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Let Ω ⊂ Rn+1, n ≥ 2, be an open set satisfying the 
corkscrew condition with n-Ahlfors regular boundary ∂Ω, 
but without any connectivity assumption. We study the 
connection between solvability of the regularity problem for 
divergence form elliptic operators with boundary data in the 
Hajłasz-Sobolev space M1,1(∂Ω) and the weak-A∞ property 
of the associated elliptic measure. In particular, we show that 
solvability of the regularity problem in M1,1(∂Ω) is equivalent 
to the solvability of the regularity problem in M1,p(∂Ω) for 
some p > 1. We also prove analogous extrapolation results 
for the Poisson regularity problem defined on tent spaces. 
Moreover, under the hypothesis that ∂Ω supports a weak 
(1, 1)-Poincaré inequality, we show that the solvability of the 
regularity problem in the Hajłasz-Sobolev space M1,1(∂Ω) is 
equivalent to a stronger solvability in a Hardy-Sobolev space 
of tangential derivatives.
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1. Introduction

In this paper we study the solvability of the regularity problem for divergence form 
elliptic operators in corkscrew domains Ω with n-Ahlfors regular boundary ∂Ω in the 
Hajłasz-Sobolev space M1,1(∂Ω). In the recent work [34], the second and third named au-
thors proved the equivalence between the solvability of the Dirichlet problem in Lp′(∂Ω)
and the solvability of the regularity problem in M1,p(∂Ω) for the Laplacian in this type 
of domains (where p, p′ > 1 are Hölder conjugate exponents). This result opened up the 
study of the regularity problem for such non-smooth domains, which had only been in-
vestigated in Lipschitz domains for classical Sobolev spaces before. Here we focus on the 
endpoint case p = 1, not considered in [34]. The analogous result for Lipschitz domains 
and classical Sobolev spaces obtained in the pioneering work [12] of Dahlberg and Kenig 
was that solvability in a Hardy-Sobolev space HS1,1(∂Ω) is equivalent to solvability in 
a classical Sobolev space for some p > 1. In the present setting, it turns out that the 
Hajłasz-Sobolev space M1,1(∂Ω) is the adequate space to consider the endpoint case 
p = 1. This is not completely unexpected since Ṁ1,1(Rn+1) = HS1,1(Rn+1) or, more 
generally, Ṁ1,1(M̃) = HS1,1(M̃) when M̃ is a manifold satisfying a doubling condition 
and supporting a strong Poincaré inequality (see the work of Koskela and Saksman [29]
and Badr and Dafni [5] for these results).

1.1. Definitions

We introduce some definitions and notations. A set E ⊂ Rn+1 is called n-rectifiable if 
there are Lipschitz maps fi : Rn → Rn+1, i = 1, 2, . . ., such that

Hn

(
E \

⋃
i

fi(Rn)
)

= 0,

where Hn stands for the n-dimensional Hausdorff measure. We will assume Hn to be 
normalized so that it coincides with n-dimensional Lebesgue measure in Rn.

All measures in this paper are assumed to be Radon measures. A measure μ in Rn+1

is called n-Ahlfors regular if there exists some constant C0 > 0 such that

C−1
0 rn ≤ μ(B(x, r)) ≤ C0 r

n for all x ∈ suppμ and 0 < r ≤ diam(suppμ).

http://creativecommons.org/licenses/by/4.0/
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The measure μ is uniformly n-rectifiable if it is n-Ahlfors regular and there exist 
constants θ, M > 0 such that for all x ∈ suppμ and all 0 < r ≤ diam(suppμ) there is a 
Lipschitz mapping g from the ball Bn(0, r) in Rn to Rn+1 with |g|Lip ≤ M such that

μ(B(x, r) ∩ g(Bn(0, r))) ≥ θrn

where |g|Lip is the Lipschitz seminorm of g.
A set E ⊂ Rn+1 is n-Ahlfors regular if Hn|E is n-Ahlfors regular. Also, E is uniformly 

n-rectifiable if Hn|E is uniformly n-rectifiable.
The notion of uniform rectifiability should be considered a quantitative version of rec-

tifiability. It was introduced in the pioneering works [14] and [15] of David and Semmes, 
who were seeking a good geometric framework under which all singular integrals with 
odd and sufficiently smooth kernels are bounded in L2.

Following [25], we say that Ω ⊂ Rn+1 satisfies the corkscrew condition, or that it is a 
corkscrew open set or domain if there exists some c > 0 such that for all x ∈ ∂Ω and all 
r ∈ (0, 2 diam(Ω)) there exists a ball B ⊂ B(x, r) ∩Ω such that r(B) ≥ c r. We say that 
Ω is two-sided corkscrew if both Ω and Rn+1 \ Ω satisfy the corkscrew condition.

If X is a metric space, given an interval I ⊂ R, any continuous γ : I → X is called 
path. A path of finite length is called rectifiable path.

Following [24], we say that the open set Ω ⊂ Rn+1 satisfies the local John condition
if there is θ ∈ (0, 1) such that the following holds: For all x ∈ ∂Ω and r ∈ (0, 2 diam(Ω))
there is y ∈ B(x, r) ∩ Ω such that B(y, θr) ⊂ Ω with the property that for all z ∈
B(x, r) ∩∂Ω one can find a rectifiable path γz : [0, 1] → Ω with length at most θ−1|x −y|
such that

γz(0) = z, γz(1) = y, d(γz(t), ∂Ω) ≥ θ |γz(t) − z| for all t ∈ [0, 1].

If both Ω and Rn+1 \ Ω satisfy the local John condition, we say that Ω satisfies the 
two-sided local John condition. Note that the local John condition implies the corkscrew 
condition.

An open set Ω ⊂ Rn+1 is said to satisfy the weak local John condition if there are 
λ, θ ∈ (0, 1) and Λ ≥ 2 such that the following holds: For every x ∈ Ω there is a Borel 
subset F ⊂ B(x, Λd(x, ∂Ω)) ∩ ∂Ω) with σ(F ) ≥ λσ(B(x, Λd(x, ∂Ω)) ∩ ∂Ω) such that for 
every z ∈ F one can find a rectifiable path γz : [0, 1] → Ω̄ with length at most θ−1|x − z|
such that

γz(0) = z, γz(1) = x, d (γz(t), ∂Ω) ≥ θ |γz(t) − z| for all t ∈ [0, 1].

Given an n-Ahlfors regular set E ⊂ Rn+1, and a surface ball Δ0 = B0∩E, we say that 
a Borel measure μ defined on E belongs to weak-A∞(Δ0) if there are positive constants 
C and θ such that for each surface ball Δ = B(x, r) ∩E with B(x, 2r) ⊆ B0, we have

μ(F ) ≤ C

(
Hn(F )

n

)θ

μ(2Δ), for every Borel set F ⊂ Δ. (1.1)
H (Δ)
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Let us now turn our attention to Sobolev spaces. Let X be a metric space equipped 
with a doubling measure σ, that is, there exists a uniform constant Cσ ≥ 1 such that 
σ(B(x, 2r)) ≤ Cσσ(B(x, r)), for all x ∈ X and r > 0. For a function f : X → R, we say 
that a non-negative function ∇Hf : X → R is a Hajłasz gradient of f if

|f(x) − f(y)| ≤ |x− y| (∇Hf(x) + ∇Hf(y)) for σ-a.e. x, y ∈ X, (1.2)

and we denote the collection of all Hajłasz gradients of f by D(f). Note that the Ha-
jłasz gradient of a function is not uniquely defined. For p ∈ (0, +∞], we define the 
homogeneous Hajłasz-Sobolev space Ṁ1,p(X) as the space of functions f that have a 
Hajłasz gradient ∇Hf ∈ D(f) ∩ Lp(X), and the inhomogeneous Hajłasz-Sobolev space 
M1,p(X) as M1,p(X) := Ṁ1,p(X) ∩ Lp(X). These spaces were introduced by Hajłasz 
in [18], and for more information on these and other Sobolev spaces in metric measure 
spaces, the reader may consult the book [20]. For τ ∈ (0, +∞], we define the following 
weighted norm (or quasinorm if p < 1)

‖f‖M1,p
τ (X) :=

{
1
τ ‖f‖Lp(X) + infg∈D(f) ‖g‖Lp(X), τ ∈ (0,+∞),
infg∈D(f) ‖g‖Lp(X), τ = +∞,

(1.3)

(seminorm in the case τ = +∞). The most interesting cases are: τ = +∞, or τ = diamX

in the case X has finite diameter. For this reason, we will use the notation

‖f‖M1,p(X) :=
{
‖f‖M1,p

diam X(X), diamX < +∞,

‖f‖M1,p
1 (X), diamX = +∞,

and

‖f‖Ṁ1,p(X) := ‖f‖M1,p
∞ (X).

Note that the election τ = diamX in the case X has finite diameter makes the norm 
scale-invariant. Regarding the case τ = +∞, we will use the convention that 1

+∞ = 0, 
and +∞ · a = +∞ for all a > 0.

Let f : X → R be an arbitrary real-valued function. We say that a Borel measurable 
function g : X → R is an upper gradient of f if for all compact rectifiable paths γ the 
following inequality holds:

|f(x) − f(y)| ≤
ˆ

γ

g dH1,

where x, y ∈ X are the endpoints of the path. We say that (X, σ) supports a weak
(1, p)-Poincaré inequality for p ≥ 1, if there exist constants C ≥ 1 and Λ ≥ 1 so that for 
every ball B centered at Σ with radius r(B) ∈ (0, diam Σ) and every pair (f, g), where 
f ∈ L1

loc(σ) and g is an upper gradient of f , it holds
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B

|f(x) − fB | dσ(x) ≤ Cr(B)

⎛⎝ 

ΛB

|g(x)|p dσ(x)

⎞⎠1/p

, (1.4)

where we denoted

fB =
 

B

f(y) dσ(y).

We say that (X, σ) supports a strong Poincaré inequality if it supports a weak (1, 1)-
Poincaré inequality with Λ = 1.

We introduce Hardy-Sobolev spaces defined on a d-rectifiable set E ⊂ Rn+1. We say 
that a Lipschitz function a(x) is a homogeneous Hardy-Sobolev atom if

(i) supp a ⊂ B ∩ E for some ball B centered on E,
(ii) ‖∇ta‖L∞(E) ≤ Hd(B ∩ E)−1,

where ∇ta is the tangential gradient of a on ∂Ω which exists Hd-a.e. x ∈ E if E is 
n-rectifiable (see [32, Theorem 11.4] for example). We define the (atomic) Hardy-Sobolev 
space HS1,1(E) as the subspace of functions f ∈ L1(E) which admit an atomic decom-
position, that is, there exists a family of Hardy-Sobolev atoms (aj)j and a sequence of 
real numbers (λj)j with the property that

f =
∑
j

λjaj in L1(E)

and 
∑

j |λj | < +∞. We equip HS1,1(E) with the seminorm ‖f‖HS1,1 = inf
∑

j |λj | where 
the infimum is taken over all possible atomic decompositions.

Let Ω ⊂ Rn+1 be an open set and set σ := Hn|∂Ω to be its surface measure. For α > 0
and x ∈ ∂Ω, we define the cone with vertex x and aperture α > 0 by

γα(x) = {y ∈ Ω : |x− y| < (1 + α)d(y, ∂Ω)}, (1.5)

the R-truncated cone with vertex x and aperture α by γα,R(x) = γα(x) ∩ B(x, R), and 
the non-tangential maximal operator of a measurable function u : Ω → R by

Nα(u)(x) := sup
y∈γα(x)

|u(y)|, x ∈ ∂Ω. (1.6)

We also may define the truncated non-tangential maximal operator Nα,R analogously. 
If ∂Ω is Ahlfors regular, then ‖Nα(u)‖Lp(σ) ≈α,β ‖Nβ(u)‖Lp(σ) for all α, β > 0 and so, 
from now on, we will only write N dropping the dependence on the aperture (see [24, 
Proposition 2.2] for a proof of this fact). Following [28], we also introduce the modified 
non-tangential maximal function for any function u in L2

loc(∂Ω) as
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Ñαu(x) := sup
y∈γα(x)

⎛⎜⎝  

B
(
y, 14d(x,∂Ω)

) |u(z)|2 dz

⎞⎟⎠
1/2

, x ∈ ∂Ω, (1.7)

and, similarly, the truncated modified non-tangential maximal function Ñα,R. Again, we 
will omit the dependence on the aperture. We always consider divergence form elliptic 
operators L := divA∇ where A is always a real valued, not necessarily symmetric (n +
1) × (n + 1) matrix verifying the strong ellipticity conditions

λ|ξ|2 ≤
n+1∑
i,j=1

Aij(x)ξiξj , ‖A‖L∞(Ω) ≤
1
λ
, x ∈ Ω, ξ ∈ Rn+1 (1.8)

for some λ ∈ (0, 1), the ellipticity constant of L. We will denote by L∗ the operator 
associated to the transpose matrix A∗.

We are now ready to state the definitions of solvability of the Lp-Dirichlet and the 
M1,p-regularity problem in Ω for p ∈ (0, +∞):

• In a domain Ω ⊂ Rn+1, we say that the Dirichlet problem is solvable in Lp for the 
operator L (we write (DL

p ) is solvable) if there exists some constant CDp
> 0 such 

that, for any f ∈ Cc(∂Ω), the solution u : Ω → R of the continuous Dirichlet problem 
for L in Ω with boundary data f satisfies

‖N(u)‖Lp(σ) ≤ CDp
‖f‖Lp(σ). (1.9)

• In a domain Ω ⊂ Rn+1, we say that the regularity problem is solvable in M1,p for 
the operator L (we write (RL

p ) is solvable) if there exists some constant CRp
> 0

such that, for any compactly supported Lipschitz function f : ∂Ω → R, the solution 
u : Ω → R of the continuous Dirichlet problem for L in Ω with boundary data f
satisfies

‖Ñ(∇u)‖Lp(σ) ≤

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
CRp

‖f‖Ṁ1,p(σ),

if Ω is bounded or ∂Ω is unbounded
CRp

‖f‖M1,p(σ),

if Ω is unbounded and ∂Ω is bounded.

(1.10)

Here we denoted M1,p(σ) and Ṁ1,p(σ) to be the Hajłasz Sobolev spaces defined on 
the metric measure space (∂Ω, σ).

One may also define the tangential regularity problem in domains with rectifiable bound-
aries using the tangential derivative with respect to the boundary at a boundary point, 
which for Lipschitz functions exists for σ-a.e. point of the boundary. In that case the 
only difference in the definition of the regularity problem is that we ask for the estimate
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‖Ñ(∇u)‖Lp(σ) ≤

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
C̃Rp

‖∇tf‖Lp(σ),

if Ω is bounded or ∂Ω is unbounded
C̃Rp

(
‖∇tf‖Lp(σ) + ‖f‖Lp(σ)

diam(∂Ω)

)
,

if Ω is unbounded and ∂Ω is bounded

(1.11)

and we write that (R̃L
p ) is solvable (p > 1). These definitions are customary in nicer 

domains such as Lipschitz domains and are stronger than solvability of (RL
p ) in general 

domains. In [34, Section 10] there is an example of a chord-arc domain where (R̃Δ
p ) is 

not solvable for any p ≥ 1 but (RΔ
p ) is solvable for some p > 1.

Remark 1.1. For p = 1, the tangential regularity problem (R̃L
1 ) is considered in Hardy-

Sobolev spaces, that is, we require the estimate

‖Ñ(∇u)‖L1(σ) ≤

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
C̃R1‖f‖HS1,1(σ),

if Ω is bounded or ∂Ω is unbounded
C̃R1

(
‖f‖HS1,1(σ) + ‖f‖L1(σ)

diam(∂Ω)

)
,

if Ω is unbounded and ∂Ω is bounded.

It is known that (1.11) with p = 1 cannot hold even in the unit ball in the case of the 
Laplacian. In fact, for smooth domains, we also have ‖Ñ(∇u)‖L1(∂Ω) � ‖f‖Ṁ1,1(∂Ω ≈
‖f‖HS1,1(∂Ω) (see Proposition 1.10 for the � and Proposition 4.1 for the ≈) which is not 
comparable to ‖∇tf‖L1(∂Ω) in general.

Remark 1.2. If the operator L satisfies for instance the scale invariant locally Lipschitz 
condition supx∈Ω δΩ(x)‖∇A‖L∞(B(x,cδΩ(x)) < ∞, for some c ∈ (0, 12 ), and u is a solution 
of Lu = 0 in Ω, then ‖Ñ(∇u)‖Lp(∂Ω) and ‖N(∇u)‖Lp(∂Ω) are comparable. For general 
elliptic operators without additional regularity, this is not true as the gradient ∇u of a 
solution is defined in the L2

loc(Ω) sense but not pointwisely.

In the sequel, we will assume that n ≥ 2.

1.2. Main results

Let us now state our main results. We remark that the following results are valid 
(unless specified otherwise) for bounded domains, unbounded domains with compact 
boundary, and unbounded domains with unbounded boundary.

Theorem 1.3 (Extrapolation of solvability of the regularity problem). Let Ω ⊂ Rn+1 be 
a corkscrew domain with n-Ahlfors regular boundary ∂Ω such that (RL

p ) is solvable for 
some p > 1. Then, there exists ε > 0 depending on n, the ellipticity constant λ of L, and 
the constant of n-Ahlfors regularity such that
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(RL
t ) is solvable for all t ∈ (1 − ε, p).

This result is novel even for the Laplacian, although in [34, Corollary 1.6] it was shown 
that

(RΔ
p ) =⇒ (RΔ

q ) for q ∈ (1, p).

Note also that solvability of (DL∗

p′ ) is already a consequence of (RL
p ) where 1

p + 1
p′ = 1

thanks to the results in [34, Theorem A.2].

Remark 1.4. Solvability (RL
q ) for q ≤ 1 stands for solvability in the Hajłasz-Sobolev 

space M1,q(∂Ω), in contrast with the classical tangential case, where the problem must 
be considered in Hardy-Sobolev spaces. In Section 3, we will see that Hajłasz-Sobolev 
spaces share many properties with Hardy spaces such as atomic decompositions. In this 
direction, Badr and Dafni showed in [5, Theorem 1.5] that Ṁ1,1(M̃) = HS1,1(M̃) when 
M̃ is a complete Riemannian manifold equipped with a doubling measure that supports 
a strong Poincaré inequality.

In the converse direction, we also prove extrapolation from the endpoint. To do so, we 
prove that (RL

1 ) implies the weak-A∞(σ) property for the elliptic measure ωL∗ , which is 
then used to show the solvability of (RL

p ) for some p > 1.

Theorem 1.5 ((RL
1 ) implies the weak-A∞ property). Let Ω ⊂ Rn+1 be a corkscrew domain 

with n-Ahlfors regular boundary ∂Ω and ωL∗ be its L∗-elliptic measure. Then,

(RL
1 ) is solvable =⇒ ωL∗ ∈ weak-A∞(σ).

In particular, there exists some p > 1 such that (DL∗

p′ ) is solvable, where 1/p + 1/p′ = 1.

Theorem 1.6 (Extrapolation from the endpoint). Let Ω ⊂ Rn+1 be a corkscrew domain 
with n-Ahlfors regular boundary ∂Ω such that (RL

1 ) is solvable. Then, there exists p >
1 depending only on n, the Ahlfors regularity constants, the corkscrew constant, the 
ellipticity constant of the operator L, and the (RL

1 ) constant such that

(RL
q ) is solvable for all q ∈ (1, p).

These results are also new even in the case of the Laplacian. Note though, that they 
were already known in the context of Lipschitz domains (see Section 1.3 below).

Remark 1.7. In the case the operator L is the Laplacian or is such that A ∈ DKP(Ω)
(see [35, Definition 1.31]), we also have

ωL∗ ∈ weak-A∞(σ) =⇒ (RL
1 ) is solvable.



J.M. Gallegos et al. / Journal of Functional Analysis 288 (2025) 110672 9
This is a consequence of Theorem 1.3, that (DL∗

p′ ) implies (RL
p ) for these operators 

(see [35, Theorem 1.33]), and Theorem 2.17. Also, from Theorem 1.5, we deduce the 
equivalence between the solvability of the Dirichlet problem in BMO and the solvability 
of the regularity problem (RΔ

1 ) for the Laplacian in corkscrew domains with n-Ahlfors 
regular boundary (see [21] by Hofmann and Le for the results concerning the solvability 
of the Dirichlet problem in BMO).

Moreover, under the hypothesis that ∂Ω supports a weak (1, 1)-Poincaré inequality 
(1.4), we also obtain results for the solvability of the tangential regularity problem (R̃L

1 ). 
In fact, in Section 4, we will relate solvability (R̃L

1 ) with solvability in another Hardy-
Sobolev space (see Section 2.5 for the definition of the Hardy HMT space H1,1).

Theorem 1.8. Let Ω ⊂ Rn+1 be a domain with uniformly n-rectifiable boundary ∂Ω that 
supports a weak (1, 1)-Poincaré inequality. Then,

(RL
1 ) is solvable ⇐⇒ (R̃L

1 ) is solvable.

Remark 1.9. Recently, there have been some advances connecting the existence of weak 
Poincaré inequalities supported in the boundary of a domain with some geometric prop-
erties of the domain. In particular, Azzam showed in [1] that any n-Ahlfors-regular set 
E ⊂ Rn+1 supporting a weak (1, n)-Poincaré inequality (1.4) must be uniformly n-
rectifiable. Also, Tapiola and the third named author proved in [38, Theorems 1.2 and 
1.3] that if Ω is a 2-sided local John domain with n-Ahlfors regular boundary ∂Ω (or 
equivalently Ω is a two-sided chord-arc domain), then ∂Ω must support a weak (1, 1)-
Poincaré inequality (1.4).

In addition, under better connectivity assumptions, we prove the following reverse 
estimate to (RL

1 ).

Proposition 1.10. Let Ω ⊂ Rn+1 be a domain with n-Ahlfors regular boundary satisfying 
the local John condition. Let f be a Lipschitz function in M1,1(∂Ω) and u be the solution 
of the continuous Dirichlet problem for L with boundary data f . Then, we have

‖f‖Ṁ1,1(σ) � ‖Ñ(∇u)‖L1(σ).

Finally, we also prove analogous extrapolation results for the Poisson regularity prob-
lem (see (2.8) for its definition and Section 2.9 for related results).

Theorem 1.11. Let Ω ⊂ Rn+1 be a corkscrew domain with n-Ahlfors regular boundary 
∂Ω such that either Ω is bounded or ∂Ω is unbounded, and 1 < p ≤ 2. Then, there exists 
ε > 0 depending only on n, the Ahlfors regularity constant of ∂Ω, and the ellipticity 

constant of L such that solvability of the modified Poisson regularity problem (P̃R
L
p )

implies solvability of (P̃R
L
q ) for all q ∈ (1 − ε, p).
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We also want to highlight some intermediate results which may be of independent 
interest. These are: the atomic decomposition of tent spaces defined on domains that 
appears in Section 2.8, the atomic decompositions of Hajłasz-Sobolev spaces M1,p, 
0 < p ≤ 1 proved in Section 3, the connections between Hajłasz-Sobolev spaces and 
other tangential Sobolev spaces for uniformly n-rectifiable sets supporting weak (1, 1)-
Poincaré (1.4) inequalities proved in Section 4, and especially the localization theorem 
(Theorem 5.1) used to show Theorem 1.3.

1.3. Historical remarks

Let us provide some historical context regarding the solvability of the regularity prob-
lem. For an extensive account of the history of the solvability of the Dirichlet problem 
in rough domains for the Laplacian, and more general elliptic operators and systems, we 
refer the reader to the introductions of [34,35].

The regularity problem was first solved in C1 domains for all p ∈ (1, +∞) by Fabes, 
Jodeit, and Rivière [17] by proving the invertibility of the layer potential operators using 
Fredlholm theory. In Lipschitz domains, Fredholm theory is not available and new ideas 
were needed in order to show invertibility of the layer potentials. Verchota [39] used the 
Rellich identity introduced in [26] by Jerison and Kenig to show the solvability of (R̃Δ

p )
for p ∈ (1, 2]. This result was later extrapolated to the optimal range of exponents by 
Dahlberg and Kenig in [12], without the use of layer potentials. They showed that (R̃Δ

p )
is solvable in Lipschitz domains for p ∈ [1, 2 + ε), for some ε > 0 depending only on 
the dimension and the Lipschitz constants of the domain. In chord-arc domains with 
vanishing constant (also called regular Semmes-Kenig-Toro domains, see [24, Definition 
4.8]), invertibility of layer potentials was proved by Hofmann, Mitrea, and Taylor in [24].

Concerning the duality between (R̃p) and (Dp′), in Lipschitz domains, Verchota es-
tablished (R̃Δ

p ) ⇐⇒ (DΔ
p′) for p ∈ (1, +∞) for the Laplacian. For general real elliptic 

operators in divergence form, Kenig and Pipher [28] showed that (R̃L
p ) implies (DL∗

p′ )
for p ∈ (1, +∞). Also in Lipschitz domains, Dindoš and Kirsch [13] obtained the end-
point case where the regularity data is in the Hardy-Sobolev space HS1,1(∂Ω) and the 
Dirichlet data is in BMO(∂Ω), also for general elliptic operators in divergence form. For 
corkscrew domains with n-Ahlfors regular boundary, the second and third named au-
thors [34] proved that (DΔ

p′) ⇒ (RΔ
p ) for the Laplacian and (RL

p ) ⇒ (DL∗

p′ ) for general 
elliptic operators. This was the first time the regularity problem (Rp) in Hajłasz-Sobolev 
spaces was considered. In corkscrew domains with uniformly n-rectifiable boundaries, the 
second and third named authors in collaboration with Poggi showed in [35] that (DL∗

p′ )
implies (RL

p ) for elliptic operators L satisfying the Dahlberg-Kenig-Pipher condition (see 
[35, Definition 1.18]) by going through the p′-solvability of a certain Poisson-Dirichlet 
problem. This work was finished at the same time as [11], where Dindoš, Hofmann, and 
Pipher found similar results in the context of Lipschitz graph domains using different 
techniques. Their proof is a lot shorter than the one in [35] but it does not seem to 
extend to rougher domains since it uses the existence of a uniform “preferred direc-
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tion” at the boundary, as occurs in a domain above a Lipschitz graph. More recently, 
Feneuil gave in [16] an alternative and simpler proof of solvability of (RL

p ) in Rn+1
+ for 

Dahlberg-Kenig-Pipher operators. Also, Dai, Feneuil, and Mayboroda showed in [10]
that in uniform domains (that is corkscrew domain with Ahlfors regular boundaries and 
Harnack chains), solvability of the regularity problem in the Hajłasz-Sobolev space is 
stable under Carleson perturbations of the elliptic operator.

We refer the reader to Section 1.2.4 in [35] for an exposition of the history of the 
Poisson problem.

1.4. Strategy of the proofs

In order to prove Theorem 1.3 we will implement a strategy inspired by the works [12,
28], although the lack of regularity of the domains we consider greatly complicates some 
of the steps. On one hand, the arguments of [12] require the use of (classical tangential) 
Hardy-Sobolev spaces defined on the boundary of Lipschitz domains and its atomic 
decompositions. For this reason, we develop atomic decompositions for Hajłasz-Sobolev 
spaces M1,p on uniformly perfect metric spaces equipped with a doubling measure in 
Section 3. These atomic decompositions are influenced by the ones in the works of Badr 
and Dafni [5], and Badr and Bernicot [4], but they present several differences, both in idea 
and in proof. The main ones are that we work in metric spaces instead of manifolds and 
thus we cannot consider “classical” derivatives, we prove atomic decomposition for the 
M1,p spaces for the full range 0 < p ≤ 1, not only for p = 1, and we consider both compact 
and unbounded spaces. Also, our proof of the atomic decomposition (Theorem 3.4) avoids 
the use of Sobolev embeddings which allows us to directly obtain a decomposition in 
Lipschitz atoms. On the other hand, we develop a localization theorem in the style of 
[28, Theorem 5.19], but the lack of connectivity of the domain makes the proof interesting 
on its own right. The proof is quite delicate, but the idea is to upper bound the term 
ÑR/2(∇u) in terms of the elliptic measure of the domain ωL∗ . Then, we deal with the 
elliptic measure using that it belongs to weak reverse Hölder class.

Our proof of Theorem 1.5 follows closely the one in the appendix of [34], which in turn 
has some similarities with the proofs in [28,13] although the absence of connectivity in 
our domains brings significant difficulties. Moreover, in the present case, working in the 
endpoint p = 1 makes things more complicated. We need to employ a weak reverse Hölder 
inequality for the maximal non-tangential operator (Lemma 5.5), to avoid problems with 
the fact that the Hardy-Littlewood maximal operator is unbounded in L1. We also prove 
a weak reverse Hölder inequality involving the Hardy-Littlewood maximal operator (in 
relation with the L logL norm), which later improves itself to a weak reverse p-Hölder 
inequality giving the desired result. Then, Theorem 1.6 is a consequence of Theorem 1.5, 
the localization Theorem 5.1, and a good-λ inequality, in a similar fashion to the proofs 
of extrapolation in [12,28].

The proof of Theorem 1.8 follows from the theory of Sobolev spaces on metric spaces 
supporting weak (1, 1)-Poincaré inequalities (1.4). For more information on this topic, 
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see the book [20] by Heinonen, Koskela, Shanmugalingam, and Tyson. The proof of 
Proposition 1.10 follows from arguments in [28,24], and the proof of Proposition 4.2, that 
is, the relation between the Hardy-HMT space H1,1 (see Section 2.5) and the Hajłasz-
Sobolev space M1,1 follows from the techniques in [6].

Finally, the proof of Theorem 1.11 is very similar to the one of Theorem 1.3, but it 
requires an atomic decomposition for the tent spaces T p

2 (Ω) defined on domains. This 
atomic decomposition (Theorem 2.19) is inspired by the one in [8] but with some com-
plications originated by the lack of structure of our domains.

1.5. Organization of the paper

The paper is organized as follows. In Section 2 we review some necessary results needed 
along the paper. In Section 3 we develop atomic decompositions for the Hajłasz-Sobolev 
spaces. In Section 4 we prove Theorem 1.8, Proposition 4.2 about the relation between 
the spaces H1,1 and M1,1 under the hypothesis of a weak (1, 1)-Poincaré inequality 
(1.4), and some further results on the reversibility of the (RL

1 ) estimate for more regular 
domains (Proposition 1.10). In Section 5 is where we show the main results of the paper. 
We start by proving the localization Theorem 5.1, and we use it to obtain Theorem 1.3 in 
Section 5.1. Lastly, we prove Theorem 1.5 in Section 5.2, and Theorem 1.11 in Section 5.3.

2. Preliminaries

We will write a � b if there is a constant C > 0 so that a ≤ Cb and a ≈ b to mean 
a � b � a. For a ball B = B(x0, r), we write kB to denote B(x0, kr) for k > 0. For 
functions f ∈ L1

loc(σ), we write fB to denote 
ffl
B
f(x) dσ(x).

2.1. Hajłasz-Sobolev spaces

Let (X, d(·, ·), σ) be a uniformly perfect metric space (see below for the definition) 
equipped with a doubling measure σ.

Remark 2.1 (Uniformly perfect space). We say that a metric space X is uniformly perfect
if there exists a constant λ ≥ 2 such that

λB\B �= ∅ for all balls B such that λB �= X.

Moreover, since σ is doubling, we can assume that σ(λB) ≈ σ(λB\B). For example, by 
choosing larger λ, we may assume there exists x ∈ (λ − 1/3)B\ (4/3)B. Hence,

σ(λB\B) ≥ σ(B(x, r(B)/3)) � σ(B(x, 2λr(B))) ≥ σ(B) � σ(λB).

We start by presenting a Leibniz’ rule for Hajłasz-Sobolev functions.
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Lemma 2.2 (Leibniz’ rule for Hajłasz-Sobolev functions, Lemma 5.20 [19]). Let u ∈
M1,p(X) and ϕ be a bounded Lipschitz function. Then uϕ ∈ M1,p(X). Moreover, if 
L is a Lipschitz constant of ϕ and suppϕ = K, then

(g‖ϕ‖∞ + L|u|)χK ∈ D(uϕ) ∩ Lp(X),

for every g ∈ D(u) ∩ Lp(X).

Next, we will prove two kinds of Poincaré inequalities for Hajłasz-Sobolev functions. 
One is for p ≥ 1 and functions with zero mean and the other is for all p > 0 and functions 
with compact support.

Theorem 2.3 (Poincaré inequalities). Let f ∈ M1,p(X) and B ⊂ X be a ball. Then, if 
p ≥ 1, we have

ˆ

B

|f − fB |p dσ � r(B)p
ˆ

B

|∇Hf |p dσ, for all ∇Hf ∈ D(f).

Moreover, for all p > 0, if supp f ⊂ B and σ(λB\B) � σ(B), we get
ˆ

B

|f |p dσ � r(B)p
ˆ

λB

|∇Hf |p dσ, for all ∇Hf ∈ D(f).

Proof. For a proof of the first inequality see [34, Proposition 2.1] for example.
For the second inequality, for any ε > 0 we may choose z ∈ λB\B (thus f(z) = 0) 

such that ∇Hf(z) ≤ ε + infλB\B ∇Hf . Thus, ∇Hf(z)pσ(B) � ∇Hf(z)pσ(λB\B) ≤
εσ(λB\B) +

´
λB\B |∇Hf |pdσ ≤ εσ(λB) +

´
λB

|∇Hf |pdσ. Then, we have

1
r(B)p

ˆ

B

|f |pdσ = 1
r(B)p

ˆ

B

|f(x) − f(z)|pdσ(x)

≤ diam(λB)p

r(B)p

ˆ

B

(∇Hf(x) + ∇Hf(z))pdσ(x)

�p

ˆ

B

|∇Hf |pdσ + |∇Hf(z)|pσ(B)

�
ˆ

B

|∇Hf |pdσ +
ˆ

λB

|∇Hf |pdσ + εσ(λB)

�
ˆ

λB

|∇Hf |p dσ + εσ(λB).

Since, this is true for all ε > 0, we obtain
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ˆ

B

|f |p dσ � r(B)p
ˆ

λB

|∇Hf |p dσ

as desired. �
2.2. Whitney decomposition

We introduce the Hardy-Littlewood maximal operator as

Mσf(x) := sup
B(z,r)�x

 

B(z,r)

|f(y)| dσ(y), Mσμ(x) := sup
B(z,r)�x

μ(B(z, r))
σ(B(z, r)) ,

the centered Hardy-Littlewood maximal operator as

Mc,σf(x) := sup
r>0

 

B(x,r)

|f(y)| dσ(y), Mc,σμ(x) := sup
r>0

μ(B(x, r))
σ(B(x, r)) ,

and the truncated centered Hardy-Littlewood maximal operator as

Mc,σ,tf(x) := sup
0<r<t

 

B(x,r)

|f(y)| dσ(y), Mc,σ,tμ(x) := sup
0<r<t

μ(B(x, r))
σ(B(x, r)) , (2.1)

for f ∈ L1
loc(σ) or positive Radon measures μ. We will omit the subscript σ when there 

is no possible confusion in the measure used. We will also use extensively the following 
Whitney ball decomposition, proved for spaces of homogeneous type by Coifman and 
Weiss in [9, Theorem 3.2].

Theorem 2.4 (Whitney ball decomposition, Theorem 3.2 [9]). Let (X, d, σ) be a uniformly 
perfect metric space with constant λ equipped with a doubling measure and suppose U � X

is an open bounded set. Then there exists a sequence of balls (Bi)i where Bi = B(xi, ri)
satisfying

(i) U =
⋃

i Bi =
⋃

i Bi where Bi := 1
λBi,

(ii) there exists a constant N depending only on λ and the doubling constant of σ such 
that no point of X belongs to more than N of the balls Bi,

(iii) B̃i ∩ (X\U) �= ∅ for each i, where B̃i := λBi,
(iv) if Bi ∩Bj �= ∅, then ri ≈ rj.

2.3. Calderón maximal operator

In a metric measure space (X, d(·, ·), σ), where σ is a Borel regular measure, for 
f ∈ L1

loc(X), we define the Calderón-type maximal operator by
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Λ�f(x) := sup
r>0

 

B(x,r)

|f(y) − fB |
r

dσ(y).

It was shown in [30, Theorem 3] that if σ is doubling, this operator characterizes functions 
in M1,1(X).

Theorem 2.5. If σ is doubling, then, for any f ∈ Ṁ1,1(X), we have

‖f‖Ṁ1,1(X) ≈ ‖Λ�f‖L1(X).

Moreover, there exists C > 0 such that if f ∈ L1
loc(X) and Λ�f ∈ L1(X), then CΛ�f ∈

D(f) ∩ L1(X).

2.4. Hardy space H1

We first introduce the atomic characterization of the real Hardy space H1 on a d-
Ahlfors regular set E ⊂ Rn+1 with measure σ := Hd|∂Ω. We say that a function a(x) is 
an atom if

(i) supp a ⊂ B ∩E for some ball B centered on E,
(ii) ‖a‖L∞(E) ≤ σ(B)−1,
(iii)

´
a dσ = 0.

We define the (atomic) Hardy space H1(E) as the subspace of functions f ∈ L1(E)
that admit an atomic decomposition, that is, there exists a family of atoms (aj)j and a 
sequence of real numbers (λj)j with the property that

f =
∑
j

λjaj in L1(E)

and 
∑

j |λj | < +∞. We equip H1(E) with the norm ‖f‖H1 = inf
∑

j |λj | where the infi-
mum is taken over all possible atomic decompositions. This definition can be compared 
with the one of Hardy-Sobolev spaces in the introduction.

It is well known that real Hardy spaces admit an equivalent definition in terms of the 
grand maximal function. For f ∈ L1

loc(E), we define its grand maximal function as

M̃grf(x) := sup
ϕ∈T1(x)

∣∣∣∣ˆ fϕ dσ

∣∣∣∣ ,
where T1(x) is the set of Lipschitz functions ϕ for which there exists a ball B centered 
at x with radius r(B) such that

• suppϕ ⊂ B,
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• ‖ϕ‖L∞(E) ≤ σ(B)−1 and |ϕ|Lip ≤ (r(B)σ(B))−1.

Then, we have the equivalence

H1(∂Ω) = {f ∈ L1
loc(E) | M̃grf ∈ L1(E)}

and, moreover, both norms are equivalent

‖M̃grf‖L1(E) ≈ ‖f‖H1(E).

2.5. Measure theoretic boundary, tangential gradients and Hofmann-Mitrea-Taylor 
Sobolev spaces

An open set Ω ⊂ Rn+1 has finite perimeter if the distributional gradient ∇χΩ of χΩ is 
a locally finite Rn+1-valued measure. From results of De Giorgi and Moser it follows that 
∇χΩ = −νHn

∂∗Ω, where ∂∗Ω ⊂ ∂Ω is the reduced boundary of Ω and |ν(x)| = 1 Hn-a.e. 
in ∂∗Ω and ν is the measure theoretic unit normal. The measure theoretic boundary ∂∗Ω
consists of the points x ∈ ∂Ω such that

lim inf
r→0

m(B(x, r) ∩ Ω)
rn+1 > 0 and lim inf

r→0

m(B(x, r)\Ω)
rn+1 > 0.

When Ω has finite perimeter, it holds that ∂∗Ω ⊂ ∂∗Ω ⊂ ∂Ω and Hn(∂∗Ω\∂∗Ω) = 0. A 
good reference for those results is the book of Maggi [32].

In [24, Section 3.6], Hofmann, Mitrea, and Taylor introduced a notion of tangential 
derivatives and gradient very well suited for integration by parts.

Let Ω ⊂ Rn+1 be an open set of locally finite perimeter. For a C1
c function ϕ : Rn+1 →

R and 1 ≤ j, k ≤ n + 1, we define the tangential derivatives on ∂∗Ω by

∂t,j,kϕ := νj(∂kϕ)|∂Ω − νk(∂jϕ)|∂Ω,

where νi are the components of the outer unit normal ν and

∇HMTf :=
(∑

k

νk∂t,j,kf

)
1≤j≤n+1

.

By the arguments in [24, p 2676], if ϕ, ψ are C1 in a neighborhood of ∂Ω and compactly 
supported, we have that

ˆ
∂t,j,kψϕdHn =

ˆ
ψ∂t,k,jϕdHn. (2.2)
∂∗Ω ∂∗Ω
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For p ≥ 1, we denote by L1,p(Hn|∂∗Ω) the HMT Sobolev space (see [24, display (3.6.3)]) 
defined as the subspace of functions in Lp(Hn|∂∗Ω) for which there exists some constant 
C(f) such that

∑
1≤j,k≤n+1

∣∣∣∣∣∣
ˆ

∂∗Ω

f∂t,k,jϕdHn

∣∣∣∣∣∣ ≤ C(f)‖ϕ‖Lp′ (Hn|∂∗Ω)

for all ϕ ∈ C∞
c

(
Rn+1) where p′ is the Hölder conjugate exponent. By the Riesz repre-

sentation theorem, for each f ∈ L1,p (Hn|∂∗Ω) and each j, k = 1, . . . , n + 1, there exists 
some function hj,k ∈ Lp (Hn|∂∗Ω) such that

ˆ

∂∗Ω

hj,kϕdHn =
ˆ

∂∗Ω

f∂t,k,jϕdHn

and we set ∂t,j,kf := hj,k, so that this is coherent with (2.2). It is easy to check that 
Lipschitz functions with compact support are contained in L1,p (Hn|∂∗Ω).

We introduce a lemma (proved in [34, Lemma 6.4]) that clarifies the relationship 
between the tangential derivative ∇tf and ∂t,j,kf for Lipschitz functions on the boundary 
of a set of locally finite perimeter.

Lemma 2.6 (Lemma 6.4, [34]). Let Ω ⊂ Rn+1 be an open set of locally finite perimeter. 
Then, for any compactly supported Lipschitz function f : ∂Ω → R and for every j, k ∈
{1, 2, . . . , n + 1}, we have

∂t,j,kf(x) = −νj (∇tf)k (x) + νk (∇tf)j (x) for Hn|∂∗Ω-a.e. x ∈ ∂∗Ω.

Note that in [34] it is stated for domains with uniformly n-rectifiable boundary but 
only the n-rectifiability of ∂∗Ω is necessary.

Let’s restrict ourselves to the case that ∂∗Ω supports a weak (1, 1)-Poincaré inequality 
(1.4). We will define the Hardy-Sobolev version of the HMT space on ∂∗Ω, which we 
denote by H1,1(Hn|∂∗Ω), using a grand maximal characterization in a similar manner to 
[6]. First, for any x ∈ ∂∗Ω, we set

Mgr(∇HMTf)(x) := sup
g∈T̃1(x)

∣∣∣∣ˆ fg dHn|∂∗Ω

∣∣∣∣
for any f ∈ L1

loc(∂∗Ω) with prescribed ∇HMTf and where

T̃1(x) =

⎧⎪⎨⎪⎩g ∈ L∞(∂∗Ω)

∣∣∣∣∣
∃ ballB s.t.x ∈ B, supp g ⊂ B,

‖g‖∞ ≤ (r(B)Hn(B ∩ ∂∗Ω))−1,´
g dHn = 0

⎫⎪⎬⎪⎭ .
∂∗Ω
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Let’s show that the previous grand maximal operator is well defined in the sense that 
if f, h are Lipschitz on ∂∗Ω and satisfy ∇HMTf = ∇HMTh, then

sup
g∈T̃1(x)

∣∣∣∣ˆ fg dHn|∂∗Ω

∣∣∣∣ = sup
g∈T̃1(x)

∣∣∣∣ˆ hg dHn|∂∗Ω

∣∣∣∣ . (2.3)

Without loss of generality, assume that the left hand side of (2.3) is strictly larger than 
its right hand side. Then, we may fix g ∈ T̃1(x) with supp g ⊂ B such that

∣∣∣∣ˆ (f − h)g dHn|∂∗Ω

∣∣∣∣ ≥ ∣∣∣∣ˆ fg dHn|∂∗Ω

∣∣∣∣− ∣∣∣∣ˆ hg dHn|∂∗Ω

∣∣∣∣ > 0.

But, using that g has zero mean and that ∂∗Ω supports a weak (1, 1)-Poincaré inequality 
(1.4), we obtain

∣∣∣∣ˆ (f − h)g dHn|∂∗Ω

∣∣∣∣ ≤ ‖g‖L∞

ˆ

B

∣∣∣∣∣∣f − h−
 

B

(f − h) dHn|∂∗Ω

∣∣∣∣∣∣ dHn|∂∗Ω

� ‖g‖L∞ r(B)
ˆ

ΛB

|∇t(f − h)| dHn|∂∗Ω = 0

since, by Lemma 2.6, ∇HMT(f −h)(x) = −∇t(f −h)(x) for Hn|∂∗Ω-a.e.x ∈ ∂∗Ω. Hence, 
(2.3) holds.

Then, for an open set Ω ⊂ Rn+1 of locally finite perimeter such that ∂∗Ω supports a 
weak (1, 1)-Poincaré inequality (1.4), we define

H1,1(Hn|∂∗Ω) := {f ∈ L1,1(Hn|∂∗Ω) |Mgr(∇HMTf) ∈ L1(Hn|∂∗Ω)}

and we equip it with the seminorm

‖f‖H1,1(Hn|∂∗Ω) := ‖Mgr(∇HMTf)‖L1(Hn|∂∗Ω).

It is easy to see that Lipschitz functions with compact support on ∂∗Ω are in 
H1,1(Hn|∂∗Ω).

Remark 2.7. If ∂Ω and f are smooth, ∂Ω can be regarded as a Riemannian manifold 
and it holds that ∂Ω = ∂∗Ω. Then one can show that g is the divergence of a compactly 
supported vector field Φ ∈ L∞(∂Ω, T (∂Ω)) (where T (∂Ω) is the tangent space to ∂Ω) 
supported on B and

ˆ
fg dHn|∂Ω =

ˆ
f div Φ dHn|∂Ω = −

ˆ
(∇tf,Φ)x dHn|∂Ω(x)
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holds. In [34, Lemma 2.3], the second and third named authors proved that in this case 
∇tf = −∇HMTf Hn|∂Ω-a.e., which shows the connection between the definition of the 
grand maximal operator Mgr with the other grand maximal operator M̃gr defined in 
the previous section.

Remark 2.8. Note that since ∂∗Ω is n-rectifiable, HS1,1(∂∗Ω) is well-defined and is not 
necessarily equal to the space H1,1(∂∗Ω) defined here. Indeed, the space HS1,1(∂∗Ω)
contains functions that are (controlled) sums of Lipschitz atoms and H1,1(∂∗Ω) con-
tains functions whose HMT gradients have a grand maximal function in L1(∂∗Ω). These 
two approaches to Hardy-Sobolev spaces on ∂∗Ω were already studied in [5,6] non-
compact Riemannian manifolds equipped with a doubling measure and admitting a 
strong Poincaré inequality.

Remark 2.9. Following the ideas in [6], we can also show that the functions in T̃1(x) can 
also be regarded as a generalized divergence of a vector field satisfying an integration by 
parts formula (2.4).

Let

S := {V ∈ L1(Hn|∂∗Ω,R
n+1) | ∃f ∈ L1,1(Hn|∂∗Ω), V = ∇HMTf on ∂∗Ω}

be a subspace of L1(Hn|∂∗Ω, Rn+1) with norm ‖V ‖L1(Hn|∂∗Ω,Rn+1) =
´
∂∗Ω |V | dHn|∂Ω. 

Recall that, thanks to [34, Lemma 6.4], we know that ∇tf = −∇HMTf Hn|∂∗Ω-a.e. Let 
g̃ ∈ L∞(B ∩ ∂∗Ω) for some B centered on ∂∗Ω with ‖g̃‖∞ ≤ 1 and 

´
g̃ dHn|∂∗Ω = 0 and 

define a linear functional on S by

F (V ) := −
ˆ

B

g̃f dHn|∂∗Ω if V = ∇HMTf,

which is well defined since 
´
g̃ dHn|∂∗Ω = 0, and the weak (1, 1)-Poincaré inequality (1.4)

implies that if V = ∇HMTf = 0 then f must be constant. We check that F is bounded 
thanks to the weak (1, 1)-Poincaré inequality (1.4):

|F (V )| =

∣∣∣∣∣∣
ˆ

B

g̃

⎛⎝f −
ˆ

B

f dHn|∂∗Ω

⎞⎠ dHn|∂∗Ω

∣∣∣∣∣∣ ≤ Cr(B)‖g̃‖∞
ˆ

ΛB

|∇tf |dHn|∂∗Ω

= Cr(B)‖g̃‖∞‖V ‖L1(Hn|∂∗Ω,Rn+1).

The Hahn-Banach theorem shows that F can be extended to a bounded linear functional 
on L1(Hn|∂∗Ω, Rn+1), without increasing its norm. Thus, by duality, there exists a vector 
field Φ ∈ L∞(Hn|∂∗Ω, Rn+1) such that

ˆ
(Φ, V ) dHn|∂∗Ω = −

ˆ
g̃f dHn|∂∗Ω,
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for all V ∈ S and f satisfying ∇HMTf = V (2.4)

with ‖Φ‖∞ ≤ Cr(B)‖g̃‖∞.
This allows us to consider the following equivalent definition of Mgr(∇HMTf):

Mgr(∇HMTf) := sup
Φ∈T̂1(x)

∣∣∣∣ˆ (∇HMTf · Φ) dHn|∂∗Ω

∣∣∣∣
where the test functions Φ ∈ T̂1(x) satisfy

Φ ∈ L∞(Hn|∂∗Ω, R
n+1),

∃g ∈ T̃1(x) such that g and Φ satisfy (2.4) for all V ∈ S.

2.6. Strong Poincaré inequalities on domains with n-Ahlfors regular boundary

We define the n-dimensional Hausdorff content of a set E ⊂ Rn+1 as

Hn
∞(E) := inf

(Bi)i

{ ∞∑
i=1

diam(Bi)n | E ⊂
⋃
i

Bi, 0 < diam(Bi) < +∞
}

and the Sobolev 1-capacity of a set E ⊂ Rn+1 as

Cap1(E) := inf
g∈W 1,1(Rn+1),

g≡1 on E

‖∇g‖L1(Rn+1).

Remark 2.10. Note that if E ⊂ Rn+1 is an n-Ahlfors regular set, we have that

Hn(E) ≈ Hn
∞(E).

For W 1,1 functions vanishing in a set of positive Cap1 capacity, there is the following 
Poincaré inequality due to Maz’ya:

Theorem 2.11. Let u ∈ W 1,1(B) where B ⊂ Rn+1 is the unit ball. Assume that u vanishes 
on a compact set F ⊂ B with Cap1(F ) > 0. Then, there exists a constant Cn > 0
depending only on n such that

‖u‖L1(B) ≤
Cn

Cap1(F )‖∇u‖L1(B).

For a reference of this result see [33, Theorem 9.1]. On the other hand, [27, Theorem 
3.5] states that n-Hausdorff content and Sobolev 1-capacity are comparable.
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Theorem 2.12. Let F ⊂ Rn+1 be a compact set. Then,

Cap1(F ) ≈ Hn
∞(F )

with comparability constants depending only on n.

Combining both theorems yields the following strong Poincaré inequality for functions 
vanishing on an n-Ahlfors regular set.

Corollary 2.13. Let Ω ⊂ Rn+1 be a corkscrew domain with n-Ahlfors regular boundary 
∂Ω, x ∈ ∂Ω, and 0 < r < diam ∂Ω. Let u ∈ C(Ω ∩B(x, r)) ∩W 1,1(B(x, r) ∩Ω) vanishing 
on ∂Ω ∩B and extended by 0 in Ωc ∩B(x, r). Then,

‖u‖L1(B(x,r)) ≤ Cr‖∇u‖L1(B(x,r))

with constant C > 0 depending only on n and the Ahlfors regularity constant of ∂Ω.

2.7. Harmonic and elliptic measures

Assume that ∂Ω is n-Ahlfors regular, thus the continuous Dirichlet problem for an 
elliptic operator L satisfying (1.8) is solvable. By the maximum principle and the Riesz 
Representation Theorem, there exists a family of probability measures {ωx

L}x∈Ω on ∂Ω
so that for each f ∈ Cc(∂Ω) and each x ∈ Ω, the solution u to the continuous Dirichlet 
problem with data f satisfies u(x) =

´
∂Ω f(ξ) dωx

L(ξ). We call ωx
L the L-elliptic measure 

with pole at x.
We present two lemmas very important in the study of the elliptic measure ωL of a 

domain (see [35] and the references therein for example).

Lemma 2.14 (Lemma 2.16 in [35]). Let Ω � Rn+1 be an open set with n-Ahlfors regular 
boundary ∂Ω. Then there exists c > 0 depending only on n, the n-Ahlfors regularity 
constant of ∂Ω, and the ellipticity constant of L, such that for any ξ ∈ ∂Ω and r ∈
(0, diam(∂Ω)/2], we have that ωx

L(B(ξ, 2r) ∩ ∂Ω) ≥ c, for all x ∈ Ω ∩B(ξ, r).

Lemma 2.15 (Lemma 2.17 in [35]). Let Ω � Rn+1 be an open set with n-Ahlfors regular 
boundary ∂Ω. Let B = B (x0, r) be a closed ball with x0 ∈ ∂Ω and 0 < r < diam(∂Ω). 
Then

G(x, y) � ωy
L(4B)
rn−1 , for all y ∈ Ω\2B and x ∈ B ∩ Ω,

where G(x, y) is the Green’s function of the domain Ω with pole at y and the implicit 
constant depends only on n, the ellipticity constant of L, and the n-Ahlfors regularity 
constant of ∂Ω.



22 J.M. Gallegos et al. / Journal of Functional Analysis 288 (2025) 110672
Now we present a Lemma concerning the rate of decay at infinity of a bounded L-
harmonic function vanishing at the boundary (except on a ball). See [2, Lemma 2.11] for 
its proof.

Lemma 2.16. Let Ω ⊂ Rn+1 be a domain with n-Ahlfors regular boundary. Let u be a 
bounded, L-harmonic function in Ω, and let B be a ball centered at ∂Ω. Suppose that u
vanishes continuously in ∂Ω\B and, if Ω is not bounded, u also vanishes at ∞. Then, 
there is a constant α > 0 such that

|u(x)| � r(B)n−1+α

(r(B) + dist(x,B))n−1+α
‖u‖L∞(Ω∩(3B\2B)).

Both α and the constant implicit in the above estimate depend only on n, the Ahlfors-
regularity constant of ∂Ω and the ellipticity constant of L.

We present some of the main results in connection with the study of the Dirichlet and 
regularity problems in this general setting.

Theorem 2.17 (Characterization of the weak-A∞ property for harmonic measure). Let 
Ω ⊂ Rn+1, n ≥ 2 be an open bounded corkscrew domain with n-Ahlfors regular boundary 
∂Ω. Then, the following are equivalent:

(1) the harmonic measure ω belongs to weak-A∞(Hn|∂Ω),
(2) the harmonic measure ω satisfies a weak p-reverse Hölder inequality for some p > 1, 

that is ⎛⎝  

B∩∂Ω

(
dωx

dσ

)p

dσ

⎞⎠1/p

�
 

(2B)∩∂Ω

(
dωx

dσ

)
dσ

for all balls B centered on ∂Ω with diam(B) ≤ 2 diam(∂Ω) and all x ∈ Ω\3B.
(3) (DΔ

p′) is solvable for some p′ < +∞,
(4) (DΔ

BMO) is solvable (see [21] for its definition),
(5) (RΔ

p ) is solvable for some p > 1,
(6) Ω satisfies the weak local John condition and ∂Ω is uniformly n-rectifiable.

Moreover, for general elliptic operators, properties (1), (2), and (3) are equivalent, and 
(5) =⇒ (3) for 1

p + 1
p′ = 1.

We refer the reader to [21, Theorems 1.4 and 1.6] for the implications (1) =⇒ (4) =⇒
(3) =⇒ (1), to [3, Theorem 1.1] for (1) ⇐⇒ (6) (see also [22]), to [34, Theorems 1.2, 
1.6 and A.2] for the relationship between Dirichlet and Regularity problems, and to [34, 
Theorem 9.2] for (2) ⇐⇒ (3).
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2.8. Tent spaces on domains

Let Ω ⊂ Rn+1 be a corkscrew domain with n-Ahlfors regular boundary ∂Ω such that 
either Ω is bounded or ∂Ω is unbounded, and σ := Hn|∂Ω.

If g : Ω → R is a measurable function in Ω, we define the area functional of g for a 
fixed aperture α > 0 by

A(α)(g)(ξ) :=

⎛⎜⎝ ˆ

γα(ξ)

|g(x)|2 dx

δΩ(x)n+1

⎞⎟⎠
1/2

, ξ ∈ ∂Ω.

In [36, Proposition 4.5] it is shown that ‖A(α)(g)‖Lp ≈ ‖A(β)(g)‖Lp for every α, β > 0, 
and all 0 < p < ∞. Hence, we will write A omitting the dependence with respect to the 
aperture. We also define the q-Carleson functional for q ≥ 1 by

Cq(g)(ξ) := sup
r>0

1
rn

ˆ

B(ξ,r)∩Ω

⎛⎜⎝  

B(x,δΩ(x)/8)

|g|q dm

⎞⎟⎠
1/q

dm(x), ξ ∈ ∂Ω.

Finally, we introduce the tent spaces

T p
2 (Ω) :=

{
g ∈ L2

loc(Ω) : A(g) ∈ Lp(σ)
}
,

for p ∈ (0, ∞), and we equip them with

‖g‖Tp
2 (Ω) := ‖A(g)‖Lp(σ).

For 1 ≤ p < ∞, these are Banach spaces (see [36, page 16]).

Remark 2.18. The relevant definitions and results in [36] for this section are stated for 
chord-arc domains, but only the corkscrew property and the Ahlfors regularity are used 
in the proofs, hence they are also valid for the class of domains we consider.

Now, we focus on showing an atomic decomposition for functions in these spaces. Let 
0 < p ≤ 1. We say a function a(x) is a T p

2 atom if it is supported in a ball B(ξ, R) ∩ Ω
with ξ ∈ ∂Ω, 0 < R < diam ∂Ω and

ˆ

B∩Ω

a2(x) dx

δΩ(x) ≤ σ(B ∩ ∂Ω)−1/p.

If a is an atom with support in B(ξ, R), it is easy to check (see [36, page 23]), that its 
area functional A(a) is supported in B(ξ, 3R) ∩ ∂Ω, and it satisfies
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‖a‖T q
2 (Ω) � σ(B ∩ ∂Ω)1/q−1/p, and ‖a‖Tp

2 (Ω) � 1

for all q ∈ (p, 2].

Theorem 2.19. Let 0 < p ≤ 1 and f ∈ L∞
c (Ω) ∩ T p

2 (Ω). There exist sequences of real 
numbers (λj)j and T p

2 atoms (aj)j such that

f =
∑
j

λjaj in T p
2 (Ω) and

∑
j

|λj |p ≤ C‖f‖p
Tp
2 (Ω)

where C > 0 only depends on the Ahlfors regularity constant of ∂Ω, and the corkscrew 
constant of Ω.

Before proving the latter theorem, let us introduce some necessary additional defini-
tions.

We say a point x ∈ ∂Ω has global τ -density with respect to a set F ⊂ ∂Ω if for all 
0 < r < diam ∂Ω,

σ(B(x, r) ∩ F )
σ(B(x, r)) ≥ τ.

We denote by F ∗
τ the set of points of global τ -density of F . Note that for F closed, we 

clearly have F ∗
τ ⊂ F , and by [36, Proposition 3.3], it holds that

σ((F ∗
τ )c) ≤ Cσ(F c)

where C depends on τ and the Ahlfors regularity constant of ∂Ω. Also, for F ⊂ ∂Ω, we 
let

Rα(F ) :=
⋃
ξ∈F

γα(ξ)

where γα(ξ) is the nontangential cone of aperture α associated to ξ and the tent over an 
open set O as

T (O) = Ω\Rα(F ).

Let us now state some lemmas that will be necessary in the proof.

Lemma 2.20. Given α > 0, there exists τ ∈ (0, 1) close to 1 such that if F ⊂ ∂Ω and Φ
is a non-negative measurable function in Ω, then

ˆ
∗

Φ(x)δΩ(x)n dx ≤ Cα

ˆ ⎛⎜⎝ ˆ
Φ(x) dx

⎞⎟⎠ dσ(ξ),

Rα(Fτ ) F γβ(ξ)
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where β = min{1, α}.

Proof. For the proof, see [36, Lemma 3.14] (or [8, Lemma 2] in the classical case). �
Lemma 2.21. If f ∈ L∞

c (Ω) and τ > 0, the set F = {ξ ∈ ∂Ω | A(f)(ξ) ≤ τ} is closed.

Proof. See [36, Lemma 4.6] for the proof. �
Finally, we present the proof of Theorem 2.19, which is inspired by the original proof 

of [8, Theorem 1] but with some modifications originated by the lack of structure of 
our domains. In particular, any open subset O of Rn admits a “very good” Whitney 
decomposition in disjoint cubes (Qj)j , and then its tent T (O) ⊂ Rn+1

+ can be written 
as the disjoint union of �j(Qj ×R) ∩ T (O). In our case, we have to do extra work and 
obtain T (O) as a union of sets with bounded overlapping.

Proof of Theorem 2.19. Let τ sufficiently close to 1, and for k ∈ Z let Ok := {x ∈
∂Ω | A(f) > 2k}. By Lemma 2.21, we have that Ok is open and let O∗

k = {x ∈
∂Ω | Mc,σ(χOk

) > 1 − τ}. Then, Ok ⊂ O∗
k, but, by the boundedness of the Hardy-

Littlewood maximal operator, it holds that σ(O∗
k) ≤ cτσ(Ok). Let (λBk

i )i be a Whitney 
ball decomposition (Theorem 2.4) of O∗

k as a subset of ∂Ω. In particular, O∗
k = ∂Ω∩

⋃
i B

k
i

and there exists λ > 1 depending only on the Ahlfors regularity constant of ∂Ω, such 
that λ2Bk

i ∩ (O∗
k)c �= ∅ (inside of ∂Ω).

Claim 1. There exists a constant C > 1 depending on the constant λ of the Whitney ball 
decomposition Theorem 2.4 and the aperture of the cones α such that the tent

T (O∗
k) ⊂ Ω ∩

⋃
i

(
CBk

i ∩Rα(Bk
i ∩ ∂Ω)

)
,

if we consider the balls Bk
i as balls in Rn+1.

Proof of Claim 1. Let x ∈ T (O∗
k), that is, x ∈ Ω\Rα((O∗

k)c). By the definitions of Rα

and γα, we have that

d(x, (O∗
k)c) ≥ (1 + α)d(x, ∂Ω) = (1 + α)d(x,O∗

k).

If we take ξ ∈ O∗
k such that d(x, ξ) ≤ (1 + α/2)d(x, ∂Ω), then, by triangular inequality 

we also have

1 + α

1 + α/2d(x, ξ) ≤ d(x, (O∗
k)c) ≤ d(x, ξ) + d(ξ, (O∗

k)c).

Hence, if Bk
i is a Whitney ball containing ξ, it holds that

d(x, ξ) �α d(ξ, (O∗
k)c) �λ r(Bk

i ).
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Thus, x ∈ Cα,λB
k
i . Moreover, x ∈ γα(ξ) ⊂ Rα(Bk

i ∩ ∂Ω), proving the claim. �
The previous claim allows us to write T (O∗

k)\T (O∗
k+1) as the following non-disjoint 

union of open sets

T (O∗
k)\T (O∗

k+1) =
⋃
i

(
CBi

k ∩Rα(Bi
k) ∩

(
T (O∗

k)\T (O∗
k+1)

))
=:

⋃
i

Δk
i .

Note that supp f ⊂
⋃

k∈Z T (O∗
k).

Claim 2. The sets Δk
i have bounded overlapping, that is, there exists N > 0 depending 

only on λ and α such that∑
i

χΔi
k
(x) ≤ N, for all x ∈ T (O∗

k)\T (O∗
k+1).

Proof of Claim 2. Assume x ∈ Δk
i ∩Δk

j . Then, there exist ξki ∈ Bk
i ∩∂Ω and ξkj ∈ Bk

j ∩∂Ω
such that x ∈ γα(ξki ) ∩ γα(ξkj ), which implies

(1 + α)−1d(x, ξki ) ≤ d(x, ξkj ) ≤ (1 + α)d(x, ξki ),

and

d(x, ξki ) �α,λ r(Bk
i ), and d(x, ξkj ) �α,λ r(Bk

j ).

Hence, d(Bk
i , B

k
j ) ≤ d(ξkj , ξki ) �α,λ min(r(Bk

i ), r(Bk
j )).

As a consequence, it cannot happen that r(Bk
i ) � r(Bk

j ) or vice versa since that 
would imply that λBk

i ∩ λBk
j �= ∅ and we get a contradiction with property (iv) of 

Theorem 2.4. Hence, if x belongs to Δk
i for i ∈ I, we have that r(Bk

i ) ≈ r(Bk
j ) for all 

i, j ∈ I, and d(Bk
i , B

k
j ) ≈ r(Bk

i ). Therefore, it can only belong to a uniformly bounded 
number of balls. �

Let (φk
i )i be a partition of unity subordinated to the sets Δk

i . We write

aki := fφk
i σ(Bk

i )−1/p(μk
i )−1/2

where μk
i :=

´
Δk

i
|f(y)φk

i (y)|2 dy
δΩ(y) . Clearly, we have that these functions aki are multiples 

of T p
2 atoms. If we set λk

i := σ(Bk
i )1/p(μk

i )1/2, we obtain

f =
∑
k,i

λk
i a

k
i .

So it is only left to prove that
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∑
k,i

|λk
i |p � ‖A(f)‖pp = ‖f‖p

Tp
2
.

However,

μk
i =

ˆ

Δk
i

|f(y)φk
i (y)|2

dy

δΩ(y) ≤
ˆ

Δk
i

|f(y)|2 dy

δΩ(y) ≤
ˆ

CBk
i ∩(O∗

k+1)c

|f(y)|2 dy

δΩ(y) .

If we apply Lemma 2.20 with F = (Ok+1)c, F ∗
τ = (O∗

k+1)c, Rα(F ∗
τ ) = Ω\T (O∗

k+1), and 
Φ(y) = |f(y)|2δΩ(y)−(n+1)χCBk

i
(y), we get

μk
i �

ˆ

CBk
j ∩Oc

k+1

A(f)2 dσ � σ(Bk
j )(2k+1)2

by the definition of Ok+1. Finally, using the bounded overlapping property of the balls 
Bk

j , we infer ∑
j,k

|λk
j |p �

∑
k,j

σ(Bk
j )2kp �

∑
k

σ(O∗
k)2(k+1)p

�
∑
k

σ(Ok)2(k+1)p � ‖A(f)‖pLp(σ). �

2.9. Variants of the Dirichlet and Regularity problems

Let Ω ⊂ Rn+1 be a corkscrew domain with n-Ahlfors regular boundary ∂Ω such that 
either Ω is bounded or ∂Ω is unbounded, and σ := Hn|∂Ω.

For any p ∈ (1, ∞), we say that the Dirichlet problem in the tent space T p
2 is solvable 

for the operator L (we write (D̃L
p ) is solvable) if there exists C > 0 such that for all 

f ∈ Cc(∂Ω), the solution u of the continuous Dirichlet problem satisfies

‖δΩ|∇u|‖Tp
2 (Ω) ≤ C‖f‖Lp(σ). (2.5)

Consider the following Poisson problem{
−Lv = H − divΞ, in Ω,

v ∈ Y 1,2
0 (Ω),

(2.6)

with Poisson data H ∈ L∞
c (Ω) and Ξ ∈ L∞

c (Ω; Rn+1) where Y 1,2
0 (Ω) is the completion 

of C∞
c (Ω) under the norm ‖u‖Y 1,2 := ‖u‖

L
2(n+1)
n−1 (Ω)

+ ‖∇u‖L2(Ω).

For any p ∈ (1, ∞), we say that the Poisson regularity problem is solvable for the 
operator L (we write (PRL

p ) is solvable) if there exists C > 0 such that for each H ∈
L∞
c (Ω) and Ξ ∈ L∞

c

(
Ω;Rn+1), the solution v of the Poisson problem (2.6) satisfies
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‖Ñ2(∇v)‖Lp(σ) ≤ C
(
‖C2∗(H)‖Lp(σ) + ‖C2(Ξ/δΩ)‖Lp(σ)

)
. (2.7)

Analogously, for p ∈ (0, ∞), we say that the modified Poisson regularity problem is 
solvable for the operator L (we write (P̃R

L
p ) is solvable) if there exists C > 0 such that 

for each H ∈ L∞
c (Ω) and Ξ ∈ L∞

c

(
Ω;Rn+1), the solution v of the Poisson problem (2.6)

satisfies

‖Ñ2(∇v)‖Lp(σ) ≤ C
(
‖δΩH‖Tp

2 (Ω) + ‖Ξ‖Tp
2 (Ω)

)
. (2.8)

For 0 < p ≤ 1, we say that the Poisson regularity problem (PRL
p ) is solvable if the 

modified Poisson regularity problem (P̃R
L
p ) is.

The Poisson regularity problem was introduced in [35] and the modified Poisson reg-
ularity problem in [37]. In Rn+1

+ and for small Carleson perturbations of t-independent 
operators, the non-tangential estimates of the latter problem for ∇L−1

Rn+1 div (i.e. the op-
erator with kernel the fundamental solution instead of the Green function) first appeared 
(without this name) in [23, Propositions 4.6 and 5.1]. It is easy to see that once this es-
timate is obtained, then by the standard connection between the fundamental solution 
and the Green function, one can prove that the modified Poisson regularity problem is 
equivalent to the solvability of the Regularity problem.

By [37, Theorem 1.8], there is the following relation between the modified Poisson 
regularity problem and the Dirichlet problem in tent spaces.

Theorem 2.22. Let Ω ⊂ Rn+1 be a corkscrew domain with n-Ahlfors regular boundary 

∂Ω. Then, for any p ∈ [1, 2] such that 1
p + 1

p′ = 1, solvability of (P̃R
L
p ) implies solvability 

of (D̃L∗

p′ ).

Furthermore, we also have that solvability of the Dirichlet problem in tent spaces 
implies that the associated elliptic measure is in weak-A∞(σ).

Proposition 2.23. Let Ω ⊂ Rn+1 be a corkscrew domain with n-Ahlfors regular boundary 
∂Ω. If (D̃L

p′) is solvable for some p′ ≥ 2, then ωL ∈ weak-A∞(σ).

The proof is very similar to that of [21, Theorem 1.4] so we will only highlight the 
main differences.

Sketch of proof. We intend to show that ωL satisfies the hypotheses of Lemma 5.3 (which 
corresponds to [21, Lemma 3.2]).

Let the sets F, F1, and A1 be as in their proof, and define

f := χA1

which satisfies ‖f‖Lp(σ) = σ(A1)1/p. In order to work with continuous data, we mol-
lify f as in [21, Lemma 3.9] and obtain a family of functions (fs)s. We have that 
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sups ‖fs‖Lp(σ) � ‖f‖Lp(σ) thanks to the boundedness of the Hardy-Littlewood maxi-
mal operator in Lp(σ).

Let us be the solution of the Dirichlet problem with boundary data fs. Then, for 
small ε > 0, we have by Fatou’s lemma and [21, Claim 2] that

ωx
L(A1) ≤

ˆ

∂Ω

lim inf
s→0

fs dω
x
L ≤ lim inf

s→0
us(x)

≤ lim inf
s→0

Cε

⎛⎝ 1
σ (ΔX)

ˆ

Bx∩Ω

|∇us|2δΩ dm

⎞⎠1/2

+ Cεα.

Using Fubini, we obtain that

ˆ

Bx∩Ω

|∇us|2δΩ dm �
ˆ

CBx∩∂Ω

A(δΩ|∇us|)2 dσ.

Hence, by solvability of (D̃L
p ) and Hölder’s inequality, we get

ωx
L(A1) ≤ lim inf

s→0
Cε

⎛⎝  

CBx∩∂Ω

A(δΩ|∇us|)p dσ

⎞⎠1/p

+ Cεα

� Cεσ(CBx ∩ ∂Ω)−1/p‖f‖p + Cεα

= Cε

(
σ(A1)

σ(CBx ∩ ∂Ω)

)1/p

+ Cεα ≤ Cεη
1/p + Cεα. (2.9)

The rest of the proof is the same as the one in [21] with η1/p instead of γ. �
3. Atomic decomposition of Hajłasz-Sobolev spaces on Ahlfors regular metric spaces

In this section we will prove atomic decompositions for the Hajłasz-Sobolev spaces 
M1,p

τ (X), p ≤ 1, defined on a uniformly perfect metric space X equipped with a doubling 
measure σ. The proofs are inspired by the ones appearing in the works of [4,5]. The main 
differences are that we consider atoms in the Hajłasz-Sobolev space as we do not assume 
a differentiable structure on X, we consider the full range p ∈ (0, 1], and we do not 
assume X is non-compact.

Let (X, d(·, ·), σ) be a uniformly perfect metric space X equipped with a doubling 
measure σ with uniform perfectness constant λ ≥ 2 (see Remark 2.1). We start by 
defining adequate atoms to carry out the atomic decompositions.
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Definition 3.1 ((τ, t, p)-atom). A σ-measurable function a is a (τ, t, p)-atom for p ∈
(0, +∞), t ∈ (p, +∞], and τ ∈ (0, +∞] if there exists a ball B and ∇Ha ∈ D(u) ∩Lt(X)
such that

(a) supp a ⊂ B,
(b) ‖∇Ha‖Lt(X) ≤ σ(B)

1
t− 1

p ,
(c) ‖a‖Lt(X) ≤ τσ(B)

1
t− 1

p .

Note that in other references (such as [4,5,9,12]) some cancellation property is required 
for the atoms, but this is not necessary for our purposes. This cancellation property is 
much more important in the case of non-Sobolev Hardy spaces. Also, observe that there 
is always some control on the t-norm of a thanks to the second Poincaré inequality in 
Theorem 2.3, even when τ = +∞ (as long as λB � X), and that a (τ, r, p)-atom is a 
(τ, t, p)-atom too for t < r by Hölder inequality.

We will now prove a Calderón-Zygmund decomposition for Lipschitz functions in 
the Hajłasz-Sobolev space M1,p

τ (X) (also with p ≤ 1). This decomposition has some 
similarities to the ones in [4,5] for p = 1, although these works use classical Sobolev 
atoms instead of Hajłasz-Sobolev atoms.

Lemma 3.2 (q-Calderón-Zygmund decomposition). Let f ∈ M1,p
τ (X) ∩ Lip(X), τ ∈

(0, +∞], ∇Hf ∈ D(f) ∩ Lp(X), p ∈ (0, +∞], q ∈ (0, p], and α >
(
Cp

X

ffl
X

(τ−p|f |p +
|∇Hf |p) dσ

)1/p for some constant CX depending on the Ahlfors regularity of X. Then, 
there exists a constant C > 0, a collection of balls (Bi)i, points (xi)i, Lipschitz functions 
g, (bi)i, and (ϕi)i, and Lq(X) functions (∇Hbi)i such that

f − g =
∑
i

bi, σ-a.e. and in M1,q
τ ; (3.1)

⋃
i

Bi = {x ∈ X |M(τ−q|f |q + |∇Hf |q)(x) > αq} =: Uα; (3.2)

g(x) = f(x) for x ∈ U c
α, |g| ≤ τα, |g|Lip ≤ Cα; (3.3)

(ϕi)i forms a partition of unity of Uα subordinated to (Bi)i with ‖ϕi‖Lip � r(Bi)−1;
(3.4)

xi ∈ λBi\Uα, |f(xi)| ≤ τα, |∇Hf(xi)| ≤ α, bi(x) := (f(x) − f(xi))ϕi(x), ∀i; (3.5)

‖bi‖Lq(σ) ≤ Cτασ(Bi)1/q, ‖∇Hbi‖Lq(σ) ≤ Cασ(Bi)1/q, ∇Hbi ∈ D(bi), ∀i; (3.6)∑
i

σ(Bi) ≤ Cα−p

ˆ

X

(
τ−p|f |p + |∇Hf |p

)
dσ; (3.7)

∑
i

χBi
(x) ≤ N, ∀x ∈ X. (3.8)
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The constant C depends only on the Ahlfors regularity constants of X, and the constant 
N is the one in Theorem 2.4 (Whitney ball decomposition).

Before presenting the proof, we remark that no constant in the Calderón-Zygmund 
decomposition depends on the Lipschitz seminorm of f and that the condition
α >

(
Cp

X

ffl
X

(τ−p|f |p + |∇Hf |p) dσ
)1/p is only meaningful in the case σ(X) < +∞.

Proof. Fix f ∈ M1,p
τ (X) ∩Lip(X), α > 0, and a Hajłasz derivative ∇Hf ∈ D(f) ∩Lp(X). 

We can redefine ∇Hf(x) as the lim supr→0
ffl
B(x,r) ∇Hf dσ (as this only changes it in a 

set of measure zero) and by [20, Lemma 10.2.2] this new Hajłasz gradient satisfies (1.2)
pointwise. Let

Uα := {x ∈ X |M(τ−q|f |q + |∇Hf |q)(x) > αq}

where M is the uncentered Hardy-Littlewood maximal function with respect to the 
measure σ. The properties of the uncentered Hardy-Littlewood maximal operator M (in 
particular the weak (p, p) inequality for M(| · |q)1/q for q ≤ p) give us

σ(Uα) ≤ Cp
Xα−p(τ−p‖f‖pp + ‖∇Hf‖pp) < +∞ (3.9)

since f belongs to M1,p
τ and p ≥ q.

Case Uα = ∅. We may choose g = f , bi = 0, and we already get a Calderón-Zygmund 
decomposition thanks to Lebesgue’s differentiation theorem.

Case Uα = X. This cannot happen thanks to the condition α >
(
Cp

X

ffl
X

(τ−p|f |p +
|∇Hf |p) dσ

)1/p.
Case ∅ �= Uα � X. Consider a Whitney ball decomposition of Uα (as in Theorem 2.4) 
with balls Bi. We denote B̃i = λBi, a multiple of the ball Bi given by the Whitney ball 
decomposition that satisfies B̃i ∩ U c

α �= ∅. Notice that we have already proved the two 
last properties of the statement: bounded overlapping and

∑
i

σ(Bi) ≤ Nσ(Uα) ≤ CXNα−p(τ−p‖f‖pp + ‖∇Hf‖pp)

thanks to (3.9).
Let’s define the “bad” functions bi of the decomposition. Consider a partition of unity 

(ϕi)i of Uα such that ϕi is supported in Bi, and ϕi is Lipschitz with |ϕi|Lip � 1
r(Bi) for 

all i. Note that, by definition of the maximal operator M , we have

 

˜
(
τ−q|f |q + |∇Hf |q

)
dσ ≤ αq
Bi
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since the ball B̃i intersects the complementary of Uα. This implies that there exists 
xi ∈ B̃i\Uα such that τ−q|f(xi)|q + |∇Hf(xi)|q ≤ αq. For such xi, set

bi = (f − f(xi))ϕi.

Clearly, supp bi ⊂ Bi. Using Leibniz’ rule (Lemma 2.2), we have a Hajłasz gradient for 
bi given by

∇Hbi(x) =
(

C

r(Bi)
|f(x) − f(xi)| + ∇Hf(x)

)
χBi

(x)

� (∇Hf(x) + ∇Hf(xi))χBi
(x) (3.10)

for some constant C > 0.
Now, we proceed to compute the q-norms of bi and ∇Hbi. We have

ˆ

X

|bi|qdσ ≤
ˆ

Bi

|f(x) − f(xi)|qdσ

�
ˆ

B̃i

(|f(x)|q + |f(xi)|q) dσ � τ qαqσ(B̃i) � τ qαqσ(Bi)

by the definition of Uα and properties of the uncentered maximal operator, doubling of 
the measure, and the definition of xi. Also using the expression of ∇Hbi considered in 
(3.10), we can bound

ˆ

X

|∇Hbi|q dσ � 1
r(Bi)q

ˆ

Bi

|f(x) − f(xi)|qdσ(x) +
ˆ

Bi

|∇Hf |qdσ

�
ˆ

Bi

(|∇Hf(x)|q + |∇Hf(xi)|q) dσ(x)

≤
ˆ

B̃i

|∇Hf(x)|qdσ + αqσ(Bi) � αqσ(Bi)

using the Hajłasz gradient property and the same ideas as before.
Now, we only have left to check the behavior of the “good” part g. We have

g = f · χUc
α

+
∑
i

f(xi)ϕi,

with supp (
∑

f(xi)ϕi) ⊆ Uα. The bound |g| ≤ τα follows easily. In U c
α, it is a consequence 

of Lebesgue’s differentiation theorem and the definition of Uα. On Uα, it is due to the 
fact that |f(xi)| ≤ τα and 

∑
ϕi(x) = χUα

(x).
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The part that comes now is different from the proof in [5] as that work does not 
use Lipschitz extensions. We know that for x ∈ U c

α, we have ∇Hf(x) ≤ α and ∇Hf

satisfies (1.2) pointwise. Hence, we may consider a Lipschitz extension f̃ of f |Uc
α

to X
with Lipschitz constant 2α. Then, for any z ∈ X and x ∈ Uα, we may rewrite

g(x) = f̃(z) +
∑
i

(f̃(xi) − f̃(z))ϕi(x) (3.11)

since f(xi) = f̃(xi) as xi ∈ U c
α. Moreover, (3.11) also holds for all x ∈ X if we let z = x

in the expression. Our aim is to check that g is Lipschitz with constant Cα for some 
C > 0. To this end, we will consider four different cases: x, y ∈ Uα and they are “close”, 
x, y ∈ Uα and they are “far”, x ∈ Uα and y ∈ U c

α, and x, y ∈ U c
α.

Case x, y ∈ Uα and they are “close”. Let Ix := {i | x ∈ Bi} for any x ∈ Uα. Assume there 
exist i0 ∈ Ix and j0 ∈ Iy such that Bi0 ∩Bj0 �= ∅ and fix z ∈ Bi0 ∩Bj0 . Then, the radii 
r(Bk) for k ∈ Ix ∪ Iy are all comparable. We have

|g(x) − g(y)| =

∣∣∣∣∣∣
∑
i∈Ix

(f̃(xi) − f̃(z))ϕi(x) −
∑
i∈Iy

(f̃(xi) − f̃(z))ϕi(y)

∣∣∣∣∣∣
=

∣∣∣∣∣∣
∑

i∈Ix∪Iy

(f̃(xi) − f̃(z))(ϕi(x) − ϕi(y))

∣∣∣∣∣∣ (3.12)

≤ Cαd(x, y)
∑

i∈Ix∪Iy

d(xi, z)
r(Bi)

.

Thanks to the properties of the Whitney ball decomposition, #Ix ≤ N for all x ∈ Uα

and, for all i, k ∈ Ix the radius of Bi and Bk are comparable to d(x, U c
α). Using that 

z ∈ Bi0 ∩Bj0 , we obtain d(xi, z) � r(Bi) for i ∈ Ix ∪ Iy. Using this in (3.12) gives us the 
desired bound for |g(x) − g(y)| in this case.

Case x, y ∈ Uα and they are “far”. Assume that for all i ∈ Ix and j ∈ Iy we have that 
Bi ∩Bj = ∅. In this case, we have d(x, y) � r(Bi) for all i ∈ Ix ∪ Iy. Then, we write

|g(x) − g(y)| ≤
∑
i∈Ix

|f̃(xi) − f̃(z)| +
∑
j∈Iy

|f̃(xj) − f̃(z)|. (3.13)

Choose z = xj0 for some fixed j0 ∈ Iy. Then, we can bound∑
j∈Iy

|f̃(xj) − f̃(z)| ≤
∑
j∈Iy

2αd(xj , z) � Nαd(x, y)

since d(xj , z) is comparable to r(Bj) for j ∈ Iy (and the constant N comes from the 
bounded overlapping). We can control the other term in the right hand side of (3.13) by 
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using that d(xi, z) ≤ d(xi, x) + d(x, y) + d(y, z) � r(Bi) + d(x, y) + r(Bj0) � 3d(x, y) so 
we also get the desired Lipschitz bound.

Case x, y ∈ U c
α. If x, y ∈ U c

α then it’s trivial to see that |g(x) −g(y)| = |f(x) −f(y)| ≤ 2α
because there f coincides with f̃ which is globally 2α-Lispchitz.

Case x ∈ Uα and y ∈ U c
α. Using that ϕi(y) = 0 for all i, we take z = x in (3.11) and get

|g(x) − g(y)| ≤ |f̃(x) − f̃(y)| +
∣∣∣∣∣∑
i∈Ix

(f̃(xi) − f̃(x))ϕi(x)

∣∣∣∣∣
� |f̃(x) − f̃(y)| + 2α

∑
i∈Ix

r(Bi).

Since we have r(Bi) � d(x, y) for i ∈ Ix and #Ix ≤ N , we obtain the Lipschitz bound 
for the final case. �
Remark 3.3. The expression for the good part of decomposition g appearing in (3.11)
does not depend on the Lipschitz extension f̃ chosen of f |Uc

α
. This will be used in the 

proof of the next theorem.

Using the previous Calderón-Zygmund decomposition, we are ready to obtain an 
atomic decomposition for Lipschitz functions in M1,p

τ (X) for p ≤ 1. The proof presents 
similarities with [5, Propositions 3.4 and 4.7] for p = 1 but with some marked differences 
such as the fact that we avoid the use of Sobolev inequalities and thus obtain (τ, ∞, p)-
atoms in the decomposition.

Theorem 3.4 (Atomic decomposition). Let p ∈ (0, 1], τ ∈ (0, +∞], f ∈ M1,p
τ (X) ∩Lip(X), 

and ∇Hf ∈ D(f) ∩Lp(X). There exists a constant C > 0, a sequence (aj)j of Lipschitz 
(τ, ∞, p)-atoms, and a sequence (λj)j of real numbers such that

f =
∑
j

λjaj in M1,p
τ (X) and

∑
j

|λj |p ≤ C
(
τ−p‖f‖pp + ‖∇Hf‖pp

)
.

Again, before presenting the proof, we remark that no constant in the atomic decom-
position depends on the Lipschitz seminorm of f .

Proof. Choose 0 < q < p and consider the sequence of Calderón-Zygmund decomposi-
tions with power q (Lemma 3.2) of f at heights αj = 2j , for j ∈ Z. We obtain sequences 
of functions gj and bji , balls Bj

i , with supp bji ⊂ Bj
i , and open sets Uαj

= ∪iB
j
i . If the 

decomposition at height αj does not exist (which can happen in the case σ(X) < +∞), 
we define gj = 0 and Uαj

= X. In any case, there exists j0 big enough such that for all 
j > j0 the q-Calderón-Zygmund decomposition exists at height αj .
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Note that we have

+∞ > τ−p‖f‖pp + ‖∇Hf‖pp �
ˆ

X

M(τ−q|f |q + |∇Hf |q)p/qdσ

≈
∑
j∈Z

2pjσ(Uαj
\Uαj+1) (3.14)

by definition of Uαj
, and the strong (p, p) bound for M(| · |q)1/q as p > q. Using that

2pj = 2p − 1
2p

j∑
k=−∞

2pk,

we can rewrite

+∞ >
∑
j∈Z

2pjσ(Uαj
\Uαj+1) = 2p − 1

2p
∑
j∈Z

⎛⎝σ(Uαj
\Uαj+1)

∑
−∞<k≤j

2pk
⎞⎠

= 2p − 1
2p

∑
k∈Z

⎛⎝2pk
∑
j≥k

σ(Uαj
\Uαj+1)

⎞⎠ (3.15)

= 2p − 1
2p

∑
k∈Z

2pkσ(Uαk
)

by rearranging the sums and using that σ(Uαj
) → 0 as j → ∞.

First we will check that gj → f in Lp(X) as j → ∞ (if τ < +∞). Since (gj − f)
vanishes in U c

αj
, we have

‖gj − f‖pp =
ˆ

Uαj

|gj − f |pdσ �p

ˆ

Uαj

(|gj |p + |f |p)dσ � τ2jpσ(Uαj
) +

ˆ

Uαj

|f |pdσ.

As the sum in (3.15) converges, the sequence 2pjσ(Uαj
) goes to 0 when j → +∞. Also, 

since f ∈ Lp(X) and σ(Uαj
) → 0, we have that 

´
Uαj

|f |pdσ → 0 as well.
We will see that (if τ < +∞) gj → 0 in Lp(X) as j → −∞. Taking into account that 

gj = f in U c
αj

and |gj | ≤ τ2j , we have

ˆ

X

|gj |p dσ �
ˆ

Uc
αj

|f |p dσ + σ(Uαj
)τ2jp. (3.16)

Again, σ(Uαj
)2jp goes to zero as j → −∞ because the sum in (3.15) is convergent. On 

the other hand, by the dominated convergence theorem
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ˆ

Uc
αj

|f |pdσ ≤
ˆ

X

|f |pχ{|f |≤αj}dσ → 0 as j → −∞

as |f | ≤ αj in U c
αj

.
Now, we will check that the Hajłasz gradient ∇H(gj − f) given by 

∑
i ∇Hbji goes to 

0 in Lp(X) as j → ∞. We compute
ˆ

X

|∇H(gj − f)|pdσ ≤
∑
i

ˆ

X

|∇Hbji |pdσ.

Using the bound for ∇Hbji appearing in (3.10), we obtain

∑
i

ˆ

X

|∇Hbji |pdσ �
∑
i

ˆ

Bi

(
2jp + |∇Hf |p

)
dσ � 2jpσ(Uαj

) +
ˆ

Uαj

|∇Hf |p dσ,

where we have used the finite superposition of the balls Bi. Note that the term ´
Uαj

|∇Hf |p dσ goes to 0 because |∇Hf |p ∈ L1(X), σ(Uαj
) → 0, and 2jpσ(Uαj

) tends to 

0 when j → +∞ because the sum in (3.15) is convergent.
Finally, one can check that the Ṁ1,p(X) quasinorm of gj goes to 0 as j → −∞ by 

the same argument used in (3.16) to see that gj → 0 in Lp(X) as j → −∞, taking into 
account that |∇Hgj | � 2j instead of |gj | ≤ τ2j .

Definition of the atoms. We define lj := gj+1 − gj (with support on Uαj
) and lji = ljϕj

i

where ϕj
i is a Lipschitz partition of unity subordinated to (Bj

i )i with the property that 
each ϕj

i has a Hajłasz gradient satisfying |ϕj
i |Lip � r(Bj

i )−1. In the case σ(X) < +∞, 
lj ≡ 0 for all j < j0 for some j0 ∈ Z. Then, for lj0 we just define lj01 = lj0 (we consider 
Bj0

1 = X as a single ball).

Claim. The functions lji are multiples of (τ, ∞, p)-atoms. In particular,

‖lji ‖M1,∞
τ (X) � 2j+1.

Proof of claim. Clearly, we have supp lji ⊂ Bj
i , and

‖lji ‖∞ ≤ Cτ2j .

Also, by Leibniz’ rule (Lemma 2.2), we can consider the following Hajłasz gradient for 
lji :

∇H lji := CχBj
i

(
∇Hgj+1 + ∇Hgj + r(Bj

i )
−1|lj |

)
.

We trivially have the bound
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∇Hgj+1 + ∇Hgj � 2j+1.

Hence, we only need to show that r(Bj
i )−1|lji | � 2(j+1). First, notice that Uαj

⊃ Uαj+1 . 
This allows us to reuse the expression in (3.11) for both gj and gj+1. In particular, we 
have the following identities:

gj(x) = f̃(x) +
∑
k

(f̃(xj
k) − f̃(x))ϕj

k(x),

gj+1(x) = f̃(x) +
∑
k̃

(f̃(xj+1
k̃

) − f̃(x))ϕj+1
k̃

(x),

where xj
k ∈ λBj

k\Uαj
, xj+1

k̃
∈ λBj+1

k̃
\Uαj+1 , and f̃ is any Lipschitz extension of f |Uc

αj+1

to X with Lipschitz constant at most 2j+2. These representations follow from the fact 
that (ϕj

i )i form a partition of unity and the definition of the bad functions bji (analogously 
with j + 1 instead of j). Hence, for x ∈ Bj

i , we obtain

|lj(x)| ≤ |gj+1(x) − gj(x)|

=

∣∣∣∣∣∣
∑
k̃

(f̃(xj+1
k̃

) − f̃(x))ϕj+1
k̃

(x) −
∑
k

(f̃(xj
k) − f̃(x))ϕj

k(x)

∣∣∣∣∣∣
≤

∑
Bj+1

k̃
∩Bj

i �=∅

|f̃(x) − f̃(xj+1
k̃

)|χBj+1
k̃

+
∑

Bj
i∩Bj

k �=∅

|f̃(x) − f̃(xj
k)|χBj

k
.

Since f̃ has Lipschitz constant bounded by 2j+2, we have for x ∈ Bj
i that |f̃(x) −f̃(xj

k)| ≤
2j+2d(x, xj

k) � 2j+2r(Bj
i ) where we have used that Bj

k ∩Bj
i �= ∅ implies r(Bj

k) ≈ r(Bj
i ). 

Similarly, we also have for x ∈ Bj
i that |f̃(x) − f̃(xj+1

k̃
)| ≤ 2j+2d(x, xj+1

k̃
) � 2j+2r(Bi

j)
using that (for a fixed i) the balls Bj+1

l with Bj
i ∩Bj+1

l �= ∅ must have radii r(Bj+1
l ) �

r(Bj
i ) (which is a consequence of Uαj+1 ⊂ Uαj

and the Whitney ball decomposition in 
Theorem 2.4). Finally, using the bounded overlapping of the balls in the same generation, 
we get

r(Bj
i )

−1|lji | � 2(j+1)

which finishes the proof of the claim. �
In particular, 

(
σ(Bj

i )1/pC2j
)−1

lji =: 1
μj
i

lji is a (τ, ∞, p)-atom.

Convergence of the atoms. Now, we want to check that the Ṁ1,p(X) norm of the partial 
sums lj −

∑K
i lji tends to 0. We can take as Hajłasz gradient of the partial sums the 

function 
∑+∞

i=K+1 ∇H lji . Note that we have
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∥∥∥∥∥
+∞∑

i=K+1
∇H lji

∥∥∥∥∥
p

p

≤
+∞∑

i=K+1
‖∇H lji ‖pp

but this corresponds to the tail of the following convergent series∑
i

‖∇H lji ‖pp �
∑
i

2jpσ(Bj
i ) � 2jpσ(Uαj

) < +∞.

Note also that the term 2jpσ(Uαj
) converges to 0 since it corresponds to one of the tails 

in the right hand side of (3.15). The argument for the convergence of 
∑

i l
j
i → lj in 

Lp(X) (in the case τ < +∞) is analogous.
Finally, we can set

f =
∑

i∈N, j∈Z
lji =

∑
i∈N, j∈Z

μj
i

(
lji
μj
i

)

as a sum of (τ, ∞, p)-atoms. Then, we can bound the following sum∑
i,j

|μj
i |p =

∑
i,j

|σ(Bj
i )

1/pC2j |p

= C ′
∑
j

2pj
(∑

i

σ(Bj
i )
)

= C ′
∑
j

2pjσ(Uαj
)

≈
ˆ

X

M(τ−q|f |q + |∇Hf |q)p/qdσ

�
ˆ

X

(
M(τ−q|f |q)p/q + M(|∇Hf |q)p/q

)
dσ

� C(τ−p‖f‖pp + ‖∇Hf‖pp),

where we have used (3.15) and that the Hardy-Littlewood maximal operator is bounded 
in Lp/q(X). �
Remark 3.5. In the previous theorem we have obtained that every Lipschitz function 
f ∈ M1,p

τ (X) can be written as a sum of (τ, t, p)-atoms for 0 < p ≤ 1 and t ∈ (p, +∞]. 
Note that the converse result is much simpler. Let

f =
∑
j

λjaj ,

where (aj)j are (τ, t, p)-atoms and the coefficients (λj)j satisfy
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∑
j

|λj |p < +∞.

Then, taking into account that ‖aj‖p ≤ 1 by Hölder’s inequality, we get

‖f‖pp =

∥∥∥∥∥∥
∑
j

λjaj

∥∥∥∥∥∥
p

p

≤
∑
j

|λj |p‖aj‖pp ≤ τ
∑
j

|λj |p < +∞.

Analogously, we also have

‖∇Hf‖pp ≤
∑
j

|λj |p‖∇Haj‖pp ≤
∑
j

|λj |p < +∞.

Thus, f belongs in M1,p
τ (X) with norm bounded by 2 

∑
j |λj |p.

3.1. Interpolation in Hajłasz-Sobolev spaces

We will follow closely the proof presented in [9, Theorem D], which relies on the 
Calderón-Zygmund decomposition (Lemma 3.2).

Theorem 3.6 (Interpolation of Hajłasz-Sobolev spaces). Let 0 < a < b ≤ +∞, τ ∈
(0, +∞], and T be a continuous sublinear operator bounded from M1,a

τ (X) → La,∞(X)
and bounded from M1,b

τ (X) → Lb,∞(X). Then T is bounded on M1,t
τ (X) → Lt(X) for 

all t ∈ (a, b).

Proof. Before starting the proof, note that the space of Lipschitz functions Lip(X) is 
dense in Ṁ1,p(X) for all p > 0 (see [20, Lemma 10.2.7]). Hence, it is enough to show the 
result in the dense subspace Lip(X) ∩ M1,t

τ (X). We will split the proof in three cases 
depending on the diameter of the metric space X and whether b = +∞ or not.

Case σ(X) = +∞ and b < +∞. Fix a Lipschitz function f ∈ M1,t
τ (X), and ∇Hf ∈

D(f) ∩ Lt(X). Let gα and bα :=
∑

j bj,α be the functions in the Calderón-Zygmund 
decomposition (Lemma 3.2) of f at height α > 0 with power a in place of p. We write

t

+∞ˆ

0

κt−1σ({x | |Tf(x)| > κ})dκ ≤ t

+∞ˆ

0

κt−1σ({x | |Tgα(x)| > κ/2})dκ

+ t

+∞ˆ

0

κt−1σ({x | |Tbα(x)| > κ/2})dκ

where we have used the sublinearity of T . We will estimate each integral on the right 
hand side separately.
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First, for the bad part of the decomposition, we have

τ−a‖bα‖aa + ‖∇Hbα‖aa �
∑
j

ˆ

Bj,α

(
τ−a|bj,α|a + |∇Hbj,α|a

)
dσ

� αa
∑
j

σ(Bj,α) � αaσ(Uα) (3.17)

by the properties of the Calderón-Zygmund decomposition. Then, by the boundedness of 
the operator T from M1,a

τ to La,∞, recalling that Uα = {x | M(τ−a|f |a + |∇Hf |a)(x) >
αa}, and choosing α = κ, we get

+∞ˆ

0

κt−1σ({x | |Tbκ(x)| > κ/2}) dκ �
+∞ˆ

0

κt−1 τ
−a‖bκ‖aa + ‖∇Hbκ‖aa

κa
dκ

�
+∞ˆ

0

κt−1σ(Uκ) dκ

= t−1‖M(τ−a|f |a + |∇Hf |a)1/a‖tt
� τ−t‖f‖tt + ‖∇Hf‖tt

using (3.17), and that M(| · |a)1/a is strong (t, t) bounded as t > a.
As for the “good” part, we are going to use that

‖gκ‖bM1,b
τ

�
ˆ

Uc
κ

(τ−b|f |b + |∇Hf |b) dσ + κbσ(Uκ)

since gκ = f on U c
κ, and the fact that, by Fubini, we have

∞̂

0

κt−1−b

ˆ

{|f |≤κ}

|f |b dσdκ =
ˆ

X

|f(x)|b
ˆ

{κ≥|f(x)|}

κt−1−b dκdσ

=
ˆ

X

|f(x)|b |f(x)|t−b

b− t
dσ

= 1
b− t

‖f‖tt.

Using that U c
κ ⊂ {x ∈ X | |f | ≤ τκ} ∩ {x ∈ X | |∇Hf | ≤ κ} except for a set of zero 

measure, and the previous equation (for both f and ∇Hf), we get

+∞ˆ
κt−1σ({x | |Tgκ(x)| > κ/2})dκ
0
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�
+∞ˆ

0

κt−1
(‖gκ‖M1,b

τ

κ

)b

dκ

=
+∞ˆ

0

κt−1−b‖gκ‖bM1,b
τ

dκ

�
+∞ˆ

0

κt−1−b

⎛⎜⎝ˆ

Uc
κ

τ−b|f |b + |∇Hf |b dσ + κbσ(Uκ)

⎞⎟⎠ dκ

� τ−t‖f‖tt + ‖∇Hf‖tt +
+∞ˆ

0

κt−1σ(Uκ) dκ

� τ−t‖f‖tt + ‖∇Hf‖tt

where we have bounded 
´ +∞
0 κt−1σ(Uκ) as in the “bad” part.

Case σ(X) < +∞. The only difference is that the Calderón-Zygmund decomposition 
only exists for α > α0 = (C(τ−t‖f‖tt + ‖∇Hf‖tt)/σ(X))1/t with C depending on the 
weak (1, 1) norm of the uncentered maximal Hardy-Littlewood operator. Note though

t

α0ˆ

0

κt−1σ(X)dκ = σ(X)αt
0 = C(τ−t‖f‖tt + ‖∇Hf‖tt)

and we may repeat the previous proof for α > α0.

Case b = +∞. Proceed as before, but instead of choosing α = κ, choose α = C̃κ with 
C̃ small enough depending on the constant C of the property (3.3) in the Calderón-
Zygmund decomposition (|gα|Lip ≤ Cα), and the L∞(σ) norm of T . With this choice, 
we have

‖Tgα‖∞ < κ

and, as a consequence,

t

+∞ˆ

0

κt−1σ({x | |Tgα(x)| > κ}) dκ = 0. �

4. Regularity problem in the tangential Hardy-Sobolev space HS1,1

In this section we will prove some relationships between the Hajłasz-Sobolev space 
Ṁ1,1(∂Ω) and the Hardy-Sobolev space HS1,1(∂Ω) when ∂Ω supports the (1, 1)-weak 
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Poincaré inequality (1.4). Moreover, in the case that Hn(∂Ω\∂∗Ω) = 0, we also compare 
the previous spaces to the Hardy HMT space H1,1(∂Ω). Similar results have already 
been shown in the case p > 1 in [34, Lemma 1.3], and in the case p = 1 in [5,6] for 
Riemannian manifolds. We will use some of the results of Section 3 with X = ∂Ω and 
σ = Hn|∂Ω.

The next proposition shows that, under the hypothesis that ∂Ω supports a weak 
(1, 1)-Poincaré inequality (1.4), the Hardy-Sobolev space HS1,1(∂Ω) coincides with the 
Hajłasz-Sobolev space Ṁ1,1(∂Ω).

Proposition 4.1. Let E ⊂ Rn+1 be an uniformly perfect d-rectifiable set such that the 
measure σ = Hd|E is doubling. Then,

‖f‖Ṁ1,1(σ) � ‖f‖HS1,1(σ)

for all f ∈ M1,1(σ) ∩Lip(E). Moreover, if E supports a weak (1, 1)-Poincaré inequality, 
then

‖f‖Ṁ1,1(σ) � ‖f‖HS1,1(σ)

for all f ∈ M1,1(σ) ∩ Lip(E).

Proof. We will first prove the inequality �. Let f ∈ M1,1(E) ∩ Lip(E). Thanks to the 
results in Section 3, we can find an atomic decomposition of f in Lipschitz (∞, ∞, 1)-
atoms aj belonging to Ṁ1,∞ with the property that f =

∑
λjaj in L1(E) and ‖f‖Ṁ1,1 ≤∑

|λj | ≤ 2‖f‖Ṁ1,1 . We will show that there exists a constant c > 0 such that caj is a 
Hardy-Sobolev atom (defined in Section 1.1). Since the aj are Lipschitz, we have

|∇taj(x)| ≤ |aj |Lip � ‖∇Haj‖L∞(E) ≤ σ(B ∩ E)−1 σ-a.e. x ∈ E

(see [32, Section 11.2] for example). Hence, ‖∇taj‖L∞(E) � σ(B ∩ E)−1. Choosing the 
decomposition given by the aj’s in the space HS1,1 gives us the upper bound ‖f‖HS1,1 �
‖f‖Ṁ1,1 .

For the reverse inequality �, we will show again that there exists a constant c > 0 such 
that every Hardy-Sobolev atom a satisfies that ca is a Hajłasz-Sobolev (∞, ∞, 1)-atom. 
For the atom a, |∇ta| is an upper gradient of a which belongs to L∞(∂Ω), and since ∂Ω
supports a weak (1, 1)-Poincaré inequality (1.4), we have that

ˆ

B∩∂Ω

|a− aB | dσ ≤ Cr(B)
ˆ

ΛB∩∂Ω

|∇ta| dσ, for any ball B centered on ∂Ω.

Then, [20, Theorem 8.1.7] (i) =⇒ (iii) implies that there exists some C > 0 such that 
CMc(|∇ta|) ∈ D(a) ∩ L∞(∂Ω). Since the centered Hardy-Littlewood maximal operator 
is bounded in L∞(σ), we have that there exists c > 0 such that ca is a (∞, ∞, 1)-atom 
(see Definition 3.1). �
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Proof of Theorem 1.8. Theorem 1.8 is a direct consequence of Proposition 4.1. �
The next proposition shows that, in the case that ∂∗Ω supports a (1, 1)-weak Poincaré 

inequality (1.4), the Hardy HMT space H1,1(∂∗Ω) coincides with the Hajłasz-Sobolev 
space Ṁ1,1(∂∗Ω) via the characterization using Λ� (see Theorem 2.5). In particular, if 
we suppose that Hn(∂Ω\∂∗Ω) = 0, we could redefine solvability of (R̃L

1 ) using Hardy 
HMT spaces instead of Hardy-Sobolev spaces.

Proposition 4.2. Let Ω ⊂ Rn+1 be a domain of locally finite perimeter such that ∂∗Ω
supports a (1, 1)-weak Poincaré inequality. Then, if σ∗ := Hn|∂∗Ω, it holds that

Mgr(∇HMTf)(x) ≈ Λ�f(x), σ∗-a.e. x ∈ ∂∗Ω

for all f ∈ M1,1(σ∗) ∩Lip(∂∗Ω). If we also assume that σ∗ is doubling, then it also holds 
that

‖Mgr(∇HMTf)‖L1(σ∗) ≈ ‖f‖Ṁ1,1(σ∗).

Proof. Let f be a Lipschitz function in M1,1(σ∗). We first prove the inequality �. Let 
x ∈ ∂∗Ω and g ∈ T̃1(x) (as defined in Section 2.5). Then, there exists a ball B centered 
at x of radius r(B) such that supp g ⊂ B and ‖g‖∞ ≤ (r(B)σ∗(B))−1. Since 

´
g dσ∗ = 0, 

it holds that

ˆ
fg dσ∗ =

ˆ ⎛⎝f −
 

B

f dσ∗

⎞⎠ g dσ∗

which implies that ∣∣∣∣ˆ fg dσ∗

∣∣∣∣ ≤  

B

∣∣f −
ffl
B
f dσ∗

∣∣
r(B) dσ∗ ≤ Λ�f(x).

Taking the supremum over g ∈ T̃1(x) we obtain

Mgr(∇HMTf)(x) ≤ Λ�f(x).

Let’s prove the converse inequality Λ�f(x) � Mgr(∇HMTf)(x) for all x ∈ ∂∗Ω. Let B
be a ball centered in x ∈ ∂∗Ω, and Δ = B ∩ ∂∗Ω. Then, we have

ˆ

Δ

|f − fΔ|dσ∗ = sup
‖g‖L∞(σ∗)≤1

∣∣∣∣∣∣
ˆ

Δ

(f − fΔ)g dσ∗

∣∣∣∣∣∣ = sup
‖g‖L∞(σ∗)≤1

∣∣∣∣∣∣
ˆ

Δ

f(g − gΔ) dσ∗

∣∣∣∣∣∣
≤ sup

‖g̃‖L∞(σ∗)≤2,
´
B

g̃ dσ∗=0

∣∣∣∣∣∣
ˆ

Δ

fg̃ dσ∗

∣∣∣∣∣∣ ≤ 2 sup
‖g̃‖L∞(σ∗)≤1,

´
B

g̃ dσ∗=0

∣∣∣∣∣∣
ˆ

Δ

fg̃ dσ∗

∣∣∣∣∣∣
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where fΔ =
ffl
Δ f dσ∗ and we have rewritten g−gΔ =: g̃. Dividing by r(B)σ∗(B) on both 

sides, and taking into account that we can assume supp g ⊂ B above, we obtain

1
r(B)σ(Δ)

ˆ

Δ

|f − fΔ| dσ∗ � Mgr(∇HMTf)(x),

and taking the supremum over the balls centered at x, we deduce that

Λ�f(x) � Mgr(∇HMTf)(x).

Finally, the comparability ‖Mgr(∇HMTf)‖L1(σ∗) ≈ ‖f‖Ṁ1,1(σ∗) is a consequence of 
Theorem 2.5. �

Finally, we prove Proposition 1.10 which states that, under the additional assumption 
that Ω satisfies the local John condition, we can reverse the (RL

1 ) solvability estimate.

Proof of Proposition 1.10. By arguments similar to those in [28, pag 462] or [24, Propo-
sition 4.24], we will prove that CÑ(∇u) is a Hajłasz gradient of u|∂Ω for some C > 0 inde-
pendent of u, hence showing that ‖Ñ(∇u)‖1 � ‖u‖Ṁ1,1 . Let x, y ∈ ∂Ω, set r = 2|x − y|, 
B = B(x, r), xB ∈ B ∩ Ω be a John center in B ∩ Ω, and γ̃z(s) to be the arclength 
parametrization of the non-tangential path connecting z to xB for any z ∈ ∂Ω∩B(x, r). 
Recall that these paths γ̃z have length at most Cr independently of the point z.

For x, y ∈ ∂Ω, let x0 := xB , xk be a point in the path γ̃x satisfying d(xk, x) ≈ r(1 +c)−k

for some constant c > 0 small enough, and that for each k ≥ 0, there is a ball Bk centered 
at xk satisfying that xk+1 ∈ Bk, 2Bk ⊂ Ω (define points yk analogously). Then, for σ-
.a.e. x, y ∈ ∂Ω, we write

|u(x) − u(y)| ≤ |u(x) − u(xB)| + |u(y) − u(xB)|

≤
∞∑
k=0

(|u(xk) − u(xk+1)| + |u(yk) − u(yk+1)|)

where we have used that σ-a.e. x ∈ ∂Ω, we have non-tangential convergence of u to u(x)
(u(y) respectively).

We can bound

|u(xk) − u(xk+1)| � ‖u− u(xk+1)‖L2(1.1Bk)

� r(Bk)

⎛⎝  

1.1Bk

|∇u|2 dm

⎞⎠1/2

≤ Cr(1 + c)−kÑ(∇u)(x)
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using a Poincaré inequality for solutions of divergence form elliptic PDEs in the interior 
such as [40, Theorem 1], and we consider the modified non-tangential maximal operator 
Ñ associated with a cone of large enough aperture. Summing up, we obtain

|u(x) − u(y)| � Cr(Ñ(∇u)(x) + Ñ(∇u)(y)) � (Ñ(∇u)(x) + Ñ(∇u)(y))|x− y|

for σ-a.e. x, y ∈ ∂Ω. �
5. Extrapolation of solvability of the regularity problem

In this section, we will prove the main results of this work. The theorems proved in 
Section 3 regarding the atomic decompositions of Hajłasz-Sobolev spaces will be used 
with X = ∂Ω (the n-Ahlfors regular boundary of a domain Ω), σ = Hn|∂Ω, and Euclidean 
distance. The parameter s in Section 3 corresponding to the Ahlfors regularity will be 
now equal to n. Note that the Ahlfors regularity of σ implies that ∂Ω is uniformly perfect.

First, we prove a localization theorem inspired by the one in [28, Theorem 5.19] for 
Lipschitz domains but adapted to much rougher domains without good connectivity 
properties.

Theorem 5.1 (Localization theorem for general elliptic operators). Let 1 < p < +∞, 
and Ω ⊂ Rn+1 be a corkscrew domain with n-Ahlfors regular boundary ∂Ω such that 
the problem (DL∗

p′ ) is solvable where p′ is the Hölder conjugate of p. For x0 ∈ ∂Ω, let 
B = B(x0, R), and f ∈ M1,p(∂Ω) ∩ Lip(∂Ω) with f being constant on B(x0, 2R), and 
∇Hf ∈ D(f) ∩ Lp(∂Ω). Then,

 

B(x0,R/2)∩∂Ω

ÑR/2(∇u)pdσ �

⎛⎜⎝  

A(x0,R,2R)∩Ω

|∇u| dm

⎞⎟⎠
p

where A(x0, R, 2R) = B(x0, 2R)\B(x0, R), ÑR/2 is the modified non-tangential maximal 
operator truncated at height R/2, and u is the solution of the continuous Dirichlet prob-
lem for the operator L with boundary data f .

Moreover, if the problem (RL
p ) is solvable, we have

 

B(x0,R/2)∩∂Ω

ÑR/2(∇u)pdσ �
 

B(x0,3R)∩∂Ω

|∇Hf |pdσ +

⎛⎜⎝  

A(x0,R,2R)∩Ω

|∇u| dm

⎞⎟⎠
p

(5.1)

for all f ∈ M1,p(∂Ω) ∩ Lip(∂Ω), and ∇Hf ∈ D(f) ∩ Lp(∂Ω).

Proof. We start with the case when f is constant on B(x0, 2R) ∩ ∂Ω. Without loss of 
generality, we may assume that f vanishes on B(x0, 2R) ∩ ∂Ω as we can subtract a 
constant to the solution without changing its gradient ∇u.
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Case f ≡ 0 on B(x0, 2R) ∩ ∂Ω. Let φ be a smooth cutoff function for B(x0, 3R/2) that 
is, φ ≡ 1 in B(x0, 3R/2), suppφ ⊂ B(x0, 1.8R), and |∇φ| � R−1, ξ ∈ B(x0, R/2) ∩ ∂Ω, 
and x ∈ γ(ξ) ∩B(ξ, R/2).

We rewrite u(x) as

−u(x) = −(uφ)(x) =
ˆ

Ω

A∗(y)∇yG(x, y) · ∇(u(y)φ(y)) dy, (5.2)

where G is the Green function for the operator L∗ in Ω and A∗ is the associated matrix.
Since L(uφ) = 0 in a neighborhood Br(x) of x with 2r = δΩ(x) := d(x, ∂Ω), we can 

use Caccioppoli’s inequality to obtain⎛⎜⎝  

Br/2(x)

|∇u(z)|2 dz

⎞⎟⎠
1/2

� 1
r

sup
z∈B2r/3(x)

|(uφ)(z)| (5.3)

≤ 1
r

sup
z∈B2r/3(x)

∣∣∣∣∣∣
ˆ

AB

(A∗∇yG(z, y) · ∇φ)u dy

∣∣∣∣∣∣
+ 1

r
sup

z∈B2r/3(x)

∣∣∣∣∣∣∣
ˆ

B(x0,2R)

(A∗∇yG(z, y) · ∇u)φdy

∣∣∣∣∣∣∣
=: f1(x) + f2(x),

where AB := B(x0, 1.8R)\B(x0, 3/2R) ⊃ supp∇φ.
First, we will bound f1(x). Note that, thanks to Harnack inequality (note that x is far 

from AB), G(x, y) ≈ G(t, y) for y ∈ 1.05AB := B(x0, 1.05 · 1.8R)\B(x0, 3/(2 · 1.05)R)
and t ∈ B(x, δΩ(x)/2). Thus, we have

f1(x) = 1
r

sup
t∈B2r/3(x)

∣∣∣∣∣∣
ˆ

AB

(∇yG(t, y) ·A∇φ)u dy

∣∣∣∣∣∣
� 1

r
sup

t∈B2r/3(x)

⎛⎝ˆ

AB

|∇yG(t, y)|2 dy

⎞⎠1/2 ⎛⎝ˆ

AB

|u∇φ|2 dy

⎞⎠1/2

� 1
rR

sup
t∈B2r/3(x)

⎛⎝ ˆ

1.05AB

|G(t, y)|2 dy

⎞⎠1/2 ⎛⎝ˆ

AB

|u∇φ|2 dy

⎞⎠1/2

� 1
R2r

⎛⎝ ˆ
|G(x, y)|2 dy

⎞⎠1/2 ⎛⎝ˆ
|u|2 dy

⎞⎠1/2
1.05AB AB
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� 1
R2r

sup
t∈1.05AB

G(x, t)
ˆ

1.05AB

|u| dy � 1
Rr

sup
t∈1.05AB

G(x, t)
ˆ

1.05AB

|∇u| dy

where we have used Cauchy-Schwarz and Caccioppoli inequalities as well as Corol-
lary 2.13, which is a Poincaré inequality for functions vanishing on a n-Ahlfors regular 
set (in this case AB ∩ ∂Ω).

Now, we bound f2(x). Indeed, integrating by parts, using that Lu = 0, G(x, y) ≈
G(t, y) for y ∈ AB and t ∈ B(x, δΩ(x)/2), and supp∇φ ⊂ AB, we have

f2(x) = 1
r

sup
t∈B2r/3(x)

∣∣∣∣∣∣∣
ˆ

B(x0,2R)

(∇yG(t, y) ·A∇u)φdy

∣∣∣∣∣∣∣
= 1

r
sup

t∈B2r/3(x)

∣∣∣∣∣∣
ˆ

AB

G(t, y)(A∇u · ∇φ) dy

∣∣∣∣∣∣ � 1
r

ˆ

AB

|G(x, y)(A∇u · ∇φ)| dy

� 1
Rr

sup
t∈AB

G(x, t)
ˆ

AB

|∇u| dy.

Since G(x, ·) is a positive L∗-subsolution in 1.05AB , we have

sup
t∈1.05AB

G(x, t) �
 

1.1AB

G(x, y) dy �
 

1.1AB

ωy
L∗(Δξ)

δΩ(x)n−1 dy

where we have also used G(x, y) � ωy
L∗(Δξ)δΩ(x)n−1 (Lemma 2.15) where ωy

L∗ is the 
elliptic measure for the operator L∗ with pole at y, and Δξ is the intersection of B(ξ, ̂r) ∩
∂Ω with δΩ(x) ≈ r̂. Using this, the bounds for f1 and f2, and that |AB | ≈ σ(B(x0, R))R, 
we get

⎛⎜⎝  

Br/2(x)

|∇u(z)|2 dz

⎞⎟⎠
1/2

� σ(B(x0, R))

⎛⎝  

1.1AB

ωy
L∗(Δξ)δΩ(x)−ndy

⎞⎠⎛⎝  

1.1AB

|∇u|dy

⎞⎠ .

On the other hand, we can further bound

 
ωy
L∗(Δξ)δΩ(x)−ndy �

 
Mc,σ(ωy

L∗ |B(x0,CR))(ξ) dy

1.1AB 1.1AB



48 J.M. Gallegos et al. / Journal of Functional Analysis 288 (2025) 110672
�

⎛⎝  

1.1AB

Mc,σ(ωy
L∗ |B(x0,CR))p dy

⎞⎠1/p

where C > 0 depends on the constants of Lemma 2.15 and Mc,σ(ωy
L∗ |B(x0,CR))(ξ) :=

supr>0 ω
y
L∗(B(ξ, r) ∩B(x0, CR))σ(B(ξ, r))−1. Thus, recalling that x ∈ γ(ξ) ∩BR/2(x0), 

we get
 

B(x0,R/2)∩∂Ω

|ÑR/2(∇u)(ξ)|pdσ(ξ)

�
 

B(x0,R/2)∩∂Ω

 

1.1AB

Mc,σω
y
L∗ |B(x0,CR)(ξ)pdydσ(ξ) ·

⎛⎝σ(B(x0, R))
 

1.1AB

|∇u| dy

⎞⎠p

(5.4)

�
 

1.1AB

 

B(x0,CR)

(
dωy

L∗

dσ

)p

dσdy

⎛⎝σ(B(x0, R))
 

1.1AB

|∇u| dy

⎞⎠p

�

⎛⎝  

1.1AB

|∇u| dy

⎞⎠p

where we have used Fubini, the boundedness of the maximal operator Mc,σ on Lp(σ), 
the weak reverse Hölder property of the elliptic measure (Theorem 2.17 or [34, Theorem 
9.2 (b)] for the harmonic case), and that the elliptic measure ωy

L∗ has total mass 1 for 
all y ∈ Ω.

Summing up, we obtain

 

B(x0,R/2)∩∂Ω

|ÑR/2(∇u)|pdσ �

⎛⎝  

1.1AB

|∇u|dy

⎞⎠p

.

Thus, the proof is complete in the case where supp f ⊂ B(x0, 2R)c ∩ ∂Ω since 1.1AB ⊂
A(x0, R, 2R).

General case. Let B denote the ball B(x0, R) and AB = B(x0, 2R)\B(x0, R). Let φB be 
a smooth bump function supported in 3B such that φB ≡ 1 on 2B and |∇φB| � R−1. 
We can write f as

f = (f − f3B)φB + [f(1 − φB) + f3BφB ] =: g + h,

so that

u = ug + uh,
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where f3B =
ffl
3B∩∂Ω f dσ, ug and uh are the solutions of the Dirichlet problem with 

boundary data g and h respectively. Then, if we let ∇Hg be the Hajłasz gradient given 
by the Leibniz’ rule (Lemma 2.2), we have

ˆ

3B∩∂Ω

|∇Hg|p dσ �
ˆ

3B∩∂Ω

|∇Hf |p dσ + 1
r(B)p

ˆ

3B∩∂Ω

|f − f3B |p dσ

�
ˆ

3B∩∂Ω

|∇Hf |p dσ

where we have used the Poincaré inequality (Theorem 2.3) for Hajłasz gradients with 
zero mean.

Observe that
ˆ

B/2∩∂Ω

ÑR/2(∇u)p dσ �
ˆ

∂Ω

Ñ(∇ug)p dσ +
ˆ

B/2∩∂Ω

ÑR/2(∇uh)p dσ.

For the function ug, we have

ˆ

∂Ω

Ñ(∇ug)p dσ �
ˆ

∂Ω

|∇Hg|p dσ �
ˆ

3B∩∂Ω

|∇Hf |p dσ

as a consequence of the solvability of (RL
p ). Now, we may apply the localization theorem 

(the part we have proved already) to the function uh to obtain

 

B/2∩∂Ω

ÑR/2(∇uh)p dσ �

⎛⎝ 

AB

|∇uh| dm

⎞⎠p

noting that h is constant on 2B ∩ ∂Ω. We wish to have u on the right hand side instead 
of uh, therefore we bound

ˆ

AB

|∇uh| dy ≤
ˆ

AB

|∇u| dy +
ˆ

AB

|∇ug| dy,

and since 
ffl
AB

|∇ug| dy �
ffl
3B∩∂Ω Ñ(∇ug) dσ by standard arguments, we end up obtain-

ing

 
ÑR/2(∇u)p dσ �

 
|∇Hf |p dσ +

⎛⎝ 
|∇u| dy

⎞⎠p

. �

B/2∩∂Ω 3B∩∂Ω AB
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5.1. (RL
p ) implies (RL

q ) for all q ∈ (1 − ε, p], p > 1

In this section we will prove Theorem 1.3.

Proof of Theorem 1.3. We will prove that there exists some ε > 0 such that for all 
r ∈ (1 − ε, 1], solvability of (RL

p ) implies solvability to (RL
r ). To do so, we will prove 

that for any Lipschitz (∞, ∞, r) atom f , the solution u to the Dirichlet problem with 
boundary data f satisfies

ˆ

∂Ω

|Ñ(∇uf )|r dσ � 1. (5.5)

Since Theorem 3.4 ensures that we can write any Lipschitz function in Ṁ1,r(∂Ω) for r ≤ 1
as a sum of Lipschitz (∞, ∞, r) atoms, we obtain solvability of (RL

r ). Finally, Theorem 3.6
allows us to interpolate the result for all the exponents in the range (1 − ε, p) and this 
ends the proof.

Remark 5.2. If ∂Ω is compact and Ω is unbounded, we have to prove (5.5) for Lipschitz 
(diam ∂Ω, ∞, r) atoms as the regularity (RL

r ) estimate involves the M1,r(∂Ω) norm. 
Clearly, we have that every Lipschitz (diam ∂Ω, ∞, r) atom is also an (∞, ∞, r) atom, 
and every (∞, ∞, r) atom with support strictly contained in ∂Ω is a (diam ∂Ω, ∞, r)
atom thanks to the Poincaré inequality in Theorem 2.3. Hence, we only have to establish 
inequality (5.5) for any (diam ∂Ω, ∞, r) atom f with supp f = ∂Ω. But, this bound is 
direct thanks to Hölder’s inequality and the solvability of (RL

p ) as

‖Ñ(∇uf )‖Lr(σ) ≤ σ(∂Ω)1/r−1/p‖Ñ(∇uf )‖Lp(σ) � σ(∂Ω)1/r−1/p‖f‖M1,p(σ) � 1

using that f is a (diam ∂Ω, ∞, r) atom.

Let f be a (∞, ∞, r) atom, that is, let f be a Lipschitz function such that supp f ⊂
B = B(x0, R), x0 ∈ ∂Ω, and 

(ffl
B∩∂Ω |∇Hf |p dσ

)1/p ≤ σ(B)−1/r for some ∇Hf ∈ D(f) ∩
Lp (if ∂Ω is compact and Ω is unbounded, we assume that B ∩ ∂Ω � ∂Ω). Let u be the 
solution to the continuous Dirichlet problem in Ω for L with boundary data f . Then, by 
solvability of (RL

p ), we have

‖Ñ(∇u)‖p � ‖∇Hf‖p ≤ σ(B)1/p−1/r.

Claim. For x ∈ (2k+1B\2kB) ∩ Ω =: Ak, k ≥ 1, we have |u(x)| � r(B)σ(B)−1/r.

Proof of the claim. By the maximum principle, it is enough to show this for x ∈
(3B\2B) ∩ Ω = A(x0, 2R, 3R) ∩ Ω since u vanishes on ∂Ω\B and also at ∞ if Ω is 
unbounded. Let φ be a smooth cutoff function for A(x0, 1.5R, 3.5R) with support in 
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B(x0, 4R). As in the proof of (5.3) and the following paragraphs in the localization 
theorem (Theorem 5.1), we can bound

(uφ)(x) � 1
R

sup
z∈B(x0,4R)\A(x0,1.4R,3.6R)

G(x, z)
ˆ

A(x0,1.4R,3.6R)∩Ω

|∇u| dy

≤ R

 

A(x0,1.4R,3.6R)∩Ω

|∇u(y)| dy ≤ R

⎛⎝  

4B∩Ω

|∇u|pdy

⎞⎠1/p

� R

⎛⎝  

8B∩Ω

|Ñ(∇u)|p dσ

⎞⎠1/p

� Rσ(B)−1/p

⎛⎝ˆ

∂Ω

|∇Hf |pdσ

⎞⎠1/p

� Rσ(B)−1/r

where we have used that G(x, z) � |x − z|1−n and the solvability of (RL
p ). �

On one hand, near B ∩ ∂Ω, thanks to the solvability of (RL
p ), we have the bound

⎛⎝  

8B∩∂Ω

|Ñ(∇u)|rdσ

⎞⎠1/r

≤

⎛⎝  

8B∩∂Ω

|Ñ(∇u)|pdσ

⎞⎠1/p

�(RL
p )

⎛⎝  

B∩∂Ω

|∇Hf |pdσ

⎞⎠1/p

≤ σ(B)−1/r.

On the other hand, far from B, we have that

|u(x)| � Rn−1+α

|x0 − x|n−1+α
Rσ(B)−1/r = Rα+n−n/r

|x0 − x|n−1+α
, ∀x ∈ Ω ∩ (2B)c (5.6)

by the previous claim and Lemma 2.16. Note that the constant α depends only on the 
dimension n, n-Ahlfors regularity constants of ∂Ω, and the ellipticity constant of L. 
Using Caccioppoli and (5.6), for x such that |x0 − x| ≈ δΩ(x) and δΩ(x) ≥ 3R, we get

⎛⎜⎝  

B(x,δΩ(x)/4)

|∇u|2 dm

⎞⎟⎠
1/2

� Rα+n−n/r

|x0 − x|n+α
. (5.7)

Then, in Ak ∩ ∂Ω for k ≥ 3, we obtain
ˆ

|Ñ(∇u)|rdσ �
ˆ (

|Ñ2k−2R(∇u)|r +
(
c2−k(n+α)R−n/r

)r)
dσ
Ak∩∂Ω Ak∩∂Ω
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using the bound for ∇u far from the boundary in (5.7). Using the localization theo-
rem (Theorem 5.1), that r ≤ 1, Hölder and boundary Caccioppoli inequalities (since u
vanishes on Ak ∩ ∂Ω), and the bound for |u| for x /∈ 2B from (5.6), we obtain

⎛⎝  

Ak∩∂Ω

|Ñ2k−2R(∇u)|rdσ

⎞⎠1/r

�
 

A′
k∩∂Ω

|∇u| dx �

⎛⎜⎝  

A′
k∩∂Ω

|∇u|2 dx

⎞⎟⎠
1/2

� (2kR)−1

⎛⎜⎝  

A′′
k∩Ω

|u|2dx

⎞⎟⎠
1/2

� 2−k(n+α)σ(B)−1/r,

where A′
k and A′′

k are small enlargements of Ak and A′
k respectively.

Summing over k, we obtain

ˆ

∂Ω

|Ñ(∇u)|rdσ ≤
ˆ

8B∩∂Ω

|Ñ(∇u)|rdσ +
∞∑
k=3

ˆ

Ak∩∂Ω

|Ñ(∇u)|r dσ

� 1 +
∞∑
k=3

ˆ

Ak∩∂Ω

(
|Ñ2k−2R(∇u)|r +

(
c2−k(n+α)σ(B)−1/r

)r)
dσ

� 1 +
∞∑
k=3

(
c2−k(n+α)σ(B)−1/r

)r

σ(Ak ∩ ∂Ω)

� 1 +
∞∑
k=3

(
2−k(n+α)σ(B)−1/r

)r

2knRn

= 1 +
∞∑
k=3

2−k(n+α)r2kn � 1,

as long as −(n +α)r+n < 0. Thus, choosing ε = n
n+α where α comes from Lemma 2.16

and depends only on the dimension n, the Ahlfors regularity constants of ∂Ω, and the 
ellipticity constant of L, the theorem follows. �
5.2. (RL

1 ) implies (RL
1+ε̃)

In this section we aim to prove a converse statement to Theorem 1.3 in the endpoint 
case p = 1. In particular, we will prove that solvability (RL

1 ) implies that elliptic measure 
ωL∗ is in weak-A∞(σ). Using this fact, we will also show that (RL

1+ε̃) is solvable for some 
small ε̃ > 0.

The following lemma gives an easy to check characterization of the weak-A∞ property. 
It appeared in this form in [21, Lemma 3.2] but traces its roots to [7]. Given a point 
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x ∈ Ω, let x̂ be a “touching point” of x, that is x̂ ∈ ∂Ω such that |x − x̂| = δΩ(x). Then, 
we define the boundary ball

Δx := B(x̂, 10δΩ(x)) ∩ ∂Ω. (5.8)

Lemma 5.3. Let ∂Ω be n-Ahlfors regular, and suppose that there are constants c0, η ∈
(0, 1), such that for each x ∈ Ω, with δΩ(x) < diam(∂Ω), and for every Borel set F ⊂ Δx,

σ(F ) ≥ (1 − η)σ(Δx) =⇒ ωx
L∗(F ) ≥ c0.

Then ωy
L∗ ∈ weak-A∞(Δ), where Δ = B ∩ ∂Ω, for every ball B = B(ξ, r), with ξ ∈ ∂Ω

and 0 < r < diam(∂Ω), and for all y ∈ Ω\4B. Moreover, the parameters in the weak-A∞
condition depend only on n, the Ahlfors regularity constants, η, c0, and the ellipticity 
parameter λ of the divergence form operator L∗.

The next lemma is a Hölder inequality for the Orlicz space L logL involving the 
centered Hardy-Littlewood maximal operator.

Lemma 5.4 (L logL-Hölder inequality). Let ∂Ω ⊂ Rn+1 be n-Ahlfors regular. Let B be a 
ball centered on ∂Ω, f ∈ L1(∂Ω), and E ⊂ B ∩ ∂Ω with σ(E) > 0. Then, we have

ˆ

E

f dσ � log
(

1 + σ(B ∩ ∂Ω)
σ(E)

)−1 ˆ

B∩∂Ω

Mc(fχB) dσ

with constants independent of E, f , and the ball B.

A proof for Rn with Lebesgue measure can be found in [31, Section 2.3], but the same 
ideas extend to Ahlfors regular metric spaces.

The following lemma gives a reverse Holder inequality in terms of the modified non-
tangential maximal operator, which will be essential for our purposes.

Lemma 5.5. Let Ω ⊂ Rn+1 be a corkscrew domain with n-Ahlfors regular boundary. Then, 
for any p ∈

[
1, 1 + 1

n

)
, any function v : Ω → R, and any ball B centered in ∂Ω, we have

 

B∩Ω

|v(y)|p dy �
(  

2B∩∂Ω

Ñv dσ

)p

,

where Ñ is the modified non-tangential maximal operator with aperture large enough 
depending on the Ahlfors regularity of ∂Ω.

Proof. Consider a Whitney cube decomposition W of Ω into dyadic cubes. For any Q ∈
W, denote by BQ a boundary ball with radius r(BQ) ≈ l(Q) such that d(Q, BQ) ≈ l(Q), 
and Q ⊂ γ(ξ) for every ξ ∈ BQ (for this we need the aperture large enough). We obtain
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ˆ

B∩Ω

|v|pdy =
∑
Q∈W

Q∩B �=∅

ˆ

Q∩B

|v|pdy ≤
∑
Q∈W

Q∩B �=∅

mQ(|v|p)l(Q)n+1

�
∑
Q∈W

Q∩B �=∅

l(Q)n+1 inf
ξ∈BQ

Ñv(ξ)p ≤
∑
Q∈W

Q∩B �=∅

l(Q)n+1

σ(BQ)p

⎛⎜⎝ˆ

BQ

Ñv(ξ)dσ(ξ)

⎞⎟⎠
p

≈
∑
Q∈W

Q∩B �=∅

l(Q)n+1−pn

⎛⎜⎝ˆ

BQ

Ñv(ξ)dσ(ξ)

⎞⎟⎠
p

where we have used Hölder’s inequality and that σ(BQ) ≈ l(Q)n thanks to the Ahlfors 
regularity of ∂Ω. Now, we use that η := n + 1 − pn > 0, and we rewrite the previous 
sum as a sum over generations of Whitney cubes from some starting generation k0 ≈
− log2(r(B)). Then, we have that

∑
Q∈W

Q∩B �=∅

l(Q)n+1−pn

⎛⎜⎝ˆ

BQ

Ñv(ξ)dσ(ξ)

⎞⎟⎠
p

≤
∑
k≥k0

∑
Q∈W

Q∩B �=∅

l(Q)=2−k

2−kη

⎛⎜⎝ˆ

BQ

Ñv(ξ)dσ(ξ)

⎞⎟⎠
p

�
∑
k≥k0

2−kη

⎛⎝ ˆ

2B∩∂Ω

Ñv(ξ)dσ(ξ)

⎞⎠p

≈

⎛⎝ ˆ

2B∩∂Ω

Ñv(ξ)dσ(ξ)

⎞⎠p

2−k0η

where we have used that the boundary balls BQ are all contained in 2B, they have finite 
superposition in every generation k, p > 1, and the sum is geometric. Taking into account 
that 2−k0η ≈ |B∩Ω|

σ(2B∩∂Ω)p thanks to the corkscrew property and the n-Ahlfors regularity 
of ∂Ω finishes the proof. �

The following lemma is key to prove that the elliptic measure ωL∗ satisfies the as-
sumptions of Lemma 5.3.

Lemma 5.6. Let Ω ⊂ Rn+1 be a corkscrew domain with n-Ahlfors regular boundary such 
that (RL

1 ) is solvable. Then, there exist constants C > 0 depending on n, the corkscrew 
constant, the Ahlfors regularity constant, the ellipticity constant of L, and the (RL

1 )
constant, and C ′ > 0 depending only on n and the Ahlfors regularity constant, such that 
for all x ∈ Ω, we have

ˆ
Mc,σ,δΩ(x)/C′(ωx

L∗)(ξ) dσ(ξ) ≤ C,
Δx
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where Mc,σ,δΩ(x)/C′ is the truncated Hardy-Littlewood maximal operator (2.1) and Δx is 
the boundary ball corresponding to x (see display (5.8)).

Proof. We set rx := δΩ(x)/4K for some K depending on the Ahlfors regularity constants, 
which will be chosen momentarily. We consider a maximal collection of points {ξi}m0

i=1 ⊂
∂Ω ∩ Δx which are rx-separated. Then, for every ξ ∈ Δx and r ∈ (0, rx], we can find 
i ∈ {1, . . . , m0} for which

B(ξ, r) ⊂ B(ξi, 2rx).

We fix ξ ∈ Δx, r ∈ (0, rx], and i ∈ {1, . . . , m0}. We take K > 128 big enough (de-
pending only on the n-Ahlfors regularity constant) so that there is at least one point 
ξ0 ∈ (B(ξi, (K − 1)rx)\B(ξi, 10rx)) ∩ ∂Ω �= ∅ (see Remark 2.1). Then we consider a 
Lipschitz function ϕi : Rn+1 → R satisfying:

• ϕi = 1 in A(ξi, 9rx, Krx),
• ϕi = 0 in Rn+1\A(ξi, 8rx, (K + 1)rx),
• 0 ≤ ϕi ≤ 1 and ‖ϕi‖Lip ≤ r−1

x .

From these properties and the fact that gi := r−1
x χB(ξi,(K+1)rx) is a Hajłasz upper 

gradient for ϕi, it follows that

‖ϕi‖Ṁ1,1(σ) �K rn−1
x .

Let ui be the solution of the continuous Dirichlet problem for L in Ω with data ϕi given 
by

ui(y) =
ˆ

∂Ω

ϕi dω
y
L.

We define B0 := B(ξ0, rx/4). If we set vi := 1 − ui, it is direct to check that Lvi = 0
in 4B0, vi = 0 on 4B0 ∩ ∂Ω, and 0 ≤ vi ≤ 1. Therefore, by boundary Hölder continuity 
of vi (see [2, Lemma 2.10] for example), it holds that

1 − ui(y) = vi(y) ≤ C (δΩ(y)/rx)α sup
2B0∩Ω

vi ≤ 1/2

for all y ∈ B0 such that δΩ(y) ≤ (2C)−αrx. Therefore, we have that ui(y) ≥ 1
2 for y ∈ B0

such that δΩ(y) ≤ (2C)−αrx =: r0. We define ri := |ξi − ξ0| ≈ rx and set Bi := B (ξi, ri). 
Then, we can cover ∂Bi ∩ ∂Ω by a uniformly bounded number of balls B̃k centered at 
∂Bi∩∂Ω with radius r0 and by the same argument as before we can show that ui(y) ≥ 1

2
for any y ∈ B̃k such that δΩ(y) ≤ r0. This implies that

ui(y) ≥ 1/2, for any y ∈ {y ∈ ∂Bi ∩ Ω : δΩ(y) ≤ r0} .



56 J.M. Gallegos et al. / Journal of Functional Analysis 288 (2025) 110672
Since every y ∈ {y ∈ ∂Bi ∩ Ω : δΩ(y) > r0} can be connected by a Harnack chain of balls 
centered at ∂Bi ∩ Ω with radii ≈ r0 to a point z ∈ {y ∈ ∂Bi ∩ Ω: δΩ(y) ≤ r0}, then, by 
Harnack’s inequality, we obtain that there exists a uniform constant c ∈ (0, 1/2) such 
that ui(y) ≥ c for every y ∈ ∂Bi ∩ Ω. Hence, since the Green function for L∗ satisfies 
G(x, y) � r1−n

x for every y ∈ ∂Bi ∩ Ω, by the maximum principle,

G(x, y) � δΩ(x)1−nui(y) for every y ∈ Bi. (5.9)

Thus, by the Poincaré inequality for functions vanishing on n-Ahlfors regular sets in 
Corollary 2.13 as ui vanishes on B(ξ, 4r) ∩ ∂Ω, Lemma 5.5 and Hölder’s inequality, we 
have that

 

B(ξ,4r)

ui(y) dy � r

 

B(ξ,4r)

|∇ui| dy

� r

⎛⎜⎝  

B(ξ,8r)

Ñ(|∇ui|1/p) dσ

⎞⎟⎠
p

≤ rMc,σ,8r

(
Ñ(|∇ui|1/p)

)
(ξ)p (5.10)

≤ rMc,σ,8r

(
Ñ(|∇ui|)1/p

)
(ξ)p

for p = 1 + 1
2n ∈ (1, 2).

Therefore, by [2, Lemma 2.6], Cauchy-Schwarz, Caccioppoli’s inequality, Moser’s es-
timate at the boundary, (5.9), and (5.10), we obtain

ωx
L∗(B(ξ, r))
σ(B(ξ, r)) �

 

B(ξ,2r)∩Ω

|∇yG(x, y)| dy � r−1
 

B(ξ,4r)∩Ω

G(x, y) dy

� δΩ(x)1−nr−1
 

B(ξ,4r)∩Ω

ui dy � δΩ(x)1−nMc,σ,8r

(
Ñ(|∇ui|)1/p

)
(ξ)p.

Consequently, for any fixed ξ ∈ Δx, if we take supremum over all r ≤ rx, we get

Mc,σ,rxω
x
L∗(ξ) � δΩ(x)1−nMc,σ,8rx

(
Ñ (∇ui)1/p

)
(ξ)p,

and, by the strong Lp boundedness of the Hardy-Littlewood maximal operator and the 
solvability of (RL

1 ) in Ω, we have

ˆ
Mc,σ,rxω

x
L∗(ξ) dσ(ξ) � δΩ(x)1−n

m0∑
j=1

ˆ
Mc,σ,8rx

(
Ñ (|∇uj |)1/p

)p

dσ
Δx Δx
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� δΩ(x)1−n
m0∑
j=1

ˆ

Δx

Ñ (|∇uj |) dσ

� δΩ(x)1−n
m0∑
j=1

‖ϕj‖Ṁ1,1(σ)

� m0δΩ(x)1−nrn−1
x � 1

which finishes the proof. �
Finally, we are ready to prove Theorem 1.5.

Proof of Theorem 1.5. We will show that under the assumption that (RL
1 ) is solvable, 

the elliptic measure ωL∗ satisfies the properties of Lemma 5.3.
Let η > 0 be small enough to be chosen soon, and take F ⊂ Δx with σ(F ) ≥

(1 − η)σ(Δx) and F̃ = Δx\F . By the so-called Bourgain’s lemma (Lemma 2.14), there 
exists C > 0 such that

ωx
L∗(Δx) ≥ C. (5.11)

By Lemma 5.6, we also have

ˆ

Δx

Mc

(
dωx

L∗

dσ
χΔx

)
dσ

≤
ˆ

Δx

(
Mc,δΩ(x)/C′

(
dωx

L∗

dσ
χΔx

)
+ sup

r>δΩ(x)/C′

ωx
L∗(B(ξ, r) ∩ Δx)

σ(B(ξ, r))

)
dσ

�
ˆ

Δx

Mc,δΩ(x)/C′

(
dωx

L∗

dσ
χΔx

)
dσ +

ˆ

Δx

ωx
L∗(Δx)
δΩ(x)n dσ(ξ) � 1, (5.12)

where Mc,δΩ(x)/C′ is the centered and truncated Hardy-Littlewood maximal operator. 
Then, using (5.11), Lemma 5.4, and (5.12), we obtain

ωx
L∗(F ) = ωx

L∗(Δx) − ωx
L(F̃ ) ≥ C −

ˆ

F̃

dωx
L∗

dσ
dσ

≥ C − C1 log(1 + η−1)−1
ˆ

Δx

Mc

(
dωx

L∗

dσ
χΔx

)
dσ

≥ C − C2 log(1 + η−1)−1 ≥ C

2

if η is small enough. �
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Proof of Theorem 1.6. Under the assumption that (RL∗
1 ) is solvable, we have

 

B(x0,R/2)∩∂Ω

ÑR/2(∇u) dσ �
 

B(x0,3R)∩∂Ω

|∇Hf | dσ +
 

A(x0,R,2R)∩Ω

|∇u| dm (5.13)

for all f ∈ M1,1(∂Ω) ∩C(∂Ω), ∇Hf ∈ D(f) ∩ L1(∂Ω), and u solution of the continuous 
Dirichlet problem with boundary data f . The proof of (5.13) is analogous to the one of 
the Localization Theorem 5.1 but using Lemma 5.6 instead of the weak reverse p-Hölder 
inequality for dωL∗

dσ on (5.4).
The rest of the approach is that of [28, Theorem 5.3] (see also [12]). Let f be a 

continuous function in M1,1(∂Ω), ∇Hf ∈ D(f) ∩ L1(∂Ω), u be the solution to the 
continuous Dirichlet problem for L with boundary data f , and Ñα be the modified non-
tangential maximal operator with aperture α large enough. Let λ > 0 and B(ξ0, r) be 
a ball centered on ∂Ω with r < diam(∂Ω)/4 such that Mσ(∇Hf)(ξ2) ≤ λ for some 
ξ2 ∈ ∂Ω ∩ B(ξ0, r) and Ñα(∇u)(ξ3) ≤ λ for some ξ3 ∈ ∂Ω ∩ B(ξ0, 2r)\B(ξ0, r). Then, 
the estimate

 

B(ξ0,r)∩∂Ω

Ñ(∇u) dσ ≤ Cα−η

 

B(ξ0,3r)∩∂Ω

Ñ(∇u) dσ + Cλ (5.14)

with constants C and η > 0 independent of λ and f implies solvability of (RL
1+ε̃) for some 

ε̃ > 0 (see [12, Theorem 2.13]). Inequality (5.14) follows from (5.13) and the argument 
in [28]. �
5.3. Extrapolation of solvability of the modified Poisson regularity problem

In this section, we will prove Theorem 1.11. First, we state a localization theorem for 
this setting.

Theorem 5.7 (Localization theorem for solutions to the Poisson problem). Let 1 < p ≤ 2, 
and Ω ⊂ Rn+1 be a corkscrew domain with n-Ahlfors regular boundary ∂Ω such that the 

problem (P̃R
L
p ) is solvable. Let x0 ∈ ∂Ω, 0 < R < diam ∂Ω, B = B(x0, R), H ∈ L∞

c (Ω), 
and Ξ ∈ L∞

c (Ω; Rn+1) with both H and Ξ supported in Ω ∩B(x0, 2R)c. Then,

 

B(x0,R/2)∩∂Ω

ÑR/2(∇u) dσ �
 

A(x0,R,2R)∩Ω

|∇u| dm

where A(x0, R, 2R) = B(x0, 2R)\B(x0, R), ÑR/2 is the modified non-tangential maximal 
operator truncated at height R/2, and u is the solution of the Poisson problem (2.6) for 
the operator L with Poisson data H and Ξ.
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Note that solvability of (P̃R
L
q ) implies that the elliptic measure ωL∗ is in weak-A∞(σ)

(by Theorem 2.22 and Proposition 2.23). This theorem has the same proof as the first 
part of the Localization Theorem 5.1 (see also the proof of Theorem 1.6), without any 
modification needed, as u solves Lu = 0 in B(x0, 2R) ∩Ω and u ≡ 0 on B(x0, 2R) ∩ ∂Ω.

Now, the proof of Theorem 1.11 is very similar to the proof of Theorem 1.3 as we only 
need to show

ˆ

∂Ω

|Ñ(∇u)|r dσ � 1

for r ∈ (1 − ε, 1], and u solution to (2.6) with Poisson data Ξ and H such that δΩH
and Ξ are T r

2 atoms with support in the same ball B. As it is the case in the proof of 
Theorem 1.3, we decompose

ˆ

∂Ω

|Ñ(∇u)|r dσ =
ˆ

8B∩∂Ω

|Ñ(∇u)|r dσ +
∑
k≥4

ˆ

Ak∩∂Ω

|Ñ(∇u)|r dσ

where Ak are the annuli 2kB\2k−1B. The first term in the right hand side is bounded 

using that (P̃R
L
p ) is solvable and Hölder’s inequality, and the other terms are controlled 

using the Localization Theorem 5.7. We leave checking the details to the interested 
reader.

Data availability

No data was used for the research described in the article.

References

[1] J. Azzam, Poincaré inequalities and uniform rectifiability, Rev. Mat. Iberoam. 37 (6) (2021) 
2161–2190.

[2] J. Azzam, J. Garnett, M. Mourgoglou, X. Tolsa, Uniform rectifiability, elliptic measure, square 
functions, and ε-approximability via an ACF monotonicity formula, Int. Math. Res. Not. (2022).

[3] J. Azzam, S. Hofmann, J.M. Martell, M. Mourgoglou, X. Tolsa, Harmonic measure and quantitative 
connectivity: geometric characterization of the Lp-solvability of the Dirichlet problem, Invent. Math. 
222 (3) (2020) 881–993.

[4] N. Badr, F. Bernicot, Abstract Hardy-Sobolev spaces and interpolation, J. Funct. Anal. 259 (5) 
(2010) 1169–1208.

[5] N. Badr, G. Dafni, An atomic decomposition of the Hajłasz Sobolev space M1 on manifolds, J. 
Funct. Anal. 259 (6) (2010) 1380–1420.

[6] N. Badr, G. Dafni, Maximal characterization of Hardy-Sobolev spaces on manifolds, in: Concentra-
tion, Functional Inequalities and Isoperimetry, vol. 545, 2011, pp. 13–21.

[7] B. Bennewitz, J.L. Lewis, On weak reverse Hölder inequalities for nondoubling harmonic measures, 
Complex Var. Elliptic Equ. 49 (7–9) (2004) 571–582.

[8] R.R. Coifman, Y. Meyer, E.M. Stein, Some new function spaces and their applications to harmonic 
analysis, J. Funct. Anal. 62 (2) (1985) 304–335.

[9] R.R. Coifman, G. Weiss, Extensions of Hardy spaces and their use in analysis, Bull. Am. Math. 
Soc. 83 (1977) 569–645.

http://refhub.elsevier.com/S0022-1236(24)00360-4/bib7FC56270E7A70FA81A5935B72EACBE29s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib7FC56270E7A70FA81A5935B72EACBE29s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib1C107B0F52C7A2C1B0145675C6AA7ACCs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib1C107B0F52C7A2C1B0145675C6AA7ACCs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib26AFDE6125C15F4888AB00E658EBE66Cs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib26AFDE6125C15F4888AB00E658EBE66Cs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib26AFDE6125C15F4888AB00E658EBE66Cs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib9D3D9048DB16A7EEE539E93E3618CBE7s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib9D3D9048DB16A7EEE539E93E3618CBE7s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib4620DEE3C92CC8038718A4396B6D93B7s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib4620DEE3C92CC8038718A4396B6D93B7s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib7B92EECBB22B70C7FF0FE563FB671FCCs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib7B92EECBB22B70C7FF0FE563FB671FCCs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibA6F5350F5A2B25A96D66757F761CE65Cs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibA6F5350F5A2B25A96D66757F761CE65Cs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibC7DA501F54544EBA6787960200D9EFDBs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibC7DA501F54544EBA6787960200D9EFDBs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib9AF3107A066F6B0DEFB1CAFC0499F6EDs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib9AF3107A066F6B0DEFB1CAFC0499F6EDs1


60 J.M. Gallegos et al. / Journal of Functional Analysis 288 (2025) 110672
[10] Z. Dai, J. Feneuil, S. Mayboroda, Carleson perturbations for the regularity problem, Rev. Mat. 
Iberoam. 39 (6) (2023) 2119–2170.

[11] M. Dindoš, S. Hofmann, J. Pipher, Regularity and Neumann problems for operators with real 
coefficients satisfying Carleson condition, J. Funct. Anal. 285 (6) (2022).

[12] B.E. Dahlberg, C.E. Kenig, Hardy spaces and the Neumann problem in Lp for Laplace’s equation 
in Lipschitz domains, Ann. Math. 2 (1987) 437–465.

[13] M. Dindoš, J. Kirsch, The regularity problem for elliptic operators with boundary data in Hardy-
Sobolev space HS1, Math. Res. Lett. 19 (2012) 699–717.

[14] G. David, S. Semmes, Analysis of and on Uniformly Rectifiable Sets, vol. 38, American Mathematical 
Soc., 1993.

[15] G. David, S. Semmes, Singular integrals and rectifiable sets in Rn: beyond Lipschitz graphs, 
Astérisque 193 (1991).

[16] J. Feneuil, An alternative proof of the Lp-regularity problem for Dahlberg-Kenig-Pipher operators 
on Rn

+, preprint, arXiv :2310 .00645, 2023.
[17] E. Fabes, M. Jodeit, N. Rivière, Potential techniques for boundary value problems on C1-domains, 

Acta Math. 141 (1978) 165–186.
[18] P. Hajłasz, Sobolev spaces on an arbitrary metric space, Potential Anal. 5 (4) (1996) 403–415.
[19] P. Hajłasz, J. Kinnunen, Hölder quasicontinuity of Sobolev functions on metric spaces, Rev. Mat. 

Iberoam. 14 (3) (1998) 601–622.
[20] J. Heinonen, P. Koskela, N. Shanmugalingam, J.T. Tyson, Sobolev Spaces on Metric Measure Spaces 

(No. 27), Cambridge University Press, 2015.
[21] S. Hofmann, P. Le, BMO solvability and absolute continuity of harmonic measure, J. Geom. Anal. 

28 (4) (2018) 3278–3299.
[22] S. Hofmann, P. Le, J.M. Martell, K. Nyström, The weak-A∞ property of harmonic and p-harmonic 

measures implies uniform rectifiability, Anal. PDE 10 (3) (2017) 513–558.
[23] S. Hofmann, S. Mayboroda, M. Mourgoglou, Layer potentials and boundary value problems for el-

liptic equations with complex L∞ coefficients satisfying the small Carleson measure norm condition, 
Adv. Math. 270 (2015) 480–564.

[24] S. Hofmann, M. Mitrea, M. Taylor, Singular integrals and elliptic boundary problems on regular 
Semmes-Keni-Toro domains, Int. Math. Res. Not. 2010 (14) (2010) 2567–2865.

[25] D. Jerison, C. Kenig, Boundary behavior of harmonic functions in non-tangentially accessible do-
mains, Adv. Math. 46 (1) (1982).

[26] D. Jerison, C. Kenig, The Dirichlet problem in nonsmooth domains, Ann. Math. (2) 113 (2) (1981) 
367382.

[27] J. Kinnunen, R. Korte, N. Shanmugalingam, H. Tuominen, Lebesgue points and capacities via the 
boxing inequality in metric spaces, Indiana Univ. Math. J. 401 (430) (2008).

[28] C.E. Kenig, J. Pipher, The Neumann problem for elliptic equations with non-smooth coefficients, 
Invent. Math. 113 (1) (1993) 447–509.

[29] P. Koskela, E. Saksman, Pointwise characterizations of Hardy-Sobolev functions, Math. Res. Lett. 
15 (2008) 727–744.

[30] J. Kinnunen, H. Tuominen, Pointwise behaviour of M1,1 Sobolev functions, Math. Z. 257 (3) (2007) 
613–630.

[31] A.K. Lerner, A characterization of the weighted weak type Coifman-Fefferman and Fefferman-Stein 
inequalities, Math. Ann. 378 (1) (2020) 425–446.

[32] F. Maggi, Sets of Finite Perimeter and Geometric Variational Problems: an Introduction to Geo-
metric Measure Theory (No. 135), Cambridge University Press, 2012.

[33] V. Maz’ya, Lectures on Isoperimetric and Isocapacitary Inequalities in the Theory of Sobolev Spaces. 
Heat Kernels and Analysis on Manifolds, Graphs, and Metric Spaces, Contemp. Math., Math. Soc., 
Providence, RI, 2002, pp. 307–340, 2003.

[34] M. Mourgoglou, X. Tolsa, The regularity problem for the Laplace equation in rough domains, Duke 
Math. J. 173 (9) (2024) 1731–1837, https://doi .org /10 .1215 /00127094 -2023 -0044.

[35] M. Mourgoglou, B. Poggi, X. Tolsa, Lp-solvability of the Poisson-Dirichlet problem and its applica-
tions to the regularity problem, preprint, arXiv :2207 .10554, 2022.

[36] E. Milakis, J. Pipher, T. Toro, Harmonic analysis on chord arc domains, J. Geom. Anal. 23 (4) 
(2013) 2091–2157.

[37] M. Mourgoglou, T. Zacharopoulos, Varopoulos’ extensions of boundary functions in Lp and BMO 
in domains with Ahlfors-regular boundaries, preprint, arXiv :2303 .10717, 2023.

[38] O. Tapiola, X. Tolsa, Connectivity conditions and boundary Poincaré inequalities, preprint, arXiv :
2205 .11667, 2022.

http://refhub.elsevier.com/S0022-1236(24)00360-4/bib1757B97FEE1A43E6E6C37F9BB6402987s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib1757B97FEE1A43E6E6C37F9BB6402987s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibFCCCB86279EC81D3FA2772A305849222s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibFCCCB86279EC81D3FA2772A305849222s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib47F84B7951ED9537B0A70C4E0047DE81s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib47F84B7951ED9537B0A70C4E0047DE81s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib284BAD9C648D4B9DBDF4BAA703ACB02Ds1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib284BAD9C648D4B9DBDF4BAA703ACB02Ds1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib3F30B4C23D5D31403DB81C95F79160F9s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib3F30B4C23D5D31403DB81C95F79160F9s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibC92B438C6DE07B10E6B5CE6DCB9961C9s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibC92B438C6DE07B10E6B5CE6DCB9961C9s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib800618943025315F869E4E1F09471012s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib800618943025315F869E4E1F09471012s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib8ED912AC4E4AD97BA20688B68A2CA5F2s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib8ED912AC4E4AD97BA20688B68A2CA5F2s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibC1D9F50F86825A1A2302EC2449C17196s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib69E1AAFECCC558D92F93BCF86FB913F5s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib69E1AAFECCC558D92F93BCF86FB913F5s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib5AB9B190E3EA59797082953ADDB5F91As1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib5AB9B190E3EA59797082953ADDB5F91As1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib272B2F9936D3FF309C30011BF32004C6s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib272B2F9936D3FF309C30011BF32004C6s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib7EE441DF2D42F1A221B35FCD8FE3A8C4s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib7EE441DF2D42F1A221B35FCD8FE3A8C4s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib7C1A9FBB8C77343A270C474461998E2Cs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib7C1A9FBB8C77343A270C474461998E2Cs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib7C1A9FBB8C77343A270C474461998E2Cs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib90559FB238BDE82A0E06ABFBFA4F75A3s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib90559FB238BDE82A0E06ABFBFA4F75A3s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib108551A9A76F2B641BBDE8369F7825D1s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib108551A9A76F2B641BBDE8369F7825D1s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib5137145531BCB25EF7E2DA169E7D2FE0s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib5137145531BCB25EF7E2DA169E7D2FE0s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib8E3797654D928D54E424D55B2ADF41C1s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib8E3797654D928D54E424D55B2ADF41C1s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibDA2BE3F8B1640DE6534FEA0E9744CCCBs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibDA2BE3F8B1640DE6534FEA0E9744CCCBs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibA32356331CF2A7F56E45306FC6D328D9s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibA32356331CF2A7F56E45306FC6D328D9s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibDD867A684CC8CD9EE15EF8A3280DFB1As1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibDD867A684CC8CD9EE15EF8A3280DFB1As1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibD20CAEC3B48A1EEF164CB4CA81BA2587s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibD20CAEC3B48A1EEF164CB4CA81BA2587s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib69691C7BDCC3CE6D5D8A1361F22D04ACs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib69691C7BDCC3CE6D5D8A1361F22D04ACs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib43E20EB1F2B1B8EE8A116679A6A69D20s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib43E20EB1F2B1B8EE8A116679A6A69D20s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib43E20EB1F2B1B8EE8A116679A6A69D20s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib08AD08F6491037714D09263A79BEBFBAs1
https://doi.org/10.1215/00127094-2023-0044
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib08AD08F6491037714D09263A79BEBFBAs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibBB4F8BB682E49B9452AA1CC2D348BBFEs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibBB4F8BB682E49B9452AA1CC2D348BBFEs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib8C380374488EA82D0536881070A9C8FFs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib8C380374488EA82D0536881070A9C8FFs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibAC6AD5D9B99757C3A878F2D275ACE198s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibAC6AD5D9B99757C3A878F2D275ACE198s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibDF1F3EDB9115ACB0A1E04209B7A9937Bs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bibDF1F3EDB9115ACB0A1E04209B7A9937Bs1


J.M. Gallegos et al. / Journal of Functional Analysis 288 (2025) 110672 61
[39] G. Verchota, Layer potentials and regularity for the Dirichlet problem for Laplace’s equation in 
Lipschitz domains, J. Funct. Anal. 59 (3) (1984) 572–611.

[40] W.P. Ziemer, A Poincaré-type inequality for solutions of elliptic differential equations, Proc. Am. 
Math. Soc. 97 (2) (1986) 286–290.

http://refhub.elsevier.com/S0022-1236(24)00360-4/bib5206560A306A2E085A437FD258EB57CEs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib5206560A306A2E085A437FD258EB57CEs1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib21C2E59531C8710156D34A3C30AC81D5s1
http://refhub.elsevier.com/S0022-1236(24)00360-4/bib21C2E59531C8710156D34A3C30AC81D5s1

	Extrapolation of solvability of the regularity and the Poisson regularity problems in rough domains
	1 Introduction
	1.1 Definitions
	1.2 Main results
	1.3 Historical remarks
	1.4 Strategy of the proofs
	1.5 Organization of the paper

	2 Preliminaries
	2.1 Hajłasz-Sobolev spaces
	2.2 Whitney decomposition
	2.3 Calderón maximal operator
	2.4 Hardy space H1
	2.5 Measure theoretic boundary, tangential gradients and Hofmann-Mitrea-Taylor Sobolev spaces
	2.6 Strong Poincaré inequalities on domains with n-Ahlfors regular boundary
	2.7 Harmonic and elliptic measures
	2.8 Tent spaces on domains
	2.9 Variants of the Dirichlet and Regularity problems

	3 Atomic decomposition of Hajłasz-Sobolev spaces on Ahlfors regular metric spaces
	3.1 Interpolation in Hajłasz-Sobolev spaces

	4 Regularity problem in the tangential Hardy-Sobolev space HS1,1
	5 Extrapolation of solvability of the regularity problem
	5.1 Rp implies Rq for all q between 1-e and p
	5.2 R1 implies R(1+e)
	5.3 Extrapolation of solvability of the modified Poisson regularity problem

	Data availability
	References


