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Abstract. Let H(n) be the maximum number of limit cycles that a planar

polynomial vector field of degree n can have. In this paper we prove that H(n)
is realizable by structurally stable vector fields with only hyperbolic limit cycles

and that it is a strictly increasing function whenever it is finite.

1. Introduction and statement of the main results

Consider the planar polynomial system of differential equationsX = (P,Q) given
by

(1) ẋ = P (x, y), ẏ = Q(x, y),

where the dot means the derivative in relation to the independent variable t and P ,
Q : R2 → R are polynomials. To system (1) corresponds a polynomial vector field
X = P ∂

∂x +Q ∂
∂y in the phase plane of the variables x and y. In this paper we make

no distinction between system (1) and its respective vector field. The degree of X
is the maximum of the degrees of P and Q. Given n ∈ N, let Xn be the set of the
planar polynomial systems (1) of degree n, endowed with the coefficients topology.
Given X ∈ Xn, let π(X) ∈ Z⩾0 ∪ {∞} be its number of limit cycles (i.e. isolated
periodic orbits).

In his famous address to the International Congress of Mathematicians in Paris
1900, David Hilbert raised his famous list of problems for the 20th century [2],
with the second part of the 16th problem being about the limit cycles of planar
polynomial vector fields. Hilbert asks if there is a uniform upper bound for the
number of limit cycles of polynomial vector fields of degree n. More precisely, given
n ∈ N let H(n) ∈ Z⩾0 ∪ {∞} be given by,

H(n) = sup{π(X) : X ∈ Xn}.
Under this notation the second part of Hilbert’s 16th problem consists in obtaining
an upper bound for H(n) and it is yet an open problem. Even for the quadratic
case, it is not known if H(2) < ∞. However, advances has been made and lower
bounds for H(n) have been found. For small values of n, the best lower bounds so
far are H(2) ⩾ 4 [3,18], H(3) ⩾ 13 [10] and H(4) ⩾ 28 [15]. In general, it is known
that H(n) increases at least as fast as O(n2 lnn) [4, 8, 11]. However, although the
known lower bounds are given by strictly increasing functions, this does not imply
that H(n) itself is strictly increasing. In our first main result we prove this fact.

Theorem 1. Given n ∈ N, it holds H(n+ 1) ⩾ H(n) + 1.
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In particular, it follows from Theorem 1 that if H(n0) = ∞ for some n0 ∈ N,
then H(n) = ∞ for every n ⩾ n0.

The proof of Theorem 1 is essentially a consequence from the fact that given
X ∈ Xn, we can embed X into Xn+1 and bifurcate one more limit cycle, while
the others persist. This persistence follows from our second main result. To state
it properly we will remind the notion of structural stability and comment on its
particularities when it is restricted to the polynomial case.

Roughly speaking, a smooth vector field is structurally stable if small perturba-
tions do not change the topological character of its orbits. The hallmark work on
this area is due to Peixoto [12] and his characterization theorem, which states that
a C1-vector field on a closed (i.e. compact and without boundary) two dimensional
manifold is structurally stable if, and only if, the following statements hold.

(a) It has at most a finite number of singularities, all hyperbolic.
(b) It has at most a finite number of periodic orbits, all hyperbolic.
(c) It does not have saddle connections.

Moreover, the family of structurally stable vector fields is open and dense in the
set of all C1-vector fields. For the structural stability of polynomial vector fields
endowed with the coefficients topology there are two main characterizations, given
by Sotomayor [19] and Shafer [16]. The former defines structural stability of X ∈
Xn as the structural stability of its Poincaré compactification. The latter does not
make use of this embedding and thus deals with new objects, such as saddles at
infinity. Hence, they obtained different sets of necessary and sufficient conditions
for structural stability. Yet, there are many similarities. Let X ∈ Xn. In both
cases for X to be structurally stable, statements (a) and (c) above are necessary
and also the following weak version of statement (b).

(b′) It has at most a finite number of periodic orbits, none of even multiplicity.

So far it is not known if non-hyperbolic limit cycles of odd multiplicity are possible
for a structurally stable vector field in the polynomial world. More precisely, there
is the following open question.

Question 1 ([16, 19]). If X ∈ Xn has a non-hyperbolic limit cycle of odd multi-
plicity, then is X structurally unstable in Xn?

Question 1 was explicitly raised by Sotomayor [19, Problem 1.1] and Shafer [16,
Question 3.4] and kept both of them from obtaining necessary and sufficient con-
ditions for structural stability in Xn. For more details, we refer to [17]. Another
important similarity between both works is the fact that structural stability is a
generic property. That is, if we let Σn ⊂ Xn be the family of the structurally
stable elements, then Σn is open and dense, independently of the two approaches.
Therefore, from now on we denote by Σn the set of structurally stable vector fields
of degree n under either one of these two definitions.

Let Σn
h ⊂ Σn be the family of structurally stable vector fields such that all

their limit cycles are hyperbolic. In our second main result we prove that H(n) is
realizable by the elements of this family.

Theorem 2. For n ∈ N, the following statements hold.

(a) If H(n) < ∞, then there is X ∈ Σn
h such that π(X) = H(n).

(b) If H(n) = ∞, then for each k ∈ N there is Xk ∈ Σn
h such that π(Xk) ⩾ k.
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Finally, due to its relation with the possible case of H(n) = ∞, we also include
at the end of this note a proof for the following folklore result: a planar analytic
vector field has an enumerable number of limit cycles.

The paper is organized as follows. In Section 2 we recall some properties of
rotated vector fields and prove how they can be used to transform non-hyperbolic
limit cycles in hyperbolic ones. The main theorems are proved in Section 3. In
Section 4 we prove the folklore result and provide some further remarks.

2. Rotated vector fields

Given a planar polynomial vector field X = (P,Q), let Xα = (Pα, Qα) be the
one-parameter family given by

(2) Pα = P cosα−Q sinα, Qα = Q cosα+ P sinα,

with α ∈ R. Observe thatX0 = X and thatXα defines a completed family of rotated
vector fields, see Duff [5]. Throughout out this paper, Xα will always denote the
family given by (2).

In his seminal work Duff [5] studied the properties ofXα. In particular, he proved
the following result that we simply state for family (2), but that holds for more
general 1-parametric families of C1 vector fields.

Theorem 3 ([5]). Let Xα be the family of rotated vector fields (2) and suppose
that Xα0 has a limit cycle γα0 . Then:

(a) If γα0
has odd multiplicity, then it is persistent for |α − α0| small and it

either contracts or expands monotonically as α varies in a certain sense.
(b) If γα0 has even multiplicity, then for |α − α0| small it splits in two limit

cycles, one stable and the other unstable, as α varies in a certain sense.
If α varies in the opposite sense, then γα0

disappears and no other limit
cycles appear in its neighborhood.

We observe that Theorem 3 does not provide information about the hyperbolic-
ity of the limit cycles involved. However, it follows from Andronov et al [1, The-
orems 71&72] that this information can be given in the analytic case. For sake of
simplicity and for the paper to be self-contained, we provide a proof of a simple
version of such theorems, sufficient for our goals.

Proposition 1. Let Xα be the family of rotated vector fields (2) and suppose that
Xα0

has a limit cycle γα0
. Then, for |α−α0| > 0 small enough, all the limit cycles

detailed in Theorem 3 that bifurcate from γα0
are hyperbolic.

Proof. For simplicity, let us assume α0 = 0. If γ0 is hyperbolic, then there is
nothing to prove. Hence, suppose that γ0 is not hyperbolic. Let I ⊂ R be a
small neighborhood of α0 = 0 and Σ be a small normal section of γ0, endowed
with a coordinate system s ∈ R such that s = 0 at p, where {p} = γ0 ∩ Σ. Let
D : I×Σ → R be its associated displacement map. Since Xα is analytic in (x, y;α),
it follows that D is well defined and analytic. Let T > 0 be the period of γ0 and let
γ0(t) be the parametrization of γ0 given by the flow of X0 and such that γ0(0) = p.
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It follows from Perko [13, Lemma 2] that, for some C ∈ R\{0},
∂D

∂α
(0, 0) = C

∫ T

0

(
e−

∫ t
0
div(γ0(τ)) dτ

)
Xα ∧ ∂Xα

∂α
(γ0(t); 0) dt(3)

= C

∫ T

0

(
e−

∫ t
0
div(γ0(τ)) dτ

) (
P 2 +Q2)(γ0(t); 0) dt ̸= 0.

Therefore, from the Implicit Function Theorem we have that there is a unique
function α = α(s), with α(0) = 0, such that

(4) D(α(s), s) = 0.

Moreover, sinceD is analytic, it follows that α(s) is also analytic. Differentiating (4)
in relation to s we obtain,

(5)
∂D

∂α
(α(s), s)α′(s) +

∂D

∂s
(α(s), s) = 0.

From (3) we have that ∂D
∂α (α(s), s) ̸= 0 for |s| small. Hence, it follows from (5)

that,

(6) α′(s) = − ∂D/∂s

∂D/∂α
(α(s), s).

Since γ0 is not hyperbolic, it follows that ∂D
∂s (0, 0) = 0 and thus from (6) we have

α′(0) = 0. Since α′ is an analytic function, either 0 is an isolated zero of α′ or
α′(s) ≡ 0 (and in particular α(s) ≡ 0) in a neighborhood of s = 0. Let us discard
this second possibility. In this case, from (4), D(0, s) ≡ 0 for |s| small and thus
γ0 belongs to a continuous band of periodic orbits, contradicting the definition of
limit cycle. Therefore, it follows from (5) that

∂D

∂s
(α(s), s) = −∂D

∂α
(α(s), s)α′(s) ̸= 0,

for |s| > 0 small. Hence, any limit cycle of Xα near γ0 is hyperbolic, for |α| > 0
small, as we wanted to prove. □

We observe that Perko [13, Theorem 3] also provided a similar result about the
hyperbolicity of the limit cycles considered at Theorem 3(b). For more details about
the theory of rotated vector fields and its generalizations, we refer to Han [7], Perko
[14, Section 4.6] and the references therein.

3. Proof of the main theorems

Given X = (P,Q) ∈ Xn, let πh(X) be its number of hyperbolic limit cycles.
Observe that in general we have πh(X) ⩽ π(X).

In this paper we also work with the possibility of π(X) = ∞ for some X ∈ Xn.

We choose to do this because although Il’yashenko [9] and Écalle [6] independently
claimed to have proved that this is impossible, it seems that some of their results
start to be under discussion. For instance, in the recent work [20] a possible gap was
found in Il’yashenko’s proof. Our results are not based on these finiteness results.

Proposition 2. Let X ∈ Xn. Then the following statements hold.

(a) If π(X) < ∞, then there is Y ∈ Xn such that πh(Y ) ⩾ π(X).
(b) If π(X) = ∞, then for each k ∈ N there is Yk ∈ Xn such that πh(Yk) ⩾ k.
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Proof. Let X ∈ Xn and Xα be its respective family of rotated vector fields, given
by (2). Let also:

(i) h ∈ Z⩾0 ∪∞ be the number of hyperbolic limit cycles of X;
(ii) m ∈ Z⩾0 ∪ ∞ be the number of non-hyperbolic limit cycles X of odd

multiplicity;
(iii) m± ∈ Z⩾0∪∞ be the number of non-hyperbolic limit cycles γ of X of even

multiplicity and such that γ bifurcates in two hyperbolic limit cycles for
±α > 0 small.

Observe that π(X) = h+m+m++m−. Suppose first π(X) < ∞. Without loss of
generality, suppose m+ ⩾ m−. It follows from Proposition 1 that Xα has at least
h + m + 2m+ hyperbolic limit cycles for α > 0 small enough. Hence, if we take
Y = Xα, then Y ∈ Xn and

πh(Y ) ⩾ h+m+ 2m+ ⩾ h+m+m+ +m− = π(X).

If π(X) = ∞, then h, m, m+ or m− are equal to infinity. In any case we apply
the same reasoning on an sequence of vector fields having an increasing number of
limit cycles, obtaining the final desired sequence of vector fields. □

Proof of Theorem 2. Suppose first H(n) < ∞ and let Z ∈ Xn be such that π(Z) =
H(n). It follows from Proposition 2 that there is Y ∈ Xn such that πh(Y ) ⩾ π(Z).
Hence, it follows from the definition of H(n) that,

π(Y ) = πh(Y ) = π(Z) = H(n).

Hence, every limit cycle of Y is hyperbolic and any vector field in Xn, close enough
to Y, has also exactly H(n) limit cycles, all of them hyperbolic. In particular, there
is an arbitrarily small perturbation X ∈ Σn

h of Y such that π(X) = H(n).
Suppose now H(n) = ∞. Observe that there is a sequence (Zj), with Zj ∈ Xn,

such that π(Zj) → ∞ and π(Zj) < ∞ for every j ∈ N, or there is Z ∈ Xn such
that π(Z) = ∞. In either case it follows from statement (a) or (b) of Proposition 2,
respectively, that for each k ∈ N there is Yk ∈ Xn such that πh(Yk) ⩾ k. Therefore,
for each k ∈ N we can take a small enough perturbation Wk ∈ Σn of Yk such that
πh(Wk) ⩾ k. It follows from the definition of Σn that π(Wk) < ∞. Moreover,
some of these limit cycles may be non-hyperbolic and with odd multiplicity. Thus,
it follows similarly to the proof of Proposition 2, from the structural stability of
Wk and from the fact that Σn is open and dense in Xn, that we can take a small
enough rotation Xk ∈ Σn of Wk such that the following statements hold.

(i) The hyperbolic limit cycles persist.
(ii) The non-hyperbolic limit cycles become hyperbolic.
(iii) Xk and Wk are topologically equivalent.

In particular, it follows from (iii) that we do not have the bifurcation of new limit
cycles and thus we conclude that Xk ∈ Σn

h and π(Xk) ⩾ k. □

We now prove a technical lemma that we will need to proof Theorem 1.

Lemma 1. Let X ∈ Xn and B ⊂ R2 a closed ball centered at the origin. Then
there is an arbitrarily small perturbation Y of X having a regular point p ∈ R2\B
such that ℓ ∩B = ∅, where ℓ is the straight line p+ sY (p), s ∈ R.

Proof. It follows from Shafer [16, Theorem 3.2] that we can take an arbitrarily
small perturbation Y ∈ Xn of X such that Y has at most a finite number of
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ℓ

Figure 1. Illustration of ℓ± and ℓ.

singularities. Let Y = (P,Q) and let Pi and Qi, i ∈ {0, . . . , n}, be homogeneous
polynomials of degree i such that P = P0 + · · · + Pn and Q = Q0 + · · · + Qn.
Replacing Y by an arbitrarily small perturbation if necessary, we can also suppose
Pn(1, 0)Qn(1, 0) ̸= 0. Let p = (x, 0), x > 0. Since Y has at most a finite number
of singularities, there is x0 > 0 such that if x > x0, then p is a regular point of Y .
Let ℓ+ and ℓ− be the two straight lines tangents to B and passing through p. Let
θ = θ(x) be the angle between ℓ± and the x-axis and observe that,

lim
x→∞

θ(x) = 0.

Let also φ = φ(x) be the angle between ℓ and the x-axis, which is given by

φ(x) = arctan
Q(x, 0)

P (x, 0)
,

see Figure 1. Since Pn(1, 0)Qn(1, 0) ̸= 0 it follows that,

lim
x→∞

φ(x) = arctan
Qn(1, 0)

Pn(1, 0)
̸= 0.

As a consequence, |φ(x)| > |θ(x)| for x > 0 big enough and thus ℓ ∩B = ∅. □

Proof of Theorem 1. Suppose first H(n) < ∞. It follows from Theorem 2(a) that
there is Z ∈ Σn

h such that π(Z) = H(n). Let B ⊂ R2 be a closed ball centered at
the origin and such that all the limit cycles of Z are in the interior of B. From
Lemma 1 and the structural stability of Z, we can suppose that Z has a regular point
p ∈ R2\B such that p + sZ(p) ̸∈ B for every s ∈ R. Let Y = (P,Q) ∈ Σn

h be the
vector field obtained from Z by translating p to the origin. Let X = (R,S) ∈ Xn+1

be given by

R(x, y) = (ax+ by)P (x, y), S(x, y) = (ax+ by)Q(x, y),

with a = −Q(0, 0) and b = P (0, 0). Let ℓ ⊂ R2 be the line given by ax + by = 0
and observe that X and Y are equal on each connected component of R2\ℓ, except
by the rescaling of time characterized by dt/dτ = ax+ by. It follows from Lemma 1
that B ∩ ℓ = ∅ and thus πh(X) = π(X) = π(Y ). Observe that ℓ is a line of
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singularities of X. In particular, the origin is a singularity of X and its Jacobian
matrix is given by,

DX(0, 0) =

(
aP (0, 0) bP (0, 0)

aQ(0, 0) bQ(0, 0)

)
=

(
ab b2

−a2 −ab

)
.

Hence, detDX(0, 0) = 0 and Tr DX(0, 0) = 0. Let Xε,δ = (Rε, Sδ) be given by

Rε(x, y) = (ax+ (b+ ε)y)P (x, y), Sδ(x, y) = ((a+ δ)x+ by)Q(x, y),

and observe that we can take |ε| > 0 and |δ| > 0 small enough such that the
following statements hold.

(i) All the hyperbolic limit cycles inside B persist.
(ii) The origin is an isolated singularity.
(iii) detDXε,δ(0, 0) > 0 and Tr DXε,δ(0, 0) = 0.

Hence, the origin is a monodromic singularity of Xε,δ. Let L1 be its first Lyapunov
constant (see Adronov et al. [1, p. 254]). Except perhaps by an arbitrarily small
perturbation on the nonlinear terms of Xε,δ, we can suppose L1 ̸= 0. Therefore, we
can take another small enough perturbation W ∈ Xn+1 of Xε,δ such that a limit
cycle bifurcates from the origin, while the others persist. Hence we obtain

π(W ) ⩾ π(Y ) + 1 = H(n) + 1,

and thus H(n+ 1) ⩾ H(n) + 1.
Suppose now H(n) = ∞. It follows Theorem 2(b) that there is a sequence (Zk),

with Zk ∈ Σn
h, such that π(Zk) → ∞. Since π(Zk) < ∞, we can apply the above

reasoning on each Zk obtaining a sequence (Wk), with Wk ∈ Xn+1, such that
π(Wk) → ∞ and thus proving that H(n+ 1) = ∞. □

4. Final remarks and a folklore result

Theorem 1 is not the first known result about recurrence properties of H(n).
It follows from the proof of Christopher and Lloyd [4] that H(2n + 1) ⩾ 4H(n).
Roughly speaking, given X ∈ Xn, the authors translate all the limit cycles of
X to the first quadrant and thus apply the non-invertible transformation (x, y) 7→
(u2, v2), followed by the rescaling of time dt/dτ = 2uv. Hence, obtaining Y ∈ X 2n+1

with a diffeomorphic copy of X in each open quadrant.
The challenge of Theorem 1 has been to relate H(n+ 1) with H(n). It is much

more easy for example to prove that H(n+ 2) ⩾ H(n) + 1. Indeed, given X ∈ Xn

let Y = (x2 + y2)X ∈ Xn+2 and observe that Y is equivalent to X except at the
origin, where it has an extra degenerate singularity. Hence, similarly to the end of
the proof of Theorem 1, we can take a small perturbation of Y creating an extra
limit cycle.

We end this note with the following folklore result.

Proposition 3. Let X be a planar analytic vector field. Then X has an enumerable
number of limit cycles. In particular, H(n) ⩽ ℵ0 for every n ∈ N.

Proof. If X has no limit cycles, then there is nothing to prove. Suppose therefore
that X has at least one limit cycle and let Γ = {γa}a∈A be an indexation of all its
limit cycles, A ̸= ∅. For each a ∈ A, set

δa = inf{d(γa, γb) : b ∈ A, b ̸= a},
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where d(γa, γb) is the usual distance between the compact sets γa and γb,

d(γa, γb) = min{||qa − qb|| : qa ∈ γa, qb ∈ γb}.
Since X is analytic, it follows that γa must be isolated (see [14, p. 217]) and thus
δa > 0 for every a ∈ A. Let Na ⊂ R2 be the open δa/2-neighborhood of γa, a ∈ A.
Observe that if a ̸= b, then Na ∩ Nb = ∅ (for otherwise d(γa, γb) < max{δa, δb}).
For each a ∈ A, choose ra ∈ Na ∩Q2 and define i(a) = ra. Observe that ra ̸= rb if
a ̸= b. Hence, we have an injective map i : A → Q2 and thus A is enumerable. □

Notice that Proposition 3 is optimal for the analytic case. For instance, the
planar analytic vector field

ẋ = −y + x sin(x2 + y2), ẏ = x+ y sin(x2 + y2),

has infinitely many limit cycles, given by x2 + y2 = kπ, with k ∈ Z>0.
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