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A NOTE ON REARRANGEMENT POINCARE INEQUALITIES
AND THE DOUBLING CONDITION

JOAQUIM MARTIN* AND WALTER A. ORTIZ**

ABSTRACT. We introduce Poincaré type inequalities based on rearrangement
invariant spaces in the setting of metric measure spaces and analyze when they
imply the doubling condition on the underline measure.

1. INTRODUCTION

An important topic of study in the rich theory of Sobolev spaces defined on
metric measure spaces, are the so-called spaces that support Poincaré inequalities
introduced in [14] (for more information, see for example [9], [10], [11], [12], [17],
[16], [24], [7], [3], [20], [21], [22] and [23] the references quoted therein).

In order to define this notion, let us recall that a metric-measure space (£, d, i)
is a metric space (2,d) with a Borel measure p such that 0 < u(B) < oo, for
every ball B in 2, we denote by ¢ B the dilation of a ball B by the factor o, i.e. if
B = B(z,r) = {y € Q:d(x,y) <r}, then 0B := B(z,0r). A Borel py-measurable
function g > 0 is an upper gradient of f, if for all rectifiable curves ~ joining points
x, y in ), we have

@) - ()] < / gds.

y
This definition of upper gradient is due to Heinonen and Koskela in [14] (see also
[15] for a more detailed exposition).

A metric measure space (€, d, u) is said to support a (g, p) —Poincaré inequality,
q,p € [1,00), if there is a constant ¢ > 0 and o > 1 such that

whenever B is a ball of radius r > 0, f € L{,.(Q) and g is an upper gradient of f

(here fp denotes the integral average: fp = ﬁ I fdp).
Usually, at the root of analysis in this field, doubling measures play a central
role since they provide a homogeneous space structure, which makes it possible to
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adapt many classical tools available in the Euclidean space. Recall that u is said
to be doubling provided there exists a constant C' = C), > 0 such that

1(2B) < Cu(B) for all balls B C .

For example it was proved in [12, Theorem 5.1] that a (1, p) —Poincaré inequality
self-improves in the sense that it implies a (g, p) —Poincaré inequality for some
q € (p,00).

Recently, the study of when the family of inequalities (1) implies that the un-
derlying measure is doubling has begun to be widely considered (see for example
[11], [24], [10], [15], [12] and the references quoted therein, for more applications).

In [16], it has been shown that, if a Borel measure p in the Euclidean space
(R™, d), satisfies the following (¢, p) — Poincaré type inequality (¢ > p > 1): There
exists a constant C' > 0 such that for every Euclidean ball B and every Lipschitz
function ¢ compactly supported on B it holds true that

(G /. |<P|qdu)1/q§07“ G /. IthIpdu>l/p+C(ﬂ(lB) / lepdu)l/q,

then pu is doubling. In [1], a perusal at the proof of the previous result, allowed the
authors to translate this beautiful result to the metric setting without assuming
the balls had the same radius on both sides.

It is know (see for example [17, Example 2.2] and [1, Example 4]) that there
exits metric-measure spaces endowed with a non-doubling measure that supports
a (p,p)—Poincaré inequality (1) for all 1 < p < oo, therefore the result obtained
in [1] is sharp when considering Poincaré inequalities in which the functions norms
involved are given by LP—spaces.

The natural question, in view of the above, is whether we can obtain weaker
versions of Poincaré’s inequalities that still would imply the doubling property. In
other words, we wonder if it is possible to replace the norm on the left-hand side
by one smaller than any power bump and still obtain that p is doubling. A first
attempt in this direction was done by L. Korobenko in [17, Theorem 2.4], where she
considered in the left hand side an Orlicz norm! and a L' norm in the right hand
side and was able to prove the following result: Let (£2,d, u) be a metric measure
space and let ® be a Young function (see Section 2 below) such that there exists
an « > 1 satisfying

2) O(t) > t(1+Int)*, t> 1,

for some a > 1. Assume that there is a constant C' > 0, such that

B Mol o —nr{aso [ () A <0

dp
< CT‘/ wlP ——.
)

whenever B is a ball, w is a p-measurable function supported on B with zero
boundary values and g is an upper-gradient of w, then p is doubling.

The above two results raise the question of what kind of function spaces are
suitable in Poincaré’s inequalities definition in order obtain the doubling condition.
The aim of this paper will try to answer this question, to this end, we will enlarge

ISee Section 2 below.



the class of function spaces, and corresponding norms, which define Poincaré’s in-
equalities and will analyze when still imply the doubling condition. Since the norm
of functions in Lebesgue or Orlicz spaces just only depends on its integrability prop-
erties, the natural class seems to be the class of rearrangement invariant function
spaces (r.i. spaces for short). Roughly speaking, a r.i. space is a Banach function
space where the norm of a function depends only on the y-measure of its level sets.
Lebesgue and Orlicz spaces are examples of r.i. spaces (see Section 2 below).

The paper is organized as follows. In Section 2 we introduce the notation, the
standard assumptions, give a brief overview in the theory of r.i. spaces used in the
paper and state our main result. Section 3 is dedicated to the proof of this result
and we make further comments and remarks. Finally, the last section contains
several examples.

2. PRELIMINARIES

In this section we establish some further notation and background information,
we provide more details about metrics spaces and r.i. spaces in will be working
with and state our main result.

For measurable functions f :  — R, the distribution function of f is given by

up(t) = plo € Q: |f(@) >t} (t>0)

The decreasing rearrangement f); of f is the right-continuous non-increasing
function from [0, c0) into [0, 00) which is equimeasurable with f. Namely,

fu(s) =inf{t > 0: pys(t) < s}.

We say that a Banach function space with the Fatou property X = X () on
(Q,d, ) is a r.i. space, if ¢ € X implies that all equimeasurable function f, i.e.
[ =g}, also belong to X, and || f|x = [|g[/x-

A basic example of r.i. spaces are the standard Lebesgue spaces LP(Q2), for p > 1.
A generalization of the Lebesgue spaces is provided by the Orlicz spaces.

Let A: [0,00) — [0,00) a Young function, namely a convex (non trivial), left-

continuous function vanishing at 0, the Orlicz space LA((, ) is the collection of
all p—measurable functions f for which there exists a A such that

/QA<|f(;)|>du<oo.

The Orlicz space L4(u) is endowed with the Luxemburg norm

1f1lLa(q,u = inf {)\ > 0; /Q A ('f(;)') dp < 1} :

A ri. space X = X(2) on (Q,d,u) can be represented by a r.i. space on
the interval (0, u(f2)), with Lebesgue measure, X = X (0, 4(€2)) such that | f||x =
£l %, for every f e X.

The space X is called the representation spaces of X, a characterization of the
norm || - || g is given in [4, Theorem 4.10 and subsequent remarks].

Remark 1. Since (see [4]) for any nonnegative, increasing left continuous function
¥ : [0, u(2)) such that ¥(0T) = 0 we have that

w(€)
[otrhan= [ wtsishas,
Q 0
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it can be easily seen that the representation space of an Orlicz space LT (S, p) is
L2((0, u(£2))), the Orlicz space defined on (0, 1(2)) with respect then Lebesgue mea-
sure, in particular, the representation space of LP () is LP((0, u(€2))).

We now look for a form of Poincaré’s inequalities defined by r.i. spaces.

Definition 2. Let (Q2,d, ) be a metric measure space, let B C Q) be a ball , denote
up = u(B)~tu. Given a r.i. space X on Q we define

X(Butin) = {1 € Lol Ul ) = (o) B | <0}
(X (0,1) denotes the representation spaces of X where its function norm is restricted
to (0,1))%.

Definition 3. Let (Q,d,pn) be as above. Given two X,Y two r.i. spaces on ),
we say that the triple (Q,d, u) admits a (X,Y) —Poincaré inequality if there exist
constants C'g, o0 > 1 such that

(4) 1f = FBllx B us) < Csm19lly (08 10 s) »

whenever B is a ball of radius r € (0,00), f € L} () and g : Q — [0,00] is an
upper gradient of f.

Remark 4. Let ® be a Young function an h € LlOC(Q). By remark 1 we get
du / du
/B (1A) n(B) Q ( )M(B)
wu(B) ds
= hxs
[ e () 25

= /01 ((th )

1o 5my = ||(B); (s1e(B))]

In Particular, our (LY, LP) — Poincaré inequality coincides with the classical (g, p)— Poin-
caré inequality given by (1). Similarly for an Orlicz space LT, the (L‘I), Ll) — Poincaré
inequality is the same that (3).

Thus

L?(0,1)

Obviously, we cannot expect that a (X, X)—Poincaré inequality implies the
doubling property, we shall need to replace the space in the left-hand side in order
to obtain “a gain”, to this end we shall consider the fundamental function of a r.i.
space X on ().

Given a r.i. space X on (2, its fundamental function is defined by px(s) =
Ixellx , where E C  is an arbitrary measurable subset with p(E) = t. By renorm-
ing, if necessary (see [4]), we can always assume that @ x is concave and px (1) = 1.
We also assume in what follows that ¢x(0) = 0.

Our main result is the following theorem.

2The norm Il x (B,up) 18 closely related with the average norm introduced in [6].



ex(t)

ey (t)
continuous increasing function g : [1,00) — [1,00) with g(1) = 1, such that

¥ (1) 200, €20,

satisfying Ermakoff’s condition®

Theorem 5. Let X, Y be two r.i. spaces on Q. Let U(t) = . If there exists a

(5) im 98

t—oo g(et)

Then, if the triple (Q,d, 1) admits an (X,Y) — Poincaré inequality, then measure
w is doubling.

Condition (5) controls “the gain” needed on the left-hand side norm that al-
lows us to deduce the doubling condition. For example, if a (L‘I’,Ll) —Poincaré
inequality holds and the Young function satisfies ®(¢) > ¢ (1 + Int)® for ¢ > 1, then
W(1/t) > (14+In$)”. Whence, in case that & > 1 (5) holds and the Theorem
applies (in particular we recover the main result of [17]). When a = 1 it is not
possible to conclude the doubling property (see [17, Remark 3.1]) (notice that in
that case condition (5) fails).

3. THE PROOF OF THEOREM

Let us write h(t) = tg(¢). Ermakoff’s condition (5) implies that the series
Py ﬁj) is convergent, let us denote by ¢; its sum. Given B := B(y,r) C Q
set 2B := B(y,2r) and define the family of Lipschitz functions {f;}.y in the
following way: for j =1, set r; = r, and

T
Ty —Tji+1 = 2C1h(])

Let
1, Zfl'e Bj+1
r; —d(z,y) .
fila) == F——"25, if v € Bj\ Bj
Tj —Tj+1
0, if x € Q\ Bj.

Also for j € N, define the balls B; as
1
§BCBj ={reQ:d(z,y) <r;} C BC2B.

(the first inclusion follows from the fact that lim; . 7; = r/2). Then, for each j,

1 2Clh(j)
g; = XBj(z) =
7"]' — 7"]'+1 T

XBj(z)

is an upper gradient of f;. By the (X,Y’) —Poincaré inequality (4) applied to each
f;j on 2B we get

(6) 1/ = (fj)2B||X(2B,u23) < 20 l9lly 208, piz0m) -

3V. P. Ermakoff [8] gave in 1872 a test for convergence of positives series based on the expo-
nential function and the integral test. Namely, given a continuous, positive increasing function
tg(t)
g(et)

g :[1,00) = [1,00), such that lim;— o = a, then the series > 7 | #(n) converges when

a < 1 and diverges when a > 1 (a proof can be found in [18, p. 296 and p. 298]).
‘We do not know any example where the limit exists but is different from 0,1 or co.
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By the triangle inequality,

(7) Hfj”X(2B,uzB) Hfj - (fj)QBHX(ZB,;LQB) + H(fj)ZBHX@B,ygB)

||f] - f.? QBHX 2B,p,23 + |(~fj QB|
2 |9lly 208,120 ) T |(f1)2p]  (By (6))
Observe that for each fixed j € N, we have that

IN

201h
(8) 19511y 205 20 ) . Hsmwwmw>
_ 2ah() [ (B
r w(20B)
2c1h(g) ([ 1M(Bj) ,
< 3 >1).
< " Yy 1(2B) (since o > 1)

Using that f; <1 and it is supported on B; C 2B, we obtain

—§§/|mw=/<mwwmmm
(by Holder’s inequality (see [4]))

(9) |(fj)23’

A

< ()" (su(2B Ibmm
||X 0,1(B; )](Sﬂ ||y(o 1)

- (e

Moreover, since f; =1 in Bj1, we get

IN

(10) Hfj”x(zB,MB) = HXBJHHX(ZB,;LZB) = HX[O’H(BJ“Fl))(SM(QB))HX
_ #(Bjt1)
wx(Mﬂﬂ>'

Inserting the information (8), (9) and (10) back in (7) we obtain

w o () < e (G )

At this point, for j € N, define

where C = 8cc; .

Using this notation we can write (11) as

M(Bj+1)) 1
12 ©Yx ( < .
12 w2B) ) = BB
On the other hand, (5) ensures that we can pick D > 1 such that
1 g(Det
(13) 9(De’) £> 1.

eC tg(t) ~



We will show that there is a constant C such that

1
(14) P (B)= ——F——
B)
Cov (45) ™
for all ball B C 2, which implies that p is doubling.
Suppose that (14) is not satisfied, then there exists a ball B C € such that
1

Coy (u((;?))

<C

(15) P,(B) = > e2D.

We will show by induction that
(16) P;j(B) > Pi(B)el .

The case j = 1 is triviality true. Assume that P;(B) > P;(B)e/~!, for some j > 1.
We claim that

(17) gDXl(t)Scpyl( (t)>, 0<t<l.

1

¢
Assuming momentarily the validity of (17), and taking into account that P;(B) >
Pi(B)e?~! > 1, it follows from (12) (17) that

and
1(Bj+1) -1 1 -1 1
p@D) X (Pj(B) =¥y (Pj<B>g<Pj<B>>>‘

Therefore (Bj11) 1

M Bj1

o < u(2B) > - BB B)

and so Pj(B)g(Pj(B))

PinB) 2 =555
Hence,

Pj(B) = (h)(](Jrl()))
1 )J
Py(B)elg( 22 ) (by (16))

>
— Ce(i+1)g(G+1)
_ P(B)eig(De)
T Ce(l+1)9(G+1)
> Pi(B)é? by (13).
But now (16) implies that P;(B) — oo as j — 0o, which contradicts the fact that
1 1

Ch(i)ey (455) = ChGi)er G

Thus, (14) holds true and the proof is complete.
It remains to prove (17). By the concavity of px we get that ¢ < px(¢) if
0 < t < 1, therefore since g (1/t) decreases we have that

(mm) = (1) =5

(by (15))

P;(B) = -0, j— oo.
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Letting t = ' (s) we obtain

and so
oy (9x(s) < —
Y <
* g (%)
i.e.
t
ey (t) < SOXE )
g (mt))
Whence

t= 0y (v (t) < ¢y

which is equivalent to

as we wished to show.

Remark 6. The iterative arguments used in the proof are inspired in the method
used in [17].

Remark 7. It is plain that if in Theorem 3, the r.i. space X (resp. Y') is replaced
by any r.i. space X (resp. Y) such that has equivalent fundamental function, i.e.
there is ¢ > 1 such that %gox < vg < cpx, then the conclusion remains true with

X replaced by X (resp. Y replaced by )A’)
Associated with a r.i. space X we get the Lorentz and Marcinkiewicz space
defined by the r.i. norms

1 rt 1)
s =50 (7 [ :0as) ex @ Wl = [ fi0dexto:

Since
eumx) () = oacx) (t) = ox(b),
and (see [4])
AX)Cc X Cc M(X),

we have that (X,Y) —Poincaré’s inequalities, in the previous Theorem can be re-
placed by the weaker (M (X), A(Y))—Poincaré’s inequalities.

4. EXAMPLES

In this Section we shall give several examples where Theorem 3 can be applied.
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4.1. LP-spaces. Let X = LP?(u) and Y = LP(u) where 1 <p < oocand 1 <o <
00. The function ¥(t) = #3(571) i decreasing and considering ¢(t) = ¥(1/t) an
()
V(e t)
a (LP?, LP)—Poincaré inequality, then measure p is doubling and we recover the
results of [16] and [1].

elementary computation shows that lim;_, ., = 0. Thus, if (22,d, p) admits

Remark 8. Let p,q € [1,00]. Assume that either 1 < p < oo and 1 < g < oo, or
p=q=1, or p=gq=o00. Then the functional defined as
1

L)

Hf”Lp.q(sz,u) =

La((0,1(92)),ds)
is equivalent to a 1.i. function norm. The corresponding r.i. space is called a
Lorentz space.

Assume now that either 1 <p < oo andl <qg< oo anda €R, orp=1,q=1
anda>0orp=g=oc0 and a <0, orp=00,1 < qg< o0 and a +1/q < 0. Then
also the functional given by

1 1 1
tra fr(t)(141In" )°

11 e =\
LPa:e(Q,u) La((0,11()),ds)

is equivalent to a 1.9. function norm. The 1.i. space built upon this function norm
is called a Lorentz-Zygmund space.

Lorentz spaces and Lorentz-Zygmund spaces has the same fundamental function
that Lebesgue spaces, hence the same result holds for these spaces.

4.2. Orlicz spaces. When working in Orlicz spaces, it is useful to establish con-
ditions in terms of Young’s functions instead of fundamental functions, in the next
result we state the version of Theorem 3 in this sense.

Theorem 9. Let L4 (Q, ) and LA (Q, ) be two Orlicz spaces on Q0 with Young
functions A and A. Let g : [1,00) — [1,00) be a continuous increasing function
with g(1) = 1, such that

(18) Atg(t) <A@t), t>1.

that satisfies (5). Then, if the triple (2, d, n) admits a (LA,LA> — Poincaré in-

equality, then measure y is doubling.

Proof. From A (t) > A (tg(t)) we obtain
tg(t) < A1 (,21 (t)) .

Since @ra(t) = m (see [4]), we can write the above inequality as

1
tg(t) < ———.
" e (i)

On the other hand, since @Zi (1) = ﬁ, we get that

1

tg(t) < ol (%ﬁ (%))

9
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which implies

t
~1 -1
90’(75)<§DLA< 1)7
“ 9(3)
Now with the same argument used in the proof of Theorem 3 from (17) we finish

the proof. 0

In the particular case that (2, d, u) admits a (LA, Ll) —Poincaré inequality with
A(t) > t(1 +1nt) for t > 1, we recover [17, Theorem 2.4].

4.3. General Case. The upper and lower Zippin indices associated with a r.i.
space X are defined by

— In Mx(s) In Mx(s)
= inf d = —_—
Bx ;I>11 Ins n éX SL<II:1) Ins ’

where (ts)

px(ts

Mx(s) = su , §>0
x(s) t>€ ox (1)
It is known that (see [25, p. 272])
0<B, <Bx <1,

and that for any € > 0 there is 6 = d0(e) such that the following inequalities are
satisfied

19 Px < Mx(s) < s2x7°, 0<s<§,
(

(20) sPx < Mx(s) < s%x7¢ s>1/6.
Let X,Y two r.i. spaces, then
py(t) _ ev(st) ox(st)  ov(t) _ py(st)
px(t) 7 ex(st) >0 @x(t) >0 @y (st)  @x(st)
Pick € > 0, letting s = 1/¢, and combining (19) and (20) we get (for ¢ small enough)
ey (t) <
px(t)

Mx(s)My(l/S).

1 —
MﬂﬁMﬂﬂgﬁr@,

thus
(t) _ (pX(t) > téY—BX.
ey (1)
Therefore, if 8, < Bx and (£, d, 1) admits a (X,Y) — Poincaré inequality, then p
is doubling.

In certain sense, Zippin indices (see [25]) indicate us the ‘position” of the space,
with respecte to LP spaces, notice that @LP =By = 1.

We can also apply our Theorem when Zippin indices of the involved spaces
coincide, but in this case need to ensure that ¢y decreases slightly more rapidly
that py (), for example, assuming that there exists b : (0,1) — (0,00) a slowly
varying decreasing function (i.e. for each € > 0, the function t°b(¢) is equivalent to
a increasing function and t~b(¢) is equivalent to a decreasing function (see [5])),
so that

> b(1).
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Then, if b(1/t) satisfies Ermakoff’s condition (5) and (€,d, u) admits a (X,Y) —
Poincaré inequality, then p is doubling.

We finish the paper giving some examples of decreasing slowly varying functions
that satisfies Ermakoff’s condition

Example 10. Let n € N. The iterated logarithmic on (0,1) are defined by

Li(t)=0(t)=1+1In¢
Lni1(t) = ULy (t), n>2.

The following functions are decreasing slowly varying functions that satisfy Er-

makoff’s condition:

(10]
[11]
[12]
(13]

(14]

(i) Let k <m, (k,m € N)
Ly (t) )

Clom(t) = exp <Lm(t)

(i) Let k > 1, and i = (ou, a2, - -+ , o) where 0 < a; < 1, (j < k)

di(t) = exp ((L1(£)™" (L2(t))™* -+ (L (£)™) -
(i) Letm e N and a > 1

bl = [ T 250 | (2att))"

(Notice that if « <1 Ermakoff’s condition is not fulfilled).
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