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Abstract
For a compact 2-orbifold with negative Euler characteristic O2, the variety of characters
of π1(O2) in SLn(R) is a non-singular manifold at C-irreducible representations. In this
paper we prove that when a C-irreducible representation of π1(O2) in SLn(R) is viewed in
SLn+1(R), then the variety of characters is singular, and we describe the singularity.
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1 Introduction

LetO2 be a compact 2-orbifoldwithχ(O2) < 0, possiblywith boundary. The groupPSLn(R)

acts by conjugation algebraically on the variety of representations of π1(O2) in SLn(R), and
its quotient in real invariant theory is called the variety of characters

X(O2,SLn(R)) = hom(π1(O2),SLn(R))//PSLn(R).

Along the paper we shall assume n ≥ 2.
A representation π1(O2) → SLn(R) is called C-irreducible if it has no proper invariant

subspace in C
n . By [10] the character of a C-irreducible representation has a smooth (non-

singular) neighborhood in the variety of characters X(O2,SLn(R)). In this paper we show
that its composition with the standard inclusion in SLn+1(R) has a character topologically
singular in X(O2,SLn+1(R)), and we describe the singularity.

For a C-irreducible representation ρ : π1(O2) → SLn(R), let R
n
ρ denote R

n as π1(O2)-
module via ρ and set d = dim(H1(O2, R

n
ρ)). View also ρ as a representation in SLn+1(R),

by composing it with the standard inclusion SLn(R) ⊂ SLn+1(R) and so that it is no longer
C-irreducible.

Theorem 1.1 LetO2 be a compact and orientable 2-orbifold, satisfyingχ(O2) < 0. Letχρ ∈
X(O2, SLn(R)) be the character of aC-irreducible representationρ, d = dim(H1(O2, R

n
ρ)),

and b = dim(H1(O2, R)) the first Betti number. A neighborhood of χρ in X(O2, SLn+1(R))

is homeomorphic to
R

p × R
b × Cone(X),

where X is as in Table 1 and R
p × {0} × {0} corresponds to a smooth neighborhood in the

variety of characters X(O2, SLn(R)).

Here Sd−1 ⊂ R
d denotes the (d −1)-dimensional unit sphere; UT(Sd−1), its unit tangent

bundle
UT(Sd−1) = {(u, v) ∈ Sd−1 × Sd−1 ⊂ R

2d | u · v = 0};
UT(RP

d−1), the unit tangent bundle of projective space; and∼, the involution of Sd−1×Sd−1

acting as the antipodal on each factor. The cone on a topological space X is denoted by
Cone(X). When d = 0, we use the convention that S−1 = ∅ and Cone(∅) is a point.
The factor R

b is realized by representations in the stabilizer of ρ in SLn+1(R), namely
diag(θ, . . . , θ, θ−n) for a homomorphism θ : � → R

∗. The difference according to the
parity of n + 1 may be explained by the fact that we take into account the action of stabilizer
of ρ: when n + 1 is odd, the matrix diag(−1, . . . ,−1, 1) stabilizes ρ but it is not central,
though when n + 1 is even, diag(−1, . . . ,−1) is central.

As motivation, when n = 3 we consider projective structures on O2 modeled in P
2, and

we view them as projective structures on O2 × R modeled in P
3. When O2 is closed and

Table 1 The link X of the
singularity in Theorem 1.1

X n + 1 even n + 1 odd

O2 is closed UT(Sd−1) UT(RP
d−1)

O2 has boundary Sd−1 × Sd−1 (Sd−1 × Sd−1)/∼

123



Geometriae Dedicata           (2025) 219:54 Page 3 of 33    54 

orientable, the space of convex projective structures onO2 is a component of X(O2,SL3(R)),
homeomorphic to a cell, by Choi-Goldman [6]. When embedding SL3(R) in SL4(R) by
Theorem 1.1 we get a singularity (with few exceptions for small orbifolds). More precisely
(Corollary 4.3) a neighborhood of the character of its projective holonomy in X(O2,SL4(R))

is homeomorphic to{
R

p+b × Cone(UT(St−1)) if O2 is closed

R
p+b × Cone(St−1 × St−1) if O2 has boundary

where t is the dimensionof itsTeichmüller space and p is the dimensionof itsChoi-Goldman’s
space of convex projective structures. In particular (Corollary 4.4) for a turnover t = b = 0,
so every deformation in SL4(R) of its projective holonomy is conjugate to a deformation in
SL3(R), as the cone of the empty set is a point.

The theorem applies also to the Barbot component [3]. Given a discrete and faithful
representation of the fundamental group of a surface Fg of genus g ≥ 2 in SL2(R), Barbot
proves in [3] that the composition with the standard embedding in SL3(R) yields Anosov
representations that do not lie in the Hitchin component. The corresponding component in the
character variety X(Fg,SL3(R)) is singular by Theorem 1.1, and a neighborhood of singular
points is homeomorphic to R

8 g−6 × Cone(UT(RP
4 g−5)).

At the end of the paper we also discuss the deformation space of projective structures
on a hyperbolic 3-orbifold O3 of finite type. For this purpose, the holonomy representation
ρ : π1(O3) → SO(3, 1) of the hyperbolic structure is composed with the standard inclusion
SO(3, 1) → SL4(R), yielding the holonomy of the corresponding projective structure. Thus
a neighborhood of the character of ρ in the variety of characters X(O3,SL4(R)) yields the
deformation space of this projective structure.

To put our result in context, we recall a theorem of Ballas, Danciger, and Lee [2, Theo-
rem 3.2]. According to their theorem, if a finite volume orbifold O3 is infinitesimally rigid
with respect to the boundary, then the character of its hyperbolic holonomy is a smooth point
of X(O3,SL4(R)). Here “infinitesimally rigid with respect to the boundary” is a technical
hypothesis on cohomology on the Lie algebra (Definition 5.1), it essentially means that all
infinitesimal deformations of O3 come from its ends. We prove the following theorem:

Theorem 1.2 LetO3 be a compact orientable orbifold, with ∂O3 	= ∅ and hyperbolic interior
int(O3) so that it is not elementary, nor Fuchsian. Assume that O3 is infinitesimally projec-
tively rigid with respect to the boundary. Then the character of the hyperbolic holonomy is a
smooth point of X(O3, SL4(R)) if, and only if, all ends of int(O3) are either non-Fuchsian or
turnovers. Furthermore, if the character is a singular point, then the singularity is quadratic.

We say that one end is Fuchsian if its holonomy is a Fuchsian group: namely the end
corresponding to a totally geodesic boundary component.

Let us comment on the proof of Theorem 1.1. Under the hypothesis of this theorem, when
∂O2 	= ∅ the variety of representations (not of characters) hom(π1(O2),SL(n + 1, R)) is
smooth at ρ. The singularity occurs in the variety of characters, when considering the real GIT
quotient. This singularity appears because ρ is not irreducible, and there is a one-parameter
subgroup of SLn+1(R) that commutes with SLn(R). To understand this singularity when
∂O2 	= ∅, notice that R

n
ρ and R

n
ρ∗ appear in the complement of sl(n, R) in sl(n + 1, R),

where ρ∗(γ ) = ρ(γ −1)t is the contragredient representation. When n + 1 is even the action
of the commutator of SLn(R) on H1(O2, R

n
ρ∗) ⊕ H1(O2, R

n
ρ) is equivalent to the action of

R−{0} on R
d ×R

d defined by t · (x, y) �→ (tn+1x, t−n−1y), for t ∈ R−{0} and x, y ∈ R
d .
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The quotient (Rd × R
d)//R>0 is homeomorphic to the cone |x |2 = |y|2, (x, y) ∈ R

d × R
d .

When n + 1 is odd, in addition we take into account of the antipodal on R
n
ρ∗ ⊕ R

n
ρ .

When O2 is closed, the variety of representations of hom(π1(O2),SL(n + 1, R)) has a
quadratic singularity, by a theorem of Goldman [9] (see also Goldman and Millson [11] and
Simpson [25]). Then both singularities have to be combined, the quadratic singularity and
the singularity from passing to the quotient. Thus for x, y ∈ R

d , we combine the equality
|x |2 = |y|2 with x · y = 0, that yields the cone in the unit tangent bundle of the sphere when
n + 1 is even, or its quotient by the antipodal when n + 1 is odd.

The paper also discusses non-orientable orbifolds, so we consider the group

SL±
n (R) = {A ∈ GLn(R) | det(A) = ±1}.

In this case there are two natural extensions of SL±
n (R). One extension is in SLn+1(R), so

that every transformation of P
n−1 extends to an orientation preserving transformation of P

n .
Namely, every matrix A ∈ SL±

n (R) is mapped to a matrix SLn+1(R) by adding a last raw
and last column of zeros, except for the (n + 1, n + 1) entry that equals det(A). The other
extension SL±

n (R) → SL±
n+1(R) is just the trivial extension, so that the (n + 1, n + 1) entry

equals 1. Theorem 1.1 is easily adapted to the non-orientable case, just taking into account
these different extensions, see Theorem 3.6 for details.

In this paper we describe the topological singularities. The variety of characters is home-
omorphic to a real semi-algebraic set (cf. Theorem 2.1), in particular every character has a
neighborhood homeomorphic to a semi-analytic set. We shall not discuss this semi-analytic
structure.
Organization of the paper Section 2 is devoted to preliminaries on varieties of (real) rep-
resentations and characters, as well as cohomology and orbifolds. In particular we review
Goldman’s results. In Section 3 we prove the main theorem, as well as its generalization to
non-orientable orbifolds. Section 4 applies the main theorem to deformation spaces of pro-
jective 2-orbifolds viewed in the space of three-dimensional projective structures, including
some examples. Finally we apply these results in Sect. 5 to determine when the space of
projective structures on hyperbolic 3-orbifolds is singular (assuming that all infinitesimal
projective deformations come from the ends of the hyperbolic three-orbifold).

2 Preliminaries on varieties of characters

This first section is devoted to preliminaries on varieties of (real) representations and
characters.

2.1 Variety of characters for real reductive groups

We recall the basic results on varieties of representations and characters in algebraic real
reductive groups. Let � be a finitely generated discrete group (eg the fundamental group of
a compact two-orbifold) and let G be either

G = SLn(R) or G = SL±
n (R) = {A ∈ GLn(R) | det(A) = ±1},

for n ≥ 2. The results here apply to more general semi-simple real algebraic groups (and
some definitions need to be adapted), but we consider only those groups.

The variety of representations hom(�,G) is a real algebraic set. The group G acts by
conjugation on hom(�,G) and to define the real GIT quotient we follow the results of Luna
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[18], Richardson [21], and Richardson and Slodowy [22]. See also a modern treatment by
Böhm and Lafuente [4], as well as an interesting approach using symmetric spaces by Parreau
[19].

Theorem 2.1 ( [18, 22]) The closure of each orbit by conjugation of G on hom(�,G) has
precisely one closed orbit. Furthermore, the space of closed orbits is homeomorphic to a
real semi-algebraic set.

Here the space of closed orbits is equipped with the quotient topology of a subset
of hom(�,G). One of the ingredients of Theorem 2.1 is Kempf-Ness theorem for real
coefficients, proved first in [22] (see also [4]). Kempf-Ness provides an algebraic subset
M ⊂ hom(�,G) that intersects all closed orbits and only closed orbits. Furthermore the
space of closed orbits is homeomorphic to M/K for K ⊂ G compact (and therefore it is
homeomorphic to a semi-algebraic set).

Using Theorem 2.1 one defines the variety of characters X(�,G) as the space of closed
orbits. This construction is also called the real or R − GIT quotient:

X(�,G) = hom(�,G)//G.

It is the “Hausdorff quotient” of the topological quotient hom(�,G)/G: every continuous
map from hom(�,G)/G to a Hausdorff space Y factors through hom(�,G)//G in a unique
way.

Next we also mention a theorem that identifies the orbits that are closed.

Definition 2.2 A representation ρ ∈ hom(�,G) is called:

• R-irreducible or R-simple if it has no proper invariant subspace in R
n ;

• C-irreducible or C-simple if it has no proper invariant subspace in C
n ;

• semi-simple if R
n = E1 ⊕ · · · ⊕ Ek so that each Ei is ρ-invariant and the restriction of

ρ to Ei is simple.

Notice that C-irreducibility implies R-irreducibility. However, the converse is not true,
consider representations in SO(2). Notice also that semi-simplicity does not depend on con-
sidering R

n or C
n (an R-irreducible space decomposes as a possibly trivial direct sum of

C-irreducible spaces). The following lemma is elementary:

Lemma 2.3 A representation ρ ∈ hom(�,G) is semi-simple iff every invariant subspace
V ⊂ R

n has an invariant complement, eg a ρ-invariant subspace W ⊂ R
n satisfying

V ⊕ W = R
n.

Theorem 2.4 ( [21]) Let ρ ∈ hom(�,G). The orbit G · ρ is closed if and only if ρ is
semi-simple.

From this theorem, we can think of elements in X(�,G) as conjugacy classes of semi-
simple representations, that we may call characters by abuse of notation. Furthermore we
may talk about irreducible or simple characters.

The center of G is Z(G) = {h ∈ G | hg = gh for every g ∈ G}.
Definition 2.5 An analytic slice at ρ is analytic subvariety S ⊂ hom(�,G) such that

(i) S ∩ G · ρ = {ρ},
(ii) There is an bi-analytic map G/Z(G)× S ∼= G · S and G · S is a neighborhood of G ·ρ.
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The following is [15, Theorem 1.2] by Johnson and Millson:

Theorem 2.6 ( [15]) Let ρ ∈ hom(�,G) be a C-irreducible representation. Then the action
by conjugation admits an analytic slice at ρ.

We discuss a more general version of this theorem in Theorem 3.1. In general the slice
takes into account the stabilizer of ρ, when the representation is irreducible, the stabilizer is
just the center of G:

Lemma 2.7 Let ρ ∈ hom(�,G) be a C-irreducible representation. Then the stabilizer by
conjugation of ρ is the center of G: StabG(ρ) = Z(G).

Proof The center is always contained in the stabilizer and we prove the other inclusion. Let
g ∈ G be an element of the stabilizer of ρ. The relation gρ = ρg implies that ρ preserves
the eigenspaces of g, thus g has no proper eigenspaces. Equivalently, g is an scalar multiple
of the identity, so an element of the center. 
�
Remark 2.8 It follows from Theorem 2.6 that there exists a well defined analytic structure in
a neighborhood of a C-irreducible character, as in [15]. Without assuming irreducibility, one
should consider semi-analytic structures on X(�,G).

2.2 Group cohomology

We follow [5] for basics on group cohomology. Fix a finitely generated group �, a R-vector
space V , and a representation � → GL(V ), so that V is called a �-module. We are mainly
interested in the case where there is a representation ρ : � → G and V = g, that is a
�-module via the adjoint of ρ, but we shall also consider other �-modules.

The i-chains of the bar resolution are defined as maps from � × (i)· · · × � to V :

Ci (�, V ) = {θ : � × (i)· · · × � → V }, for i > 0 and C0(�, V ) = V .

The coboundary δi : Ci (�, V ) → Ci+1(�, V ) is defined by

δi (θ)(γ0, . . . , γi ) = γ0θ(γ1, . . . , γi )

+
i−1∑
j=0

(−1) j+1θ(γ0, . . . , γ jγ j+1, . . . , γi )

+(−1)i+1θ(γ0, . . . , γi−1).

The space of cycles and coboundaries are denoted respectively by

Zi (�, V ) = ker δi and Bi (�, V ) = Im δi−1

so that the cohomology is

Hi (�, V ) = Zi (�, V )/Bi (�, V ).

The zero-th cohomology group is naturally isomorphic to the subspace of invariants

H0(�, V ) ∼= Z0(�, V ) ∼= V �, (1)

because δ0(v)(γ ) = γ v − v for γ ∈ � and v ∈ V .
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2.3 Products in cohomology

Let V1, V2 and V3 be �-modules and let

ϕ : V1 × V2 → V3

be a bilinear map that is �-equivariant. Combined with the cup product it induces a pairing
in cohomology, that we denote by ϕ(· ∪ ·).

ϕ(· ∪ ·) : Hi (�, V1) × H j (�, V2)
∪→ Hi+ j (�, V1 ⊗ V2)

ϕ→ Hi+ j (�, V3).

We are interested in the explicit description for 1-cocycles. The space of 1-cocycles is

Z1(�, V ) = {θ : � → V | θ(γ1γ2) = θ(γ1) + γ1θ(γ2),∀γ1, γ2 ∈ �}.
The space of 1-coboundaries is

B1(�, V ) = {θv ∈ Z1(�, V ) | there is a v ∈ V s.t. θv(γ ) = γ v − v,∀γ ∈ �}.
For 1-cocycles,we describe the cup product following [5]: if zi ∈ Z1(�, Vi ), thenϕ(z1∪z2) ∈
Z2(�, V3) is the 2-cocycle

ϕ(z1 ∪ z2)(α, β) = ϕ(z1(α), αz2(β)), ∀α, β ∈ �. (2)

In addition we have:

Lemma 2.9 Assume V2 = V1, then

ϕ(· ∪ ·) : H1(�, V1) × H1(�, V1) → H2(�, V3)

is skew-symmetric when ϕ is symmetric, and symmetric when ϕ is skew-symmetric.

Proof Consider the 1-chain c : � → V3 defined by c(γ ) = ϕ(z1(γ ), z2(γ )). A direct
application of the definition of the coboundary δ1 yields

δ1(c)(α, β) = ϕ(z1(β), z2(β)) − ϕ(z1(αβ), z2(αβ)) + ϕ(z1(α), z2(α))

= −ϕ(z1(α), αz2(β)) − ϕ(αz1(β), z2(α)), ∀α, β ∈ �.

Hence by (2) we deduce:

−δ1(c) = ϕ(z1 ∪ z2) ± ϕ(z2 ∪ z1)

where the sign in ± is + for ϕ symmetric, and − for ϕ skew-symmetric. 
�
Belowwe describe the role of 1-cocycles in tangent spaces and infinitesimal deformations.

2.4 Tangent space to the variety of representations

Let ρ : � → G be a representation. We view g as a �-module by composing ρ with the the
adjoint: Ad : G → End(g).

We describeWeil’s construction [17, 26]. Given a 1-cocycle d ∈ Z1(�, g), the assignment
for each γ ∈ �:

γ → (1 + t d(γ ))ρ(γ )

is an infinitesimal path in hom(�,G); namely a path of representations up to a factor t2, or
a 1-jet from (R, 0) to (hom(�,G), ρ), eg an element in J 10,ρ(R, hom(�,G)).
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Proposition 2.10 [17, 26] Weil’s construction yields an isomorphism

Z1(�, g) ∼= T Zar
ρ hom(�,G)

that maps B1(�, g) to the tangent space to the orbit by conjugation.

Here T Zar
ρ hom(�,G) means the Zariski tangent space as scheme, as the coordinate ring

may be non-reduced, cf. [13]. Using Theorem 2.6 on the existence of a slice, we get:

Theorem 2.11 Let [ρ] ∈ X(�,G) be a C-irreducible character. Weil’s construction factors
to an isomorphism:

H1(�, g) ∼= T Zar[ρ] X(�,G).

We discuss the general case (without assuming irreducibility) in Sect. 3.1. We also need
a result in the zero-th cohomology group in the C-irreducible case.

Lemma 2.12 If ρ is C-irreducible, then the space of invariants of the Lie algebra is trivial:
gAdρ(�) = 0. In particular H0(�, g) = 0.

Proof Assume H0(�, g) 	= 0, by (1) there exists 0 	= a ∈ gAdρ(�). Then the one-parameter
group {exp(t a) | t ∈ R} commutes with the image of ρ. By considering the eigenspaces of
exp(a), this commutativity contradicts that ρ is C-irreducible by Lemma 2.7. 
�

2.5 Orbifolds

We relate the group cohomology with orbifold cohomology, that can be defined as the sim-
plicial cohomology for a CW-complex structure on the orbifold [20, §3]. An orbifold is very
good if it has a finite orbifold covering that is a manifold, and in this case the orbifold coho-
mology is the equivariant cohomology of the manifold covering. We are also interested in
orbifolds that are aspherical: the universal covering is a contractible manifold.

In this paper we consider 2-dimensional orbifolds with negative Euler characteristic (eg
hyperbolic) and hyperbolic 3-orbifolds, hence very good and aspherical.

Lemma 2.13 If On is an aspherical and very good orbifold, then there is a natural
isomorphism

Hi (On, V ) ∼= Hi (π1(On), V )

See for instance [20, Prop. 3.4] for a proof (for an aspherical manifold this is standard,
and for a very good orbifold use a manifold covering and work equivariantly).

We shall need Poincaré duality for cohomology with coefficients. Let V1 and V2 be �-
modules and let ϕ : V1 × V2 → R be a pairing that is �-equivariant. Combined with the cup
product it induces a pairing in cohomology, that we denote by ϕ(· ∪ ·).

ϕ(· ∪ ·) : Hi (On, V1) × H j (On, ∂On; V2) ∪→ Hi+ j (On, ∂On; V1 ⊗ V2)
ϕ→ Hi+ j (On, ∂On; R).

Theorem 2.14 (Poincaré duality with coefficients) Let On be a compact, connected, ori-
entable, and very good n-orbifold. For V1, V2 and ϕ as above; if ϕ is a perfect pairing, then
the product

ϕ(· ∪ ·) : Hk(On, V1) × Hn−k(On, ∂On; V2) → Hn(On, ∂On; R) ∼= R

is a perfect pairing.

See for instance [20, Proposition 3.4] for a proof of this orbifold version of Poincaré
duality.
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2.6 Obstructions to integrability

Herewe review the theory of obstructions to integrability.We start by reviewing the following
theorem of Goldman:

Proposition 2.15 ( [10]) Set � = π1(O2) and assume ρ : � → G is C-irreducible. Then:

(i) hom(�,G) is smooth at ρ and Z1(�, g) is isomorphic to Tρ hom(�,G).
(ii) X(�,G) is smooth at the character [ρ] and H1(�, g) is isomorphic to T[ρ]X(�,G).

Furthermore, X(�,G) is locally homeomorphic to the topological quotient hom(�,G)/G.

The statement of this proposition deals with T instead of T Zar, because in the smooth case,
the Zariski tangent space equals the standard tangent space (here smooth means smooth not
only as a variety but as scheme, in particular reduced).

A key tool for Proposition 2.15 is Goldman’s obstruction to integrability, defined in [10].
The first obstruction to integrability uses the cup product combined with the Lie bracket, as
in (2). At the level of 1-cocycles it is defined as follows: for σ, ς ∈ Z1(�, g),

[σ ∪ ς] : � × � → g

(γ1, γ2) �→ [σ(γ1),Adρ(γ1)ς(γ2)]
As the Lie bracket is skew-symmetric, by Lemma 2.9 the induced product in cohomology is
a symmetric bilinear form

[· ∪ ·] : H1(�, g) × H1(�, g) → H2(�, g)

For a tangent vector z ∈ Z1(�, g), the first obstruction to integrability of z is the class of
[z ∪ z] in H2(�, g), see [10, 14] for details.

The element z ∈ Z1(�, g) can be seen as a deformation of representations at first order,
a 1-jet J 10,ρ(R, hom(�,G)). When [z ∪ z] ∼ 0 there is a deformation up to second order,

equivalently it extends to a 2-jet in J 20,ρ(R, hom(�,G)). We state the existence of Goldman’s
obstructions as a lemma (see [10] or [14] for a proof):

Lemma 2.16 (Goldman [10]) An n-jet in Jn0,ρ(R, hom(�,G)) has a natural obstruction in

H2(�, g) that vanishes if and only if it extends to an (n + 1)-jet.

In the proof of Proposition 2.15, Goldman uses that H2(�, g) = 0, by Lemma 2.12 and
Poincaré duality, so all obstructions vanish.

When H2(�, g) does not vanish, for certain classes of groups � including π1(O2), Gold-
man [9], Goldman and Millson [11], and Simpson [25] prove that the cup product is the only
obstruction to integrability, hence the singularities in hom(π1(O2),G) are at most quadratic.
In terms of analytic geometry, the result is as follows:

Theorem 2.17 ( [9, 11, 25]) Let O2 be closed and oriented. If the representation ρ ∈
hom(π1(O2),G) is semi-simple, then the analytic germ of hom(π1(O2),G) at ρ is
analytically equivalent to the quadratic cone

{z ∈ Z1(�,G) | [z ∪ z] ∼ 0}.

3 Deformation space

In this section we prove Theorem 1.1. It requires a slice theorem, in Subsection 3.1, and some
discussion on the decomposition of the Lie algebra, Subsection 3.2. Theorem 1.1 is proved
in Subsection 3.3. In Subsection 3.4 we discuss the non-orientable case.
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3.1 An analytic slice at semisimple representations

There are several results in the literature dealing with slices of algebraic actions of reductive
groups. For completeness, we have decided to include a slice theorem, that we did not find
in the literature in this precise form.

We shall use some notation of real analytic geometry: analytic varieties are viewed as
subsets of some Euclidean space R

n . Furthermore, a germ at a point means an equivalence
class of open sets centered at a point. For convenience, we use the term germ loosely to
denote an open set in the equivalence class.

Let � be a finitely generated group, G = SLn+1(R) with Lie algebra g = sln+1(R), and
let ρ : � → G be a semi-simple representation. Let Gρ = StabG(ρ) denote the stabilizer of
ρ in G by the action by conjugation. For an analytic variety S where Gρ acts, we shall use
the notation

G ×Gρ S = (G × S)/Gρ,

where g ∈ Gρ maps (h, s) ∈ G × S to (hg−1, gs).

Theorem 3.1 In the previous setting, there exists a Gρ-invariant real analytic subvariety
S ⊂ hom(�,G) containing ρ such that:

(i) T Zar
ρ S ⊕ B1(�, g) = T Zar

ρ hom(�,G). In particular T Zar
ρ S ∼= H1(�, g).

(ii) If hom(�,G) is smooth at ρ, then so is S.
(iii) There is a G-equivariant map G×Gρ S → hom(�,G) that is a bi-analytic equivalence

between G ×Gρ S and a G-saturated neighborhood of ρ.

Furthermore, the germ of S at ρ is Gρ-equivariantly equivalent to a germ of a subvariety of
H1(�,G) at the origin, that is unique up to Gρ-invariant bi-analytic equivalence.

Proof Assume first that � = Fk = 〈γ1, . . . , γk |〉 is a free group of rank k. We consider the
algebraic isomorphism

φ : hom(Fk,G) → Gk

ρ′ �→ (ρ′(γ1)ρ(γ −1
1 ), . . . , ρ′(γk)ρ(γ −1

k ))

and the map
f : G → g = sln+1(R)

A �→ A − trace(A)
n+1 Id

We are interested in the composition

� = ( f , . . . , f ) ◦ φ : hom(Fk,G) → gk . (3)

By construction� is Gρ-equivariant,�(ρ) = 0, and its tangent map at ρ is the isomorphism

�∗ : Z1(Fk, g) → gk

d �→ (d(γ1), . . . , d(γk)).

We shall consider an open neighborhood U ⊂ hom(Fk,G) of ρ such that � defines a
bi-analytic map with �(U ) ⊂ gk , a neighborhood of the origin.

The stabilizer Gρ is easily determined, as ρ is direct sum of simple representations, and
one checks that the adjoint representation of Gρ in End(g) is also is semi-simple. Hence
there exists a Gρ-invariant linear subspace H ⊂ gk such that �∗(B1(Fk, g)) ⊕ H = gk . In
particular H ∼= H1(Fk, g).
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Define the slice as the union of Gρ-translates:

SFk = Gρ · (U ∩ �−1(H)) =
⋃
g∈Gρ

g · (U ∪ �−1(H))

As � is Gρ-equivariant and H is Gρ-invariant, we have the inclusion

SFk ∩U = (
Gρ · (U ∩ �−1(H))

) ∩U ⊂ (
Gρ · �−1(H)

) ∩U = �−1(H) ∩U .

Hence
SFk ∩U = �−1(H) ∩U .

In particular SFk is an analytic subvariety that satisfies (i) and (ii) for a free group.
To show that SFk satisfies (iii), notice that the natural map G × SFk → hom(Fk,G) is a

submersion (by the choice of H ) and it factors to

� : G ×Gρ SFk → hom(Fk,G).

The group Gρ acts freely and properly on G × SFk and G ×Gρ SFk is an analytic mani-
fold. By the submersion theorem, � defines a bi-analytic map between V ⊂ G ×Gρ SFk
a neighborhood of the class Gρ × {0} and U , the neighborhood of ρ. The image of � is
the the union of G-iterates G · U = ⋃

g∈G g · U , which is open and saturated, and � is
locally bi-analytic by equivariance, in particular it is open. It remains to check that � is
injective: let x, y ∈ G ×Gρ SFk satisfy �(x) = �(y). By G-equivariance we may assume
�(x) = �(y) ∈ U . From the construction of� as a a submersion,U is contained in the union
of orbits of SFk ∩U and acting by G we may even assume that �(x) = �(y) ∈ SFk ∩U . As
�(x) ∈ SFk ∩U and � is locally by-analytic, x is the class of e× �(x) ∈ G × SFk modulo
Gρ . Since �(x) = �(y), x = y. This proves (iii) for a free group.

For a group with a finite presentation � = 〈γ1, . . . , γk | (r j ) j∈J 〉, let Fk denote the group
freely generated by γ1, . . . , γk . The projection Fk → � induces an inclusion of varieties of
representations

hom(�,G) ↪→ hom(Fk,G),

which in its turn induces an inclusion of Zariski tangent spaces

Z1(�, g) ⊂ Z1(Fk, g).

Let SFk ⊂ hom(Fk,G) denote the slice for a free group constructed above. We consider the
intersection

S� = SFk ∩ hom(�,G).

It satisfies properties (i), (ii) and (iii) of a slice, in particular

T Zar
ρ S� = T Zar

ρ SFk ∩ Z1(�, g) ∼= H1(�, g),

because B1(�, g) = B1(Fn, g).
We next construct a Gρ equivariant bi-analytic equivalence between S� and a germ S in

T Zar
ρ S� . At the beginning of the proof for Fk , we chose H ⊂ gk aGρ-invariant complement to

the space of coboundaries; again by semi-simplicity ofGρ , we findGρ-invariant complement
L:

H = T Zar
ρ S� ⊕ L (4)

Then the projection in (4) of S� to T Zar
ρ S�

∼= H ∩ Z1(�, g) is the required subset S. By
construction, this map isGρ-equivariant, we claim that it is a bi-analytic equivalence between
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S� and S. When S� is non-singular the claim is clear from standard arguments, because it is a
projection to the tangent space of a non-singular subvariety. When S� is singular, we embed
S� in an analytic subvariety M that it is non-singular and has the same Zariski tangent space
at ρ. Namely, we use the argument in [23, Theorem V.A.14] to find a real analytic germ
S� ⊂ M ⊂ SFn with TρS� = TρM . We notice that the projection defines a bi-analytic
equivalent between M and the germ of TρS� = TρM at ρ.

Next we prove uniqueness. Two presentations of � yield two surjections p1 : Fk1 → �

and p2 : Fk2 → �. Let f : Fk1 � Fk2 and g : Fk2 � Fk1 be lifts of the identity of �:

Fk1 Fk2

�

p1

g

f

p2

Following the previous construction, this yields two analytic germs of subvarieties

Si ⊆ Mi ⊂ Vi ⊂ gki , for i = 1, 2,

such that T Zar
0 Si = T Zar

0 Mi ∼= H1(�, g), with Mi non-singular and Vi an open neighborhood
of 0. The induced maps f ∗ : V2 → V1 and g∗ : V1 → V2 are analytic and satisfy

f ∗ ◦ g∗|S1 = IdS1 g∗ ◦ f ∗|S2 = IdS2 .

Therefore the tangent morphisms d f ∗ and dg∗ satisfy

d f ∗ ◦ dg∗|T Zar
0 S1

= IdT Zar
0 S1

dg∗ ◦ d f ∗|T Zar
0 S2

= IdT Zar
0 S2

.

In particular f ∗(M1) is a non-singular analytic germ in gk2 andwemay choseM2 = f ∗(M1).
Thus the pairs of germs at the origin (S1, M1) and (S2, M2) are equivalent, and uniqueness
follows. 
�
Corollary 3.2 Under the hypothesis of the theorem, a neighborhood of [ρ] in X(�,G) is
homeomorphic to S//Gρ .

When Gρ is trivial, eg when ρ is C-irreducible, this provides the natural analytic structure
in a neighborhood of the character of ρ.

3.2 Decomposing the Lie algebra

Before proving Theorem 1.1, we discuss some results related to the decomposition of the Lie
algebra.

LetO2 be a compact and orientable 2-orbifold, with fundamental group � = π1(O2). Set
G0 = SLn(R), G = SLn+1(R), and view G0 as a subgroup of G:

G0 ↪→ G

A �→
(
A
1

)

Let g and g0 denote the corresponding Lie algebras. We have a direct sum of G0-modules

g = g0 ⊕ mc ⊕ mr ⊕ d (5)

where mc is the subspace of g with vanishing entries away from the last column, mr away
from the last row, and d ∼= R is the subspace of diagonal matrices that commute with every
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element in g0. As G0-modules, mc ∼= R
n
G0

(eg R
n as module by the standard action of G0),

mr = (mc)
∗ (the contragredient of mc, which is also its dual), and d ∼= R is the trivial

module.
In terms of elementary matrices, if ei, j denotes the elementary matrix with 1 in the i-th

row and j-th column, and 0 in the other entries, then as vector spaces we have:

g0 =〈ei, j | 1 ≤ i, j ≤ n〉 ∩ g

mr =〈en+1, j | 1 ≤ j ≤ n〉
mc =〈ei,n+1 | 1 ≤ i ≤ n〉
d =〈e1,1 + · · · + en,n − n en+1,n+1〉

TheG0-modulesg0 andd are both self-dual: theKilling formong restricts to a non-degenerate
form in both g0 and d (a multiple of the Killing form of g0, and a multiple of the isomorphism
d ⊗ d ∼= R ⊗ R ∼= R).

The modules mc and mr are dual from each other. The Killing form B on g restricts to
a perfect pairing B : mc × mr → R which is G0-invariant. In terms of representations, the
adjoint action on g induces the �-module structures:

mc ∼= R
n
ρ and mr ∼= R

n
ρ∗

where ρ∗ denotes the contragredient representation, defined by ρ∗(γ ) = (ρ(γ )−1)t , ∀γ ∈ �.
The restriction of the Killing form is also �-invariant perfect pairing B : mr × mc → R,
that can be seen as a multiple of canonical pairing R

n
ρ × R

n
ρ∗ → R, after the identifications

mc ∼= Rρ and mr ∼= Rρ∗ . It induces two pairings in cohomology

H1(�,mr) × H1(�,mc) → H2(�, R),

H1(�,mc) × H1(�,mr) → H2(�, R)

respectively defined at the level of 1-cocycles by

B(zr ∪ zc)(γ1, γ2) = zr(γ1)
tρ(γ1)zc(γ2),

B(zc ∪ zr)(γ1, γ2) = zc(γ1)
tρ∗(γ1)zr(γ2),

following (2). We remark two further properties.

Remark 3.3 (a) (Non-degeneracy.)When� is the fundamental group of a closed, orientable,
and aspherical 2-orbifold O2, these pairings in cohomology are non-degenerate by
Poincaré duality, stated in Theorem 2.14.

(b) (Skew-symmetry.) For θr ∈ H1(�,mr) and θc ∈ H1(�,mc), B(θc ∪ θr) = −B(θr ∪ θc),
by Lemma 2.9.

In the formulation of the next lemma we require

πr : g → mr and πc : g → mc (6)

the projections from the direct sum (5).

Lemma 3.4 Let O2 be a compact orientable and hyperbolic 2-orbifold, and � = π1(O2).
For a C-irreducible representation ρ : � → G0:

(i) If ∂O2 	= ∅, then H2(�, g) = 0.
(ii) If ∂O2 = ∅, then H2(�, g) = H2(�, d) ∼= H2(�, R) = R.

In addition, for θ ∈ H1(�, g),

[θ ∪ θ ] = cn B(π∗
r (θ) ∪ π∗

c (θ)) = −cn B(π∗
c (θ) ∪ π∗

r (θ))

for some constant cn 	= 0 depending only on the dimension n.
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Proof (i) When ∂O2 	= ∅, then O2 has virtually the homotopy type of a graph and therefore
H2(�, g) ∼= H2(O2, g) = 0.

(ii) When ∂O2 = ∅, since ρ is C-irreducible in G0 the invariant subspaces (g0)
Adρ(�),

(mc)
Adρ(�) and (mv)

Adρ(�) are trivial. In addition, using Poincaré duality and the iso-
morphism between the cohomology of O2 and � = π1(O2), we deduce H2(�, g0) ∼=
H0(�, g0)

∗ ∼= 0, H2(�,mr) ∼= H0(�,mr)
∗ ∼= 0, and H2(�,mc) ∼= H0(�,mc)

∗ ∼= 0. Then
the first assertion in (ii) follows from the direct sum (5).

From the vanishing of H2(�, g0), H2(�,mr) and H2(�,mc), the only relevant term in
[θ ∪ θ ] comes from the product

[·, ·] : (mr ⊕ mc) × (mr ⊕ mc) → d.

This motivates the following computation. For γ1, γ2 ∈ �, zr ∈ Z1(�,mr), and zc ∈
Z1(�,mc), [(

0 zc(γ1)
ztr(γ1) 0

)
,

( 0 ρ(γ1)zc(γ2)
ztr(γ2)ρ(γ −1

1 ) 0

)]
=

(* 0
0 ztr(γ1)ρ(γ1)zc(γ2) − ztr(γ2)ρ(γ −1

1 )zc(γ1)

)
=

(
* 0
0 ztr(γ1)

(
ρ(γ1)zc(γ2)

) − ztc(γ1)
(
ρ∗(γ1)zr(γ2)

)) .

The assertion follows from this formula, Remark 3.3, and Lemma 2.9. 
�

3.3 Proof of Theorem 1.1

The proof is based on the slice of Section 3.1 and the results on the Lie algebra and cup
products in Section 3.2.

Proof of Theorem 1.1 We aim to apply Theorem 3.1, so we describe the stabilizer of ρ in G:

Gρ = {diag(t, . . . , t, t−n) | t ∈ R − {0}.}
The identity component of Gρ is exp(d) = {diag(eλ, . . . , eλ, e−nλ) | λ ∈ R}. The group Gρ

is generated by its identity component and the matrix⎧⎪⎨
⎪⎩
diag(−1, . . . ,−1,−1) if n + 1 is even,

diag(−1, . . . ,−1,+1) if n + 1 is odd.

(7)

The stabilizer Gρ preserves the decomposition (5) and acts trivially on g0 and d. A matrix
diag(t, . . . , t, t−n) acts by multiplication by tn+1 onmc, and by t−(n+1) onmr. In particular
we must take into account the parity of n+ 1, as the matrix in (7) acts nontrivially onmc and
mr iff n + 1 is odd. It follows that Gρ acts semi-simply on g.

The induced action in cohomology of Gρ preserves the decomposition

H1(�, g) = H1(�, g0) ⊕ H1(�,mc) ⊕ H1(�,mr) ⊕ H1(�,d)

and the action on each cohomology group is the same as in the corresponding coefficients.We
set p = dim H1(�, g0), d = dim H1(�, R

n
ρ) = dim H1(�,mc), and b = dim H1(�,d) =

dim H1(�, R).
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Let S� ⊂ hom(�,G) be the slice of Theorem 3.1, so a neighborhood of [ρ] is homeo-
morphic to the germ S�//Gρ. To describe S� we distinguish two cases. Assume first that
∂O2 	= ∅, so hom(�,G) is smooth at ρ, because H2(O2, g) = 0 (Proposition 2.15). So by
Theorem 3.1 the germ of S� at ρ is Gρ-equivariantly by-analytic to the germ at the origin
of T Zar

0 S� = H1(�, g). Thus, when n + 1 is even, a neighborhood of ρ is homeomorphic to
U//R where

U ⊂ R
p+b ⊕ (Rd ⊕ R

d)

is a neighborhood of the origin and the action of t ∈ R on (x, y, z) ∈ U ⊂ R
p+b ⊕ R

d ⊕ R
d

is given by (x, y, z) �→ (x, et y, e−t z). When n + 1 is odd, we need to further quotient by
the action of the antipodal on R

d ⊕ R
d .

Define

M = {(x, y, z) ∈ R
p+b ⊕ R

d ⊕ R
d | |y| = |z|}. (8)

Then:
U//R ∼= M ∩U

becauseM intersects precisely once each closed orbit (at the point thatminimizes the distance
to R

p+b × {0, 0}, eg an elementary example of Kempf-Ness). Therefore a neighborhood of
the character is homeomorphic to{

M ∩U when n + 1 is even

M ∩U/∼ when n + 1 is odd,

where ∼ denotes the antipodal relation on the last 2d coordinates.
Next we deal with the case ∂O2 = ∅. Here we use Theorem 2.17, the result of [9, 11,

25] on quadratic singularities. We describe a neighborhood using a power expansion. Fix a
norm in g, say |a| = trace(ata), hence a norm in gk and in Z1(�, g). By Theorem 2.17, a
neighborhood V ⊂ hom(�,G) of ρ can be described as

V ∼= {εz + O(ε2) | ε ∈ [0, ε0), z ∈ Z1(�, g) | [z ∪ z] ∼ 0, |z| = 1}. (9)

Now we follow the construction of the slice S in the proof of Theorem 3.1, in particular we
have a surjection of the free group of rank k, Fk � �, an inclusion of varieties of repre-
sentations hom(�,G) ⊂ hom(Fk,G), and a map � : hom(Fk,G) → gk ∼= Z1(Fk, g) ∼=
T Zar

ρ hom(Fk,G) in (3) by-analytic in a neighborhood of ρ. The proof of Theorem 3.1
considers H ⊂ Z1(Fk, g) a Gρ-invariant complement to B1(Fk, g) and define the slice in
hom(Fk,G) as a neighborhood in�−1(H). The slice in hom(�,G) is its trace in hom(�,G):
S� = �−1(H) ∩ V , where V is as in (9). Thus

S�
∼= {εz + O(ε2) | ε ∈ [0, ε0), z ∈ H ∩ Z1(�, g) | [z ∪ z] ∼ 0, |z| = 1}.

Since H ∩ Z1(�, g) ∼= H1(�, g), and S is a projection of S� to H ∩ Z1(�, g):

S ∼= {εθ + O(ε2) | ε ∈ [0, ε0), θ ∈ H1(�, g) | [θ ∪ θ ] = 0, |θ | = 1}.
Therefore if M ⊂ H1(�, g) is a minimal set as in (8) and (Gρ)0 ∼= R

∗ denotes the identity
component of Gρ :

S//(Gρ)0 ∼= S ∩ M = {εθ + O(ε2) | ε ∈ [0, ε0), θ ∈ M | [θ ∪ θ ] ∼ 0, |θ | = 1}.
So S ∩M is homeomorphic to the cone on the subset of the unit sphere in H1(�, g) defined
by M and the vanishing of the cup product. Notice that both the equation defining M and
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the cup product are trivial on the spaces H1(�, g0) and H1(�,d). Hence, using the definition
ofM and Lemma 3.4, the neighborhood in X(�,G) is homeomorphic to a neighborhood of
the origin in

H1(�, g0) ⊕ H1(�,d) ⊕
{
C when n + 1 is even

C/∼ when n + 1 is odd,

where C is the cone

C = {(θc, θr) ∈ H1(�,mc) ⊕ H1(�,mr) | |θc|2 = |θr|2 and θc · θr = 0}.
The cup product

H1(�,mc) × H1(�,mr) → H2(�,d) ∼= R

is a perfect pairing, by Theorem 2.14. Then using elementary linear algebra to combine the
norms with the scalar product, we have that

C ∼= {(x, y) ∈ R
d × R

d | |x |2 = |y|2, x · y = 0} ∼= Cone(UT (Sd−1)),

and the theorem follows. 
�

3.4 Non-orientable orbifolds

Next we discuss non orientable 2-orbifolds. Instead of working with SLn(R), for non-
orientable orbifolds it makes sense to work with representations of its fundamental group
in

SL±
n (R) = {A ∈ GLn(R) | det(A) = ±1}.

Definition 3.5 A representation ρ : π1(O2) → SL±
n (R) is called type preserving if it maps

orientation preserving elements in π1(O2) to matrices of determinant 1 and orientation
reversing elements to matrices of determinant −1.

We consider two natural embeddings of SL±
n (R):

• Orientable embedding.Weview every projective transformation ofPn−1 as an orientation
preserving transformation of P

n :

SL±
n (R) ↪→ SLn+1(R)

A �→
(
A
det(A)

)

• Type preserving.An element preserves the orientation on P
n−1 if, and only if, it preserves

the orientation on P
n :

SL±
n (R) ↪→ SL±

n+1(R)

A �→
(
A
1

)
To state the theorem, we introduce the following notation:

• dtp = dim H1(O2, R
n
ρ), and

• doe = dim H1(O2, R
n
ρ⊗α), where α(γ ) = det ρ(γ ) ∈ {±1} for α ∈ �.

In the type preserving case, we work with dtp and in the orientable embedding, with doe.

Theorem 3.6 Let O2 be a compact, non-orientable 2-orbifold with χ(O2) < 0, let
ρ : π1(O2) → SL±

n (R) be a type preserving representation, and let doe ≥ 0 and dtp ≥ 0 be
as above. Assume that ρ restricted to the orientation covering of O2 is C-irreducible.
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(i) For the orientable embedding, a neighborhood of the character of ρ in
X(O2, SLn+1(R)) is homeomorphic to

R
p × R

b ×
{
Cone(Sdoe−1 × Sdoe−1) if n + 1 is even

Cone(Sdoe−1 × Sdoe−1)/∼ if n + 1 is odd

(ii) For the type preserving embedding, a neighborhood of the character of ρ in
X(O2, SL±

n+1(R)) is homeomorphic to

R
p × R

b × Cone(Sdtp−1 × Sdtp−1)/ ∼
In both cases X(O2, SL±

n (R)) corresponds to R
p × {0} × {0}, and ∼ denotes the action of

the antipodal map in Sd−1 × Sd−1 ⊂ S2d−1 ⊂ R
2d .

The theorem has the same proof as Theorem 1.1 in the orientable case with some minor
changes. Notice that by Lemma 3.7 below, H2(O2, R) = 0, so there is no obstruction to
integrability and we are in the same situation as when the orientable orbifold has boundary.
The minor changes in the proof depend on the kind of embedding:

• For the orientable embedding, in the π1(O2)-module R
n , instead of the action of ρ, we

consider the action of ρ ⊗ α.
• In the orientable embedding we have to care about the parity of n + 1, but in the type

preserving embedding not, because the group SL±
n+1(R) always contains the matrix

diag(−1, . . . ,−1, 1).

Lemma 3.7 Let O2 and ρ be as in the theorem. Then H2(O2, g) = 0.

Proof of the lemma Let Õ2 denote the orientation covering of O2, the cohomology of O2

is isomorphic to the invariant subspace of the cohomology of Õ2 invariant by the action of
Z/2Z, the group of deck transformations: H2(O2, g) ∼= H2(Õ2, g)Z/2Z. By Lemma 3.4,
H2(Õ2, g) = H2(Õ2,d) ∼= H2(Õ2, R) ∼= R, and Z/2Z acts by change of sign on R, so the
invariant subspace is trivial (by the same reason why H2(O2, R) = 0). 
�

4 Convex projective 2-orbifolds

Let O2 be a compact 2-orbifold with negative Euler characteristic, hence hyperbolic. The
holonomy representation of its convex projective structure lies in PGL3(R), and by Choi-
Goldman [6] in lies in the same component in the variety of representations as the holonomy
of its hyperbolic structure. The holonomyof a hyperbolic structure in PO(2, 1) lifts toO(2, 1),
thus:

Remark 4.1 The projective holonomy of a convex projective structure on a 2-orbifold lifts to
SL±

3 (R), or SL3(R) when it is orientable.

Irreducibility over R of the holonomy is well known. Since 3 is odd, we also have:

Remark 4.2 The holonomy of a convex projective structure ofO3 in SL±
3 (R) isC-irreducible.
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4.1 Orientable projective 2-orbifolds

For O2 orientable and compact, we consider the following spaces:

• The Teichmüller space Teich(O2) ∼= R
t , which is an open set in a component of the

variety of characters, X0(O2,SO(2, 1)) (the whole component when O2 is closed).
• The space of convex projective structures Projcvx(O2), which is homeomorphic to a

cell R
p , as proved by Choi-Goldman [6]. The projective structures are required to have

principal geodesic boundary components, so Projcvx(O2) is not the whole component of
characters X0(O2,SL3(R)), but an open subset (see Remark 4.1 regarding the lift from
PSL to SL).

For O2 compact and orientable, since the standard representation of SO(2, 1) on R
3 is

equivalent to the adjoint representation in so(2, 1):

t = dim(Teich(O2)) = dim(H1(O2, R
3
ρ)) = −3χ(|O2|) + 2c(O2), (10)

where |O2| denotes the underlying surface of the orbifold and c(O2) is the number of cone
points of O2. See [26] or [20]. Theorem 1.1 immediately yields:

Corollary 4.3 Let O2 be a compact orientable 2-orbifold, with negative Euler characteristic
and a convex projective structure. Then a neighborhood of the character of its projective
holonomy in X(O2, SL4(R)) is homeomorphic to{

R
p+b × Cone(UT(St−1)) if O2 is closed

R
p+b × Cone(St−1 × St−1) if O2 has boundary

where t = dim(Teich(O2)), p = dim(Projcvx(O2)) and t = dim(H1(O2, R)).

Notice that for O2 compact, orientable and hyperbolic, by (10) t = dim(Teich(O2)) = 0
if and only if O2 is a turnover (a 2-sphere with 3 cone points). In addition, for a turnover
H1(O2, R) = 0. So in this case we have:

Corollary 4.4 Let O2 be a turnover, every deformation in SL4(R) of its projective holonomy
is conjugate to a deformation in SL3(R).

By [6], the space Projcvx(O2) may be non-trivial for a turnover. In fact, if all cone points
of O2 have order at least three, then dim(Projcvx(O2)) = 2. If one of the cone points has
order two, then Projcvx(O2) is a point. By hyperbolicity, at most one of the cone points of
the turnover has order 2.

4.2 Non-orientable projective 2-orbifolds

We follow the notation of Subsection 3.4. In particular let α : π1(O2) → {±1} be the orien-
tation representation: α(γ ) = 1 if γ preserves the orientation and α(γ ) = −1 if γ reverses
it.

The group of isometries of hyperbolic plane is identified to O0(2, 1), the components of
the group of Lorentz transformations of R

2
1 that preserve each leaf of the hyperboloid.

Lemma 4.5 Let ρ : π1(O2) → O0(2, 1) be the holonomy of a hyperbolic structure. Then the
representation ρ ⊗ α is equivalent to the adjoint representation, acting on so(2, 1).
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Proof We have isomorphisms of Lie groups

O0(2, 1) ∼= PO0(2, 1) ∼= PO(2, 1) ∼= PSO(2, 1) ∼= SO(2, 1).

Then the lemma follows from the following two assertions:

a) The isomorphism O0(2, 1) ∼= SO(2, 1) consists in multiplying each matrix by its
determinant. Notice also that α(γ ) = det(ρ(α)).

b) The tautological representation of SO(2, 1) is equivalent to its adjoint action on so(2, 1).

Assertion (a) is easily checked by looking at the action onLorentz space.Assertion (b) is “well
known”, and follows for instance from the classification of representations of PSL(2, C) ∼=
SO(3, C). 
�

We view the holonomy of projective structures in SL±
3 (R), as deformations of the hyper-

bolic holonomy in O0(2, 1), in particular type preserving (Definition 3.5). Recall from
Subsection 3.4 that

dtp = dim H1(O2, R
n
ρ) and doe = dim H1(O2, R

n
ρ⊗α).

Lemma 4.6 Let O2 be a compact non-orientable hyperbolic 2-orbifold. Let ρ : π1(O2) →
SL±

3 (R) be the holonomy of a convex projective structure. Then:

(a) Hi (O2, R
n
ρ) = Hi (O2, R

n
ρ⊗α) = 0, for i = 0, 2.

(b) doe = dim(Teich(O2)).
(c) dtp = dim(Teich(O2)) − f(∂O2).

where f(∂O2) denotes the number of components of the boundary that are full 1-orbifolds.

Definition 4.7 A full 1-orbifold is the quotient of the real line by the group generated by two
different reflections.

A full 1-orbifold is closed and non-orientable. Its underlying space is an interval and
the isotropy group of the endpoints of the interval is the cyclic group with two elements
(generated by a reflection on the line). It is the quotient of the circle by a non-orientable
involution.

Corollary 4.8 Let O2 be a compact non-orientable 2-orbifold, with negative Euler charac-
teristic and a convex projective structure.

(i) For the orientable embedding, a neighborhood of the character of its projective
holonomy in X(O2, SL4(R)) is homeomorphic to

R
p+b × Cone(St−1 × St−1).

(ii) For the type preserving embedding, a neighborhood of the character of its projective
holonomy in X(O2, SL±

4 (R)) is homeomorphic to

R
p+b × Cone(St−f−1 × St−f−1)/∼ .

Here t = dim(Teich(O2)), p = dim(Projcvx(O2)), b = dim(H1(O2, R)), and f = f(∂O2).

Proof of Lemma 4.6 Assertion (a) uses the fact that the cohomology of O2 is the invariant
cohomology of its orientation covering, which is also a projective orbifold. Both ρ and ρ ⊗α

restrict to the projective holonomy of the orientation covering, for which the 0th and 2nd
cohomology group with coefficients in R

3
ρ vanish, as discussed in Section 3.2.
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To prove the other statements, we use Proposition 3.2 of [20]. Namely, if K is a finite cell
decomposition of O2, so that the isotropy group Stab(ẽ) is constant on each cell of K (here
ẽ is a lift of e to the universal covering), then∑

i

(−1)i dim Hi (O2, V ) =
∑

e cell of K

(−1)dim e dim V Stab(ẽ). (11)

Assertion (b) holds true for ρ : π1(O2) → O0(2, 1) the holonomy of a hyperbolic struc-
ture, because by Lemma 4.5 Adρ is equivalent to ρ ⊗ α. Then the equality of dimensions
holds true in the whole connected component of the variety of representations by (a) and (11),
because the conjugacy class of the image of a finite order element does not change along a
connected component.

To prove (c), we shall compute the difference doe − dtp. We aim to apply Assertion (a)
and Equality (11), so we compute difference

dim
(
(R3

ρ)Stab(ẽ)
) − dim

(
(R3

ρ⊗α)Stab(ẽ)
)
.

for each cell e of K . When the isotropy group of e preserves the orientation, then α is trivial
on Stab(ẽ) and this difference vanishes.

When the stabilizer of a cell is non-orientable, it is a group generated by reflections, either
Z/2Z or a dihedral group D2n . For Z/2Z the images are generated by:

ρ(Z/2Z) = 〈
( −1

1
1

)
〉 and (ρ ⊗ α)(Z/2Z) = 〈

( 1 −1
−1

)
〉.

Hence the dimension of the invariant spaces are

dim(R3
ρ)Z/2Z = 2 and dim(R3

ρ⊗α)Z/2Z = 1.

For the dihedral group D2n , the generators of the image are

ρ(D2n) = 〈
( −1

1
1

)
,
( cosα − sin α

sin α cosα
1

)
〉

(ρ ⊗ α)(D2n) = 〈
( 1 −1

−1

)
,
( cosα − sin α

sin α cosα
1

)
〉

and the dimension of the invariant spaces are

dim(R3
ρ)D2n = 1 and dim(R3

ρ⊗α)D2n = 0.

Summarizing:

dim(R3
ρ)Stab(ẽ) − dim(R3

ρ⊗α)Stab(ẽ) =
{
0 if Stab(ẽ) is or. pres.

+1 if Stab(ẽ) is not o. p.
(12)

Let nopsi (K ) denote the number of i-cells of K with non-orientation preserving stabilizer.
Notice that all cells with non-orientation preserving stabilizer lie in the boundary of the
underlying space of the orbifold ∂|O2| (a subset of the boundary of the orbifold ∂O2), that
is a union of circles. By looking at the contribution of the full orbifolds we may deduce:

f(∂O2) = nops0(K ) − nops1(K ). (13)

Finally, using Equality (a) and Equalities (11), (12), and (13):

doe − dtp = dim H1(O2, R
n
ρ⊗α) − dim H1(O2, R

n
ρ)

= nops0(K ) − nops1(K ) = f(∂O2).

This finishes the proof of the lemma. 
�
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Fig. 1 The four examples in Section 4.3. The orbifold O2
1 is the orientation covering of O2

2, and O2
3, of O2

4
(for a suitable choice of labels)

Remark 4.9 The difference of dimensions also occurs when we consider both possible
embedding of Isom(H2) in either Isom+(H3) (orientation embedding) or Isom(H3) (type
preserving), according to whether a non-orientable isometry of H

3 extends to the unique
orientable or non-orientable isometry of H

3. For instance, consider a Fuchsian group
� < Isom(H2) generated by a rotation of finite order and a reflection along a geodesic,
O2

4 in Figure 1. Its deformation space as Fuchsian group has dimension one, the parameter
being the distance between the fixed point of the rotation to the fixed line of the reflection,
both in H

2:

(i) The type preserving embedding �tp is a group generated by a rotation and a reflection
on a plane in H

3. The deformation space of �tp has again dimension one, as the relative
position between a plane and a line in generic position is determined by their distance.

(ii) The orientation embedding �oe is a group generated by two rotations along two axes,
one of them of order two (the reflection in H

2 extends to a rotation of order two in H
3).

The relative position between two lines in H
3 is determined by two parameters, hence

the deformation space as quasi-Fuchsian group has dimension 2.

Notice that in this case f(∂O2) = 1, it is Example 4.13 below (O2
4 in Figure 1).

4.3 Examples

In this section we describe the deformation spaces for four 2-orbifolds pictured in Figure 1.
They have small deformation spaces and the topology of the singularities is easy to describe.

Example 4.10 Consider a sphere with 4 cone points O2
1 = S2(n1, n2, n3, n4). Since O2

1 is
hyperbolic, at least one of the ni is ≥ 2. The dimension of the space of convex projective
structures is p = dim(Projcvx(O2

1)) = 8 − 2k, where 0 ≤ k ≤ 3 is the number of ni equal
to 2. The dimension of the Teichmüller space is d = dim(Teich(O2

1)) = 2.
As O2

1 is orientable and closed, X(O2
1,SL4(R)) has a neighborhood homeomorphic to

R
8−2k × Cone(UT(S1)) = R

8−2k × Cone(S1 � S1)

Namely, the neighborhood is homeomorphic to the union to 2manifolds of dimension 10−2k
that intersect along a manifold of codimension 2.

Example 4.11 Consider a disc with mirror boundary and two cone points of order n1 and
n2, with at most one of the ni equal to 2. This is a non-orientable closed 2-orbifold, that
we denote by O2

2 = D2(n1, n2; ∅). Its orientation covering is S2(n1, n1, n2, n2). Now the
dimension of the space of convex projective structures is p = dim(Projcvx(O2

2)) = 4 − 2k,
where 0 ≤ k ≤ 1 is the number of ni equal to 2. The dimension of the Teichmüller space is
d = dim(Teich(O2

2)) = 1.
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AsO2
2 is non-orientable, we distinguish the orientable embedding from the type preserving

embedding:

(i) Consider the orientable embedding. A neighborhood in X(O2
2,SL4(R)) is homeomor-

phic to
R
4−2k × Cone(S0 × S0).

Here S0 × S0 is the set with cardinality 4. Namely, the neighborhood is homeomorphic
to the union to 2 manifolds of dimension 5 − 2k that intersect along a manifold of
codimension one.

(ii) Consider the type preserving embedding. A neighborhood of the character in
X(O2,SL±(4, R)) is homeomorphic to

R
4−2k × Cone(S0 × S0)/∼ = R

4−2k × Cone(S0) ∼= R
5−2k .

Thus the neighborhood is topologically non-singular.

Example 4.12 Next consider a disc with two cone points of order n1 and n2, with (n1, n2) 	=
(2, 2), O2

3 = D2(n1, n2). Even if the underlying space and the number of cone points is
the same as the previous one, this orbifold is orientable and has boundary. The deformation
space however looks like the previous example (orientable embedding): dim(Projcvx(O2

3)) =
4−2k, where 0 ≤ k ≤ 1 is the number of ni equal to 2 and dim(Teich(O2

3)) = 1.As ∂O2
3 	= ∅,

X(O2
3,SL4(R)) is again homeomorphic to R

4−2k × Cone(S0 × S0).

Example 4.13 Consider O2
4 a disc D2 with one cone point of order n ≥ 3 and ∂D2 is the

union of a full orbifold and a mirror interval. This is a non-orientable orbifold with boundary,
and its orientation cover is D2(n, n), the previous example. Now dim(Projcvx(O2

4)) = 2 and
dim(Teich(O2

4)) = 1.

(i) For the orientable embedding, a neighborhood in X(O2
4,SL4(R)) is homeomorphic to

R
2 × Cone(S0 × S0)

and the neighborhood is homeomorphic to the union of two 3-manifolds that intersect
along a surface.

(ii) Consider the type preserving embedding. As f(∂O2
4) = 1,

dim(Teich(O2
4)) − f(∂O2

4) = 0.

Thus all deformations of representations ofπ1(O2
4) in SL

±
4 (R) (after the type preserving

embedding) remain in SL±
3 (R).

5 Projective deformations of hyperbolic 3-orbifolds

A hyperbolic 3-orbifold has a natural projective structure, by using the projective model of
hyperbolic geometry, and there is no known general criterion to determine the deformation
space of those projective structures, cf. [7, 8, 12]. Motivated by this question, the following
definition was introduced in a joint paper with Heusener [12].

Definition 5.1 A compact hyperbolic 3-orbifoldO3 is projectively infinitesimally rigid with
respect to the boundary if the inclusion induces an injection

0 → H1(O3, sl4(R)) → H1(∂O3, sl4(R)).
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For finite volume hyperbolic 3-manifolds, Ballas, Danciger, and Lee [2, Theorem 3.2]
proved that infinitesimal rigidity with respect to the boundary implies that the space of
PSL4(R) characters is smooth. Here we consider compact 3-orbifolds with hyperbolic
interior, possibly of infinite volume, namely orientable 3-orbifolds of finite type.

Example 5.2 A product O3 = O2 × [0, 1] it is infinitesimally projectively rigid for any
hyperbolic structure.

Definition 5.3 We say that one end of a hyperbolic 3-orbifold is Fuchsian if its holonomy is
a Fuchsian group: namely the end corresponding to a totally geodesic boundary component.

In this definition, finite volume ends (e.g. corresponding to a Euclidean boundary
component) are not considered Fuchsian.

This section is devoted to the proof of Theorem 1.2 in the introduction, that we restate for
convenience:

Theorem 5.4 (Theorem 1.2) Let O3 be a compact orientable orbifold, with ∂O3 	= ∅ and
hyperbolic interior int(O3), so that it is not elementary, nor Fuchsian. Assume that O3 is
infinitesimally projectively rigid with respect to the boundary. Then the character of the
hyperbolic holonomy is a smooth point of X(O3, SL4(R)) if, and only if, all ends of int(O3)

are either non-Fuchsian or turnovers. Furthermore, if the character is a singular point, then
the singularity is quadratic.

The variety of characters of X(O3,SL4(R)) has a natural analytic structure at the character
of the holonomy, but a priori it may be non-reduced, it may contain points or subvarieties
with multiplicity higher than one. We follow the following convention:

Remark 5.5 A point with higher multiplicity is considered a singular point. We use the con-
vention that a point is singular when the dimension of the Zariski tangent space is higher
than the dimension of the (any) component containing it.

In particular, a point that lies in more than one irreducible component is singular.

Example 5.6 Consider again a product O3 = O2 × [0, 1]. When O2 is Fuchsian, its holon-
omy is contained in SO(2, 1) ⊂ SL3(R), hence reducible as representation in SL4(R). By
Theorem 1.1, the space of characters in SL4(R) is singular. But whenO2 is non-Fuchsian it is
smooth (by Lemma 5.7 below its holonomy in SL4(R) is C-irreducible and Proposition 2.15
applies).

The proof of Theorem 5.4 is divided into three statements: Propositions 5.12, 5.16,
and 5.17.

Proposition 5.12 shows the smoothness of the variety of characters when there are no
Fuchsian ends other than a turnover. It is proved in two subsections. In Subsection 5.1
we establish some preliminary results on the holonomy of a hyperbolic 3-orbifold, and in
Subsection 5.2 we complete the proof, relying on naturality of Goldman’s obstructions to
integrability and smoothness of the character varieties of the boundary components.

In Proposition 5.16 we show that, when there is a Fuchsian end other than a turnover, the
variety of characters is singular. This is also done in two subsections. The first step consists
in deforming the holonomy representation to another representation in Isom+(H3) with no
Fuchsian ends. This is done in Subsection 5.3 and then in Subsection 5.4 we show that the
dimension of the Zariski tangent space strictly decreases under this deformation, establishing
the singularity.

Finally in Subsection 5.5 we establish that the singularity is quadratic, relying again on
the boundary, where the fact that it is quadratic is due to Goldman and Millson [11].
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5.1 The projective holonomy of a hyperbolic 3-orbifold

In this subsection we discuss some preliminary results on the hyperbolic holonomy repre-
sentation of a three orbifold π1(O3) → SO0(3, 1) composed with the inclusion SO0(3, 1) ⊂
SL4(R).

Lemma 5.7 Let O3 be a compact orientable orbifold, with hyperbolic interior. If it is not
elementary nor Fuchsian, then its holonomy representation π1(O3) → SO0(3, 1) ⊂ SL4(R)

is C-irreducible.

Proof The proof is by contradiction. Assume there is a proper subspace V ⊂ C
4 invariant

by the holonomy representation, then the image of this holonomy is contained in the closed
subgroup H = {g ∈ SO0(3, 1) | gV = V }, that has finitely many components. We may
assume that the identity component H0 of H is nontrivial, otherwise H would be finite and
henceO3 elementary, yielding a contradiction. Since C

4 is irreducible as SO0(3, 1)-module,
H0 is a proper connected subgroup of SO0(3, 1). Consider the action of this subgroup H0 in
hyperbolic space: as it is a proper subgroup, H0 preserves either a totally geodesic plane, a
line, or a point in either hyperbolic space or the ideal boundary. The whole subgroup H also
preserves the same totally geodesic plane, line, or (finite or ideal) point, because H0 is a finite
index normal subgroup of H . When H preserves a totally geodesic plane, O3 is Fuchsian,
and in all other cases O3 is elementary. This contradiction concludes the proof. 
�

Lemma 5.7 applies not only to the orbifoldO3 of Theorem 5.4 but also to its ends; namely
to the orbifold H

3/�, where � < π1(O3) denotes the peripheral subgroup corresponding to
an end of O3.

Corollary 5.8 Let O3 be a compact orientable orbifold, with hyperbolic interior. If it is not
elementary nor Fuchsian, then the invariant subspace of the Lie algebra is trivial:

sl4(R)π1(O3) = 0.

In particular H0(O3, sl4(R)) = 0.

Proof By contradiction, assume that there exists 0 	= v ∈ sl4(R)π1(O3). Then the holonomy
of π1(O3) commutes with the one parameter real group {exp(tv) | t ∈ R}. By Lie-Kolchin
theorem, this real group has an invariant complex line in C

4. This line is also preserved by
π1(O3), contradicting Lemma 5.7. The last assertion of the corollary follows from the natural
isomorphism H0(O3, sl4(R)) ∼= H0(π1(O3), sl4(R)) ∼= sl4(R)π1(O3). 
�
Remark 5.9 As C

n+1 is SO(n, 1)-irreducible, the very same argument proves the analog
statement in any dimension. In particular, for a non-elementary hyperbolic 2-orbifoldO2, its
(Fuchsian) holonomy representation π1(O2) → SO0(3, 1) ⊂ SL3(R) is C-irreducible and
H0(O2, sl3(R)) = 0.

Next we require some more preliminary results on cohomology with twisted coefficients
in the Lie algebra sl4(R). For an orbifold O3 satisfying the hypothesis of Theorem 5.4, let

∂O3 = ∂1O3
1 ∪ · · · ∪ ∂kO3

denote the decomposition in connected components, so that

H∗(∂O3, sl4(R)) =
k⊕

i=1

H∗(∂iO3, sl4(R)) ∼=
k⊕

i=1

H∗(π1(∂iO3), sl4(R)).
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Being infinitesimally projectively rigid means that the restriction induces an inclusion

H1(O3, sl4(R)) ↪→ H1(∂O3, sl4(R)). (14)

We furthermore have:

Lemma 5.10 Let O3 be a compact orientable orbifold, with ∂O3 	= ∅ and with hyperbolic
interior int(O3), that is neither elementary and nor a product O2 × [0, 1]. Assume that O3

is infinitesimally projectively rigid with respect to the boundary. Then:

(i) dim H1(O3, sl4(R)) = 1
2 dim H1(∂O3, sl4(R)).

(ii) The restriction induces an isomorphism

H2(O3, sl4(R)) ∼= H2(∂O3, sl4(R)). (15)

Proof of Lemma 5.10 By (14), the long exact sequence in cohomology of the pair (O3, ∂O3)

writes as

0 → H1(O3, sl4(R))
i∗→ H1(∂O3, sl4(R))

δ→ H2(O3, ∂O3, sl4(R)) → · · ·
We claim that the maps i∗ and δ are compatible with the pairings used in Theorem 2.14
induced by the Killing form. Namely, let

B : sl4(R) × sl4(R) → R

denote the Killing form. We have the non-degenerate pairings

B(· ∪ ·) : H1(O3, sl4(R)) × H2(O3, ∂O3, sl4(R)) → H3(O3, ∂O3, R) ∼= R,

and, for j = 1, . . . , k,

(·, ·) j = B(· ∪ ·) : H1(∂ jO3, sl4(R)) × H1(∂ jO3, sl4(R)) → H2(∂ jO3, R) ∼= R.

We denote their (orthogonal) sum by

� =
∑

(·, ·) j : H1(∂O3, sl4(R)) × H1(∂O3, sl4(R)) → R.

By naturality, for a ∈ H1(O3, sl4(R)) and b ∈ H1(∂O3, sl4(R)),

�(i∗(a), b) = B(a ∪ δ(b))). (16)

Next we claim that the image of i∗ is a maximal isotropic subspace of �. This is
a standard argument done for instance in [12, 20, 24], but we provide it by complete-
ness. For every a ∈ H1(O3, sl4(R)), the compatibility condition (16) and exactness yield
�(i∗(a), i∗(a)) = B(a ∪ δ(i∗(a)))) = 0. Thus the image of i∗ is isotropic. To get maxi-
mality, if b ∈ H1(∂O3, sl4(R)) satisfies �(i∗(a), b) for every a ∈ H1(O3, sl4(R)), then by
(16) and non-degeneracy of the pairing, δ(b) = 0. Therefore b belongs to the image of i∗.
The pairing � being skew-symmetric and non-degenerate, its maximal isotropic subspaces
are half-dimensional. This proves the Assertion (i) of the lemma.

For the second assertion, the maps of the long exact sequence

H1(O3, ∂O3, sl4(R)) → H1(O3, sl4(R)) (17)

and

H2(O3, ∂O3, sl4(R)) → H2(O3, sl4(R)) (18)
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are also compatible with the pairing B(·∪·), similarly to (16). Themap (17) is trivial, because
the next map in the long exact sequence of the pair, i∗, is injective. Then, using compatibility
with the pairing and non-degeneracy, one can prove that the map (18) is also trivial. Next we
consider the continuation of the long exact sequence of the pair:

0 → H2(O3, sl4(R)) → H2(∂O3, sl4(R)) → H3(O3, ∂O3sl4(R)).

The conclusion then comes from the vanishing of H3(O3, ∂O3, sl4(R)): it is dual to
H0(O3; sl4(R)) that vanishes by Corollary 5.8. 
�

5.2 Smoothness of varieties of representations

In this subsectionwe prove one of the implications of Theorem 5.4, relying on the smoothness
of varieties of representations on the components of ∂O3. As in the previous subsection, let

∂O3 = ∂1O3
1 ∪ · · · ∪ ∂kO3

denote the decomposition into connected components of the boundary.
Assume that O3 is hyperbolic and let ρi : π1(∂iO3) → SL4(R) denote the restriction of

its holonomy, composed with the inclusion SO(3, 1) ⊂ SL4(R).

Lemma 5.11 If either ρi is non-Fuchsian or ∂iO3 is a turnover, then hom(π1(∂iO3), SL4(R))

is smooth at ρi . Equivalently, Goldman’s obstructions to integrability of Lemma 2.16 vanish.

Proof We distinguish three cases, according to the topology of the 2-orbifold ∂iO3.
First assume that ∂iO3 is Euclidean (ie the corresponding end has finite volume). If ∂iO3

is a manifold, then ∂iO3 is a 2-torus and in this case [2, Lemma 3.4] Ballas, Danciger, and
Lee prove that for a peripheral torus the space of representations in SL4(R) is smooth, and
all obstructions to integrability in Lemma 2.16 vanish, see also [2, Proof of Theorem 3.2].
If the Euclidean orbifold ∂iO3 is not a manifold, then by Bieberbach theorem ∂iO3 has a
finite regular covering that is a 2-torus T 2, and the cohomology of ∂iO3 is equivalent to the
equivariant cohomology of T 2. So the claim follows from naturality of the obstruction by
using equivariance.

Next assume that ∂iO3 is hyperbolic and ρi is not Fuchsian. In this case Proposition 2.15
applies toρi , because byLemma5.7ρi isC-irreducible.Asweare interested in the obstruction
to integrability, it is worth recalling the proof of Proposition 2.15 in [10]: by Corollary 5.8
H0(π1(∂iO3), sl4(R)) = 0 and therefore, by Poincaré duality, H2(π1(∂iO3), sl4(R)) = 0.
Thus there are no obstructions to integrability at all.

Finally assume that ∂iO3 is a turnover, we have shown that every representation of
π1(∂iO3) in SL4(R) is conjugate to a representation in SL3(R) by Corollary 4.4. It fol-
lows that the space of representations in SL4(R) is smooth, as the space of representations in
SL3(R) is smooth by [10] (it is the Choi-Goldman space). To describe explicitly Goldman’s
obstructions, we consider the decomposition of the Lie algebra by π1(∂iO3)-modules of (5):

sl4(R) = sl3(R) ⊕ R
3
ρi

⊕ R
3
ρ3
i

⊕ d,

where d ∼= R is the subspace of diagonal matrices in sl4(R) that commute with every matrix
in sl3(R). The vanishing of the obstructions follows from the fact that H1(∂iO3, R

3
ρi

) =
H1(∂iO3, R

3
ρ∗
i
) = H1(∂iO3,d) = 0 (see Corollary 4.4 and the previous paragraph), and

H2(∂iO3, sl3(R)) = 0, by Remark 5.9. 
�
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The following is one of the implications of Theorem 5.4.

Proposition 5.12 Under the hypothesis of Theorem 5.4, if all ends of int(O3) are either
non-Fuchsian or turnovers, then the character of ρ is a smooth point of X(O3, SL4(R)).

Proof Since Goldman’s obstructions to integrability are natural, by Lemmas 5.10 and 5.11 all
obstructions to integrability in H2(O3, sl4(R)) vanish. So we have smoothness by applying
a theorem of Artin. More precisely, the vanishing of obstructions yields a formal deformation
of ρ in the direction of any cocycle z in the Zariski tangent space, where formal means a
power series perhaps not convergent. Then the theorem of Artin asserts that the formal power
series can be replaced by a converging series with the same tangent vector [1]. As every
vector in the Zariski tangent space is tangent to a path, it is a smooth point. See [11, 14] for
more details. 
�

5.3 Deforming representations in Isom+(H3).

To continuewith the proof of Theorem5.4, in the next propositionwe prove that the holonomy
can be perturbed to a representation with similar algebraic properties, such that the image of
peripheral subgroups other than turnovers are not conjugate to subgroups of Isom+(H2) (eg
no Fuchsian ends other than turnovers). It is not clear than this perturbed representation is the
holonomy of a hyperbolic structure, this would require different techniques and we do not
use hyperbolicity. All we need is that the dimension of the Zariski tangent space decreases,
so that the initial character is a singular point.

Proposition 5.13 Let O3 be a compact orientable 3-orbifold with hyperbolic inte-
rior and holonomy ρ0 ∈ hom(π1(O3, Isom+(H3)). There is a representation ρ ∈
hom(π1(O3), Isom+(H3)) arbitrarily close to ρ0 such that, for every component ∂iO3 of
∂O3 other than a turnover, ρ(π1(∂iO3)) is not conjugated to a subgroup of Isom+(H2).

Proof We use the group isomorphisms

Isom+(H3) ∼= SO0(3, 1) ∼= PSL2(C) ∼= SO(3, C).

The character χ0 of the holonomy ρ0 is a smooth point of the variety of characters
X(O3,PSL2(C)) with tangent space H1(O3, sl2(C)), as shown by M. Kapovich in [16,
Section 8.8]. Furthermore, Kapovich proves that the restriction

res : X(O3,PSL2(C)) → X(∂O3,PSL2(C)) =
∏
i

X(∂iO3,PSL2(C))

is an immersion in a neighborhood of χ0, with (injective) tangent map

res∗ : H1(O3, sl2(C)) → H1(∂O3, sl2(C)) ∼=
⊕
i

H1(∂iO3, sl2(C)),

the natural map induced by the inclusion ∂O3 ⊂ O3.
For each hyperbolic component ∂iO3 other than a turnover, its Teichmüller space (and

hence X(∂iO3,PSL2(C))) has positive dimension. We claim the following:

Lemma 5.14 There exists a tangent vector v ∈ H1(O3, sl2(C)) such that for each component
∂iO3 other than a turnover

(resi )∗(v) 	= 0,

where (resi )∗ : H1(O3, sl2(C)) → H1(∂iO3, sl2(C)) is the map induced by the restriction
to that component.
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Proof of Lemma 5.14 We consider the same bilinear form as in Theorem 2.14 and the proof
of Lemma 5.10, but with the complex valued Killing form

sl2(C) × sl2(C) → C.

Namely, for j = 1, . . . , k we denote by

(·, ·) j : H1(∂ jO3, sl2(C)) × H1(∂ jO3, sl2(C)) → C

the skew-symmetric bilinear form obtained by composing the cup product and the C-Killing
form. Its direct sum is denoted by

� =
∑

(·, ·) j : H1(∂O3, sl2(C)) × H1(∂O3, sl2(C)) → C.

The very same argument as in the proof of Lemma 5.10 yields that the image of res∗ is a max-
imal isotropic subspace of �. Since � is a component-wise sum of non-degenerate forms,
this implies that the image of each morphism (resi )∗ : H1(O3, sl2(C)) → H1(∂iO3, sl2(C))

is nonzero, provided that H1(∂iO3, sl2(C)) 	= 0, eg provided that ∂iO3 is not a turnover. The
last assertion is equivalent to the fact that ker(resi )∗ is not the whole space H1(O3, sl2(C))

(whenever ∂iO3 is not a turnover). Thus the union of those kernels is not the whole
H1(O3, sl2(C)) and the lemma follows. 
�

We continue the proof of Proposition 5.13. Assume the component ∂iO3 is Fuchsian,
namely ρ0(π1(∂iO3)) preserves a totally geodesic H

2 ⊂ H
3. Then after conjugation it is

contained in PSL(2, R), and we have a decomposition

H1(∂iO3, sl2(C)) = H1(∂iO3, sl2(R)) ⊕ √−1 H1(∂iO3, sl2(R)).

After multiplying by a generic complex number, we may assume that, for every Fuchsian
component ∂iO3 different from a turnover, the vector v ∈ H1(O3, sl2(C)) of Lemma 5.14
satisfies

(resi )∗(v) /∈ H1(∂iO3, sl2(R)). (19)

We consider a deformation {ρt }t∈[0,ε) of the holonomy whose path of characters {χρt }t∈[0,ε)
in X(O3,PSL2(C)) is tangent to v.

We claim that for t > 0 sufficiently small ρt satisfies the conclusion of the proposition.
Not being Fuchsian is an open property, so we just need to deal with components ∂iO3

different from a turnover that are Fuchsian, namely ρ0(π1(∂iO3)) is conjugate to a subgroup
of PSL2(R). If ∂iO3 is Fuchsian, but not a turnover, then condition (19) means that the path ρt
restricted to π1(∂iO3) is transverse to the orbit by conjugation of hom(π1(∂iO3),PSL2(R))

inside hom(π1(∂iO3),PSL2(C)). Thus ρt restricted to π1(∂iO3) does not preserve a totally
geodesic hyperbolic plane for t > 0. 
�

5.4 Computing Zariski tangent spaces

In Proposition 5.16 we prove one more piece of Theorem 5.4. The argument is based on a
computation of Zariski tangent spaces (Lemma 5.15 below) and Proposition 5.13 in the last
subsection.

Lemma 5.15 Let O3 be a 3-orbifold as in the hypothesis of Theorem 5.4. There exists a
neighborhood U ⊂ hom(π1(O3), SO(3, 1)) of the hyperbolic holonomy such that for every
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ρ ∈ U

dim T Zar[ρ] X(O3, SL4(R)) = 1

2

n∑
i=1

dim X(∂iO3, SL4(R)) + f,

where f denotes the number of components ∂iO3 of ∂O3 other than turnovers such that the
image ρ(π1(∂iO3)) is contained in a conjugate subgroup of SO(2, 1).

Proof Infinitesimal projective rigidity is an open condition in the variety of representations
hom(π1(O3),SO(3, 1)). This follows from semi-continuity, see for instance [12, Lemma
3.2]. So we may assume that infinitesimal projective rigidity holds true for any ρ ∈ U and
that, by Lemma 5.10,

dim T Zar[ρ] X(O3,SL4(R)) = dim H1(O3, sl4(R)) = 1

2

∑
i

dim H1(∂iO3, sl4(R)).

Let ρi denote the restriction of ρ to π1(∂iO3), we aim to relate the dimensions of
H1(∂iO3, sl4(R)) and of X(∂iO3,SL4(R)). We distinguish several possibilities, again
according to the topology of ∂iO3.

When ∂iO3 is Euclidean, by [20, Theorem 4.11]

dim H1(∂iO3, sl4(R)) = dim X(∂iO3,SL4(R)).

Assume next that ∂iO3 is hyperbolic and the image of ρi is not conjugate to a subgroup
of SO(2, 1). Then by Lemma 5.7 ρi is irreducible as a representation in SL4(C). In fact
Lemma 5.7 is stated for hyperbolic holonomies, but the argument is algebraic. We just need
to care about being non-elementary, but this is an open property and we may choseU so that
ρi is not elementary (if ∂iO3 is hyperbolic). Then by Proposition 2.15

H1(∂iO3, sl4(R)) ∼= T Zar[ρi ]X(∂iO3,SL4(R)) = dim X(∂iO3,SL4(R)).

Finally, assume that ∂iO3 is hyperbolic and the image of ρi is conjugate to a subgroup of
SO(2, 1). By takingU small enough, ρi is irreducible in SL3(R) and by the results of Sect. 3
we have:

dim H1(∂iO3, sl4(R)) = dim X(∂iO3,SL4(R)) + 2.

More precisely, in Theorem 3.1 we construct an analytic subset

S ⊂ H1(∂iO3, sl4(R))

with T Zar
0 S = H1(∂iO3, sl4(R)), that is an slice for the action by conjugation in the variety

of representations. This set is defined by the vanishing of an obstruction (Theorem 2.17), so
dim S = dim H1(∂iO3, sl4(R)) − 1. Furthermore, the stabilizer of ρi has dimension 1, so
by Corollary 3.2, dim X(∂iO3,SL4(R)) = dim S − 1. 
�

The following is another of the pieces in the proof of Theorem 5.4.

Proposition 5.16 Under the hypothesis of Theorem 5.4, if some end of int(O3) is Fuchsian
and not a turnover, then the character of ρ is a singular point of X(O3, SL4(R)).

Proof By Proposition 5.13 and Lemma 5.15, ρ can be deformed so that the dimension of the
Zariski tangent space strictly decreases. 
�
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5.5 Quadratic singularities

The following concludes the proof of Theorem 5.4.

Proposition 5.17 The singularity is quadratic.

Proof To avoid technicalities, we work with the complexification, namely the variety or
representations of π1(O3) in SL4(C) instead of SL4(R). This is sufficient to get quadratic
singularities, by [11, §3.3].

As before, let
∂O3 = ∂1O3

1 ∪ · · · ∪ ∂kO3

denote the decomposition into connected components of the boundary, and let ρ : π1(O3) →
SO(3, 1) ⊂ SL4(R) denote the holonomy of the hyperbolic structure of O3 and
ρi : π1(∂iO3) → SL4(R), its restriction to ∂iO3.

By Lemma 5.7 ρ is C-irreducible, and by Theorem 2.6 there exists an analytic slice S at
ρ that satisfies:

T Zar
ρ S ⊕ B1(π1(O3), sl4(C)) = Z1(π1(O3), sl4(C)),

hence T Zar
ρ S ∼= H1(π1(O3), sl4(C)). By [23, Theorem V.A.14] any analytic subvariety

of C
N is equivalent to a subvariety of a (non-singular) C-submanifold that has the same

dimension as the Zariski tangent space of the analytic germ. So there exist germs of non-
singular C-manifolds M , M1, . . . , Mk , such that, after taking a small enough slice ρ ∈ S
and choosing neighborhoods Ui ⊂ hom(π1(∂iO3),SL4(C)) of ρi we have:

S ⊂ M, T Zar
ρ S = TρM,

Ui ⊂ Mi , Tρ|
π1∂iO3 hom(π1(∂iO3),SL4(C)) = Tρ|

π1∂iO3 Mi .

The restriction map
S →

∏
i

Ui ⊂
∏
i

hom(π1(∂iO3),SL4(C))

is analytic, hence it extends to

φ : M →
∏
i

Mi (20)

and since the restriction induces an injection

0 → H1(O3, sl4(C)) →
⊕
i

H1(∂iO3, sl4(C))

the map φ : M → ∏
i Mi in (20) is an analytic immersion. The following lemma implies that

the singularity of S at ρ is quadratic, as each hom(π1(∂iO3),SL4(C)) (orUi ) is quadratic in
Mi :

Lemma 5.18 φ(S) = φ(M) ∩ ∏
i hom(π1(∂iO3), SL4(C)).

Proof of the lemma By construction we have the inclusion

φ(S) ⊆ φ(M) ∩
∏
i

hom(π1(∂iO3),SL4(C))
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and we prove equality by contradiction. Assume

φ(S) � φ(M) ∩
∏
i

hom(π1(∂iO3),SL4(C)).

Then for some k ∈ N there exists a (k + 1)-jet in

c = c0 + c1t + · · · + ck+1t
k+1 ∈ J k+1

0,φ(ρ)

(
R, φ(M) ∩

∏
i

hom(π1(∂iO3),SL4(C))
)

such that c is not a (k + 1)-jet of φ(S), c /∈ J k+1
0,φ(ρ)(R, φ(S)), but its k-th truncation is:

[c]k = c0 + c1t + · · · + ckt
k ∈ J k0,φ(ρ)(R, φ(S)).

Here we use local coordinates of the analytic variety
∏

i Mi in an open subset of C
N , so that

c0, . . . , ck+1 ∈ C
N .

Since we assume that [c]k ∈ J k0,φ(ρ)(R, φ(S)), we may write [c]k = φ(ρk) for some k-jet

ρk ∈ J k0,ρ(R,S), in S, that in its turn we write as

ρk = exp(a1t + · · · aktk)ρ ∈ J k+1
0,ρ (R,S)

for some maps (or 1-cochains) ai : π1(O3) → sl4(C). By Lemma 2.16, the obstruction to
extendρk to a (k+1)-jet is a cohomology class in H2(O3, sl4(C)). ByLemma5.10 the restric-
tion map induces an isomorphism H2(O3, sl4(C)) ∼= H2(∂O3, sl4(C)). Thus, by naturality
of the obstruction and since [c]k is the truncation of the (k+1)-jet c (in the product of varieties
of representations of the components ∂iO3), this obstruction vanishes in H2(O3, sl(4, C)).
Therefore ρk is the k-truncation of a (k + 1)-jet in the variety of representations:

ρk+1 = exp(a1t + · · · aktk + ak+1t
k+1)ρ ∈ J k+1

0,ρ

(
R, hom(π1O3,SL4(C))

)
.

Next we want to conjugate ρk+1 so that the result is not only a jet in hom(π1O3,SL4(C))

but in the slice S. For that purpose we use Theorem 2.6 (ii): a neighborhood of ρ in
hom(π1O3,SL4(C)) is obtained by conjugating the slice S by a neighborhood of the origin
in SL4(C). Thus we write

ρk+1 = Adexp(tk+1b) ρ′
k+1

with b ∈ sl4(C) and ρ′
k+1 a jet in the slice S (whose k truncation is ρk):

ρ′
k+1 = exp(a1t + · · · aktk + a′

k+1t
k+1)ρ ∈ J k+1

0,ρ (S).

Notice that φ(ρ′
k+1) and c are two (k + 1)-jets in φ(M) whose k-truncations are the same,

hence their difference is tk+1v for some v ∈ Tφ(ρ)φ(M), namely v = φ∗(u) for some
u ∈ TρM . As TρM = TρS, we use u to modify the (k + 1)-the term of ρ′

k+1 and define:

ρ′′
k+1 = exp(tk+1u)ρ′

k+1 = exp(a1t + · · · aktk + (a′
k+1 + u)tk+1)ρ ∈ J k+1

0,ρ (S).

This (k + 1)-jet satisfies φ(ρ′′
k+1) = c, hence a contradiction. 
�

By the properties of the slice in Theorem 2.6, the singularity at the varieties of characters
is quadratic. 
�
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