —/ f Oy ddH™,
B BNoOH

Rel NON R

since vp(z) = —vi(x) H'-ae. x € OH, vp = f on dQp, for every R € Top, and
¢ is smooth. Hence,

(Au, ¢) = Z/B

Rel NON R

Bynvp ¢ dH" — / Oy [ O dH™ + / Af ¢dm,
BNoH H
which proves the lemma. O

The next lemma provides some auxiliary calculations which will be necessary
later.

Lemma 4.6. For each Py € W(RQ), the following hold, for a suitable fixed constant
C:

(a) |Vf(a:)| N MCBy(py), o(Vupf) forall x € B,
(b) |Af( DS MCBy(py) 0 o(Vapf)l(Py)~! forall x € P,.

Proof For each x € Py, we have

= > V‘PP Ap(z)+ Y ¢p(z)VAp

PEW(Q PEW(Q)
= > V@P Ap(x) — Ap() + Y wp(x) VAp.
PEW(Q PEW(Q)

Using (4.3) and (4.4) and taking into account that the sums above only run over
cubes P such that 1.1P N Py # & we get

V@IS 7

N mCBb(PO):U(vvaf)7

which proves (a).
Regarding the second statement of the lemma, for z € Py we write

MCBy(py),0 o(Vapf) {(Po) + mCBb(PO)70'(vH7Pf)

= > Agpp Ap(z)+2 ) Vep(z)-VAp

PewW(Q Pew(Q)

= ) Agpp Ap(z) = Ap,(x)) +2 Y Vep(z)-VAp.
PewW(Q) Pew(Q)

Using again (4.3) and (4.4) and that the sums above only run over cubes such that
1.1P N Py # @, we deduce
~ 1 1
|Af(x)] < K( ) 3 MCBypyy,0 (VHPf) (o) + U(Py) mCBb(PO),U(vH,Pf)

1
~ @ mCBb(PO)7J(VH7pf)'
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(]

Given a signed measure 7 in € and = € 0f), we denote the Carleson functional

(4.12) e(n)(z) = sup NB@N Y,

r>0 rn

For g € L}, .(92) we set C(g)(x) = C(gdm)(x), where dm is the Lebesgue mea-
sure in R™ !, That is,

1
C(g)(x) = sup — |g| dm.
r>0 7" JB(x,r)

Lemma 4.7. Let p € (1,2 + ¢q), with &g > 0 as in Remark 1.1. Suppose that
f: 9Q — R is a Lipschitz function on OS2 and let v = v(f) the almost harmonic
extension of f. Then

(4.13) IC(AV) 1o (o) S IVEHpS llLr (o)

Proof. Recall that, by Lemma 4.5,

AUZ??-FXHAf in €2,

where

n= Z (8VRf~_ dvrVR) Hn‘BQR\aQ-
ReTop
Then we split

IC(AV) | ooy S NCD (o) + ICXHAN 22 (o)

To estimate [|C(n)||»(s) We consider the measure p = > g0, H" |00, - From
the fact that o-a.e. £ € 9S2 belongs to | J ReTop 693}% (see Lemma 3.10) it follows
that Q2 C suppp and o < p (i.e., 0(A) < pu(A) for any Borel set A). Further,
from the Carleson packing condition of the family Top and the n-AD-regularity of
each measure H"|sq,,, it follows easily that y is also n-AD-regular (with uniform
constants). For any ball B centered at supp i, we have

nl(B) = > /B — vg)| dH"

ReTop ) BNOQ R\aQ

/B Z |8VRUR‘+‘vf|)XQQR\8Qd/’L

ReTop

Denoting by A'; the non-tangential maximal operator for the domain Qp and tak-
ing into account that p-a.e. x € R™"! belongs at most to one of the sets g,
R € Top, we get

In|(B /Z (Ne(Vor) + V1) xoamen du

ReTop

1/p
/B Z (Nr( VUR)+|Vf|XaQR\aQ)> du.

ReTop
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Here we understand that N'z(Vvg) vanishes away from 9Q . Hence, for p-a.e.
x € R,

1/p
> (Na( VUR)HVf!XaQR\aQ)) dp
(@) ReTop

e () < sup —— /B

r>0qur

= M, F(x),

where M, is the Hardy-Littlewood maximal operator with respect to x and

F@) = (3 Wa(Vom)e) + 97 xanpon)’) "

ReTop

Therefore, using that 0 < p and the LP-solvability of the regularity problem in
Lipschitz domains, we obtain

IC T () S IMuF I S TEIL

=) /a (NVr(Vog) +\Vf’XaQR\aQ) dp

ReTop

sy (/ \vtRﬂpdw/ Wfl%)
g ONR\OQ

ReTop
VIPdnt Y / Ve P

(4.14) <)) /

ReTop Mp\9 ReTop

where V;,, stands for the tangential derivative in {1z, so that

|Vipf(z)| = limsup \f(y):—f(x)\
0Qpsy—z Y — 7|

Further, we have that, for o-a.e. x € 9QNINR, VtRf(:U)| = |Vif(x)|, where V
stands for the tangential derivative in 2. This follows from Rademacher’s theorem
about the a.e. differentiability of Lipschitz functions (see, for example, Theorem
11.4 and Lemma 11.5 from [Ma]). Notice now that, by Lemma 2.2 and since
Vu,pf is a Hajlasz upper gradient for f, for o-a.e. x € 02 we have

W) = f@)

2] o(y)

(4.15) |Vif(x)| = lim sup][
B(z,r)

r—0

r—0

< Mo(Vapf)(@) + Vi, f(z).

< lim sup]{g( ) (Vipf(y) + Vapf(z)) do(y)
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So using also that the sets 02 N 02 are disjoint (with the possible exception of a
set of zero surface measure), we get

(4.16)
Vi flPdo= )" / IV f|P do

ReTop /amaﬂ R ReTop ! 9200

< / Mo (Vizp )P do + / VipfIP do < / IV 1p 1P do
o0 o0 o0

Regarding the first term of (4.14), for each R we have, by Lemma 4.6(a),

/ VP dp = / VP dH o0, S S memy o (Vapf) ()"
AR\ QR \0Q PEW(Q):
PROQR#D

So taking into account that the cubes b( P) with P € W({2) such that PNOQg # @
are contained in H (where H is the Carleson family of cubes defined in Lemma 3.9)
and using also (4.16), we obtain

@I 1C i) S Y mene (Vi UQ" + [ [VapdPdo
QeH o0

Since H is a Carleson family, by the lower AD-regularity of o, Carleson’s em-
bedding theorem, and the LP(o) boundedness of the Hardy-Littlewood maximal
operator M, it follows that

18) Y mono (il UQ)" / sup e 5 o (Vi pf )P do(z)
QeH o0 Q>

S HMU(VH,pf)H]zp(G) 5 HVH,PfHZ;Jp(Uy
Together with (4.17), this shows that

IC ooy SIVHpSlILr(0)-

It remains to estimate ||C(xyAf)| r»(s)- To this end, notice that by Lemma
4.6(b) for any ball B centered at 02, we have

JISILZEDS Afldm S Y mepee(Vif)o(@).
BNH Qen ’w@NB QENH-QCCB

From the fact that H is a Carleson family and Carleson’s embedding theorem, it
follows that

/ A dm < / sup  mepyo(Vipl)do(@) S | Mo(Vipf) do.
BNH Q:xeQCCB CB

Therefore, C(x g Af)(z) < Mo(Mo(VHpf))(x), and so

ICxaA e (o) S NIMeMo(Vapf) o) S IMo(Vapf)lze@)
SIVap e
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Combining this and the previously obtained estimate for ||C()|| 1+ (»), we conclude
the proof of the lemma. ]

Remark 4.8. Extensions of LP(R™) functions to the upper half-space ]RiJrl o)
that |[C(V0)[l ooy S I ll1e (o) and [IN(0) ]| 20(o) S |10 (5) Were considered by
Hytonen and Rosén in [HR] using the standard dyadic extension and then a clever
combination of an e-approximability type argument along with an iteration process.
This method, or rather its extension in terms of best affine approximations from
the Dorronsoro-type coefficients like our f, does not seem to apply to boundary
functions in Sobolev spaces even in ]Rffl, let alone in rough domains.

5. THE ONE-SIDED RELLICH INEQUALITY FOR THE REGULARITY PROBLEM

We will need the following important technical result. We will abuse notation
and write |Av|dm instead of d|Av|, which would be the accurate notation since
we have only shown that |Av| is a non-negative Radon measure.

Lemma 5.1. Let Q C R satisfy the assumptions in Theorem 1.2. Let also
w : £ — R be a harmonic function in ), which is continuous in ) and Lipschitz
on O If f € Lip(02) and v is the almost harmonic extension of f to S, then he
have

(5.1) ‘/QW-dem‘ SIVap e HwHLP'(g)ﬂL/Q\wHAv\dm-

Proof. We consider the family I, of dyadic cubes T C R™*! with side length 2%
such that 37 N 02 # & and we let

=0\ T
Tely

By comparing 0€2 to 0f), it is easy to check that 9§ is n-AD-regular uniformly
on k and that dist(z, 0Q) ~ 2% for all z € 9%,.

By the assumptions above, Lemma 4.3, and Remark 4.4, v,w € WH2(Q) and
thus

/ Vv - Vw|dm < oo.
Q

Thus to prove (5.1) it suffices to show that

Vv -Vwdm
Qg

S IVl )+ [ ol 0] d

uniformly on k. To this end, for € > 0 let
Ve = U * P,

where {¢: }->0 is an approximation of the identity, where ¢. is smooth, radial, and
supported on B(0,¢). So v, and w are smooth functions in €2 and thus, since {2
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is of finite perimeter (as 02, is AD-regular) and ;, C €2, we may apply Green’s
formula to get

Ve - Vwdm = Oy, Ve wdH"™ — Av: wdm,
o N Q

where v}, stands for the outer unit normal on 0. Since Vv, = ¢, x Vv and
v € WH2(Q), itis clear that

lim/ Ve - Vwdm = Vv - Vw dm.
e—0 Qi Qi

Let now 7 be a positive smooth function with compact support so that Xa, <
M < Xy, - Inlight of Ave = ¢ * Av and the smoothness of w in €2, it follows
that

lim sup
e—0

Avewdm’ < hmsup/(gbE * |Av|) lwng| dm < / |w| |Av| dm,
Qy 0 Q

where the last inequality follows from the fact that |Awv| is a non-negative Radon
measure, |wny| is a continuous function with compact support in 11, and 7 < 1.
So we have

Vv -Vwdm
Q

< limsup/ | Oy, ve w| dH” +/ |w| |Av| dm.
o, Q

e—0

Therefore, by Holder’s inequality, to conclude the proof of the lemma it suffices to
show that

(5.2) lim sup / |0 vel” dH" SV HpF 00
e—0 oy,
Let us denote I', = 9€, and set
U.= |J u.(09r)
ReTop

(recall that U, (A) stands for the e-neighborhood of A). To prove (5.2) we assume
£ < 27%. Then we split

/ Ve |P dH™ = Z/ Vo |P dH"
I

ReTop kN2R\Ue
+/ ‘Vﬂa‘pd}[n—f—/ ]Vvelpd”;'-[" =+ I+ Is3.
kaH\Ug szmUs

To estimate I;, observe that, by the mean value property, since v (and thus Vo)
is harmonic in each Qp and ¢, is radial and supported in B(0,¢), then Vv, =
¢ * Vv = Vo in Qp \ Ue (to check this, just notice that for all x € Qg \ U,
¢- * Vu(x) can be written as a convex combination of averages JCB(M‘) Vvdm,
with 0 < r < ¢). Thus,

n< Y / Vol dH™ =: ) I g

ReTop IeNQr ReTop
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To deal with I; g, we split Q2 into a family Wr, of Whitney cubes, as in Subsection
2.2 replacing 2 by Q. We also consider a dyadic lattice Dg, of “cubes” in 02, so
that the largest cube is Q2. To each P € Wpg we assign a boundary cube b (P) €
Dr, such that £(P) = {(br(P)) and dist(P, br(P)) ~ £(P). We also consider a
non-tangential maximal operator Nz for Qp associated with non-tangential cones
with big enough aperture. Then we have

L= VolP dH"
LA P;/VR /FkﬂP | /U|
S ) inf Na(Vo)@)PUP)'~ Y igg Nr(Vo)(z)P Q)

br(P
pewy, “rP) Q€JR
PNIy#92

where Jp is the family of cubes () € Dpg such that there exists some P € Wg
with Q = br(P), PN T # @. We claim that the family Jp satisfies a Carleson
packing condition. Indeed, by the AD-regularity of I'y, (with uniform constants),
for any S € Dp, we have

Y. U ), H'(2PNTy),
QEJRr:QCS PeEWR
PNl'y#92
PCB(Is,C7£(S))
for a suitable big constant C7, where z is the center of S. Then, by the bounded
overlaps of the cubes 2P and the AD-regularity of I'y,, we derive

> UQ)" S H(Bws, Csl(S)) NTx) S L(S)™.
QeJRr:QCS
Then, by the AD-regularity of 0 R, Carleson’s embedding theorem, the solvability

of (R,) in bounded starlike Lipschitz domains (with uniform constants), Lemma
4.6(a), and (4.15), we derive

nes [ Navoyranr < / Yy, 0l i
12,953 QR

= Z MCBypy.o(Vipf)P L(P)" + / \VupfIFdo.
PEW(Q):PNOQp#£D 00M9Q R

To conclude the estimate of I; we use that the cubes b(P) with P € W(Q) in-
tersecting 0S2r belong to H, which is a Carleson family of cubes from D, by
Lemma 3.9:

(5.3)
I = Z ILir
ReTop
S Y [ VuldH S Y mongo(VuphPUQ + [ Vayiido
ReTop ip QeH o0

5 ||VH,pf||Izp(g)v
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where we argued as in (4.18) for the last estimate.

Next we turn our attention to the integral I. To this end, recall that H is covered
by a family of cubes w(Q), with @ € H. Further, for x € w(Q) \ Ue, by Lemma
4.6(a) we have [Vve(z)| < meBy(Vapf), and thus, by another application of
Carleson’s theorem, we obtain

LS Y menge(Vupf) UQ)" S IVapfll o
Qen

To deal with I3 we split

I < / (Vo xar)+olP dH™ + / (Vo X ) #6e P dH = Ipy + 5o
I'pyNU: r

kMU

We estimate 31 very similarly to I5. Recall that we have assumed that ¢ < 2k,
so that € is much smaller than the side length of any Whitney cube P of {2 such
that 2P NT";, # &. So denoting by w*(Q) the (5¢(Q))-neighborhood of w(Q), we
have

hi< > [ (Ve sodran
PEWR:PAT,£o Y TkN2P

- ) / [(Voxmn21P) * ¢cl’ dH"
T'yn2P

PeWgR:PNT'y#2

<3 [ T+ o
QeH I'yNw(Q)

S Z mCBQ(VH,pf)pE(Q)n S HVH,prip(g)a
QEH

where we took () = b(P) and we applied again Lemma 4.6(a) and (4.18) to get the
last inequality.
Finally we consider the integral I3 2. From the smallness of ¢, we derive

I35 = / Vv yx * pe [P dH™
> et ) [(Voxo\u) * ¢l

ReTop
- [ (e st = Y da
ReTop ¥ LNUe(092R) ReTop

To estimate I3 2 p we consider a family K of balls B centered at I'y, N U (O2R)
with radius 2¢ having bounded overlaps that cover I'y, N U (0€2r) (this family can
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be found using the Besicovitch covering theorem), so that

54) Isor< Y. / (Vo xa,) * ¢c|P dH"
BeKg I'nNB

= > [ (Vo xauean) £ 6P dH”
I'wNB

BeKpg
P
< Z ( n+1/ |Vv\dm> r(B)"
BEKg QrN2B
S Z / |VolP dm < 1/ |VolP dm,
BEKg QrN2B € M5E(8QR)QQR

where we applied Holder’s inequality in the penultimate inequality and then used
that the balls 2B, with B € K, are contained in Us. (0S2g) and also have bounded
overlaps (because they all have the same radius). To estimate the last integral
we consider the Whitney decomposition of {2y into the family of cubes Wg, de-
scribed above. Let Wk . be the subfamily of those cubes P € Wg which intersect
Us-(0QR). Since the cubes P € Wg . satisfy £(P) ~ £(bgr(P)) < €, we get

|VolP dm < Z / |VoulP dm

/7/155 (0QR)NQR PEWR .

< > inf Ngr(Vo)(z)P £(Q)" .
QePR(Q<Ce""
Consequently, by the solvability of (fip) in bounded starlike Lipschitz domains,
/ VPdns Y 4@ [ Wa(VoP
Us- (0QR)NQR Q

QEDR:(Q)<Ce

Se [ NR(TOP " S |10l
O0gr

loag)”

Plugging this estimate into (5.4) and using Carleson’s embedding theorem, as in
(5.3), we derive

Ly < 2 Z / Vol dm S Y Vet g, ) SIVES I
RETOP Mf)s 8QR)QQR RETOP

Combining the estimates obtained for I, I5, and I3, we obtain (5.2) and the proof
of the lemma is concluded. O

Given u € W12(Q) which is harmonic in €, we say that g = d,u in the weak
sense if

(5.5 /VU'V@dm:/ gpdo
Q o0

for all ¢ € Lip(2). We are now ready to prove the desired one-side Rellich type
estimate required for the solvability of (R),).
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Lemma 5.2. Let Q C R™! satisfy the assumptions in Theorem 1.2. Given f €
Lip(0R), denote by u the solution of the Dirichlet problem in ) with boundary
data f. Then O, u exists in the weak sense, it belongs to LP(c), and it satisfies

(5.6) 10vullr oy S IV pSllr(o)-

Proof. We have to show that there exists some function g € LP (o) satisfying (5.5)

for all p € Lip(Q), with [|g]|1r(0) S IVHpSfll1r(s). Let w be the solution of the
Dirichlet problem in €2 with boundary data ¢|9n. By Remark 4.4, both ¢ and w
belong to W12(€2) N C(Q) and they agree on 952 Thus,  — w € W,"*(2), and
then by the harmonicity of u (which also belongs to W12(Q)), we deduce that

/Vu-V(gp—w)dm:O.
Q

We now consider the almost harmonic extension v of f to €2. Recall that v €

Wh2(Q) N C(Q) and v|gq = f by Lemma 4.3. Then we have

/Vu-Vgodm:/Vu'dem:/V(u—v)-dem—l—/VU-dem.
Q Q Q Q

Since u — v € W(}’Q(Q) and w is harmonic in €2, we have
/ V(u—wv)-Vwdm = 0.
Q
Then, by Lemma 5.1 we deduce

5.7) / Vu-Vedm
Q

S IV s [0l )+ [ Tl 0] i

Next we will estimate the last integral on the right hand side above. First we

denote

1
F(z) :=C(Av)(r) = sup — |Av| dm.
r>0 7" JB(x,r)
By Holder’s inequality we have

(5.8)

ol |Av[dm < S oo / |Av|dm
/| > o/,

QED,

< — v|dm in T
el infyeq F(x) w(Q) T€Q

QED,

Observe now that the coefficients
1

_— Av|dm
infyeq F(x) A(Q) |Av]

satisfy the following packing condition, for any given S € D,

aQ ‘=

1 1
< A <
Z Q= inf,es F(x) Z /w(Q) [Avfdm < inf,cs F(x)

QEDs:QCS QED,:QCS

/w(Q)

1/p
|Av] dm) .

/ |Av| dm.
CBg
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Recall that Bg is a ball centered at zg € 0f) that contains S with radius £(5).
Above we chose C' so that all the Whitney regions w(Q) with ) C S are contained
C Bg. By the definition of the Carleson functional C, it easily follows that

/ |Av|dm < o(S) inf F(z),
CBs zeS

and thus

> agSa(S)
QeD,:QCS
Then, by Carleson’s embedding theorem, we get

ol o) ,
) Av dmg/ su wp do(x §/ Nwl? do,
> o / ol s [ sl gy do@) 5 [l

QEDG Sx

where N denotes the usual non-tangential maximal operator for {2 with a big
enough aperture. Since the Dirichlet problem is solvable in ¥ (o), we get

s Ll / || dm S ]
e, PMreq F(2) Ju@) T

To deal with the last term on the right hand side of (5.8) we apply again Car-
leson’s theorem:

Z inf F(x)p_l/ |Av|dm
z€Q w(Q)

QEDs

< F Av|dm < (PP do,
Z( | |da> mferF / | v|dmN/aQ|M( )P do

QED,s

where M, is the usual Hardy-Littlewood operator (with respect to o). Therefore,
by (4.13),

> inf F(f)p_l/ [Avldm S | F 1750y = ICAAVIT ) S IVER 00
Qep, *<? w(@)

Plugging the above estimates into (5.8), we obtain

/Q wl|Av]dm S 1910y 1] 1 o

Together with (5.7), this yields
5.9

/Vu'Vgodm
Q

Consider now the map T, : Lip(9€2) — R defined by

,S ||VH,pf||Lp(a) HwHLPI(a') = HVH,prLP(a) H‘P”Lp’(g)-

Tu(p) = /QVU -Vpdm, ¢ € Lip(09),

where we assume that ¢ has been extended in a Lipschitz way to the whole € in
order to be able to compute the integral above. Notice that, since u is harmonic
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in €2, the definition of T}, does not depend on the precise Lipschitz extension of
©, by the same argument as the one in the first paragraph of this proof. So 7, is
well defined and it is linear. Further, by (5.9) it extends to a bounded functional
T, : L” (0) — R, and thus, by the Riesz representation theorem, there exists some
function g = d,u € LP(o) satisfying the properties claimed in the lemma. O

6. THE END OF THE PROOF OF THEOREM 1.2

Let us recall the definitions of the single layer potential

(6.1) Sf(z)= 895(1’ -y fly)do(y), =€
and the double layer potential
62 Df@= [ v V-, ve,

where v stands for the measure theoretic outer unit normal of €.

Lemma 6.1. Ler Q C R™! satisfy the assumptions in Theorem 1.2. Given f €
Lip(0R?), denote by u the solution of the Dirichlet problem in ) with boundary
data f. Then we have

u(z) = D(ulagq)(x) — S(Ovulsq)(z) forall z € Q,
where D and S denote the double and single layer potentials for ), respectively.

Recall that in Lemma 5.2 we showed that 0,u exists in the weak sense and
dyu € LP(0).
Proof. Let ¢ : R™"! — R be a smooth radial function such that x g(g2)c < ¢ <
XB(0,1)e> and let @,.(y) = o(r~'y). Given z € Q, y € 92, we denote

far(y) = or(y — 2) E(y — ).
Then, by the definition (5.5) of J,u and Green’s formula (2.10), we have
(6.3) / fzrOpudo = / V fer Vudm = Oy forudo —/ Aferudm.
o0 Q o*Q Q

Since u V. € C(Q) N WHH(Q) (as u € C(Q) N W2(Q)), and  is a bounded
open set such that H"(02) < oo, the last equality follows from (2.12). For r

small enough compared to dist(z, J2), the left hand side of (6.3) coincides with
S(0,u)(x), while the right hand side equals

/ @%@—@awwm@Mdm+/ or(y—2) 0,8 (y—) u(y) do(y)
0*Q o0*Q

—/Afxyrudm:O—l-D(ubQ)(:c)—/Afx,rudm.
Q Q

Observe now that supp(Af,. ) C B(z,2r). So if we denote
u(y) = u(y) (1 — paly — )),
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assuming 2r < d < 2d < dist(z, 0f2), we have

/Q Aeudn= [ Afyyidn= [ o A@) am.

Then, letting » — 0, we deduce that the integrals above tend to £ * Au(z) =
u(x) = u(z). Therefore,

S(0vulon) (@) = D(ulon)(x) — u(z),
as wished. O

Now we are ready to prove the first part of Theorem 1.2. Recall that the assump-
tions of this theorem imply the uniform rectifiability of 0f2.

Lemma 6.2. Let Q C R"! be a bounded corkscrew domain with n-AD-regular
boundary. If there exists p € (1,2 + €q) such that (D,y) is solvable and € is
defined in Remark 1.1, then (R,,) is solvable.

Proof. Given f € Lip(0f), denote by u the solution of the Dirichlet problem in €2
with boundary data f. By the previous lemma, for any = € 2,

Vu(z) = VD(ulsq)(z) — VS(Oyulan)(x).
and so by (2.21), (2.22), Lemma 5.2, Lemma 6.3 below, and (4.15), we have

IN (V)| r(0) < IN(VD(ulon))l o (o) + N (VS(Ovulon)) | e (o)
1/p
n+1

1221 D0kt Wty |+ 10omlice

S ”thHLP(H”\a*Q) + \Vapflleo) S IVEp Sl e (o)

To complete the proof of Lemma 6.2, it remains to show that
Hat,j,kaLP(Hn|a*Q) 5 ||vtf||Lp('H"|a*Q) for every ja ke {17 27 Y (N 1}
This follows from the next result.

Lemma 6.3. Let Q C R™"! be a bounded domain with uniformly n-rectifiable
boundary. Then there exists C > 0 such that for any Lipschitz function f : 02 —
R and every j, k € {1,2,...,n+ 1}, we have

(6.4) |0 f(x)] < C\Vif(x)]  for H"|o=q-a.e. x € 0%
Proof. Let

E={xc€dQ:V,f(xr)exists} and Ep= {x eE: HZ[EEZ’Q’ r;>E) = 1} ,



50 MIHALIS MOURGOGLOU AND XAVIER TOLSA

and notice that H" (0 \ Ey) = 0. Then, for alle > 0 and r > 0, let

Bo={rehy: sy U010
yE€B(z,r)NON |y - IE|

and][ |th(y)—th(x)\d7-L”§€f0r0<s§r},
B(z,s)NEo

< |Vif(z)| +¢

and remark that #" (02 \ E.,) — 0 asr — 0. We will show that for H"|g-q-
almost every point x € 0*(Q2 which is a Lebesgue point for 0y ; . f with respect to
H"|o+q» a Lebesgue point for V, f with respect to o, and also a density point of
E. , with respect to o, we have

(6.5) O j i f ()] S IVef(2)| + e

The lemma follows from this estimate, by letting x € 9*() be a density point for
all the sets E. ,, withe,r € (0,1) N Q.

We fix now x € 0*() as above, i.e., x is a Lebesgue point for 9; ; 1. f, a Lebesgue
point for V, f, and also a density point of E. ,.. To prove (6.5) for this point =, we
first check that

(6.6) Lip(f|E. ,.nB(r/2) < IVif(x)] + Ce.
Indeed, for all y, z € E., N B(x,r/2), by the definition of E. ,, we have
— f(z
PD=TEL 9@l +e<f 19 - Vsl do
|y — 2| B(yr/2)

+][ |Vif = Vif(z)|do + |Vif(z)] + €.
B(y,r/2)

The first integral on the right hand side is bounded by € and the second one by

c IVif = Vif(z)|do S e,
B(z,r)
taking into account that B(y,r/2) C B(x,r). Thus,
[f(y) = f(2)

S |th(x)| +C€7
ly — 2|

which proves (6.6).
Next we consider the Lipschitz extension g : R"™!' — R of f|g_ (/2
given by the usual formula

(6.7) 9(y) = (f(z) + Lin(f|E..nB@r/2) ly — 21),

inf
z€E. »NB(z,r/2)

so that Lip(g9) = Lip(f|g. .nB@r/2) < [Vif(z)| + Ce. We also define the
function h : 02 — R given by

h = f— glaq-
Notice that
Lip(h) < Lip(f) + Lip(g) < 2Lip(f) + Ce < 3Lip(f),
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assuming e small enough (and also that Lip(f) # 0; otherwise the lemma is triv-
ial). Observe also that

(6.8) h(y) =0 forally € E., N B(x,r/2),

because g = fin E., N B(x,r/2).

To estimate 0 ; 1, f (), we consider a radial C* function  such that x g(g,1/2) <
¢ < XB(0,1), With [Vp|lo < 1, and we denote ps(x) = s~ (s~ 'x) for any
s > 0. Since H" |5+ is a Radon measure, by the Lebesgue differentiation theo-

rem, for H"|s«q-a.e. x € 0*Q), we infer that 0, ; ;. f () equals

([ 552) mew) [ omswo(t5

As 0*Q is n-rectifiable, we have that for H"|g«g-a.e. © € 9*(Q the n-Hausdorff
density exists and is equal to 1 and tangent measures are flat. Thus, there exists a
n-dimensional plane V,; such that

T ane)|

s—0 S

lim(2s)™" /*Qap<y — x) dH" (y) = /Vz o(z)dH"(z) ~p 1,

where the implicit constant is independent of z. Therefore, for such x € 9*Q, it
holds that

(6.9) |01 f ()] < limsup

s—0

am&ﬂwwxy—mdﬁﬂmy
o0*Q

For simplicity, we define o, = H"|9+q, which clearly satisfies o, (B(z,r)) <

~

r", for every x € 0*Q and every 0 < r < diam(0f?). Next we will estimate the
integral on the right hand side above for s < r/2. We split

(6.10) ‘/amkf y) puly — 7)o (y ‘ ’/at,gkg Y) puly — 2) do(y )’
+ ‘ / A jkh(y) ps(y — ) da*(y)‘-

To deal with the first integral on the right hand side we consider a regularization
of g by means of an approximation of the identity {¢; },~0, where the functions
¢, are radial, C'*°, and supported in B(0, 7), and we denote g, = g * ¢, for each
7 > 0. Then g, € C*°(R""!) and satisfies

IVgrlloo < Lip(g) < |Vef(z)[ + Ce.
The identity (2.16) holds for g, because g, € C*°(R"*1), and thus

100519 llo0 < 2|Vif (@) + Ce.
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Thus, since g, converges uniformly to g in 92 as 7 — 0,
(6.11)

‘/87%]?9 )908( —.Z‘ dU* ‘ ‘/ 8tk,]905 )dU*( )‘
= hm‘/gT ) Ot e jps(y — x) doy(y )‘

~ i ‘ [ dsso) oty 2 do*<y>\
7—0

SIVef(x)| +e.
Now we will estimate the last integral in (6.10). By (6.8), we have

[ orsahl) ety = ) do /rh ) Buspoly — 2)] dor(y)

S |h(y)| do(y).
s / B(w,5)\Ee.r

Recall now that x is a density point of E. , with respect to o. Hence, given any
arbitrary § > 0, we can choose sy > 0 small enough so that

(6.13) o(B(z,2s)\ E-r) < do(B(x,2s) for0<s < sp.

For 0 < s < s this implies that for all y € B(xz,s) N 0S2, there exists some
y' € E.,suchthat |y —y/| < 205/ " §1/ns, where Cj is the AD-regularity constant
of 95). Otherwise, assuming 2C§/n si/n <1,

(6.12)

B(y,2C2" 65y ¢ B(x,2s) \ Ee,,
and thus
o(B(x,25)\ E-,) > o(B(y,2C2" 6Y"s)) > Cy 6 (25)" > o(B(x,2s)),

which would contradict (6.13). Hence, using that Lip(h) < Lip(f), for all points
y € B(x,s) NN and y' as above, we get

h(y)] < [h(y'| + |h(y') — h(y)| <0+ CLip(f) |y — v'| S Lip(f) 6/ s.

Plugging this estimate into (6.12), we obtain
1
[t ety do. )| 5 i
Since § can be taken arbitrarily small, we infer that
lim / Orjkh(y) @s(y — x) dow(y) = 0.

Together with (6.9), (6.10), and (6.11), this gives
[ nia ) euly = ) douly)| S (917 4=

which proves (6.5) and concludes the proof of the lemma. O

Lip(f)6"/" s 0.(B(x,5)) S Lip(f) 8'/".

105 ()] S lim sup
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The next lemma clarifies the relationship between V f and 0, ; . f for Lipschitz
functions.

Lemma 6.4. Let Q C R™"™ be a bounded domain with uniformly n-rectifiable
boundary. Then, for any Lipschtiz function f : 92 — R and for every j, k €
{1,2,...,n+ 1}, we have

(6.14) O i f(x) = —vj (Vif)i(@)+vi (Vif)j(z)  for H|geq-a.e. v € 0"

Proof. Since f is Lipschitz, we have that |V, f(x)| < Lip(f) for o-a.e. z € 09,
or equivalently, V;f(z) € B(0,Lip(f)) for g-a.e. z € Q. Given any ¢ > 0,
we cover B(0, Lip(f)) with a family of closed balls B. 4, ¢ = 1,..., N(e), with

radius ¢ Lip(f) and bounded overlaps, applying Besicovitch covering theorem.
We denote by v, ¢ the center of B, , and we let

As’g = {33 € 00 : th($) S Be,g},
(we understand that A, , contains only points « where V, f(x) exists), so that

(6.15) [V2f (2) = Ta(v-0)| = [T (Ve f (1) —ve)| < [Vef (&) —ves] < eLip(f)
for all x € A, 4, where 11, is the orthogonal projection on the tangent hyperplane
to 92 in x. We consider the function g. ; : 92 — R defined by
ger(x) = f(2) —vzp - 2.
Observe that g. ¢ is Lipschitz and, since the tangential gradient of the function
he ¢(z) = ve ¢ - « equals
Vihe o(2) = o (Vhe o(x)) = T (ve 1),

we have

Vige (@) = |Vif(2) = Viheo(2)| = [Vif (2) = My (ve )| < eLip(f)

for all x € A, 4, where we used (6.15) in the last inequality.
By the preceding estimate and Lemma 6.3 applied to to g, ¢, we obtain

(6.16)  |01jk9ee(x)| S|Vigep(r)| < eLip(f) for H"|p-q-a.e.x € Aoy,
Observe now that, since h. ¢ is a C* function, by (2.23), for 1" |p«q-a.e. = € 0*Q,

(6.17) 01 jkgee(x) = O juf () — Opjnheo(x)
= Opjkf(®) + vj(2)(Vihe o(2)k — vi(2)(Vihe o());
= at,j,kf(x) + Vj(x)(Hw(ve,Z))k - Vk(x)(Hm(Us,f))j'

Therefore, by the triangle inequality, for H"

(6.18)
v (@) (Ve f (@) — ve(@)(Vef (@) + Orjnf (2)]
< |vj(@)(Vef () = Wa(ve,0))r — vk () (Ve f () — a(ve,r)) ]
+ |0k f () + v (2) (W (ve,0) )k — vi(2) (W (ve )] < € Lip(f),

orq-a.e. T € Ay,
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where we applied (6.15) to estimate the first term in the middle part of the chain of
inequalities, and (6.16) and (6.17) for the second term. Since (6.18) holds o-a.e.
for all A, ,, we infer that

v (@) (Ve (@)k — vi(@)(Vif(2)); + Ok f(2)] S € Lip(f)

for H"|p«q-a.e. z € 0*Q. Finally, since € can be taken arbitrarily small, (6.14)
follows. a

The second part of Theorem 1.2, which deals with the problem (R,,), is deduced
from Lemma 6.2 and Lemma 1.3, which shows the connection between the Hajtasz
gradient and the tangential gradient for Lipschitz functions under the assumptions
in Theorem 1.2. We proceed to prove it now.

Proof of Lemma 1.3. Remember that we have to show that, or any Lipschitz func-
tion f: 00 — R,

(6.19) IVupfllro) = IVeflloe(o)s

assuming either that €2 admits a weak (1, p)-Poincaré inequality or (2 satisfies the
two sided local John condition.
In (4.15) we showed that

Vif(z)] S Mo(Vupf)(z) foro-ae. x e 0.

It is immediate to check that the arguments in (4.15) work just under the assump-
tion that the boundary of 0f2 is uniformly n-rectifiable. So we deduce that

IVifllro) S IVEpSlLr(o)-

In the converse direction, consider first the case when (2 satisfies the two sided
local John condition, which implies that 0€2 is uniformly rectifiable and satisfies
H™(02\0*Q) = 0 (see e.g. [HMT, Corollary 3.14] for the proof). By [HMT, The-
orem 4.27], we know that the Hajtasz space W'* (o) coincides with the Hofmann-
Mitrea-Taylor Sobolev space L% (952) defined in (2.18) and, by [HMT, display
(4.3.20)], we have

IVapfliee) S IVeamr o),

where

Venurf(z) = (zk: Vi Or sk f(x))lgjgnﬂ for all - € &*C.
By [HMT, Lemma 3.40] and Lemma 6.4, V; gy f = —V,f o-a.e., and so we
get |[Vapfllr) S IVifllie(s). Remark that if f is C* in a neighborhood of
0f), we can rely on the simpler Lemma 2.3.

Suppose now that 02 admits a weak (1, p)-Poincaré inequality. In this case,
probably (6.19) is already known to hold. However, for completeness we show the
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details here. By the Keith-Zhong theorem [KZ], it turns out that 92 admits a weak
(1, ¢)-Poincaré inequality for some ¢ < p. Remark now that

p(z) := limsup M
>y —z ly — x|

is an upper gradient for f. Indeed, it is easy to check that for any rectifiable curve
~ C 0f) with endpoints x,y € 02,

f(z) = f(y)] < / DA

y

(see [He, Exercise 7.25]). Consequently, since 0S2 supports a weak (1, ¢) Poincaré
inequality, there exists some A > 1 such that for any ball B centered at 02 it holds
(6.20)

1/q 1/q
][ |f —mpy|do < Cr(B) (][ pqda) =Cr(B) (][ \th|qdo> ,
B AB AB

because p = |V, f| o-a.e., by Lemma 2.2.
We denote B, = B(z,2 %z — y|), Byx = B(y,2 %z — y|) for k € Z, and
we write
[f(@) = fW)I < [f(2) =mB, _yofl +ImB, _1.0f —mB,g0f]
+ |mBy,070'f - f(y)|

Using the Poincaré inequality (6.20) and the fact that B, o C B, _1, withr(B, o) ~
7(Bg,—1), it follows that

mp, o of—mp, oofl < ][ = mp, o fldo < ][ \f = mp, _1of]do

By,O B:c,fl

1/q
Sl =yl (][AB Ve fl? dU) <o —y| Mog(Vif)(2),

where M, , is the maximal operator defined by

1/q
Maqg(z) = sup (f Wda) .
r>0 B(z,r)
We also have

| f(z) — mBa:,—l:Uf‘ < Z |mBz,k::0'f - mBz,k+lzgf‘

k>—1
1/q
S 2y (J[ !thlqd0> Sz =yl Moy (Vif)(2).
k>—1 ABg

By analogous estimates, we get

|f(y) —mB,oof| S |2 =yl Mog(Vef)(y).



56 MIHALIS MOURGOGLOU AND XAVIER TOLSA

Therefore,

[f(@) = f)] S 12—yl (Mog(Vef) (@) + Mog(Vef) ().

Consequently, C M, 4(V.f) is a Hajtasz upper gradient for f, and since V, f
has minimal L”(c) norm over all Hajtasz upper gradients and M, , is bounded in
LP(0), we obtain

IVapfllro) S Mog(Vifllzroy S IVeflle (o)

7. SOLVABILITY OF THE REGULARITY PROBLEM WITH BOUNDARY DATA IN
W (59)

This section is mainly devoted to the proof of Theorem 1.4. First we show
that we can easily extend the solvability of (R,) to boundary data in C(0S2) N
WLP(9Q):

Theorem 7.1. Let Q@ C R™ ! be a bounded corkscrew domain with n-AD-regular
boundary. If there exists p € (1,2 + €q) such that (D,) is solvable and € is
defined in Theorem 1.2, then (Ry,) is solvable for continuous functions in the sense
that, for any continuous function f € W1P(9Q) N C(90Q), the solution u of the
Dirichlet problem satisfies

IN V0 lo0) S 1 itmon-

Proof Let1 < p < oo and f € W1P(Q) N C(09). In view of [Ha, Theorem
5], there exists a sequence of Lipschitz functions f; : {2 — R which converge
to f in WHP(0Q). Further, the functions fj, constructed in that theorem converge
pointwise to f o-a.e. as well and they are uniformly bounded (with L* norm
depending on || ||~ and diam(0%2).

By Theorem 1.2, we know that the solution u; of the Dirichlet problem with
boundary data uy satisfies

(7.1 IN(Vur) ooy S IVEpSillr(0)-

Since the functions fj, are uniformly bounded, then the sequence of harmonic ex-
tensions uy is uniformly bounded, by the maximum principle. Then, passing to
a subsequence, if necessary, we can assume that both the functions wu and their
gradients Vuy converge uniformly on compact subsets of 2. Then, denoting
u = limy_, o ug, by (7.1) it easily follows that

(72) IV (V)| (o) < limsup [N (Vug)|| 1o (o)
k—o00
S liznsup IVipfellzoo) = IVapfllLe(o)-
—00

On the other hand, by the Lp’—solvability of the Dirichlet problem, it follows
that the harmonic measure in €, denoted by wgq, and the surface measure on 0f2 are
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mutually absolutely continuous. So, the functions f;, converge to f pointwise wq-
a.e. Consequently, by the dominated convergence theorem, for any fixed x € 2,

lim wug(z) = lim /fk dw” = /fdwx = u(z),
k—o0 k—oo

where u is the solution the Dirichlet problem with boundary data f. So we deduce
that w = u and Vu = Vu and then by (7.2) the lemma follows. O

In the next theorem we extend the definition of solvability of (R,) to general
boundary data in WP (9Q) and we study the pointwise convergence at the bound-
ary.

Theorem 7.2 (Solvability). Let @ C R™""! be a bounded corkscrew domain with
n-AD-regular boundary. If (Ry) is solvable, then for any f € W1P(9Q) there
exists a harmonic function w in Q such that [N (V)| pr (o) < CHfHWl,p(aQ) and
u — f non-tangentially o-a.e. on 02

Proof. In order to define a harmonic solution u for f € WYP(9€) as required
in the theorem, first we consider f € W1P(9Q) N Lip(d€2) and we explain how
to extend f to the whole R™"! in a controlled way in W1P(9)). Suppose that

0 € 8, and define f = f — f(0) on dQ and f = 0 on dB(0, 4 diam(S2)). Note
that if € 9Q and y € 0B(0, 4 diam(012)), it holds that

f(@) = F)l = () = F0)] < |a|(Vapf (2) + Vipf(0)
< diam(99Q)(Vapf(x) + Vipf(0))
<z =yl(Vapf(x) + Vi, f(0)).

Set 2 := B(0, 4 diam(dQ)) \ & and

_ {a, on 0N
g = .
H"|5B(0,4 diam(902)), on 9B(0, 4 diam(99Q)).

Set also

_ [Vapfl@), ifzedn
9@ =\ 9,0, 1(0), if 2 € OB(0, 4 diam(90)).

Since 992 is compact, V Hpf(0) € LP(5) and thus, g is a Hajtasz upper gradi-
ent of fon 9. 1t is clear from the argument above that f € Lip(aﬁ) and so
we can construct @ in {2 as in Lemma 4.2 such that @ is Lipschitz continuous
in B(0,4diam(9€)) with Lip(@) < Lip(f) and @ — f continuously on 9.
Finally we extend w by 0 in R"*1 \ B(0,4 diam(52)).

Additionally, it is not hard to show that

(7.3) [Ng (V)| ) < C\\ﬂ\w1,p(a§)-
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Indeed, fix ¢ € 9Q and let Q € D(@ﬁ) sothat £ € Q. If Py € w(Q) and
z € 1.1Fy, by Lemma 4.6,

V)| S 75 080 (Vripl) H@) +mosq (Vi)

S mebg.o(Virpf) S Ms(Vip /().
which readily implies that
Na(V@)(€) £ M (Vi f)(©),
and thus (7.3). Thus,

/ﬁV{EV’dmz > / V@l dm < > mf NG (V@) ()P 6(Q)"

QeD(5%) w(@) er(am

I {(@] / ING(V@)|Pdo < diam(09) / NG (VD)[P do
QeD(8Q) o0

< (@) 1711, ) Sainto) (Vi OF + 171 00) -

If w is the solution of the Dirichlet problem with data fin Q, we set
w(zx), ifze
w'(z) = fz), ifzedn
w(zx), ifz e R"\ Q.

Remark that w € WP (Q) N C%(Q) for some a > 0, where C¥(Q) is the class of
a-Hoélder continuous functions in €2 (see e.g. [HKM, Theorem 6.44]). Therefore,
since w is compactly supported and €2 is bounded, we readily infer that w’' €
C(R™1) and is compactly supported (thus bounded in R"*1). As we have proved
that w' € WHP(R"F1\ 99Q) and w’ is bounded in R, it trivially holds that
w' € WHP(R™1\ 99Q). Applying [HaM, Lemma 11], we deduce that w’ €
WhP(R™+1), and by Sobolev’s inequality we obtain

[wll Lo () < N1w'l] o sy S VW[ Loy
Sdiam(00) (Vpr(O) + Hva‘va(aﬂ)) :

Consider now an arbitrary function f € W1P(9Q). By density, there exists a
sequence f; € Lip(9Q) such that f; — f in WP (9Q). Passing to a subsequence,
we also have that f; — f and Vg, f; — Vg ,f pointwisely o-a.e. on 92, and
without loss of generahty, we can assume that f;(0) — f(0) and Vg, f;(0) —

Vapf(0). If uj(x ffj dw?®, where f] fj — f;(0), since (R),) is solvable, it
holds that
(7.4) HN(V(UJ - uk))HLP(a) < CHfj - kaWLP(@Q):

(7.5) |uj —upll o () Sdiam@e) [VHpfi(0) = VHpfeO)|+1f; = fillie ooy,
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with bounds independent of j and k, where we used that HE — JF‘V;{HWLP( o) =
I\fi — fk||W1,p(aQ). Therefore, by (7.5), after passing to a subsequence, we can
find a harmonic function w in €2 such that u; and Vu; respectively converge to u
and Vu uniformly on compact subsets of € (this follows from Montel’s theorem
for harmonic functions, taking into account that sup; [|u;|| p () < 00). Moreover,
if we define

(7.6) NE(F) () = sup ()],
Y(E)N{xe:iq(x)>e}

we have that

IV (V) l10) S limind [N (F05) 10) S T inf s momy = 1 ircony:

Since N¢(Vu) increases to N (Vu) as e — 0, it readily holds
IN V) 00y S 1 o

Now it remains to show that, for any o > 0,

lim  u(x) = f(§) = f(§) — f(0) foro-ae. &€ .
70(5)9x—>£
To this end, first we take 6 > « and we note that, by Lemma 3.10, for any fixed
aperture 3 > 0, for o-a.e. § € 9S1 there exists r¢ g > 0 such that

v8(&) N B(§;1e,8) C U Qg.
ReTop

and moreover, for o-a.e. £ € 052 belongs to | J RETop 89;. Then, since, up to a
set of zero surface measure, all points in 8Q§ are tangent points and R € Top is
countable at most, we deduce that o-a.e. £ € 0f) belongs to at most two Lipschitz
domains QE, 17, (it may happen that {2, = ). Further, reducing r¢ g if necessary,
we may assume that y3(£) N B(§,7¢ 3) C Qr = QF, U Q. From this condition
for o < f3, it easily follows that v, (&) N B(&, r¢ o) is contained in a non-tangential
cone for Qg for a suitable r¢ , € (0,7¢ 3), and moreover we can write

1a() NB(&re0) = (12 () N B(&7¢,0)) U (74 (§) N B(E, m¢a)),

with 72 (&) N B(&,1¢0) C Qﬁ. By abusing notation, we assume that (&) are
also non tangential cones for Q}i%.

Next we apply a well-known argument of Kenig and Pipher (see [KP, pp. 461-
462]) which shows that if Nﬂﬁ (Vu)(§) < oo, then u has non-tangential trace

o-a.e. on 89% in the sense that both limits

(7.7) lim  wu(x), lim  wu(x)
vd (€)32—¢ Yo (§)32¢

exist. Indeed, for arbitrary z,y € v1 (§) N B(&, 7¢,o) there exists a non-tangential
path ¢, (for QE) joining z and y contained in ] (£) with length comparable to
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|x —y|. So

u(z) —u(y)| < /E Vul dH' < Ngzu(€) |z — y| < Nu(§) o —yl.

z,y

Here we assumed that N = N,, as [ No(Vu)|lrr00) Ra,s (INs(VU)| 100y for
any o # (3, by [HMT, Proposition 2.2]. By the Cauchy criterion, it follows that

ut (€)= lim u(z)
a ()¢
exists. The same argument shows the existence of u~ (§) := Hm, + )5, u(x).
Then we deduce
(7.8)

sup lu(z) —ut(€)] SeN(Vu)(€) foro-ae. £ €N, 0<e < req.
336"/(1 (f)ﬁB(f E)

Next we should show that u™ () = u(§) = f(£) o-a.e. Arguing as above, by
(7.4),

IN(V (uj = uDllzre) S 1F5 = Flliroq) = 0 as i — oo,
Thus, passing to a subsequence, we infer that N'(V(u; — u)) — 0 o-a.e. on
99Q. For a given & € 9N such that N (Vu)(§) < oo and 0 < £ < h(), we fix
rt e 'y?;(é) with |2F — ¢| < e. By (7.8) we have
[u(a®) — uF(€)] S e N (Vu)(€).

Then, by the triangle inequality,
[u*(€) = F(&)
< [ (&) = u(a™)] + Ju(a™) = uj ()] + Juy (25) = €] +1/(€) = FE)]
S eN(Vu)(€) + lu(a™) — uy (@) + e N (Vuy) (€) + 1 5(6) = FO)I:
(3

Here we used that u; — f; continuously and so u; ) = ) = (f ). Letting

Jb—>_ 00, as u;(z%) — u(@®), N(V(u; — U))(ﬁ) = 0, and Fi(&) = f(&), we
obtain

(&) — F(&)] S e N(Vu)(€).

Since ¢ is arbitrarily small, we infer that u*(£) = f({) and our theorem is con-
cluded as u + f(0) is the desired solution. O

Theorem 1.4 is a direct consequence of Theorem 7.2 and the next lemma.

Lemma 7.3 (Uniqueness). Let 0 C R"! be an open set with bounded n-AD-
regular boundary satisfying the weak local John condition. Let u : ) — R be a
harmonic function, vanishing at oo when <) is unbounded, which has a vanishing
non-tangential limit for o-a.e. x € 9§ and such that |IN (Vu)|| 5y < 00. Then
u vanishes identically in €.

Recall that the weak local John condition is defined in Section 2.2.
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Proof. Consider the family of Whitney cubes W((2) and let {pq }gew (o) be a

partition of unity of €2 so that each ¢ is supported in 1.1Q and ||[Vegllee S
£(Q)~L. For each § € (0, diam(f2)), let

(7.9) Wi(Q) = {Q e W(Q) : €(Q) = 5)
and
> vo
QEWs(Q)

Also, we define

= ps U.
Notice that us € C°°(R"*!) and supp us C 2. From the properties of the Whitney
cubes, it easily follows that there exists some constant C9 > 0 (depending on

the parameters of the construction of the Whitney cubes) such that ¢s5(x) = 0 if
dist(z,00) < 0_1(5, and @5 () = 1if dist(z, 0Q) > Cyo. Consequently, if we let

={Q e W(Q) : C1y'6 < €(Q) < C106}
for a suitable constant C’10 depending on Cy, we infer that
supp Vs U supp Agps C {:U e (3’9_1(5 < dist(z 09) < Cy (5} C U Q
QEWH(Q

Fix z € Q and let § < dist(z, 9€2). Then, since u is harmonic (and vanishes at
oo when {2 is unbounded), we have

u(z) = us(x /nyAW y) dy

= 2/G(ﬂw) Vu(y) - Vs (y) dy+/G(w,y)u(y) Aps(y)dy =: I + I.

Since G(z, -) is Holder continuous at d2, there exists some a > 0 such that
G(z,y) < dist(y, 0Q2)*  for y € Q such that dist(y, 09) < 3 dist(z, 09Q),
with the implicit constant depending on dist(x, 9€2). Then, concerning I, we have
L g Z /ny|Vu |dy<5alz/Vu )| dy.

QEWY QEWL
Notice now that, for any Q € W,
Vu(y)l < N(Vu)(z) forally € Q. = € b(Q).

assuming the operator A to be associated to non-tangential regions with big enough
aperture. So we get

S (@ /NVu ) do(z)

QEWY
< SN (V)| 1oy < SN (V)| o o) 7 (D).
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Next we turn to Ig. Using again the Holder continuity of G(x, -) at 92 we get

Z ny>|u<>|dy,<vaa*2 /u )l dy.

QEWY QEWY

To bound u(y) for y € @, observe that, since €2 satisfies the weak local John
condition, then there exists a subset G C C3Q N OL2 (for some some C3 > 1 big
enough) with o(Gq) ~ £(Q)" such that for each z € G there is a non-tangential
path 7, - that joins the center ¢ of @ and z with H' (v, .) S |zg — 2| =~ 6. For
eachy € Q and z € G we let 7, . be the union of the path v,,, . and the segment
[2¢,y], so that 7, . is a non-tangential path joining y and z with H!(v,.) <
ly — 2| = 0.

Assuming the operator A to be associated to non-tangential regions 7, with big
enough aperture, we deduce that -y, . \ {z} is contained in v,(z). Further, since
the non-tangential limit of w vanishes o-a.e., we infer that for o-a.e. z € G there
is some point 2’ € 7, . \ {z} such that u(2’) < 4. Integrating along the path v, ./
(this is the subpath consisting of the points from -, . lying between y and 2’), we
deduce that

fu(y)] < Ju()] + / Tu(©) dH () <5+ sup [Vu(E)] H(1y.0)

§€7y 2 §€y,x
5 (1+ N (Vu)(2)).
Hence,

uw(y) <6+ 6 essinf N (Vu)(z).
2€Gq

Therefore, taking into account that the sets Gg, with Q € W), have bounded
overlaps, we obtain

LS8 > UQ (6 4+ 6N (Vu)(2)) do(2)
QEW) Gq
<87 0(0) + 6N (V) || 1oy < 87 () + 6| N (V) || 1o (o) (D)7
Combining all the estimates above, we obtain
u(z)| S 6 0(99) + 6N (V) || Lo (o) o (9 /7.

Since § can be taken arbitrarily small, we infer that u(x) = 0. O

8. INVERTIBILITY OF THE SINGLE LAYER POTENTIAL OPERATOR
We will need the following technical result.

Lemma 8.1. Let Q C R™! be an open set with bounded n-AD-regular boundary
satisfying the corkscrew condition, and let f € LP(o), for p € [1,00]. Then, for
o-a.e. x € 0N), the non-tangential limit of S f at x equals S f (z). That is,

(8.1) lim  Sf(y) =Sf(z).

Ya(z)2y—a
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Moreover, for p € (1, 00|, it holds that
(8.2) |SfllLr o) < diam(OQ)| f[| r(o0)-

Although this result is already known, we prove it here for completeness.
Proof. 1f we set By, := B(z, pi,) = B(ac 2% diam(052)), by the estimate

si@i<y [ EREAC)

k>0 k\Bk+1 \x —y"
~ Z o= / y)| do(y) < diam(9Q) M, (f)(z),
k>0 "
and the L? (o) boundedness of M, we get (8.2). Thus,
S(|fD(x) < oo foro-ae. x € 0N.

We will show that (8.1) holds for all z € 9 such that S(|f|)(x) < oo. Indeed,
given € > 0, let 57 > 0 be such that

1
/ T in—1l dU(Z) S E.
B(z,61) |z — 2|

Denote B = B(z, 1) and notice now that the function S(fxpc) is continuous in
1 B. Thus there exists some 6 € (0, d1/2) such that

|S(fxBe)(x) = S(fxpe) ()| <e if|z —y| < .
Then, for all y € v, (x) such that |z — y| < d2, we have
|Sf(2) = SfW)| < S(flxp)(@) + S(fIxe) () + [S(fxse) (@) — S(fxae)y)]
Se+S(fIxs)(y)

To estimate S(|f]x3)( ) we use the fact that |y — z| 2 |z — z| for all z € 9
(because y € v4(x)), and thus

SUe) )~ [ ey 1)) S | ey 1) o)

~S(|fIxp)(x) <e.

Hence, (x) = Sf (y)] < g, which proves (8.1) and concludes the proof. O

Next we need to introduce the notion of solvability of the regularity problem in
unbounded domains with bounded boundary and extend Theorem 1.2 to this type
of domains. Given an unbounded domain @ C R™! with bounded n-AD-regular
boundary, we say that the regularity problem (R,) is solvable for the Laplacian if
there exists some constant C'r, > 0 such that, for any Lipschitz function f : 9Q —
R, the solution u : {2 — R (vanishing at co) of the continuous Dirichlet problem
for the Laplacian in {2 with boundary data f satisfies

(8.3) IN (V) zr(o) < Cr I lwiw(o)

Notice that, unlike in (1.5) in the case of bounded domains, the estimate (8.3)
involves the inhomogeneous norm ||- [|y11.» (). In fact, for nice unbounded domains
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with bounded boundary the estimate (1.5) fails in general. For example, in the case
that @ = R"*!\ B(0,1) and u(x) = |«['~", we have that u|yp( 1) = 1 and thus
luloso,1) it ey = 0 bUt N (V) | ooy = e > 0.

Theorem 8.2 (Solvability in unbounded domains with compact boundary). Let
p € (1,00) and let Q C R ywith n > 2, be an unbounded corkscrew domain
with bounded n-AD-regular boundary such that there exists xo € R" T\ Q with
dist(zo, 0) ~ diam(0N). If (D,) is solvable, then (R)) is solvable with con-
stants independent of diam(9S2). Moreover, for any f € WLP(0)), there exists a
harmonic function w in Q such that |N'(Vu)||rr (o) < C|l fllwiraq) and u — f
non-tangentially o-a.e. on 0S). If Q) satisfies the weak local John condition, then
this solution is unique.

Proof. We will deduce this lemma from Theorem 1.2, by using the Kelvin trans-
form. Indeed, by hypothesis, there exists a point zg € R™*1\Q such that dist(g, 92) ~
diam(052). Without loss of generality we assume that zo = 0.

Given z € R™*1\ {0}, we let 2* = % x. Notice that the map defined

by I(z) = x* is an involution of R"*! U {oo}, understanding that 1(0) = oc. For
diam(99)? = diam(99)?
r2 - r

r > 0, we denote r* = . We also set

QO ={z*:2€Q}U{0}
(so identifying 2 with Q U {co}, we have Q* = I(€)). Given a function f :
R"*! 5 E — R, its Kelvin transform is defined by

diam(90)"1
) = x(|> 1),

understanding that f(oo) = 0. We let the reader check that, if u : 2 — R vanishes
at 0o, then Au = 0 in  if and only if A(u*) = 0 in Q*. Further, (v*)* = u. Now
itis not hard to see that if ||u|| . (on2p\ By < 00, where B is a ball centered on §p €
O with radius 2 diam(99), then |u(z)| = O(|z — &| ") as 2 — oo. Indeed,
since £(x —&p) = cp|r—&|* " is the fundamental solution for the Laplacian with
pole at &, then we may choose a constant kg ~ ||ul| (025 B)) diam(9Q)" 1,
so that |u(z)| < v(z) = ko E(x — &) forany x € QN (2B \ B). Then, since
both u and v vanish at infinity, we may apply the maximum principle and deduce
that |u(z)| < |z — &|' =™ for any € Q \ 2B. Therefore, |u(x)| < |z|'~" for any
x e \ B(O, 3diam(8Q)) and so \u*(O) gn ”uHLoo(Qm(gB\B)).

Let pg = M diam(02) for some M > 4 be such that

90 C B(0,po) C B(0,2p9) and B(0,(2p0)*) C B(0, pj) C R\ Q.
To shorten notation, we write 79 := (2p0)* and Ry := 2pp. It is immediate to
check that the involution [ is bilipschitz in the annulus A(0, 7o, Ry) with uniform
constants, and in particular on 9f2. From this fact it easily follows that Q™ is n-
AD-regular with uniform bounds since 1(99Q) = 9Q* and H"(E) ~ H"(I"*(E))
for any E C 0Q2*. Moreover, for any function f : Q2 — R,

1f e (3em1o0) = 1 Lo (2em 90%)
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with constants independent of diam(9<2). Further, the involution I transforms a
non-tangential (unbounded) region for €2 into a non-tangential region for {2* con-
taining some ball centered at the origin.

Next we will check that the solvability of (D,,) for 2 implies the solvability of
(Dy) for 2*. To this end, consider g € C'(Q2*) and the solution v : 2* — R of
the Dirichlet problem for 2* with boundary data g. We assume the non-tangential
regions o+ (+) to have a big enough aperture so that B(0,rg) C o« (z*) for every
x* € 09", In this way, by the maximum principle,

Naov(z®) = sup |v(y)| = sup lv(y)| = sup lv(y")]
yEyax* (z*) yE€vax (z*)\B(0,r0) y€I(vax (z*)\B(0,r0))

By the discussion above, assuming the aperture of o (-) big enough, we have

I(ya+(2%) \ B(0,79)) C va(z) N B(0, Ro) C A(0,70, Ro).

Hence,
N N diam(9Q)" ! N
Nov@) < suip o~ sp  amlOVT )
yera(x)NB(0,Ro) yera(@)NBORy) Yl
< No(v*)(z).

It is clear that u := v™* is the solution of the Dirichlet problem in €2 with boundary
data f := g¢*, and then
(8.4) ||/\/'Q*v||7£p( Nou(x)P dH™ (z¥)

<
H" | gqx) ~ 50"

~ [ Nou(@) do(@) 1 o) = 1003y
where we took into account that the image measure I (1" |sq+) is comparable to
o = H"|sq, because I is bilipschitz from 9Q* to 0f2. So the solvability of (D)
for Q* holds, as wished.

Since 2* is bounded, from Theorem 1.2 we deduce that (R),) is solvable for
Q*. We will transfer this solvability to 2 by the Kelvin transform again. So let
f 002 — R be a Lipschitz function and let v : 2 — R be the solution (vanishing
at 0o) of the continuous Dirichlet problem in 2 with boundary data f. We assume
the non-tangential regions g (+) to have a big enough aperture so that B(0, Ry) C
va(x) for every x € 9. In this way, by the maximum principle, arguing as above,
we obtain

(8.5) No(Vu)(z) = sup |Vu(y)| = sup [Vu(y)|
yEva(z) yera(z)\B(0,Ro)
— s [VuE) < s [Val)l.
z€l(va(2)\B(0,Ro)) 2€yg+ (z*)\B(0,r0)
Observe now that v := u* is the solution of the Dirichlet problem for 2* with

boundary data g := f*, and we have that for y € Q*,
diam(0Q)" ! diam(9Q)" !
iam(09) ) w(y”) + iam(09Q)

Vu(y*) DI 1(y),
] et ) P w)

8.6) Vuly) = v(
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where DI~! is the Jacobian matrix of the map /~'. From this identity, the fact
that I (v« (2*) \ B(0,79)) C A(0, 79, Ro), that I is bilipschitz in A(0,rq, Rp),
and DI~Y(z) = (DI(I7'(2)))~!, we deduce that for all z € yqo-(z*) \ B(0,7),
(8.7)

IVu(z*)| < [Vo(z)| + diam(9Q) " Hu(z*)| < |[Vo(z)| + diam(9Q) " |v(2)).

To estimate v(z), we take into account that the (D,/) solvability in * implies
that * satisfies the weak local John condition, by [AHMMT] (recall the weak
local John condition was defined in (2.3)). This condition ensures that there exists
C > 1and G, C 90" N B(z,Cdist(z,00%)) with H"(G,) =~ dist(z,0Q")"
such that all w € G can be joined to z by a non-tangential path -, ,, satisfying
H Y (v20) S |2 — w|. Integrating along 7., and assuming the aperture of the cone
va+(w) big enough, we obtain

[v(2)] < diam(9%2) sup )IVv(y)ng(w)l = diam(092) No- (Vo) (w) +[g(w)]
yEvox (w

for all w € G,. Averaging over w € G, and taking into account that
G, C Q" N B(z, Cdist(z,00%)) C 9Q* N B(z*, C'|z* — 2])
and that H"(G,) = |z* — z|™, we infer that
diam(99) " v(2)| S Magn| 0. Nax (V) (2*) + diam(9Q) " Man), . g(z*).
Combining this estimate with (8.5) and (8.7), for H"-a.e. z* € 9" we get
Na(Vu)(2) S Na- (Vo)(2*) + Mygaj . (N (V0) (&)
+ diam(@Q)_l/\/lHn‘am g(x™)
< Mign) e N (V0)(2) + diam(92) " Mo 9(a").

From the preceding inequality, arguing as in (8.4) and using the LP(H"|50+)
boundedness of My and the solvability of (R,) for Q*, we deduce that

loq*

log*
INQ(VU) | 20 (o) S INax (VO) || 10 (307 pgpe ) + diam(OQ) ™| gl] Lo (34700
S NIV apIILr 7] o) + diam(O2) | fll 1o (o)

To conclude the proof of the lemma (with constants independent of diam(92)) it
just remains to check that

1
(8.8) IV Hp9l o2 p0e) S W“f“[ﬂ’(g) + IVapflreo)-

~ diam

To this end, we consider arbitrary points z*, y* € 9Q*, and we set

: n—1 : n—1
9(a") — g()] = |F* () — F* ()| = w fz) - dfy“(‘m )
di o)1 di O)yn—1 di o)1
< | - S )+ FE 1) - )
<l =y

S diam(Q) lf (@) +[f(z) = f(v)l-
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By the definition of V7 ;, f and the bilipschitzness of I, we have

(@) = F )] < (IVapf (@) + [Vapf()]) |z -yl
= (IVapf @)+ [ Vapf @))% — .

Hence, the function

G(z*) == C(Cm + !VH,pf(a:N)

is a Hajtasz upper gradient of g and so

1
IV Hpgl Le (17 o) S meHLP(U) + IVEpfllLr (o),

which proves the claim (8.8).

It only remains to prove the last part of the lemma. To this end, fix f €
WLP(9€) and let g = f*. Then, since (R)) is solvable in Q*, for the func-
tion g € W1P(9Q*) we may apply Theorem 1.5 and find a harmonic function
v : 0 — R such that [|Nos (V)| r(1np0e) S IV H Il Le (37| poe) and v — g
for H"|go+-a.e. © € 0Q". If we set u := v* then it is clear that « is harmonic in
) and by similar considerations as above, we can show that v — f n.t. in {2 and
INa(Vu)|lro) S IVEpSlLr (o). Uniqueness follows from Lemma 7.3 (which
is still true in this case). We leave the details for the interested reader. O

Remark 8.3 (One-sided Rellich inequality). Under the assumptions of Theorem
8.2, given any function f € Lip(d2) and the solution u of the Dirichlet problem
with boundary data f, we deduce that 0, u exists in the weak sense (see (5.5)), it
belongs to LP (o), and it satisfies

(8.9) 10vull e oy S I f lwrea0)-

To prove this, notice first that as v* is the solution to the Dirichlet problem with
data f* in Q*, it holds that u* € W12(Q*), and so by the bound |Vu(z)| < |z|™"
for z € Q\ B(0,3diam(02)) (since u is harmonic in €2 and vanishes at co, we
have shown in the proof of Theorem 8.2 that |u(z)| < |2|~"*! for such z), the
equation (8.6), and arguing as in the proof of (8.7), it also holds that u € W”(Q)
Then, applying the Riesz representation theorem and arguing as in the proof of
Lemma 5.2, it suffices to check that, for any ¢ € C°(R"+1),

(8.10)

/Qw : de‘ S 1 lwren) 191 Lo (o)

To this end, for any ¢ € (0, diam(052)/2), consider the family W;(§2) of Whitney
cubes for € with side length at least §, as in (7.9), and let €5 be the interior of
UQ@%(Q) Q. Since the boundary of {15 is made up of finitely many faces of cubes

with side length comparable to § and u is smooth in a neighborhood of €25, we can
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apply Green’s formula in {25 (which is a set of finite perimeter since it is clear that
H"™(0*s) < 00) to deduce that

/ Vu-Veodm = Opsup dH",
Qs Q5

where 0,,u stands for the non-tangential trace of vs - Vu on 0€5.
Let I5 be the subfamily of the cubes from W;s(£2) whose closure intersects 025
and denote by w,(-) the modulus of continuity of ¢. Then we have

/ Vu-Vgodm' < Z / |Vul |p| dH™
Qs Qels QNANs

: Ocls yeiil(%)NWu)(y) yeiil(fQ) (’SO(Q)\ + %(C’(S)) °Q)".

By Holder’s inequality, we get

< (X i Ny aQ)”

Ocls y€eb(Q)

. I 2\ /P
(Z it (el +wetc)” @)

Vu - Vedm
Qs

1/p'

< ([ vy do)l/p ([ el +etcn)” ao)

By the (R,) solvability, we deduce

[ v Toan| < 1lwrson, (ol + 20(CO).
1)

Letting 9 — 0 and applying the the dominated convergence theorem (recall that
Vu € L%(1)), the estimate (8.10) follows.

Lemma 8.4. Let p € (1,00) and let Q@ C R"™! be an unbounded corkscrew
domain with bounded n-AD-regular boundary such that there exists xo € R"*1\Q
with dist(zg,0Q) ~ diam(0N2). If (D,) is solvable, given any function f €
Lip(09), let u denote the solution of the Dirichlet problem with boundary data f.
Then O, u exists in the weak sense (see (5.5)), it belongs to LP (o), and we have

u(x) = Df(x) + S(Oyu)(x) forall z € Q.

Proof. Let r > 0 be such that 9 C B(0,r/2), and denote Q, = QN B(0,r),
so that 9Q, = 022 N 9B(0,r). It is clear that €, is bounded corkscrew domain
with n-AD-regular boundary (with constant depending on r). Further, from the
solvability of (D,/) in 2, one easily deduces the solvability of (D,,) in €2,.. This
can be proved by using Theorem 9.2 below and the maximum principle.

From Lemma 5.2 applied to the boundary function f, equal to f in 0f2 and to
u in 0B(0,r), it follows that 0,u|sq, exists in the weak sense, and it belongs to
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LP(H"|q, ). Also, by Lemma 6.1 we have
u(z) = Dq, (ulsq, )(z) — Sq, (Ovulaq,)(z) forall x € Q,,

where Dg,. and Sq, denote the double and single layer potentials for €2,., respec-
tively.
It is clear that the restriction of 9, u|sq, to I coincides J,u|gqn and it is inde-
pendent of . So 9, u|gq € LP (o). We claim that, for any x € €,
(8.11)
lim Do, (ulan,)(x) = D(ulae)(z),  lim So,(dyulan,)(x) = S(9yulan)(z),

T—00

which would prove the assertion (a). To show the first identity, we have to check
that

lim v(y) - Vy€(x —y)uly) dH"(y) = 0.

=0 JaB(o,r)
Since u vanishes at oo, we have |u(y)| < |y|!~" for all y far away from 952, with
the implicit constant depending on w. Thus,

/’ wm-w;u—ywmnw¢@>su/ Y
oB(0,r) 17}

B(o) [T —y[mrrnt

n

r
~ Hx\ — r|n pn—1’

which tends to 0 as » — co. An analogous estimate which we leave for the reader
proves the second identity in (8.11). (]

Next we are ready to prove Theorem 1.5. For the reader’s convenience we an-
nounce it here again as a lemma.

Lemma 8.5 (Invertibility of layer potentials). Let p € (1,00) and let 2 C R+
be a bounded two-sided corkscrew domain with n-AD-regular boundary such that
R™ 1\ € is connected. Suppose either that Q) satisfies the two-sided local John
condition or that 0S) supports a weak (1, p)-Poincaré inequality. If (D,y) is solv-
able both for Q2 and for R"T1\ Q, then S : LP(0Q)) — WLP(9R) is bounded and
invertible.

Proof. The fact that S is bounded from LP(9Q) to W1P(99) follows from (8.2)
and the fact that 02 is uniformly rectifiable, which in turn implies that the n-
dimensional Riesz transform is bounded in L” (o). See also [HMT, Corollary 3.28]
for more details.

To prove the invertibility of S notice that, by Theorems 1.2 and 8.2, it holds
that (ﬁp) is solvable both for 2 and for (2)¢. Further, by [AHMMT], both €2 and
()¢ satisfy the weak local John condition. To simplify notation, we will also write
QF :=Qand Q™ = (Q)°.

First we will show that

(8.12) 1£llioe) < C IS lwinony  forall f € L7(o).
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From the n-rectifiability of OS2 and the jump relations for the Riesz transform (see
[Tol], for example) we deduce that the non-tangential limits

0,8f(@):=_lim VSf(y)-v(a)
Yo y~>x

exist for o-a.e. x € 0f) and moreover

(8.13) f(z) =0,4+Sf(z) — 0, _Sf(x).

Remark that in this identity 0, 1S f(z) and 0, —S f(z) should be understood as
non-tangential limits. We claim that

100 +8 f (@) 1r(0) S IS fllwrro0)-

Observe that (8.12) follows from this claim and (8.13). To prove the claim, recall
that by Theorems 7.2 and 8.2, there are functions u*, u~ harmonic in QF, Q~,
respectively, such that

[No+ (Vu®) o) + INa- (V)| v o) < CISFllwrran) < oo

and
lim ut(y) =Sf(x) foro-ae z € .

75 SY—x
From the LP(o) boundedness of the maximal Riesz transform and standard
Calder6n-Zygmund estimates, we also have

[N+ (VS e (o) + INa- (VS )l v (o) < Cllflir(o) < 00
and, by Lemma 8.1,
lim Sf(y) =Sf(x) foro-ae. z e .

Va Sy
Consequently, since the harmonic functions w® := Sf — u® vanishes n.t. at o-a.e.
point on 9 and satisfies || N (Vw™) | zr (o) < 00, we may apply Lemma 7.3 and
Theorem 8.2 and infer that S f = u® in Q*. Therefore,

No=(VSF) = No= (Vut)  in LP(0),
and so

10y, S f ()| Lr (o) < N (VS )l 1r(0)
= [|Not (Vub) | 1o (o) < ClIS fllwrnan) < oo,

which proves our claim and thus (8.12), which implies that S is injective and has
closed range.

To complete the proof of the invertibility of S it suffices to show that its range
is dense in W1P(9€2). To this end, we will show that Lip(9Q) C S(LP(o))
(recall that Lip(992) is dense in the space W1P(9€2) [Ha, Theorem 5]). Given
f € Lip(99), we set v™ to be the solution of the (continuous) Dirichlet problem
in QF with boundary data f. By the solvability of (ﬁp) in QF and Lemmas 6.1
and 8.4, we have

vE(z) = £D(f)(x) F S(8y+vF|s0)(x) forallz € QF,
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where 9, 1v¥|sq € LP(o) should be understood in the weak sense. Taking non-
tangential limits in QF, we obtain

f(x) = D (f)(x) F S(8y+vF|o0)(x) for o-ae. x € Q.
Since D4 (f)(x) — D_(f)(x) = f(z) for o-a.e. z, summing both identities we get
f(z)=80y-v " |oa — Ov+vT|oq)(z) foro-ae. z € 090,

which implies that f belongs to S(LP(¢)). Therefore, since S has closed range
and Lip(992) is dense in W1P(09), it holds that WP(9Q) C S(LP(c)), which
finishes the proof of the lemma. (]

9. FROM THE REGULARITY PROBLEM TO THE DIRICHLET PROBLEM

In this section we will prove Theorem 1.6. That is, given a bounded domain
Q c R™*! with n-AD-regular boundary, we suppose the regularity problem for
the Laplacian is solvable in LP for some and p € (1, c0), and then we have to show
that the Dirichlet problem is solvable in .

We need the following result.

Lemma 9.1. Let Q C R be a domain with bounded n-AD-regular boundary.
Given x € (), denote by w”® the harmonic measure for ) with pole at x. Suppose
that w* is absolutely continuous with respect to surface measure for every x. Let
p € (1,00) and A > 1 and suppose that, for every ball B centered at O with
diam(B) < 2diam(Q) and all x € AB such that dist(z,0Q) > A~'r(B), it
holds

dw®\ P 1/p .
9.1) <]£B < da> do> <ko(B) ",

for some k > 0. Then, if A is big enough, the Dirichlet problem is solvable in L®,
for s > p. Further, for all f € L¥ (¢) N C(8Q), its harmonic extension u to Q)
satisfies

9.2) IN W o 0 (o) S BNl ot (-

Proof. Let f € C(0f2) and let u the solution of the Dirichlet problem in 2 with
boundary data f. Suppose that f > 0. Consider a point £ € 0f2 and a non-
tangential cone y(§) C €2, with vertex ¢ and with a fixed aperture. Fix a point
x € (&) such denote d,, = dist(x, 092). We intend to estimate u(x), first assuming
d, < 2diam(092).

To this end, we pick a smooth function ¢ which equals 1 in B(0, 1) and vanishes
in R"*1 \ B(0,2). For some M > 4 to be chosen later, we denote

soM(y)zso(]\fdw)-

We set

foly) = f(y) em(y =), fy) = fy) = foly),
and we denote by ug and u; the corresponding solutions of the associated Dirichlet
problems so that u = ug + uy.
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To estimate ug(z) we use (9.1) to show that

dw*®

Uo(w)szodwxs/ f——do
B(¢,2Mdy) do

1/p' o~y 1/p
o) ([ (&)
B(,2Md,) B(&,2Md,) \ do

o L ))/P
) % KC(M) Moy (€.

< KC(M) Mo,p’f(g)

assuming A > 2M.

To deal with u;(x), we first estimate fB(&de) u1 dm. To do so, we consider
the splitting of €2 into the usual family of Whitney cubes and we denote by Ip
the family of those cubes that intersect B := B({, Md,). By the properties of
W(S?), the cubes P € Ip are contained in CB := B({,CMd,), for some C
depending just on n and the parameters in the construction of YW(2). Then, taking
into account that u; < u, we have

(9.3) / uy dm < Z /udm§ inf Nu(y) ¢(P)"!
B(&,Mdy) P

P
Pelp pely YEUP)

< Z E(Q)/QNudUSMdI/C Nudo,

Q€eD,:QCC'B 'B

where in the second inequality we took into account that d, < 2 diam(0€2). So we
deduce

][ urdm < Nudo < My(Nu)(§).
B(&,Md,,) C'B

Now, taking into account that f; vanishes in B(, Md,), from the Holder continu-
ity of uy in 9Q N B({.Md,/2), we infer that

1 1
0@ S g f wdn S 5 MaN)(©)
M J (¢, mds) M«
for some o > 0 depending just on the AD-regularity constant of 0f2.
Altogether, we have

9.4) w(x) < KC(M) Mgy f(E) + % My (Nu)(€)

for all z € (&) with d, < 2diam(9€). In case that 2 is unbounded, it turns out
that the closure of A := {z € Q : d; > 2diam(9f)} is contained in the cone
v(€) if the aperture of () is assumed to be big enough. Thus, by the maximum
principle, since (9.4) holds for x € 0A and u vanishes at oo, it follows that the
same estimate is also valid for x € v(£) N A. Hence (9.4) holds for all z € () in
any case. So we obtain

©.5)  Nu(€) < nC(M) My £(€) + % M, (Nu)() forall € € 9.
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Thus, for s > p/,

C
INVulls(0) < £ CM) Moy fllzso) + 35 IMaWNW)llLs(0)

C/
<KC' (M) [ flls o) + e [Nl s (o)

Since f is continuous 02 is bounded, | Nu||s(,) < oo, and hence, choosing M
(and thus A) big enough, we get

INulls() < & C (M) || fllLs(0)-

Regarding the last statement of the lemma, recall that M, ;s is bounded from
L” (o) to LP"*°(0) and that M, is bounded in L?*°(s). Then, from (9.5) we
infer that

C
Nl ey < 5 COD 1Mo Fll ot e o) + 775 1MW e o

C
S KOO Il ) + 775 Nl e

Since ||Nu|]Lp/,oo(a) < 00, the latter gives (9.2) for M and A big enough. O

Theorem 9.2. Let Q2 C R™! be a domain with bounded n-AD-regular boundary.
Given x € (), denote by w® the harmonic measure for () with pole at x. For
p € (1,00), the following are equivalent:
(@) (Dy) is solvable for Q.
(b) The harmonic measure w is absolutely continuous with respect to o and for
every ball B centered in 0S) and for all x € QN 3B\ 2B with diam(B) <
2 diam(0R2), it holds

(ﬁ <d;:>p da) v < o(B)~.

(c) The harmonic measure w is absolutely continuous with respect to o and
there is some A > 1 big enough such that, for every ball B centered in 0S)
with diam(B) < 2diam(0?) and all x € AB such that dist(x,0Q) >
A~=1r(B), it holds

(f, () )" s

Remark that the implication (a) < (b) may already be known, although we have
not found any reference where this is stated. See [Ho] for some related results. On
the other hand, the equivalence (a) < (c) is new, as far as we know.

Proof. (a) = (b). By duality, it is enough to show that for every ball B centered
indQ, forallz € QN 3B\ 2B,and all f € C.(002N B),

[t S 1o
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Denoting by u the harmonic extension of f to €2, the preceding inequality can be
rewritten as

u(@)] S 1]l oo (B) .
To prove the latter inequality, by standard arguments (as in (9.3), say) and the
L*" solvability of the Dirichlet problem, it follows that

1/p
fouansf  wolas(f il o)
4B CBNoN CBNoN
Sl oy (B) 7
By the subharmonicity of |u| (extended by 0 in Q2¢) in 4B \ B, we have

lu(z)] §][ |u|dm forallz € QN 3B\ 2B.
4B

Together with the previous estimate, this implies (b).

(a) = (c). The arguments are almost the same as the ones in the proof of (a) =
(b), just replacing the condition z € Q N3B \ 2B by x € QN AB, dist(z, 092) >
A1 r(B). We leave the details for the reader.

(b) = (a). First we will show that there exists some £ > 0 such that for any ball
B centered in 092 with diam(B) < 2diam(9f2) and forall z € Q \ 6B,

1/(p+e)

xT +e
(9.6) (é (d(;‘; )p da> < a(B),

To this end, notice first that, for all x € 2 N J(2B), by the so-called Bourgain’s
estimate, w”(8B) 2 1. Then, for any function f € C.(9f2), the assumption in (b)
and the preceding estimate give

[u()] < C Nl 7 (BY 7 <l o

w*(8B)
o ( B ) 1/p’
where, as above, u is the harmonic extension of f to (2. By the maximum principle

we infer that the above inequality also holds for all y € Q \ 2B. By duality it
follows that

dwy p 1/p wy(8B)
— <
<]€3<do> da> ~ 5(B) forally € Q\ 2B.

So for any given ball By centered in 92 with diam(By) < 2diam(9f2) and y €
'\ 6By and any ball B’ centered at 1.1By N 99 with r(B’) < 2r(By), we have

() o)<

By Gehring’s lemma (see [GM, Theorem 6.38], for example) adapted to n-AD-
regular sets, there exists some € > 0 such that

pte 1/(p+e)
(F (&))" <
Bo dO' U(BU)

forall z € QN O(2B),




REGULARITY PROBLEM IN ROUGH DOMAINS 75

which yields (9.6).

Next we intend to apply Lemma 9.1 with p + € in place of p. To this end, given
A > 1, aball B centered in 02 with diam(B) < 2diam(9f?), and x € AB with
dist(z, 0Q) > A~1r(B), we cover B N 952 with a family of balls B;, i € I, with
r(B;) = (100A)~1r(B), so that the balls B; are centered at B N 9, x ¢ 6B; for
anyi € I, and #1p < C(A). Applying (9.6) to each of the balls B; and summing
over ¢ € I, we infer that

<]£B (dC;:v)ers dU) 1/(p+e) R

From Lemma 9.1 we deduce that (Dy) is solvable for s > (p + ¢)’, and thus in

particular for s = p'.

(¢) = (b). We will argue in the same way as in the proof of (a) = (b), using
the estimate (9.2) instead of the solvability of (D,/). Again by duality, it suffices
to show that for every ball B centered in 02 with diam(B) < 2 diam(0f2), for all
x € QN3B\ 2B and all f € C.(02 N B), the harmonic extension u of f to {2
satisfies

©.7) u(@)| < 11l oy (B) 7.

By standard arguments, the Kolmogorov inequality, and (9.2), we have
]éB uldm S . N do <INl 0 B) 7 S W1l ) 0B

Since f vanishes in 02 \ B, by the subharmonicity of |u| (extended by 0 to Q) in
4B\ B we have

lu(x)] 5][ |u|dm forallz € QN 3B\ 2B,
4B

which, together with the previous estimate, implies (9.7). U

Remark 9.3. The arguments in the above proof of (b) = (a) show that solvability
of (D) for some p’ € (1, c0) implies solvability of (D,,_.) for some ¢ > 0.

Remark 9.4. The above theorem also holds if 02 is unbounded. Indeed, the
only place where the boundedness of 0f2 is used is in Lemma 9.1, to ensure that
[Nul| s (u) < oo and HNuHLpgoo(J) < 00. A way of circumventing this technical
problem is the following. For r > 0, consider the open set 2, := QN B(0, 7). It
is easy to check that 02, is n-AD-regular and that an estimate such as (9.1) also
holds for the harmonic measure wg, , with bounds uniform on r, so that (D) is
solvable for 2,., with s > p/, and (9.2) also holds. Given f € C(9€2) with compact
support, let » > 0 be big enough so that supp f C B(0,7), and let f, : 9Q, — R
be such that f, = fin 9QN B(0,7) and f, = 0in 92, N Q. The we apply Lemma
9.1 to the solution u, of the Dirichlet problem with data f, in €2,.. Letting r — oo,
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then one easily deduces that [|Nul[1s(o) < &l f]lLs(o)> as well as the related es-
timate (9.2). Since the case when 0f) is unbounded is not the main focus of our
work, we leave the details for the reader.

Proof of Theorem 1.6. We will show that the assumptions in Theorem 9.2 (c)
hold. To this end, we will prove that for B, A, and x € (2 as in Theorem 9.2

(©),

1/p
(9.8) <][ (Mgpow®)? do> Sao(B)7
AB
where M, ( is the truncated maximal operator defined by
B
M0.707'(§) = Sup M’

o<r<dist(z,02)/4 (B(,1))

for any signed Radon measure 7.

Given aball B = B(§, ), with§ € 00N AB, 0 < r < dist(x, 0§2) /4, (so that
x & 4Bg), consider a smooth non-negative function ¢ 5, which equals 1 on B¢ and
vanishes away from 2B,. Then we have

w”(Bg) < /SOBE dw®

— [ V,6.0) Venwdn) 5 ¢ [ 19,60.0)]dn)
3

where G is the Green function for the Laplacian in ). By estimates analogous to
the ones in (9.3), we derive

| WGwoldnw sr [ N(Vi6( o) do
2B OB
where V1 denotes the gradient with respect to the first variable and
Nou(§) = sup u(y)]-
ye(§),ly—¢|<dist(z,0Q) /2

Therefore,
W (BE ) _ oG d
O'(B(E,T‘)) N][B(ﬁ,C’T)NO( ' (7‘%)) ”

Taking the supremum over 0 < r < dist(x, 92) /4, we derive
Mo ow” () S Mo(No(V1G(-,2))(8).

Thus,
9.9)
[Moow*|zr(o) S IMeNo(ViG (-, 2)) |l r(0) S INo(VIG (- 2) | 2p (o)

Recall now that the Green function can be written as

9.100 G(y,x) =&y —=x) — E(y—2)dw®(z) forally,x € Q,y # z,
o0
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where £ is the fundamental solution of the Laplacian. See for example [AHM3TV].
Then,

V,Gly,x) = K(y — ) - /d V(- 2)d"(2) = K(y - ) - R (o),

where R is the n-dimensional Riesz transform and K is its kernel, i.e., K = VE.
Therefore, for all £ € 01,

No(V1G(-, 7)) (§) S No(K (- — 2))(€) + No(Rw®)(§).
Since |K(y — x)| < 1/|z — €|~ for all y such that |y — &| < dist(x,00)/2, we
have

1
O IN(VIG )y S / Wda(&)ﬂW(Rw’”)ll’zp(g)
< 1

x\||P
S Gtz oq)e 0 T IV R o)

where we used the upper AD-regularity of o to estimate | W do(€) by stan-

dard arguments (for example, splitting the domain of integration into annuli).

To estimate || N (Rw®)||1r(»), Observe that Rw” = V(€ * w”). Clearly, u :=
& xw? is a harmonic function in 2 and, moreover, from (9.10) it follows that £ x w®
extends continuously to 052, since G(-, z) vanishes continuously on 02, as € is
Wiener regular. Then, from the solvability of (R,), we get

IV (Rw®) o0y S IV Ep(E * W) Lr(o)-
Since G(-, x) is constantly 0 on 02, using again (9.10), we have
VHJJ(E: * wx) = VHJJ(g(a} — ))
Thus,
IN (R e o) S IVEp(E(@ =)l Lo (0)-

‘We claim now that the function

C
g (é-) =T an gean
’ |z —¢&["
is a Hajtasz upper gradient for £(x — -) for a suitable C' > 0. This is easy to check:
for £,&' € 9 such that ¢ — &'| < |z — &[, we have

/ c c £ ¢
N e R
< 1€ =€ (92(8) + 92(£)).
In the case when | — ¢’| > 1 max(|z — £|, |z — £|), we have
C C

o= g
20[E ¢ 20[§ ¢
N A

E(x &) —Ex =) <

<€~ 5,‘ (92(8) +g$(£l))7
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which proves our claim and implies that ||V ,(E(z — )l|r@o) < 9zllir(o)-
Thus,

1 1
x\||P p
NGRS 0) 5 N0l S [ 1o 49 S Gz

Together with (9.9) and (9.11), this gives

1 1

x » < ~
||./\/la70w L (o) ~ dist(x,ag)n(pfl)/p A O.(B)l/p/,

which implies (9.8).
It is easy to check that, in light of (9.8), w® is absolutely continuous with respect
to ¢ and that (9.1) holds. Indeed, consider the functions

hy = Z w®(Q)

XQ>
0D o(Q)

where D, i, is the subfamily of the cubes from D, with side length 27k For k big
enough, it is immediate to check that hy, < M, ow®. Thus, the functions hy, are
uniformly in LP (o), and so we can extract a weakly convergent subsequence so
that hy, — h € LP(o). It is also immediate that the sequence of measures hy o
converges weakly to w®. So we infer that w* = h o, with h satisfying

1/p
(f |h|pda> <po(B),
AB

which proves the theorem. O

10. A COUNTEREXAMPLE

In this section we show that, for n > 3, there exists an AD-regular NTA (i.e,
chord-arc) domain @ C R"*! with connected boundary such that, for all p €
[1,00) and all M > 0, one can find a Lipschitz function f : 9 — R such that the
solution of the Dirichlet problem with boundary data f satisfies

(10.1) ||N(VU)||LP(U) > M||Vifllpr(o)-

That is, (R,) is not solvable in L for any p € [1,00). This is in strong contrast
with what happens for domains satisfying the two-sided local John condition (like
two-sided chord-arc domains, for example) for which (]:Ep) is solvable in LP for
any p > 1 small enough, by Theorem 1.2. It is also worth comparing this example
with the chord-arc domains considered by Jerison in [Je], where he showed that

for every p > 1 there exists a chord-arc domain such that (D,,) is not solvable and

thus, neither is (R,) nor (R)).

First we deal with the case p € [1,n). We denote z = (z1,...,Zp41) =
(2',2541). To define the aforementioned NTA domain Q C R™*!, we consider
the solid truncated closed cone

K= {x eR"™ 212 < |zpy1 — 13, 0< 21 < 1}.
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Observe that the vertex of K is (0,...,0,1), and that its basis is a circle of radius
1 contained in the horizontal hyperplane z,, 11 = 0 and centered at the origin. Next
we consider the open cylinder

C={zeR" |22 <4, |zn41] < 1},
and we set 2 = C'\ K. Observe that K C C and that
001 = 0C U 0K, {(0,...,0,1)} =0C NOK,

so that Of) is connected. It is also easy to check that 2 is an AD-regular NTA
9

domain”.
For all s € (0, 1) we consider the subset Ky C 0K given by
Ks={x € 0K :0< |l —zp41] < s},

and then we define the function f5 : 92 — R by

0 ifx € 0C,
1—
folz) = 7:”“ if € K,
1 ifr € OK and |1 — 41| > s.

1
Observe that f; is Lipschitz, Vfs = 0 o-a.e. in 92 \ K, and |V, fs(x)| < = for

s
o-a.e. r € K. Thus,

1
[ Vit do < Sotr) £ 5.
s
Therefore, for 1 < p < n,

||vtszLp(U) —0 ass—0.

On the other hand, it is easy to check that the solution u; of the Dirichlet problem
with boundary data fs converges uniformly in compact subsets of {2 to the function
up(z) = wG(0K) as s — 0, where w is the harmonic measure for €2 with pole in
x. Analogously, Vu, converges uniformly in compact subsets of €2 to Vug, which
is a non-zero harmonic function. So it follows that [N (Vus)| »(,) is bounded
away from O uniformly on s. Thus,

IN (Vus) || Lo (o)
IV fsll e (o)

which proves the existence of the functions f, u satisfying (10.1), by taking s small
enough.

— 00 ass— 0,

Next we show how, in the case n > 3, one can modify the preceding domain so

that (R,) is not solvable either for p > n. Notice first that, by Theorem 1.6, (R),)
implies (D). So it suffices to modify €2 so that Dirichlet problem is not solvable

in L*' for some s’ > p' to ensure that (R,) does not hold. In the case p > n > 3,

Mtis easy to see that this domain does not satisfy the two-sided local John condition since for any

small ball around (0, 0, - - - , 1), the vertex of the cone, one cannot find a corkscrew point in (©2)€ so
that every boundary point in that ball can be connected with a “good” (in fact, with any) curve.



80 MIHALIS MOURGOGLOU AND XAVIER TOLSA

we have p/ < g < %, and by the extrapolation of solvability of the Dirichlet

problem, it is enough to show that this not solvable in L, for some s’ > 3 /2.
Now the idea is to replace the bottom face of J€2 (which equals the bottom face
of the cylinder C) by a suitable Lipschitz graph I, so that the harmonic measure
does not satisfy a reverse Holder inequality with exponent s. To this end, consider
a graph constructed as follows. For any £ > 0, let I\ C R? be a curve made up by
joining successively the points (—2, —2), (—¢,—2), (0,—1), (&, —2), (2,—2) by
segments. Notice that at the point (0, —1), I'g has a vertex of an angle tending to 0
as € — 0. Next we let

I ={zcR": (z1,2,,1) € To}.

We let ' be the part of the domain (2 that lies above I'. That is, if T is defined by
the function 7 : [-2,2]" — R, weset Q' = {z € Q : 2,11 > 7(2')}. Now we
claim that

dWQ/ 5/92
(10.2) — - € L0l (@0, -11/2)  fore > 0 small enough.

Assuming this for the moment, we deduce that wq- does not satisfy a reverse Holder
inequality with exponent 5/2. However, such reverse inequality is a necessary
condition for (Dj5/3) (see for example Proposition 2 from [Ho]). Hence (Ds/3) is
not solvable and, as explained above (choosing s = 5/2, s’ = 5/3), this implies
that (ﬁp) is not solvable for p > 3. Further, essentially the same calculations that
we did to show (10.1) for €2 are valid for €', and so the problem is not solvable

either for p € [1,n).

It remains to prove (10.2). To this end, we will relate the harmonic measure in
Y to the one of the planar domain

U() = {.T S B((O,—l), 1/2) Xy > &/0(5111)},

where ¥ is the function that defines the graph I'g in R?, and using a conformal
mapping to study the harmonic measure for Uy, we will derive (10.2). See also
Remark 2.1.17 in [Ke?2] for a related argument.

Let us see the detailed. arguments. By translating, dilating, and rotating Uy, we
can transform Uy into the planar domain

Up={2€B(0,1): 0 < Arg(z) < a}, witha —2mase — 0.

Next, by the conformal map g;(z) = 2™* we transform U into the half disk
{z € B(0,1) : Im(z) > 0}, and then by standard arguments we find a conformal
map go of that half disk into the unit disk (for example we can transform this into
the first quadrant of the complex plane by a Mobius transformation, then transform
the first quadrant into the upper half space by z + 22, and then apply another
Mobius transformation of the upper half space into the unit disk). Anyway, all
that matters about gs is that it is smooth (in fact, analytic) in a neighborhood of
91(0) = 0. From this fact, it follows that, for 0 < r < 1/2 and v := (0, —1) (the
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middle vertex of ),
1

wlZJOO(OUO N B(v,r)) = wéll(aUl N B(0,2r)) = g H (g2 0 g1(OU, N B(0,2r)))

1

= o= M (ga([— ()72, (20)77)) = e/ + 027/,

T

where wy, and wy;, are the harmonic measures for Uy and Uy, respectively, with

poles z; = ¢g~1(0) and 2 being the corresponding point in Uy. Then, for {wy, ws} =
0B(v,r) N Uy, we have

dw?? dw?? d(w?® (0Uy N B(v,r
(1) 4 () = QOO DB 7))
dH ‘3U0 dH |3UO dr

= Crg_l + O(T(%)_l) ~ T‘g_l.

By choosing appropriately the conformal map g2, we can assume that zo = (0, —3/4),

#0 dwf]%
dHlau,
nection between the Green function Gy, (2, £) and the harmonic measure wg% , we
have

d
and then by symmetry we have dq{t}%(wl) = (w2). Thus, by the con-
0

dwiy, T_q
10.3 Ou,, Guy(2,20) = —172—(2) = |z —v|a"
( ) VU, Uo( 0) dH1 ’an ( ) ‘ ‘
for z € B(v,1/2) N oUj.
To deal with the harmonic measure in €2’ we consider the function

h<m) = GUO((xlﬂ xn+1)7 20)7

where = (x1,...,,Zn+1), 20 is fixed, and we understand that (1, z,+1) = 21+

i Zpt1. Denote vy = (0,...,0,—1). Notice that & is harmonic in B(vq, 1/8) N
(, continuous in B(vg,1/8) N (Y, and it vanishes identically in B(vgy,1/8) N
0€Y'. Hence, by the boundary Harnack principle and (10.3), forany x € B(vgq/, 1/10)N
0 and yp € '\ B(vgy, 1/2), we have

0
wey

do

(@) = 0, Gar (x,90) & ,h(w) = By, Guig (21, Tn41), 20) & |Tpsr + 1] 7"

Thus, if we let QUQ, C R™*! be an (Euclidean) cube centered at vo contained in
B(vg,1/10) with £(Q.,, ) ~ 1, we get

5/2
do 2, / ‘xnﬂ +1
Qug, MO

~/f n—1 1 %(2*1) dy =
|y+1‘§£(QUQ/)

0
wéy

sz-1
do

a

/B(vﬂ,,1 /10)NaSY

for a € (57/3,27). This concludes the proof of (10.2).
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APPENDIX A. THEOREM 1.6 FOR SECOND ORDER ELLIPTIC OPERATORS
WITH L°° COEFFICIENTS

In this section we prove a version of Theorem 1.6 for second order elliptic op-
erators with L* coefficients. Remark that the previous proof of this theorem in
Section 9 does not extend to these operators. The proof below is inspired by the
suggestion we got from an anonymous referee, to whom we are very grateful.

We say that A = (aij)1<i j<n+1 is an elliptic (n+1) x (n+ 1) matrix with mea-
surable coefficients a;; : Q2 — R if there exists A € (0, 1] such that ||A[| () <
A~!and

A(z)E-€ > N|€|%, forae.z € Q and every £ € R™TL,

We define the second order elliptic operator associated with A by L = —div AV
and its adjoint by L* = —div ATV, where A7 is the transpose matrix of A. We
will prove the following theorem.

We say that the variational Dirichlet problem for L is solvable in 2 if, for every
f € C.(09) and @ € W12(Q) N C(Q) satisfying ®|yq = f, there exists w €
W12(Q) such that

. Lw = —divAVw =0 weakly in )
(A.1) (Dy) = 1,2
w—® e Y, (). on 09.

This problem is uniquely solvable. Indeed, by Lax-Milgram, there exists u €
Yy ?(Q) such that [, AVuV¥ = — [ AVBVU for every ¥ € Y, *(Q) (unique-
ness follows from the maximum principle). Then, it is easy to see that w = u + ®
solves (A.1). Moreover, if 99 is n-AD-regular, it follows that u € C(f) (see
[HKM, Theorem 6.27] and [Mar, Theorem 3]). In the particular case where f €
Lip,(0£2), we have that u € C{ () for some a € (0,1). Let us highlight that,
clearly, w € Y12(£2), which will be useful in the arguments below. Moreover, in
view of the maximum principle and the Riesz representation theorem, for any fixed

point = € (), there exists a unique probability measure w7 such that

(A2) w(x) = [ f(§)dwi ().
o0

Following [KP], if B, := B(x, cdq(z)) for some ¢ € (0,1/2), we introduce the

modified non-tangential maximal operator of function u € L% () by

1/2
(A.3) No(w)(z) := sup ][ lu(2)|* dz , T € 0.
y€va(z) \/ By
When L = —A, and u is harmonic in €2 then so is Vu and thus it holds that

N(Vu) = N(Vu).
Adapting the definitions in Section 1, we say that the Dirichlet problem is solv-
able in LP for L (write (Dﬁ ) is solvable) if there exists some constant Cp, > 0
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such that, for any f € C.(9), the solution u : 2 — R of (DF) given by (A.1) in
Q) with boundary data f satisfies (1.4).

We also say that the regularity problem is solvable in LP for L (write (Rﬁ)
is solvable) if there exists some constant C'r, > 0 such that, for any compactly
supported Lipschitz function f : 9 — R, the solution u : 2 — R of (DL) given
by (A.1) in € with boundary data f satisfies
(A4)

- Cr, I flvir1p(pys  if €2 is bounded or 052 is unbounded
IN(V)loo) < { L

Cr, |l fllwip(y, if € is unbounded and 92 is bounded.

Lemma A.l. Let Q@ C R n > 1, be an open set satisfying the corkscrew
condition with n-AD-regular boundary 0%, and let B :== B(&, ) be a ball centered
at & € 0N of radius r. Then, for any u € WH2(B) N C*(B) such that u = 0 on
BN I, it holds that

(A.5) ][ luldz < 7“][ |Vu| de.
B B
Proof. If we setu = 0in Rl \ , then, by (the proof of) [HaM, Lemma 11], we

have that u € W2(B) N C%(B) and so we can apply [Maz, Lemma 9.1] to infer
that

n+1
(A6) / fu(z)| de S —— / V| da,
B Cap, (BN Q< 2B) Jp

where, for any compact set K C D, where D C R"*! is open, we define

Cap, (K, D) f Vu(z)|d
apy ( ueggo(D/l u(z)|dz.
u>1 on K

Using [KKST, Lemma 3.5], we have that
Cap, (BN Q% 2B) > Cap, (BN 0Q,2B) ~ H (BN Q) ~r",

where the last comparability follows from the fact that OS2 is n-AD-regular. There-

fore, (A.6) becomes
/ lu(z)|dx S r / |Vu|dz.
B B

concluding the proof of the lemma. ([

We will prove the following theorem.

Theorem A.2. Let Q C R™L n > 2 be an open set satisfying the corkscrew
condition with n-AD regular boundary. If (Rﬁ) is solvable in ) then (DZE,*) is
solvable in ().
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Proof. We will show that the assumptions in Theorem 9.2 (c) hold. To this end, we
will prove that for B, A, and x € 0f as in Theorem 9.2 (c),

1/p
(A7) <][ (Ma,o wm)p do‘> <ao(B)7H,
AB

where M7 is the truncated maximal operator of a signed Radon measure T
defined by
[TI(B(&, 7))
Moo 7(6) 0<r§disstg,)ag)/41< a(B(,r))
We set
ry = dist(x, 0Q) /4
and we consider a maximal collections of points {&}¥., C 9Q N AB which are
ry-separated. Then, for every £ € AB N 02 and r € (0,rz], we can find i €
{1,..., N} for which
B(&,r) C B(&,2ry).
We fix{ € ABNOQ, r € (0,75],andi € {1,..., N}. Wetake K > 11 big enough
(depending only on Cp), so that [B(&;, (K —1)ry) \ B(&;, 107;)] N OS2 # @. Then
we consider a compactly supported Lipschitz function ¢; : R — R satisfying:
o ;= 1in A(&, 974, Kry).
o i =0inR™\ A(&, 81, (K + 1)ry).
e 0 < ¢; <1landLip(p;) < (rz)" L.
From these properties and the fact that g; := Tiwl B(&;,(K+1)r,) 18 @ Hajtasz upper
gradient for (;, it follows easily that

(A.8) HSDz‘HWl,p(O—) SK Tg/pil-

If 2 is unbounded and 02 is bounded, then we have that 7, < diam(9€2) and thus,

A9 lgillwir(e) = diam(dQ) il Lo a0) + il Sk o/t

Let u; be the solution of the variational Dirichlet problem (A.1) for L in €2 with
data ¢;, which by (A.2), is given by

ui(y) = /8Q @i dw?.

By the choice of K, there exists
o € [B(&, (K —1)ry) \ B(&,10r,)] N 09,

and we define By := B(&y,r,/4). If we set v; := 1 — u;, it is easy to see that
Lv; = 0in 4By, v; = 0 on 4By N 912, and 0 < v; < 1. Therefore, by boundary
Holder continuity of v; (see [AGMT, Lemma 2.10]), it holds that

1 —u(y) = viy) < C(5Q(y)/%)a22u£ﬂ v; < 1/2,

for all y € By such that 6o (y) < (2C)~°r,. Therefore, we have that u;(y) > % in

y € By such that dq(y) < (2C)%r, =: r9. We define r; := |&; — &o| ~ 7, and set
B; := B(&;, ;). Then, we can cover 9 B; N 2 by a uniformly bounded number of
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balls B;C centered at 0B; N 0f2 with radius ro and by the same argument as before
we can show that u;(y) > % forany y € B, such that 6o (y) < ro. This implies
that
ui(y) > 1/2, forany y € {y € 0B;NQ: dq(y) < ro}.

Since every y € {y € 0B; N Q : dq(y) > 7o} can be connected by a Harnack
chain of balls centered at 9B; N € with radii ~ 7 to apoint z € {y € 0B; NN :
da(y) < 7o}, then, by Harnack’s inequality, we obtain that there exists a uniform
constant ¢ € (0,1/2) such that u;(y) > ¢ for every y € 9B; N 2. Hence, since
G(z,y) < ri " forevery y € OB; N, by the maximum principle,

(A.10) Gy, ) < da(x) ™" ui(y) forevery y € B;.

For every B(&,r) C B(&;,2ry), since u; € Y2(Q) N CY,
B(&,8r) N 0L, we apply (A.5) and get that

(A11) ][ dy < 7“][ Vus(y)| dy < r][ No(Vug) do
B(&,4r)Nn B(&,4r)NQ B(&,Cr)
S TM(N2 (V) (€).

Therefore, by [AGMT, Lemma 2.6], Cauchy-Schwarz, Caccioppoli’s inequality,
Moser’s estimates at the boundary, (A.10), and (A.11), we obtain

wﬁ(B(g,T)) < VG d < —1 G
o(B(&,7)) N][B(§72r)m9| woldy S ][B(§,4r)ﬂ§2 @)

(9) and vanishes in

< 6Q<m>1—“r—l]{g S 00l T M(T) )

Consequently, for any fixed £ € AB, if we take supremum over all < r,, we get
Moo w?(€) S da(a)' " M(Na(Vus) (8),

and, by the solvability of (R;E) in 2 (if €2 is bounded or 92 unbounded) along with
(A.8),

N
Mo 0wl oo,n5) S da(@) ™™ D [MWN2(Vu) | 1o (0,5, 2r))
7j=1

N

< Sa(x)' "ZIINQ Vuillzoe) < 5@ 10 lhiree)
Jj=1 j=1

/ 1

< 1-n,.n/p—1 < -n/p <

If €2 is unbounded with bounded boundary, then we use (A.9). This readily implies

(A.7). Since Lemma 9.1 and Theorem 9.2 hold for general elliptic operators as

well with the same proof, we may argue as in the end of the proof of Theorem 1.6

to conclude the proof of the theorem. U
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