UrnB

»¥ Diposit digital
D &, de documents
Universitat Autdnoma 1) delaUAB

de Barcelona

This is the accepted version of the journal article:

Prats, Marti. «Triebel-Lizorkin regularity and bi-Lipschitz maps : Composition
operator and inverse function regularity». Journal of approximation theory, Vol.
297 (January 2024), art. 105985. DOI 10.1016/j.jat.2023.105985

This version is available at https://ddd.uab.cat/record /288637
under the terms of the license


https://ddd.uab.cat/record/288637

Triebel-Lizorkin regularity and bi-Lipschitz maps:
composition operator and inverse function regularity

Marti Prats *

October 12, 2023

Abstract

We study the stability of Triebel-Lizorkin regularity of bounded functions and Lipschitz
functions under bi-Lipschitz changes of variables and the regularity of the inverse function of
a Triebel-Lizorkin bi-Lipschitz map in Lipschitz domains. To obtain the results we provide an
equivalent norm for the Triebel-Lizorkin spaces with fractional smoothness in uniform domains
in terms of the first-order difference of the last weak derivative available averaged on balls.

1 Introduction

Let ©1,9Q2 be Lipschitz domains in R? and let f Q1 — Qs be a bi-Lipschitz homeomor-
phism belonging to the non-homogeneous Triebel-Lizorkin space F (€;), where |f|

infngjEf Hg‘
ditions to ensure that the composition operator T : g — g o f maps the function space sz’q(Qg)
into F; ,(Q1).

As it turns out, if (s — 1)p > d and f € F; (Q1), then the inverse function has the same
regularity, and the composition operator map leaves the Triebel-Lizorkin regularity invariant as
well. If (s — 1)p < d, with s > 1, a positive answer is also provided but we have to substitute F;,
by ¥y, =F; 0 C%!. The reason for this to happen is that the chain rule involves products of the
derivatives of two mappings, so we require an algebra structure for the function spaces to grant
that the indices remain invariant.

The precise result is the following:

Fy (Q5) =
Fs (RY)" In this paper we give sufficient conditions for f~! to be in F; ,(©2) and con-

Theorem 1.1. Let 0 < s < 0, s ¢ N, let 1 < p< o0, 1 < q< o and d e N. Given bounded
Lipschitz domains Q; < R? and a bi-Lipschitz function f with f(Q1) = Qa, then

fe F‘;}q(Ql) and g € F;)q(Qg) = gofe F;,Q(Ql), (1.1)

(see Figure 2.2) and
fEF;’q(Ql) —— f_l EF;’q<QQ). (12)
Note that if (s — 1)p>d then F = F} .
The reason behind the rather unnatural assumption s ¢ N in Theorem 1.1 is the use of first-
order differences to characterize the function space, since otherwise one needs to use second-
order differences and the techniques used throughout this paper are not enough. However, the
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composition result holds for s € N in the one-dimensional case at least (see [BMS10]) and the
inverse function result holds also in the one-dimensional case for p = ¢ and sp > 1 (see [APS17,
Lemma 2.11]), and for s € N and ¢ = 2 in arbitrary dimensions, that is, in the Sobolev scale (see
Lemma 2.10). For the Sobolev scale (¢ = 2, s € N) in the higher dimensional case we refer the
reader to [CHK15], and Lemma 2.10 below. The result also holds for non-integer Holder spaces,
see Lemma 2.5.

We can conjecture that Theorem 1.1 remains true in uniform domains, see Remark 2.8 for a
discussion. Recall that bounded Lipschitz domains are uniform.

To obtain the preceding result, we use elementary techniques such as Holder inequalities, but
we need to build on first-order differences to be able to use the change of variables. We will use the
following characterization, which is proven for uniform domains, see Section 3 for the definitions.

Theorem 1.2. Let Q) be a uniform domain, let 1 <p< o, 1<g< w0, s=k+owith0<o<1,

ke Ng:=Nu {0} and consider the auziliary inder 1 < u < o so that o > p;‘fq — %. Then
NN
U (Spann V57 @) =V Fw)lMdy) gy
g o ~ 10, | || ] e ) )

Theorem 1.2 is proven in Section 4. The idea is to check that this norm is equivalent to the
restriction of the usual Fourier definition for the Triebel-Lizorkin scale for Q = R? (see [Tri06]).
Thus, it is enough to find a suitable extension operator such that the Triebel-Lizorkin norm of the
extended function is bounded by the right-hand side of (1.3). As a matter of fact, in Theorem 4.7
below we will see that the Peter-Jones extension operator for the Sobolev scale is also an extension
operator for the relevant function spaces, following a similar reasoning to [PS17].

The introduction of uniform domains at this step is quite natural. At the end of the day, most
extension operators are defined by a discretization of the complementary domain by associating
to a given patch the value defined at a certain symmetrization of this patch (see [Ryc99] for a
different approach). Usually, this patches are Whitney cubes. The connectivity properties of
this symmetrizations for neighboring patches are used to ensure that no new jumps are created
when gluing together the discretized reflections. In Lipschitz domains one can use the trivial
symmetrization (at least locally), but as showed by Peter Jones in [Jon81], this procedure can be
extended quite naturally to uniform domains and the proof does not get essentialy more involved.

At this point we want to remark that the Peter Jones extension operator defined [Jon81] for
Sobolev spaces with smoothness one in uniform domains is also an extension operator for Triebel-
Lizorkin spaces on domains with smoothness below one in interior corkscrew domains. This fact
was unnoticed in [PS17], although the proof there can be easily modified to cover this quite general
setting. See Theorem 4.3 and Remark 4.4 below for a discussion on this matter.

The issue of stability of the composition operators has already been discussed thoroughly in the
literature. See [CFR10, HK13, OP17] for results concerning the linear composition operator for
quasiconformal mappings, and [HKO08] for mappings of finite distortion, in both cases the authors
study the case of smoothness smaller or equal than one. It is interesting to note that for critical
Bessel potential spaces i.e. F;i /2p with g < 1, every quasiconformal mapping preserves the function
space. Quasiconformal mappings are known to have Holder regularity below one, determined by
their distortion. This is much weaker than bi-Lipschitz, and it is natural to wonder whether
Theorem 1.2 can be also weakened in such a way for function spaces with regularity greater than
one.

We also refer to [Dah79, Vod89, BS99, Bou00, BMS14, BMS20] for the study of the non-linear
composition operator Trg = f o g and regularity in the Besov and Triebel-Lizorkin scales. It



is worthy to note the result in [Dah79], where it is seen that for d > 3 and f € C®(R) then
ff : WeP(RY) — W*P(R?) implies that f = cId whenever s e N, s > 2, 1 < p < o with s < %.

The author of the present paper is unaware of any study concerning the Triebel-Lizorkin regu-
larity of the inverse of bi-Lipschitz mappings, see [CHK15] for the inverse mapping theorem in the
Sobolev case.

1.1 Notation

Throughout this paper we will write C' for constants which may change from one occurrence to the
next. If we want to make clear in which parameters C' depends, we will add them as a subindex.
In the same spirit, when comparing two quantities x; and xo, we may write r1 < w2 instead of
21 < Cxg, and 21 <y, . p; T2 for x1 < Cp17~--7pj T9, meaning that the constant depends on all these
parameters.

Given 1 < p < o0 we write p’ for its Holder conjugate, that is % + ; =1.

Given z € R? and r > 0, we write B(x,r) or B,.(z) for the open ball centered at z with radius
r and Q(z,r) for the open cube centered at x with sides parallel to the axis and side-length 2r.
Given any cube @, we write ¢(Q) for its side-length, and r@ will stand for the cube with the
same center but enlarged by a factor r. We will use the same notation for one dimensional balls
and cubes, that is, intervals. Given two bounded sets A and B, we write D(A, B) := diam(A4) +
diam(B) + dist(A, B), and we call it the long distance of A and B.

Definition 1.3. Let 6, R > 0, d = 2. We say that a domain Q = R? is a (6, R)-Lipschitz domain
(or just a Lipschitz domain when the constants are not important) if for every point z € 0S2, there
exists a cube @ = Q(0,R) and a Lipschitz function A, : R™1 — R supported in [—4R,4R]4"
such that |A%| - < 0 and, possibly after a translation that sends z to the origin and a rotation,
we have that

OnQ={(z,y) e Q:y> A, (x)}.
If d =1 we say that Q) < R is a Lipschitz domain if Q is an open interval.

The natural numbers are denoted by N if 0 is not included, and Ny = N u {0}. The multiindex
notation for exponents and derivatives will be used: for o € Z? its modulus is || = Y |a;| and its
factorial is ! = [](ay!). Given two multiindices o,y € Z¢ we write a < 7 if a; < 7; for every i.
We say o < v if, in addition, o # 7. For z € R? and a € Z¢ we write 2 := [[2*. A similar
notation is used for directional weak derivatives: D% :=[]dg:.

2 Composition and inverse function theorems

In this section we will show that the function spaces considered are stable under composition with
bi-Lipschitz mappings of the same space and they satisfy an inverse function theorem.

First we need a lemma on a generalized chain rule. For this purpose we recover the multivariate
version of Faa di Bruno’s formula (see [KP92, Lemma 1.3.1] for the one-dimensional case), whose
proof is a mere exercise on induction. Given a multiindex i € N?, where No= N U {0}, we define
m(i) e {1,--- ,D}ﬁ| as the vector whose components are non-decreasing (i.e, m(i)e < m(i)es1),
and such that

#{J m(;) =J}=
For instance, m(3,2) = (1,1,1,2,2), and m(4,0,1) = (1, 1, 1,1,3).



Lemma 2.1 (Chain rule). Given f = (f*,---,fP): R4 > RP, g:RP — R with f* € WM-*(R?)
and given a bi-Lipschitz function g € WM (RP) and k € N& with |k| = M, there exist appropriate
constants such that

=

D*go f) = > Criqayy Do) [ [ Do (2.1)
I<lilsM £=1
{a 1L N0} X g |=M

almost everywhere.

Remark 2.2. The chain rule (2.1) can be applied also to functions with weaker a-priori conditions.
Note that given a bi-Lipschitz function f and g € VVlg/é’l, for |Z| < M —1 we have that D(D;g(f)) =
D(D;g)(f) - Df by [Zie89, Theorem 2.2.2]. Thus, to prove (2.1) by induction for functions in
Wlﬁ/i’l, one only needs to check that the product rule for the derivatives applies at each step. For
this to hold it is enough that for \E| < M the right-hand side of (2.1) is locally in L', see [GTO1,

(7.18)].

2.1 Toy case: Holder continuity

Definition 2.3. Given an open set U < R?, a measurable function f: U — R, and 0 < s < 1, we
say that f € C5(U) if
[f(z) = f(w)]

cw i S T e <

If

For ke N and k < s<k + 1, we say that f € C*(U) if V¥ f := (o, Oy oof, -+ Ok f) (that is, a
vector with all the partial derivatives of order k) is in C*~*(U), with

I/

Cs(U) = Hka

Cs—k(U)"

One can define Banach spaces of functions modulo polynomials using the previous seminorms.
However, the standard non-homogeneous Holder-Zygmund spaces are more suitable for our pur-
poses:

Definition 2.4. For 0 < s < o0 with s ¢ N, we say that f € C5(U) if f € L* ~n C5(U). We define
the norm
If

Most likely the following results appear in the literature, but we were not able to locate them,
so we include these results for the sake of completeness. Moreover, the main steps of the proof of
Theorem 1.1 appear already in the Holder scale:

csw) = Il + 1fl¢s 2y -

Lemma 2.5. Let1 < s, s ¢ N and d € N. Assume that Q; R?, j = 1,2, are open sets. Let
f Q1 — Qo be bi-Lipschitz with f € C5(Q1.) Then for any g € C*(Q3) we have

gofECS(Ql), (2.2)
Vg (@) f € Csil(Ql),

and
ftecs(Q). (2.3)



Proof. Let us check (2.2). According to (2.1), for s = k + o with k€ Ny, 0 < 0 < 1, we get

IVE(g o f)(@) = V*(go )l

< D) IV(f@) = Vigtrwl - Y, TTIVef@) (2.4)

1<i<k aeNt:|a|=k j=1
. i 0—1 i
+ 2 IVl Y DIV @) =Vl [ IV rw)l [T IV fa)l,
1<i<k aeN:|a|=k =1 j=1 j=t+1
where we assume always o; > 1. This implies that
i
lgo fle- s X, CilVidle. X TTIV¥fle=
1<i<k aeN:|a|=k j=1
i
+ Z HvlgHLoc Z Z HvaefHCU H ”VaijLOOa
1<i<k aeN:|a|=k £=1 J#L
SO
lgo fle. < Crlg C#(Q2)? (2.5)

with Ct depending polynomially on the C? norm of the derivatives of f and its bi-Lipschitz con-
stant. The second inequality follows from the first one. In fact, h o f € C*~(£;) whenever
h e C5~ ().

Finally, let us prove (2.3). Applying the inverse function theorem,

D(f™H)(x) = (D)~ (f ().
That is, the first-order derivatives of the inverse can be expressed using Cramer’s rule as

DUy =ae (), where gy, = T50 (26)
for certain homogeneous polynomials P;; : R¥*? — R of degree d — 1. By induction we can
assume f~! e C*~! (note that the starting point of the induction is obtained from the bi-Lipschitz
assumption), and by (2.2) it is enough to check that g;; € C*~1(2;). But every derivative of degree
k — 1 of g;; is a polynomial of degree kd — 1 on the derivatives of f with k — 1 new derivations
taken at each summand, possibly taking more than one of these new derivations to some of the
derivatives of f, divided by the k-th power of the Jacobian determinant, i.e., for every a € Ng with
|| = k — 1 we have

Cijop D) TTo21 D
D%g; = 3,087, 18 =1 pe 97
. " det(DJ)* 27
BeNG ™| Bl=(d—1)k
YENG)* Vi lvel=1 & 3 |ye|=2k—2
pe{l,..,d}F !
Applying the argument in (2.4) to each of these derivatives we obtain (2.3). O

2.2 Justification of the chain rule: the Sobolev scale

Next we adapt the approach above to show a counterpart to Theorem 1.1 for Sobolev spaces. To
adapt the argument above to the Sobolev setting we need to add a restriction that allows us to
take appropriate Holder inequalities. This is based on the following interpolation inequalities:



Proposition 2.6 (see [RS96, Theorem 2.2.5]). Let 0 <t < o0, 0 <p < o, 0 < ¢ < 0 and
0 < © < 1. Then every locally integrable function g satisfies that

e 1-6
lgllpg: < Crpmeolgle, loli= (2.8)

.-
We also need the following property of the Rychkov extension operator:

Theorem 2.7 (see [APS17, Appendix]). Given a bounded Lipschitz domain Q and s € N, there
exists an operator € := &5 defined in D'(Y) that is an extension operator from L*(Q) to L* and
from Fg () to Fy, for every o < s, every 1/s < p < 0 and every 1/s < q < 0.

Remark 2.8. It would be highly appreciated to have the same result for uniform domains. In the
Sobolev scale this is proven in [Rog06]. It seems natural to think that the same operator may work
in the Triebel-Lizorkin scale and may include also L*. If that was true, all the results in this paper
could be extended to uniform domains.

Lemma 2.9. Let ke N, 0<o<lands:=k+o,letl1 <p<ow,1<qg<wanddeN and
let feF, ()n C%1(Q) where Q < R is a bounded Lipschitz domain. Then, for every positive
index j < k

71

V2515

Sepq]Q

= 1( )
(here, and throughout the paper, we make the convention % = o for any t > 0). Moreover, for
every 1 <r <o and M =1 with j + o/M < s, we have
jto/M—1 s—j—o/M

s—1 s—1
HV fHF"/M (@ Ssp.grito/MQ ||f||F;7q(Q) HVfHLm(Q)

J+0/M 1’

Note that j + 0/M < s excludes only the case when both M =1 and j = k.

Proof. For the first embedding, note that the case 7 = 1 holds trivially:

IV £l oy = 117

N | ey

Otherwise, use Proposition 2.6 choosing g = £(V f) here &s is the Rychkov extension operator
from Theorem 2.7, t =s—1,r=2,{=q and © = = 1 Then

S—

A A F

L°O7

eV psr < Copaal €V

Jj—1

and the first statement follows.
For the second inequality, we do the same trick but we take instead r given and set © =

%. In this way we obtain
j+o/M—1 s—j—o/M
IEs (Vf)Hsz/M)l < Copariro/mlEs (VA0 1€V AIL""
Fto/M—1"
and the second statement follows as well. O

According to the previous result, we will prove some properties for subspaces of W*P whose
functions have bounded first derivatives. Namely, we define the space W*P(Q) := W*P(Q) n
C%1(2). By the Sobolev embedding theorem, when sp > d we have that W*+1.P(Q) = WsTLr(Q).



Figure 2.1: On the first graphic, f € WP n W1® so V2f e L*?, V3f € L? and Vif e L#. On

the second we depict the case f € F N WL with 4 < s = 4+0 < 5; in that case Vf € Ff/_l\f),, )

o/t T

vfe FIM L Vife FoM and Vif e FIM , (@ can be replaced by 7 if M > 1). The
1+o/M>* 2+o/M> 3F¥o/M>

circular dots describe the case M = 1, the squares describe the case M = 2. See Lemma 2.9.

few?r feF;:

ip
whs /

2,4p
fewh® fewh®
Vi o vif Vi Vif
1 1l 1 3 1 1 X 140 2+0 1 1
% ip 3% dp  p 1 ©G-Dp (s-Dp (s—L)p P E

Lemma 2.10. Let s,d € N, and 1 < p < 0. Given bounded Lipschitz domains €; < R? and
functions f,g with (1) = Qs and f bi-Lipschitz, then
feWSP(Qq) and g€ WP(Qy) = go fe W¥P(Q), (2.9)
fe W1 (Q) and ge W A L®(Q) = go fe WP(Qy)
(see Figure 2.2) and the chain rule (2.1) applies (for M = s). Moreover,
feW P(Q)) = f~le WHP(Qy), (2.10)
and (2.7) holds.

Proof. To check (2.9), the case s =1 is [Zie89, Theorem 2.2.2], so let us assume that s > 2. Since

both fi and fo are in W*P(Q;), all their derivatives satisfy that V'f; € LP71 in view of Lemma
2.9.

By Remark 2.2, we only need to check that the right-hand side of (2.1) is in LP, and then by
induction it follows that the chain rule applies. By Hélder’s inequality,

O=> X v%(mnvwh Sas D, 2 ViR, TTIV* Al
(=1

1<i<s aeNi:|a|=s Ip 1<i<s aeN:|a|=s
(2.11)
where Y p% = %. This can be achieved by letting pg = % and py = p{ii D Note that both i
and ay may equal 1 in some occasions, in which case we consider the L® norm of a derivative of
order one, which is finite by hypothesis. Thus, Lemma 2.9 applies and using Young’s inequality
for products we get

®<ZHW 1HP“ B fol i

S Cfl(Hfgl\Ws,p<g2)HVf1 Iz 0y + IV F2ll oo oy 11 lwon )
with the constant Cy, depending on the bi-Lipschitz character of fi.

IVEl a1l e [V Al o, (212)




The second inclusion in (2.9) can be shown analogously, setting pg = £* and p, = affl in
(2.11). We leave the details to the reader.

The inverse function bound (2.10) can be proven by the same methods using (2.7). Indeed,
(2.6) holds for every bi-Lipschitz function by the chain rule, and arguing as in Remark 2.2, we only
need to check that the right-hand side in (2.7) belongs to LP for every |a| = s in order to prove
that (2.7) holds and that g;; € W*~17(;). Indeed,

s—1
> IDF|@=D TTID™ fIID(F~ )™
ve(Ng)* £=1
[ve|Z1& 3 [ve|=25—-2 e
s—1
d—1)s _ ds
Sds )y DA TTID™ £1, DG 0
veNg)* ! =1

[ve|=1 & X |ve|=2s—-2

ST oY V81210 |

by choosing p; = Ilig‘jl_jl) and applying Lemma 2.9 with ¢ = 2. We obtain that g;; € W1 ())
and (2.7) holds.

On the other hand, if s = 2 then f € C%! and f~! € C%!. By (2.6) and (2.9) we get
(D(f71))ij € We=LP(Qy). If, instead, s > 2 then f € Wl H (€1) by Lemma 2.9 and therefore,

(s—1)
by induction, we can assume that (2.10) holds in this case, so f~! € WL (Q2) and applying

the second estimate in (2.9) to the composition in (2.6) we get that (D(f~'));; € W 1P(Qy). O

2.3 Proof of Theorem 1.1: the Triebel-Lizorkin scale

Finally we will verify that Triebel-Lizorkin spaces have the same properties. Again, we define
F: (Q) := F5 (Q) n C%'(Q) for k < s < k + 1. Note that when sp > d we have that F511(Q) =
F;)Zl(Q).

Proof of (1.1). Let us write Q = Q. We begin by showing (1.1). Since bounded Lipschitz domains
are uniform, by Theorem 1.2, it is enough to check that

fl (Spenynn [V5 @0 H@) ~ T g0 NWldy)" g )’

P
. e - dméCng\

b (213)

o

where 0 = s — k.
The case k = 0 follows using f as a bi-Lipschitz change of variables in the integrals in x and y:

P
q

q
Deof ([ (oerno l9@) — s)ldy)" ar\"
S — X
f s\ Jo Hotd)a P
N
t (S, 190) — 90)ldy)” 4y
<C’ff f — xX.
S Ja, 0 t(6+d)q t

The right hand-side expression corresponds to the norm of a rescaling of g in a rescaled domain,

and therefore it is bounded by Cy, 4.0Crl gl %Z,q(%)'




Let us assume k > 1. Note that F; (€2;) ¢ W*P(Q;), and by Lemma 2.10 we can use the
chain rule almost everywhere and in particular (2.4) applies. However, after considering (2.4), the
reader will note that there are functions on z and functions on y in the integrand, and this is an
obstruction for using Holder inequalities as it was done in the previous proof. Instead, we need
to write all the functions depending on x and then address all the terms appearing in a telescopic
summation. To keep the notation compact, we write Apg(x) := g(xz + h) — g(z) for h =y — z in
(2.4). Tt follows that Ap(g192) = Apg1Ange + Angige + g1Apge and, by induction,

4
H @+n) = > J] Awg@ ][] ol (2.14)

ve{0,1}¢ r<Liv,=1 e<l:ve=0
Combining with (2.4) we get
ALV (g0 f)(2)] (2.15)

2 Al e @l 3 [TV f)
1<i<k aeNt:|a|=k j=1

+ 2 Vi@l Y D D] [T 1AV p@l T Ve f@)
1<i<k aeN? £=1 ve{0, 1}1 r<ive=1 e<i:ve=0

o=k VT36V1-‘>€

S MA@ Y Y Y [T @l [ v se)

1<i<k aeNlé 1 vefo, 1}1 r<ivep=1 e<i:ve=0
1= V,,.:6_V}“>é

Plugging this decomposition in the numerator of the integrand in (2.13) and applying the
triangle inequality, we get an expression with several terms which we summarize as follows:

Dy YEd+ Y YY Y (Bak)Gail). o

1<i<k qeNt I<i<k qeN' £=1 pef{0,1}?
lee| =k o=k ve=1
v.=0VYr>¢

The precise definition of each summand is what the reader may expect, and will be provided in due
time. To clarify concepts, one can understand for instance as the term of fourth kind which
depends on particular values of i, a, £ and v, which are indices with the restrictions specified in
the summation. Note that the coefficients «; are all strictly positive natural numbers. Regarding
the first term, we have

(U+d)q t

S eyn)—z [AR[(V'g) o fl(x)|dh TN

A

[VF1] 5P| P vig . (QQ)HHV“ P oy

%. Note that we have used f as a bi-Lipschitz change of variables to obtain the

Eg , norm in the right-hand side of the last inequality above. Letting po = ff;_ll) and p; = %

where Y5 - =
J




so that we can apply Lemma 2.9, and noting that Zzl aj—1=Fk—1%and le s—a; = is—k, we get

[

U+Z1 -

1 d 44 it o
Bl < |vs |z s \|g|pc 2 HVQHoos 1715 ‘QI)HVfH

AL A R (7 T
<y (gl

s @IV 15% + 1Vl /]

F;yq(Ql)) ’

d
where Cy = HVf_lH;? +d\|Vf||(oio depends only on the bi-Lipschitz character of f.
For the second term in the right-hand side of (2.16), we need to apply Holder inequality three
times, once for each variable. Namely, writing U! := B(z,t) n Q — z,

. "\
(5o TTr i =1 120 (T2 )@)]d) g1

m_f f T — | W@y [] (v i)l

e<i:ve=0

qr

U (§0 [AR(VE £)(@)[vrdh) ™"
of, g1 ([ B )

. S Ve [1 v f@Pae

e<i:ve=0

where we assume that Y, - = Y qi = 1. In particular, let us fix ¢, := u,q so that (o + d)q =

(%L + u%)qr. Take also Zf) p% =

7 and apply Holder’s inequality again to get

1

p
dp .

S va_lH(i'? HvngiPO(QQ) H Hvarf“i“;’f/gf(ﬂl) n ”va fHLPe 521)7

r<tv,=1 ' e<i:ve=0

as long as 1 < u, < min{p,, qr}‘”T‘T.
The fact that u, < ¢, is clear from the definition of ¢,. Let us write M =} " _1(ap—1) and

define u, := Oéj\{l, Do : (f 11), D = %Jr(;i/ul)fl and p, = po(f U Note that Yt =1land1l<
trivially, while the condition u, < p, is equivalent to u,(c, — 1) p(s—1)—o, that i is, equwalent
toM<p(s—1)—c. Bt M <|a]—1=k—1=s—-1—0<p(s—1)— o, and thus it follows that
Up < Pr-

Thus, we can apply Lemma 2.9 again to get

1 s—ae

i L = +a ur—ls el s—ar— '7/”7‘ +y), il
CngH QQ)IIVg ll\fIIFs L) i '
Cy (Hg‘ F;q(szl)) J

d
where Cf = HV f ’1H 20 depends only on the bi-Lipschitz character of f.

F;,q(ﬂz>|‘VfHoo + Vgl £
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For the last term in the right-hand side of (2.15), we argue analogously to get

(18010790 0 ATy IAWT D),

S vp=1
_ f f e U T 9 sy
Q 0 e<i
ve=0
(5 18A1(Vig) © 1) |"0dn)
<L\l T
Q 0 t(o+d)q t
. Qe U “ v
[ (8 Ty e @ean) ™, S
_ e T
o t(o+d)q t i
ve=0
where we assume uio + >, ui = qio +>., i = 1. In particular, let us fix qg := upq and ¢, := u,q

so that (o +d)q = (% + u%)qr. Take also 28 i = % and apply Holder’s inequality again to get

”vf 1H%+%”foOO HVZQHFU‘I/‘ZO QQ 1_[ Hva,«f'HP c'q/Qr Q 1_[ Hva(ifHLpe Q1)7

r<t et
v.=1 ve=0
as long as 1 < u, < min{p,, g, } 2.
The fact that u, < g, is clear from the definition of ¢,. Let us write M = )’ (o, —1) and define
- 1 —1 1
ug = MEEL = ML g, Héjiuo)l, Pr = szr(;im)_l and pe = p(is L. Note that Y

and 1 < u, trivially, while the condltlon U < P, is equivalent to M + i — 1 p(s—1)—o. But
M+i-1< Y (-1 +i-l=|o|-1=k-1=s-1-0<p(s—1)-
j=1
and thus it follows that u, < p,.
Thus, we can apply Lemma 2.9 again to get

_ 1 1+U/u0—1 s—isia'/u ap +;7/u 71+Ze = x +Z s— ar cr/ur+2 s— o(c
Gl < Crllgl, oy [Vole VI o IV
S
¢ (lgl F;,qm?)uwnm + 1Vl f] F;,qml)) ,

where Cy = ||V f~ 1H 7o+ o HVfH depends only on the bi-Lipschitz character of f.

Combining these estimates with (2.16), we obtain (1.1). In particular, we obtain (2.13), where
the constant C is affine with respect to the F; (£2) norm of f and depends polynomially on its
bi-Lipschitz constants, as well as on d, s, p, ¢ and the extension constants of the domains for all
the different indices p;, gj, u; appearing in the proof. O

Lemma 2.11. Let 0 < s < 0, s ¢ N, let 1 < p <o, 1<qg< o andd e N. Given bounded
Lipschitz domains §); < R? and a bi-Lipschitz function f with f( 1) = Qa, then

fe Fipfsl,q(Ql) and g€ Fy 0 L*(Qs) = go feF; (1) (2.17)

(see Figure 2.2)
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Figure 2.2: Composition rule for Sobolev and Triebel-Lizorkin scales of a bounded continuous
function g and a bi-Lipschitz function f in Lemmata 2.10 and 2.11.

52
F oy Fs2
s2510 Tp2ig

51P1
L S

Cl
CU
1 sp—11  s1—1 11
0 §2P2 P2 S1P1 r1 1
Proof The proof is just a modification of the proof of (1.1). One has to set pp = A% and
R ps ps - M 3 _ _bps
= 1n- po =2, p = o +0_/u T Pe = 5071 and u, = 47 in 3ialy| and pg = To/ug
br = #/Sufl’ Pe = 5, uo = @ and u, = (i\/[le in [4iafv]. We leave the details to the
reader. O

Remark 2.12. The precise dependence obtained in the preceeding proofs is

Hg © f‘ Fpsyq(91)sd,P»q,sCf (Hg‘ F;VQ(Q2)”vf”; + HVgHoo”-ﬂ F;,q(91)> ,
where , )
Cp = (1419773 ) (L4 IV LIV A1)
and
lg© flz; @) SdpasCs <|gpqum2) (Ivriz7)’ P <m>> ’
where
=1 L i .
Cy = IV fll& (HVf 1|§o + HVf 1”50) (1 + ”Vf 1Hoo|\Vfoc)

Proof of (1.2). Inequality (1.2) is proven by analogous techniques using (2.6) and (2.7) which apply
by Lemma 2.10. We claim that it is enough to check that g;; € F;El(ﬂl). Indeed, incase 1 < s < 2,
then we have that f~! is a bi-Lipschitz change of variables and, therefore, g;;o (') € F5 ' (Q) if
and only if g;; € F51(€1). Otherwise, by Lemma 2.9 we have that f € Fﬁ(sll) (Ql) Inductively

we can assume that f~'e F5 1 q(Ql)’ and by (2.17), if g;; € F3 ' () then we get gijo (f7!) €
e

F$ 1 (€2) and the claim follows.
Now, we want to prove

3=

Hot+d)g s dr | < Cf||fHFgﬂ(Ql)a (2.18)

1 (S - \Vk_lgij(ﬂf) - vk_lgij(y”dy)q dt
D=L L

Qg

12



where U, := B(z,t) n Qy. Again we use first-order differences, and write h := y — z. For
|a| = k + 1, we have

o [, D fu,(x)
|ArDg;j(2)| < B%;u WAh(Df)B(@

1

k—1
By e T T
0w+ [0S (e ) ©

(Df)?(x + h)
et (D)@ + )" (El D (1’)) ‘

—+

Jr

Now we use some trivial properties of first order differences, together with (2.14) to get

k—1
1ALD%gij < IV FIE VS AR (D) TT 1D fu
=1

e

1d(k+1)
oo

k—1
+ VAR v Ay det(Df)| [T 1D £,
=1

HIVAYR S Y [T 12D ful []  1D*ful.

ve{0,1}k=1:|y|=1 r<k—1l:w,.=1 e<k—1:v.,=0

To end, note that |Ap det(Df)| < cHVfH‘OiO_1|Ah(Df)|, so

k—1
anDgyl < 3 (IS Vo + 918 Y jan( ) TT IV Py
=1

aT

+ HVfllgg_l)kHVf_ng Z 1_[ |AhV"YT|f\ H ‘V"Ye‘f|.

ve{0,1}k—1:|y|=1 r<k—1l:wp=1 e<k—1:v,=0

Therefore, we write

ORI (L 1vss v B+ v, Y B,

ye(NdyE—1 ve{0,1}F1:[u|>1
[velZ1& X |ve|=2k—2

with Cy = |V f|< v 2|2, with [23] and as defined below.

Regarding the first term, by Holder’s inequality we have

1
P

—_ L Ll (Su 188D @)ldh)" gy q;ﬁwlm)'%
2 =1

t(a+d)q t

k—1
S|Pflrg @) [ valf Lre()’
=1

p(s=1)
[yel—1"

p(s—1)

where Zg_l ;Tle = % and U! := B(z,t) n Q — x. In particular choose py = and py =

13



By Lemma 2.9 we get

—lel
ng }3751'(*‘55 e ||Vf| 77 +Y,
otk—1 solote(ko1)=(2k=2) o1
A — ey, IV 1

On the other hand, by Hélder’s inequality again

Y]
=

q
1 SUthr<k71:Vr=1|Ahv"yr|f<x)|dh dt
S (UESTLT ) R

e<k—1:w.=0
< n Hvl%\f che )n Hvlwl ‘
1

IJ7 ‘17

Lpe (Ql)

where we assume that ), i = Zlf_ a = 1, ¢r := u,q, as long as 1 < u, < min{p,, g,

The fact that u, < g, is clear from the definition of ¢,. Let us write M = > (|7,| — 1) and

define u, := \%{\IJ—P D = l'yff—;iz—l and p, = Tf' 11) Note that Zu% =1 and 1 < u, trivially,
while the condition w, < p, is equivalent to w.(|y:| — 1) < p(s — 1) — o, that is, equivalent to
M<ps—1)—o. But M <|y|—(k—1)=k—1=s5s—1—0<p(s—1)— o, and thus it follows
that u, < p,.

By Lemma 2.9 we get

H;"/“ +Zc |’Y:,7|—1 Zr S_"Y’;‘L_ﬂ'/’uwr +Zc S;L’Ye\
B < ”f|F> (Ql ' " IVEls ' '

(k— 1)5(21k 2)—0o 2
— £l oIV Flo = 1fley (o IV FIE.

d+
|t

All in all,

O < 1911w o ((L+ 19719575 ) ) 1

F;,q(ﬂl).

3 Corkscrew and uniform domains

Next we provide the necessary background to work with uniform and corkscrew domains. We begin
by defining a Whitney covering and then we provide definitions of interior corkscrew domains,
chains of cubes and uniform domains. Here, uniform domains are defined in terms of the existence
of this chains, which can be understood as discretized cigar paths or Harnack chains with a uniform
bound on the number of balls of each scale. Finally we define the shadow of a cube, which plays
the role of Carleson boxes, and we provide some well-known results relating the Hardy-Littlewood
maximal operator to Whitney coverings.

The definitions will be given in terms of dyadic cubes, which is a usual tool in harmonic
analysis. We define Dy as the collection of open cubes with side length 1 whose vertices have
integer coordinates. Then its rescalings D; = 277Dy are the cubes of generation j, whose side-
length is 277, and D := | J ez D; is the Whole collectlon of dyadic cubes. Note that each generation

is formed by disjoint cubes, and the union of all the cubes in a generation is dense in R?.

14



Definition 3.1. Given a domain 2, we say that a collection of open dyadic cubes VW is a Whitney
covering of Q if they are disjoint, the union of the cubes and their boundaries is €, there exists a
constant Cyy such that

Cwl(Q) < dist(Q, 09) < 4CWwWH(Q),
and the family {50Q}qew has finite superposition i.e., ZQ Xs50Q < C < 0. Moreover,

ScbhQ = 9) = %K(Q) for every S, Q € W. (3.1)

We call Q € W a Whitney cube. We say that two cubes Q, S € W are neighbors if Q n S # .

The existence of such a covering is granted for any open set different from R? and in particular
for any domain as long as C)y is big enough (see [Ste70, Chapter 1] for instance).

Definition 3.2. We say that a domain Q < R? is an interior (resp. exterior) (e,4)-corkscrew
domain if there is a Whitney covering of Q (resp. Q) such that given any ball B(x,r) centered at
0 with 0 < r < § there exists a Whitney cube Q < B(x,r) such that £(Q) = er, see Figure 3.1.

Figure 3.1: Interior corkscrew domains may have cusps, in opposition to uniform domains.

Definition 3.3. Let Q be a domain, W a Whitney decomposition of Q and Q,S € W. Given M
cubes Q1,...,Qxr € W with Q1 = Q and Qp = S, the M-tuple V = (Q1,...,Qn) € WM is a
chain connecting () and S if the cubes Q; and Q;4+1 are neighbors for j < M.

Let € € R. We say that the chain V is e-admissible if

e the length of the chain is bounded by

S

(V) := ), UQ;) < -D(@,5), (3.2)

J

M | =

(recall that D stands for the long distance, and D(Q,S) ~ £(Q) + £(S) + dist(Q, S))
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e and there exists jy < M such that the cubes in the chain satisfy
Q) = eD(Q1,Q;) for all j < jy and 0Q;) = eD(Qj, Q) for all j = jy. (3.3)

The jy-th cube, which we call central, satisfies that £(Q;,,) Za €D(Q,S) by (3.3) and the triangle
inequality.

We write (abusing notation) V also for the set {Q; jlvil. Thus, we will write P €V if P appears
in a coordinate of the M -tuple V.

Definition 3.4. We say that a domain Q < R? is a uniform domain if there exists a Whitney
covering W of Q and e, 6 € R such that for any pair of cubes Q, S € W with D(Q, S) < §, there exists
an e-admissible chain connecting @Q and S which we denote as [Q,S], see Figure 3.2. Sometimes
we will write (¢,0)-uniform domain to fiz the constants.

We will write Qs = Qji,. 5 for its central cube.

Figure 3.2: In uniform domains we can join cubes by admissible chains, which play the role of
cigar paths. Shadows are the cubes under the influence of a given cube, and they play the role of
Carleson boxes.

Consider a uniform domain @ with covering W and two cubes @,S € W with D(Q, S) < J.
From Definition 3.3 it follows that

D(Q,5) ~e.a U([Q; 5]) ~e.a £(Qs)- (3-4)

Note that any bounded Lipschitz domain is an (e,00)-uniform domain, and every uniform
domain is also an interior corkscrew domain, perhaps with smaller parameters. Note also that
there may be several admissible chains joining @ and S, but we are assuming that a choice is made
for every pair of cubes when the domain is uniform, as soon as @, S are close enough.

Now we can define the shadows:

Definition 3.5. Let Q be an (g,0)-uniform domain with Whitney covering W. Given a cube
P e W centered at xp and a real number p, the p-shadow of P is the collection of cubes

SH,(P) ={QeW:Q c B(xp,pl(P))},
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and its “realization” is the set

Shp(P) = U Q,

QeSH,(P)

see Figure 3.2.
By the previous remark and the properties of the Whitney covering, we can define p. > 1 such
that the following properties hold:

o For every e-admissible chain [Q, S], and every P € [Q, Qs]| we have that Q € SH,_(P).

e Moreover, every cube P belonging to an e-admissible chain [Q,S] belongs to the shadow
SH,. (Qs)-
Remark 3.6 (see [PS17, Remark 2.6]). Given an (e, d)-uniform domain Q we will write Sh for

Sh, . We will write also SH for SH,_
For @ €W and s > 0, we have that

DAL T Q) and doUL) st (3.5)
L:QeSH(L) L:QeSH(L)
LL)<p

and, moreover, if Q € SH(P) and D(Q P) <6, then
UL (P)*  and DU TS UQ) (3.6)

Le[Q,P) Le[Q,P]

Note that the property (3.5) is not a consequence of uniformity, but of the definition of shadow.

We recall the definition of the non-centered Hardy-Littlewood maximal operator. Given f €
L} (R?Y) and 2 € R?, we define M f(z) as the supremum of the mean of f in cubes containing ,
that is,

Mf(z) = sup f e
Qweq Q]

It is a well known fact that this operator is bounded in L? for 1 < p < c. The following lemma is
proven in [PT15] and will be used repeatedly along the proofs contained in the present text.

Lemma 3.7. Let Q be a domain with Whitney covering W. Assume that g € L*(Q2) and r > 0.
For everyn >0, Q € W and x € R%, we have

1) The non-local inequalities for the mazimal operator

d M )d inf,eqo M
J 9(y) o, g@) D §s9) Dy ot 94) (37
ly—z|>r |y—.’II| K i 5:D(Q,S)>r (Q?S) K 1
2) The local inequalities for the mazimal operator
gswdy _ §s9() y :
= <, r"Mg(x) and 2=~ = < inf Mg(y)r". (3.8)
‘[h!—x<r |y_x‘d K (QZS (Q S) YeQ
3) In particular, if Q is a um’form domain, we have
1
Z < and Z 08 <a,p U(Q)" (3.9)
d d NY
Sew D Q S o E(Q)” SeSH,(Q)
and, by Definition 3.5,
| sty do <0, int 2190 £Q)" (3.10)

SeSH,(Q) Y
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4 Extension operators

In this section we prove Theorem 1.2. First we reduce Theorem 1.2 to finding an extension
operator. Then, in Section 4.1 we define this extension operator for smoothness parameter below
one in corkscrew domains and then we show that this operator is indeed an extension operator,
establishing Theorem 1.2 for s < 1. As a matter of fact we obtain a much better result than in the
statement of the theorem, since we can substitute the hypothesis of the domain being uniform by
just being interior corkscrew. Finally, in Section 4.2 we establish the remaining cases.

The proof of Theorem 4.3, that is, the extension operator when s < 1, follows a similar structure
to [PS17, Theorem 1.4]. The novelty here is that we use a norm with means on balls, that allows
us to drop the restriction o > % — g, so we get results with full generality. The use of means in

balls limiting the radius to a constant depending on the corkscrew character allows us to avoid the

error terms , and from [PS17]. In this way we relate the extended function to the

homogeneous norm in all terms except for .
The proof of Theorem 4.7, that is, the boundedness of the extension operator when s > 1,
follows a similar structure to [Pral9, Theorem 1.5]. Again the main difference is the usage of
d _ d

means in balls allowing us to drop the restriction o > it We use a similar notation to

[Pral9] so that it is easy for the reader to spot the differences. Here |[0] corresponds to in the
aforementioned paper. Using means on balls allows us to drop the error terms
in [Pral9]. In the present paper, we need to distinguish the local part from the non-local
part Finally, the non-homogeneous contribution is obtained from |c.3], which corresponds
to in [Pral9]. Following also the scheme in that paper, we defer the main estimates to a
couple of technical lemmata. Lemma 4.8 is the natural counterpart to [Pral9, Lemma 3.4], and
Lemma 4.9 is the counterpart to [Pral9, Lemma 3.5]. The proof of the first lemma is much easier
this time, thanks to a clever reduction to Lemma 4.9. The latter, however, deals with the main
technical difficulty in this setting.

and

Definition 4.1. Consider 1 < p < 0, 1 < ¢ < ©, 1 < u < 0 and 0 < 0 < 1 so that

o> min‘{ipyq} —g. Let U be an open set in R. We say that a locally integrable function f € Fz?,’qeu(U)
if

e The function f e LP(U), and

e the seminorm

Qs
s

Sl

[l g e

p,q,u

- L f (o @~ £@1)" ) )

0 toa+ st t

is finite, where we denote Uy := B(z,t) nU.

We define the norm
e

p,q,u

w) = Wleewy + Wlegg -

For s = k+ o with k e N, we write

11z

pP,q,u

@) = W hweswy 1V g 0
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In order to prove that F$ (Q) = F3 ,(€) for a given domain €, it suffices to find an extension

operator & : F°F () — F;)’;l(R ) with p < 1. Once this is established, using the equivalence of
norms in the ambient space (see [Tri06, Theorem 1.116]) we obtain the equivalence of norms in
the domain by classical arguments:

First note that

lolms gty ~ 19lpst oy ~ almgp ooy (4.2)

The first comparison comes from [Tri06, Theorem 1.116]. The second can be obtained easily by
using the change of variables ¥ = p~'z, t = p~1t, § = p~ 'y in the last norm and then compare the
norms of g and its rescaling g(p-) in F} .

Thus,

inf Hgl

R £
it Lol e < €1]

Fg  (RY) ™ ~ [Ef] Fol (Rd) S HfHF;;;”l(Q) S Hf”F;;é’vu(Q) < g|mf HQHF;gu(Rd)-
Since the first and the last are comparable it follows that all the quantities are comparable and,
in particular,

F2 (Q) = F52.(Q).

p,q p,q,u

To end, since p < 1 then

S WM leg o) S 1€F ey 3 W)

4.1 Corkscrew domains and smoothness below one

Let © be an interior corkscrew domain and consider given Whitney coverings Wy of  and Ws
of Q°. To define the extension operator we will take averages on certain ‘reflected’ cubes, but we
need to avoid large cubes, say with side-length bounded by a constant £y which depends on the
corkscrew constants. For this reason we define some related collections of cubes as follows:

e In case 2 is unbounded and § = oo, choose ¢5 = 1. Otherwise, fix ¢; depending on the
corkscrew parameters of the domain, so that cgly << & A 1. Note that ¢g is a constant which
will be fixed during the proof of Theorem 4.7 below, right before (4.14).

o We define W5 to be the collection of cubes in W, with side-lengths smaller than 104.
e We define W; to be the collection of cubes in Wy with side-length smaller than cyfy.

e Choose £y so that for any Q € Wj there is a S € W, with

D(Q,5) <C4Q) and £(Q)=14(S) (see[Jon81, Lemma 2.4]). (4.3)

For @ € W3 we define the symmetrized cube Q* € W, as one of the cubes satisfying (4.3). Note
that the number of possible choices for Q* is uniformly bounded.

Lemma 4.2. [see [Jon81, Section 2] Let Q@ be an interior corkscrew domain. For cubes Q1,Q2 €
Ws and S € Wi we have that

o The symmetrized cubes have finite overlapping: there exists a constant C' depending on the
parameter € and the dimension d such that #{Q € W5 : Q* = S} < C.

e The long distance is invariant in the following sense:

D(QT,Q5) ~D(Q1,Q2)  and  D(QF,5) ~D(Q1,9) (4.4)
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We define the family of bump functions {¢g}gew, to be a partition of the unity associated to
{10} Qew,» that is their sum }}1q = 1, they satisfy the pointwise inequalities 0 < 1g < X110

and [|Vygl ) We can define the operator
Aof(w) = + 2, Vo) fox for any [ € Lj,. (%)
QeWs

(here fy stands for the mean of a function f in a set U). This function is defined almost everywhere
because the boundary of the domain § has zero Lebesgue measure (see [Jon81, Lemma 2.3]).

Theorem 4.3. Let Q R be an interior (g,0)-corkscrew domain, let 1 <p < 00, 1 < ¢ < 0 and
0 <s<1. Then, Ay : F’ quO(Q) — F;”ql,l(Rd), with C depending only on d and € while £y depends
also on 6.

Proof. In light of (4.2), it is enough to check Ag : F},’ qcf"(Q) - F; f"l(]Rd) for £y small enough, that
is

[Aof (@) = Ao f W)Ly, ,)

1
ts+d+ i

Ao f|

S ||f| F;)qC’fO(Q)’

F:’sol(Rd) = HAOfHLP +

Li(0,00) | 2 (R4)

where By, := B(z,t).
First, note that [Aof|lz» < [ fllze) + [Aof[zre)- By Jensen’s inequality, we have that

d
0/ i <0 3 erlPally < 3 gl e (156@) -

QeWs QeWs

By the finite overlapping of the symmetrized cubes,

[80f12 0 ey < 1120 - (4.5)

It remains to check that

Ao f(x) — Aof(y)HL;(BI,t)
ts+d+%

< £l

s,Cl
i (2)

HAOfHF‘:’(fOl(Rd) =
L7(0,00) || p (ra)

By a decomposition of the integration domains z,y € QU ¢, we can reduce the preceding estimate
to proving that

@+®)+ @ = Iyt

where

N @) = Do f W)y e
@ T ts+d+% ’

Li(0.0) |l p ()

@ _ 8o f(2) = F(W)] Ly, )

N 1
t6+d+E

L§(0,60) LE(Q°)
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and

I8 f(2) = Ao f (W)L e )
ts+d+%

©®-

Li(0.£0) || p (q2e)

Here, and for the rest of the paper, Q,, := Q n B, and Q;t =0"n B, .
Let us begin with

1
t8+d+ q

‘ |f(z) — Dsew, Vs(Y) fsx HL;(Q;,&

L(0,60) LE(Q)

Call Wy := {S € Ws : all the neighbors of S are in Ws}. We write W;(Q,t) := {S € W; :
S N Uer «t # ). Note that the integral in ¢ is null if z € Q@ € Wy\Wy. Moreover, if
S e Ws(Q,t) with Q € Wy and t < £y, then S € Wy. Given y € S where S € Wy, we have that
Y. pew, ¥p(y) = 1. Therefore

(a) <

1
ts+d+ q

‘ ZSEW4(Q,t) |f(x) - fS*| S%S ¢S(y) dy

Lf 0,4 p
0L}z (@) o, (W)

Above, Eg (W) stands for the £ of a sequence indexed by the Whitney cubes in W,. By the
choice of the symmetrized cube we have that SQS VYs(y) dy ~ £(S*)?. Thus,
10

s+d+}1

() <a l‘ Dsews (@) Ssx 1 (@) — F(E)] €

L7000 Lr () & (W)

By (4.4), if @ € Wy and S € Wy(Q, t) then S* € Wi (Q, Cqt) and using also the finite overlapping
of the symmetrized cubes, we get that

s, |If]

Li(0.L)llr (@) @ mw)

@ <4 ZSGWl(Q,CQt) Ss |f(x) — f(§)|dg

1
tS+d+ 7

-s,C, .
F 5 Q)

Next, note that, using the same reasoning as above and the finite superposition of the rescaled
Whitney cubes, we have that

| Soew, Yal@)for — 1)

@ _ LL(Qa,¢)
o pstdtg

L‘tl(oxéo) LE(Q°)

_ | fox — f(y)HLb(Qz,t)
~dp Q\T ts+d+%

L$(0,40) LP(HQ) Zp W)
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Taking absolute values inside and enlarging the integration domain in y and computing the integral
in @, we have that

H i F©) — F @) m

OE wfen
~d,p 1
t5+d+5

q
L{(0,60) Zg (Wa)

where Qg = UzeQ Q5 ¢. Thus, applying Fubini’s theorem and Minkowsky’s integral inequality
(see [Ste70, Appendix Al]), we get

Q) I£(€) )HLl (Qo.t)
@ Sdp Q)¢ ‘ A

ol

q 7@
FOONL1@0 | o,

If @ e Wy and y € Qg+, then y € Q¢ ¢ for every £ € Q*. By Hoélder’s inequality and the finite
overlapping of symmetrized cubes, we get that

1) ~ F®) 1y 0
() e
‘1

< | f]

-5,C-
Fl 7€)

L0 @ & W)

Let us focus on @ By the triangle inequality, we have that

(© <

. 1
té+d+a

l |X pew, YP(@) e — Xgew, s (Y) fsx ”L},(Q;,t)

Lq Mve
(Gt )llLe (@) €2, (Wa)

|2 pew, VP (@) e = Dsep, ¥s(y) fsx “L%(Qi +)
+ ts+d+%
an L)
L3055 e (@) 2, (Wa)
|2 pew, UP(@) e = Dgep, ¥s(y) fsx ”Li(gi )
+ ts+d+é

LEOLo) L2 (@) €8 (Wa2\Ws)
= (D) +(2) +(c3)

The first term is bounded using the same techniques as in @ and @ Indeed, given z € 10
where @) € Wy and y € Q0 40107 then neither x nor y are in the support of any bump function of a

cube in Wo\Ws, 80 Y 5cy, ¥s(y) =1 and 3 peyy, ¥p(z) = 1. Therefore

D1 @) fpr— D bs)fse = D, Y bp(@)vs(y) (fex — fox)-

PeWs SeWs Pn2Q+# SeEWs

Using first the triangle inequality and the bounded number of neighboring cubes, and then com-
puting the integral in z, taking absolute values inside the inner integral and changing the order of
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summation on @ and P we get

3(Q5,0)

1
ts+d+ 7

S prsaus Ssow, [0r@s @) fps —

LI(49)
«o0)liLz (@) % (Wa)

1

2.sews |fps — fsx] £(S)?
Sdp Z Vp(x )‘ = (PCdtt)erdJrl

Pn2Q#g

HE Ol 17
t\ 1o 2(Q) (W)

(©) ~ FOlpaesm

t8+d+ a

ZSEWg(P Cat) z(P L (P¥)

<d K(P)%
L{ (5552 o) 2 (Ws)

and applying Minkowski’s and Jensen’s inequalities we obtain

‘ ZSEWg(P,Cdt) Hf(g) - f(C)”Lé(S*)
(D) =ar

1
ts+d+ 2

P
LY (5552 o) L2P) | o o)
(W3

By Lemma 4.2, we get that

(D) Sape

Ifxe %Q where Q € W, and y € Q;,Z(Q)/w’ since the points are ‘close’ to each other, we will
use the Lipschitz regularity of the bump functions, so we write

D1 wp@)fpr — Y, sW)fss = Y, (Wp(x) = ¥p(y) fre- (4.6)

PeWs SeWs PeWs

1£(&) = 1Ol 20 000

N 1
t6+d+E

< IS

5s,C .
LV

Lg (O,fo) ng) (Q)

Now we use that {1)g} is a partition of the unity with ¢ supported in %Q, that is, D geyy, ¥s(z) =
Zssz;&@ vs(z)=1lifze %Q with @ € Wy. Thus,

|Ssnaars Ws() —s)) fox|

@ _ Ly (95 )
o ts+d+%

L{(0,* 10 L) LE(Q) €2, (Wa)

stszae@ (s(x) —¥s(y)) (fsx — fox)

1
ts+d+E

Ly(Q5 )

LQ( 7Z(Q)) LP(Q) ( Wa)
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Using the fact that |V and computing the integrals in = and ¢, we have that

S W
@< Q¢ t]fsx — fox|
x ts+d+% L e ))
0, ==+ P
0,7 LE(Q) Eg(WO
dll,1_g—1 fS* - f *
<d Z(Q)p tl "4 L2(0, e(Q>) Z | E(Q)Q ‘
107 8n2Q#7 fg(Wz;)
dy1_g_1—
Sas Q2O — £ isicann o
<@l o)

and using Jensen’s inequality and Lemma 4.2 we get
c14(Q)
@ <d s,€

(€)= f(©) dt

1€=<l

1(C P
LC( Q) Lg(Q) Zg(Wl)

If ¢ is chosen big enough, depending only on d and the corkscrew constants of €2, so that ¢;4(Q) —
Codiam(Q) ~ £(Q), using Fubini’s theorem and Hoélder’s inequality we obtain

17O = FOlsee
@~d55 s+d+1

S HfHF:qCSl? Q)"

L}(0,c1£(Q)) L2(Q) o 0m)

Decomposition (4.6) is still valid if @ € Wo\W, and y € Q¢ ,0(Q)/10 In particular if y € QF , we
can use the decomposition, but we treat this case apart since we fose the cancellation of the sums
of bump functions and we gain instead a uniform lower bound on the side-lengths of the cubes
involved:

| Ssewasnzors (Vs(@) —vsy)) fsx|

OF ;
ts+d+z

Ly(Qg ,)

q
L 0L L2 @) ler, (wy v

193 ¢| Zsews:5n20-5 |go fsx|
tb+d+;

<d

L$(0,40) L2(Q) 28, (W2\Wa)

Computing the integrals in  and ¢ and using the triangle inequality we get

1 a 1
Sag|UQF )L fselft Lo
SeW3:8n2Q# t 8 (Wa\Wy)
1 P
Saps 3 | 2 > s PUS) | s 1 oo

0 QEW2\Wy4 SEW3:Sn2Q#
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Remark 4.4. It is usual in the literature to define a uniform domain as a domain satisfying the
interior corkscrew condition and the so-called Harnack chain condition (this definition can be seen
to be equivalent to the one given here). The interior corkscrew condition can be understood as
a quantitative openness condition, while the Harnack chain can be understood as a quantitative
connectedness condition. It is not quite surprising that we can drop the connectedness condition
for smoothness below one, since the norm is completely non-local. That is, the connection between
points following paths inside the domain is not needed because the first-order difference is always
included in the norm itself.

The reader may note that the interior corkscrew condition is a bit stronger than the conditions
that we have used. Indeed, the proof works for a domain Q such that Q° is an exterior corkscrew
domain and such that 69\8(@6) has null Lebesgue measure. For instance one can remove segments
on planar domains without changing the extendability properties for F; , with 0 < s < 1. [PS17,
Theorem 1.4] can also be proven in such a general setting, with the restriction in the indices

s> 4 _
p

ESYISH

4.2 Uniform domains and smoothness above one

Norman G. Meyers introduced a collection of projections L : W*P(Q) — P* in [Mey78] which
allows us to iterate the Poincaré inequality. Peter Jones uses the following particular simple case:

Definition 4.5. Let Q < RY. Given f € L'(Q) with weak derivatives up to order k, we define
ng e P¥ as the unique polynomial of degree smaller or equal than k such that

f DBP’ggfdm:J DPfdm (4.7)
Q Q

for every multiindex B € N% with |B| < k.

Lemma 4.6 (see [PT15, Lemma 4.2]). Given a cube Q and f € W*1(Q), the polynomial P’éf e Pk
exists and is unique. Furthermore, this polynomial has the following properties:

1. The norm of the polynomial is controlled by

k

Hpgf}\m(@) <er ), UQY |V flppgy — forl<p<co (4.8)
j=0

2. Furthermore, if f € WEP(Q), for 1 < p < o0 we have
If = P& lir@) < CUQMIV*F = (V¥ Nal 1o (4.9)

Here and through all the text (f)q will denote the mean of f in a cube Q, with f possibly
vector-valued.

3. Given a uniform domain Q with Whitney covering W, given 3 € N& with |3| < k and given
two Whitney cubes Q,S € W and f € Wk1(Q),

((S)*D(P, S)k= 1Al
(p)t

HDB(P%JC o P](j?f)HLl(S) < Z
Pe[s,Q]

IVEF = (V" Dplpispy.  (4.10)
Estimate (4.10) can be shown just using the approach in [Jon81, Lemma 3.1].
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We define the operator Ay : W1 (Q) - WO 0 Q) as

loc loc
Apf(z) = + > Vo) P f().

QEWs

This function is defined almost everywhere because the boundary of the domain € has zero
Lebesgue measure (see [Jon81, Lemma 2.3]). Note that the operator can be defined in any in-
terior corkscrew domain, but it may fail to be an extension operator if the domain is not uniform
(see [Jon81, Shv10, KRZ15] for optimal conditions to grant the existence of an extension operator
for Whp).

Theorem 4.7. Let ) be a uniform domain and k € N. For every 0 < o <1, 1 < p < o0 and

1< qg< oo with o > Z E and ¢y small enough, then

s,CY¥ s,4 n
Ap : Fo 1% () — F 0 (R™)
(with s = o + k) is a bounded extension operator.

Proof. Let f e F5:Sf(Q). From [Pral9, p.700] we know that

Ay : WFP(Q) — WFP(RY).
Thus, we just need to prove that

”AkaF;:j?l(]Rn) < C||f||F§,’§f0 (Q)'

The case k = 0 is proven in Theorem 4.3 above. Let us assume that k > 1, and consider a € Ng
with || < k. We will check that

[ DAkl ot gy < CF

Fyoio(@)”
Note that

DOApf = Dfxa+ . D*(poPhef) =Dfxa+ Y, > ( )D”‘ P4 DP Pl f

QeWs QeWs B<a
« @ o—
= Ao(Df) + ), <5) >, D P DO P f. (4.11)
B<a QeEWs

Now, from Theorem 4.3 again, we already have

”AO(Da )”FU ZO ®Rr) S CHDafHF" CZO @ = C”f'

s czo Q)"
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Thus, for every f < a we need to control

P

= | > D*PypDP P f

PeWs

F;::.Ol (R™)
|Zpews D P0p (@)D Prs f W) 1

1
to’+d+ a

L7000 || Lr ()

12 pew, Dw%P(z)DﬂP;g*f(x)HL;(QN)
+ t0+d+%
L{(0.0) | 12 (e
HZPGWg ((Da_ﬁwPDﬁpjlg* f)(ﬂ?) - (Da_ﬁwPDﬁpjlg* f)(y)) ”L}/(Q; )
+ to-‘rd-‘r%
Li (0.0 Lz (00

—g+rH-+@ (4.12)

First we study the term [@. Note that if @ € Wy and S € W5(Q, t) for t < £y, then S € W4 (Q, 1)
necessarily, where Wy := {S € W5 : all the neighbors of S are in Ws}. Thus, if y € S, we have
that 3 peyy, D= Pypp(y) = 0. Therefore,

’ HZP:PrQS;&@ D PyppDP Py, f
< t0+d+%

£5Wa(Q)1))

L1(S)

L{060) || e () £ (W)

|Sppsseg [D* 0P (DPPhuf = DOk )] 1 s,

1
to-+d+E

£5(Wa(Q)1))

N

L0 r () o om)

We take absolute values and we use that ||D‘1’51/1p||00 < £(S)~le=Bl. Moreover we develop the
telescopic summation (4.10) along an admissible chain connecting P* and S*:

0(S*)AD(L, S*)k— 1Al
v (S*)D(L, 5*)

HDﬁ(Pllg*f - Pg*f)HLl(S) Sd,k E(L)d

Hka - (ka)LHLl(E)L) (4'13)
Le[P*,5%]

Note that in our summation 25N P # ¢, so both cubes have comparable size and D(S*, P*) ~ £(5)
by (4.4). Thus, combining (3.2) and (3.3), it is clear that all the elements L € [P*, S*]| have
comparable size and D(L, S*) ~ £(S). Moreover, by (4.4), it follows that D(Q, S) ~ D(Q, S*) ~

D(@, L)

S prasig Setpr.sn IV = (VD2 ey

L5 (Wa(Q,1))
< S
~d,k to’+d+ %

L0 r () o om)
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Fixing cp big enough in the definition of W, (see Section 4.1), we can ensure that L € W for every
L appearing in the right-hand side term above. To complete the reduction, note that for every
L € W; the number of candidates S € Wy and P n 25 # J such that L € [S*, P*] is uniformly
bounded by a constant depending on d and . Moreover, for @ € W; and t < £(Q) the family
Wi(Q,t) is empty. Therefore, we can use Lemma 4.8 below to get

H |k f — (VEf

k
LHL1(5L) £, (W1(Q.01))

Sd, ke S CHV f”F

T - czo

LEE@)0) | 1r (@) & 0om)

(4.14)

Next we apply a similar reasoning to deal with . This case is simpler, because we can use
the triangle inequality to get

‘Qm t|
to’+d+

bl <

>, D PypD PR, f
PEW3

<d,o (Q)~r
’ <Q§V4 JQ

As before, we can use the cancellation to obtain

TILIE@10) | 1 () 2 (Wy)

=

> D*Pyp(x)DP P f(2)

PeWs:Pn2Q#J

p
dx)

b] <40 ( Z o(Q)~or-lea—slp f |DP Py f(x) — DP PEy f ()| dx) . (4.15)

QeWs PeWs: szQ;e@

We use again (4.10) and the fact that £(P) ~ £(Q) ~ £(L) ~ D(Q, L) for every 2Q n P #
and L € [Q*, P*]:

L] <e. ( 2, "’”I}V’“f—W’“f)L!’;@L)) :

L€W1

Note that by Jensen’s inequality we have that

clé(L) p P

IV f(2) (
Bl < ZJ f E(L)d“"f'& ) e (4.16)

LGW]

If ¢; is chosen big enough, depending only on d, so that ¢1¢(Q) — diam(Q) ~ ¢(Q), using Fubini
and Jensen we obtain

), [VEF@) - VEF©IdE \" \7
.< ( ( et - dt) d > S |VFF| s o (4.17)
ZWJ 1 () *) =1V iz

Finally we need to deal with the term

“Zpem (D" 4D Pho £)(@) — (D5 D Pho )]

to’+d+ !

(4.18)

Li(0:£0) | £p (q2e)
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Here we will use the previous techniques but some additional tools have to be used to tackle the
case dist(x,y) << dist(z, ), so we separate the integration regions with this idea in mind. We
get

Hzpews( “BypDPPE, f)(x) — (DaiﬁwPDﬁpzlg*f)(y)HL;(Q;t)
< tﬂ+d+
L{(52 ) | 12 o) @ Ws)
[ e, (D*P62D? Phe @) = (D* 262D P )3 g
+ to+d+%
L1053 Lz () )
[Spew, (D> P0p D Phy f) () = (D*P4pD° Py )W), o
+ to’+d+a

L (0.00) | r () € (W2\Wa)

ed) + [e2] + [e3]. (4.19)

Let us consider the case x € Q € Wy, t > £(Q)/10 and y € Qg ;. In this case we will bound the
numerator in (4.19) above by

(4.20)

Y, D P4p(x) D7 Pps f(2)

PeWs

+| D) D Pup(y) D PRy f(y)|-

PeWs

‘We obtain

(Sperw, D60 D P fl, 0

1
tn+d+;

LI(HD ¢
1 L2 @) ler, o,

D, D PurDPpif|,
PEW3

=11 +[c12]

Now, is bounded as [@j: for every z € Q € Wy and t € ( o ,Eo) we write

|th|
o+d+1

q

a( 2(Q
OO 2@ g, vy

<

~

LY(Q5 )

>, D* PypD Pl f

Y. US) T PID PRt~ Dﬁpg*fHLl(S)
PEW3

P:Pn2S#

L5(Ws(Q)t))

Then we use cube chains as in (4.13) and Lemma 4.8 below to get

LHL1(5L> 0 (W1 (Q.C1))

S CHkaHF;ff(Q)

-
ta+d+%

t(i(Q) 00) LP(Q) ( Wa)
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On the other hand, is bounded as |[b]| without much change:

p P
dx) Sdse |VFS HF;f? @)

> D Pyp(2)DP Phy f ()

PeWs:Pn2Q#J

c12 < ( > U)o JQ

QEW,
Combining these estimates we obtain

k
$d78,8 Hv fHF;inZ(Q) (421>
If x e @eW, and y € B(z,4(Q)/10), then we can use the fact that

D D Fyp(y) = Y D Fyp(a) =

PeWs PeWs

We will bound the numerator of the second term in (4.19) by

> (D Py (x) — D Pyp(y)(D° Pha f(2)) + D ~Pp(y)(D° Pha f(x) — D Pl f (1))

PeWs
<| Y (D Pyp(x) — D*Pp(y))(D? Phx f(x) — D’ Pl f () (4.22)
PEW3
+| X, D Pep(y) (D°Phsf — DP Py f) (@) — (D Ppaf — D"P(S*f)(y))‘ :
P€W3
We obtain
I ro [0S, DO Ph f(0) - D Pl 1(0)
- N2Q#J Ly(Q5 )
~ t071+d+%
L(0,49)) 2@ ez owy)
DB HV DBPE, f — DB Pk H
'ZPESEJ;Q H wPHOO ( Pl Q*f) L=(P)llLy e )
+ po—1+d+g
q P
= + (4.23)

In the first term above, we integrate on y and ¢, we use the control on the derivatives of the

bump functions and we plug (4.10) in to get

D=

(Z SRy PR DA P~ DPR g, o @”‘”)p>

QEWs PEW3:PN2Q#J

ag(\(Ia—B)p ?
< 2 oL —(Ja—pB|+1) PY(L ) U)PK(L) é((LL))d Hka— (ka)L’LP(5L)>

LEWl
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so, as in (4.16) we get

S =

Hms(Ze AT <ﬂme)swwwﬁm (1.2)

L€W1

Note that the equivalence of norms of polynomials implies

V(D7 Phsf ~ D Pl 1)1, o HP) i [V P — DRI,

Thus, in the second term, using the same reasoning as above we get

S =

QeW4 PEW3:PN2Q# S

2.2 <o p < > D 0(P)~1o=V | (DP Pl f — D Pk, f)“isc(p)e(Q)(la)Pde)

=

ag(1)(la—Bl-1)
Sdke ( Z 6L |a_5|p£(L) e(gL()L)d pHka— (ka)LLp(u)f(L)(l_a)p)

L€W1

and we get the same case as before. By (4.23) and (4.24) we get
Sd,s,p,e ”ka”F:qC? Q)" (4-25)

Finally we deal with the term . Whenever z € Q € Wo\W, and y € B(z,((Q)/10) < 15
we bound the numerator in (4.19) by the left-hand side of (4.22) above:

HZPeW:s:PrQQ#@ }‘VDQ_B¢P‘|OCD5P}I§*f(x)‘ LL(Q¢ )
< jo—1+d+1 —
L) 2@ ler, (o ywa)
I S
+ Y x,t
po—ltd+g

Li(0.0)llr (@) £, (W2\Wx)

We write @ € W} if @ € W, has neighbors P € Wj. Both terms are controlled by integrating on
y and ¢ again and using the control on the derivatives of the bump functions together with (4.8)
and the finite overlapping of symmetrized cubes to get

p

—|a— — 1—0o
eI <o | S G+ )IDPPE f + VD PR £ )06
QEWL\W4 PEW3:PR2Q#J
1
=t (2 |f|ww*> Seit | flwenay: (4.26)
PeWs

Combining (4.19), (4.21), (4.25) and (4.26) we have

S HfHF;fSlZ(Q)’
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which combined with (4.12), (4.14) and (4.17), leads to
~d $,D,E Hf‘

ch

and the theorem follows.
O

It remains to proof a couple of technical lemmata used during the proof of the boundedness of
the extension operator.

Lemma 4.8. Let d > 1 be a natural number, let 0 <o <1, let 1 < p < oo, let 1 < q <00 and Ly
small enough. There exists a constant C' such that for every f € LP(Q),

1f = fliaany
22 (W1(Q,Ct)) 4
a+d+; - {(Q)» < CHfHF;qC{Z(Q)
Lg(%lo) eg(W1UW4)
Proof. Writing h(€) := >}, oy, X5 ()(L)~7|f(€) — fr| and applying Lemma 4.9 below, we get

1
p 1
q q p

to L)\ dt
A-| ¥ L Y nwprr | 7] 4@ S 1l

0 t
QeW1 UWy 10 LeWw, (Q,Pt)

By Jensen’s inequality, for ¢ < o0, £ € L € Wy we get

167109
- S UPIIR© ~ forl o X 10O -S| dceny i

Pa¢ Pa¢ (|

where C' is an appropriate dimensional constant. Reordering and applying Jensen’s inequality we

get
St (S 1F©) — FQIAC\ " g\
L tot+d ?

Sog, /€)= 1Ol dc

Q=

cuL) |£(§) = F(O)dC
h(f)sjg fﬂs.t = j;@(L) S(

In case ¢ = o then also using Fubini’s theorem

h(§) = €(L)°f(&) — fsL] £ sup —ord
t€(0,C%o)
Therefore,
IAllzo (@) % 17 go.ct0 gy
and the lemma follows. O
Lemma 4.9. Let d > 1 be a natural number, let 0 < o <1,letl1 < p <, 1< q < and ¥y

small enough. For every constant p > 0 there exists a constant co such that for every h e LP(Q),

q £ P
fo oLy \ dt
Z L(@ 2 IRl Ly ord | 1 U | < Clhl L.,
QEW1UWy 10 LeWs (Q,pt)

with the usual modifications when q = o
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Proof. We write

P
q q P

fo L)\ dt
B]:= Z fu@) Z 1Al r t(g+)d ) «Q)?* |,

QeW, 10 LeW:(Q,pt)

with the usual modification for ¢ = o
First of all let us assume that 1 = p < ¢ < . Let us note the following: for Q € W,

te ( o ,€0> and L € Wy (Q, pt) it follows that pt = D(Q, L). Thus, using Minkowski’s inequality
we get

1
dt ! d
< D0 D Ihlpyln) <JD<Q 5 taq+dq+1> (Q)"
QeW, LewW,

Computing, using Hélder’s inequality and (3.9) we get

¢ d
S B oD ¥ 5o B s X Il 07 = .

Lews QeWr Lews
If p=1 and ¢ = o0, then

L(L)°
B.-Y so Y |l

Qe te( X2 t0) Lew: (Q.pt)

Since the supremum of a series is bounded by the series of supremums, we get

1 d
Z Z HhHLl(L)é(L)W(Q)d Sup fo+d S Z 1l sz ¢(L) Z DQQL))aer’

QeWr Lew, te( 2L 00) Lew, QeWr

and the lemma follows as in the preceding case.
Next we focus on the case 1 < p and ¢ < o0. Consider

(L o—d
flaty)= >, 2] XQ(x)X(’f(l%),go)(t)XL(y)h|L1(L)t¢(T+)d+l'

QeEW1 LeWn (Q,pt)

Then by duality we get

o0
HfHLg LI(L1 = sup f($7t,y)g(x7t,y) dy dtdz.
(L{(Ly)) <1 Ja o
H9HL5/<L§/(L$)>\

Thus, it is enough to bound
V(L o—d
E- Y [ [ sy e [ o) dy e
QeW, o Ler(Q ot) t ¢ JL

for every given function g such that HgHL,,, (Lq,(LOO)) <1
P(Lf(Ly

We will use duality and the boundedness of the maximal operator in the Lebesgue spaces. In
particular we will use an extra index r to be fixed later on in order to gain the necessary room
for the boundedness of the maximal operator. In the sum above, for every @ and L appearing in
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the sum we consider a chain [Q, L] with central cube R = Q. If £; is small enough, we can grant
that dist(R, Q) << § and in particular (3.9) and (3.10) hold. We define W] to be the cubes in
W that satisfy these properties. Note that /(R) ~ D(Q, R) < CD(Q, L) < Cpt. Then, using (3.4)
and reordering we get

d

(L)~
<% j S Iy o [ty dyeas a21)
QeWs o Rew’ (Q,Cpt) LeSH(R) 3 @ JL
QESH(R)
L)+
<% %[ [ S e o [ otes o
ReW!| QeSH(R) Cp~ e(R)LeSH R) t 7 JL

Let 1 < r < p. We apply the Holder inequality to get

su x,t,-)dt
Z Z f f PsH(R) g( i ) de
t0'+d+a

ReW! QeSH(R) “H(R)
T o+d—4 v '
Y Ml | | X (aprF)
LeSH(R) LeSH(R)

Let us denote

lg(@, ) oo ) =2 Ga(t):

By (3.10) we get
< E(R)dgggM (1h[") ()

LeSH(R)
Finally, by (3.9) we get
Z E(L)a'-i—d—f) _ Z K(L)m" +d) < E(R)U+%
LeSH(R) LeSH(R)

All together, we have gotten
B,<Y 3 j j ()= dw (R inf M (B) () €(R)™
9 ) Gell) vy CeR '
ReW), QeSH(R)
By Holder’s inequality
4 4 7
0 dt 0 dt !
Go(t)———— < || Gal o —— | <G|, (pt(R)7 1,
Lplm )i < 1l ( LM(R) t(,ﬁdqﬂ) |Gl (p£(R))

so writing G(x) := |Gl we get

Bl Y % [ cmy (i ©) amr

ReW] QeSH(R)
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Using (3.10) again we get that 3 ,cgp(r) SQ G(x)dz < {5 MG(¢) d¢ and, computing we get

1
[
Lr (Q)

1 T

@B, <, f MG(C) (M (|h]") (€))" dC < [MG g IM (I]")
Rew; VE

< HGHLP'(Q)H|h|r‘|;%(ﬂ) = HgHLg’(Lg/(L;o))”hHLP(Q) < Hh”LP(Q)'

When 1 < p < 0 and g = o0 we can perform a similar reasoning avoiding the duality expression:

P
(r)”
OO - Z sup Z HhHLl(L)W E(Q)d
QeW, te(%,fo) Lew1(Q,pt)
P »
oLyt
< sup Z Z ”hHLT(L)W E(Q)d
Qe te(42 00) | Rew! (Q.Cpt) LeSH(R)
QeSH(R)
P b
O(R)T
< esup Z ”h”LT(SH(R))taT E(Q)d
Qews te(42 00) | rew! (Q,0pt)
QeSH(R)

1
r

Next we use that @ € SH(R) implies that |2, sm(r)) < (¢(R)infg M(|R]")) ", so

1
P\ »

r 2 é(R)aJr%Jr%
oo < Z M(|p[")(z)dz  sup Z T jo+d
Qew, 7@ te(45500) | rew((Q,Cpt)

QeSH(R)

Using (3.5) we get

[Bl, <, ( > L) M(I“)(fﬂ)”?ﬂ) S [Pl -

QeWs

On the other hand, for Q € Wy, we can just use the finite overlapping of symmetrized cubes to
reduce it to the previous situation. O

Acknowledgements

The author wants to thank Kari Astala and Fero Saksman for many conversations regard-
ing the problems discussed in the paper, Winfred Sickel for providing references and encour-
agement, and also to the referees for an excellent job spotting misprints and mistakes. The
author was supported by the Spanish State Research Agency, through the Severo Ochoa and
Maria de Maeztu Program for Centers and Units of Excellence in R&D (CEX2020-001084-M),
by the Spanish government under the grant 1JC2018-035373-1, by the ERC grant 834728-
QUAMAP, by the Spanish Ministerio de Ciencia e Innovacién, projects PID2020-114167GB-
100, PID2021-125021NA-100, PID2021-123405NB-100, and also by the catalan government
projects 2017-SGR-395, 2021 SGR 00087 and 2021-SGR-00071.

35



References

[APS17] Kari Astala, Mart{ Prats, and Eero Saksman. Global smoothness of quasiconformal map-
pings in the Triebel-Lizorkin scale. https://doi.org/10.48550/arXiv.1901.07844, February
2017.

[BMS10] Gérard Bourdaud, Madani Moussai, and Winfried Sickel. Composition operators on
Lizorkin-Triebel spaces. J. Funct. Anal., 259(5):1098-1128, 2010.

[BMS14] Gérard Bourdaud, Madani Moussai, and Winfried Sickel. Composition operators acting
on Besov spaces on the real line. Annali di Matematica Pura ed Applicata, 193(5):1519—
1554, 2014.

[BMS20] Gérard Bourdaud, Madani Moussai, and Winfried Sickel. A necessary condition for
composition in Besov spaces. Complex Var. Elliptic Equ., 65(1):22-39, 2020.

[Bou00] Gérard Bourdaud. Changes of variable in Besov spaces ii. Forum Math., 12:545-563, 2000.

[BS99] Gérard Bourdaud and Winfried Sickel. Changes of variable in Besov spaces. Mathematis-
che Nachrichten, 198(1):19-39, 1999.

[CFR10] Albert Clop, Daniel Faraco, and Alberto Ruiz. Stability of Calderdén’s inverse conductivity
problem in the plane for discontinuous conductivities. Inverse Probl. Imaging, 4(1):49-91,
2010.

[CHK15] Daniel Campbell, Stanislav Hencl, and Frantisek Konopecky. The weak inverse mapping
theorem. Zeitschrift fiir Analysis und ihre Anwendungen, 34(3):321-342, 2015.

[Dah79] Bjorn E. J. Dahlberg. A note on Sobolev spaces. In Harmonic analysis in Fuclidean
spaces (Proc. Sympos. Pure Math., Williams Coll., Williamstown, Mass., 1978), Part 1,
Proc. Sympos. Pure Math., XXXV, Part, pages 183-185. Amer. Math. Soc., Providence,
R.I., 1979.

[GT01] David Gilbarg and Neil S Trudinger. FElliptic Partial Differential Equations of Second
Order, volume 224. Springer Science &amp; Business Media, 2001.

[HKO08] Stanislav Hencl and Pekka Koskela. Mappings of finite distortion: composition operator.
In Annales-Academiae Scientiarum Fennicae Mathematica, volume 33, page 65. Academia
Scientiarum Fennica, 2008.

[HK13] Stanislav Hencl and Pekka Koskela. Composition of quasiconformal mappings and func-
tions in Triebel-Lizorkin spaces. Math. Nachr., 286(7):669-678, 2013.

[Jon81] Peter W. Jones. Quasiconformal mappings and extendability of functions in Sobolev
spaces. Acta Math., 147(1):71-88, 1981.

[KP92] Steven G Krantz and Harold R Parks. A primer of real analytic functions. Birkh&user,
1992.

[KRZ15] Pekka Koskela, Tapio Rajala, and Yi Zhang. A geometric characterization of planar
Sobolev extension domains. arXiv: 1502.04139 [math.CAJ, 2015.

[Mey78] Norman G Meyers. Integral inequalities of Poincaré and Wirtinger type. Arch. Ration.
Mech. Anal., 68(2):113-120, 1978.

36



[OP17]

[Pral9]

[PS17]

[PT15]

[Rog06]

[RS96]

[Ryc99]

[Shv10]

[Ste70]

[Tri06)]

[Vod89]

[Zie89)]

Marcos Oliva and Marti Prats. Sharp bounds for composition with quasiconformal map-
pings in Sobolev spaces. J. Math. Anal. Appl., 451(2):1026-1044, 2017.

Marti Prats. Measuring Triebel-Lizorkin fractional smoothness on domains in terms of
first-order differences. Journal of the London Mathematical Society, 100(2):692-716, 2019.

Marti Prats and Eero Saksman. A T(1) theorem for fractional Sobolev spaces on domains.
J. Geom. Anal., 27(3):2490-2538, 2017.

Marti Prats and Xavier Tolsa. A T(P) theorem for Sobolev spaces on domains. J. Funct.
Anal., 268(10):2946-2989, May 2015.

Luke G Rogers. Degree-independent sobolev extension on locally uniform domains. J.
Funct. Anal., 235(2):619-665, 2006.

Thomas Runst and Winfried Sickel. Sobolev spaces of fractional order, Nemytskij op-
erators, and nonlinear partial differential equations, volume 3 of De Gruyter series in
nonlinear analysis and applications. Walter de Gruyter; Berlin; New York, 1996.

Vyacheslav S Rychkov. On restrictions and extensions of the Besov and Triebel-Lizorkin
spaces with respect to Lipschitz domains. J. London Math. Soc., 60(1):237-257, 1999.

Pavel Shvartsman. On Sobolev extension domains in R™. J. Funct. Anal., 258(7):2205—
2245, 2010.

Elias M. Stein. Singular integrals and differentiability properties of functions, volume 30
of Princeton Mathematical Series. Princeton University Press, 1970.

Hans Triebel. Theory of function spaces III, volume 100 of Monographs in Mathematics.
Birkhauser, 2006.

Sergei Konstantinovich Vodopyanov. Mappings of homogeneous groups and imbeddings
of functional spaces. Siberian Math. Zh., 30:25-41, 1989.

William P Ziemer. Weakly differentiable functions: Sobolev spaces and functions of
bounded variation, volume 120 of Graduate Texts in Mathematics. Springer Berlin Hei-
delberg, 1989.

37



