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ARTICLE INFO ABSTRACT
Keywords: This paper addresses issues and challenges associated with approximation-based adaptive neural
Approximation-based-neural adaptive control event-triggered output feedback control schemes for a group of non-integer order non-strict

Event-triggering mechanism

: > feedback systems subject to asymmetric time-varying pseudo-state constraints, unknown con-
Non-integer order non-strict feedback systems

) - trol directions, and input nonlinearities. The actuator nonlinearities are first approximated using
High-gain observer . . . .. . . .
Time-varying asymmetric barrier lyapunov Caputo fractional derivative definitions and novel continuous functions. After that, by intro-
functions ducing auxiliary non-integer order integrators, the original non-affine plant is transformed into an
Nussbaum-type functions augmented affine system. Furthermore, neural networks, a high-gain observer, and Nussbaum-

type functions are applied to deal with the unknown functions, the immeasurable pseudo-
states, and the unknown control directions, respectively. In parallel, by utilizing non-integer
order filters, the dynamic surface control technique is incorporated to eliminate the “explosion
of complexity” that is frequently encountered with backstepping approaches. In addition, an
event-triggered mechanism is integrated into the control design procedure to save computational
resources and reduce communication burden. Time-varying asymmetric barrier Lyapunov func-
tions are built with error variables to guarantee that the full pseudo-state constraints are not
violated. Based on the Lyapunov stability theory, theoretical analysis indicates that the proposed
control scheme ensures that (1) the Zeno behavior is excluded, (2) all the closed-loop signals are
bounded and (3) the tracking errors converge to the origin asymptotically in finite time. This
paper makes the following contributions: (1) New fractional differential inequalities are devel-
oped to extend traditional approaches for the stability analysis and the controller design pro-
cedure of integer order systems to fractional-order systems; (2) Compared with existing
achievements, the proposed adaptive event-triggered control strategy is more advantageous in
practice. Finally, simulation studies are worked out to prove the validity of the proposed
approach and corroborate the theoretical results.
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1. Introduction

Interest in adaptive control questions of nonlinear systems has grown significantly in recent decades since a large number of
branches of science, physics and engineering including bioengineering applications, satellites, electrical networks, financial systems,
missiles, planes, ships, vehicles, and so on, may be framed as output tracking issues (see [1-16] and the references therein). It is out of
defiance and real-world importance to construct efficient adaptive schemes capable of guaranteeing the appropriate tracking per-
formance of the resulting closed-loop system and of tackling the uncertainty of nonlinear system dynamics [17-33]. A large amount of
research into the two existing adaptive control approaches (direct and indirect) has already been conducted recently to regulate both
deterministic and continuous-time systems in real-time and stochastic discrete-time systems through adaptation and learning [34-54].
Afterwards, in view of the fact that various nonlinearities, uncertainties and disturbances are inevitable in real-world systems, various
effective adaptive control protocols based on the Lyapunov stability theory have been carried out in the open access literature such as
flatness-based adaptive control [4], bipartite consensus control [5], machine learning-based adaptive control [6], adaptive finite-time
control [7], adaptive dynamic surface control [10,11,29,46], optimal adaptive control [13], observer-based adaptive control [12],
event-triggered adaptive control [1,9,10,14,15,28,48-50], switched adaptive control [7,15,16,50], adaptive variable structure control
[18], adaptive backstepping control [19], adaptive data-driven control [20], adaptive state feedback control [17], adaptive decen-
tralized control [21], command filter-based adaptive tracking control [22,43], adaptive sliding mode control [15,23], adaptive model
predictive control [6,24], adaptive model reference control [25], adaptive intelligent control [26], adaptive synchronization control
[8,12,26,27,37], fault-tolerant resilient control [55], among other approaches. Within the intelligent adaptive control field, artificial
neural networks and/or fuzzy logic systems are commonly applied to identify system uncertainties such as unknown disturbances,
unknown function terms, or even unformed elements of the system, due to their high self-learning abilities, their strong approximation
properties and their exceptional structural characteristics [2,4,9,11,17,18,22,23,26,28-30,32-39,42,44,48,49]. Additionally, fuzzy
logic systems and neural networks are two universal approximators and essentials in areas of machine learning-based adaptive control
techniques covering many topics such as electronic information technology, computer science, and control engineering [6,28-30,
32-39,42,44,48,49]. In the literature, current data (on-line learning), prior recorded data, and simulated data (off-line training) have
been utilized to train the parameters of neural networks and fuzzy logic systems [6,11,17,18,22,23,26,28-30,32-39,42,44,48,49]. The
most popular artificial neural network training algorithms are the projection-type adaptation algorithm [1], gradient descent algo-
rithm [30], Newton method algorithm [31], Levenberg-Marquardt algorithm [33], and conjugate gradient algorithm [32]. The pri-
mary drawbacks of some of the aforesaid studies on adaptive control approaches are: (1) the control gain signs (or control directions)
are expected to be known a priori (strictly negative or strictly positive with no loss of generality). (2) The systems studied in the
research [1,4,5-7,19] are not taken into account in both the analysis and synthesis phases of the design of practical control systems, the
presence of constraints, nonlinearities and nonaffine structures inherent in plant dynamics and/or physical actuators (inputs) or
sensors and as a result, there will be a lack of practicability.

It can be drawn from the research [28,34-37] that the non-strict feedback nonlinear systems in the attendance of unknown control
directions, nonaffine structures, nonsmooth functions, constraints and input nonlinearities are more prevalent than unconstrained
strict feedback ones and that the conception of their controllers and the examination of their stability are exceedingly challenging tasks
since they are not differentiable, and if not adequately addressed, the control performance will be adversely affected or even unstable.
In practical productions and applications, unknown control directions, nonlinearities, constraints, uncertainties and nonaffine
structures can have negative effects on system performance, prevent systems from achieving their objectives and aggravate the
relevant control issue [34]. This aroused the interest of scholars and led to considerable progress in the control of research [35-37]. The
output-constrained, input-constrained, incremental control variation-constrained, and the state-constrained are the most common
constraints in practical applications and executed as performance requirements, nonlinear saturations, safety standards, restrictive
conditions, and physical limits [2,3,5,34-36,41,47,48]. In the literature, nonsmooth properties such as saturation, sector non-
linearities, dead zone, hysteresis, backlash, and so on, have constrained system inputs [8,10-12,18,22,26,28,34-39]. On the other
hand, as soon as the input directions or control gain signs of many practical engineering systems are complicated to detect, controller
design and stability analyses will countenance new problems due to their complications [11,34-36,40]. Notwithstanding the de-
velopments in the area of adaptive control and machine learning technology, it should be noted that the constraint violations, as well as
ignoring or being unaware of the control direction and input nonlinearity effects, may be a reason for poor performances or instability
for controlled systems, resulting in grave issues such as huge overshoots, excessive steady-state errors, longer time responses, poorer
transient responses, and process operation shutdowns [34-36]. From a theoretical and engineering perspective, the preponderance of
adaptive control techniques is not directly applicable to constrained nonstrict feedback nonlinear systems subject to unknown control
directions, nonaffine structures, and input nonlinearities because of their extraordinary architectures [35,36]. In the literature, six
techniques have mostly been used so far for decomposing the original nonaffine plant into a nonaffine part representing generalized
modeling errors and an affine plant in the control part, notably [34,42,44,46]: (1) intelligent affine models (neural networks or fuzzy
logic systems), (2) the implicit function theory, (3) the mean value theorem, (4) Taylor-series expansions, (5) differentiation of the
original state space systems and (6) the contraction mapping method. Recently, many constraint-handling methods [2,3,5,34-36,41,
47,48], such as (1) barrier Lyapunov functions, (2) override controls, (3) predictive controls, (4) reference governors, (5) constrained
models, (6) error transformation techniques, and many others, have been developed by scientists to satisfy special requirements and to
ensure that system outputs or system states do not breach the constraints. Additionally, in the practical automation industry, there are
several solutions that use continuous functions to offset the detrimental effects of nonsmooth actuator nonlinearities [10-12,18,22,26,
28,34-39], such as (1) inverse compensation methods, (2) direct decomposition approaches, and so on. Also, the current techniques
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used in the literature [11,34-36,40] to compensate for a lack of prior knowledge about control directions specifically are: (1) methods
employing switching and monitoring functions, (2) methods employing Nussbaum-type functions; (3) methods employing
hysteresis-type functions; (4) methods based on the identification of the unknown control direction; and (5) the correction-vector
approach. According to the findings of the preceding works, it is obvious that: (1) methods that handle output and state constraints
are incapable of addressing the issues of nonsmooth actuator nonlinearities [35,36], and (2) by using the backstepping technique, both
associated Lyapunov functions and feedback controllers have been meticulously built for nonlinear systems in lower triangular form
[17,18,29]. However, neither the approximation-based adaptive fuzzy logic system nor neural network backstepping control strategies
solve the problem of complexity explosion caused by repeated differentiations of virtual input for the standard adaptive backstepping
control methodology [10,46]. Over the last few years, three solutions for dealing with the aforementioned difficulty with the tradi-
tional adaptive backstepping design have been devised. Specifically: (1) dynamic surface control (DSC) [10,11,29,46]; (2) command
filtering technology [43]; and (3) computation of virtual control inputs and their derivatives in each step using fuzzy systems or/and
neural networks [34,35]. Dynamic Surface Control is an upgraded backstepping control approach with a step-by-step conception
procedure [10,11,29,31,46]. At each step of the conception process to ensure input-to-state practical stability of the related sub-
systems, feedback controllers have been created in [1,8,11,17,21,36-40,43,47,48]. The key benefit of dynamic surface control is that
by incorporating a first-order low-pass filter of the synthetic input at each stage of the typical backstepping approach it can avoid the
"explosion of terms" issue associated with the backstepping conception technique [10,11,29,46]. However, the works mentioned above
do not specify the means to compensate for the errors induced by the first-order filters, which decrease the control quality. It is widely
known that to address the aforementioned issues command-filtered adaptive backstepping schemes have been created [43]. The re-
strictions on communication channel bandwidth and computational capacities in several of the practical control systems previously
stated have often been challenging and ssues to resolve. It is not merely the effectiveness and good performance of controls that must be
taken into account during industrial production, but it is also essential to trim down the communication costs [2,3,15,22-25,27,38,39,
42,43]. It is worth noting that traditional control methods rely on continuous control inputs to ensure good system performance, which
requires a large amount of communication bandwidth to transmit control signals [27,38,39,42].

Over the last decade studies on the ways to reduce the restricted network bandwidth utilization have piqued the control com-
munity’s interest, particularly in the field of practical engineering applications [22-25, 27, 38, 39,]. In this sense, control issues in
numerous practical plants have been studied using event-triggered, time-triggered, and self-triggered (discrete monitoring) mecha-
nisms [3,15,22-25,27,38]. The benefit of an event-triggered mechanism over a time-triggered mechanism has been exposed in [2,27,
38,39,42,43]. As aresult, employing an event-triggered mechanism is the best way to eliminate an unnecessary waste of resources and
to decrease computation and communication [15,22-25,27]. It should be highlighted that previous works have employed an
event-triggered strategy to eliminate continuous communication with neighbouring agents and/or decrease the number of the events
(data transmissions and control updates). Numerous advanced adaptive control schemes, such as neural adaptive backstepping
control, observer-based adaptive control, distributed adaptive control, model-free adaptive control, fuzzy adaptive control, sliding
mode adaptive control, and finite-time adaptive control have been researched under event-triggered mechanisms as viable alternatives
to traditional periodic control methods because they can achieve the desired performance in the attendance of system uncertainties
with a reduced communication burden, specified performance circumstances, bandwidth limitations, and minimal resource use [2,3,
15,22-25,27,38,39,42,43]. The literature mostly discusses two ways for creating event-triggered controllers [3,15,22-25,]. The first
strategy, known as codesign in the literature, entails simultaneously creating the triggering circumstance and the control rule [2,3,15,
22-25]. The second strategy is emulation design, in which the objective is to simply create the triggering circumstance and the
controller is provided a priori [38,39,42,43]. During the practical implementation of event-triggered control schemes, it must be
ensured that no Zeno behaviours occur because of their hybrid nature [15,22-25,27]. As is well known Zeno behaviour, which is
observed as a phenomenon indicating the existence of an infinite number of events in a finite period of time, affects the normal process
of the event generator [3,15,22-25,27,38]. Some of the abovementioned methods of adaptive event-triggered control schemes are
limited to the state feedback scenario, which necessitates the knowledge of complete state information [15]. Because full-state
measurements are not feasible in real-world applications, state feedback-based adaptive event-triggered control schemes cannot be
applied in most circumstances [15]. As a result, investigating event-triggered network control systems that solely depend on the
available information (measured or local signals) is essential and critical, which inspired the concept of observer-based (or
dynamic-output-feedback) event-triggered control schemes. In the literature, many centralized and distributed observer-based
event-triggered control schemes have already been published [15]. Specifically, state observers [51], nonlinear observers [50],
high-gain observers [9], extended state observers [49], adaptive fuzzy observers [9,48], adaptive neural observers [28,49], and
disturbance observers [1] have been extensively developed in recent research works. In addition, event-triggered control research has
recently expanded to fractional-order systems owing to the fact that event-triggered control may result in great savings for both energy
resources and computing [2,38,43].

Over the past few years, noninteger-order (fractional-order) calculus has attracted the interest of scholars in many domains of
applied mathematics, engineering, and physics because it is an excellent way to improve the description of infinite memory and
heredity properties of system models, as well as to better express several physical phenomena in contrast to conventional integer-order
calculus [2,5,15,26,34-38,43,54-60]. Moreover, fractional calculus is frequently seen mathematically as a superset and extension of
integer-order calculus [26,34-38,43,54-60]. The fractional-order derivative is nonlocal and the subsequent tates are dependent not
only on the current states but also on their preceding states’ histories [2,5,15,26,34,54,58-60]. Thanks to advances in current
mathematical knowledge, fractional (noninteger order) differential and integral equations offer many fascinating features, such as the
precision of controlling and modeling physical systems [38,43,54-60]. However, finance systems, electrical circuit systems, me-
chanical systems, polarization process, COVID-19 epidemic transmission, chaotic systems, diffusion waves and many practical
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applications exhibit dynamic behaviours like those of fractional order systems and are well characterized by differential
fractional-order models, i.e. equations that include both integer derivatives and fractional (noninteger)-order derivatives [15,26,
34-38,43,54]. Because numerous valuable mathematical techniques, such as Leibniz and Chain Rules, cannot be readily extended to
fractional-order derivatives and integrals, it is difficult to generalize established methods of stability analysis and control of integer
order plants to those of fractional (noninteger) order ones [34-38,43,54-60]. There are several excellent techniques for dealing with
these difficulties and for studying stability controllability, and observability of fractional order systems [2,5,15,26,34-38,43,54-60],
namely: (1) the linear matrix inequality (LMI) method; (2) the Laplace transform method; (3) the method based on convex Lyapunov
functions; (4) the method based on Mittag-Leffler functions; (5) the method based on equivalent frequency distributed models; (6) the
method based on Volterra-type Lyapunov functions; (7) the method based on Gronwall-Bellman-Bihari type inequalities; (8) the
method based on Matignon’s stability theorem, and so on. The results reported in [28,29,35-37] assure that the tracking errors or states
asymptotically approach zero, implying that the settling time is unlimited. From a practical view, finite-time convergence is a desirable
goal [7,39,45], which is why enhanced characteristics of finite-time control methods have originally been presented in [7,45]. In
contrast to asymptotic stability, finite-time stability typically exhibits not just quicker convergence rates but also certain attractive
qualities; for instance, stronger anti-jamming capability, higher tracking accuracy, disturbance rejection and higher robustness to
uncertainties [7.39, 45]. Over the last few years, various adaptive finite-time control strategies, such as finite-timeH,, control [7],
finite-time containment output-feedback control [39] and finite-time formation tracking control [45] have been proposed to nonlinear
uncertain plants. Despite the growing body of research on adaptive control strategies for integer order plants, there has been a scarcity
of studies on intelligent adaptive control approaches for fractional order systems until recently [2,5,15,26,54-57]. As far as the re-
searchers are aware, the issues of finite-time output feedback event-triggered adaptive intelligent control schemes have not been fully
investigated for noninteger order nonstrict feedback systems with unknown control directions, nonaffine structures, pseudo-state
constraints and actuator nonlinearities.

Inspired by the preceding literature review, this article chiefly focuses on the issues of neural adaptive event-triggered control
protocols for a class of nonaffine nonstrict feedback fractional-order systems subject to unknown control directions, unmodeled dy-
namics, asymmetric time-varying pseudo-state constraints and input nonlinearities. The solution starts from using the mean-value
theorem and novel continuous functions, to approximate the input nonlinearities. Then, auxiliary non-integer order integrators are
introduced such that the original nonaffine system is converted into an augmented affine system. To handle the unknown nonlinear
system dynamics and functions, neural networks are applied. With the aid of the Lyapunov stability theory and a continuous frequency
distributed equivalent model, a neural high-gain observer and a novel adaptive law are constructed for pseudo-state estimation as well
as system identification. Besides, the Nussbaum gain technique is used to overcome the difficulties caused by the unknown control gain
directions. On the basis of Caputo fractional derivative definitions and fractional order filters, the dynamic surface control method is
exploited to address the computational complexity problem brought on by the conventional backstepping approach. Moreover, once
into the control design procedure, to reduce the communication burden an event-triggered strategy is integrated with a varying
threshold. Asymmetric time-varying barrier Lyapunov functions with the error variables are also introduced into the adaptive control
design to prevent the violation of the full pseudo-state constraints. In addition, the adaptive mechanism is developed for overcoming
any exogenous disturbances, neural approximation errors, neural adaptive observer errors, tracking errors and errors caused by the
fractional-order filters. It has been proven based on the Lyapunov function method that (1) the control design avoids Zeno behaviour,
(2) all closed-loop signals remain bounded and (3) the reference signals are well-tracked by the system outputs in finite time without
transgression of the constraints. Finally, the viability of the devised control strategy is evaluated using stability analysis and simulation
results. The main contributions of this article include the following aspects.

(1) New fractional differential inequalities concerning the Caputo-type fractional derivative of the product and the composition of

continuously differentiable functions are developed to address the challenge posed by the fact that the traditional Leibniz and

Chain Rules for the integer-order derivative are not simply applied to the fractional counterpart. These inequalities play an

indispensable role in extending techniques involving the stability analysis and the controller design procedure of integer order

systems to a more universal group of fractional-order plants subject to asymmetric time-varying pseudo-state constraints,
unknown control directions, input nonlinearities, and nonaffine structures.

Unlike the literature [1,9-12,18,22,27,38,42], the proposed adaptive control design does not require many conditions and

assumptions concerning estimation errors, input-to-state stability (ISS), functions, dynamics, control directions, actuator

nonlinearities, disturbances, constraints, and uncertainties.

(3) Incommensurate fractional-orders, time-varying asymmetric pseudo-state constraints, dynamical disturbances, immeasurable
pseudo-states, triggering mechanisms, nonaffine nonstrict feedback forms, unknown control directions and actuator non-
linearities are considered simultaneously and Zeno behaviour is strictly excluded. Thus, the proposed adaptive event-triggered
output-feedback neural control scheme is more advantageous to avoid the algebraic loop problem and is reasonable in practice
to lower the burden of communication while ensures the convergence of tracking errors to zero in finite time and maintains the
stability of the system without transgression of the constraints, compared with [2,15,34-37].

2

—

The remainder of this paper consists of the following sections. Some preliminaries and problem descriptions are introduced in
Section 2. The main results of this article, which include the system transformation, the proposed control scheme, the stability analyses
and their execution, are provided in Section 3. The simulation results are given in Section 4 to illustrate the effectiveness of the
proposed scheme. Finally, the conclusions and future work are found in Section 5.
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2. Preliminaries and problem statement
2.1. Preliminaries

For the process of the controller design and the proof of the main results, the subsequent Lemmas 1-5, Properties 1-2, and Defi-
nitions 1-3 are needed.

Definitions 1. [2,5,15,26,34-38,43,48,54-60]. The Riemann-Liouville fractional integral of a function f(t) is expressed by the
following equation:
1 t
Df(t) = 6] / (t—17) ' f(z)dr (D1.1)
0
+o0
with I'(8) = LZ ®~lexp(—7)dr being the well-known Gamma function; exp(.)representing the natural exponential function and & being
h

a constant s that 0 <6 < 1.

Definitions 2. (Caputo derivative [34-38,43,48,54-60]). The & -order Caputo fractional derivative of a function f(t) is given as:

t

(1)
Dyf(t) :ﬁ /%dr (D2.1)
0

where f0) (1) = f(1) = % is the first integer-order derivative of the function f(t). 6 is a constant satisfying 0 < § < 1.

Definitions 3. [34,35,36] The properties of the continuous function N(.) are as follows:

s
1
lim sup— /N(g) d¢ =+
s—+o0 S
0

s (D3.1)
1
Siirir}ninfg N(¢) dg = —o0
0
where N(.) can be thought of as a Nussbaum-type function.
Property 1. [2,4,34-37,54-60] The following expressions hold:
. 0
Dife) =10 = o = L0
D;[D;’f(t)] = f(t)
Dif(t) = D [D{°f(t)] = Dy °[Df (1)]
D [Dyf ()] = f(t) - £(0)
D[/ f ()] = A DEIf(1) (PLL)

D’ [/1f(6)] = /1D °[f(1)]

D7 [/1f(t) + 728(8)] = /1 DR [f ()] + 72D¢[g(t)]

D1/ 1f(t) + 728(t)] = /1D, °[f(6)] + /2D; °[g(t)]

D)/ =Djl/s) =0
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with § being a constant such that 0 < § < 1. /; and /2 being constants.
Property 2. [34] The following inequalities hold

{ D°f(t) 20, if f(t) >0 ®2.1)

g(t) <0, if Dg(t) <0 and g(0) =0
where § is a constant satisfying 0 < § < 1.

Lemmal. [2,11,23,28-30,32-39,42,44,49,61,62] For any arbitrary constant ¢* > 0 and a continuous function f(.) : Q—R, there exists a
neural network (W*)T&(x) such that :

|(W)TE(x) — f(x)| < &
fx) = (W)&(x) + £(x) (L1.1)

where £ is a compact set. R denotes the set of real numbers. |.| represents the absolute value function.

W* € R is the ideal constant weight vector, g is the number of neural network nodes (the number of neurons in the hidden layer)
and &(.) € R? is a vector of activation functions. R%is the g-dimensional real space.
According the Stone-Weierstrass theorem [61], | W*|| and |e(x)| are bounded. The notation | . || is employed to signify the

Euclidean norm of a vector. (W*)Tis the transpose of the vector W*.
Lemma 2. [34-37] For any functions 61 € R and 62 € R, the following inequality holds
(61)°

(61)* + (62)°

0 < ‘O']' — <oy (L21)

where R’ stands for the set of strictly positive real numbers.

Lemma 3. [34] The following inequalities are satisfied

1 (1 (1))’ (t) , alt)
-p’ Ko — K1 Dlz’cl
2 ‘l°g<<xl(t>)2—<xz<t)>2> = ) — () <Df ) (0)( ) (t))

o (k1 (8))° )< (k2 (8))° 13.1)
(1 (8) — (2()?) ~ (1 (0)” — (a(0)°

ifo< (:ﬁg) <1, k(t) ERand ki (t) € R°

where § is a constant such that 0 < § < 1. R* = R\ {0} is the set of non-zero real numbers.
log(.) is the natural logarithm of (.).

Lemma 4. [28,54-56] Thanks to continuous frequency distributed model of the fractional integrator, Dix = f(x) can be rewritten in the
following form

63(6(1;,0 = —w3(,t) + f(x)
x= | /(0)Iw,t) do 14.1)
/
(©) = sinf(:ﬁn) s

where 6 is a constant satisfying 0 < 8 < 1.

Lemma5. [11,34-37,40] Let V(t) > 0, g(.) be a nonzero bounded function, 7 be a constant, ¢ be a continuously differentiable function and
N(.) be a Nussbaum-type function. If the following inequality holds:
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t

V(o <+ / (1+g(r)N(g(2)))é(z)dr 1s.1)

0

t .
Then, V(t), ¢(t) and [(1 +g(t)N(g(t)))¢()dr should be bounded V t > 0.
0

Remark 1. The following statements are investigated.

M Because of a scarcity of suitable mathematical tools, it is challenging to apply stability analysis and controller design approaches
made for integer-order plants to non-integer-order ones.
W Corollary 2 in [34], Lemma 1 in [35], Lemma 6 in [48] and Theorem 1 in [60] are more logical and reasonable than Eq. (13) in [2]

2
174 (x,) _ =Dl a(f0)) < Diftg®)-DIF(B)s()y 5 -
GD¢ log(m1 )27(202) - )27(21)2) and Property 1 (D} (g(t)) < o7 )in [5],if0<qg<1.

M If a function is concave or convex, in that case, its fractional-order derivatives can become more practical and be further simplified
(see [34,35,48,60] and the references therein).

2.2. Problem statement

Consider a wide group of non-integer order non-strict feedback systems with asymmetric time-varying Pseudo-state constraints and
input nonlinearities described by

i j; .
Dt hxi\ii :fi.ji(xvd)v for]i = 17 e Ml — 1
i n;
D, " Xin, :fi,nl-(xvyivd) (€8]

vi = Apg (i) + Agj
Yi = Xi1, fOri: 1,...p

where:

] Df”" = ;:% denotes the symbol of the Caputo fractional-order calculus for j; =1,...,n; , i =1,...,p.

Hy= [yl, e yp] ERPand u=[u,..., uP]T € RP are the vectors of system outputs and control inputs, respectively.

W x=[xT, ...,xpT}T € R" represents the vector of pseudo-states with 3% n; =n and x; = [xiﬂl...,xi_n‘.]r cR% for i =1,...,p.

M The full pseudo-states are unmeasured, but the output y € RP can be measured.

M The known constant 0 < §;;, < 1, is the order of the Caputo fractional-order calculus forj; =1,....,nm; , i =1,...,p.

W The unknown functions f;; () and #;(.) are continuously differentiable, for j; =1,....n; ,i =1,...,p.

M A;; is an unknown nonzero bounded function, fori =1,...,p.

M A,; is an unknown bounded function, fori = 1,...,p.

B The vector of bounded and unknown functions d € R" denotes the external disturbance.

M The vector of unknown continuous functions v = [vl, ...,vp] T ¢ RP is the output of actuator nonlinearities.

B x;j, € R is restricted to a time-varying region x; ;;, < Xjj, <k, forj; = 1,...,m, i = 1,..., p. (Time-varying pseudo-state
Constraints)

M The time-varying barrier functions x; ; i and’x, ;j, are known, bounded and smooth with Ky ij, < Kij- Furthermore, the non-
integer (fractional) order derivatives of the functions ( k; ; i and &, ;;,) are bounded, for j; =1,...,n; , i =1,...,p.

Remark 2. In alignment with research on barrier Lyapunov functions [2,3,34-36,41,47,48], the initial condition of the considered
system should be within the constrained region.

Remark 3. It is emphasized in [2,5,15,26,34-38,43,48,54-60,63-65] that, a variety of real-world phenomena and plants in inter-
disciplinary domains of sciences, mathematics, engineering and physics (such as computer systems, electric vehicles, acoustics, me-
chanics, electromagnetism, viscoelastic system, electrode-electrolyte polarization, electromagnetic waves, signal processing, system
identification, economy and finance, control and robotics, chemistry, biology, boundary layer effects in ducts, and so on) may be
elegantly and successfully described by means of fractional calculus. The real purposes of the non-Integer Order plants are that there
are more degrees of freedom in the model and that a memory is incorporated in these plants [34-38,43,48,54-60,63-65]. Researchers,
scientists and engineers have confirmed that the integrals and derivatives of fractional orders are defined in the time domain by a
convolution operation and that the traditional and classical definitions of the derivative and integral of a function in fractional calculus
are generalized from integer orders to real orders [34-38,43,48,60,63-65]. Numerous definitions exist on the subject of the fractional
order derivatives namely the Riemann-Liouville, the Caputo, Caputo-Fabrizio, the Erdelyi-Kober, the Coimbra, Atangana-Baleanu, the
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Grunwald-Letnikov, the Weyl, the Marchaud, the Riesz, and the Miller and Ross [5,15,26,34-38,43,63-65]. Generally, the fractional
derivatives are used for accurate modeling and controlling of systems and phenomena in the real world [5,15,26,34-38,43,48,63-65].
The primary reasons behind the popularity of the Caputo’s fractional derivative in the midst of engineers and applied scientists are that
[34-38,43,48,54-57,63-65]:

M Its Laplace transform merely needs the integer-order derivatives of the initial conditions.

M Its initial conditions take on the same form as for integer-order differential equations, which have more applications in engineering
and have well-understood physical meanings.

M The hyper-singular improper integrals, the mass balance error, the non-zero derivative of constant are avoided when the fractional
derivative is described in the Caputo sense.

M In various branches of sciences mathematics and engineering, the Caputo definition is more suitable, effective, concise, and
convenient than the abovementioned definitions.

For these reasons, the Caputo definition is used throughout this research.

Remark 4. Fractional differential systems have an unusual characteristic known as infinite-horizon memory, which allows them to
store the whole history of a system’s dynamics [2,5,15,26,29,34-38,43,48,54-60,63-65]. In comparison, integer-order models rely
entirely on initial conditions and subsequent external inputs to establish system states [29,34-38,43]. In fractional-order models,
initialization requires knowledge of the system’s whole previous behavior, resulting in the idea of pseudo states, which represent
system states at any given moment [5,15,26,29,34-38,43]. These pseudo states provide the whole historical information necessary to
obtain a singular solution [9,34-38,43,48,54-60]. To tackle the problem of initializing simulations at precise time points in
fractional-order systems, researchers used additional correction terms in explicit models to help account to accommodate previous
pseudo-state evolution [29,34-38,43,48,54-60]. Moreover, techniques for simulation have been devised, utilizing a (pseudo) state
observer concept, to further enhance these corrections after resetting fractional integrators [34-38,43,48,54-60,63-65]. These methods
leverage a formula introduced by Podlubny to modify the time reference point linked with fractional differentiation operators [68].
The incorporation of pseudo-states in fractional-order plants offers a more comprehensive insight into plant behaviors compared to
traditional states in integer-order plants [2,5,15,26,29,34-38,43]. In contrast to traditional states associated with integer-order de-
rivatives, pseudo-states in fractional-order systems are more complicated and adaptive, dynamically capturing behaviors resulting
from fractional-order derivatives [26,29,34-38,43,48,54-60,63]. This flexibility enables pseudo-states to appear in a variety of ways,
transcending locality and showing non-local effects and memory-dependent behaviors [15,26,29,34-38,43,48,54-60,63-65]. Under-
standing and acknowledging pseudo-states is critical for properly modeling, analyzing, and regulating fractional-order systems, and
the pseudo-state space model is widely used to create Luenberger-like observers for estimating system variables [15,26,29,34-38,43,
48,54-60,63-67]. This comparison emphasizes the importance of pseudo-states beyond the standard notion of states in integer-order
systems, underlining their critical role in navigating fractional dynamics’ complexity [29,34-38,43,48,54-60,63-65]. Overall, the
unique character of pseudo-states emphasizes their tremendous effect on system behavior, providing a more complex and realistic
depiction of fractional-order systems [48,54-60,63-65].

Remark 5. Table 1 demonstrates that Caputo’s fractional derivative surpasses other approaches in terms of correctness, efficiency,
physical interpretation, initialization, memory, computing and mathematical basis [15,26,29,34-38,43,69]. These benefits make
Caputo’s definition the ideal choice for modeling and controlling complex, long-term systems [26,29,34-38,43,48,54-60,63-65,69,70].

Remark 6. It is worth noting that the fractional-order model outperforms the integer-order model for modeling systems with non-
local behaviors or long-term memory effects [26,29,34-38,43,48,54-60,63-65,69,70]. Unlike integer-order models, which only include
the most recent states, fractional-order models take into account the full history of the system’s evolution, allowing them to capture
non-local impacts and long-term dependencies [29,34-38,43,48]. For instance, when studying the reaction of a viscoelastic material to
stress, an integer-order model may neglect the material’s memory qualities, resulting in inaccurate predictions of its behavior over
time [34-38,43,48,54-60,63-65]. A fractional-order model, on the other hand, more fully accounts for the material’s viscoelastic
character, resulting in more accurate mechanical response predictions [29,34-38,43,48,54-60]. This highlights fractional-order
models’ supremacy in capturing the complicated dynamics of real-world systems, particularly those with memory-dependent be-
haviors, making them indispensable tools in areas such as biology, physics, and engineering [54-60,63-65].

Remark 7. It is worth pointing out that there exist up to now techniques primarily employed to solve fractional-order systems:

M the Adomian decomposition method [57],

M the Adams-Bashforth-Moulton algorithm [58],

M the frequency-domain approximation method [59],
M the Griinwald Letnikov (GL) approximation [65],

Similar to [34-37], the improved version of Adams-Bash-forth-Moulton algorithm is used in this study to numerically find an
approximate solution of fractional differential equations by reason of its fast convergence, high accuracy and straightforward
implementation as compared to other approaches.

Remark 8. It is worth noting that quite a number of plants found in the real world could be described as or converted into the system
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Comparison of Caputo’s Fractional Derivative definition with other definitions [26,29,34-38,43].

Aspect

Caputo’s Fractional Derivative

Other definitions

Initial Conditions

Initial values are required for all fractional orders to provide a
comprehensive history of system dynamics.

In the absence of a complete system history, just initial values
for integer orders may be required.

Mathematical Founded on solid fractional calculus concepts, providing a clear Formulation may differ, possibly lacking theoretical support.
Formulation physical explanation.
Physical Provides a clear physical interpretation based on the mathematical Interpretations may differ and may be less theoretically
Interpretation foundation. founded.
Memory Retains memory of complete previous evolution, capturing long-term  May have limited memory and emphasis on short-term
dependencies and historical behavior. dynamics.
Accuracy Provides a more realistic portrayal of system dynamics, particularly Accuracy may differ based on the approach and system
with long-term interdependence. parameters.
Computational May entail more difficult computations, particularly with non-linear Some approaches may provide simplified computing
Efficiency or multidimensional systems. procedures.

(1) more concisely and precisely, such as communication systems, flexible crane systems, thruster assisted position mooring systems,
levitated ball systems, multiagent systems, cancer immunotherapy systems, electromechanical systems, flexible crane systems,
viscoelastic structures, and so on [34-38]. Nonstrict feedback structures, unknown control directions, non-integer incommensurate
orders, asymmetric time-varying Pseudo-state constraints and input nonlinearities are said to exist in the plant (1). Resulting from the
absence of suitable mathematical methodologies, it is challenging to basically adapt the traditional tools of stability analysis and
controller design employed for integer-order plants to fractional-order ones [2,5,15,26,34-38,43,48,54-60]. The fractional-order
derivatives of composite functions, for instance, are the sums of an infinite number of terms, as opposed to the simple closed-form
expressions of their integer-order derivatives, which are readily produced by applying the chain rule [34-38,43,48,54-60,63,64].

Remark 9. It is noteworthy in the unified frameworks [8,10,12,18,19,26,28,34-39,54,66] that the input (actuator) nonlinearities
may be dead zone, saturation, backlash, and hysteresis with unknown parameters. A lot of industrial plants suffer from the presence of
actuator nonlinearities, which can create the instability or degrade the performance of the control system [12,18,19,26,28,34-39,66].
This work’s actuator nonlinearities »; ,i = 1, ..., p are more general than those presented in [8,10,12,18,19,26,28]. For a long time, the
studies of actuator nonlinearities have been challenging and potential subjects in the control community because their exact pa-
rameters are unknown and there are no analytic characteristics [8,10,12,18,19,26,28,54].

In this paper, the control signal transmitted to the actuator is subject to some event-triggered mechanism, namely

U = wi(tx) V tx <t <ty
tey = inf {t > t] [6;(t)| > B;lwi(t)| +1:} (2
§i(t) = wi(t) — wi(t)

where:

W ¢;(t) is the measurement error between the intermediate control w;(t) and the control input u;(t), fori =1,...,p.

M 0 <p; <1andr; >0 are known design parameters, fori =1,...,p.

M t (k € Z") denotes the controller update time (the sequence of monotonically increasing triggering instant), that is, tx,1 > tx and
ty— + o as k— + o ), Without loss of generality, the initial sampling instant t;, =0 .

W inf {.} denotes the infimum (or greatest lower bound) of a set {.}.

Remark 10. It is worth mentioning that the event-triggered technique (or triggering mechanism) has recently attracted a great deal
of attention inside the control systems society especially in network control field because it is an efficient means to minimize the
computation cost of the controller, the communication burden, the release times of the sensor, and the actuator and sensor occupancy
[2,3,15,22-25,27,38,39,42,43,52,56,62]. The relative threshold approach becomes the fixed threshold strategy if ; = 0 [15,22-25,27,
38,39]. Moreover, the relative threshold approach ensures longer event inter execution intervals and has less event-triggered times in
comparison to the fixed threshold approach [42,43,52,56]. Akin to [42,43,52,56], for the aforementioned event-triggered technique,
the smaller the parameters g; and r;, the higher the trigger frequency, and the larger the g; and r;, the lower the trigger frequency.
Accordingly, better control performance may be ensured by the smaller threshold and the larger threshold generates longer release
intervals of control input such that unnecessary communication may be avoided [15,22-25,27,38,39]. Mostly, the control inputs are
near zero whenever the plant states are next to zero, and the reduced threshold provides the control more precise, resulting in greater
system performance [42,43,52,56].

Inspired by the research works in [2,3,15,22-25,27,38], the control inputs can be expressed as follows:

_ @i(t) @2 ()T
1408 1+@,;(0)B;

u;(t) 3)
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where @, ;(t) is a nonzero function such that |g,,;(t)| <1form=1,2,i=1,....p.

Remark 11. In view of the fact that uncertain disturbances, time-varying Pseudo-state constraints, input nonlinearities, unknown
control directions, non-affine forms, non-strict feedback structures and triggering mechanisms are simultaneously allowed within each
subsystem, the plant (1) is more general than that in [4,8,11-13,17-19,21,22,26,28,29,51,61,62].This emphasizes an important
distinction between this work and the related research on command filter-based adaptive control schemes [22,43].

Remark 12. It is worth mentioning that one uses time-varying factors, ¢, ;(t) and @,;(t), i = 1, ..., p in the formula (3), to build the
correlation between the intermediate control w;(t) and the control input u;(t). Furthermore, the expression (3) will be found to play a
crucial part in the control design and the stability analysis later on.

As mentioned above, the primary interest of this paper is to design an observer-Based output Feedback Event-Triggered Adaptive
Control scheme for system (1) such that:

M the full pseudo-state constraints are not violated,

M the Zeno behavior does not happen, i.e., the events cannot be triggered an infinite number of times in any finite period.
M the system output y; tracks in finite time a given bounded desired trajectory y, € R, for i =1,...,p

M and all signals in the closed-loop system are bounded.

Remark 13. It should be underlined that numerous academic and practical plants require reaching the control purpose in finite time,
such as guided missile plants, uncertain switched port-controlled Hamiltonian systems [7], networked nonaffine nonlinear systems
[45], and so on. The advantages of finite time control consist of the better robustness and transient performance of the resulting closed
loop control plant [7,45].

Remark 14. For the reason that the event-triggered control system might be modeled as a hybrid system, the analysis of sampling
behavior is critical [2,3,15,22-25,27,38,39,42,43,52,56,62]. In reality, at what time a positive lower constraint on inter-event intervals
cannot be guaranteed, a specific phenomenon of hybrid dynamical systems (Zeno behavior) may emerge [2,3,15,22-25,27,38]. Inside
a given time span, Zeno behavior causes an endless number of discrete transitions (events) [27,38,39,42,43,52,56]. As a result, in
event-triggered control, Zeno behavior is particularly uninvited [15,22-25,27,38,39,42,43,52,56,62].

Remark 15. It is assumed in a lot of outstanding research results that the disturbances, the target trajectories and their non integer-
order derivatives are bounded [34-37].
To move on, the following assumptions are needed.

Wi e d) i (01,
;i

. . d) (U . . . .
Assumption 1. The functions —- —, and % are unknown, nonzero, bounded and piecewise continuous, for j; =1,...,n;
it ;

-1, i=1,...p.

Assumption 2. The desired trajectory y,, and its Caputo fractional derivatives are piecewise continuous, available and bounded
satisfying the conditions k; ;1 < Kp;1 <¥g < Kai1 < K141, With k,;; and Ky;; being bounded functions, for i =1,...,p.

Remark 16. Note that Assumptions 1-2 are two standard, logical and familiar assumptions for achieving the control objective of
uncertain systems involving dynamical disturbances, event-triggered mechanism, asymmetric time-varying constraints, unmeasured
pseudo-states, unknown control directions, and non-affine characteristics [3,34-37]. Such assumptions have formerly surfaced in real
applications connected to various disciplines of science and engineering, such as wind turbines, robot manipulators, unmanned surface
vehicles, rigid spacecraft, and so on [34-37]. Assumption 1 concerns the plant’s controllability and the boundedness of control di-
rections, which is not only necessary and reasonable but also well justified for a wide range of substantial beneficial plants such as
aerial vehicles, high-speed trains, robotic systems, and so on [15,43,56]. Furthermore, Assumption 2 is a basic assumption about the
virtual control signals and the desired trajectories commonly used in the backstepping-based robust adaptive control design of
non-integer order systems with asymmetric time-varying Pseudo-state constraints [2,15,43,56].

3. Main results

For achieving the aims of this research study under Assumptions 1-2, the succeeding techniques and tools will be employed in the
system controller design and stability analysis:

W Caputo fractional derivative definitions, novel continuous functions and the mean-value theorem to approximate the input
nonlinearities.

M Auxiliary non-integer order integrators to transform the original non-affine system into an augmented affine system and to make
explicit control design possible.

M Artificial Neural networks to address the unknown nonlinear functions and internal dynamics.

10
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B A high-gain observer to estimate the immeasurable pseudo-states and to relax the requirement of the Lipschitz continuity about the
nonlinear dynamics.

M An auxiliary time and frequency domain function to transform the incommensurate fractional-order nonlinear systems into a
continuous frequency distributed model.

B Nussbaum-type functions to avoid the need for any knowledge of the control directions.

H An event-triggered scheme to save network resources and to trim down some unnecessary transmissions from controller to actuator
so as to get better resource efficiency.

W The computation of minimal triggering intervals to exclude the undesired Zeno behavior.

B A new dynamic surface control technique based on fractional order filters to overcome the ‘explosion of complexity’ problem exists
in the traditional backstepping design process and to appropriately select the parameter update laws and the control signals.

M The combination of Young’s inequality, elementary monochromatic Lyapunov functions of internal state variables and Asymmetric
Barrier Lyapunov functions with error variables to guarantee the stability of the transformed system and that the full pseudo-state
constraints are not violated.

3.1. System transformation

Similar to [34-37], by employing novel continuous functions, auxiliary non-integer order integrators, the mean value theorem, and
the Eq. (3), the system (1) can be rewritten as follows:

i j; .
D" xij, = Xij1 — bixuj, +8&;j,0,d), forji=1,...m+1

in;
D, lJrzxi.nﬁrz =9; — bixi.n,-+2 +gi,,,l_2 . d) “
Yi = Xia, fOr i= 1*, <P
where:
my=[n" - )(PT}T € R is the pseudo-state vector of new augmented affine system with ;" = [x;T, Xin 1, Xin.2) Te

R"*2 and X .41 = wi, fori =1,....p

] giji()(,d) :fiji(x,d)Jr bix;j, — xij 11, forj; =1,...m;—1,i =1,...,p.

| ] 8in; (){, d) :fi,n,- (x,ui,d) — Wi+ bixi.nl., for i =1,...,p.

Mg (rd = (bi — bygj)xiy, forj; =m+1, m;+2,i=1,...p.

M b, ;j, and b; are known strictly positive constants, for j; =n;+1, m;;+2,i =1,...,p.

M The known strictly positive constants §; .1 and 8; 5 satisfy the conditions §; 5,11 + 8in2 =1, 0 <djps1 <1and0 < djn2 <1,
fori =1,...,p.

B 9; € R is an auxiliary control input, fori =1,...,p.

W The vector of full pseudo-states y € R™? is unmeasured , but the output y € RP can be measured.

H The pseudo-state x; is required to remain at the constraint condition k,;; < Xij, <¥14j, but Xjn1 and xi, o are free from the

constraints. for j; =1,...,m; , i =1,...,p.

Remark 17. It is noticed that to cope with the controller design complexity from the unknown nonaffine term f;, (x,¥;,d) in (1),
auxiliary filters and the mean value theorem are used. Consequently, the non-affine nonlinear system (1) is obviously converted into an
affine-in-control system (4) by means of newly specified pseudo-states and auxiliary control inputs. Because of the use of fractional-
order filters (auxiliary filters), the augmented system (4) is one order higher than the original system (1). The intermediate control w;
defined in Egs. (2)-(3) may be considered as one pseudo-state in this augmented system, while 9; can be seen as the new control input,
fori =1,...,p. As a result, our key objective in the following is to determine 9; that can force the output y; € R of the augmented
system to track a specified reference signal y4, € R. Itis directly concluded that by controlling plant (4), the control purpose of system
(1) can be preserved.

3.2. Neural networks for unknown dynamic system identification

Because of their good capability of modeling nonlinear functions [2,11,23,28-30,32-39,42,44,49,61], Artificial Neural networks
are applied over compact sets (regions) £2;,CR™ % and 2,cR™? to identify those unknown nonlinear functions g; 5, (0, d) and Ag;; in
this research work as follows:

11
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T
8. d) = (W:,l) &, () + 28y, + €145,

forjizlﬁ"’7ni+2: i:17"‘7p 5)
|6y | < b 117, — Zii 1l +e5,
where
W= [J?IT, QPT]TEQQCR"*ZP is the estimation of y and also denotes the neural input vector with 7;" =
[Xi1, = Xim,| €R%*2 i=1,..p.

W< CcR™ andy € Q,cR"?.
W 2; and 2, also stand for bounded compacts.

T
W 2g;; =8, (x.d) - g;x.d) = <ij,.> [gij,-(x) - &;, ) ]7 forj;=1,--m+2, i=1,-p

H The optimal parameter vector (the ideal neural weight vector) Wj;

i € R%i is an uncertain constant vectors presented as follows
Ji

W;;, —argmin | sup |(Wi;)"6y,00) — 8,00 d)||, forji =1-mi+2, i =1,p
W, R )fee%,

] /Wl- j. is the estimate of the uncertain constant vector W’{ji, forj; =1, m+2, i=1,-p.

B The neural approximation error (corresponding reconstruction error) €1 35, € R satisfies the inequality |eq ;5| <ej; i forj; =1,---m
+2, i=1,-,p,

M The unknown strictly positive constant €] n is arbitrarily small, forj; =1,--,m;+ 2, i =1,-,p.

W g < N* is the neural node number, for j; = 1,--,n; + 2, i=1,..-,p with N* being the set of non-zero integer numbers.

W& () e R%: represents the hidden-layer activation function of the neural network (the activation function vector) and satisfies
Lipschitz condition, forj; =1,--,n;+2, i =1,...,p.

M || . | denotes the 2-norm.

B 1, is a known strictly positive constant, forj; =1,...,n; +2, i =1,...,p.

M ¢;;; is an unknown strictly positive constant.

Wiy = [JACi.l-,T o Xy, | e W and zy; = [Xi1, xij, )" € Wi, forjy = 1,-m+2, i=1,p.
WO0< (gi.ji(‘)> (‘Ei,ji(')) < gy, forj; =1, m+2, i =1-p.

Remark 18. It is widely recognized that:

M There are three Artificial Neural Network groups: Spiking Neural Networks, Recurrent (FeedBack) Neural Networks and Feed-
Forward Networks [32-39,42,44,49,61,62].

M Artificial Neural Networks must be trained and have the ability to learn [2,11,23,28-30,32-37,39,42,44,49,61,71].

W Supervised Learning, unsupervised Learning and reinforcement Learning are types of machine learning [6,62,71].

W Deep learning is an artificial neural network-based machine learning technique [6,34-37,62].

M Feedforward neural networks are the most basic and widely used network structure, and they serve as the foundation for the
majority of deep learning models [6,32-39,62].

M Linearly parameterized neural networks, Multi-Layer Perceptron Neural networks, Radial-Basis Function Neural Networks,
Autoencoder neural networks and Convolutional Neural Networks are the major types of Feedforward neural networks employed to
design control schemas and to represent the unknown dynamics of nonlinear plants [2,11,23,28-30,32-39,42,44,49,61,62].

T
M The artificial neural network utilized in this research, (W: ji) &ij, (x) is a single weight tuning layer or linearly parameterized neural

network with three layers: a hidden layer, an input layer, and an output layer.

M The input vector’s coordinates are broadcasted to every unit in the hidden layer by the input layer [23,28-30,32-39].

M Every hidden layer unit subsequently generates an activation based on the related non-linear functions [32-39,42,44,49,61].

W All units in the output layer compute linear combinations of the hidden units’ activations [11,23,28-30,32-39].

M Linearly parameterized neural networks or single hidden-layer tunable neural networks such as Radial-Basis Function Neural
Networks are more potent than other typical neural networks because they successfully manage the compromise between accuracy
and computation [32-39,42].

M Logistic functions, hyperbolic tangent functions, sigmoid functions, and Radial basis functions (RBF), are frequently used as non-
linear activation functions of the hidden layer neurons while the output layer neurons habitually exploit linear functions as
activation functions [2,11,23,28-30,32-39,42,44,49,61,62].

M The hidden-layer activation function &;; (¥) selected in this research, like those in [34-37], meets generalized Lipschitz criteria

12
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Hl Any continuously differentiable function is locally Lipschitz [1-70].

W Akin to [2,11,23,28-30,32-39,42,44,49,61], the output layer weight vectors Wi*.j,- ,Ji =1,...,m;+2, i =1,...,p, are only calculated
and updated online, However, the input layer weights and the bias parameters are primarily selected at random and held constant
throughout the control system design in this research.

M The neural networks necessitate several computation and learning operations, which consume an inordinate amount of time.

M The decrease in approximation errors is achieved by increasing the number of nodes in the neural network [34].

M Similar to [32-39,42,44,49,61], the properties of the hidden-layer activation functions of the neural network 0 <

T
<§i Ji(')) (Ei i (.)) < g;j, will be employed in the control design to address the algebraic loop issue.

Remark 19. It is noticed that Radial-Basis Function Neural Networks are three-layered neural networks (linearly parameterized
neural networks) in particular [2,11,23,28-30,32-39,42,44,49,61,62]. The input neurons (nodes) send the input data to the inner
neurons, which create the hidden layer [23,28-30,32-39]. Inside the output (third) layer, the hidden neurons’ nonlinear responses are
weighted to determine the neural network’s final outputs [28-30,32-39,42,44,49]. The Radial-Basis Function Neural Networks are
created by introducing radial basis functions into the neural networks [11,23,28-30,32-39,42]. There are several types of radial basis
functions, including inverse multiple quadratic functions, reflection Sigmoid functions, and Gaussian functions [32-39,42,44,49]. The
essential features of radial basis function neural networks over other neural networks are their better pattern recognition and their
ability to identify all unknown continuous functions with arbitrary precisions under compact sets [32-39,42,44,49,61].

3.3. Neural adaptive pseudo-state observer design

Since the pseudo-states of the augmented systemx;s,...,Xin,.,,i = 1, ..., p cannot be directly measured, a high-gain observer with an
input-driven filter is designed by means of the previous Egs. (4) and (5) to estimate the immeasurable pseudo-states as follows:
3+40)(y; — Xi1)h ~ ~
E\ . )(yl - 1,1) i 2®+ (yi—xi_l)fliKi_l
2(y; — Xi1)" (Bix) PiBi1 + (:0)

Biji ~ ~ = T =~
D, X1 = Xi2 — biXi1 + (Wi.l)Tfn )+

Oij. ~ ~ ~ - ~ ~ i .

D, Xij, = Xij1 — biXyj, + (Wi.ji)Tfiji(X) + (v; — Xi1) Ky, (i), forj;=2,...,n;+1 ©)
Oin,+2 ~ ~ Ep ~ ~ .

D" Xino = 8 — biXip o + (Wi,ni+2)T§i,ni+2(X) + (v — ~7€i,1)1<1',ni+z>(ﬁi)"'+z

Yi = X1, fol‘i:].,...,P

where:

M The strictly positive constants K;j, € R , j; = 1,...,n; + 2, are the fixed feedback gains for observer design chosen such that A; =

“Ki1 1 0 .. 0
—Kio 0 1 :
—Kis 0O o0 0 | e RM+2x(m+2) j5 3 Hurwitz matrix, for i = 1,--,p.
H : : 1
—Kiny2 0 O 0
W RMH2x(M+2) s the set of (m; +2) % (n; +2) real matrices.

Amin (Qi)

) » . . o » S+ T ( By, ) +amin (Pe)~2bidmin (PY)
W The strictly positive constant #; is an adaptive high-gain verifying the condition #; > max| 1, & , for

i=1,...p.
B Q; =Q;" > 0and P; = P;T > 0 are symmetric definite positive matrices satisfying A;"P; + P;A; = —Q; , fori = 1,...,p.
M Amin(.) denotes the minimum (smallest) eigenvalue of the matrix (.).
B Amax(.) represents the maximum (largest) eigenvalue of the matrix (.),
Il max() represents the function of maximum.

. H PiH: lmax(PiPi) :A-max(Pi)-
] @ is the estimate of the unknown constant @*that will be defined later.

t
M The known function ¢ is strictly positive and continuously differentiable, such that 62, 6,&' and / o(t)dt are bounded, V t > 0. (
0

lim o(t) = 0).
t—+oo
1
0 n;+2 .
WB;=|.|cR%? for i=1,..p

Remark 20. It is worthy to point out that the high-gain observer may be viewed as a general case of the classical Luenberger observer
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[9,51,53,67]. Besides, the Lipschitz constant of nonlinear dynamics is no longer mandatory in the high-gain observer design compared
to some existing observer design for nonlinear systems [9,53,67]. If one supposes that the plant states develop inside a known compact
set, the global Lipschitz property can be relaxed to the local Lipschitz, as typically done in the literature [51,53,67]. The main ad-
vantages of the so-called high-gain observer are the robustness in the attendance of uncertainties and external disturbances, the ac-
celeration of the convergence speed and the rapid exponential decay of the estimation error (exponential observers) by increasing the
observer’s gain and acting on design parameters [53]. On the other hand, the main disadvantages of high-gain observers are obviously
connected to their sensitivities to noises, as well as, the rising power of the high-gain parameters which might make the practical
numerical implementation difficult [51,53]. As a result, as previously observed, these observers’ sensitivity to high-frequency mea-
surement noise is often unsatisfactory [9]. In this paper, the terms —b;X; g »Ji =1,..,m+ 2,i=1,....p are used to enhance the
high-gain observer’s sensitivity properties concerning the high-frequency measurement noise, without sacrificing its advantageous
characteristics such as arbitrarily and asymptotic rapid convergence rates and input-to-state stability.

Remark 21. It is worth to mention that:

()’i i1 )hi n
Z(Yr;i.l )2 (Bia )TPiBi.l +(hio)? 2(y; X1 )(Bia )TPiBi 1
defined even when (y; —X;;) converges to zero, which may be thought of as the Levenberg-Marquard regularised inverse uti-
lized in a scalar function.
(3+0)(Yi*§i.1)hi
Z(Yi*;m )2 (Bix )TPiBm +(hio)
disturbances and the neural network approximation errors.

replaces the term to force the neural adaptive pseudo-state observer term to be well-

2(:) is incorporated in the adaptive pseudo-state observer in order to compensate the uncertainties, the

Based on the aforesaid Eqs. (4)-(6), the dynamics of the observer errors can be rewritten by the following continuous frequency
distributed model (see Lemma 4)

0i(w, t 3+o0)e ~
M = —w;(w,t) — bie; + nAe; — By 3 ( T) il 5@
o 2(ei1)” (Bix) PiBi1 + (o)
ni+2 _ r
+ Z 4B, [(Wia'.-) &) + 28y, + El,i‘ii]
=
Xii — Xii X +00 . .
G == == 7ij; (@) s, (0, t)dw forji=1,-m+2, i=1p )
(me)" ()
sin(d;.
oij (@) = ( ,;Jlﬂ—)w’ﬁi-fi
Jij;(@,0) =0

where

W 0;j,(w)is the frequency weighting function (Auxiliary function) defined in both the time and frequency domains, forj; =1,...,n; +
2, i=1,..p.

W i(0.t) =[21(o,t), ..., ipi2(o,t) ]T € R"*2 denotes the frequency distributed state variable.

M o is the elementary frequency.

1o 0
hi 1 :
1 1 . :
Wi = diag(ﬁ—l7 ceey W) = 0 (hi)z ". 0 € R("H»z)X('lH»Z), fOri =1,...,p.
1 . .
S0 1
0 (hi)ni+2
Me =€, ..., €n2]  €RY2 fori=1,..p.
W B = {0 ! } eR™2 fori=1,..p.
' (ni+1)

14
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0G;-1)
WB; =| 1 |eRrR"? forji=2..m+2i=1..p
0(ﬂi+2*fi)
] O(j.—l) =10, -, 0]" € Ri~stands for the zero vector of size (; - 1), forj; =2,..m+2,i=1,.p.
WO )= [0, -, 0]" e R%*27i represents the zero vector of size (n; + 2 — j;), forj; =1,...,m;, i = 1,...,p.

| ] Wi\ii = W;.kji - Wi-ji s fOl‘ji =1,...m;+2,i=1,....p.

[ | Xij, = Xij, — Xiji, fOI'ji =1,...n;+ 2, i = 1,....p.

Remark 22. It should be noted that models with infinite dimensions known as "diffusive representations" can represent fractional-
order systems [2,5,15,26,33-38,43,48,54-61,63,64]. As well, the fractional order system can be described as an infinite dimensional
integral order system using the continuous frequency distributed model of the fractional integrator [15,26,33-38,43,48,54-61,63,64].
Consequently, the continuous frequency distributed model with properly chosen initial states is a general case of the fractional order
system when utilizing Caputo’s or Riemann-Liouville’s derivative definition [26,33-38,43,48,54-61,63,64]. The non-local in time
fractional-order integrator can be exactly converted into a first-order equation on an infinite-dimensional state space by the diffusive
realization [33-38,43,48,54-60]. Because a fractional order system is usually implemented in its discrete form, the results for the
continuous frequency distributed model can be expanded to the discrete frequency version [33-38,43,48,54-58,63,64].

Let us define the following signals, variables and parameters to be used during the Controller design process and the System
stability analysis:

Aio =Yg,
Zi1 =Yi— Y
Zijy = Xij, — Aiji—1
5ij. ¢ c for j;=2..m;+2 i=1,....p 8)
D" af; g = baj |ij 1 — o oy ’ ’

5. 5ij ¢
Dt lai.ji—l = Dt lai.ji—l +83,iji—1
c _
af; 1(0) = @i, -1(0)

where :

M z;j, is referred to as an error surface, forj; =1,...m;+2,i=1,...p.

M a;j, 1 € Risthe virtual control signal recursively designed later and may furthermore be viewed as the input of the fractional order
low pass Butterworth filter for j; =2,....m;+2,i =1,...,p.

M of; _; represents the output of the fractional order low pass Butterworth filter, for j; =2,...m;+2,i =1,...,p.

M by;j, 1 is a known strictly positive design constant, for j; = 2,....m;+2,i =1,...,p.
M 3,1 is an unknown bounded function satisfying the condition |e3;;, 1| <ej; 10 with €5 i1 being an unknown strictly positive

constant, for j; =2,...m;+2,i=1,....p.
M b =¢5;, =0, fori =1, p.

Remark 23. As discussed in [29,34], it is well documented that:

M To avoid the algebraic loop issue, filtered signals travelling through fractional order low pass Butterworth filters are used.
M To address the explosion of complexity issues inherent in the traditional backstepping design, the command filters are created.

Oij. 25 j. . .
W a1 —afjiil], D’ [ai_ji,l _“f.jrl] and D, {ai‘ji,l —afjiil] are bounded over compact sets, for j; =2,--,n; +2,i=1,---,p
M The employ of the fractional order filters unavoidably provokes the filtering errors, which will insert to the complexity of obtaining
small steady-state errors.

Then, from (4), (6) and (8), the dynamics of error surface can be expressed as
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D)2y = @iy + Tix + (Wi,l)Tfu (Xi1) + (Wu)Tfm (Xi1) + 2i2

_ 51— — Ji1—
 Hi1K3i1(0)211 Dy "Kai1 (1= piq) Ksi1(0)2:1 D Ksia

I (K3i1) 2 (K31 )2

i j. == \T f ~ T -~
D" zij, = aij, + Tij, + (Wis,) &, (X u‘-) + (Wi) &, (Xi.ii> + Zijin
_ Diji - O —
I”i.jl-KB.i.ji(O)zi-jiDt " K3ij; (1 7””}) K35, (0)21j,De " K3ij;
! — 2 — 2
(%s.45,) (Rsijy)

((sa)” — (2a)°) (Rawi)” — (204)")

>Eiji-1

for j, = 2, .y

45i_'. e T = g T = .
D,%zij, = ayj, + iy, + (Wiy,) &ij, (Xi.ji) +(Wy;,) &ij, (Zi.ji> + 241 — Eij, 1, for j=mn;+1, n;+2

QAiny2 =79, for i=1,--p

where:

Fij 1~ Hy,

Zij,, forji=1,...m

Zijs forji=mi+1n+2,i=1,...p

1,if z;;, <0
.I‘i.j‘.:{o‘ oy

if z; >0 forj, =1,...,n; ,i=1,....p.

. _ _ Oij. _ Oij. . . . .
M The known bounded functions &3 j,, K3j,, Dy K341 and D, K3 ; j, will be defined later, for j; =1,...,n; , i =1,...,p.

M Zin.3 =Eio =0, fori=1,...,p.
((Ea.iji)zf(zu,-)z)((_'CSi.ji)2*(ziji)2)n

p Lij, = 2ij,, for ji =1,..., m, i= 1,...p.
— 2 2
(o)1) (w50 ()

= ~ ~ T i — T . . .
Wi = [Xi1, - Xij] €Wiandjy, =[x, - X | €W forj; =1,m+2, i=1,-p.

_ 51— — Ji1—
Pi1K331(0)21 D" K31 3 (1 = 1) K341(0)2:1 D K3 i1

5; T .
i1 = —— — — D"y, + (Wfl) & ()

(K3.i‘1) ( K3_i,1)

T o~
- <Wf1) &, (Xia) + 281 + (h)’eiz + €141
— Oij. _ — Bij;
ﬂijik‘g‘iji(o)zi‘jiDt J‘K3‘i_ji <1 7ﬂiji> KS,i.jl-(O)Zi_jiDt § K3.ij; .

Tij, = — - — —baij1 {aiji—l - aijr1]

(R3.4j,) (®si5,)

—e3ij,1 + (¥; — Xi1 ) Kyj, (e + <MJi)T§ijiO?) - <Mji)T€iji (}:(iji>

— 2 2 —_ 2 2
_ _ K3ij,)" — (i, K315,)" — (21,
*(Wi.ji)rfi.j,.(x)Jr (( 3_vl~Jl) . ( wl) )(( 3!_Jl) 2( 111) )2Ei.ji—1 — biaij, 1 — bizij,
i (Raag)* + (1= pyy,) ®aag)” = (201)

for j;=2,-, m

o~ i T o~
Tij; = —b2ij [ai.j,-—l - afji—l} — €351 + (Vi — Xi1) Ky, (A" + (WE,-) &ij, )

T = 5 o~
h <W’:]x> giji <}_(i\ii> - (Wiii)TgiJ}(x) + Eij1 — biij1 — bizij,

for j,=n;+1, n+2

16

(9)



F. ZOUARI et al. Communications in Nonlinear Science and Numerical Simulation 136 (2024) 108036

Based on the Egs. (5) and (9), the following inequality holds over compact sets £, and £,

p m+2 p m+2 Hw*_/Wl(O)HZ
SO (uiBi) + > (”'zuEiJizu.-
i=1 j;=1 i=1 ji=1 ¢2-i~ji
<
n;+2 ni+2
oy Z (1155 1Eis]) + Z lel?+0' =3 ICAUARTY
i=1 j= =1 ji=
forj,=1,...n;+2,i=1,....,p (10)
with
2 2\ (5 \2 2
(ki) -~ )?) (®o10)” - @)°)
Sij;= [L.Eij2ij,> Zij, > Ya,» — 5 7Eij, -1, Y5 Xi1,
" g Raag)” + (1= my,) (o) — (s
a1 @ij1, Eij,s Eija ] € R being a vector of know functions forj;=1,--,m;, i=1,--,p

H S = [1vziji Yi o Xit, Eij2ij,, afji—baijrl s Eij,, Eij, 1] € R® being a vector of know functions for j; =n; +1 ,m; +2,i =1,

.,D-
Ml O is an unknown constant that fulfills the given condition

5ii 2 5is 2
42 K3 (0)D, K3 ;. K3 (0)D, " K35 : 2
Zli):l ]r:rl ( ( 3.1Jl(_) t 3.1J;) + < 3,1._11(_) t)z 3‘1-_71) + (Dfll.)'d,-) +1 +2b2,i,ji1)

(Rs1j,)° (Rsaj,
E (6 2bs -+ 4(ms+ 2)PiR) S0 (14 10g, Wiy 12 + (e501) + (6100) + (e320) + (hPes )
n;+2 2 4 H iji - /Wi.j,- (0)”2
S D o (( (13)°) (0t +2) 10O
<
o

| Ei,O =0, fori = 1,...p
3.4. Adaptive neural network control design

Based on Egs. (4), (5), (8)-(10) and by combining with a pseudo-state observer (6), an adaptive Backstepping technique and a
dynamic surface control method, the adaptive law of parameters, the virtual controller and the auxiliary control inputs are designed as
follows:

t

Qij, = N(Gij,-) (WU,) 61, (Zu,) + d)lhg ij; T ¢l,i.ji/Ei-ji (z) dr
0

t

. == \T = =
Gij, = | (Wij,) & (Zi.j,-) + @4, 0Ej, + 14, / E;j,(t) dt| Ey,

0

Ax,;, P2, l]lEl,),gl]l (Zl]l> ((Tl, + 2)” lH + 1>2¢2 ulqu ij; (EiJ'iziJi + 6) [/W\iji - /Wiji(o)} an

P 2 T n+2 R R
Z( (3+6)(eir) (Bir) PiBia n Z (Eiji)zq)iji)lﬁg[@@(o)}o',

i1 811) (B ) PB:1+(716) =1

9i = Ainy 2,

. Ging+2 Ging 1 .
@i = —brinobrin+1®i — b1 Dy @i —bign2De " wi+ 8, fori=1,...p
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with :

- N(Giji) _ ((S’ij,.)z +2)exp<(gi§) )Sin(gi,i,») being a Nussbaum-type function. forj; =1,...m;+ 2, i =1,....p.

] d>ij _ (piji)z : (zijigijiﬂiji)z } (3+0) (2,-]-1_)2

' \/(Pi_;iEiji)z+(U)2 \/ (pijizijigijiEiji)2+(”>2 (i By, ) +(0)
=1,...m+2 i=1,..p.

Wy =1+ I Sij, || being a known strictly positive function, for j; =1,..., ;+2,i=1,...,p.

;i an eing known strictly positive constants, fork =1,2j;, =1,....n;+ 2, i =1,...,p.

B ¢, and ¢sbeing ki ictly positi fork =1,2j; =1 2,i=1,...p

—+(p; .%ij.Si J}-)z being a known strictly positive function for j;

] o) being the estimate of the unknown constant ©*.

Remark 24. It is necessary to point out that:

W ¢’sin(g), cosh (¢) sin(g),
(¢ +2)exp (%) sin(g), exp(¢?)sin(c), ¢ cos( \g\), cos (’—2‘ g) exp(¢?), cos(c)exp(¢?), ¢2cos(¢), sin(¢)exp(|g|) and

cos (g g) exp (gz) have been widely incorporated as Nussbaum-type functions into several control design research works to restrain

the harmful effects caused by uncertain control directions and unknown multiple actuator nonlinearities (These functions are
formed through a process called as amplitude elongation) [11,34-37,40,66].

W Under certain situations, new families of Nussbaum functions are represented by Mittag-Leffler functions [34-37].

M There exist also new groups of Nussbaum Functions developed by the means of time-elongation (These functions successfully
restrain potential control shocks with the help of their predefined and saturated amplitude characteristics.) [34].

M In this research, the more general Nussbaum-type function(¢* +2)exp (%) sin(g) is applied to settle the issues resulting from the

event-triggered strategy, the actuator nonlinearities and the unknown control direction because of their many motivating
properties.

Remark 25. It is obvious that:
M The term (Wi J-i)Tfi " (;?l 'ji) is applied to approximate the unknown nonlinear functions and the uncertain dynamics.
t

B The Integral term ¢y ;;, / E;j () d is added to the neural adaptive controller, to reduce the steady-state errors.
0
M The term ®;;, OF;;, is incorporated to guarantee the finite-time stability of the closed-loop system and to achieve robustness to
observer errors, disturbances, event errors, neural network approximation errors, uncertainties and command filter errors.
B The e-modification term [/Wi ji —W; j:(0)] Eyj,2ij, and the sigma-modification terms [® —6(0)]s and [/Wi i —W; j,(0)]o make the
parameter updates robust to every bounded approximation error (ensure robustness by merely restraining parameter growth).
M The initial parameter @)(O) must be strictly positive for the conditions © > 0 to be valid.v t > 0.
M The integration of Nussbaum gain and dynamic surface control techniques poses substantial hurdles to closed-loop stability analysis
2 2
) - (14515015, L B (my)" o
i j; o L 2 2 Cij;
(piJiEifi)2+(6)2 \/ (pijiziiigiJiEiJi)z+(“)2 (zijiEi'ji) +©)
(pi .2 \ii)in j, are added to make the ensuing stability analysis easier and to offset the effect of the filtering errors and event
errors.

[34-37]. For this reason, the auxiliary variables and

B The auxiliary control input 8;, the virtual control signal a;j, and the controller parameters (g;;, w; oo ©) are adjusted online, with
no pre-training step (or plain offline training step).

M Since the parameter adaptation laws, the virtual control signals, the auxiliary control input and the control inputs are continuous,
potential control design problems such as chattering and control singularity are avoided [34].
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Remark 26. It should be noted that:

M The event-triggered control condition (2) has been recently supplied in [2,3,23,38,42,43,56] to aid in deciding at what time the
controller must be updated.

M The crucial point in [2,3,38,39,42,43,56] is that the developed adaptive law incorporates a preset resilient term with Hyperbolic
tangent function tanh (.) to mitigate constant errors,

M The use of restricted information with constant measurement errors which is impractical in some situations, is the limitations of
previous research works on the event-triggering conditions [2,3,38,39,42,43,56],

M A strategy based on a new adaptive control scheme (11) is proposed in this paper to adaptively compensate for constant mea-
surement errors.

Remark 27. Asmentioned in [28,29,34-37], the choice to build the controller as an integer-order controller, despite the fact that the
system is fractional-order, is taken to simplify the controller design process. In contrast to fractional-order controllers, integer-order
controllers are more widely utilized and have well-established design approaches [26,29,34]. Furthermore, integer-order controllers
can provide great performance for a wide range of systems, particularly when fractional-order effects are minor or can be managed
effectively via stability analysis [35-37]. This technique addresses the system’s fractional-order characteristics largely during the
stability analysis phase [28,34,37]. By examining the stability of a closed-loop system with an integer-order controller, the influence of
fractional-order dynamics on system stability may be understood and compensated for [28,29,36]. This enables the discovery of tuning
techniques and crucial parameters that provide good performance and stability in the attendance of fractional-order dynamics [28,29,
35]. In general, building the controller in integer order at the same time as addressing the fractional-order issues in stability analysis
strikes a balance between system performance and controller complexity, integrating the benefits of both approaches [28,34-37].

3.5. Stability analysis

In this section, stability analysis of the closed-loop system is presented for the proposed Observer-Based Output Feedback Event-
Triggered Adaptive Neural Control scheme, which extends the dynamic surface control technique to systems with asymmetric time-
varying Pseudo-state constraints and input nonlinearities in non-integer order non-strict feedback form.

In what follows, using the above control design, the principal outcomes of this study can be stated as Theorem 1.

Theorem 1. Consider the nonlinear nonaffine non-integer order non-strict feedback systems (1) subject to input nonlinearities, asymmetric
time-varying Pseudo-state constraints and dynamic uncertainties. Under Assumptions 1-2, the neural adaptive pseudo-state observer (6) and
the adaptive control laws (11) with the event-triggered condition (2) ensure that:

M All of the closed-loop systems signals are bounded.

W the full pseudo-state constraints are not violated,

B no Zeno behavior occurs in the execution times.

M The tracking error signals, the observer errors and the error surfaces converge to zero in finite-time.

Proof. of Theorem 1.

Choose a positive definite Lyapunov function as

n+2 P mit2 P mt+2

P 14
V=D Vit Vet DD Vasi+3 0> Va3 ) Vs (12)
i=1

i=1 ji=1 i=1 ji=1 i=1 ji=1

with :
+00
HV;= / 0;(0)(2;(w,1))"P;(2;(w,1)) do, fori =1,...,p.
0
ri1(@) 0 0
W (o) = diag(is (@), . anez @) = | 0 2@ L g forg —q . p,
0 0 ine (@

B (2i(o,1))"P;(2;(w, t)) being an elementary monochromatic Lyapunov function of the internal state variable 2;(,t), fori =1,....p.
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o2
v -
MO6-0"-6
Wi, 12 (Wi)" (Wi, , .
Vs = Wlul = %’TIJ)’ forjy =1,-mni+2,i=1--p.
t 2
H V. :"’;"ji /Eiji(r) dt| | forj;, =1,..., n+2 i=1,...p
0

—1+6;j, . N
W Vsij, =3D; " [Vey;], forj, =1, - m+2, i=1,.p

2
2
(o)
nyjlog

(zi_ji)z,forji:ni—k—l? m+2, i=1,...,p

Remark 28. It is worth noting that:

—1+8;j, . . . .
N D, "%t denotes the fractional integer of order 1 — §;j, forj; =1,....m;+2,i =1,...,p.

M The Lyapunov function V is convex with respect to the variables z;;,, o, W; jo Eij,and Jy, , forj; =1,...m; +2,i=1,...,p.

B Vescapes to infinity if 2;j, > — k3;,, 2ij,~ K3,j,, 0+, I VNVi_ji || =+ o0, Ejj—+ o0 or 3y~ + oo, forj; =1,...m; +2,i =1,
..i,D-

W V=0whenzj =0, | Wy, =0, =0, Ej,=0and3;; =0,forj;, =1,..m+2,i=1,..p.

M The Lyapunov function V is positive definite and continuously derivable with regard to the error variables, counting the observer
errors, the tracking errors and the parameter estimation errors, V — K3ij, < Zij, < Ksjj, forj, =1,...,n;,i=1,....p.

Remark 29. It is important to mention that Lyapunov functions related to Griinwald-Letnikov, Riemann-Liouville, and Caputo
definitions, vector Lyapunov functions, Time-varying Lyapunov functions, Finite Energy Lyapunov Functions, Lyapunov-like barrier
functions, exponential-type Lyapunov functions, Convex Lyapunov functions, Volterra-type Lyapunov functions, quadratic Lyapunov
functions, polynomial Lyapunov functions, piecewise Lyapunov functions as well as several others have been effectively employed in
the literature for the stability analysis of non integer order systems that are incommensurate and commensurate [2,5,15,26,34-38,43,
48,54-61].

Remark 30. In the literature, there are several kinds of symmetric and asymmetric barrier Lyapunov functions, such as tangent
Lyapunov barrier functions, prescribed performance-barrier Lyapunov functions, composite barrier Lyapunov functions, high-order
barrier Lyapunov functions, time-varying barrier Lyapunov functions, exponent-dependent barrier Lyapunov functions, integral
Lyapunov barrier functions, and so on [2,3,34-36,41,47,48]. The primary distinction between Lyapunov barrier functions and classical
Lyapunov functions is that Lyapunov barrier functions approach infinity when their arguments reach specified limitations [2,3,34-36,

20



F. ZOUARI et al. Communications in Nonlinear Science and Numerical Simulation 136 (2024) 108036

48].
Using Young’s inequality [1-3,10-13,18,34], Lemmas 2-3 and Egs. (6), (7), (11)-(12), one obtains

~2 [*” wI'(@)(2(@,0) P; (4w, ) dw < 0
hiei” (A"P; + PiA;)e; < —hidmin(Q) ;]|

2
2e, P, X7 4By [ giy] < (1+1PIP 520 (1,)7) Nleall? + g + DNIPIZ 55 (25,4,)

ji=1 ji=1
_Zel P b; el = Zlmm(Pz)bzlle ”2
2
2e,"P; Z"‘”d Bj[e1:),] < lledl? + (i + 2)IPII2 L "l”(s“h)

2, P, T 4B, (W) &5, ®)] < Nedll® + (g + 2)IPIZ 5727 4, [ Wi |

Wesl” < W

iji Z(Wlh) Wl]l

T s CNT, (= 2 L2
(W) €5, = Wiy) &5, ()| Eoge < 2(Eig)” + 245, Wi
T . 2 — 2
- [(Wi'ii) fl'.iiO{)] Ei-ii S (Ei:ji) + qi'ii”Wi-ji”

2
[A gi1+ &1+ (hi)zei,Z]Ei,l <llell® + [1 + 27:12( lij-)z] [(r)* + 2](E;4)
m+2(£2 lh) + Z;z:z(sllh)z 13)
T W~ o) < H[IWiy,~ W I — 4, ]

60 -0 @<i[(e -0 ©®) - (@ ]

2
[ hidmin(Q1) + 5 + ||P;]|? Zlnl—+12( li,jl-) - Zbilmin(Pi)] llell? < —Amin(P)lle;ll?

2 2N/, 2 2
P E. P oymi ((53”1') _(Z"Ji) )(("3111') _(Z"J'i) ) E..Ei =0
21 12, =1 let+1 Bji — 4i=1 ]i_zl‘i,ii(73,1‘,1',-)2+(1—#i,ji)(E3,i,ji)2—(li,j,-)z Ljitiji-1

P n;+2 _
X Zija ey — X N 1 EijaEij, = 0

2 2
(Vo) < (2ij,Euj;)

—0" y? 2(3+0)(e11)" (Bua) PiBia - _ 0" 52, 23+0)(e1)" (Bia) PiBia
= 2(ei'l)z(Bi‘l)TPiBi‘1+(o)2 B l 12(911) (Bll) Py Bl1+2 Z"l+z (Vﬁ,i.ii)2+(6)2
n; 2 - 2
_or yp  yrrz GO (uiku) @+0)0" X1 B (Vois)
i=124j;=1 z = 2
' / (zi,/'iEi,l'i) +(0)? Y- 12(911) (Btl) PiBi1+3]. 1an+2 (Vﬁ,i'ii) +0)?

By taking the time derivative of ¥ Vy;, Vo, 3 Z"‘*Z Vs, S0, Z"‘*Z V5 and > Z"‘”VS ij, and based on Properties 1-
2, Lemmas 1-5, and Egs. (6)-(13), one has
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© T

SE Vi = X0, [fy 7 —20r (@) (3:i(0,0) P (3w, 0) do + &7 (4P, + PiA)n; — 2P:b;)e;]
P T n,+2 _ & 2(3+0)(€i,1)2(Bi,l)TPiBi,1
+Z':1 Zei Py Z di B]' [(W”‘) 6”‘(){) A Gyt gl”'] ® Ei:l Z(ei,l)2(Bi,l)TPiBi,1+(ﬂ)z

2(3+0)(ei) (Bi,l)TPiBi,l_ P 2(3+U)(€i,1)z(Bi,1)TPiBi,1

_yP . . %2+ 0 1 .
Zi=1(1+lmm(Pu))”€1” +0 21=12( 1)2(311)TP1‘31,1+(!7)2 i=1 2(5’1',1)Z(Bi,l)TPiBi,1+(0')2
=32 2+ 2)IPIR) S5 qig, (W) Wy,
+ 32, (O + DUPAR) 5522 [4q Wi | + (e100)" + (£345)°]

. «_3 2_ = N2
86 __5 o [2(3+0')(ei,1)2(3i,1)TPiBi,l +(Ey )th--] + [(9 -6 @) -() ]”
3 =1 L2(e10)*(B11)" PiBia+(0)? Wil T 203

V,=

P nl+2 P nl+2 (W!ll) (Wirji)

i=1 1 V3 = Liz1 2ji=1 b2.j,
Y || ! I L N
< Xis1 25 YY" (Eijizij, + 0)
Ui
+X0, ZTZ(WU,) [ Ei&ij (X)) +2 ((ni +2IPI* + 1) qi,]'iwi,j,']
a4

X 1ZWrz Vaiji = le ik 4’1111 lhf Ey(7) dt

14 n,+2 P ni+2 5i,ji 14 n;
VSth < Yic1 Zjimn+1 26D Ziji + Yieq ji=1

i=1
{ 8iji—
_(1 ﬂt]l) ’C3111(0) <( i 2>Dt ! K3,i,j,»

K3, th)

8ij; zij; 8ij;
D, "'z;j, — pyjKs3,,(0) =2 | D, K3,
(Es,i,j,-)

Eyj,

<X 121":2 [“th + (Wu.) &1, (Xug) + (Wez,) f111(7(!1;)] Eyj,

+0° + 30 lleil? + 0 X1, SR80 M| Evl)

. — \T— Wi, (0)
b1 ,'-'i':f 2q:;,(Wyj,) WiJi_%El.hzi.h]
" (Pi,i.-Eui)z <00

0" pijlEi;| - @ 2
(Pi,jl-Ei,ji) +(0)?

0" 134 /I|Eij.| — @ piji|Eiji| <0

From the above Egs. (8)-(12) and inequalities (13)-(14), it can be known that
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y _ P 1) 2 P n +2 P n +2 P n;+2
V_Zi=1V1,i+VZ+Zi=1 ; V31,1+Zl 1 ; V41],+2 12 - VSth

<

=~ 2
p 1Amin(Po)lle; I +Zf 1 nl+12 [alh + (th) ful()(zh)] Lji = ]a

2¢3

(0' + Elhzllt)

+0* + Z?:l 7::12 ¢1,i,j,-Ei1,f Eul(‘t) dt — Zf 12" 2 M

2
W:, W;;.(0) 0" -6 (0) .
+ I 2 [[” ! ]}”[( Ho +o S T 190

2¢Z,l,h 2¢3

N 2(3+0)(e; I)Z(Bil)TPiBil
-0" 3. A : 15
1 ) (B0 PiBi 1+ (15)
+Zf=1 ((n,- + 2Pl ) %4 [4qlh|lwlh” + (51 111) + (82 lh) ]
S
it2 it2
_Z€:1Amin(Pi)”e'”2 0 Ep 1 71_+1 Plhlqijllvﬁuij, - f 1 n+ (U+ V61],)V31],
2 i+2
_UVZ GZT 1 o iy V4- i -0 Ef:l P ¥ (pl],CL]lVGL],) + (5 +n+ Zp)aG)

[(@ -0 (o))] [”w,h w,,l(o)” ]]

-0 + 2¢3 2¢2 i

_ "l“[1+~(cl,,)1cm sty [

(0)2—(1+U)(Z 2(211) (311) PiBi1+XF 1an+2 (Vs,i,ji)z)

2571 (e01)" (Bua) PiBia+3l, )7 (Veisi) +@?

*

Then, integrating (15) from O to t, we arrive at

¢ . niz [t
t)+2f:1/1min(1’i)/o | e(7)|[*dT +© ZLZ-; /0 Ve, (05, (0|63, (1) |dn

+ / LOVAGEED S :'fz / ) + V.15, (7)) Vaj, () dn

0

n+2 nl 2
ad Zl 121 / Vo5 (7)615, (0)py,(7 dT*Zl 1 / 7)Vaiji(z

<

(16)
~ A7 2
-0t + V(0) + {W} /0[6(1)d'r+zi lzn,+2[ [ 2¢:::ji(0) ]} /(:o’(’t)d‘t
(5+n+2p/ ade 37 ) / [1+ N(gy, ())& (x)dx
+®*/‘(a() (1+ 0(e)) (2042(en (1) (B )pB,1+z 2 (Voag(t ))2)‘1T
257, (e ()" (B )PBu+Z 7 (Vi (1) + (o(2))?
Based on lemmas 1-5 and the previous Eq. (16), it is worth mentioning that V(t), f || ei(7)]dz, {

Vy(7)dr, 37, n.+2fV6,]l Yde, Y P n,+2fV3 ij, (7)dx, > nl+2fv4,h yde, Y P nl+2ﬂ1 +N(‘511( ))}‘;—Ui (7)dr, fﬂ(r)d’r,
[}

(0 — 8(0))] b w2 [ [IW;, - Wi (0)] ]
T o(t d‘r,z Z [ 2%”} [6(1)(11'

o /’(o<r>>2—<1 +0(e)) (X012 (ei (7)) (Bir) "PiBis + X0, 7 (Veas (7)) i
2570 (€1 ())* (Bua) "PiBus + X0, S (Veui(e ))2+(o<r>>2

t
and > E"‘*z (01, ()61, (7) Ve ij, (1))2d1: are bounded.
0

23



F. ZOUARI et al. Communications in Nonlinear Science and Numerical Simulation 136 (2024) 108036

ij; i j; :
From (16), we have D, " e;;(t) € Ly, and D, "2;j(t) € L. Also, e;; € L, N L, and 2;; € Ly N Ly, hold. According to Barbalat lemma
[19,28,29,34-37], it is obtained tliT e;j = 0 and tlir+n zij =0,forj; =1,...m+2,i=1,...,p.

Consequently, all of the closed-loop systems signals a;j,, /W,- i (~A)7 E;j,, zij, and e;j, are bounded, forj; =1,...,n; +2,i =1,....p.
Also, there exist an unknown strictly positive constant /" and a known function " such that

n;+2 t

0+ Z/ +N(g, (e )}giji(r)dw(5+n+2p)@*/a(z)dr

o1 ji=1 A

+{W}j6(ﬂd¢+i ZT [ b~ Wi ) ]]/G(T)df

/ 202 /

o ) e L ),
22‘;:1 (ei"l(r)) (B ) PB”JFZ "l (Vsm( )) +(O’(1))

17
<
¢
P n;+2
7 =1, <22 ei1)” (Bix PB:1+ZZ (Voisi) )7“)
i=1 i=1 ji=
P P +2
7 =0, if <22(ei_1) (Bi1)"PiBiy + > Z (Veis,) ) =0
i=1 i=1 j;=1
More specific, from any initial condition V(0), V will converge to zero in a finite time T, < %
Furthermore, from (7) and (16) - (17), it is obtained that
[l eill=0
ii\ii = 07
vt > T, (18)
Vsij, =0,
2ij, = 0,

forjizlj...’ni+27 i:1,'~-,p

Fromxi; = 2i1 +¥g and Ky ;3 < Kyj1 <Yy < Kzi1 < Kii1, wecanknow —ks;; < 21 < ®zi1. Define ks =y, — ki1 and K31
=K1 — Ya, and then, ithask, ;; < xi; < ®1i1. By 2y, = Eiji —agj1and — K35, < Zij, < Ksij, if we choose K3ij, = ®ij1 —Ky g, and
Ks3ij, = K1ij, — ®ij,—1, then we can prove k; ; i < Xij, < Ku4j, - Moreover, based on the above results and according to [47,48], we can
infer that the pseudo-state satisfies Ky g5, < Xij, <Kigjp for j, =2,...m;, i =1,....p.

Then, the state x;j, is not violated, for j; =1,....,m;, i =1,...,p.

In addition, building on the description of Zeno phenomenon [2,3,15,22-25,27,38,39,42,43,52,56], we should demonstrate that
the lower bound of the release interval t, = tx 1 — tj verify t, > 0 for the purpose of exemplifying that the Zeno behavior is effectively
avoided. Based on (2) and motivated by the research [15,22-25,27,38,39,42,43], it has d% &:(0)] < |wi(t)], ¥V te <t < tiyq -

Since w;(t) = —b1in2b1in 1 @i — bli‘,,l.HDfi""*z w; — bLiv,,#szi’""“mi + 9; and all the signals are globally bounded, there exists a
constant 1y such that |;(t)| <lo

According to (2), &;(tx) = 0 and . llLTAlci(t) = p;|ui(t)| + r; hold. Consequently, the lower bound of inter-execution intervals t* has to

satisfy t* > % , which signifies that the event-triggered system cannot generate an infinite number of jumps in a finite amount of
time. This implies that the Zeno behavior does not occur, ( {tx,; —tx} > t*, and t* > ’”"‘(1% > 0).

Hence, the proof is complete.
Remark 31. Note that:
M The settling time T, depends on the unknown functions, the initial conditions and the updating control and observer parameters.

M Inadmissible triggers and Zeno behaviors lead to the squandering of recourses and bandwidth, even the instability of the affected
system. As a result, accurate triggers and no-Zeno behavior are needed in control process [27,38,39,42,43,52].
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Choose the parameters. Set the initial values of the variables used in the proposed observer and controller.
Fix the total execution time of the whole system T

Update i = i+ 1

_’| Update j; = j; +1

| Calculate the pseudo-state X;,(t), according to the equation (6)

v

_1(t) , by using the equation (8)

v

Calculate the variable E,-J-i(t), according to the equation (9)

v

Determine the vectors J;,(£) , according to the equation (10)

End

¢

Determine, z; j,(t) and aij,

Return
to Step 2
for the l
next
sample
time
period.

Calculate the parameters (¢, (¢), w; i (), © (¢) )and the virtual controller a; j.(t) , using the equation (11)

v

‘ Compute the intermediate control @;(t), using the equations (4) and (11) |

1

‘ Determine the control input u;(t) and the measurement errors {;(t), according the equation (2) |

(1¢,(®] > ﬂl!ul(t)l +711)
or (18,(0] > Bylup(®)] +7,)

Yes
Update k =k +1
Update t;, =t

¢ A 4

Apply the proposed controller to system (1) and measure the output y;(t) , i =1, ...,p.

Fig.. 1. Flow chart of the proposed neural observer and adaptive control algorithm.

M The inter-execution time intervals are influenced by the threshold f;|u;(t)| + r;. In Theorem 1, the relationship between the lower
bound of the inter-sampling interval t* and the threshold g;|u;(t)| + r; is discovered. Furthermore, f;|u;(t)| + r;cannot be made
arbitrarily huge since it grows the control computation cost [3,15,22-25,27,38]. The lower the threshold, the more precise the
control, which improves system performance [2,27,38,39,42,43,52,56].
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0 — ~
. The pseudo-state X; ;, (t) 0
i) > Equation (6)
v; = Xini+3)
W,;;.(t
w® 24,0 .
%, (D) e > aiji-1(®
Ji | The error surface z;;,(t) and the output of
Ya; (t)‘ the fractional order filter af;,_,(t) ®
» . o z;;.
a;j,-1(0) Equation (8) i
The reference signal Y4, (v) Ya; ®
satisfying Assumption 2 yi(®)
13
z; i (t)
Jiy The vector J;,(t)
c .
aiji-1(®) Equation (10) 34, (®
ai,ji—l(t)‘
2,;,(®) The Variable E;; (t) |E;;,(t) >
—_ Equation (9) Ya, ()
X,
E i:ji(tl
|§i,ji(t) — —
_— % The parameters (5;;,(t), W;;,(1),0 ()
o (t)= and the virtual controller a;;,(t) JAQ)
Equation (11) 0 (t
34,(0) ®
a;i.(t
E iji (t) i (®) »  The intermediate control w;(t) | @i ®
— w.. Equations (4) and (11)
W, 17, (0
@i(b) The control input u;(t) and w () System (1) under y:(t)
»{ the measurement error {;(t) > Assumption 1 >
u;(t) Equations (2)

Fig.. 2. Block diagram of the proposed control scheme.

3.6. Proposed controller implementation and application

After the theoretical derivation, it is worth noting that the proposed finite-Time Observer-Based Output Feedback Adaptive Neural
Control strategy can be implemented and applicable to a wide group of uncertain non-linear systems, which are described by
mathematical expressions akin to (1) with an event-triggered mechanism (2) and Under Assumptions 1-2. The above analysis and
results demonstrate that the proposed controller and observer include online-fitted variables with no offline learning. To recap the
main points and findings mentioned above, Figs. 1 and 2 provide a flowchart and block diagram showing the practical implementation
and execution of the proposed neural adaptive controller technique, respectively. The following algorithm displays the running
procedure of the proposed Observer (7) and Controller (12) through a digital computer based on Theorem 1.

Remark 32. From a theoretical and practical point of view, it is obvious that;’
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M Choosing adequately huge neural node numbers g; o @ tolerably small function ¢ and large constants ( K;j,, bi, b1in1,b1in+2
baij 1, hi, h1; i P2ijs P3s ji =1,...m;+2, i =1,...,p) during the design of neural adaptive observer and control schemes speed
up the convergence to zero of the tracking error signals, the observer errors, and the error surfaces. On the other hand, this can
result in massive amplitudes of the control input variables.

W For real-world applications and plants, the tradeoffs between convergence performances and control efforts have to be considered
[34-37].

Remark 33. The literature has suggested a number of MATLAB and Simulink-based toolboxes, such as Fractional Order Modelling
and Control (FOMCON), fractional-order transfer functions, Fractional State Space Tool (FSST), and Non-Integer Order Robust control
(CRONE), for practical analog and digital realizations or implementations of fractional-order differentiator and integrator modeling
and control applications [63,64]. As mentioned in [65], there are two popular techniques to numerically implement non-integer order
systems. The first path consists of non-embedded implementations centered on parallel computing on reconfigurable hardware while
the second path is made up of digital platforms based on ARM (Advanced RISC Machine) or embedded implementations oriented
towards sequential computing in DSPs (Digital Signal Processors) [65]. In this manner, Field-Programmable Gate Arrays (FPGA) is a
good choice for hardware implementation of sophisticated fractional order systems when conventional microprocessors cannot offer
enough performance or design suppleness [63-65]. The implementation of the proposed controller in this work is inspired by previous
related approaches.

3.7. Comparison with related works and discussion
The following are the primary advantages of this research work:

M To the best of the researchers’ knowledge, there is so far no study on the problem of designing a finite-time adaptive neural network
event-triggered control scheme for a general group of incommensurate fractional-order systems subject to immeasurable Pseudo-
states, non-affine non-linear characteristics, actuator nonlinearities, unknown dynamics, non-strict feedback forms, asymmetric
time-varying Pseudo-state constraints, unknown control directions and disturbances.

M Comparing with available works [1,9-12,18,22,27,38,42], numerous conditions and assumptions related to the estimation errors,
the input-to-state stability (ISS), the functions, the dynamics, the control directions, the actuator nonlinearities, the measurement
errors, the constraints, and the uncertainties are not absolutely necessary during the proposed adaptive control design.

H Approaches and techniques about the stability analysis and the control design of integer-order plants are extended to non integer-
order ones by new proposed theorems, and lemmas based on Caputo’s definitions.

M In comparison to the articles [1-14,34-38], the method in this article addresses a broad range of issues encountered in practical
engineering applications and systems (issues provoked by incommensurate fractional-orders, asymmetric time-varying pseu-
do-State constraints, immeasurable Pseudo-states, dynamical disturbances, triggering mechanisms, measurement errors, zeno
behavior, non-affine properties, unknown control directions, actuator nonlinearities, algebraic loops, steady-state errors and
repeated calculation of virtual variables’ derivatives).

W Different from the existing research [17,27,40], neither the chattering phenomena nor the singularity problems come into view in
the system’s response for the reason that the control inputs, the virtual control signals, and the parameter adaptive laws are
continuous inside the set Ky ij, < Xij, <Kiijs ji=1,..m,i=1,..p,

M In contrast to existing results [2,5,15,26,34-38,43,48], the strategy given in this study is based on an augmented nonlinear system
technology, Caputo definitions and dynamic surface control method to reduce the times of controller update, and to further
achieves better performance of the error system without violating the constraints,

M Preceding infinite-time tracking methods [3,42] are extended to finite-time tracking control methods for non-integer order
non-strict feedback systems with asymmetric time-varying Pseudo-state constraints and nonsmooth input nonlinearities,

Remark 34. Our study’s shortcomings are as follows:

M The approach suggested in this article is incapable of dealing with the difficulties caused by the Time-Delays and time-varying
deferred constraints.

M In addition, our proposed controller cannot be applied directly to a class of a stochastic fractional-order system when the fractional-
order value lies in the interval [0, n] (with n > 1).

4. Simulation results

This section conducts two simulation examples to demonstrate the efficacy and superiority of our theoretical results. Similar to
[34-37], all simulations are performed by applying an improved version of the Adams Bashforth-Moulton algorithm based on a
predictor-corrector scheme in MATLAB R2020b environments running with the time step size10~* s.

Example 1. (An academic system)
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Consider the following fractional-order non-strict feedback system subject to input saturation and pseudo-state constraints

51 ;. .
Dt Jlxljl :fljl(x7 d)7]1 :17"'-,3
Df“xm =f14(x, 1, d) (19)

Y1 =X11
where

MW 611 =04, 6,2=0.6, 613 =0.7 and 6, 4 = 0.3 are the fractional orders of system (19).
W di; = 0.01 cos (”Tt>’ d 2 = 0.02 sin (%t)v d; 3 =0.03 sin (?) and d; 4 = 0.2sin(xt) denote external disturbances with d = d; =
[di1, di2, digs, d1,4}T e R

W x=x1 = [x11, X12, X13, x1,4}T €R* y=y,€R, and u=u; € R stand for the system pseudo-state, output, and input,
respectively,

i d d d
W fia(x d) = [ R::S\fi\f} [xu m;ﬁdd, Frale, d) = 1+ [xm ugﬁdH] Frate, d) = [1+520] [xu “*‘l'ﬁd”} and f 4(x,

vy, d) = [1/1 —1.5x13 -2 +d1‘4] [1 +%} are continuously differentiable functions.

20, lf u; > 20
W v=v, =sat(uy)={w;, if —15<wu <20 is the actuator saturation.
-15, if w; <-15
B The pseudo-state x; j, is restricted to a time-varying region k; 1 < X1j <Ki1j,,Jj; =1,.4

with
K111 = 0.05cos(nt) — 0.6, k11,1 = 0.1sin(xt) + 0.5, k; ; , = 0.05cos(xt) — 1.2, K112 = 0.1sin(wt) + 1.2, —Kk;;3=
0.5cos(nt) — 1.5, k113 = 0.1sin(xt) + 1.7, k; ;4 = 0.05cos(nt) — 2.2 and k1 4 = 0.1sin(nt) + 2.3.

w =wi(te) V tke <t <t
W ( tiq =inf {t > t] [&1(t)] >p1|wa(t)| + 11} is the event-triggered condition with f; = 0.9 and r; =1 being event-triggered
§i(t) = w1 (t) —w (2)
parameters.
B The pseudo-states x; 2, X1.3, X14 are unmeasured, but the output y; is measured.
M The initial conditions of the system pseudo-states are defined as x;1(0) = —0.2, x12(0) =0, x13(0) = 0 and x; 4(0) = 0.

According to [28,34-37], the actuator saturation can be expressed as follows

vi = Ay (W) + Az (20)

where A;; =3+ 33sign(u;) is a bounded function with sign(.) being the standard sign function. #, (u;) = erf (%ul) is a contin-

11

t
uously differentiable function with erf(t) = % / exp(—?)dz being the gauss error function. Az; = sat(u;) — Ay 17, (u1) is a bounded
0

function.

The main purpose of this example is to have the system output y, track the reference signal y,; = 0.5sin(xt) [1 —exp(—0.01t%)]
with no transgressing the constraints and Zeno behavior excluded thanks to the controller described in Section 3.

The suggested controller design algorithm is described in SubSection 3.6.

It is clear from this example that Assumptions 1-2 are met.

Akin to [34-37], Radial basis function neural networks are put into use throughout the simulation for approximating the unknown
functions.

Following that, the suggested observer (6) and controller (11) are applied to the system (19) with the event-triggered mechanism
(2), and design parameters are given as follows:
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Fig. 3. System output y; , Reference signaly,;, and constraints.
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Fig. 4. Tracking error 2; ;.
122 -0.5 —-4.6 0.5 3.5 —-0.5
-0.5 4.6 -0.5 -35 0.5 4.6
—-46 -05 3.5 -0.5 —4.6 0.5
The symmetric definite positive matrices P; = and =
u y P 1= 05 35 05 46 05 122 @&
3.5 0.5 —-4.6 -0.5 12.2 -0.5
—-05 46 05 -—-12.2 -05 113.1
1 0 0 0 00O
0O 1 0 0 0O
0O 01 00O
0O 0 0 1 0O
0O 0 0 010
0O 0 0 001
|
W 615 =03, 616 =07, Li; =0.001, bi15 =8, bi16 =7, ba1j,-1 =4, ¢115, =11, ¢y =65, ¢35 =7, Ky, :m’ b, =

100, ny =11, forj, =1,--,6.

H the appropriate function 6 = 0.01lexp( — 5t),
B The neural node number ¢,; =6, forj; =1,-,6.
B The hidden-layer activation function of the neural network ;; (.) is a Radial basis function, j; = 1,--,6.

H The Radial basis function centers are uniformly distributed over the region of [-0.5,

widths are all equal to 10.

0.5] x - x [-0.5, 0.5]cR® and the

Il The total execution time of the whole system T = 20.
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Fig. 5. Intermediate control signal w; (t) and Event-triggered control signal u; (t).
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Fig. 6. Control input u; (t) and Output of nonsmooth input nonlinearities 1 (t) .
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Fig. 7. Event-triggering time interval.
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Fig. 8. Pseudo-state x; » and Pseudo-state observer X 5.
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Fig. 9. Pseudo-state x; 3 and Pseudo-state observer X1 3.
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Fig. 10. Pseudo-state x; 4 and Pseudo-state observer X1 4.
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The simulation is run by selecting the initial conditions as X j, (0) = 0, lel (0)=[, 0, 0, 0, 0, 0]", &(0) =0, 6150 =1,
01 and a;5-1(0) =0, for j, =1,...,6.

Remark 35. A mathematical formula denoted by an exclamation mark "!" is the factorial function.

Remark 36. It is simple to determine Pq, Q;, fnand Ky, j; = 1,...,6 using the tools of MATLAB,

The obtained results for the proposed observer (6) and controller (11) with the event-triggered mechanism (2) are shown in Figs. 3-
10. Specifically, Fig. 3 exhibits that the system output y; successfully follows the reference signal y, with a minimal error within an
extremely short time. Fig. 4 illustrates that the tracking error tends to zero in finite time. Fig. 5 displays the responses of intermediate
continuous control w; (t) and event-triggered controlu; (t). In Fig. 6, the trajectories of control input u; (t) and actuator nonlinearity
output v (t) are plotted. Fig. 7 depicts the timing of the released interval of triggered events. Figs. 8-10 give pseudo-state observer
performance of X1 X13, X1.4, respectively.

The subsequent conclusions are drawn from the simulation results:

H All the signals in the closed-loop systems are bounded.

M The full Pseudo state constraints are not overstepped.

B Zeno behavior does not exhibit during the simulation process.

M The update frequency of control input is considerably reduced (The number of events triggered in 20 sis 250, being significantly
fewer than 2.10° = :2% which is the total number of communication with the fundamental control approach (11)).

M The proposed controller is able to track a reference signal and has strong robustness in the attendance of unknown control di-
rections, uncertain dynamics, disturbances, asymmetric time-varying Pseudo-state constraints, and actuator nonlinearities.

Thus, our theoretical findings in Theorem 1 are successfully demonstrated and confirmed by these simulation results.
Example 2. (A Practical system: A single-link robot [36,47])

Based on Caputo fractional derivative definitions and Properties ( see Definitions 2 and Property 1), the dynamic equation of a
single-link robot arm consisting of a rigid link coupled through a gear train to a Direct Current (DC) motor can be expressed by

5 .
Dtmxl\il :flj1 (2, d), j=1,-,5
D{x16 = f16(x, v1, d) @1
Y1 =X11

where

M o611=03, 812=03, 613=04, 614=0.3, 65 =0.35and d; ¢ = 0.35 denote the fractional orders of system (21).

Hx=x = [xl.,l, X12, X13, X14, X15, x1.6] eERS, y= ¥; € R and u=u; € R are the system pseudo-state, output, and input,
respectively,

M x1; is the angle of the rigid link.

M x4 is the angular velocity.

B D'°x; ¢ is the angular acceleration.
W fi1(x, d)=x12+di1, f15(x, d) =x13 +di12, f1306 d) =x14 +di3, f14(x, d)=x15+d14, f15(x, d) =X16 +d15 and

fie(x, v1, d) = —2x1 4 — 10 sin (xu) +v1 + dy 6 are continuously differentiable functions.
0.015 sin(%‘) 0.012 cos(%‘) 0.02 sin(%‘) 0.011 cos| % 0.012 sin| & 0.035 sin | 7
B diy =g G2 =—pg o s =m0 G4 = e dis = ey and die = gy are external

disturbances with d = d; = [d11, di2, di3, di4, dis, dig] €RC.

|sin(zt)| .
<1+ 55 )16 f w>16

sin(zt
Wy=v-={ (1 + %) u;, if —12 <u <16 represents the input nonlinearities.

)y 1y
w =wi(te) V te <t <ty
B ( tiq =inf {t > t| [&(t)| >p|ui(t)| + 11} is the event-triggered mechanism with f; = 0.89 and r; = 1.3 being event-triggered
&1(t) = @1 (t) —ui (1)
parameters.
B The pseudo-states x12, X13, X14, X1,5, X16 are unmeasured, but the output y; is measured.

—12(1 +
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Table 2

Single-link robot Parameters.
Description Value Unit
Damping coefficient 2 N.s/m
Mass of rigid link 1.02 kg
Gravitational acceleration 9.8 m/s?
Rotational inertia of motor 1 kg.m?
Distance between the joint axis and the mass center 1 m

M The initial conditions of pseudo-state are chosen asx; 1 (0) = 0.3, x12(0) = 0.2, x13(0) = 0.2, x14(0) =0.1, x;5(0) =—0.3 and
x1,6(0) = —0.3.
W The time-varying pseudo-state constraints are defined as k; g, <X1j, <Kiij, ji=1,-,6

with
K111 = 0.4sin(t) — 0.5, K111 = 0.1cos(t) + 0.6, k, 1, = 0.2sin(%t> —1.15, Ri12 = 0.1cos(’5—'t) +1.75, k5 = 0.2 sin<gt) -
14, R113=0.1 cos(f;’t) +1.85, K14 = —1.35 — 0.05c0s(nt), K114 = 0.55. K ;5 = 0.4 sin(%t) ~ 2, Ri15 = 0.5 cos (gt) +

18, K116 = O.4sin<1’iot) —25and® 16 = 0.5cos(gt) +1.35.

Similar to [34-37], the input nonlinearities can be rewritten as

Vi = Ay (W) + Az (22)

|sin(zt)|

where A1 ; = 2 + 14sign(u; ) is a bounded function with sign(, ) being the standard sign function. 5, (u;) = <1 +7) erf <2gl u1> is

8+5t

t
a continuously differentiable function with erf(t) = % / exp(ftz)d‘c being the gauss error function. Ay ; is a bounded function.
0

The physical parameters of the single-link robot are specified in Table 2.

The major goal of this example is to make the system output y; track the desired trajectory y, = 0.5sin(t) without violating the
constraints and exhibiting Zeno behavior, due to the controller presented in Section 3.

It is obvious from this example that Assumptions 1--2 hold.

SubSection 3.6 describes the proposed observer and controller design algorithm.

In this example, Radial basis function neural networks are used to estimate the unknown continuous function.

Then, the proposed observer (6) and controller (11) are applied to the system (21) with the event-triggered mechanism (2), and
design parameters are selected as:

B 617 =0.4,613 =06, Lij, =0.001, bi17 =8 bi1g =7, barj 1 =9, ¢11j, =15, ¢y, =17, ¢3 =85, Ky, =
=136, iy =1.1, forj, =1,---,8.

8!
[C AN by

r974 -05 -247 05 121 -05 -96 05
-05 247 -05 -121 05 96 -05 —121
-247 -05 121 -05 -96 05 12.1 ~05
. . . 05 -125 -05 96 -05 -121 0.5 247
B The symmetric definite positive matrices P; = 121 05 _96 205 121 05 947 05
i i 05 96 05 -121 -05 247 05 -97.4
10000000 ~96 -05 121 05 -247 -05 974 ~05
01000000 05 -121 -05 247 05 -974 —05 1324
00100000 -
00010000
andQ =\, 6001000
00000100
00000010
|0 000000 1]

M the appropriate function ¢ = 0.01exp( — 8t),

B The neural node number q,; =8, forj; =1,-,8.

B The hidden-layer activation function of the neural network &;; () is a Radial basis function, j; =1,-,8.

M The Radial basis function centers are evenly distributed over the area of [-0.5, 0.5 ] x --- x [-0.5, 0.5 JcR® and the widths are
all equal to 10.

M The total execution time of the complete system T = 20.
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Fig. 11. System output y, , Reference signaly, and constraints.
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Fig. 12. Tracking error 2, ;.
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Fig. 13. Event-triggered control signal u; (t) and Intermediate control signal s (t) .
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Fig. 14. Output of nonsmooth input nonlinearities »; (t) and Control input u; (t).
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Fig. 15. Event-triggering time interval.
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Fig. 16. Pseudo-state x; » and Pseudo-state observer X1 5.
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Fig. 17. Pseudo-state x; 3 and Pseudo-state observer X1 3.
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Fig. 18. Pseudo-state x; 4 and Pseudo-state observer X1 4.
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Fig. 19. Pseudo-state x; 5 and Pseudo-state observer X1 5.

36



F. ZOUARI et al. Communications in Nonlinear Science and Numerical Simulation 136 (2024) 108036

Time(Sec)

Fig. 20. Pseudo-state x; ¢ and Pseudo-state observer X1 6.

The simulation is run by choosing the initial conditions as follows

%11(0) = 0, X12(0) = 0.2, %,35(0) = —0.9, X14(0) =0, X15(0) = —1.6, X16(0) = —1.9
Wi, (0)=[0, 0, 0, 0, 0, 0, 0, 0", 8(0)=0, ,;,(0) =1,03

and a5 1(0) =0, for j, =1,....8.

The obtained results under the proposed observer (6) and controller (11) with the event-triggered mechanism (2) are displayed in
Figs. 11-20. In particular, Fig. 11 indicates that the system output y; precisely tracks the reference signal y, with little error over a
very short period and does not transgress its constraints. Moreover, we can see with Fig. 12 that the tracking error converges to zero in
finite time. The trajectories of event-triggered control u; (t) and intermediate continuous control w; (t) are plotted in Fig. 13. The
curves of input nonlinearity output v, (t) and control input u; (t) are presented in Fig. 14. Fig. 15 depicts the event triggered intervals. In
addition, the pseudo-state observer performance of X1 X13, X14, X15 X1, are given in Figs. 16-20, respectively.

The simulation results: lead to the following conclusions:

H All the signals in the closed-loop systems are bounded.

B The full Pseudo state constraints are not violated.

B Zeno behavior does not exhibit throughout the simulation process.

M The number of events triggered in 20 s is 850, being significantly less than 2.10° = ;2 which is the total number of communication
with the fundamental control approach (11), i.e., the update frequency of control input is significantly reduced

B The suggested controller has the ability to follow a reference signal with strong robustness in the attendance of unknown control
directions, uncertain dynamics, disturbances, asymmetric time-varying Pseudo-state constraints, and input nonlinearities.

M Dynamic disturbance, asymmetric time-varying Pseudo-state constraints, unknown control directions, unmodeled dynamics, and
input nonlinearities all harm system performance, especially at the start of the control period.

M These harmful effects are effectively overcome by the designed control strategy.

As a consequence, the simulation results clearly validate and verify our theoretical conclusions in Theorem 1.

Remark 37. In light of earlier research [2,3,15,22-25,27,38,39,42,43,52,56,62], our theoretical analysis suggests that despite the
event-triggered control u; (t) not being identical to the intermediate continuous control @ (t), the tracking errors are continuously
small. As a consequence, Figs. 4 and 12 confirm both our theoretical findings and those reported in [22-25,27,38,39,42,43,52,56].

5. Conclusions and future works

This paper has largely focused on a finite-Time Output Feedback Event-Triggered Adaptive neural Control scheme for non-integer
order systems subject to input nonlinearities, dynamic disturbances, asymmetric time-varying Pseudo-state constraints and unmodeled
dynamics in nonaffine non-strict feedback forms. Firstly, by using Caputo fractional derivative definitions, auxiliary non-integer order
integrators, novel continuous functions and the mean value theorem, the original non-affine system has been transformed into an
augmented affine system. Secondly, neural networks, a high-gain observer and Nussbaum-type functions have been introduced to cope
with the unknown functions, the immeasurable pseudo-states and the unknown control directions, respectively. In addition, based on
fractional order filters, the dynamic surface control technique has been used to prevent the "explosion of complexity". Furthermore,
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Algorithm 1
Implementation procedure of observer (7) and controller (12) Algorithm.

Step 1: Initialize k and t as 0. Choose the symmetric definite positive matrices P; , Q;, the strictly positive constants §;,7i, din 11, Oin+2 » Kij,» lij, » bi, brin+1,
biin-+2, baij—1, hi, 14, 24j,> #3, the appropriate function 6, the neural node number g; ;, and the hidden-layer activation function of the neural network &;; (.). Set
the initial values of the pseudo-state X;, (0), the neural weight vector W; j; (0), the parameters 0(0), 6ij,(0) and the virtual control signal a;;,_1(0), for j; =1,...n;
+ 2, i =1,...,p. Fix the total execution time of the whole system T.

Step 2: if t < T, then go to step 3.
else, go to step 20
Step 3: Updatei =1
Step 4: if i < p then go to step 5.
else, go to step 17
Step 5: Update j; =1
Step 6: if j; < n; + 2 then go to step 7
else, go to step 13
Step 7: Calculate the pseudo-state Xy (t), according to the Eq. (6).
Step 8: Determine the error surface z;;,(t) and the output of the fractional order filter af; , (t) , using the Eq. (8).
Step 9: Calculate Ejj(t), according to the Eq. (9) with ®zij, = K — Aiji-1, k331 = ®iji—1 — K1 ;,and aip = Yg;-
Step 10: Determine the vector S, (t), according to the Eq. (10).
Step 11: Calculate the parameters (g;;, o, W, ji (t), &(t) ) and the virtual controller a; ji(t) , using the Eq. (11).
Step 12: Update j; = j; + 1. Then, return to Step 6.
Step 13: Compute the intermediate control w;(t),i=1,...,p using the Eqs. (4) and (11).
Step 14: Determine the control input u;(t) and the measurement error {;(t) , according the Eq. (2).
Step 15: Update i = i+ 1, Then, return to Step 4.
Step 16: if t > t; then go to step 17.
else, go to step 20.
Step 17:if ((|£1(8)] >B |ur (£)] +7r1)-0r (|65 (0)] >, |up(2)| +71)) then go to step 18.
(This signifies that the event-triggered mechanism (2) is activated)
else, go to step 19.
Step 18: Update k = k+ 1
Update ty =t
Step 19: Apply the proposed observer and controller to system (1) and measure the outputs y;(t), i = 1,...,p.
Then, Return to Step 2 for the next sampling time interval.
Step 20: End of execution

time-varying asymmetric barrier Lyapunov functions with error variables have been widely applied to arrest the violation of pseudo-
State constraints. On the other hand, an event-triggered mechanism has been added into the control design process to decrease the
amount of data sending out and the times of controller update. Based on the Lyapunov stability theory, it has been demonstrated that
the boundedness of the closed-loop system and the error tracking performance has been guaranteed in finite time and the Zeno
behavior has been excluded without any constraint breaches. Finally, Simulation studies have been provided to demonstrate the ef-
ficacy of the proposed control scheme. In our future works, we will deeply investigate and significantly extend the results obtained in
this article to a more general group of fractional-order systems with input nonlinearities and time-varying deferred constraints.
Furthermore, we will focus on the areas of machine learning and reinforcement learning, which have several points of overlap and
complementarily with adaptive control.
Eq. (1), Eq. (14)-(15), Eq. (17)-(22), Eq. (D1.1)-(D3.1), Eq. (L1.1)-(L5.1), Eq. (P1.1)-(P2.1), Algorithm 1
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