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Abstract

We consider a hierarchically structured population in which the amount of resources
an individual has access to is affected by individuals that are larger, and that the intake
of resources by an individual only affects directly the growth rate of the individual.
We formulate a deterministic model, which takes the form of a delay equation for the
population birth rate. We also formulate an individual based stochastic model, and
study the relationship between the two models. In particular the stationary birth rate
of the deterministic model is compared to that of the quasi-stationary birth rate of the
stochastic model. Since the quasi-stationary birth rate cannot be obtained explicitly,
we derive a formula to approximate it. We show that the stationary birth rate of the
deterministic model can be obtained as the large population limit of the quasi-stationary
birth rate of the stochastic model. This relation suggests that the deterministic model
is a good approximation of the stochastic model when the number of individuals is
sufficiently large.
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1 Introduction

Many deterministic population models rely implicitly on the assumption that the num-
ber of individuals is large enough so that stochastic fluctuations can be neglected. In
order for a model of this kind to be mechanistically justified, it should describe the
behaviour of an individual based stochastic model at the so-called large population
limit. To be more specific let us examine the following example. Consider the “logistic”
birth and death process taking place in an area of size A (we assume that individuals
are well mixed in that area), which is given by the transition rates

- k k
)Lkz)L(Z)k and ﬁk=l/«(z>k,

where k is the number of individuals and A and p are the fertility and the mortality
rates of individuals respectively, which depend on the density of individuals in the
population, i.e. k/A. Denote by NtA the number of individuals of such a process.
Consider the particular case in which A(n) = Ag and u(n) = po + an, with Ag > wo.
From the classical results derived in [18] it follows that, for a given time window [0, 11,
the trajectories of n,A = NIA/A with P(N(f‘ = [npA]) = 1 are, for large enough A,
arbitrarily close to the orbit n(¢) of the initial value problem

n'(t) = ron(t) — (o +an(t))n(t) 1)
n(0) =ng ’

where n(t) refers to the population density at time ¢ (its units are individuals per area,
the same ones of the rescaled process n,A). More precisely, for all ¢ > 0

[lim P (‘NZA/A —n(t)‘ >e|N& = LnoAJ) —0, Viel0.d. (@

This important relation implies that the differential equation in (1), which is nothing
but the logistic equation n'(t) = r(1 —n(t) /k)n(t) withr = Ay — o and k = r/a, is
a mechanistically justified and valid model. As a consequence it is a model useful to
predict the behaviour of the underlying stochastic model at the large population limit.
It is worth noticing, however, that for any fixed A, no matter how large it is, there is
an important disagreement between n(¢) and ntA for large ¢, due to the fact that O is
an absorbing state of the stochastic system. In particular, it can be shown that for all
& > 0 the limit of P(n{‘ > ¢) as t tends to infinity is 0, whereas n(¢) tends to « as ¢
tends to infinity. This discrepancy is inherently associated to the nature of population
models, since no individuals can be born from an extinct population.

As shown in [18], the theory to derive ordinary differential equations as limits
of scaled Markov processes can be applied not only to competition systems of one
species as the example above, but essentially to any Markov process where the states
are discrete and refer to the number of individuals of each species in the system. Such
a relation between ODEs and Markov processes, however, does not help to study the
stochastic dynamics when the area A is not large enough. The question whether A is
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large enough, or more precisely the study, as a function of A, of the time-scale during
which the rescaled stochastic process is close to the deterministic ones, is addressed
in different studies see, for instance, [5, 12, 20]. When the process has 0 as the only
absorbing state, two useful concepts to tackle this question are the probability of
extinction of the process (as a function of time) and the quasi-stationary distribution
of the process, defined as the asymptotic distribution of the process conditioned to
non-extinction.

If the Markov process takes values in an infinite dimensional space, some results
in the spirit of (2) can be found. Infinite dimensional Markov processes are impor-
tant since they arise naturally when dealing for example with continuously structured
population models. In these cases the state variable is a function of the structuring
variable instead of a finite dimensional vector (see [14, 15] for a deterministic for-
mulation of these models). In [11, 19] physiologically structured population models
close to the one analysed in the present paper are considered. There individuals are
assumed to change their physiological state (such as size or age) deterministically
between jump events, where jumps occur according to some probability measures
and describe stochastic events such as births, deaths or transitions between different
individual classes. Large population limit results are given, which relate the stochastic
system to a deterministic PDE. These works extend previous studies in which large
population limits were established for stochastic age-structured populations, such as
[21, 22]. Similar techniques are used in [6] to stablish analogous results for a different
kind of stochastic structured population models. There, the population is structured by
a genetically determined phenotype, which is assumed to be constant during whole life
(new phenotypes arise due to mutation events during reproduction). See also [17] for
an application in which deterministic limits of stochastic systems have been applied to
link the dynamics of a cellular population with a submodel describing cell metabolism.

Individual based stochastic size-structured populations have been analysed through
approaches not directly related to generalisations of [18], such as in [4]. There a
deterministic size structured population model is expanded into a stochastic PDE
which takes into account random fluctuations in the number of births, deaths and
the way individuals grow. The methodology is based on the theory developed in [3],
which starts with the construction of a discrete (in time and size) stochastic model.
These results could be potentially helpful to address some of the questions we pose
throughout the paper. However, the connection is not completely clear since stochastic
PDEs and stochastic models defined at the individual level are different in general.

In this article we present an individual based stochastic version of the determin-
istic hierarchically size-structured population model we recently studied in [8]. The
hierarchical structure is present due to the assumption that the amount of resources
an individual has access to is affected (only) by those individuals that are larger. As
far as we know this type of size-structured contest competition has not been mod-
elled and analysed previously using stochastic birth and death events. In contrast, the
deterministic, partial differential equation formulation of hierararchical age and size-
structured populations is well studied. We mention the possibly earliest such work
[13], where a hierarchical age-structured contest competition model was introduced
and studied. In [9] existence of solutions of a very general class of hierarchical size-
structured population models was established. The more recent paper [16] focused on
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the qualitative analysis of hierarchical size-structured models via spectral methods.
Most notably, the emergence of measure valued solutions for quasilinear hierarchical
size-structured population models was demonstrated in [1, 2] using the traditional
PDE formulation.

Here we formulate the deterministic model studied in [8] is as a renewal equation
for the population birth rate per unit of area. The biological assumptions of the model
are:

e individuals are born with the same minimal size x,,,,
e the growth rate of an individual is positive and depends on the amount of larger
individuals, i.e. the growth rate of an individual with size x at time ¢ is given by

g (/ u(t, y)dy> ; 3)

where g is a positive function and u(¢, x) is the population density with respect to
size at time ¢ and per unit of area (so that f xoo u(t, y)dy is the number of individuals
with size larger than x per unit of area, i.e. the spatial density of individuals that
are larger than x),

o the fertility rate of an individual of size x is given by S(x),

o the mortality rate of all individuals is equal to u (a positive constant).

Since all individuals are born with the same size, the positiveness of the growth rate
implies that an individual is larger than some other individual if and only if it is older
than that other individual. Therefore the growth rate of an individual with age a at

time ¢ can be given as
o
g (/ b(t — a)e_’wda)
a

where b(t) is the population birth rate at time ¢ per unit of area, and hence b(f —o)e "¢
gives the density of individuals with age « at time ¢ per unit of area (the individuals
born at time ¢ — « that have survived « units of time, i.e. until time 7). Then the renewal
equation for the population birth rate reads

b(t) = /Oo B <xm + /a g (/m e—“(f—““)b,(—s)ds) dr) e b, (—a)da, (4)
0 0 a

where
b:(0) :==b(t +0). (5)

Notice that (4) can be understood directly from the description of the physical situation:
it states that the birth rate at time ¢ is given by the addition for the age a of the mothers,
with density equal to the birth rate at time ¢ — a times their survival probability, their
size specific fertility with size given by the birth size plus the integral with respect
to t of the individual growth rate at age t, which depends on how many individuals
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were larger (equivalently older) than them at that age: this is the integral of the density
of individuals of age s > a, i.e. born at time t — s < t — a, that survived until time
t —a + 7, which is precisely the time when the mother born at time ¢ — a has age t.
Notice that from ¢t — s to t — a + t there are T — a + s units of time, in accordance to
the survival factor inside the integral.

In [8] it is shown that if g is decreasing and g is increasing, then (4) can have at
most one non-trivial stationary birth rate (i.e. a constant value 5 > 0 satisfying (4)).
If g(z) — 0 as z — o0, such a non-trivial equilibrium exists if and only if the basic
reproduction number Ry (i.e. the expected number of offspring of an individual in the
extinction environment) is larger than one. In terms of the model ingredients such a
condition takes the form:

Ry := /Ooﬁ(xm + g(0)a)e *da > 1. 6)
0

The stochastic version we introduce and study differs from the deterministic model
in that birth and mortality “deterministic” rates are replaced by its corresponding
probability rates for an individual to be born or to die.

The goal of this paper is to analyse the asymptotic distribution of the stochastic
model and study whether the deterministic model of [8] is a good approximation
of the stochastic model presented here. To this end we compare the (unique) positive
stationary birth rate of the deterministic model with the (unique) quasi-stationary birth
rate of the stochastic model, and we show that the former can be recovered as a certain
limit of the latter.

2 Stochasticity and population size

Most biological populations have a discrete number of agents and are inherently
stochastic. Hence, continuous and deterministic equations modelling them (such as
Eq. (4)) must be understood as certain approximation of the stochastic, individual
based process that gives an accurate description of the population dynamics.

In this section we compare the renewal Eq. (4) with the stochastic system that it
supposedly represents, which models the dynamics of a population with a finite number
of individuals that are well mixed in an environment of area A. Here, we assume
that individuals live in a two-dimensional environment (as do terrestrial animals) to
ease the explanation, but we could alternatively use volumes instead of areas if the
population inhabited a three-dimensional environment. In any case, the role played
by the parameter A is related to the force of competition: the more space individuals
have, the less competition and hence the larger the population can grow. The details
of the process are the following:

e The state of the system is a vector (71, f2, .. ., t)) representing the times of each

birth event that has taken place in the past, whose components satisfy 1] < £, <

- <ty so that the k-th component of the vector is the time of the k-th most

ancient birth event. Its dimension (the number of accumulated births denoted by
M) increases in time due to the new birth events.
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e The mortality rate of individuals is denoted by 1, which means that the probability
that an individual alive at time ¢ dies in the time window [, ¢ 4+ d¢] divided by
dt tends to p as dt tends to 0. This is equivalent to say that the life span of
each individual is independent of the other individuals and follows an exponential
random variable with parameter w. In particular, the individual born at time #; dies
at time iy = t; + X with X; ~ Exp(u). The amount of individuals that are alive
at time ¢ is thus

M)

N@) =) 1y —0),

k=1

where the function 1 denotes the Heaviside theta function.
e The birth rate is given by

N (1)

B(t) =) Blsi(1),

i=1

where s; (¢) is the size of the i-th smallest individual at time 7. The above expression
implies that the probability that a birth occurs in a time window [¢,  + dt] divided
by dt tends to B(¢) as dt tends to 0.

e All individuals are born with size x,, (the minimal size) and the growth rate of the
i-th smallest individual is determined by

N(1)

1 N() —i
sin=g|5 X1 =g<%>, @)

j=it1

so that the growth of an individual depends on the number of larger individuals
(recall that the positivity of g and the fact that everybody is born with the same size
implies that being larger is equivalent to being older, so that the number of larger
individuals reads as well as the number of older individuals). Since the function g
is only evaluated at numbers of the form j/A with j a natural number, we define
gj = g(j/A) for all j € N. Notice also that the argument of g is a density
of individuals (recall that A is the area inhabited by the individuals), so that the
individuals growth rate in the determinstic model is equivalent to the individuals
growth rate in the stochastic one.

The functional parameters 8 and g, and the parameter u coincide with the ones
used in Eq. (4), since their biological meaning is independent on whether the model is
deterministic or stochastic. Notice that B(¢) (as well as M (t), N(¢) and s;(t) fori €
{1,..., M(¢t)}) depend on the parameter A. When needed, this dependence is empha-
sized by writing B(t; A). Similarly we write B(z; v, A) with v = (¢1, 2, ..., ty) to
emphasize the dependence of the birth rate on the vector of initial birth events.

To simplify the notation, from now on we take, without loss of generality, x,, = 0.
This is not a restriction because the model can be formulated in terms of the auxiliary
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n « length(s)
T Tb(87 n)

7q— Ty(n)

7« min {7, 74}
foriinl+n k—U(n)
s (0,5(1),...,5(n)) s(i) «—s(i)+7g(n—1) s — remove(s(k))

t—=t+Tp /K t—t+mq
T Ty < T4 T

yes b no

Fig. 1 Flow diagram of the program that computes realisations of the stochastic process described in
Sect. 2. The state of the system is represented by a vector of sizes. Sizes are ordered from small to large
(because older individuals are always larger than younger ones). The function T (n) gives a random number
exponentially distributed with rate nu. It simulates the time until the next death. The function 7} (s, n) is
a random number distributed according to the density fTb (r) = B(r)exp (— fOT B(G)d@) 14+ (7) with
B(t) = Z?:] B(s(@) + tg(n — i)). It simulates the time until the next birth. The function U (n) gives
a random index from {1, 2, .., n} uniformly distributed, and remove(s(k)) returns vector s with the kth
component removed, and this process simulates the individual who dies

structuring variable y = x — x,, (if x denotes size, y would denote the difference
between size and the size at birth). However, let us note that for some biological
systems, x,, = 0 is a good approximation. Indeed, for a model describing a height-
structured tree population with x referring to the height of trees, then it makes sense
to consider x,, = 0. In Fig. 1 a flow diagram of the program used to simulate this
process is drawn (where we work with the vector of sizes instead of the vector of birth
events for computational reasons).

As commented in the introduction, a key question about the relation between the
solution of (4) and the scaled process B(#; A)/A is whether the former can be obtained
as the (deterministic) limit of the latter as A tends to infinity and the initial vec-
tor of birth events is scaled properly with A, by choosing, for instance, M (0; A) :=
LA fi)oo by (6)d0 ] realisations, stored in a vector 8 (A) = (01, ..., Op(0; 4)) inincreas-
ing order, of arandom variable with a density function proportional to by € L l(—00, 0)
(i.e. the initial history of birth rates per unit of area used in the renewal Eq. (4)). That
is, to show in analogy to (2) that for all ¢ > 0 one has

lim

) P<'B(t;9(A),A) ()

A

> €> =0, vt € [0, 7],
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where 7 is a fixed time horizon (which can be arbitrarily large) and B(t; 6 (A), A) is the
birth rate process obtained when the vector 8 (A) of initial birth events is constructed
randomly as just explained. The results given in [11, 19] seem promising to tackle this
question. However, they consider the population density as the state variable instead
of the birth rate history, so that applying them would not be straightforward in our
setting.

In this work we don’t provide a proof of the above relation, but we give a result
pointing towards this conclusion based on the “equivalent” asymptotic behaviour of
the two systems in the large population limit. We take for guaranteed that, if g is
decreasing and B(x) = Pox, the expected birth rate conditioned to non-extinction,
defined as the conditional expectation

B(t: v, A) :== E(B(t; v, A) | B(t; v, A) > 0),
converges towards a quasi-stationary birth rate B, (A), i.e.
lim B(t; v, A) = B.(A),
t—00

for all (non-empty) vector v of initial birth events. This is certainly a non-trivial result
whose validity needs to be addressed rigorously. In Sect. 2.1 we derive a heuris-
tic approximation of B,(A), denoted by B(A). The accuracy of the approximation
increases with A, and we show numerically (in Sect. 4) that B(A) is already a good
approximation of B, (A) for small values of A.

In Sect. 3 we prove that if Ry > 1 (see (6)), so that a non-trivial stationary birth
rate per unit of area of the renewal equation (4) does exist, denoted by b, then

. B(A) -
lim —~ =b. (8)
Ao A

2.1 Existence and characterisation of stationary birth rates

Here we compute some expected properties the population has at a given time, let us
say at t = 0, under the assumption that the birth events before that time followed a
Poisson process with parameter B(A) (i.e. we assume that in the past the birth events
were determined by a potential quasi-stationary birth rate whose inter event times are
described by independent random variables exponentially distributed with parameter
B(A)). These quantities, expressed in terms of B(A), allow us to write a consistency
equation B(A) must satisfy in order to be quasi-stationary. We deduce, therefore, that
the solutions of this equation with unknown B(A) give the quasi-stationary birth rate
of the stochastic system.

Remark 1 We assume that the birth events prior to + = 0 follow a Poisson process
of parameter B(A) because this allows us to obtain a closed formula for an approx-
imation of the quasi-stationary birth rate defined above as B.(A). The birth events
of the real system once it reaches a quasi-stationary regime, however, deviate from
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this assumption: lapses of inter birth events are not homogeneously exponentially dis-
tributed and there are correlations between nearby inter birth events lapses (because
the time between two consecutive birth events depends on the actual population, and
the population at a given time is highly correlated with the population at nearby times).
The value B(A) we derive thanks to that assumption is, therefore, an approximation
of the real quasi-stationary birth rate. It seems reasonable to conjecture, however, that

By(A)
11m -——= =
A—oo B(A)

L, ©)

i.e. that the larger A the closer B(A) is to B, (A) in relative terms (since both of them
diverge as A tends to infinity). In particular, if this relation holds true, then proving (8)
for the approximation would imply the equivalent result for the real quasi-stationary
birth rate. In this work we draw conclusions by assuming (9) without providing a proof
of it.

We start computing the distribution of individuals at = 0. Specifically, let N (A)
give the number of individuals when the birth events in the past are given by the
random sequence

(o123, 122, 1_1),

wherer_1 = Xjandt_;_1 = t_; — Xy41 with {X;};en mutually independent random
variables satisfying X; ~ Exp(B(A)) fori € N.

Since the birth rate is assumed to be B(A) and the mortality rate of individuals
is constant and equal to u, the total population has evolved in the past according to
a birth and death process with ( g, ux) = (B(A), kw) for all k € N. Therefore, the
number of individuals at time 0 is distributed according to the stationary distribution
of this birth and death process, i.e. the random variable N (A) has density

- k ~
pr = P(N(A) =k) = (%) %e_B(A)/“, k € NU {0}. (10)

Remark 2 Notice that, since P (N (A) = 0) > 0, the probabilities (10) cannot represent
the distribution of individuals at the quasi-stationary distribution associated to the
process detailed at the beginning of Sect. 2. (i.e. the distribution of individuals to which
the system converge conditioned to non-extinction of the population). We conjecture,
however, that N (A) is close to such distribution and that the larger A is the closer it
is (which makes sense since the larger A, the larger B(A) as we are about to see, and
hence the smaller the probability that N (A) takes the value 0).

Now let us focus on the expected size an individual has at a given age. This size
depends on the number of other individuals present in the population when it is born.
For instance, if an individual is introduced into an empty habitat (corresponding to
the extinction steady state), then the individual will grow at a constant speed go.
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Specifically, its size will be given by (recall that x,,, = 0)
so(7) = goT,

with T being the age of the individual. If, instead, there is already one individual in
the population when the new individual is born, then the size of this new individual at
age t depends on the time the older individual dies. It is no longer a certain value but
a random variable. The expected size at age t of an individual born in a population
with one other individual is

510) = g1 (E(Y11|Y11 <P} <)+ P! > r))

+gE@ —Y!IY! <P} < 1),

where Y 11 is a random variable that gives the time at which the older individual dies.
Notice that g; is multiplied by the expected duration of the lapse within [0, 7] during
which the older population has 1 individual and g is multiplied by the expected dura-
tion of the lapse within [0, T] during which the older population has zero individuals.
This observation allows us to generalise the above expression to give the expected size
atage 7, sx(7), of an individual born when there are already k other individuals in the
population. To do so we first define the random variables:

YJ]»‘ := time at which the j death occurs in a population of k individuals . (11)

For example, Y 11 is an exponential random variable with rate p. The dependencies
and distributions of Yj’.‘ in terms of j and k can be found in Appendix A, but here
notice that Y jk < Y]’.‘ 1 by definition. In order to deal with more compact formulas, the
particular cases in which k = 0, j = 0 and j > k are defined directly as Y(‘)) = 00,
Yé‘ =0ifk > 0and Y* = 0 if j > k. Then, let l,]f_j () be the expected duration of
the lapse within [0, t] during which the older population (with k individuals at time
0) has k — j individuals (i.e. the j death has occurred but not the j + 1). This value
is given in terms of ¥ jk ypandY ]k as

1’,;].(7) =E(YJ’F+l - Y]’-‘|Y]’.‘+1 < z)P(Y]’;] <1)

kiyk k k k (12)
+ E(t — Yj|Yj <T, Yj+1 > ‘L’)P(Yj <T, Yj+1 > T),
so that the function sy () is given as
k
sk(T) =Y gk jli_ (). (13)
j=0
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By combining the set of p; and the set of si, the expected size of an individual at
age a is

S@) =) pesila), (14)
k=0

and it can be shown (see Appendix A) that the above equation reduces to

1 & 1 B B
() — —pa | _ _
s(a) = ” mgzogmm! (F (m, Me ) r (m, M)) (15)

where I' is the upper incomplete gamma function and where we omitted the depen-
dence of B on A. Notice that the analogue of function 5 in the deterministic model
is a function, denoted here as sge, that gives the size of individuals in terms of their
age once the system has reached the stationary birth rate b of (4). A formula for Sqe

is (see (4.2) in [8])
B} _ “© (b _
Sdet(a; b) = / g <—e ’”) dr. (16)
0 1%

Since 5 and py depend on the birth rate B, from now on we write s(7; B) and py(B).
The idea now is to impose an equation for the birth rate B. Such equation is analogous
to equation (4.1) in [8], namely

1= f BGaer(a; b))e "da,
0

which, if 8(x) = Box, reads as

o
1=p0 f Sqec(a; b)e Mda. (17)
0

Indeed, this equation is obtained by imposing that the expected offspring of an indi-
vidual is equal to 1 (so that the population stays constant from a statistical point of
view). The same can be accomplished in the stochastic framework by noticing that the
expected offspring of an individual born in a population with k older individuals is

/Oo B(si(a))e *da,
0

so that, taking into account all the possible scenarios in which an individual can be
born, the mentioned equation reads

1= p(B) /0 Blsk(a)e "“da, (18)

k=0
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which becomes
OO —_
1= ,80/ S(a; Bye™™da, (19)
0

in the particular case that 8 has the form S(x) = Bpx. Choosing the relation 8(x) =
Box between fertility and size is a notable restriction on the generality of the model.
It would certainly be better to prove the following results by assuming only that 8(x)
is increasing. It turns out, however, that for the particular relation g(x) = fox many
computations become explicit and results can be obtained more easily. Nevertheless,
the rationale behind such a particular case could help to deal with the general case.

From (18) it then follows that there are as many quasi-stationary birth rates as
positive solutions Eq. (18) has for the unkown B. As shown next, if (s) = Bos and
g reflects a scenario of pure competition (no Allee effects), then (19) has at most one
positive solution, and such a positive solution exists if and only if Ry > 1 (see (6)).
Notice that under these assumptions

Ro = fo Bog(O)ae"“da = Pog(0)/ 1.

Theorem 1 Assume that /3(3) Bos and {gm}meN is decreasing and g, tends to 0 as
m — o00. If Ry = Pogo/u> > 1, then (19) has one and only one solution B > 0. If
Ro < 1, then (19) has no positive solutions.

Proof Define, for B > 0 and A > 0,
o0
R(B, A) = ,30/ S(a; B, A)e "da
0

so that (19) reads R(B, A) = 1 for a fixed A. Recall that gm was defined as g(m/A).
In the following we write g,,(A) to stress the dependency of g, on A. Notice that,
using (15),

A
R(B,A) = - )/ / e et
e—)m
_ g’"(A) / / R T (20)
m=0 —71n
B B
A B
_ @ gm(A) Mo Y dx — _/# f(x, Aydx,
’um=0 m 0 B ‘

with

’nA —_
)= PS8 (,) mo=x.
m.

m=0
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From (20) it follows limp_.o R(B, A) = (0, A) = Rp and limp_,oc R(B, A) = 0.
To see the second claim use the fact that f(x, A) tends to 0 when x goes to infinity:
given ¢ > 0, one can choose M such that g,, < % for m > M and bound

MZ M X 0 XM
0<—f(x,A)§goefo—'+gMefx Z L <€
ﬂ() m=0 m- m=M+1 m:

for x large enough since the second addend is less than § for any x.

To conclude the proof we notice that R(B, A) is strictly decreasing with respect to
its first variable since by (20) it is the average of f (-, A) on the interval [0, 5] and
f(, A) is a strictly decreasing function. Indeed, we can compute

9 B0 Emp1(A) = gn(A)
af(x,A)—Ee ,;) . x™ <0,

since g, is decreasing with respect to m. O

Since the conditions in the previous statement do not depend on the value of A, the
existence of a quasi-stationary birth is independent of A, and in particular a function
B(A) of positive quasi-stationary birth rates does exist provided that Ry > 1. Notice
also that with B known, one can give (under the assumption that the birth events in
the past are determined by B) the expected total population, that is B/, as well as
the size distribution of the individuals:

- B ., -.d__, -
U(x)=—v(s" (x; B)—5" (x; B), 2D
u dx

where v is the distribution of the individuals with respect to their age, which in this
caseis v(a) = pe ™. This is the analogue version (after normalising by A) of the size
distribution associated to the steady birth rate b of the deterministic renewal equation,
given by (with 5qe; defined in (16))

_ b __ - d __ -
i(x) = ;v(sdei (x; b»mel(x; b) (22)

(see (5.18) in [8] for its deduction).

3 Formal comparison between the deterministic and the stochastic
models

In this section we prove (8), i.e. that the stationary birth rate b of the deterministic
model can be obtained as the limit as the area parameter A tends to infinity of the quasi-
stationary birth rate B(A) of the stochastic model after scaling it by A (see Remark 1).
To do so, we must assume Ry > 1 so that b and B(A) do exist and are uniquely
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defined, as proven in [8] for b and in Theorem 1 for B(A). Notice that the equation for
the stationary birth rate b of the deterministic renewal Eq. (4) is obtained by imposing
that the birth history is constant, which gives (under the assumption B(x) = Bpx and
Xy =0)

1 —/ ,30/ <—e ‘”) dr e™"da = By /Ooidet(a; b) e ™ da, (23)
0

so that b is defined implicitly as the unique solution of that equation.

Theorem 2 Let B(x) = Pox and g be decreasing and such that g(z) — 0 as z — 0.
Let Ro > 1, with R defined in (6) (given in the statement of Theorem 1). Let b be the
stationary birth rate of (4) and let B(A) be the solution of (19). Then (8) holds, i.e.

- . B(A)
b= lim ——.
A—soco A

Proof First notice that (8) holds if

o0
lim R(bA, A) = lim ﬂ()/ 5(a; bA)e Mda
A—o0 A—o0 0

I>1ifb<b
=] where {I=1ifb=0b, (24)
I<1ifb>b

and where R(B, A) is defined in (20). Indeed, let us assume that there exists an & > 0

and a sequence A, — oo such that B(A ) > b +¢,ie. B(A,) > (b+¢)A,. Since R
is a strictly decreasing function of its ﬁrst argument, we have

1 = R(B(A,), Ay) < R((b+ &)Ap, Ay) = [ < 1,

a contradiction. The case 2 gA”) < b — & can be dealt with similarly.
Therefore, let us prove (24) in the following. To do so, start noticing that from (20)
we have

A 1 A bA
R (bA, A) = ,30 gm( ) xm _xdx—RObA gm( )y<m—|—1,—),
bAu m! Jo el gom! u

where y denotes the lower gamma function, go := g(0) and Ry = Bogo/u? is the
value of Rg according to (6) when B(x) = Box.
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Then, according to Proposition 6 in Appendix C (with G(x) = g(b;flx) /8o, and
recall that g, (A) = g(m/A)), we have that

1 A b
I= lim R(bA,A) =R lim 5 5 8 by (m+1.24
A—00 bA gom‘ "
N m\ 1 b i g(x)
n m=0 I

In particular notice that /, as a function of b, is decreasing because g is decreasing.
To complete the proof it is then enough to show that/ = 1 if b = b. To see this notice
that from (16) we have (using B(x) = Box)

be HT _
,30/ Sdet(a; b)e "da —,30/ / ( )dte *da
be™hT i
= ,30/ / e "da g( ell« )dr = %/0 g(x)%dx (26)
_ qu“ g(x)

so that from (25) to (26) it follows that

o0
I = po / Saen(as bye 4 da, @7)
0

and clearly [ = 1 if b = b since b satisfies (23). O

4 Numerical comparison between the deterministic and stochastic
models

In Fig. 2 we compare the deterministic and the stochastic versions of the hierarchic
size-structured model when the birth rate is B(s) = Pos and the growth rate has the
form

gx) =

Each row is associated to different z values: zg = 5in A, zo = 1 in B and zg = 0.2
in C. The area parameter used in the stochastic model is A = 1 (so that B/A = B
and B compares directly to b as explained in Sect. 2). In the first column we show the
expected size of the individuals according to their age. The grey points correspond
to individual pairs (age, size) found in the population throughout a trajectory of the
stochastic process simulated according to Fig. 1 (the same trajectory is used in the
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Fig. 2 Comparison between the deterministic and stochastic versions of the hierarchical size-structured
model (with A = 1) for growth rates g(z) = go/(1 + z/z¢) and birth rates B(s) = Bps. The parameters
used are the following: 1 = 1, gg = 10 and By is such that 5 = 30 in columns 1, 2 and 3, while in column
4 Bo varies so that Rg ranges from 1 to 3. Each row is associated to different zg values: zo = 5in A, zg = 1
in B and zg = 0.2 in C. Results from simulations of the stochastic model are coloured in gray, whereas
results from the analytical formulas associated to the deterministic and the stochastic models are coloured
in purple and orange respectively. The inset plot of row B and column 4 shows the ratio (B — b)/b as a
function of Ry in a log;o-log;( scale. For more details see Sect. 4

first 3 columns of each row). The purple and orange lines correspond to the theoretical
curves according to the deterministic and the stochastic versions respectively (Egs.
(16) and (15)). As expected the orange line is in agreement with the simulation. It
is surprising, however, that for not too small values of zq, the results derived from
the deterministic versions are also in accordance with the simulation (Fig. 2, first
row). The second column shows the normalised histogram of the individual sizes of a
numerical simulation once the trajectory “has reached” the quasi-invariant distribution.
As in the first column we observe that the shape of the size distribution in A and B is
well predicted by both the analytical results derived from the stochastic version, i.e.
Eq. (21), and the analytical results derived from the deterministic version, i.e. (22).
Notice that whereas we would expect the simulations to agree with (21), the close
agreement between the simulation and (22) is relatively unexpected since, a priori,
there is no formal link between the simulations and the deterministic model when A
is fixed. In the light of Theorem 2, however, we can say that A > 1 is large enough
for the sets of parameters used in A and B. The 4th column shows how B and b vary
as a function of Ry (using Egs. (19) and (23) respectively). The results suggest that
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Fig. 3 Comparison between the heuristic computation of the quasistationary birth rate B according to
formula (19) and the quasistationary birth rate obtained simulating the process. In the left plot four non-
extinguishing trajectories in r € (0, 30) of the process are drawn for. The red curve is the average of
10 non-extinguishing trajectories in ¢t € (0, 30). Parameters are as in Fig. 2 but with g = 3 and A =
0.81. The dot with coordinate A = 0.81 in the right plot is obtained as the mean value taken by the
red curve of the left plot. The other dots are obtained analogously by simulating the process with A €
{0.01,0.11, 0.21, ..., 0.71}. The curve in the right plot is given by R(B, A) = 1, which determines Basa
function of A

the quasi-stationary birth rate is only well predicted by the deterministic version if
zo is large enough compared to the area parameter A. In general it seems that the
deterministic versions underestimate the quasi-stationary birth rate of the stochastic
version. In the 3rd column a simulated trajectory of the stochastic version is shown
(where the total population is plotted). In Fig. 3 we check the relation between the
approximated quasi-stationary birth rate B(A) and empirical approximations of the
real quasi-stationary birth B.(A) (see Remark 1 for more details).

The deterministic model corresponds to the dynamics of the expected population
distribution of the stochastic model when individuals do not interact (notice that this
assumption is equivalent to say that the functional ecological responses are linear,
so that the deterministic model obtained under this assumption is necessarily linear).
Therefore, to understand the reasons behind the similarity (or discrepancy) between
the deterministic and stochastic models in general one can ask how far the dynamics
of the two models are from being linear.

Proceeding in this way we explain why the two models are more similar for larger
values of zp. Indeed, it turns out that in these cases the non-linearity of the model
is, in some sense, softened. This can be seen by comparing the graphs of g(z) =
g0/ (1 + z/z0) for different zg values. When z( is small, the growth rate of individuals
is notably slower under the presence of larger individuals, which implies that the
individual in the top of the hierarchy grows much faster than the other ones. Instead,
as zo increases, the growth rate of an individual is less affected by the presence of
larger individuals in the population (only under a huge amount of larger competitors
an individual experiences a significant slow down of its growth rate, but notice that for
this to happen the population must have a lot of individuals). This makes the growth
rate of all individuals to be relatively independent (and thus the system is closer to be
linear).

Interestingly, as it can be shown in the fourth column of Fig. 2, the critical value of 8
above which the deterministic model has a non-trivial stationary distribution coincides
with the threshold that determines the existence of a quasi-stationary distribution in
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the stochastic model. Such a relation is also explained by noticing that the model at this
regime is close to be linear. Indeed, when the parameters are such that the population
birth rate (b and B respectively in the deterministic and stochastic models) tends to
be close to 0, then the population tends to be composed by a single individual whose
dynamics is, obviously, independent of other individuals.

When comparing the two models one would expect the similarity between them
to increase as the population size at the quasi-stationary distribution tends to infinity.
When looking at the fourth column of Fig. 2, one observes rather the contrary. This
could be due to the intrinsic low population found at the top of the hierarchy: no matter
how many individuals are there in the population, only a few are among the largest.
Hence, the dynamics of these individuals is inherently stochastic in the sense that it
is not possible to average the effect of “infinitely many” other individuals when the
population tends to infinity (as it can be done in well mixed population models). It is
even unclear if the relative error between the two versions tends to zero at this limit.
Indeed, using equations (5.16) in [8] and (B.1) (which are explicit formulas for b and
B in the case zo = 1), in the inset plot of row B column 4 we show how the ratio
(B — b)/b depends on Ry in a log;-log;q scale. Although the relative error between
b and B decreases as Ry increases, this decrease slows down as Ry increases.

The specific assumption on the birth rate could be another biological phenomena
underpinning this discrepancy. Since we consider that larger individuals give rise to
more offspring and, as commented above, the larger the individual the less determin-
istic is its behaviour, the population birth rate of the stochastic model is expected to
exhibit a large level of volatility. This is empirically observed in the trajectories shown
in column 3 of Fig. 2: the volatility of total population (a readout of birth rate since the
mortality rate is constant) seems to be high for low values of zp and tends to decrease
as zo increases. This fact could explain why the stationary population birth rate of
the deterministic model subestimates the quasi-stationary population birth rate of the
stochastic model. Notice that this is a tricky question since the population birth rate is
determined by two elements, namely the total population and the individual sizes, that
are inversely correlated from the dynamic point of view. Indeed, if the total population
is large most individual sizes are expected to be small, whereas if the total population
is small some individual sizes are expected to be large. Taking this into account, we
think that the fast growth (and hence the large sizes they reach) of individuals at the
top of the hierarchy in the stochastic model give rise to more offspring compared
to the offspring produced by all individuals represented by the tail of the stationary
distribution of the deterministic model.

5 Conclusions

Structured population models have attracted a vast amount of interest in the past
decades. The traditional formulation of a (deterministic) structured population model
employs partial differential equations, often equipped with non-local boundary condi-
tions. There is also an alternative delay equation formulation of these models, which
has some theoretical advantages when studying stability via linearisation. The ques-
tion whether the two formulations are equivalent in some dynamical sense has been
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the subject of the recent papers [7, 10]. An essential difference between them is the
state variable of the system: in the pde formulation the state is the population density
with respect the structuring variable whereas in the delay formulation it is the birth
rate history.

Birth and death processes of structured populations can also be formulated either
by considering the population distribution or measure at a given time (see e.g. [11,
19]) or by considering the history of birth events, as we have done in the present
work. As our results suggest, the formulation in terms of birth events histories could
ease the analysis of the system when all individuals are born with the same individual
state. In this case, quasi-stationary birth rates are just elements of R, whereas quasi-
stationary population measures are elements of an infinite-dimensional space if the
population is structured by a continuous variable (such as age or size). Indeed, it has
been such a simplification what allowed us to compare the stationary birth rate of the
deterministic model to the quasi-stationary birth rate of the stochastic model and show
that the former can be obtained as a large population limit of the latter.

The reformulation of the dynamics in terms only of the birth events history is not
always possible. For this to happen it is needed that the biological properties of indi-
viduals depend only on their own age and on the ages of the other individuals in the
population. Such a condition holds in the presented model thanks to the biological
assumptions we made. Indeed, as commented in the text, in this model the quality of
being larger is equivalent to the quality of being older, so that size hierarchy (mean-
ingful from a mechanistic point of view) reduces to age hierarchy. Then, since the
growth rate only depends on the age hierarchy, the size of individuals can be given as
a function of their age (and therefore the fertility of individuals, initially given as a
function of their size, is effectively determined by their ages). If the model is gener-
alised so that competition is not determined just by the amount of individuals above
the hierarchy but it also takes into account the sizes of the competitors, that is if the
growth rate of the i-th smallest individual takes the form (compare with (7))

N (1)

g % > w(s))

j=i+1

for a given function s — w(s), then the dynamics cannot be described only in terms
of the birth events history (in other words, some other state variable is needed besides
the birth events history). Another assumption that plays a role in the reformulation
is the fact that all individuals are assumed to be born with the same size. If this is
relaxed and individuals are allowed to be born with sizes belonging to some range,
then the birth rate is no longer real valued but takes values in some functional space.
Although some (determinisitic) population models in which births are distributed can
be formulated as a renewal equation for function valued birth rate history [10], it is not
clear if this is possible in the system analysed here when births are not concentrated
at one state. The problem is that in this case the equivalence between being larger and
being older is no longer satisfied, and this prevents us to apply some of the arguments
we used. Further work is needed to address this scenario for both the determinisitic
and the stochastic versions of the model.
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Appendix A. Derivation of equation (15)

Using (13) in (14), the function 5 can be rewritten as

ST =) gm Y pilh(v).

m=0 k=m

Therefore to show that 5(7) satisfies (15) we prove that (below we use A instead of B
to ease readability)

1 Ao
Zpkl () = <r(m e = Tom. —)) (A.1)

k=m

In order to accomplish that, we first give the law of Y]’.‘ and then, in Proposition 5
below, the stated result is proven. Recall that the law of Y jk has to be given only when
k>1landj € {1,...,k},sinceYé‘ =0fork > OandY(()) = 0.

Proposition 3 The probability density function of Y]/.‘ defined in (11) for k > 1 and
jel{l,..., k}isgiven by

1 k!

W - j)'ue*(k*(jfl))uy(l _ 67“}7)j71]l+(y)

fy]’f(y) =

Proof First notice that Ylk follows an exponential distribution with rate k.. Indeed, the
first death occurs when one of the k individuals dies. Since the survival time of each
individual is exponentially distributed with parameter w, the time at which the first
death occurs is exponentially distributed with rate ku (because it is the minimum of
k independent random variables exponentially distributed with rate u). In particular,
the statement of the theorem is true for j = 1 since

fylk () = ke 1L (y).

To show that the formula is also valid for j > 1 we proceed by induction on j. By
definition, Y] 41 can be written as Y]k + X ’; I where X ]J‘ 11 is the duration of the lapse
between the times when the j and the j + 1 deaths occur. As argued before, since

after the j death there are k — j individuals in the population, X ’j‘ 41 1s exponentially
distributed with rate (k — j)u. Moreover, Yj’.‘ is independent of X ’]‘ 1 Therefore,

Fis )= Front, 0 = [ fafg -0
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ow, using the othesis of induction on « and the known density o , it
N g the hypoth f ind vt d the k d ny-H
follows
1 k! —(k—j)my LAY
f ()’) ]—mﬂe (1—e ) Ly (y).
O
Proposition 4 Let Y]/.‘ and py. defined in (11) and (10). The following holds:
> A\ 1
> Pefye ()= (—) — e~ DY~ (y)
k=m+1 H :
Proof For y < 0 itis clearly true and for y > 0,
& N R N 1 k!
= _ S A —m+Dpy o, —uy\k—m—1
kglpkfyk_’,l(y)—kgrl(M) P — (1—e 1)
m+1 1 _x 00 k 1 X
— 1 y —
:( ) %e 1t g~ (m=+ )/L)ng(:)(;) o (1—e)
_ <&>m+l Le ﬁe_(m"'l)#}ﬂe“(l —e HY)
nw m!
_ <&>m *(WH’])#V)\ei%e_My
nw
O

Proposition 5 Equality (A.1) holds true.

Proof First consider m > 0. In this case it makes sense to consider the duration of the
lapse between the k — m and the k — m + 1 deaths in a population of k individuals,
which is the random variable

k vk k
kaerl = Yk7m+1 - kam’

Notice that X '/Lm 11 is independent of Y, lf—m' Moreover, since u is constant, the prob-
ability density function of X ’,g_m IERE

(x) = mue "H¥ (A.2)

k
kaerl

because when the k —m death takes place there remain m individuals in the population.
Observe that fxllg 1()c) does not depend on index k. Taking this into account, the
—m+

conditional expectations in the definition of IX () can be written as:

k k k k k k
E (Yk—m+1 =Y Vg1 < T) =E (Xk—m+1|Yk—m + X omg1 < T)
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and
k k k k k k k
E (‘E - kamlykfm =T Yk7m+1 > ‘E) =E (r - kamlykfm <7 kam + Xk7m+l > ‘[) ’
so that
k k k k
E (Yk—m+l =Y g1 < T>P (Yk—m+1 < T)
T pT—y
= X fyk X) fyk dxd
A /0 ka—m-H( )fyk—m (y) Y
and
k k k k k
E (z Y <Y t)P (kam <t ¥ > 7,')

=[ [ s, sy, 0xsay.
0 T—y —m+1 —m

By computing the inner integrals with respect to x using (12) and (A.2), one obtains

k—m

k _ L ‘ _ —mu(t—y)
Ik (v) = mufo (1 e >)fYk (y)dy.

The case k = m is special because l,’(‘ (t) depends on Yé‘ = 0 (since k > m > 0),
which implies

m(r) = ml_u (l — efm’”) .

Then, the sum in (A.1) becomes

e¢]

1 T
— _ o mu(t—y)
pml,’::<r>+mufo (1=e =) 37 peyy Wy,

k=m+1

and using Proposition 4 to replace the sum in the integral, the whole expression can
be rearranged, after some calculations (using a change of variables %e"‘y = 7), SO

that it gives
11 A A
- <F (m, —e_’”> -T (m, —)) . (A3)
wom! u u

When m = 0, the terms lg(r) in (12) satisfy

K@ =E(c-virf <o) p(vf<7)= /0 (= ) fyr )y,
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with the particular case k = 0 given by 18 () = t. Then, proceeding as before, the
left hand side in (A.1) becomes

pold(0) +/0 (=) D Py 0y,
k=1

and using the formulas for p; and Proposition 4, the above expression can be written
as (A.3) withm = 0. O

Appendix B. Explicit computation of B with g(z) = go/(1 + z) and
A=1

When the individual growth rate is g(z) = go/(l + z) and A = 1, we have that
8m = To + and (15) takes a more closed form (using X instead of B)

et m= 1

- 80
5(r) = [e /”mX;) T 1)' dt

HIL ) )
m e £ 3 % 0

1_,

where F(t) :=

We are now able to obtam a transcendental equation for B. Indeed, the right hand
side of (19) yields

—[
ﬁo/ 5(t: e Mdr ﬁogo/ / dte " dt
—pT

_B
= (

y +InG/1) + 0, 2/w),

where we performed a change in the integration order and where y is the Euler’s
constant.

Since Ry = % if B(s) = Pos (see (6)), assuming this value is larger than 1, we
can set the “stochastic" analogous of (5.16) in [8] as B being the unique solution of
the equation

y+1n(§)+r(o,§):i -

= o

(Notice that the function w for x > 0 is strictly decreasing with limit 1 at
0 and limit O at infinity.)
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On the other hand, the derivative of 5(7) reduces to

1 —exp(— ie"”) 1 —exp(— Le ‘”)
= _ &0 w 4 T
(@ == (e 2 (—2re™7) =go o . (B2)
m

. . . _ sl .
We now can write the inverse function of 5(t) and also e ™ @) in terms of the
inverse function of F as

__ A
1S ") _ EF—I (ﬁx + F <_>> . (B.3)
A £0 1%

Plugging (B.3) and (B.2) in (21) and replacing A with B we end up with a rather
implicit expression for the size distribution

ene (F_l (%’“’F@)))z (B.4)

BE/(E*‘(x)) 80 1 —exp (—F_l (;‘—Ox + F( )))

Ux) =

==

Appendix C. Auxiliary propositions

Proposition 6 Let G : Ry — R be a bounded function which is Riemann integrable
on [0, 1]. Then

. 1 & m\ y(m+1,x) 1
tim Y6 (4) LR [ Gonay,
¥—o00 x L= X m! 0

where y is the lower incomplete gamma function.

Proof Notice that for k a natural number we have,

k—1 k—1 o0
=i 2 o) o) () e () T
P T e D a() R S e ()
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to conclude the proof in this case it is enough to check that

11m—ZG< )M 0 and hm—ZG< )(mm;'lk)

k !
oo k —~

(C.1)
Indeed, this follows from the fact that
k—1 k—1 mo _p k=1 k=1 g k=1
1 'm+1,k) 1 —k kJ e k’ e J
T = e Zﬁ=7227=72—.("—1)
m=0 m=0 j=0 j=0m=j j=0
o Sﬂ_k—l K-l L Kk—1
! — 1! — 1)
p A VAE) (k=1
and
. i—1 .
Il ym+ 1,k Ten =k eh &
[y sy By S8
m=k m=k Jj=m+1 Jj=k+1m=k
_k 0 00 4 00 k
e " k’ k’ . ik
=5 X U=t o= )=t
j=k+1 j=k j=k+1

so that (C.1) for natural x follows using Stirling’s formula.
In order to extend the result to real x we can write

e /m\ym+1,x) 1 <& m\ y(m +1,[x])
e (D) = T () e

m=0
1 & myym+1,x) 1 & m\ y(m+ 1, [x])
e ()M e ()

m=0

and

l & myym+1,x) 1 — y(m+ 1, [x])
EZG(¥> m Ix] <[x]) m!

m=0 m=0
L my ym+1x) = y(m+ 1, [x])
_me:OG(x) m!
11\ o y(m + 1, [x])
+ ;_m>”§)G(x) m!
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o0

1 m m ym+1,[x])
+EZ(G(;)—G(E))—_.I+II+111.

m!

Then we have, for x > 1,

O<I<—Zm'/ Me~tdt = _’Z ’”dt

m=0

—[x] 1 y(m+1, [XJ) — [x] V(m+1 [X])
1= X [x] Z‘ ( )} m! X max |G(y)l[x] IZ !

o] [e¢]
OsmsiZG( m )y<m+1,m>_i G(g)y(mﬂ,[x])
[x] [t 1] m! [x1 =7 \[x]

m!
m=0

and the three terms tend to 0 when x goes to co. This is obvious for the term /. For
the term 77 use that lim,_, oo = X[x = 0 and that

for k a natural number (which follows from the first part of the proof). Finally for the
term 711 the first part of the proof can be extended to the case when the argument of
G is ¢y instead of 7 to show that

1 & m \ym+1.k !
%Z:: (k+1> m! _/()G(y)dy’

since notice that

— k

1 k+1 1 m
lim - lim —— G(—=—
kinéokz ( > Koo K k+1’Z <k+1>
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