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Abstract

We consider families of planar polynomial vector fields of degree n and study the cyclicity of a type
of unbounded polycycle I' called hemicycle. Compactified to the Poincaré disc, I' consists of an affine
straight line together with half of the line at infinity and has two singular points, which are hyperbolic
saddles located at infinity. We prove four main results. Theorem A deals with the cyclicity of I' when
perturbed without breaking the saddle connections. For the other results we consider the case n = 2. More
concretely they are addressed to the quadratic integrable systems belonging to the class Q§ and having two
hemicycles, I';, and 'y, surrounding each one a center. Theorem B gives the cyclicity of I';, and I'y when
perturbed inside the whole family of quadratic systems. In Theorem C we study the number of limit cycles
bifurcating simultaneously from I';, and I'y when perturbed as well inside the whole family of quadratic
systems. Finally, in Theorem D we show that for three specific cases there exists a simultaneous alien limit
cycle bifurcation from I'y, and I'y.
© 2025 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).

MSC: 34C07; 34C20; 34C23

Keywords: Limit cycle; Hemicycle; Cyclicity; Asymptotic expansion; Dulac map

* This work has been partially funded by the Ministry of Science, Innovation and Universities of Spain through
the grants PID2020-118281GB-C33, PID2021-125625NB-100 and PID2022-136613NB-100, and by the Agency for
Management of University and Research Grants of Catalonia through the grants 2021SGR00113 and 2021SGR01015.

* Corresponding author.

E-mail address: jordi.villadelprat@uab.cat (J. Villadelprat).

https://doi.org/10.1016/j.jde.2025.113281
0022-0396/© 2025 The Authors. Published by Elsevier Inc. This is an open access article under the CC BY-NC-ND
license (http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://crossmark.crossref.org/dialog/?doi=10.1016/j.jde.2025.113281&domain=pdf
http://www.sciencedirect.com
https://doi.org/10.1016/j.jde.2025.113281
http://www.elsevier.com/locate/jde
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:jordi.villadelprat@uab.cat
https://doi.org/10.1016/j.jde.2025.113281
http://creativecommons.org/licenses/by-nc-nd/4.0/

D. Marin and J. Villadelprat Journal of Differential Equations 433 (2025) 113281

1. Introduction and main results

In this paper we consider families of planar polynomial vector fields X, depending on a
parameter 4« € RV and we are interested in the number of limit cycles (i.e., isolated periodic
orbits). More concretely, we study their bifurcations, which occur at the limit periodic sets of
the family (where limit cycles accumulate as p varies). In this setting the first step is to obtain
the sharp bound for the number of limit cycles that bifurcate from each limit periodic set I'.
This bound is called the cyclicity of I'. The computation of the cyclicity is a crucial step to
determine the bifurcation diagram for the number of limit cycles within the family. Before stating
our main results we will give a precise definition of all these notions. The problems that we
discuss in the present paper are related to questions surrounding Hilbert’s 16th problem and its
various weakened forms. We refer the interested reader to the monographs of II’yashenko [13],
Jibin Li [15], or Roussarie [25] for more information on these issues.

We begin by recalling the notion of limit periodic set as introduced in [25, Definition 10].
This is the fundamental object that we aim to study and its definition is given in terms of the
Hausdorff topology, which for reader’s convenience we briefly explain next.

Remark 1.1. Let S be a metrizable space and denote by C(S) the set of all compact non-empty
subsets of S. Given any K1, K> € C(S) we define

dy(Ky,Ky)=  sup { inf d(xy,x5), inf d(x},x2)¢.
XiEKl

x1€K1,x0€K Xé€K2

One can readily show that dy is a distance. It defines a topology on C(S), which is independent
of the distance d chosen, that is called the Hausdorf{f topology. Moreover it turns out that

dr (K, K2) =inf{e > 0: K1 C N,(K2) and K> C Ne(K1)},

where N, (K) is the e-neighbourhood of K. Finally, if (S, d) is a compact metric space then so
is (C(S), dy). The interested reader is referred to [23, p. 279] for both assertions.

Definition 1.2. A non-empty compact subset I of a surface S is a limit periodic set for a germ
of a family {X,},~y, of vector fields on § if there exists a sequence of parameters {it,},eN
converging to o such that each X, has a limit cycle y,, and the sequence {y,},eN converges to
" as n — oo in the Hausdorff topology of the space C(S) of compact non-empty subsets of S.

It is well known, see [25, Theorem 5], that any limit periodic set of a germ of an analytic
family {X,,},~y, such that X, has only isolated singular points is either a singular point, a
period orbit or a graphic of X ,,. We recall the notion of graphic and polycycle below:

Definition 1.3. Let X be a vector field on R? (or S?). A graphic T for X is a compact, non-
empty invariant subset which is a continuous image of S! and consists of a finite number of
isolated singularities {py, ..., pm, Pm+1 = P1} (not necessarily distinct) and compatibly oriented
separatrices {si, ..., s;;} connecting them (i.e., such that the o-limit set of s; is p; and the w-
limit set of s; is p;41). A graphic is said to be hyperbolic if all its singular points are hyperbolic
saddles. A polycycle is a graphic with a return map defined on one of its sides.
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Fig. 1. “Figure eight-loop” I' =I'_ U T'y formed by two homoclinic connections I'_ and I' . The limit cycles y—, y+
and y are close (with respect to the Hausdorff distance) to I'—, "1 and I, respectively.

The polycycles that we aim to study are unbounded and for this reason we need to compactify
the vector field. Recall that to investigate the phase portrait of a polynomial vector field Y near
infinity we can consider its Poincaré compactification p(Y), see [1, §5] for details, which is an
analytically equivalent vector field defined on the sphere S2. The points at infinity of R? are in
bijective correspondence with the points of the equator of S, that we denote by .. Moreover
the trajectories of p(Y) in S? are symmetric with respect to the origin and so it suffices to draw
its flow in the closed northern hemisphere only, the so called Poincaré disc.

Definition 1.4. Let I be an arbitrary collection of limit periodic sets for the germ of an analytic
family {X,} i~y Of vector fields on S?. We define the cyclicity of TT with respect to { X}~
as

Cycl((IT, X ), X“):gi?fo Ei?u? ;#{y limit cycle of X, s.t. dg (v, T) < ¢ for some I' € I},
>0 e Bs(no

which may be infinite.

Remark 1.5. Let us point out that if IT = {I'} then the cyclicity of IT coincides with the usual
cyclicity Cycl((T, X ;i) X,) of the limit periodic set I, cf. [25, Definition 12]. In contrast,
if TT consists of more than one limit periodic set then the cyclicity of IT accounts for the
limit cycles bifurcating simultaneously from any of them. Finally, observe that if IT C I’ then
Cyel((T1, X o), Xu) < Cyel((IT, X,10), Xp0).

Note that the simultaneous cyclicity of {I'f, ..., [',} may not coincide with the cyclicity of
't U---UT,, even in case that the latter is a limit periodic set. For instance, consider a germ
{X .}~ such that X, has a saddle point with two homoclinic loops I'_ and I"' . making up a
“figure eight-loop” I' =T'_ U T4, see Fig. 1. Then the values of Cycl((H, X10), X,L) for

= {F+}v M= {F—}v M= {F}’ M= {F+’ F—}v M= {F+1 F}v
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M={_,I}and 1={I;,[_,T}

may be all different. On the other hand, it is clear that

-
o ax r}{cycl((rj, Xup): Xp)} SCyel((Tn. .. Tp, Xpig), Xp0) <) _Cyel (T, X ). X))
A j=1

In this paper we study the cyclicity problem for perturbations of planar polynomial vector
fields with an invariant straight line (see [7,9] and references therein for previous results on the
issue). After a suitable rotation we can assume that this invariant straight line is {y = 0}. In the
first part of the paper this line is assumed to be invariant throughout all the perturbation. Any
such family {X,} e can be written as
X=yf(x,yi )+ g m),
Xy { . . ey

Yy=yqx,y; 1),

where A is an open subset of RY and f, g and ¢ are polynomials with the coefficients depend-
ing analytically on p. We assume that deg(f) = deg(g) = n and deg(g) =n + 1 and that the
following hypothesis hold:

H1 g(x; n) <Oforall x € R and i € A, which implies that n is odd, and

H2 0,41 (x, y; )= yfu(x, yi ) — xga(x, 3 1) + gna1 (X" > 0 for all (x, y) # (0, 0) and
neEA.

Here, and in what follows, f,(x, y; u) and g,(x, y; n) denote, respectively, the homogeneous
part of degree n of f(x,y;u) and g(x, y; u), whereas g,41(un) is the leading coefficient of
g(x; w). The second hypothesis is related with the angle variation 6 of the solutions of (1) near
the infinity because one can verify that

r20 = y(xq(x,y) — yf(x,y) — g(x)).

Since ¢,4+1 is a homogeneous polynomial of even degree, the condition H2 is equivalent to
2 (1,2) = qn(1,2) + gns1 > 0and f(z, 1) —2¢n(z, 1)+ gns12" ! > Oforall z € R and 1 € A.

Conditions H1 and H2 guarantee that, after compactifying the polynomial vector field X, to
the Poincaré disc, the boundary of the upper (respectively, lower) half-plane is a polycycle 'y,
(respectively, I'y) with two hyperbolic saddles, see Fig. 2,

s1:={y=0,x>0}Nflx and 572:={y=0,x <0} N €.

This type of polycycle, formed by an invariant line and half of the equator of S?, is called hemi-
cycle in [7]. Moreover the vector fields of the form (1) verifying H1 and H2 are called D-systems
by the authors in [9].

Our first main result is addressed to the cyclicity of I',, when perturbed inside the family of
D-systems. This result will be given in terms of two functions do(p) and d;(w). In order to
define them we first need to introduce several other functions. For the sake of shortness we shall
omit the dependence of w in these functions when there is no risk of confusion. We define

4
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Fig. 2. Placement of the hyperbolic saddles and the polycycles I';, and I'y in the Poincaré disc for the polynomial vector
field (1).

xq(x,y)
Kxpy,xp,wy=1—- ——— and
YA, y) + 800 [ yy=(L 2
x.y) (-*1’X%) )
)\ . . _ QI’I(l»O)
(w):=—K@0,0; ) =—1+ ——>0.

8n+1

The function K is related to the projective compactification of X, whereas A () is the hyper-
bolicity ratio of its saddle at infinity. Let us remark that, on account of H1 and H2, the functions
K and 1/K are well defined in a neighbourhood of {x; = 0} and {x, = 0}. Then, setting

F0o1 1\ dz 1
wonr-on{ (s )2y
0

and
[ dz
M (u) = exp / (K(z,0) +A)7 0K (u,0),
0
we define
+00
dz
A= [ (M@~ M0+ exp(@) (4 (-2~ M1 0)) 7 3)
0
+00
dz
R0 = [ (Ma-2) = Ma(0) + exp(Ga) (M2(2) — M200)) 57 *
0
and
F3(p) = —G2(01K 02K + 012K)(0, 0), %)



D. Marin and J. Villadelprat Journal of Differential Equations 433 (2025) 113281

where

1

+00
qn(1,2) 1 zga(z, 1)\ dz /(q(z,O) q(—z,0)>
Gi= [ (-2 414+ -+ 22 )22 and Gy = d
! /(zn+1<1,z)+ +A+zn+1<z,1>> N T T )F

Taking this notation into account, the functions that determine the cyclicity (and stability) of the
polycyle I', at first and second order are the following:

+o0 Fi(p) ifa(p)>1,

70 n -51 .
do(u)2=—/ ("(Z P (G >dz and &)= B ifA <1, (6)
g8(2) it1(z, 1)

—00 F3(u) ifa(u)=1.

Let us advance that the function dp, together with the functions Fi, F; and F3 defining d1, gener-
ate the ideal of coefficients at order one and two of the asymptotic expansions of the displacement
function studied in Theorem 2.1. This result also shows that dy is analytic on A and d is ana-
lyticon A\ Ay, where Aj:={u € A : A(u) = 1}. In the next statement %, (-; u) stands for the
return map of the vector field X, around the polycycle I'y, see Fig. 2, and we use the notion of
functional independence given in Definition A.11.

Theorem A. Let us consider the family of polynomial vector fields {X }en given in (1) and
verifying the assumptions HI1 and H2. Then the following assertions hold for any po € A such
that %, (- ; o) Z 1d:

(a) Ifdo(uo) # O then Cycl((Fu, Xu0) Xu) =0.

(b) If dy vanishes and is independent at |1 then Cycl(([’u, Xuo) Xﬂ) >1.

(c) Ifdi(uo) # 0 then Cycl((Fu, Xu0) X,L) <1

(d) Ifdog and dy vanish and are independent at j1o and A(ug) # 1 then Cycl((Fu, X)), X,L) >2.
Moreover the same lower bound holds in case that ).(j10) = 1 and the restrictions do|,, and
dy|p, vanish and are independent at 1.

With regard to the application of Theorem A, we note that if do(uo) # 0, or di (o) # 0, then
P, (-; no) # 1d. This is a consequence of Theorem 2.1, which is a fundamental result to prove
Theorem A.

The stability of this kind of hemicycle was previously studied in [9, Theorem 7]. Indeed, using
our notation, the authors prove that %, (s; 1) = e%" s 40(s), so that if dy(19) < 0 (respectively,
do(1e0) > 0) then the polycycle I',, of the vector field X ,, is asymptotically stable (respectively,
unstable). In this paper, by performing a second order analysis we also obtain the stability in case
that do(o) = 0 and d; (eo) # 0 (see Remark 2.2). That being said, the goal of the present paper
is not to study the stability of the hemicycle but its cyclicity. The first notion concerns single
vector fields, whereas the second one is addressed to families of vector fields (i.e., depending
on parameters). This is the reason why we need the remainder in the asymptotic expansion of
P, (s; ) at s = 0 to be uniform with respect to the parameters. Let us also note that similar
results (for both, stability and cyclicity) can be obtained for the hemicycle I'; by performing the
change of variables (x, y) — (x, —y).
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Fig. 3. Phase portrait in the Poincaré disc of the quadratic differential system (7) for each (aq, bg) € (—2,0) x (0, 2).

Theorem A is a general result for the cyclicity of the polycycle I';, of a D-system X,
with %, (-; o) # Id when perturbed inside the family of D-systems (1). Note that in doing
so the polycycle I',, is persistent (i.e., the connections between the two vertices remain unbro-
ken through the perturbation). In contrast, the rest of our main results concern the cyclicity
of quadratic D-systems X,,, with %, (-; no) = Id when perturbed inside the whole family of
quadratic systems. This means in particular that the connection breaks, see Fig. 7. More con-
cretely, in Theorems B, C and D, for each (ag, bg) € (—2,0) x (0, 2), we perturb the quadratic
D-system

i =22 1 (1—bo)y + aox® + boy?, o
y=—-2xy,

that one can show it verifies assumptions H1 and H2. Moreover it has two centers, located at

the points (0, %) and (0, %) whose period annulus foliate, respectively, the upper and lower

half-planes, see Fig. 3.

Theorem B. Let us take any (ag, bo) € (—2,0) x (0,2). Then the cyclicity of I',, when we per-
turb (7) inside the whole family of quadratic differential systems is exactly 2 if ag # —1 and at
least 2 if ag = —1. Moreover the same statement is true for T'y.

We point out that this result does not imply that the number of limit cycles bifurcating si-
multaneously from I';, and 'y is four. As a matter of fact this number is at most three by the
forthcoming Theorem C. Using the terminology from [12], both centers of the unperturbed
system (7) are inside the reversible component Q§ of the center manifold of the quadratic sys-
tems. There are three other components: Hamiltonian Q? , codimension four Q4 and generalized
Lotka-Volterra Q3LV. It turns out (cf. Lemma 3.3) that the centers of the unperturbed system be-
long also to the Q3Lv component in case that (ag + bo)(ao — bp + 2) = 0, and when this occurs
the proof of Theorem B is a little more difficult.

Closely related to Theorem B, a result due to Swirszcz (see [32, Theorem 1]) is worth to be
quoted. Indeed, in that paper the author also studies the cyclicity of a polycycle of a quadratic
reversible system when perturbed inside the whole quadratic family. More concretely, he perturbs
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Abg

3ag+5bg+2=0

Fig. 4. According to Illiev’s conjecture, the shaded area corresponds to those parameters (agq, bg) for which the period
annulus & of the center at (0, %) of system (7) has cyclicity 3. Its boundary has two components: the straight line
3ag + 5bg +2 =0 and a piecewise curve C. The straight line corresponds to parameters for which the center itself
has cyclicity 3. The curve C corresponds to parameters for which the polycycle at 9.4 has cyclicity 3. The parameters
S1=(11),8%=(-2,0),5= (f%, 0) and S4 = (—4, 1) are the four isochronous quadratic centers. The blue straight
lines are the intersection points with the component ng of the center manifold. The parameters QI =(—4,2) and

0, =( g’ 0) are the intersection points with the component Q4. (For interpretation of the colours in the figure(s), the
reader is referred to the web version of this article.)

the differential system (7) but taking (ag, bg) € S:= {0 < by < —ap} N {ap < —2}. For these
parameters the singular point (0, %) is also a center but the polycycle at the boundary of its period
annulus is not an hemicycle. It is a bicycle I', with the two vertices at infinity, and consisting
of a branch of a hyperbola together with a segment of £,,. Recall that the period annulus of a
center p is its largest punctured neighbourhood &2 which is entirely covered by periodic orbits,
and that its boundary 9.7 has two connected components: the center itself and a polycycle. By
using a completely different approach than ours, and with a lower level of detail in the proofs,
Swirszcz identifies a curve C (see Fig. 4) such that the cyclicity of [y, is 3 if (ag, bg) € SNC and
2 if (ag, bp) € S\ C. It is to be noted that the only parameter value in S which intersects another
center component is (ag, bg) = (—4, 2), that belongs also to the Q4 component.

In another vein, Iliev studies in his seminal paper [12] the cyclicity of the period annulus & of
the quadratic centers. We stress that the definition of cyclicity for & is different than the one for
a polycycle because the former is open (see Definition 1.6). Among other results Iliev proves that
the cyclicity of the period annulus &7 of the center at (0, %) of the differential system (7) is 3 for
(ao, bo) = (—4,2) and 2 for (ag, bg) = (—1, 1). These two parameters are denoted, respectively,
by QI and S in Fig. 4. Moreover he conjectures that the cyclicity of & is equal to 3 if (ag, bo) is
inside the shaded area in Fig. 4 and equal to 2 if (ag, b) is outside. Previous to Iliev’s conjecture,
there is a result by Shafer and Zegeling (see [29, Theorem 3.2]) that determines some regions
where the cyclicity of &2 is equal to 3. They also give a numerical approximation to the curve C.
In this setting Theorem B reinforces Iliev’s conjecture because it shows that the curve C does not
enter the square (ag, by) € (—2,0) x (0, 2).
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Let us recall at this point that Hilbert’s 16th problem asks for the maximum number H (n)
of limit cycles of a planar polynomial differential system of degree < n. It is still open for
any n > 2. In 1994 Dumortier, Roussarie and Rousseau conceived a program (see [7]) to prove
that H(2) is finite. In short, they reduced this problem to prove the finite cyclicity for only
121 (different classes of) graphics occurring in quadratic systems. According to the notation in
that paper, the quadratic system (7) with (ag, bg) € (—2,0) x (0, 2) is inside the class Hzl of
hyperbolic hemicycles surrounding a center (see [7, Figure 7]). Thus, Theorem B can be viewed
as a small contribution to the completion of the program to prove that H(2) < oo. Nevertheless
some authors (e.g. [27]) attribute to Mourtada the proof of the finite cyclicity of any hyperbolic
polycycle in an unpublished series of manuscripts (see [18, Theorem 0] and references therein).
For other results about the cyclicity of quadratic hemicycles in this context the interested reader
is referred to [5,26].

Note that Theorem B provides the cyclicity of I';, and I'y individually, i.e., taking IT = {I";;}
and IT = {I'¢} in Definition 1.4. In our third main result we study the cyclicity of I1 = {I",,, I'¢},
cf. Remark 1.5, when we perturb (7) inside the family of quadratic differential systems. In its
statement we use the following parameter subsets:

K1:={(ao, bo) € (=2,0) x (0,2) : ap + bo < 0 or ap — bp +2 < 0}

and
Ko :={(ao, bp) € (—2,0) x (0,2) : ap + bg > 0 and ay — by + 2 > 0}.

Theorem C. If (ao, bg) belongs to K1 \ {ag = —1} (respectively, K7) then the cyclicity of T1 =
{Ty, T¢} when we perturb (7) inside the whole family of quadratic differential systems is exactly
3 (respectively, 2). Moreover it is at least 3 for (ao, bog) € {—1} x (0, 2).

We stress that Theorem C deals with the simultaneous bifurcation of limit cycles from I',, and
"y, which are the outer boundaries of two period annuli. Note that if this simultaneous cyclicity
is 3 then, as a consequence of Theorem B, two limit cycles bifurcate from I', and one from Iy,
or vice versa. The simultaneous bifurcation of limit cycles from the two period annuli has been
studied for ag = —% and a9 = —% in [17] and [3], respectively, and also for (ag, bg) = (—%, %)
and (ag, bg) = (—1, 1) in [24] and [8], respectively. The authors do not know of any previous
work dealing with the simultaneous bifurcation from two polycycles.

We turn now to the statement of our last main result, Theorem D, which deals with alien limit
cycles. This notion was introduced by Dumortier and Roussarie in [6], where the authors bring to
light that there are limit cycles bifurcating from a polycycle which cannot be detected as a zero
of the first Melnikov function (see also [2,4,11,16]). Our aim in this paper with regard to this
issue is twofold. On the one hand, to propose a definition of this phenomenon more intrinsic and
geometric than the one used in the literature and not depending on the computation of Melnikov
functions. On the other hand we want to show that there exist alien limit cycles in the context of
simultaneous bifurcations. To this end, following Gavrilov [10] we first introduce the notion of
cyclicity of an open subset U as follows. (He considers the case when U is a period annulus and
here we extend it slightly.)

Definition 1.6. Let {X,,},~y, be a germ of an analytic family of vector fields on S? and let K
be a compact subset of S2. We define the cyclicity of K with respect to the germ {X whupo s

9
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Cych((K, X10)s Xﬂ) = gignfo sBu%) )#{y C N¢(K) limit cycle of Xu} € Z>o U {00},
0=V e Bs (o

where N, (K) is the tubular e-neighbourhood of K. If U C S? is open we define

Cyclg ((U, X)), X,L) =sup {Cych ((K, X)), X,L) :KcCcU compact} ,
which may also be infinite.

In case that U is a period annulus with finite cyclicity in the above sense, Gavrilov proves
in [10, Theorem 1] that Cych((U s X ), X u) is the same as in an appropriate one-parameter
analytic deformation. This is related with the notion of essential perturbation introduced by II-
liev [12] and enables to tackle the problem by computing Melnikov functions. This well-known
approach allows to bound the number of limit cycles bifurcating from any compact set K C U
by means of the Weierstrass Preparation Theorem, however it gives not enough information on
U \ K. This motivates the following definition.

Definition 1.7. Let {X,} 4~ be a germ of an analytic family of vector fields on S? and consider
an open subset U of S?. We define the boundary cyclicity of U from inside as

Cycl 2 (AU, Xyu), Xu) = inf {Cyclg (U \ K, Xyu), Xpu) : K C U compact} € Zzg U {o0}.

If 90U is a polycycle with a return map which is not the identity then it can be shown by a
compactness and continuity argument that Cyclg ((8 U, X)), X M) = 0. On the other hand, we
prove in Lemma 5.1 that

Cyclg((ay, Xyu0)s X)) < Cyelg ((OU, X o), X ).
These two facts lead to the following definition:

Definition 1.8. Let {X,,},~,, be a germ of an analytic family of vector fields on S? such that
X, 1s a D-system satisfying hypothesis H1 and H2. Assume additionally that the return maps
Py (-5 o) and Ze (-5 o) of the hemicycles I'y, and I'y, respectively, are both the identity. Taking
U=R?\{y=0},if

Cycl 2 (U, Xyu)s Xpu) < Cyclg (U, Xpp), X )

then we say that an alien limit cycle bifurcation occurs at 0U = I', U 'y from inside U for
{X o

We have not given the notion of alien limit cycle bifurcation for an arbitrary collection of limit
periodic sets because the involved casuistry would make the definition more complicated than
it should be. This is already evident for the case of the “figure eight-loop” in Fig. 1. That being
said, we do give the definition of alien limit cycle bifurcation for any unfolding of a polycycle
satisfying rather natural hypothesis, which is the case of those 2-saddle cycles studied in [2,4,
6,11,16]. This will be done in Section 5, see Definition 5.3. Our definition differs from the one

10
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used by Dumortier and Roussarie in [6] because we account only for limit cycles which cannot
be detected as zeroes of any Melnikov function of any order, cf. Lemma 5.4.

Under the hypothesis in Definition 1.8, the vertices of I',, and I'; are hyperbolic saddles. In
this case it follows from Lemma 5.2 that

Cyclg (U, Xpg), X)) = Cyel(({Tu, Teb, X o), Xp0)-

Hence Definition 1.8 takes into account the simultaneous bifurcation of limit cycles from I';, and
I"y. In this regard we obtain the following result about alien bifurcations in the quadratic family:

Theorem D. If (ag, by) € {(—1, 1), (—%, %), (—%, %)} then an alien limit cycle bifurcation occurs
at 'y UT'y when we perturb (7) inside the whole family of quadratic differential systems.

Let us remark that in the present paper we consider families of planar polynomial vector
fields {X,,}ca and that the statements of our main results should more formally be addressed
to the compactified family {p(X,)},ea of analytic vector fields on the Poincaré sphere S2. For
simplicity in the exposition we commit an abuse of language by identifying both families. It is
clear that the number of limit cycles of X, and p(X,) is the same because the line at infinity
£~ is invariant in all the cases under consideration. Related with this we note that, although the
corresponding analytic extension of the polynomial vector field to S? does not descend to the
quotient RIP? of S? by the central symmetry with respect to the origin, the induced foliation
does. Since limit cycles depend on the foliation, and not on the specific way in which the orbits
are parametrized, one could consider the notion of cyclicity in the real projective plane RP?
instead of the sphere S2. It is worth to point out that these two notions are not equivalent. Indeed,
the two hemicycles I, and Ty in S? project to the same polycycle T',, = T’y on RP? (see Fig. 5)
and by applying Theorems B and C, respectively,

Cyel((Tw, Xup), Xu) =2 and Cyclpp2 (Tu, Xpip), Xp) =3

for any (ag, bp) € K1 \ {ag = —1}.

The paper is organized as follows. Sections 2 and 3 are devoted to prove Theorems A and B,
respectively. Both results strongly rely on the asymptotic development of the difference map
2(s; u) given in Theorem 2.1. This is a rather technical result that follows by applying the tools
developed in [19-21] to study the Dulac map and its proof is deferred to Appendix B for reader’s
convenience. Another important ingredient in the proof of Theorem B is Theorem 3.5, which
provides a very useful division of the difference map in the ideal generated by its coefficients. The
proofs of Theorems C and D are given in sections 4 and 5, respectively. Appendix A gathers the
essential definitions and results from [19-21] that we use in the present paper, together with some
other auxiliary results. Finally, in Appendix B we demonstrate Theorem 2.1 and Proposition 3.2,
which have the longest and most technical proofs.

2. Proof of Theorem A

In this section we consider the family of vector fields {X,},eca given by (1) and satisfying
the hypothesis H1 and H2. We take two local transverse sections, ¥ and X, parametrised,
respectively, by s — (0, %) and s > (0, s) with s > 0. We also define D (s; ) to be the Dulac
map of X, from X; to X and D_(s; u) to be the Dulac map of — X, from X to X, see Fig. 6.

11
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Fig. 5. Quadratic reversible double centers in (7) compactified to the Moebius strip RP? \ D. One of the two centers is
depicted at the front of the drawing, while we place the other one in the removed invariant disk ID for convenience. The
polycycle I', = Iy is represented by the two circles in blue and green intersecting at the saddle point at the back.

The limit cycles of X, that are close to I', in Hausdorff sense are in one to one correspondence
with the isolated positive zeroes of the difference map

D(s; )= Dy(s; u) — D_(s; )

near s = 0. The following result gives the asymptotic development of Z(s; u) at s = 0 and the
functions A, F1, F;, F3 and dj in its statement are the ones defined in (2), (3), (4), (5) and (6), re-
spectively. In the statement we use the Ecalle-Roussarie comensator o (s; «), see Definition A.1,
and F;°(uo) stands for a function ¢-flat with respect to s at o, see Definition A.3.

Theorem 2.1. Let us fix any jo € A and set ho:= A(io). Then D(s; ) = Ao(p)s* + F7° (o)
forany l € [)»(), min(2Aqg, Ag + 1)), where Ay is an analytic function at [Lo that can be written as
Ao = kodg, with ko analytic at wg and ko(uo) > 0. In addition,

(D) If Ao > 1 then D(s;p) = Ao(w)s* + Ap(u)s* T + FP (o) for any € € [ro + 1,
min(2ig, Ao + 2)). Furthermore A1 is an analytic function at | that can be written as
A1 = k1 F1 + k1 Ag, where k1 and k1 are analytic at 1o and k1 (o) > 0.

(2) If ho < 1 then D(s; u) = Ao(u)s* + Ax(w)s + Fp° (o) forany € € [2)\0, min(3Ag, Ag +
l)). Moreover Aj is an analytic function at g that can be written as Ay = k2 F) + ka2 A,
where k) and k4 are analytic at o and k2 (o) > 0.

(3) Ifro = 1then Z(s; ) = Ao()s* + Az(w)s* T w(s; 1—2) + Ag(u)s* T + F52 (o) for any
L €[2,3) and where A3z and A4 are analytic functions at jg. Moreover there exist analytic
functions k3 and k3 at o with k3((o) > 0 such that the equality Az = k3 F3 + k3A¢ holds
on{pneA:A(n) =1}

12
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52

Fig. 6. Dulac maps for the definition of ¥ = D4 — D_ in Theorem 2.1.

Since the proof of Theorem 2.1 is rather long and technical and also requires several results
from previous papers, we postpone it to Appendix B for reader’s convenience.

Remark 2.2. On account of the definition of d; given in (6), Theorem 2.1 provides the following
information about the stability of the polycycle I', for the vector field X, :

(a) If do(mo) < O (respectively, do(ig) > 0) then ', is asymptotically stable (respectively, un-
stable).

(b) If do(po) = 0 and di (o) < O (respectively, di (o) > 0) then ', is asymptotically stable
(respectively, unstable).

The key point for this observation is that the functions «; in the statement of Theorem 2.1 are
strictly positive at .

For simplicity in the exposition, from now on we will use the following definition.
Definition 2.3. Let (s; ) be a function in €2 (U) for some open set U C RY. Given any
wo € U we define Zy(h(-; 1), no) to be the smallest integer £ having the property that there
exist § > 0 and a neighbourhood V of 1 such that for every p € V the function A(s; 1) has no
more than £ isolated zeros on (0, §) counted with multiplicities.

Proof of Theorem A. Recall (see Fig. 6) that the limit cycles of the vector field (1) that are close

to I', in Hausdorff sense are in one to one correspondence with the isolated positive zeroes of
the difference map

D(s; u) =Dy (s; u) — D_(s; )

near s = 0. Hence, see Definition 2.3, we have that Cycl((l"u, Xu0)s Xu) < ZO(@( W), ,uo).
Note moreover that, by Theorem 2.1,

D(s; 1) = Ao()s™ + F£° (o) ®)

for any € € [Ag, min(219, Ao + 1)), where A9:= A(uo) and Ag = kody with ko(uo) > 0. If
do(mo) # 0 then, taking any £ > Ag (see Definition A.3),

13
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lim 57D (s; 1) = Ao(uo) #0,
(s,,)= (0%, 1)

which implies Zo(_@( ), ,uo) =0 and proves (a).

On the other hand, since 2(-; ug) =0 if, and only if, Z,(-; o) = 1d, the assertion in (b)
follows from the equality in (8) by applying Proposition A.12 with n = 1.

We turn next to the proof of (c¢) and (d). To this end we shall use that, by Theorem 2.1,

Ar()s™ T+ Fpe (o) if Ao > 1,
D(s; 1) = Ao(w)s™ + § Da()s™ + F2 (o) ifag <1, (9
As(s* o (s; 1= 1) + Aa(s™* + F (o) if o =1,
for any €1 € [Ao + 1, min(2r0, Ao + 2)), €2 € [2A9, min(3ro, Ao + 1)) and €3 € [2, 3), respec-
tively. Moreover, in its respective case, the coefficient A; is an analytic function at pg. In

addition, for i € {0, 1, 2, 3}, there exist analytic functions «; and k; at po with «; (o) > 0 such
that we can write

Ag=rkody A1=K1F1+Kk1Ao Ax=iaFa+kaAg Azlp, = (k3F3 +i3A0)[4, (10)

where recall that Aj:={u € A : A(n) = 1}.

In order to show (c¢) we can suppose that Ag = kodo vanishes at ©o because otherwise we have
already proved that Cycl((l"u, X)), X u) = 0. On account of this the assumption dj(ug) # 0
implies, see the definition given in (6), that A1(ro) # 0 if Ag > 1, Ax(up) # 0 if Ag < 1 and
A3 (o) # 0 if Ag = 1. In the first case, from (9) and applying Lemma A.7,

35 (s™ P (s3 ) = 35 (Ao () + A1 (s + s FF (o))
= Ay(w) = As T FR (o) + s TR (o)
= Ar(w) + F2° (o)
for some ¢ > 0 small enough since we can take £1 > Ao + 1. Therefore, see Definition A.3, the

derivative d; (s_}‘@(s; /L)) tends to A1 (uo) # 0 as (s, ) — (07, wo). Thus, by applying Rolle’s
Theorem,

Cyel((Tu, Xpp), Xp1) < Z0(2(-3 ), o) < 1,

as desired. Similarly, in the second case (i.e., Ao < 1) we have that

¥ (s (s: W) = A2 (W)™ + F2 (o) = s (A A2 (1) + ' THF (10)
for some ¢ > 0 small enough. Then, due to A>(uo) # 0, we conclude by Rolle’s Theorem as
before that Zo(Z(-; ), jo) < 1.1If A9 = 1 then, from (9) once again and taking €3 € [2, 3) into

account, the application of Lemma A.7 yields

14
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35 (s P(s: ) = 85 (Do) + Az (s (s; 1 = 2) + Ag(w)s + 5~ F¥ (o)
= As(u)rw(s; 1 — 1) + Ag(p) — Az(w) + F2° (o)

for ¢ > 0 small enough. Here we use that dgsw(s; @) = (1 — @)w(s; @) — 1, see Definition A.1.
Consequently, after dividing the above asymptotic expansion by its leading monomial, one can
show that if (s, u) — (0T, o) then

(s P(s; ) Ag(p) — Az(w)  F (o)
oGl A T Ty T et R

— AoA3z (o) #0,

since lim o), 0+,0) m =0 by (a) in [19, Lemma A.4]. By Rolle’s Theorem again, this
implies that Zo(@ (-3 ), Mo) < 1 in the case A9 = 1 as well and completes the proof of (c).

Let us show finally the validity of the two assertions in (d). The first one concerns the case
wo ¢ A1, ie., Ao # 1. If A9 > 1 then, from (9),

sTRD (51 10) = Ao(w) + A1 (s + fals: 1)
=«kodo + (k1 F1 + kikodo)s + fa(s; w)
=doko(1 +k15) +dikis + fa(s; w),
where in the first equality f> € s‘k}-é’lo (o) C FT5, (1o) for & > 0 small enough by Lemma A.7

due to £1 > Ag + 1, in the second one we take (10) into account, and in the third one that d; (1) =
Fi(w) if A(w) > 1. Thus, setting fo(s; u) = ko(1 + k1s) and f1(s; 1) = k15, we can write

57D (55 ) = do(w) fols: w) +di() f1(s3 ) + fa(s; ). (11)
By assumption we have that dy and d; vanish and are independent at wg and that Z(-; uo) 0
due to Z,(-; o) # Id. Accordingly, since 2}8}‘3 = KO({TEM) and %85; € s_l]-"lois(uo)

tend to zero as s — 07, we can apply Proposition A.12 with n = 2 to conclude that
Cycl(([’u, Xu0), X ,L) > 2. If 49 < 1 then following verbatim from (9) and (10) we get the

equality in (11) with fo(s; u) = ko(1 + K2s*), fi(s; ) = xas* and fo € s7*F(P(no) C
]-"f(‘; e (o). Thus the assumptions in Proposition A.12 are also verified and so the lower bound

Cycl((Fu, X0), XM) > 2 is true for the case Ao > 1 as well. Let us consider finally the case
Ao = 1, which is slightly different. In this case, from (9) and taking Definition A.1 into account,
if w € A then

ST (55 1) = Do) — As()slogs + Aa(w)s + fols; 1)
=doko(1 — k3slogs) — F3kzslogs + Ags + fz(s; W,

where in the first equality fz € s_lfg’ (o) C Fi3 . (mo) and the second one follows from (10)
due to i € A ;. Hence, since di = F3 on A, we can write

STD (53 )| e, = dola, folss 1) + dila, fi(ss ) + fols3 )
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where fo(s; ) =«o(l — k3slogs), fi(s; u) = —k3slogs and fo(s; u) = Ass + f(s; w). Once
- . e
again, Q)SZ; = _Ko({(isl?l_is‘gligs) and 28}‘3 =— A4+:3 logs,u) tend to zero as s — 07 and, on the
other hand, d;|,, and di|,, vanish and are independent at 1o by assumption. Consequently, by
applying Proposition A.12 with W = A and n = 2 we get that Cycl((T'y, X,,), X,1) = 2 in case

that Ag = 1, as desired. This shows the second assertion in (d) and concludes the proof. O

3. Proof of Theorem B

The following result shows that to prove Theorem B it suffices to consider a 5-dimensional
perturbation.

Lemma 3.1. Any quadratic differential system which is close (in the topology of coefficients)

to (7) for some (ag, bo) € R? with ay # —2 can be brought by means of an affine change of
coordinates and a constant rescaling of time to

X, {x:¥+glx+(1—b)y+ax2+82xy+by2, (12)

y =gy —2xy,
with (a, b, &9, €1, £2) ~ (ao, bo, 0, 0, 0).

Proof. We consider the group Aff(2, R) of affine transformations

g(x,y) = (g11x + g2y + 813, &21x + g2y + &23)

and the pull-back g*(Y, ) = (Dg’l)(Ya,b og) of
, b2 2
Yop:=0—=Db)y+by +T+ax O —2xy0y.

Note that Y, = wo + aw; + bwy with wo:= (y — %)8)( —2xydy, wy:= x29, and wy:= (—y+
y2+ %)Bx. An easy computation performed with Maple shows that if ag # —2 then the vector

fields vg = 9y, v1 = x0y and v = xyd, span a complementary to the tangent space at the point
(A, g,a,b) =(1,1d, ag, by) of the orbit

(hg*(Yap): L €R*, g € Aff(2,R), a,b e R}

in the 12-dimensional space P, of all polynomial vector fields of degree 2. In other words, if
ap # —2 then the map F : U:=R* x Aff(2, R) x R> — P, defined by

F(A,g.a,b,€0.¢1,82) = 18" (Yap + £0v0 + 101 + £202)

is a local diffeomorphism between neighbourhoods of (1, id, agp, by, 0,0,0) in U and Y, p, in
P,. This proves the result. O
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I'y

Fig. 7. Phase portrait in the Poincaré disc of the vector field X, in (12) for g = &1 = &2 = 0 (left) and &g # 0 (right).
On the right, Dulac maps D+ to define the function &, (s; p) = Di (s; u) — D" (s; ) studied in Proposition 3.2. The
points in red are (0, D!{ (s)) and (0, 1/s).

We stress that henceforth X, refers to the differential system in (12). That being said, the key
point for our purposes is that X, writes as

{X =yf(x, y; )+ g(x; ),
y =280+ yq(x,y; i),

with f(x,y)=1—b+ex + by, g(x) = % +e1x + ax? and q(x,y) =—2x, so that X, is
a D-system for &9 = 0. Moreover one can easily check that X, with a € (=2,0), b € (0, 2),
g0 =0, &1 =0 and &, = 0 verifies assumptions H1 and H2. Accordingly, for these parameter
values, X, has a polycycle I', at the boundary of the upper half-plane with two hyperbolic
saddles, s1 ={y =0,x >0} N £ and s = {y = 0,x < 0} N €. Since gy does not affect the
homogenous part of higher degree of X, the location and character of these two singular points
remains unaltered taking ¢; ~ 0 fori =0, 1, 2.

Let us fix any uo = (ao, bo, €0, €1, €2) With (ag, bg) € (—2,0) x (0,2) and &; = 0 for i =
0, 1,2. We take two transverse sections on x = 0: X1, parametrized by s — (0, 1/s) with s €
(0, §), and X,, parametrized by s — (0, s) with s € (—§, §). For u ~ o and § > 0 small enough,
we have a well defined Dulac map D'f (-; u) for X, from X to X and a well defined Dulac map
D" (-; ) for —X, from X; to X, see Fig. 7. This follows by first applying the local center-
stable manifold theorem (see [14, Theorem 1] for instance) and then appealing to the smooth
dependence of the solutions of X, on initial conditions and parameters. In our next result we
study the asymptotic development of the difference map

Du(s; )= DYy (s; u) — DL (s ).

It is clear that the positive zeros of this function are in one-to-one correspondence with the limit
cycles of X, bifurcating from I', to the upper half-plane.

Proposition 3.2. Fix any o = (ao, bo, 0, 0, 0) with (ag, bg) € (—2,0) x (0, 2). Then
Dy(s; m) =8, + Agsk + Fi°(o), forany L € [)»(), min(2Aig, Ao + 1)),
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ap+2
ap

where A, 8, and A’6 are smooth functions in a neighbourhood of o and ,o:= (o) = —
In addition 2,(s; no) =0, g 0u (L0) > 0, 9g, 8y (10) = 0g, 3y (ko) = 0 and

N () = =01 (0) (22 21 + &2 ) + k02 (W3 (),

where Ko; are smooth functions at . = g fori = 1,2 and ko1 (o) > 0. Furthermore the follow-
ing assertions are also true in case that ag 7%= —1:

(1) If ag > —1 then Z,(s; n) = 8, + A(”)s)‘ + A’fs)"H + F°(mo) for any L e [Ao +
1, min(2Xg, Ao + 2)), where A’f is a smooth function in a neighbourhood of o such that

AL = k1 (o) (o1 + Zerer + ol 1, e2)D)) + 12 A (1) + k13 (03 (W)

where k1; are smooth functions at u = o fori =1,2,3 and k11 (o) > 0.
(2) Ifagp < —1then Z,,(s; u) =8, + Ags)‘ + Agsz)‘ + F7°(uo) forany L € [2A0, min(3Ag, Ao+
1)), where A3 is a smooth function in a neighbourhood of o satisfying that

AL () = w21 () (3B ey + 2+ ol e, £2)ID) ) + k22 (1) A (1) + 23 ()8, (1),
where k; are smooth functions at u = o fori = 1,2, 3 and k21 (o) > 0.

For reader’s convenience the proof of Proposition 3.2 is deferred to Subsection B.2.
Let us fix uo = (ap, bo, 0, 0, 0) with ag € (—2, 0) and bg € (0, 2). The differential system (12)
has only two finite singularities for u & 1, which are of focus type and close to the points (0, ;)

and (0, 2b ) Let us denote them by ¢, (1) and ¢, (1), respectively. We also define the parameter
subset

Zy={u~=pno: Zu(-; n) =0}

The next result shows that Z,, is precisely the center manifold for the focus at (0, %). We remark,
in connection with our discussion in Fig. 4, that the subsets Z( and Z; correspond to the compo-
nents Q3 and Q , respectively. For completeness, we note that the combination of this result

with Lemma 4.1 provides also the description of the center manifold for the focus at (O, 2b 2y,
Lemma 3.3. Z, = {u ~ o : ¢, () is a center of X, } and Z, = Zoy U Z1, where
Zo={u~up:e0=¢e1=¢e=0and Z:={u~uyg:a+b=¢ey=2e +¢& =0}

Moreover, if u € Z, then {(x, VeR?:y> O} \ {(0, %)} is the period annulus of the center at
0. 3).

Proof. Let us fix i & 1o and consider the straight line L passing through the singularities ¢, (1)
and c¢(j1). These two points split L into three open segments where X; is transverse because
the vector field is quadratic. Let us denote the unbounded segment having ¢, (j1) as endpoint by
Y1 and the bounded segment by X,. We parametrize them analytically by o1: (0, 1) — %
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and o07: (0, 1) —> X5, respectively, such that limg_.q ||o;(s)|| = +00, lims_|01(s) = ¢, (i),
limg_.002(s) = c¢(f1) and limg_, | 02 (s) = ¢, (2). By transversality and the fact that ¢, () and
c¢(f1) are the only finite singularities of X ;, the application of the Poincaré-Bendixson Theorem
shows that there is a well defined Poincaré map for X, from ¥; to ¥,. Taking the parametriza-
tions previously introduced, we denote it by Py: (0, 1) — (0, 1), which is an analytic function
by applying the Implicit Function Theorem. Similarly, we denote by P_: (0, 1) — (0, 1) the
Poincar€ map for —X; from ¥ to X, which is analytic as well. Observe that, by construction,
the periodic orbits surrounding ¢, ({1) correspond to zeros of D:= P, — P_. Moreover [i € Z,
if, and only if, D = 0 on (0, §;) and, on the other hand, ¢, (j1) is a center if, and only if, D =0
on (1 — 87, 1). Accordingly, since D is analytic on (0, 1), this proves that i € Z, if, and only if,
cu(f) is a center. So far we have proved that

Zy={u~pp:cy(p)isacenterof X, } =:U.

Our next task is to show that U = Zo U Z;. To prove the inclusion U C Zg U Z;| we take any
w € U and, due to U = Z,, by applying Proposition 3.2 we get that 8, (1) =0 and Aj(n) =0,
which imply

Vb(a+2)

go=0and 2—————=¢1 + &, =0.

Ja -2

Here the first equality follows by the Implicit Function Theorem using that §,|s, = 0 and
0500u (o) # 0. Recall on the other hand that trace equal to zero is a necessary condition for
a singular point to be a center. One can verify that if g = 0 then ¢, (1) = (0, %) and that its trace
isequal to e + %82. The vanishing of this quantity, together with the two equalities above, yields
to either {eg = €1 =&, =0} or {a + b = g9 = 2¢1 4 &2 = 0}. Therefore U C Zo U Z;. To prove
the reverse inclusion we note first that if i € Z then the function

Ho(x, y) = y[*(x* + Iy* + my +n),

with [ = a%, m= —2—;} and n = %, is a global first integral of X . The continuity of Hy at

¢, (i) implies that it must be a center, so that i € U. Finally, if i € Z; then one can verify that

a . 1—-i2 . 14+i2
Hi(x,y)=yl"(ri(x,y) +iarx) 2 (ri(x,y) —iapx) =

’

26y .
— |y|a(rl (.X, y)z + a]ZXZ)e o arg(ry (x,y)+iox)

withry(x,y) =2by+ (2 —b)+erx and o1 =,/4b(2 — b) — s%, is a well defined first integral of
X, outside any ray from {ry(x, y) =0, x =0} = {c¢(n)} to infinity. In particular it is continuous
at ¢, (i), so that again it must be a center and p € U. This proves the result. O

Lemma 3.4. Suppose that F (u1, u>, v) is a smooth function on a neighbourhood U of (0, 0, vp) €
R% x R verifying F = o(||(u1, u2)||). Then there exist smooth functions Fi(uy,u2,v) and
Fr(up,v) on U such that F(uy,uz,v) =u Fi(uy, uz, v) + u%Fz(uz, v).
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Proof. The hypothesis implies that F(0, 0, v) =0 and 9, F (0, 0, v) = 0. Then

Fui,uz,v) = F(uy,uz,v) — F(O,uz,v) + F(O,u2,v) — F(0,0,v)
1 1

:ulfaulF(tul,uz,U)d[+u2/au2F(0,tu2,v)dt
0 0

Fi(up,uz,v) G(uz,v)

where F7 and G are smooth functions on U. Since G (0, v) = 9,, F(0, 0, v) =0, we also deduce
that G (up, v) = uy F>(u>, v) where

1

Fr(uz,v) = / 0u, G (tuz, v)dt
0

is also smooth on U. Hence we can write F = u| F; + u%Fz and the result follows. O

In the statement of our next result, and in what follows, we denote

f 2
ex(u) =—e2F2 M& andcx(p) =(a+1) =1 -0b). (13)
a(b—2)

Theorem 3.5. Given any o = (ao, bo, 0,0, 0) with ag € (—2,0) \ {—1} and by € (0, 2), there
exist a neighbourhood U of uo in R and § > 0 such that v = ®(u):= (g, &+,6_,Ccq,c_)isa
local change of coordinates in U and we can write

Du(s5 | —a-10) = 181055 V) + v282(s5 v) + v3v583(s5 V), (14)
where, setting vo = ® (o) = (0,0, 0, vg, vg),

(@) gi(s;v) =rk1(v) + F5°(vo),
() ga(s:v) =52 (i (v) + F5°(v0)) where 1(V)y—w ) = — L2, and

(©) 3(s:1) =¥ (k3 (v) + F5° (vp) where 1/ (v) = A(v) +min (2(v), 1).
Moreover k1, k3 and k3 are smooth strictly positive functions on ®(U).
Proof. The result is a consequence of Proposition 3.2. Note first that, since 95,8, (10) > 0 and

Suleg=0 = 0, we can write 8, = ppgo With pp a smooth positive function. Thus, setting A(p):=
A(w) +min (A(w), 1),

_2(a+2)(b—=1) _ -1 ifa<—1, i —
e { e %fa - 2= {— ab=D) e, o, ANdPIS {Kll ia g —}’
—1 ifa>—1, sagnp  Fa>—1l, k12 ifa < —1,

we can recap the whole statement of Proposition 3.2 as
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Du(s; 1) = £0(po +xs* +x5* ) + &1 (ko15™ +x5%) + (@161 +aer + p2)p1s™ + F (o), (15)

where x are unspecified smooth functions on u, p2 = pa2(a, b, €1, €2) = o(||(e1,&2)||) and L =

A (o) + & for some 8’ > 0 small enough. We remark that «g1, «11 and ko are smooth strictly

positive functions given in Proposition 3.2. Thus p; is a smooth strictly positive function as well.
On the other hand, from (13) we get that «1&1 + a2er = ot ey +a_e_ with

1 @+2)(b—=1) [a(b=2) .
1 ap a(b—2) 2 (1 + @2y h(a+2)) ifa <—1,
ari==|—mF— [—]= 16)
2 2V ba+2) l(a(b—l) 4 a(b_2)>

@+nb b(a+2) ifa>—1I.

1

Hence, since v = ®(a, b, €9, €1, €2):= (€0, €+, €, ¢+, c_) is a smooth change of coordinates in
a neighbourhood U of p and (p2 o CD’I)(v) = ﬁz(&r’ e_,c4,c—) =o(||(e+, e-)|), the appli-
cation of Lemma 3.4 yields

(161 + 0262 + P2 () |M=¢_|<U) =(ay +xer + (@ +e-n)e- =% + (@ +e-n1)e-
17
with n; = n1(e—, ¢4+, c—). Here, and in what follows, for the sake of shortness, given a function
h = h(w) we denote h = h(v) = h()|,—¢-1(y)- Following this convention, from (15) and (17)
we get

(53 1)1 () = £0(p %52+ x52) + 84 (kg 52+ #52) +o_(@_+e_n)p,sE +r(siv),

where, setting vo:= ® (o) and applying assertion (k) in Lemma A.7, r € F7°(vp). Note that,
by Lemma 3.3, if u € Zo = {e9 = &1 = &2 = 0} then Z,(s; u) = 0. Thus, since ®(Zy) = {e9 =
ey = e_ =0}, we get that r(s; v)|gy=¢, =_=0 = 0. By applying Lemma A.10 this implies that
the remainder can be written as r = ggrg + €471 + €_rp with r; € .7-"20(1)0). Consequently

Dy (s; d>_l(v)) = 80(20 + sk 4 s + ro(s; v)) + s+(£01si+ s +ri(s; v))
+e_((@ +e_np,s¥ +rasiv)).

Furthermore, by Lemma 3.3 again, if u € Zy = {a + b = g9 = 21 + &2 = 0} then Z,,(s; n) =0.
Thus, since one can easily check that ®(Z;) = {g9 = ¢ = c_— =0}, we can assert that

=0.

go=ey=c_=0

(@ +e-m)p,s¥ +ra(s; v)

Since p1(up) > 0 and one can verify using (16) that ¢ = c_np with n2(vp) > 0, the
above identity implies ni(s—,cy,c-)|c_=0 = 0 and r2(s; V)|gg=¢, =c_=0 = 0. Accordingly
n(e—,cy,c—) =c_n3(e—, cq,c—) and, by Lemma A.10 once again, 1, = gor3 + €474 + c_75
with r; € F7°(vp). Consequently

Dy (s; CID_I(U)) = 50(20 + xs® + s + ro(s; v)) + s+(£01si+ w5 +ri(s; v))

+c_e_ (774sl + rs(s; v)).
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where the new remainders ro = rg + r3 and ] = r{ + r4 also belong to Fr (vo) and n4:= (2 +
& 773)£1 satisfies n4(vg) = (nzgl)(vo) > 0. By applying Lemma A.7 we can take § > 0 small
enough in order that the functions s, si/, sl_i, s™27 and s_i/r5 belong to F5(vp). In doing so

we obtain

Du(s: @ () = e0(p, + Fo (1)) + £45%(kg; + Fs(v0)) + c—e_s* (na + Fs(v0)).

Since v = (g9, &4, €, ¢4+, c_), from this expression we obtain (14) by renaming the unit func-
tions. This completes the proof. O

Proof of Theorem B. We prove first the assertion with regard to the hemicycle I',. By
Lemma 3.1 it suffices to consider the quadratic 5-parameter perturbation given in (12). We set
o = (ao, bo, 0, 0, 0) and note that the limit cycles of X, that are close to I', in Hausdorff sense
are in one to one correspondence with the isolated positive zeroes of

Du(s; ) = DY (s; ) — DL(s; ),

see Fig. 7. That being said, by applying Theorem 3.5 we know that there exist a neighbourhood
U of o and § > 0 small enough such that v:= ®(u) = (e, 4, 6—, c4, c—) is a local change of
coordinates in U and

D55 1) o100y = Vi (k1 + F5° (v0)) + V52 (k2 + F5°(v0)) + v3vssl(”)(lc3 + F5° (),
(18)
where vy = ® (1), i (vg) > 0and A’ = A +min(A, 1).
Recall on the other hand, see Lemma 3.3, that &, (s; u) = 0 if, and only if, u € ZyU Z| where

Zo={eo=¢e1=e=0}and Z; ={a+ b =¢e9 =21 + &, =0}.
One can check in this respect that ®(Zy U Z1) = {v; = v, = v3vs = 0}. Taking this into account,
and the fact that ®(ug) = vg, we claim that there exist so > 0 and an open ball B, (vg) of radius

r > 0 centred at vy such that (18) has at most two zeros on (0, so), counted with multiplicities,
for all v inside V := B, (vg) N {1)12 + v% + (V31)5)2 # 0}. This will imply, see Definition 2.3, that

Cycl((Tu, Xpp)s Xp) < 20(Zu(-5 1), o) = 20(Zu (- @71 (1)), vo) < 2.

In order to prove the claim we note first that, due to limy—o (k1 (v) + F5°(vo)) = k1 (v) # 0
uniformly for v ~ vy, we can take r > 0 and sg > 0 small enough such that

9M(S; M)'M:<D_1(v)
K1+ Fg°(vo)

Ro(s; v):= = v1 4+ 1252V (ieg 4+ F£2(0)) + v3vss2 ¥ (ies + F2(vo))

is well defined for all s € (0, s9) and v € B,(vp) and has exactly the same number of zeros,
counted with multiplicities, as Z,(s; ®'(v)). Accordingly Zo(Zo(-;v),v) =
Zo(@u(~;u), Mo)- We note that the second equality above follows from (18) by applying
Lemma A.7 and that k4:= k> /k1 and k5:= k3 /K are strictly positive smooth functions. If v e V
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verifies v) = v3vs = 0 then v # 0 and, consequently, Zy(s; v) # 0. This remark shows the va-
lidity of the claim for all v € V such that v, = v3vs = 0. To study the other cases we apply the
so-called derivation-division algorithm. To this end we first observe that, by Lemma A.7 again,

50 (s v) = vas ! (ke + F§°(v)) + v3vsst 1 (Wis + F§° (vo))
and

s %o (s; V)

Hi(s;v):= s (ks + F5° (v0))

= vy + V3552 2 (kg + F§°(0)),

where x6(vg) > 0. Note that limg_, o+ (&K4(V) + fgx’(vo)) = Mkca(v) # 0 uniformly for v =~ vy.
Therefore, by reducing r > 0 and s¢ > O if necessary, Z (s; v) is well defined for all s € (0, so)
and v € B,(vp) and has exactly the same number of zeros, counted with multiplicities, as
9sZo(s; v). If v € V verifies v3vs = 0 then we can suppose that vy # 0 (otherwise we end up
in the previous case) and, consequently, Z; (s; v) # 0. Hence, by applying Rolle’s Theorem, the
claim follows in this case. So far we have proved the validity of the claim for all v € V such that
v3v; = 0. To study the case v3vs # 0 we apply Lemma A.7 once again to obtain

Rr(s;v):= 0,71 (5: v) = v3vssE 271 (ic7 + F (1)

with ks = (A — M)ke # 0 for v ~ vy. Exactly as before, by reducing r > 0 and sg > 0 if necessary,
we have that «7(v) + ]-'g’o(vo) # 0 for all v € B, (vg) and s € (0, sg). Therefore %, (s; v) # 0 for
all v e V with vzvs £ 0 and s € (0, sg) and the claim follows in this case by applying twice
Rolle’s Theorem. This exhausts all the possible cases for v € V and completes the proof of the
claim. Accordingly Cycl((Fu, X10)s Xﬂ) <2.

The fact that Cycl((Fu, X)X u) > 2 is also a consequence of (18). Indeed, by apply-
ing Proposition A.12 we can take a sequence lim,_, o U, = vg with D, € ®(U) N {vy = vy =
0 and v3v5 # 0} such that, setting /i, := ®~'(9,), we have Cycl((Fu, Xp,) Xu) > 2 for all
n € N. Since lim,,_, oo iy = 1o this clearly implies that Cycl((Fu, Xu0)s Xu) > 2, as desired.

So far we have proved that the cyclicity of I', when we perturb (7) inside the whole fam-
ily of quadratic differential systems is exactly 2. In order to show this for I'; we use an orbital
symmetry that preserves the two-parameter family (7) and interchanges I'; with I",,. More con-

cretely, we take ¢ (x, y) = (nx, —n2y) with n:=/ 23—‘}70. Then one can verify that the coordinate

change (¥, y) = ¢ (x, y), together with the time reparametrization f = n_lt, induces the parame-

ter change (ag, by) = (ag, 2 — bo) in the family (7). Due to ¢ (I'y) = I',,, the result follows because
we have already proved its validity for I',. This completes the proof of the result. O

4. Proof of Theorem C

Lemma 4.1. For each b € (0,2), define the linear map ¢ (x, y) = (npx, —n2y) with ny:= /725

and consider the vector field X,, in (12). Then ¢.(X,) = U;lxo(u) with o(a, b, €0, €1, 2) =
(a,2—0b, —’713,80, NbEL, —E2/Np).

Proof. This follows by an easy computation and it is left to the reader. O
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Fig. 8. Dulac maps Di to define Py (s; n) = Dﬁ_ (s; 1) — pt (s; n). The points in red are (0, DfL (s)) and (0, —1/s).

The previous result will enable us to study the limit cycles bifurcating from I'y by taking
advantage of Theorem 3.5, which is addressed to the ones bifurcating from I',. To this end
we take two transverse sections on x = 0, X and X;, parametrized by s — (0, —1/s) with
s € (0,6) and s — (0, s) with s € (=6, 8), respectively. Then, see Fig. 8, we consider the Dulac
map Dﬁ( -3 u) for X, from X to X, and the Dulac map De_( -3 u) for =X, from ¥ to X5 and
define

Pe(s; w):= DY(s3 ) — DE(s; ).

We remark that, according to the parametrization of X, the function %, (s; u) is defined for
positive s. Taking these definitions into account we now prove the following result. With regard
to its statement we stress that the change of parameters v = ® () is the same as the one given in
Theorem 3.5, cf. (13).

Corollary 4.2. Given any o = (ao, bo, 0, 0, 0) with ag € (—2,0) \ {—1} and by € (0, 2), there
exist a neighbourhood U of po in R and 8 > 0 such v = ®(u):= (g9, &4, 6—, c4, c_) is a local
change of coordinates in U and we can write

Di(s5 )| =10y = V181(s5 V) +v382(s; V) + v2v483(s5 V),
where, setting vo = ® (o) = (0,0, 0, vg, vg),

(a) g1(s;v) =rk1(v) + F5°(vo),
(b) 8253 v) = 52 (R (v) + F2°(v0)) where A(v)|y=a(u) = — 2, and
(€) &a(s:v) =52V (R3(v) + F5°(v0)) where A'(v) = A(v) + min (A(v), 1).

Moreover k1, ky and k3 are smooth strictly positive functions on ®(U).
Proof. By applying Lemma 4.1 (and following the notation given in its statement) one can eas-
ily show that DY (s; 1) = —1, > D't (ngzs; o (1)). Thus Zy(s; w) = —n, > Du (nljzs; o(w)) and,

consequently,
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. _ -2 -2 .
De(s; W) y—o-1y = — M~ Zu(m, 570(“))‘M=¢71(V)

==, Zu(i, s: 0 (@71 (1))
A2 A—2
==, 2 Zu (1,255 1) | i1 6 ()

2—v4+vs
2+v4—vs

where in the second equality we set 7y := 15|, —q-1(y) =

® o0 o d~!. Some computations show that
G (v) = (=iiyvi, =v3/fly, —v2/iy, Vs, va).
Therefore, from the equality (14) in Theorem 3.5, we obtain that
De(s; W] umo-1(y = =My Zu (05783 1) =1 5.0y
=i, 2 (A1 (3 %53 6 00) + v /g (i 25 60)
+ v2va/ g3 (255 ) )
and so the result follows setting

S1(s;5v):=vgi(fy 253 6 (v)), &a(s3v):=1; > g2(f, %556 (1)) and
83(s;v):=1;g3(A; 2516 (v)),

and in the third one ¢ :=

which satisfy conditions (a), (b) and (c) in the statement due to A o 6 = A, 1, > 0 and assertion

(h) of Lemma A.7. This concludes the proof of the result. O

Proof of Theorem C. By applying Lemma 3.1 it suffices to consider the quadratic 5-perturba-
tion {X,} given in (12). To begin with let us take o = (ao, bo, 0, 0, 0) with ap # —1 and note

that then by Theorem 3.5 and Corollary 4.2, respectively, we obtain that

2, (S,,LL)| =p-1 SV SV
Ry (s; V)= " p=o"" () =v1~|—v2g2( )—l—v3ng3( )
g1(s;v) gi1(s;v) g1(s;v)

=v1 + v2h2(s; v) + v3vsh3(s; v)

and

Die(s; | =11 ot 22(s;v) . 83(s;v)

R (s;v):= — ~ =
(s v) g1(s;v) g1(s;v) ? 4g](s;v)

=1 + 3ha(s3 V) + vav4h3 (s v),
where by applying Lemma A.7 we have that
hoi= ga/g1 =M (ka(v) + () and h3:= g3/g1 = 52V (k5 (v) + 5 (wp)
with «;(vg) > 0 and

25
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hyi=g2/81 = 2V (ke (v) + F§ (00)) and h3:= §3/81 = sV (ks() + F§°(wp))  (22)

with &;(vp) > 0. Note that the limit cycles of X,, that are close to I', (respectively, I';) in
Hausdorff sense are in one to one correspondence with the isolated positive zeroes of Z,,(-; 1)
(respectively, Z¢(-; n)). In turn, those zeroes are in one to one correspondence with the ones of
Ry (-;v) and Zy(-; v), respectively, where v = O ().

We claim first that Cycl(({Fu, Ce}, Xpo) X M) < 3. We prove it by contradiction. If the claim
is false then, since we know by Theorem B that Cycl((I'y, X)), X)) = Cycl((T'e, Xyo), Xp) =
2, by applying Rolle’s Theorem there would exist three sequences s, — 01, s/ — 0T and
vy — vo:= P(uo) such that 3%, (s,; vn) = 95%(s),; vu) = 0 for all n. On the other hand, by
Lemma A.7 again, from (21) we get that

dsh3(s; v) .
—————— = 0 uniformly on v & vy.

s—0t dgha(s; v)
Then from (19) we obtain that 9;%,, (s,; Vi) = v205h2(s,; v) + v3V505h3(sy; v)|v:v =0 for all
n and, consequently,

V2 95h3(sp; vy)
— =—————— > 0asn— 0.
V3Vs [y, dsho(Sn; V)

Therefore lim,, oo U‘;—is| = 0. Exactly the same way, but using (22) and that 9% (s),; v,) =0

V=V
. vy
for all n, we get that lim,_ s

TIVSL;—V tends to 0 as n — oo, which is a contradiction because lim,_, o v, = vg € R>. This
—Vn

proves the claim.

In order to proceed we take ¢ > 0 and sp > O small enough such that the functions %; (s; v)
and fzi(s; v) for i =1, 2 are strictly positive for all s € (0, sp) and v € B;(vp).

We claim next that Cycl(({TI'y, I'¢}, X)), X)) = 3 for all (ag, bp) € (=2,0) x (0,2) with
ap # —1 verifying that ag+bo < 0 or ag+2 — bo < 0. Let us assume for instance that ag+bg < 0
(the other case follows verbatim). To this end recall, see (13), that vg = ® (o) = (0,0,0, ag+2—
by, ap + bo) and so the fifth component of vy is not positive. That being said we take v € B (vo) N
{vi=v2=0,v3#0,vs <0} and 51 € (0, sg) in order that V3%, (s1; V) < 0 and V3%, (s1; V) > 0,
see (19) and (20), respectively. Next, by continuity, we can take U € B.(vg) N {v; =0, vov3 > 0}
close enough to v in order to have

|U=v = 0. The combination of both limits implies that

v3v3 >0, Ru(s1; D)%y, (s1;0) > 0and Zy(s1; V)% (s1; ) > 0.

We take then s, € (0, s1) small enough such that, on account of (19) and (21), V2%, (s2; V) > 0.
Finally, by continuity again, we choose v* € B, (vg) N {v;v; < 0} close enough to ¥ such that

Ry (51, V)%, (s1;0) >0 vivy >0
R (515 V)R (s1;0) >0 Vi3 >0
R (52, V)R (525 D) >0

Observe that we can also take s3 € (0, s2) small enough such that, thanks to (19) and (20),
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V% (s3;v*) > 0 and v Z(s3; v*) > 0.

Then %y (s1; v*) % (s3; v*) < 0 due to v3vy > 0 and viv] < 0. Therefore, by Bolzano’s Theorem,
there exists sy € (s3, 5s1) such that % (s¢; v*) = 0. On the other hand,

Ry (535 V)R (s2; V") < 0 and Z,, (523 v)Ru(s1;0™) <0

due to viv; < 0and viv3 > 0, respectively. Consequently, by applying Bolzano’s Theorem again,
there exist s,ﬁ € (s3,52) and sg € (s2, 1) such that %, (sj; V) =%, (s,f; v*) = 0. Summing-up,
we have proved that there exist v* € B.(vp) and s¢, sli, si € (0, sg) with s,ﬁ #* 53 such that

Ri(s0; V") =R (s} v") = Ry (s3v*) =0,

Accordingly Cycl(({T'y, T'¢}, Xyo), X) = 3 because vgp = ®(up) and we can take £ > 0 and
so > 0 arbitrarily small. This proves the claim. (For completeness let us note that the case ap +
2 — by < 0 leads to the simultaneous bifurcation of one limit cycle from I',, and two from I'y.)

Thanks to the claim we also have that Cycl(({I'y, ¢}, X;), Xu) = 3 for each po =
(ao, bo, 0,0, 0) with (ag, bg) € {—1} x (0, 2) because in any neighbourhood of such pq there
exists a parameter ., not in {a = —1}, verifying that Cycl(({I'y, I'¢}, X,,,), X,) = 3.

Our last task is to show that if (ag, bg) € K2, i.€., ag + by > 0 and ag + 2 — by > 0 is verified,
then Cycl(({T"y, I'¢}, X,14), X ) = 2. To this end, on account of

Cyel(({Tu. T}, X ). X)) = max {Cycl((Ty, Xpu0). Xp0). Cyel((Te, X ). Xp) } =2,
it is clear that it suffices to prove that Cycl(({l"u, e}, Xuo)s Xu) < 2. We shall bound this
number by studying the positive zeros of %, (s; v) and Z,;(s;v), see (19) and (20), bifurcat-
ing from s = 0 when v tends to vy € {v; = v» = v3 =0, v4 > 0 and vs > 0}. Recall here that

vo = P (o) = (0,0,0, a0 + 2 — by, ag + bp). On account of (21) and (22), respectively, the ap-
plication of Lemma A.7 yields

ha(s; v) =g (V) (s (1+ F$20))) 2" and ha(s; v) = Raw) (s (1 + F52(v0)))*™.

Accordingly, by applying twice Lemma A.9 we deduce that
(t,v) =VY(s,v):= (hz(s; v), v) and (t,v) = \il(s; V)= (ﬁz(s; V), v)
are well defined changes of variables satisfying
W@, v) = (0 ((/ra@)) /2 0), v) and U1, v) = (6 (/R4 (0)) /2 v), v),
where o (u; v) := u(l + F5°(vp)) and 6 (u; v) := u(l + F5°(vp)). Our aim is to apply these
changes of variables in (19) and (20), respectively. To this end note that, by Lemma A.7 once

again, from (21) and (22) we get

(h3 0 W™ Nt 0) ="M (k(v) + f(t3v)) and (A3 0 U7 (13 0) =" R () + f(1: 1))
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with 9 (v) := A’ (v)/A(v) = 1 + min(1, 1/A(v)) > 1, « and & smooth positive functions, and
f, feF g’lo(vo) for some 81 > 0 small enough. Accordingly, from (19) and (20),

R ()= (R 0 W) (1, 0) = v1 + vat + 3057V (k (V) + f(1: )
and
R (t;v):= (R 0o W) (2, v) = v1 + v31 + 204" P R (v) + f (15 ).

We are now in position to prove that Cycl(({I',, I'¢}, X)), X)) < 2. By contradiction, if this
number is greater than 2 then (by exchanging the subindices u and ¢ if necessary) for all ¢ > 0
there would exist

(1,12, 13,v) € Wei=(0,€) x Bs(vo) \ {1 =ty or vy =1, = v3 =0}
verifying that
Ru(t1;v) = R (123 v) = B (13:v) = 0.

These three equalities can be written as

1 f vt} V@) + ;) ) (v 0
I b vty V) + fiv) [ [ v2 ] =] 0
1o V@) + £33 v) 2 V3 0
A necessary condition for this to hold is that the determinant
1 f vst) Ve ) + £ (015 v))
D, 12, 13;v):= | 1 0 vty (e (v) + £ (125 1)

1oty (k) + f(t3:v)) 13

is equal to zero because (1, 12, 3, v) € W,. An easy computation shows that we can write

¥(v)—1

D(t1,12,13;v)
Dltatsy)

('?(U) + f(ts; U)) Ap(t1, 123 V)) +vstinA(t, t;v), (23)
h—1

where, fori =0, 1,

B (W)—i

B (v)—i
lh
Ai(t1, 1 v):=

(kW) + f(23v) — 14 (k(v) + f (15 v))

n—n

dW—i  D()—i B (W)= S W)—i
; _¢ (1 v) — fi(t ;v
) 1 (K(U)+ﬁ(2 ) = filty ))

= So—i P
Iy -4

h—n
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with f;(r;v):=rf (r RIOE u) € 1+52(vo) for some &, > 0 small enough. By applying (twice)

the Mean Value Theorem there exist o; > 0 between ¢ and 1, together with §; > 0 between

tf(u) " and tl?(v) i , (depending both on 71, #; and v) such that

Ai(t,130) = (0 ) — i)a? 7 (ke ) + 3, fi (Bi; v)) for each i =0, 1.

On account of ¥ (vp) > 1 and 9, f; € }'3’20 (vg) with 6, > 0, we can assert that Ay(#1, f; v) tends to
zero as (11,1, v) — (07, 0%, vg) and that A|(¢1, t2; v) > 0 on W, for & > 0 small enough. Since
vs > 0, from (23) we conclude that (tp — t1)D(t1, t2, t3; v) > 0 for all (¢, 1, 3, v) € W, with
& > 0 small enough. This contradicts D(r1, 12, #3; v) = 0 and so Cycl(({T'w, e}, X i), Xp) < 2.
This concludes the proof of the result. O

5. Proof of Theorem D

In this section we shall demonstrate Theorem D. However, prior to that, we shall give two
general results regarding the different notions of cyclicity considered in this paper. Thus, oth-
erwise explicitly stated, we consider a germ {X,},~y, of an arbitrary analytic family of vector
fields on S2. Given U C S?, we denote by C(U) the set of compact subsets K C U and, as usual,
N¢(U) stands for the open e-neighbourhood of U. We also denote the set of limit periodic sets
of the germ {X,} 1~u, by £, so that £ C C(S?), see Definition 1.2.

Lemma 5.1. If U is an open subset of S* then CyclY (OU, Xp10). X0) < Cyclg (U, X ), Xp0).

Proof. Fix a natural number ¢ < CyclU((aU Xu0), X,). For any p > 0 the set K,:=U \
N,(U) € C(U) verifies U \ K, C N,,(BU) and, on the other hand (see Definition 1.7),
Cyclg((U\ Ky, Xu0), X)) > c. ThlS means, recall Definition 1.6, that there exists L, € C(U \

K ) for which Cych((Lp, X)), X,L) >c,i.e., forall &, § > 0 there exists u € Bs (,uo) such that
X, has at least ¢ limit cycles inside N¢(L,) C Ngy,(dU). According to Definition 1.6 again,
we conclude that Cych((BU, Xu0)s X,L) >c If %g((aU, X10)s Xﬂ) is finite we can take

c= Cyclg((aU, Xu0), X,) to obtain that Cyclg((QU, X i), Xp1) = Cyclg((au, Xuo)s Xu),
otherwise we easily deduce Cyclg((aU, Xu0)s X,L) =00= Cych((8 U, Xy, Xﬂ). O

Lemma 52.If K € C(S?) then Cyclg((K, X,,). Xu) = Cycl((L(K), Xpo), Xp1), where
L(K)=LNC(K).

Proof. By Remark 1.1, the set {y limit cycle of X, contained in N;(K)} contains
{y limit cycle of X, withdy(y,I") < e for some I' € L(K)}.
Accordingly, on account of Definitions 1.4 and 1.6, it follows that
Cyclg ((K, Xuo), X)) = Cyel((L(K), Xpup), Xp1).

Fix a natural number ¢ < Cych((K,XMO), XM). Then, see Definition 1.6 again, for any
n € N there exists u, € Bi/, (o) such that X, has at least ¢ limit cycles )/nl, ..., Yy con-
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tained in Ni/,(K). Since (C(SZ),dH) is compact (see Remark 1.1 again), by taking a sub-
sequence we can assume that 3] — I'/ € L(K) as n — oo. Consequently, for each &,§ >
0, there exists n € N such that u, € Bs(uo) and dg (v, T/) < e. Therefore, see Defini-
tion 1.4, Cycl((L(K), Xy0). Xu) = c. If Cyclg((K, Xyu), X,i) is finite then we can take ¢ =
Cyclg ((K, Xu0), Xpu) to conclude that Cycl((L£(K), X,10). X)) = Cyelg ((K, Xp10), X)), and
the result follows. Otherwise one can easily show that

Cyclg (K, Xu0), X)) = 00 = Cycl((L(K), Xpu), Xp1),
and so the result follows as well. O

Proof of Theorem D. Let {X,},ca be the whole quadratic family of vector fields and X, the
vector field (7) with (ag, bo) € {(—1, 1), (=3, 1), (3. 3)}. Setting U = R? \ {y =0}, so that
oU =T, UTy, we get

U 1) @) 3)
Cych((aU, Xuo)s Xpu) < Cyelg (U, Xpo), Xp) =2 <3 < Cyel(({Tu, Tl Xpio)s Xp0)

4 5
D Cyel((LOU), X,u), X,) 2 Cycl (U, X0), X,).

The inequality (1) follows from Definition 1.7 taking K = (. The equality (2) for (ao, bo) =
(—1,1) follows from [8, Theorem 11], for (ag, bg) = (—%, %) follows from [24, Theorem 1.2]
and for (ag, bg) = (—%, %) is a consequence of the latter by applying Lemmas 3.1 and 4.1. The
inequality (3) follows from Theorem C. The equality (4) is due to the fact that the only limit peri-
odic sets inside oU =T, UT'y are I';, and I',. Finally, the equality (5) follows from Lemma 5.2.
This proves the result. O

We conclude the present section by resuming the remark that we made in the paragraph just
after Definition 1.8. The following is the intrinsic notion of alien limit cycle for an unfolding of
a polycycle that we propose:

Definition 5.3. Let {X,} ,~,, be a germ of an analytic family of vector fields on S? such that X ,,,
has a polycycle I" with only a well-defined return map on one side, which is the identity. Assume
moreover that I does not contain any proper subset being a limit periodic set of the unfolding.
Let U be the connected component of S? \ I' containing the side of I" where the return map is
defined. Then, if

Cyclg((aU, Xuo)s Xpu) < Cyelg (QU, X ), Xp0).
we say that an alien limit cycle bifurcation occurs at 0U =T from inside U for {X,} i~ -

In the above definition, the hypothesis that I" has a well-defined return map only on one
side, together with the requirement that I" does not contain any proper subset being a limit
periodic set of the unfolding, guarantees that Cyclg; ((E)U s Xpug) X M) accounts for the limit
cycles coming from U only. On the other hand, if the return map is not the identity then
Cyel Z((OU, X i), Xu) =0.
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Next we particularize Definition 5.3 to the case of a 2-saddle cycle and show its relation with
Melnikov functions. With this aim, let {X,} 4~ be a germ of an analytic family of vector fields
on S? such that X o has a hyperbolic 2-saddle cycle I homeomorphic to S! and with the return
map being the identity. We assume moreover that at most one saddle connection in I" breaks
when u &~ po. Similarly as we do in Fig. 7 we take a transversal section X; in the unbroken
connection and a transversal section X; in the other one, and we consider the difference map
2(s; u) between the corresponding Dulac maps, which is defined on (0, sg). If f(s) is a smooth
function on (0, sp) and / is an interval inside (0, s9), we denote by Z;(f) (respectively, Z}'(f))
the number of zeros of f in I (respectively, counted with multiplicities). Then, following this
notation, we have that

Cyclg ((0U, X ), X)) = Cycl((I', X)), X)) = inf  sup Z(o’g)(.@(ﬁ ,u)) =Z, (24
€8>0 e Bs (10)

where the first equality follows by using Lemma 5.2 and the assumption that I" does not contain
any proper subset being a limit periodic set of the unfolding. In the second equality we use that
the limit cycles of X, which are Hausdorff close to I' correspond to small isolated zeros of the
displacement function Z(s; ). On the other hand, for each analytic arc u = & (€) with £(0) = uo
such that @(s; E(e)) = 0, we can take the Taylor’s expansion at € = 0 and write @(s; S(e)) =
eke (Mg (s) + O(e)), where M (s) is the first non-identically zero Melnikov function associated
to the one-parameter unfolding {X¢(c)}e~0. We then define

M:= ing sup Z’(’&g)(Mg),
€=VE0)=n0

where the supremum ranges over all the analytic arcs pu = &(e) with £(0) = po such that
9 (s; & (e)) = 0. (We point out that here ¢ and € play different roles.)

Lemma 5.4. Under the previous assumptions and notation, let U be the connected component
of S?\ T where the return map of X wo 15 well defined and suppose that the boundary cyclicity
of U from inside is finite. If M < Z then an alien limit cycle bifurcation occurs at 0U =T from
inside U for {X ,}u~u,-

Proof. To show the result we note that
Cycl Y ((OU, Xp0), X,) 2 inf Cyelg (U \ K, Xpu0), X,2)
-G 0 KeC(U) 0

3
@ ig(fU)Cych((U\K,XMO),X,;K(E))g inf 7"

Ke kecw)  ©ex) (Me)

@ m ®) ©)
<inf sup Z{ ) (Mg) = M < Z = Cyclg((0U. Xp19). X0).

£>0£0)=po

Here the equalities (1) and (5) follow by definition. The equality (2) follows by the assumption
that the boundary cyclicity of U from inside is finite and applying [10, Theorem 1] to the period
annulus U \ K for each fixed K € C(U). (It is clear that we can take K to be an invariant closed
disc of X, without loss of generality.) The inequality (3) is a consequence of the Weierstrass
Preparation Theorem and (4) is obvious because we take the supremum over all the analytic arcs
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instead of the ones given by the realization theorem of Gavrilov. Finally the equality (6) follows
from (24). O

This lemma is related with the approach made by Dumortier, Roussarie and collaborators in
[2,6,4,16]. Indeed, following our notation, they say that an alien limit cycle bifurcation occurs in
case that M < Z, where M is defined as M but taking the supremum only over all the radial
arcs & for which kg = 1. For other results related with alien limit cycles the reader is referred to
the contributions of Han and collaborators in [30,31,33] and references therein.

Appendix A. The asymptotic expansion of the Dulac map and related results

In order to prove Theorems A and B we will appeal to some previous results from [19-21]
about the asymptotic expansion of the Dulac map. For reader’s convenience we gather these
results in Proposition A.4. To this end it is first necessary to introduce some new notation and
definitions. For simplicity in the exposition, we use @ € {00, w} as a wild card in € for the
smooth class > and the analytic class €.

Setting V:= (A, v) € W= (0, +00) x W with W an open set of RY we consider the family
of vector fields {X;};_y with

X(x1, x2) = x1 P1 (1, x25 D)3y, + x2 Pa(x1, x2; D)0y, (25)
where

e P and P; belong to €7 (% x W) for some open set % of R? containing the origin,
o Pi(x1,0;7)>0and P»(0, x»; D) <O forall (x1,0),(0,x3) €% and v e W,

_ P0.0:D)
* A="F000)

Thus, for all § € W, the origin is a hyperbolic saddle of X; with the separatrices lying in the
axis. We point out that here the hyperbolicity ratio of the saddle is an independent parameter,
although in the applications we will have A = A(v). The reason for this is that the hyperbolicity
ratio turns out to be the ruling parameter in our results and, besides, having it uncoupled from the
rest of parameters simplifies the notation in the statements. Moreover, for i = 1,2, we consider
a ¢ transverse section o;: (—¢, €) X W — ¥; to X; at x; = 0 defined by

0 (s: D) = (071 (s: D), 0ja(s: D))

such that o (0, D) € {(0, x2); x2 > 0} and 02(0, V) € {(x1,0); x; > 0} forall v € W. We denote
the Dulac map of X; from X; to ¥ by D(-; D), see Fig. 9.

The asymptotic expansion of D(s; D) at s = 0 consists of a remainder and a principal part.
The principal part is given in a monomial scale that contains a deformation of the logarithm,
the so-called Ecalle-Roussarie compensator, whereas the remainder has good flatness properties
with respect to the parameters. We next give precise definitions of these key notions.

Definition A.1. The function defined for s > 0 and & € R by means of

sT%—1 :
w(s;,a) = o ifo 70,
—logs ifa=0,
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Fig. 9. Definition of the Dulac map D(-; D), where ¢(¢, p; D) is the solution of X; passing through the point p € % at
time t =0.

is called the Ecalle-Roussarie compensator.

Definition A.2. Consider K € Z>o U {oo} and an open subset U C W c RV we say that
a function v (s; ) belongs to the class ‘@EO(U ), respectively ‘ﬁsli o(U), if there exist an open
neighbourhood €2 of

{(5,0) eRN*2,5=0,0eU}={0} x U

in RV*2 such that (s, D) — ¥ (s; D) is €KX on QN ((O, +00) X U), respectively €.

Definition A.3. Consider K € Z>( U {oo} and an open subset U C W c RV*! Given L € R
and Dy € U, we say that a function vy (s; D) € %YEO(U) is (L, K)-flat with respect to s at Vg, and

we write ¢ € .Ff(f)o), if for each £ = (€p, ..., ¢N+1) € ZQ’S’Z with [{|=€o+ ... +€nyy1 < K
there exist a neighbourhood V of Dy and C, sg > 0 such that

Ay (s; D)

loantl . antne
dst0av,; 8vN+1

< Cst~ % forall s € (0,s09)and v e V.

If W is a (not necessarily open) subset of U then define .7-'LK(W) = ﬂaoew ]—'f (o).

Apart from the remainder and the monomial order, the most important ingredient for our
purposes is the explicit expression of the coefficients in the asymptotic expansion. In order to give
them we introduce next some additional notation, where for the sake of shortness the dependence
on b = (A, v) is omitted. We define the functions:

o [(PO.2)  1\dz o [(PGO) | \dz
Ll(”)'_eXp/(Pz(o,z)+x) : LZ(”"”"/(H(Z,O)“) .
0 0 (26)
P P
My (u)i= L1 (u)dy <7> 0. ) Mo ()= Lz(u)32<—> (1, 0)
g) P

On the other hand, for shortness as well, we use the compact notation o; ;. for the kth derivative
at s = 0 of the jth component of o;(s; D), i.e.,
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ik (9):= 8K a;;(0; D).

Taking this notation into account we also introduce the following real values, where once again
we omit the dependence on v:

o112 o121 P1> ol
1:= — —— | = )0,0120) — ————M(1/A, o120)
20111 0120 (Pz Li(

0120)
o oo [ P2 o0l -
Spi= - (—)(0210, 0) — ————M> (%, 0210) @n
20221 o210 \ P1 L;(0210)
02210210 , ,,
S3:= ———M,(0).
La(0210) " *

Here M; stands for a sort of incomplete Mellin transform of M; that will be defined by Propo-
sition A.5 below. The next proposition gathers the essential results in [21] that we shall need to
prove the first main result in the present paper.

Proposition A.4. Let D(s; V) be the Dulac map of the hyperbolic saddle (25) from %
and ¥y and consider any Ay > 0. Then D(s; D) = Ag(D)s* + FP({ro} x W) for any € e
[k(), min(2Ag, Ao + 1)) where Ay is a strictly positive € function on W and

A
01119120 L2(0210)

Ao(D) = .
L{(0120) 022105

Moreover,

(1) If Ao > 1 then D(s; D) = Ao(D)s* + A1 (D)s* T + F({ho} x W) for any € € [ro +
1, min(Ag + 2, 2A0)) where Ay is a €© function in a neighbourhood of {,o} x W and
A1 (D) = ApAS].

() If ho < 1 then D(s;0) = Ag(D)s* + Ax(D)s* + F°({ho} x W) for any ¢ €
[2)\0, min(3ig, Ao + 1)) where Ay is a €% function in a neighbourhood of { o} x W and
Ay (D) = —AZS,.

(3) If ko = 1 then D(s; D) = Ag(D)s* + Az(D)s* T w(s; 1 — A) + Ag(D)s* T + FO({1} x W)
for any € € [2,3) where A3 and A4 are €% functions in a neighbourhood of {1} x W and
Az(D)r=1 = AZS3]=1.

For the ease of the reader, let us explain regarding this result that the structure of the asymp-
totic expansion follows from [21, Theorem 4.1], whereas the properties (i.e., regularity and
explicit expression) of the coefficients follow by applying Theorem A, Corollary B and Propo-
sition 3.2 of the same paper. Furthermore, the flatness ¢ of the remainder can range in a certain
interval depending on Ag. The left endpoint of this interval is only given for completeness to
guarantee that all the monomials in the principal part are relevant (i.e., they cannot be included
in the remainder). The important information about the flatness is given by the right endpoint. A
key tool in order to give a closed expression of the coefficients A; is the use of a sort of incom-
plete Mellin transform, which is accurately defined in the next result. For a proof of this result
the reader is referred to [21, Appendix B].
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Proposition A.5. Let us consider an open interval 1 of R containing x = 0 and an open subset
U of RM,

(a) Given f(x;v) € € x U), there exists a unique f(a,x; V) € TC((R\Zxo) x I xU)
such that

x8xf(a,x; V) —af(a,x; v) = f(x;v).

(b) If x € I \ {0} then 8x(f(a,x; Vx| = f(x;v) Bl and, taking any k € Z>o with k > «,

X

k=1 4 "
. A fO;v) o - —ads
f(a,XZU)=§mx + [x] /(f(&v)—T(f 1f(S§U))|S| e
i= 0

where Té‘f(x; v) = Zf'{zo %Bif(o; v)x! is the k-th degree Taylor polynomial of f(x; v) at
x=0.
(¢) For each (ig, X9, vg) € Zxo x I x W the function (a,x,v) — (ig — a)f(oz, Xx; v) extends
E>° at (ig, xo, vo) and, moreover, it tends to l.OL,a;?f(o; Uo)x(i)o as (a, x, v) = (ig, xg, V).
) If f(x;v) is analytic on I x U then f(a,x; v) is analytic on (R \ Z ) x I x U. Finally,
for each (ag, x0, v0) € Z>0 x I x U the function (a, x, v) = (ag — oz)f(ot, X; v) extends
analytically to («g, X0, Vo).

On account of this result for each M;(u; D) in (26) we have that (a, u; D) > M; (e, u; D)
is a well defined meromorphic function with poles only at « € Z>o. Accordingly, see (27),
Ml(l /A, 0120) and Mz(k,aglo) are the values (depending on D) that we obtain by taking
M (o, u; D) with o = 1/ and u = o120(D) and by taking My (o, u; D) with & = A and u =
o210(D), respectively.

The next result (see [20, Lemma 4.3]) is addressed to study the case in which the separatrices
depicted in Fig. 9 are not straight lines.

Lemma A.6. Consider a € family {X,},cg~ of planar vector fields defined in some open
set W of R2. Let us fix some uo € RN and assume that, for all i~ o, X,, has a hyperbolic
saddle point at p, € W with (global) stable and unstable separatrices S;“ and S/, respectively.
Consider two closed connected arcs £+ C S;—LO, having both an endpoint at p,,. In case of a
homoclinic connection (i.e., S:[O = S,,) we require additionally that £+ N £~ = { Puo)- Then
there exists a neighbourhood V of (01 U £7) x {uo} in R* x RN and a € diffeomorphism
®:V = d(V)CR? x RN with &(x, y, n) = (Pu(x,y), ) such that

(S x {u) NV) C {x =0} x {u} and (S, x {x) NV) C {y =0} x {u}.

In other words, (¢,)«(X,) = )2'“ where )A(,L(x,y) =xP(x,y; w)ox + yQ(x,y; u)dy, with
P,Q eE>®(®(V)).

Next result gathers some general properties (see [19, Lemma A.3]) with regard to operations
between functions in F 5 (W) with L € R.
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Lemma A.7. Let U and U’ be open sets of RN and RV / respectively and consider W C U and
W' C U'. Then the following holds:

(@) FXW)c FKW) forany W ¢ W and (", FX (W) = FK (U, Wa).

(b) FEW)c FEW x w).

() €5W) cek ) cFEwW).

) IfK =K' and L > L' then FX (W) c FK'(w).

(e) F I{( (W) is closed under addition.

(f) If f € FFW) and v e ZY5 with |v| < K then 8" f € F1_"\(W).

(8) FFW)-FEW)cFE (W)

(h) Assume that ¢: U —> U is a €K function with ¢ (W'Y C W and let us take g € .7:5(W/)
with L' > 0 and verifying g(s; n) > 0 for all n € W' and s > 0 small enough. Consider also
any f € ]—'f (W). Then h(s; n):= f(g(s; n); ¢ (1)) is a well-defined function that belongs to
FE W),

Remark A.8. From Definition A.3 it follows easily that if 3" f € F, LK_UO(W) for all v € Zgg‘ !
with |[v| < 1 then f € }‘f“(W). This is a sort of converse for assertion ( f) in Lemma A.7.

Lemma A.9. Let us consider f(s;u) € F5°(uo) with § > 0 and define (s, u) = (s(l +

f(s; w)), /L) for 0 <s < 1 and =~ po. Then  extends to a local €' diffeomorphism on
a neighbourhood of (0, o). Moreover its inverse, for 0 < s < 1 and u = po, writes as

Y, ) = (s(1 4 g(s; ), ) with g € F5° (o).

Proof. Since f(s; ) € F5° (o) with & > 0 then sf (s; ) € F775(10) extends to a ¢! function
on some neighbourhood of (0, wp) by [19, Lemma A.1]. Thus F (s, u, n):=s(1 + f(s; n)) —u
is €' at (0,0, io), F (0,0, o) =0 and 3, F (0,0, uo) = 1, and by applying the Implicit Func-
tion Theorem there exists a unique %! function o (i, ) on a neighbourhood (—¢,¢) x U of
(0, ;o) such that o (0, o) =0 and F (o (u, u),u, u) =0, ie., o, w)(1+ (o, n); w)) =u.
Moreover the uniqueness implies that o (0, u) =0 forall u € U.

We claim that o € ﬂ‘;(ozo ]-'1K (uo) = ]-'f’o (1t0). The proof follows by induction on K € Z .
Indeed, due to (0, ) =0 for all u € U, we can write

1

ot =1 [ 8,00 it €ubLo(U) € ),
0

where the inclusion follows by (c) in Lemma A.7. Since f € €.°,(U), by applying the Implicit
Function Theorem to the equality F(s,u, u) = 0 at the points (s, u, () = (0 (U, Ls)s Us, L)
with (u,, i) € (0,¢) x U and taking the uniqueness of o into account, we deduce that o €
€,2o(U). Furthermore

1
1+ filo(u, n); 1)

oF
aua(”s M) = (8 F)(O—(uﬂ /,L), u, ,l,L) =

and
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0 (u, )y, f (o (u, 1); 1)
1+ fi(o(u, w); 1)

k]

o, F
0y (0, 1) = — ( N )(G(u,m,u,u) -

where f1:= f +sdsf € ]-"g’o (o) by (f) in Lemma A.7. On account of these two expressions,
and by applying Lemma A.7 once again, we can assert that if o € .7-"1K (no) then 9,0 € ]—"OK (o)
and 9,0 € flK (o), and consequently, see Remark A.8, o € flK +1 (mo). Accordingly, since we

already proved that o € ]-'?(,uo), we conclude that o € F7° (o) and f (o (u, ju); ) € Fy° (o)
by induction. Hence

u _ u
L+ flo@, w);p) 1+ FX(ro)

o(u, u)= =u(l+g(u, n))

with g € F§° (o), thanks to Lemma A.7 again. This concludes the proof of the result. O

The following result is a kind of division theorem among the class of flat functions and its
proof can be found in [22, Lemma 4.1].

Lemma A.10. Let us fix L > 0andn € N. If f(s; i1,..., Un) € ]-"ZO(O,,) verifies that
fGs; ity ey tk—1,0,...,0)=0, for some k € {1,2,...,n},
then there exist fi, ..., fn € F{°(0,) such that f = Z?:k Wi fi-

We give at this point the precise definition of independence of functions that we use in this
paper and a subsequent result addressed to obtain lower bounds for the number of bifurcating
Zeros.

Definition A.11.Let W be a subset of R (not necessarily open) and consider the functions
gi:W—Rfori=1,2,...,k. The real variety V(g1, g2, ..., g&) C W is defined to be the set
of u € W such that g;(n) =0 fori =1,2,..., k. We say that g1, g2, ..., g are independent at
Ux € V(g1, 82, ..., &k if the following conditions are satisfied:

(1) Every neighbourhood of u, contains two points @y, u2 € V(g1,...,8k—1) such that
gr(1)gr(2) <0 (if k =1 then we set V (g1, ..., gk—1) = V(0) = W for this to hold).

(2) The varieties V(g1,...,&i), 2 <i <k — 1, are such that if uo € V(g1,...,gi) and
gi+1(o) # 0, then every neighbourhood of po contains a point u € V (g1, ..., gi—1) such

that g; () gi+1(uo) < 0.
(3) If uo € V(g1) and g2 (o) # 0, then every open neighbourhood of (1o contains a point © € W

such that g () g2(uo) < 0.

It is clear that if W is an open subset of RY and gi € %I(W) fori =1,2,...,k then a sufficient
condition for g1, g2, ..., gk to be independent at u, is that the gradients Vg1 (), Vga(ity) ...,
Vgi (11,) are linearly independent vectors of RV .

Proposition A.12. Let W be a subset of RN (not necessarily open) and consider

Fs; ) =) 8i(w) fi(s; 1) + furi (s ),

i=1
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where f;i:(0,e)xW — R and §;: W — R are continuous functions (with respect to the in-
duced topology). If s € V(81,82 ...,8,) C W satisfies

(a) F(s; uy) is not identically zero on (0, p) for every p € (0, ¢),
®) fi(s; ) >0, 1<i<n, forall (s, 1) in a neighbourhood of (0, iuy) in (0,e) x W,
(¢) limg_,q W =0, 1 <i < n, forevery u in a neighbourhood of . in W, and

d) 61,60,... : 8;, are independent at iy,

then for every neighbourhood V of . in W and p > 0 there exists 1o € V such that F (s; 1)
has at least n different zeros inside the interval (0, p).

Proof. Fix any p > 0 and any neighbourhood U of u, in W. Then, by the assumption (a), there
exists 51 € (0, p) such that F(s1; thx) = frnt1(51; Ux) 7 0. Suppose for instance that F(s1; (ty) >
0. Then, on account of (1) in Definition A.11, we can take pu; € U NV (81,682, ...,8,—1) such
that §, (it1) < 0 and close enough to . so that, by continuity, F(s1; 1) > 0. Observe that

F(s; ) =8, (1) fuls; ) + fug1(ss wp).

Thus, by (b) and (c), limy_q an((ss’:bll)) = 8,(;1) < 0 and we can take s, € (0,s1) such
that F(s2; 1) < 0. Next, thanks to (2) in Definition A.11, we can choose u; € U N
V(61,62,...,8y—2) with §,_1(t2) > O and close enough to w; so that F(s1; u2) > 0 and

F (s2; w2) < 0. Note that

F(s; u2) = 0p—1(2) fu—105; m2) + 8n(u2) fu(s; m2) + fur1(s; u2).

Consequently, by (b) and (c), lims_, ¢ % = 8,—1(u2) > 0 and we can choose s3 € (0, 52)
such that F'(s3; 7)) > 0. Next we take u3 € UNV (81, 87, ..., 8,-3) with §,_»(u3) < 0 and close
enough to uy so that F(sy; u3) > 0, F(s2; u3) < 0 and F(s3; u3) > 0. We repeat this process
n — 2 times after which we find a parameter ,+1 € U and 0 < s,41 <8, < ... <82 < S| < p,
such that (—1)! 1 F(s;; wus1) > Oforalli =1,2,...,n+ 1. By applying Bolzano’s theorem we
can assert the existence of at least n different zeros of F(-; u,+1) inside the interval (0, p). This

concludes the proof of the result. O
Appendix B. Deferred proofs

In this section, we collect the longest and most technical proofs.
B.1. Proof of Theorem 2.1

Proof of Theorem 2.1. We shall study first the Dulac map D, (-; u) of X, from X to X».

For convenience we introduce auxiliary transverse sections £} and £ parametrized by o/ (s) =

(g, %) and 02" (s) = (n, s) with n & 0, respectively. On the other hand, setting £, := x +a(y + 1),
we perform the projective change of coordinates (x1, x2) = ¢ (x, y; @) := (é, %) to the vector

field X, that recall is given by

{x =yf(x,y; u)+glx; ),
y=yq(x,y; ).
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In doing so we obtain that

1 _ _
(5 ) Xy == (x1Pr(xr, x25 ph, )0y, + X2 Pa(x1, X231, @) dyy)
X1

where one can verify that

Pi(x1, x2; )= Py(xr, x2; i1, 0) = —xox? f ( L ’“2) —xtle (L) (28)

X177 X1 X1

and

Py(x1, x2; p):= Pa(xr, x2; 1, 0) = —xox{ f (ﬁ jﬁ—f) —x e (ﬁ) +xq (ﬁ "—2) . (29

X1

Let us note at this point, see (2), that

Py, xo5) 0 xq(x,y)
Py(xr, x5 ) yf(x,y) +g()

= K (x1,x2). (30)
o=(4.2)

The origin (x1, x2) = (0, 0) is a hyperbolic saddle of x1¢,(X,; @) with hyperbolicity ratio

qn(1,0)
8n+1 ’

AMp)=—K(@0,0;n) =—-1+

By introducing « and 5 (that will make easier the forthcoming computations) we shall work in an
extended parameter space jt:= (i, o, ) with the admissibility conditions Z;’ C {€y >0} fori =
1,2. Let D(-; i, &, 1) be the Dulac map of )_(,1:= x1¢(-; o), X, from EY to Eg. The key point
is that, by construction, D(-; , @, ) does not depend on « and that D(-; u, &, 0) = D4 (-; ).

Let us fix any admissible «g and 19. By applying Proposition A.4 to the analytic family of
vector fields

)_(ﬁ =x1 P1(x1, x2; 1, a)0y, + x2 Py (x1, X2 14, )0y,
at fio = (o, ag, no) we can assert that

A()s* T+ FY (o) if 0 > 1,

D(s; @) = Ao()s™ + | Aa(i)s™ + FY (fio) if Ao < 1,

As(s™Ha(si 1= 1) + Aa()s™ + FP (o) if o =1,
for any ¢; € [Ao + 1, min(2Ag, Ao + 2)), 1 € [ZAO, min(31g, Ao + 1)) and {3 € [2, 3), respec-

tively. .
We remark that Ag = A(uo) = —K (0, 0; u) because, although the new vector field X de-
pends on «, the hyperbolicity ratio of the saddle does not. We only need to compute the coeffi-

cients of the asymptotic development for n = 0 and to this aim notice that
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Af ()= Ai(p,@,0) = Tlim A;(u, e, )= lim A;(u,0,n),
n—0+ n—0+

where in the third equality we use that the coefficients do not depend on «. So it suffices to per-
form all the computations with « = 0. The parametrisations of the auxiliary transverse sections

=] and £J in coordinates (x1, x2) for & = 0 are o (s) = o %) and 07 (s) = (%, %) respectively,

so that ojj; = % for (i, j, k) € {(1,1, 1), (1,2,0), (2, 1,0), (2, 2, 1)}. Taking this into account, by
applying Proposition A .4,

1/n
< Py(z,0) P(0,2) ) dz
Ao(r, 0, 1) =ex SEAALANTP R el b loam ) e
oG, 0. ) = exp / <P1<z,0) P20, 2) :
0
where
@0 _, q¢d/20) . P09 qn(1, 2) gy D)
P1(z,0) zg(1/2) P>(0, 2) 2fn(1,2) + gny1 — gn(1,2) Cop1(1,2)
Consequently
' a1/2.0) Lo \d
A () = Ag(. @, 0) = Llim Ag(u. 0, n) = ex _l/(q a0 L, (L2 )_5
0 (W) o(u, a, 0) Jim, o, 0,m) p 2(/2) o) 2
+o0 0 1
=exp _/(q(w, )—i—k Gn(w, 1) )dw
, g(w) Lppr(w, 1)

(€19}

In the third equality we apply the Dominated Convergence Theorem [28, Theorem 11.30] taking
into account that the integrand does not grow faster than z =2 at infinity, which follows by the
assumptions H1 and H2. Moreover, in the last equality, we perform the change of coordinates
w = 1/z and take advantage of the homogeneity of the functions g, and £,,;.

Next, we compute As (i, , 0) under the assumption Ao < 1. By Proposition A.4, Ay =
—(A())252 with

022 o211 P2 01 - 1/n
SH=—"-——(o — ———M> (A, 0210) = —
20021 o210 P L>(0210) La(1/n)

where, see (30) and (26), M (u) = Lo (u)02 K (1, 0) with

Ma(, 1/),

u

dz
Lo(u) =exp/ (K (z,0) +A)?
0
and we take o3 (s) = (%, %) into account. To perform the limit of Sy as n — 07 we need to study
the growth of the functions that are involved. With this aim observe that, since A(u) < 1 for

U~ g, we can take k = 1 in (b) of Proposition A.5 to get
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n
o M>(0 d
M, 1/m) = % +n7 / (M) = M)~ = (32)

Setting f(xl,xz) =X f(x1 , xl) q(x1,x2) = )clq(xl i—f) and g(x1) = x"+1 (%), from (28)
and (29),

G, 0) f(u,0) — g u, O)g(u)
gw)?

02K (u, 0)—32( )( ,0)=

Hence, using that deg(g) =n + 1 due to g(0) # 0 (see H1) it follows that 9, K (u, 0) does not
grow faster than u~2 at u = +00. We write this assertion as 3, K (u, 0) < u~2 and in what follows

we shall use this notation for shortness. Since (A + 1) fll/” % = —log '™, an easy computation
yields
1/n 1/n (1/2.0)
<, 4
tog La(1/m) = [ (KG. 0 +2)% /(1 9(1/2.0) H) dz
zg(1/z) z
0 0

1 1
1/z,0 d 0
/( q(1/z, )+A)—Z / q(w, ) w — log y*+!
zg(1/2) z
0
Accordingly, due to g(0) # 0 (see H1), setting

1

G;;:/ <x+1— 9(1/2,0) _ zq(z,0)> %’
0

z8(1/2) g(2)
the Dominated Convergence Theorem shows the validity of the limit

lim_ T Ly(1/n) = exp(GY). 33)
17*)

In particular, L, (u) < u*tL. Therefore M>(u) = Ly(u)or K (u, 0) < u*~1. Hence, due to A < 1,
we can assert that (Ma () — M2(0))u*~' <u=*~! <u~2. Accordingly, from (32),

+00

Tim o0 1/m) = [ (200 - M20)) S
0

Finally, the combination of this with (33) yields
AT () = Ax(p, 0, 0) = lim Ap(u,0,7)=— lim_((A0)>S2)(1,0,1)
n—0t n—0t
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+o00
d
:(Ag)zexp(—c;;)/ (Mz(u)—Mz(O))u/\—_Lil. (34)

_Our next task is to compute A (u, o, 0) under the assumption Ao > 1, which is given by A=
AAoS] thanks to the first assertion in Proposition A.4. Taking the derivatives of o1(s) = (%, %)
at s = 0 into account we get that

o2 o121 Py o111 o~ 1 N
—(0,0120) — ———M(1/X, 0120) = —————M(1/X, 1/n),

S1(u, 0,m) =
20111 o120 P2 Li(o120) nLi(1/n)

where, see (30) and (26), Ml(u)—Ll(u)al( ) (0, u) with

u

1 1\d
Ll(u)=exp/ (K(O 2 +X) ?Z
0

Moreover

1 q ki
) (—) 0,u) =, (1 SR [CITE V. )
K x2 f(x1,x2) + 8(x1) — q(x1, x2)
Here the assertion with regard to the growth at infinity is a consequence of f,(0, 1) # 0 (see

H2), which implies that f(0, «) has degree exactly n. On the other hand, by applying (b) in
Proposition A.5 and taking 1/A < 1 into account, we get

-2

<u
(x1,x2)=(0,u)

1/n
n d
My(1/x, 1/n) = =AM (0) +n~V/* / (M (u) — M, (0>>u—1“7”. 35)
0
Moreover
Y 1 1\ d v (1,2) 1\ d
Z qn(l, z 4
logLi(1/n) = + = —:f(—+1+_)_
glal/m /(K(Qz) x) z o1 (1,2) ") 2
0 0
F(an(1,2) Nd: [ gu(w.1) '
qn(1, 2 Z qn(W,
=|(—F=+1+- —+/7dw—<l+—>lo ,
0/(5,1“(1,@ x)z s (w, 1) %) o8N
n

where in the last equality we use the coordinate change z = 1/w. Consequently, by applying the
Dominated Convergence Theorem using that f,,(0, 1) # 0,

lim 0" Li (1 /) = exp(GY), (36)
n—

where
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1
1 1 , D\ d
/(qn( D L G ))_z
, Cat1(1,2) Aoz D) oz
This implies in particular that L{(x) < u'T!/* and, accordingly, M1 (u) < u~'*1/* The combi-

nation of this, together with (35) and (36), yields

—+00
= —exp(— G+)/(M1(u) M1 (0)) 77 1+1/x

' My (12, 1/n)
Ilim S1(u,0,n)=— 1i
n—%l* 1(p, 0, ) n—lg)l* n' UL (1/n)

Therefore

AT () = Ay (1, @, 0) = (AAg S ) (11, @, 0)
+00
d
= —2AF exp(— G+)/ (M1 ) = M1 (0) —r7- (37)

Now we turn to the computation of the coefficient A3 (u, a, O) in case that A(u) = 1. By the

third assertion in Proposition A.4 we have that A3 | i1 = (Ao) S3 | A1 with
02210210 , ./
= ————M,(0).
Ly(0210)
Note that if A = 1 then the quotient Zi;‘gg‘; =75 (1 /n) tends to exp(—G3) as n — 0 thanks to
(33), which is true for any A > 0. Consequently, if A =1 then
AT G0 = B3 0) = lim A3e,0.m) = ()" exp(=GT) M3 (0). (38)
So far we have proved that
AT (s + Fp¥ (o) if Ao > 1,
D (s; ) = AJ (ws* + 1 AT (s + F (o) if Ao <1

AT (Mo (s 1= 1) + AL (W™ + FP(uo)  ifro=1.
We turn next to the study of the Dulac map D_(-; u) of —X,, from X to X,. To this aim the

idea is to take advantage of the previous results for D (-; @) using the fact that (x, y) — (—x, y)
sends — X, to

Xpo= (v fyi ) + 800 w)d + yg(x, y; 1)dy

with f(x,y) = f(—x,y), §(x) = g(—x) and g(x, y) = —q(—x, y). In particular, following the
obvious notation one can check that £,,+1(x, y) = £,,+1(—x, y), together with
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Li(u)=L;(—u) and M;(u) = —M;(—u) fori = 1,2 (39)
is verified. By applying the above assertions to the Dulac map of X u from X to Xy we get that

AT (W)™ + F3P (o) if 0 > 1,
D_(s; ) = Ay s™ + § Ay s + F2 (o) if Ao < 1,

A (W™ ols: 1= 1) + Ay (W™ + F (o) ifro=1,

where each coefficient A;" is the counterpart for X, of the coefficient A7 that we have obtained
previously for X . We can thus assert that

D(s; ) = Dy (s; ) — D—(s; )
A ()s™H + 7Y (o) if Ao > 1,
= Do(w)s™ + 1 Da(w)s™ + Fi¥ (o) if o < 1,

As(s*Ho(s: 1= 1) + Aa()s™ 1 + F (o) ifro=1,

where A;:= A;” —A; fori=0,1,2,3,4. Our next task is to compute each coefficient. Note
that, from (31),

+0oo

Ay (w) =exp /(q(—w,mH gn(—w, 1) )dw
0

g(—w) Cop1(—w, 1)

0
—exp / <Q(Z 0) Cln(Z, 1) )d
) g(2) n+1(z, 1)

It is clear now that

+00
L N q(z,0) qn(z, 1) ) .
log(Ay) —log(Ay) = / ( 2Q) +)L€n+1(z, D dz=:dy

On account of this, and the fact that x — logx is strictly increasing, the application of the mean
value theorem shows that Ay = A(J{ — A, = kodp for some analytic function «o with xo (o) > 0.

We turn next to the computation of A5 . To this end we again take advantage of the expression
of A;r thanks to the fact that (x, y) = (—x, y) sends —X, to iw In doing so, recall (39), from

(34) we get
+00

Ay =—(Ag) exp(=Gy )/ M>(— M)—Mz(O)) ESE (40)
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where

1
_ q(—1/z,0)  zq(—z, 0)) dz
= A+1 —.
O/< T ecn T o )
In order to study A, = AZ’ — A, we first observe that
1 ! 1
/(61( /z,0) q(—l/z,0)>ﬁ+/(q(z,0) +Q(—Z,O))dz
J zg(1/z2) 8(—=1/2) ) z , g(2) g(—2)
\ (u, 0) (—u,0) \ (z,0) (=z,0)
q\u, q\—u, q\z, q —Z
= d d
/(g(u) - g(—u)) ”+f< 2(2) g(—z)) ‘
+o00 0
a0 g(=2.0)
q(z, q(—z,
= dz =:Gy,
!(g(z) AT ) =

where in the second equality we perform the change of coordinates u = 1/z. Then, from (34)
and (40),

+o00
d
Ay =AT — A =exp(=G5) | (A;)? f (Ma(—u) — M2(O))uk—_lil
0
+00

d
+(A{)? exp(Ga) / (MZ(M)_MZ(O))M,\%

_ _ —\2 i du
= iAo +exp(—G; ) (Ay) / (Ma(—u) — Mz(O))W
0
+00

du
+exp(Ga) / (Mz(u)—Mz(O))W

=KAo+ K2 k2,

where in the second equality we use that G, — G;r = G», in the third one we plug Al = A +
A, to get an analytic function k7 = k2(u) multiplying Ao and in the last one we set k =
exp(—G;)(Aa)z. Accordingly Ay = k2 Fr + ik Ag with k2(ig) > 0, so the assertion (2) in the
statement is true.

In order to obtain the expression for A| = AT — A} we follow the same strategy as before.
First we take advantage of the expression of Afr in (37) and the equalities in (39) to get that
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+oo
d
AT =AA, exp(—G) f (M1(—M) - Ml(o))ulﬁ/x’ “D
0

where
1
G?Z/( (=19 L zqn(—z,l))@
) Lht1(—1,2) A b=z, D)) z

0
:_/< qn(1,u) +1+1+ uqn(u,l))d_u
1 Lny1(1,u) A by, 1)) u

Here we use first the homogeneity of g, and £, and then we perform the change of coordinates
u = —z. Consequently

1
_ qn(1,2) 1 zqu(z,1) \ dz
G -G :/<7+1+—+7>—::G
Lo trs1(1,2) A b)) 2 !

On account of this, the combination of (37) and (41) yields

+00
Ay =Af — A7 =—rexp(-G) | A f (M (u) — M1(0)) ——+~
0
+00
_ du
+A; exp(G1) f (M ()~ My ©)

I +1/A

+0o0
_ du
=k1 Ao — LA exp(—GJ) /(Ml(u)—Ml(O)) T
0

du
+exp(@) [ (M1 (=)= M,0) 15

=K1 Ao+ k1 F1,

where in the second equality we use that G;r — G| = Gy, in the third one we replace A(J)r by
Ag+ A, to obtain a function k1 multiplying Ag and in the last one we set k] = )»A(‘)" exp(—G ;).
Therefore A = k1 F1 + k1A with k1 (o) > 0. Since one can easily verify that «; is analytic at
o with A(up) > 1, this concludes the proof of assertion (1).

It only remains to compute Az = A;r — A3 in case that A(u) = 1. Exactly as before, since
(x,y) = (—x,y) sends —X, to f(M, from the expression of A;r in (38) and taking (39) into
account we get
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AT],_, = (Ag) exp(—G5)M5(0) = (Ay)* exp(—G5 ) M} (0).
Hence some straightforward computations show that
Aslizr = (A exp(=GY) = (A2 exp(=G3) ) M5(0)
= ((A0+ A7 exp(=G2 = G) = (A7) 2exp(=G3) ) M3(0)
= —k3G2M5(0) + k30,

where

1 —exp(=G2)

K3:= (Ay)* exp(—G5) G

and k3:= (Ao +2Ay) exp(—G3)M}(0),

which are analytic functions at pg and x3(i) > 0. Finally, due to M (u) = Ly (u)d2 K (u, 0) with

u
dz
Mr(u) = La(u)02K (1, 0) and Ly (u) = expf (K(Z, 0) + X)?,
0
one can easily show that M}(0) = L,(0)3;K (0, 0) + L2(0)312K(0,0) = 8; K (0,0)32 K (0, 0) +
312K (0, 0). We thus obtain that A3|y—1 = k3 F3+k3Ag with F3 = —G2(81 KoK+ 312K)(0, 0),

as desired. This proves the validity of the third assertion in the statement and concludes the proof
of the result. O

B.2. Proof of Proposition 3.2

In this section we prove Proposition 3.2, which gives the asymptotic development of the dif-
ference map

Du(s; )= DY (s; u) — DL(s; ),

see Fig. 7, together with some properties of its coefficients. To this end we need first two auxiliary
results.

Lemma B.1. Fix any wo = (ag, bo, €0, €1, €2) with (ag, by) € (—2,0) x (0,2) and &; ~ 0 for
i=0,1,2. Then

Dl (s; ) =68+ + Aa—Ls}” + F;° (o), forany £ € [Ao, min(21q, Ao + 1)),

where A, 5+ and A(j)E are € functions on yu ~ ug and ro:= A(ug) = —
ap # —1,

ag+2
T Moreover, for

(1) If ap > —1 then DY (s;p) = 6+ + AgsA + Alis)‘“ + ffo(uo) for any € € [)»0 +
1, min(2rg, Ao + 2)), where AT is a € function on =~ .

47



D. Marin and J. Villadelprat Journal of Differential Equations 433 (2025) 113281

(2) Ifag < —1then DL (s; 1) = 84+ A5 s* + AT s?* + F(wo) for any € € [2xo, min(3ro, Ao+
l)), where A;t is a € function on u ~ .

Proof. For the sake of simplicity in the exposition we omit the superscript in D¥. That being
said, let us prove the result for the Dulac map D, (-; u), the proof for D_(-; u) follows verba-
tim. We denote the y-coordinate of the intersection point with x = 0 of the unstable separatrix of
the saddle at s; by 84 (u). The function u > §4(u) is €°° in a neighbourhood of u = . In-
deed, this follows by first applying the local center-stable manifold theorem (see [ 14, Theorem 1]
for instance) to s1 and then appealing to the smooth dependence of the solutions of X, on initial
conditions and parameters. It is clear moreover that é |;—o = 0. For convenience we change the
parametrisation on X, by § — (O, s +8+(M)) for § > 0 small enough and we denote by 15+ (s; )
the Dulac map of X, from X; to X, with this new parametrisation in the arrival section. It is
then clear that D (s; u) = 84 () + b+ (s; n) for s > 0. To study f)+(~ ; ) we first compact-
ify the vector field X, by using the projective coordinates (i, v) = ¢1(x, y):= (ﬁ, x+§—+1)
The key point here is that the trajectories of X, from X; to X5 do not intersect x +y + 1 =0.
In doing so we obtain an analytic family of vector fields which is orbitally equivalent to a poly-
nomial one, say Y, that has a finite hyperbolic saddle at the origin. By construction its stable
separatrix is at # = 0 for all u, whereas its unstable one is at v = 0 only when gy = 0. In order
to straighten both separatrices for all © we apply Lemma A.6, that gives a €°° family of dif-
feomorphisms ¢ (u, v; 1) such that the push-forward (¢2).(Y,,) writes as in (25) with @ = co.
By construction, setting ¢ = ¢ o ¢1, its Dulac map from ¢ (%) to ¢(2,), parametrised, re-
spectively, by o1(s; n) = ¢ (0, 1/s; ) and o2(s; ) = ¢ (0, s + 54+ (w); ), is precisely ﬁ(s; n).
Observe in this regard that the parametrisations of the transverse sections are °°. Accordingly,
by applying Proposition A.4,

AT (s™ T+ FP(uo)  if Ao > 1,

Disim=AafGos*+1 _
AT (sP + F(po)  ifag <1,

for any €, € [24o, min(3Xo, Ao + 1)) and £; € [Ao + 1, min(2X9, Ao + 2)). Here A = A(w) is the
hyperbolicity ratio of the saddle of X, at s and Ao = A(1g) = — % Moreover the coefficient
A(‘)" is ¥ at g and, on the other hand, the coefficient AT (respectively, A;) is € at ug

provided that Ag > 1 (respectively, Ag < 1). On account of D4 (s; ) = 6+(u) + D+ (s; u) this
concludes the proof of the result. O

Lemma B.2. 9, (5+ — (L)(;L) > 0 for all u = (a,b,0,0,0) witha € (—2,0)\ {—1} and b €
©0,2).

Proof. The differential form associated to system (12) is given by
Qi= (2xy — e0)dx + (552 + e1x + (1 = b)y + ax? + exxy + by?)dy.
We know on the other hand that
H(x,y)::y(xz—i-ﬁyz—l—my—i-n)%, 42)
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with £ = %, m= —% andn = %, is a first integral of (12) for eg = €1 = ¢ = 0. We observe

in this regard that

dH dy 2xdx+ 2Ly +m)dy
a— =a— ,
H y x2+0y2+my+n

which yields
ay'""H'dH =2xydx + (an+ (a+ Dmy + ax*+ (a + Z)Eyz)dy = Qg =e,=0 + €0dx,

where in the second equality we use the expression of £, m and n in terms of a and b. This shows
that Q¢ ,=¢,=0 is proportional to Q¢:=dH — sa—"Hl_“ya_ldx. On account of this, if we take
any po = (a, b, &9, 0, 0) and denote by I'; ¢, the oriented arc of orbit of X, that joins the points
(0, D (s; /,Lo)) and (0, D (s; uo)) then we have that

0= / QozH(O,Di(S;Mo))—H(O,Di(s;uo))_‘Z_O / He )10y,

[, &0 Ty, &0

where D'{ (s; n) is Dulac map in Lemma B.1. Consequently

H(0, D (s3 o)) — H (0, D".(5; 10)) = — / H(x, y)!4y*dx for all ¢g ~ 0.
a
FS.SO

The derivative of this expression with respect to &g evaluated at jio:= (a, b, 0, 0, 0) yields
8y H (0, D"(s: 20))3eg D™ (53 fio) — dy H (0, D" (55 f10))de D" (53 f20)

1
= - / H(x, y)! ™y* dx.
a
Fs,O

Our next goal will be to make s — 0T in this equality. With this aim in view note that, by
the first assertion in Lemma B.1, D4 (s; u) = é+(un) + .7-‘;,’0 (mo) for any p > O small enough.
Consequently, since 61 (ftp) = 0, we get that

lim 8y H (0, DY.(s; i0))de, DXL (s; jio) = dy H (0, 03,8 (ji0) = n'/* 38+ (fi0),

s—0t

where in the first equality we use the good properties of the remainder with respect to the deriva-
tion of the parameters, see Definition A.3, and in the second one the expression in (42). Therefore

an'/* (eg8.-i0) — dsy8—(fi0)) = lim, / H(x, y)' =y dx. 43)
s—
r‘s,O

Note at this point that I'y o is a periodic orbit of X,. Thus it is contained inside the level set
H(x,y) =h where h = h(s) verifies
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h=H(0,1/s)=s"""2+ms —I—nsz)al.

Here we use (42) once again and that the parametrization of X is given by s — (0, 1/s). Since
a € (—2,0) by assumption, this shows that lim;_, o+ A(s) = 0. Accordingly, if we denote by yy
the periodic orbit of X, inside the level curve H = h, from (43) we get that

an'/*9, (84 —8-) (o) = lim p'~* / v~ ldx.
Yh

It is clear then that the result will follow once we prove that the above limit exists and is different
from zero. To this end, setting y; :=yn N {x > 0}, we first observe that

/y“ildx = 2/ vy ldx
Yh Vh+
since Xz, is symmetric with respect to x = 0. To compute this Abelian integral we perform the

projective change of coordinates (u, v) = (%, %) and in these new variables, see (42), we have
that

)/h+ C {H®u,v) =h%}, where H(u, v):=u""20%(1 + 0% + muv + nu?).
A computation shows that

OuHw,v)  u  (u=20)((b—2)u—2bv)+4a
WHw,v)  vu—20)(b—2)u—2bv)+4a+2)

(44)

which gives, up to a unity, the expression of the partial derivatives of H. Then, taking (a, b) €
(—2,0) x (0, 2) into account, it follows that Bvﬁ(u, v) #0o0n 0 <u < 2v and Buﬁ(u, v) #0
on 0 < 2v < u. Observe also that, for each & > 0, the arc yh+ has exactly one intersection point
with the straight line u = 2v because I:I(u, u) = h? if, and only if, u = +c(h) where c(h):=
(24214 — (€ 4 2m + 4n))~'/2. Therefore, by applying (twice) the Implicit Function Theorem
to I:I(u, v) = h* we can split yf as

vt ={u=u;h),velch), +00)} U{v=v(u; h),u € [c(h), +00)}.

Accordingly, from (42) once again,

lim hl_a/y“_ldxz 1im/(x2+zy2+my+n)$—ldx
h—0 h—0

VhJr Vh+
+o00
. 2 N =) _2
= — lim (14 £v° + muv +nu“) a u adu
h—0 v=v(u;h)

>(h)
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+00

l—a 2
a

- / (1 + 00> + mvu+nu?) @ u~
c(h)

) oyu(v; h)dv

u=u(v;h

In order to make this limit let us first observe that limy_.gc(h) = 0 due to a < 0. On the other
hand, limj,_, ¢ u(v; k) = 0, uniformly in v, and limy_,o v(4; h) = 0, uniformly in u, because the
oval yj, tends to the polycycle (in Hausdorff sense) as & — 0. Furthermore, due to

. du 9y H (u, v)
u(v;h)y=—=— ———
’ dv 3, H (u, v)

’

u=u(v;h)

from (44) we deduce that |0yu(v; k)| is uniformly bounded since 0 < u(v; h) < 2v for any
v € [c(h), +00). Taking these facts into account, together with the assumption a € (-2, 0), by
applying the Dominated Convergence Theorem we conclude that

+0o0
lim 7'~ / Yy = — / (1 +nu?) @ u"idu=peR_.
n
Vh+ 0

—1/a

Hence g, (84 — 8-) (o) = Zpn

-— > 0 and this finishes the proof of the result. O

Proof of Proposition 3.2. The three assertions with regard to structure of the asymptotic de-
velopment follow from Lemma B.1 setting Al’.‘ = A?‘ — A7 fori =0,1,2 and §,:=64+ —6_
because then

AV OSP4+ Foo (o) ifag > —1,
Du(s; 1) = Dy (55 1) — D_(s5 1) = 8, () + Al (10)s™ +
AL (s™ + F2(no)  ifag < —1,
(45)
for any ¢, € [2)»0, min(3Xg, Ao+ 1)) and ¢ € [Ao +1, min(2Ag, Ao+ 2)). Since we will deal with
the “upper case” only, for simplicity in the exposition we shall omit any subscript and superscript
u from now on.

Itis clear that Z(s; o) = 0 because X, is inside the center variety when u = 11o. On the other
hand, by Lemma B.2, 9¢,6(1.0) > 0. Note also that the straight line y = 0 is invariant in case that
g0 = 0. Hence §(u)|gy=0 = O by definition and, consequently, 9z, (ro) = 95,8 (o) = 0. That
being stablished, our main task is to compute the partial derivatives dg; Ax and 0g, Ag evaluated
at wo = (aop, bo, 0,0, 0) for each k =0, 1, 2. To this end the key point is that we can perform
the computations setting &9 = 0 and that in this case X, is a D-system, more concretely, with
f,y)=1—-b+ex+by, gkx)= # +e1x +ax?, g(x,y) = —2x and n = 1, so that

lo(x,y)=(a+ 2)x2 + exy + byz.
Let us remark that it is only for &g = 0 that X, becomes a D-system. Thus, for the sake of
consistency we shall denote i1 = (a, b, €1, €2) and 19 = (a, b, 0, 0). That being said, following

the notation in Theorem 2.1, that we stress it is addressed to D-systems, from (2) we have
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_ xq(x,y)
YFO6 )+ 800 [ yy=(L,2)

Xy xg
2
b—=2_ 2 2°
a+e1xy +exx2 + 7=xiy + (1 = b)xyx2 + bxy

K(xy,x;m)=1

=14

Hence A(i1) = _aaﬁ_ From (6) we get that

+00
o () / (174;2+elz+aZ2 (a+2)z2+82Z+b>

—00

2 €1 &

== +
@ \Jo-2a-  Jaba+2) e

On account of this one can verify that do(it) = —po (1) (2 Vblat+2) &1+ 82) where pg is a smooth

Jab-2)
function with po(fto) > 0 since ag € (—2, 0). Hence, from (45) and applying Theorem 2.1,

Vb(a+2)
Jab —2)

Consequently, there exists a smooth function p; = p1 (1) such that

Ao () lgy=0 = —Ko1([) (2 e1+ 82) with «o1 (f10) > 0.

Vb(a+2)
Jalb —2)
Vb(a+2)
Jalh =2

where in the second equality we use that we can write §(u) = gop2(u) with pp(uo) # 0 due
to 8(1)|gp=0 = 0 and 9.8 (o) # 0. Since ko1 (i) is a smooth function on p, this proves the
assertion with regard to Ag(w).

Let us assume now that ag € (—2, —1) and turn to the study of A;. This, on account of
Theorem 2.1, leads to the computation of F;. According to (4) its expression is given by

Ao(p) = —«o1 (i) (2 &1+ 82) + &001 (1)

= —k01 (1) (2 &1+ 82) + k02 (u)d (1),

400
d
R = [ (M-~ M200) + exp(G) (M2(2) — Ma(0)) i (46)
0

where My (u) = Lo(u)d2K (u,0) with Lo(u) := exp (fou (K (z,0) + k)%). After some lengthy
computations we obtain that

1

e ~a
lg(u)==(14—;%u-+7nu2) By(u),
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where 1p:= 2-2 > 0 for all (a, b) € (~2,0) x (0,2) and

—2¢1 %u + &1 1
By (u):=exp | ——— | arctan — arctan

aJab—2) —¢? Jab—2)—¢l Jab —2) — &

The explicit computation of F,(u) for arbitrary f requires a primitive of u — (M>(u) —
M>(0)) u~1=*_ which is not feasible because M>(u) = Ly(u)9, K (u, 0) where
b—1Du—e

0K (u,0) = .
(1 + &u+ nu?)’

2
a2

To bypass this problem the strategy is to compute only the first order Taylor’s expansion of this
function at (¢, &2) = (0, 0). In doing so we get

2(b—1
M)~ M0 = 20 1 4 iy
2b-1 2y-3-1 2
oy w(l 4 mu”) ™ "a (1 + nau”) arctan(y/mau) + /m2(1 4 2a)u)e

2 1
— a—2(<1 +mou*)"* " — 1)ez +o([(e1, £2) ).

Thus, on account of the parity of each coefficient with respect to u, if we write

400
du
/ (Mo () = Ma(0) — = iy + miy e+ miyea + (1, £2)l) (47)
0
then it turns out that m; = —mar ,my = mT and m, = m; Of course to obtain the above

equality we must prove that the higher order terms can also be neglected after integration. To
show this let us note first that, as a matter of fact, the higher order terms do not depend on
&y because M3 (u; f1) is linear in this parameter. Therefore to get m(ﬂf we need a result to pass
the limit ¢; — O under the integral sign, and to get mf a similar result for the derivation with
respect to ¢1. With this aim we appeal to the results in [34, §17.2] about improper integrals
depending on a parameter. More concretely, Proposition 2, which is a sort of Weierstrass test
for the uniform convergence of an improper integral depending on a parameter, and Proposition
6, that gives sufficient conditions for the differentiation of an improper integral with respect to
a parameter. To this end the key points are that, on one hand, A = A() = —“aﬁ € (0,1) for
i~ 19 due to ag € (—2, —1) and, on the other hand, that B, (u; ft) and 9, B2(u; i) are bounded
for u € (0, +00) and &1 & 0 by a constant. That being said, some computations show that

21 [ (- '"a
+ - 2y—2-1 24 —Yn
= 1 aya d =
m 2 /( +nu”)" " aua du aa@t D

0

and
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+ 2 I 2.—2-1 2 \/E F(%) —ax2
m2=—a—2/((1+n2u) a—l)uadu:—mﬁajl)’?z 2a .
0

One can readily check in particular that m; > 0 for all (a, b) € (—2,—1) x (0,2). Computing

m;r is a little more involved. In this case

a*

+o00
1 / 1 2
+ 2,-2-1 142
— my = (1 4 nau®) a arctan(y/nau)u "adu
20— ym J

+o0
1+ (1 +2a) / (1 4+ nou?) 3w u* i du
0

_ann273(§22 - aﬁ F(S%—;Z) _%—F(l-f‘za)ﬁw _%
_ T 4(a+1)r(2a+1)772 4 F(3a+1)772 ,

a a

and after some simplifications we get that

+__ﬁ(b_1) F(3az;r2) N — 3442
"2 p \rahy T )

a

On the other hand,

+oo
®,0)  g(—u,0) 2meq
om [ (100 atmy,
0 gw) g(—u) a/(b—2)a— S%

so that exp(G2) =1+ \/%81 + o(e1) due to a < 0. Accordingly the substitution of (47) in
(46) yields

2
Va3 —2)

_ _ 2 _
=my +mg + (ml +ml++mmar> g1+ (m5 +m¥)er+o(ler, e2))

Fy=my +mj e +m; e+ (1 + 81) (mg +mie1+m3ex)+o(l(er, e2))

b
=2 (mfr + 71413) e1+2m3 e +o([(er, &)

Va3 -2)

and let us note that
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g + _ 2@+2)(b-D) .+ o that

+
Hence m{ + \/a3(b72)m0 = iD=y M2 »

2@+2)(b—-1)

Fr(n) = p3(n) ( PESNCEE)

g1+ &2 +o(|l(e1, 82)|I)> with p3(ito) > 0.

Finally, from (45) and the last assertion in (2) of Theorem 2.1 we get that

2a+2)(b—-1)

A2 ()| gg=0 = K21 (1) ( (a+Db-2)

g1+ &2+ o(l|(e1, €2) ||)> + x22(i) Ao (1) lgy=0
with k31 (ftg) > 0.

Let us stress here that x>1 and k7 are smooth functions in a neighbourhood of 1y provided that
ap € (=2, —1). Consequently, since § () |g,=0 = 0 and 9,8 (1o) # 0, we get that

2@+2)(b—-1)

Ao () = K21 (1) ( PESNCEES

g1+ &2 +o(|[(e1, 82)|I)> + k22 (1) Ao () + K23 ()8 (1)

for some smooth function k73 and this proves the assertion in (2).

So far we have studied the coefficient A, assuming ag € (—2, —1), i.e., Ao < 1. Our next task
is to do the same for the coefficient A assuming ap € (—1, 0), i.e., A9 > 1. In this case, see (3),
we have to compute

+o0
d
G == [ (M@~ M0+ expGO(M (-0 = MO)) 57 @)
0

where My (u) = L1 ()31 (4 )(0, u) with L (u):= exp (fou (m + %) %) In doing so exactly
as before we obtain that

Ll(u)=<1+ i
a

+2M+mu 1(u),

where 71 := 225 > 0 for all (a,b) € (—2,0) x (0,2) and

282 2bu + &
Bi(u) :==exp arctan | —————
(a+2),/4b(a +2) — &3 J4b(a +2) — &3
— arctan I
JA4b(a +2) — &3

Since one can also verify that
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1 2 1-Dbu+e
al<—) Ow=y——
(1 + Z5zu +mu?)

it turns out that the function M (u) = L (u)d; (%) (0, u) is linear in ¢;. That being said, some
computations show that

2(1—b
My(u) — M (0) = ﬁu(l + ﬁluz)*%
2
+m((1+nlu ) a+2 —1)8]
21 — bju 2y~ 283 ~ (2a+3)fu>
+ @ +2)3m(1 +nu) «f2 <arctan(ﬁu) — &

+o(ll(e1, £2)ID-

Following the obvious notation, if we write
400
/ (My(£u) = M1 (O)u™" " du = n§ +ner +nyer+o(l(er, e2)1),
0

then n, = —nar , Ny = nf and n, = n;r due to the parity of each coefficient with respect to
u. Here we follow exactly the same strategy as before, by using the results from [34, §17.2]
about improper integrals depending on a parameter, to show that the higher order terms can be
neglected after integration. Moreover

1
1, 1 .1 d 2
G1:/<qn( ISR 1 C ))_z= )

J| Cat1(1,2) A bni@ D) 40 [4b(a +2) — £2

so thatexp(G1) =1+

) mag + o(&2). Accordingly, from (48) we can assert that

T

Vb(a+2)3

Fi=—(n{ +nfe +nje)— (1 + 82) (ng +nyer+n5e)+o(ler, el

— — — T —
=-—n, —l’l(J)r—(l”ll +n1+)81 - <n2 +7’l§r+mn0)82+0(||(81,82)”)

b4
=—2nje; — (2113r - +) g2+ o(ll(e1, £2)[)-

NCTE

In order to compute these coefficients let us note that

/(1+ - du 1-b e
I’l u a - =
0 (a T 2)2 n WA @t D@y
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and
7 (o)
”1+=# / ((1+n1u2)*%—1) du__ T 22 ) T
(a+2)2 ultl/2 2(a +2)2 F(2u+23>
0 uy

The computations for n; are a little more involved. In this case

(a+2)3/bla+2) nt =
2(1 —b)

/(l—l-mu )~ =) arctan(y/niu)u" % du

—+o0
— (2a+3)n1 /(1+mu2)—%ul—l/w
0

3a+4
S +2)? F(—z<3+z>) N !
BRI Y = IR o
a+2

where to obtain the expression of the first integral we perform integration by parts. From here
some additional computations show that

—atl 3a+4
T =Dy " r(7s)

Jbat2? " at )b@t 2y r(%)

+
2ny —

and, on account of this,

+_ _ x .+
M~ Trwiap0 _ atb—1)
2nf 2(a+ b’

Since n” < 0 for all @ € (—1,0) and b € (0, 2), we have that Fi () = pa(ji) (51 + o=y +

o(||(e1, &2) ||)) with p4(ftg) > 0. Accordingly, the combination of (45) and the last assertion in
(1) of Theorem 2.1 yields

alb-1)

A1 ()| gg=0 = Kk11(1L) (81 + 2+ Db

&2+ o(ll(e1, £2) II)) + k12(i) Ao(1)lg=0

with k11 (ftp) > 0. Finally, once again thanks to 9,8 (o) 7 0, we can write

alb-1)

Ap(u) = k11 (@) («91 + 2@+ Db

&2 +o(|l(e1, 82)||)) + r12(0) Ao () + K13()d ()

for some smooth function k3 in a neighbourhood of (. This proves the last assertion in (1) and
completes the proof of the result. O
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