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Abstract: In this paper, we describe the global dynamics of the Painlevé–Gambier equa-
tions numbered XVIII: x′′ − (x′)2/(2x)− 4x2 = 0, XXI: x′′ − 3(x′)2/(4x)− 3x2, and XXII:
x′′ − 3(x′)2/(4x) + 1 = 0. We obtain three rational functions as their first integrals and
classify their phase portraits in the Poincaré disc. The main reason for considering these
three Painlevé–Gambier equations is due to the paper of Guha, P., et al., where the au-
thors studied these three differential equations in order to illustrate a method to generate
nonlocal constants of motion for a special class of nonlinear differential equations. Here,
we want to complete their studies describing all of the dynamics of these equations. This
demonstrates that the phase portraits of equations XVIII and XXI in the Poincaré disc are
topologically equivalent.

Keywords: Painlevé–Gambier equations; phase portrait; Poincaré disc; first integral

MSC: 34C05

1. Introduction
Some of the most studied differential systems are second-order ordinary differential

equations (ODEs) x′′ + F(x, x′) = 0, in particular those equivalent to conservation equa-
tions, x′′ + g(x) = 0, where the prime denotes the derivative with respect to the time t.
By adding to a linear term of x′, x′′ + f (x)x′ + g(x) = 0, we obtain the famous Liénard dif-
ferential equation. In this paper, we consider a class of systems equivalent to second-order
ordinary differential equations in which the quadratic term of x′ is considered,

x′′ + f (x)(x′)2 + g(x) = 0. (1)

Such a study is motivated by a wide range of interests. In [1], the authors studied the
following three types of the Painlevé–Gambier equations

XVIII x′′ − 1
2x

(x′)2 − 4x2 = 0,

XXI x′′ − 3
4x

(x′)2 − 3x2,

XXII x′′ − 3
4x

(x′)2 + 1 = 0.
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They developed a method based on a generalization of the Sundman transforma-
tion in order to obtain new nonlocal first integrals of autonomous second-order ordinary
differential equations.

The previous three differential equations are inside 50 second-order ordinary differ-
ential equations possessing a canonical form whose solutions have the Painlevé property
developed by Painlevé, Gambier and their pupils. The results of [2] show that apart from
6 Painlevé-equations, the remaining 44 of the Painlevé–Gambier classification have solu-
tions that can be expressed in terms of elementary functions. Ince studied many aspects of
Painlevé–Gambier equations, for instance first integrals and analytical solutions (see the
details in [3]). The authors of [4] used the generalized Sundman transformation method
in order to construct other first integrals for some 50 differential equations classified by
Painlevé and Gambier. For other results related to the Painlevé and Gambier, equations
see [5,6].

The generalized Sundman transformation proposed by Akande et al. [7] is used to
study the first integrals, symmetries, and solutions of equations using the Painlevé–Gambier
method, such as trigonometric periodic solutions and periodic solutions in [1,7,8]. In [8],
the authors calculated the explicit and exact general periodic solutions of the cubic Duffing
equation and some Painlevé–Gambier equations. Kudryashov and Sinelshchikov studied
connections between the Liénard equation and some equations of the Painlevé–Gambier
type and obtained three new criteria for the integrability of the Liénard equation; see
the details in [9]. Sinelshchikov, in [10], investigated nonlinear oscillators with quadratic
damping, extending the Liénard equation, and demonstrated that nonlocal transforma-
tions preserved invariant curves, resulting in two integrable subfamilies associated with
the Painlevé–Gambier classification, each with specific first integrals. Building on this,
Ishchenko and Sinelshchikov, in 2023, further explored a family of nonlinear oscillators
with quadratic damping and showed that nonlocal transformations preserved autonomous
invariant curves. This facilitated the construction of two integrable subfamilies connected
to the Painlevé–Gambier classification, along with their corresponding invariant curves
and first integrals; see [11] for details.

The objective of this paper is to classify the phase portraits of Painlevé–Gambier
equations XVIII, XXI, and XXII. These can be written as the following first-order ordinary
differential equations

x′ = y, y′ =
y2

2x
+ 4x2. (2)

x′ = y, y′ =
3y2

4x
+ 3x2. (3)

x′ = y, y′ =
3y2

4x
− 1. (4)

In the next theorem, we classify the phase portraits in the Poincaré disc of the differen-
tial systems (2)–(4). Generally speaking, the Poincaré disc is the closed unit disc centered at
the origin of R2 whose interior has been identified with R2 and the boundary the circle is
the infinity of R2. The polynomial differential equations in R2 can be extended analytically
to the Poincaré disc; in this way, we can study the dynamics of these differential systems
near infinity; for more details, see Chapter 5 of [12] and see also [13].

Define the three functions

H1 = H1(x, y) =
y2 − 4x3

x
, H2 = H2(x, y) =

(y2 − 4x3)2

x3 , H3 = H3(x, y) =
(y2 − 4x)2

x3 .
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Theorem 1. In the Painlevé–Gambier classification, equation XVIII, (as well as XXI and XXII)
has a rational first integral, denoted as H1 (respectively, H2 and H3). Moreover, the phase portrait
of the equations numbered XVIII and XXI in the Poincaré disc is shown in Figure 1a, and the phase
portrait of the equation numbered XXII in the Poincaré disc is shown in Figure 1b.

Whethe the first integrals in the statement of Theorem 1 are first integrals can be easily
checked using direct computations. The proof of Theorem 1 for systems XVIII and XXI is
given in Section 2. The proof for system XXII is shown in Section 3.

(a) (b)

Figure 1. Figure (a) is the phase portrait of differential equations XVIII and XXI, and Figure (b) is the
phase portrait of the differential equation XXII. The dashed straight line in both figures denotes the
straight line x = 0, where these differential systems are not defined.

2. The Painlevé–Gambier Equations XVIII and XXI
2.1. Finite Equilibrium Points

For the differential Equation (1), let

f (x) = − a
x

, g(x) = −bx2

with two real parameters 0 < a < 1 and b > 0, which is written as the first-order ordinary
differential equations

x′ = y, y′ =
ay2

x
+ bx2. (5)

It contains the Painlevé–Gambier equations numbered XVII and XXI if choosing
a = 1/2, b = 4 and a = 3/4, b = 3 respectively. In order to obtain the phase portraits
of the Painlevé–Gambier equations numbered XVII and XXI, we consider the differential
system (5). For the change in time ds = dt/x, where t is the old time and s is the new time,
we change the differential system to the polynomial form

x′ = xy, y′ = ay2 + bx3,

now the prime denotes the derivative with respect to the new time s. Further, using the
change in variables x = (a1/3/b1/3)X and y = Y with 0 < a < 1 and b > 0m we obtain a
one-parameter differential system

x′ = xy, y′ = a(y2 + x3), (6)

here, we still use x and y instead of X and Y, respectively. Define the function



Mathematics 2025, 13, 756 4 of 12

H = H(x, y) =
2ax3 + (2a − 3)y2

(2a − 3)x2a .

We check that H is a first integral. Indeed, (∂H/∂x)(xy) + (∂H/∂y)(ay2 + ax3) = 0.
Clearly, the differential system (6) has a unique equilibrium point (x, y) = (0, 0), and

its Jacobian is the zero matrix. In order to study the local phase portrait at the origin, we
use blow ups as a tool to desingularize the equilibrium point; see for more details [14,15].
As the characteristic directions at the origin are (1 − a)xy2 = 0, it follows that x = 0 is a
characteristic direction. Before allowing a vertical blow up, we apply the twist defined by
x = x1 − y1 and y = y1, and obtain

x′1 = x1y1 + (a − 1)y2
1 + ax3

1 − 3ax2
1y1 + 3ax1y2

1 − ay3
1,

y′1 = ay2
1 + ax3

1 − 3ax2
1y1 + 3ax1y2

1 − ay3
1.

Now, the characteristic directions at the origin are (1 − a)(x1 − y1)y2
1 = 0. So, x1 = 0

is not a characteristic direction. Then, we perform a blow up defined by the change in
variables x1 = x2, y1 = x2y2, along with the time rescaling ds = dτ/x2, and obtain

x′2 = ax2
2 + x2y2 − 3ax2

2y2 + (a − 1)x2y2
2 + 3ax2

2y2
2 − ax2

2y3
2,

y′2 = ax2 − 4ax2y2 + (a − 1)y2
2 + 6ax2y2

2 − (a − 1)y3
2 − 4ax2y3

2 + ax2y4
2.

(7)

Now we compute the equilibrium points on the straight line x2 = 0. The computations
show that there are two equilibrium points (x2, y2) = (0, 0) and (x2, y2) = (0, 1).

Computing the Jacobian matrix evaluated at the equilibrium point (0, 1), we have that
the equilibrium (x2, y2) = (0, 1) is a hyperbolic node as the eigenvalues are 1 − a and a.
On the other hand, we check that the Jacobian matrix at (0, 0) is nilpotent. Further, we use
the change in variables defined by x2 = y3 and y2 = ax2 to transform the following

x′3 = y3 + A(x3, y3), y′3 = B(x3, y3),

where

A(x3, y3) = a(a − 1)x2
3 − 4ax3y3 − a2(a − 1)x3

3 + 6a2x2
3y3 − 4a3x3

3y3 + a4x4
3y3,

B(x3, y3) = ax3y3 + ay2
3 + a2(a − 1)x2

3y3 − 3a2x3y2
3 + 3a3x2

3y2
3 − a4x3

3y2
3.

Solving equation y3 + A(x3, y3) = 0, we obtain

y3 = f (x3) =
a(a − 1)x2

3
(ax3 − 1)3 .

Check that

F(x3) = B(x3, f (x3)) = a2(1 − a)x3
3 + O(x4

3),

G(x3) =
(∂A(x3, y3)

∂x3
+

∂B(x3, y3)

∂y3

)
|(x3, f (x3))

= a(2a − 1)x3.

Then, there are two cases, a = 1/2 and a ∈ (0, 1/2)∪ (1/2, 1). From [12] (Theorem 3.5,
p. 116), it follows that the equilibrium point (x2, y2) = (0, 0) is a saddle in both cases.
On the other hand, we see x′2 = 0 and y′2 = (1 − a)(y2 − 1)y2

2 on the y2-axis. Note that
the horizontal isocline H : (y2 − 1)(ax2(y2 − 1)3 + (1 − a)y2

2) = 0, from which we obtain
y2 = 1 and

x2 = f (y2) = −
(1 − a)y2

2
a(y2 − 1)3 .
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Consider the derivative of f

x′2 = f ′(y2) =
(1 − a)y2(y2 + 2)

a(y2 − 1)4 ,

from which we obtain two zeros 0 and −2. Moreover

f ′(y2) > 0 ∀y2 ∈ (−∞,−2),

f ′(y2) < 0 ∀y2 ∈ (−2, 0), and

f ′(y2) > 0 ∀y2 ∈ (0, 1) ∪ (1,+∞).

Further, f reaches a minimal value at y2 = 0 and a maximal value at y2 = −2. Compute

lim
y2→−∞

f (y2) = 0, f (−2) =
4(1 − a)

27a
, f (0) = 0,

lim
y2→1−

f (y2) = +∞, lim
y2→1+

f (y2) = −∞, lim
y2→+∞

f (y2) = 0.

Then, we see the graph of the horizontal isocline; see Figure 2a. Further, we obtain
the vector field in the vertical direction for the differential system (7), as it is displayed
in Figure 2a. Thus, we obtain the local phase portrait at the equilibrium points (0, 0) and
(0, 1); see Figure 3a.

(a) (b)

Figure 2. The horizontal isocline is displayed in Figure (a) for the differential system (7). The vector
field is displayed in Figure (b) for the differential system (6).

Going back to the differential system (6), we check that x′ = 0 and y′ = ay2 on
the y-axis. Then, combining the vector field in Figure 2b,we obtain one elliptic and one
hyperbolic sector separated by two parabolic sectors at the origin; see Figure 3b.

(a) (b)

Figure 3. Figure (a) is the local phase portrait at the origin for the differential system (7), and Figure (b) is
the local phase portrait at the origin for the differential system (6).
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2.2. Infinite Equilibrium Points

In order to study the dynamics near infinity for the differential system (6), we introduce
the Poincaré compactification; see more details in [12,15]. First, in the local chart U1, the
differential system becomes

u′ = a + (a − 1)u2v, v′ = −uv2,

and in the local chart, U2 it becomes

u′ = (1 − a)uv − au4, v′ = −av2 − au3v. (8)

Clearly, we see that there are no infinite equilibrium points in the local chart U1,
and the origin is an equilibrium point for the second differential system. Moreover, we
observe that the Jacobian evaluated at the origin is the zero matrix. The characteristic
directions at the origin are uv2 = 0. Then, we perform the twist defined by u = u1 − v1 and
v = v1 and obtain the following

u′
1 = (1 − a)u1v1 − v2

1 − au4
1 + 3au3

1v1 − 3au2
1v2

1 + au1v3
1,

v′1 = −av2
1 − au3

1v1 + 3au2
1v2

1 − 3au1v3
1 + av4

1.

Now, the characteristic directions at the origin are v2
1(u1 − v1) = 0. Thus, we perform

the blow ups u1 = u2, v1 = u2v2 to desingularize the origin and the time rescaling ds =

dτ/u2, and obtain

u′
2 = (1 − a)u2v2 − au3

2 − u2v2
2 + 3au3

2v2 − 3au3
2v2

2 + au3
2v3

2,
v′2 = −v2

2 + v3
2,

(9)

where the prime presents the derivative with respect to the new time τ. Now, we compute
the equilibrium points on the v2-axis and obtain two equilibrium points (u2, v2) = (0, 0)
and (u2, v2) = (0, 1). Clearly the linear part of the equilibrium point (u2, v2) = (0, 0) is a
zero matrix. On the other hand, the eigenvalues at (u2, v2) = (0, 1) are 1 and −a; therefore,
it is a hyperbolic saddle.

As the characteristic directions at the origin are (2 − a)u2v2
2 = 0, we use the twist

defined by u2 = u3 − v3, v2 = v3 before performing more blow ups, and obtain

u′
3 = (1 − a)u3v3 + (a − 2)v2

3 − au3
3 + 3au2

3v3 − (3a + 1)u3v2
3 + (a + 2)v3

3 + 3au3
3v3 − 9au2

3v2
3

+9au3v3
3 − 3av4

3 − 3au3
3v2

3 + 9au2
3v3

3 − 9au3v4
3 + 3av5

3 + au3
3v3

3 − 3au2
3v4

3 + 3au3v5
3 − av6

3,

v′3 = −v2
3 + v3

3.

Now, the characteristic directions at the origin are −v2
3((a − 2)u3 + 2v3) = 0. Thus,

we perform the blow ups with the change in variables u3 = u4, v3 = u4v4 and the time
rescaling dτ = dσ/u2

4, and obtain the following

u′
4 = −au2

4 + (1 − a)u4v4 + 3au2
4v4 + (a − 2)u4v2

4 + 3au3
4v4 − (3a + 1)u2

4v2
4

−9au3
4v2

4 + (a + 2)u2
4v3

4 − 3au4
4v2

4 + 9au3
4v3

4 + 9au4
4v3

4 − 3au3
4v4

4 + au5
4v3

4
−9au4

4v4
4 − 3au5

4v4
4 + 3au4

4v5
4 + 3au5

4v5
4 − au5

4v6
4,

v′4 = au4v4 + (a − 2)v2
4 − 3au4v2

4 + (2 − a)v3
4 − 3au2

4v2
4 + (3a + 2)u4v3

4
+9au2

4v3
4 − (a + 2)u4v4

4 + 3au3
4v3

4 − 9au2
4v4

4 − 9au3
4v4

4 + 3au2
4v5

4 − au4
4v4

4
+9au3

4v5
4 + 3au4

4v5
4 − 3au3

4v6
4 − 3au4

4v6
4 + au4

4v7
4,

(10)
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where the prime denotes the derivative with respect to the new time σ. Considering the equi-
librium points on the v4-axis, we obtain the two equilibrium points (0, 0) and (0, 1). More-
over, we compute the Jacobian evaluated at (0, 0) (respectively (0, 1)), and obtain a zero
matrix (respectively, two eigenvalues −1 and 2 − a). It follows that the equilibrium point
(0, 1) is a hyperbolic saddle. For the local phase portrait at (0, 0), we need to perform more
blow ups, but its characteristic directions at the origin are −u4v4(2au4 + (2a − 3)v4) = 0.

Similarly, we perforn the twist defined by u4 = u5 − v5, v4 = v5 and see that the
characteristic directions at the origin are −v5(v5 − u5)(3v5 − 2au5) = 0 because the twisted
system is as follows

u′
5 = −au2

5 + (2a + 1)u5v5 − 3v2
5 + 3au2

5v5 − 2(4a + 1)u5v2
5 + 4(a + 1)v3

5 + 3au3
5v5

−(15a + 1)u2
5v2

5 + 4(6a + 1)u5v3
5 − 3(4a + 1)v4

5 − 9au3
5v2

5 + (37a + 2)u2
5v3

5
−6(8a + 1)u5v4

5 + 4(5a + 1)v5
5 − 3au4

5v2
5 + 24au3

5v3
5 − 63au2

5v4
5 + 66au5v5

5 − 24av6
5

+9au4
5v3

5 − 48au3
5v4

5 + 93au2
5v5

5 − 78au5v6
5 + 24av7

5 + au5
5v3

5 − 15au4
5v4

5 + 59au3
5v5

5
−97au2

5v6
5 + 72au5v7

5 − 20av8
5 − 3au5

5v4
5 + 21au4

5v5
5 − 57au3

5v6
5 + 75au2

5v7
5

−48au5v8
5 + 12av9

5 + 3au5
5v5

5 − 18au4
5v6

5 + 42au3
5v7

5 − 48au2
5v8

5 + 27au5v9
5

−6av10
5 − au5

5v6
5 + 6au4

5v7
5 − 14au3

5v8
5 + 16au2

5v9
5 − 9au5v10

5 + 2av11
5 ,

v′5 = au5v5 − 2v2
5 − 3au5v2

5 + 2(a + 1)v3
5 − 3au2

5v2
5 + (9a + 2)u5v3

5 − 2(3a + 1)v4
5 + 9au2

5v3
5

−(19a + 2)u5v4
5 + 2(5a + 1)v5

5 + 3au3
5v3

5 − 18au2
5v4

5 + 27au5v5
5 − 12av6

5 − 9au3
5v4

5
+30au2

5v5
5 − 33au5v6

5 + 12av7
5 − au4

5v4
5 + 13au3

5v5
5 − 33au2

5v6
5 + 31au5v7

5 − 10av8
5

+3au4
5v5

5 − 15au3
5v6

5 + 27au2
5v7

5 − 21au5v8
5 + 6av9

5 − 3au4
5v6

5 + 12au3
5v7

5 − 18au2
5v8

5
+12au5v9

5 − 3av10
5 + au4

5v7
5 − 4au3

5v8
5 + 6au2

5v9
5 − 4au5v10

5 + av11
5 .

Furthermore, we perform the change in variables u5 = u6, v5 = u6v6 and the rescaling
time dσ = ς/u6, and obtain the following

u′
6 = −au6 + (2a + 1)u6v6 + 3au2

6v6 − 3u6v2
6 + 3au3

6v6 − 2(4a + 1)u2
6v2

6
−(15a + 1)u3

6v2
6 + 4(a + 1)u2

6v3
6 − 9au4

6v2
6 + 4(6a + 1)u3

6v3
6 − 3au5

6v2
6

+(37a + 2)u4
6v3

6 − 3(4a + 1)u3
6v4

6 + 24au5
6v3

6 − 6(8a + 1)u4
6v4

6 + 9au6
6v3

6
−63au5

6v4
6 + 4(5a + 1)u4

6v5
6 + au7

6v3
6 − 48au6

6v4
6 + 66au5

6v5
6 − 15au7

6v4
6

+93au6
6v5

6 − 24au5
6v6

6 − 3au8
6v4

6 + 59au7
6v5

6 − 78au6
6v6

6 + 21au8
6v5

6 − 97au7
6v6

6
+24au6

6v7
6 + 3au9

6v5
6 − 57au8

6v6
6 + 72au7

6v7
6 − 18au9

6v6
6 + 75au8

6v7
6

−20au7
6v8

6 − au10
6 v6

6 + 42au9
6v7

6 − 48au8
6v8

6 + 6au10
6 v7

6 − 48au9
6v8

6 + 12au8
6v9

6
−14au10

6 v8
6 + 27au9

6v9
6 + 16au10

6 v9
6 − 6au9

6v10
6 − 9au10

6 v10
6 + 2au10

6 v11
6 ,

v′6 = 2av6 − (2a + 3)v2
6 − 6au6v2

6 + 3v3
6 − 6au2

6v2
6 + 2(5a + 2)u6v3

6 + 3(8a + 1)u2
6v3

6
−4(a + 1)u6v4

6 + 18au3
6v3

6 − 6(5a + 1)u2
6v4

6 + 6au4
6v3

6 − 4(14a + 1)u3
6v4

6
+3(4a + 1)u2

6v5
6 − 42au4

6v4
6 + 2(29a + 4)u3

6v5
6 − 18au5

6v4
6 + 90au4

6v5
6

−4(5a + 1u3
6)v

6
6 − 2au6

6v4
6 + 78au5

6v5
6 − 78au4

6v6
6 + 28au6

6v5
6 − 126au5

6v6
6

+24au4
6v7

6 + 6au7
6v5

6 − 92au6
6v6

6 + 90au5
6v7

6 − 36au7
6v6

6 + 128au6
6v7

6
−24au5

6v8
6 − 6au8

6v6
6 + 84au7

6v7
6 − 82au6

6v8
6 + 30au8

6v7
6 − 96au7

6v8
6

+20au6
6v9

6 + 2au9
6v7

6 − 60au8
6v8

6 + 54au7
6v9

6 − 10au9
6v8

6 + 60au8
6v9

6 − 12au7
6v10

6
+20au9

6v9
6 − 30au8

6v10
6 − 20au9

6v10
6 + 6au8

6v11
6 + 10au9

6v11
6 − 2au9

6v12
6 ,

(11)

where the prime shows the derivative with respect to the new time ς. Considering the
equilibrium points on the v6-axis, we see that there are three equilibrium points, (0, 0),
(0, 2a/3), and (0, 1). Computing the Jacobian matrix at each equilibrium point, we see that the
eigenvalues are 2a and −a at (0, 0), −a/3 and 2a(2a− 3)/3 at (0, 2a/3), and 3− 2a and a− 2 at
(0, 1). It follows that (0, 0) and (0, 1) are two saddles and (0, 2a/3) is a stable node as 0 < a < 1.
Note that u′

6|u6=0 = 0 and v′6|u6=0 = −v6(v6 − 1)(2a − 3v6). Then, the v6-axis is an invariant
line. Similarly, we see u′

6|v6=0 = −au6 and v′6|v6=0 = 0, and u′
6|v6=1 = −(a − 2)u6(u6 − 1)
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and v′6|v6=1 = 0, implying that the u6-axis and the line v6 = 1 are invariant. Thus, we obtain
the local phase portrait at the three equilibrium points; see Figure 4a.

Returning to the differential system (10), we see

u′
4|u4=0 = 0, v′4|u4=0 = (2 − a)v2

4(v4 − 1),

u′
4|v4=0 = −au2

4, v′4|v4=0 = 0,

u′
4|v4=1 = u4(u4 − 1), v′4|v4=1 = 0.

Thus, the u4-axis, v4-axis, and v4 = 1 are invariant. Further, we obtain the local phase
portrait at the two equilibrium points (0, 0) and (0, 1); see Figure 4b. As for the differential
system (9), we similarly have

u′
2|u2=0 = 0, v′2|u2=0 = v2

2(v2 − 1),

u′
2|v2=0 = −au3

2, v′2|v2=0 = 0,

u′
2|v2=1 = −au2, v′2|v2=1 = 0.

Thus, the u2-axis, the v2-axis, and v2 = 1 are also invariant, and the local phase
portrait is given in Figure 4c. Eventually, we obtain the local phase portrait at the origin
of the local chart U2 (see Figure 4d), where the u-axis and v-axis are invariant because
u′|u=0 = 0, v′|u=0 = −av2 < 0 and u′|v=0 = −au4 < 0, v′|v=0 = 0.

(a) (b)

(c) (d)

Figure 4. (a) The local phase portrait at the three equilibrium points (0, 0), (0, 2a/3), and (0, 1) for the
differential system (11). (b) The local phase portrait at (0, 0 and (0, 1) for the differential system (10).
(c) The local phase portrait at (0, 0 and (0, 1) for the differential system (9). Finally, the local phase
portrait of the differential system (8) is shown in Figure (d).
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2.3. Phase Portraits of Painlevé–Gambier Equations XVIII and XXI

From the two Figures 3b and 4d, we obtain the phase portrait of the differential
system (6); see Figure 5. Recalling the time rescaling ds = dt/x and going back to the
differential system (5) containing the Painlevé–Gambier equations XVIII and XXI, the phase
portrait is shown in Figure 1a.

Figure 5. The phase portrait of the differential system (6).

3. The Painlevé–Gambier Equation XXII
3.1. Finite Equilibrium Points

We end with the study of the Painlevé–Gambier equation XXII. With the time rescaling
ds = dt/(4x), it becomes a polynomial differential system

x′ = 4xy, y′ = 3y2 − 4x, (12)

where the prime denotes the derivative with respect to the new time s. We check that
the function

H =
(y2 − 4x)2

x3

is a first integral for the differential system (12). In order to obtain the phase portrait in the
Poincaré disc of the differential system (12), we see that the origin is a unique equilibrium
point. Furthermore, we have that its linear part is nilpotent. Through completing the
change in variables x = y1 and y = −4x1, it becomes the following

x′1 = y1 − 12x2
1, y′1 = −16x1y1.

Let A(x1) = −12x2
1 and B(x1, y1) = −16x1y1. Then, from equation y1 +A(x1) = 0,

we see
y1 = f (x1) = 12x2

1.

On the other hand

F (x1) = B(x1, f (x1)) = −192x3
1,

G(x1) =
(∂A(x1, y1)

∂x1
+

∂B(x1, y1)

∂y1

)
|(x1, f (x1))

= −40x1.

From [12] (Theorem 3.5, p.116), the phase portrait of the origin (x1, y1) = (0, 0) consists
of one hyperbolic and one elliptic sector. Note that x′|x=0 = 0 and y′|x=0 = 3y2, implying
that the y-axis is invariant. Together with the horizontal isocline x = 3y2/4 from the second
equation in (12), we see the vector field, as it is shown in Figure 6a. Thus, we obtain the
local phase portrait at the origin for the differential system (12); see Figure 6b.



Mathematics 2025, 13, 756 10 of 12

(a) (b)

Figure 6. Figure (a) is the vector field of the differential system (12), and Figure (b) is the local phase
portrait at the origin for the differential system (12).

3.2. Infinite Equilibrium Points

Now, we study the local phase portraits at the infinite equilibria. First, in the local
chart U1, the differential system (12) becomes

u′ = −u2 − 4v, v′ = −4uv, (13)

and in the local chart U2 it becomes

u′ = u + 4u2v, v′ = −3v + 4uv2. (14)

Clearly, the origin of the local chart U1 is the unique equilibrium point on the u-axis
for the first differential system and the origin the local chart U2 is an equilibrium point for
the second differential system.

On the other hand, we see that the linear part of the differential system (13) is nilpotent.
As it is discussed for the origin at the differential system (12), we similarly obtain that the
phase portrait of the origin for the local chart U1 consists of one hyperbolic and one elliptic
sector. Noting the horizontal isocline v = −u2/4 by (13), we have that the vector field are
displayed in Figure 7a. Since u′|v=0 = −u2 and v′|v=0 = 0 we see that the u-axis is invariant.
Thus we obtain the local phase portrait at the origin for the differential system (13); see
Figure 7b.

(a) (b) (c)

Figure 7. Figure (a) is the vector field of the differential system (13). Figure (b) is the local phase
portrait at the origin for the differential system (13). Figure (c) is the local phase portrait at the origin
for the differential system (14).

Evaluated at the origin of the local chart U2, the eigenvalues are −3 and 1, implying
that it is a saddle. On the other hand, u′|u=0 = 0 and v′|u=0 = −3v, and u′|v=0 = u and
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v′|v=0 = 0, implying that the u-axis and v-axis are invariant. Its local phase portrait is
displayed in Figure 7c.

3.3. Phase Portraits of Painlevé–Gambier Equation XXII

Combing the three Figures 6b and 7b,c, we obtain the phase portrait of the differential
system (12); see Figure 8. Recalling the time rescaling ds = dt/(4x) and going back to the
Painlevé–Gambier equation XXII, we obtain the phase portrait, as it is shown in Figure 1b.

Figure 8. The phase portrait of the differential system (12).
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