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Abstract

Suppose that Q C R"t! n > 1, is a uniform domain with n-Ahlfors regular boundary
and L is a (not necessarily symmetric) divergence form elliptic, real, bounded operator
in 2. We show that the corresponding elliptic measure wy, is quantitatively absolutely
continuous with respect to surface measure of 92 in the sense that w; € Ay (0)
if and only if any bounded solution # to Lu = 0 in Q2 is g-approximable for any
¢ € (0, 1). By e-approximability of u we mean that there exists a function & = ®°
such that [lu — ®||Leo(q) < €llullLo(q) and the measure fip withdii = |[VO(Y)|dY is
a Carleson measure with L control over the Carleson norm. As a consequence of this
approximability result, we show that boundary BMO functions with compact support
can have Varopoulos-type extensions even in some sets with unrectifiable boundaries,
that is, smooth extensions that converge non-tangentially back to the original data and
that satisfy L!-type Carleson measure estimates with BMO control over the Carleson
norm. Our result complements the recent work of Hofmann and the third named author
who showed the existence of these types of extensions in the presence of a quantitative
rectifiability hypothesis.
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1 Introduction

Carleson measures (see Definition 2.7) and their connections to geometry, harmonic
analysis and partial differential equations (PDE) have been studied actively over the
previous decades; see [51] for a recent survey related to many key developments
and other relevant research. Carleson-type estimates are particularly powerful for
measures pur such that dup = |VF(Y)|2dist(Y,d2)dY and F is a solution to
an elliptic PDE in the set Q2: they can be used to, for example, characterize func-
tions of bounded mean oscillation (BMO) [25], quantitative boundary geometry [30,
40] and absolute continuity properties of harmonic measure [34]. As it is discussed
in [28, Chapters VI and VIII], Carleson-type estimates for measures i such that
ditp = |VF(Y)|dY would be very powerful but they fail even for harmonic func-
tions in the unit disk. To circumvent this problem, Varopoulos [60] introduced a way
to approximate harmonic functions in L sense by other functions satisfying these
estimates. This e-approximability theory has been studied from many points of view
in the past years [4-6, 15, 28-30, 36, 39, 40, 45, 48].

The initial motivation behind e-approximability theory was to prove an extension
theorem for BMO functions inspired by Carleson’s Corona Theorem [10]. Varopoulos
[59, 60] showed that any compactly supported BMO function f in R” has a smooth
extension V¢ to R"” x (0, o) such that the extension converges non-tangentially (see
Definition 2.8) back to f and |V V(Y )| dY defines a Carleson measure. Inspired by the
power of these estimates, Hofmann and the third named author [37] recently showed
that uniform rectifiability (see Definition 2.6) of the boundary is enough to guarantee
the existence of these Varopoulos-type extensions. Since Carleson-type estimates for
harmonic functions can be used to characterize uniform rectifiability [30, 40] or even
stronger geometric properties [3], it is natural to ask if the existence of Varopoulos-
type extensions (which satisfy better Carleson-type estimates than harmonic functions)
characterizes some quantitative geometric properties for the boundary.

In this paper, we show that the existence of Varopoulos-type extensions does not
characterize uniform rectifiability but they can exist even in sets with unrectifiable
boundaries. Our main result is the following e-approximability result which can be
used to build Varopoulos-type extensions. Throughout, set o:=H"|jq.

Theorem 1.1 Let Q@ C R"*! n > 1, bea uniform domain (see Definition 2.3) with
n-Ahlfors regular boundary (see Definition 2.4). Let L = —div AV be a real, not
necessarily symmetric, bounded elliptic operator in Q2 such that the corresponding
elliptic measure wy, satisfies w; € Aoo(0) (see Definition 2.31), and let ¢ € (0, 1).
Then any solution u € Wllo‘f(Q) N L*®(R) to Lu = 0 in Q is g-approximable: there
exists a constant C, and a function ® = ®f € C*°(Q) such that

) llu — Pllro) < ellullLo),
(ii) ® satisfies a quantitative L'-type Carleson measure estimate

1
sup 7// IVO(Y)|dY < Cellullro(w),
x€dQr>0"7" B(x,r)N

(iii) [VOX)| < “IED for every X € @,
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(V) if1X — Y| < dist(X, 92), then |®(X) — (V)| = “HHZD (X — ¥
(v) there exists a function ¢ € L*°(092) such that

lim &(Y) = ¢(x) foro-a.e x € 992.
Y—x,n.t.

The notation limy_, x n(. means non-tangential convergence (see Definition 2.8)
and §(-):=dist(-, 02). Here, C. depends on ¢, the structural constants related to Q
and 0%, ellipticity and the w; € Ao (0) constants.

The proof of Theorem 1.1 borrows some ideas from the proof of [40, Theorem 1.3]
(which is an adaptation of the classical construction in [28, Chapter VIII, Theorem
6.1]), but very quickly our argument must differ significantly. In [40], the authors
constructed the approximators for harmonic functions in the presence of a quantita-
tive rectifiability hypothesis. This allowed them to construct approximating chord-arc
domains which, in turn, allowed them to use an “N < S” estimate for harmonic func-
tions. This was the most delicate part of their argument and our main challenges are
strongly related to overcoming the fact that we cannot use the same tools due to our
geometry (our boundary may be purely unrectifiable) and our operator L (no control
on its structure or smoothness).

We also obtain the following converse to Theorem 1.1.

Theorem 1.2 Let Q@ C R"*! n > 1, bea uniform domain (see Definition 2.3) with
n-Ahlfors regular boundary (see Definition 2.4), and let L = —div AV be a real,
not necessarily symmetric, bounded elliptic operator in Q2. Suppose also that every
solution u € WIL’CZ(SZ) N L% () to Lu = 0 is e-approximable for every ¢ € (0, 1) in
the sense of Theorem 1.1. Then wy € Axo(0) (see Definition 2.31).

In particular, by combining Theorems 1.1 and 1.2 with [11, Theorem 1.1], we get
a new characterization of the A, property of elliptic measure on uniform domains.

Corollary 1.3 Let @ C R"*!, n > 1, be a uniform domain (see Definition 2.3) with
n-Ahlfors regular boundary (see Definition 2.4), and let L = — div AV be a real, not
necessarily symmetric, bounded elliptic operator in Q2. The following conditions are
equivalent:

(a) wp € Axo(0),

(b) every solution u € WIL‘CZ(Q) N L*®(Q) to Lu = 0 in Q is e-approximable for any
e € (0, 1) in the sense of Theorem 1.1,

(c) everysolutionu € Wll)’cz(Q)ﬁLoo (2) to Lu = 0in Q satisfies an L2—type Carleson
measure estimate with L™ control over the Carleson norm: there exists C > 1
such that

1
sup —// IVu(X)[* dist(X, 0Q) dX < Cllullfo -
x€dQ ' J)BG.nHne
re(0,diam(92))

Only the implications “(a) = (b)” and “(b) = (a)” in Corollary 1.3 are new.
The equivalence “(a) <= (c)” was already shown in [11] for n > 2, while the case
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n = 1 follows as a particular case of a more general result in [26], with a similar
method of proof.

In the setting of a uniform domain with Ahlfors regular boundary, the conditions (a),
(b) and (¢) in Corollary 1.3 are known to be equivalent with uniform rectifiability of 92
for the special case L = —A [30, 35, 38,40], or for L = — div AV where A is alocally
Lipschitz symmetric matrix such that |V A| satisfies an L'-type Carleson measure
condition [4, 11, 42]. Even for the aforementioned operators with nice structure, all
the available proofs in the literature of the implications “(a) = (b)” or“(c) = (b)”
in Corollary 1.3 rely on uniform rectifiability techniques in a decisive fashion, and do
not extend to domains with rougher boundaries. The main novelty of this manuscript
is that we succeed in proving the implication “(a) = (b)” without appealing to
uniform rectifiability theory. This allows us to establish the equivalence “(a) <
(b)” for arbitrary elliptic operators in settings that are beyond chord-arc domains (see
Definition 2.5). For further characterizations of the w;, € Ao (o) property for arbitrary
real divergence form elliptic operators, see [8, 55].

Let us see an immediate corollary of our new characterization of the wy €
Aso(0) property. We say that L is a Dahlberg—Kenig—Pipher operator if A €
Lip,.(€2) with [VA|dist(-, 9Q2) € L*°(£2), and the measure (4 such that dus =
[VA(X)|? dist(X, 32) d X is a Carleson measure. For these operators, the conditions
(a) and (c) in Corollary 1.3 are equivalent with uniform rectifiability of €2 when €2 is
a uniform domain with Ahlfors regular boundary [43]. Combining the main result of
[43] with Corollary 1.3 gives us a new result for Dahlberg—Kenig—Pipher operators:

Corollary 1.4 Let @ C R" n > 2, be a uniform domain (see Definition 2.3)
with n-Ahlfors regular boundary (see Definition 2.4), and let L = —div AV be a
not necessarily symmetric Dahlberg—Kenig—Pipher operator in 2. The following are
equivalent:

(a) 0%2 is uniformly rectifiable (see Definition 2.6).
(b) every solution u € WIL‘CZ(Q) N L*®(R) to Lu = 0 in Q is e-approximable for any
e € (0, 1) in the sense of Theorem 1.1.

As a consequence of Theorem 1.1 and the techniques in [37], we get the following
generalization of the Varopoulos extension theorem [59, 60]:

Theorem 1.5 Let @ C R"*!, n > 1, be a uniform domain (see Definition 2.3) with
Ahflors regular boundary (see Definition 2.4). If there exists a divergence form elliptic
operator L = —div AV such that the corresponding elliptic measure wy satisfies
w1, € Ax(0) (see Definition 2.31), then every f € BMO.(92) (see Definition 2.12)
has a Varopoulos extension in Q2. That is, there exists F with the following properties:

(1) F e C®(Q) and [VF(X)| < 12002 o0 411 X €
2) limy_x ot F(Y) = f(x) foro-a.e. x € 02, and
(3) |VF(Y)] is the density of a Carleson measure in the sense that

I
sup _n// IVE(Y)|dY < CI|f[Bmo@s-
B(x,r)NQ

r>0,xedQ I
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The notation limy_, x n . means non-tangential limit and §(-):=dist(-, 9S2). Here,
C depends on the structural constants related to Q2 and 02, and the w; € Ax(0)
constants.

Theorem 1.5 is not (and is not meant to be) a generalization of the main result
in [37] where an extension theorem of this type was proven in the presence of a
quantitative rectifiability hypothesis for the boundary. The novelty of Theorem 1.5
is that its assumptions hold for some sets with very rough boundaries. In particular,
recently David and Mayboroda [17] showed that the key hypothesis of Theorem 1.5
holds for the exterior of the 4-corner Cantor set:

Theorem 1.6 ([17, Sect. 4]) Let Q2 be the complement of the 4-corner Cantor set in
R? (see Sect. 7). There exists a divergence form elliptic operator L = —div AV in
such that wj, € Axo(0) (see Definition 2.31). More precisely, one can take the matrix
A to be diagonal and equal to the identity outside a ball of radius 1 concentric with
the Cantor set and so that the L-elliptic measure with pole at oo equals o /o (0€2).

The remarkable thing about Theorem 1.6 is that since the complement of the 4-
corner Cantor set is an unbounded uniform domain with unrectifiable 1-Ahlfors regular
boundary, we know that harmonic measure for this set cannot satisfy the Ay (o)
condition (see, for example, [3]). Thus, constructing operators like this is highly non-
trivial. In Sect. 7, we take the David—Mayboroda example and use it to build an example
of a similar operator in R3 (see Proposition 7.5).

By combining Theorems 1.5 and 1.6 and Proposition 7.5, we get the following:

Corollary 1.7 There exist uniform domains Q2 with unrectifiable Ahlfors regular bound-
aries 32 in R? and R3 such that every function f € BMO(dQ) with compact support
has a Varopoulos extension in 2. In particular, the existence of Varopoulos extensions
does not imply rectifiability for the boundary.

By Corollary 1.7, L'-type Carleson measure estimates are simultaneously too
strong and too weak from the point of view of the David—Semmes theory: harmonic
functions fail these estimates even in the unit disk but the existence of non-harmonic
extensions that satisfy these estimates does not imply even qualitative rectifiability for
the boundary.

Finally, we want to mention a manuscript that is closely related to our results. After
the first version of the present work was uploaded to the arXiv, the article [54] was
posted to the arXiv on March 2023, where the authors construct Varopoulos extensions
in corkscrew domains with Ahlfors regular boundaries satisfying a mild quantitative
connectivity hypothesis by completely different methods. In particular, in [54] the
authors achieve a more general version of our Corollary 1.7, while on the other hand,
the relationship between the Ao, property of elliptic measure and e-approximability
is not studied in [54].

The paper is organized as follows. In Sect.2, we discuss basic definitions and
consider some key tools from dyadic analysis and elliptic PDE theory. In Sect. 3, we
prove some important preliminary estimates for Theorem 1.1, and in Sect. 4, we prove
Theorem 1.1. In Sect.5, we prove Theorem 1.2 (and hence, Corollary 1.3). Finally,
in Sect.6 we sketch the proof of Theorem 1.5 and in Sect.7 we construct a David—
Mayboroda-type example in R (which completes the proof of Corollary 1.7).
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2 Preliminaries

Throughout, we let @ C R”*! be an open set with n > 1. We say that 2 is a domain
if it is also connected.

Usually, we use capital letters X, Y, Z, and so on to denote points in €2, and low-
ercase letters x, y, z, and so on to denote points in d2. For X € Rt and r > 0,
we let B(X, r) be the Euclidean open ball of radius » centered at X. The letters ¢
and C and their obvious variations denote constants that depend only on dimension,
n-Ahlfors regularity constant (see Definition 2.4), corkscrew constant (see Definition
2.1), Harnack chain constants, ellipticity constants (see Sect.2.5), and so on. We call
these kinds of constants structural constants. We write a < bifa < Cb for a structural
constant C and a =~ b if C1b < a < C,b for structural constants C| and C».

2.1 Uniform Domains, Chord-Arc Domains, Ahlfors Regularity and Uniform
Rectifiability

Definition 2.1 (Corkscrew condition) We say that a domain Q C R+ satisfies the
corkscrew condition if there exists a constant ¥ > 0 such that for every x € 92 and
r € (0, diam(€2)) there exists Yy , such that

B(Yy,,yr) C B(x,r)NQ.

We call Y, , a corkscrew point relative to x at scale r.

Definition 2.2 (Harnack chain condition) We say a domain Q C R+ satisfies the
Harnack chain condition if there exists a uniform constant C such that forevery p > 0
and A > 0 and X, X' € Q with dist(X, 0€2), dist(X’, 9Q2) > pand | X — X'| < Ap
there exists a chain of open balls By, ..., By with J/ < N(A) with X € By, X' € By,
Bj N Bjyi # @and C~!diam(B;) < dist(B;, 9Q) < C diam(B;).

Definition 2.3 (Uniform domain) We say that a domain Q C R"*! is uniform if it
satisfies the corkscrew and Harnack chain conditions.

Definition 2.4 (Ahlfors regularity) We say £ C R**1is n-Ahlfors regular (or simply
Ahlfors regular) if there exists C such that

C'" <H"(B(x,r)N'X) < Cr", foreachx € r e (0, diam(X)).

Here and below H" denotes the n-dimensional Hausdorff measure.

Definition 2.5 (Chord-arc domain) We say that a domain Q C R™*! is a chord-
arc domain if Q satisfies the Harnack chain condition, both €2 and int Q¢ satisfy the
corkscrew condition, and the boundary 92 is n-Ahlfors regular.

Definition 2.6 (Uniform rectifiability) Following [18], we say that an n-Ahlfors regu-
larset E C R"*!is uniformly rectifiable if it contains “big pieces of Lipschitz images”
of R": there exist constants 6, M > 0 such that for every x € E and r € (0, diam(FE))
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there is a Lipschitz mapping p = p, ,: R" — R"*!, with Lipschitz norm no larger
that M, such that

H'(ENBx,r)Np{y eR": |y| <r}) =0r".

2.2 Carleson Measures, Non-tangential Convergence, BMO and Local BY
Given a domain  C R"t!, we set 0:=H"|3q and §(X):=dist(X, 9S2) for X € Q.

Definition 2.7 (Carleson measures) We say that a Borel measure p in 2 is a Carleson
measure (with respect to 02) if we have

p(B(x, r) N€2)
Cp= sup ————— <@

x€d2,r>0 r
We call C, the Carleson norm of .

Definition 2.8 (Cones and non-tangential convergence) Suppose that m > 1. For
every x € 0S2, the cone of m-aperture at x is the set

Fx):=I"(x):={Z € Q: dist(Z, x) < mdist(Z, IQ)}. (2.9)

Let G be a function defined in €2 and g be a function defined on d€2. We say that
G converges non-tangentially to g at x € 9S2 if there exists m > 1 such that we have
limg_, o G(Yx) = g(x) for every sequence (Y;) in rm (x) such that limg_, o Y; = x.
We denote this by limy_x nt. G(Y) = g(x).

Definition 2.10 (Non-tangential maximal operator) We denote the non-tangential
maximal operator by N, that is, for a function u € L°°(2), the function N,u: 0Q2 —
R is defined as

Nyu(x) = sup |u(X)].
Xel'(x)

We call N,u the non-tangential maximal function of u.

Remark 2.11 The aperture constant m in Definition 2.8 does not play a big role in this
paper and therefore we do not analyze it in detail for our results; we simply have that
the results hold for some uniform aperture constant. Naturally, the aperture constant
affects the values of the non-tangential maximal function but since the L” norms of
non-tangential maximal functions that are defined with different aperture constants
are comparable (with the comparability constant depending on the aperture constants)
(see [25, Lemma 1] and [36, Lemma 1.10]), this is not important for us. In most
computations, it is convenient to use dyadic cones (see (2.17)) instead of cones of the
previous type.
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Definition 2.12 (BMO) The space BMO(9S2) (bounded mean oscillation) consists of
f e Ll (3Q) with

loc
1 avio:= sup ][A £ = (f)alda(y) < oo,

where the supremum is taken over all surface balls A = A(x, r):=B(x,r) N 9. We
denote f € BMO,(9€2) if f is a BMO function with compact support.

Definition 2.13 (Local BV) We say that locally integrable function f has locally
bounded variation in 2 (denote f € BVo.(€2)) if for any open relatively compact set
Q' C Q the total variation over ' is finite:

//|Vf(Y)|dY:: sup //f(Y)divl_IJ)(Y)dY<oo,
Q Q/

T 1o/
Veck@)

—
H"I/ ”LOO(Q’)gl

where CO1 (') is the class of compactly supported continuously differentiable vector
fields in Q.

2.3 Dyadic Cubes, Whitney Regions and Approximating Domains

An arbitrary n-Ahlfors regular set E ¢ R"*! equipped with the Euclidean distance
and surface measure can be viewed as a space of homogeneous type of Coifman and
Weiss [14], with ambient dimension n 4 1. All such sets can be decomposed dyadically
in the following sense:

Lemma 2.14 ([12, 18, 44]) Assume that E C R"H js n-Ahlfors regular. Then E admits
a dyadic decomposition in the sense that there exist constants a; > ag > 0 such that
for each k € Z there exists a collection of Borel sets, Dy, which we will call (dyadic)
cubes, such that

Di:={Qf C E: j € T,

where Jj denotes a countable index set depending on k, satisfying
(1) for each fixed k € Z, the sets Ql; are disjoint and E = U Q]; ,
(ii) if m > k then either Q7' C Q% or Q' N 05 = @,
(iii) foreachk € Z, j € Jx and m < k, there is a unique i € J,, such that Qlj‘ C Q;”,
(iv) diam(Q%) < @127,
(v) for each Q’;, there exists a point z];. € Q]; such that E N B(z];, a02_k) C Qlj‘. C
EN B, ai27).

We denote by D = ID(E) the collection of all cubes Q’;, that is,

D:= Uy Dy.
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If E is bounded, we ignore cubes where 2% > diam(92) (in particular, where
ap2~% > diam(9)). Given a cube Q = Q’; € D, we define the side-length of Q
as £(Q):=2"%. By Ahlfors regularity and property (v) in Lemma 2.14, we know that
£(Q) ~ diam(Q) and H"(Q) ~ £(Q)". Given Q € D and m € Z, we set

Do:={Q €D: Q'€ 0}, Dup:={0 €Dg:€(Q)=2""0Q)}.

We call the cubes in the collection Dy, ¢ the children of Q. Notice that by Ahlfors
regularity and property (v) in Lemma 2.14, each cube has a uniformly bounded number
of children.

Given a cube Q = Q’; € D, we call the point z’; € @ in property (v) in Lemma
2.14 the center of Q, denote XQZZZ];, and set

Ag:=E N Bk, apt(0)).

We now take £ = 92 and use Lemma 2.14 to decompose it, so that D(02) =
D(E)=:D. For each Q € ID, we let X o be the corkscrew point relative to x at scale
10=3apl(Q). We have B(X g, y10%apt(Q)) C B(xg, 107apt(Q)) N 2, where y
is the corkscrew constant in Definition 2.1.

For many of our techniques, it is important that we show that some collections of
dyadic cubes are quantitatively small in the following sense:

Definition 2.15 (Carleson packing condition) Let D be a dyadic system on 9<2 and let
A C D. We say that A satisfies a Carleson packing condition if there exists a constant
C > 1 such that for any Qg € D we have

Y 0(Q) = Co(Qo).
QeA,0CQo

We denote the smallest such constant C by C 4.

Next, we use a standard decomposition of 2 into Whitney cubes (see e.g. [58, Chap-
ter VI]), and then associate a collection of such Whitney cubes to each boundary cube
to construct suitable Whitney-type regions. These Whitney regions are modeled after
regions of the type O x (£(Q)/2, £(Q)) (that is, the upper halves of Carleson boxes)
in the simpler geometry of the upper half-space. For this, we recall the construction
found in [35] noting that we make some changes to the notation therein (following
the notation of more recent papers, e.g. [40]). We let WW = {I}; denote a Whitney
decomposition of €2, with the properties that each I is a closed (n + 1)-dimensional
cube satisfying

4 diam(/) < dist(47, 02) < dist(, 92) < 40diam(7),
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where 41 is the standard concentric Euclidean dilate of a cube; the interiors of the
cubes [ are disjoint, and for all I1, I, € W with I} N I, # @ we have

1
7 diam(/y) < diam(/p) < 4 diam([;).

For I € W we let £(I) denote the side length of 1.
For each cube Q € D and constant K > K, with K¢ to be described momentarily,
we associate an initial collection of Whitney cubes

Wo(K):={I e W: K~le) < €(Q) < KeI), dist(1, Q) < K£(Q)}.

We choose K¢ depending on the constants in the corkscrew condition and the
Ahlfors regularity condition, insisting on two conditions being met:

(1) If X € Q with dist(X, 9Q) < 10° diam(32) then X € I € Wo(K) for some
Q0 eD.

(2) Forany Q € D, we have B(X g, dist(X g, 9€2)/2) € Ujew, (k)!, and if Q' eD
is another cube such that Q' C Q with £(Q’) = %E(Q), then we also have
B(XQ/, diSt(XQ/, d92)/2) C UIEWQ(K)I'

Of course, condition (1) above is automatically satisfied if diam(9€2) = oo.

Following [35, Sect. 3], we augment the collection Wy (K) as follows. For each
I € Wgo(K), we take a Harnack chain H (/) from the center of I to the corkscrew
point X o, and we let Wy ;(K) be the collection of Whitney cubes in MV that meet at
least one ball in the chain H (1). We then set Wg (K):= Ulewg(K) Wo,1(K). Finally,
for a small dimensional parameter t (this is the parameter A in [35, Sect. 3]), we define
the Whitney region relative to Q as

Ug =Ug(Kp):= U 1+l
IGWE(K())

By construction, we know that if X € Up, then
KfIZ(Q) < dist(X, 02) < dist(X, Q) < K1£(Q), (2.16)

where K| depends on K, the dimension and the Harnack chain condition. For« > Ky
to be chosen, we also define the following fattened versions of the Whitney regions:

Uy =Ug(k) = U A+l Uy = U (1 +270)1,
IeWZ)(K) IEWB(K)

that is, U é is constructed the same way as Uy but we replace the constant K by «
(similarly for U ;). We describe the reasoning and choice of « in the next subsection.
We note that for T small enough the regions Ug, U7, and U 5" have bounded overlaps,
that is, for a collection of dyadic cubes 2 and the (n 4+ 1)-dimensional Lebesgue
measure | - | we have | UQeQ U5*| ~ ZQeQ |U5*|.
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Using the Whitney regions above, we can now define objects like sawtooth regions,
Carleson boxes and dyadic cones. Let Qg € D) be a fixed cube and F C Dy, a
collection of pairwise disjoint cubes. We set

DF,gy:=Dg, \ UgerDo.

We then define the local sawtooth relative to F (and its fattened version) as

Qrop=int( |J Ug). Qpgu=int( |J Up).

QED]:, Qo QED];QO

In the special case where F = @, we write Tp, = Qr o, and Téo = Q% 0’ that
is,

To,=int( |J Vo). Tg=im( U vp). To=in( U UF)

QEDQO QEDQO QE]DQO

We call T, the Carleson box relative to Qo and T, and T its fattened versions.
Given a cube Qg € D and a point x € Qq, we also define the (truncated) dyadic cone
at x € 02, I'(x), by setting

F(x)::FQO(x)::int< U UQ). 2.17)
QeID)QO:er

Notice that I'(x) = Qr, o,, Where Fy is the collection of maximal' (and hence,
disjoint) cubes in the collection {Q € Dy, : x ¢ O}. Itis straightforward to verify that
there exists uniform constants m, m, > 1 such that I' (x) contains a truncated version
of the cone T (x) and it is contained in a truncated version of the cone rm2 (x), where
[ (x) and [m2 (x) are cones of the type (2.9). Thus, since the aperture of the cones
is not important for us, we mostly use dyadic cones when studying non-tangential
convergence.

By the following lemma, the Whitney regions, sawtooth regions, Carleson boxes,
and truncated dyadic cones inherit many quantitative geometric properties from 2:

Lemma 2.18 ([35, Lemma 3.61]) Suppose that @ C R"*! is a uniform domain with
n-Ahlfors regular boundary. Let Q¢ € D(0K2) be a cube and F C D¢, be a collection
of pairwise disjoint cubes. Then Qr o and Q*}- o are uniform domains with n-Ahlfors
regular boundary whose structural constants depend only on the dimension, the struc-
tural constants of 2, and the constant k. In particular, the Whitney regions Ug, U 5
and U 5* the Carleson boxes Tgp, Té and Té* and the truncated dyadic cones T"(x)

1 Since the sizes of the cubes in {Q € Dg,: x ¢ Q} are bounded from above, we can always choose the

maximal cubes. In the case of non-truncated dyadic cones (that is, cones of the form int (U 0eD: xeQ U Q)),

we can choose the maximal cubes if the dyadic system D forms a tree-like structure. This structure can
be achieved by choosing the center points of the dyadic cubes in a suitable way (see, for example, [46,
Theorem 2.4]).
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are uniform domains with n-Ahlfors regular boundaries, with structural constants
depending only on the dimension and the structural constants of Q2 and the constant
K.

2.4 The Choice of the Parameter kK

In contrast to the setting of the upper half space, we do not define the sawtooths by
removing Whitney regions. This is due to the overlaps of the regions Ugp: we may
encounter situations where for Q¢ € D(9€2) and a collection of pairwise disjoint
cubes F C Dy, there exists a cube Q € Dz o, such that Uy does not contribute to
the boundary of Q£ . That being said, if « is chosen large enough, then the fattened
Whitney region U 5 meets the boundary of the unfattened region 2 o on a portion
roughly the measure of Q. We will consider this in Sect.4 where it will be convenient
for us, but we prove the technical estimates that give this property below.

Let us fix a cube Q € ID. Recall that X ¢ is a corkscrew point relative to xp € Q
at scale rQ::10_5a0€(Q) and Ap = B(xg, 105rQ) N 9aR C Q is the surface ball
associated to Q. We let Xp € 92 denote a touching point for X ¢, that is, a point such
that | X o — Xp| = 8(X ). By triangle inequality, |[xg — Xo| < 2rp, and thus,

Ao = B(%0,10°r9) N3dQ2 C Ap C Q. (2.19)
For every 6 € (0, 1), we let
Pg(8):=%g +60(Xg — Xg),
be the “O-point” on the directed line segment from X to X . Then, by definitions,

yOrg < |Pp(0) — ol = dist(Py(0), 0) < Org. (2.20)

Lemma 2.21 There exists 0y € (0, 1) depending on Ko and the structural constants
such that if for some Q' € D we have that

(PQ(QO), Ero)NUg # @,

then Q' C Q and £(Q") < £(Q).

Proof Suppose that 6y < 1/4C(K1)? for a large structural constant C > 1 and
X € B(Po(60), ¥2ro) N U, (2.22)

for some Q’, where K| is the constant in (2.16). By (2.16), (2.22) and (2.20), it holds
that

2(Q) < K dist(X, 992)
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O
< Kj (dist(PQ(Q()), 0Q2) + %rg) < 2K6prg = 2K19010_5a0Z(Q).
(2.23)

In particular, we have £(Q") < £(Q).
To show that Q' C Q, we first notice that we have

X —xg/| < CK1£(Q),

for a structural constant C > 1 by (2.16) and the fact that diam(Q’) ~ £(Q’). This
and (2.23) then give us

X — xgr| <2C(K1)*6p10 agl(Q).
Thus, by (2.20) and (2.22), it holds that
|X —Xg| <26prg = 20010 %apl(Q).
Combining the previous two inequalities then gives us
I£0 — xor| < 4C(K1)*6010%apl(Q) = 4C(K1)*6oro. (2.24)
In particular,
lxgr —xgl < |xor — Xg| + [Xg — xp| < 4C(K1)290rQ +2rg < 3rg < apl(Q),

by (2.24), the fact that |[£¥p — xg| < 2rp, and the choice 6y < 1/4C(K1)?. Thus,
xg' € Ag C Q.Since Q'NQ # Band £(Q') < £(Q), we know that Q" C Q, which
is what we wanted. O

Let us then fix 6y so that Lemma 2.21 holds. For Q € DD, we set

[1]

o= J B(Po®. ).
6€lbp,1]

which is a cylinder-like object. We get the following straightforward lemma:

Lemma2.25 Let Q € D be a fixed cube and let 2¢ be the collection of cubes that
share the same dyadic parent as Q, that is,

2o:={P eD: P, Q C Qo foracube Qy € D such that {(P) = £(Q) = Le(00)).

Let k > max{Ko, (60) "'} and X € Ep for some P € 2o. Then X € Ua.
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Proof Let k >> max{Ko, (6p)~'} and X € Zp for some P € 2. By the Whitney
decomposition, there exists a Whitney cube I € W such that X € I. By the definition
of Ua, it is enough to show that I € WZ (x).
By (2.20) and the definitions, we first notice that
L) =~ dist(X, 9Q2) &~ yOorp ~ 6pL(P) = 0pl(Q),

with uniformly bounded implicit constants. In particular, since 6y > % and k > 1,
we get

%E(I) = Q) = k().

On the other hand, since P € 2, we know that
dist(Z, Q) < dist(1, P) + £(Q),

and by (2.20), (2.19) and the fact that X € E p, we know that
. 0 .
dist(/, P) < dist(X, P) < [X —xp| < %rp +|Xp —xp| <2rp < 2U(P) = 2(Q).

In particular, since k > 1, we have
dist(/, Q) < «€(Q).

Thus, I € WZ («), which proves the claim. O

Let us also record the following simple lemma for future use:

Lemma2.26 Let Q € Dandlet X g € Q2 be acorkscrew point, Xg € 0S2 be a touching
pointandrg = 10~%apl(Q) as above. If Y € B(Pg(0),rg) for some 6 € [0, 1] and
y € 02 is a point such that |Y — y| = dist(Y, 92), then y € AQ C Ap CO.

Proof By definitions and using (2.20) several times, we get

|9 —Xgl <[y —=Y|+I|Y = PoO)|+|Po(0) —Xg| < dist(Y, Q) + 2rp
< |Y — Pp(0)| + dist(Pg(0),dR2) + 2rg < rg +ro +2rg = 4rg,

and thus, € Ap C Ag C Q by (2.19). o

2.5 Elliptic PDE Estimates

Here we collect some of the standard estimates for divergence form elliptic operators
with real coefficients that will be used throughout the paper. In this section, 2 always
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denotes a uniform domain in R"*! n > 1, with n-Ahlfors regular boundary. We recall
that a divergence form elliptic operator is of the form

L(-):= — div(AV>),

viewed in the weak sense, where A is a uniformly elliptic matrix, that is, A =

(ai, j)f‘;i (isan (n + 1) x (n + 1) matrix-valued function on R™*! and there exists a

constant A, the ellipticity parameter, such that
ATNEP < AQ0OE -, and  lar ety < A,

for all £,¢ € R"*! and almost every X € . We say that a constant depends on
ellipticity if it depends on A. Given an open set O C R"*! we say a function u €
WIL‘Cz (O) isasolution to Lu = 0in O if

// AVu -VedX =0, forevery ¢ € CZ(O).
@

The most fundamental estimate for solutions to divergence form elliptic equations
is the following local energy inequality.

Lemma 2.27 (Caccioppoliinequality) Let L = — div AV be a divergence form elliptic
operator and u a solution to Lu = 0 in an open set O. If a > 0 and B is a ball such
that (1 +a)B C O then

// |Vu|dX §r72// urdX,
B (14a)B

where the implicit constant depends only on a, dimension and ellipticity.

Solutions to divergence form elliptic equations are locally Holder continuous.

Lemma 2.28 (Holder continuity of solutions, [21, 57]) Let L = — div AV be a diver-
gence form elliptic operator and u a non-negative solution to Lu = 0 in an open set
O. Suppose that B = B(Xq, R) is a ball such that . B:=B(Xg, 2AR) C O for A > 1.
Then we have

X — Y] o s 1/2
[u(X) —u@)| <C lu|-dY forall X, Y € B,
AR 2).B

where a and C depend only on dimension and ellipticity.

Another celebrated result is Moser’s Harnack inequality for non-negative solutions.

Lemma 2.29 (Harnack inequality [53]) Let L = — div AV be a divergence form ellip-
tic operator and u a non-negative solution to Lu = 0 in an open set O. If B is a ball
such that 2B C O then supg u < C infp u, where C depends only on dimension and
ellipticity.
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We now turn our attention to the elliptic measure, for which we borrow the setting

of [4]. Consider the compactified space R"H = R+ U {o0}; following [32, Sect.
9], we will understand all topological notions with respect to this space. Hence, for
instance, if €2 is unbounded, then co € €2, and the functions in the space C(92) are
assumed continuous and real-valued, so that all functions in C(9€2) lie in L°(9$2)
even if 02 is unbounded.

Given a domain 2 and a divergence form elliptic operator L, we let a)i(Q denote
the elliptic measure with pole at X € . That is, by the Riesz representation theorem,
for every X € 2 there exists a probability measure a)i(SZ such that if f € C.(092),
then the solution to Lu = 0in Q withu € C(Q) and u = f on 9€2, constructed via
Perron’s method, satisfies

u(X) = up(X) = /8 T dof o). (2.30)

When the context is clear, we simply denote w* ::a)])f,Q and, with slight abuse of
terminology, call the family of elliptic measures @ = w; = wr q:={w"}x just the
elliptic measure.

Our main results consider characterizations and implications given by quantitative
absolute continuity of elliptic measure in the sense of Muckenhoupt’s A, condition
[13,56]:

Definition 2.31 (A for elliptic measure) Let L be a divergence form elliptic operator
in 2. We say that the elliptic measure w = wy q satisfies the A, condition with respect
to surface measure (denote w € Ao (0)) if there exist constants C > 1 and s > 0
such thatif B:=B(x,r) withx € 0Q and r € (0, diam(0€2)/4) and A C A:=B NI
is a Borel set, then

0¥ (A) <C <ﬂ> w¥(A),  forevery Y € Q\ 4B.
o(A)

We refer to C and s here together as the “w; € Ax (o) constants”.
Next we discuss the Green’s function and its properties.

Definition 2.32 (Green’s function) Let L = — div AV be a not necessarily symmetric
divergence form elliptic operator with bounded measurable coefficients. There exists
a unique non-negative function G = G = Gr o : 2 x Q — R, called Green’s
function for L, satisfying the following properties:

(i) Foreach X,Y € €,

X —y|'™", =2, X#£Y,
0<G(X,Y) < L, n=1I, [X —Y|>=4(Y)/10, (2.33)
log(#%). n=1.  |[X—Y[<s1)/2.
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(i1) Forevery a € (0, 1) there exists ¢, such that

GX. 1) X =Y, n=2, X -Y|<ad), 234
9 Z .
calog(%), n=1, |X—=Y|<as®).

(iii) Foreach Y € Q, G(-,Y) € C(Q\{Y}) N WE2(Q\(Y}) and G(-, Y)|sq = 0.
(iv) Foreach X € €, the identity LG (-, X) = §x holds in the distributional sense; that
18,

/ A(Y)VyG(Y, X)VO(Y)dY = d(X), forany ® € C2().
Q

(v) Foreach X,Y € Q with X # Y, if L* = —div ATV, then
GL(X,Y)=Gr+(Y, X).

Ifn > 2, then it has been known for a long time that a non-negative Green’s function
exists for any domain, without any further regularity assumptions on the geometry
[31, 33]. If n = 1, the situation has been more challenging; for instance, key Sobolev
embeddings, available when n > 2, fail when n = 1, and the fundamental solution
changes sign when n = 1 [47]; nevertheless, the paper [23] shows the construction
of a Green’s function for any domain with either finite volume or finite width, and
also, for the domain above a Lipschitz graph, improving on the result of [22] (but non-
negativity is not shown in these works). For our setting of uniform domains Q ¢ R"*!,
n > 1, with n-Ahlfors regular boundary, the unified (forn = 1 and n > 2) existence of
the non-negative Green’s function for arbitrary divergence form elliptic operators L of
merely bounded measurable coefficients with the properties stated above follows from
the much more general, recent construction in [20, Theorem 14.60, Lemma 14.78].

The Green’s function and the elliptic measure are related through the following
Riesz formula: For every F € CZ° (R*+1), one has that

/ F(y)dwx(y)zF(X)—//ATVyGL(X,Y)~VyF(Y)dY. (2.35)
Q2 Q

We need several estimates from the literature for the elliptic measure and Green’s
function in our proofs and we list these estimates below. Although these have appeared
in several works in the literature [4, 7, 32], we cite [20] for their unified consideration
of the cases n = 1 and n > 2 and arbitrary elliptic operators on uniform domains with
Ahlfors regular boundary. The first estimate is a non-degeneracy estimate for elliptic
measure.

Lemma 2.36 (Bourgain’s estimate, [20, Lemma 15.1]) Let x € 0Q2 and r €
(0, diam(02)] and let Yx , be a corkscrew point relative to x at scale r. We have

" (Ax, 1)) > c,
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where ¢ depends only on dimension, ellipticity, and the Ahlfors regularity constant.
Here and below A(x,r) = B(x,r) N9%2.

The elliptic measure is locally doubling in the following sense.

Lemma 2.37 ((Local) doubling property, [20, Lemma 15.43]) Let x € 0 and r €
(0, diam(Q)]. If Y € Q\B(x, 4r) then o (A(x,2r)) < CwY(A(x,r)), where C
depends on dimension, ellipticity, Harnack chain, corkscrew and Ahlfors regularity
constants.

The following estimate allows us to connect the Green’s function and elliptic mea-
sure in a quantitative way:

Lemma 2.38 (CFMS estimate, [20, Lemma 15.28]) Ifx € 02 andr € (0, diam(9<2)]
then

GL(X.Ye,) @) (Alx,r))

r r’t

for every X € Q\ B(x,2r), where the implicit constants depend on dimension,
ellipticity, Harnack chain, corkscrew and Ahlfors regularity constants, and Y , is any
corkscrew point relative to x at scale r.

Non-negative solutions u to Lu = 0 that vanish on an open subset of the boundary
of a uniform domain must do so at the same rate:

Lemma 2.39 (Boundary Harnack Principle, [20, Theorem 15.64]) Let x € 02 and
r € (0, diam(02)], and let u and v be positive functions such that Lu = Lv = 0 in
Q N B(x, 4r) that vanish continuously on 02 N B(x, 4r). Then

w(X) _u(Yy,)
v(X) Yy,

forall X € B(x,r) N,

where Y , is a corkscrew point relative to x at scale r. The implicit constants depend
on dimension, ellipticity, Harnack chain, corkscrew and Ahlfors regularity constants.

We have the following standard consequence of the boundary Harnack Principle.

Lemma 2.40 (Change of Poles, [20, Lemma 15.61]) Let x € 092, r € (0, diam(9£2)),
Yy r a corkscrew point relative to x at scale r, and E C A(x, r) a Borel set. Then

wX(E)

Yx,r ~
A RS

for each X € Q\B(x, 2r),

where the implicit constants depend on dimension, ellipticity, and structural constants
of Q.

Finally, solutions u to Lu = 0 that vanish continuously on the boundary do so at a
Holder rate:
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Lemma 2.41 ( [20, Lemma 11.32]) Let x € 02 and r € (0, diam(9S2)], and let u be
a solution to Lu = 0 in Q N B(x, 4r) that vanishes continuously on 02 N B(x, 4r).
We have the bound

lu(X)l = C sup |u(Y)],

<dist(X, 89))“
r YeB(x,4r)

forevery X € B(x,r) N2, where a and C depend on dimension, the Harnack chain,

corkscrew and Ahlfors regularity constants.

3 Set-Up for Theorem 1.1

In this section we provide some of the preliminary estimates and observations required
to prove Theorem 1.1. We divide this section into two subsections. The first records
Carleson measure estimates and non-tangential convergence in our setting. The second
subsection contains a few lemmas, which are roughly adapted from ideas in [16]
and play a crucial role in our analysis. Throughout this section, we suppose that the
assumptions of Theorem 1.1 hold; that is, €2 is a uniform domain with Ahlfors regular
boundary and L is a not necessarily symmetric divergence form elliptic operator such
that w;, € Aso(0). For the sequel, recall that §(-):=dist(-, 9€2).

3.1 CME and Non-tangential Convergence

One of the key tools in most of the constructions of e-approximators (see, for example,
[40]) is L>-type Carleson measure estimates (CME), that is, Carleson properties (see
Definition 2.7) of measures u, such that du, = |Vu|?8(Y)dY for a solution u to
Lu = 0. Under the hypotheses of Theorem 1.1, we have the following “classical”
Carleson measure estimate and L”-solvability of the Dirichlet problem for L for some
p (1,11, 26]:

Lemma 3.1 ([26, Corollary 1.32]) Suppose that Q2 is a uniform domain in R >,
with n-Ahlfors regular boundary and L is a divergence form elliptic operator such
that wj, € Aoo(0). There exists a constant C > 1 such that ifu € WIL’CZ(Q) N L>®(Q)
is a solution to Lu = 0 then

L Vu(V)P8(Y)dY < Clul)?
sup sup — 5 )QI uMF8Y)dY < Cllullpog)-
x,r)N

r>0xedQ ’
The constant C depends on the structural constants and the ], € A (0) constants.

Lemma 3.2 ([34, Theorem 1.3]) Suppose that Q C R n > 1isa uniform domain
with Ahlfors regular boundary and L is a divergence form elliptic operator in 2 such
that wj, € Aco(0). There exist 1 < p < ooand C > 1 (depending on p) such that for
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every f € LP(0R2) there exists a solution u to the boundary value problem

Lu=0 in 2,
INullLrao) < CllfllLroo),

lim u(¥Y)= f(x), foro-a.e.x € 0L2.
Y—x,n.t.

Moreover, the solution is of the form

u(X) =us(X) = /ag2 F) do*(y).

Using the L? result of Lemma 3.2 gives us the following non-tangential convergence
result for L°° data:

Lemma 3.3 Suppose that Q@ C R"T! n > 1, is a uniform domain with Ahlfors regular

boundary and L is a divergence form elliptic operator in Q such that o € Ax(0).
If f € L°°(do), then the solution

up(X) = /m FO) do* (),

converges non-tangentially to f; that is,

im us(Y)= f(x), foro—a.e x € 0dR. (3.4)
Y—x,n.t.
Equivalently,
im up(Y)= f(x), foer—a.e. x € 022. 3.5)
Y—x,n.t.

Proof Let p be as in Lemma 3.2. Let us note that »” and " "are mutually absolutely
continuous forall Y, ¥’ € Q by the Harnack chain condition and the Harnack inequal-
ity (see Lemma 2.29). Moreover, »" is mutually absolutely continuous with respect to
o by the A (o) condition [13, Lemma 5] and hence, (3.4) and (3.5) are equivalent. In
addition, we have f € L*°(0R2, do) if and only if f € L*°(9€2, do¥) forallY € Q,
with [| fll Lo @.d0) = | [l L0 (30.dw?)-

If diam(02) < oo, then f € LP(92) and the claim follows from Lemma 3.2.
Thus, we may assume that diam(d€2) = oo. We show that the claim holds in any
ball B centered at d2. Let us fix xo € Q2 and r > 0. We write f = g + h for
g = 1Ay, 100r), Where A(xg, 100r):=B(x¢, 100r) N d€2. By linearity, we have that
up(X) =ug(X)+up(X). Since f € L*(9%2), we know that g € L?(92) and thus,
Lemma 3.2 gives us

lim  ug(Y) =g(x) = f(x), forc-ae x € 32N B(xp, 7).
t.

Y—x,n.
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Therefore it suffices to show

lim wup(Y)=0, foro-a.e.x € 922N B(xg,r). 3.6)
Y—x,n.t.

We now have
lun(X)| < |1 £l Lo aoy@™ (92 \ A(xo, 1007)), 3.7

for any X € Q. Let ¢ € C.(A(xg, 100r)) be a non-negative function such that
¢(x) < 1forevery x € 3Q and ¢ = 1 on A(xg, 50r). Then, since w* is a probability
measure, we get

X392\ A(xp, 100r)) <1 —v(X):=1 — / ¢ () do™ (y). (3.8)
Q2

Since ¢ is a compactly supported continuous function on 02, we know that v is a
continuous bounded solution to Lv = 0 in 2 such that v = ¢ = 1 on A(xg, 50r). In
particular, we have

lim w(Y) =1, (3.9)

Y—x,n.t.

for every x € A(xp, 50r). Thus, combining (3.7) and (3.8) gives us |u;(X)| <
I fllzope) (1 —v(X)) for every X €  and (3.6) follows then from (3.9). This
completes the proof. O

3.2 AFew Important Lemmas

In this subsection, we prove some lemmas that will be important for the proof of
Theorem 1.1. The first three lemmas were inspired by the ideas in [16].

Lemma3.10 Ler Q be a domain in R" n > 1, and let L be a not necessarily
symmetric divergence form elliptic operator. Suppose that u € Wli)’f(Q) is a weak
solutionto Lu = 0in Q, that Q' C Q is a Wiener-regular domain which is compactly
contained in Q, and fix X, € Q. If n = 1, assume in addition that Q' is a uniform
domain with n-Ahlfors regular boundary. Then |Vu|2GL’Q’(X*, Y e LY, and

//Q IVu()PGLg(Xe, V)Y ~ /d ) —u(X)) doig (). (11

where the implicit constants depend only on ellipticity.

Proof Throughout this argument we fix X, € ', we let r = dist(X,, 9Q’)/8, and we
write G(Y):=G g (X, Y). First, we show the finiteness of the integral in the left-hand
side of (3.11). If n = 1, then it is trivial by (2.33) and the Meyers reverse Holder
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estimate for gradients of solutions [52], so suppose that n > 2. We write

// Vul>’G dy =// IVul>’G dy
Q Q\B(X4,r)
+// IVul?’GdY=:T) + T».
B(Xy,r)

Since G € L®(Q'\By(X4,r)) and Vu € LZ(Q/), it is clear that 77 < oo. As for
T,,foreach k € Ny, let Ap:=B (X, Z_kr)\B(X*, 2_k_1r), and using (2.33), Lemma
2.27, and Lemma 2.28, we see that

T, = // IVul>?Gdy < (2*kr)*"+‘// V() — u(X))>dY
? g Ag ,; B(Xx.27%r)

< 27/( —n—1 //
Sy @t A

(o]
() = u(XIPdY S 27 ull B x,.an) < 00
k=0 )

—k
(X, 27k+1r k=0

We turn to the proof of (3.11). By the ellipticity of A and the product rule, we see

that
/ IVul>’G dy ~ // AVu - (Vu)GdY = // AVu -VwuG)dY
o 9% o%

- // AVu - (VG)udY=:Tz + T4, (3.12)
Q/

provided that the last two integrals are finite, which we now show. First, we claim
that |u||Vu||VG| € LY(Q). As before, it is enough to show that |u[|Vu||[VG]| €

L'(B(X,,r)). Let Ay as above, and for each k € N, let {B,g }jJ.":1 be a cover of Ay by

balls centered on Ay of radius 27¥~#r with uniformly bounded overlap. Then J; < 1,
and we have that

' S CY o2, n=2,
// |u||Vu||VG|dY§CZmax//,|Vu|\VG|dY5 Z@@—O D =
B(X..r) i JB CY k2 n=1,

k=0

where the last estimate follows from using Lemma 2.27 for both u and G, then (2.33)
and Lemma 2.28. This proves the claim. By the product rule and the triangle inequality,
we have also shown that [Vu||V(uG)| € LY. Finally, by boundedness of A we
conclude that AVuV(uG) and AVu(VG)u belong to L' (), as desired.

The next step is to show that 73 = 0. For each M € N large enough, let y); €
C®(Q) satisfy Yy > 0, ¥y = 1 in Q\B(X,, %), Yy = 0in B(Xy, %), and
VY| < M. We claim that

// AVuV Gy dY — 0,  as M — oo. (3.13)
Q/
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Fix M e N large enough. By the product rule and the fact that uG vy, € WO1 ’2(9/ ),
since Lu = 0 in ', we have that

)//Q AVuV(uG)l//MdY‘ - ‘//Q,AVM(Vl//M)quY‘
M9, n>?2,

c
§CM// \VulGdY < - =
B(Xs, Z\B(Xs, 5) CM“logM, n=1,

where the constant C depends on u but not on M, and in the last estimate we once
again used (2.33), Lemma 2.27, and Lemma 2.28. Thus we have shown (3.13). Since
it is also true that AVuV (uG)yy — AVuV(uG) pointwise a.e. in " and since we
have already proved that |Vu||V(uG)| € LY(Q), then by the Lebesgue Dominated
Convergence Theorem we conclude that 73 = 0.

We proceed with the proof of (3.11) as follows:

1= | aTvevaay = 5( [ 6@ oo - u.r)
2 Q 2 Y ’

1
=5 / (y) — u(X))? do) g (v).
194

where we used the Riesz formula (2.35), and in the last identity we used that a)f*ﬁ/ is
a probability measure, and that Lu = 0 in Q' so that

/ u(y) doof () = u(X.),

Q2

and hence
/ w(X)u(y) doy o (v) = u(X.) / u(y) doy /() = u(X.)*.
QY Y

This finishes the proof. O

The following result is a direct consequence of the maximum principle and the
DeGiorgi—Nash—Moser theory (see for instance the proof of [2, Proposition 3.2]).

Lemma 3.14 Let Q2 and Q2 be Wiener regular domains such that Q1 C Q9. If
Gi(X,7Y) is the Green function for Q;, i = 1, 2 then

G1(X,Y) <Ga(X,Y) forevery (X,Y)e Q) x Q\{X=7T}.
We will also use a corona-type decomposition of the elliptic measure wy, [4, 30,

41]. To formulate this decomposition, we recall the coherency and semicoherency of
subcollections of D:

Definition 3.15 We say that a subcollection S C D is coherent if the following three
conditions hold.
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(a) There exists a maximal element Q(S) € S suchthat Q C Q(S) forevery Q € S.
(b) If Q € Sand P € Dis a cube suchthat Q C P C Q(S), thenalso P € S.
(c) If O € S, then either all children of Q belong to S or none of them do.

If S satisfies only conditions (a) and (b), then we say that S is semicoherent.

We are ready to present the corona decomposition that we shall use in the sequel.

Lemma 3.16 ([4, Proposition 3.1(b)]) Suppose that 2 is a uniform domain and L =
—div AV is a divergence form elliptic operator such that wj € Ao (0). Then there
exist constants, C, M > 1 and a decomposition of the dyadic system D = D(9Q),
with the following properties.

(i) The dyadic grid breaks into a disjoint decomposition D = G U B, the good cubes
and bad cubes respectively.
(ii) The family G has a disjoint decomposition G = US where each S is a coherent
stopping time regime with maximal cube Q(S).
(iii) The maximal cubes and bad cubes satisfy a Carleson packing condition:

Y o@+ Y. 0(QS) =Co(R) forevery R eD.

QeB S: Q(S)CR
OCR

(iv) On each stopping time S, the elliptic measure ‘acts like surface measure’ in the
sense that if Q € S, then

yo1 Q) 0% 00
0(0(S)) ~ 0¥ (Q(8) T 0 ()

Proof Since w; € Ao (o), then by Lemma 3.1 we have that the hypothesis (b) of
[4, Proposition 3.1] is satisfied. By [4, Proposition 3.1], this yields a decomposition
D = G U B like the one described above (in fact we have that B = &), but with the
caveat that the stopping time regimes need only be semicoherent. Then, by a standard
mechanism (see for instance [19, pp. 56-57], and [9, Remark 2.13]), we can modify
the stopping time regimes so that they are coherent, while the rest of the properties
are still satisfied. O

It is straightforward to check that for each semicoherent stopping time regime S,
there exists a collection of pairwise disjoint cubes Fs such that S = Dxs o(s)- By
Lemma 2.38 and the Harnack inequality, we get the following:

Lemma 3.17 Suppose that Q is a uniform domain in R"*', n > 1, with n-Ahlfors
regular boundary, that L = —div AV is a divergence form elliptic operator such
that v, € Ax(0), and that S is a semicoherent stopping time regime satisfying the
property in Lemma 3.16(iv). Then

GrL(Xp,Y)o(Q) = §(Y) forevererSandYeQ*}—S’Q,
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where the implicit constants depend only on dimension, ellipticity, k, Harnack chain,
corkscrew, and Ahlfors regularity constants, as well as the constant M in Lemma
3.16(iv).

Proof Fix Q € S and? Y € Q*fs,Q' By definition, there exists P € D, o so that
Y € Uj,and thus P € S, P € Q, and §(Y) =~ £(P). Let Bp:=B(xp, napl(P))
with # € (0, 1) small, and let X/, be the corkscrew point for B),. Define Bb and
X /Q analogously. We may guarantee that X o € Q\2B), if 1 is chosen small enough
depending only on the corkscrew constant. Then, since §(Y) &~ §(X'p),and |[Y —X/,| <
3(Y), by the Harnack inequality (for L and L*) and Harnack chains, Lemma 2.38, the
doubling property of elliptic measure, and Ahlfors regularity, we have that

GLXg.Y) _ GL(Xg. Xp)  w¥e(2Bp) a)X/Q(B}))
5(Y) L(P) LpPy” o(P)

Now, since X g(s) € Q\ZB’Q and P, Q € S, then by Lemma 2.40, the doubling
property of elliptic measure, Harnack chains, Harnack inequality, Bourgain’s estimate,
and the property (iv) in Lemma 3.16, it follows that

»¥0(Bp) _ X (Bp) 1 _ wXes)(P) 1
o(P)  o(P) wXQ<s>(B/Q)N a(P) wXew(Q)
SO A (I CON.
o (Q(S) a(Q) o(Q)’

which completes the proof. O

4 Existence of £-Approximators: Proof of Theorem 1.1

In this section we prove Theorem 1.1. The key step in the proof is the construction of
BVioc approximators since the existence of smooth approximators with more delicate
properties follows then by using almost black box regularization arguments. More
precisely, the heart of Theorem 1.1 is the following result:

Theorem4.1 Let Q@ C R n > 1, be a uniform domain with Ahflors regular
boundary. Let L = — div AV be a (not necessarily symmetric) divergence form elliptic
operator satisfying that w; € Ao (o). Then, for any ¢ € (0, 1) there exists a constant
C. such that ifu € Wli)’cz(Q) N L% () is a solution to Lu = 0 in 2, then there exists
® = ®° € BV () satisfying

lu — ®llLo(e) < ellullLe@ and sup // [VOM)|dY < CellullLe(s),
xX€0L2, r>0 r B(x,r)NQ

where C, depends on ¢, structural constants, ellipticity and the wj € Axo(0) con-
stants.

2 For relevant notation in this proof, see Sect.2.3.
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As mentioned in the introduction (see the paragraph after Theorem 1.1), the proof
of Theorem 4.1 is based on the construction of g-approximators in [40, Theorem
1.3], with important differences. We will point out when we have to diverge from the
strategy in [40].

4.1 Set-Up for the Proof of Theorem 4.1

We start by making some preliminary considerations and fixing some notation and
terminology. Let u# be a bounded solution to Lu = 0, and let ¢ € (0, 1). Without loss
of generality, we may assume that ||u|| =) = 1, since otherwise we have u = 0 or
we can replace u with u/||u|| L~. We fix a stopping time regime S from Lemma 3.16,
with maximal cube Q(S). Following [28, 40], we label each cube Q € ID depending on
how much the the function u oscillates in the corresponding fattened Whitney region
U a To be more precise, we say that

&
Q € Disredif  sup |u(X) —u(Y)| > —,
X.YeU} 1000

and

0 € Disblueif  sup |u(X) — u(Y)] < ——.

We note that these conditions differ from the, ones in [40] in two ways: in [40],
the oscillation threshold was ¢/10 and the level of oscillation was measured in the
unfattened region Ug. With our conditions we have a little bit more control on the
blue cubes, which will be useful for us later. In [40], it was enough to use these two
labels but for our analysis it is important to take into consideration the minimal cubes
of S, which we label as follows:

Q € Sisyellowif Qhas a childQ’such thatQ’ ¢ S.

Recall that Q' is a child of Q if Q' C Q and £(Q’) = £(Q)/2. Notice that yellow
cubes are not a separate collection from the red and blue cubes but each yellow cube
is also red or blue. We denote the collections of red and yellow cubes by

R:={Q € D: Q isred}, Y =Y(S5):={0 € S: Q is yellow}.

The rough idea of the construction of the e-approximator ® of « is to first construct
® inside a Carleson box Ty, for a fixed cube Q¢ and then use a “local to global”-
type argument to define a global approximator. Working in a Carleson box allows us
to reduce many of the challenging estimates to working with just one stopping time
regime S given by Lemma 3.16. We then set & = u in the regions Uy such that
Q € R U Y and break up the blue cubes into smaller stopping time regimes where u
does not vary by more than £/100. In these new regimes, we set ® = u(Xp) in the
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union of Ug, where Xy is any point in the union. The L* approximation property
follows then just from the way we defined ® but verifying the L!-type Carleson
measure estimate for @ is more challenging. For this, one of the key steps is to show
that the collections of red, yellow and maximal cubes from the new stopping time
regimes satisfy Carleson packing conditions. For the first two collections, this follows
in a straightforward way:

Lemma4.2 The collections R and | Jg Y(S) satisfy the following Carleson packing
conditions: for any P € D we have

1
> @5 oP),
QeR,QCP

and

Yo > Q) = (C+Do(P).
S 0eY(S),0cp

The constant C is the same constant as C in Lemma 3.16.

Proof The packing condition for | g Y(S) follows from the definition and the facts
that the stopping time regimes are coherent and their maximal cubes satisfy a Carleson
packing condition. Indeed, each yellow cube Q € Y(S) is contained in Q(S) and by
the coherency of S, no yellow cube can contain a smaller yellow cube Q € J(S).
Thus, the cubes in Y(S) are disjoint and we get

oy e = X s+ Y o

S QeY(S),0cP S:0e€Y(S),0cP, S:0€Y(S),0cCP,
o(S)ce PeS
< ) a@E)+ Y o(P).
S:0(S)cp S:PeS

Since the collection {Q(S)}s satisfies a Carleson packing condition by Lemma
3.16, we know that the first sum on the right-hand side is bounded by Co (P). In
addition, since the stopping time regimes S are disjoint, we have P € S for at most
one stopping time regime S. Thus, the second sum on the right-hand side is bounded
by o (P). The desired bound follows from combining these two estimates.

Let us then prove the Carleson packing condition for R. If QO € R, then there exist
points X1, X» € Ua such that |u(X1) —u(X>2)| > £/1000. Since X, X, € UE, there
exist Whitney cubes I, I C Ua such that X1 € (1 + 1)1, X2 € (1 + 1)l and
L(Q) =~ L(I)) ~ L(I) ~ §(X1) =~ §(X3). In particular, we have dist(X, 8U5*) R
dist(X,, 0U 5*) ~ £(Q) for the twice-fattened region UZ* (see Sect.2.3), where the
implicit constants depend on the dilation parameter . Thus, since U 5* satisfies the
Harnack chain condition by Lemma 2.18, there exists a uniformly bounded number
of balls By, Ba, ..., By and points Y1, Ya, ..., Yy_1 such that

e X1e€Bj,XoeByandY; € BN Bj; foreveryi =1,2,...,N — 1,
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e for a constant A > 1 (depending on t), we have 2AB; C U 5* for every i =
1,2,...,N,and
o [20Bi| ~ |U| ~ €(Q)"! foreveryi =1,2,..., N.

These properties combined with the triangle inequality, the local Holder continuity

(thatis, Lemma 2.28) and the Poincaré inequality applied for solution v, v(X):=u(X)—
qug* u(Z)dZ, then give us

N-2
e < (X)) —v(XD)| < (X)) = v(¥DI+ Y [v(¥;) — v(¥ip)| + v (Ya) — v(X2)]

i=1

N-2
57§[ |v|dX+Z7§[ |v|dx+7§[ lv] dX
21B i=1 2ABiy1 2ABN
5 12
< ﬁ[ |v|dX§E(Q)<7§[ |Vul dx) .
UZ* UE‘Z*

Thus, since §(X) &~ £(Q) forevery X € Ua*, we have
%0 (Q) w(Q)"e%ﬂ(Q)"ﬂ(Qﬁ# |Vu(X)|* dX

Ug
5// IW(X)IZE(Q)dX%// IVu(X)|*8(X) dX.
UE* Ua*

By construction, we know that the regions U}* have bounded overlaps and any
twice-fattened Carleson box 75" satisfies Tp* C B(xp, Rp) N 2 the center xp of P
and for aradius Rp =~ ¢(P). Hence, for any Q¢ € D, these facts, the previous estimate
and the Carleson measure estimate (3.1) give us

Z o(P) <e? Z // |Vu(X)|28(X)dX
Up*

PeR PeR
PCQo PCQo

Se? // IVu(X)128(X)dX < e 2(Q0)" ~ e 20 (Qo),
5

which proves the claim. O

4.2 A Stopping Time Decomposition for the Family of Blue Cubes

We now move to decomposing the collection of blue cubes into more manageable
subcollections using a stopping time procedure. A similar idea is utilized in [40, p.
2360] but, due to our geometry, we use different stopping time conditions and different
analysis of the subcollections. Set £ = L(S) to be the collection of blue cubes in S.
We first take the largest blue cube in & with respect to side length (if there is more
than one such cube, we just pick one) and denote this cube by Q(S1). The cube Q(S1)
will be the maximal cube in our first refined stopping time regime S;. We let Fg, be
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the collection of cubes Q € SNDgs,) \ {Q(S1)} such that Q is a maximal cube with
respect to having one of the following three properties:

(1) Q or one of its siblings is red.
(2) Q and all of its siblings are blue, but for some Q' that is either Q or a sibling of
Q it holds that

lu(X o) —u(Xoes)l > &/100.

(3) Qisyellow.

Recall that for every P € D, the point X p is a corkscrew point relative to the
center xp at scale 10™>agl(P), as defined in Sect.2.3. We now set S =Dz, 00
By construction, Sj is a coherent stopping time regime in the sense of Definition 3.15.
Since the cubes in Sy are blue and none of them satisfy the stopping condition (2)
above, we know that

[u(X) —u(Xges)))| <e/50 forevery X € Q}SI»Q(SI)' 4.3)
We now express Fg, as a union of three collections,
Fs, = F§ UFSB U A,

where ]-'gl contains the cubes for which (1) holds, fSSIB contains the cubes for which
(2) holds and ]—'gl contains the cubes for which (3) holds. The superscripts stand for
“red”, “stopping blue” and “yellow”. We note that the collections .7-'51 and ]—'SSIB are

disjoint but fgl may overlap with both of them.

We now continue this way: we let Q(S2) be the largest blue cube in S \ S; with
respect to side length, we extract the collection of maximal stopping cubes Fgs,)
(with an updated stopping condition (2)), we define the coherent stopping regime S
and the collections F, R2 , ]—'SSZB and F, Yz ,choose the largest blue cube Q(S3) in S\S; US,,
and so on. Since each S; contains at least the cube Q(S;), we know that this procedure
exhausts £ and gives us a disjoint decomposition £ = U;S; where each S; is a
coherent stopping time regime. Just like (4.3), we have the oscillation estimate

lu(X) —u(Xges;)| <e/50 forevery X € Q;‘sj,Q(Sj)’ (4.4)

for every j. We also get the collections F, Rj, .7-'Ssj]_3 and fs?{j for each j.

Our next goal is to show that the maximal cubes { O (S )} ; satisfy a Carleson packing
condition. This goal is an analog of [40, Lemma 5.16] but since the proof of this lemma
is based on the use of an “N < §” estimate in sawtooth regions (which is possible in
the presence of uniform rectifiability of 9€2), this is the part where we significantly
depart from [40]. Following an ideain [18], we let A € (O, 10~19) be a small parameter
(to be chosen) and break the stopping times into four groups. We say that S; is of

3 Here Q' is a sibling of Q if 0, Q' € Dy and Q, Q' C Q* € Dy_y, that is, Q and Q' have the same
parent. For simplicity, we consider Q to be its own sibling.
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Type 1 (T1)if 0 (Q(S))\ Ugers, @) = 10 (2(S))).
Type 2 (T2)if 0 Uy sz Q) = Ao (Q(S)).

Type 3 (T3) 1fa(uQefY’ 0) = 10 (Q(S))).
Type 4 (T4) if S is nottypel 2 or 3.

The Carleson packing condition for the cubes Q(S;) follows in a straightforward
way when S; is of Type 1, 2 or 3:

Lemma 4.5 We have the following Carleson packing conditions for the maximal cubes
of the subregimes S ; in the decomposition L(S) = U;S;: for any P € D, we have

1
Do oS+ Y 0QE) S SoP),  and,

Jj:SjisTI Jj:8jisT3

o(sj)cp Q(S )P
D @SS a(P)

Jj:SjisT2

oS,cP

Proof For the regimes of Type 1, we first notice thatif Q(S;) C Q(S;), then Q(S;) C

Q for some Q € Fg ;- In particular, the sets Q(S;)\ Upcrg. QO are pairwise disjoint.
' J

Thus, by the definition of Type 1, we get

1 1
D oS =T Y 0(065)\Uger O = 7o(P).
Jj:S;isTI Jj:S;is Tl
o@S;)cpP o(S;)cp

For Type 3 regimes, since the cubes Q € fgj C Y(S) are yellow cubes in S,
they are disjoint. Thus, the claim for the regimes of Type 3 follows immediately from
definition.

For the regimes of Type 2, we recall that if O € F, Rj, then Q is red or one of its
siblings is red. In particular, each Q € ng has approximately the same measure as
some red sibling Rp C Q(S;) of Q. If there is more than one red sibling, we just
choose one of them for each Q € }' R . On the other hand, since each cube has only a
uniformly bounded number of mbhngs foreach Q € |J; _7-' R wecanhave Rgp = Ry
only for a uniformly bounded number of cubes Q’. Thus, we get

1 1
Y. o@E) == Y D e@~~ Y Y o(Rg)

Jj:SjisT2 J: S,lsTZQE]_‘R / SjlsTZQE}‘R
Q(S )CP os)ce Si o(S;)cp Si

1 1

ST oR S o),
ReR,RCP
where we used Lemma 4.2 in the final estimate. O
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By Lemma 4.5, to show the Carleson packing condition for the collection {Q(S;)};
it remains only to consider the regimes S; of Type 4.

Lemma 4.6 There exists Ao > 0 depending only on structural constants, ellipticity,
and the w1, € Axo(0) constants, such that for any A € (0, Ao), there exist constants
C1, C2 > 1depending only on structural constants, ellipticity, and the vy .o € Axo(0)
constants (and independent of €, A, and S), so that

C
3 006) = So(P),
j:S;isT4 ¢
Q(S;)cp

for every P € D. In particular, we have

C
Y. 006 = S0P,
Jj:Q(§;)CcP
Proving Lemma 4.6 is much more delicate than proving Lemma 4.5 and we do this
in several steps. The key idea is to reduce the proof to proving estimates for which we
can use lemmas from Sect. 3.

Let us fix aregime S; that is of Type 4. Since S; is not of Type 1, 2 or 3, we know
that, roughly speaking, at the “bottom” of the sawtooth domain €2 Fs,;0(8)) there is a
large region where u has some (uniform) oscillation from the value u (X 0(s; y). Letus
be more precise. Since S; is not of Type 1, we know that o (Q(S;)\ UQe}‘s_/ 0) <
Ao (Q(S;), and since S; is not of Type 2 or 3, we have

o((UQefg]_ o)y (UQefgj Q)) <23 (Q(S))).
Thus, since Fs; = fgj U ]—"SS/B U fgj , it holds that
a(ugefgjs Q) = (1 =300 (Q(S))).
Let N = N(j) be so large that the subcollection
Fa=10 € FP: e(@) > 27N,
satisfies
o UQefﬁ?,- 0) = (1 =425 (0(S))). 4.7

Our estimates will not depend on N but we work with the subcollection F 1§,Bj to
avoid dealing with estimates on the boundary. We let Fy ; denote the collection of
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maximal cubes in the collection Fs, UDy os;), where Dy o = {Q" € Dg: £(Q") =
27Ne(Q)) as earlier. We note that Qr, ; o(s;) S 2 ..0(s;)- Then
’ J

Inj=Fy;UIN,j» where Fy p=Fn i\ FN,

where the superscript O in .7-'1(\?’ j stands for “other” cubes. By (4.7) we have

o(Ugerg Q)= 3 0(0) = 410 (0. “8)
QeFy,

With the notation above, we can formulate our key estimate for the proof of Lemma
4.6:

Lemma 4.9 Suppose that S is a stopping time regime of Type 4. There exists Lo > 0
depending only on structural constants, ellipticity, and the w. @ € Ax(0) constants,
such that for any A € (0, Ag), there exists a constant C3 > 1 depending only on
structural constants, ellipticity, and the wy, @ € Ax(0) constants (and independent
of e, A, N, j, and S), so that the following estimate holds:

Cs3
s (0(S)) < —2// Vu(y)Ps(r)dy. 4.10)
& Mgy o5
Taking Lemma 4.9 for granted momentarily, we can prove Lemma 4.6 in a straight-

forward way:

Proof of Lemma 4.6 Fix P € ID. Then we have

G
> 006y < = > // IVu(Y)28(Y) dY
j:S;is T4 j:Sjis T4 LFy j06)
0(S;)cP oS)cp
C C
< —j// IVu(V)25(Y)dY < 2o (P),
& Tp &
where we used Lemma 4.9, the fact that the bounded overlap of the regions Ug and the
disjointness of the collections S; imply that the regions Qr, ; - o(s;) have bounded

overlaps, the fact that Tp C B(xp, C£(P)) and Lemma 3.1. The rest of the claim
follows now from Lemma 4.5. O

4.3 Proof of Lemma 4.9: A High Oscillation Estimate

Let us then start processing the estimate (4.10). Let S; be a fixed stopping time regime
of Type 4. To relax the notation, we denote

S«:=Dzy,;.08) SSj.  06):=0()), Xi=Xggs)),
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Qu=Qr, 06). F=Fyj.  Fr=Fyy. and FO=Fy

Recall that Q(S,) € S and that S is a coherent stopping time regime satisfying
the property (iv) in Lemma 3.16. Thus, by using Lemmas 3.17, 3.14 and 3.10 in this
order, we get

// IVu(Y)?8(Y)dY ~ o (Q(S)) // IVu(Y)*Gr o(Xs, Y)dY
JJ S Q.

> 0 (Q(Sy) //Q IVu(Y)?Gr.a,(X.. Y)dY ~ 6 (Q(S,) /m u(y) — u(X)* doy(y),
A.11)

where
wy 1s the elliptic measure for L in 2, with pole at X.

Thus, Lemma 4.9 for regions of Type 4 follows immediately from the following
estimate. Recall that A is the parameter we used when we defined the Types 1-4 for
the stopping time regimes.

Lemma 4.12 There exists Ao > 0 depending on structural constants, ellipticity, and
the wy @ € As(0) constants, such that for any A € (0, Lg), there exists a constant
c4 > 0 depending only on structural constants, ellipticity, and the wr g € Aco(0)
constants (and independent of ¢, ., N, j, and S), so that the following estimate holds:

/ W(y) — u(X))* dw(y) > cag’.
0824

For the the proof of Lemma 4.12, we need some auxiliary constructions and esti-
mates. Recall that X, = Xgs,) is a corkscrew point relative to Q(S,) at scale
rv:=10"2apl(Q(S,)) (see Sect.2.4). Let £, € 92 be a touching point for X, on
92, thaHigh Oscillation Estimatet is, |X, — X.| = dist(X,, Q). For & € [0, 1], con-
sider the points X (£):=%, + &(Xs — X4) which lie on the line segment from %, to
X,. Since we know that X, ¢ Q. and X, € Q,, there exists & € (0, 1) such that
X (&g) € 0Q2,. Now we set X, = X (&), and A,:=B(Xyx, F4) N 32,. Since we are
working with the truncated collection of stopping cubes 7 = Fy ;, we know that
92 N 32, = . In particular, A, C Q. By Lemma 2.26, we know that

ify e A, then$ e Age,) S O(Sy), (4.13)
where ¥ is a touching point for y in €, that is, |y — 3| = dist(y, 9L2).

By Lemma 2.18, we know that €2, is also a uniform domain with Ahlfors regular
boundary,4 Thus, by Lemma 2.36, we have

of 0. (A 21, (4.14)

4 By Lemma 2.18, the structural constants of Qy = Qg ;06)) do not depend on j or the truncation
parameter N = N(j). '
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where X is a corkscrew point relative to X . at scale r, in the domain €2,.. Recall that by
the construction in Sect.2.3, we know that B (X, S(X*)/NZ) C Q4 and diam(2,) ~
£(Q(S4)), and we have §(X,) =~ £(Q(S4)) = ry =~ §(X) by the definition of X,
and X. Thus, by the Harnack chain property of 2., there exists a Harnack chain of
uniformly bounded length from X to X « inside .. Thus, by (4.14), formula (2.30)
and Lemma 2.29 (that is, Harnack inequality), there exists a constant ¢, > 0 that
depends only on structural constants such that

0.(Ay) = ) o, (As) > cy. (4.15)

Next, we will construct a cover of A, that consists of dilated surface balls on 92,
associated to the cubes O € F. We will construct the cover in such a way that there
is oscillation of u on the balls associated to cubes in FSB and the balls associated to
cubes in FO do not have much w4-mass, provided A is sufficiently small. Given Q € D,
denote by X¢ a touching point for the corkscrew point X . For 6 € [0, 1], recall that
we denote Pp(0) = xp + 0(Xg — Xg), and by Lemma 2.21 we showed that there
exists By € (0, 1) such that if for some Q" € D we have B(Pg (6y), Vl%o ro)NUg # 9,
then Q' C Q and £(Q’) < £(Q), where y is the corkscrew constant in Definition 2.1.

Fix Q € F.Thenits parent Q satisfies Q € Dx o(s,) and hence, by the construction
of the Whitney regions in Sect.2.3, we have Pg(1) = Xg € Uj C €. By Lemma
2.21, we also know that Py (6p) ¢ $2.. Indeed, otherwise Py (6p) € Uy for a cube
Q' € DF g(s,), but by Lemma 2.21 we would then have Q" C Q with £(Q") < £(Q).
This is impossible since Q € F. Thus, there exists 8’ € (8, 1) such that

Xpi=Po(t)) € 0.
We set
Ny:=B(X}. %ro) N 92, and MAY:=B(X}, M*Lrg) NaQ,,

for a constant M > 1 to be chosen momentarily.
Let us describe some of the properties of A*Q. First, by Lemma 2.25 and definition
of AfQ, it holds that

A} S Eg C U}, (4.16)

whenever Q' is a sibling of Q, where

U (PQ/(Q)f 10 )

0€(6o.1]

o]

Q/

Next, let us observe that if Q € FSB, then there exists a sibling Q’ of Q such that
Q' is blue and lu(X o) —u(Xopgs,))| > £/100. Thus, forevery Q € FSB_it holds that
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u(X) — u(X)| = [u(Xg) — u(Xos,)| — [u(Xg) — u(X)| = £/100 — £/1000 = £/200,
4.17)

for every X € A7, since Q' is blue and A7, C Uy, by (4.16).

Lemma 4.18 There exists M > 1, depending only on structural constants, such that

Ay = B(Xur 1) N0Q C | ) MAY,.
QeF

Proof Fix y € A, C 9, and a touching point y € 3 for y. Then by (4.13)
we have y € Ags,). Since X, lies on the line segment from the corkscrew point
X, relative to xgs,) at scale ry to its touching point X., we have X, — X, =
dist(X s, Q) < dist(X,, Q) < ry = 10apl(Q(Sx)). Thus, y € B(&y, 2ry) =
B(%0s.), 2(10)2apl(Q(S4))). By (4.13), we have

ly = 9| = dist(y, 92) = dist(y, Q(S)) < £(Q(S.)), (4.19)

and by the definition of Wy (Ko) (which we used in the construction of the Whitney
regions), for any cube Q' it holds that

if € Q" and C; 'Ky ' |y — $1 < £(Q') < CoKoly — 5|, theny € int(Uyp),
(4.20)

where 7 is the dilation parameter in the definition of Ug. Since S, and F are the
truncated collections, we have Q(S,) = UpgeF Q. In particular, by Lemma 2.26, we
have § € Q(S,) = UgerQ. Let Q5 € F be the cube such that § € Q5. We now
have £(Q5) > CT_1 KO_l |y — ¥| for the same constant C; as in (4.20), since otherwise
there exists a cube Q' such that Q5 C Q' € Q(S,) with CT’]K(;] ly — 9| < £(Q) <
C:Ky|y — ¥|. This is not possible since (4.20) and the fact that Q5 € F would then
imply that y € int (Ug/) C €2, but we know that y € 92,. Thus, it holds that

dist(Q5. y) =1 — y| = CrKol(Q3). (4.21)

Recall that x g, is the center of Q5 and X7, lies on a line segment from a corkscrew
y

point X o, to its touching point Xo;. By Lemma 2.26, we know that £o; € Q. Thus,
(4.21), the definitions of the points and the fact that ¥, )?QS_ € Qj give us

Y= Xp,1 < Iy =31+ 15— Fo,| + lig; — X, |
< Kol(Q3) + diam(Q5) + ro; ~ ro;.

In particular, there exists M > 1 such that

yeMAy € U map,.
QeF

@ Springer



218 Page 36 of 53 S.Bortzetal.

which is what we wanted. O

Let us then fix M > 1 as in Lemma 4.18. By (4.15), it holds that

a)*( U MAZ) > (4.22)
QeF

Our next goal is to analyze how much the cubes Q € F© contribute to (4.22) and
then limit this contribution by choosing A in a suitable way. For this, we prove the
following bound:

Lemma 4.23 For any Q € F, we have

5 (Q)
L(AE) < =) 4.24
oBo) 2 T06) @29

for an implicit constant depending only on structural constants, ellipticity, and the
oL 9 € Asc(0) constants (and independent of A, €, N, j, and S).

Proof Let Q € F.Recall that A = B(XQ, )‘g" r0)N0L2 isasurface ball on 02, with

X *é € 092,. Since Q, isa uniform domain, it satisfies the corkscrew condition. Let X 0

be a corkscrew point in €2, relative to X ”é at scale approximately r’Q = &rQ Rrg.

By perhaps insisting that 6 is smaller we have that this corkscrew point X o is far
from X,. Then by connecting X o to X g with a Harnack chain® (of uniformly bounded
length) in €2 and using Lemma 2.38,

0} "o (0)

GLa(Xs, Xo) ~ GLa(Xs, Xo) S £(Q)— a7

Now, by 3.14 we have that G g, (X, XQ) < Gr (X, XQ), and then by Lemma
2.38 in 2, we conclude that

X
CU*(AQ) wL*Q*(A*Q) ~ ~
AT ro= AL 0 SGra, (X, Xo) < Gra(X«, Xo).

Combining the two previously displayed inequalities and using that £(Q) ~ /Q

we have a)*(A*Q) N wL ‘o(Q). By Lemmas 2.40 and 3.16 applied twice for both
Q, O(S,) € S, it holds that

0,370 0(0) o(0©S) (0
0l %90 0(0)0(0.) 0 (QE)’

00 (0) = 0, 85(0) ~

which ends the proof of (4.24). O

5 Here we use that dist(X"é, 0Q2) ~ dist(X*é, 0) ~ £(Q) ~ rg; with very crude bounds this can be seen
from (4.16). Then we also use that Qs C €, so that £(Q) ~ rp ~ dist(X g, 392 < dist(X g, 992).
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Now we are ready to conclude the proof of Lemma 4.12. Using (4.24) and the
doubling property of w, we find that

" * o(Q) A
ZO o, (MAY) < C Zo w, (A) < C ZO soey S 12
QeF QeF QeF

where we used (4.8) in the last inequality. Now we choose A > 0 so that Cxr < Cy/2
and use (4.25) and (4.22) to deduce

o U Mag)z e (4.26)
QcFSB

where we used F = F5B U F?. Now we use the 5 R-covering lemma [50] to produce
a countable collection of disjoint surface balls {M A7}:={M A*Qk} where each Qy is

in 5B and such that

U MA} C USMAS.
QeFSB

Then using (4.26) and the doubling property of w, it holds

w*(UkAZ) = Zw*(AZ) Z Zw*(SMAZ) Z w*( U MA*Q) > cx/2,
k k QeFSB

where we used that A} are disjoint. To summarize we have produced a sequence of

surface balls A} = A*Qk with O € FSB such that

w*(UkAZ) = Cioks (4.27)

where ¢4, depends on dimension, ellipticity, the Ahlfors regularity constant for 9€2,
the corkscrew and Harnack Chain constants for €2, and the w; € A (o) constants.
Thus, using (4.17) we have

/ () — u(X)Y dou(y) = ou(A]) inf_@(y) — u(X,)?
024 yGUkAk

> Cyx (8/200)2=:C4827

which proves Lemma 4.12.
As we had reduced the proof of the packing of the Type 4 maximal cubes to Lemma
4.12, this completes the proof of Lemma 4.6.
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4.4 Construction of -Approximators

With the help of the previous constructions and estimates, we can prove the existence
of BVj,. €-approximators in a similar way as in [40]. For the convenience of the
reader, we recall the key steps of the construction below. For some of the details, we
follow the construction of L”-type approximators in [36] which are an adaptation of
the arguments in [40]. Recall that we denote the collection of blue cubes in the disjoint
stopping time regimes S in Lemma 3.16 by £ = £(S), and each of these collections
has a decomposition £ = U;S;.

Proof of Theorem 4.1 Let us fix a dyadic cube Qg € ID(9€2) and construct an &-
approximator ®o, = CDEQO first in the Carleson box Tg,. We start by dividing the
Carleson box T, into a few types of different regions where we define the approxima-
tor differently. Let us choose the largest good (in the sense of the corona decomposition
from Lemma 3.16), blue subcube Q1 C Qg which may be Q itself; if there are sev-
eral such cubes with the largest side length, we choose just one of them. Since Qg is a
good blue cube, there exists a stopping time regime S¢, in Lemma 3.16 and subregime
S0, C L(Sp,) such that Q; is the maximal element of the regime S':=S¢, N Dy, .
We then choose the largest good blue cube Q5 from the collection Dy, \S'. Similarly,
Q> is the maximal element of the regime S?:=S, N D, . We then choose the largest
good blue cube Q3 € ]DQO\(S1 US?), and continue like this. This gives us a sequence
of good blue cubes Q1, Q», ... such that £(Q1) > £(Q2) > ..., each cube Q; is a
maximal element of a regime S’ and the collection U;S' contains all the good blue
cubes in Dg,. The cubes Q; are “mostly” of the form Q(S) as in the decomposition
of the collections £(S) earlier in the sense that there exists a collection of pairwise
disjoint cubes { P} C Do, (that may be empty) such that every cube in the collection
{Qi}i \{ Pk}« is of the form of Q(S) for some S. This is because the cube Qy is arbitrary
and hence, it may be a bad cube or a red cube. For each i, we define the “bottom”
cubes of S in the obvious way: we set Fgi ::fSQi , that is, Fg is the collection of the
stopping cubes associated to the unique regime S, that contains Q;.
For each i, we define the regions A; recursively the following way:

i—1
Al::Qfs].Q]’ Ai:ZQfSi.Qi \ UAk fori 22
k=1

By construction, the regions A; are pairwise disjoint. We also set ©2o:=|_J; A;, and
we define the function ®(y on ¢ as

Qo:= Z u(X o)) la;

1

where X (s 0) is the corkscrew point we used in the stopping conditions in the defini-
tion of S, . In particular, for any X € A; we have |u(X) — M(XQ(SQZ,)N <¢e/100 < e.
Furthermore, by the disjointness of the regions A;, we have ||[u — ®gll =0y < €.
Let us then consider the cubes in Dy, \ U; S'. Let us fix some enumeration {R il
for the cubes D, \ U;S’. The cubes R; are red cubes or bad blue cubes. For each j,
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we define the regions V; recursively the following way:

j—1
Vii=Ug,,  Vji=Ug, \ | Vi forj=2.
k=1

By construction, the regions V; are pairwise disjoint. We also set 2;:= Uj V;,and
we define the function & on Q2 as

O (X)i= u(X), if X € Vi for ared cube Ry,

B2 w(Xy), if X € Vi for a blue cube Ry,
where X is any fixed point on Ug,. By the definitions, we have [|u — @[ =) <
e/1000 < e.

We define the g-approximator ® o, of u in the Carleson box Ty, as

[ ®o(X), if X € Qo,
© 0y (X):= { ®1(X), if X € T, \ Q.

By the construction, we have |[u — ® gl L®(Tg,) < & The Ll-type Carleson
measure estimate for ® g, in T, can be proven as in [40] with small but quite obvious
changes. Using a covering argument, the claim can be reduced to proving the estimate
on Carleson boxes Ty, and since u € L°°(2), the core challenge is to handle the
jumps across the boundaries of the sets A; and V; that contribute to the total variation
of @, inside Ty, . Since the boundaries of the sawtooth regions, Whitney regions and
Carleson boxes are Ahlfors regular by Lemma 2.18, the estimates reduce to using the
Carleson packing conditions in Lemmas 3.16, 4.2, 4.5 and 4.6. The Carleson norm of
the measure Ko, such that d,LLq:.QO (Y) =|V®,(Y)|dY is given (up to a structural
constant) by the sizes of the Carleson packing norms in these results. We omit further
details, but see [40, pp. 2366-2373].

Using these kinds of local approximators, we build the global approximator of u.
If diam(2) < oo, it is enough to build a local approximator for a Carleson box that
covers the whole space €2. Thus, we may assume that diam(£2) = oo. Suppose first that
diam(0€2) < oo. Then there exists a dyadic cube Qg that covers the whole boundary
0€2. We build the local approximator ® o, on Tp,, extend it to whole €2 by setting it
to be 0 outside T, and define the global approximator as ® = IITQO o, + Layrg, u-

The L'-type Carleson measure estimate follows from the same arguments as with the
local approximators.

Finally, suppose that diam(9€2) = oco. Fix a sequence of dyadic cubes Py such that
P CP,C... . L0(P1) <{(P2) <---and 02 = Uy Py. This type of sequence of cubes
does not exist in every dyadic system, but we can always construct a system where it
exists (see, for example, [46]). We build a local approximator @ p, in 7p, for every k
and extend the approximators to whole €2 by setting each of them to be 0 outside Tp,.
We then define the global approximator as ® = 17, ®p + Yore, Lrp\1p,_, PPi-
The L'-type Carleson measure estimate follows from the Carleson measure estimates
of the local approximators and the fact that the collection { Py}, satisfies a Carleson
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packing condition with a uniformly bounded Carleson packing norm depending only
on structural constants. Again, we omit the details. O

To finish the proof of Theorem 1.1, we regularize the approximators in Theorem
4.1. This regularization makes the constant C. significantly larger but since the size
of this constant is not important for our results, we do not track its size.

Lemma4.28 Let ¢ € (0, 1). There exists a unifomly bounded constant 55 > 1 such
thatwe can choose the e-approximator ® = ®° for the solutionu € W2 (Q)NL® ()
to Lu = 0 in Theorem 4.1 so that

(1) llu — @lle(e) < 2ellullLe@), 5

(i) supresq.r=0 7 [l ping IVEMIAY < CellullLe),
(i) ® € C¥(Q), _
(iv) |[VO(Y)| < %for everyY € Q,

V) if1X — Y| < 8(X), then |®(X) — @ (¥)| < <L,
(vi) there exists a function ¢ € L (0R2) such that

lim @) =) foro-ae x € 0R2.
t

Y—x,n.t.

The constant C depends on ¢, the structural constants of <2, the constant C; in
Theorem 4.1 and the Holder continuity constants C and o in Lemma 2.28.

Proof The proof uses tweaked mollifier techniques combined with a regularized dis-
tance function. The properties follow mostly from [37, Sect. 3] but for the convenience
of the reader, we define the core objects and give some explicit details below.

Let B be a regularized version of the distance function § = dist(-, d€2), that is, a
smooth function in €2 such that 8 ~ § (see [58, Theorem 2, p. 171]). Let ¢ > 0 be
a smooth non-negative function supported on B (0, %) for a suitable constant m > 0
(depending on the implicit constants in § ~ B), satisfying { < 1 and [¢ = 1. Fora
constant &, > 0 to be chosen momentarily, we set

Mg, (X, V=t oo (X = V) = =g (L)
SR T GO\ X))

For a suitable choice of m, we have supp A(X, ) C B(X,&:5(X)/2). Given the

non-smooth g-approximator @ of the solution u € Wlt’cz(Q) NL*®(Q)to Lu =0in
Theorem 4.1, we set

<I>(X):=//A€(X, Y)®o(Y)dY.

The property (iii) follows from a standard modification of the case Q = R+ (for
example, see [24, Theorem 1, p. 123]) and properties (ii), (iv) and (v) are formulated
explicitly in [37, Sect. 3]. Property (i) follows from the local Holder continuity of u
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(that is, Lemma 2.28) and the fact that ® is an e-approximator of u: for almost every
X € Q, we get

900~ w00l =| [ Acx @) - ucoyay|
<z + | AT — w0 av
r IX — Y[\ ][ 5 12
0o A (X, Y)C 2)|°dz dY
< cllim@ + [ X D) (To0) rg g 427 42)

< ellullro@) + C 2&)% llull L= () // Ae(X,Y)dY < 2¢|lull =),

1
as long as we choose &, < %(%) @, where C and « are the Holder continuity constants

in Lemma 2.28.

Property (vi) follows from the same argument that is used in the proof of [37, Lemma
4.14] after some small additional considerations. The proof of [37, Lemma 4.14] is
based on showing that almost every cone on a codimension 1 uniformly rectifiable
set has locally exactly two components, these local components satisfy the Harnack
chain condition and the Harnack chain condition combined with the L !-type Carleson
measure estimate (ii) implies the existence of the a.e. non-tangential trace ¢. We do
not assume that 92 is uniformly rectifiable but by the definition of dyadic cones (2.17)
and Lemma 2.18 we know that any truncated cone on 92 has exactly one component
inside €2 and this component satisfies the Harnack chain condition. Thus, the argument
in the proof of [37, Lemma 4.14] works also for us. In particular, we can choose ® in
such a way that all the properties (i)—(vi) hold. This completes the proofs of Lemma
4.28 and Theorem 1.1. O

5 Proof of Theorem 1.2

In this section, we prove Theorem 1.2, that is, we prove that e-approximability of
solutions u to Lu = 0 implies that w;, € As (o). To be more precise, we prove the
following seemingly stronger result:

Theorem5.1 Let @ C R n > 1, be a uniform domain with Ahflors regular
boundary, and let L be a divergence form elliptic operator L = —div AV in Q.
Suppose also that for every bounded Borel set S C 02 the solution u = ug to
Lu = 0 such that u(X) = a)l)f (S) is e-approximable for every ¢ € (0, 1) in the sense
of Theorem 1.1 with the e-approximability constants depending only on structural
constants and €. Then wy, € Asoc(0).

In particular, by Theorems 1.1 and 5.1, e-approximability of the subclass of solu-
tions u to Lu = 0 in Theorem 5.1 is equivalent with e-approximability of all solutions
u to Lu = 0 (and hence, it is equivalent with the other conditions in Corollary 1.3).

The proof of Theorem 5.1 is based on the proof of [11, Theorem 1.1], which itself
is based on the techniques used in [48, 49]. The key idea is the following. We fix a
cube Qg and a Borel set F C Qg and we build a suitable solution u = u r associated
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to F such that u oscillates a significant amount. We then use this oscillation to control
the L' norm of the gradient of an e-approximator of u from below near Qy for a very
small &. The L!-type Carleson measure estimate of the -approximator then allows us
to verify the w; € Ax (o) condition.

For the proof of Theorem 5.1, we need some definitions and notation from [11].
For clarity, we adopt most of the notation as it is from [11]. We define the following
fattened version of the Whitney regions Ugp and a “wider” version of the truncated
dyadic cone:

. n A
Upp= |J Up. and T}, @)= ] Ug,p-
0'eDg 0€Dg,
£(QN>1*L(Q) O3x

The main difference between our approach and the proof of the implication “CME
— Ay’ in [11] is the following lemma which is a modification of [11, Lemma
3.10]:

Lemma 5.2 Thereexiste € (0, 1),0 < n <K 1, depending only on structural constants,
and ag € (0,1), C, > 1, both depending on structural constants and on 1, such
that for each Qo € D, for every a € (0, ag), and for every F C Qg satisfying

X X
w; QF) < aw; 20 (o), there exists a Borel set S C Qg such that if u(X) = 0¥ (S)
and ® = ®¢ is an e-approximator of u, then

//1“” . IVOX)|§(Y)™"dY > Cﬂ_1 log(a_l), foreachy € F.
0y

Before proving Lemma 5.2, let us see how it gives us Theorem 5.1.
Proof of Theorem 5.1 Following [1 11°, we show that for each B € (0, 1), there exists

o € (0, 1) such that for every Q¢ € D and every Borel set F C Qq, we have that

XQO
o B, o) g, 5.3)
;. (Qo) o(Qo)

where the constants @ and § are independent of the choice of the dyadic system D.
This is a dyadic version of the A (o) condition. Although it looks different than
Definition 2.31, the conditions are equivalent since we consider doubling measures
(see, for example, [27, Chapter IV, Theorem 2.11]) and the constants are independent
of the system D (see [11, pp. 16] or use adjacent dyadic techniques [44, 46]).

Fix g € (0, 1) and Q¢ € D. Moreover, fix n € (0, 1) small enough, and constants
e, &, and C, as in Lemma 5.2. Let F C Qy satisfy ) (F) < aw)°(Qo) with
a € (0, ap). We now use Lemma 5.2 to see that there exists S C Qg such that if ®¢

6 Although the results of [11] are stated only for n > 2, the proof of “(a) = (b)” in [11, Theorem 1.1]
works for a large part also for n = 1; see [26].
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is an e-approximator of u(X) = a)i( (S), then
C; M oga ™o (F) < / // IVOE(V)|8(Y) ™" dY do(y) < Cn~>"o(Qo).
FJJITY ()
Qo

where the last estimate follows by Fubini’s theorem and property ii) of e-
approximability in Theorem 1.1 (see [11, pp. 15-16] for more details). We may then
choose « small enough depending on f so that (5.3) holds. O

We turn to the proof of Lemma 5.2. For this, we need the following machinery:

Definition 5.4 Let Qg € D be a dyadic cube, u a regular Borel measure on Qy,
F C Qg beaBorel set, g > 0, and k € N be fixed. We say that a collection of nested
Borel subsets {Og}’tle of Qg is a good €g-cover of F of length k for p if

@ FCO,CcOr1C---CcOycO1 C Qo,

(b) O =, Qf for disjoint subcubes Qf € Dg,,

(©) u(O¢nN Qf_l) < eou(Qf_l) for every i and every 2 < ¢ < k.

Lemma 5.5 ([11, Lemma 3.5]) Fix Qo € D and suppose that € € (0, %). If F C Qo
is a Borel set such that wfgo (F) < awfgo (Qo) for o € (0, eé/C’), then there exists
a good €y-cover of F of length k ~ % for wao_ Here C' depends only on the
constant C of Lemma 2.37.

Let Qo € D be a fixed cube and F C Qg be a fixed subset such that a)XO(F) <

aa)LO(Qo) for a small enough. For each 0 € D, we let Q € D be the unique dyadic
cube such that xp € Q and K(Q) = nl(Q) for n > 0 a small enough parameter to be
determined later. Fix ¢p > 0 small enough. Let {0}k 71— be a good €p-cover of F given
by Lemma 5.5. We set

k
O =U éf and S:=U(5j,1\(9j.
i j=2

By the nestedness of the sets O, we have 1g = Zl;_z 15, N, We define the
- J— J
nonnegative solution u:=ur: Q2 — Rto Lu =0 as

k
u(X) = /M2 1) dof (1) = 0X(8) = Y 0f @1\ 0.
j=2

We have the following lower oscillation bound:
Lemma 5.6 ([11, Lemma 3.24]) There exists a structural constant co > 0 such that if
n and €y = €o(n, co) are small enough, then foranyy € F andany 1 <1 <k — 1,
there exist dyadic cubes Qﬁ and Pl.l such that
u(Xg) —uXp)| = co,
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where Qﬁ is the unique cube (in O;) such that y € Qé, Pil € DQﬁ is the unique cube
such that y € Pl and Z(P ) = nZ(Q ), Ql and Pl are defined as we did after Lemma
5.5and X 0! and X plare corkscrew points relative to x 0! at scale aj Z(Q ) and relative

to Xpl at scale alﬂ(P ), respectively.

With the help of Lemma 5.6, we can now prove Lemma 5.2:

Proof of Lemma 5.2 The proof is a straightforward modification of the proofs of [11,
Lemma 3.10] and [37, Lemma 4.14]. Letus fix y € Fandl € {1,2,...,k — 1}. We
borrow the notation from Lemma 5.6, and set ¢ = ¢(/4. By adjusting the construc-
tion parameters for the Whitney regions in Sect.2.3, we may assume that there exist
Whitney cubes 1 o and / P! such that’

)A(Qi € Iéf c@ +‘C)Ié§ C Uéi and f(ﬁ/ € Ii;iz cQ +‘C)113“il - Ui;il. 5.7
Since £(0}) = n€(Q}) and £(P!) = ne(P}) = n*¢(Q}). In particular, since n < 1,

we have Uéf’ U,;i/ - UQHS
Since P is a %O-approximator of u, Lemma 5.6 gives us
—o(X

co < u(X

u(X ) —u(Xp)l <

g )| + ‘d>()?@p—d>(>?,sp

+ ‘d)(f(;,l]) - u()A(ﬁIl)

€0

<=+ ’<I>(f(@v_) —o(Xp)|.

By (5.7), we know that the points )A(@ and )A(ﬁz are well inside Uy 3 in the sense
that dist(f(;,iz, aUQf,rr*) ~ dist()A(Qﬁ, BUQLU3) ~ Z(Qf.). Since diam(UQﬁ,rﬁ) Ay
E(Qf) and U ol satisfies the Harnack chain condition by Lemma 2.18, there exists
a chain of N = N(»n) balls By, B>, ..., By such that
@) )2@1_ c Bl,)}ﬁz € Byand BN B #@forevery j =1,2,...,N — 1,

(ii) the r?dii of the balls B are comparable to E(Qg), deApending on 71 and co,
(i) |@(Xg) — ®(X)| < ¢ forevery X € By and |®(Xp1) — ®(Y)| < ¢ for every
Y e BN,

(iv) foreach j =1,2,..., N — 1, there exists a cylinder €; connecting B; to B
such that B; U Bj11 C €; C Uy 3, the cylinders have bounded overlaps and

€] ~, L@,

where the bound (iii) follows from properties of e-approximators (see property iii) in
Theorem 1.1). Then

12X 50 — @(Xp)l

7 In Sect.2.3, we constructed the Whitney regions U in such a way that we know that a corkscrew point

relative to x¢ at scale IO*SaOE( Q) belongs to Ug. Corkscrew points of the type X o are also relative to
X but they are at scale a1 £(Q).
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. N—1 . .
< # |O(Xg) — D(X)[dX + Y ‘76[ O(X)dX — ﬁ[ tD(X)dX’ + 7§[ |D(X) — d(Xp)|dX
By ! = Bj Bjt1 By !
co N—-1 . .
<24 @de—# d(X)dX|,
. ;M{; Wdx = ff o) |

and furthermore, by Poincaré inequality and properties of the Whitney regions and
cylinders €, we have

‘76[ d)(X)dX—# q>(X)dX(
Bj Bj+i
=‘7§/ d)(X)dX—# @(X)dx+7¢ CD(X)dX—# ®(X)dX
Bj ¢ < Bj+1
/
<, # ‘dD(X)— 7§[ CD(Y)dY‘dX <, E(Q")// IV (X)|dX
(O ¢; |€J| ¢;

S // IVO(X)[8(X)™"dX,
¢;

for every j = 1,2,..., N — 1. Combining the previous estimates and using the
bounded overlaps of the cylinders then gives us

N-—1
(&) —n
75 ,2_1: )7%] d(X)dX — 7%% dD(X)dX‘ <y //U IVOX)[8(X)"dX.

Qfﬂ3

Finally, we sum over [ and use Lemma 5.5, the bounded overlaps of the regions
Uyl 0 and the structure of Fg, to get

i

k—1
1 —1
082~ %% -1g, Z// VO (X)[8(X) ™" dX
4 loge 4 1=1 M Ugyl 3
S //n VO (X)I8(X)™"dX,
o)
which proves the claim. O

6 Proof of Theorem 1.5
With the help of the tools from the previous sections, we can now prove Theorem 1.5.

The proof is an adaptation of the corresponding proof from [37] (which itself uses
some core ideas of Varopoulos [59, 60] and Garnett [28]).
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Proof of Theorem 1.5 Let f € BMO,(92) and D be adyadic systemon 9. By Lemma
10.1 and Remark 10.3 in [37], we know that

f=r+sg. (6.1)

where fo € L*(9) with || follz<pe) S I fllBmo and g = Z,’ ajlg;, for a col-
lection of dyadic cubes A:={Q;}; C ID satisfying a Carleson packing condition with
Ca < 1 and coefficients o satisfying sup; |e;| S I f lBmMoe)- By [37, Proposition
1.3], there exists an extension G of g in €2 that satisfies the corresponding versions of
the properties (1)—(3) in Theorem 1.5. Thus, it is enough to construct the extension
for the function fj in the decomposition (6.1).

Construction of the extension for fj follows the proof of [37, Theorem 1.2]. We
repeatedly use Lemma 3.3 to solve boundary value problems for L with updated data
and Theorem 1.1 to take smooth %-approximators (that is, e-approximators for & = %)
for the corresponding solutions and to take their a.e. non-tangential boundary traces.
The idea is that a suitable approximator is a Varopoulos-type extension plus an error
term and we can keep on halving the size of the error term through iteration.

We start by taking the solution ug to the boundary value problem with data fj,
satisfying uo(X) = fasz fodwX. We then take the %-approximator ®( to ug. This
approximator has an a.e. non-tangential boundary trace ¢o. By Theorem 1.1, these
functions satisfy [lug — ol < 3 lluollLo@) < 31l follL~(@g), and

sup // [VOo(Y)|dY < CIIMOIILOO(Q) < C||f0||L°°(8SZ)
x€aQ2, r>0 rh B(x,r)N

We set f1:= fo — ¢o which is the a.e. non-tangential boundary trace of ug — ®o. We

take the solution u| with the data f, satisfying u1(X) = [, f1 dw*. This solution
satisfies

lutllzo@) < Ifillzepe) < lluo — PollLew < 3luollo@) < 3l follL@e).,

and thus, we can take a %-approximator @ of uy, with boundary trace ¢;. We get

1 1
lur = @1lizeo@) < lluillLeo@ < zlluollLe),

and

sup // VI )1dY = Tl < 5 1 follueia.
x€a2, r>() r B(x,r)NQ

We set f:=f1 — @1 = fo — @0 — ¢1, and continue in the previous way. This gives
us a sequences of solutions u; and their %—approximators ®. The functions u; and
@ have a.e. non-tangential boundary traces f; and ¢y, respectively, and we have

() fir1 = fo— 5o i,

(i) [ fir1llzome) < lux — Prlle@) < 275 Huollzeo@) < 275 follLeoe).
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i) fluxllo@) < I filzeea) <2 lluolle @), ~
(V) supean -0 77 [rng IVPkMIAY < CllugllL=@) < C27¥lugll (0, and
W) Pl < 27 luollL@)-
Property (v) follows from the properties (ii) and (iii) combined with the fact that
Prisa %-approximator of uy. By this property, we can define a uniformly convergent
series

D(X):= ) Dp(X),

k=0

for X € Q. Let Fy be a version of & that has been smoothened using similar convo-
lution techniques as in the proof of Lemma 4.28 (see [37, Sect. 3] for details). By the
arguments in the proof of [37, Theorem 1.1], Fj is an extension of fj that satisfies the
properties (1)—(3) in Theorem 1.5. Thus, by the decomposition (6.1), we may define
the extensions F in Theorem 1.5 by setting F:=Fp + G. This completes the proof. O

7 An Example in R3

In this section we construct a three-dimensional version of the example provided in
Corollary 1.7. That is, we show there is a domain € in R3 whose boundary is not
rectifiable and such that every function f € BMO(9£2) has a Varopoulos extension in
Q.

To define €2, denote by E the 4-corner Cantor set in R2. That is E = ﬂ,fio Eg,
where Ej equals the union of 4% closed squares Qf? of side length 4~ located in the
corners of the squares Qlj‘._1 of the previous generation (see [17, Sect. 3] for the precise

definition). We assume that the center of Eg = Q(l) coincides with the origin in R2,
We consider the half-plane IT = {(x, y) e R : y > —2} and we set V = IT\ E. We
also write L = 9IT = {(x, y) € R? : y = —2}. Then we define @ = V x R. Itis
straightforward to check that both V and €2 are uniform domains.

Notice that 3V = E U L is 1-Ahlfors regular, while 02 = (E UL) x R is 2-
Ahlfors regular. In fact, the purpose of introducing the half plane IT and the line LL in
this previous construction is to ensure the 2-Ahlfors regularity of 9<2. It is also clear
that £ x R is purely 2-unrectifiable (since this set has no approximate tangent planes
at any point).

Let A be the 2 x 2 matrix in the David—-Mayboroda example in Theorem 1.6, let

L = —div AV be the associated elliptic operator in R?, and let
A AQ
A= ( . 1) |
Set L = —div A V in R3. Below we will show that wj o € Acc(0), where o is the

surface measure on 9 2. Consequently, by Theorem 1.5, every function f € BMO(9€2)
has a Varopoulos extension in 2.
First, we prove the following.
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Lemma7.1 We have that w1 v € AOO(H1|3V). Further, there is a constant C > 0
such that for any surface ball A C 0V and any corkscrew point p € V for A,

du)L v

(x

C
T oy ) < ") foreach x € A. (7.2)

Proof It is clear that the estimate (7.2) implies the local A, condition of w; = wy .
First we will show that, for any p € I,

p p
de,n da)_AqH

m(x) =< Cm(x)s (7.3)

where wr, 11 stands for the L-elliptic measure for the domain IT, and w_a 17 is the
harmonic measure (i.e. for the Laplacian) for the domain IT. To this end, we consider
the auxiliary domain U = IT\ B, Where we denoted B, = B(0, r). Observe that A
is the identity matrix on U, and thus a)L U= =¥ Zayforall X € U.Let F C L be an
arbitrary closed subset, and let ¢ € 9 B3> be such that

q
w F)= max o F
Ln(F) = max ofn(P).

Since a)i (F) is a harmonic function of x in U, we have

o g (F) = /d oty ()

=/Lw,’f’n(F)dw‘iA’U(X)+/B o) n(F)do? , ,(X)

<o’y y(F) + sup of (Mo’ ;@B).
XedB;

By the maximum principle and the definition of g, we have

sup wf’n(F) < sup a)L n(F) = a)L q(F).
XeoBy X€oB3)

Also, it is immediate that cB::a)ZA’U(B B1) < 1. Hence,
w‘[]"n(F) = wq_A’U(F) +cB a)(II‘,H(F),

or equivalently, ! L1 (F) < (1—cp) 'o? AU (F). By a Harnack chain argument we
deduce that a)L,H(F) < ")—A,U(F) = a)L’U(F) for all p € 9B3/2, and then by the
maximum principle, it follows that the same estimate is valid for all p € IT\ B3 /2-
Using again the maximum principle, we get, for all p € IT\ B3z,

wi,n(F) 5w€A,U(F) = wa’n(F)'

@ Springer



The Axo Condition, e-Approximators in Uniform Domains Page49of 53 218

Since a)i’ o (F) and o’ A,y (F) are, respectively, elliptic and harmonic in B3>, by a
Harnack chain argument it follows that the estimate above also holds for all p € B3/,
possibly with a different implicit constant. This is equivalent to (7.3).

To prove (7.2), let B be a ball centered in 0V such that A = B N 9<2 and consider
an arbitrary closed set F C A.Let p € BNV be a corkscrew point for A. By the
maximum principle and by (7.3),

HY(FNL)
o] y(FNL) <] n(FNL) S’ n(FNL) < VTN

where in the last estimate we used that dﬁf T(x) <o(A) ! forall x € A. Indeed,
if F NIL = &, then there is nothing to show; 1f B is centered on L, this follows from
Ahlfors regularity of dV and classical properties of the harmonic measure, and if B
is centered on E and there exists z € F N L, then if B’ = B(z,rad(B)) and p’ is a

corkscrew point for B’ in V, then by Harnack chains we have that ” AanFnN L) ~

w? /A n(F N1IL), and the claim follows as in the previous case.

To estimate w” L.y (FNE), weassume that BNE # & and we distinguish two cases.
Suppose first that 7 (B), the radius of B, satisfies r(B) < 1. Denote Xg = (0, 2) and
let B’ be aball centered in E containing B with radius at most 2r (B).By the maximum

principle, the change of poles formula, and the fact that L E‘ (x) 1 (by Theorem
1.6), we obtain

wL Et(FﬂE) HY(FNE) - HYFNE)
a)L (B T HU(B'NE) H(A)

wf!V(F NE) < wi’E(.(F NE)~

In the case r(B) > 1, recall that By = B(0, 1), and then using the change of poles
formula and the maximum principle, we write

of y(FNE)~ w5 (FNE) o} (B) <)% (FNE) o} ,(B)) ~H (FNE)o} ,(B).

To estimate a)z v (B1), consider a ball B; of radius 1 centered in L, disjoint from
E, and contained in 4B;. We claim that

wf’V(Bl) ~ wy y(BY). (7.4)

Indeed, if p ¢ 8B, then (7.4) follows directly from Lemma 2.37. On the other
hand, if p € 8By, then denote p’ = (0, 16) and note that §(p) > 1, §(p’) > 8, and
|p — p’| < 24.Then, by the Harnack inequality, Harnack chains, and Lemma 2.37, the
estimate (7.4) follows. Next, by the maximum principle, (7.3), and Ahlfors regularity,
we get

H'(BNL) 1
HI(A) HI(A)

w][j,v(Bi) = a)i,n(Bi) 5 wZA’n(Bi) 5
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Therefore, again we derive

HY(FNE)

PO(FNE) < ————2
a)L,V( ) S HI(A)
Altogether, we deduce that

HI(F)
HI(A)

w] y(F) =] ,(FNL) + ] ,(FNE) S

for any closed set F' C A, which is equivalent to the statement in the lemma, by the
Lebesgue—Radon—Nykodim Theorem. O

Now we are ready to prove the A property of the elliptic measure w; for the
three-dimensional domain 2:

Proposition 7.5 The elliptic measure w; for the domain Q C R? defined above satis-
fies the A condition with respect to H2|3Q. Further, there is a constant C > 0 such
that for any surface ball A C 92 and any corkscrew point p € Q for A,

do’
L

C
e " = H2ay

foreach x € A. (7.6)

Proof Let B be a ball with radius r(B) centered in 92 such that A = B N Q.
Clearly, to prove the A, condition for w;, it suffices to show (7.6). In turn, since Lis
symmetric, by a direct application of Lemma 2.38 and the Lebesgue—Radon—Nykodim
Theorem, it is enough to prove that

dist(X, 9R)
G (X,p) < ———
1 X.p) S +(B)2

1
forallX e BN\ B(p, 3 dist(p, 02)), (7.7)
where G is the L-Green function for Q.
Denote by P the orthogonal projection of R3 onto R? = R? x {0}. Let pg = P(p)
and consider the function u : @\ P~'({po}) — R defined by

u(X) = GL(P(X), P(p)) = GL(P(X), po),

where G is the Green’s function for L in the domain V = P(2). It is immediate to
check that u is i-elliptic inQ2\ P~ '({po}), and clearly it can be extended continuously
by zero to the whole Q2. Thus, by the boundary Harnack principle, choosing p’ €
dB(p, % dist(p, 32)) such that P(p') € dB(po, % dist(p, 3R2)) N R2, we have

GiX.p) _uX) _ GL(P(X), po)
Gi(p',p)  u(p’)  GL(P(P), po)

1
forallX € BNQ\ B(p. 5 dist(p. 9)).
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Thus, for such points X and by (2.33) and (2.34) applied both to G; and G,

G;(X,p) _ GL(P(X), po)
lp' = pl~! 1 '

Thus, by Lemma 2.38 applied to G 1, v, Harnack chains, and the Harnack inequality,
we see that

Gry(P(X), po) _ @ y(Avx)
r(B) T B

G;(X,p)~ , (7.8)

where Ay x = B(P(X),2dist(P(X), dV)). From (7.2) we infer that

HY Ay x) _ dist(X, 09Q)
HI(P(B)N3V)  r(B)

wz(,)V(AV,X) < (7.9)

From (7.8) and (7.9), we deduce (7.7), which concludes the proof. O
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