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Abstract. In this work we study the maximum number of limit cycles in
some classes of discontinuous piecewise differential systems formed by two
rigid systems separated by a straight line. These rigid systems are formed
by a linear center plus a homogeneous polynomial of degree 2,3,4,5,6.
For these classes of piecewise differential systems we solve the extended
16th Hilbert problem.
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1. Introduction and statements of the main results

Following [4,12] a center is a singularity p € R of a planar analytical differential
system such that there exists an open neighborhood U of p such that all
solutions in U\{p} are periodic. Denote by T}, the period of the periodic orbit
through the point ¢ € U\{p}. We say that p is an isochronous center if T,
is constant for ¢ € U\{p}. Furthermore, an isochronous center is uniform or
rigid if the angular velocity of the vector field is the same for all periodic
orbits in U\{p}. In other words, an isochronous center is rigid if in polar
coordinates (r,0) defined by © = rcosf, y = rsinf, it can be written as
dr/dt = G(r,0),d0/dt = k, where k # 0 is constant. Besides, according to [3]
a rigid differential system in the plane R? having a focus or a center at the
origin of coordinates can be written in the form

ﬂb=%:—y+xF(w,y), y:%=w+yF(w,y)y (1)
where F(z,y) is a smooth real function. This system has only one singular
point at the origin of coordinates.
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For system (1), the center-focus problem, which consists of determining
conditions that differentiate the cases in which the origin is a focus from the
cases in which it is a center, is equivalent to the isochronicity problem [5]. The
isochronicity problem has been studied by several authors due to its appli-
cations in physics, see [10,15]. Futhermore, nowadays, isochronicity has also
been explored for discontinuous piecewise differential systems, considering the
coupling of two or more rigid systems and investigating their dynamics, see
[8,9].

In this paper we study the limit cycles of the piecewise differential systems
separated by a straight line, that without loss of generality we take y = 0, and
formed by the two rigid systems

& =—y+a(\+P(,y)) = X, (z,y),
g=z+y\+ Pla,y) = X5, (2,y),

where P(z,y) is a homogeneous polynomial of degree m — 1, and
& =—y+rA+Q(z,y) =Y, (2,y),
g =z +yA+Qz,y)) =Y, (z,y),

where Q(z,y) is a homogeneous polynomial of degree n — 1. As usual the dot
denotes derivative with respect to the time ¢. The interest in studying the limit
cycles of discontinous piecewise differential systems has increased in the last
years due to a big number of applications of these systems, see for instance
the recent papers [2,6,11,13,14].

The famous 16th Hilbert problem asks for an upper bound for the maxi-
mum number of limit cycles that the polynomial vector fields in the plane of a
given degree can exhibit, see [7]. For the moment this problem remains open.
Here we solve the extension of the 16th Hilbert problem for some classes of
piecewise differential systems separated by the straight line y = 0 and formed
by the two rigid polynomial differential systems (2) and (3) of degree m and
n, respectively.

Our main result is the following one.

(2)

(3)

Theorem 1. Consider the piecewise differential systems separated by the straight
line y = 0 and formed by the two rigid polynomial differential systems (2) and
(3) of degree m and n respectively, with m < n, where P and Q are homoge-
neous polynomials of degree m — 1 and n — 1, respectively. Then the piecewise
differential system has

(a) at most 1 limit cycle if m =n = 2 and the bound is reached;

(b) at most 2 limit cycles if m =2 and n = 3 and the bound is reached;
(¢) at most 3 limit cycles if m =2 and n =4 and the bound is reached;
(d) at most 4 limit cycles if m =2 and n = 5;

(e) at most 5 limit cycles if m = 2, and n = 6;

(f) at most 1 limit cycles if m =n = 3 and the bound is reached;

(9) at most 4 limit cycles if m = 3 and n = 4;

(h) at most 2 limit cycles if m = 3 and n =5 and the bound is reached;
(i) at most 5 limit cycles if m = 3 and n = 6;
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(j) at most 1 limit cycles if m = 4 and n = 4 and the bound is reached;
(k) at most 6 limit cycles if m =4 and n = 5;

(1) at most 6 limit cycles if m =4 and n = 6;
(m) at most 1 limit cycles if m =n =5 and the bound is reached;

(n) at most 8 limit cycles if m =5 and n = 6.

The rest of the paper is dedicated to prove Theorem 1.

2. Proof of theorem 1

If the degrees of the polynomials P(x,y) and Q(x,y) are > 2, then the eigen-
values of the linear part of the differential systems (2) and (3) at the origin of
coordinates are A + i. So the origin is a hyperbolic focus if A # 0, and it is a
weak focus or a center if A = 0.

Case (m,n) = (2,2). Then the homogeneous polynomials P(x,y) and Q(z,y)
have degree one, and we have the piecewise differential system separated by
y = 0 and formed by the two rigid systems defined by the vector fields

Xs(x,y) = —y+ (A + a1z + agy),
XQQ(:B’ y) =T + y(>‘ +arx + a2y)7

Xo(z,y) = { (4)

and
Yy (z,y) = — y+ x(A + biz + bay),

5 (5)
Y5 (7,y) =2 + y(A + b1 + bay).

Ya(z,y) = {
We write these two differential systems in polar coordinates (r, ), where 2 =
rcos® and y = rsinf. Then system (4) becomes

7 =1\ +7r%(a; cosf + agsin ), 0=1.

or equivalently

d
r = I; = r)\+r2(a1 cosf + as Sina)'

Thus, the solution 71 (6) of the differential equation /() such 1 (0) = r¢ is

_ e“ro(l + )\2)

T 1 —azro +arror + A2 + e rg(az — a1 X) cosd — eV rg(ag + az))sind’
(6)

Similarly system (5) in polar coordinates taken 6 as the new independent

variable writes

T1(9)

d
7‘/ = d—g = ’r‘)\ + Tz(bl COSe + b2 Sine)
and its solution ro (@) such ro(m) = ry is
ra(0) = ri(1+A%)
2= em™ (1 4+ bary — biri A+ A2) — eV 7y ((—ba 4+ biX) cos 0 + (by + b2 A) sin6)

(7)
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The trajectory r1(6) of the vector field X5 such that r;(0) = ry intersects
the straight line y = 0 at the point (r1(7),0). Then since we want to concate-
nate the solution r1(f) with a trajectory of vector field Y, we consider the
solution r(6) such that ro(7) = (7). Now we want that after a time 7 the
solution r2(f) intersects the straight line y = 0 at rg, in this way the piecewise
differential system will have a periodic orbit. If this periodic orbit is isolated
in the set of all periodic orbits of the piecewise differential system it will be a
limit cycle.

In summary, for studying the limit cycles of the piecewise differential
system formed by the vector fields X5 and Y5 we must solve the equation
ro(2m) = 1o for ro, i.e. the equation

e2mA ()\2 + 1) o
1 + )\2 + 7'0(1 + e“)‘)(al)\ — a2 + 67r>‘(b2 — bl)\))

The solutions of this equation are

=T0-. (8)

(1-e™) (3 +1) .
as — ar A + e™ (A — by)’ (9)
Since the origin is always an equilibrium point of the system, we only have the
solution 73 providing a periodic orbit. More precisely, if A = 0, then rZ = 0 and
if (ag — a1\ + €™ (by A — by)) = 0, then r2 does not exist. So, in order that 72
be positive and provides a periodic orbit we must have (1 — e”‘) (a2 — a1 A+
e™ (b1 A — by)) > 0, and then since the piecewise differential system has only
one periodic orbit, this is a limit cycle. Statement (a) of Theorem 1 is proved.

Case(m,n)=(2,3). Now the piecewise differential system is formed by the vector
field X, defined in the previous case and the vector field (3) with n = 3, i.e.

Ya(z.y) Ygl(x,y) = —y+ 2\ + bix? + bozy + b3y?),
x,y) =
’ Y2 (2,y) =2 + y(A + bia® + by + byy?).

ro,1 = 0 and ro,2 =

(10)

This vector field in polar coordinates (10) provides the differential system
1 .
=1+ §r3(b1 + by + (b1 — b3) cos(20) + by sin(20)), O=1,  (11)

or the equivalent differential equation
,_dr
de

The solution r9(6) of this differential equation such that ro(mw) = rq is

ro(0) = 60)\— V2A( + %) (12)
’ VE1/r?+ En

1
r =riA+ 57’3(1)1 + b3 + (b1 — b3) cos(26) + by sin(26)).

where
Er1 = ¥ (b + b3)r? 4 (2 — bar?) A + 2017202 4 2)3),
Eig = —e2((by + b3)(1 + A?) + A(=bg + (by — b3)\) cos(26)
+ A(by — b3 + ba)\) sin(26)).



NoDEA Limit cycles of discontinuous piecewise differential systems Page 5 of 21 48

0.0251

0.020

0.015F

0.010F

0.005

0.074 0.076 0.078 0.080

FIGURE 1. Real positive roots for case (m,n) = (2, 3)

In this way, the limit cycles satisfy the equation (re(27))? —rZ = 0, then
we consider the numerator of the equation (r2(27))? — rZ = 0, and we obtain
(1 + e’”‘) r3p1(ro), being pi1(ro) the following polynomial of degree 2 in 7

p1(ro) = (Co,1 + Cr170 + CQ,IT(%)a (13)
where
00,1 =92 (eﬂ'>\ _ 6271')\ + e?ﬁr)\ _ 1) A ()\2 + 1)27
01,1 =4\ ()\2 + 1) (CLQ — al)\),
Ca1 =— A (2a] (€™ + 1) A% — dajaz (6™ + 1) A+ 243 (e™ + 1)
+b2e27r)\ (eﬂ')\ . 1) ()\2 + 1))
+01*™ (€™ = 1) (2A" + 307 4+ 1) + bge®™ (€™ — 1) (A2 +1).
The polynomial p;(rg) can have two real positive roots. For instance, for the
values A\ = —1, a1 = 10, ag = 15, by = 14, by = 12 and b3 = —2 it has two
real positive roots given by ri = 0.0757703 and r = 0.0776237, see Figure
1. For these values of the variables and of the roots the denominator of the
equation (ro(2m))? — 72 is different from zero. So the piecewise differential

system separated by the straight line y = 0 with the vector fields X5 and Y3
can have two limit cycles. Statement (b) of Theorem 1 is proved.

Case (m,n) = (2,4). Consider the piecewise differential system separated by
the straight line y = 0 and formed by vector field X5 defined in (4) and the
vector field (3) with n =4, i.e.

Yz, y) = —y+ x(\+ biz® + baa®y + bzxy® + bay®),

14
Y2(w,y) =2 + y(A + b12® + baz®y + bswy® + bay®). 14

nmw:{

The vector field Y; provides in polar coordinates the differential system

Fo = r)\—l—r4(b1 cos> 0 + by cos® Osin O + by cos Osin? 6 + by sin® 0), 0 =1,



48 Page 6 of 21 J. Llibre et al. NoDEA

or equivalently the differential equation

r = % =rA+ 7‘4(b1 cos® 0 + by cos? 0sin 0 + by cos 0 sin® 6 + by sin® 0).

Then the solution r5(6) of this differential equation such that ro(7) = ry is
25 (14 A)(1+9M))5

ro(0) = (15)

with

Ey =43 (140%) (1 4 9A?) —4€3™ 3 (by+2by 4 3ba A=A (7by + 2b3 + 9b1\?))
+ 392038 (=3(bg + 3bs — 3(3b1+b3)A) (14+A?) cos 0+(—ba + ba+bi A\—bsA)
(14 92%) cos 30 + 3(3by + bg + 3bo A + 9b4\) (1 + A\?) sin 6
+(b1 — by + boA — baX) (1 + 9A?)sin 36) .

Thus, the limit cycles satisfy the equation (r2(27))3 —73 = 0. Then we consider

the numerator of equation (r2(27))3 — 75 = 0 and we obtain the following
polynomial of degree 3 in rg

pa(ro) = r3(Coz + Craro + Caprg + Cs21f), (16)
where
Cop=— (" = 1)(1+2*)>(1+92?),
O =3(1 4 ™) (—ag + a;\) (1 + A?)2(1 +9\?),
Cop =3(1 4 ™) (az — a1 \)(1 + A?)?(1 + 9A?),
C3.0 =™ (A (A* (9a$A + b (3A% +7) + 2b4) + A (¢ X + 5by + 4by)
—b (A2 4 1)% (9A2 +7)
~2bs (2 +1)°) = 3afazX® (922 + 1) + Ba1a3A (9% + 1)
— (a3 (9A% + 1)) + ba + 2by)
+3e™ (9N + 1) (a1 A — a2)® + 3™ (9A2 + 1) (ar1A — a2)?
+ (9)\2 + 1) (a1 ) — ap)?
+ 5 (A2 4 1) (=X (951 A2 + Thy + 2b3) + 3b3A + by + 2bs) -

The polynomial ps(rg) can have three real positive roots. For instance, for the
values A\ = —1, a1 = =512, ay = 2048, by = by = b3 = 0 and by = 414992
it has three real positive roots given by r§ = 0.00124798, 72 = 0.00124814
and 73 = 0.00124832, see Figure 2. With these values the denominator of the
equation (r9(27))% — 73 is different from zero. So the piecewise differential
system separated by the straight line y = 0 with the vector fields X5 and Y}
can have three limit cycles. Statement (c) of Theorem 1 is proved.

Case (m,n) = (2,5). We consider the piecewise differential system separated
by straight line y = 0 and formed by two vector fields X5 defined in (4) and
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FIGURE 2. Real positive roots for case (m,n) = (2,4)

Yy
Y51 (z,y) = —y + (X + bra* + boxy + baz?y? + byxy® + bsy?),
Y52 (z,y) =z +y(\+ biat + boxdy + bszy? + baxy® + b5y4).

(17)

Ys(z,y) {

The vector field (17) in polar coordinates becomes

Fo = 1A+ 10 (b1 cos® 04bsy cos® 0 sin 0+b; cos? 0 sin? 0+by cos 0 sin® +bs sin® 0)
f=1

or equivalently

_dr
- de
=rA+7° (b1 cos® 0+bs cos® 0 sin O+bs cos? 0 sin? 6+b, cos O sin® +bs sin® 9) .

/
r

Thus, the solution r5(8) of equation 7/(6) such that ro(7w) =7y is
23/460)\/\1/4(1 + 52 + 4/\4)1/47"1
3

T2(

where
By =8 ™ (A+5N+4N%) —r] (—e*™ (b3+3b5— (5b2 + 3bs) A + 4(b3—2ba A)\?
+b1(3 + 3207 + 32X%)) + e ((3b1 + bs + 3b5)(1 + 5A? + 4A*)
— 4\ (bg + by + 4(=by + b5)N) (1 + A?) cos(20) + A(—by + by
+ (by — bz + bs)N\) (1 + 4X?) cos(40) + 8A(by — bs + (ba + by)A) (1 + A\?)
xsin(260) + A (by — b + bs + baA — byA) (1 + 42%) sin(46)))
Then assuming r; = r1(7) = ro(7), where r1(0) is the solution of (4) defined
in (6). Now consider the numerator of the equation (r(27))* — 7§ = 0, and we
obtain (1 + €™ )rdps(ro), being ps(ro) the following polynomial of degree 4 in
To
p3(ro) = Coz + C1.370 + Ca378 + C3.378 + Cy 373,
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where

Coz =8(—1+4€e™) (1 + e®™)(1 4+ ™A1 + AH)* (1 + 42?),

Cr3=—32X\(a1 A — az) (1 + A?)3(1 + 4)\?);

Coz =—48(1 + ™) az — a1 A)? (1 + A?)%(1 + 42?),

C33 =32(1 + ™) N(az — a1 )3 (1 + 57% +4\1),

Cuz = —8(1+e™ )3\ (aa—ar \) (14+40?) + e*™ (=1 + ™) (1 + e>™) (1 + A?)?
X (3by + bg + 3bs — (5ba + 3ba) A + (32b1 + 4bg)A? — 8bo A3 + 32b;\Y).

Now we shall use the Descartes’theorem (see [1]).

Theorem 2. (Descartes Theorem) Consider the real polynomial p(x) = a;, 1+
aizaci2 + -4 aiTxi" with 0 < iy < ig < -+ < i, and ay, # 0 real constants
for j € {1,2,---,r}. When a;;a;,,, < 0, we say that a;; and a;;,, have a
variation of sign. If the number of variations of signs is m, then p(x) has at
most m positive real roots. Moreover, if the coefficients of the polynomial p(x)
are independent, then it is always possible to choose the coefficients of p(x) in
such a way that p(x) has exactly m positive real roots.

By Descartes Theorem the polyomial ps(rg) can have at most four real
positive roots. For instance, with the conditions, a; = —0.1, as =1, by = =2,
by = 0,03 =10, by = —1, by = —% and A = —1 we have four variations of
sign. Therefore the piecewise differential system separated by the straight line
y = 0 with the vector fields X5 and Y5 can have at most four limit cycles.
Statament (d) of Theorem 1 is proved.

Case (m,n) = (2,6). We consider the piecewise differential system separated
by the straight line y = 0 and formed by the vector field X5 defined in (4) and
the vector field (3) for n =6

Yo (2,y) = — y + o\ + bz’ +boa y+b32°y® + bax’y® + bszy” + bey®),
Yol@,y) = { Y2(z,y) =2 + y(A + b12® + boay + bszy? + baz®y® + bszy® + bey®).
6
(18)
The vector field (18) in polar coordinates becomes
7o =rA 418 (b1 cos® 0 + by cos* 0sin 0 + bs cos® Osin? 0 + by cos? 0 sin® 0
+bs cos @ sin* 0 + bg sin® 9)
0 =1
or equivalently
r' = % =r\ + 8 (b1 cos® 0 + by cos* O sin O + by cos® O sin? 0 + by cos® Hsin® 0
+bs cos O sin? @ + bg sin® 9)
Thus, the solution 74(6) of equation 7/(#) such that ro(7w) = ry is
ro(0) = 23 (14 22)(1+2502)(9 + 250%)) 51y 7 19)

1
5
E4
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where

Ey = — 16" (9 + 3(3ba + 2bs + 8bg)r} — (1491 + 26b3 + 24bs)r A
+ (259 + 10(11by + 3by)79)A% — 50(15b1 4 b3)rI N3 + 125(7 + bord) A
—625b177\° + 6257°) + €21 (—10(ba + by + 5bg — 5(5b1 + bz + bs)\)
X (14 A%)(9 +25X%) cos 6 — 5(1 + A?)(1 + 25)2) (9by + 3by
+5((—=5by + bz + 3bs)A — 3bg)) cos 30 + (by — by — b + (b1 — by + bs)A\)
X (9 4+ 250A% + 625\%) cos 560 4 10(5by + bg + bs + 5(by + by + 5bg) )
x (14 A%)(9 + 257%) sin 6 + 5(15b; — 3bs — 9bs + 5(3bg + by — 5bg)\)
x (14 A%)(1 +257%)sin 30 + (b1 — bz + bs + (by — by + bg)\)
x (9425027 + 625A") sin 56) .

Now consider 71 = r1(7) = ro(m) with r1(0) defined in (6).Then consider the
numerator the equation r9(27)° — r§ = 0 and we obtain (1 + e™)rip4(ro),
being p4(rg) the following polynomial of degree 5 in rg

pa(ro) = Coa + Craro + Coarg + C3 a1y + Cuarg + Cs a1,
where
Coa =(1 —e™ 4 ¥ — 3™ LA™Y (1 — 5™ (14 A%)%(9 + 25002 + 625)%),
Cha =5(a1 A — ag)(1 + M) (9 + 25007 + 625)%),
Cy.4 =10(1 + €™ )(az — a1 \)*(1 + A%)3(9 + 250A% 4 625)\1),
C3.4 =10(1 + ™) (a1 X — a2)? (1 + A2)%(9 + 2502 + 625\%),
Cua =5(1 4 €™)3(az — a1 \) (1 + A3)(9 + 250A% 4 62501,
Cs.a =(1+e™) a1\ — az)®(9 4 25007 + 625)%)

+ e57r)\(1 — ™ 4 2™ L BTA 6471')\)

X (L4 A%)* (24bg + 6ba(1 + 5A?) + b2(9 + 11027 + 125)%)

— X (149b; + 26bs + 24bs + 50(15b; + b3) A% + 62561 01))) .

The polynomial py(rp) can have at most 5 positive real roots. For example,
consider \ = —1, a] = 10, ag = 15, b1 = bg = b3 = b4 = O, b5 = —14 and bg =
—12, with these values there are 5 variations of sign. So By Descartes Theorem
it can have at most 5 positive real roots, is that, the piecewise differential
system formed by the two vector fields X5 and Y5 and separated by the straight
line y = 0 can have at most 5 limit cycles. Statement (e) of Theorem 1 is
proved.

Case (m,n) = (3,3). We consider the piecewise differential system separated
by the straight line y = 0 and formed by the vector field Y3 defined in (10)
and the vector field

1 2 2
w3(r,y) = — y 4+ e(A + a12® + agay + azy?),
X3(z,y) = { (20)

23(x,y) =2 + y(A + a12? + aszy + azy?).
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Thus the solution 71(0) of the vector field X3 in polar coordinates such that
r1(0) =g is

e\ /2A(1 + \2)

T V20 )2 + By

1(0) (21)

where
Es = ®(—(ay + a3)(1 + A2) + Mag + (—ay + a3)\) cos(26)
— May — ag + a2\ sin(20)) + A(—az + 2a1A) + a1 + as.

The solution ro(#) of the vector field Y3 such that ro(w) = r; is given in (12).
Then solving the equation ro(27) = rg for 7o we have the following solution

L —2A(1 4 270 (1 + A2)
o= a1+a3 7&2A+2al)\2+62ﬂ>‘(b1 +bg*b2A+2b1/\2).

When 7o > 0 the piecewise differential system separated by the straight line
y = 0 and formed by the vector fields X3 and Y3 has at most one limit cycle.
Statement (f) of Theorem 1 is proved.

Case (m,n) = (3,4). We consider the piecewise differential systems separated
by the straight line y = 0 and formed by the two vector fields X3 defined in
(20) and Yy defined in (14). We know their solutions r1(#) such that r1(0) =
ro and 72(6) such that ro(7) = ri(7). Then the numerator of the equation
ro(2m)3 — 13 = 0is A+ B = 0 where
A =2v2¥ N2 (A2 4 1)% 13 (90107 + Thid — b (3A% + 1) + 2bs) — 2b4)
+2V2e5 N2 (02 4 1) (Al (Thy + 2bs) + 961 NP7
—7 (b2 + 2bs) + A (10 — 3b2rg) + X' +1),

B=(N+1) (9 +1)7o (2™ = 1) 75 (2010> + 01 — azX + as) = 2 (N + )

Va5 + A(—a2 + 2010) — 27N (a1 + a3 — ash + 20102) + 2 (A8 + ) /rd.
Now we consider the equation A2 — B2 = 0 and we obtain the polynomial
p5(ro) = Cos + Casrg + Ca 570 + Casrg + Co 57,
where
Cos =8 (2™ — 1) X (A +1)” (94% +1)7,
Cos =12 (2™ —1) (A +1)" (90% + 1)* (20107 + a1 — azA + a3) ,

5 =167 (3™ + 1) A% (A2 + 1) (902 + 1) (9510% + ThiA — by (3X% + 1)
+2b3) — 2by),

Cas =6 (1= ) A (A2 +1)% (902 +1)° 2013% + a1 — ap) + a3)°,

Co5 =ai (2% +1)” (0N +10A% + 1) (2™ — 1)°

+3 (18X° + 200" 4 1207 + 1)7 (™ — 1)
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(ag — azN)a? + 3a; (207 + 1) (93* + 1002 + 1) (2™ — 1) (a5 — az))?
+ (24 1)" (A (8607 (27 41)° (X2 4 1)
(=951 X% — Thy A + 3by A% + by — 2b3A + 20,
—a (™ = 1)” (9% +1)7) + Badagh? (932 + 1)
(2™ —1)% = Bagh (2™ — 1)’

(9a5)? + as)” + af (902 + 1) (2™ —1)°).

By Descartes Theorem the polynomial ps(rg) can have at most four positive
real roots. So the piecewise differential system separated by the straight line
y = 0 and formed by the two vector fields X3 and Y, can have at most four
limit cycles. Statement (g) of Theorem 1 is proved.

Case (m,n) = (3,5). We consider the piecewise differential systems separated
by the straight line y = 0 and formed by the two vector fields X3 defined in (20)
and Y; defined in (17). We know their solutions 7 (6) such that r1(0) = r and
r2(0) such that ro(7) = r1 (7). Then we consider the numerator of the equation
(r2(2m))* =73 = 0 and we get (—1+e2™)rdps(ro), where pg(r0) is the following
polynomial of degree 4 in rq

pe(ro) = Co 6 + Care + Cary,

with

Co.6 =8(1 4 ™) (1 + e* ™A (1 + A2)2(1 + 4)?),

Ca6 =8\(a1 + az — as)\ + 2a12%) (1 + 5A? + 4\%),

Cae =2(1 — e2™)(1+4X) (a1 + ag — ax) +2a10%) + ™ (1 + ™) (A + A%)
x (b3 + 3bs — Bba X — by 4+ 4X2(bg — 2bo\) + b1 (3 + 32(\2 + A1),

By Descartes Theorem the polynomial pg(rg) can have at most two positive
real roots. For exemple, for the values A = —0.1, a; = —5.63853, as = 10,
az = b, by = by = b3 = 0 b4 = 250000 and b5 = —24999.9 it has two real
positive roots, r§ = 1.02181 and r3 = 1.84989. See Figure 3. For theses values
the denominator of the equation (r2(27))* — r# is different from zero. So the
piecewise differential system separated by the straight line y = 0 with the
vector fields X3 and Y5 can have two limit cycles. Statement (h) of Theorem
1 is proved.

Case (m,n) = (3,6). We consider the piecewise differential systems separated
by the straight line y = 0 and formed by the two vector fields X5 defined in (20)
and Yg defined in (18). We know their solutions 7 (6) such that r1(0) = ro and

r9(6) such that ro(7) = 71 (7). Then the numerator the equation 75 (27)° —75 =
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0.151

-0.05F

FIGURE 3. Real positive roots for case (m,n) = (3,5)

0is A+ B =0 where
A= —ro(14+A%)(1+257)(9 + 25)2)

\/(1 —e2™) (a1 + a3 — agA + 2a102) + 2(X + A3) /rg;
B =4v/2e"™ N3 (14 A2)3 (€579 + 25902 + 875A1 + 6250%) — (1 + ™)1
x (24bg + 6ba(1 + 5A*)+ba(9 + 110A% + 1250")— X (149b; + 26b3 + 24bs
+50(15b1 + b3)A* + 625b1A"))) .

Now consider the equation A% — B2 = 0 and we obtain (1+ €™ )(1+ A2)pz(ro),
where p7(rg) is a polynomial of degree 10 in g

pr(ro) = Coz + Coqrg 4+ Cuqry + Cs.71y + Co 71 + Cs 715 + Cho.770”,
where
00’7 :32(1 _ e”)‘)(l + eQTr)\)(l 4 e47r)\ + e87r/\ 4 6127r)\ 4 (3167”‘))\5
% (94 25072 + 625012 (1 4+ A\?)5,
Ca7 =80(1 — ™) (ay + az — ag\ + 2a; A3 (A + X3)*(9 + 25002 + 625)\1)?,
Cur =80(—1 4 ™) (1 4+ e™)A3(1 + A2)3(9 + 250)% + 625)*)2
(a1 + az — as\ + 2a12%)?,
Cs.7 =64e™™ (1 — ™ 4 2™ — 3™ 1 A5 (1 + A2)4(9 + 25007 4 6250)
x (24bg + 6ba(1 + 5A%) + ba(9 + 110X + 125X") — X (149,
+26b3 + 24bs + 50(15b1 + bs)A? 4 625b1A1)))
Cs.7 =40(1 — ¥ )3 (1 + ™2\ (a1 + az — as\ 4+ 2a122)% (1 + \?)?
X (9 + 250A% + 6250%)2,
Cg7 =10(—1 4+ ™) (1 4+ ™ )N + A?) (a1 + az — ag) + 2a;7\%)*
x (94 2502 + 625)*)2,
Cror =(=1—€™) (=14 €e™)’(1 + e™)3(a1 + az — a2\ + 2a1\?)°
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x (94 2502 + 625\1)?

32107 (1 — ™ 4 2T — 3T TN (1 4 A7)

x (24bg 4 6ba(1 + 5A%) + b2(9 + 110X 4 125)%)

—X (1491 + 26bs + 24bs + 50(15b; + bs)A? + 625b1A4))2) .

Note that the signs of the coefficients Cy, Cy and Cg are determined only by
the sign of A\. Assume )\ < 0, then Cy < 0, C4 < 0 and Cg < 0. In this way,
between Cy, Co and Cy there are at most two variations of sign, between Cy,
C5, Cs and Cy there are at most two variations of sign and between Cg and
Co there is at most one variation of sign. Therefore, there are at most five
variations of sign between the coefficient of p7(ro). More specifically, the sign of
the coefficient C5 is determinated by the sign of A; = (a1 + a3 — as A+ 2a1\?).
We assume A; > 0 in order to Cs > 0. The sign of Cj is given by

Ay = (24bg + 6ba(1 + 5A%) + b2 (9 + 110A* 4 125X%) — X (149b; + 26b3 + 24bs
+50(15b1 + b3)A* + 6251 X*)))

then assuming As < 0 we have Cs > 0. Now as A; > 0 then Cg > 0. Finally
as Ay > 0 we have C1p > 0. Thus, we obtain five variations of sign, i.e Cy < 0,
Cy>0,0,<0,C5 >0,Cs >0,Cs <0and Cyg > 0 for A < 0. On the other
hand, assuming A > 0 we have Cy < 0, C4y > 0 and Cs > 0. Thus between Cj),
Cy and Cy there is at most one variation of sign and between Cy, Cs, Cs and Cy
there are at most two variations of sign and between Cg and C1( there is one
variation. In this way, for A > 0 there are at most four variations of sign. For
instance, consider A < 0, a; > 0, a2 > 0, a3 > —ay, by = by =0, b3 <0, by <0,
by = — 1?33 and bg < 0, wit this conditions we have five variations of sign. In
conclusion by Descartes Theorem the polynomial p7(rg) can have at most five
positive real roots. In this way, it follows that the piecewise differential system
separated by the straight line y = 0 and formed by the two vector fields X3 and
Ys can have at most five limit cycles. Statement (i) of Theorem 1 is proved.

Case (m,n) = (4,4). Now consider the piecewise differential system separated
by the straight line y = 0 and formed by vector field Y} defined in (14) and
the vector field (2) for m =4, i.e

Xi(w,y) = —y+ oA+ a1z’ + azz®y + azay® + asy®),

(22)
Xi(@,y) =v +y(\ + a1z’ + a2’y + aszy® + asy?).

X4<.’17,y) = {

The vector field (22) in polar coordinates provides the differential system
71(0) = A + r* (a1 cos® 0 4 ap cos® sin O + as cos fsin? 0 + a4 sin® 0), 0=1

or equivalently the differential equation

d
r = d—; = 7‘)\+r4(a1 cos® 0 + a5 cos? Osin 0 + as cos 0sin? 0 + a4 sin® 0).
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Then the solution r1(8) of the equation r'(6) such that r1(0) = r¢ is

1 (0) = _2%69%0((1 +;§)(1+9)\2))§. (23)
6

Where
Eg =393 (—3(az+3as—3(3ar + az)A\) (1 + A*) cos 0 + (—az + ag+aiA—as\)
x (14 9A?) cos 30 + 3(3a1 + az + 3azA + 9ag\) (1 + A?)sin
+(a1 — a3z + asA — ag\) (1 4+ 9A%) sin 30) — 4(1 + A%)(1 + 9A1?)
+ 4r8(a2 + 2a4 + 3as A% — A(7ar + 2a3 + 9a1)\2)).
Then assuming r1 = r1(7) = ro(7), where ro() is the solution of (14) defined
in (15), we solve r3(2m) = r¢ for ro. More specifically we consider the numerator
of equation (r2(27))3 —rg = 0 and we get (1+e*>™)rgps(ro), with ps(rg) being
the following polynomial of degree 3 in rg
ps(ro) = Cog + 03,87'37
where
Cog =(1 — ™)1+ 10A% + 92,
Css =(Tar + 2az)\ + 9a1 \* — az(1 4 3A\%) + 3™ (by + 20y
— (7by + 2b3) A + 3ba A% — 951 \3) — 2ay.

C3
Therefore the piecewise differential system separated by the straight line y =
0 formed by the vector fields Xy and Y; can have at most one limit cycle.
Statement (j) of Theorem 1 is proved.

1/3
The polynomial ps(rp) can have at most one real positive root ro = (_CO) .

Case (m,n) = (4,5). Now consider the piecewise differential systems sepa-
rated by the straight line y = 0 and formed by the two vector fields Xy defined
n (22) and Yy defined in (17). We consider their solutions 71 (6) such that
r1(0) = ro and r9(0) such that ro(r) = r1(7). Then the numerator of the
equation (ro(27))* —r3 =0is A — B = 0 where
A==8A1+522+4\Y) (L + M) (1 +9A%) — (L + ™) (1 — ™ + 2™ )rd
X (ag + 2a4 — Ta1 A — 2as\ + 3&2)\2 — 9a1)\3))
X ((=1 = A3)(1+9A?) + (€™ +1)
x (1 — e™ + 62’”\)7“3(@2 + 2a4 — Tar X — 2as\ + 3as\? — 9a1)\3))1/3
B =" ((1+A2)(1+922))*3 (8¢ (A + 5A% + 4)%)
+ (=141 4+ ™) (1 + e
X (b + 3bs — (5ba + 3bs) X + 4bgA® — 8boA® + by (3 + 3227 + 320%))) .
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Now we consider the equation A3 — B? and we obtain (1+e™)(14 A2)2pg(ro),
being pgy(rg) the following polynomial of degree 12 in rg

po(r0) = Co.9 + Cs 975 + Cy 91y + Co 97§ + Cs 975 + Co o1) + Cr2,978%.
Where

Coo = —512(1 — ™ 4+ ™) (=1 4+ ™) (1 + 5™) (1 + e!2™)\3
x (14241 +42%)3(1 + 9224,
O30 = — 2048(1 — ™ + ¥ ) (X + 1423 4+ 4905 + 36)7)3
X (ag + 2a4 + 3as)\? — A (7(11 + 2as3 + 9a1)\2)) ,
Cuo = — 19229 (—1 + ™) (1 4+ 2™ )A2(1 + AH)3(1 + 9A?H)*
x (b + 3bs — (5ba + 3bs)A
+4(bs — 202 M)A 4 b1 (3 + 3227 + 322%)) (1 + 41°)?,

Cp.0 =3072(1 + ™) (1 — ™ + ™) 2 (A +42%)3(1 + 10A% + 9A*)?
X (a2 + 2a4 + 3as)? — ) (7a1 + 2a3 + 9a1)\2))2 ,
Cgo = — 24€" 9™ (146™) (=14 =™ 6> A (1 + A?)? (14+42%) (1 + 9A%)*
% (bg + 3bs — (Bby + 3ba) A + 4(bs — 2bo A + by (3 + 32X + 3244))?
Co.9 = — 2048(1 + e™)2(1 — ™ + 2™ ) A3 (1 + 40%)3(1 + 10A% + 9A?)
(a2 + 2a4 + 3as\? — ) (7a1 + 2a3 + 9a1)\2))3 ,
Crz0=— (1 + ™) (=512(1 + e™)(1 — ™A + e>™) (A + 4N*)? (a2 + 2a4
+3asA” — X (Tay + 2a3 + 9a1)\2))4 + e (—1 4 e™)3(1 4 e2™)3
X (L4 A?)(1+9A*)* (bg + 3bs — (5ba + 3ba) A + 4(b3 — 2boA) A2

+by (3 4 3202 + 3204)) .

By Descartes Theorem the polynomial pg(rg) can have at most six positive
real roots. For exemple, for the values A = 0.1, a1 = 1, ap = 0, a3 = —2,
as=—1,b; =1, =03 =0, by =—1, b5 = 1 it has six variations of sign, that
is, po (1) can have at most six positive real roots. So the piecewise differential
system separated by the straight line y = 0 with the vector fields X, and Y5
can have at most six limit cycles. Statament (k) of Theorem (1) is proved.

Case (m,n) = (4, 6). We consider the piecewise differential systems separated
by the straight line y = 0 and formed by the two vector fields X, defined in
(22) and Y defined in (18). We know their solutions ri(#) such that r1(0) =
ro and 7(6) such that ro(7) = ri(m). Then the numerator of the equation
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ro(2m)% — 15 = 0is r§(A — B) = 0 where
A =(1+101% + 9/\4—(14—63”’\)7“8((12 + 2a4+3a9)\* — \(Ta1 + 2a3 + 9a1\?)))
x (9 + 25977 + 875" + 625A°) (=1 — 10A% — 9A* + (1 + €*™)r0?
(ag + 2a4 + 3as\* — \(Tay + 2a3 + 9a1/\2)))2/3 ;
STAL 4+ A2)23(1 4 922)2/3(1 + 1002 + 9\Y)
x (€7™M1 4+ A?)(1 + 2502)(9 + 25)%)
+ (15 4+ €™ D) (—6(by + 4bg) + (149b; + 26b3 + 24b5) A

—ba(9 4 110A% + 1250%) + 5A*(—6by + 5A(2b3 + 5b1 (6 + 51?))))) .
— B3 =0 and we get the polynomial

B =e

Then we consider the equation A3
Co.10 + Cs.1078 + Cs.1075 + Cs.1075

plo(To) =
9 10 12 15
+ Co,1079 + Cio,10m0° + Cr2,10m5° + Cis,1070°,

where
Co.10 =(1 — 3™ ) (1 4+ A%)3(1 4+ 92?)%(9 + 25007 + 6250%)%,

Cs10 = —5(1+ 3™ (1 + X)7(1 4+ 9AH*(9 + 25002 4 625)%)

X (ag + 2a4 + 3aa\? — \(Tay + 2a3 + 9a1)\2)) ,

3625 (1 4 ™) (1 4 A%)7(1 4+ 9A?)%(9 4 250A2 + 62511)?
X (24bg + 6ba(1 + 5A?) + b2(9 + 110A* 4 1252%) — X
(149b; + 26b3 + 24bs + 50(15b1 + b3)A* + 625b1A"))) ,

Cs.10 =10(1 4 3™)2(1 4+ A%)5(1 + 9A2)3(9 4 250A2 + 625)1)3

Cs10 =

X (CLQ + 2a4 + 3a2)\2/\(7a1 + 2a3 + 90,1/\2))2 R
Co10 = — 10(1 4+ 3™)3(1 4+ A?)°(1 + 9A?)%(9 + 250)\2 + 625\1)

X (ag + 2a4 + 3asN*A(Tay + 2a3 + 9a1/\2))3 :
3e20 A (1 4 5™ 2 (1 + A?)5(1 4+ 9A2)%(9 4 250A2 + 625))

Cro,10 = —
X (24bg + 6ba(1 + 5A%) + b2 (9 + 1104 + 125X%)
— X (149b; + 26bs + 24bs + 50(15b; + b3)A* + 625b11)))
Cia.10 =5(1 4 ™)1+ A (1 4 9A)(9 + 25007 4 62501)3
x (ag + 2a4 + 3as\* — A\(Tay + 2a3 + 9a; A ))
Cis10 = — (1+e™)(14+A?)3 (1+e*™)? (1—e™+e>™)%(9 + 250\ + 625\%)

—(
(a2 + 2a4 + 3aoA\? — A\(7ay + 2a3 + 9a1)\2))
(

1— 271')\ _ 6371')\ + 6477)\)3

(- (24b6 4 6bg (1 4+ A?) + bo(9 + 11002 + 125)%)
+24bs + 50(15by + bs) A2 + 625b131)))° €15 (1 + A2)2(1 + 9A2) ) .

X
_|_
x — A (149b; + 26b3
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Since we are assuming that C; is not null for all ¢, then we have that Cg > 0,
Cip < 0 and C2 > 0. In this way, note that between Cy, C3, C5 and Cg
there are at most three variations of sign. Now between Cg, Cy, C1¢ and Cio
there are at most two variations of sign and between Ci5 and Cis5 there is
at most one variation. Therefore there are at most six variations of sign. For
example, consider A = 0.1, a1 = 0, as = =2, a3 =1, a4y = 1, by = by = 0,
bs =1, by = —0.5, b5 = —13/12 and bg = —1, with this conditions there are six
variations of sign. So by the Descartes Theorem the polynomial pio(rp) can
have at most six positive real roots. Thus, the piecewise differential system
separated by the straight line y = 0 and formed by the two vector fields X4
and Ys can have at most 6 limit cycles. Statement (1) of Theorem 1 is proved.

Case (m,n) = (5,5). Now consider the piecewise differential systems sepa-
rated by the straight line y = 0 and formed by the two vector fields Y5 defined
in (17) and
X5(z,y) = —y+2(A+ @z’ + agz’y + a3z®y® + aswy® + asy?),
X2 (2,y) =2 + y(A + a12” + as2’y + a2y’ + aszy® + asy®).

(24)

X5(aj?y) = {

Thus the solution r1(0) of the vector field X5 in polar coordinates such that
r1(0) = 7o is

- 25/4PANA(1 4 502 4 4x*)V4rg

(25)
Jo

7’1(

where

Br =8(A +5X% + 4X%) — 1l <e4“ (—3as — as(1 + 422) — a1 (3 + 32X + 32)%)
+A(Bas + az(5+ 82?))) + €' (3a1 + a3 + 3as + (3a1 + as + 3a5)A*(5 + 427)
—4X(az + as 4 4(—a1 + as)N) (1 + X?) cos 20 + A(—az + aq + (a1 — a3 + as))\)
X (1 +4X?) cos 40 4 8\(a1 — as + (a2 + as)N)(1 + A?)sin 20 + X (a1 — a3
+as + az — asX) (1 +4X%) sin 46)) .

We consider the solution 73(f) of Y5 such that ro(7) = r1 and (25), then
we assume that r; = r{(7w) = ro(7). Thus we consider the numerator of the
equation (ro(27))* — 74 = 0 and we obtain (1 — e*™)rip11(ro), being p11(ro)
the following polynomial of degree 4 in rg
p11(ro) = Coa1 + Ca1rg,
where
Coa1 =8(1 + ™) (A 4 5A% + 4)5);
Cy11 =3a1 + ag + 3as — (5az + 3as)A
+ (32a1 + 4az)\? — 8ax\® 4 32a1 \* + €™ (3by + b3
+3b5 — (5ba + 3ba)A + (32b1 + 4b3)A? — 8bo A + 32b10%) .
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FIGURE 4. Real positive root for case (m,n) = (5,5)

The polynomial p11(rp) can have one real positive root. For instance, for the
values A = —0.1, a; = 2.83501, a3 =9, a3 = —9,a4 =1, a5 = —1, by = by =
bs = by = 0 and b5 = —1 it has one real positive root 7y = 1, see Figure 4. With
theses values the denominator of the equation (r2(2m))* — rg is different from
zero. So the piecewise differential system by the straight line y = 0 with the
vector fields X5 and Y5 can have one limit cycle. Statement (m) of Theorem 1
is proved.

Case (m,n) = (5,6). Now consider the piecewise differential systems sep-
arated by the straight line y = 0 and formed by the two vector fields Xj5
defined in (24) and Ys defined in (18). We consider their solutions r1(6) such
that r1(0) = 7o and 79(6) such that ro(7) = r;. Then the numerator of the
equation (ro(27))® — 75 = 0 is 75(A — B) = 0 where
A =8 x 224N\ 4 AT)2(1 4 522 4+ 40119 + 28677 + 162527 + 25001°)

+ 8 x 22471 4 ™) PN (1 + 5A% + A1)/ ((149b; + 26bs + 24bs) A
—6(ba + 4bs) — ba(9 + 110A% + 1250") + 5A*(—6bs + 5A(2bs + 5b1(6 + 507)))) ,
B =(9+ 259\% + 875)\* + 625)\°) <8>\ + 4007 +320° + (1 — ™M)y

(asz + 3as — (baz + 3a4)A
Haz\® — 8az A’ + ar (3 + 3227 + 320%))) 7.
Now consider the equation A* — B* = 0 and we obtain the polynomial
P12(7"0) 200,12 + 04,127”3 + 05,127"8 + 08,127’8 + C’10,127”10
+ C12,1273% + C15,1278° + C16,12758 + Cap,127%°,
where
Co,12 =32768(—1 + e ™) (1 + A%)? (A + 4X*)°(9 + 250X% + 6250")%,
Cujz =20480(—1 + ™ N (1 + 251 + 4XH)* (9 + 250A% + 6257*)*
(as + 3as — (baz + 3a4)
A+ 4asA? — 8a2\’ + a1 (3 + 3207 + 32)"))
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Cs,12 = — 131072e* ™ (1 + 7™ ) (1 + A*)®(9 + 2500% + 6250")" (24bs + 6bs(1 + 5A%)
+ b2 (9 + 11027 + 1250") — A(149b; + 26bs + 24bs
+50(15b1 + b3)A® + 62561 A1) (A + 4X%)°,
Cs12 = — 5120(—1 4 ™) (1 4+ A%)T (A + 4X*)*(9 + 250A% 4 6250%)*

(as + 3as — (baz + 3a4)
A+ dasA? — 8az\® 4 a1 (3 + 3202 + 3201)) 7,

Cio.12 =196608¢ ™ (1 + ¢®™)? (1 + A7 (A 4+ 42*)°(9 + 25007 + 625)*)2
(24bs + 6b4(1 + 51)
+b2(9 + 110A% + 1257*) — A(149b; + 26bs + 24bs
+50(15b1 + bs) A2 + 6250, A1),

Cha12 =640(—1 + e*™™)> (1 + A)5(X + 42*)%(9 + 25072 + 6257")*
x (as + 3as — (5az + 3as)A + dasA? — 8asA® + a1 (3 + 3227 + 320%))°

Cls12 = — 131072*™ (1 + ™) (1 + 2%)°(9 + 2500 + 625" (24bs + 6bs(1 + 517)
+ b2 (9 + 110X% 4 125X*) — X(149b; + 26b3 + 24bs + 50(15b1 + b3)A*
6250 01))° (A +40%)%,

Cie,12 = — 40(—1 + ™) A1 4+ X*)° (1 + 4X*)(9 + 250A% + 6250%)*
(as + 3a5 — (5as + 3a1)A + dasA? — 8a2X® + a1 (3 + 320% + 320)) ",

Ca0,12 =(—1+ ™) (14+2%)* (9425077 + 6253")* (a3 + 3a5—(5az + 3a4) A + dazA’
—8as X’ + a1 (3 + 3227 4 3201))” 4 327682 \% (1 + 7™
(24bg + 6b4 (1 + 5X%) + b2(9 + 1102 + 1250") — \(149b1 + 26b3 + 24bs
+50(15b1 + bs) A2 + 6250, A1) (1 + 5% 4+ 4317

By Descartes Theorem the polynomial p12(rg) can have at most eight positive
real roots. For instance, for the values A =1, a; = —1, a2 =0, a3 =0, ag = 1,
a5 =—1,by =b3 =0by =0, by = bg = —1 and b5 = 1 there are eight variations
of sign between the coefficients, that is, p12(79) can have at most eight positive
real roots. Therefore the piecewise differential system separated by the straight
line y = 0 with the vector fields X5 and Ys can have at most eight limit cycles.
Statement (n) of Theorem 1 is proved.
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