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1. Introduction

In this paper we study the solvability of the regularity problem for divergence form
elliptic operators in corkscrew domains 2 with n-Ahlfors regular boundary 0f) in the
Hajtasz-Sobolev space M1 (9). In the recent work [34], the second and third named au-
thors proved the equivalence between the solvability of the Dirichlet problem in Lp/(aQ)
and the solvability of the regularity problem in M?(9Q) for the Laplacian in this type
of domains (where p,p’ > 1 are Holder conjugate exponents). This result opened up the
study of the regularity problem for such non-smooth domains, which had only been in-
vestigated in Lipschitz domains for classical Sobolev spaces before. Here we focus on the
endpoint case p = 1, not considered in [34]. The analogous result for Lipschitz domains
and classical Sobolev spaces obtained in the pioneering work [12] of Dahlberg and Kenig
was that solvability in a Hardy-Sobolev space HS11(99) is equivalent to solvability in
a classical Sobolev space for some p > 1. In the present setting, it turns out that the
Hajtasz-Sobolev space M'1(9€2) is the adequate space to consider the endpoint case
p = 1. This is not completely unexpected since MY (R*+1) = HSH(R™1) or, more
generally, M Ll(ﬂ )=HS 1’1(]Tf ) when M is a manifold satisfying a doubling condition
and supporting a strong Poincaré inequality (see the work of Koskela and Saksman [29]
and Badr and Dafni [5] for these results).

1.1. Definitions

We introduce some definitions and notations. A set E C R™*! is called n-rectifiable if
there are Lipschitz maps f; : R» — R"*! i =1,2,..., such that

H" (E \ U fi(R”)) =0

where H™ stands for the n-dimensional Hausdorff measure. We will assume H" to be
normalized so that it coincides with n-dimensional Lebesgue measure in R™.

All measures in this paper are assumed to be Radon measures. A measure j in R"*1
is called n-Ahlfors regular if there exists some constant Cy > 0 such that

C'O_lT" < u(B(x,r)) < Cor™ for all x € supp p and 0 < r < diam(supp p).
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The measure p is uniformly n-rectifiable if it is n-Ahlfors regular and there exist
constants 6, M > 0 such that for all € supp p and all 0 < r < diam(supp p) there is a
Lipschitz mapping ¢ from the ball B, (0,7) in R™ to R"*! with |g|rip < M such that

p(B(x, ) N g(Bn(0,7))) = Or"

where |g|Lip is the Lipschitz seminorm of g.

A set E C R™"! is n-Ahlfors regular if H"|g is n-Ahlfors regular. Also, F is uniformly
n-rectifiable if H"|g is uniformly n-rectifiable.

The notion of uniform rectifiability should be considered a quantitative version of rec-
tifiability. It was introduced in the pioneering works [14] and [15] of David and Semmes,
who were seeking a good geometric framework under which all singular integrals with
odd and sufficiently smooth kernels are bounded in L2.

Following [25], we say that 2 C R"*! satisfies the corkscrew condition, or that it is a
corkscrew open set or domain if there exists some ¢ > 0 such that for all x € 992 and all
r € (0,2diam(Q)) there exists a ball B C B(z,r) NQ such that r(B) > c¢r. We say that
Q is two-sided corkscrew if both  and R™+1 \ ) satisfy the corkscrew condition.

If X is a metric space, given an interval I C R, any continuous v : I — X is called
path. A path of finite length is called rectifiable path.

Following [24], we say that the open set Q C R™T! satisfies the local John condition
if there is 6 € (0,1) such that the following holds: For all z € 9Q and r € (0,2 diam(2))
there is y € B(x,r) N Q such that B(y,fr) C Q with the property that for all z €
B(x,7)NJQ one can find a rectifiable path v, : [0,1] — Q with length at most 01|z —y|
such that

v.(0) = z, 7.(1) =y, d(7.(t),00) > 0|v.(t) — 2| forall ¢t € [0,1].

If both  and R"*! \ Q satisfy the local John condition, we say that Q satisfies the
two-sided local John condition. Note that the local John condition implies the corkscrew
condition.

An open set Q C R is said to satisfy the weak local John condition if there are
A, 0 € (0,1) and A > 2 such that the following holds: For every x € € there is a Borel
subset F' C B(x, Ad(x,00)) N 0Q) with o(F) > Ao(B(x, Ad(x,0Q)) N 0N) such that for
every z € F one can find a rectifiable path v, : [0, 1] — Q with length at most 6~ |z — |
such that

v:(0) =2, 7.(1)==z, d(v:(t),00)>0v,(t)— 2| forallte]l0,1].

Given an n-Ahlfors regular set £ C R™*!, and a surface ball Ag = ByNE, we say that
a Borel measure u defined on E belongs to weak-As(Ao) if there are positive constants
C' and 6 such that for each surface ball A = B(z,r) N E with B(z,2r) C By, we have

A (1)
w(F) <C H (D) w(24A), for every Borel set F' C A. (1.1)
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Let us now turn our attention to Sobolev spaces. Let X be a metric space equipped
with a doubling measure o, that is, there exists a uniform constant C, > 1 such that
o(B(x,2r)) < Cyo(B(z,1)), for all z € X and r > 0. For a function f: X — R, we say
that a non-negative function Vg f : X — R is a Hajlasz gradient of f if

[f(@) = fW <z =yl (Vaf(z) +Vufly) foro-ae x,yeX, (1.2)

and we denote the collection of all Hajlasz gradients of f by D(f). Note that the Ha-
jlasz gradient of a function is not uniquely defined. For p € (0,400|, we define the
homogeneous Hajlasz-Sobolev space Ml’p(X) as the space of functions f that have a
Hajtasz gradient Vg f € D(f) N LP(X), and the inhomogeneous Hajlasz-Sobolev space
M'YP(X) as M'P(X) := M"“P(X) N LP(X). These spaces were introduced by Hajlasz
in [18], and for more information on these and other Sobolev spaces in metric measure
spaces, the reader may consult the book [20]. For 7 € (0, +oc], we define the following
weighted norm (or quasinorm if p < 1)

%Hf”m(x) +infoepip) llgllrxy, 7 € (0,+00),

- (1.3)
infyep(p) ll9llLe(x), T = 400,

[ fllarre x) = {

(seminorm in the case 7 = +00). The most interesting cases are: 7 = +00, or 7 = diam X
in the case X has finite diameter. For this reason, we will use the notation
||f||Ml;P vy, diam X < +oo,
”f”Ml,p(X) = { diam x (X)

||f||M117P(X), diam X = —|—oo’

and

£ lxree ey = 1 arzer -

Note that the election 7 = diam X in the case X has finite diameter makes the norm
scale-invariant. Regarding the case 7 = +o00, we will use the convention that +%.O =0,
and +o0o - a = 400 for all a > 0.

Let f: X — R be an arbitrary real-valued function. We say that a Borel measurable
function g : X — R is an upper gradient of f if for all compact rectifiable paths « the
following inequality holds:

(@) — f() s/gcml,

v

where xz,y € X are the endpoints of the path. We say that (X,o0) supports a weak
(1,p)-Poincaré inequality for p > 1, if there exist constants C' > 1 and A > 1 so that for
every ball B centered at ¥ with radius r(B) € (0,diam X) and every pair (f,g), where
f e Ll (0)and g is an upper gradient of f, it holds

loc
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1/p

Fl5@)  fal dote) < or(B) | f ot dot) | (1.4)
B B

where we denoted

fe =1 fly)do(y).
/

We say that (X, o) supports a strong Poincaré inequality if it supports a weak (1,1)-
Poincaré inequality with A = 1.

We introduce Hardy-Sobolev spaces defined on a d-rectifiable set £ C R**!. We say
that a Lipschitz function a(x) is a homogeneous Hardy-Sobolev atom if

(i) suppa C BN E for some ball B centered on F,
(i) [Viallpe(m < HUBNE)™,

where V;a is the tangential gradient of a on 9§ which exists H%a.e. x € E if E is
n-rectifiable (see [32, Theorem 11.4] for example). We define the (atomic) Hardy-Sobolev
space HSV1(E) as the subspace of functions f € L'(FE) which admit an atomic decom-
position, that is, there exists a family of Hardy-Sobolev atoms (a;); and a sequence of
real numbers ()\;); with the property that

f=Y Xa; inL'(E)
J

and 3 |A;] < +oo. We equip H S (E) with the seminorm || f|| zrs1a = inf 35 ; |A;| where
the infimum is taken over all possible atomic decompositions.

Let © C R™*! be an open set and set o := H"|sq to be its surface measure. For o > 0
and x € 010, we define the cone with vertex x and aperture o > 0 by

Yalr) ={y € Q: |z —y| < (1 +a)d(y,09Q)}, (1.5)

the R-truncated cone with vertex x and aperture a by Yo, r(z) = vo(z) N B(z, R), and
the non-tangential mazimal operator of a measurable function u : @ — R by

Ny (u)(x) := yes;nuzx) lu(y)|, = € ON. (1.6)

We also may define the truncated non-tangential maximal operator N, r analogously.
If 9 is Ahlfors regular, then || No(u)||zr(0) Ra,s |Ns(uw)| Lr (o) for all o, 8 > 0 and so,
from now on, we will only write N dropping the dependence on the aperture (see [24,
Proposition 2.2] for a proof of this fact). Following [28], we also introduce the modified

non-tangential mazimal function for any function w in L2 _(99) as
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1/2

Nyu(z) := sup ][ lu(2)|? dz , T €09, (1.7)

YEYa () (5, 1d(2,00)

and, similarly, the truncated modified non-tangential mazimal function Na, Rr- Again, we
will omit the dependence on the aperture. We always consider divergence form elliptic
operators L := div AV where A is always a real valued, not necessarily symmetric (n +
1) x (n 4+ 1) matrix verifying the strong ellipticity conditions

n+1
1
)‘|£|2 S Z Azj(x)flgja HAHLW(Q) S Xa HANS Qa g € Rn+1 (18)

4,j=1

for some A € (0,1), the ellipticity constant of L. We will denote by L£* the operator
associated to the transpose matrix A*.

We are now ready to state the definitions of solvability of the LP-Dirichlet and the
M*1P-regularity problem in Q for p € (0, +00):

e In a domain Q C R"*!, we say that the Dirichlet problem is solvable in LP for the
operator £ (we write (Dg) is solvable) if there exists some constant Cp, > 0 such
that, for any f € C.(09), the solution u : @ — R of the continuous Dirichlet problem
for £ in  with boundary data f satisfies

IN@)llzr(o) < Cp, £l Lr(o)- (1.9)

e In a domain Q C R™*!, we say that the regularity problem is solvable in M“P for
the operator £ (we write (Rg) is solvable) if there exists some constant Cr, > 0
such that, for any compactly supported Lipschitz function f : 02 — R, the solution
u : 0 = R of the continuous Dirichlet problem for £ in 2 with boundary data f
satisfies

CRp”fHMlvp(O')?

~ if © is bounded or 92 is unbounded
[N (V)| Lr o) < (1.10)

Cry I a1 (o)
if  is unbounded and 9052 is bounded.

Here we denoted M'?(0) and M'?(o) to be the Hajlasz Sobolev spaces defined on
the metric measure space (082, o).

One may also define the tangential regularity problem in domains with rectifiable bound-
aries using the tangential derivative with respect to the boundary at a boundary point,
which for Lipschitz functions exists for o-a.e. point of the boundary. In that case the
only difference in the definition of the regularity problem is that we ask for the estimate
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Cr, IV fllLr (o)

if 2 is bounded or 0N is unbounded (1L.11)
- Flores .
Cr, (IVef oo + $22i2r)

if © is unbounded and 9 is bounded

IN(V)| 1o (o) <

and we write that (Eﬁ) is solvable (p > 1). These definitions are customary in nicer
domains such as Lipschitz domains and are stronger than solvability of (Rf) in general

domains. In [34, Section 10] there is an example of a chord-arc domain where (ﬁﬁ) is
not solvable for any p > 1 but (Rﬁ) is solvable for some p > 1.

Remark 1.1. For p = 1, the tangential regularity problem (R%) is considered in Hardy-
Sobolev spaces, that is, we require the estimate

6R1 ”fHHSlvl(a')a
if  is bounded or 012 is unbounded

~ Il
Cry (I lm511(0) + 4035 )
if © is unbounded and 0 is bounded.

IN(Va)llao) <

It is known that (1.11) with p = 1 cannot hold even in the unit ball in the case of the
Laplacian. In fact, for smooth domains, we also have ||N(VU)||L1(GQ) 2 ||f||1\'/11’1(89 ~
|fll zzs11(00) (see Proposition 1.10 for the 2 and Proposition 4.1 for the ~) which is not
comparable to ||V f||11(s0) in general.

Remark 1.2. If the operator £ satisfies for instance the scale invariant locally Lipschitz
condition sup,cq 00 (2)|| VAl Lo (B(z,c50(x)) < 00, for some ¢ € (0, %), and u is a solution
of Lu =0 in Q, then ||]V(Vu)||Lp(aQ) and ||[N(Vu)||zrs0) are comparable. For general
elliptic operators without additional regularity, this is not true as the gradient Vu of a

solution is defined in the L2

i .(92) sense but not pointwisely.

In the sequel, we will assume that n > 2.

1.2. Main results

Let us now state our main results. We remark that the following results are valid
(unless specified otherwise) for bounded domains, unbounded domains with compact
boundary, and unbounded domains with unbounded boundary.

Theorem 1.3 (Eztrapolation of solvability of the reqularity problem). Let Q C R be
a corkscrew domain with n-Ahlfors reqular boundary 02 such that (le) is solvable for
some p > 1. Then, there exists € > 0 depending on n, the ellipticity constant A of L, and
the constant of n-Ahlfors reqularity such that
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(RE) is solvable for all t € (1 — ¢€,p).

This result is novel even for the Laplacian, although in [34, Corollary 1.6] it was shown
that

(R) = (RZ) for q € (1,p).
Note also that solvability of (le,*) is already a consequence of (Rg) where % + 1% =1
thanks to the results in [34, Theorem A.2].

Remark 1.4. Solvability (Ré:) for ¢ < 1 stands for solvability in the Hajlasz-Sobolev
space M149(9), in contrast with the classical tangential case, where the problem must
be considered in Hardy-Sobolev spaces. In Section 3, we will see that Hajlasz-Sobolev
spaces share many properties with Hardy spaces such as atomic decompositions. In this
direction, Badr and Dafni showed in [5, Theorem 1.5] that M (M) = HS™(M) when
M isa complete Riemannian manifold equipped with a doubling measure that supports
a strong Poincaré inequality.

In the converse direction, we also prove extrapolation from the endpoint. To do so, we
prove that (RY) implies the weak-A. (o) property for the elliptic measure w,-, which is
then used to show the solvability of (Rf) for some p > 1.

Theorem 1.5 ((RY) implies the weak-Ao. property). Let @ C R"* ! be a corkscrew domain
with n-Ahlfors regular boundary 0Q and we« be its L*-elliptic measure. Then,

(RE) is solvable = wp- € weak-Aoo(0).
In particular, there exists some p > 1 such that (Dg/) is solvable, where 1/p+1/p’ = 1.

Theorem 1.6 (Extrapolation from the endpoint). Let @ C R™*! be a corkscrew domain
with n-Ahlfors reqular boundary Q) such that (R¥) is solvable. Then, there exists p >
1 depending only on n, the Ahlfors reqularity constants, the corkscrew constant, the
ellipticity constant of the operator L, and the (Rf) constant such that

£y -
(Ry) is solvable for all g € (1,p).

These results are also new even in the case of the Laplacian. Note though, that they
were already known in the context of Lipschitz domains (see Section 1.3 below).

Remark 1.7. In the case the operator £ is the Laplacian or is such that A € DKP()
(see [35, Definition 1.31]), we also have

wee € weak-Aoo(0) = (RF) is solvable.
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This is a consequence of Theorem 1.3, that (Df/*) implies (RS) for these operators
(see [35, Theorem 1.33]), and Theorem 2.17. Also, from Theorem 1.5, we deduce the
equivalence between the solvability of the Dirichlet problem in BMO and the solvability
of the regularity problem (Rf) for the Laplacian in corkscrew domains with n-Ahlfors
regular boundary (see [21] by Hofmann and Le for the results concerning the solvability
of the Dirichlet problem in BMO).

Moreover, under the hypothesis that 92 supports a weak (1,1)-Poincaré inequality
(1.4), we also obtain results for the solvability of the tangential regularity problem (Ef)
In fact, in Section 4, we will relate solvability (Ef) with solvability in another Hardy-
Sobolev space (see Section 2.5 for the definition of the Hardy HMT space H'!).

Theorem 1.8. Let Q C R"™! be a domain with uniformly n-rectifiable boundary 02 that
supports a weak (1,1)-Poincaré inequality. Then,

(RY) is solvable <= (R¥) is solvable.

Remark 1.9. Recently, there have been some advances connecting the existence of weak
Poincaré inequalities supported in the boundary of a domain with some geometric prop-
erties of the domain. In particular, Azzam showed in [1] that any n-Ahlfors-regular set
E C R™"! supporting a weak (1,n)-Poincaré inequality (1.4) must be uniformly n-
rectifiable. Also, Tapiola and the third named author proved in [38, Theorems 1.2 and
1.3] that if © is a 2-sided local John domain with n-Ahlfors regular boundary 99 (or
equivalently € is a two-sided chord-arc domain), then 92 must support a weak (1,1)-
Poincaré inequality (1.4).

In addition, under better connectivity assumptions, we prove the following reverse
estimate to (RY).

Proposition 1.10. Let Q C R™*! be a domain with n-Ahlfors reqular boundary satisfying
the local John condition. Let f be a Lipschitz function in M*“'(9) and u be the solution
of the continuous Dirichlet problem for L with boundary data f. Then, we have

||fHM1»1(g) S ||N(VU)||L1(U)-

Finally, we also prove analogous extrapolation results for the Poisson regularity prob-
lem (see (2.8) for its definition and Section 2.9 for related results).

Theorem 1.11. Let Q@ C R™*! be a corkscrew domain with n-Ahlfors regular boundary
00 such that either Q is bounded or OX) is unbounded, and 1 < p < 2. Then, there exists
€ > 0 depending only on n, the Ahlfors regularity constant of 0S), and the ellipticity

—
constant of L such that solvability of the modified Poisson regularity problem (PR,)
—r
implies solvability of (PR, ) for all ¢ € (1 —¢,p).
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We also want to highlight some intermediate results which may be of independent
interest. These are: the atomic decomposition of tent spaces defined on domains that
appears in Section 2.8, the atomic decompositions of Hajlasz-Sobolev spaces MP,
0 < p < 1 proved in Section 3, the connections between Hajlasz-Sobolev spaces and
other tangential Sobolev spaces for uniformly n-rectifiable sets supporting weak (1, 1)-
Poincaré (1.4) inequalities proved in Section 4, and especially the localization theorem
(Theorem 5.1) used to show Theorem 1.3.

1.3. Historical remarks

Let us provide some historical context regarding the solvability of the regularity prob-
lem. For an extensive account of the history of the solvability of the Dirichlet problem
in rough domains for the Laplacian, and more general elliptic operators and systems, we
refer the reader to the introductions of [34,35].

The regularity problem was first solved in C! domains for all p € (1, +o0) by Fabes,
Jodeit, and Riviere [17] by proving the invertibility of the layer potential operators using
Fredlholm theory. In Lipschitz domains, Fredholm theory is not available and new ideas
were needed in order to show invertibility of the layer potentials. Verchota [39] used the
Rellich identity introduced in [26] by Jerison and Kenig to show the solvability of (ﬁﬁ)
for p € (1,2]. This result was later extrapolated to the optimal range of exponents by
Dahlberg and Kenig in [12], without the use of layer potentials. They showed that (}N?,ﬁ)
is solvable in Lipschitz domains for p € [1,2 4 ¢), for some ¢ > 0 depending only on
the dimension and the Lipschitz constants of the domain. In chord-arc domains with
vanishing constant (also called regular Semmes-Kenig-Toro domains, see [24, Definition
4.8]), invertibility of layer potentials was proved by Hofmann, Mitrea, and Taylor in [24].

Concerning the duality between (R,) and (D,/), in Lipschitz domains, Verchota es-
tablished (Eﬁ) = (Dﬁ) for p € (1,+00) for the Laplacian. For general real elliptic
operators in divergence form, Kenig and Pipher [28] showed that (ﬁg) implies (sz,*)
for p € (1,400). Also in Lipschitz domains, Dindos and Kirsch [13] obtained the end-
point case where the regularity data is in the Hardy-Sobolev space HSV1(9Q) and the
Dirichlet data is in BMO(99), also for general elliptic operators in divergence form. For
corkscrew domains with n-Ahlfors regular boundary, the second and third named au-
thors [34] proved that (Dﬁ) = (Rﬁ) for the Laplacian and (Rﬁ) = (ij) for general
elliptic operators. This was the first time the regularity problem (R,) in Hajtasz-Sobolev
spaces was considered. In corkscrew domains with uniformly n-rectifiable boundaries, the
second and third named authors in collaboration with Poggi showed in [35] that (sz,*)
implies (le) for elliptic operators £ satisfying the Dahlberg-Kenig-Pipher condition (see
[35, Definition 1.18]) by going through the p’-solvability of a certain Poisson-Dirichlet
problem. This work was finished at the same time as [11], where Dindos, Hofmann, and
Pipher found similar results in the context of Lipschitz graph domains using different
techniques. Their proof is a lot shorter than the one in [35] but it does not seem to
extend to rougher domains since it uses the existence of a uniform “preferred direc-
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tion” at the boundary, as occurs in a domain above a Lipschitz graph. More recently,
Feneuil gave in [16] an alternative and simpler proof of solvability of (R5) in R+ for
Dahlberg-Kenig-Pipher operators. Also, Dai, Feneuil, and Mayboroda showed in [10]
that in uniform domains (that is corkscrew domain with Ahlfors regular boundaries and
Harnack chains), solvability of the regularity problem in the Hajlasz-Sobolev space is
stable under Carleson perturbations of the elliptic operator.

We refer the reader to Section 1.2.4 in [35] for an exposition of the history of the
Poisson problem.

1.4. Strategy of the proofs

In order to prove Theorem 1.3 we will implement a strategy inspired by the works [12,
28], although the lack of regularity of the domains we consider greatly complicates some
of the steps. On one hand, the arguments of [12] require the use of (classical tangential)
Hardy-Sobolev spaces defined on the boundary of Lipschitz domains and its atomic
decompositions. For this reason, we develop atomic decompositions for Hajtasz-Sobolev
spaces MP on uniformly perfect metric spaces equipped with a doubling measure in
Section 3. These atomic decompositions are influenced by the ones in the works of Badr
and Dafni [5], and Badr and Bernicot [4], but they present several differences, both in idea
and in proof. The main ones are that we work in metric spaces instead of manifolds and
thus we cannot consider “classical” derivatives, we prove atomic decomposition for the
M1P spaces for the full range 0 < p < 1, not only for p = 1, and we consider both compact
and unbounded spaces. Also, our proof of the atomic decomposition (Theorem 3.4) avoids
the use of Sobolev embeddings which allows us to directly obtain a decomposition in
Lipschitz atoms. On the other hand, we develop a localization theorem in the style of
[28, Theorem 5.19], but the lack of connectivity of the domain makes the proof interesting
on its own right. The proof is quite delicate, but the idea is to upper bound the term
J\N/'R/Q(Vu) in terms of the elliptic measure of the domain wy~. Then, we deal with the
elliptic measure using that it belongs to weak reverse Holder class.

Our proof of Theorem 1.5 follows closely the one in the appendix of [34], which in turn
has some similarities with the proofs in [28,13] although the absence of connectivity in
our domains brings significant difficulties. Moreover, in the present case, working in the
endpoint p = 1 makes things more complicated. We need to employ a weak reverse Holder
inequality for the maximal non-tangential operator (Lemma 5.5), to avoid problems with
the fact that the Hardy-Littlewood maximal operator is unbounded in L'. We also prove
a weak reverse Holder inequality involving the Hardy-Littlewood maximal operator (in
relation with the Llog L norm), which later improves itself to a weak reverse p-Holder
inequality giving the desired result. Then, Theorem 1.6 is a consequence of Theorem 1.5,
the localization Theorem 5.1, and a good-\ inequality, in a similar fashion to the proofs
of extrapolation in [12,28].

The proof of Theorem 1.8 follows from the theory of Sobolev spaces on metric spaces
supporting weak (1,1)-Poincaré inequalities (1.4). For more information on this topic,
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see the book [20] by Heinonen, Koskela, Shanmugalingam, and Tyson. The proof of
Proposition 1.10 follows from arguments in [28,24], and the proof of Proposition 4.2, that
is, the relation between the Hardy-HMT space H''! (see Section 2.5) and the Hajtasz-
Sobolev space M %! follows from the techniques in [6].

Finally, the proof of Theorem 1.11 is very similar to the one of Theorem 1.3, but it
requires an atomic decomposition for the tent spaces T%(f2) defined on domains. This
atomic decomposition (Theorem 2.19) is inspired by the one in [8] but with some com-
plications originated by the lack of structure of our domains.

1.5. Organization of the paper

The paper is organized as follows. In Section 2 we review some necessary results needed
along the paper. In Section 3 we develop atomic decompositions for the Hajtasz-Sobolev
spaces. In Section 4 we prove Theorem 1.8, Proposition 4.2 about the relation between
the spaces HY! and M'! under the hypothesis of a weak (1,1)-Poincaré inequality
(1.4), and some further results on the reversibility of the (R¥) estimate for more regular
domains (Proposition 1.10). In Section 5 is where we show the main results of the paper.
We start by proving the localization Theorem 5.1, and we use it to obtain Theorem 1.3 in
Section 5.1. Lastly, we prove Theorem 1.5 in Section 5.2, and Theorem 1.11 in Section 5.3.

2. Preliminaries

We will write a < b if there is a constant C' > 0 so that a < Cb and a ~ b to mean
a <b < a. For aball B = B(zg,r), we write kB to denote B(xg,kr) for k > 0. For
functions f € L (o), we write fp to denote f, f(z)do(x).

loc

2.1. Hagjlasz-Sobolev spaces

Let (X, d(-,-), o) be a uniformly perfect metric space (see below for the definition)
equipped with a doubling measure o.

Remark 2.1 (Uniformly perfect space). We say that a metric space X is uniformly perfect
if there exists a constant A > 2 such that

AB\B # @ for all balls B such that AB # X.

Moreover, since o is doubling, we can assume that o(AB) ~ o(AB\B). For example, by
choosing larger A, we may assume there exists € (A — 1/3)B\ (4/3) B. Hence,

o(AB\B) > o(B(x,r(B)/3)) 2 o(B(x,2Ar(B))) > o(B) 2 c(AB).

We start by presenting a Leibniz’ rule for Hajlasz-Sobolev functions.
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Lemma 2.2 (Leibniz’ rule for Hajlasz-Sobolev functions, Lemma 5.20 [19]). Let u €
MY?(X) and ¢ be a bounded Lipschitz function. Then up € MY (X). Moreover, if
L is a Lipschitz constant of ¢ and supp ¢ = K, then

(9llelloc + Llu]) xx € D(up) N LP(X),
for every g € D(u) N LP(X).

Next, we will prove two kinds of Poincaré inequalities for Hajtasz-Sobolev functions.
One is for p > 1 and functions with zero mean and the other is for all p > 0 and functions
with compact support.

Theorem 2.3 (Poincaré inequalities). Let f € MYP(X) and B C X be a ball. Then, if
p > 1, we have

/|f—fB|de,Sr(B)p/|VHf|de, for allVyf e D(f).
B B

Moreover, for all p > 0, if supp f C B and o(AB\B) 2 o(B), we get

/ P do < r(BY / VuflPdo, forall Vif € D(f).
B A\B

Proof. For a proof of the first inequality see [34, Proposition 2.1] for example.

For the second inequality, for any € > 0 we may choose z € AB\B (thus f(z) = 0)
such that Vg f(z) < e +infyp\p Vuf. Thus, Vi f(2)Po(B) < Vuaf(2)Po(AB\B) <
eo(AB\B) + fAB\B |V flPdo < ea(AB) + [, 5|V fIPdo. Then, we have

! pazL x) — f(2)|Pdo(x
WZW T(B)pB/m £)Pdo(o)

diam(AB)P

< / Vi flPdo + |V f(2)Po(B)
B
< [ IVufPdo+ [ |VufPdo +co(AB)
frwuttio |
§/|VHf|pda+sa(>\B).

AB

Since, this is true for all € > 0, we obtain
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[1spdo soBy [ 19uspdo
B

A\B

as desired. O
2.2. Whitney decomposition

We introduce the Hardy-Littlewood maximal operator as

o ] C oy HBG)
Mo f@) = s (f) FWldot), Monte) = s BEE,

the centered Hardy-Littlewood maximal operator as

2 e su ” 2) = sup UBE:T)
Moo f(@): 7.>133(Z[T) £ dots). Megn(e) = sup EZ 0,

and the truncated centered Hardy-Littlewood maximal operator as

M. o1 f(x) := sup ][ lf(y)|do(y), Mecgsp(x):= sup Bz, 1)) (2.1)

o<r<t 0(B(z,1)) ’
B(z,r)

for f € LllOC (o) or positive Radon measures . We will omit the subscript o when there
is no possible confusion in the measure used. We will also use extensively the following
Whitney ball decomposition, proved for spaces of homogeneous type by Coifman and

Weiss in [9, Theorem 3.2].

Theorem 2.4 (Whitney ball decomposition, Theorem 3.2 [9]). Let (X,d, o) be a uniformly
perfect metric space with constant A equipped with a doubling measure and suppose U C X
is an open bounded set. Then there exists a sequence of balls (B;); where B; = B(x;,1;)
satisfying

(i) U=, B; =, B where B; := 1 B;,
(ii) there exists a constant N depending only on A and the doubling constant of o such
that no point of X belongs to more than N of the balls B;,
(iii) B; N (X\U) # @ for each i, where B; := AB;,
(iv) if B;NBj # 0, then r; = r;.

2.8. Calderén mazimal operator

In a metric measure space (X,d(:,-),0), where o is a Borel regular measure, for
f € L (X), we define the Calderén-type mazimal operator by

loc
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M@ =swp f LI,

r>0
B(z,r)

It was shown in [30, Theorem 3] that if o is doubling, this operator characterizes functions
in ML1(X).

Theorem 2.5. If o is doubling, then, for any f € MY (X), we have

1A wrr x) = A Fl o x)-

Moreover, there exists C > 0 such that if f € L (X) and Ayf € L*(X), then CAyf €
D(f) N LY(X).

2.4. Hardy space H"

We first introduce the atomic characterization of the real Hardy space H' on a d-
Ahlfors regular set £ C R"T! with measure o := H?|sn. We say that a function a(x) is
an atom if

(i) suppa C BN E for some ball B centered on E,
(i) llallpee(m) < o(B)~,
(iii) [ado = 0.

We define the (atomic) Hardy space H'(E) as the subspace of functions f € L(E)
that admit an atomic decomposition, that is, there exists a family of atoms (a;); and a
sequence of real numbers (\;); with the property that

f=> Xa; inLY(E)
J

and ), |A;] < 4o00. We equip H'(E) with the norm || f|| 1 = inf >_; |Aj| where the infi-
mum is taken over all possible atomic decompositions. This definition can be compared
with the one of Hardy-Sobolev spaces in the introduction.

It is well known that real Hardy spaces admit an equivalent definition in terms of the
grand maximal function. For f € L (E), we define its grand mazimal function as

grf( = sup pdol,

peT1(z

where 7;(x) is the set of Lipschitz functions ¢ for which there exists a ball B centered
at = with radius r(B) such that

e suppy C B,
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o llellz=(p) < o(B)~" and |¢lLip < (r(B)a(B)) ™.
Then, we have the equivalence

H'(09) = {f € Liyo(E) | Mg f € L(E)}
and, moreover, both norms are equivalent

||Mgrf||L1(E) ~ ||fHH1(E)

2.5. Measure theoretic boundary, tangential gradients and Hofmann-Mitrea- Taylor
Sobolev spaces

An open set Q C R"*! has finite perimeter if the distributional gradient Vg of xq is
a locally finite R"*!-valued measure. From results of De Giorgi and Moser it follows that
Vxa = —vH5.q, where 0*Q C 09 is the reduced boundary of © and |v(z)| = 1 H"-a.e.
in 9*Q and v is the measure theoretic unit normal. The measure theoretic boundary 0,
consists of the points x € 902 such that

liminf MBENOR) o i B @\
r—0 rn+l r—0 rn+l

> 0.

When Q has finite perimeter, it holds that 0,Q C 9*Q C 9Q and H"(0*Q\0.Q) = 0. A
good reference for those results is the book of Maggi [32].

In [24, Section 3.6], Hofmann, Mitrea, and Taylor introduced a notion of tangential
derivatives and gradient very well suited for integration by parts.

Let Q € R™*! be an open set of locally finite perimeter. For a C! function ¢ : R**1 —
R and 1 < j,k <n+ 1, we define the tangential derivatives on 9*(2 by

O = vi(Okp)loa — vi(0;9) o,

where v; are the components of the outer unit normal v and
Viaurf = <Z Vkat,j,kf>

k 1<j<n+1

By the arguments in [24, p 2676], if ¢, ¢ are C! in a neighborhood of Q2 and compactly
supported, we have that

JE T R (2.2)

0*Q 0*Q
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For p > 1, we denote by L'P(H"|5-q) the HMT Sobolev space (see [24, display (3.6.3)])
defined as the subspace of functions in LP(H™
C(f) such that

o+q) for which there exists some constant

> | [ Pegeditt| < DIl enipa

1<Gk<n+1 blg

for all ¢ € C (R”‘H) where p’ is the Holder conjugate exponent. By the Riesz repre-
sentation theorem, for each f € L1P (H" o+q) and each j,k = 1,...,n + 1, there exists
some function h;j € LP (H"|,.(,) such that

/ hy o dH™ = / o0 dH"
0*Q)

9*Q

and we set O j rf := hj, so that this is coherent with (2.2). It is easy to check that
Lipschitz functions with compact support are contained in L1? (H"

9+0)-

We introduce a lemma (proved in [34, Lemma 6.4]) that clarifies the relationship
between the tangential derivative V, f and 0y ; i f for Lipschitz functions on the boundary
of a set of locally finite perimeter.

Lemma 2.6 (Lemma 6.4, [34]). Let Q@ C R™* be an open set of locally finite perimeter.
Then, for any compactly supported Lipschitz function f : 02 — R and for every j, k €
{1,2,...,n+ 1}, we have

Ojrf (@) = —vi (Vief),, (@) + v (Vi f); (x)  for H[o-q-a.e. z € O™

Note that in [34] it is stated for domains with uniformly n-rectifiable boundary but
only the n-rectifiability of 9*(2 is necessary.

Let’s restrict ourselves to the case that 9*Q supports a weak (1, 1)-Poincaré inequality
(1.4). We will define the Hardy-Sobolev version of the HMT space on 0*?, which we
denote by HY!(H"|5q), using a grand maximal characterization in a similar manner to
[6]. First, for any « € 9*Q, we set

Mgr(vHMTf)(w) = Sklp
g€Ti(x)

/ FgdH"oa

for any f € L} (9*Q) with prescribed Viyrf and where

Jball B s.t.z € B, suppg C B,
lglloc < (r(BYH™(BNO*Q))~",
JorgdH™ =0

Ti(x) = {9 € L™(0"Q)
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Let’s show that the previous grand maximal operator is well defined in the sense that
if f,h are Lipschitz on 0*Q and satisfy Vgurf = Vaumrh, then

/ hg dH"

Without loss of generality, assume that the left hand side of (2.3) is strictly larger than
its right hand side. Then, we may fix g € 71 (x) with supp g C B such that

—’/hgd?-["

But, using that g has zero mean and that 0*Q) supports a weak (1, 1)-Poincaré inequality
(1.4), we obtain

sup . (2.3)

9€T1(x)

= sup
g€T1 ()

0*Q

/ FgdH o0

> 0.

0*Q 0*Q 0*Q

‘ [t~ mgan

> ‘/fgd“rl"

o*Q 0*Q

‘ [t~ mgan

< ngm/ f—h—][(f—h)dH"Ia*Q e

B B

< llgllz= #(B) / IV2(f — )| dH o = 0
AB

since, by Lemma 2.6, Vaur(f —h)(x) = =V (f —h)(x) for H"|s-q-a.e. x € 9*. Hence,
(2.3) holds.
Then, for an open set Q2 C R™*! of locally finite perimeter such that 9*(2 supports a
weak (1, 1)-Poincaré inequality (1.4), we define
Hl,l (an

o) = {f € L" (H"|o9-0) | Mgr(Vamr f) € L*(H"

0+Q)}

and we equip it with the seminorm

£l 22 (1 geg) 7= [Mae(VamT I 22 (17 ) -

It is easy to see that Lipschitz functions with compact support on 9*Q2 are in
Hl’l(Hn‘a*Q).

Remark 2.7. If 02 and f are smooth, 02 can be regarded as a Riemannian manifold
and it holds that 9Q = 9*Q2. Then one can show that g is the divergence of a compactly
supported vector field ® € L (9Q,T(09)) (where T'(09) is the tangent space to 9%)
supported on B and

/fgd’H"|aQ :/fdivfbcl?-l"‘lan = —/(th, ®), dH"|oa(z)
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holds. In [34, Lemma 2.3], the second and third named authors proved that in this case
Vif = =Vaurf H"|sq-a.e., which shows the connection between the definition of the
grand maximal operator Mg, with the other grand maximal operator Mvgr defined in
the previous section.

Remark 2.8. Note that since 9*Q) is n-rectifiable, HS'!(9*Q) is well-defined and is not
necessarily equal to the space H'1(9*Q) defined here. Indeed, the space HS'1(9*Q)
contains functions that are (controlled) sums of Lipschitz atoms and H'1(9*Q) con-
tains functions whose HMT gradients have a grand maximal function in L!(9*(Q2). These
two approaches to Hardy-Sobolev spaces on 0*2 were already studied in [5,6] non-
compact Riemannian manifolds equipped with a doubling measure and admitting a
strong Poincaré inequality.

Remark 2.9. Following the ideas in [6], we can also show that the functions in 7;(z) can
also be regarded as a generalized divergence of a vector field satisfying an integration by
parts formula (2.4).

Let

S :={V e L*(H" o0, R"™)|3f € LY (H"|5-q), V = Vamrf on 0*Q}

be a subspace of L'(H"[p+q, R™ ) with norm [V 11 (3n|peq, Rrt1) = [5oq [VIdH o0
Recall that, thanks to [34, Lemma 6.4], we know that V;f = —Vaurf H"
g € L>®(BNd*Q) for some B centered on *Q with [|g||sc < 1 and [ §dH"

o=q-a.e. Let

oo = 0 and
define a linear functional on S by

F(V) ::—/gfd’;’-l" arq ifV =Vaurf,

B

which is well defined since [ §dH"|g9-o = 0, and the weak (1, 1)-Poincaré inequality (1.4)
implies that if V = Vyurf = 0 then f must be constant. We check that F' is bounded
thanks to the weak (1, 1)-Poincaré inequality (1.4):

o0 | dH|o-a| < Cr(B)]dll / V4 fdH o0
AB

FV)I=| [0 f}!fd’H"

B
= Cr(B)||glloc IV 21 (37| gy, R +1)-
The Hahn-Banach theorem shows that F' can be extended to a bounded linear functional

on LY (H"|gq, R" 1), without increasing its norm. Thus, by duality, there exists a vector
field ® € L°°(H"|9-q, R" 1) such that

/(cb,V) AH" 5o = —/gfd“rt" b
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for all V € S and f satisfying Vayrf =V (2.4)

with [|[®[lec < C7(B)||7/o-
This allows us to consider the following equivalent definition of Mg,.(Vamr f):

Mgr(vHMTf) = SlAlp
PeTi(x)

0*Q

/(VHMTf - D) dH"

where the test functions ® € 'ﬁ(x) satisfy

P e Loo(Hnb*Q, R”+1),
3¢ € Ti(z) such that g and ® satisfy (2.4) for all V € S.

2.6. Strong Poincaré inequalities on domains with n-Ahlfors regular boundary

We define the n-dimensional Hausdorff content of a set E C R™*! as
HEL(E) = 1nf {Zdlam | EC LJB27 0 < diam(B;) < +oo}

and the Sobolev 1-capacity of a set E C R"*! as

Cap, (E) := Wlllfl(fRn+1 Vgl ®n+1).-
g=lon E

Remark 2.10. Note that if £ C R**! is an n-Ahlfors regular set, we have that

For Wb functions vanishing in a set of positive Cap; capacity, there is the following
Poincaré inequality due to Maz’ya:

Theorem 2.11. Let u € W(B) where B C R"! is the unit ball. Assume that u vanishes
on a compact set F C B with Capy(F) > 0. Then, there exists a constant C,, > 0
depending only on n such that

Ch
1 < e — 1 .
[l (B) > Cap, (F) [Vl (B)

For a reference of this result see [33, Theorem 9.1]. On the other hand, [27, Theorem
3.5] states that n-Hausdorff content and Sobolev 1-capacity are comparable.
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Theorem 2.12. Let F C R"*! be a compact set. Then,
Cap, (F) =~ HL,(F)
with comparability constants depending only on n.

Combining both theorems yields the following strong Poincaré inequality for functions
vanishing on an n-Ahlfors regular set.

Corollary 2.13. Let Q C R be a corkscrew domain with n-Ahlfors reqular boundary
0Q, x € 09, and 0 < r < diam 9. Let u € C(QN B(z,r)) "W (B(x,r)NQ) vanishing
on 00N B and extended by 0 in QN B(x,r). Then,

ull L1 (B2 < CTIVUll L1 (B2,

with constant C > 0 depending only on n and the Ahlfors regularity constant of 0).
2.7. Harmonic and elliptic measures

Assume that 0 is n-Ahlfors regular, thus the continuous Dirichlet problem for an
elliptic operator £ satisfying (1.8) is solvable. By the maximum principle and the Riesz
Representation Theorem, there exists a family of probability measures {w% },cq on 09
so that for each f € C.(09) and each z € Q, the solution u to the continuous Dirichlet
problem with data f satisfies u(z) = [, f(&) dw(£). We call wi the L-elliptic measure
with pole at x.

We present two lemmas very important in the study of the elliptic measure w, of a
domain (see [35] and the references therein for example).

Lemma 2.14 (Lemma 2.16 in [35]). Let Q@ C R™ " be an open set with n-Ahlfors reqular
boundary 0S). Then there exists ¢ > 0 depending only on n, the n-Ahlfors reqularity
constant of 0N, and the ellipticity constant of L, such that for any £ € 9 and r €
(0,diam(0€) /2], we have that wi(B(&,2r) NIQ) > ¢, for all z € QN B(&, ).

Lemma 2.15 (Lemma 2.17 in [35]). Let Q@ C R™ ! be an open set with n-Ahlfors regular
boundary Q). Let B = B (zq,r) be a closed ball with o € 0Q and 0 < r < diam(99?).
Then

w4 (4B)

rn—1 ’

G(z,y) < for ally € Q\2B and x € BN,

where G(x,y) is the Green’s function of the domain Q0 with pole at y and the implicit
constant depends only on n, the ellipticity constant of L, and the n-Ahlfors regularity
constant of OS.
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Now we present a Lemma concerning the rate of decay at infinity of a bounded L-
harmonic function vanishing at the boundary (except on a ball). See [2, Lemma 2.11] for
its proof.

Lemma 2.16. Let Q C R™*! be a domain with n-Ahlfors reqular boundary. Let u be a
bounded, L-harmonic function in 2, and let B be a ball centered at 0. Suppose that u
vanishes continuously in OQ\B and, if Q is not bounded, u also vanishes at oo. Then,
there is a constant a > 0 such that

< T(B)n—l—i-a
|U(.’I})| ~ (T‘(B) +dlSt(Jf B))n_1+aHu||L°°(Qﬂ(3B\QB))

Both o and the constant implicit in the above estimate depend only on n, the Ahlfors-
reqularity constant of OQ) and the ellipticity constant of L.

We present some of the main results in connection with the study of the Dirichlet and
regularity problems in this general setting.

Theorem 2.17 (Characterization of the weak-As property for harmonic measure). Let
Q c R n > 2 be an open bounded corkscrew domain with n-Ahlfors regular boundary
09). Then, the following are equivalent:

(1) the harmonic measure w belongs to weak-As(H™|o0),
(2) the harmonic measure w satisfies a weak p-reverse Holder inequality for some p > 1,
that is

1/p

(£ (&)w) = f (&)

(2B)NoQ

for all balls B centered on 9 with diam(B) < 2diam(9Q) and all x € Q\3B.
(3) (DI%) is solvable for some p' < 400,
(4) (Do) is solvable (see [21] for its definition),
(5) (RI?) is solvable for some p > 1,
(6) Q satisfies the weak local John condition and 0 is uniformly n-rectifiable.

Moreover, for general elliptic operators, properties (1), (2), and (3) are equivalent, and
(5) = (3) for 5+ =1.

We refer the reader to [21, Theorems 1.4 and 1.6] for the implications (1) = (4) =
(3) = (1), to [3, Theorem 1.1] for (1) <= (6) (see also [22]), to [34, Theorems 1.2,
1.6 and A.2] for the relationship between Dirichlet and Regularity problems, and to [34,
Theorem 9.2] for (2) < (3).
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2.8. Tent spaces on domains

Let Q C R"*! be a corkscrew domain with n-Ahlfors regular boundary 02 such that
either 2 is bounded or 99 is unbounded, and o := H"|sq.

If g : © — R is a measurable function in 2, we define the area functional of g for a
fixed aperture o > 0 by

1/2

A (g /|g | geon
7&(5)

In [36, Proposition 4.5] it is shown that || A (g)||z» ~ || AP (g)||L» for every a, 8 > 0,
and all 0 < p < co. Hence, we will write A omitting the dependence with respect to the
aperture. We also define the g-Carleson functional for ¢ > 1 by

1/q
1
G ©=sw [ f ltdm | dm@), ccon.
" B(¢,r)NQ \B(z,00(x)/8)
Finally, we introduce the tent spaces
T3(9) = {g € Li(Q) - Alg) € LP(0) },

for p € (0,00), and we equip them with

||9||T§(Q) = ”A(g)”LP(U)
For 1 < p < oo, these are Banach spaces (see [36, page 16]).

Remark 2.18. The relevant definitions and results in [36] for this section are stated for
chord-arc domains, but only the corkscrew property and the Ahlfors regularity are used
in the proofs, hence they are also valid for the class of domains we consider.

Now, we focus on showing an atomic decomposition for functions in these spaces. Let

0 < p < 1. We say a function a(z) is a T4 atom if it is supported in a ball B(§, R) N Q
with £ € 002, 0 < R < diam 9f2 and

< o(BNoQ)~YP,

BN

If a is an atom with support in B(&, R), it is easy to check (see [36, page 23]), that its
area functional A(a) is supported in B(&,3R) N dfY, and it satisfies
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lallzg) S o(B noQ)Y/a=t/r - and lallzr) S 1
for all g € (p,2].

Theorem 2.19. Let 0 < p < 1 and f € L (Q) NTY(Q). There exist sequences of real
numbers (\;); and TS atoms (a;); such that

F=Y"Na; i TYQ) and S INP < Ol
J J

where C > 0 only depends on the Ahlfors reqularity constant of 0X), and the corkscrew
constant of 2.

Before proving the latter theorem, let us introduce some necessary additional defini-
tions.

We say a point « € 9 has global T-density with respect to a set F' C 99 if for all
0 < r < diam 012,

o(B(z,r)NF)
o(B(z,r))

= T.

We denote by F the set of points of global 7-density of F'. Note that for F' closed, we
clearly have F* C F, and by [36, Proposition 3.3], it holds that

o((F7)°) < Co(F°)

where C depends on 7 and the Ahlfors regularity constant of 2. Also, for F' C 99, we
let

R, (F) := U Ya(§)

133

where 7, (€) is the nontangential cone of aperture a associated to ¢ and the tent over an
open set O as

T(0) = Q\R.(F).
Let us now state some lemmas that will be necessary in the proof.

Lemma 2.20. Given o > 0, there exists 7 € (0,1) close to 1 such that if F C 02 and ®
is a non-negative measurable function in 2, then

/ <I>(:r)5g(x)”dx§0a/ /@(z)d:c do(€),

Ra(F}) Fo\os(©)
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where = min{1, a}.

Proof. For the proof, see [36, Lemma 3.14] (or [8, Lemma 2] in the classical case). O
Lemma 2.21. If f € L () and 7 > 0, the set F ={{ € 0Q | A(f)(§) < 7} is closed.
Proof. See [36, Lemma 4.6] for the proof. O

Finally, we present the proof of Theorem 2.19, which is inspired by the original proof
of [8, Theorem 1] but with some modifications originated by the lack of structure of
our domains. In particular, any open subset O of R™ admits a “very good” Whitney
decomposition in disjoint cubes (Q;);, and then its tent 7(0) C R can be written
as the disjoint union of | |;(Q; x R) NT(O). In our case, we have to do extra work and
obtain T'(O) as a union of sets with bounded overlapping.

Proof of Theorem 2.19. Let 7 sufficiently close to 1, and for k € Z let Oy := {z €
O A(f) > 2*}. By Lemma 2.21, we have that O is open and let Of = {z €
0Q| M. »(xo0,) > 1 —7}. Then, Or C Oy, but, by the boundedness of the Hardy-
Littlewood maximal operator, it holds that o(O}) < ¢,;0(Ok). Let (ABF); be a Whitney
ball decomposition (Theorem 2.4) of Of as a subset of Q. In particular, O} = 0QN(J, BY
and there exists A > 1 depending only on the Ahlfors regularity constant of 0f), such
that A2BF N (0})¢ # @ (inside of 09).

Claim 1. There exists a constant C > 1 depending on the constant A of the Whitney ball
decomposition Theorem 2./ and the aperture of the cones « such that the tent

7(05) c @n | J(CBF N Ra(Bf N 0Q)),

if we consider the balls B¥ as balls in R"*1.

Proof of Claim 1. Let z € T(Oj}), that is, x € Q\R,((O5)¢). By the definitions of R,
and ., we have that

d(z, (0)°) > (1+ a)d(z,09) = (1 + «)d(z, OF).

If we take ¢ € Oj such that d(z,§) < (14 «/2)d(z,09), then, by triangular inequality
we also have

1+«

T3 azd® € < d@, (00)) < dl ) + d(&, (07)°).

Hence, if Bf is a Whitney ball containing &, it holds that

d(z,€) Sa d(€, (05)) Sx r(BY).
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Thus, 2 € C, 2 BF. Moreover, & € 7, (£) C Rn(BF N 9Q), proving the claim. 0O

The previous claim allows us to write T'(O;)\T(Ojf, ) as the following non-disjoint
union of open sets

T(ON\T (O 41) = U (OB, N Ra(B}) N (T(O\T(Oj41))) U Af.

Note that supp f C ez T(Of).

Claim 2. The sets A¥ have bounded overlapping, that is, there exists N > 0 depending
only on A and o such that

ZXN ) <N, forallxzecT(O)\T(Ofy1)-

Proof of Claim 2. Assume z € AFNA¥. Then, there exist & € BfN9Q and £F € B¥NoQ
such that * € v, (¢F) N v, (ff), which implies

(14 o) d(x, &) < d(x, &) < 1+ a)d(z, &),
and

d(z, f ) Saa T(Bk) and  d(z, 5 ) Sax r(Bk)

Hence, d(Bf,Bj’?) < d( f,ff) Sax min(r(Bf),r(Bj’?)).

As a consequence, it cannot happen that r(Bf) < r(B}) or vice versa since that
would imply that ABF N /\B]’? # @ and we get a contradiction with property (iv) of
Theorem 2.4. Hence, if x belongs to A¥ for i € I, we have that r(BF) ~ r(B]]?) for all
i,j € I, and d(BF, BJ’“) ~ r(BF). Therefore, it can only belong to a uniformly bounded
number of balls. O

Let (¢%); be a partition of unity subordinated to the sets A¥. We write

af = fio(BY) P (uf)~/?

where pf = fAf |f (y)ok (y)]? #E’y). Clearly, we have that these functions a”

of TY atoms. If we set \¥ := o(BF)'/?(uF)!/2, we obtain

F=> Xaj.
ki

are multiples

So it is only left to prove that
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DN S AU = £ 1

k,i
However
k _ k 2 dy 2 dy 2 dy
= / F W 5 < / )P 5505 < / 0P 5.
Ak Ak CBF O(O;+1)

If we apply Lemma 2.20 with F' = (Og41)¢, F} = (05,1)¢, Ra(F}) = Q\T(O5;,,), and
D(y) = |/ (W) [da(y)" " xcpr(y), we get

| A de S ol
CBFNOg,,

by the definition of O41. Finally, using the bounded overlapping property of the balls
B;-“, we infer

BT DL IS SECIER
Jk k.j
<3 0(0025 0 AL,y ©
k

2.9. Variants of the Dirichlet and Regularity problems

Let © C R™*! be a corkscrew domain with n-Ahlfors regular boundary 99 such that
either 2 is bounded or 99 is unbounded, and o := H"|sq.

For any p € (1,00), we say that the Dirichlet problem in the tent space T} is solvable
for the operator £ (we write (55) is solvable) if there exists C' > 0 such that for all
f € C.(09), the solution u of the continuous Dirichlet problem satisfies

[0alVulllrz ) < CllfllLr(o)- (2.5)
Consider the following Poisson problem

—Lv=H —divE, in (),
(2.6)

ve Yy,

with Poisson data H € L°(2) and & € L(Q; R™*1) where Y *(Q) is the completion
of C°(§2) under the norm |ul|y1.2 = |Jul| z(n+1>( : +[Vul 2 )
L1 (Q

For any p € (1,00), we say that the Poisson regularity problem is solvable for the
operator £ (we write (PR%) is solvable) if there exists C' > 0 such that for each H €
L (Q) and B € L° (€, R™ ), the solution v of the Poisson problem (2.6) satisfies
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19290 oo < € (ICo. () o o) + IC2(E/30) o)) - (2.7

Analogously, for p € (0,00), we say that the modified Poisson regularity problem is

—r
solvable for the operator £ (we write (PR, ) is solvable) if there exists C' > 0 such that
for each H € L (Q) and E € L (; R™ "), the solution v of the Poisson problem (2.6)
satisfies

|¥2(V0)ll1r(o) < C (I180H g () + IE 2z - (2:8)

For 0 < p < 1, we say that the Poisson regularity problem (PRIf) is solvable if the

modified Poisson regularity problem (Fﬁj) is.

The Poisson regularity problem was introduced in [35] and the modified Poisson reg-
ularity problem in [37]. In RT’l and for small Carleson perturbations of ¢-independent
operators, the non-tangential estimates of the latter problem for VLHE}L+1 div (i.e. the op-
erator with kernel the fundamental solution instead of the Green function) first appeared
(without this name) in [23, Propositions 4.6 and 5.1]. It is easy to see that once this es-
timate is obtained, then by the standard connection between the fundamental solution
and the Green function, one can prove that the modified Poisson regularity problem is
equivalent to the solvability of the Regularity problem.

By [37, Theorem 1.8], there is the following relation between the modified Poisson
regularity problem and the Dirichlet problem in tent spaces.

Theorem 2.22. Let Q C R be a corkscrew domain with n-Ahlfors reqular boundary
—r
0. Then, for any p € [1,2] such that %—l— # = 1, solvability of (PR,,) implies solvability
of (sz,*).
Furthermore, we also have that solvability of the Dirichlet problem in tent spaces
implies that the associated elliptic measure is in weak-A, (o).

Proposition 2.23. Let Q € R™*! be a corkscrew domain with n-Ahlfors regular boundary
on. If (sz,) is solvable for some p’ > 2, then wy € weak-Ax(0).

The proof is very similar to that of [21, Theorem 1.4] so we will only highlight the
main differences.

Sketch of proof. We intend to show that w/ satisfies the hypotheses of Lemma 5.3 (which
corresponds to [21, Lemma 3.2]).
Let the sets F, Fy, and A; be as in their proof, and define

f=xa,

which satisfies ||| zs() = o(A41)/?. In order to work with continuous data, we mol-
lify f as in [21, Lemma 3.9] and obtain a family of functions (f;)s. We have that
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sup, || fsllze(o)y S Ifllzr(0) thanks to the boundedness of the Hardy-Littlewood maxi-
mal operator in LP(c).

Let us be the solution of the Dirichlet problem with boundary data f;. Then, for
small € > 0, we have by Fatou’s lemma and [21, Claim 2] that

T < P T < Timi
wi(4y) < /hgn_gélf fsdw? < hgn_}(r)lfus(x)
o9
1/2
/ |Vu, 200 dm + Ce”.

B.NQ

1

S IIISIL}(glf CE m

Using Fubini, we obtain that

/ |Vus|?00 dm < / A(6a|Vus|)? do.
B.NQ CB,NdQ

Hence, by solvability of (55) and Holder’s inequality, we get

1/p
WE(A1) < lminf C. ][ A@o|Vus )P do | +Ce
B,NoQ
< Coa(CB, NOQ) VP fl, + Ce®
a(A) V7 Y
—C (Y o< opl/p @ 2.
C (a(C’BwﬂaQ)) +Ce* < Cen'P + Ce (2.9)

The rest of the proof is the same as the one in [21] with n'/? instead of 7. O
3. Atomic decomposition of Hajlasz-Sobolev spaces on Ahlfors regular metric spaces

In this section we will prove atomic decompositions for the Hajtasz-Sobolev spaces
MP(X), p <1, defined on a uniformly perfect metric space X equipped with a doubling
measure o. The proofs are inspired by the ones appearing in the works of [4,5]. The main
differences are that we consider atoms in the Hajlasz-Sobolev space as we do not assume
a differentiable structure on X, we consider the full range p € (0,1], and we do not
assume X is non-compact.

Let (X, d(-,-), o) be a uniformly perfect metric space X equipped with a doubling
measure ¢ with uniform perfectness constant A > 2 (see Remark 2.1). We start by
defining adequate atoms to carry out the atomic decompositions.
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Definition 3.1 ((7,t,p)-atom). A o-measurable function a is a (7,t,p)-atom for p €
(0,+00), t € (p,+00], and T € (0, +00] if there exists a ball B and Vya € D(u) N LY (X)
such that

(a) suppa C B,

Note that in other references (such as [4,5,9,12]) some cancellation property is required
for the atoms, but this is not necessary for our purposes. This cancellation property is
much more important in the case of non-Sobolev Hardy spaces. Also, observe that there
is always some control on the ¢-norm of a thanks to the second Poincaré inequality in
Theorem 2.3, even when 7 = 400 (as long as AB C X), and that a (r,r,p)-atom is a
(1,t,p)-atom too for ¢t < r by Holder inequality.

We will now prove a Calderén-Zygmund decomposition for Lipschitz functions in
the Hajlasz-Sobolev space M!P(X) (also with p < 1). This decomposition has some
similarities to the ones in [4,5] for p = 1, although these works use classical Sobolev
atoms instead of Hajtasz-Sobolev atoms.

Lemma 3.2 (g-Calderén-Zygmund decomposition). Let f € MYP(X) N Lip(X), 7 €
(0,+00], Vi f € D(f) N LP(X), p € (0,400, ¢ € (0,p], and a > (C% f(T77|f|" +
|V fIP) do) e for some constant Cx depending on the Ahlfors reqularity of X. Then,

there exists a constant C > 0, a collection of balls (B;);, points (x;);, Lipschitz functions
g, (b)), and (i), and LX) functions (Vgb;); such that

f—-g= Zbi’ o-a.e. and in M} (3.1)
UBi={z € X| M@/ + |V f1)(x) > a®} = Us; (3.2)
g(x) = f(z) for x € US, |g] < 7, [glLip < Ca; (3.3)

(¢i)i forms a partition of unity of U, subordinated to (B;); with ||¢:|lLip < 7(Bi) ™'

(
zi € ABi\Ua, |f(2i)| < 7o, [V f(zi)| < o, biz) := (f(z) = f(2:)) pilx), Vis (
(

3.5)

[bill La(oy < CTac(B:)Y4, |Vibil|pao) < Cac(B;)Y4, Vb, € D(b;), Vi 3.6)
S o(Bi) < Ca~? / (7?1 f P + |V fIP) do (3.7)
@ X

> xB.(x) <N, Vz e X. (3.8)
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The constant C' depends only on the Ahlfors regularity constants of X, and the constant
N is the one in Theorem 2.4 (Whitney ball decomposition).

Before presenting the proof, we remark that no constant in the Calderén-Zygmund
decomposition depends on the Lipschitz seminorm of f and that the condition
a> (CY £ (T7PIfIP +|VufP) dU)l/p is only meaningful in the case o(X) < +oo0.

Proof. Fix f € M}P(X)NLip(X), @ > 0, and a Hajlasz derivative Vg f € D(f)NLP(X).
We can redefine Vi f(z) as the limsup,_,, JCB(z,r) Vi fdo (as this only changes it in a
set of measure zero) and by [20, Lemma 10.2.2] this new Hajlasz gradient satisfies (1.2)
pointwise. Let

Uo :=A{z € XM f[" + |Vu f]")(z) > a®}

where M is the uncentered Hardy-Littlewood maximal function with respect to the
measure o. The properties of the uncentered Hardy-Littlewood maximal operator M (in
particular the weak (p,p) inequality for M (|- |9)'/9 for ¢ < p) give us

o(Ua) < Cxa P(r 7P fII5 + IV fIE) < 400 (3.9)

since f belongs to M and p > q.

Case U, = @. We may choose g = f, b; = 0, and we already get a Calderén-Zygmund
decomposition thanks to Lebesgue’s differentiation theorem.

Case U, = X. This cannot happen thanks to the condition o > (C% £, (777|f|P +
Vi fl?) do)'".

Case @ # U, C X. Consider a Whitney ball decomposition of U, (as in Theorem 2.4)
with balls B;. We denote B; = AB;, a multiple of the ball B; given by the Whitney ball
decomposition that satisfies B; N US # @. Notice that we have already proved the two

last properties of the statement: bounded overlapping and

Y 0(Bi) < No(Ua) < CxNa P (rP|| 5 + Vi f]1})
thanks to (3.9).
Let’s define the “bad” functions b; of the decomposition. Consider a partition of unity

(i) of Uy such that ¢; is supported in B;, and ; is Lipschitz with |@;|nip S r(}_}i) for

all 7. Note that, by definition of the maximal operator M, we have

f (v 1f]7 + Vi f19) do < o

B;
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since the ball f?i intersects the complementary of U,. This implies that there exists
x; € B;\Uy such that 77| f(z;)|? + |V f(z:)|? < a4. For such z;, set

= (f = 1))
Clearly, suppb; C B;. Using Leibniz’ rule (Lemma 2.2), we have a Hajlasz gradient for
b; given by
Vibia) = (=< 17(@) — f)] + Vuf@) ) o (@)
HO\T) = T(BZ) x T HJ(Z) | XB;\T
S (Vaf(x) +Vaf(zi))xs, (z) (3.10)

for some constant C' > 0.
Now, we proceed to compute the g-norms of b; and V gb;. We have

/ IbsJtdo < / (@) = f(z)|do

S /(If(x)lq +[f(@:)]%) do S 79 (B;) S Tl (B;)
B;
by the definition of U, and properties of the uncentered maximal operator, doubling of

the measure, and the definition of x;. Also using the expression of Vgb; considered in
(3.10), we can bound

[Vttt s~ [ 1) = f@olrdot@) + [ 1V f11d0

X B; B;

(IVaf@)* + Vi f(z:)]?) do(x)

N

< / Vi f(2))1do + a10(By) < ao(B;)

using the Hajlasz gradient property and the same ideas as before.
Now, we only have left to check the behavior of the “good” part g. We have

9=r" xug +Zf(1‘i)<ﬁi,

with supp (3 f(x;)pi) C U,. The bound |g| < Ta follows easily. In US, it is a consequence
of Lebesgue’s differentiation theorem and the definition of U,. On U,, it is due to the
fact that |f(x;)| < 7 and > wi(z) = xu, (z).
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The part that comes now is different from the proof in [5] as that work does not
use Lipschitz extensions. We know that for € US, we have Vg f(z) < o and Vg f
satisfies (1.2) pointwise. Hence, we may consider a Lipschitz extension f of f lve to X
with Lipschitz constant 2a.. Then, for any z € X and = € U,, we may rewrite

= Je)+ LA e (3.11)

since f(x;) = f(z;) as z; € US. Moreover, (3.11) also holds for all z € X if we let z = z
in the expression. Our aim is to check that g is Lipschitz with constant C'a for some
C > 0. To this end, we will consider four different cases: x,y € U, and they are “close”,
z,y € U, and they are “far”, x € U, and y € U, and z,y € US.

Case x,y € U, and they are “close”. Let I, := {i|x € B;} for any « € U,. Assume there
exist ig € I, and jo € I, such that B;) N B;, # @ and fix z € B;, N Bj,. Then, the radii
r(By) for k € I, U I, are all comparable. We have

l9(x) —g)| = | D> (fla:) = F(2)ei(z) = > (i) — F(2)ei(y)

i€l i€l

= 3 ()~ F@)eile) — o) (3.12)

i€, UI,

< Cad(z,y) Z

i€l UI,

Thanks to the properties of the Whitney ball decomposition, #I, < N for all x € U,
and, for all 4,k € I, the radius of B; and By are comparable to d(x,U¢). Using that
z € B;, N Bj,, we obtain d(x;, z) < r(B;) for i € I, UI,. Using this in (3.12) gives us the
desired bound for |g(x) — g(y)| in this case.

Case x,y € Uy and they are “far”. Assume that for all i € I, and j € I, we have that
B; N B; = &. In this case, we have d(z,y) 2 r(B;) for all i € I, UI,. Then, we write

l9(@) = g)l < D | (x:) = @)+ Y If @) = F2)]- (3.13)

iel, jeI,

Choose z = z;, for some fixed jy € I,. Then, we can bound

Z |f(z;) — f(2)] < Z 2ad(zj,z) S Nad(z,y)

JEI jel,

since d(z;,z) is comparable to r(B;) for j € I, (and the constant N comes from the
bounded overlapping). We can control the other term in the right hand side of (3.13) by
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using that d(z;,z) < d(xs, x) + d(z,y) + d(y, 2) S r(Bi) + d(z,y) + (B,
we also get the desired Lipschitz bound.

) < 3d(z,y) so

0

Case x,y € US. If z,y € US then it’s trivial to see that |g(x) —g(y)| = |f(z) — f(v)| < 2
because there f coincides with f which is globally 2a-Lispchitz.

Case x € U, and y € US. Using that ¢;(y) = 0 for all 4, we take z = z in (3.11) and get

Since we have r(B;) < d(x,y) for i € I, and #I, < N, we obtain the Lipschitz bound
for the final case. O

Remark 3.3. The expression for the good part of decomposition g appearing in (3.11)
does not depend on the Lipschitz extension f chosen of f|y.. This will be used in the
proof of the next theorem.

Using the previous Calderén-Zygmund decomposition, we are ready to obtain an
atomic decomposition for Lipschitz functions in M!?(X) for p < 1. The proof presents
similarities with [5, Propositions 3.4 and 4.7] for p = 1 but with some marked differences
such as the fact that we avoid the use of Sobolev inequalities and thus obtain (7, co, p)-
atoms in the decomposition.

Theorem 3.4 (Atomic decomposition). Letp € (0,1], 7 € (0,+oc], f € M>P(X)NLip(X),
and Vi f € D(f)NLP(X). There exists a constant C > 0, a sequence (a;); of Lipschitz
(7,00, p)-atoms, and a sequence (A\;); of real numbers such that

F= Naj in MPP(X)  and Y NP < C (PSR IVESR).
- :

J

Again, before presenting the proof, we remark that no constant in the atomic decom-
position depends on the Lipschitz seminorm of f.

Proof. Choose 0 < ¢ < p and consider the sequence of Calderén-Zygmund decomposi-
tions with power ¢ (Lemma 3.2) of f at heights a; = 27, for j € Z. We obtain sequences
of functions ¢’ and bg, balls Bg , with supp bf C Bf , and open sets Uy, = UiBg . If the
decomposition at height a; does not exist (which can happen in the case o(X) < 400),
we define ¢/ = 0 and Ua,; = X. In any case, there exists jo big enough such that for all

j > jo the g-Calderén-Zygmund decomposition exists at height ;.
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Note that we have

oo > TP fIE+ IV fIE 2 / M(ra[f|9 + [V f19)7/2do

~ Z QPjU(Uaj \Uaj+1) (314)

jEZ

by definition of Uy, and the strong (p,p) bound for M(] - |9)1/9 as p > q. Using that

J
opi _ 2P —1
k=—o00
we can rewrite
) 2P — 1
+oo > Z2m‘7(UO¢j\U@j+1) T o Z 0(Ua;\Uayys) Z 2v*
JEZ JEZ —oo<k<j
2P — 1 L
== S 277> 0(Ua,\Ua,yn) (3.15)
keZ jzk
2P —1 &
=% Z 2P%¢ (U,
kEZ

by rearranging the sums and using that o(U,,) — 0 as j — oo.
First we will check that ¢/ — f in LP(X) as j — oo (if 7 < +0c0). Since (g7 — f)
vanishes in UZ , we have

9" = 113 = [ 167~ f1Pdo 5, [ (g7 +170)do < 7270 () + [ 15Pdo,

) ) Uq
] “j ]

As the sum in (3.15) converges, the sequence 2P7o(U,,) goes to 0 when j — +oo. Also,
since f € LP(X) and o(Uy,) — 0, we have that [, [f[’do — 0 as well.
@

We will see that (if 7 < +00) g7 — 0in LP(X) as j — —oo. Taking into account that
= fin U, and [¢7] <727, we have

/|g P do < /|f\pdo+a o, ) T2, (3.16)

Again, 0(Uy,)27? goes to zero as j — —oo because the sum in (3.15) is convergent. On
the other hand, by the dominated convergence theorem
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/|f|pd0§/|f\px{‘f|§aj}do—>0 as j — —oo
c X

as |f| < a; in UG,
Now, we will check that the Hajlasz gradient Vg (g’ — f) given by >,V Hbg goes to
0in LP(X) as j — oco. We compute

/ Vulg — fPdo <Y / IV b Pdo.
e

X

Using the bound for VHbg appearing in (3.10), we obtain
Z/|VHbJ|pda < Z/ (277 + |V fIP) do S 2P0 (U, / Vi fIP do,

where we have used the finite superposition of the balls B;. Note that the term
Ju. IVuf|Pdo goes to 0 because [Vy fIP € L'(X), 0(Us,) — 0, and 2/70(U,, ) tends to
0 when Jj — 400 because the sum in (3.15) is convergent.

Finally, one can check that the M?(X) quasinorm of g/ goes to 0 as j — —oco by
the same argument used in (3.16) to see that ¢/ — 0 in LP(X) as j — —oo, taking into
account that |[Vyg’| < 27 instead of |¢7| < 727.

Definition of the atoms. We define I/ := ¢g/*! — g7 (with support on Us,) and l{ = ljgog
where cp‘ is a Lipschitz partition of unity subordinated to (Bf ); with the property that

~

each ¢! has a Hajlasz gradient satisfying |c,01|Llp < T‘(B]) 1. In the case o(X) < +o0,
I/ =0 for all j < jo for some jo € Z. Then, for [0 we just define 1{° = %0 (we consider
Bi®* = X as a single ball).

Claim. The functions l{ are multiples of (1,00, p)-atoms. In particular,
||lgHM$=°C(X) S 2t
Proof of claim. Clearly, we have supp lg - sz , and

[17]]0e < CT27.

Also, by Leibniz’ rule (Lemma 2.2), we can consider the following Hajlasz gradient for
lg :

Vil] = Cxp (Vng“ + Vg + T(Bf)_lllj\) :

We trivially have the bound
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Vng+1 + Vng < i+t
Hence, we only need to show that #(B?)~1|i/| < 20+1. First, notice that Ua; D Uayy,-

This allows us to reuse the expression in (3.11) for both ¢/ and ¢g/*!. In particular, we
have the following identities:

J J Jj+1 Jj+1
where 2, € AB{\U,,, € AB: \Uq o

to X with Lipschitz constant at most 2772, These representations follow from the fact

410 and f is any Lipschitz extension of f lue

that (goz ); form a partition of unity and the definition of the bad functions b{ (analogously
with j + 1 instead of j). Hence, for z € B/, we obtain

[ ()] < g7 (@) — ¢ ()]

IN

Y. @)= f@ g+ D @) = fap)lxg

BitinBl/+o BINBj#@

Since f has Lipschitz constant bounded by 2972, we have for z € B! that |f(z)— f(x])| <
2072d(x, x]) < 2772r(B]) where we have used that B, N B} 7é @ implies r(By) ~ T(Bf)
Similarly, we also have for x € B} that |f(z) — f(m%+1)| < 23+2d(x,x%+1) < 27F2r(BY)
using that (for a fixed ) the balls Ble with Bg N Ble # @ must have radii r(Ble) S

7(B!) (which is a consequence of U, , C U,; and the Whitney ball decomposition in

j+1
Theorem 2.4). Finally, using the bounded overlapping of the balls in the same generation,

we get
r(B)) ] 5 200
which finishes the proof of the claim. O

K2

. N1 ,
In particular, (U(Bf)l/pCW) = ﬁlj- is a (7, 00, p)-atom.
Convergence of the atoms. Now, we want to check that the Ml’p(X) norm of the partial
sums 7 — ZZK I tends to 0. We can take as Hajlasz gradient of the partial sums the
function S, %, | Vil!. Note that we have
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p 400 -
< > Ivedly
i=K+1

+o0 )
> vl

i=K+1

p

but this corresponds to the tail of the following convergent series

S IVatily S 30 270(B]) § 270(Ua,) < +oo.
% i

Note also that the term 2jpo(Uaj) converges to 0 since it corresponds to one of the tails

in the right hand side of (3.15). The argument for the convergence of _, ! = 1V in
LP(X) (in the case 7 < 400) is analogous.

Finally, we can set
_ e
- Y-y w(h
i€N, jeZ i€N, jeZ Hi

as a sum of (7,00, p)-atoms. Then, we can bound the following sum

S = Y o) ey
2 2

=0y (z U(Bg>>

i

=C"> 2%o(Ua,)
J
~ [ M1+ (Fagry/ds
X

S [ (MGl (V10707 do
X

SCEPIAR + IV a LR,

where we have used (3.15) and that the Hardy-Littlewood maximal operator is bounded
in LP/9(X). O

Remark 3.5. In the previous theorem we have obtained that every Lipschitz function

f € MYP(X) can be written as a sum of (7,t, p)-atoms for 0 < p < 1 and t € (p, +<].
Note that the converse result is much simpler. Let

f = Z)\j&j,
J

where (a;); are (7,t,p)-atoms and the coefficients ()\;); satisfy
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Z |)\]|p < 4o00.

J
Then, taking into account that |la;|, <1 by Holder’s inequality, we get

p

A1 = 11D Ajas|| <D0 NlPllagllh < 77 1Ay < 4o
j i i

P

Analogously, we also have

IVafln <> INPIVEa ;<> AP < 400
i i

Thus, f belongs in M2?(X) with norm bounded by 23, [A;/”.
3.1. Interpolation in Hajlasz-Sobolev spaces

We will follow closely the proof presented in [9, Theorem D], which relies on the
Calderén-Zygmund decomposition (Lemma 3.2).

Theorem 3.6 (Interpolation of Hajlasz-Sobolev spaces). Let 0 < a < b < +oo, T €
(0,+00], and T be a continuous sublinear operator bounded from MY%(X) — L%*°(X)
and bounded from M*(X) — L»*°(X). Then T is bounded on M>*(X) — L*(X) for
allt € (a,b).

Proof. Before starting the proof, note that the space of Lipschitz functions Lip(X) is
dense in M*?(X) for all p > 0 (see [20, Lemma 10.2.7]). Hence, it is enough to show the
result in the dense subspace Lip(X) N M*(X). We will split the proof in three cases
depending on the diameter of the metric space X and whether b = 400 or not.

Case 0(X) = 400 and b < +oo. Fix a Lipschitz function f € M (X), and Vg f €
D(f) N LY(X). Let go and by := >, bj be the functions in the Calderén-Zygmund
decomposition (Lemma 3.2) of f at height o > 0 with power a in place of p. We write

+oo oo
t / K Tlo({w | |Tf(@)] > khds < t / Ko (] [Tga(w)| > r/2})dr
0 0
“+o00

+t / KT o({x ] |Tha(2)| > 1/2})dk

0

where we have used the sublinearity of 7. We will estimate each integral on the right
hand side separately.
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First, for the bad part of the decomposition, we have

a2 + [Varbal2 S / (77[bj.0® + [Virbj o) do
J Bja
Sa*) 0(Bja) S ao(Ua) (3.17)
J

by the properties of the Calderén-Zygmund decomposition. Then, by the boundedness of
the operator T' from M@ to L%, recalling that U, = {x | M (77°|f|* + |[Vu f|*)(z) >
a®}, and choosing o = K, we get

“+o0
77 |b||% Vb
/Htilo'({ZEHTb ( )‘ >I€/2} / ” H ;H H ”
0 0
—+o0

s [r

0
= M+ [V f 1)
SN+ IV s

using (3.17), and that M(| - |*)/* is strong (t,t) bounded as t > a.
As for the “good” part, we are going to use that
lonles S [T+ Va8 do 4 o (U)
Ug

since g, = f on Uf, and the fact that, by Fubini, we have

/ﬁt_l_b / |f\bdadﬁ:/\f(x)|b / k17 dkdo
0 {If1<s} X {w2f(2)[}
_ b f (@)
~ [
b'e
_ 1 t
S

Using that US C {z € X ||f] < 7k} N{zx € X ||Vuf| < k} except for a set of zero
measure, and the previous equation (for both f and Vg f), we get

+oo

/ Lo (x| [Tan(@)| > /2})dx

0
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—+o00 b
< / o (IlgnnM&vb) "
K
0

+o0
= [ g
0
+o0
S /lﬁ;t_l_b /T_b\f|b—|—|VHf|bda—|—/iba(UH) dk
0 Ue
+oo
ST Va4 [ o) de
0

SN+ IVE I

where we have bounded f0+°° k!~1o(U,) as in the “bad” part.

Case 0(X) < 4o00. The only difference is that the Calderén-Zygmund decomposition
only exists for a« > apg = (C(77||f||E + ||va||§)/O'(X))1/t with C depending on the
weak (1,1) norm of the uncentered maximal Hardy-Littlewood operator. Note though

t/ﬁt_lU(X)dli =o(X)ag = C(r " IfII; + IV fII7)

and we may repeat the previous proof for a > «y.

Case b = +00. Proceed as before, but instead of choosing o« = k, choose @ = Ck with
C small enough depending on the constant C' of the property (3.3) in the Calderén-
Zygmund decomposition (|ga|rip < Ca), and the L*°(o) norm of T. With this choice,

we have

[Tgallec <k
and, as a consequence,
“+o0
t / k' lo({x||Tga(z)| > k})ds =0. O
0

4. Regularity problem in the tangential Hardy-Sobolev space H S'-!

In this section we will prove some relationships between the Hajlasz-Sobolev space
MU1(9Q) and the Hardy-Sobolev space HS1(99) when 99 supports the (1,1)-weak



42 J.M. Gallegos et al. / Journal of Functional Analysis 288 (2025) 110672

Poincaré inequality (1.4). Moreover, in the case that H™(0Q\0*Q) = 0, we also compare
the previous spaces to the Hardy HMT space H1(9Q). Similar results have already
been shown in the case p > 1 in [34, Lemma 1.3|, and in the case p = 1 in [5,6] for
Riemannian manifolds. We will use some of the results of Section 3 with X = 90 and
o= /Hn|6§2-

The next proposition shows that, under the hypothesis that 9Q supports a weak
(1,1)-Poincaré inequality (1.4), the Hardy-Sobolev space HS%!(9€) coincides with the
Hajtasz-Sobolev space M1(9).

Proposition 4.1. Let E C R™™ be an uniformly perfect d-rectifiable set such that the
measure ¢ = H%| g is doubling. Then,

[l ara oy 2 N lsr o)

for all f € MY (o) NLip(E). Moreover, if E supports a weak (1,1)-Poincaré inequality,
then

1Al arra oy S Nfllasrao)
for all f € MY (o) N Lip(E).

Proof. We will first prove the inequality >. Let f € M1(E) N Lip(E). Thanks to the
results in Section 3, we can find an atomic decomposition of f in Lipschitz (oo, 00, 1)-
atoms a; belonging to M > with the property that f = 3" \;a; in LY(E) and || f|| 1.1 <
SN < 2| fllga- We will show that there exists a constant ¢ > 0 such that ca; is a
Hardy-Sobolev atom (defined in Section 1.1). Since the a; are Lipschitz, we have

|Vtaj(as)\ < |aj|Lip S ||VHCLJ‘||Loo(E) < O'(B n E)_l g-ae.z€F

(see [32, Section 11.2] for example). Hence, ||Via;]| =gy < o(B N E)~!. Choosing the
decomposition given by the a;’s in the space HS"! gives us the upper bound || f| gs11 <
[RATFVERE

For the reverse inequality <, we will show again that there exists a constant ¢ > 0 such
that every Hardy-Sobolev atom a satisfies that ca is a Hajlasz-Sobolev (00, 0o, 1)-atom.
For the atom a, |Va| is an upper gradient of a which belongs to L>(9€2), and since 09
supports a weak (1, 1)-Poincaré inequality (1.4), we have that

/ la —ap|do < Cr(B) / |Via|do, for any ball B centered on 0f2.

BNo ABNOQ

Then, [20, Theorem 8.1.7] (i) = (iii) implies that there exists some C' > 0 such that
CM.(|Vial|) € D(a) N L*>®(09Q). Since the centered Hardy-Littlewood maximal operator
is bounded in L*(o), we have that there exists ¢ > 0 such that ca is a (o0, 00, 1)-atom
(see Definition 3.1). O
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Proof of Theorem 1.8. Theorem 1.8 is a direct consequence of Proposition 4.1. O

The next proposition shows that, in the case that 9*Q supports a (1, 1)-weak Poincaré
inequality (1.4), the Hardy HMT space H'1(9*Q) coincides with the Hajlasz-Sobolev
space M 1(9*Q) via the characterization using Ay (see Theorem 2.5). In particular, if
we suppose that H"(9Q\0*Q) = 0, we could redefine solvability of (RY) using Hardy
HMT spaces instead of Hardy-Sobolev spaces.

Proposition 4.2. Let Q C R™*! be a domain of locally finite perimeter such that 0*Q
supports a (1,1)-weak Poincaré inequality. Then, if 0. := H"|g~q, it holds that

Mg (Vaur f)(z) = Ay f(z), ow-a.e. z € 0Q

for all f € MY (0,)NLip(0*Q). If we also assume that o is doubling, then it also holds
that

[Mgr(Vamr )l 21 ) = 1 fll v o)

Proof. Let f be a Lipschitz function in M*'!(o,). We first prove the inequality >. Let
z €80 and g € T1(z) (as defined in Section 2.5). Then, there exists a ball B centered
at z of radius r(B) such that suppg C B and ||g|l < (r(B)o.(B))~!. Since [ gdo. =0,
it holds that

/fgda*:/ f—g[fda* gdo,

which implies that

|f = fp £ do|
< ][#da* < Ayf(2).

‘/fgda*

Taking the supremum over g € '7](95) we obtain

B

Mg (Vamr f)(z) < Ay f(x).

Let’s prove the converse inequality Ay f(z) S Mg(Vamrf)(z) for all z € 0*Q. Let B
be a ball centered in x € 9*Q2, and A = BN 0*Q). Then, we have

/If—fa\dU*Z sup /(f—mgda*: sup / flg— ga) do
A A

llglloe (oy) <1 A lgllLoe (o0) <1

< sup /fgda* <2 sup /fgda*
A A

30l oo (0) <2, [ §do.=0 30l Loo (0) <1, [ §do=0
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where fa = f, f do. and we have rewritten g —ga =: §. Dividing by r(B)o.(B) on both
sides, and taking into account that we can assume supp g C B above, we obtain

m / f — faldo. S My (Vinwr f)(x),
A

and taking the supremum over the balls centered at x, we deduce that

Apf(x) S Mgr(Vamr f) ().

Finally, the comparability Mg (Vamrf)1(0.) = [|flly11(,.) is @ consequence of
Theorem 2.5. O

Finally, we prove Proposition 1.10 which states that, under the additional assumption
that () satisfies the local John condition, we can reverse the (R{) solvability estimate.

Proof of Proposition 1.10. By arguments similar to those in [28, pag 462] or [24, Propo-
sition 4.24], we will prove that CN (V) is a Hajlasz gradient of uyq for some C' > 0 inde-
pendent of u, hence showing that | N(Vu)||; > lwe]| i1 Let ,y € 09, set r = 2|z — y],
B = B(x,r), zp € BN Q be a John center in B N, and 7,(s) to be the arclength
parametrization of the non-tangential path connecting z to zp for any z € 00N B(x, r).
Recall that these paths 4, have length at most C'r independently of the point z.

For z,y € 09, let 2y := g, x}, be a point in the path 7, satisfying d(z, x) ~ r(1+c) "
for some constant ¢ > 0 small enough, and that for each k > 0, there is a ball By centered
at xy, satisfying that x4, € By, 2B C  (define points yj, analogously). Then, for o-
.a.e. x,y € 0), we write

lu(z) — u(y)] < [u(r) —u(zp)| + lu(y) —u(zs)]

< > (ulen) = w@pe)| + lulye) = ulyes)])
k=0

where we have used that o-a.e. x € 92, we have non-tangential convergence of u to u(x)
(u(y) respectively).
We can bound

[u(zg) — w(@p+1)| S llu — U(l‘k+1)||L2(1‘1Bk)
1/2
< r(Bk) ][ |Vu|2 dm
1By,

< Cr(1+¢) FN(Vu)(z)
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using a Poincaré inequality for solutions of divergence form elliptic PDEs in the interior
such as [40, Theorem 1], and we consider the modified non-tangential maximal operator
N associated with a cone of large enough aperture. Summing up, we obtain

u(@) — u(y)| S Cr(N(Vu)(z) + N(Vu)(y)) S (N(Vu)(@) + N(Va)(y))]z -yl
for o-a.e. x,y € 0. O
5. Extrapolation of solvability of the regularity problem

In this section, we will prove the main results of this work. The theorems proved in
Section 3 regarding the atomic decompositions of Hajlasz-Sobolev spaces will be used
with X = 9Q (the n-Ahlfors regular boundary of a domain Q), 0 = H"|sq, and Euclidean
distance. The parameter s in Section 3 corresponding to the Ahlfors regularity will be
now equal to n. Note that the Ahlfors regularity of o implies that 92 is uniformly perfect.

First, we prove a localization theorem inspired by the one in [28, Theorem 5.19] for
Lipschitz domains but adapted to much rougher domains without good connectivity
properties.

Theorem 5.1 (Localization theorem for general elliptic operators). Let 1 < p < +o0,
and Q C R" be a corkscrew domain with n-Ahlfors reqular boundary 02 such that
the problem (sz,*) is solvable where p’ is the Holder conjugate of p. For xg € 0%, let
B = B(wo,R), and f € M*P(9Q) N Lip(0Q) with f being constant on B(xo,2R), and
VufeD(f)ynLrP(OQ). Then,

p

][ NR/Q(VU;)de S ][ |Vu| dm

B(zo,R/2)NOQ A(zo,R,2R)NQ

where A(zo, R,2R) = B(zo,2R)\B(zo, R), J\N/'R/Q is the modified non-tangential mazximal
operator truncated at height R/2, and u is the solution of the continuous Dirichlet prob-
lem for the operator L with boundary data f.

Moreover, if the problem (Rﬁ) is solvable, we have

Npjo(VuyPdo < ][ Vi f|Pdo + ][ Vuldm | (5.1)

B(0,R/2)N0Q B(0,3R)NIQ A(zo,R,2R)NQ
for all f € MY?(0Q) N Lip(9Q), and Vi f € D(f) N LP(ON).

Proof. We start with the case when f is constant on B(zg,2R) N 9. Without loss of
generality, we may assume that f vanishes on B(zg,2R) N J§2 as we can subtract a
constant to the solution without changing its gradient Vu.
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Case f =0 on B(xzg,2R) N 0N. Let ¢ be a smooth cutoff function for B(zg,3R/2) that
is, ¢ = 1 in B(xo,3R/2), supp ¢ C B(xo,1.8R), and |V¢| < R™1, € € Bz, R/2) N L,
and z € y(§) N B(§, R/2).

We rewrite u(x) as

—u(z) = —(u¢)(z) =/A*(y)VyG($,y)'V(U(y)¢(y))dy, (5.2)

Q

where G is the Green function for the operator £* in Q2 and A* is the associated matrix.
Since L(u¢) = 0 in a neighborhood B,(x) of & with 2r = dq(x) := d(z, ), we can
use Caccioppoli’s inequality to obtain

1/2
1
f Vu@Pdz| <1 s |we)e) (5.3)
T 2€By,/3(x)
Br/2(7«')
1 *
<o s | [(V,660)  Voudy
T 2€Bs,/3(x)
1 *
+—  sup (A*V,G(z,y) - Vu)p dy

T 2€By,/3(x)
! (20,2R)

=: fi(z) + fa(z),

where Ap := B(zo,1.8R)\B(z0,3/2R) D supp Vé.

First, we will bound f; (). Note that, thanks to Harnack inequality (note that x is far
from Ag), G(z,y) =~ G(t,y) for y € 1.05Ap := B(xo,1.05- 1.8 R)\B(z0,3/(2 - 1.05)R)
and t € B(xz, dq(z)/2). Thus, we have

1
A =1 sup / (V,G(t,y) - AV)udy
r t€ By, 3(x)

1/2 1/2
1
- sup (AVyG(t,y)Zdy) (Alqulzdy)
r t€Bay/3()

1/2 1/2

1
S W IRl uVoP dy
r t€Bay/3() 05A 1

1/2
1
R—(/ @ <xy2dy) (A |u2dy)
.05AB

A

2/\

A
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1 1
< —— sup G(x,t / uldy S — sup G(x,t / Vuldy
R%r ye1.0545 (@9) Ful Rr se1.0545 @.0) [Vl
1.05Ap 1.05A5

where we have used Cauchy-Schwarz and Caccioppoli inequalities as well as Corol-
lary 2.13, which is a Poincaré inequality for functions vanishing on a n-Ahlfors regular
set (in this case Ag N IN).

Now, we bound fo(x). Indeed, integrating by parts, using that Lu = 0, G(z,y) ~
G(t,y) for y € Ap and t € B(x,dq(z)/2), and supp V¢ C Ap, we have

1
fa@) =1 sup / (V,G(t.y) - AVu)obdy
r t€Bsy/3(x) B(rs2R)

1 1
. / Gt y)(AVu- V) dy| < 2 / Gz, ) (AVu - Vo)| dy
r t€Bs,/3(x) A TAB

A

1
— sup G(x,t Vuldy.
Rr tGApB ( )A/ | | Y

Since G(z,-) is a positive L*-subsolution in 1.05Ap, we have

Y (A
o Gans f Ganas § 28D,
t€1.05A5 do(z)"

1.1Ap 1.1Ap

where we have also used G(z,y) < w%.(A¢)dq(z)" ! (Lemma 2.15) where w¥%. is the
elliptic measure for the operator £* with pole at y, and A¢ is the intersection of B(&,#)N
0 with 0q(z) ~ 7. Using this, the bounds for f; and fo, and that |Ap| ~ o(B(x0, R))R,
we get

SoBoR) | { wb @i "y [ f [Vuldy

.1AB 1Ap

On the other hand, we can further bound

f W (Ae)da(a) dy < ][ Mo (|50 ) (€) dy

1.1Ap 1.1Ap
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1/p

S ][ Mc,a("‘)%*

1Ap

B(zo,.CR))’ Ay

where C' > 0 depends on the constants of Lemma 2.15 and M, o(w%.|B(z,.cr)) () =
SUp,~o W (B(§,7) N B(z0, CR))o(B(&, 7))~ !. Thus, recalling that 2 € y(£) N Brya(xo),
we get

|Ngy2(Vu)(€)|Pdo(€)
B(z0,R/2)N0Q

P
< f f Moot | om0 (€Pdydo (€) - | o(B(ao, B)) f Vul dy
B(xo,R/2)N8Q 1.1AR 1.1Ap

(5.4)

P
dw¥ . \?
S (d—g) dody (o(Blao,B) F [Vuldy
1.1A5 B(zo,CR) 1.145
P
< ][IVu\dy
1AB

where we have used Fubini, the boundedness of the maximal operator M., on LP(c),
the weak reverse Holder property of the elliptic measure (Theorem 2.17 or [34, Theorem
9.2 (b)] for the harmonic case), and that the elliptic measure w?. has total mass 1 for
all y € Q.

Summing up, we obtain

P

f N a(Vu)Pdo < ][Ivuldy
B(zo,R/2)NOQ 1Ap

Thus, the proof is complete in the case where supp f C B(xg,2R)° N I since 1.145 C
A(Z‘o, R, ZR)

General case. Let B denote the ball B(xg, R) and Ag = B(xo,2R)\B(x, R). Let ¢ be
a smooth bump function supported in 3B such that ¢ = 1 on 2B and |Vép| < R™L.
We can write f as

=~ fsB)op +[f(1—¢B)+ fapd] = g +h,

so that

U = Ug + Up,
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where f3p = ngﬂag fdo, ug and wy, are the solutions of the Dirichlet problem with
boundary data g and h respectively. Then, if we let Vg be the Hajtasz gradient given
by the Leibniz’ rule (Lemma 2.2), we have

1
p < P o p
|VaglP do < / Vi fl d0+r(B)P / |f — f3g|P do
3BNAQ 3BNOQ 3BNOO

~

s [ 1Vusrdo
3BNIQ
where we have used the Poincaré inequality (Theorem 2.3) for Hajlasz gradients with

Zero mean.
Observe that

Np/o(Vu)P do < / N(Vuy)P do + / Ng/o(Vup)? do.
B/2NndQ o0 B/2Nn0Q
For the function uy, we have
[ Fuydss [[Wagrass [ (9aspo
a0 o0 3BNAN

as a consequence of the solvability of (Rﬁ). Now, we may apply the localization theorem
(the part we have proved already) to the function wy to obtain

p
NR/Q(V’U,h pda f |Vuh\dm

B/2N0Q

noting that h is constant on 2B N 9). We wish to have u on the right hand side instead
of uy, therefore we bound

/lwh\dyg /|Vu|dy+/\wg|dy7

Ap Ap Ap
and since JCAB [Vug|ldy S f3Bm80 N(Vug) do by standard arguments, we end up obtain-
ing

p
Ng/o(Vu)P do S ][ IV i f|P do + ][|Vu|dy . O

B/2N8Q 3BNON
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5.1. (RS) implies (RF) for allge (1 —e,p], p>1
In this section we will prove Theorem 1.3.

Proof of Theorem 1.3. We will prove that there exists some € > 0 such that for all
r € (1 — ¢,1], solvability of (RS) implies solvability to (RF). To do so, we will prove
that for any Lipschitz (00,00, 7) atom f, the solution u to the Dirichlet problem with
boundary data f satisfies

/|N(VUf)|TdJ <1 (5.5)
o0

Since Theorem 3.4 ensures that we can write any Lipschitz function in M"(9Q) for r < 1
as a sum of Lipschitz (0o, 0o, ) atoms, we obtain solvability of (R~). Finally, Theorem 3.6
allows us to interpolate the result for all the exponents in the range (1 — ¢, p) and this
ends the proof.

Remark 5.2. If 09 is compact and 2 is unbounded, we have to prove (5.5) for Lipschitz
(diam 99, 0o, ) atoms as the regularity (R%) estimate involves the M7 (9Q) norm.
Clearly, we have that every Lipschitz (diam 952, 0o, r) atom is also an (oo, 0o, ) atom,
and every (0o,00,7) atom with support strictly contained in 99 is a (diam 99, oo, r)
atom thanks to the Poincaré inequality in Theorem 2.3. Hence, we only have to establish
inequality (5.5) for any (diam 0%, 00, r) atom f with supp f = 99Q. But, this bound is
direct thanks to Holder’s inequality and the solvability of (Rg) as

IN(Vus)lzrio) < o (@)Y VPIN(Vup)|poio) S o@D 2| fllariae) S 1
using that f is a (diam 092, oo, r) atom.

Let f be a (co,00,r) atom, that is, let f be a Lipschitz function such that supp f C
B = B(xg, R), zg € 09, and (fg50 IVa fIP da)l/p < o(B)~Y7" for some Vi f € D(f)N
L? (if 09 is compact and ) is unbounded, we assume that BN 9IQ C 9N). Let u be the
solution to the continuous Dirichlet problem in 2 for £ with boundary data f. Then, by
solvability of (Rg), we have

IN(Va)lly S IV afllp < o(B)Y/P=1.
Claim. For z € (28¥'B\2¥B) N Q =: Ay, k > 1, we have |u(z)| < r(B)o(B)~/".
Proof of the claim. By the maximum principle, it is enough to show this for = €

(3B\2B) N Q = A(x9,2R,3R) N ) since u vanishes on 9N\ B and also at oo if ) is
unbounded. Let ¢ be a smooth cutoff function for A(xg,1.5R,3.5R) with support in
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B(zg,4R). As in the proof of (5.3) and the following paragraphs in the localization
theorem (Theorem 5.1), we can bound

1

(W)@ S sup s [ valay
2€B(z0,4R)\ A(z0,1.4R,3.6R)

A(zo,1.4R,3.6R)NQ

1/p
<k f  vuwlasr| f [Vopa
A(z0,1.4R,3.6 R)NQ BNQ
1/p 1/p
<R ][ IN (V)P do < Ro(B)~'/? /|va|de
BN Q

S Ro(B)~'"
where we have used that G(z,z) < |z — z|'~™ and the solvability of (R%). O

On one hand, near B N Jf2, thanks to the solvability of (Rﬁ), we have the bound

1/r 1/p
][ N(Vo)de| < ][ \N(Vu)Pdo
BNoQ BNoQ
1/p
S(RE) (B][ Vi fPdo <o(B)M".
noQ
On the other hand, far from B, we have that
RnflJra RaJrnfn/r

<~  Re(B) V=" VYzeQn(2B)° 5.6

lu(z)| S PR o(B) o —aprar ¢ € (2B) (5.6)

by the previous claim and Lemma 2.16. Note that the constant a depends only on the
dimension n, n-Ahlfors regularity constants of 0f2, and the ellipticity constant of L.
Using Caccioppoli and (5.6), for « such that |zg — 2| & do(z) and dq(z) > 3R, we get

1/2
RaJrnfn/r

|Vul? dm (5.7)

< v
~ |zg — z|nte
B(J},(;Q(I)/Zl)

Then, in Ax N OS2 for k > 3, we obtain

/ IN(Vu)["do < / (1Ngeman(Vu))” + (2 et 7)) do
ArNo2 ArNo2
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using the bound for Vu far from the boundary in (5.7). Using the localization theo-
rem (Theorem 5.1), that r < 1, Holder and boundary Caccioppoli inequalities (since u
vanishes on A, N 0NQ), and the bound for |u| for z ¢ 2B from (5.6), we obtain

1/r
(Af |Nyi—2 (V)| do < ][ |Vu|dz < ][ |Vu|? dz

atle! A1,NOQ A}, NOQ

1/2

1/2

S (2kR)—1 ][ |u|2dx 5 2—k(n+a)o.(B)—1/r’

ANQ

where A} and A} are small enlargements of Ay and A) respectively.
Summing over k, we obtain

/IN(W)WJS / F(Vu)do + 3 / N (V) do
09 8BNON k:3Akﬂ8Q
s143 [ (Waan(Tul + (25 o(m) 7)) ao
k=34,n00

N

NE

1+ (02_k("+0‘)0(3)_1/r)r o( Ay N O9)

3

8

<14+ Z (Q_k("+o‘)a(B)_1/7")r anRn
k=3

2

=14 szk(n+oz)r2kn 5 1,
k=3

as long as —(n + a)r +n < 0. Thus, choosing € = 4o Where a comes from Lemma 2.16
and depends only on the dimension n, the Ahlfors regularity constants of 0f2, and the

ellipticity constant of £, the theorem follows. O
5.2. (RE) implies (RE ;)

In this section we aim to prove a converse statement to Theorem 1.3 in the endpoint
case p = 1. In particular, we will prove that solvability (R{) implies that elliptic measure
we+ is in weak-Ao (o). Using this fact, we will also show that (R{, ;) is solvable for some
small € > 0.

The following lemma gives an easy to check characterization of the weak-A., property.
It appeared in this form in [21, Lemma 3.2] but traces its roots to [7]. Given a point
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x € , let & be a “touching point” of z, that is £ € 9Q such that |x — &| = dq(z). Then,
we define the boundary ball

A, = B(Z,106q(x)) N OQ. (5.8)

Lemma 5.3. Let 02 be n-Ahlfors regular, and suppose that there are constants cg,n €
(0,1), such that for each x € Q, with éq(x) < diam(9R), and for every Borel set F C A,

o(F) > (1—=n)o(Ay) = wi.(F) > co.

Then wh. € weak-Ax(A), where A = BN K, for every ball B = B(&,r), with £ € 0N
and 0 < r < diam(0R?), and for ally € Q\4B. Moreover, the parameters in the weak-Ax,
condition depend only on n, the Ahlfors regularity constants, n,co, and the ellipticity
parameter \ of the divergence form operator L*.

The next lemma is a Holder inequality for the Orlicz space Llog L involving the
centered Hardy-Littlewood maximal operator.

Lemma 5.4 (Llog L-Hélder inequality). Let 0Q C R™"! be n-Ahlfors regular. Let B be a
ball centered on 9, f € L*(9), and E C BN dQ with o(E) > 0. Then, we have

/fdaSlog(l—i— (Bﬂ@Q) /M (fxs)d
E

with constants independent of E, f, and the ball B.

A proof for R with Lebesgue measure can be found in [31, Section 2.3], but the same
ideas extend to Ahlfors regular metric spaces.

The following lemma gives a reverse Holder inequality in terms of the modified non-
tangential maximal operator, which will be essential for our purposes.

Lemma 5.5. Let Q C R**! be a corkscrew domain with n-Ahlfors reqular boundary. Then,
for any p € [17 1+ %), any function v : Q@ — R, and any ball B centered in 0X), we have

- p
][ Iv(y)lpdyS( ][ Nvdo) ,
BN 2BNoNY

where N is the modified non-tangential maximal operator with aperture large enough
depending on the Ahlfors regularity of 0S2.

Proof. Consider a Whitney cube decomposition W of 2 into dyadic cubes. For any Q €
W, denote by Bg a boundary ball with radius r(Bg) ~ I(Q) such that d(Q, Bg) =~ (Q),
and Q C y(§) for every £ € Bg (for this we need the aperture large enough). We obtain
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[ras= > [l ¥ mo(uri@r

Bna Q%%);VZQHB Q%EBV;XQ
p
<Y UQT R Y QT [ Fo©ote)
~ £€Bqg - O'(BQ)p
Qew Qew K
RNB#Y QNB#o Q
p

~ Y @ | [ Ruole)
Q%%Zévz Be
where we have used Hoélder’s inequality and that o(Bg) ~ {(Q)" thanks to the Ahlfors
regularity of 0€2. Now, we use that n := n+ 1 — pn > 0, and we rewrite the previous

sum as a sum over generations of Whitney cubes from some starting generation kg =~
—logy(r(B)). Then, we have that

p

> ouQrrr | [ Fugio© | <3 Y 2| [ Ru@do(o
Ba

QEW 5 k>ko QEW
QNB#D Q QNB#D
(Q)=2*

<3 o / Nu(€)do(€)
k>ko BNON
p

Nu(€&)do(€) | 27Fom

Q

BNoQ

where we have used that the boundary balls Bg are all contained in 2B, they have finite
superposition in every generation k, p > 1, and the sum is geometric. Taking into account
that 27Fom ~ % thanks to the corkscrew property and the n-Ahlfors regularity
of ON finishes the proof. O

The following lemma is key to prove that the elliptic measure w,~ satisfies the as-
sumptions of Lemma 5.3.
Lemma 5.6. Let Q C R™"! be a corkscrew domain with n-Ahlfors regular boundary such
that (RY) is solvable. Then, there exist constants C > 0 depending on n, the corkscrew
constant, the Ahlfors reqularity constant, the ellipticity constant of L, and the (Rf)
constant, and C' > 0 depending only on n and the Ahlfors reqularity constant, such that
for all x € Q, we have

/Mc,a,&)(fb)/C’ (w?:*)(f) dO’(&) < C’
Ay
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where M. 5 so,(z)/c' 18 the truncated Hardy-Littlewood mazimal operator (2.1) and A, is
the boundary ball corresponding to x (see display (5.8)).

Proof. Weset r,, := dq(z)/4K for some K depending on the Ahlfors regularity constants,
which will be chosen momentarily. We consider a maximal collection of points {;}:"% C
02 N A, which are r;-separated. Then, for every & € A, and r € (0,r,], we can find
i€ {1,...,mg} for which

B(ﬁ,?“) C B(§i72rm)'

We fix £ € A, r € (0,7,], and ¢ € {1,...,mp}. We take K > 128 big enough (de-
pending only on the n-Ahlfors regularity constant) so that there is at least one point
& € (B(&, (K — 1)ry)\B(&;,10r,)) N 9 # & (see Remark 2.1). Then we consider a
Lipschitz function ¢; : R"*! — R satisfying:

e ;= 1 in A(Ei,graﬁK’rl’)’
o @ =0in R"N\A(E, 87y, (K + 1)ry),
e 0<¢; < land [@iflup <77t

From these properties and the fact that g; := TQIXB(E,:,(K—H)M) is a Hajtasz upper
gradient for ¢;, it follows that

lpill i oy Skre "

Let u; be the solution of the continuous Dirichlet problem for £ in € with data ¢; given
by

wily) = / i it

o0

We define By := B(&p,r./4). If we set v; := 1 — u;, it is direct to check that Lv; =0
in 4By, v; = 0 on 4By N 912, and 0 < v; < 1. Therefore, by boundary Holder continuity
of v; (see [2, Lemma 2.10] for example), it holds that

1 —u;(y) = viy) < C(daly)/rs)” sup v; <1/2
2B,NQ
for all y € By such that dq(y) < (2C)~“r,. Therefore, we have that u;(y) > % for y € By
such that 0 (y) < (2C)~%r, =: ro. We define r; := |§; — &o| = r,, and set B; := B (&, r;).
Then, we can cover 0B; N 982 by a uniformly bounded number of balls B, centered at
0B; N0 with radius ry and by the same argument as before we can show that w;(y) > %
for any y € By, such that dq (y) < rg. This implies that

wi(y) >1/2, foranyy e {ye€adB;,NQ:da(y) <7ro}.
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Since every y € {y € 0B; N Q : dq(y) > 7o} can be connected by a Harnack chain of balls
centered at B; N Q with radii & rg to a point z € {y € B; NQ: dq(y) < ro}, then, by
Harnack’s inequality, we obtain that there exists a uniform constant ¢ € (0,1/2) such
that u;(y) > ¢ for every y € 9B; N Q). Hence, since the Green function for £* satisfies
G(x,y) Sri=" for every y € dB; N Q, by the maximum principle,

G(z,y) < da(x) "u;(y) for every y € B;. (5.9)

Thus, by the Poincaré inequality for functions vanishing on n-Ahlfors regular sets in
Corollary 2.13 as u; vanishes on B(§,4r) N 09, Lemma 5.5 and Holder’s inequality, we

have that
f uwasr £ (Vuldy

B(&,4r) B(&,4r)

][ N (V| /7) do

B(&,87)
< Mg (N(Vw[V7)) (6)7 (5.10)

< 1Mo (N(IVui)7) (&)

forp=1+ 3 € (1,2).
Therefore, by [2, Lemma 2.6], Cauchy-Schwarz, Caccioppoli’s inequality, Moser’s es-
timate at the boundary, (5.9), and (5.10), we obtain

LB o meepns f Gwnd

B(£,2r)NQ B(£,4r)NQ

< b))t ][ uidy < 8o (x)' 7" Me,g.sr (N(WWDUP) ()P,
B(&,4r)NQ2

Consequently, for any fixed & € A,, if we take supremum over all r» < r,, we get

Mo, 3+ (6) S 00(2) ™ Mo sr, (N (Vui)'/7) ()7,

and, by the strong LP boundedness of the Hardy-Littlewood maximal operator and the
solvability of (R%) in €, we have

/MCme )do(€) < dala 1"Z/M%8n (1Vu,)'"”)" dor

]1A
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<o) S / N (V) do
N

mo

S0a@)' Y Meillina o

Jj=1

S modo(e) Myt S 1
which finishes the proof. O
Finally, we are ready to prove Theorem 1.5.

Proof of Theorem 1.5. We will show that under the assumption that (R{) is solvable,
the elliptic measure wg« satisfies the properties of Lemma 5.3.

Let n > 0 be small enough to be chosen soon, and take F C A, with o(F) >

(1—mn)o(A,) and F = A,\F. By the so-called Bourgain’s lemma (Lemma 2.14), there
exists C' > 0 such that

wh. (D) > C. (5.11)

By Lemma 5.6, we also have

dw®.
/MC< d; XA$> do

x

dw?. Wi (B(&,r)NA,)
< / d
/(MC#SQ(E)/C < do XA.7:> + sup o(B(&,7)) g
A

r>dq(x)/C’

x

dw?. wi. (Ag)
S /Mc,tSQ(a:)/C’< d; Xm) d0+/5£QT)ndU(§) S (5.12)
A,

x

where M, 5, ()/cr is the centered and truncated Hardy-Littlewood maximal operator.
Then, using (5.11), Lemma 5.4, and (5.12), we obtain

- dws.,
wh (F) = wh. (A,) — wi (F) ch/ YLy

do
F
N dw?..
>C—Crlog(1+n") M. do XA do
—1\—1 ¢
>C—Colog(l+n7")7 > o

if i is small enough. O



58 J.M. Gallegos et al. / Journal of Functional Analysis 288 (2025) 110672

Proof of Theorem 1.6. Under the assumption that (R%") is solvable, we have

Ng/o(Vu)do S ][ Vi f| do+ ][ \Vuldm — (5.13)
B(z0,R/2)NOQ B(z0,3R)NON A(zo,R,2R)NQ

for all f € MYY(9Q) N C(09Q), Vuf € D(f) N LY (09Q), and u solution of the continuous
Dirichlet problem with boundary data f. The proof of (5.13) is analogous to the one of
the Localization Theorem 5.1 but using Lemma 5.6 instead of the weak reverse p-Holder
inequality for d(“;—g* on (5.4).

The rest of the approach is that of [28, Theorem 5.3] (see also [12]). Let f be a
continuous function in M*Y(9Q), Vuf € D(f) N L1(0Q), u be the solution to the
continuous Dirichlet problem for £ with boundary data f, and N, be the modified non-
tangential maximal operator with aperture « large enough. Let A > 0 and B(&p,r) be
a ball centered on 90 with » < diam(9€)/4 such that M,(Vgf)(&) < A for some
€ € 90N B(&,r) and No(Vu)(€3) < A for some &5 € 90 N B(&o, 2r)\B(&o, ). Then,
the estimate

N(Vu)do < Ca™" ][ N(Vu)do + CA (5.14)

B(&o,r)NON B(&0,3r)NO2

with constants C' and > 0 independent of X\ and f implies solvability of (R% ", ¢) for some
€ > 0 (see [12, Theorem 2.13]). Inequality (5.14) follows from (5.13) and the argument
in [28]. O

5.8. Extrapolation of solvability of the modified Poisson reqularity problem

In this section, we will prove Theorem 1.11. First, we state a localization theorem for
this setting.

Theorem 5.7 (Localization theorem for solutions to the Poisson problem). Let 1 < p < 2,
and 2 C R™"* be a corkscrew domain with n-Ahlfors regular boundary O such that the

—r
problem (PR,)) is solvable. Let xq € 0, 0 < R < diam 09, B = B(xo, R), H € LY (),
and E € L°(Q; R™) with both H and B supported in QN B(xg,2R)¢. Then,

NR/2(VU/) do < ][ |Vu|dm
B(wo,R/2)NO0 A(zo,R,2R)NQ

where A(zg, R,2R) = B(zo,2R)\B(zo, R), ]\73/2 is the modified non-tangential mazimal
operator truncated at height R/2, and u is the solution of the Poisson problem (2.6) for
the operator L with Poisson data H and E.
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Note that solvability of (P\éqﬁ) implies that the elliptic measure we~ is in weak-Aq (o)
(by Theorem 2.22 and Proposition 2.23). This theorem has the same proof as the first
part of the Localization Theorem 5.1 (see also the proof of Theorem 1.6), without any
modification needed, as u solves Lu = 0 in B(zg,2R) N and u =0 on B(xg,2R) N 0.

Now, the proof of Theorem 1.11 is very similar to the proof of Theorem 1.3 as we only
need to show

/W(vu)ma <1
o0

for r € (1 —¢,1], and u solution to (2.6) with Poisson data & and H such that doH
and = are T4 atoms with support in the same ball B. As it is the case in the proof of
Theorem 1.3, we decompose

/|N(Vu)|’"da: / N (V) do+ 3 / N (V)" do
o0

8BNAN k244, oo

where Ay are the annuli 2 B\2*~1B. The first term in the right hand side is bounded

—r
using that (PR, ) is solvable and Holder’s inequality, and the other terms are controlled
using the Localization Theorem 5.7. We leave checking the details to the interested
reader.
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