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Abstract
In this paper, we present two new one-parameter families of cubic systems exhibit-
ing twelve small-amplitude limit cycles for exceptional parameter values.
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quantities
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1  Introduction

From the seminal work “Mémoire sur les courbes définies par une équation diffé-
rentielle” by Poinca ré, limit cycles (isolated periodic orbits) have been a central 
concept of study from the late 19th century to the present day. Poincaré initially 
presented this discovery primarily in the context of celestial mechanics, but it soon 
evolved into a comprehensive theory of planar autonomous systems. The explora-
tion of limit cycles gained further momentum in the 1930 s through the contribu-
tions of van der Pol and Andronov’s school. They shown that limit cycles provided 
a valuable understanding of mathematical models for self-sustained oscillations 
in electrical circuits. This groundwork paved the way for the analysis of periodic 
phenomena modeled by differential equations across various scientific disciplines, 
establishing the theory as a cornerstone of applied mathematics. Among others, the 
works of Andronov, Lyapunov, and Poincaré inspired other research directions. It 
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is reasonable to assert that the study of limit cycles was a pivotal milestone in the 
development of dynamical systems. While the theory has flourished within applied 
mathematics, it has also maintained a dedicated following in pure mathematics since 
its inception. This dual focus is largely influenced by the second part of Hilbert’s 
16th problem, which inquires about the number and configuration of limit cycles 
for a planar autonomous polynomial system of degree N . The problem remains 
unsolved even for N = 2.

A seemingly simpler task is the study of the number of limit cycles bifurcating 
from a monodromic equilibrium point. However, this is not the case, as, for exam-
ple, the monodromy conditions are not fully understood. For instance, see [1–4], 
or the more recent works [5, 6], where the return map near a nilpotent monodro-
mic equilibrium point is analyzed. From these references, it is natural to think that 
the easiest case arises when considering non-degenerate monodromic equilibrium 
points, that is, when the eigenvalues of the Jacobian matrix at the equilibrium point 
are complex with a nonvanishing imaginary part.

When we restrict the analysis to polynomial (or analytic) vector fields, the finite-
ness problem is not an issue due to the analyticity of the return map, which allows 
us to study the number of small amplitude limit cycles as the number of zeros of 
the displacement map. Although this problem appears simpler, there are relatively 
few works that provide a conclusive answer. Only few (complete with respect to the 
degree) families have been analyzed thoroughly; in particular the ones defined by 
quadratic or cubic vector fields having an equilibrium at the origin of center-focus 
type and homogeneous nonlinearities. The maximum number of limit cycles emerg-
ing from an equilibrium is known as the local cyclicity, which is the focus of the 
present work. The works of Bautin and Sibirskiĭ, [7, 8], provide exact values for the 
local cyclicity for the quadratic and cubic families respectively, when the nonlin-
earities are homogeneous and the equilibria are non-degenerate monodromic. They 
respectively prove that 3 and 5 limit cycles of small amplitude arise from an equilib-
rium using a degenerate Hopf bifurcation.

The cubic family is one of the most studied, and to date, the local cyclicity of the 
entire family is not fully understood. The aim of this work is to provide new evi-
dence for the existence of twelve limit cycles bifurcating from an equilibrium. This 
is currently the highest lower bound for such a number. The usual method to obtain 
this lower bound is through the analysis of a degenerate Hopf point. In this paper, 
we will recall the main technique for addressing this after presenting the state of the 
art and our main results. In recent years, the best examples, from the perspective of 
the highest lower bound for the cyclicity, are obtained considering perturbations of 
specific centers. Therefore, it is necessary to have a mechanism to identify “good 
centers” or, alternatively, to have a comprehensive list of families for studying this 
problem. In all the studies presented to date, the simpler families exhibiting cent-
ers, such as Hamiltonian and reversible systems, are not sufficient to address this 
problem effectively. As we will see, we think that some Darboux centers are more 
interesting, in particular, the ones defined by the existence of a rational first integral. 
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This is a challenging task because there are not many works offering complete stud-
ies, and the center problem for the cubic family is not fully solved.

To our knowledge, the first lists of cubic centers were conducted by Zoladek in 
[9, 10]. In the first work only reversible centers appear. In the second, the initial 
list was increased adding some Darboux centers. From these works, one can think 
that the higher number of limit cycles appearing with simpler bifurcation analy-
sis will be the ones with the lowest number of free parameters. With this idea 
in mind, Zoladek stated in 1995 [11] the first result providing a system exhibit-
ing, after perturbing inside the cubic complete class, eleven limit cycles of small 
amplitude. However, the proof has some gaps, as he explain in a subsequent work 
[12]. In it, he detailed that a higher-order analysis was necessary to obtain the 
announced lower bound. This issue was recently revisited in [13, 14], where it 
is shown that there exists cubic perturbations of such center exhibiting 11 limit 
cycles. But a higher-order analysis was necessary due to the family being much 
more degenerate than initially predicted. A simpler proof of this lower bound was 
provided in 2005 by Christopher [15] using another cubic system also appearing 
in [10] and labeled as CD12

31
 . Few years later, in 2008, Bondar and Sadovskiĭ [16] 

presented another cubic system yielding the same conclusion.
These systems are cubic perturbations of 1-parameter families of cubic cent-

ers, and only a first-order analysis is necessary to present a simpler proof of the 
existence of eleven limit cycles of small amplitude bifurcating from one equilib-
rium. For some specific values, the 1-parameter family CD12

31
 presents a higher 

degeneracy, and twelve limit cycles of small amplitude can be obtained. This fact 
was discovered by Yu and Tian in [17]. The proof was not completed until [18], 
where an accurate analysis using singularity classification theory was employed. 
This phenomenon cannot be observed for the 1-parameter family discovered in 
[16], where only 11 limit cycles can bifurcate.

In this paper, we will present two new families where this specific bifurcation 
phenomenon occurs. For completeness, the previous results are also recovered. 
See [18] for more details. Almost all cubic systems presented in [10] labeled as 
codimension 12 were studied in [13]. A more elaborate analysis is necessary to 
guarantee that, generically, they exhibit 11 small limit cycles. This involves high-
order Taylor developments and parallelization of the computations. For more 
details on this concept, see [19]. Although it is probably true that some of these 
families can exhibit specific parameter values such that twelve limit cycles also 
appear, the required analysis would be very difficult.

The main challenge in addressing the existence of center families with high 
local cyclicity lies in the unsolved center problem for the cubic family. One obsta-
cle is the complexity of the algebraic systems to be solved, as described in [20]. 
Another challenge is the need to confine the analysis to real numbers, as the pres-
ence of more degenerate families is prevalent working with complex numbers. 
In [21], the existence of curves of weak-foci points in the complex plane with 
high-order is proved, including one of order 12 and another of order 13. These 
curves emerge after calculations in ℤ modulo p , ensuring the nearby presence of 



	 São Paulo Journal of Mathematical Sciences            (2025) 19:4     4   Page 4 of 16

a complex curve. In this complex context, the most notable and simplified degen-
erate object was discovered by Sadovskiĭ, as shown in [22], where a system with 
a weak focus of order 14 is explicitly presented.

The technique used in this paper and developed in [18] was applied to prove 
that, to our knowledge, the best lower bound for the local cyclicity of a quartic 
planar vector field is 21. For higher values of the degree N, the reader is referred 
to [13, 23]. In the former, it is shown that the best lower bound for N = 6 is 48. In 
the latter, the best lower bounds for N = 5, 7, 8, 9 are given as 33, 61, 76, and 88, 
respectively. However, in the last referenced works, due to computational difficul-
ties, we have not analyzed the existence of exceptional parameter values for the 
center families.

Other works have explored vector fields of degree three and have shown the 
existence of more limit cycles, although not all within a single nest. Typically, a 
higher number of limit cycles appears when multiple nests are considered. Sym-
metric configurations of twelve limit cycles, in a 6 ∶ 6 arrangement, are discussed 
in [24, 25]. The highest lower bound for the number of limit cycles in a global 
context for cubic systems was discovered in 2009 by Li, Liu, and Yang [26]. In 
that seminal work, thirteen limit cycles bifurcate from different level curves of a 
cubic Hamiltonian vector field. The bifurcation technique used is the so-called 
Poincaré–Poyntriaguin–Melnikov method; for more details, we refer the reader to 
[27–29]. The configuration of these limit cycles is denoted as (5 ∶ 1|1 ∶ 5) with 
an additional cycle surrounding all of them. Subsequent works confirming this 
lower bound were published in [30–32]. For higher degrees, the reader is referred 
to [33].

The main tools used to find our new families are the Cremona transformations. 
These are birational transformations, which means they transform polynomial 
vector fields into polynomial vector fields, possibly after a time rescaling. Con-
sequently, the degree is not always preserved. This idea was previously utilized 
in [34] to discover new quadratic vector fields with invariant algebraic curves 
of degrees different from those previously found. Birational transformations are 
commonly employed in Melnikov perturbation theory because the closed curves 
of the unperturbed systems are parametrized by rational functions, and in most 
cases, the integrals can be explicitly obtained. Although one might think that 
these transformations provide an equivalence in the projective plane, this is not 
the case in the affine plane. Thus, the local cyclicity can change even if the limit 
cycles are transformed from one system to another. For example, the local cyclic-
ity of quadratic centers that linearize is one or two [35], but after a change of 
variables, the center becomes linear and, as mentioned, the cyclicity becomes 
three, see again [7]. This is because the perturbation changes from polynomial 
to rational or analytic, and therefore, the systems are not equivalent as quadratic 
vector fields.

The new two cubic families of centers with the highest local cyclicity found up 
to now are stated in the following.
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Theorem 1.1  Let � be one of the only two real and simple solutions of

Then, there exist polynomial perturbations of degree three of system

such that, twelve limit cycles of small amplitude bifurcate from the origin.

Theorem  1.2  There exist only two values of � and polynomial perturbations of 
degree three of system

such that, twelve limit cycles of small amplitude bifurcate from the equilibrium point 
located at

The paper is structured as follows: a first technical Sect. 2 with a short intro-
duction about the degenerated Hopf bifurcation to provide lower bounds for the 
local cyclicity. The key point is based on an accurate analysis of the linear Tay-
lor developments of the (Lyapunov) coefficients of the return map near mono-
dromic non-degenerate equilibria when we perturb center families. In particu-
lar, the local cyclicity is, in general, non-constant for all parameter values of a 
fixed family. Section 3 is devoted to proving the main results, Theorems 1.1 and 
1.2, and how the new centers with high cyclicity come from previously known 
families. We note that all the computations are made with a computer algebra 
system because the Lyapunov coefficients are polynomials with rational coef-
ficients. No numerical analysis is employed throughout the full article. In fact, 
the values of � can be obtained as simple roots of a polynomial with rational 
coefficients and localized, by accurate Sturm analysis, in intervals with arbi-
trary precision.

315�14 + 4144�12 + 4425�10 − 9630�8 + 1485�6 + 5580�4 − 1713�2 − 510 = 0.

(1)

x� = y + (�2 + 3)x2 + �(3�2 + 17)xy − 2(�2 + 3)y2 + �(�2 + 3)(3�2 + 1)x3

+ (13�2 − 1)(�2 + 3)x2y − 5�(�2 + 3)2xy2 + (�2 + 3)2y3,

y� = − x − �(3�2 + 1)x2 + 5(3�2 + 1)xy + 2�(�2 − 1)y2

+ 4�(�2 + 3)(3�2 + 1)x2y − 2(7�2 + 1)(�2 + 3)xy2 − 2�(�2 − 1)(�2 + 3)y3,

(2)
x� = 10x(3 + 9x − 8�y + 6x2 + 12y2),

y� = 30y − 16�x2 + 105xy − 96�y2 + 24�x3 + 150x2y + 180y3,

(x0, y0) =

(
32�2 − 75

6(8�2 + 25)
,

35�

3(8�2 + 25)

)
.
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2 � Preliminaries

The Hopf bifurcation for planar differential equations is a well-known mecha-
nism for studying the limit cycles that arise from an equilibrium of monodromic 
type, associated with a Jacobian matrix having purely imaginary eigenvalues. In 
this paper, we will analyze the degenerated case, where we obtain multiple limit 
cycles of small amplitude because the difference map has a zero of high multi-
plicity. More concretely, the usual way to study this bifurcation is for a planar 
perturbed system written as

where Pi and Qi are homogeneous polynomials of degree i in (x, y). The perturbation 
parameters � are defined by the coefficients of Pi,Qi . In polar coordinates it writes as

where Ri and Θi are homogeneous trigonometric polynomials of degree i. This dif-
ferential equation can be transformed in a nonautonomous periodic differential 
equation of first order

being Si trigonometric polynomials in the usual sin �, cos � functions. Usually the 
x-axis is considered as the transversal section and, consequently, the initial condition 
is taken of the form (�, 0). Hence, we can take the solution r(�, �) of (4) such that 
r(0, �) = � and write it as a power series in the initial condition �,

Using the return map, defined by the solution evaluated after one turn, that is at 
� = 2� , we introduce the difference map

From this expression, it is clear that the stability of the origin is determined by the 
sign of the trace at the origin, denoted by � . The origin is an attractor (resp. repel-
lor) when � is negative (resp. positive). When � vanishes, we need to compute the 
first non-vanishing coefficient of the Taylor series of Δ in (5), which can be shown to 

(3)

x� = �x − y +
∑
i≥2

Pi(x, y, �),

y� = x + �y +
∑
i≥2

Qi(x, y, �),

r� = �r +
∑
i≥2

riRi+1(�, �),

�� = 1 +
∑
i≥1

riΘi+2(�, �),

(4)
dr

d�
= �r +

∑
i≥2

riSi(�),

r(�, �) = e ��� +
∑
i≥2

ri(�)�
i.

(5)Δ(�) = ( e 2�� − 1)� +
∑
i≥2

ri(2�)�
i.
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always have an odd subscript 2k + 1 . We refer to this coefficient as the k-Lyapunov 
quantity, denoted by L̂k . For consistency, we define L0 = � . See [29, 36] for further 
details.

Then, the periodic solutions of small amplitude can be analyzed by studying 
the number of zeros of the difference map. When all L̂k vanish, we say that we 
have a center at the origin. Consequently, we can also consider L̂k as the condi-
tions for breaking a center. In fact, if the first non-vanishing L̂k is negative, then 
we have a local Lyapunov function and the origin becomes stable.

An alternative or equivalent way to compute the coefficients Lk is by looking for the 
existence (or not) of a first integral in the Taylor series expansion. This involves search-
ing for a formal solution of (3) when � = 0 , of the form

where Hi are homogeneous polynomials of degree i. In fact, such first integral does 
not exist in general, so we will look for a function H such that the Lie derivative 
with respect to (3) writes, when � = 0 , as

Both mechanisms are equivalent, and the coefficients L̂k and Lk differ only by a non-
vanishing constant. See [37] for more details.

In some cases, such as when the linear part of (3) is not in the usual real Jordan 
normal form, we can adapt (6) and (7) by considering a20x2 + a11xy + a02y

2 as the first 
integral of the linear part instead of x2 + y2 . Additionally, following [15], we can use 
any nonnegative polynomial of even degree that multiplies Lk , such as x2k . All methods 
yield equivalent results, and we can choose the simplest one suited to our differential 
system. In this work, we computed Lk and referred to them as Lyapunov quantities.

In this paper we focus on the limit cycles of small amplitude that emerge 
from non degenerate centers of polynomial families of planar vector fields, 
(x�, y�) = (Pc(x, y,�),Qc(x, y,�)), where the equilibrium point can be expressed as (3) 
after a linear change of coordinates. As mentioned in the introduction, the number of 
limit cycles can vary with the parameter � . We now recall a crucial result that provides 
the technique to prove our main results. Consider the perturbed system

where Pi and Qi are homogeneous polynomials of degree i in (x,  y) and 
Pi(x, y, 0) = Qi(x, y, 0) = 0 , for i, j ≥ 2. We can use the above described algorithm 
for computing the Lyapunov quantities, Lk(�, �) , for the perturbed system (8) taking 
� = 0 . These quantities are polynomials in � and satisfy Lk(�, 0) = 0. Thus, using 
the Implicit Function Theorem, we can perform a linear expansion with respect to � , 

(6)H(x, y) = x2 + y2 +
∑
i≥3

Hi(x, y)

(7)H� =
�H

�x
x� +

�H

�y
y� =

∑
k≥1

Lk(x
2 + y2)2k.

(8)

x� = Pc(x, y,�) + �x +
∑
i≥2

Pi(x, y, �),

y� = Qc(x, y,�) + �y +
∑
i≥2

Qi(x, y, �),
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denoting the terms by L[1]
k
(�, �) , and provide a lower bound for the number of limit 

cycles. This approach, which appears in some previous works of Chicone and Jacobs 
[38] and of Han [39], was further elaborated by Christopher in [15] who utilized it 
to establish a higher lower bound for the local cyclicity of cubics, using first and 
second order developments. In essence, this method stipulates that fixing a generic 
value, �, in the center variety, if the ordered set {L[1]

1
(�, �),L

[1]

2
(�, �),… , L

[1]

k
(�, �)} 

has rank k, after introducing the trace parameter � , we can get k limit cycles of small 
amplitude bifurcating from the center. In certain special families, non-generic criti-
cal values of � exist, where the cyclicity can be increased considering the small-
ness of � relative to � . The following result deals with this special bifurcation 
degeneration.

Proposition 2.1  [13] We denote by L[1]
j
(�,�) the first-order development, with 

respect to � ∈ ℝ
l, of the j-Lyapunov quantity of system (8) when � = 0 . We assume 

that, after a change of variables in the parameter space if necessary, we can write

where with O2(�) we denote all the monomials of degree higher or equal than 2 
in � with coefficients analytic functions in � . If there exists a point �∗ such that 
f0(�

∗) = ⋯ = f
𝓁−1(�

∗) = 0, f
�
(�∗) ≠ 0, and the Jacobian matrix of (f0,… , f

�−1) 
with respect to � has rank � at �∗, then system (8) has k + � hyperbolic limit cycles 
of small amplitude bifurcating from the origin.

The above result can be thought as that, in fact, we are computing the sec-
ond order developments of Lk of (8) at �∗ . This phenomenon appears in the sin-
gularities unfolding analysis, because we are studying the transversal (after 
blowing up if necessary) local intersection of varieties, that is the solution of 
{L1 = L2 = ⋯ = Lk = 0}. The main obstruction here is that we have chosen the 
development of � near generic � instead of considering (�,�) as parameters. As 
we will see the difficulties in the computations are due to the fact that the criti-
cal values are not obtained explicitly. This can be easily visualized in [40] where 
the critical value is a rational number. The reader can think that this phenomenon 
only appears in high degree systems, but it is also present in the quadratic revers-
ible family, as it is recently proved in [27].

3 � Proofs of the main results

This section is devoted to proving the two main results presented in the introduction. 
For completeness and to clarify how the unperturbed systems were obtained, we 
will present two previous systems with centers and how the new ones were derived. 

Wj =

⎧
⎪⎨⎪⎩

�j + O2(�), for j = 1,… , k − 1,
k−1∑
l=1

gj,l(�)�l + fj−k(�)�k + O2(�), for j = k,… , k + �,
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These systems, with only one satisfying conditions similar to those presented in 
the introduction, exhibit the same lower bound for the local cyclicity. This has also 
been detailed in the introduction. The proofs are based on a precise application of 
the Implicit Function Theorem, commonly used in the analysis of singularities in 
Algebraic Geometry. As we have already mentioned, this method was first well 
used and described in [18]. In the following, we closely follow the scheme provided 
in [18]. For completeness, we present a complete proof instead of directly using 
Proposition 2.1.

Proof of Theorem 1.1  The origin of system (1) is a center, having a first integral of 
Darboux type. More precisely, the following rational function

where

The perturbation parameters are ordered as

We start obtaining the linear parts of the first 12 Lyapunov quantities using the 
algorithm detailed in Sect.  2. Straightforward computations show that the linear 
parts of the first 10 Lyapunov quantities are linearly independent with respect to 
the first 10 coordinates of � , the Implicit Function Theorem allows us to express 
them, in a neighborhood of the origin of the parameters space, as Li = ui for 
i = 1,… , 10 , being (u1,… , u10, b20, b30, b21, b12) the new parameters. By restricting 
the computation of the next two Lyapunov quantities under the vanishing condition 
(u1,… , u10) = 0 , we get

being F11(�) the polynomial of degree 14 in the statement and

(9)H(x, y) =
f1(x, y)[(�

2 + 3)(3�x − y) + 1]2

[f2(x, y)]
3f3(x, y)

,

f1(x, y) = (3�2 + 1)[4�2(�2 + 3)(3�2 + 1)x2y − 32�3(�2 + 3)xy2 + 4�2(�2 + 3)2y3

− �2(3�2 + 1)x2 + 2�(11�2 + 9)xy − 9(3�2 + 1)y2 − 2�x + 6y] − 1,

f2(x, y) = �2(�2 + 3)[(3�2 + 1)x2 − 8�xy + (�2 + 3)y2] + 4�(�2 + 1)x

− 2(3�2 + 1)y + 1,

f3(x, y) = (�2 + 3)[(3�2 + 1)x2 − 8�xy + (�2 + 3)y2 − 2y] + 8�x + 1.

� = (a20, a11, a02, a30, a21, a12, a03, b11, b02, b03, b20, b30, b21, b12).

(10)
L
[1]

11
=

1048576

7429

�11(3�2 + 1)7(�2 + 3)8(�2 − 1)11

G(�)
F11(�)U11,

L
[1]

12
= −

2097152

557175

�11(3�2 + 1)7(�2 + 3)8(�2 − 1)11

G(�)
F12(�)U11,
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It is straightforward to check, using Sturm theory, that F11 has only two real roots, 
denoted by �± . Moreover, computing the resultant with respect to its derivative with 
respect to � , both are simple. Additionally, F12 and G do not vanish at these roots. 
This can be easily verified by computing their respective resultants with F11 with 
respect to � , which are non-zero integer numbers. The specific values of such simple 
roots are not necessary to be obtained, only its existence is enough for proving the 
result.

For the last step we need to consider the perturbation restricted, for example, to 
b12 = b30 = b12 = 0 and denoting u11 = b20 . Then, from (10) we can write

We remark that we have not indicated the dependence on � for the higher order 
terms O2(u11) because the relevant part is that they are analytic but starting with 
degree two in u11. After translating (�+, 0) to the origin by setting � = �+ + u12 , the 
Taylor series of the above expressions near the origin write as

for some non-vanishing real numbers �11 and �12 . Finally, the Implicit Function The-
orem guarantees that we can find a curve u12 = �(u11) such that L11 = 0 but L12 ≠ 0 . 
Hence, we have proved the existence of a curve in the parameter space of weak foci 
of order 12, which, after adding the trace parameter, unfolds 12 limit cycles of small 
amplitude, and the proof is complete. Clearly, the same is valid at (�−, 0) . 	�  ◻

Remark 3.1  We observe that, since the linear parts of the last two Lyapunov quanti-
ties depend on four parameters, an accurate analysis is necessary to ensure that the 
complete L11 vanishes. It is not at all clear that the proof could be completed without 

F12(�) = 5368860�20 + 103903345�18 + 563207724�16 + 959461452�14

− 278311344�12 − 1253097450�10 + 759337440�8 + 697600812�6

− 303800364�4 − 86992767�2 − 1906380,

G(�) = 124960563�34 + 4933223190�32 + 66458793852�30

+ 270672319320�28 + 131714469744�26 − 741905829192�24

+ 664449714700�22 + 1877961589672�20 + 203589288270�18

− 124073192476�16 + 1960162856052�14 − 556573973592�12

+ 174415427592�10 − 32697898056�8 + 8809519236�6

+ 239029080�4 + 128307591�2 + 11633814,

U11 = 12�(21�4 + 2�2 + 1)(�2 + 3)2b20 + 3�2(3�2 + 1)(3�4 + 26�2 + 3)b12

+ (75�8 + 506�6 + 232�4 − 14�2 − 15)b30

+ 3�(21�6 + 125�4 + 27�2 + 3)b21.

(11)
L11(u11, �) = G11(�)u11F11(�) + O2(u11),

L12(u11, �) = G12(�)u11F12(�) + O2(u11).

L11(u11, u12) = �11u11(u12 + O2(u11, u12)),

L12(u11, u12) = �12u11(1 + O2(u11, u12)),
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considering the restriction to the variety b12 = b30 = b21 = 0 , because the second-
order terms of (11), which are analytic in all parameters, must depend on only one 
variable to be factored out in order to apply the usual Implicit Function Theorem.

Before proving the second main theorem of this paper, we recall a result that 
allows us to discover the existence of the cubic vector field (1). For completeness 
and in order to understand better the differences between both cubic vector fields, 
we will add an sketch of the proof which follows closely the one provided for The-
orem 1.1. We will see why this new vector field unfolds 12 limit cycles of small 
amplitude, unlike the one provided by Bondar and Sadovskiĭ.

Proposition 3.2  [16] For each � , there exist cubic perturbations such that the vector 
field

has eleven limit cycles of small amplitude bifurcating from the origin.

Proof  We will only detail the differences with the proof of Theorem  1.1. System 
(12) has a center at the origin because it is Darboux integrable using the rational first 
integral

where

Using the Implicit Function Theorem we can write the first 10 Lyapunov quanti-
ties as new parameters obtaining Li = ui for i = 1,… , 10 changing the perturbation 
parameters by {a20,a11 , a02, a30, a21, a12, a03, b11, b02, b03} the parameters that remain 
are again {b20, b30, b21, b12} which appear in the expression U of the following Lya-
punov quantity, which linear Taylor development writes as

where

(12)

x� = y − 2�(3�2 + 5)xy + (�2 + 3)(3�2 + 1)2x2y,

y� = − x + �(3�2 + 17)x2 + 4(3�2 − 1)xy − �(�2 + 11)y2

− (�2 + 3)
(
24�2x3 + 2�(15�2 − 7)x2y − (3�4 + 22�2 − 1)xy2 − 2�(�2 − 1)y3

)
,

(13)H(x, y) =
[(�2 + 3)(3�x − y) − 1]3f1(x, y)

[(�2 + 3)(3�2 + 1)2x2 − 2(3�2 + 5)�x + 1][f2(x, y)]
3
,

f1(x, y) = 12(�2 + 3)�
[
16�2x3 + 8(3�2 − 1)�x2y + (�2 − 1)(9�2 − 1)xy2

+ (�2 − 1)2�y3
]
− 16(3�2 + 13)�2x2 − 12(3�4 + 18�2 − 5)�xy

− 48(�2 − 1)�2y2 + (3�2 + 25)�x + 3(5�2 − 1)y − 1,

f2(x, y) = (�2 + 3)
[
16�2x2 + 8(�2 − 1)�xy + (�2 − 1)2y2

]

− 2(�2 + 7)�x − 4(�2 − 1)y + 1.

L
[1]

11
= −

188743680

52003

�11(�2 + 3)8(3�2 + 1)8(�2 − 1)11

G(�)
F11(�)U11,



	 São Paulo Journal of Mathematical Sciences            (2025) 19:4     4   Page 12 of 16

As F11 is non vanishing because it has no real roots, adding the trace parameter, the 
unfolding of 11 limit cycles of small amplitude is guaranteed and the proof follows. 
We remark that, as in the previous proof, the function (6) can be computed directly 
starting as x2 + y2 . 	�  ◻

We remark that as F11 has no real roots, we can not use the next Lyapunov 
quantity, as in the proof of the first main theorem, to provide the existence of a 
curve of weak-foci of order 12. Even thought, we could compute it and write the 
linear Taylor development as

Of course, we could say that using complex values we have such curve of higher 
(complex) cyclicity. As we are only interested in real unfolding phenomena, we have 
to discard this example. But, as we have commented, following an idea of Cremona 
transformations appearing in [34] we have found system (1).

It is clear, from the expression of the first integral (13), that system (12) has 
the invariant straight line (�2 + 3)(3�x − y) − 1 = 0. Then, we will do the bira-
tional change of coordinates

to put it at the new infinity. We also notice that (12) has two more invariant straight 
lines but, as they are complex, we can not use them for, via a Cremona birational 
transformation, providing more cubic examples.

F11(�) = 63�12 + 868�10 + 1407�8 − 1232�6 − 803�4 + 588�2 + 133,

G(�) = 31067946819�34 + 941881265856�32 + 10931182143840�30

+ 33831496469880�28 − 83205933249492�26 − 100165976291592�24

− 100791559275408�22 + 61653376741080�20 + 44269968690378�18

− 264767150547368�16 + 341738613732928�14 + 19116783617384�12

− 25511606325924�10 + 5729233769704�8 + 394479066224�6

+ 126858994760�4 + 14151148011�2 + 355946760,

U11 = 4�(189�6 + 3147�4 − 917�2 + 13)(�2 + 3)2b20

− (639�8 − 8038�6 − 9040�4 + 4486�2 − 15)b30

+ 2�(549�6 − 431�4 + 15�2 − 69)b21

− 2�2(189�6 + 465�4 + 943�2 + 483)b12.

L
[1]

12
=
12582912

260015

�11(�2 + 3)8(3�2 + 1)8(�2 − 1)11

G(�)
F12(�)U11,

F12(�) = 3268503�18 + 65020277�16 + 378210168�14

+ 792055208�12 + 231304910�10 − 804545046�8

− 185976160�6 + 319040736�4 + 63104643�2 + 85785.

(x, y) →

(
x

(�2 + 3)(3�x − y) + 1
,

y

(�2 + 3)(3�x − y) + 1

)
.
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The system in the following result was introduced by Zoladek in [10], and Chris-
topher in [15] demonstrated that for a particular value of � , eleven small-amplitude 
limit cycles bifurcate from an equilibrium point in a degenerate Hopf bifurcation 
using linear expansions of the Lyapunov quantities, as indicated in (13). The exist-
ence of twelve limit cycles was first reported in [25]. The original proof was not 
enough detailed and was recently clarified in [18].

Proposition 3.3  [18] There exist values of � and cubic perturbations for system

such that 12 limit cycles of small amplitude bifurcate from

Proof  The proof follows closely the previous proofs. Hence, we will only detail 
the expressions for the first integral H and the polynomials of the numerators and 
denominators of L[1]

11
 and L[1]

12
 . They write as

and

where F11, F12, and G1 are polynomials with integer coeffi-
cients of degree 26,   37,   and 28 in �2 , respectively. The remain-
ing two polynomials are G2(�) = 8192�4 − 16000�2 + 84375 and 
G3(�) = 16384�6 − 14400�4 + 165000�2 + 84375. Using an accurate Sturm analy-
sis and straightforward computations, the reader can check that the polynomial F11 
has exactly six simple roots, {±�1,±�2 ±�3}, where F12,G1,G2, and G3 do not van-
ish. The nonvanishing conditions, adding also the first derivative of F11 for proving 
that the roots are simple, can be checked by computing their resultants with F11 with 
respect to � . Although it is not relevant in the proof, the reader can found in [18] that 
the six simple roots of F11 are approximately ±2.020,±7.444, and ±15.626. 	�  ◻

Remark 3.4  It is important to mention that, after translation of the equilibrium point 
(x0, y0) to the origin, the computation of the Lyapunov quantities is simpler if we 
write (6) using the first integral of the linear terms of the translated one:

x� = 10x(6 + 9x + 3x2 − 8�xy + 12y2),

y� = − 24� + 16�x − 90y − 15xy + 16�xy2 − 60y3,

(x0, y0) =

(
6(8�2 + 25)

32�2 − 75
,

70�

32�2 − 75

)
.

(14)H(x, y) =
(xy2 + x + 1)5

x3(8xy5 + 20xy3 + 20y3 + 15xy + 30y + 8�)2

L
[1]

11
=

(32�2 − 75)30

�13(4�2 − 5)12(8�2 + 25)12G1(�)
F11(�)U11,

L
[1]

12
=

(32�2 − 75)32

�17(4�2 − 5)16(8�2 + 25)14G1(�)G2(�)G3(�)
F12(�)U11,

U11 = 56�b30 + 15b21,
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That is, without doing the transformation to the Jordan normal form.

We finish proving the second main result of this paper.

Proof of Theorem  1.2  As previously, we will closely follow the steps of the proof 
of Theorem 1.1, detailing only the main differences. System (2) has the following 
rational first integral:

By using the Implicit Function Theorem to ensure that the first ten Lyapunov quanti-
ties vanish, due to the linear independence of the linear developments, we obtain the 
following two linear parts of the Lyapunov quantities:

where F11 , F12 , and G1 are polynomials with integer coefficients of degrees 
35,   40,   and 35 in �2 , having no common roots. Using Sturm analysis and com-
puting resultants with respect to �, it is not difficult to check that the poly-
nomial F11 has exactly two simple real roots which are not roots of F12 or 
G1. The polynomials G2(�) = 16384�6 − 14400�4 + 165000�2 + 84375 and 
G3(�) = 2048�4 + 53400�2 + 24375 have no real roots. The polynomial U11 is a 
linear combination of the remaining parameters {b20, b30, b21, b12} being the coef-
ficients also polynomials with rational coefficients in �2.

Although it is not relevant in the proof, the two simple roots of F11 are approxi-
mately �± ≈ ±1.3352 , 	�  ◻

Due to the size of the expressions we have not added here the polynomials 
appearing in the above proofs. As in Remark 3.4, the computations for obtaining 
the Lyapunov quantities in the last proof are simpler if we use directly

in (6) as the first integral of linear terms of the translated system using the equilib-
rium point (x0, y0) given in the statement.

The last comment is devoted to show how we can obtain (15) from (14). We 
only need to do the birational change (x, y) → (y∕x, 1∕x) that moves the invariant 
straight line x = 0 to infinity. This is also a Cremona map, much simpler than the 
one presented before to get from (13) to (9).

�(8192�4 − 16000�2 + 84375)

2880(8�2 + 25)
x2 −

960�2 + 13500

2880
xy + �(4�2 − 5)y2.

(15)H(x, y) =
(x3 + x2 + y2)5

(8�x6 + 30x5y + 20x3y3 + 15x4y + 20x2y3 + 8y5)2
.

L
[1]

11
=

(8�2 + 25)29

�12(4�2 − 5)12(32�2 − 75)12G1(�)
F11(�)U11,

L
[1]

12
=

(8�2 + 25)31

�16(4�2 − 5)16(32�2 − 75)14G1(�)G2(�)[G3(�)]
2
F12(�)U11,

�(2048�4 + 53400�2 + 24375)

2(32�2 − 75)
x2 − 5(136�2 + 75)yx + 40�(4�2 − 5)y2
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