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Abstract

In this note we show that the support of a locally k-uniform measure in R"*! satis-
fies a kind of unique continuation property. As a consequence, we show that locally
uniformly distributed measures satisfy a weaker unique continuation property. This
continues work of Kirchheim and Preiss (Math Scand 90(1): 152-160, 2002) and
David, Kenig and Toro (Comm Pure Appl Math 54(4): 385-449, 2001) and lends addi-
tional evidence to the conjecture proposed by Kowalski and Preiss (J Reine Angew
Math 379: 115-151, 1987) that each connected component of the support of a locally
n-uniform measure in R”*! is contained in the zero set of a quadratic polynomial.
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1 Introduction

In this note we consider locally uniform measures, first introduced by Kowalski and
Preiss in [3] and later studied by David, Kenig and Toro in [1]. For 0 < k <n + 1

integer, a Radon measure p with supp i € R"*! is locally k-uniform if

w(B(x,r)) = wer® whenever x € supppuand 0 <r <1, (1.1)
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where wy = H¥(B¥(0, 1)) is the measure of the unit ball BX(0, 1) in R¥. When supp i
is a smooth manifold and u = H* |supp . it is a natural question in differential geometry
to ask what the condition (1.1) tell us about the manifold supp u, see e.g., [4, 10].

For general pu, the condition (1.1) and its global cousin (i.e., (1.1) without the
restriction that r < 1) are extremely well studied, as they represent “end point cases”
in the study of measure densities, see e.g., [6, 11]. These measure density theorems
have also been applied to understand rectifiability in measure spaces (see [2, 8]) and
higher notions of smoothness, see [1, 12, 13].

The condition (1.1), is extremely rigid and constrains not just the measure, but also
its support. For example any two locally uniform measures (in fact locally uniformly
distributed, see (1.2) with the same support must be scalar multiples of one another,
see for instance [7, Theorem 3.4].1 Furthermore, by Marstrand’s theorem, [6], there
are no locally k-uniform measures for non-integer k.

For globally uniform measures (1.1) without the restriction » < 1), even more is
known. It was proven by Kowalski and Preiss in [3] that globally k-uniform measures
in R"*+! must be of the form ¥ |5 where ¥ is a quadratic variety. To be more precise,
in [3, Theorem 4.1], it is only proven that in codimension 1 the support is a subset of
a quadratic variety. The proof for arbitrary codimension works mutatis mutandis, see
[7, Remark 17.4], and can be found in [7, Theorem 17.3]. That the measure is equal
to Hklz then follows from [5, Theorem 1.4]. When k = n (the codimension 1 case)
the admissible quadratic varieties were fully characterized by Kowalski and Preiss in
[3], with X given by (after a translation and rotation)

Y ={(x1,..., Xnq1) € R x01 =0}, or

Y ={(x1,..., xpq1) € RMH! :xf:x%-l—x%-i—x%}ifnz?).

In higher codimension classifying globally O-uniform and globally 1-uniform mea-
sures is straightforward and it follows from work in [3] that any connected component
of the support of a globally 2-uniform measure must be contained in a sphere or a
plane?. However, the characterization of which quadratic varieties support a globally
k-uniform measures when 2 < k < n remains an open problem and even constructing
interesting examples is extremely difficult (see [9]).

However, given their success in classifying globally n-uniform measures in R"*!
it was natural for Kowalski and Preiss, [3, Conjecture 5.14], to conjecture that each
connected smooth hypersurface M C R"*! satisfying H" (M N B(x, r)) = w,r" for
each x € M and each sufficiently small » > 0 is a subset of an n-dimensional quadric.
We reformulate this conjecture in terms of locally z-uniform measures in R"*+!:

! The theorem is written for uniformly distributed measures but the proof only uses the local structure of
the measures.

2 According to [1], in unpublished work Kowalski showed that the smooth support of any locally 2-uniform
measure must be a union of spheres and planes in R3, see also [3, Theorem 3.2(b)] and [4, Proposition
3.1]. Also note, that while a single sphere is not the support of a globally 2-uniform measure, it is hard to
rule out the possibility that countably many disjoint spheres, carefully placed, support a globally 2-uniform
measure, see [9] for interesting computations in this direction.
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Conjecture 1 (See [3, Conjecture 5.14]) Let | be a locally n-uniform measure in
Rt Then each connected component of the support of ju is contained in the zero set
of a quadratic polynomial.

This conjecture remains completely open for n > 3 with little progress (apart from
work of [1] which we will discuss below). In this note, provide some evidence towards
Conjecture 1, in any codimension. In particular, we prove that the support of a locally
k-uniform measure in R"*! must satisfy the following “strong unique continuation
property” in terms of the mean curvature vector:

Theorem 1.1 (Strong Unique Continuation) Let  be a locally k-uniform measure in
R"*1. Assume there is a point zo € supp ju such that the mean curvature vector of
supp u vanishes at zo. Then the connected component of supp (u containing zo must
be a k-plane.

We prove this theorem in Sect. 3, where we also recall the definition of the mean
curvature vector and establish a seemingly novel and key identity, Lemma 3.1. The
assumption that the mean curvature vector vanishes (and is, in particular, well-defined)
requires supp i be of class C2 in a neighborhood of zo € supp . For k < n, all that
is known (to the best of the authors’ knowledge) is that supp u is a k-dimensional
C'-A-manifold (0 < B < 1) away from a closed set S such that HK(S) = 0, see
[12, Theorem 1.9]. For k = n, work of [1, Theorem 1.10] by David, Kenig and Toro,
combined with [12, Corollary 1.11] by Preiss, Tolsa and Toro, shows supp . = RUS,
where dim S < n—3 (discrete if n = 3) and around every zg € R there existsarg > 0
such that B(zg, rg) N supp u is the graph of a C*° function. Thus in codimension 1
asking that the mean curvature vector exists is not particularly restrictive, while in
higher codimensions it may in fact place additional constraints on u (though it seems
more likely that a similar regularity theory is true in the higher codimension case).

Observe that a standard density argument® shows that, if y is locally k-uniform,
then in any ball, B, such that supp u N B is of class C!, we have pu|p = H* [supp N B-
Therefore, 1.1 (and the work of [12]) immediately implies that any (locally) k-uniform
measure f can be written 1 = H¥ [supp ;- As a consequence, it is not more restrictive
to study manifolds, M, such that HK(M N B(x, r)) = wirk forallx € Mandr > 0
sufficiently small. Additionally, in the setting of Theorem 1.1 above, we can conclude
that | p = H¥|p, where P is the k-plane coinciding with the connected component
of supp u containing zg.

By the curvature restrictions on the support of (locally smooth) locally n-uniform
measures in R" ! see [3, Corollary 3.1], Theorem 1.1 still holds if the mean curvature
is replaced by scalar curvature in codimension 1.

Theorem 1.1 provides some evidence towards Conjecture 1 (in any codimension),
since if ¥ = {Q = 0} for some quadratic polynomial Q, and the second fundamental
form of ¥ vanishes at a point, then £ must be a plane. We should mention that
we know of only one other result regarding the mean curvature of the support of a
locally n-uniform measure in Rt [3, Theorem 3.3] shows, under the much stronger
assumption that supp p is minimal (i.e., the mean curvature vanishes everywhere) that
supp 1 must be a union of planes.

3 See for instance the proof of [3, Theorem 4.5] or the proof of Theorem 1.2, more precisely (2.2), in Sect. 2.
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As a simple corollary, Theorem 1.1 implies a “weak” unique continuation type
property for the support of a broader class of measures, which we call locally uniformly
distributed. A Radon measure x with supp u C R"*! is locally uniformly distributed
if

0 < u(B(x,r)) = u(B(y,r)) < oo wheneverx,y € supppuand0 <r < 1. (1.2)

Every locally uniform measure is locally uniformly distributed but the opposite is
not always the case. Indeed, H> |s3 islocally uniformly distributed but a straightforward
computation shows that it is not locally 3-uniform in R* (one can notice that S does
not satisfy the curvature conditions of [3, Corollary 3.1]). In contrast |2 is locally
2-uniform in R? (and locally uniformly distributed). Locally uniformly distributed
measures naturally arise as the conical part of globally uniform measures (1.1) without
the restriction < 1), and so understanding their structure is an important step towards
producing more examples of globally uniform measures, see e.g., [9].

Very little is known even about globally uniformly distributed measures (1.2) with-
out the restriction that » < 1). Kirchheim and Preiss showed in [5] that globally
uniformly distributed measures are supported on analytic varieties. Given the few
known examples, it is natural to conjecture that the support of a locally uniformly
distributed measure must also be an analytic variety. Our next theorem supports this
conjecture.

Theorem 1.2 (Weak Unique Continuation) Let u be a locally uniformly distributed
measure in R\, Assume there is an open ball B(zq,ro) (with zo € supp u and
ro > 0) and a k-plane P such that B(zo, ro) Nsupp i = B(zo, ro) N P. Then there is
a unique connected component of supp u which intersects non-trivially with B(zo, o)
and this connected component is the k-plane P.

This follows from the strong unique continuation Theorem 1.1 for locally k-uniform
measures in R"*! and its proof is given in Sect. 2.

2 Proof of Theorem 1.2: Weak Unique Continuation Property

Before proving Theorem 1.1, we show how the weak unique continuation property in
Theorem 1.2 follows from our Theorem 1.1.

Proof of Theorem 1.2 'We mainly follow the first part of [5, Proof of Theorem 1.4(ii)].
The Lebesgue differentiation theorem implies that the limit

| W(B(G. )
K(y):=1
») rE}}) (M—}—Hk'supp/t)(B(y’r))

exists at (i + Hklsuppu)-a.e. y € supp i, and that

M(E) = /E K (y) d (i + M |supp ) () for any E C B(zo, ro), (2.1

@ Springer



Unique Continuation for Locally Uniformly Distributed Measures Page50f12 141

since u is (clearly) absolutely continuous with respect to u + Hklsuppu, ie., 4 K
(e + Hklsuppﬂ). Note also that the lower bound in (1.2) implies K (y) > 0 for (u +

Hk|supp 1)-a.€.y € supp /L.
Fixed a (any) point p € supp u, we define

gu(r):=u(B(p,r)) for0 <r <1,

see (1.2). By the flatness assumption B(zq, ro) Nsupp u = B(zo, ro) N P with k-plane
P, for y € B(zp, ro) N supp u we have

K(y) = lim L)k <
r—0 gﬂ(r) “+ wir

which is independentof y € B(zg, ro)Nsupp p. Since K (y) exists (u+H* supp p)-a.€.,
we conclude that the limit K (y) exists for all y € B(zg, ro) N supp u. Furthermore,
since K(y) > 0 for (u + Hk|suppﬂ)—a.e. y € supp U, it follows that 0 < K(y) < 1
for all y € B(zp, ro) N supp K.

We define (before checking it makes sense)

. r
c:=lim 8u( k)
r—0 wir

We have that this limit exists by the existence of the limit K (y) forall y € B(zg, r9) N
supp 1 and since
wirk o ugrk + gu(r) i 1

— = lim im = —1
¢ r=0g,(r) =0 gu(r) K(y)

Moreover, the fact that K(y) > 0 implies that ¢ > 0. Furthermore if ¢ = oo then
K (y) = 1fory € B(zo, ro) Nsupp 1 and therefore (2.1) would give ¥ [suppp(E) =0
for any E C B(zo, ro) N supp i, but this cannot happen since B(zg, 7o) N supp u =
B(zp,r0) N P.

Since ¢ € (0, 00), we can write K (y) = H‘_—l € (0, Dforall y € B(zp, ro) Nsupp i,
and therefore by (2.1) we conclude that

((E) = c¢H [gupp u (E) for any E C B(zo, r0).- 2.2)

The equality (2.2) in particular implies g, (r) = pu(B(x,r)) = cwirk for all

x € B(zg,r0/2) Nsuppu and 0 < r < ro/4. However, by the locally uniformly
distributed condition (1.2), the same holds for any x € supp . That is,

gu(r) = u(B(x,r)) = cwkrk forall x € suppu and 0 < r < ro/4.

Thus, the measure
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satisfies the local uniform condition (1.1), is flat in the open ball B(4zg/rg,4) =
B(z0,10)/(ro/4), and supp i is a dilation of supp w. The result follows by Theorem
(1.1) applied to the locally k-uniform measure /t. m|

3 Proof of Theorem 1.1: Strong Unique Continuation Property

In this section we prove the strong continuation-type property in Theorem 1.1 for
locally k-uniform measures in R”*! that is, if the mean curvature vector of the support
vanishes at a point, then the whole connected component containing the point must
be a k-plane.

Let us recall that the mean curvature vector of a k-dimensional C2-manifold in
R+ is the trace of the (vector-valued) second fundamental form, divided by k. Let
M N B(z0, ro), with zo € M and rg > 0, be a C2-manifold of dimension k. If
{ﬁj (2) };’Z,iﬂ is an orthonormal basis of the normal space N ¢ (z) atz € MNB(zo, o)
then, intuitively, the j-component of the mean curvature vector is a measure of “flat-
ness” in that it infinitesimally captures how much the measure of M changes under
perturbations in the direction of 71 (z).

For our purposes it is enough to work in coordinates, where the definition becomes
more concrete. Assume that M N B(zo, ro) can be described by a C 2 function ¢ =
(Qht1s - s @na1) : RE — R 1=K quch that z = (2, ¢(2)) for z € M N B(zo, ro),
with 7z € R¥. Note that, in this case, the tangent space T4 (z) is

ek + 0,02
1+ 10,02
k

and {e 4}’;:1 is the standard orthonormal basis of R¥. As above, {n; (z)}?:,lJrl is an
orthonormal basis of the normal space N (z). Then the vector-valued second funda-
mental form T (-, )(z) : Taq(z) X Tag(z) = Naq(z) is given by

Tr(z):= span ({tj}§=1> , with 7j(z):=

n+1
T, ) @):=Ty o) (- Vo) = Y (- Vv, it (2)) ().
k1

(Where the inner product is the Euclidean inner product).
The mean curvature vector is then the trace so we have that

k n+1
1 .
Hu@ =7 > 7@ Y (@) Vii@), (@) (@),
i, j=1 O=k+1

where g'/(z) is the inverse of the first fundamental form, given by gij(z) =

(1i(2), 1j(2)).
In generality, this expression is extremely complicated, but it simplifies greatly if we
assume that Th4(0) = Rk x {0}”+l_k (thatis, 0y, ¢(0) = 0, foreveryi =1,...,k).In
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thissetting wecantake?;(0) =ej,j =1,..., k,andﬁj(O) =ej,j=k+1,...,n+1
(here {ei};’;’ll is the standard orthonormal basis of R”*1). It follows that g/ (0) = §; j
(i.e.,is 1 when i = j and O otherwise). Thus our formula simplifies to

n+l

1 k
Hu(0) = 230 D7 tei - Vi(0), er)er.

i=1 l=k+1

We recall that Vt;(0) is a matrix and we need only compute its (£, i)-entry. This is a
straightforward computation that gives

ax,' Y

VT [o5 0P

where we have used in the second equality that 9y, (0) = O foralli =1..., k. Thus
we have the final form

(V£;(0))g.i = Dy, ( ) (0) = 37, ¢¢(0).

n+l1
1
Hpm(©0) =+ > Agi(0)er = £ (0, A(0)), if Trq (0) = RF x {0y 1=k 3.1
=k+1

Before we begin our proofs, let us introduce some preliminary notation. We define
the vector b, , and its nonnormalized version b, , as

k+2/ 2 )

by = (P =1y =2P) & = 2 dn), (3.2a)
S 2wk g

b, ;=——b,, = — |y — —2)d 3.2b
L= b fB NG DR LT INCED

and the quadratic form Q. , and its nonnormalized version Q. , on R"*! as

k+2
Q:r(0)=—rpr5 / ey — 22 du(y), (3.3a)
Wgr B(z,r)
5o —/ ( 2 du(y) (3.3b)
z,r(X):= k+2 r = ) X,y Z nLy), .

all first introduced in [3, (4.3) and (4.4)], see also [1, (7.2) and (7.3)]. Throughout this
section, b7, and Eﬁr denote the j-component (1 < j < n+ 1) of the vectors b, , and
l:z,r respectively.

Here we present the key equality in the proof of our main result Theorem 1.1. This
relates the orthogonal (see (3.6)) vector Eo,, and the mean curvature (given in local
coordinates by Ap(0), see (3.1)), to the integral of “height” of the support squared.
This identity is the main novel part of our work.
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Lemma 3.1 (Key equality) Let i be a locally k-uniform measure in R"*' and 0 < r <
1/2. Assume O € supp u and that supp i N B(0, ro) (for some ro > 0) is given by the
graph of a C? function ¢ = (@rs1, ..., ¢nr1) : RE — Rk ypieh [Vp;0)] =0
forall j =k+1,...,n+ 1. Then there holds

n+1 n+1

2 Bano= Y

/ yidu(y).
j=k+1 j=k+17B0.)

We prove this in Sect.3.1. We are now ready to turn to the proof of Theorem 1.1.
Proof of Theorem 1.1 Since we are C2-smooth in a neighborhood of z(, we can work in
coordinates: after a harmless rotation and translation, let supp p in a neighborhood of
0 € supp u be given by (x', p(x)), x" € R", with p(x) = (@r+1(x"), ..., Pns1(x))

satisfying ¢(0) = O and |Vg;(0)| =0forall j =k +1,...,n+ 1. As we computed
in (3.1) above, this implies that

1
Hsypp . (0) = E(Ov Ap(0)).

Fixed 0 < r < 1/2, by Lemma 3.1 we have

1 n+1 ) n+1
5 2 b, ej0= / yidu(y).
j=k+1 j=k+1¢BO.)

Since (0, A@(0)) = 0 (in particular Ag;(0) = Oforall j = k+1, ..., n+1), then the
integral in the right-hand side is zero, implying that y; = 0 for u-a.e. y € B(0, r) for
all j =k+1,...,n+1.Butthisis only possibleif B(0, ») Nsupp u = B(0, r)N P for
the k-plane P:=R¥ x {0}"*1~*_Since this holds for every 0 < r < 1/2, we conclude
that supp u N B(0, 1/2) = P N B(0, 1/2).

To show that B(zp, 1/2)Nsupp u = B(zp, 1/2)N P for any z( in the same connected
component of supp i, consider a chain of balls of radius 1/2 centered at points in
supp u such that the center of each new ball is in the previous ball with O as the center
of the first ball and z( as the center of the last ball. The result follows by applying this
argument to each ball in the chain in sequence. O

3.1 Proof of Key Equality: Lemma 3.1
Recall the definition of b, , and Q; , from (3.2a) and (3.3a). Let us state two funda-

mental properties satisfied by a locally k-uniform measure ¢ in R”*!. The first is the
elementary identity

k
/ ly —z12du(y) = Sk K2 for all 7 € supppand0 <r <1, (3.4)
B(z,r) k+2
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for the detailed straightforward computation (for k = n) see [3, (4.5)] for instance.
Secondly, proved in [1, (10.3)],* for z € supp  and 0 < r < 1/2 there holds

Ix — z|?

@b, x = 2) + Qo =) = = 2P| = € for all x € supp uNB(z, 7/2).
3.5
Since Q; ,(x —z) < %lx — z|?, this in particular implies that for |x — z| small

enough there holds

r

[2bzrox = 2)] < C'lx — 2.

From this latter inequality we conclude that, if supp N B(z, rg) (for some rg > 0) is
at least of class C!, then either b;r=0or

b, is orthogonal to the tangent k-plane of supp u at z € supp u. (3.6)

Having recalled these facts we can now establish the following algebraic relation,
which gets us most of the way to Lemma 3.1. We thank the reviewer for pointing
out that similar estimates (in spirit) actually date back at least to the work of [6], see
Lemma 4 there. We should also state explicitly that the general idea of working in local
coordinates and estimating errors using the smoothness of the support is ubiquitous
in the literature, appearing in [1, 3, 4, 7, 12] and surely elsewhere.

Lemma 3.2 Under the assumptions of Lemma 3.1, there holds

n+l1
Z by, (V2 (O)e.e) =1 — Qo,(e) forall e € S*~1 x {0y 17K (3.7)
j=k+1

Proof During the proof, by the C? local representation of supp i we write x =
(', p(x)) withx’ € R and ¢ (x") = (@r1 (X)), ..., gus1(x))) € R*H1=K As we are
assuming that 0 € supp u and |[Vg;(0)| =O0forall j =k+1,...,n+ 1, by Taylor’s
theorem we then have

(V2g;(0)x', x')

5 +o(x')?) forall j =k+1,...,n+ 1.

pi(x) =
(We use little o notation, so that o(s) is a quantity that when divided by s goes to zero
ass | 0).
With z = 0, (3.5) reads as

3
(2bo.r, x) + Qo (x) — x| < c% forall x € supp e N B(0,7/2).  (3.8)

4 The codimension 1 version is proved in [1, (10.3)] but its proof does not depend on the codimension. For
a statement in any codimension, see [12, Proposition 2.3 (2.12)].
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First, from (3.6) we have that bg , is orthogonal to the tangent k-plane of supp w1 at 0, or
it may be zero. That s, in local coordinates, this means by , € (Rk X {O}”“ —k )L, since
Vo) =0forall j =k+1,...,n+ 1.Thisimpliesb(])’r =O0forallj =1,...,k,
and therefore,

n+1 n+1
(200, x) =2 Y b= > bl (V2e;(0)x". x) + o(1x').
j=k+1 j=k+1
Second,
k+2 )
Qo.r(x) = —/ (x, y)7dp(y)
! wer**2 Jpo.r)

k42 n+1 2

=—05 oy + @iy | dn(y)
wyrk+2 /B(o,r) j=2k-;-1 ’ !
k+2

=——= f (', ¥V dp(y) + o(1x']%).
Wir B(0,r)

Finally, simply |x|?> = |x'|> + o(|x’|?). Also from this, we have that |x| ~ |x’| for
x € supp u N B(0, r/2) with small enough modulus.

From (3.8) and these estimates, there exists a 6§ € (0, 1) (depending on ||¢||-2)
such that for all x € supp u N B(0, r/2) with |x| < 6r we get

n+1 ) k+2 1
> b0 ) [y ) - P < o).
- Wir B(0,r) r
Jj=k+1
3.9

Note that we can simply write the middle term as Qg ((x’, 0)).

Given e € S*=1 x {0})*t17K let0r/2 > ¢ > 0 and x” = ee in (3.9). Dividing both
sides of (3.9) by |x'|? = &2 and letting ¢ | 0, we get (3.7). O

We now turn to the proof of Lemma 3.1.

Proof of Lemma 3.1 Multiplying the equality (3.7) in Lemma 3.2 by w;rk+2/(k + 2)
we have

n+1
- Z B (V20 (0)e, €) = k“jr"zr"“ — Do (e) forall e € SK=1 x {0y +1—k,
j=k+1

(3.10)
For 1 < i < k, taking e = ¢; € SK=1 x {0y*+1=* in (3.10), recall {ei}:’:]l is the
standard orthonormal basis of R"*!, we have

1 n+l1

5 2 By, 8,05 (0) = - "*2—/ 7 du(y). (3.11)
/ =k+1 BOn
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Adding up (3.11) for 1 <i < k we get

n+1 kwk k
5 2 Bobei O = 5t Z/ P dp(y).
j=k+1 i=1 7BO.")
The lemma follows from the above after applying the identity (3.4). O
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