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Computing Efficiently a Parity-Check Matrix
for Zps-Additive Codes

Cristina Fernández-Córdoba , Adrián Torres-Martín , Carlos Vela , and Mercè Villanueva

Abstract— The Zps -additive codes of length n are subgroups
of Zn

ps , with p prime and s ≥ 1. They can be seen as a
generalization of linear codes over Z2, Z4, or more general
over Z2s . In this paper, we show two methods for computing
a parity-check matrix of a Zps -additive code from a generator
matrix of the code in standard form. We also compare the
performance of our results implemented in Magma with the
current available function in Magma for linear codes over finite
rings in general. Complementing this comparison, we also show a
time complexity analysis of the algorithms. The rings Zps belong
to a more general class of rings: finite chain rings. Along the
paper, we observe that the same results can be applied to any
linear code over a finite commutative chain ring.

Index Terms— Additive code, chain ring, parity-check matrix,
performance, time complexity.

I. INTRODUCTION

LET R be a finite commutative ring with identity. The
ring R is called a chain ring if all its left (right) ideals

form a unique chain under inclusion. It is well known that if
R is a finite chain ring, then R is a principal ideal ring and it
has a unique maximal ideal ⟨γ⟩. Its chain of ideals is

⟨0⟩ = ⟨γs⟩ ⊊ ⟨γs−1⟩ ⊊ . . . ⊊ ⟨γ⟩ ⊊ R.

The integer s is called the nilpotency index of ⟨γ⟩.
Let Zps be the ring of integers modulo ps with p prime and

s ≥ 1. The set of n-tuples over Zps is denoted by Zn
ps . In this

paper, the elements of Zn
ps will also be called vectors. The
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order of a vector u over Zps , denoted by o(u), is the smallest
positive integer m such that mu = 0. Note that Zps is a chain
ring with the unique maximal ideal ⟨p⟩ and nilpotency index s.

A code over Zp of length n is a nonempty subset of Zn
p ,

and it is linear if it is a subspace of Zn
p . Similarly, a nonempty

subset of Zn
ps is a Zps -additive if it is a subgroup of Zn

ps .
Note that, when p = 2 and s = 1, a Zps -additive code is
a binary linear code and, when p = 2 and s = 2, it is a
quaternary linear code or a linear code over Z4. Zps -additive
codes were first defined as p-adic codes in [8]. Let C be a
Zps -additive code of length n. Since C is a subgroup of Zn

ps ,
it is isomorphic to an abelian group Zt1

ps × Zt2
ps−1 × · · · ×

Zts
p , and we say that C is of type (ps)t1(ps−1)t2 . . . pts or

briefly (n; t1, . . . , ts). It is clear that a Zps -additive code of
type (n; t1, . . . , ts) has pst1+(s−1)t2+···+ts codewords. These
codes have been considered and studied for example in [6],
[7], [9], [14], [16], [18], [19], and [21].

In general, Zps -additive codes are not free as submodules of
Zn

ps (they are free only when t2 = · · · = ts = 0), which means
that they usually do not have a basis, that is, a generating
set consisting of linearly independent vectors. However, there
exists a set of codewords S = {u(j)

i | 1 ≤ j ≤ s, 1 ≤ i ≤
tj} ⊆ C, where o(u(j)

i ) = ps−j+1 for all i and j, satisfying
that any codeword in C can be expressed uniquely in the form

s∑
j=1

tj∑
i=1

λ
(j)
i u(j)

i , (1)

for λ
(j)
i ∈ Zps−j+1 . The matrix whose rows are the codewords

in S is a generator matrix of C having a minimum number of
rows, that is, t1 + · · ·+ ts rows.

The inner product of u = (u1, . . . , un) and v =
(v1, . . . , vn) in Zn

ps is defined as u · v =
∑n

i=1 uivi ∈ Zps .
Then, if C is a Zps -additive code of length n, its dual code is

C⊥ = {v ∈ Zn
ps | u · v = 0 for all u ∈ C}.

In [8], it is proved that if C is a Zps -additive code of type
(n; t1, . . . , ts), then C⊥ is a Zps -additive code of type (n; n−
t, ts, ts−1, . . . , t2), where t =

∑s
i=1 ti.

Let C be a Zps -additive code with generator matrix G.
A matrix H is a parity-check matrix of C if it is a generator
matrix of its dual code C⊥. In this sense, the code C can be
generated from H by computing all the orthogonal vectors to
it, that is,

C = {v ∈ Zn
ps | HvT = 0}.
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A parity-check matrix H holds that GHT = (0), which
is a crucial property that plays the main role in syndrome
decoding. It can be used to correct errors but also to correct
erasures, since it provides a linear system of equations that
can be solved to recover the sent information.

Two codes C1 and C2 over Zp of length n are said to
be monomially equivalent (or just equivalent) provided there
is a monomial matrix M such that C2 = {cM | c ∈ C1}.
Recall that a monomial matrix is a square matrix with exactly
one nonzero entry in each row and column. They are said to
be permutation equivalent if there is a permutation matrix P
such that C2 = {cP | c ∈ C1}. Recall that a permutation
matrix is a square matrix with exactly one 1 in each row and
column and 0s elsewhere. Let Sn be the symmetric group
of permutations on the set {1, . . . , n}. A permutation matrix
represents a permutation of coordinates, so we can also say
that they are permutation equivalent if there is a permutation
of coordinates π ∈ Sn such that C2 = {π(c) | c ∈ C1}.
Similarly, two Zps -additive codes, C1 and C2, of length n
are said to be permutation equivalent if they differ only by
a permutation of coordinates, that is, if there is a permutation
of coordinates π ∈ Sn such that C2 = {π(c) | c ∈ C1}.

Let Idk be the identity matrix of size k × k. In [15], it is
shown that any quaternary linear code of type (n; t1, t2) is
permutation equivalent to a quaternary linear code with a
generator matrix of the form

G =
(

Idt1 R S
0 2Idt2 2T

)
, (2)

where R and T are matrices over Z4 with all entries in
{0, 1} ⊂ Z4, and S is a matrix over Z4. In this case, we say
that G is in standard form. In the same paper, it is shown that
if the generator matrix G of a quaternary linear code C is as
in (2), then a parity-check matrix of C can be computed as
follows:

H =
(
−(S + RT )T TT Idn−t1−t2

2RT 2Idt2 0

)
. (3)

In [8], a generator matrix in standard form for Zps -additive
codes is given as a generalization of matrix (2) for quaternary
linear codes. Specifically, if C is a Zps -additive code of
type (n; t1, . . . , ts), then C is permutation equivalent to a
Zps -additive code C′ generated by a generator matrix G in
standard form, that is, of the form

Idt1 A1,2 A1,3 · · · A1,s A1,s+1

0 pIdt2 pA2,3 · · · pA2,s pA2,s+1

0 0 p2Idt3 · · · p2A3,s p2A3,s+1

...
...

...
. . .

...
...

0 0 0 · · · ps−1Idts ps−1As,s+1

 , (4)

where Ai,j are matrices over Zps for all 1 ≤ j ≤ s and
1 ≤ i ≤ s + 1− j. In [8], it is also shown that a parity-check
matrix H for C′ is of the form

H1,1 H2,1 H3,1 · · · Hs,1 Idn−t

pH1,2 pH2,2 pH3,2 · · · pIdts 0
...

...
...

... 0 0
ps−2H1,s−1 ps−2H2,s−1 ps−2Idt3 · · · 0 0
ps−1H1,s ps−1Idt2 0 · · · 0 0

 ,

(5)

where the column blocks have the same size as in (4).

In this paper, we show how to construct a parity-check
matrix of a Zps -additive code from a generator matrix in
standard form, as a generalization of matrix (3) for quaternary
linear codes. This paper is organised as follows. In Section II,
we describe two methods to obtain a parity-check matrix, one
is based on the computation of block-minors of an associated
matrix to the generator matrix of the Zps -additive code in
standard form, and another one is based on computing the
block-minors in a recursive way using previous computed
matrices. In Section III, we describe algorithms for both
methods. We also compare the computational time of an
implementation of these algorithms in Magma, for some values
of the parameters, together with the implementation given by
a function in Magma that works for any linear code over a
finite ring. Finally, in Section IV, we give some conclusions
and future research on this topic.

II. COMPUTATION OF A PARITY-CHECK MATRIX

In this section, we present two different approaches to
construct a parity-check matrix for Zps -additive codes from
a generator matrix in standard form (see Theorems 1 and 2).
First, we present some results on the computation of determi-
nants for square matrices with a certain structure.

Let A = (ar,s)1≤r,s≤n be a square n×n matrix. It is well-
known that the determinant of A can be computed as

|A| =
∑

σ∈Sn

sgn(σ)
n∏

h=1

ah,σ(h), (6)

where sgn(σ) is the parity of σ. If A is a square n×n matrix
of the form

a1,1 a1,2 · · · a1,n−1 a1,n

1 a2,2 · · · a2,n−1 a2,n

0 1 · · · a3,n−1 a3,n

...
...

. . .
...

...
0 0 · · · 1 an,n

 , (7)

then we can improve the equation given in (6) for the deter-
minant of A computing the additions of the products that
do not consider any element under the diagonal with ones.
Therefore, we just need to consider permutations σ ∈ Sn such
that σ(h) ≥ h − 1 for all h ∈ {1, . . . , n}. Moreover, we can
avoid multiplying by one by considering only the products of
elements ai,j with j ≥ i. In order to write this more formally,
we introduce the following definitions.

Definition 1: Let Ŝn = {σ ∈ Sn |σ(h) ≥ h − 1
for all h ∈ {1, . . . , n}}, and Jσ = {h1, . . . , hr} = {h ∈
{1, . . . , n} | σ(h) ≥ h}. Note that Jσ is not empty, since
σ(1) ≥ 1 for any σ ∈ Ŝn. We consider the elements in Jσ

ordered, i.e., h1 < h2 < · · · < hr.
Proposition 1: Let A be a matrix as in (7). Then, the

determinant of A is given by

|A| =
∑

σ∈Ŝn

sgn(σ)
∏

h∈Jσ

ah,σ(h),

where Ŝn and Jσ are as in Definition 1.
Proof: Straightforward from (6) and Definition 1.
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Example 1: Consider the matrix A as in (7) with n = 3,
that is,

A =

 a1,1 a1,2 a1,3

1 a2,2 a2,3

0 1 a3,3

 .

In this case, we have that S3 = {Id, (1, 2), (1, 3), (2, 3),
(1, 2, 3), (1, 3, 2)} and Ŝ3 = {Id, (1, 2), (2, 3), (1, 3, 2)}.
Then, JId = {1, 2, 3}, J(1,2) = {1, 3}, J(2,3) = {1, 2}, and
J(1,3,2) = {1}. Therefore,

|A| = a1,1a2,2a3,3 − a1,2a3,3 − a1,1a2,3 + a1,3.

Now, we give an alternative expression for the computation
of the determinant of a matrix A as in (7) by using the minors
of the diagonal of A.

Definition 2: Let A = (ar,s)1≤r,s≤n be a square n × n
matrix. The i-th minor of the diagonal of A of order j, denoted
by Oi

j , is the determinant of the i-th submatrix of size j in
the diagonal of A, that is,

Oi
j = |(ar,s)i≤r,s≤i+j−1|.

We consider that Oi
0 = 1 for all i ≥ 1. Note that Oi

1 = ai,i

and O1
n = |A|.

Proposition 2: Let A be a matrix as in (7). Then, the
determinant of A is given by

|A| = O1
n =

n∑
k=1

(−1)k−1a1,kOk+1
n−k,

where Oi
j is the i-th minor of the diagonal of A of order j.

Proof: Using the Laplace expansion on the first column,
the determinant |A| can be calculated as follows:

|A| = a1,1O
2
n−1 − |A′n−1|,

where

A′n−i =


a1,i+1 a1,i+2 · · · a1,n−1 a1,n

1 ai+2,i+2 · · · ai+2,n−1 ai+2,n

0 1 · · · ai+3,n−1 ai+3,n

...
...

. . .
...

...
0 0 · · · 1 an,n

 .

We can repeat this process with A′n−1 obtaining |A| =
a1,1O

2
n−1 − a1,2O

3
n−2 + |A′n−2|, and so on so forth until we

have

|A| =
n∑

k=1

(−1)k−1a1,kOk+1
n−k.

Corollary 1: Let A be a matrix as in (7). Then,

Oi
j =

i+j−1∑
k=i

(−1)i−kai,kOk+1
i+j−1−k, (8)

where Oi
j is the i-th minor of the diagonal of A of order j,

for all 1 ≤ i ≤ n and i ≤ j ≤ n.
From now on, we consider block-matrices, that is, matrices

whose entries are submatrices instead of scalars. Indeed,
we first define the reduced associated matrix GRA of a
generator matrix G in standard form, which is a block-matrix.

Definition 3: Let G be the generator matrix of a
Zps -additive code C in standard form, that is, as in (4). The
reduced associated matrix GRA of G is the matrix

GRA =


A1,2 A1,3 · · · A1,s A1,s+1

Idt2 A2,3 · · · A2,s A2,s+1

0 Idt3 · · · A3,s A3,s+1

...
...

. . .
...

...
0 0 · · · Idts As,s+1

 . (9)

In general, a blockwise determinant of a square block-
matrix, computed by performing multiplications and additions
of blocks, is not well-defined due to the noncompatibility of
the different dimensions of each block and the fact that the
product of matrices is noncommutative. However, we propose
a notion of determinant, called block-determinant, for any
block-matrix of the form as in (9), by defining an analogous
expression to the one given in Proposition 1. Since the block-
submatrices (Ar,s+1)i≤r,s≤i+j−1 are also in the form of (9),
we can also provide a notion of block-minors of the block-
diagonal of GRA, analogous to the minors Oi

j described in
Definition 2. Then, we give an analogue of Proposition 2 to
obtain another expression to compute these block-minors.

Definition 4: Let A be a block-matrix as in (9). The
i-th block-minor of the block-diagonal of A of order j,
denoted also by Oi

j , is the block-determinant of the
i-th submatrix of size j in the block-diagonal of A, that is,

Oi
j = |(Ar,s+1)i≤r,s≤i+j−1|

=

∣∣∣∣∣∣∣∣∣∣∣

Ai,i+1 Ai,i+2 · · · Ai,i+j−1 Ai,i+j

Idti+1 Ai+1,i+2 · · · Ai+1,i+j−1 Ai+1,i+j

0 Idti+2 · · · Ai+2,i+j−1 Ai+2,i+j

... 0
. . .

...
...

0 . . . 0 Idti+j−1 Ai+j−1,i+j

∣∣∣∣∣∣∣∣∣∣∣
=
∑
σ∈Ŝj

sgn(σ)
∏

h∈Jσ

Ai+h−1,i+σ(h), (10)

where Ŝj and Jσ are as in Definition 1.
The following results are used to show that the products

in (10) are well-defined.
Remark 1: Let σ ∈ Ŝj and h ∈ {1, . . . , j}. Then,
1) σ(h) = h− 1 if h ̸∈ Jσ ,
2) σ−1(h) ≤ h + 1.
Lemma 1: Let σ ∈ Ŝj and Jσ = {h1, . . . , hr}. Then, for

any k ∈ {1, . . . , r − 1}, hk+1 = σ(hk) + 1.
Proof: First, we see that σ(hk)+1 ∈ Jσ . Assume σ(hk)+

1 ̸∈ Jσ . By Remark 1-1, we have that σ(σ(hk)+1) = (σ(hk)+
1) − 1 = σ(hk). Therefore, since σ is a one-to-one map,
σ(hk)+1 = hk, that is, σ(hk) = hk−1 which is not possible
because hk ∈ Jσ . Therefore, σ(hk) + 1 ∈ Jσ , and the result
follows if we prove that {hk + 1, . . . , σ(hk)} ∩ Jσ = ∅.

Consider i ∈ {1, . . . , hk − 1}. By Remark 1-2, σ−1(i) ≤
i + 1 ≤ hk. If σ−1(i) = hk, then σ(hk) = i ≤ hk − 1 which
is not possible since hk ∈ Jσ . Therefore, σ−1(i) ≤ hk − 1.
Since there are hk − 1 different values of both σ−1(i) and
i ∈ {1, . . . , hk−1}, we have that σ−1(hk) ̸∈ {1, . . . , hk−1}.
By Remark 1-2, σ−1(hk) ≤ hk + 1. Thus, there are only two
possible values remaining for σ−1(hk), say hk or hk + 1.
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First, consider the case σ(hk) = hk. Since hk ∈ Jσ ,
we have seen that σ(hk)+1 ∈ Jσ and hence hk+1 ∈ Jσ . Then,
since hk and hk+1 are consecutive elements in Jσ , necessarily,
hk+1 = hk + 1 = σ(hk) + 1 and the result holds. Finally,
consider the case σ(hk + 1) = hk. In this case, hk + 1 ̸∈ Jσ.
If hk +1 = σ(hk), then clearly {hk +1, . . . , σ(hk)}∩Jσ = ∅
and we are done. If hk + 1 ̸= σ(hk), by the same argument
as before, σ−1(hk + 1) ̸∈ {1, . . . , hk − 1}. By Remark 1-2,
σ−1(hk + 1) ≤ hk + 2. Moreover, we have that σ−1(hk + 1)
cannot be hk +1 or hk, so σ−1(hk +1) = hk +2. This implies
that hk + 2 ̸∈ Jσ . This argument can be applied recursively,
obtaining {hk + 1, . . . , σ(hk)} ∩ Jσ = ∅.

Using Lemma 1, we see that all products in (10) are of the
form

Ai+hk−1,i+σ(hk)Ai+σ(hk),i+σ(hk+1),

for any k ∈ {1, . . . , r−1}. Thus, Oi
j is a well-defined matrix of

size ti×z, where z is the amount of columns that the matrices
A∗,i+j have, in this case ti+j . We consider that Oi

0 = Id for
all i ≥ 1. Note that Oi

1 = Ai,i+1.
Example 2: Let GRA be a block-matrix as in (9). By Def-

inition 1, we have Ŝ2 = {Id, (1, 2)}, JId = {1, 2} and
J(1,2) = {1}. Then, the block-minor Os−1

2 can be computed
as follows:

Os−1
2 =

∣∣∣∣ As−1,s As−1,s+1

Idts
As,s+1

∣∣∣∣
=As−1,sAs,s+1 −As−1,s+1.

Clearly, As−1,sAs,s+1 is a ts−1 × (n− t) matrix, where n is
the total amount of columns of G and t =

∑s
i=0 ti.

Similarly, taking into account the set Ŝ3 and the correspond-
ing sets of indices Jσ for σ ∈ Ŝ3, given in Example 1, the
block-minor Os−2

3 can be computed as follows:

Os−2
3 =

∣∣∣∣∣∣
As−2,s−1 As−2,s As−2,s+1

Idts−1 As−1,s As−1,s+1

0 Idts
As,s+1

∣∣∣∣∣∣
=As−2,s−1As−1,sAs,s+1 −As−2,sAs,s+1

−As−2,s−1As−1,s+1 + As−2,s+1.

In order to compute the block-minor Os−3
4 , we consider

the set of permutations Ŝ4 = {Id, (3, 4), (2, 3), (2, 4, 3), (1, 2),
(1, 2)(3, 4), (1, 3, 2), (1, 4, 3, 2)}. The corresponding sets of
indices given in Definition 1 are: JId = {1, 2, 3, 4},
J(3,4) = {1, 2, 3}, J(2,3) = {1, 2, 4}, J(2,4,3) = {1, 2},
J(1,2) = {1, 3, 4}, J(1,2)(3,4) = {1, 3}, J(1,3,2) = {1, 4}, and
J(1,4,3,2) = {1}. Then the block-minor Os−3

4 is

Os−3
4 =

∣∣∣∣∣∣∣∣
As−3,s−2 As−3,s−1 As−3,s As−3,s+1

Idts−2 As−2,s−1 As−2,s As−2,s+1

0 Idts−1 As−1,s As−1,s+1

0 0 Idts As,s+1

∣∣∣∣∣∣∣∣
=As−3,s−2As−2,s−1As−1,sAs,s+1

−As−3,s−2As−2,s−1As−1,s+1

−As−3,s−2As−2,sAs,s+1 + As−3,s−2As−2,s+1

−As−3,s−1As−1,sAs,s+1 + As−3,s−1As−1,s+1

+ As−3,sAs,s+1 −As−3,s+1.

Proposition 3: Let A be a block-matrix as in (9). Then, the
block-determinant of A is given by

|A| = O1
s =

s∑
k=1

(−1)k−1A1,k+1O
k+1
s−k ,

where Oi
j is the i-th block-minor of the block-diagonal of A

of order j.
Proof: It is easy to prove this statement by follow-

ing an analogous argument to that used in the proof of
Proposition 2.

Corollary 2: Let A be a block-matrix as in (9). Then,

Oi
j =

i+j−1∑
k=i

(−1)i−kAi,k+1O
k+1
i+j−1−k, (11)

where Oi
j is the i-th block-minor of the block-diagonal of A

of order j, for all 1 ≤ i ≤ s and i ≤ j ≤ s.
Now, we give the result that allows us to compute a

parity-check matrix using the block-minors of the reduced
associated matrix GRA of G.

Theorem 1: Let C be a Zps -additive code of type
(n; t1, . . . , ts) with a generator matrix G as in (4), and
GRA its reduced generator matrix. Then, the transpose of a
parity-check matrix H of C is as follows:

H1,1 pH1,2 · · · ps−3H1,s−2 ps−2H1,s−1 ps−1H1,s

H2,1 pH2,2 · · · ps−3H2,s−2 ps−2H2,s−1 ps−1Idt2

H3,1 pH3,2 · · · ps−3H3,s−2 ps−2Idt3 0
H4,1 pH4,2 · · · ps−3Idt4 0 0

...
...

...
...

...
...

Hs,1 pIdts 0 0 0 0
Idn−t 0 0 0 0 0


,

(12)

where t =
∑s

i=1 ti,

Hi,j = (−1)s+2−i−jOi
s+2−i−j , (13)

for all 1 ≤ j ≤ s and 1 ≤ i ≤ s + 1 − j, and Oi
k is the

i-th block-minor of the block-diagonal of GRA of order k.
Proof: Let C′ be the Zps -additive code generated by

matrix H given in (12). First, we prove that GHT = (0)
and hence C′ ⊆ C⊥. Denote Gs and Hs the matrices G and
H , respectively, corresponding to the value s. We prove that
GsH

T
s = (0) by induction on s ≥ 2. For s = 2, we have

H2,1 = −A2,3,

H1,1 = −A1,3 −A1,2H2,1 = −A1,3 + A1,2A2,3,

H1,2 = −A1,2.

Clearly,

G2H
T
2 =

(
Idt1 A1,2 A1,3

0 pIdt2 pA2,3

)
· (A1,2A2,3 −A1,3) −pA1,2

−A2,3 pIdt2

Idn−t1−t2 0

 = (0).

By induction hypothesis, we assume that GkHT
k = (0) for

every integer k ≤ s − 1. Let us decompose the matrices Gs
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and Hs in terms of Gs−1 and Hs−1:

Gs =


A1,s+1

Gs−1 pA2,s+1

p2A3,s+1

...
0 · · · 0 ps−1Idts

ps−1As,s+1

 ,

HT
s =



H1,1

H2,1

H3,1 pHT
s−1

H4,1

...
Hs,1

Idn−t 0 · · · 0


.

We can separate the product GsH
T
s in two parts. On the one

hand, we have that

Gs

(
pHT

s−1

0

)
=
(

pGs−1H
T
s−1

ps−1Idts
· pIdts

)
= (0)

by the induction hypothesis and the structure of HT
s−1. On the

other hand, we have to prove that

Gs



H1,1

H2,1

H3,1

H4,1

...
Hs,1

Idn−t


= GsH

′ = (0),

where H ′ is the matrix having the first n− t columns of HT
s .

Note that the i-th block-row of Gs is of the form

(Gs)i =
(

0 · · · 0 pi−1Idti
pi−1Ai,i+1 · · · pi−1Ai,s+1

)
for all 1 ≤ i ≤ s. Then,

(Gs)iH
′

= pi−1IdtiHi,1 +

s−i∑
j=1

pi−1Ai,i+jHi+j,1 + pi−1Ai,s+1

= pi−1(−1)s+1−iOi
s+1−i

+ pi−1
s−i∑
j=1

Ai,i+j(−1)s+1−i−jOi+j
s+1−i−j + pi−1Ai,s+1

= pi−1

[
(−1)s+1−iOi

s+1−i +

s+1−i∑
j=1

Ai,i+j(−1)s+1−i−jOi+j
s+1−i−j

]

= pi−1(−1)s+1−i

[
Oi

s+1−i −
s+1−i∑

j=1

Ai,i+j(−1)j−1Oi+j
s+1−i−j

]
,

where the second equality is given by (13) and the third one
by considering that, by definition, Os+1

0 = Id. Now, using
Corollary 2, it is easy to see that

Oi
s+1−i =

s+1−i∑
j=1

Ai,i+j(−1)j−1Oi+j
s+1−i−j .

Thus (Gs)iH
′ = (0) for all 1 ≤ i ≤ s and we conclude that

GsH
T
s = (0).

We have proven that C′ ⊆ C⊥. For the other inclusion,
we consider an arbitrary codeword c = (c1, c2, . . . , cn) ∈ C⊥
and we have to see that it also belongs to C′. The following
argument was adapted from [22, Proposition 1.2]. The first
n − t rows of H have the identity matrix in the last n − t
columns. Therefore, we can add a linear combination of these
n − t first rows to c to obtain a new codeword of C⊥ of the
form

c(1) = (c1, c2, . . . , ct, 0, . . . , 0).

Since c(1) ∈ C⊥ is orthogonal to the last ts rows of Gs,
we obtain

c(1)((Gs)s)T = c(1)(0 · · · 0 ps−1Idts ps−1As,s+1)T

= ps−1(ct1+···+ts−1+1, . . . , ct) = 0.

This means that the components ct1+···+ts−1+1, . . . , ct are all
multiples of p. The next ts rows of H , which are(

pH1,2 pH2,2 . . . pHs−1,2 pIdts 0
)
, (14)

have zero entries in the last n − t columns and pIdts
in

the previous ts columns. Therefore, we can add a linear
combination of the rows in (14) to obtain a new codeword
of C⊥ of the form

c(2) = (c1, c2, . . . , ct1+···+ts−1 , 0, . . . , 0).

Since c(2) ∈ C⊥ is orthogonal to the second to last ts−1 rows
of G, we obtain

c(2)((Gs)s−1)T = ps−2(ct1+···+ts−2+1, . . . , ct1+···+ts−1) = 0.

This means that the components ct1+···+ts−2+1, . . . ,
ct1+···+ts−1 are multiples of p2. The same argument
can be applied iteratively until we obtain the codeword of C⊥,

c(s) = (c1, . . . , ct1 , 0, . . . , 0).

Since c(s) ∈ C⊥ is orthogonal to the first t1 rows of G,
we obtain

c(s)((Gs)1)T = (c1, . . . , ct1) = 0.

Hence c(s) = 0 and c ∈ C′, since it can be obtained by a linear
combination of the rows of H . Consequently, H is a generator
and a parity-check matrix for C⊥ and C, respectively.

Example 3: Let p = 2 and s = 2. Let G be the generator
matrix in standard form of a Z4-additive code C of type
(n; t1, t2) and GRA its reduced associated matrix:

G =
(

Idt1 A1,2 A1,3

0 2Idt2 2A2,3

)
, GRA =

(
A1,2 A1,3

Idt2 A2,3

)
.

Then, by Theorem 1, the transpose of a generator matrix H
of C⊥ can be constructed as follows:

HT =

 A1,2A2,3 −A1,3 −2A1,2

−A2,3 2Idt2

Idn−t1−t2 0

 ,

since H1,1 = O1
2 = A1,2A2,3 − A1,3, H2,1 = −O2

1 = −A2,3,
and H1,2 = −O1

1 = −A1,2. Note that this parity-check matrix
H of C generates the same code as the matrix (3). Indeed,



3452 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 71, NO. 5, MAY 2025

both matrices are equal if we consider −A2,3 instead of A2,3.
Note that, in both cases, G generates the same code C.

Example 4: Let p = 2 and s = 3. Let G be the generator
matrix in standard form of a Z8-additive code C of type
(n; t1, t2, t3) and GRA its reduced associated matrix:

G =

 Idt1 A1,2 A1,3 A1,4

0 2Idt2 2A2,3 2A2,4

0 0 4Idt3 4A3,4

 ,

GRA =

 A1,2 A1,3 A1,4

Idt2 A2,3 A2,4

0 Idt3 A3,4

 .

Then, the transpose of a generator matrix H of C⊥ can be
constructed as follows:

HT =


−(A1,2A2,3A3,4 + A1,4 −A1,2A2,4 −A1,3A3,4) 2 (A1,2A2,3 −A1,3) −4A1,2

A2,3A3,4 −A2,4 −2A2,3 4Idt2

−A3,4 2Idt3 0
Idn−t1−t2−t3 0 0


by Theorem 1 and Corollary 2. For example, we have
that H1,1 = −O1

3 = A1,2O
2
2 − A1,3O

3
1 + A1,4O

4
0 =

A1,2(A2,3A3,4 −A2,4)−A1,3A3,4 + A1,4.
The computation of a parity-check matrix by using Theo-

rem 1 requires the reckoning of many minors. The computation
of these minors, Oi

s+2−i−j , is carried out using Corollary 2,
so it requires the computation of j different minors of lower
order. In this case, we assume that we compute each one
of the blocks of the parity-check matrix Hi,j independently.
However, now, we show that following an appropriate order
in the computation of the different matrices Hi,j , we are able
to obtain an expression to compute Os+2−i−j , where all the
minors of lower order in (11) have already been computed in
a previous step. In fact, we can obtain a similar expression,
which directly relates Hi,j with all others Hi,k such that k ≥ j.
This is shown in Theorem 2.

Theorem 2: Let C be a Zps -additive code of type
(n; t1, . . . , ts) with a generator matrix G as in (4). Then, the
blocks of the matrix (12) given in Theorem 1, which is the
transpose of a parity-check matrix H of C, can be calculated
as follows:

Hi,j = −

(
Ai,s−j+2 +

s−j+1∑
k=i+1

Ai,kHk,j

)
(15)

for all 1 ≤ j ≤ s and 1 ≤ i < s−j+1. Note that Hs−j+1,j =
−As−j+1,s−j+2.

Proof: We prove this statement by seeing that the matrix
computed by using (15) is the same as the one in (12).
To achieve that, we show that Hi,j = Ĥi,j for all 1 ≤ j ≤ s
and 1 ≤ i ≤ s− j + 1, where Ĥi,j is as in (13), that is,

Hi,j = −

(
Ai,s−j+2 +

s−j+1∑
k=i+1

Ai,kHk,j

)
= (−1)s+2−i−jOi

s+2−i−j = Ĥi,j . (16)

We prove this by induction on i for any j ∈ {1, . . . , s}. For
the case i = s + 1− j, we have that

Hs+1−j,j = − (As+1−j,s−j+2) = (−1)Os+1−j
1 = Ĥs+1−j,j .

By induction hypothesis, we assume that (16) is true for
i ≤ s − j + 1 and we want to see that it is true for i − 1,
i.e., Hi−1,j = Ĥi−1,j . We have that

Ĥi−1,j = (−1)s+2−j−(i−1)Oi−1
s+2−j−(i−1)

= (−1)s+2−j−(i−1)

s+1−j∑
k=i−1

Ai−1,k+1(−1)i−1−kOk+1
s+1−j−k

= (−1)s+2−j−(i−1)

s+2−j∑
k=i

Ai−1,k(−1)i−kOk
s+2−j−k

= −
s+2−j∑

k=i

Ai−1,k(−1)s+2−j−kOk
s+2−j−k

=−

(
Ai−1,s+2−j +

s+1−j∑
k=i

Ai−1,k(−1)s+2−j−kOk
s+2−j−k

)

= −

(
Ai−1,s+2−j +

s+1−j∑
k=i

Ai−1,kHk,j

)
= Hi−1,j .

The first equality is by definition, the second is by Corollary 2,
the third is a rearrangement of the indices, the sixth is by the
induction hypothesis, and the last one is by definition.

Recall that Zps is a chain ring, so Zps -additive codes are
included in the family of linear codes over chain rings. Let
C be a linear code over a finite commutative chain ring R
with maximal ideal ⟨γ⟩ and nilpotency index s. It is well-
known that C is permutation equivalent to a code generated
by a matrix in standard form as in (4) [17], just by replacing
p by γ. Therefore, all the results given in this paper can be
applied, exactly in the same way, to linear codes over chain
rings since we only use the general properties of rings and the
form of the generator matrix in standard form.

III. PERFORMANCE COMPARISON

In this section, we describe two algorithms that implement
the computation of a parity-check matrix for Zps -additive
codes (or, more generally, linear codes over a chain ring),
from a generator matrix in standard form. They are based
on Theorems 1 and Theorem 2, respectively. First, we show
a naive implementation, which is based on computing each
submatrix Hi,j in (12) by using the expression given in (13)
and Corollary 2. Afterwards, we present an iterative con-
struction that reduces the calculations considerably by using
the expression given in (15). Then, the performance of these
algorithms implemented in Magma is compared with the
performance if we use the current available function in Magma
for codes over finite rings in general. A time computation and
time complexity analysis are also given.

A. Algorithms Description

The first procedure corresponds to the one presented in
Theorem 1, considering that each one of the blocks Hi,j

in (12) is computed independently, by using the expres-
sion given in (13), that is, Hi,j = (−1)s+2−i−jOi

s+2−i−j ,
and Corollary 2 to compute each one of the block-minors
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Oi
s+2−i−j from the computation of different minors of lower

order. This implementation is shown in Algorithm 1.

Algorithm 1 Parity-Check Matrix in Standard Form. Minors
Construction
Require: A Zps -additive code C of type (n; t1, . . . , ts).

1: Compute a generator matrix G in standard form of C.
2: Define t := t1 + · · ·+ ts.
3: Define a zero matrix HT with n rows and n− t columns.

4: Define numCol := 1.
5: for j := 1, . . . , s do
6: Define numRow := 1.
7: for i := 1, . . . , s− j + 1 do
8: Compute Oi

s+2−i−j using the block-matrix G and
Corollary 2.

9: Define Hi,j := (−1)s+2−i−jOi
s+2−i−j .

10: Insert pj−1Hi,j at position (numRow, numCol) in
HT .

11: numRow := numRow + ti.
12: end for
13: if j = 1 then
14: Insert Idn−t at position (numRow, numCol) in HT .

15: numCol := numCol + n− t.
16: else
17: Insert pj−1Idts−j+2 at position (numRow, numCol)

in HT .
18: numCol := numCol + ts−j+2.
19: end if
20: end for
21: return The parity-check matrix H .

With the result given by Theorem 2, we can easily define a
new implementation, which reduces the number of operations
compared to Algorithm 1. In particular, for each block-column
j, we can compute each Hi,j starting from Hs−j+1,j =
−As−j+1,s−j+2 and using (15) to obtain Hi,j for 1 ≤ i <
s− j + 1, in decreasing order. Since all Hk,j , for k ≥ i, have
been already determined when Hi,j is computed, no additional
operations are performed apart from the sums and products
of matrices represented in (15). This new implementation is
shown in Algorithm 2.

B. Performance Comparison

In this subsection, we compare three different methods for
computing the parity-check matrix of a Zps -additive code.
Two of them are the different versions of the method that
can be obtained from Theorem 1 and Theorem 2, which
are described in Algorithm 1 and Algorithm 2, respectively.
The third method consists on using the Magma function
ParityCheckMatrix(), included in the current official
distribution [3], which computes a parity-check matrix for
a linear code defined over any finite ring. First, we make
an experimental comparison by using Magma and present
the results through some graphs, thereafter we calculate the
complexity of the methods introduced in this paper.

Algorithm 2 Parity-Check Matrix in Standard Form. Iterative
Construction
Require: A Zps -additive code C of type (n; t1, . . . , ts).

1: Compute a generator matrix G in standard form of C.
2: Define t := t1 + · · ·+ ts.
3: Define a zero matrix HT with n rows and n− t columns.

4: Define numCol := 1
5: for j := 1, . . . , s do
6: Define numRow := t1 + · · ·+ ts−j+1 + 1.
7: if j = 1 then
8: Insert Idn−t at position (numRow, numCol) in HT .
9: else

10: Insert pj−1Idts−j+2 at position (numRow, numCol)
in HT .

11: end if
12: numRow := numRow − ts−j+1

13: Define Hs−j+1,j := −As−j+1,s−j+2.
14: Insert pj−1Hs−j+1,j at position (numRow, numCol)

in HT .
15: for i := s− j, . . . , 1 by −1 do
16: numRow := numRow − ti.
17: Compute Hi,j using (15) and previously computed

matrices Hk,j , for k := i + 1, . . . , s− j + 1.
18: Insert pj−1Hi,j at position (numRow, numCol) in

HT .
19: end for
20: if j = 1 then
21: numCol := numCol + n− t.
22: else
23: numCol := numCol + ts−j+2.
24: end if
25: end for
26: return The parity-check matrix H .

1) Computation Time Analysis: In order to compare the
performance of Algorithms 1 and 2 and the Magma func-
tion, we consider a random Zps -additive code C of type
(n; ℓ, . . . , ℓ), that is, with ti = ℓ for any 1 ≤ i ≤ s. We study
the effect of changing the parameters n, s, and ℓ on the
three different methods. The first method (Algorithm 1), which
computes each minor independently, is labeled as Minors. The
second method (Algorithm 2), which computes the minors
iteratively, is labeled as Iterative. Finally, the third method,
which uses the Magma function ParityCheckMatrix(),
is labeled as Generic.

Figure 1 shows the computation times of all methods for
random Z3s -additive codes of type (1000; 2, . . . , 2), where s
takes values between 2 and 16. Similarly, Figure 2 shows the
computation times of all methods for random Z34 -additive
codes of type (1000; ℓ, . . . , ℓ), where ℓ takes values between
2 and 20. Finally, Figures 3 and 4 show the computation
times of all methods for random Z310 -additive codes of type
(n; 2, . . . , 2), where n ∈ {2i · 100 | 0 ≤ i ≤ 8}.

2) Time Complexity Analysis: Let us consider Algo-
rithms 1 and 2, which are based on the following
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Fig. 1. Codes of type (1000; 2, . . . , 2), with p = 3 and 2 ≤ s ≤ 16.

Fig. 2. Codes of type (1000; ℓ, . . . , ℓ), with p = 3, s = 4 and 2 ≤ ℓ ≤ 20.

Fig. 3. Codes of type (n; 2, . . . , 2), with p = 3, s = 10 and
100 ≤ n ≤ 25600.

expressions, respectively:

Ĥi,j = (−1)s+2−i−jOi
s+2−i−j and (17)

Hi,j =−

(
Ai,s−j+2 +

s−j+1∑
k=i+1

Ai,kHk,j

)
, (18)

for 1 ≤ j ≤ s and 1 ≤ i ≤ s − j + 1. Note that (17)
and (18) coincide with the equations given in Theorem 1
and Theorem 2, respectively. In the first case, we denote the
submatrices as Ĥi,j instead of Hi,j in order to distinguish
between both methods.

Fig. 4. Codes of type (n; 2, . . . , 2), with p = 3, s = 10 and
100 ≤ n ≤ 25600 (logarithmic scale).

For simplicity, let us assume that C is a Zps -additive code
of type (n; ℓ, . . . , ℓ). Then, t = sℓ, Hi,1 is a ℓ × (n − t)
matrix for any 1 ≤ i ≤ s, and Hi,j is a ℓ × ℓ matrix for any
2 ≤ j ≤ s and 1 ≤ i ≤ s− j + 1. We denote by T̂i,j(s, n, ℓ)
and Ti,j(s, n, ℓ) the runtime needed to compute Ĥi,j and Hi,j ,
respectively. We also denote by S(a, b) the computation time
of the addition of two a× b matrices over Zps and P (a, b, c)
the computation time of the product of an a × b matrix by a
b× c matrix.

With the aim of computing Ĥi,j , we first estimate the
complexity of determining any block-minor Oi

j . Due to
the structure of GRA, by Corollary 2, we can compute
Oi

j by calculating block-determinants of one dimension less
and the same structure. Then, by induction, it easy to
show that the runtime needed to compute Oi

j is (2s−i −
1) (P (ℓ, ℓ, n− t) + S(ℓ, n− t)) for j = s+1− i and (2j−1−
1) (P (ℓ, ℓ, ℓ) + S(ℓ, ℓ)) for j < s+1− i. Thus, by using (17),
we have that

T̂i,1(s, n, ℓ) = (2s−i − 1) (P (ℓ, ℓ, n− t) + S(ℓ, n− t)) ,

T̂i,j(s, n, ℓ) = (2s+1−i−j − 1) (P (ℓ, ℓ, ℓ) + S(ℓ, ℓ)) for j > 1.
(19)

In order to obtain Hi,j , we need to compute Hi′,j for all
i ≤ i′ ≤ s − j + 1. Thus, for each 1 ≤ j ≤ s, we start with
Hs−j+1,j = −As−j+1,s−j+2 and then compute the sequence
of matrices Hs−j,j , Hs−j−1,j , . . . ,H1,j by using (18). In this
case, we have that

Ti,1(s, n, ℓ) = (s− i)P (ℓ, ℓ, n− t) + (S(ℓ, n− t)),
Ti,j(s, n, ℓ) = (s− j − i + 1)(P (ℓ, ℓ, ℓ) + S(ℓ, ℓ)) for j > 1.

(20)

Therefore, the total runtime of computing the parity-check
matrix of C by using Algorithms 1 and 2 is given by the
following results:

Proposition 4: Let C be a Zps -additive code of type
(n; ℓ, . . . , ℓ), and t = sℓ. The total runtime of computing the
parity-check matrix of C by using Algorithm 1 is

T̂ (s, n, ℓ) = (2s − 1− s) (P (ℓ, ℓ, n− t) + S(ℓ, n− t))

+
(

2s − 1− s2

2
− s

2

)
(P (ℓ, ℓ, ℓ) + S(ℓ, ℓ)) .
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Proof: We have T̂ (s, n, ℓ) =
∑s

i=1 T̂i,1(s, n, ℓ) +∑s
j=2

∑s−j+1
i=1 T̂i,j(s, n, ℓ). Recall that

∑n
k=0 2k = 2n+1− 1.

By using (19), since
∑s

i=1(2
s−i − 1) = 2s − 1 − s and∑s

j=2

∑s−j+1
i=1 (2s+1−i−j−1) =

∑s
j=2(2

s+1−j−s+j−2) =
2s − 1− s2

2 −
s
2 , the result follows.

Proposition 5: Let C be a Zps -additive code of type
(n; ℓ, . . . , ℓ), and t = sℓ. The total runime of computing the
parity-check matrix of C by using Algorithm 2 is

T (s, n, ℓ) =
s(s− 1)

2
(P (ℓ, ℓ, n− t) + S(ℓ, n− t))

+
1
6
(s3 − 3s2 + 2s)(P (ℓ, ℓ, ℓ) + S(ℓ, ℓ)).

Proof: We have T (s, n, ℓ) =
∑s

i=1 Ti,1(s, n, ℓ) +∑s
j=2

∑s−j+1
i=1 Ti,j(s, n, ℓ). We also have that

∑s
i=1(s− i) =∑s−1

j=0 j = s(s− 1)/2 and

s∑
j=2

s−j+1∑
i=1

(s− j − i + 1) =
s∑

j=2

(s− j)(s− j + 1)/2

=
1
2
(

s∑
j=2

s2 +
s∑

j=2

j2 −
s∑

j=2

j(2s + 1))

=
1
2
(s3−s+(2s3+3s2+s− 6)/6− (2s3 + 3s2 − 3s− 2)/2

=
1
6
(s3 − 3s2 + 2s).

Finally, by (20), the result follows.
Regarding the asymptotic complexity of the algorithms,

since S(a, b) is O(ab) and P (a, b, c) is O(abc), we obtain
S(ℓ, n − t) + P (ℓ, ℓ, n − t) = O((n − t)ℓ2) and S(ℓ, ℓ) +
P (ℓ, ℓ, ℓ) = O(ℓ3). Therefore,

T̂ (s, n, ℓ) = O(2sℓ2 (n + sℓ))

T (s, n, ℓ) = O(s2ℓ2n).

If we only consider the variable n, we obtain that the
algorithms are O(n). Otherwise, if we take into account
the variable s, we can see that while the first algorithm
is exponential, the second proposal has square polyno-
mial complexity, which adjust with the data shown in
Figures 1, 2, 3, and 4.

IV. CONCLUSION

Two different methods to compute a parity-check matrix for
Zps -additive codes have been introduced. Even though they are
very similar methods, and their performance are comparable
under some conditions, we have showed that they perform very
different when the parameters of the code changes. We have
also established experimentally that both are better than the
current algorithm included in Magma for any linear code over
a finite ring. These methods may also be used to compute a
parity-check matrix for codes over chain rings in general.

A Magma function to compute the dual of Zps -linear codes
has been included in a new Magma package to deal with
linear codes over Zps [13]. This function is based on the
construction of a parity-check matrix using Algorithm 2,
and it is more efficient than the current available function
in Magma for codes over finite rings in general. This new

package also allows the construction of some families of
Zps -linear codes, and includes functions related to generalized
Gray maps, information sets, the process of encoding and
decoding using permutation decoding, among others. Indeed,
this package generalizes some of the functions for codes
over Z4, which are already included in the standard Magma
distribution [3]. It has been developed mainly by the authors
of this paper and the collaboration of some undergraduate
students. The first version of this new package and a manual
describing all functions is available in a GitHub repository
(https://github.com/merce-github/ZpAdditiveCodes) and in the
CCSG web site (https://ccsg.uab.cat).

Further research is possible in different directions. A natural
generalisation would be to adapt these algorithms to compute
a parity-check matrix for codes over mixed alphabets like
ZpZps -additive codes or even the more generic ZpZp2 . . .
Zps -additive codes.

The generator matrix in standard form as in (4) has a very
similar structure to the partial generator matrix of convolu-
tional codes (also called expanded partial generator matrix).
Due to this similarity, the methods presented in this paper are
adaptable to compute a parity-check matrix for these codes as
long as it exists.
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