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ON FAKE ES-TRREDUCIBILE COMPONENTS OF CERTAIN
STRATA OF SMOOTH PLANE SEXTICS

ESLAM BADR AND FRANCESC BARS

ABSTRACT. We construct the first examples of what we call fake ES-irreducible
components; Definition 2.8. In our way to do so, we classify the automorphism
groups of smooth plane sextics that only have automorphisms of order < 3;
Theorems 2.1, 2.4 and 2.5, Corollaries 2.9 and 2.11.

1. INTRODUCTION

Let Mgpl be the set of K-isomorphism classes of smooth plane curves C of a
fixed degree d > 4. Here K is an algebraically closed field of characterisitc p = 0
or p>2g+1, where g = (d —1)(d — 2)/2 > 3 is the geometric genus of C.

We can associate to any [C] € M} infinitely many non-singular plane models,
each of them is given by a homogeneous polynomial equation C' : F(X,Y,Z) =0
of degree d in P?2(K). Moreover, two such plane models for C' are K-isomorphic
and their automorphism groups are PGL3(K )-conjugated via a projective change
of variables ¢ € PGL3(K).

Now, suppose that G is a finite non-trivial group that can be embedded into
PGL3(K). We write [C] € M}'(G) when there exists an injective representation g :
G — PGL3(K) such that o(G) is a subgroup of Aut(C); the automorphism group
of C: F(X,Y,Z) = 0 inside PGL3(K). More precisely, we say that [C] belongs
to the component MY (o(G)) of M{!(G). Similarly, we write [C] € MP(G) when
o(G) = Aut(C) for some p, and again we say that [C] belongs to the component
M (o(G)) of MENG).

Clearly, if g; : G — PGL3(K), for i = 1,2, are PGL3(K)-conjugated, then
M (1(6)) = ME2(G)) and ME1(01(6)) = ME((G)). Accordingly

MG = [ M (@) and MP(G) = | | M (e(G).
[e]€Ra [e]€ERa
Here Rg :={0: G — PGL3(K)} / ~, where g1 ~ g9 if and only if g1 (G) and 02(G)
are PGL3 (K )-conjugated.

Definition 1.1 (ES-irreducibility [3]). Each [¢] € R¢ such that 7\/?5/1 (0(G)) #0 is

called an ES-irreducible component for /T/l\gl(G). We call /TA?(G) ES-irreducible if
it has exactly one ES-irreducible component.

Clearly, if a non-empty MgPl(G) is not ES-irreducible, then it is not irreducible
and the number of its ES-irreducible components is a lower bound for the number
of its irreducible components inside the coarse moduli space M, of K-isomorphism
classes of smooth curves of genus g.

Now, in the language of ES-irreducibility, one can interpret the results of Henn
[10] and Komiya-Kuribayashi [11] for smooth plane quartic curves, which are genus
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2 E. BADR AND F. BARS

g = 3 curves, as follows: the strata MZE!(G) are either empty or ES-irreducible.

Thus each non-empty MZE'(G) is described by a single normal form; a homogenous
polynomial equation F(X,Y,Z) = 0 in P?(K) equipped with parameters as its

e~

coefficients such that any [C] € MEY(G) can be described by a smooth plane model
through a specialization of those parameters.

Notation. Throughout the paper, L; g denotes the generic homogeneous polyno-
mial of degree i in the variables {X,Y, Z} — {B}.

By (,, we mean a fixed primitive nth root of unity in K.

A projective linear transformation A = (a;;) € PGL3(kK) is sometimes written
as

[a1,1X + al,gY + a173Z : agle + a272Y + a2732 : CI,371X + a372Y + a3732].

For example, [X : Z : Y] represents the projective change of variables X — X, Y —
Z, Z —Y, and diag(1,a,b) represents X — X, Y — aY, Z — bZ with a,b € K*.
We use the formal GAP library notations “GAP(n,m)“ to refer the finite group
of order n that appears in the m-th position of the atlas for small finite groups [8].
See also GroupNames.
Fix the following subgroups in PGL3(K):
o 01(2/22) := (diag(1,1, 1)) and 01 (Z/22)?) = {01(Z/2Z), diag(1,~1,1)),
* 01(Z/3Z) := (diag(1,1,¢3)) and 01((Z/3Z)?) == (01(Z/3L), diag(L, (3, 1)),
. QQ](>Z/3Z) = (diag(1, (3, (;1)> and 02((Z/32)?) = (02(Z/37),[Y : Z :
X )
e 01(Ss) = (V5 Z: X], [X : Z: V]) and 0s(Ss) 1= (02(Z/32), [X : Z: Y]),
® 01(Z/3Z % S3) := (01(Ss), 02(Z/3Z)),
Lol (01((Z/22)%), Y : Z : X]) and 03(As) = (02(Z/22)2), [G5Y -
Z : X]).

Remark 1.2. P. Henn observed that MYV (Z/37) admits two ES-components. One
component corresponds to 01(Z/3Z) where any [C] € MY 01(Z/37)) is given by
an equation of the form Z3Y + Ly z = 0. The second component corresponds to
02(Z/3Z) such that any [C'] € MEY(02(Z/37)) is given by an equation of the form
XP+ X(V3+23) + a1 XY Z + 11 X(YZ)? = 0 for some azy,011 € K. In
particular, C' has [X : Z : Y] as an extra involution, thus C' always has the

symmetry group S3 as a subgroup of automorphisms. Therefore, J(/l\?l(gg (2/32)) =
0 and M5 (02(Z/3Z)) € ME'(S3).

Concerning smooth plane quintic curves, which are genus g = 6 curves, Badr-
Bars [1] showed that all the strata ME'(G) are either empty or ES-irreducible

except when G = Z/4Z. In this case, M (Z/AZ) has exactly two ES-irreducible
components. Moreover, we generalized this result in [3] for any odd degree d > 5.

More precisely, we proved that X/l\? (Z/(d — 1)Z) has at least two ES-irreducible
components for any g = (d — 1)(d — 2)/2 with d > 5 odd. However, each of the

strata ME'(o(G)) is described again by a single normal form.
Accordingly, we were wondering if this is the situation in general. That is to say,

there always exists a single normal form describing the elements of MF!(o(G)) for
each o € Rg. In this article, we will show that this impression is not true at least
for smooth plane sextic curves, which are genus g = 10 curves. We establish three
counter examples corresponding to G = Z/3Z and A, respectively.

On the other hand, classifying automorphism groups of smooth curves is a long
standing problem that receives interest by many people. In the case of hyperelliptic
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curve, the structure of the automorphism group is quite explicit, see [6, 7, 16, 17].
For non-hyperelliptic curves, we still have a lack of knowledge about the structure,
except for some special cases. For example, the cases of low genus and also Hurwitz
curves, see [5, 10, 12, 13, 14]. This lack motivates us to do more investigation in
this direction, especially for the case of smooth plane curves of degree d > 4. In this
paper, we classify the automorphism groups of smooth plane curves C' of degree 6
such that 2 and 3 are the only divisors of | Aut(C)|. A more detailed treatment of
automorphisms of non-singular plane sextic curves is intended in [4].

Acknowledgments. We thank the referee for helping us improving the clarity of
the exposition and the useful comments and suggestions.

The authors are supported by PID2020-116542GB-100, Ministerio de Ciencia
y Universidades of Spanish government. Also, E. Badr is partially supported by
the School of Sciences and Engineering (SSE) of the American Univeristy in Cairo
(AUC).

2. MAIN RESULTS

Theorem 2.1. Let C be a smooth plane sextic curve that admits an automorphism
of mazimal order 2. Up to K-isomorphism, C is defined by an equation of the form:

C:Z°+Z'Lyz + Z°Laz + Loz =0

such that Le z is of degree > 5 in both X and Y, and at least one of the binary
forms Lo z and Ly z is non-zero. Moreover, Aut(C) = 91(Z/2Z) unless Lo z, L4 z
and L 7z belong to the ring K[X?2,Y?]. In the latter case, Aut(C) = 01((Z/27)?).

Corollary 2.2. The strata .//\/l\_lp/(l)(Z/ZZ) and @((Z/2Z)2) are ES-irreducible.

Definition 2.3 ([15]). An homology of period n is a projective linear transfor-
mation of the plane P?(K), which is PGL3(K)-conjugate to diag(1,1,¢,). Such a
transformation fixes pointwise a line £ (its axis) and a point P off this line (its
center). In its canonical form, £: Z =0 and center P = (0:0: 1).

Otherwise, it is called a non-homology.

Theorem 2.4. Let C' be a smooth plane sextic curve that admits an homology of
period 3 as an automorphism of maximal order. Up to K-isomorphism, C is defined
by an equation of the form Z5 + Z3L3’Z + Lg,z = 0 where neither Ls z nor Lg z
equals 0. Moreover, Aut(C) is always 01 (Z/3Z)) except when C is K -isomorphic
to C' of the form C' : X6 4+ Y6+ 764+ 73 (ag,oXS + ozog,Y?’) + a3 3X3Y3 =0, such
that a0, .3, 33 are pair-wise distinct modulo {£1}. In this case, Aut(C’) =
o1 ((2/32)?).

Theorem 2.5. Let C' be a smooth plane sextic curve that admits a non-homology
of period 3 as an automorphism of mazimal order. Up to K-isomorphism, C is a
member of one of the following families:

Ci ¢+ XO+YS+Z° 4+ XYZ (1 XP + a1,4Y? + 011 Z2°) + a0 XPY? 22
+ OZ373X3Y3 + Oé3’0X3Z3 + a0’3Y3Z3 =0
Co :+ XY +YZ+XZ+XYZ (32X%Y + 1 3Y?Z + an1 X Z?)

+ O£274X2Y4 + OéO,QY2Z4 + 044,()X4Z2 =0.

In either way, o = diag(1, (s, Cgl) is an automorphism of mazimal order 3.

(1) The automorphism group Aut(C1) = 02(Z/3Z) except when one of the following
conditions holds.
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() If aaq = 1,4 = 11 = ag2 = 0 such that az 3 # as,, then Cy reduces to
X0+ Y0+ 2%+ X (a3 3Y° + a302%) + g 3Y?Z° = 0,
where Aut(Cy) = 01((Z/37Z)?).
(i) If (a) asy = Fongandasg = +aos, (b) onq = fon andazs =
tas, or (¢) as1 = o1 and az g = Fogs, then Cy is K-isomorphic
to

Cl ¢+ XCH YO+ Z0 40 XWZ 4o  XP(YP 4+ Z%) 4 0y, XY 27

+ AW XYZ(YP 4+ Z%) + a3V 2% =0,

where Aut(C1) = 02(S3) if a1 # a5 or agzz # ag3, and Aut(Cy) =
01(Z/3Z x S3) otherwise.

Remark 2.6. (a4 3, 0] ,) # (0,0) or diag(1, G, ¢ ) will be an automor-
phism of order 6 > 3.

(iii) If as1 = Char1, 014 = 25 ‘ar, ass = £(—1)%as0, ags = +asg for
some £ # 0 or 3 mod 6, then C1 is K-isomorphic to

Ci, : XG +<§€Y6+C672[Z6+O/1,1XYZ(X3+<§ZY3+C(?22Z3)+
4 aé70(X3Y3 + <6—2€X3z3 + CGQZYZSZB) =0.
where Aut(Cy) = 02((Z/37)?).
(iv) If (a) (oa,1,01,1,004), (14,041,00,1) or (o1, 1.4, 04,1) equals

2(29 — 54X — 54p5) 2 (27p° — 54N° —52)  2(27X\6 — 545 — 52)
27\ ’ 27 At ’ 27\ ’

(b) (043,0,043,3,(10,3)7 (013,37010,37013,0) or (a0,37a3,07a3,3) equals

2 (81X — 2745 — 26) 2 (81p° —27A% —26) 2 (82 — 276 — 27u5)
27u3 ’ 273 ’ 27233 ’

NS +9u8 + 10

22 for some A\, € K*, then C1 is K-
i

and (¢) azo =
isomorphic to
Cipp: XO+Y+ 2% + [AWX?Y2Z2 + (0 u)(XTY? + X220 + Y27
+ L, N(XPZ2+ XY 4+ Y22 =0,
where
Fi(u ) = 3(80 + 81A° +81u),
Fp) = 81(1+GA+ ).
In this case, Aut(Cix,) = 01(A4).
(2) The automorphism group Aut(Cs) = (o) = 02(Z/3Z) except when one of the
following conditions holds.
(i) If oo = (1'% aup, ana = Groug, o1z = (3" asa, az1 = (Glose,
then Co is K-isomorphic to
Ch + XY 4Y°Z+XZ°+auoCy) (X'Z°+ X?Y*+Y?2%)
+ a3l XYZ (XY + X224+ Y?Z) =0,
where Aut(C}) = 02 ((Z/3Z)?).

Remark 2.7. (ag.4,13) # (0,0) or diag(1, (a1, (o7*) will be an automor-
phism of order 21 > 3.
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(1t) If (a) (2,4, 04,0, 002), (0,2,004,040) 01 (a0, 0,2, 24) equals

Nopu+4p® N+4X5p AN+ pd
2047 2u2 T 2X%pd

and (b) (a13,032,021), (21,a13,a32) or (a2, x21,a13) equals

2200+ 20+ %) 2X%p + AN+ 45 2 (2N + A+ 25)
A3 2 ) A2 ) Ve ’

then Cq is K-isomorphic to
Copnp : XO+YS+2°% + g\ p) (' XY?+ X224 + Y4 2?)
+ e\ m(X1 27+ XY+ Y22 =0,

where
Oup) = V3o (G’ + CiaA + (Fopt®)
g1 s . )\5M I )\ ¥ ,U5 9
O ) V3Gis (A 1+ Ciad + Gup®)
92 s M )\5'u I )\ I /1/5 .

In this case, Aut(Ca ) = 02(A4).

We now introduce the notion of fake ES-irreducible components.

Definition 2.8. An ES-irreducible component /T/l\;l;l(g(G)) is fake if it is not defined
by a single normal form.

As a consequence of Theorems 2.4 and 2.5:

Corollary 2.9. The strata ./\/l (Z/3Z) and ./\/l S((Z/37)?%) are not ES—z'rTeducible
and each of them has exactly two ES-irreducible components namely, Mlo(gl (z/3Z))
and Mlo(gz ((z/37)?)) respectively with i=1and?2.

On the other hand, the components Mlo(gg (z/3Z)) and Mlo(gg ((z/37)?))
are the first emamples of fake ES-zrreduczble components. Any [C] in the family

Co that belongs to M10<Q2 (Z/3Z)) or MlO 02 ((Z/3Z)*)) has the property that its
automorphism group fizes the triangle A\ whose vertices Py = (1 : 0 : 0), P, =
(0:1:0) and P, = (0 : 0 : 1) lie on C. This does not hold if [C] is in the
family Cy, in the sense that it is not necessarily true that Aut(C) = 02 (Z/3Z) or
02 ((Z/3Z)?*) fizes a triangle whose vertices lie on C. For ezample, take [C] as in
CY with 14+ o +ajz4 # 0.

Corollary 2.10. The strata /\/;lﬁ( S3) and ./\/l (Z/BZ X S3) are ES-irreducible,

More precisely, MY(S3) = ./\/llo(gg( 3)) and./\/l NZ/37 % S3) = Mlo(gl(Z/SZ P
S3)).

Corollary 2.11. The stratum /\/l 3 (Ay) is ES-irreducible determined by /\/110(91 (Ayg))-
It represents the second example of fake ES-irreducible components. Indeed, Ca
is K -isomorphic, via a change of variables ¢ = diag(1,s,t) such that s = t*> and

= (g, to ¢C2,>\,u s X6 4+ C71Y6 + (3254 lower order terms, where Aut(¢C2’,\)u) =
01(Ay). Moreover, any [C] € Mlo(m( 1)) in the family Cix, is a descendant
of the Fermat curve Fg in the sense of Theorem 3.1 via a change of variables in
the normalizer of 01(A4) in PGL3(K). This does not hold if [C] is in the family
PCo -
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3. PRELIMINARIES ABOUT AUTOMORPHISM GROUPS

Based entirely on geometrical methods, H. Mitchell [15, §1-10] proved that if
G is a finite subgroups of PGL3(K), then it fixes a point, a line or a triangle
unless it is primitive and conjugate to some group in a specific list. However, as
a consequence of Maschke’s theorem in group representation theory, the first two
cases are equivalent, in the sense that if G fixes a point (respectively a line), then
it also fixes a line not passing through the point (respectively a point not lying the
line).

Notation. For a non-zero monomial cXY? 7% with ¢ € K*, its exponent is
defined to be max{i1,i2,i3}. For a homogenous polynomial F(X,Y, Z), the core of
it is defined to be the sum of all terms of F' with the greatest exponent. Now, let
Cp be a non-singular plane curve over K, a pair (C,G) with G < Aut(C) is said
to be a descendant of Cy if C' is defined by a homogenous polynomial whose core
is a defining polynomial of Cy and G acts on Cy under a suitable change of the
coordinates system, i.e. G is PGL3(K)-conjugate to a subgroup of Aut(Cj).
An element of PGL3(K) is called intransitive if it has the matrix shape

1 0 0
0 * =
0 * =

The subgroup of PGL3(K) of all intransitive elements is denoted by PBD(2,1).
Obviously, there is a natural map A : PBD(2,1) — PGL2(K) given by

100
0 % % | ePBD(2,1) ( . ) € PGLy(K).
0 * =
Theorem 3.1 below is very helpful for determining the full automorphism groups

of smooth plane curves. For more details, we refer to the work of T. Harui [9,
Theorem 2.1].

Theorem 3.1. Let C' be a non-singular plane curve of degree d > 4 defined over an

algebraically closed field K of characteristic 0. Then, one of the following situations

holds:

1. Aut(C) fizes a point on C' and then it is cyclic.

2. Aut(C) fizes a point not lying on C where we can think about Aut(C) in the fol-
lowing commutative diagram, with exact rows and vertical injective morphisms:

1— > K*—>PBD(2,1) —2> PGLy(K) —= 1

1 N Aut(C) el

Here, N is a cyclic group of order dividing the degree d and G’ is a subgroup
of PGLy(K), which is conjugate to a cyclic group Z/mZ of order m with m <
d — 1, a Dihedral group Dayy, of order 2m with |[N| =1 or m|(d — 2), one of the
alternating groups Ay, As, or the symmetry group Sy.

Remark 3.2. We note that N is viewed as the part of Aut(C) acting on the
variable B € {X,Y,Z} and fizing the other two variables, while G’ is the part
acting on {X,Y,Z} — {B} and fixing B. For example, if B = X, then every
automorphism in N has the shape diag(C,,1,1) for some nth root of unity ¢,.
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3. Aut(C) is conjugate to a subgroup G of Aut(Fy), where Fy is the Fermat curve
X4+ Ye4 724 =0. In particular, |G| divides | Aut(F,)| = 6d2, and (C,G) is a
descendant of Fyq.

4. Aut(C) is conjugate to a subgroup G of Aut(KCy), where Ky is the Klein curve
curve XYY +YI-1Z4 X 7971 = 0. In this case, | Aut(C)| divides | Aut(Ky)| =
3(d? — 3d+3), and (C,G) is a descendant of K.

5. Aut(C) is conjugate to one of the finite primitive subgroup of PGL3(K) namely,
the Klein group PSL(2,7), the icosahedral group As, the alternating group Asg,
or to one of the Hessian groups Hess, with x € {36, 72, 216}.

Finally, we have:

Proposition 3.3. The automorphism groups of the Fermat sextic curve Fg gen-
erated by (X : Z : Y|, [Y : Z : X|, diag({s,1,1) and diag(1,{s,1) of orders
2,3,6 and 6 respectively is isomorphic to GAP(216,92) = (Z/6Z)* x S3. On the
other hand, the automorphism group of the Klein sextic curve Kg generated by
diag(1, a1, Co7") and [Y : Z = X] of orders 21 and 3 respectively is isomorphic to
GAP(63,3) = Z/21Z x Z/3Z.

Proof. Regarding the generators of Aut(Fg) and Aut(Kg), we refer the reader to
[9, Propositions 3.3, 3.5]. Now, for the Fermat curve Fg, take a =[X : Z : Y], b =
[Y : Z: X], ¢ =diag(¢s, 1,1) and d = diag(1, (s, 1). One verifies that

(ab)? = (ac)(ca)™" = (cd)(de)™* = ada(cd)™ = beb™ (ed) ™ = 1.

These relations give us the 4th semidirect product of (Z/6Z)% and S3 acting faith-
fully, see semidirect products of (Z/6Z)? and S for more details.

For the Klein curve Kg, the two generators a = diag(1, (21, ¢5;") and b = [V :
Z : X] of orders 21 and 3 respectively produce GAP(63,3) = Z/21Z x Z/3Z as
ba = (ab)~>. O

4. PROOF OF THEOREM 2.4

In this case, C' : F(X,Y,Z) = 0 has an homology o of period 3 in its automor-
phism group. The results in [2] allows us to assume that o acts as

(X:Y:Z2)—»(X:Y :(2)

up to K-isomorphism, where (35 is a fixed primitive 3rd root of unity in K. In
particular, C is defined over K by a non-singular plane equation of the form:

C: Z6+ZSL3,Z +Le,z =0,

where o = diag(1, 1, (3) is an automorphism of maximal order 3. By non-singularity,
L¢,z should be of degree at least 5 in both variables X and Y. Also, Ls z # 0 or
diag(1,1,¢s) would be an automorphism of order 6 > 3.

In the sense of Theorem 3.1, we have the following:

e First, Aut(C) is not conjugate to any of the finite primitive subgroups of
PGL3(K) since each of them contains elements of order > 3. Also, C is not
a descendant of the Klein sextic curve Kg because Aut(/Cg) by Proposition
3.3 equals Z/217Z » Z/3Z and it does not contains homologies of order 3
similar to o.

e Secondly, suppose that C'is a descendant of the Fermat curve Fg. So there
is a ¢ € PGL3(K) such that ¢! Aut(C)¢ < Aut(Fs) and the transformed
equation ?C' is X%+ Y6 + Z64 lower order terms in X,Y,Z = 0. There is
no loss of generality to impose ¢~ (c)¢ = (o) since homologies of period
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3 inside Aut(Fs) form two conjugacy classes represented by ¢ and o~!.
Hence ?C reduces to

*C X0 +YS 4+ 26 + Z3L3’Z + lower order terms in X,Y =0

Furthermore, by assumption, the automorphisms of C' have orders < 3,
then the group structure of Aut(Fs) = (Z/6Z)? x Sz assures that Aut(?C)
would be one of the following groups inside Aut(Fs):

7./37, (Z./37)*, S3, A4, Z/3Z % S3, Hes .

For more details, check the subgroups lattice of Aut(Fg).

Now we tackle each of the above situations.

- Any copy of S3 (respectively A4) inside Aut(Fg) is Aut(Fg)-conjugate
to either p;(S3) (respectively p;(A4)) with ¢ = 1 or 2. But none of these
subgroups has homologies of period 3 similar to ¢. So Aut(?C) can not
be an S3 or Ay inside Aut(Fg).

- If Aut(®C) equals a (Z/3Z)2, Z/3Z x Sz or Hes in Aut(Fs), then
there must be o/ € Aut(Fs) N Aut(?C) of order 3 that commutes with
o as in any of these groups Z/3Z is always contained in a (Z/3Z)>. By
Proposition 3.3, the elements of order 3 in Aut(Fg) are diag(1,s,t) with
$3=t3=1,[sY :tZ: X] and [tZ : X : sY] with s5 = t® = 1. One easily
verifies that only the diagonal shapes satisfies the description, equivalently,
o' € {o,diag(1,(3,1)). In any case, we can reduce C up to K-isomorphism
to

PC X0+ YO+ Z2°+ 7% (a30X° + a0 3Y?) + a3 3X°Y? =0,
where o ((Z/37)?) < Aut(?C).

Remark 4.1. In this scenario, the parameters as o, v 3, 3,3 must be pair-
wise distinct modulo {£1} or *C will admit automorphisms of order > 3.
For example, [(3Y : X : Z] € Aut(®C) has order 6 if azp = ap3 and
[3Y : X : —Z] € Aut(?C) has order 6 if azg = —ag 3.

A similar discussion shows that any ¢’ € Aut(Fg) that commutes with
o or ¢’ belongs to (o,0’). Therefore, Aut(?C) can not be the Heisenberg
group Hes because this requires another automorphism ¢’ ¢ (o,0’) that
commutes with either o or o’.

Finally, for Aut(?C) to be Z/37Z x Ss, it is necessary that Aut(Fs) N
Aut(?C) has involutions in it. Proposition 3.3 tells us that the involutions
of Fg are diag(—1,1,1), diag(1,—1,1), diag(1,1,-1), [X : sZ : s71Y],
[s71Y :sX : Z] and [sZ : Y : s71X] with s® = 1. If any of these involu-
tions lies in Aut(?C), then two of the parameters are equal modulo {1},
which is absurd by Remark 4.1. For example, diag(—1,1,1) € Aut(?C)
only if azp = azs = 0,[sY : s71X : Z] € Aut(?C) only if azo = +ag 3,
and so on.

Third, if Aut(C) fixes a line £ and a point P not lying on £, then by
Theorem 3.1 we can think about Aut(C) in a short exact sequence

1= N= (o) = Aut(C) — A(Aut(C)) — 1,

where A(Aut(C)) = Z/3Z, D4 or Ay.

- Any group of order 36 (respectively 12) that has a normal subgroup
isomorphic to Z/3Z contains elements of order 6 > 3, see Groups of order
12 and Groups of order 36 for more details. This allows us to exclude that
A(Aut(C)) equals Ay or Dy.

- On the other hand, if A(Aut)(C) equals Z/37Z in PGLy(K), then
Aut(C) equals (Z/37Z)? in PBD(2,1). In particular, C' : Z% + Z3L3 5 +


https://people.maths.bris.ac.uk/~matyd/GroupNames/193/C6%5E2sS3.html
https://people.maths.bris.ac.uk/~matyd/GroupNames/1/Dic3.html
https://people.maths.bris.ac.uk/~matyd/GroupNames/1/Dic3.html
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FAKE ES-IRREDUCIBILE COMPONENTS OF OF SMOOTH PLANE SEXTICS 9

L¢,z = 0 admits an automorphism o’ € PBD(2,1) — (o) of order 3 that
commutes with o. Depending on whether ¢’ is an homology or a non-
homology, it is conjugate via a change of variables ¢ € PBD(2,1), the
normalizer of (¢), to diag(1, (3, 1) or diag(1, (3, {5 ') respectively. In either
way, Aut(?C) = 91 ((Z/3Z)?) which appeared earlier.
Summing up, we deduce that Aut(C) is always cyclic of order 3 generated by o
except when C' is projectively equivalent to C’ of the form

C': X0+ YO+ 2%+ Z° (a3,0X° + a0 3Y?) + a3 3X°Y? =0,

such that as g, qp 3, 3,3 are pair-wise distinct modulo {£1}. In this case, Aut(C)
is conjugate to (Z/3Z)* generated by diag(1,(3, 1) and diag(1,(3,1).
This proves Theorem 2.4.

5. PROOF OF THEOREM 2.1

In this case, C' : F(X,Y,Z) = 0 has an homology o of period 2 in its automor-
phism group. By [2], there is no loss of generality to assume that o acts as

X:Y:Z)—»(X:Y:-2)

up to K-isomorphism. In particular, C is defined over K by a non-singular plane
equation of the form:

C:Z°4+ZLg 7+ Z°Lyz+ Loz =0

where o = diag(1,1, —1) is an automorphism of maximal order 2. Again L¢ 7 is of
degree > 5 in X and Y by non-singularity. Also, Ly z or L4,z does not vanish or
diag(1, 1, {s) will be an automorphism of order 6 > 3 otherwise.

e Obviously, Aut(C) is not conjugate to any of the finite primitive subgroups
of PGL3(K) as each of them contains elements of order > 2. Also, C' can
not be a descendant of the Klein sextic curve K since 2 1 | Aut(/Cg)|, recall
that | Aut(Kg)| = 63 by Proposition 3.3.

e Secondly, if Aut(C) fixes a line £ and a point P off £, then, by Theorem
3.1, Aut(C) is inside PBD(2, 1) and satisfies a short exact sequence

1— N ={(0) = Aut(C) - A(Aut(C)) — 1.

Our assumptions that any automorphism of C' has order < 2 implies
that A(Aut(C)) is either Z/27Z or Dy inside PGLy(K), so Aut(C) is con-
jugate to either (Z/2Z)? or (Z/2Z)3. In both situations Aut(C) has
another involution ¢’ that commutes with o. Up to projective equiv-
alence via a change of variables ¢ € PBD(2,1), the normalizer of (o)
in PGL3(K), we can assume that ¢’ = diag(1,—1,1). Consequently, C
is K-isomorphic to C’ : Z6 + Z4L2’Z + Z2L4,Z + L,z = 0 for some
Lz € K[X?,Y?]. Moreover, Aut(C) equals (Z/27Z)* only if there is an
involution ¢ ¢ PBD(2,1) — (0, 0’) that commutes with both o and o’. It
is straightforward to check that such ¢ does not exist, hence Aut(C) is
not (Z/27)% in this case.

o If C' is a descendant of the Fermat curve Fg via a change of variables
¢ € PGL3(K) with bigger automorphism group than (o), then Aut(?C) is
a copy of (Z/27)? inside Aut(Fs). Indeed any other subgroup of Aut(Fs)
has elements of order > 2, see subgroups lattice of Aut(Fg).

Up to Aut(Fs)-conjugation, there are two copies of (Z/2Z)? inside
Aut(Fs) namely, (o,0’) and (o, 7) with ¢’ = diag(l,—-1,1) and 7 = [V :
X : Z]. However, both groups are PGL3(K)-conjugated via a transforma-
tion in PBD(2, 1), the normalizer of (o) in PGL3(K'). Thus there is no loss
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of generality to assume that Aut(C) is conjugate to o1 ((Z/2Z)?), which
was treated earlier.

Summing up, we deduce that Aut(C) is always cyclic of order 2 generated by
o except when L; z € K[X?,Y?] for i = 2,4,6. In the latter case, Aut(C) equals
01 ((Z/2Z)?), which shows Theorem 2.1.

6. PROOF OF THEOREM 2.5

In this case, C : F(X,Y,Z) = 0 has a non-homology ¢ of period 3 in its auto-
morphism group. By [2], one can assume that o acts as

(X:Y:2)— (X:GY:(12)

up to K-isomorphism, where (3 is a fixed primitive 3rd root of unity in K. In
particular, C'is a K-isomorphic to a non-singular plane model in one of the following
families:

Ci + X°+Y'+Z° 4+ XYZ (1 XP + a1,4Y? + 011 Z°) + a0 X?Y? 27
+ a373X3Y3 + 043)0X3Z3 + a073Y323 =0
Co : XY +Y°Z+XZ+XYZ (032X%Y + 1 3Y?Z + a1 X 2Z?)

+ OZ274X2Y4 + a0,2Y2Z4 + 044’0X422 =0.
where o := diag(1, (s, Cg_l) is an automorphism of maximal order 3.

e Again Aut(C;) for i = 1 and 2 is not conjugate to any of the finite primitive
subgroups of PGL3(K).

e Suppose that Aut(C;) fixes a line £ and a point P not lying on this line.
Since o is a non-homology inside Aut(C;) in its canonical form, £ must
be one of the reference lines; B = 0 with B = XY or Z and P is the
reference point (1:0:0), (0:1:0) or (0:0: 1) respectively.

- For Co, the point P belongs to C' : F(X,Y,Z) = 0. Hence Aut(Cs) is
cyclic, generated by (o).

- For Cy, we can further impose £ : X = 0and P = (1: 0 :0) (in
the worst case scenario, one just needs to permute two of the variables
and to fix the third one, which preserves the property that ¢ remains an
automorphism). In particular, by Theorem 3.1, Aut(C;) C PBD(2,1) and
lives in a short exact sequence: 1 — N — Aut(C;) — A(Aut(Cy)) — 1,
where N = (r) has order 1,2 or 3 and A(Aut(C)) is either Z/3Z, S3
with |[N| =1 or A4 in PGLy(K). First, we easily exclude the case when
7 has order 2 because o7 would be an automorphism of order 6 > 3, a
contradiction.

Secondly, we handle each of the remaining cases:

(i) If A(Aut(Cy)) = Z/3Z and N = 1, then Aut(Cy) = Z/3Z generated
by o.

(i) If A(Aut(Cy)) = Z/3Z and N = Z/3Z, then Aut(Cy) = 01((Z/3Z)?)
generated by ¢ and 7 = diag((s,1,1). In particular, as; = a2 =
a1,1 = oaq,4 =0, and C; reduces to
X0+ Y0+ 2%+ 2% (a3 0X? + ap3Y?) + a3 3X°Y? =0,
which happened before in Theorem 2.4. We also remark that oz #
apg or [Y : X : Z] will be an extra involution for C;.

This clarifies part of Theorem 2.5, (1)-(i).

(iii) If A(Aut(Cy1)) = S and N = 1, then C should have an involution
7 such that 7o7 = 07! So7 =[X : sZ : s71Y], [sY : s71X : Z]
or [sZ : Y : s71X] with s® = 1. This holds if we are in one of
the situations: «a33 = *aso and a1 = faj4,003 = fas and
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Q41 = ia174, or &gz = iao)g and a1 = iOt4)1. MOI‘eOVGI‘, in all
scenarios we can reduce to 7 = [X : Z : Y] via a change of variables ¢
in the normalizer of (o), more precisely, via ¢ = diag(1, A, sA) modulo
(X :Z:Y],[Y:Z:X]) with A6 = 1. That is, C; is K-isomorphic to
Ci ¢+ XCH YO+ Z0 40 XWYWZ+ah  X3(YP 4+ Z%) 4 0y, XY 27
+ Ay XYZ(YP+ 2%+ ap Y2 = 0.
Here Aut(C}) = (0, 7) = 01(S3). In particular, we should impose
g 7 0 5 Or af 3 # g 5 to avoid having [Y @ Z : X] as an extra auto-
morphism. Also, (a§,3, 0/1,2) # (0,0) to avoid having diag(1, (s, ¢5 ")
as an extra automorphism of order 6 > 3.
This shows part of Theorem 2.5, (1)-(ii).
(iv) If A(Aut(C)) = A4, then the Group Structure of A4 assures that
A(Aut(C)) contains A(7) and A(7’) both of order 2 such that
A(@)A(T)A(0) ™! = A7), M) A(T)A(0) ™! = A(T)A(r) = A(T)A(7).
We aim to show that such 7 and 7" do not exist. Write A(7) =

( CCL Z ), then being of order 2 yields (a + d)b = (a + d)c = 0 and

0 b a b
a::I:d.SoA(T):<C 0> or <c —a)'
0 b
—IfA(T)<C 0),then

A = A(0)A(T)A() ! = ( CSC G b ) A(r) in PGLy(K),

which implies that A(7")A(7) # A(7)A(7") a contradiction.

-IEA(T) = CCL fa ) then A(7 ) A(o)A(T)A(0) ! = ( CZC G b)
such that A(T)A(7") = A(7')A(7). That is,

—a
a® + (3bc (C_l —1)ab \ _ a? + ¢ lbe 7(4_1 ~1)ab .
-Gae ot G be ) - ( ~0-Gac  attgpe ) ™ PR

For this to be true, either ab = ac = 0 or a? + (3be = —(a? +

-1
C;lbc). Assuming ab = ac = 0 yields A(7') = ( CPlC C30 b > —
3

A(r) in PGLy(K) or A(r') = < i > — A(r) in PQLy(K), which
is again a contradiction. Assuming a? + (3bc = —(a® + 5 "be) yields
c = 2a%/b with ab # 0. Moreover, A(o)A(T")A(o)~t = A(T)A(r'),
hence

a @b\ _ [ alG-¢GY) o (GT-Db Y
(b S0 )= (o8 el ) mronuo
This is valid only if (3 — ¢ 1)¢ = (GG — 1) and (G — G =
(1 — ¢3), however, the second equation is never valid. This means

that A(Aut(C)) # Ay.
e Thirdly, assume that C; is a descendant of the Klein sextic curve Kg.

Claim 1. For C; a descendant of Kg, Aut(C1) = 02(Z/3Z).

Proof. (of Claim 1) If C; is a descendant of K¢ with bigger automorphism
group than (o), then, from the Group Structure of Z/217Z x7Z/37Z and since
the automorphisms of C have orders < 3, Aut(C;) should be conjugate to
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a (Z/3Z)* in Aut(Kg). Thus C; has another automorphism o’ ¢ (o) of
order 3 that commutes with o. Direct calculations show that we can take
o' = diag(1,s,t) with s3 =3 =1 or [sY : tZ : X] with s,t € K*.

In the first case, o’ reduces to an homology as ¢’ ¢ (o). This is absurd
because Aut(fCs) does not contain any homologies of period 3. Regarding
the second case, any descendant C’ of the Klein curve C' : X°Y +Y°Z +
75X+ lower terms in X, Y, Z satisfies the property that its automorphism
group fixes the triangle A whose vertices are the three reference points
(1:0:0),(0:1:0)and (0:0: 1), moreover, those points all lie on C’.
Because A is the only triangle fixed by (o, [sY : tZ : X]) for any s,t and
because none of its vertices lies on C;, we conclude that Aut(C;) can not
equal (o,[sY :tZ : X]). This proves the claim for C;. O

Claim 2. For Cy a descendant of K¢, Aut(Cs) is either conjugate to
02(Z/3Z) or 02 ((Z/3Z>2)-
Proof. (of Claim 2) If Cy is a descendant of K¢ with bigger automorphism
group than (o), then Aut(Ce) = (o,[sY : tZ : X]) for some s,t € K*.
For o’ € Aut(Cg), s = Cgla t = 62_14r, Qo2 = <2_112r04470, Qg4 = CS{OM,Q,
a3 = C{lﬁrag,g, @21 = (3Tas 2, and Ca reduces to
XY + YPZA+XZ°+auo (X2 + G XY + (PP ZY)

+ w2 XYZ (XY + G XZ2°+(7Y?Z) =0.
In any situation, there exists a change of variables ¢ = diag(1, (57, (A7) €
Aut(fCg) such that 21|18r" + r, 121" — 4r for some ' € {0,1,...,20} that
transforms Cy up to K-isomorphism to
Ch:XPY + YPZ+4XZ°+ asoly (X122 + XPY* +Y?Z%)

+ a3l XY Z (XPY + X224+ Y?Z) =0,

where Aut(Ch) = 02 ((Z/3%)?) = (o,[Y : Z : X]). In particular, we must

have (ag.4,a;.3) # (0,0) or diag(1, ¢a1, (") € Aut(C) of order 21 > 3.
This completes the proof, which in turns shows Theorem 2.5, (2)-(i). O

Now, assume that C; is a descendant of the Fermat curve Fs. From the
Group structure of Aut(Fg), one sees that if C; is a descendant of Fg with
bigger automorphism group than (o), then Aut(C;) is conjugate to one of
the following groups inside Aut(Fg):

(Z/37)*, S3, A4, Z./37 % S3, Heg .

In what follows, we treat each of these cases for C; and Csy respectively,
more precisely, Claim 3 and Claim 4 below.

Claim 3. For Cy a descendant of Fg, Aut(Cy) is conjugate to 02(Z/37Z),
02(S3), 01(Z/3Z % 8S3), 1 ((2/32)2) ) 02 ((2/32)2) or 01(A4).

Claim 4. For Cy a descendant of Fg, Aut(Cz) is conjugate to 02(Z/37),
02((Z/3Z)%) or 02(A4).

Proof. (of Claim 3) - If Aut(C;) is conjugate to Sz or Z/3Z xS3 inside Aut(Fg), then

C; has an involution 7 such that 7o7 = o~
if Q3.3 = :‘:05370 and a1l = :l:O[174,04073 = :l:O[370 and Q41 = :l:Oé174, or a3 3 = :l:01073
and aj,; = £ay,;. In this scenario, C; is K-isomorphic to

L. Similarly as before, this holds only

XO+ YO+ Z0 40 XY Z + a3 XP(Y?P + Z2°) + oy , X?Y? 27
+ AW XYZ(YP 4+ Z%) + a3V Z% =0,
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where 02(S3) generated by o = diag(1, (s, Cgl) and 7 = [X : Z : Y] is a subgroup of
Aut(Cy). Furthermore, if Aut(Cy) equals Z/3Z x S3, then it must contain another
automorphism o’ ¢ (o, 7) of order 3 that commutes with o and satisfies 70’7 = o/~ 1.
Thus ¢/ = [s'Y : s'71Z : X] and the invariance of the defining equation for C{ under
the action of ¢’ yields s = 1,0}, = o/ , and o 3 = af 3. Hence C{ becomes

X0 4+ YO+ Z0 4ol s XY Z(XP+Y? 4+ Z%) + o o (XPY? + Y323 4+ Z3X7)
+ ah, XPY?Z? =0

with Aut(C}) = 01(Z/3Z % S3). This shows the rest of Theorem 2.5, (1)-(ii).

- If Aut(Cy) is conjugate to (Z/3Z)% or Hes inside Aut(Fg), then C; would have
an automorphism ¢’ ¢ (o) of order 3 that commutes with ¢ since every copy of
7.,/3Z in any of these groups is contained in a (Z/3Z)2. Similarly as before, we can
take o/ = diag(1,s,t') with s =t® =1or [¢'Y : #Z : X] with s, ¢’ € K*.

(i) Suppose that ¢/ = diag(1,s’,t') € Aut(Cy). Because o’ ¢ (o), we have
o' = diag(1,1,¢3), diag(¢s,1,1) or diag(l,(s,1). Consequently, a1 =
Qg9 = Q11 = O] 4 = 0 and C1 reduces to

X0+ YO+ Z% + a5 3X°Y? + 030X Z° + g 3Y?Z° = 0,

with 01((Z/3%)?) C Aut(C1). On the other hand, Aut(C;) equals Hez only
if it contains an extra automorphism o’ ¢ (o, 0’) of order 3 that commutes
with o and satisfies 0”/0’c” =1 = ¢’c~1. This gives us 0’ = [s"Y : t"Z : X]
for some s”,t” € K*. Hence s"6 =1"6 =1, az3 = sz, aps = t"3as,

and C; becomes of the form:
XO+Y®+ 2%+ a3 (£X°Y? + X3 2% +4"°Y3Z%) = 0.

In particular, [Y : X : ¢/Z] is an automorphism for C; of order divisible
by 2. This is a contradiction as 2 { | Hes |(= 27).
(ii) Suppose that of, = [s'Y : #'Z : X] € Aut(Cy). For this to be true, we

/5t/2 3

should have s = ¢ =1, ay 1 = 'ty 1, a14 = 2011, az3 = sas,

o3 = t3ago = tas, and C; is defined by
1
X0 4+ YO+ Z0 a1 XY Z(s'YXP & ,7YS +Z%) + ap 2 X?Y? 22
s
+ azo(SPXPYP 4+ XPZP LY Z%) =0,
such that (s't')? = 1 whenever ags # 0. Consequently, it must be the
case that apo = 0 and ay; # 0 or [t'Y : 71X : Z] would be an extra

involution, which violates the fact that |Aut(C1)| = 9 or 27. That is,
s't! = ¢§ for some £ # 0 or 3 mod 6, and C; becomes

XO4Vo+ 2728 + a XYZ(GEX3+G Y+ 2% +
+ azo((-1)XPY3+ X373 £ V32723) =0,
for some aj 1,030 € K*. Applying the projective change of variables

/vy
¢ = diag(1, Y&, \3/%) we get

ClXO+ YO+ M2+ al XY Z(XP+ @Y+ (2% +
+ ag’O(XSYS + 4522X3z3 + Cﬁ?@ySzi’)) =0.
Now with 0 and ¢/ = [Y : Z : X] as automorphisms for C{, we have
that (o,0') = 02((Z/3Z)?) C Aut(C}). Again it is impossible that we can
enlarge Aut(Cy') to Hes, since this requires diag(1,1, {3) to be in Aut(Cy).

£
This cannot be as o, | = 1% £ (),
1,1 s



14 E. BADR AND F. BARS
- If Aut(Cy) is conjugate to an A, inside Aut(Fg), then it should be g;(A4) with
i=1or2.

(i) First, suppose that ¢~ Aut(C1)¢ = 01(A4). As all subgroups of Ay of
order 3 are Ay-conjugated, there is no loss of generality to take ¢ 'og =
[Y:Z:X]or[Z:X:Y]. Inparticular, ¢ has one of the following shapes:
L1 pooGn Gla A G G

¢1 A GA C31>\ sp2= 1 11 1 s 3= p G Cp
po Gap Gy p A G A (A 1 1
11 L poGle Gap AGA G

¢ A Csl)\ GG A |,o5=| 1 1 11 s Q6= p C5p (p
poC e Gp A GA O GA 1 1

for some A\, p € K*.
Now, we handle each of these situations to determine the restrictions
on the defining equation of C; for which this holds.
e For ¢;diag(1,1,—1)¢; " (respectively ¢4 diag(1, 1,—1)(;521) to be in
Aut(Cy), we must eliminate the coefficients of X°Z, X°Y, Y°Z, X Z5,

YZ%, X4V?2, X422 from the transformed equation ¢: 4i2s(L.L.—D¢; "¢ =

Cy with ¢ =1 and 4 respectively. In this way, we obtain:

2 (29 — 546 — 5445) 2 (818 — 27X5 — 26)
Q41 = , 3.3 = 3 s
27\ 27\
2 (81A6 — 2745 — 26) 2 (27A° — 5445 — 52)
Q3o = 3 y 1,4 = 1 s
27 2704
2 (275 — 54X5 — 52) 2 (82 — 27A6 — 2745)
apl = 1 y &0,3 = 3 3 )
27\ 2703
9NC +9ub + 10
Q22 = (5 5
3\

In particular, C; is K-isomorphic via ¢; (respectively ¢4 followed by
Y < Z) to Cy,z,, described in Theorem 2.5, (1)-(iii).

e For ¢pdiag(1,1,—1)p, "' (respectively ¢s diag(1, 1,71)(;55?1) to be in
Aut(Cy), one notices that ¢po = [Z : X : Y]y = ¢1 0 [Z: X : Y]
(respectively ¢5 = [Z : X : Y] ¢y = ¢4 o [Z : X : Y]). This means
that we get the same conclusion as above up to a permutation of the
parameters, more precisely, after

(a1,a11,010) = (a1,1,00,4,041),
(040,3, a3,3, 043,0) = (043,37 Q3,0, 040,3) .

In other words, we have ¢; diag(1,1, fl)d);l with ¢ = 2 or 5 inside
Aut(Cy) only if

2 (29 — 54X5 — 5445) 2 (818 — 27X% — 26)
Q14 = y @03 = 3 )
271 27X
2 (81A® — 275 — 26) 2 (27A8 — 5445 — 52)
az3 = 3 y X1,1 = 1 )
27 270
2 (27p° — 545 — 52) 2 (82 — 275 — 27u°)
Qg1 = 1 ) Q3,0 = 33 )
27 2703
= 9N + 98 + 10
2,2 —3>\2H2

Once more C; reduces to C; » , described in Theorem 2.5, (1)-(iii).

)

)
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Similarly, ¢35 = ¢1 o [V : Z : X] and ¢g = ¢4 o [V : Z : X]. So

¢; diag(1,1,—1)¢; ! with i = 3 or 6 is an automorphism for C; only if
2 (29 — 54X5 — 544) 2 (818 — 27X° — 26)
04171 = , Q3.0 = 3 )
27\ 27\
2 (81A® — 275 — 26) 2 (27X — 5445 — 52)
Qp,3 = 3 » Q4,1 = 1 )
271 27T\
2 (275 — 54X5 — 52) 2 (82 — 27A% — 2746)
A4 = 1 (3,3 = 3,3 ’
27T 2703
N 9N +9u° 410
2,2 — 3)\2/142 )

where C; becomes K-isomorphism to C » .-
This shows Theorem 2.5, (1)-(iii).
(ii) Second, suppose that =1 Aut(Ci)1) = 02(A4). Again, we can impose
Yoy = [CG_IY :Z:X]or [Z: (X :Y], in particular, ¢ has the shape

-1
Cis

of ¥; below.

ST STy oGl G A G
= A G A =L G G = | e cfsg

o Cilsﬂ Cis M A G A C158/\ 1 (g

LG Gy po G G A Gt
ba=| A GEA C1785)\ Usi= L Gy Gs L= | n Gen

2 C?sﬂ Cig 1 A G A <178/\ 1 <128

C18

for some A\, u € K*. However, it is straightforward to check that none of
these transformation transforms C; to C’ whose core is X6 +Y %+ Z6. Con-
sequently, C; is never a descendant of the Fermat curve Fg with Aut(Cy)
conjugate to p2(Ay4).

This proves Claim 3. U
It remains to prove Claim 4 for C; that is a descendant of the Fermat curve Fg.

Proof. (of Claim 4) - We easily discard the cases when Aut(Cz) equals an S3 or
7./37:xS3 inside Aut(Fs) as none of the involutions [X : sZ : s71Y], [sY : s71X : Z]
and [sZ : Y : s71X] preserves the core X°Y +Y°Z + Z°X of Cs.

- On the other hand, if Aut(Cs) equals (Z/3Z)? or Hes, then the discussion we
had to show Claim 2 applies to conclude that Cs is K-isomorphic to

C': XY + Y°Z+XZ°+aup(y (X122 + XPY' + Y27
+ 3G XYZ (XY +XZ24+Y?Z) =0,

where 02((Z/37)%) C Aut(C’). Next, if Aut(C’) is Hes, then there must be another
automorphism o’ ¢ 0o((Z/3Z)?) of order 3 that commutes with o such that o’ [V :
Z: X)o7t =Y :Z:X]o~ . Straightforward calculations show that o’ = [s'Y :
t'Z : X]or [§Z : /X : Y] with s't' = (3 and s*'~! = (5. So o’ belongs to
01((Z/3Z)?) modulo ([Y : Z : X]). Obviously, none of these transformations leaves
invariant the core of C’. Therefore, Aut(Cy) is never conjugate to Hes inside Fg.

- Thirdly, following the notations of Claim 3, a change of variables of the form
¢ = ¢; for i =1,2,...,6 does not transform Co to Ch : X® + Y6 4+ Z6+4 lower order
terms in X,Y,Z. Thus Cs is not a descendant of Fg such that ¢~ Aut(Ca)¢p =

G
Cis p

CI%A
Cig 1
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01(A4). On the other hand, v; diag(1,1, —1); ' € Aut(Cq) with i = 1 or 4 only if

NS+ 48 A+ 4\ 4N+ pb
Qg4 = o Qg0 = T’ Qo2 = W

2 (2M\%u + 21 4 pP) 2A5 11+ 4N + 4p° 2 (200 + A 4 2u°)
a3 = 32 432 = A2 02,1 = A3

The above restrictions are consequences of eliminating the coefficients of X6, Y6, Z6,
X°Z,Y*Z?%, X*Y?, X*Z? from the transformed equation ¥ diag(l’l’_l)ll’;ng = Cs.
Moreover, Cy is K-isomorphic via 1, (respectively 4 followed by YV « Z) to
Cox,u described in Theorem 2.5, (2)-(ii). The rest is obvious by noticing that
Yo =Yro0[Z:X:Y], s =¢s0[Z:X:Y], ¥3=110[Y:Z:X]and
Y=g 0[Y:Z:X].

This proves Claim 4. (]
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