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BIG PURE PROJECTIVE MODULES OVER COMMUTATIVE
NOETHERIAN RINGS: COMPARISON WITH THE
COMPLETION

DOLORS HERBERA, PAVEL PRIHODA, AND ROGER WIEGAND

ABSTRACT. A module over a ring R is pure projective provided it is isomorphic
to a direct summand of a direct sum of finitely presented modules. We de-
velop tools for the classification of pure projective modules over commutative
noetherian rings. In particular, for a fixed finitely presented module M, we
consider Add(M), which consists of direct summands of direct sums of copies
of M. We are primarily interested in the case where R is a one-dimensional,
local domain, and in torsion-free (or Cohen-Macaulay) modules. We show
that, even in this case, Add(M) can have an abundance of modules that are
not direct sums of finitely generated ones.

Our work is based on the fact that such infinitely generated direct sum-
mands are all determined by finitely generated data. Namely, idempotent/trace
ideals of the endomorphism ring of M and finitely generated projective modules
modulo such idempotent ideals. This allows us to extend the classical theory
developed to study the behaviour of direct sum decomposition of finitely gen-
erated modules comparing with their completion to the infinitely generated
case.

We study the structure of the monoid V*(M), of isomorphism classes of
countably generated modules in Add (M) with the addition induced by the
direct sum. We show that V*(M) is a submonoid of V*(M ®g E), this allows

us to make computations with examples and to prove some realization results.
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1. INTRODUCTION

There is plenty of very interesting literature on direct sum decomposition of
finitely generated modules over commutative noetherian rings, specially for the case
of maximal Cohen-Macaulay modules. Not so much attention have been paid to
the behaviour of infinite direct sums of finitely generated modules or, equivalently,
to the classification of pure-projective modules over commutative, noetherian rings.
It is well known that such modules are direct sums of countably generated ones,
but it seems that just relatively recently there has been interest on questions like:

Question 1.1. Let R be a commutative, local, noetherian ring, and let X be a
pure-projective R-module, that is, a direct summand of a direct sum of finitely
generated modules. Is X necessarily a direct sum of finitely generated modules?

The answer is positive whenever R is complete because, in this case, indecom-
posable finitely generated modules have local endomorphism ring. A theorem of
Warfield ensures that then all pure projective modules are also a direct sum of
finitely generated modules with local endomorphism ring.

If R is a one-dimensional, integrally closed domain, then R is a discrete valuation
ring, so the answer is also yes. But, in general, the answer to Question|l.1|is negative
even if R is a commutative, local, noetherian domain, of Krull dimension 1 and of
finite Cohen-Macaulay type. We will see such examples in §

In general, if R is a one dimensional domain, and we restrict to the case of
torsion-free modules, the answer is yes if and only if its integral closure is also local
if and only if any finitely generated, torsion-free module has a local endomorphism
ring. This result was first proved in [25] for local domains with finitely generated
integral closure, and has been extended to the general case in [I].

It is worth noticing that, to get the conclusion that indecomposable finitely
generated torsion-free modules must have local endomorphism ring it is only needed
that any element in the category Add (M), of direct summands of arbitrary direct
sums of copies of a finitely generated torsion-free module M, is a direct sum of
finitely generated modules.

A further step in the investigation of infinite direct sums, and that has been the

main motivation for the research in this paper, is:
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Question 1.2. Let R be a commutative, local, noetherian ring. Can we parametrize
its (countably generated) pure-projective modules and their direct sum decompo-
sition behavior?

Similarly to what have been done for finitely generated modules, a first approach
to that question is to study the category Add(M) of direct summands of direct sums
of copies of a single finitely generated module. This is what we do in this paper
mainly for M a finitely generated, torsion-free module over a commutative, local,
noetherian domain R which most of the time will have Krull dimension 1.

We consider a set of representatives of isomorphism classes of countably gener-
ated modules in Add(M), that we will denote by V*(M), and which is a commu-
tative monoid with the sum induced by the direct sum of modules. In this context,
an answer to Question could be to determine the structure of V*(M). Of
course, an important submonoid of V*(M) is V(M), the monoid of representatives
of isomorphism classes of finitely generated modules in Add(M).

It is well known that, for any ring R and any finitely generated right R module
M, the category Add(M) is equivalent to the category Add(Sg) of projective right
modules over S = Endgr(M), so V*(M) = V*(S). If R is a commutative, local
noetherian domain then S is a finitely generated algebra over R; in particular, S
is a semilocal noetherian ring. In [I3] we characterized the monoids that can be
realized as V*(S) for S any semilocal noetherian ring. The question becomes, which
of them can be realized for S the endomorphism of a finitely generated module over
a commutative, local, noetherian ring.

For the finitely generated case, it was proved by Wiegand in [32] that any monoid
that can be realized as V(.S of a general semilocal ring can also be realized as V (M)
for a finitely generated torsion-free module M over a suitable local, commutative
noetherian domain (even of Krull dimension 1). We do not know whether we
could have a similar situation when we consider also infinitely generated direct
summands, but certainly not for the case of Krull dimension 1 because, as we prove
in this paper, V*(M) is sensitive to the Krull dimension.

We compute V*(M) for the family of examples constructed by Wiegand in [32].
As the structure of the direct sum decompositions of this family of examples is
studied using tools that allow to compare the behaviour over R with the behaviour
over the completion, we need to extend such tools to the infinitely generated case.

If R is a commutative, local, noetherian ring, and M is a finitely generated
module over R then the completion induces a functor form Add (M) to the nicely
behaved Add (]/\4\ ), where M = M ®p R. We prove in the paper that this functor
induces an embedding of the monoid V*(M) into V*(]\/J\) >~ (No U {oo})® = (N§)®

—~

where s is the number of non-isomorphic indecomposable direct summands of M.

To easy the reading of the paper, we give some details on the content of each
section and explain how they fit together.

In [15], it was proved that, over any ring R, any projective module over R/I,
where [ is the trace of a projective module, can be lifted to a projective module

over R. In §2| we provide a categorical framework to this result. We show that, for
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a finitely generated module M with endomorphism ring S, the equivalence between
Add (M) and Add(Ss) induces a category equivalence between a suitable quotient
category of Add (M) and Add(S/I) where I is the trace of a projective right S-
module. See Theorem as well as Corollary for the precise statements.

The results in § [3| follow and extend the theory of fair-sized projective modules
developed by Piihoda in [24]. In this section, we also introduce the monoid lan-
guage to deal with direct sum decompositions of modules. Of special interest is
the equivalence described above, because the lifting of a finitely generated projec-
tive right S/I-module P can be chosen so that it is uniquely determined, up to
isomorphism, by I and P. If the trace ideal I is different from zero, such lifting
is a fair-sized projective module, and it is always infinitely generated. This sin-
gles out a particular submonoid of V*(M) that we denote by V(M) | |B(M) (see
Theorem , where V(M) correspond to the finitely generated elements (the ones
lifted modulo I = 0) and B(M) correspond to the infinitely generated ones (that
is, the ones lifted modulo any non-zero trace ideal). As we recall in Corollary
Pithoda proved in [24] that whenever R is a commutative noetherian semilocal ring
then, V(M)||B(M) = V*(M). Therefore, in this case, a countably generated
module X in Add(M) has associated a trace ideal Ix of S and a finitely generated
projective right S/Ix-module Px, and this (finitely generated) data determine X
uniquely up to isomorphism, see Proposition[3.:4} Most of the examples in the paper
deal with finitely generated, torsion-free, modules over noetherian domains of Krull
dimension 1, we single out the particularities of this case in Corollary

The sections from [4] to [7] are devoted to monoids. If S is a semilocal ring, with
Jacobson radical J(S), and Pgs is a countably generated, projective, right S-module
then, by counting the number of occurrences of each simple module in the factor
P/PJ(S), we obtain a monoid morphism V*(S) — (Ng U {o0})® = (N§)®, where
s is the number of simple S-modules up to isomorphism. This morphism is an
embedding because projective modules are determined by their radical factors [23],
so V*(S) can be seen as a submonoid of (N§)*. In §[4] we use the results in [13]
to give a couple of quite different descriptions of the monoid V(S)| | B(S) as a
submonoid of (N§)® and to study basic properties of such monoids. Essentially,
these monoids are the set of solutions in Nj of a system of linear equations and
of congruences with coefficients in Ny, the elements of V(S) are easily recogniz-
able here because V(S) = V*(S) N (Np)*. There is an alternative description as
what we call systems of supports (Definition , which reproduces the idea that
V(S)]B(S) is constructed by gluing monoids of the form V(S/I) for I a trace
ideal. Check Theorem for the complete description. The connection between
the two characterizations of such monoids is further explored in § [

In Corollary particular attention is paid to the case in which S is the
endomorphism ring of a finitely generated modules over a commutative, local, noe-
therian ring of Krull dimension one. What is special of this case is that S/I is an
artinian ring whenever I # 0, so that V(S/I) is a finitely generated free monoid,
and V*(S) = V(S) || B(S) is made by gluing a submonoid V(S) of N§ with some

finitely generated free monoids. In sections [f] we introduce some tools to be able to
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provide examples of these monoids in §[7} The examples in this section will be later
realized as V*(M) for a finitely generated module M over a suitable commutative,
local, noetherian ring of Krull dimension one.

In this part of the paper, we pay special attention to the problem of determining,
in terms of systems of equations and congruences, the monoids that correspond to
V*(M) for a module M such that any element in Add (M) is a direct sum of finitely
generated modules. Our answers are not completely satisfactory and, as we show
along the paper, it appears to be much easier to produce examples in which this is
not true.

In §8 we provide examples that illustrate the theory developed. We specialize to
the case of modules of the form M = X @& R for R a local, noetherian commutative
ring of Krull dimension one, and X a finitely generated, indecomposable module
over R. Our theory shows that the non-trivial idempotents of the endomorphism
ring of X in the stable category, where every homomorphism factoring through a
free module is declared to be zero, can be lifted to direct summands of X @& R
that are not a direct sum of finitely generated modules.

We turn to the use of completions in showing that they behave very well
regarding pure projective modules. We prove in Corollary that if R is a com-
mutative, local, noetherian ring, and is M an R-module then M=M Rr Ris pure
projective if and only if so is M. In Theorem we prove that two pure projec-
tive modules are isomorphic if and only if they are isomorphic over the completion.
Therefore, V*(M) can be seen naturally as a submonoid of V*(JT/[\) = (N§)® where
s is the number of non-isomorphic indecomposable direct summands of M.

Most of our results depend on the fact that projective modules can be lifted
modulo the trace ideal of a projective module (cf. [24] for the noetherian case
and [I5] for the general case). Moreover, over a noetherian ring S idempotent
ideals coincide with the class of ideals that are traces of projectives [33]. In §10]
we do a systematic presentation of all properties of trace/idempotent ideals needed
throughout the paper. A key result is, for example, Proposition in which it is
proved that an idempotent ideal over the completion of a commutative, noetherian,
local ring R is extended from an R-module if and only if it is extended from an
idempotent ideal of R.

In the final section of the paper, §11 we prove an infinitely generated version of
the Levy-Odenthal criteria [2I] to determine whether a given module in Add(]\/i )
is extended from a module in Add(M), check Theorem for the statement.
This result allows us to determine in Corollary the system of equations that
the monoid V*(M) satisfies and, hence, to give realization results for the monoids
described in the previous sections.

In Example we compute V*(M) for the finitely generated modules con-
structed by Wiegand in [32] to demonstrate failure of Krull-Remak-Schmidt unique-
ness (see also [20, Chapter 2]). As mentioned before, these examples realize all
possible monoids V(M) for M a module with a semilocal endomorphism ring, how-
ever, as they are modules over rings of Krull dimension one, they do not realize all

possible monoids V*(S) for S a noetherian semilocal ring. They realize as V*(M)
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a type of monoids that we call Byax(V (M)) that, given a fixed monoid V (M), has
the maximum number possible of elements corresponding to infinitely generated

modules that are not direct sums of finitely generated ones.

Throughout the paper rings are associative with 1, and morphisms are unital
and in each section we try to be very precise about the setting we are working with.
Our main topic is modules over commutative noetherian rings, so most of the time
R is a noetherian commutative ring and S denotes the endomorphism of a finitely
generated R-module M. However, we also aim to state our results in the most
general setting possible, so some of the sections deal completely with general, not
necessarily commutative, rings for example §

All monoids and semigroups are commutative, and all monoids are reduced (a +
b =0 implies a = 0 = b). We denote by Ny the monoid {0,1,2,...}, and (No)* =

Ny U {cc}. See Conventions for our general assumptions on monoids.

2. EXTENDING THE EQUIVALENCE TO QUOTIENTS BY TRACE IDEALS

Let R be a ring, and let M be a right R-module. We denote by add(M) the full
subcategory of right R-modules that are isomorphic to direct summands of finite
direct sums of copies of M. The additive monoid of isomorphism classes of modules
in add(M) is denoted by V(M).

We denote by Add(M) the full subcategory of right R-modules that are isomor-
phic to direct summands of arbitrary direct sums of copies of M. By a result of
Kaplansky [I8, Theorem 58|, if Mg is countably generated then any module in
Add(M) is a direct sum of countably generated modules (cf. [5, Theorem 2.47] for
a more general statement). For this reason, we often work with the full subcategory
Addy, (M) of Add(M) consisting of direct summands of countable direct sums of
copies of M. We write M | N to indicate that M is isomorphic to a direct summand
of N. When M is countably generated, the elements of Addy,(M) are precisely
the countably generated modules in Add(M). Given a class G of right R-modules,
we denote by add(G), respectively Add(G), the full subcategory of right R-modules
that are isomorphic to direct summands of finite, respectively arbitrary, direct sums

of copies of modules in G.

Proposition 2.1. ([B, Theorem 4.7]) Let R be a ring, and let M be a right R-
module. Let S = Endg(M). Then the functor Homg (M, —) induces a category
equivalence between add(M) and the category of finitely generated projective right
S-modules.

Assume, in addition, that Mg is finitely generated. Then the functor Hompg (M, —)
induces a category equivalence between Add(M) and the category of projective right

S-modules.

Remark 2.2. We follow the notation of Proposition The inverse of the equiva-
lence induced by Hompg(M, —) is given by the functor — ®g M.

With no restriction on M, — ®g M is a faithful functor from the category of
projective right S-modules to Add(M), since tensor products commute with arbi-

trary direct sums and gM is faithful. The hypothesis on M is needed to ensure
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the equivalence of both categories. Indeed, the precise assumption needed is that

Hompg (M, —) commutes with arbitrary direct sums of copies of M.

Now we want to understand the behaviour of the trace of a projective module
over S = Endgr (M) in terms of the original module M. The following construction
will be useful.

Let C be an additive category. Let X be an object in C. For any pair of objects
A, B in C consider the following subgroup of Home (A, B):

Ix(A,B)={f € Hom¢(A,B)| f factors through X™ for some n € N}
={f €Hom¢(A,B)| f=fi+: -+ fn where each f; factors through X}

If we assume that for any set A the coproduct X ) exists in C, then we can also
consider

Jx(A,B) = {f € Hom¢(A, B) | f factors through X for some set A}.

It is well known that Zx and Jx are two-sided ideals of the category C. Moreover,

it is easy to check that they satisfy the following closure properties:

Lemma 2.3. With the notation above, let A, B and C' be objects in C.
() If f € Ix(A, B) (resp. (Jx(A,B)) and g € Tx(A,C) (resp. Jx(A,C)),
then (5) : A — B®C is a morphism in Ix (A, B&C) (resp. Jx (A, B&C)).
(11) ]ff € IX(A7B) (7"65]). jX(Aa B)) and g € IX(CvB) (’I“ESp. jX(CvB))7
then (fg9): A®C — B isinZIx(A® C,B) (resp. Ix(A® C,B)).

The notion of ideal in an additive category C was introduced by Heller in the
celebrated paper [I1]. The ideals Zx and Jx are examples of what he calls ideals
generated by a class of objects in C, namely, the ideal generated by the identity
maps of the modules in the class. In the case of Zx the generating set is {X}; it is
easy to see that it is also generated by the objects in add(X). In the case of Jx the
generating class consists of the objects of the form X (%) where r is any cardinal; it
is easy to see that it is also generated by the objects in Add(X).

Let Z be an ideal of an additive category C. The quotient category C/Z is the cat-
egory with the same objects as C and with Hom¢,7(A, B) = Hom¢ (A, B)/Z(A, B)
for any pair of objects A, B of C.

The next Proposition 2:4] is a basic result on this quotient category in the case
the ideal Z is generated by a class of objects. It can be already found in [IT],
Theorem 2.2] but with slightly weaker assumptions. An alternative reference, using
more modern terminology, is the proof of Proposition 4.41 in [6].

Recall that an idempotent e = e?: X — X splits provided there are maps
X %V % X such that iop = e and poi = Idy. A category has splitting idempotents
provided every idempotent splits. If the category is, in addition, additive it has
splitting idempotents if and only if all idempotents have a kernel in the category
(see, for example, [0, Proposition 4.17]).

Proposition 2.4. Let C be an additive category with splitting idempotents, and let
T be an ideal of C generated by a class of objects G. Then:
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(a) An object A of C is the zero object of C/Z if and only if A is an object in
add(G).

(b) If f: A — B is a morphism of C, then it gives an isomorphism in C/Z if and
only if there exist A" and B’ in add(G) and an isomorphism g: A® A" —
B @ B’ such that the diagram

AgpA 2L BaeB
T 1
A L B
commutes, the vertical arrows being the canonical maps associated to the

corresponding biproduct.

Here are a couple of well-known observations that are useful in dealing with non-
finitely generated projective modules. The first is often referred to as the “Eilenberg
Swindle”, a term coined by Bass in the introduction to his 1963 paper [3]:

Remark 2.5. Let P, @, and X be modules, let A be an infinite index set, and let I"
be any index set with | I' |[<| A |.

(1) If P| XM then P@ XW) = XA,

(2) If P @ X = Q, then P @ Q = Q.

Our category C will be either add(M) or Add(M), and these categories have
splitting idempotents, so Proposition [2.4] will apply.

Corollary 2.6. Let R be a ring, let M be a right R-module. Let X and Y be
objects in Add(M). Then
(1) Jx = Jy if and only if there exists an infinite set A such that XN =y 4,
(i) If X and Y are countably generated, then Jx = Jy if and only if X&) =
Y@,

PROOF. (i). Assume that Jx = Jy. Then 1y factors through Y for some
index set A, say, gf = 1x, where f: X — Y®) and g : YY) — X. The splitting
of the idempotents e := fg and 1y ) — e shows that X | YN By symmetry,
Y | XI) for some index set T'. Assuming, harmlessly, that |A| > |T'| > Ry, X | YY)
and Y | X®) whence X | YY) and YN | XN Now Remark implies that
XM ay®W = yW and YO @ XN =~ XN Hence XA = YA The other
implication is clear.

(#4). In the argument for (i), when the modules involved are countably generated,

it is enough to take A to be a countably infinite set. m

Lemma 2.7. Let R be a ring, and let M be a right R-module. Let A, B, X be
countably generated modules in Add (M).
Then the following statements are equivalent,
(1) A2 B in Add(M)/TIx;
(2) Ao X@ =B X® in Add (M)/Tx;
(3) A X@ =2 Ba X® jn Add (M).
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PrOOF. Since X&) =0 in Add (M)/Jx we see that (3) = (1) < (2).
Assume (1). Let f: A — B be a homomorphism giving an isomorphism in
Add (M)/Jx. By Proposition there is a commutative square
AoA L BepB
T Lo
4 L B
where g is an isomorphism, A’ and B’ are direct summands of X %) for some infinite
cardinal x and the vertical arrows are the canonical embedding and the canonical
projection, respectively. By replacing g with [g ?], where ¢ = 1y (), and then using
the Eilenberg Swindle, we get an isomorphism A @ X (%) Iy Ba X® such that
the diagram
Ao X Ly Bgx®
T 1
A — B
is commutative.
Since A, B, and X are countable generated, we can deduce that the isomorphism

above induces an isomorphism A @ X =~ B @ X, This shows that (1) implies

(3). m

If P is a projective right S-module its trace over S is the two-sided ideal
Tis(P)= > f(P).
f€Homg (P,S)

When the ring S is clear we will simply write Tr (P).

Remark 2.8. For a projective right S-module P and an ideal I of S, Trg (P) C I if
and only if PI = P. Also, the trace of a projective module is always an idempotent
ideal [19, Proposition 2.40].

Proposition 2.9. ([I5, Lemma 2.5]) Let S be a ring, and let I be an ideal of S
that is the trace of a projective right S-module. Let P’ be a projective right module
over S/I. Then there exists a projective right S-module P such that I C Tr (P),
P/PI= P and Tr (P)/I = Trg/;(P').

Moreover, if I is the trace ideal of a countably generated projective module and

P’ is countably generated, then P can be taken to be countably generated.

For further quoting, we recall the following characterization of the class Gen(P)
of modules generated by a projective module P. (A module M is in Gen(P) if and
only if M is a homomorphic image of a direct sum of copies of P.)

Lemma 2.10. Let S be a ring, and let P be a projective right S-module with trace
ideal I. Then Gen (P) coincides with the class of right S-modules M such that
MI=M.

PROOF. Since P ] = P for every cardinal &, it follows that MT = M for
every M € Gen (P). Hence Gen (P) C {M € Mod — S | MI = M}.
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Assume that Mg is such that MI = M. Hence, for any m € M, there are
my,...,my € M, p1,...,pn € P and f1,...,fn € Homg(P,S) such that m =
S m;fi(pi). Therefore m = g(p1,...,pn), where g: P™ — M is the composition
of the homomorphism P™ EN S™ defined by f(x1,...,2n) = (f1(z1),..., fu(x,)) for
any (z1,...,2,) € P™, and the homomorphism S™ M defined by h(s1,...,8n) =
o mys; for any (s1,...,s,) € S™. This shows that M € Gen (P). m

Now we are ready to extend Proposition to quotients modulo a trace ideal.

Theorem 2.11. Let M be a finitely generated right module over a ring R, and let
S = Endr(M). Let X be an object of Add(M). Let Ps = Homgr(M, X), and let
I =Trg(P). Then:
(i) I =Ix(M,M) = Jx(M,M) and, for any B € Add(M), Ix(M,B) =
Jx (M, B) = Homp(M, B)I.
(ii) The functor F = Hompg(M, —) ®g S/I induces an equivalence between the
categories Add(M)/Jx and Add(S/I).
(iii) Let Addw, (M) be the full subcategory of Add(M) whose objects are the
countably generated modules in Add(M). If X is an object in Addy, (M),
then the functor F restricts to a category equivalence between Addy,(M)/Tx

and the category of countably generated projective modules over S/I.

ProoF. By Proposition for any pair of objects A, B in Add(M), there is
an isomorphism of abelian groups

Hompg(A, B) — Homg(Hompg(M, A), Homg (M, B)) (1)

given by f +— f. for any f € Hompg(A4, B), where f.(g) = fog for any g €
Homp(M, A).

(7). The isomorphism in applied to A = X and to B = M yields that
Homp(X, M) = Homg(P, S), and that I is the ideal of S consisting of finite sums
of homomorphisms fog, where f € Hompg (X, M) and g € Homg (M, X). It follows
that I = Zx (M, M). Since M is finitely generated, Zx (M, M) = Jx (M, M).

Let B € Add(M). Since M is finitely generated, Zx (M, B) = Jx (M, B). We
want to prove that Zx (M, B) = Hompg (M, B)I. Since B € Add(M), there exist a
suitable set A and morphisms e: B — M®) and 7: M) — B such that moe = Idp.
Let f € Zx (M, B). Then f = 7(cf) and ef € Homg(M, M™). Since M is finitely
generated, there exists a finite subset F' of A such that Im(ef) € M), Let
g: M — M) be the homomorphism 7gef, where mp: M® — MEF) denotes
the canonical projection. Then f = w(ef) = 7'g where 7’/: MF) — B is the
composition MF) — M) 5 B,

Since g factors through f and f € Zx(M,B), g € Ix(M,M¥)). Thus, if the

Yoim1 hisi

cardinality of F'is £ and g factors through X", then g = e , where s; €
Y heisi

Homp(M, X) and hj; € Hompg(X, M). Finally, f =n'g = Z?:l 85(32i2, hjisi) for

suitable s’; € Homg(M, B), and this shows that f € Hompg(M, B)I.
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Since 7 is an ideal, it is always true that
Homp(M, B)I = Hompg (M, B)Zx (M, M) C Ix(M,B).
(i7). Consider the functor F': Add(M) — Add(S/I) given by
F(A) = Homg(M, A) ®g S/I
for any object A in Add(M). For any pair of objects A, B in Add(M) and f €
Hompg(A, B), F(f) = f. ®s S/I.
The Hom-® adjunction induces a natural isomorphism
Homg,;(Homp(M, A) ®g S/I, Homg(M, B) ®s S/I)
=~ Homg(Hompg(M, A), Homgr (M, B) ®s S/I) .
Applying the functor Homg(M, B) ®s — to the exact sequence
0>1—-85—-51-0
and using flatness of the S-module Homp (M, B), we deduce that
Homp(M, B) ®s S/I = Hompg(M, B)/Homg(M, B)I .

Let m: Homg(M, B) — Hompg(M, B)/Hompg (M, B)I denote the canonical projec-
tion. The homomorphism Homg(Hompg (M, A), 7) is surjective since Hompg(M, A)g
is a projective S-module.

Let h: Homp(M, A) — Homp(M, B) be a morphism of right S-modules. The
isomorphism yields a map f € Hompg(A4, B) such that h = f.. Therefore, F' is
a full functor.

Let f € Hompg(A, B) be such that F(f) = 0. Then 7o f, = 0 or, equivalently,
fg € Hom(M, B)I for any g € Homp(M, A). Since A is an object of Add(M),
there exist a set A and module homomorphisms : M®) — A and e: A — MW
such that foe = Id4. By our assumption on f, f3 factors through X@) for some
set A’. Therefore f = ffe € Jx(A, B).

Assume now that f € Jx(A,B). Since B is in Add(M) and Jx is an ideal,
for any g € Homp(M,A), f.(g9) = fog € Ix(M,B) = Homg(M, B)I. Hence
F(f)=0.

We have shown that, for any pair of objects A and B € Add(M), the ker-
nel of the homomorphism Hompg(A, B) — Homg,;(F(A), F(B)) induced by F is
Jx (A, B). Therefore, the full functor F factors through Add(M)/Jx and the fac-
torization yields a full and faithful functor F. To conclude that F is an equivalence
of categories, we show that F has essential image.

Let @ be an object in Add(S/I). By Proposition there exists a projective
right S module P such that P/PI = (. Set A = P®s M € Add(M). By
Proposition 2.1, Hompg (M, A) = P. Hence F(A) 2 P®g S/1 = Q.

(iii) It is clear that the functor F' takes the objects in Addy,(M) to countably
generated projective modules over S/I. The moreover part of Proposition en-
sures that every countably generated projective module over S/I is isomorphic to
F(A) for some object A of Addy,(M).m
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Corollary 2.12. Let S be a ring. Let Ps be a countably generated projective right
S-module with trace ideal I. Let Q1 and Q2 be countably generated projective right
S-modules. Then there exists a right S/I-module Y such that Q1/Q1I @Y =
Q2/Q21 if and only if there exists a countably generated projective right S-module
P’ such that P'/P'T =Y and Q, ® P' & P = Q, @ P,

PrOOF. By Theorem the functor F = — ®g S/I induces an equivalence
between the categories Add(S)/Jp and Add(S/I), that restricts to countably gen-
erated objects.

Hence, there exists a right S/I-module Y, which must be countably generated,
such that Q1/Q1I @Y = Q2/Q-I, if and only if there exists a countably generated
projective right S-module P’ such that P'/P'I 2 Y and Q; @ P’ & @ in the
category Add(S)/Jp. By Lemma [2.7) this is equivalent to Q; @& P’ @ P =
Q2 @ P as right S-modules. m

3. RELATIVELY BIG PROJECTIVES AND MONOIDS OF MODULES

In [24] the following situation occurs: a countably generated projective right .S-
module P is determined by a suitable trace ideal I and the quotient P/PI, which
happens to be a finitely generated projective module over S/I. In this section, we
review this theory, and we put it into the perspective of Theorem [2.11

One of the main ideas in [24] was to make a relative version of the big projective

modules introduced by Bass in [3].

Definition 3.1. [24] Let S be a ring, P a countably generated projective right
S-module, and I an ideal of S. The module P is said to be big with respect to I, or
I-big, provided every countably generated projective right S-module @ satisfying
QI = @ is a homomorphic image of P.

Remark reconciles this definition with the one in [24]. The next remark is
crucial to understanding our discussion, and it summarizes some of the results in
[24].

Remark 3.2. A countably generated projective right S-module P is big with respect
to its trace ideal I if and only if P 22 P In this case, P 2 Q) for every countably
generated projective module @ with trace ideal I. If P is a countably generated
projective right S-module, and P is big with respect to the trace of some countably
generated projective module @, then P = P & Q).

From Lemma[2.10]and the remark, we see that if a countably generated projective
module P is big with respect to its trace ideal I, then every countably generated

module M satisfying M I = M is a homomorphic image of P.

For any ring S, denote by 7 (.5) the set of ideals of S that are traces of countably
generated projective right S-modules. For a projective right S-module P, let Z(P)
denote the set of ideals I of S such that P/PI is finitely generated. The following
lemma is proved in [I5 §5], though it is not stated explicitly there. We include a
proof here for the convenience of the reader.
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Lemma 3.3. Let P be a countably generated projective right S-module, and let T
be an ideal of S in T(S)NZI(P). If P is I-big, then I is the smallest ideal in T(P).

PROOF. Let @ be a countably generated projective right S-module with Tr (Q) =
I, and note that the trace of the module Q) is also I. Therefore, if P is finitely
generated, we must have Q = 0, and hence I = 0. Assuming P is not finitely gen-
erated, display P as the image of a column-finite idempotent N x N matrix «. For
each k, let I, be the ideal of S generated by the entries of rows k, k+1,k+2,... . By
[15] Lemma 5.1 (iii)] each I is in Z(P). Since the finitely generated module P/PIj
maps onto (Q/QI)“), we must have QI = Q for each k, and now Remark
shows that I C I;. On the other hand, [I5, Lemma 5.2 (i)] provides an index kg
for which Iy, C I. Tt follows that I, = I = Iy, 4¢ for each £ € N. Now [I5, Lemma
5.2 (iii) and (iv)] imply that I is the unique minimal element of Z(P). m

From [24] we recall that a projective module P is fair-sized provided it is count-
ably generated and Z(P) has a least element. When this occurs, we denote the
least element of Z(P) by L(P).

Proposition 3.4. Let R be a ring, and let M be a finitely generated right R-
module with Endp(M) = S. Let X,Y € Addy, (M), and put P = Homp(M, X)
and Q = Homgr(M,Y). Let I,J € T(S), and assume that P is I-big, Q is J-big,
and both P/PI and Q/QJ are finitely generated. Then:

(i) X 2Y ifand only if I = J and P/PI = Q/QI.
(ii) X is isomorphic to a direct summand of Y if and only if I C J and P/PJ
is isomorphic to a direct summand of Q/QJ.
(i) Let N € Addyx,(M) be such that the trace of the projective S-module
Homp(M,N) is I. Then X = X @ N« € add(M @ N«)).

PROOF. The category equivalence in Proposition [2.1] restricts to an equivalence
between Add(M )y, and the category of countably generated projective right S-
modules. In particular, X 2V <= P2 Q,and X |Y < P | Q. The “only
if” directions in (i) and (ii) now follow from Lemma [3.3] (and the fact that J € Z(P)
if P is isomorphic to a direct summand of Q).

(i) “if”: Lift the isomorphism P/PI — Q/QI to a homomorphism f: P — Q.
Then f(P)+ QI = Q. Choose a countably generated projective right S-module B
with Tr (B) = I. There is then a surjection B(*) — I for some index set . Now
QI is a direct summand of 1), so there is a surjection ¢ : B%®) — QI. Combining
this map with f, we get a surjection h : P @ B®) — Q such that h |p= f. Since
Q is countably generated, we may assume that § = w. The rest of the proof
follows that of [24, Lemma 2.5]: We see that U := kerh C PI @ B) because f
induces an injection P/PI — Q/QI. Since U is a direct summand of P @ B®),
it is a direct summand of PI @& B, and hence UI = U. By Remark U«
is isomorphic to a direct summand of @, and hence Q@ & U = @ by Lemma [2.5
Therefore Q = P & B“). Also, B | P, and hence P & B« >~ P Now combine
the last two isomorphisms.
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(ii): We need only prove the “if” statement. Assume that P/PJ®V =2 Q/QJ for
some finitely generated right S/J-module V. There exists a countably generated
projective module V such that V/V.J = V (recall that projective modules can be
lifted modulo a trace ideal, by Proposition . Let W be a countably generated
projective right S-module with trace ideal J. Then W) is J-big by Remark
and hence P&V @ W) is also J-big. Moreover, (P@V@W(“’))/(P@VEBW(“’))J
is finitely generated because W = W.J. Now (i) implies that P ® V @ W) = Q,
and hence P | Q.

(ili): Set K = Homp(M,N). Then (P& K®) /(P& K“W)I = P/PI, and (i)
implies that X @ N(“) = X. By Proposition X is an object of add(M & N«))
if and only if P is an object of add(S @ K(“)). By our hypothesis P = py.S 4 --- +
pnS + PI. By Lemma PI is a homomorphic image of K, and hence P is
a homomorphic image of S™ @ K. Since P is projective, it is a direct summand
of " KW m

Conventions 3.5. All the monoids we consider are either monoids of isomorphism
classes of modules or submonoids of (Ng U {c0})®. For this reason, we will tacitly
assume that all monoids and semigroups are commutative and that all monoids are
reduced (a + b= 0 implies a = 0 = b).

We view our commutative, reduced monoids as partially ordered monoids with
the algebraic order, given by the relation “ | 7; here a | b if and only if there exists
¢ € A such that a + ¢ =b. The element a € A is an order-unit if for every b € A
there exists n € N such that b | na.

Submonoids of N§ (but not of (Ng U {oc0})®), are pseudo-cancellative (a + x =
a = x =0). Also, over a commutative ring, monoids of isomorphism classes of
finitely generated modules are pseudo-cancellative. (Localize and reduce modulo

the maximal ideal.)

Notation 3.6. Let R be aring, and let M be a right R-module with endomorphism
ring S. Let V(M) denote a set of representatives of the isomorphism classes of
modules in add(M); also, V*(M) denotes a set of isomorphism classes for the
countably generated modules in Add(M).

If N is a module in add(M) (respectively Addy,(M)), we denote its represen-
tative in V(M) (respectively V*(M)) by [N]. The sets V(M) and V*(M) are
commutative monoids with addition defined by [N]+[L] = [N @ L]. Clearly, V(M)
has the order-unit [M], and can be seen as an ordered submonoid of V*(M). Notice
also that V*(M) \ V(M) is a subsemigroup of V*(M).

The equivalence between add (M) and add (S) (see Proposition induces an
isomorphism of monoids between V(M) and V(S). When M is finitely gener-
ated, this isomorphism extends to an isomorphism of monoids between V*(M) and
V*(Ss).

Remark 3.7. (1) Let S be aring, @ a countably generated projective right S-module
with trace I € T(5), and let P’ be a finitely generated projective right S/I-module.
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By Proposition there exists a countably generated projective right S-module
P such that P/PI ~ P’. Considering P ® Q“) instead of P, we may assume that
P is I-big (see Remark[3.2) and I € Z(P). The case M = Rp of Prop[3.4] (i) shows
that the isomorphism class of P is determined by the ideal I and the isomorphism
class of P/PI. Tt is easy to see that the mapping [P’] — [P] gives a semigroup
embedding ¢;: V(S/I) — V*(S). (It is not a monoid embedding if T # 0, since [0]
maps to the isomorphism class of a non-finitely generated projective module. On
the other hand, ¢ is just the monoid inclusion V(S) — V*(S).) By Lemma
P is fair-sized, and in fact the image of ¢; consists of isoclasses of I-big fair-sized
projective modules.

(2) Note that Urer(sytr(V(S/I)) is a submonoid of V*(S). In fact, ¢;(Py) +
ty(Py) = t14+7(Ps), where Ps = P /P1J @ P,/P,I is considered as an S/(I + J)-
module.

(3) Similarly, B(S) := Urer sy foyer(V (S/I)) is a subsemigroup of V*(S)\V(S).
In particular, V(S) N B(S) = 0, and as a reminder, we will write the monoid
consisting of the union of these two sets as V(S)| | B(S).

(4) If [P] € B(S), then P is not indecomposable. Indeed, if [P] = ¢;([P']),
then, by Remark P=PaQw, where Q is any countably generated projective
module with trace I.

The next result shows how the notion of relatively big projective combined with
Theorem singles out a particular subsemigroup of V*(M).

Theorem 3.8. Let R be a ring, and let M be a finitely generated right R-module
with Endr(M) = S. Let T(S) denote the set of ideals of S that are traces of count-
ably generated projective right S-modules. For each I € T(S5), fix X1, a countably
generated module in Add(M) such that the trace ideal of Homp (M, X) is I; let
Gr: Add(S/I) — Add(M)/TJx, denote the equivalence given by Theorem [2.11}
Then:

(i) Letay: V(S/I) — V*(M) be the composition of the embedding vy: V(S/I) —
V*(S) described in Remark[3.7 and the isomorphism V*(S) ~ V*(M) in-
duced by — @g M. If I £ 0, then ar([Q]) = [G1(Q) ® X\*].

(ii) Let Y be an object of Addn,(M). Then [Y] € ay(V(S/I)) for some I €
T(S) if and only if Y XY @ XI(W) and is an object of add(M @ X}W)).

(ili) The set B(M) = Urer sy oy @r(V(S/1)) is a subsemigroup of V*(M) \
V(M).
(iv) VIM)UB(M) =Urers) 2 (V(S/1)) is a submonoid of V*(M) .

Proor. (i) Fix I € 7(5)\{0}. By Theorem [2.11] (iii), and since X is countably
generated, G restricts to an equivalence of categories between Addy,(S/I) and
Addy, (M)/Jx,. In particular, G;(Q),G1(Q) & X'“) € Addy, (M). Apply F =
Homp (M, —)®S/I to G1(Q)® X . By Theorem M(m), FG1(QaX ) ~qQ.
In particular, P = Homg (M, G;(Q) @X}w)) is a countably generated I-big module
with P/PI ~ Q. In other words, [P] = ¢;([Q]). Since P ®s M ~ G;(Q) ® X}w),
we have a;([Q]) = [G1(Q) ® X}w)].
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The statement (ii) follows from Proposition (iii) and from the definition of
ar.
To prove (iii), fix I1, 1> € T(S) \ {0}. If [Q;] € V(S/L;) for i = 1,2, then

an ([Q1) + o ([Q2]) = [G1,(Q1) @ Gr,(Q2) ® X\ @ X))
=an+5([Q1/Q11: ® Q2/Q211]) € B(M).

The proof of (iv) is similar. m

Remark 3.9. Recall that, for any ring S, we denote by T (S) the set of ideals that are
traces of countably generated projective right S-modules. In general, “countably
generated” is not redundant here: Take I to be any uncountable projective ideal
in a Boolean ring S. Then I is not countably generated and, being idempotent, is
its own trace. If, however, P is a countably generated projective S-module, then P
is a direct sum of countably many principal ideals Se;, and the trace of P is just
the ideal generated by the e;. (For a concrete example, let I be the direct sum
of uncountably many copies F; of the two-element field, and let R be the subring
generated by I inside the direct product of the F;.) On the other hand, if S is
semilocal, or, more generally, if S/J(S) satisfies the ascending chain condition on
two-sided ideals, then [I5], Corollary 2.8] implies that the trace of every projective

module is in T(S5).

Remark 3.10. The monoid V(M)| |B(M) is determined from finitely generated
data and the set of trace ideals. Let M = R = S. Then the monoid V(S)| | B(S)
is the disjoint union of the sets ¢y (V' (S/I)), for I € T(S). If we denote an element
in this union by ([P],I), where [P] € V(S/I), then the addition is determined by
the rule ([P], 1) + ([Q],J) = ([P/PJ & Q/QI],I + J) (cf. Remark . In further
applications, we denote by a: | |;c7g) V(S/1) — V(S)[|B(S) this isomorphism

of monoids.

Now we want to point out classes of rings S for which V*(S) = V(S) || B(S).
Recall, from [24]:

Definition 3.11. A ring S satisfies condition (*) provided every descending chain
of ideals
Ji 222 2

such that Jgi1Jx = Jg11, for each k > 1, is eventually stationary.

Proposition 3.12. [24] Let S be a left- and right-noetherian ring satisfying (*).
Then V*(S) =V(S)| ] B(S)

PROOF. Let P be a countably generated projective module, and assume that
[P] € V*(S)\ V(S). Condition (*) ensures that P is fair-sized and that I := L(P)
is idempotent. (See [24, Lemma 2.4].) Since S is left noetherian, [33, Corollary
2.7] implies that I belongs to T(S). Moreover, P is I-big by [24, Cor. 2.10]. Now
Remark [3.7 shows that [P] = ¢;([P/PI], and hence [P] € B(S).
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Proposition 3.13. [24, Corollary 3.2] Let R be a commutative semilocal noetherian

ring. Then every module-finite R-algebra satisfies (*).
In this paper, we will explore further the following corollary:

Corollary 3.14. Let R be a commutative semilocal noetherian ring, and let Mg
be a finitely generated R-module. Then V(M) | |B(M) =V*(M).

ProoF. From Propositions and we get V(S) || B(S) = V*(S), where
S = Endg(M). Now apply Proposition n

Lemma 3.15. Let R be a commutative Noetherian ring of Krull dimension 1. Let
Mp be a non-zero, finitely generated R-module with endomorphism ring S, and let
I be a non-zero, two-sided ideal of S. Assume either

(1) R is reduced, and Anngl = AnngS; or

(2) R is a domain and M is torsion-free.

Then S/I is an artinian R-module, and hence a right and left artinian ring.

PROOF. Assume (2). If f € S is annihilated by a non-zero element r of R,
then f(M)r = 0. Since M is torsion-free, it follows that f(M) = 0, so f = 0.
This shows that S is also torsion-free as an R-module. Then both I and S, being
non-zero torsion-free R-modules, have zero annihilators. Thus, (1) holds.

Assume (1). The total quotient ring K of R is a direct product K = Fy x - - - X F},
where each F; is a field. Therefore S @ p K = H;;l(S ®pg F;). By renumbering, we
may assume that S @pr F; # 0 <= i <s. Since Anng(I) = Anng(5), it follows
that I®g F; # 0 for 1 <i <s. (Write F; = Rp,, where P; is a minimal prime ideal
of R. A finitely generated R-module N has N ®@g F; # 0 <= Anng(N) C P,.)
But S®@gF; 2 Endp, (M ®g F;), a simple Artinian ring, and thus I®g F; = S®@gr F;
for 1 <4 < 's. Since each Fj is flat over R,
- S®rF;
~T®rF
Of course (S/T)®@g F; =0 for s+1< i<t and (S/I)®r K = 0. This means that
S/1 is a torsion R-module, annihilated by some regular element ¢ € R. Now R/(c) is

(S/I)®g F; 0, fori=1,...,s.

an Artinian ring (since dim R = 1), and S/I, being a module-finite (R/(c))-algebra,
must be Artinian. m

Proposition 3.16. Let R be a commutative noetherian domain of Krull dimension
one. Let Mg be a finitely generated torsion-free R-module with endomorphism ring
S. Then S has finitely many idempotent ideals and it satisfies the condition (x).
Therefore, B(M) = V*(M)\ V(M).

PROOF. Since S := Endg(M) is a Noetherian PI ring, it has, by [30], only
finitely many non-zero idempotent ideals Iy, ..., I,.

By Lemma[3.15] any proper quotient of S is an artinian R-module and hence an
artinian ring. Therefore, we can conclude, using [26l Lemma 2.1], that S satisfies
the condition (x).
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From Proposition V(S)]B(S) = V*(S). Apply Proposition to con-
clude that B(M) = V*(M)\V(M). m

Next Corollary explains the situation for finitely generated torsion-free modules
over domains of Krull dimension 1.

Corollary 3.17. Let R be a commutative noetherian domain of Krull dimension

one. Let Mg be a finitely generated torsion-free R-module with endomorphism ring
S. Then:

(i) B(M) = V*(M)\ V(M). In particular, no non-finitely generated module
in Add(M) is indecomposable.

(ii) If X andY are countably generated modules in Add(M) that are not finitely
generated, then X 2Y if and only if Xy = Yy for every mazimal ideal m
of R.

(iil) The set T(S) of idempotent ideals of S is finite, and for any non-zero
Ie€T(S), S/I is an artinian ring.

(iv) There exists a finite family F of maximal ideals of R such that localization
at ¥ = R\ |JF induces an isomorphism between B(M) and B(Msy).

(v) With the notation in Remark[3.10,

BON=BS) = |J ulV(s/D).
{0}AI€T(S)
and V(S/I) is a finitely generated free monoid. In particular, B(M) is a
finitely generated semigroup.

Proor. First part of statement (i) and statement (iii) are contained in Propo-
sition [3.16] Notice that, if X is a non-finitely generated module in Addy, (M), then
[X] € V*(M)\ V(M), and now Proposition 2.1] and Remark [3.7((4) show that X is
not indecomposable. This concludes the proof of (i).

(ii). Since “only if” is clear, we assume that X and Y are locally isomorphic and
show that X 2 Y. Let P = Homg(M, X) and Q = Hompg(M,Y). It will suffice
to show that P = Q. By part (i), [P] and [Q] are in B(S), say [P] = ¢;([P’]) and
[Q] = ¢s([Q'], where I,J € T(S) and P’ and @’ are finitely generated projective
modules over S/I and S/J, respectively; moreover P/PI = P’ Q/QJ = Q', P
is I-big, and @ is J-big. (See Remark ) By Proposition the ideals 1
and J are equal locally, and hence equal. Also by Proposition P’ and Q' are
locally isomorphic and hence isomorphic, as S/I is Artinian. Another application
of Proposition [3:4] shows that P = Q.

(iv) Let Iy, ..., I, be the non-zero idempotent ideals of S. For each j = 1,...,n,
let 7; = {m | (S/I;S)m # {0}}. Since each S/I; is an artinian R-module, F; is a
finite set for each j. Let F = (J;_; F;, and put ¥ = R\ UF.

The isomorphism Add(M) = Add(S) in Proposition respects localization;
hence it will suffice to show that localization at ¥ induces an isomorphism B(S) =
B(Ss). As in Remark [3.10] we represent an element of B(S) as a pair (I, P), where
T is a non-zero idempotent ideal of S and P is a finitely generated S/I-module. The
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map I — Iy, from {non-zero idempotent ideals of S} to {non-zero idempotent ideals
of Sy} is bijective, and the map P — Pk is a semigroup isomorphism between V'(S)
and V(Sy). Also, the localization maps I — Iy, and P — Py are isomorphisms
locally and hence are isomorphisms. The result now follows from the addition rule
described in Remark B.100

(v). Asin Remark B(S) is the disjoint union of the monoids ¢; (V' (S/I)) for
I € T(5)\{0}. Since the maps ¢; are embeddings, each set ¢; (V' (S/I)) is isomorphic
to V(S/I). But S/I is artinian by Lemma and hence V(S/I) is a finitely
generated free monoid. Finally, the equivalence of categories of Proposition [2.1

~

induces an isomorphism B(M) = B(S). m

4. THE DESCRIPTION OF V(S)| | B(S) FOR SEMILOCAL RINGS: SYSTEMS OF
SUPPORTS

Let No = {0,1,2,...}, and let N = {1,2,...}. We denote by N = Ny U {oc}
the monoid with the sum extending the one of Ny and with the additional rule that
x+o00 =o00+ax = oo for any x € Nj. We also see Nj as a semiring with the
product extending the one of Ny together with the rules x - co = 0o -z = oo for any
x € Ny\ {0}, and 0-co=00-0=0.

Let Mg be any right module over a ring R. Then the monoid V*(M) is always
an N§-semimodule in the obvious way. That is, for any N in Addy, (M), define the
scalar product by 0 - [N] = [0], n- [N] = [N"] for any n € N, and oo - [N] = [N“)].

A monoid morphism f: A — A’ between commutative monoids A and A’ is said
to be a divisor homomorphism if f(a) | f(b) implies a | b for any a, b € A. A
commutative monoid is said to be a Krull monoid if it has a divisor homomorphism

to a free commutative monoid.

Remark 4.1. If A is pseudo-cancellative and reduced (see Conventions , every
divisor homomorphism f: A — A’ is injective.
A full submonoid of a monoid is one for which the inclusion map is a divisor

homomorphism.

An important example of divisor homomorphism is given by the following well-
known “divisibility” property for projective modules (cf. [I4, Corollary 2.5]).

Lemma 4.2. Let S be any ring with Jacobson radical J(S). Let P and Q be
projective right S-modules such that Ps is finitely generated. If Q/QJ(S) =2 X &
P/PJ(S) then there exists a projective right S-module Q' such that Q'/Q'J(S) 2 X
and Q = Q' & P.

Therefore, for any ring S, the monoid morphism V(S) — V(S/J(S)) defined
by [P] — [P/PJ(S)] is a divisor homomorphism. The induced monoid morphism
V*(S) — V*(S/J(9)) is always injective [23, Theorem 2.3] but may fail to be a
divisor homomorphism (see the discussion after [23, Corollary 2.6]).
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Notation 4.3. From now on in this section, we will assume that S is a semilocal
ring such that S/J(S) = M, (D1) x --- x M,,_(Ds), where Dy, ..., D are division
rings. For i = 1,...,s, write Endg(V;) & D;, where V; is a simple S-module.

For any right S-module M we have a dimension function defined by
dimg (M) = (dimp, Homg(Vy, M/M J(S)),...,dimp Homg(Vy, M/MJ(S))) € (N§)*.

Observe that dimg(S) = (ni1,...,ns) € N°. More generally, if M/MJ(S) =
Vl(ml) @@ V") then dimg(M) = (mq,...,ms).
If N and M are two right S-modules, then:
(1) If M 2 N then dimg(M) = dimg(N);
(2) dimg(M & N) = dimg(M) + dimg(N).

We are interested in the restriction of the dimension to countably generated
modules and, in this case, we fix the convention that whenever the dimension
dimp,Homg(V;, M) is infinite, we write the symbol co. Therefore, dimg induces
a divisor homomorphism, still denoted dimg, from V(S) to N§, and an injective
monoid morphism dimg: V*(S) — (N§j)®. In Corollary we will prove that the

latter is also a divisorial monoid morphism if S is a semilocal noetherian ring.

Remark 4.4. If S is an artinian ring then the monoid morphisms dimg: V(5) — N§,
and dimg: V*(S) — (N§)® are isomorphisms.

Remark 4.5. Let R be any ring, and let M be a finitely generated right R-module.
Put S = Endg(M), and assume S is semilocal (which always holds if R is a com-
mutative, semilocal Noetherian ring), and let s be the number of simple right
S-modules. Considering the monoid isomorphism V*(M) = V*(S) induced by
the functor Hompg (M, —), we obtain an injective monoid homomorphism Dy, :
V*(M) — (N§)*, taking X to dimg(Hompg(M, X)). The fact that Dy is injective

has important consequences for modules, which we now point out explicitly.

Theorem 4.6. Let M be a finitely generated module over a commutative, semilocal,
noetherian ring, and let Ny and Ny be countably generated modules in Add(M).
Then N1 =2 Ny <— DM(Nl) = D]\/I(Nz).

From our discussion we see that dimg(V(S)) is a full submonoid of N§ containing
the order-unit (nq,...,ms). These properties characterize dimg(V(S)) (cf. [7
Theorem 6.1]).

Theorem 4.7. Let A be a submonoid of N§, and let (ny,...,ns) € A(\N°. Then
A is a full submonoid of N§j if and only if there exists a semilocal ring S such that
dimg(S) = (n1,...,ns) and dimg(V(9)) = A.

It is an open problem to determine which submonoids of (N§)® can be realized
as dimg(V*(S)). But in [I3] there is a description of dimg (V' (S)| | B(S)), which
we now recall.

Let x = (21,...,25) € (N§)®. We define

supp(x) ={i € {1,...,s} | z; #0}
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and we refer to this set as the support of x. Notice that i € suppdimg(M) <= V;
is a quotient of M. We also define

oo —supp(x) ={i € {1,...,s} | x; = 0},

and we refer to this set as the infinite support of x.
The next lemma shows that if P is a projective right S-module, then its trace

ideal keeps track of supp(dimg([P])).

Lemma 4.8. ([I3, Lemma 2.2]) We follow the notation introduced in Notation[{.3
Let P be a countably generated projective right S-module with trace ideal I. Set
x = dimg([P]). Fori = 1,...,s the following statements are equivalent for the
simple right S-module V;:

(i) V; is a quotient of P.

(ii) V; is a quotient of 1.

(iii) I +anng(V;) =S.

(iv) i € supp(x).

(v) i € supp (dimg(I)).
In particular, a set of representatives, up to isomorphism, of the simple right S/I-

modules is {V} | j & supp(x)}.

Since this statement is particularly important, we recall that the main idea to
prove it is that in a semilocal ring S the annihilator of a simple right S-module is
a maximal two-sided ideal. In particular, for each i, either I + anng(V;) = S or
I C anng(V}).

Remark 4.9. In general, if I and I’ are trace ideals of projective right modules over
aring S then I = I’ if and only if T + J(S) =I' + J(S) [I5, Corollary 2.9]. In the
particular situation we are describing, in which S is semilocal, Lemma [£.§| gives us
an injection

p: T(S) < 2{l)

given by ¢(I) = supp (dimg(I)) = supp (dimg([P])), where Pg is any countably
generated projective right S-module with trace ideal I. (Recall that 7 (S) is the set
of ideals that are traces of countably generated projective right S-modules.) Notice
that, ©(0) =0 and ¢(S) ={1,...,s}. Moreover, if I, J € T(S) then:

(a) (I +J) = o(I) Ue(]);
(b) I C Jifand only if ¢(I) C ¢(J) ([15, Corollary 2.9]).

The map ¢ extends to a monoid morphism ®: | ;o) V(S/1) = (Nj)* where,
for any [P] € V(S/I), ®([P],I) =x = (x1,...,zs) and
00 ifi € p(I)
dimp, Homg (P, V;) = dimp, Homg,;(P,V;) otherwise

€Tr; =

for i =1,...,s. (Recall the notation of Remark ) Notice that

o0 — supp(®([0], 1)) = supp(®([0], 1)) = (1) .
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It is easy to prove that there is a commutative diagram of monoid morphisms,
Lreres) V(S/T)

z (N5)®
\ Af
V(S)LUB(S),

where « is the monoid isomorphism from Remark Thus

dims(V(S)[ |B(S) =¢( | | V(s/1).

IeT(S)

(2)

By the definition of ®, for any I € T(S), the composition
V(S/I) S (N5)* 23 (Ng) s
where p; denotes the canonical projection, yields the divisor homomorphism
dimg,;: V(S/I) = Nélw-,s}\@(n.

Remark 4.10. If, in addition, S is the endomorphism ring of a finitely generated
torsion-free module over a commutative semilocal noetherian domain R of Krull
dimension one, then, by Corollary S/1 is artinian for any non-zero I € T(S).
Then, by Remark the composition

V(S/T) % (Ng)* P4 (Ng) (o heth,

yields the isomorphism dimg,;: V(S/I) — N({)l""’s}\w(” for any I # {0}. There-
fore, the monoids V*(S) = V(S)| | B(S) that appear in this situation have a very
particular structure.

In the next result, we summarize the conditions for an element x € (N§)® to be
in Dy (V*(M)).

Proposition 4.11. Let R be a commutative semilocal noetherian ring Let M be
a non-zero finitely generated R-module, and let S = Endgr(M). We follow the
notation as in Remark[{.5 Letx € (N§)*, set A = co —supp(x). Let mp: (N3)* —
(Ng){LsNNA denote the canonical projection.

Then the following statements are equivalent:

(i) There exists a countably generated R-module X in Add(M) such that
DA{([X]) = X.

(ii) There exists an idempotent ideal I of S such that supp dimg([I]) = A and,

moreover, there exists a finitely generated projective S/I-module Q with

dims/[([Q]) = ma(x).
If, in addition, M is torsion-free, A # (0, and R has Krull dimension one, then
the above statements are also equivalent to:
(iii) There exists an idempotent ideal I of S such that supp dimg([I]) = A.

(iv) The element y € (N§)® such that supp (y) = oo — supp(y) = A is in
D (V*(M)).
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PROOF. (i) = (i4i) Let X be a countably generated module in Add(M) such
that

Dy ([X]) = x.

By the definition of Dy, this means that dimg(Hompg(M, X)) = x. By the com-
mutativity of the diagram 7 there exist an idempotent ideal I of S and a finitely
generated projective S/I module @ such that ®([Q], ) = x.

By the definition of ®, ¢(I) = suppdimg(I) = A. Moreover, for any i €
{1,...,s}\ A, dimDiHomS/I(@, Vi) = x; where x; denotes the i-th component of
x. Equivalently, dimg,;([Q]) = ma(x).

(ii) = (i). Assume now that we have I and @ as claimed in (ii). By the
commutativity of diagram , P = «a([Q],I) is a countably generated projective
right S-module satisfying that dimg([P]) = x. By Proposition X =P®sMis
a countably generated module in Add (M) such that Dy (X) = x.

Statement (4i) always implies (éii). To prove the converse, assume that M is
torsion-free and that A # (). By assumption, there exists an idempotent ideal I of
S such that suppdimg([I]) = A # (. Hence I # {0}.

As we have explained in Remark then S/1 is artinian and dimg,;: V(S/I) —
Nél’””s}\A is an isomorphism. Therefore, there exists a finitely generated projective
right S/I module @ such that dimg,;([Q]) = 74 (x).

To finish the proof of the Proposition, we need to show that (iii) and (iv) are
equivalent. Assume (i4), then y € Dy (V*(M)) because of the definition of ® and
the commutativity of diagram (2), so (iv) holds.

Assume now the element y from statement (iv) is an element in Dy, (V*(M)).
Then there exists a countably generated module Y in Add (M) such that if P =
Homp(M,Y) then dimg([P]) = y. By Lemma Trs(P) is an idempotent ideal

satisfying the properties required in (iii). m

With the description of the image of Dy given in Proposition [£.11] we can prove
the following result.

Corollary 4.12. Let R be a commutative semilocal noetherian ring. Let M be a
non-zero finitely generated R-module. Then Dys: V*(M) — (N§)*® is a divisorial

injective monoid morphism.

PROOF. let S = Endg(M). We follow the notation as in Remark Let X
and Y be countably generated modules in Add (M) such that there exists x € (N§)*
with DM([X]) = D]VI([Y]) +x. Let A = o0 — SuppD]u([X]). Set y € (NS)S be
such that co — suppy = suppy = A. Taking x + y instead of x we may assume
that oo — supp (x) = A.

As Dy ([X]) = dimg Homp (M, X), we can use the commutative diagram , to
deduce that there is an idempotent ideal I of S and a finitely generated projective
right S/I-module P such that ®([P],I) = D ([X]). Notice that since ®([0],1) =y,
y € ImDj;. As Dy, is a monoid morphism, we can deduce that Dy ([Y]) +y €
ImDy,.
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By Lemma applied to S/I and using again the commutative diagram ,
we deduce that there exists a finitely generated projective S/I-module @, such
that ®([Q],I) = Das([Y]) +y. Since dimg,;: V(S/I) — N§» I is a divisorial
monoid morphism, ) is isomorphic to a direct summand of P. That is, there
exists a finitely generated projective S/I-module Q" such that P = Q ¢ Q. Now,
Dy ([X]) = Du([Y]) + @(]Q'], I). Following the notation in diagram [2} let P/ =
a([@'],I). By Proposition Y’ = P’ ®s M is a countably generated module in
Add(M) such that Dy ([X]) = Dy ([Y]) +Das([Y']). This finishes the proof of the
statement. m

We axiomatize the structure of the monoid V' (S)| | B(S), for a general semilocal
ring S, as well as for S being the endomorphism ring of a finitely generated mod-
ule over a commutative noetherian semilocal domain of Krull dimension 1, in the

following definition introduced in [13]:

Definition 4.13. Fix s € N and (ny,...,ns) € N°. A system of supports consists
of a collection § = S(nq,...,ns) of subsets of {1,...,s}, together with a family
{Apn, H € 8§} of commutative monoids, such that the following hold:

(1) 0 €S, and (ni,...,ns) € Ap.

(2) For every H € S the monoid Ay is a submonoid of Nt{)l

(3) Sisclosed under unions, and if x € Ay for some H € S then HU supp (z) €
S. In particular, {1,...,s} € S and Ay, s, = 0, the trivial monoid. (By

,...,s}\H.

convention, N§ = 0.)
4) Suppose that H, K € S are such that H C K, and let p: N{l"”’s}\H —
pp ) = i, p: Rg

N({)L'”’S}\K be the canonical projection. Then p(Ay) C Ak.

If, for every H € S, the submonoid Ay is a full submonoid of N({)l""’s}\H, then
S(nq,...,nk) is said to be a full system of supports.

.....

H € 8§\ {0}, then S(ny,...,ng) is said to be an almost-free system of supports.

Remark 4.14. Let S(nq,...,ns) be a system of supports. For H € S, consider the
semigroup homomorphism eg: Ay — (N§j)® defined by eg(x) = b = (by,...,bs),

where
o ifieH
x, ifie{l,...,s}\H

for all x = (2i)ieq1,....sp\zr € Am. (Thus co—supp (ex(x)) = H for each H € S and
each x € Ap.) Using properties (1) and (4), one can check that B := |J g e (Ar)
is a submonoid of (N§)*®, and this induces a semigroup structure on B compatible
with the semigroup structure on each Ay. (For H # 0, the monoids ey (Apy) are
not submonoids of (N§)?, since they do not contain the neutral element 0 of (N)®.
But the union B is a submonoid of (N)® because 0 € ey(Ay).) We refer to a
monoid B obtained in this way as a monoid given by a system of supports. Notice
that eg(b) = b for each b € Ay; therefore Ay is a submonoid of B, and gy is just
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the inclusion map Ay — B. In fact, we regard each Ay as a subsemigroup of B

via the injection ep.

Notation 4.15. For the rest of this section, if H is a subset of {1,...,s}, we let
pr: (NG st 5 (NI H he the canonical projection.

Proposition 4.16. Let B be a submonoid of (N§)* given by a system of supports
S(ni,...,ns). Then the following hold:

(i) If b € B then also co-b € B.
(ii) If b € B, then the element ¢ € (N§)® satisfying supp(c) = oo — supp(c) =
oo — supp(b) is also an element in B.

(iii) & = {oo —supp(b) | b € B}.

(iv) For every H € S, one has Ay = pu(B) ﬂNél’”"S}\H. In particular, Ay =
Conversely, let B be a submonoid of (N§)® satisfying (i) and (ii) and containing
an element (n1,...,ns) € N°. Put § = {oo —supp(b) | b € B}. Then S and the
monoids Ay := pp(B) ﬂNél"”’s}\H, for H € S, form a system of supports giving
B.

PROOF. Assume B is given by the system of supports S(ni,...,ns). For each
H € S, let 0y denote the neutral element of Ag.

To prove (i) and (ii), fix b € B, and choose H € S and x € Ay such that
b = ey(x). Set H' = HUsupp (x); then H' € S by condition (3) in Definition [4.13]
and co - b = eg/(0g/) € B. This shows that (i) holds. To prove statement (ii),
simply note that ¢ = ey (0g).

Proof of (iii): For each H € S, the element b := ey(0y) is in B and has
oo — supp (b) = H. This shows that S C {oo — supp (b) | b € B}. For the reverse
containment, let b € B and write b = ey (x), where H € § and x € Ay. Then
oo —supp(b)=H € S.

For x € Ag and b = ¢y (x), pp(b) = x. Since Ay C Nél’”"s}\H, statement (iv)
follows.

For the converse statement, assume B is a submonoid of (N§)*® containing an
element n := (ng,...,n,) of N° and satisfying (7). Define S and the family of
monoids {Ax}es as in the statement. Obviously, (2) in Definition [f.13 holds. As

For (3), suppose first that Hy, Hy € S. Write write H; = co—supp (b1) and Hy =
oo — supp (bz) with by, by € B. Then H; U Hy = 0o — supp (b; + bs) € S. Next,
suppose H € S and x € Ay. Write H = 0o —supp (b), with b € B and x = pg(c),
with ¢ € B. Then co-c € B by (i), and H Usupp (x) = oo —supp(b+o00-c) € S.
Condition (4) in Definition follows from the definition of the monoids Ag.

Finally, we show that the monoid B is given by &, that is,

(a) em(x) € B, for each H € S and each x € Ay; and
(b) for each b € B there exist H € S and x € Ay such that ey (x) = b.

For (a), choose b € B with oo — supp (b) = H, and choose b’ € B such that
pr(b’) = x. Let ¢ be the element of B provided for the element b by statement
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(i), and check that 5 (x) = b’ + ¢ € B. For (b), put H = oo — supp (b) and
X :pH(b) € AH; then EH(X) —b.m

Remark 4.17. An important consequence of Proposition[4.16]is that if a monoid B is
given by a system of supports, then that system of supports is uniquely determined
by B.

Corollary 4.18. Let (ni,...,ns) € N° be a fized element. The set of submonoids
of (N§)® given by systems of supports and containing the element (ni,...,ns) is

closed under arbitrary sums and arbitrary intersections.

PROOF. Just observe that properties (i) and (ii) in Proposition are inherited

by arbitrary intersections and arbitrary sums. m

Proposition 4.19. Let B be a submonoid of (N§)® given by a system of supports
S(ny,...,ns). Then S(ni,...,ns) is a full system of supports if and only if the
embedding B — (N§)® is a divisor homomorphism.

S

Moreover, the set of submonoids of (N§)® given by full systems of supports

S(ny,...,ng) is closed under arbitrary intersections.

PrOOF. Assume that B is given by a full system of supports. Let b and ¢ be
elements of B such that there exists y € (N§j)® such that b +y = c. Then

(00 —supp(b)) U (0o — supp(y)) = oo — supp(c) .

Set H = oo — supp(c). By Proposition [1.16] (iii), H € S. Now pg(b) + pu(y) =
pr(c). Since py(b) and py(c) arein Ay, and Ay is full in Nél’“"s}\H, pu(y) € An.
Let d = eg(pu(y)). Then b +d = c and d € B. This shows that the embedding
B — (N§)® is a divisor homomorphism.

For the converse, let {1,...,s} # H € S. We will prove that Ay = pg(B) N
Nél"“’s}\H is a full submonoid of Nél"”’s}\H. Let a1,as € Ay be such that a1 +b =
ay for some b € Nél"”’s}\H. Let b; = ep(a;), for i = 1,2, and let y € (N§)*® be such
that py(y) = b and co — supp(y) = H. Then b; + y = ba. By assumption, there
exists ¢ € B such that by +c¢ = by. Then pg(c) € Ay, and a1 +pr(c) = ag. Since
Nél’”"s}\H is cancellative, b = py(c) € Ag. This finishes the proof of the first part
of the Proposition.

To finish the proof of the Proposition, observe first that, for any ¢ > 0, an
arbitrary intersection of full submonoids of N is also a full monoid of Nf.

If, for each ¢ € A, B; is a submonoid of (N§)® given by a full system of supports
Si(n1,...,ns), then, by Corollary B :=(;cx Bi is a submonoid of (N§)* given
by a system of supports.

Let b € B, and set H = co —supp(b). By Proposition (iii), H belongs to S
and also to each S;. Since in S(ny,...,n,) the monoid Ay =, At we deduce
that Ay is a full submonoid of (N§){LsNH By Proposition this shows that

S(ny,...,ns) is a full system of supports. m
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Remark 4.20. Since a full submonoid of Nj is finitely generated for any r > 0, a
submonoid B of (N§)® given by a full system of supports S(ny,...,ns) is finitely
generated by the images in B of the generators of the family of monoids {Ag}res
and the set {ey(0n) | H € S}.

Let A be a full submonoid of N containing (n1,...,ns) € N°. The next propo-
sition describes the unique minimal submonoid B of (N§)®, given by a full system
of supports S(nq,...,ns) and such that Ay := BNN§ = A.

Proposition 4.21. Let A be a submonoid of N§ containing (ni,...,ns) € N°.
Then

(i) The set A+o00-A ={a1 +00-az | ai,az € A} is a submonoid of (N§)*
given by the system of supports S(nq,...,ns), with S = {supp (a) | a € A}

and Ay =pp(A). In particular, Ay = A.
(ii) A+oo-A is the unique minimal element in the set of submonoids B of (N§)*
given by systems of supports S(ni,...,ns) and such that BOAN§ = Ay = A.
(iii) If A is a full submonoid of N§ then A+ 0o - A is a monoid given by a full

system of supports.

PROOF. Tt is easy to prove that A + oo - A is a submonoid of (N§)®. To prove
that it is given by a system of supports, we check that A+ oo- A satisfies conditions
(i) and (ii) in Proposition [4.16]

Let b = a; +00-ag, where aj,ag € A. Then co-b =0+400-(a;+az2) € A+c0-A.
Moreover, ¢ = 00 - ag € A+ 00 - A, and supp (c) = oo — supp (¢) = oo — supp (b).
This finishes the proof of statement (i).

(ii) Let B be a submonoid of (N§)® given by a system of supports S(nq,...,ns)
and such that BNNj = Ap = A. Let a1,a2 € A. By PropositionM(i), 0-as € B.
Since B is a monoid, a; +00-ay € B. This shows that A+oco-A C B, as we wanted
to show.

(iil) Let aq, ag, a}, aj be elements of A such that (a1 +00-az)+z = (a} +00-ah)
for some = € (N§)®. The equality implies that supp (a1) C supp (a}) U supp (ah),
and that there exists ¢ € N§ such that a3 + ¢ = a} + nab for some n € Ny. Since A
is full in N§j, c € A. Now

(a1 + 00 - az) + (c+ 00 - ab) = (a} + oo - ah)

and c+00-ay € A+00-A. By Proposition4.19} A+ co- A is given by a full system
of supports. m

Proposition 4.22. As in Notation[/.3, let S be a semilocal ring such that S/ J(S) =
My, (Dy) x -+ x My, (Dy), where Dy, ..., Dy are division rings. Then dimg (V' (S)U
B(S)) is a submonoid of (N§)® given by a full system of supports. Following the
notation of Remark[].9, the full system of supports is defined by the following data
(a) the set S = {oo —supp(b)) | b € dimg (V(S) UB(S))} = o(T(5));
(b) For He S, let I = ¢~ *(H). Then Ay = dimg,;(V(S/I)).
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Let A = dim(V (S)). Let P be a countably generated projective right S-module
such that [P] € V(S)U B(S). Then P is a direct sum of finitely generated modules
if and only if dimg([P]) € A+ o0 - A.

Proor. Throughout the proof, we follow the notation of Remark Recall
that dimg (V(S)UB(S9)) = ®(Urer(s) V(5/1)); and that dimg([S]) = (n1, ..., ns) €
N¢.

The monoid dimg (V(S) U B(S)) satisfies (i) in Proposition m Indeed, if
b = ®([P],I), then co - b = ®([0],J), where J is the trace ideal of a countably
generated I-big projective right S-module @ satisfying Q/QI ~ P.

To prove (ii), just observe that if b = ®([P],I) then ¢ = ®([0], I) satisfies the
desired properties. By Proposition dimg (V(S) L B(S)) is a submonoid of
(N§)? given by a system of supports.

The description of the full system of supports is a consequence of Remark
and Proposition [£.16] The system of support is full because, for any trace ideal I
of S, §/I is semilocal, and then dimg,; is a divisor homomorphism.

If P is a countably generated projective right S-module, and dimg([P]) =b €
A+ o00- A, then there exist a;,as € A such that b = a; +0o-as. Let P, and P, be
finitely generated right S-modules such that, for ¢ = 1,2, dimg([P;]) = a;. Then,
by [23, Theorem 2.3], P 2 P, & Pz(w). Hence, P is a direct sum of finitely generated
projective modules.

Conversely, assume that [P] € V(S)UB(S), and that P is a direct sum of finitely
generated modules. Since V(S) = A is finitely generated, P =< P{"* @ --- @ P’ @
QW aQW =P @ dP (1B ®Qum) @, for Pr,...,PiQi,...,Qm
finitely generated projective right S-modules. Hence dimg([P]) = dimg([P;" &
c @ PM]) oo dimg([Q1 & B Qu]) €A+ o0 A m

Corollary 4.23. Let S be a noetherian semilocal ring with S/J(S) = My, (D1) X
c++ X My, (Dy), where Dy,..., Dy are division rings. Then dimg(V*(S)) is a sub-
monoid of (N§)® given by a full system of supports.

Let A = dimg(V(S)). Let P be a countably generated projective right S-module.

Then P is a direct sum of finitely generated modules if and only if dimg([P]) €
A+o0-A.

PRrOOF. It is proved in [24] that noetherian semilocal rings satisfy the condition
(%) of Definition Hence, Proposition implies that V*(S) = V(S) U B(S).

Now, both conclusions follow from Proposition ]

A full submonoid of N can be described as the set of solutions of a system of
linear homogeneous integral equations and congruences. Surprisingly enough, this
characterization can be extended to submonoids of (N)® given by a full system of
supports. The next statement explains this and also characterizes the monoids that

can be realized as V(S) U B(S) for a noetherian semilocal ring S.



BIG PURE PROJECTIVE MODULES AND THEIR COMPLETIONS 29

Theorem 4.24. [I3|, Theorem 7.7] Let B be a submonoid of (N§)*, and assume
that B contains an element (nq,...,ns) € N°. Then the following statements are

equivalent:

(i) B is given by a full system of supports.

(ii) B is the set of solutions of a system of linear equations and congruences of

the form
t1 miNg t ty
D € and £ =E,
ts m,N;, ts t
where the coefficients of the matrices D, E1 and Es as well as my,...,my,

are elements of No, and m; > 1 for each i.

(iii) There exists a semilocal ring S with s isomorphism classes of simple mod-
ules such that dimg(S) = (ny,...,n,) and dimg(V(S) U B(S)) = B.

(iv) There exists a noetherian semilocal ring S with s isomorphism classes
of simple modules such that dimg(S) = (ni,...,ns) and dimg(V(S) U
B(S)) = B = dimg(V*(9)).

Remark 4.25. Tt is well known that the submonoids of (N§)® defined as in (ii) of
Theorem when D is a non-zero matrix, are isomorphic to submonoids (N§)5*"
defined by a system of equations. To see that, using the notation of Theorem

just consider the system

ty miy1 tq ty
D : = : and Ey : =FE

ts MpYn ts ts

Corollary 4.26. Let R be a commutative noetherian domain of Krull dimension 1.
Let M be a finitely generated torsion-free module over R with endomorphism ring
S, such that S/J(S) =2 My, (D1) X --- x My (Ds), where Dy, ..., D, are division
rings. Then Dy (V*(M)) is a submonoid of (N)*, with order-unit (ny,...,n),
and it is given by an almost-free system of supports.

Moreover, let A =Dy (V*(M)) NN§. Then every object in Add(M) is isomor-
phic to a direct sum of modules in add(M) if and only if Dy (V*(M)) = A+o00- A.

PROOF. By hypothesis, S is semilocal. Since M is a finitely generated module
over a noetherian ring, S is also noetherian. Hence, by Corollary Dy (VM)
dimg(V*(9)) is a submonoid of (Nj)® given by a full system of supports. By Re-
mark and the description of the system of supports given in Proposition
Dy (V*(M)) is a submonoid of (N§)* given by an almost-free system of supports.

The “Moreover” statement follows from Corollary [1.23] and the observation that
DM(V*(M)) ﬂNa = D]V[(V(M)) |
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5. SOLUTIONS OF LINEAR EQUATIONS AND CONGRUENCES

It follows from Theorem that any submonoid B of (N§)® given by a full
system of supports S(ny,...,ns) can be realized as the monoid of solutions of a
system of linear equations and congruences like the ones appearing in Theorem [£.24]
In this section, we want to explain better how to determine the system of supports

of such monoids. We start describing how to determine the infinite supports.

Lemma 5.1. Fiz integers m; > 1, i =1,...,n. Let B be the submonoid of (N§)*

consisting of the set of solutions in N of a system of congruences of the form

tl mlNE“)

ts my NG

where the coefficients of the matriz D are elements of Ng.
Then:

(i) BNN* #£0, and BNN§ is a full submonoid of N§
(ii) Let H be any subset of {1,...,s}. Then the element by € (N§)* satisfying
supp(by) = co — supp(by) = H is an element of B.
(iii) B is given by a full system of supports. Moreover, in the system of supports
defining B, the set of infinite supports is 2115},

PROOF. To prove the first part of (i), just observe that the column with the
product myq ---m, in each position is in B N N®. The second part is well known,
and it can be proved easily.

(ii) It is easy to check that by is a solution of a congruence dyt1+- - -+dsts € mN{
with m > 1. There are two cases to consider. If d; = 0 for each ¢ € H, then by is
a solution of the congruence because 0 € mNg. If d; # 0 for some ¢ € H, then by
is a solution of the congruence because oo € mNj.

(iii) The first part of the statement is implicit in Theorem m But it also
follows directly from (i) and (ii), by the criteria given in Proposition that B
is a monoid given by a system of supports. That the system is full follows from (i)
and Proposition

From statement (i) and the description of the system of supports defining B
given in Proposition [4.16] it follows that the set of infinite supports of elements in
Bis 2{15t m

Lemma 5.2. Let B be the submonoid of (N§)® consisting of the set of solutions in

N§ of a system of linear equations of the form
tq ty
ts ts

where F = (f;;) and G = (gi;) are n x s matrices with entries in No.
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Let H be any subset of {1,...,s}, and let by € (N§)® be the element satisfying
supp(bg) = co—supp(by) = H. Thenby € B if and only if, for eachi=1,...,n,
either (a) fij = 0 = g;; for each j € H, or (b) there exist j1,jo € H such that
fiji # 0 # gija-

PRrOOF. Fix i, and consider a single equation f;1t1+- -+ fists = gi1t1+- - +9ists,
and substitute by in this equation. If (a) holds, one obtains the equality 0 = 0, and
(b) yields the equality co = co. Failure of (a) means that at least one side of the
equation is oo, whereas failure of (b) means that at least one side is 0. Therefore,
if both (a) and (b) fail, we get either 0 = co or co = 0. m

Corollary 5.3. Let B be a submonoid of (N§)® containing an element (nq,...,ns)
of N®. Assume that B is the set of solutions in Nj of a system of linear equations
and congruences of the form

t1 m1Nj ty ty
D c and F =G (*)
t my N t t
where the entries of the matrices D, F' = (f;;) and G = (gi;) as well as mq,...,m,

are elements of Ny, and m; > 1 for each i.

Then B is given by a full system of supports S(ni,...,ns). A subset H of
{1,...,s} isin the set S of infinite supports of B if and only if, for eachi=1,...,r,
either (a) fij = 0 = gi; for each j € H or (b) there exist ji,jo € H such that
fiji # 0 # gijs-

Proor. It follows from Theorem that B is given by a full system of
supports. However, it is not difficult to prove it directly, using Proposition
to prove that it is a monoid given by a system of supports. The system is full
because the monoids Ay are all given by solutions in Ny for systems of homogeneous
diophantine equations and of congruences (cf. Proposition .

The description of the set of infinite supports follows immediately from Lemmal5.1
and Lemma 5.2l m

When a submonoid B of (N§)® is given by a system of equations and congruences
like the one in Theorem [£:24] it is not easy to describe the full system of supports
S(n1,...,ns) defining it. The difficult part is determining the set S of infinite
supports; once this is done, the next proposition shows how to give systems of

equations and congruences describing the monoids Ay for every H € S.

Proposition 5.4. Let B be a submonoid of (N§)*® containing an element (nq, ..., ng)
of N*. Assume that B is the set of solutions in N of a system of congruences and
linear equations of the form

tl mlNE'; tl tl
D : € : and F : =G : (%)
ts mnNS ts ts
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where the entries of the matrices D, F and G, as well as mq, ..., m,, are elements
of No, and m; > 1 for each i. Let S(ny,...,ns) be the system of supports giving
the monoid B, and let H € S, say, H = {i1,...,i,}.

The monoid Ag of this system of supports is the set of solutions in Ny of the

following subsystem of congruences and equations:
tjl me, NS tjl t.jl
D € and FH =GH (%)
- me, Np - tio,
where:

i) DH s the submatriz of D = (d;;) obtained as follows: First delete each
row p containing a non-zero entry dyq with ¢ € H. Then delete columns
T1yeenyip.

i) FH and GH are the submatrices of F = (f;;) and G = (gi;), respectively,
obtained as follows: Delete, in both matrices, each row p for which either
fpog # 0 for some q € H, or gp, # 0 for some u € H; then delete columns
i1, ...,1. in both matrices.

If the resulting system is empty, by convention the set of solutions is Nél"”’s}\H.

ProOF. First we show that each row marked for deletion in (i) corresponds to a
congruence that imposes no restrictions on t;,,...,¢;,_ and hence can be deleted.
For suppose such a row yields a congruence dit; + --- + dsts € mN{ and that
d;, > 0 for some jo € H. Then every s-tuple (t1,...,ts) with t;, = oo satisfies the
congruence, and hence there is no restriction on t;,,...,%¢; _ .

Next we look at the equation
f1t1+"'+fsts291t1+"'+gst5 (T)

imposed by one of the rows marked for deletion in (ii). By symmetry, we may
assume that f, > 0 for some ¢ € H. By Proposition m (iii), there is an element
b € B with oo — supp (b) = H and hence, by Proposition (ii), an element
¢ € B such that supp (c) = co — supp (c) = H. Plugging c into (), we see that
the left-hand side is co and therefore so must be the right-hand side. But then
we must have g, > 0 for some u € H (possibly equal to ¢). It follows that every
s-tuple (t1,...,ts) with t, = oo and ¢, = oo satisfies the equation (), and hence
this equation imposes no restriction on ¢;,,...,t;,_, . Thus, we may delete this row.
Let pgr: (Ng){beost — (Ng) s denote the canonical projection. In the
three matrices obtained by deleting the rows identified in (i) and (ii), columns
i1,...,4. consist entirely of zeros. After deleting these columns, to obtain the
matrices D, FH and GH, we see that the solution set, in Nl’”"s}\H, of (***) is
exactly pg(B) N N({)l""’s}\H, which, by (iv) of Proposition is equal to Ay. m

6. INTERLUDE: DIRECT SUMMANDS OF COMMUTATIVE MONOIDS

Now we introduce a concept of direct summands of monoids that will be useful

in the Section [7] to give examples.
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Definition 6.1. Let A be a commutative monoid and let Ay, A> be submonoids
of A. We say that A = A; @ Ay if for any a € A there exist uniquely determined
a1 € Ay and as € As such that a = a1 +as. In this case, we say that A is the direct
sum of the submonoids A4; and A,.

If C is a subset of N§, we let supp(C) = J,cc supp(c). Notice that if C is a
submonoid of N then there exists co € C such that supp(co) = supp(C).

Lemma 6.2. Let A be a full submonoid of Nij. Assume there are non-zero sub-
monoids A1 and Ay of A such that A = A1 & As. Then for any pair of non-zero
elements a1 and as of A1 and Ag, respectively, supp(ai) and supp(as) are incom-
parable subsets of {1,...,s}.

It follows that supp(Ai1) and supp(As) are incomparable subsets of {1,...,s}.

PROOF. Suppose supp(ai) C supp(az). Then there exists n € N such that
nas > ap. Since A is full in N§, there exists b € A such that nas = a; +b. Write
b = b1+by with b; € A;. The equation nas = a1+b;+by and the uniqueness property
of the direct sum now imply that a; +b; = 0, whence a; = 0, a contradiction. Thus

supp(a1) € supp(az) and, by a symmetric argument, supp(as) Z supp(a;) m

The following is a characterization of direct sum decomposition of monoids.

Proposition 6.3. Let A be a full submonoid of N§ that contains an order-unit,
and let Ay and Ay be non-zero submonoids of A. Let Iy = supp (A1) \ supp (As2),
I, = supp (Az2) \ supp (A1), and I3 = supp (A1) Nsupp (Az) = {1,...,s}\ (11 U o).
Fori=1,2,3, let m;: Nj — Néi denote the canonical projection and let €;: Néi —
N§ denote the canonical injection.

Suppose A = A1 & As. Then:

(i) fori=1,2, m;: A; — Néi is a divisor homomorphism. Hence, B; := m;(A;)
18 a full submonoid of Néi with order-unit;
(ii) m X mo: A — Nél X N(If 1s a divisor homomorphism. Hence, A = By X Bs;
(iil) For i = 1,2, there exists a unique monoid morphism f;: B; — Né3 such
that each a; € A; satisfies a; = Ei(m(ai)) + 63(f¢(7ri(ai))). Moreover,
supp (fi(Bi)) = I3 fori=1,2.

Conversely, assume that {1,...,s} is the disjoint union of subsets I, Iy and
I3, where I, and Iy are non-empty and, for j = 1,2,3, let ¢;: Néj — N§ denote
the canonical monoid inclusion. For i = 1,2, let B; be a full submonoid of Né’i
with order-unit and let f;: B; — Nés be an arbitrary monoid morphism. Then the

monoid morphism h: By X By — N given by

h(b1,b2) = e1(b1) + e3(f1(b1)) + e2(b2) + e3(f2(b2))

is a divisor homomorphism, and A = h(B1 x Bz) is a full submonoid of N§ such
that A = h(B; x {0}) & h({0} x Bs). Moreover, A contains an order-unit if and
only if supp (f1(B1)) Usupp (f2(B2)) = Is.

PROOF. Let a, a’ € A; be such that m1(a) < m1(a’) (in the coordinate-wise
partial order on Ni'). Choose ay € Ay such that supp (Ag) = supp (ag). There
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exists n > 0, such that a < a’ + nag in N§ (coordinate-wise). Since A is a full
submonoid of N§, there exists ¢ € A such that a + ¢ = a’ + nag. Write ¢ = ¢; + ¢2
with ¢; € A;. Then a + ¢; + ¢ca = d’ + nag, and since A; @ A, is a direct sum, we
must have a + ¢; = @/, and hence a | @’ in A;. This shows that 7|4, is a divisor
homomorphism; by symmetry, 7|4, is a divisor homomorphism too. This proves
the first statement in (i), and the second statement is now clear (see Remark [4.1)).

Statement (ii) follows from (i), Remark and the definition of A = A; ¢ A,.
As for (iii), the uniqueness of the homomorphisms f; is clear. For the existence, we
put fi(m;(a;)) = m3(a;) and easily verify the desired equation. (Of course we are
using the fact, from Remark that m; |4, is injective for 4 = 1,2.) Note that if
a; € A; satisfies supp (a;) = supp (4;) then supp (fi(m;i(a;))) = Is.

For the converse statement, suppose h(by,bs) | h(b],b5) in N§, say

h(by,by) + e1(ur) + ea(ug) + e3(us) = h(b),bh),  with u; € Nji.

Then b; + u; = bl for i = 1,2, and, by fullness, u; € B; for i = 1,2. In By X Ba, we
now have the equality (b1,b2) + (u1, uz) = (b}, b5), and hence (b1, ba) | (b, b5). The
asserted decomposition of A and its fullness in N§ are now clear. m

7. ALMOST-FREE SYSTEMS OF SUPPORTS. SOME EXAMPLES

A general classification of monoids given by an almost-free systems of supports
seems to be an involved and interesting combinatorial problem (see Corollary [4.26]).

In this section, we develop the first properties and examples of such monoids.

Lemma 7.1. Let (ny,...,ns) € N°. Let S(nq,...,ns) be a system of supports
defined by the collection S of subsets of {1,...,s}, and with defining family of
monoids {An, H € S}.
Then S(nq,...,ns) is an almost-free system of supports if and only if:
(i) Ap is a full submonoid of N§.
(i) For any minimal element H of S\ {0}, Ay = N{t1\

Proor. If §(ny,...,ns) is an almost-free system of supports, then conditions
(i) and (ii) are satisfied by definition.

To prove the converse observe that, since every element of S\ {#}} contains a
minimal non-empty element of S, condition (ii) in the statement, combined with
condition (iv) in the definition of system of supports, implies that Ay = N({)l""’s}\H

for any H € S\ {0}. =

Proposition 7.2. Let B be a submonoid of (N§)® such that (nq,...,ns) € BNN®.
Then B is given by an almost-free system of supports S(nq,...,ns) if and only if
B satisfies:
(1) A:=BNN§ is a full submonoid of N.
(2) If b€ A then co-b € B.
(3) If c € (N§)® is such that there exists b € B\ A with co — supp(c) 2
oo — supp(b), then ¢ € B.
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In particular, the set of submonoids of (N§)® given by almost-free systems of
supports and containing a fized element (ny,...,ns) € N® is closed under arbitrary

intersections.

PRrOOF. If B is given by an almost-free system of supports then, by definition,
B satisfies (1) and, by Proposition [£.16{i), it also satisfies (2).

To prove (3), assume ¢ € (N§)® and that there exists b € B\ A with H' :=
oo—supp(e) 2 co—supp(b) =: H # (). Since Ay = Nél"“’s}\H, there exists ¢ € Ay
such that supp (z) = H' \ H. Let b} = ey(z) € B. By Proposition [L.16{i), by :=
00-bj € B. Now supp (b1) = co —supp (b1) = H’, and so by Proposition iii),
H € S. Since Ag: = Nél’”"s}\Hl, there exists y € Ags such that eg/(y) = c.
Therefore c € B.

Let B be a submonoid of (N§)* containing an element (nq,...,ns) € B N N?,
and satisfying (1), (2) and (3). First, we will show that B is given by a system of
supports, by showing that it satisfies (i) and (ii) in Proposition m

By (2), and because B is a monoid, A+ oco- A C B. Since A + oo - A is given
by a full system of supports, by (1) and Proposition we just need to check (i)
and (ii) for elements in B\ (A + oo - A4).

Let be B\ (A+ 0o+ A). Then H = co —supp (b) # 0. By (3), co-b € B, and
also the element ¢ such that supp (c) = co — supp(c) = co —supp(b), is an element
of B. Hence, conditions (i) and (ii) in Proposition [4.16] are satisfied, and B is given
by a system of supports S(ny,...,ns).

Refresh notation, and let H € 8\ {#}; we have to show that Ay = N§' "
equivalently, by Proposition m (iv), that N({)l""’s}\H C pu(B).

By Proposition (iii), H = oo — supp (c) for some ¢ € B\ A. Given any
element x € Nél"”’s}\H, we let b be the element defined by the display in Re-
mark [4.14f Then b € B by (3), and pg(b) = x. Since, by (1), A4y = A is a full
submonoid of N§j, we deduce that the system of supports is almost-free.

The last part of the statement follows because conditions (2) and (3) are inherited

by arbitrary intersections. m

Remark 7.3. Let Ay, As be submonoids of (N§)*® satisfying conditions (2) and (3) of
Proposition [7.2] Then obviously A; + A, also satisfies these conditions. But note
that a sum of two full submonoids of N is not necessarily full: Indeed, consider
{(z,y) € N3 | * = y mod 2} and {(x,y) € N3 | 2 = y mod 3}. These are full
submonoids of N2 but their sum is not, since it does not contain (1,0).

On the other hand, if A is a full submonoid of N§ containing an order-unit
(n1,...,ms) and Xy is a set of all submonoids of (N§)® given by an almost free
system of supports of the form S(ny,...,ns) satisfying Ay = A, then X is closed

under arbitrary sums.

Given a full submonoid A of N§ and an order-unit (ny,...,ns) € ANN® the set
of submonoids B of (N§)?®, given by almost-free systems of supports S(nq,...,ns)
and satisfying B N N§ = A, has unique minimal and maximal elements. The next

proposition describes these systems of supports.
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Proposition 7.4. Let A be a full submonoid of N§ containing (nq,...,ns) € N°.
Let

S ={H C{1,...,s}| H 2 supp(a) for some a € A\ {0}} U{@},
and let

Sy = 2{1,...,5}

Fori=1,2, and for each non-empty H € S;, set Ay = Nél’“"s}\H; set Ag = A.

(1) Then, fori=1,2, S;(n1,...,ns) ={Ag, H € S;} is an almost-free system
of supports.

(2) Let Bmin(A) be the submonoid of (N§)® given by the system of supports
S1(n1,...,ng). Then Bnin(A) is the least element of the set of submonoids
B of (N§)® given by almost-free systems of supports and with BN N§ = A.

(3) Let Bmax(A) be the submonoid of (N§)® given by the system of supports
Sa(ni,...,ns). Then Bmax(A) is the largest element of the set of sub-
monoids B of (N§)® given by systems of supports and with BNN§ = A.

PROOF. (1). Once we prove that Si(ni,...,ns) and Sa(ng,...,ns) are systems
of supports, it is clear from their definition that they are almost-free. Therefore,
we just need to we check that the conditions (1)-(4) in Definition [4.13] are satisfied.

Condition (1) is clear from the definitions of &1 and Ss, which also imply that
both sets are closed under unions. The definition of the monoids Ay ensures that
(2) is satisfied. The rest of condition (3) is obvious for Sy. We prove it for Sj.

Let x € Ay for some H € S;. If H = (), then either x = 0 or 0 # z € A; in
both cases supp (z) € S; and hence H Usupp(z) € S;. If H # (), then there exists
a € A\ {0} such that

supp(a) C H C H Usupp(z).

By the definition of Sy, H Usupp(z) € S;.

Now we prove condition (4). Let H, K € S;, with H C K. Let p: Nél"”’s}\H —
Nél"“’s}\K denote the canonical projection. If H = @, then p(Ay) = p(A) C
Nél"“’s}\K = Ag. If H # (), then p(Agy) = Nt{)l""’s}\K = Ag. So (4) is satisfied in
both cases.

(2). Since Ay = A, Proposition [£.16{iv) yields the equality By N N§ = A.
Assume B is given by an almost-free system of supports S and BNNj = A. We
will show that Byin(A4) C B. Let ¢ € Bpin(A), and choose H € S§; and x € A‘z[l
with €3} (x) = c. (See Remark ) If H =0, then ¢ = x € B, so we assume that
H # (). Then, H D supp (a) for some non-zero a € A, and we put b = coa. Then
b € B\ A and oo —supp (¢) = H 2 oo —supp (b). Now part (3) of Proposition
yields ¢ € B.

(3). As in the proof of (2), Bpax " N§ = A. Suppose B is given by a system
of supports S and BNN§ = A. If ¢ € B, then ¢ = ¢%(x), with x € A% and
HeSC{l,...,s}. Then H € So, x € AS? and £%,(x) = €57 (x) € Bax.
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Keep the notation in Proposition By Proposition A+400-A C Bpin(A).
We will see examples in which the containment is proper. It seems to be an inter-
esting problem to determine for which monoids A this is true. The following lemma

gives a characterization of when this happens.

Lemma 7.5. Let B be a submonoid of (N§)® with order-unit (ny,...,ns) € N°,
given by an almost-free system of supports S(ni,...,ns). Then B = Ag+oco- Ay if
and only if

(i) S is the set of supports of the elements of Ay; and
(ii) of H is a minimal element of S\ {0}, then mp(Ag) = N({)1 """ S}\H(: Ap)

where wg: N§j — Nél""’s}\H denotes the canonical projection.

If this happens, then g (Agp) = Nél"“’s}\H for every H € S\ {0}.

Proor. If B = Ay + oo - Ay then the system of supports that defines B
must satisfy (i) by Proposition (i). To prove (ii) and the last statement, let
H € S§\ {0#}. By Proposition (i), mu(Ap) = Ap and, since S(nq,...,ns) is
almost-free, Ag = Nél"“’s}\H.

Conversely, assume that B is a monoid defined by an almost-free system of
supports satisfying (i) and (ii). We claim that 7y (A4p) = Nt{)l """ SN Ay for
each non-empty H € S. To see this, choose a minimal element K of S\ {0} with
K C H, and let m: N§» "IV 5 Ni-"IN 16 the canonical projection. Then
7w (Ap) = momk(Ap) = W(N({)l""’s}\K) = Nél’“"s}\H = Apy (the last equality holds
because the system of supports is almost-free). Since, by (i) of Definition
(n1,...,ms) € Ap, we can apply Proposition (i) with A = Ap to see that
Ag+00-Ay is given by the same family of supports as is B. Hence Ay+00-Ay = B.m

Notice that in Lemma condition (ii) is intrinsic to the submonoid Ay, and
it gives a characterization of when Ay + oo - Ay is given by an almost-free system

of supports.

Lemma 7.6. Let A be a full submonoid of N§ with order-unit. Let S be the set of
supports of elements of A.

Then B := A+ oo - A is given by an almost-free system of supports if and only
if, for each minimal element H of S\ {0}, one has mp(A) = N§" "N where
T Nj — N({Jl"”’s}\H denotes the canonical projection.

Moreover, when this happens, one has T (A) = Nél"“’s}\H for every H € S\{0}.

Proor. Fix an order-unit (ng,...,ns) € ANN?®. Recall, from Proposition m
that A 4 co - A is always given by the full system of supports S(ny,...,ns), where
S is indeed the set of supports of elements of A, and where Ay = 7wy (A) for each
H € §. In particular, 4y = A.

If S(n1,...,ns) is almost-free, then Lemma 6.4 delivers the result we want. For
the converse, we see, as in the proof of Lemma that Ag = Nél """ SHH
H € 8§\ {0}, and hence S(ny,...,ns) is almost-free. m

for every
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The direct sum decompositions of monoids studied in Section [f] easily give ex-
amples of monoids that fail to satisfy the conditions in Lemma [7.6] In the proof
we will refer to the algebraic partial order on A; since A is a full submonoid of N§,

it is easy to see that this is just the coordinate-wise partial order on N§.

Proposition 7.7. Let A be a full submonoid of N with order-unit, such that it
has a non-trivial direct sum decomposition A = A1 @ Ay. Then A+ oo - A is given
by an almost-free system of supports if and only if the following hold for i = 1,2
(with the notation of Proposition :

(i) B; =N{, and

(i) supp (f;(b)) = I3 for every b € B; \ {0}.

When this happens, A is a free commutative monoid.

PROOF. By Remark [£.17] and Proposition .21} the unique system of supports
giving the monoid A+o00-A has § = {supports of elements of A}, and Ay = py(A)
for each H € S. (As in Proposition v Nj — Nél"”’s}\H is the canonical
projection.) Thus, we have to show this system of supports is almost free if and

only if (i) and (ii) are satisfied. We will use, repeatedly, the following formula from
Proposition [6.3] (iii):
a=c¢;(mi(a)) +es(fia)), forae A;, i=1,2. (3)

Assume the system of supports S is almost-free. We prove first that (i) is satis-
fied. Choose ay € Az with supp (a2) = supp (A2) =: H. Then {1,...,s}\ H = I,
and By = m(A;) = m(A) = pu(4) = NJ' by Lemma Symmetrically,
By = N2

To prove (ii), it will suffice, by symmetry, to show that supp (f1(b)) = I3 for
every b € By \ {0}. Now b is divisible by a minimal element e; of By \ {0}; then
fi(er) | f1(b), and hence supp (f1(e1)) C supp (f1(b)). Therefore, it suffices to show
that supp (f1(e1)) = Is. By (i), we have, after a harmless permutation of {1,..., s},
that e; = (1,0,...,0). Suppose, by way of contradiction, that there is an index
j € I3\ supp (fi(e1)). Put e = (0,...,0,1,0...0) € N§, with supp (e) = {j}.

Write e; = m1(a1), where a; € Ap, and put g = oo - (e1(e1) + e3(fi1(e1)) + e.
From equation (3), we get a; = e1(e1) + e3(fi(e1)) and hence g = oo - aj + e.
We claim that g belongs to A + co - A. Obviously co - a; € A+ oco- A. Let
H = supp (a1) = {1} Usupp (e3(f1(e1))), and let d € Ay = N({Jl """ I e the
element that has 1 in the j* spot and 0 elsewhere. Then e (d) is in A+oc- A (the
monoid given by the system of supports S), whence co - a; +eg(d) € A+ oo - A.
But clearly 0o - a1 +eg(d) = 0o - a; + e = g, and the claim is verified.

Write ¢ = a + oo - @/, with a,a’ € A. Then

(supp (a +a’)) N (11 U Iz) = (supp (9)) N (I U Iz) = {1}.

Put a4+ d’ = c € A, write ¢ = ¢1 + ¢2, with ¢; € A;, and let b; = 7;(¢;) € B;. By
equation , ci = €;(b;) +es(fi(b;)), for t =1,2. Now (supp (¢;)) N (1 UI2) C {1},
and it follows that by € Ngpe; and by = 0. Writing by = ne;, with n € Ny,
a+a =c=n(ei(er) +e3(fi(er)). In particular, j ¢ (supp (a)) U (supp (a’)), but
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j € supp (e) C supp (g), contradicting the equality g = a + o’ - co. This completes
the proof of (ii).

Suppose, conversely, that conditions (i), (ii) of Proposition hold. We will
show that the system of supports described above is almost-free.

We claim that S\ {0}, the set of supports of non-zero elements of A, is precisely
the set of subsets of {1,...,s} that contain I3 strictly. To see this, suppose a €
A\ {0}, and write a = a1 + ag, with a; € A;, say, a; # 0. Then equation and
condition (ii) show that supp (a) 2 I3. On the other hand, if I3 G H C {1,...,s},
we seek an element a € A such that supp (a) = H. We may assume, harmlessly,
that H N I; # 0. Choose, using condition (i), an element b; € Bj such that
(supp (b1)) N Iy = H N I;. By condition (ii) and equation (3), the element a; € A;
with 7 (a1) = by has (supp (a1)) N ([1 UI3) = HN ([ UI3). If HN I, =0, we set
a = a;. Otherwise, we choose az € A; with (supp (az2)) N (I2 U I3) = HN ([2 U I3),
and set a = ay + as. This proves the claim.

Let A’ C (N§)® be the set consisting of 0 and all elements in (N§)® whose infinite
support strictly contains I3. By the claim, the almost-free system of supports based
on the set S gives the monoid A + A’. Therefore, by Remark it will suffice to
show that A+ A’ = A+ oo A. The inclusion A +00-A C A+ A’ is clear. For the
opposite inclusion, let 0 # a € A’, and for I C {1,...,s} let v; = (v1,...,vs), where
vi=o0if j €I and v; =0if j ¢ I. Extending the notation of Proposition we
let m; : (N§)* — (N3)Li and g; : (N§)% — (Nj)* be the canonical projections and
injections. To see that a € A+ 0o - A, we note that

a = (e1mi(a) +vr) + (e2m2(a) + vr) (4)

where I = 0o — supp (a). We will show that the right-hand side of belongs to

A+o0- A
Let m : (N§)* — (Nj){L-sH\ be the canonical projection, and choose ¢ € N

with m(c) =

that m;(d;) = mi(c), and let d = dy + dy € A. Choose an element b € A with

supp (b) = I; then co - b = v;. Fori =1,2, g;mi(a) + vy =d;i+vy=d;i+00-b€E

A+ o00-A. From ,Wegeta€A+oo-A.-

m(a). Using condition (i), choose, for i = 1,2, elements d; € A; such

Now we characterize the single linear equations that define an almost-free system

of supports.

Proposition 7.8. Fiz s> 2. Leta= (a1,...,as) and b = (by,...,bs) be non-zero
elements of N§ such that a # b. Let B be the monoid of solutions in (N§)* of the
equation aT = bT, where T = (t1,...,t5)"". Then

(i) BNN?® £ 0 if and only if a— b has a positive entry and a negative entry.

(ii) Assume BNN® #£ (. Then B is given by an almost-free system of supports
if and only if supp(a) Jsupp(b) = {1, ..., s}.

(iii) Assume that BNN® # () and that GCD(ay,...,as,b1,...,bs) =1. Then B
is given by an almost-free system of supports satisfying B = Ag+ 0o - Ay if
and only if

(iii.1) a+b e N*;
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(iii.2) supp(a) Nsupp(b) = 0; and
(iii.3) GCD(a;,b;) =1 for each i € supp(a) and each j € supp(b).

PrOOF. Throughout the proof, for any i € {1,...,s},let e; = (0,...,19,...,0).

(i) If the equation (a — b)T = 0 has a solution in N® then not all the entries
of a — b can have the same sign. Conversely, if there are i # j € {1,...,s} such
that a; > b; and a; < b; then it is easy to find a solution in N° of the equation
(a—b)T =0.

(ii) Assume that B is given by an almost-free system of supports, and that
i€{l1,...,s}is such that a; = 0. If also b; = 0, then oo - ¢e; is in B. Thus, H = {i}
is an infinite support of B, and hence Ay = Nél""’s}\{i}. By Proposition all
elements of Ay = Nél"“’s}\{i} satisfy the equation obtained by deleting the variable
t;. This implies N§j C B and hence, a = b, a contradiction. Therefore b; # 0.

To prove the converse, assume that a and b have the required properties. We
already know that the monoid of solutions of a single linear equation is a submonoid
of (N§)® given by a full system of supports, with S the set of infinite supports of
elements of B. (See Proposition M) By Lemma to check that the system
of supports is almost-free, we need to check that the monoids associated to the
minimal non-empty infinite supports of elements in B are free.

We prove first that, in the case of monoids defined by a single equation, the
minimal non-empty infinite supports have either one element or two elements.
Let ¢ € {1,...,s}; then a; = 0 = b; or a; # 0 # b; if and ounly if co - e; =
0,..., oo ... ,0) € B. In this case, {¢} is a minimal non-empty infinite support
of B.

Let H be a minimal element of S\ {#}, and assume that H has at least two
elements. Choose iy € H. By the previous argument, we may assume that a;, # 0
and b;, = 0. Choose ¢ € B such that co — supp (¢) = H. Then c is a solution of
the equation aT = bT, and one can check that ), 00 - e;, the element obtained
from c¢ by replacing the entries outside H by 0, is also a solution. This implies that
there exists jo € H \ {io} such that b;, # 0. Hence oo - e;, + 00 -e;, € B. The
minimality of H implies that H = {ig, jo}-

Fix i € {1,...,s}. Assume that H = {i} is an infinite support. By our previous
arguments, and because we are assuming that supp(a) | Jsupp(b) = {1,..., s}, this
implies that a; - b; # 0. Hence, all elements x = (x1,...,z,) € (N§)*® with z; = o0
are solutions of the equation aT = bT. By Proposition Ay = Ngl"“’s}\{i}
as wanted.

Assume now that {7} is not an infinite support. This means that either a; # 0
and b; = 0 or a; = 0 and b; # 0. By symmetry, we may assume a; # 0. Then,
by our previous arguments, the minimal infinite supports that also contain i are
of the form H; = {i,j} with j # ¢ and such that b; # 0. Hence, all elements
x = (21,...,25) € (N§)® with z; = oo = z; are solutions of the equation aT = bT.
By Proposition Ap, = N({)l"“’s}\Hj as desired.

(iii). Assume that B is given by an almost-free system of supports and satisfies
B = A@ —+ 00 - A@.
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We claim that B does not have infinite supports with only one element. Indeed,
if the equation aT = bT has a solution (¢1,...,ts) € (N§)® with ¢; = co and ¢; < o0
for j # 4, then co-¢; = (0, ..., ,...0) is also a solution. Now, {i} € S by (3) of
Definition As B = Ay + oo - Ay, there exists r € N such that re; € Ag. This

oo?)

that e; 4+ r;e; € Ay is a solution of aT = bT. This implies that a; = b;. Hence,
we have proved that a — b = 0, a contradiction.

Considering the arguments in (ii), the non-existence of minimal supports with
just one single element implies that a; - b; = 0 for every ¢ € {1,...,s}. Therefore
supp(a) Nsupp(b) = @. By (ii), we know that supp(a)Usupp(b) = {1,...,s}.
Hence, we deduce that (ii.1) and (44:.2) hold.

Now we prove that (i4i.3) is also satisfied. Let ¢ € supp(a) and j € supp(b).

= Nél"”’s}\H. Since

Then H := {i,j} is a minimal infinite support of B, and Ay
B = Ap+o0- Ay, the equation a;t; +ap = b;t; must have a solution in Ny for every
k € supp(a)\ {7}, and this happens if and only if GCD(a;, b;) divides aj. Similarly,
one deduces that GCD(a;, b;) divides by, for every k € supp(b) \ {j}.

Since GCD(ay,...,as,b1,...,bs) = 1, we deduce that condition (4ii.3) holds.

Assume now that the equation aT = bT satisfies (4ii.1), (¢44.2) and (447.3). Set
H, = supp(a) and Hs = supp(b).

By (4#4.1), the condition in (ii) is satisfied, and hence B is given by an almost-free
system of supports. By (iii) of Proposition S is the set of infinite supports of
elements in B. By (¢i.1) and (i4i.2), H € S\ {0} if and only if HNH; and HN Hy
are non-empty. It is easy to see that such H is the support of an element of Ay, so
condition (i) of Lemma holds.

Let H be a minimal element of S\ {#}. Then H = {i,j} for some i € H;
and j € Hy. By (iii.3), for any k € {1,...,s} \ H, there exists an element
c = (c1,...,¢5) € Ay such that supp(c) C {i,j,k} and ¢, = 1. This implies
that pr(Ap) = Nél"”’s}\H, where pg: N§ — Nél’“"s}\H denotes the canonical pro-
jection. Since this happens for any non-empty minimal support of B, condition (ii)
of Lemma holds, and we deduce that B = Ay + 0o - Ay. m

Remark 7.9. 1) It is straightforward to check that if M; and M, are submonoids
of (N§)*® given by almost-free systems of supports containing a common element of
N?*_ then so is M; N Ms. Therefore, any monoid defined as the solution of a system
of equations, each one satisfying the condition in Proposition (ii), is given by
an almost-free system of supports.

Therefore, the set of solutions in (N§)® of a system of the form E1T = E,T,
where E; € Myys(Ng) for i = 1,2, and such that Fy + Ey € My (N), is given by
almost-free system of supports provided N® contains a solution the system.

2) Let A be a full submonoid of N§ with order-unit, defined by a system of
equations F1'T = EoT where, for i = 1,2, E; € Myxs(Ng). Let F € Myys(Np)
be the matrix with all its entries equal 1. By 1), the solutions of the system
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(E1+ F)T = (B3 + F)T is an almost-free system of supports with Ay = A and
such that any element in P({1,...,s})\ 0 is an infinite support.

3) Again, let A be a submonoid of N§, with order-unit, defined by a system of
equations ET = 0 where E € Myxs(Z). Fix H € M;«s(N) to be a matrix such
that all the entries of E + H are strictly positive. Consider the system

(E+H)T =HT.

Let a € N§. Then a € A if and only if a is a solution of the above system.

To compute the solutions in (N§)® observe that, again, any element in {15} \
{0} is an infinite support and that the monoid of the solutions in (N})* is given by
an almost-free system of supports. Therefore, the set of solutions of this system is
the monoid Bpax(A), cf. Proposition

Now we study further examples showing that there are full submonoids A of N§
with the following property: If S is an almost-free system of supports with Ay = A,
then Ay + co - Ay C M. In view of Corollary [£.26] this implies that whenever X
is a torsion-free finitely generated module over a commutative noetherian domain
of Krull dimension 1 such that V(X) = A, then Add(X) contains objects that are
not direct sums of finitely generated modules.

Example 7.10. Let #1,t5 € N. Let B; be any full submonoid of Nél with order-
unit, and assume that B; is not free. Let By = fo. Let s > t1 4+ to, and let A
be any full submonoid of N§ with order-unit and isomorphic to B; x By. Then
A+ o0+ A is not a submonoid of (N§)® given by an almost-free system of supports.

PROOF. Let g: By x By — A be the isomorphism of monoids. Then A =
g(B1) x g(Bz). Since, by hypothesis, g(B1) is not a free monoid, the conclusion
follows from Lemma [7.5] and Proposition [7.7] m

8. AN INTERESTING PARTICULAR CASE: THE STABLE CATEGORY

Given a ring R and an additive category C of R-modules, we denote by C the sta-
ble category, which has the same objects as C and with morphisms Home (M, N) =
Homp(M, N)/L, where a homomorphism f € Hompg(M, N) belongs to L if and
only if it factors through a free R-module. Let M be a finitely generated right R-
module. Since modules in add(M) are also in Add(R@ M), there is a full embedding
of categories ¥ : add(M) — Add(R & M).

The next proposition specializes the type of equivalence described in Theo-
rem [2.11] Recall that these equivalences restrict well to countably generated mod-
ules, but the behaviour with countably generated modules is more subtle. This is

explained in statements (c¢) and (d).

Proposition 8.1. Let M be a finitely generated right R-module, with S = Endg(M).
With the notation introduced above:
(a) The embedding ¥ : add(M) — Add(R & M) induces o full, faithful functor
U: add(M) — Add(R® M)/ Jr.
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) Add(R® M) /TR is equivalent to the category Add (S/Zr(M,M)).
¢) Addy,(R@ M)/Tr is equivalent to the category Addy, (S/Zr(M,M)).
) The category add(M) is equivalent to a subcategory of add (S/Zr(M,M)).
) Let X be an object in add(M), and suppose P, and Py are objects in the
category add (S/Zr(M, M)) such that

P, @ P, 2 Hompg(M, X)/Homp(M, X)Ir(M,M).
Then there exist objects Y1 and Ya in Addy, (R & M) such that
Homp(R & M,Y;)/Homp(R & M,Y;)Ir(M, M) = P;
fori=1,2, and Y1 ®Y> = X ® R“) as right R-modules.

PROOF. (a) Let K and L be modules in add(M). Since K is finitely generated,
Jr(K,L) = ITr(K,L). Therefore, ¥ induces the claimed full and faithful functor
v,

To prove the statement (b), we will do some computations that will show that the
statement is a direct consequence of the equivalence described in Theorem M(ii),
applied to the module R @ M in place of M, and with X = R.

First, we need a suitable description of T':= Endr(R & M):

Endn(R® M) < Homp(R,R) Homp(M, R) ) N ( R Homp(M,R) )
Homp(R,M)  Endgr(M) M S

Moreover, we need a description of the trace ideal of the projective right T-

module Homp(R @ M, R). To this aim, notice that

R Homp(M,R) 0 0 10 00
Tr = o - To T,
’ (0 0 M S 0 0 0 1
1 0 0 0
where Hompg(R @& M, R) = 0 0 T and Homg(R® M, M) = 01 T. Hence,

the trace ideal in T of Homg(R @ M, R) is given by the following:

=T 10 T— R Hompg(M, R) (R Hompg(M,R)
- \0o 0/"  \ M Homg(R,M)Homg(M,R) | \ M  ZIgr(M,M)
Comparing the expressions for T and I,

0 0
T/I = (0 S/TalM, M)) ~ S/Tp(M,M).
Now (b) follows immediately from Theorem [2.11](ii) if we replace M with M & R,
S with T, and X with R.

By Theorem iii), the equivalence described in (b) restricts well to countably
generated modules, and this proves (c).

Now we prove the statement (d). From (a) and (b), we already know that
add(M) is equivalent to a suitable subcategory of Add (S/Zr(M,M)). If Y is an
object of add(M), then Hompg(M,Y) is a finitely generated projective S-module,

so isomorphic to a direct summand of S™ for some finite n. Therefore, the image



44 DOLORS HERBERA, PAVEL PRIHODA, AND ROGER WIEGAND

of Y in the equivalence given by (b) is a direct summand of (S/Zr(M,M))", and
hence an object in add (S/Zr(M, M)).

(e) As noticed above, T'/I ~ S/Tr(M, M); therefore add(S/Zr(M, M)) is equiv-
alent to add(T/I). So we have a decomposition

Q] ® Q% ~Homp(R® M, X)/Homg(R® M, X)I,

where Q) @7/1 S/Tr(M, M) ~ Py and Q4 ®1,1 S/Zr(M, M) ~ P,. Apply Proposi-
tion [2.9]to see that there are countably generated projective T-modules @1, Q2 such
that @Q1/Q11 ~ Q) and Q2/Q2I ~ QY. Let Z1,Zs be objects of Addy, (R® M)
such that @1 ~ Homp(R ® M,Z;) and Q2 ~ Homp(R ® M, Z;), and define
Yy =7, ® RW, Y, = Z, & R“. By Proposition i), Vi®aYs~XdRW . n

Remark 8.2. Notice that, by the Eilenberg Swindle (Remark and Lemma
the modules Y7 and Ys in Proposition e) can be chosen so that Y; ® R =Y
fori=1,2.

Using Proposition [8.1] we will see that, if M is indecomposable, the idempotents
of the endomorphism ring of M in the stable category, namely S/Zr(M, M), corre-
spond to suitable countably generated direct summands of R(“) @ M. The following
examples will illustrate this phenomenon.

Example 8.3. Let R be a commutative local noetherian domain of Krull dimension
1 with maximal ideal m and residue field k. Let M = R be the integral closure of

R in its field of fractions, and assume that R is finitely generated over R. Let ¢

)

) and with T/J(T) = k x R/J(R).

denote the conductor ideal. Then

=] fey
=l o

T :=Endr(R&® R) = (

m c
R J(R)
Assume that R/J(R) = Fy x --- x F,, where F,..., F, are fields, and that s > 2.
By the results in §4 there is a monoid morphism D 5. 7: V*(R® R) — Nj x (Nj)*.
(Recall Notation [3.6) and Notation [4.3])

Notice that Do 7(R) = (1,0,...,0) and Dyop(R) = (0,1,...,1). If K €
add(R® R) then D w(K) = (m,n1,...,ns) € Ngx (Ng)®. Since (m,n1,...,ns) =
m(1,0,...,0) + (0,nq,...,ns), it follows that K =2 R™ @ @ where @ € add(rR).
Since Endr(R) = R is a semilocal commutative domain, it follows that all projective

is a semilocal ring with J(T') = (

modules over R are free [I7]. In particular, Q = R" for some n € Ny. Hence,
ny = - = ng = n. This shows that add(R @ R) has only trivial objects and that
D,on(V(ROR)) = (1,0,...,00Ng + (0, 1,...,1)N,.

10
Consider the finitely generated projective right T-module P = (0 O) T =

— 10 R
Hompg(R @ R, R). Its trace ideal is I = T (0 0) T = <R C). Then T/I &
c
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R/c, which is an artinian ring, and its reduction modulo its Jacobson radical is
isomorphic to Fy x --- x F,. Hence, R/c is the product of s artinian local rings.

By Proposition (or Theorem , R/c is the endomorphism ring of M = R
in the stable category. By Proposition (or Corollary , the indecomposable
projective modules over R/c correspond to direct summands of R“@®R. Therefore,
D o z(V*(R®R)) contains z1 := (00, 1,0,...,0),..., 2z, := (00,0,...,1). We claim
that Do m(V*(R® R)) = (1,0,...,0)N; + (0,1,..., 1)Nj + 21Ny + - - - + 2,Nj.

Assume that x = (m,ny,...,ns) € Dpom(V (RO R)) \ Drg(V(R® R)). If
m = 00, then

xz=(1,0,...,0) - 0o+ x1ng + - + x3Ns.

If m € Ny then z = m(1,0,...,0) + (0,n1,...,ns), and Lemma implies that
(0,71,...,n5) € Dpagr(V*(R® R)). Hence, there exists a countably generated but

not finitely generated module @ € Add(R) such that D, =([Q]) = (0,n1,...,ns).

But, as we showed before, all objects in Add(R) are isomorphic to E(C)

set C. Therefore (0,n1,...,ns) = (0,1,...,1) - co. This finishes the proof of our
claim.

It is not difficult to see that D . 7(V*(R®R)) is the set of solutions (z,y1, .. .,¥ys)
in N§ x (N§)® of the system of s — 1 equations: = + y1 = @ + y2,2 + Y2 =
THY3, . T+ Yso1 =T+ Ys.

Following the notation of Proposition with M = R, notice that, in this
case, S/Zr(M,M) = R/c. So add(M) is equivalent to a suitable subcategory
of add (S/Zr(M, M)). Moreover, by Proposition the non-free objects in the
category add (S/Zr(M,M)) correspond to objects in add(R“) @ R) that are not
direct sums of finitely generated modules.

If X1,...,X, are modules in add(R“) @ R) such that Dyoz([Xi]) = 2; for
i =1,...,s, then Dp %([R“) ® R]) = Y7, «;. This implies that R“) & R =
X1 @@ X,. Notice also that, for each i = 1,...,s, X; = X; & R,

for some

Example 8.4. Let (R, m) be a local Bass domain, that is, a one-dimensional noe-
therian local domain whose integral closure R is two-generated as an R-module.
Then R has finite Cohen-Macaulay type [31, Theorem 2.11], that is, only finitely
many isomorphism classes of indecomposable lattices (finitely generated torsion-free
R-modules). Moreover, each indecomposable lattice is isomorphic to an ideal of R.
(For the main properties of Bass domains, we refer the reader to [22] and Bass’s
“ubiquity” paper [4].) We will assume that the maximal ideal m splits in R, and
we let R/J(R) = Fy x F,, where the Fj; are fields.

Item (iii) of [22, Theorem 2.1] tells us that every non-zero ideal I of R is a
principal ideal of its endomorphism ring E(I) := {z € R | 2I C I}. Therefore,
if I and J are non-isomorphic ideals, the rings E(I) and E(J) are not isomorphic
as R-modules. Moreover, if E(I) is properly contained in R, then E(I) is local
(see [16, Proposition 2.5]). In this way we get a finite list R = Ry, ..., Ry of local
intermediate rings, all properly contained in R, such that the R-modules Ry, ..., Ry
and R represent a complete list of isomorphism classes of indecomposable lattices.
The category of R-lattices is then add ((®{_,R;) ® R). Set M = (®‘_, R;) & R and
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T = Endg(M). Then T is a semilocal ring, and T/J(T) = Ko X ..., XKy X F} X F,
where K; = R;/J(R;) for i =0,... L.

We have the usual injective monoid morphism Dys: V*(M) — (Nj) x (N§)?
defined by Dp([N]) = (no,...,ne,mi,ma), where N is a countably generated
deﬁnAM@@smhm%HmmMLNVHmmMLNNHUE(%ﬂKﬁv®

(Fl(”l) X Fz(*lz)), and where I; = wq if n; = oo and I; = n; otherwise, and J; = wq if
m; = oo and J; = m; otherwise.

Notice that Dy (V(M)) contains the elements e; := (0,...,1¢,...,0,0,0) =
dimpg([R;]), for i = 0,...,¢, and also contains v := (0,...,0,1,1) = dimg([R)]).
As in Example it is easy to deduce that Dy (V(M)) is the submonoid of
Ngﬂ x N2 generated by e, ..., e, v.

It follows from Example[8.3that, for i = 0, ..., ¢, Add(R;®R) contains countably

generated modules X; and Y; such that

Homp (M, X;)/Homp(M, X;)J(T) 2 K & F, and

7

K“) o R,

(2

Hompg(M,Y;)/Hompg(M,Y;)J(T)

1

Therefore D (V*(M)) contains a; := (0,...,00%,...,0,1,0) = dimg([X;]) and
bi :=(0,...,009,...,0,0,1) = dimpg([Yj]), for i = 0,..., L fori=1,... L.
Arguing as in Example one can show that D (V*(M)) is the submonoid
of (N)“+! x (Nj)2 generated by eq, . .., es,v,a0,bo, - - -, ap, be. Notice that this sub-
monoid is the set of solutions (xq, ..., Zs, y1,y2) in N§ of the equation zg + - - +

T +y1 =0+ + Ty + Yo
Finally, we specialize to a very well-known example.

Example 8.5. The ring R = (Clx,y])(4,y)/(2* — 3> — ) is a particular example
of Examples and In this case R = R[{], which has two maximal ideals.
Observe that the maximal ideal of R coincides with the conductor ideal c.

The class of finitely generated torsion-free modules is add (R & R). Moreover,
X €add (R&R) if and only if X = R™ @& R" for some m,n € Ny.

However, and in view of Example R“ @ R = X; ® X5 where neither X;
nor X5 is a direct sum of finitely generated modules. A concrete construction of
X1 and X5 can be traced back using the results in [24] or in [I5]. In this case,
V*(R @ R) is the submonoid of (Nj)? given by the set of solutions of the equation
To + Y1 = To + yo; then Dy 7([X1]) = (00,1,0) and D 5,7 ([X2]) = (00,0, 1).

9. COMPLETIONS AND PURE-PROJECTIVE MODULES

In this section, we show how nicely the completion fits into our setting by prov-
ing that, over a commutative noetherian local ring, pure-projective modules are
isomorphic if and only if their extensions to the completion are isomorphic.

We begin with a dreary paragraph where we review basic definitions and con-
nections among them. Let R be a ring, not necessarily commutative. A short exact

sequence

0545LB%0 50 (5)
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of right R-modules is pure provided f®1x : AQr X — B®prX is injective for every
left R-module X. We also refer to an injection A ‘i> B as a pure injection provided
the short exact sequence , with C' = Coker(f) is pure. Since every module is a
direct limit of finitely presented modules, it suffices to check the criterion for every
finitely presented module X. A consequence is that the inclusion R < ﬁ, where R
is the m-adic completion of a Noetherian local ring (R, m), is a pure ring extension
(that is, the inclusion R < Risa pure injection as R-modules). An equivalent
condition for the exact sequence (5|) to be pure is that Homg(E, B) — Homg(FE, C)
be surjective for every finitely presented right R-module E. (Actually this criterion
is given as the definition of purity in [5, §1.4], and [B, Theorem 1.27] shows that
the criterion is equivalent to the usual definition.) A right R-module F is pure-
projective provided Hompg(F, B) — Hompg(F, C) is surjective for every pure exact
sequence ([5)). Since every module is a pure epimorphic image of a direct sum of
finitely presented modules, the usual argument characterizing projective modules
as direct summands of free modules shows that the pure projectives are the direct
summands of direct sums of finitely presented modules.

By Kaplansky’s Theorem [I8] Theorem 1], every pure-projective module is a
direct sum of countably generated modules. One of the main goals of our investiga-
tion is to find examples of pure-projective modules, over commutative Noetherian
local rings, that are not direct sums of finitely presented modules and, as indicated,
in the title of the paper, we will do it by comparing with the completion.

For further quoting, we recall that over a complete noetherian ring all-pure
projective modules are direct sums of finitely generated modules with local endo-
morphism ring, so that the structure of direct summands of copies of a finitely

generated modules is completely determined.

Theorem 9.1. Let R be a complete local noetherian ring. Then:

(i) All finitely generated R-modules decompose as a direct sum of (indecompos-
able) modules with local endomorphism ring. Moreover, such decomposition
18 unique up to isomorphism.

(ii) Let M be a finitely generated R-module. Let M = L ®--- @ LY where
Ly,...,Ls are pairwise non-isomorphic indecomposable modules (hence,
they have local endomorphism ring) and n; > 1 fori € {1,...,s}. Then
a module X is in Add(]\//f) if and only if M = Lgh) @@ LY where
Iy,..., I are suitable sets. In this situation, the cardinality of I, ..., I is
uniquely determined.

(iii) Any pure-projective R-module decomposes as a direct sum of finitely gener-
ated modules with local endomorphism ring. Moreover, such decomposition

18 unique up to isomorphism.

PRrROOF. [B, Theorem 2.8 and Corollary 2.53)
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Our first step (Proposition is to prove descent of pure-projectivity for pure
extensions of commutative rings. The proof is modelled after the proof by Raynaud

and Gruson [28] of descent of projectivity.

Remark 9.2. Raynaud and Gruson stated the descent of projectivity via pure mor-
phisms. However, as noted by Gruson in the paper [§], statement [28, Proposi-
tion 11.2.5.2] is wrong. The descent of projectivity via pure monomorphisms is
stated in [28, Examples 11.3.1.4] that is presented as a consequence of the wrong
statement, and no correction for that is given in [8]. However, to conclude the
descent of projectivity via pure monomorphisms only [28, Proposition I1.2.5.1,
Théoréme I1.3.1.3] are needed, and these results are perfectly correct in the original

paper. To clarify the matter, the reader may want to have a look at [12].

In view of Remark we have decided to include the complete proof of the
descent of pure-projectivity via pure morphisms. A crucial ingredient is the notion
of Mittag-Leffler module. Recall that a right module M over an arbitrary ring R
is Mittag-Leffler provided the canonical map

Mar[[vi=][(MerY:) (6)
iel iel
is injective for every family {Y;};cs of left R-modules. One of the properties of
Mittag-Leffler modules that is crucial to us is that countably generated Mittag-
Leffler modules are pure-projective. (See [28, Corollaire 2.2.2 p. 74]).

Remark 9.3. The map in @ is obviously bijective if M is a finitely generated free
module, and then an easy diagram chase shows that it is bijective if M is finitely
presented. Thus, finitely presented modules are Mittag-Leffler. Since the class of
Mittag-Leffler modules is closed under direct summands and arbitrary direct sums,

all pure-projective modules are Mittag-Leffler modules.

A straightforward diagram chase shows that if Mg is Mittag-Leffler and R — S
is any ring homomorphism, then M ®p S is Mittag-Leffler as an S-module. The

converse holds if R < S is a pure extension of commutative rings:

Lemma 9.4. [28, Proposition 2.5.1 p. 78] Let R C S be a pure extension of
commutative rings. Let M be an R-module. Then Mp is Mittag-Leffler as R-
module if and only if M ®r S is Mittag-Leffler as S-module.

Lemma 9.5. [28, Théoreme 2.2.1 p. 73] Any countably generated submodule X of
a Mittag-Leffler module Y is contained in a countably generated pure submodule Y’
of Y. In addition, as Y’ is Mittag-Leffler it is also pure-projective.

Proposition 9.6. (A variation of [28, Théoréme 3.1.3 p. 78]) Let R C S be a
pure extension of commutative rings. Let M be an R-module. Then Mp is pure

projective if and only if M ®g S is pure projective as an S-module.

ProoOF. If My is pure projective, then clearly M ®p S is pure projective as an
S-module. For the converse, assume that M ®p S is a pure projective S-module.
By Remark[0.9) M ®p S is a Mittag-Leffler S-module, and then Lemma [9.4] implies
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that M is a Mittag-Leffler module R-module. We need to prove that, in addition,
Mg, is pure-projective.

Write M ®r S = ®;c1Q; with F = {Q;}icr, where each @Q; is a countably
generated S-module. Let F = {Q;}icsr. A submodule X of M is said to be adapted
(to F) if it is pure, and the canonical image of X @ S in M ®p S is a direct sum
of modules in F. If X is an adapted submodule of M, then the sequence

0> X®rS—>MerS— (M/X)®rS —0

is split exact. Therefore X ®g S and (M/X) ®gr S, being isomorphic to direct

summands of M ®p S, are pure-projective as S-modules.

Step 1. Every countably generated pure submodule of M is contained in a countably
generated adapted submodule of M.

Let X be a countably generated pure submodule of M. As M is Mittag-
Leffler and the modules @; are countably generated, we can construct a sequence
(Xn, In)nen, such that

(1) Xo = X and, for every n > 0, X,, is a countably generated pure submodule
of M and X,, C X,,11;

(2) for any n >0, I, is a countable subset of I and it consists of the elements
i € I such that the canonical projection of X,, ® g S in @Q; is different from
7Z€ero;

(3) for any n > 0, the image of X,, 11 ®p S contains B¢, Q;.

To be more specific, suppose X,, I, were defined. Since each @Q; is countably
generated, there exists a countable set G, C M such that the canonical image of
Gp,R®pr S in M ®r S contains ®;cr, Qi. By Lemma@ there exists a countably
generated X,,1 which is a pure submodule of M containing X,, + G, R. Then I,

is chosen as described in (2).

Set Y = U, en,
Step 2. Let X be an arbitrary adapted submodule of M such that X # M. Then
there exists an adapted submodule X' of M such that X C X' and X'/X is a
countably generated adapted submodule of M/X. Hence, X'/X is pure-projective;

X,,. By construction, Y is an adapted submodule of M.

therefore the pure exact sequence
0-X—->X->X'/X—>0

splits.

By definition, if X is an adapted submodule of M then (M/X) ®r S = ;e Q;
for a certain I’ C I. Hence, it makes sense to talk about adapted submodules of
M/X with respect to the decomposition induced by F' = {Q;}icrr. By Step 1,
there exists a submodule X’ of M containing X and such that 0 # X’/X is a
countably generated adapted submodule of M/X. Therefore, X’ is also an adapted
submodule of M. Since X is an adapted submodule of X’ the rest of the statement

is clear.

Finally, combining the first and the second steps, we deduce that there exists an

ordinal k and a continuous chain {X, }a<x of adapted submodules of M such that
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(i) Xo =0, and
(ii) for any @ + 1 < K, Xo41/Xo is pure projective and a direct summand of
Xopi.
In this situation M = ®&(Xa41/Xa) (cf. 28] Lemme 3.1.2, p. 81]). Therefore, M

is pure projective. m

Let R be a commutative local noetherian ring with maximal ideal m. Let R
denote its m-adic completion; then the maximal ideal of Rism. If M,N are
ﬁnltely generated R-modules and f M — N is an R- homomorphlsm we define
M= M®RRN N®RRandf—f®RR M- N.

Since the extension R — R is pure, Proposition . yields the following:

Corollary 9.7. Let R be a commutative local noetherian ring, and let Pr be an

R-module. Then P is pure-projective if and only if P ®g R is pure-projective.

Now we turn to the problem of descending isomorphism from the completion to
the ring. The next lemma is crucial for that.

Lemma 9.8. Let R be a commutative local noetherian ring with mazximal ideal
m. Let M and N be finitely generated R-modules. Let h: M — N be an R-
homomorphism. Then there exists a homomorphism of R-modules f: M — N such
that (h — f)M C Nm.

PROOF. A way to derive this result is to use the lifting number of the pair of
modules M and N (cf. [20, Chap. 1, §3]). Let e = e(M, N) be such a number.

Then h induces a homomorphism
T M/Mmett = M/Mwmet! — N/Nm®™' = N/Nmct!.

By the definition of lifting number, there exists f: M — N such that the induced
morphism f: M/Mwm — N/Nm satisfies that f(m + Mm) = h(m + Mme+1) + Nm.
Hence, fsatisﬁes the desired property. m

Lemma 9.9. Let R be a commutative local noetherian ring with mazimal ideal m.
Suppose that P and Q are pure-projective modules over R such that P ®g R~
Q Qg R. Then there are homomorphisms f: P — @Q and g: @ — P such that
(1p —g9f)®1g/m =0 and (1 — fg) ® 1g/m = 0.

PROOF. Suppose that h: @1‘6]]@ — @jEJJ/\/'; is a homomorphism of E—modules,
where M;, N; are finitely generated R-modules. We claim that there exists an R-
homomorphism h: @®;c; M; = ®;ecsN; such that (h® 15) —h) ® 1g/m = 0.

To prove the claim, display h as a column-finite matrix (h;;);jesicr where
Ejﬂ-: ]\/4\1 — ]/V\] By Lemma for every j € J,i € I there exists h;;: M; — N;
such that the image of Eﬂ - Ej,i is contained in ij; moreover, if ﬁjﬂ- =0 we
take h;; = 0. Then the matrix (h;;)jesicr is column-finite, and it defines an
R-homomorphism h: @;e; M; — @©;jesN;. Using the fact that the tensor prod-
uct commutes with direct sums, we see that Im ((h ® 15) — h) C (@iej]/\}j) m
Therefore ((h® 15) — h)® 1r/m = 0. This completes the proof of the claim.
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Now suppose that there are finitely generated R-modules M;,i € I and N;,j €
J such that P is a direct summand of @®;c;M; and @ is a direct summand of
@jesN;. Let f: P®pg R— Q®Rr R and g: Q®R}A% — P®R§ be mutually inverse
isomorphisms. Let tp: P — ®ijerM;, mp: @ier My — P, 1g: Q@ — @jesN; and
mQ: ®jes N;j — @Q besuch that mpip = 1p and mgrg = 1g. Using the claim above,
we get homomorphisms fo: @®icr M; = @jcsN; and go: @jeg N;j = @ierM; such
that

fo®lg®@1pm = (@@ 15)f(rp ®15) ®1g/m and

9o ® 1§ ® ]-R/m = (LP ® 1}§)§(WQ ® ].ﬁ) ® 1R/m .
Put f = moforp and g = mpgotg. Then, writing & or o™ for the reduction of an

R-homomorphism « modulo m,
(1p — gf)~ = 1p = 7P Go 1o 7q fo ir =

lp —7p (p §gmg to To tof TP tp=1p—g f=0.

Lemma 9.10. Let R be a commutative local noetherian ring with mazimal ideal
m. Let P,Q be pure-projective R-modules, and let f: P — @ and g: Q — P
be homomorphisms such that Im(1p — gf) € Pm, Im(1lg — fg) € Qm. Then,
for every finite set X C P, there exists a homomorphism g1: Q — P such that
Im(lp — g1f) € Pm, Im(1g — fg1) C Qm and g1 f(x) = z for every x € X.

PrOOF. By Kaplansky’s theorem [I8, Theorem 1], we can assume that P and
@ are countably generated modules. Then there are finitely generated R-modules
My, Ms,... and Ny, Na,... such that P is a direct summand of &2, M; and Q is

a direct summand of @52, N;, say
PoP =M and QoQ =N (7)
i=1 i=1

If we put K = @2, (M; ® N;), a variant of the Eilenberg Swindle (Remark 2.5(1))
gives P’ @ K@) ~ K@) and Q' © K& ~ K@), Now P& K@ = (9%, M;)® K«).
The right-hand side is still a countable direct sum of finitely generated modules,
which we simply rearrange and rename as &2, M;. After another similar change
of notation,
PoKYW =M and QoK“ =PN;.
i=1 i=1
Therefore, in the decompositions (7)), we can assume that P’ = @’. Choose
mutually inverse isomorphisms f’: P’ — Q" and ¢': Q' — P’. Set

g 0

0
0= (f ) Oy M, —» @2 N; and ¢ = (0 y

0 f
Observe that Im (1pgp — ) C Pm and Im(1ggg — ¢3) € Qm. Given a finite
set X C P, there exists m € N such that X and gf(X) are subsets of &2, M;. Let
m: ®72 M; — &L, M; be the canonical projection, and let ¢: @2 M; — ®72, M; be
the canonical embedding. Put h = w(1pgp — ) : & M; — @, M;. Observe
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that Im h C (@, M;) m and, by Nakayama’s Lemma, 1 — h is an automorphism
of &M, M;. Moreover, it is easy to see that (1 — h)~! is of the form 1 — h’, where
B el M; — @ M; and Im A’ C (@2, M;) m. Put

h 0
T:=1lpgp — : @z?il M; — @?ilMi :
0 Oge M;

i=m+1

We claim that gy = mp7Tipg satisfies the properties claimed in the statement,
where mp : @2, M; — P and vp : P — @52, M; are the canonical projection and
injection relative to the first decomposition in . The properties Im(1p — g1 f) C
Pm and Im(1g — fg1) € Qm follow from the equality 7 ® 1g/m = lpapr @R 1g/m-
Let € X. Then g1 f(x) = mpripgf(z) = npmppip(x) = npTi(l — h)mip(z) =
mpumip(x). Now, as x € @ M;, we have tmup(z) = vp(x), and hence g1 f(z) =
mptp(x) =2. m

Theorem 9.11. Let P, Q be pure-projective modules over a commutative local noe-

therian ring R. Then, P ~ @ if and only if P ®p R~ Qg R.

PrOOF. We proceed as in [23]. Since pure-projective modules are direct sums
of countably generated modules, we only need to prove the statement when P and
Q@ are countably generated.

Suppose that X7, X5,--- C P are finite sets such that P is generated by (J; oy X;
and that Y{,Yy, --- C @ are finite sets such that @ is generated by |J..nY/. By

€N T4
induction, we construct chains of submodules X; C Xo C--- C Pand Y7 C Y, C
- C @, along with homomorphisms f1, fo,...: P = @ and g¢1,92,...: Q@ — P
such that

(i) each X; is finitely generated, and P = U;enX;

(ii) each Y; is finitely generated, and @ = U;enY;

(iii) g;fi(x) = x for every x € X;, and f;119:(y) =y for every y € Y;

(iv) (Ip = gifi) ® Lr/m, (1@ — fi9:) ® 1r/m, (1P — gifi+1) ® 1p/m, and (1 —
fi+19i) ® 1g/m are all equal to zero.

First, we set X; to be the submodule of P generated by X{. Combining
Lemma and Lemma we obtain f1: P — @ and ¢g;: Q — P such that
(1p —g1f1) ®r R/m = 0, (1g — f191) ®r R/m = 0 and ¢1 f1(x) = z for every
r € X;.

Suppose that X7, Xo,..., X, Y1,Yo,...,Yr1 and f1, fo, -, fx,91,92,-- -, Gk
have been defined. Set Y}, to be the submodule of ) generated by fi(X;)UY,. Us-
ing Lemmaand Lemma we find fi41 such that (1p — g fr+1)®r R/m =0,
(1g = fr+19%) ®r R/m =0 and fry19x(y) = y for every y € Yj.

Supposethat X17X27 s ana Y17Y27' .. 7Yk and f17f25 .. 'afk7fk+l7gla.927 < 9k
have been defined. We define X, to be the submodule of P generated by X; ;U

9k (Y3,). Using Lemma [9.9 and Lemma we find gx41: @ — P such that (1p —

Gk+1frer1) ®r R/m =0, (1g — fer19k+1) ®r R/m = 0, and gry1 frv1(x) = x for
every © € Xp41
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Observe that conditions (i)-(iv) are satisfied. Moreover, fi(X;) C Y; and
9x(Yr) € Xjq1. Therefore, if I > 1 and x € X;_1, then fi(z) = fi(gi—1fi-1(x)) =
fici(x). Similarly, if [ > 1 and y € Y1 then gi(y) = q1(figi-1(¥)) = g1-1(y)-
So we can define f: P — @ and g: @ — P by the rule f(z) = fi(z) if z € X]
and ¢g(y) = gi(y) if y € Y;. By construction, f and g are mutually inverse isomor-
phisms. =

Corollary 9.12. [28, Examples 11.3.1.4] Let R be a local commutative noetherian
ring and M an R-module. IfM®R§ is a projective E-module, then M is projective

over R.

PrOOF. Apply Propositionto see that M is pure projective. Since M®R]§ ~
R® ®pr R for some k, apply Theorem for pure projective R-modules M and
R™) to conclude M ~ R(") . m

If P and @ are finitely generated modules over a commutative local noetherian
ring, then P is isomorphic to a direct summand of @ if and only if Pis isomorphic
to direct summand of Q. (See [20, Corollary 1.16].) The next example shows that

this relationship can fail for pure-projective modules.

Example 9.13. Let R be the ring constructed in [32] (2.3)], with s = 2 and with
F any infinite field. This is an analytically unramified local noetherian domain of
Krull dimension 1 whose completion R has exactly two minimal prime ideals P}
and P». Moreover, E/ P; and 1?2/ P, both have infinite Cohen-Macaulay type. (This
follows from [32], (2.4)] or from the fact that each ring R has multiplicity 4 [31].
Now a result in Silvia Saccon’s Ph.D. thesis [29, Theorem 3.4.1] (cf. [2, Theorem
2.1]) guarantees that for each pair (r1,72) of non-negative integers, not both zero,
there are infinitely many pairwise non-isomorphic indecomposable torsion-free R-
modules M such that M ®p Rp, = (Rp,)"™) for i = 1,2. In particular, R has two
infinite families {A4;};>1 and {B;};>1 of pairwise non-isomorphic indecomposable
finitely generated torsion-free modules such that A; ®pz (]/%p1 X §p2) = ]%p1 and
B; ®p (j%pl X ﬁpz) = ﬁpQ.

By the Levy-Odenthal criteria [20, Corollary 2.8], it follows that none of the
modules A; or B; is extended from a finitely generated torsion-free R-module, while
the direct sums A; ® B; are. Hence, there exist R-modules P and ) that are direct
sums of finitely generated torsion-free modules, such that P = D>, (Ai ® Bit1)
and Q PD,~,(A; ® B;). Hence P®B, Q. -

However, ifP@L Q@ then, by the Krull-Remak-Schmidt-Azumaya Theorem
[5, Theorem 2.12], L = A;. Hence, by Lemma A; would be extended from
a finitely generated torsion-free R-module, but as we have remarked before this is

not possible. Hence, P is not a direct summand of ).

10. EXTENDED IDEMPOTENT IDEALS

In this section, we study the behaviour of idempotent ideals of S := Endr (M)
regarding localization and completion. If R — T is a flat ring homomorphism and
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I is an ideal of S then the canonical map IQrT — S®grT is a monomorphism and

its image is an ideal of S ®r T. Hence, we consider I @ T" as an ideal of S ®r T.

Lemma 10.1. Let R be a commutative ring. Let S be an R-algebra, and let R — T

be a flat ring homomorphism

(i) Let Pg be a countably generated projective right S-module with trace ideal I.
Then P®gr T is a countably generated projective right module over S @p T
with trace ideal I Qr T.

(ii) Assume that T is a commutative ring. Let Mg be a finitely presented right
S-module. Then the trace ideal of M @r T is Trg(M) @r T.

PrROOF. (i). By [I5l Lemma 1.3], there exists a sequence {mg}x>1 in N such
that Pg is the direct limit of a direct system of right S-module homomorphisms of
the form

g Ly gma Sy gmi Iy gmaa
and for each k£ > 1 there exists a module homomorphism gy : S™*+1 — S™* such
that gx41fk+1fk = fr- In this situation, if fi is given by left multiplication by the
matrix X, = («f;) then I = Dok Szl S.

Hence P®pr T = (lingmk) QrT = @(S ®pg T)™*. Therefore, P®p T is also a
direct limit of finitely generated free S ®r T-modules with transition maps fr QgrT.
Moreover, for any k > 1, (gr41 @r T)(fr41 @r T)(fx @r T) = fr @r T. We can
apply [15, Lemma 1.3], and the fact that R — T is a flat ring homomorphism,
to deduce that the trace ideal of the projective right S ® g T-module P ®g T is
generated, as a two-sided ideal, by the entries of the matrix Xy ® g T' and that this
implies that the trace ideal of P®Rgr T is I Qr T'.

(ii). Let f € Homg(M,S) and t € T. Then f ® ¢t induces a homomorphism in
Homgg (M ®r T,S ®@r T) satisfying m @ z — f(m) ® xt for any m € M and
any x € T. Such assignment induces the isomorphism ¢: Homg(M,S) g T —
Homgg,,7(M ®@r T, S ®r T). Therefore, if g € Homgg ,,7(M @ T,S @ T), there
exist fi,...,fn € Homg(M,S) and t1,...,t, € T such that g = (3.7, fi ® ;).

Hence,
n

9M@rT)=0(>  fi@t)(M®rT)C Trs(M)@r T.
i=1
This shows that TrS®RT(M QR T) C Trg (M) QRrT.
Let s € Trg(M), and ¢t € T. Then s = fi(m1) + -+ + fn(my) for suitable
mi,...,m, € M and f1,..., fn € Homg(M,S). Therefore, z @t € Y./, p(fi ®
) (M ®rT) C Trsgpr(M ®g T). This concludes the proof of the statement. m

Lemma 10.2. Let R be a commutative Ting. Let S be an R-algebra, and let R — T
be a ring homomorphism such that T is faithfully flat as an R-module. Let Mg be
a right S-module. Then Mg 1is finitely, respectively, countably generated if and only
if M @gr T is a finitely, respectively, countably generated S ® g T-module.

PrROOF. The “only if” direction is clear. For the converse, choose a finite,
respectively, countable set X C M, such that {t ® 1 | x € X} generates M @ T
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as an S ®pr T-module. Let Ng = >y xS. Then N®prT = M ®r T, and faithful
flatness implies that N = M. (The inclusion N < induces a surjection “upstairs”

so must already be a surjection.) m

Lemma 10.3. Let S be a ring.

(i) If I is an idempotent ideal of S, then I is equal to the trace of the right
S-module I.
(ii) If M is a right S-module with trace I, then I is equal to the trace of the
right S-module 1.
(iii) Let I and J be idempotent ideals of S. Then I = J as right S-modules if
and only if I = J.

PrOOF. (i) Clearly I C Trg(I). Also, if f € Homg(Z,S), then f(I) = f(I?) =
f(I)I C I; hence Trg(I) C I.

(ii) Let f € Homg(I,S). We want to show that f(I) C I. Since I is generated
by elements of the form g(m), where g € Homg(M,S) and m € M, it suffices to
show that f(g(m)) € I. But the map h : M — S defined by h(z) = f(g(z) is in
Homg (M, S), and f(g(m) = h(m) € I.

(iii) Let f: I — J be a surjective S-homomorphism. Then J = f(I) = f(I?) =
f(DHI C 1. If f is invertible, this yields I = J. m

Lemma 10.4. Let S denote an algebra over a commutative Ting R.

(i) Let I and J be two ideals of S. Then I = J if and only if I g Ry = JORRm
for every mazimal ideal m of R.
(ii) Let I be an ideal of S. Then I is idempotent if and only if I g Ry is an

idempotent ideal of Sy for each mazimal ideal m of R.

PrOOF. (i) I = J if and only if the R-modules I/(INJ) and J/(INJ) are both
zero, and this holds if and only if they are both zero locally. For (ii), apply (i) to
the ideals I and I%. m

Proposition 10.5. Let S denote a noetherian ring, which is an algebra over a
commutative ring R. For each mazimal ideal m of R, let I(m) be an idempotent ideal
of the ring Sy. Then there exists an idempotent ideal J of S such that J g Ry =
I(m) for each mazimal ideal m of R, if and only if there exists a finitely generated
right S-module M such that M ®g Ry = I(m) for each maximal ideal m of R.

PROOF. “only if”: Since S is noetherian, we can take M = J.

“if: Put J = Trg(M). For each maximal ideal m of R, J®g R = (Trg(M))®r
Ro = Trg, (M ®p Rw) = Trg, (I(m)) = I(m), by Lemma [10.3] (i). Since I(m) is
idempotent for each m, so is J ® g R, and now Lemma ii) implies that J is

idempotent. m
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Lemma 10.6. Let S be a module finite algebra over a local noetherian ring R with
mazimal ideal m. Let R be the m-adic completion of R, and set S=9 QR R.

(i) Let I and J be two idempotent ideals of S. If I®r R = J®p R then I = J.
(ii) Let I be an ideal of S. Then I Qg R is idempotent if and only if I is

idempotent.

PROOF. Since the map S — S is faithfully flat, right ideals A and B of S are
equal if and only if A®z R = B®g R. Now (ii) follows. As for (i), we see from
Lemma [10.3(iii) that ] ®z R = J @ R, and hence I = J. m

Proposition 10.7. Let S be a module-finite algebra over a local noetherian ring R

with mazimal ideal m. Let R be the m-adic completion of R, and set S=5 QR R.

Let K be an idempotent ideal of S. Then K is extended from a right S-module if

and only if there exists an idempotent ideal J of S such that J ®p R=K.
Moreover, if K =2 N Qg R for some S-module N, then J = Trg(N).

PROOF. Assume there exists a right S-module M such that M ®p R~ K. By
Lemma Mg is finitely generated. By Lemma i), K = Trg(K), and now
K = Trg(M ®g R) = Trs(M) ® R by Lemma Put J = Trg(M). Then
J ®r R= K, and Lemma ii) shows that J is idempotent.

Suppose now that K &2 N ®pg }/i where N is an S-module. The arguments above
show that (Trg(N))®r R =K = J®p R, and now Trg(N) = J by faithful flatness
of S—S.m

11. LEVY-ODENTHAL’S CRITERIA FOR INFINITE DIRECT SUMS

Let R be a commutative local noetherian ring with maximal ideal m and m-
adic completion R. Let M r be a finitely generated R-module with endomorphism
ring S. Write M=M QR R = LT @ --- @ L where Lq,...,Ls are pairwise
non-isomorphic indecomposable R-modules and n; > 1fori=1,...,s. Since Ris
complete, each L; has a local endomorphism ring.

As we have recalled in Theorem the modules in Add (]\//.7 ) can be written in
a unique way as direct sums of Lj,...,Ls. We want to show that this prescribed

S

structure allows us to describe the monoid morphisms Dy : V*(M) — (Nj)® and

dimg: V*(S) — (N§)° from §4]in terms of the direct sum decomposition of the
completion of the modules in Add (M).

There is a canonical ring homomorphism
08— 8= S®R}A{%End§(1\/4\).
Consider also the projection
7: End (M) = Endz(M)/J(End (M) 22 My, (Dy) X -+ x M, (Ds) (%)

where, for i = 1,...,s, D; = Endg(L;)/J(Endz(L;)).
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Remark 11.1. To claim the isomorphism in (*) we are using that the elements of
the Jacobson radical of the endomorphism ring of a module X = X; & --- & X,,,
where X; has local endomorphism ring for ¢ = 1,...,n, are those endomorphisms
f+ X — X such that for any 4,5 € {1,...,n} the morphism

X4 x5 x K,

were ¢; and 7; are the canonical morphisms. The reader can check [9, Lemma 7.1.1]

for an interesting reference where this result is proved.

Lemma 11.2. With the notation above, wo @ is a surjective ring homomorphism

with kernel J(S). Hence, 7 o ¢ induces an isomorphism
S/J(S) — Endg(M)/J(End 5(M)).
In particular, J(S) ®r R = J(S ®r R).

PrROOF. Note that S/J(S) is a finite-dimensional algebra over R/m. In par-
ticular, S/J(S) has finite length as an R-module, and it follows that the canonical
homomorphism S/J(S) — (S/J(S)) @ R = Endﬁ(l/\i)/J(EndE(]/\/[\)) is an isomor-

phism. The rest is clear. m

Set § = Endﬁ(]/w\ ). In view of Lemma there is a commutative diagram

with exact rows

0—JS)— S — S/J(S)—0
Lol = (8)
0—JS)— S — S/J(S)—0

Let P be a projective right S-module. Applying the functor P ®g — to diagram
we deduce that P/PJ(S) = P/J(P) where P = P®g S = P ®p R is also a
projective right S-module.

Let Vi,..., Vs be a set of representatives of non-isomorphic simple right S-
modules such that, for i = 1,...,s, Endg(V;) & D;. By Lemma they also
give a set of representatives of the isomorphism classes of simple right S-modules.
Therefore, if P is a projective right S-module, then P/J(P) Vl(h) oV ~
P/J(P). In particular,

dims([P]) = dimg([P). (9)

Notice that dimg: V* (5) — (Ng)? is an isomorphism, because M is a direct sum
of modules with local endomorphism rings by Theorem so S is a semiperfect
ring. All together, we have completed the commutative diagram in Section M| in

the following way

Urers) V(S/T) ? (Ng)* (10)

(S)
\L / Tdimg

V*(S) = V(S)|IB(S) V*(8) =V (S) 4+ 00 - V(5),

B
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where B([P]) = [P] = [P ®g R] for any countably generated projective right S-
module P. Recall that a and dimg are isomorphisms.
By Proposition there is an equivalence between the categories Add(Mpg) and

Add(Ss) (as well as between Add(Mp) and Add(Sg)). The following remark uses

such equivalences.

Remark 11.3. Let N € Add(]\//.T)7 and let Qg = HomE(J\/J\, N). By construction,
N Lgh) @ - & LY if and only if Q/JI(Q) = Vl(h) @ -+ @ Vi) Therefore, for
X e Add(M), X og R= L") & ... & LY if and only if

Homp (M, X)/J(Homp(M, X)) 2 Vi & ... g V).
Therefore, in this situation,
Dy ([X])) = Dy ([X @ B]) = Dy([X])

for any countably generated module X € Add (M) and its value can be read directly
in the decomposition into indecomposable direct summands of X.

Combining the reinterpretation of the dimension functions in the completion with
the results on extensions of idempotent ideals in section we can now complete

Proposition 4.11] in the following way.

Proposition 11.4. Let R be a commutative noetherian local ring with mazimal
ideal m. Denote by R the m-adic completion of R. Let M be a non-zero finitely
generated R-module, and write M=M QR R= L' @@ L7 where Ly,..., L
are pairwise non-isomorphic indecomposable R-modules and n; >1fori=1,...,s.
Let S = Endp(M) and S = S®p R. Let x € (N§)?, set A = oo —supp(x). Let
7o (N§)® — (Ng) {13\ denote the canonical projection.
Then the following statements are equivalent:

(i) There exists a countably generated R-module X in Add(M) such that D ([X]) =
X.

(ii) The ideal Trg(HomE(]\/f7 @iealy)) is extended from an S-module Y. More-
over, if I = Trg(Y) then there exists a finitely generated projective right
S/I-module Q such that dimg,;([Q]) = ma(x).

If, in addition, R has Krull dimension 1 and M is torsion-free and A # (0, the
above statements are also equivalent to:

(iii) The ideal Trg(Hornﬁ(]/W\7 @iealLi)) is extended from an S-module.

(iv) The element y € (N§)® such that supp (y) = oo — supp(y) = A is in
Dy (V*(M)).

PROOF. (i) = (ii) In view of Proposition if (¢) holds, there is an idem-
potent ideal I’ of S such that supp(dimg([I'])) = A. By Lemma [1.8 I'/I' J(S) =
DieaV" = T/TJ(S).

Let I = Trg(Homﬁ(M\, @ieaLi)). Since I is the trace ideal of a (finitely gener-
ated) projective right §—module, it is an idempotent ideal of S and, by Lemma
supp(dim§([f])) = A. Therefore I/TJ(S) = I’/T'J(5), and this implies that I = I’
[15, Corollary 2.9]. This proves that I is extended from the S-module Y = I.
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Notice that, since I’ is idempotent, Trg(I’) = I'. The rest of the statement
follows from Proposition [£.11}

(#3) = (i) We show that our hypothesis imply that statement (i#¢) in Proposi-
tion holds. Let K = Trg(Homﬁ(J\/Z, @;enlL;)). By hypothesis, K is extended
from an S-module then, by Proposition K is extended from an idempotent
ideal I of S. By Lemma [£.8]

supp(dimg([K])) = A = supp(dims({I]))

and this proves the first part of Proposition m (ii). The second part of that
statements are part of our hypotheses. This finishes this part of the proof.

It is clear that (i¢) implies (éi4). Assume that R is a local domain of Krull
dimension 1 and that M is torsion-free. We want to prove (iit) = (i).

Repeating the argument done in (i7) = (4), the hypotheses imply that there ex-
ists an idempotent ideal I in S such that A = supp(dimg([1])). So Proposition [£.11]
(iii) holds, and this implies ().

The equivalence of (ii:) and (iv) is already proved in Proposition ]

Now we are ready to prove a version of the Levy-Odenthal criteria to infinitely
generated modules. In the following result, we recall such criteria in its more general
version from [10].

If R is a commutative ring, we denote by K (R) its localization at the comple-

mentary of the union of the minimal prime ideals of R.

Theorem 11.5. ([10, Theorem 4.1]) Let R and T' be local noetherian commutative
rings with maximal ideals m and n, respectively. Let p: R — T be a local morphism
satisfying that
(1) @(@)T =n,
(2) ¢ induces and isomorphism of residue fields.
Assume also that R has Krull dimension 1.
Let S be a module finite R-algebra. Let N be a finitely generated S ® T -module.
Then N is extended from S if and only if N®g K (S) is extended from an S®@p K (R)
module. O

Remark 11.6. Assume that R is a one dimensional noetherian domain with reduced
completion R. Then K (R) is the field of fractions of R, and K(R) = Rp, x - -x Epe,
where ﬁpj is a field for each 7 = 1,...,¢ and where Py, ..., P, is the set of minimal
primes of R.

If X is a finitely generated R-module, then X ®p K(R) & K(R)™ is a finite
dimensional K (R)-vector space. Therefore )A(®§K(1§) ~ K(R)" = }A%% XX ]%’},Z.

Hence, in this situation, Theorem claims that a finitely generated R-module
N is extended from a finitely generated R-module if and only if N @z K (E) =

K(R)™ for some n > 0. Now we want to show that this extends to countably
generated modules in Add (M).

Lemma 11.7. Let R be a local noetherian domain of Krull dimension 1 with quo-
tient field K and with reduced completion R. Let K(ﬁ) denote the total quotient
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ring of R. Let Mp be a finitely generated torsion-free R-module, and let N be an
R-module in Add(J/W\ﬁ).

If N is not finitely generated as R-module then neither is N ®p K(ﬁ) as a
K(ﬁ)—module,

—

PROOF. N is a non finitely generated module in Add (M) if and only if there
is an infinite set A and a (split) embedding e: N — M® such that my o e # 0 for
any A € A, where 7y : M® — M denotes the projection onto the component .

Since M is torsion free and the going-down Theorem holds for the embedding
R— }A%, the annihilator of any non-zero submodule of M is contained in a minimal
prime of R. This implies that, for any A € A, the induced map 7\ ®p K(]??) # 0.

~ ~

Therefore, N @z K(R) cannot be a finitely generated K (R2)-module. m

Theorem 11.8. Let R be a local noetherian domain of Krull dimension 1 with
quotient field K and with reduced completion R. Let K(}A%) denote the total quotient
ring of R. Let Mp be a finitely generated torsion-free R-module. Then the following

o~

statements are equivalent, for a countably generated R-module N € Add(Mpg):

(i) N is extended from an R-module;
(ii) there exists a countable set A such that N @p K(R) > K(R)®;
(iii) N is extended from a countably generated module in Add(Mpg).

PROOF. We may assume that N # {0}.

(1) = (i1). Assume that there exists an R-module X such that N 2 X ®p R.
Since K is a field, X ®p K = K for some index set A, which must be countable,
by Lemma [10.2} Therefore

NosK(R) =X @rKog K(R) = K™ o K(R) = K(R)™.

(i) = (iii). Set M = L™ @ --- @ L,

where Lq,...,Ls are pairwise non-
isomorphic indecomposable torsion-free R-modules and n; € Nfori=1,...,s.
By Theorem N & LgAl) O D LgAS) for suitable countable sets Aq,...,A.
Reordering the L;’s, if needed, we may assume that Ay, ..., A; are infinite and that
Atq1, ..., Ag are finite. If ¢ = 0 the statement follows from the usual Levy-Odenthal
criteria, see Theorem So we may assume that ¢ > 0 and, therefore, N is a
countably generated R-module that is not finitely generated.

By Remark D(N) = (00,.”. 00, [A¢s1],...,|As]). By Proposition m
(iv), N is extended if and only if (c0,.%.,00,0,...,0) € Dy (V*(M)). Equivalently,
cf. Propositionm (iii), N is extended from an R-module if and only if the idempo-
tent ideal of 5, I = Trg(Homﬁ(]\//.T, @®!_,L;)) is extended from an S-module, where
S = Endﬁ(]\//f) ~ Endg(M) ®r R. To prove I is extended we shall use again the
Levy-Odenthal criteria over the finitely generated R-algebra S, cf. Theorem [11.§
First, we need some preparation.

Let Py, ..., P; be the set of minimal primes of R. Since R is reduced, K(ﬁ) ~
ﬁpl X o X ﬁpﬂ, where ﬁpj is a field for each 7 = 1,...,¢, cf. Remark By
hypothesis,
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£ 4 s
Hﬁg:) =Nag K(ﬁ) = H (Z(Lz Sp ﬁPj)(Ai)> .
j=1

j=1 \i=1
By Lemma since M is torsion-free and NV is not finitely generated, neither is
N ®p K(ﬁ) Hence, A is infinite and, therefore, (L1 @ --- @ L) @5 Epj # {0} for
each j=1,... 4.
Fori=1,...,t,set @Q; = Homp (M L;),then I = Trg(Q1®---©Q¢). By Lemma
10.1} for each prime Pj, I ®5 Rp]. & Trs® R, (1 ® Q) @5 ﬁp ) which is

different from zero because (L1 @ --- @ L) ®R RpJ = 0. Since Rp is a field for
j=1,...,¢, it follows that S®RRP =~ Endp (M®RRP ) is a simple artinian ring.

Therefore, for j =1,...,0, I ®5 J0 Rp is a non-zero idempotent ideal of the simple
artinian ring S®RRP ;80 1@z Rp, = S®RRP Therefore, I® 5 K(R ) S®R (R)
which is extended from S®p K (R). By Theorem we deduce that I is extended
from a finitely generated S-module. By Proposition [11.4] (iii), this completes the
proof that (ii) = (iii). Since (iii) trivially implies (i), we are done. m

The statement and the proof of Theorem [T1.§] give also a system of linear equa-
tions that describes the elements of Dy (V*(M)).

Corollary 11.9. We continue with the same hypothesis and notation as in Theo-
rem and its proof. Let x = (21,...,z;) € (N§)°, and let aj; := dimg_ L; ®p
ﬁpj. Then x € Dy (V*(M)) if and only if

S S
Zajixi = Zakiwi
i=1 i=1
forany j, ke {1,...,0}.

PROOF. To easy the notation, let L(°®) denote the countable direct sum of
copies of the module L.

Let N = L") @ ... @ L), Since, by hypothesis, M = L™ & --- @& L" for
some (nq,...,ns) € N°, Add (A) = Add(L1 @---@® Lg). Hence, N is a countably
generated module in Add (M ) By Theorem N is extended from a countably
generated R-module if and only if dimg N ®R Rp = dlmR N®gp Rpk for any j,
k € {1,...,¢}. This is equivalent to say that (T1,...,Ts) satlsﬁes the equations in
the statement.

If there is a countably generated R-module X € Add (M) such that X @R = N
then, using the commutative diagram we deduce that

D ([X]) = dimg Hompg (M, X) = dimg Hom g (M N) =

Now we are ready to show that the monoids appearing in Proposition that
contain an order-unit can be realized as V*(M) for M a finitely generated torsion-

free module over a one-dimensional noetherian domain with reduced completion.
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Example 11.10. Let a = (ay,...,as) and b = (b1,...,bs) be elements in N§ such
that a — b # 0 and, for each i € {1,...,s}, a; + b; > 0. Assume also that there is
(n1,...,ns) € N¥ such that Y7, amn; = 3.5, bin,.

Then there exists a local noetherian domain R of Krull dimension one with
reduced completion ]TL and a finitely generated torsion-free R-module M such that
M ®g R= L' @®---@® L7, where Ly,..., L are non-isomorphic indecomposable
R-modules, and such that dimpg(V*(M)) is precisely the set of solution in (Ng)? of
the equation Y., a;t; = > i_, bit;.

ProOOF. By using [20, Construction 2.9, Theorem 2.10], we know that there
exists a domain R as in the statement such that its completion R is reduced and has
exactly two minimal prime ideals P and Q. Moreover, there are finitely generated,

non-isomorphic torsion-free R-modules Ly,...,Lg such that, forany ¢t =1,...,s
rank(L;) = (dimg_ (L; ® Rp), dimp_(L; ©5 Ro)) = (ai, by).

Notice that this is possible because (a;,b;) # (0,0). By the usual Levy-Odenthal’s

criteria (cf. Theorem , L' @ --- @ L7+ is extended from a finitely gener-

ated torsion-free R-module M. By Corollary the countably generated mod-

ules in Add(M) are precisely the modules of the form LgAl) GRERNC) LEAS)
(|A1],- -+ ,|As]) is a solution in (N§)® of the equation in the statement. m

where

In the next example we discuss the summands that are not direct sums of finitely
generated ones in the realization technique of full monoids defined by diophantine

equations given [32], see either |20, Theorem 2.12].

Example 11.11. Let A be a full submonoid of N§, with order-unit (nq,...,ns),
which is the set of solutions of a system of equations ET = 0 where E € Myy(Z).
Then there exists a local noetherian domain R of Krull dimension one with re-
duced completion E, and a finitely generated torsion-free R-module M with endo-
morphism ring S, such that Dy (V(M)) = A, and such that Dy, (V*(M)) is the
monoid Buax(V(M)) (cf. Remark (3) and Proposition .

In particular, any element of (Nj)® with non-empty infinite support must be in
Dy (V*(M)). Equivalently, if M ®p R L' ®---@® L7, where Ly,..., L, are
indecomposable pairwise non-isomorphic modules, then any countably generated
module of the form Lgh) - -@Lgls), in which some I; is infinite, must be extended

from a countably generated module in Add(M).

PrROOF. Take R and M given by the construction in [20, Theorem 2.12]. That
is, R is a one dimensional domain with reduced completion R such that R has £+1
minimal prime ideals Pj,..., Pyy;. The domain R can be chosen such that there
exist Lq,..., Ls torsion-free R-modules and different hi,...,hs € N such that, for
1e{l,...,s},

diml?ipj (Lz ®§ Rp7) =e;; + h; >0
where j € {1,...,¢} and ej;; denotes the corresponding entry of the matrix FE.
Moreover,

dimﬁPzH (Li p RPHI) =h; >0,
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Since all h;’s are different, the R-modules L;’s are pair-wise non-isomorphic.

Let H € My«s(Z), be the matrix such that, for ¢ € {1,...,s}, all entries in its
i-th column are equal to h;. Then the monoid A is also the set of solutions in
N of the system (E + H)T = HT. Notice that if x = (21,...,2) € (N§)® is a
solution of the system, then the module N = ngl) G- LS’“’” satisfies that, for
any j=1,...,¢,

dimﬁpj (N ®§ Rpj) = dirnﬁpprl (N ®§ Rle).

By Theorem [I1.5 and because (ny,...,n,) € A, L' @---@® L+ is extended from
a torsion-free R-module M. By the usual Levy-Odenthal criteria, D (V(M)) =
A. By Corollary Dy (V*(M)) is the set of solutions in (N§)® of the system
(E+H)T=HT.

By Remark (3) and because all the entries of F 4+ H are strictly positive, the
monoid of solutions of the system is Bpax(V (M)). Then any infinite direct sum of
the L;’s is extended from a countably generated module in Add(M). m
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