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Abstract: This paper formalizes the analytic expressions and some properties of the evolu-
tion operator that generates the state-trajectory of dynamical systems combining delay-free
dynamics with a set of discrete, or point, constant (and not necessarily commensurate)
delays, where the parameterizations of both the delay-free and the delayed parts can un-
dergo impulsive changes. Also, particular evolution operators are defined explicitly for
the non-impulsive and impulsive time-varying delay-free case, and also for the case of
impulsive delayed time-varying systems. In the impulsive cases, in general, the evolution
operators are non-unique. The delays are assumed to be a finite number of constant delays
that are not necessarily commensurate, that is, all of them being integer multiples of a
minimum delay. On the other hand, the impulsive actions through time are assumed
to be state-dependent and to take place at certain isolated time instants on the matrix
functions that define the delay-free and the delayed dynamics. Some variants are also
proposed for the cases when the impulsive actions are state-independent or state- and
dynamics-independent. The intervals in-between consecutive impulses can be, in general,
time-varying while subject to a minimum threshold. The boundedness of the state-trajectory
solutions, which imply the system’s global stability, is investigated in the most general case
for any given piecewise-continuous bounded function of initial conditions defined on the
initial maximum delay interval. Such a solution boundedness property can be achieved,
even if the delay-free dynamics is unstable, by an appropriate distribution of the impulsive
actions. An illustrative first-order example is developed in detail to illustrate the impulsive
stabilization results.

Keywords: delay differential systems; point delays; evolution operator; impulsive actions;
global stability
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1. Introduction
Systems with delayed effects appear in many real-life problems, such as war and peace

models, some biological problems—for instance, the sunflower equation, logistic equations,
epidemic models, etc.—electrical transmission lines, economic models, heat exchangers,
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urban traffic, digital control, remote control, tele-operation processes, integro-differential
Volterra-type equations, neutral equations, etc. [1–14]. See also some of the references
therein. Delays often influence the solution trajectory.

Different types of delays are common and these types sometimes appear in a combined
manner. In this context, delays can be internal, that is, in the state dynamics, or external, in
the sense that they operate either on the forcing inputs, or controls, or in the measurable
outputs, or in both of them. Typically, the delays can be either constant or time-dependent
point delays or they can also have a distributed nature. On the other hand, point delays
can be commensurate, in the sense that all of them are integer multiples of a base delay,
or incommensurate, when they do not have the above mutual proportionally nature—see,
for instance, [1]. Distributed delays are typical in certain either deterministic or stochastic
classes of Volterra-type integro-differential equations. See, for instance, [11–14] and some
of the references therein. In particular, in [12], the stability of a class of integro-differential
Volterra-type equations, including the dynamics associated with a finite number of point
delays and impulsive effects, is analyzed by means of a Karovskii–Lyapunov analysis.

From the point of view of differential systems, time-delay systems are infinite-
dimensional because of their time-interval-dependent memory, and so they possess in-
finitely many characteristic zeros. The initial conditions of time-delay differential systems
are defined by any piecewise-continuous bounded function on the time interval [−h, 0],
where h is the maximum size of all the delays present in the system, which coincides with
the delay of the maximum size.

It has been seen that, in the event that there is no time-varying dynamics in the
delay-free part, and furthermore, there are no delays in the dynamics, then the solution
of the differential system is generated by an evolution operator; this is a C0-semigroup
of a time-invariant infinitesimal generator [15–20], which is a one-parameter semigroup
that is both strongly continuous and uniformly continuous. The one-parameter semigroup
property of the linear time-invariant undelayed typically becomes lost if the dynamics is
time-varying and/or it involves delays [21].

On the other hand, impulsive continuous-time- and discrete-time-controlled systems
and their stability, asymptotic stability, and stabilization properties under appropriate
controls have been studied in the background literature in both delay-free and delayed
cases. See, for instance, Refs. [22–28] and some of the references therein. In particular, the
global exponential stability of a type of system with control impulses and time-varying
delays is studied in [22] by means of an impulsive delay differential inequality. Also,
an “ad hoc” impulsive stabilizing controller was synthesized. In [23], an inequality of
Razumikhin-type with delays in the impulses is addressed, while the information on the
time delay in the impulses is used for stabilization of the delayed systems. In [27], a sliding-
mode controller is designed for impulsive stabilization of a class of time-delay systems
in the presence of input disturbances. The designed control allows for counteracting
the unsuitable perturbation effects. In [28], sufficiency-type conditions for exponential
stability are developed for delayed systems where the delay size is not limited by the
distribution of the impulsive intervals. Related studies have also been extended to some
nonlinear problems involving delays such as Cohen–Grossberg neural networks or actuator-
saturated dynamics and to some stochastic control problems involving delays [29–31]. The
distribution of the impulses through time is not necessarily periodic since the aperiodicity,
and eventual sampling adaptation to the signal profiles, allows for the improvement of
the data acquisition performance [32]; improvement of the system dynamics in discrete-
time systems [33]; to better fit certain optimization processes [34]; the improvement of the
signal filtering and attenuation of the noise effects [35]; or the improvement of behavior
prediction [36]. Some strategies of non-periodic sampling are described and discussed
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in [37–40]. In [41], non-uniform sampling is proposed for the improvement of tracking
control against stochastic actuator faults. On the other hand, the adaptation transients can
be improved by using adaptive sampling that is, by nature, non-uniform and adapts itself
to the signal variations. This allows for reducing the signal overshoot peaks, especially
at the beginning of the state and the output responses. See, for instance, Refs. [42–47]
and some of the references therein. In particular, non-periodic sampled-data controllers
have been proposed for distributed networked control against potential cyber-attacks of
a stochastic type [46]. In [48,49], impulsive controls are proposed and synthesized for
certain epidemic models in such a way that the controls are not uniformly distributed
through time. Typically, the impulsive effects are characterized through Dirac distributions
in the differential system, which generate finite jumps in the solution trajectory at the time
instants where such impulsive effects take place. Some classical books of systems theory
and physics explain both the intuitive ideas behind and the mathematical description of the
impulsive effects. See, for instance, [50–52]. Some recent results in the field of time-delay
systems are given in [53–56] as follows: In [53], the solvability of a state-dependent integro-
differential inclusion is studied together with the existence and uniqueness of solutions of
these types of equations when subject to delay nonlocal conditions. In [54], new sufficient
and necessary conditions are derived regarding the oscillatory behavior of second-order
differential equations with mixed and multiple delays under a canonical operator. In [55],
oscillation conditions are presented for fourth-order neutral differential equations. On the
other hand, the purpose of the investigation performed in [56] is the study of the asymptotic
properties and oscillation regime of neutral differential equations with delays of even order.
The given results are based on the Riccati transformation together with a comparison with
first- and second-order delay equations.

This paper relies on the analytic forms and some relevant properties of the evolution
operators that generate the state-trajectory solutions of a class of eventually impulsive linear
time-delay with linear time-varying mixed delay-free dynamics and delayed dynamics. The
analysis of the impulsive effects is a main novelty compared with the results given in [21].
It should be pointed out that impulses translate into finite jumps in the solution trajectory.
In this article, the impulsive actions are assumed to take place inside the parameterization
instead of influencing the forcing terms as is usual in the related previous background
literature. The eventual impulses directly influence the parameterization of the undelayed
dynamics and, eventually, that of the delayed dynamics in the differential system at the
impulsive time instants. The various combined delayed dynamics correspond to a finite
number of known constant point delays. In more detail, the evolution operators are made
explicit for both the non-impulsive and the impulsive time-varying delay-free cases and
also for the impulsive time-varying systems with eventual delayed dynamics. The delays
are assumed to be constant and, in general, multiple and arising in a finite number but
they are not necessarily commensurate in the sense that they are not required to be an
integer multiple of a minimum or base-minimum delay. The impulsive actions are assumed
to be state-dependent and to take place at certain isolated time instants on the matrix
functions, which define the delay-free and the delayed dynamics. Some variants of the
above model are also briefly discussed for the cases when the impulsive actions are either
state-independent or both state- and dynamics-independent. It is assumed that the inter-
impulse intervals, that is, the time intervals in-between consecutive impulses, can be, in
general, time-varying while being subject to a minimum threshold. The boundedness and
the associated global stabilization of the state-trajectory solutions for any given piecewise-
continuous bounded function of the initial conditions (defined on the initial maximum
delay interval) are investigated in the most general case of the proposed time-varying
impulsive system with delays. Such a boundedness property can be achieved, even if the
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delay-free dynamics is unstable, by an appropriate distribution of the impulsive actions.
An illustrative first-order example with impulsive parametrization changes is developed in
detail to illustrate the boundedness and stabilization results.

The impulsive system under study could be interpreted as a limit case of a switched
delay system with instantaneous switching actions from one parameterization to another,
and then immediately returning to the former parameterization in the configuration previ-
ous to the impulsive action. In that context, the parameterizations are impulsive and seen
as instantaneous switching actions occurring at the impulsive time instants.

The paper is organized as follows. Section 2 presents expressions of the evolution
operator that generate the state-trajectory solution of a class of linear time-varying differ-
ential delay-free systems. The evolution operators used in this article are based on the
analysis of the solution of the differential systems with time delays taking into account
the impulses in the parameterization of the dynamics that are, in general, state-dependent
and lead to finite jumps in the solution of the differential system at the impulsive time
instants. In that context, the impulsive time instants might be either effective or ineffective
according to their validity to produce, or not, parameterization changes in the dynamics.
Intuitively, an impulsive time instant is considered to be ineffective if it is not able to
generate a jump in the state being valid to modify the parameterization of the dynamics.
The simplest case (but not the only one) of impulsive ineffectiveness happens when the left
limit of the trajectory solution is null at the “a priori” claimed impulsive time instant. In
such a case, another closely allocated impulsive time instant candidate should be tried. To
establish the main results, the impulsive-free part of the matrix function of dynamics of
such systems is supposed to be bounded, piecewise-continuous, and Lebesgue-integrable
on [0, ∞). The cases of absence and presence of Dirac-type impulses in the system matrix
of dynamics are described. In the impulsive case, the evolution operator is seen to be,
in general, non-unique. The efficiency of the impulsive time instants in the generation
of relevant impulsive actions depends on the particular evolution of the matrix function
that describes the dynamics. In that sense, the potential impulsive time instants might
be effective or ineffective. Section 3 extends the above results to the presence of delayed
dynamics associated with, in general, multiple constant point delays. The impulsive actions
at certain time instants can take place both in the delay-free dynamics and in the various
matrices of delayed dynamics. The boundedness of the solution trajectory leading, as a
result, to the global stability of the system for any bounded initial conditions is also investi-
gated. An appropriate distribution of the impulsive time instants, subject to a minimum
inter-impulsive threshold, is proved to be essential for the potential stabilization of the
differential system. An illustrative first-order example is discussed in detail to visualize the
theoretical results of Section 3. Finally, some conclusions end the paper.

Nomenclature

p = {1, 2, · · · , p}

Commensurate point delays hm = h1 < h2 < · · · < hp = h are those that are the
integer multiple of a minimum common multiple, which is the minimum, or base, delay
hm = h1, namely, hi = ihm for i ∈ p, then h = hp = phm.

Incommensurate point delays hm = h1 < h2 < · · · < hp = h are those that are not the
integer multiple of a minimum common multiple.

f ta denotes the strip of the function f : R → Rn on [t − a, t], defined as a function
from R to Rn by f ta(τ) = f (τ); τ ∈ [t − a, t], f ta(τ) = 0; τ ∈ R\[t − a, t]; t ∈ R in such a
way that the support of f ta is a proper or improper subset of [t − a, t]. Thus, xth is the strip
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of the solution x(t) on [t − h, t] of an n-th-order time delay system on a maximum delay
period of size h. To abbreviate the notation, it is referred to simply as xt to avoid confusion.

In is the n-th identity matrix;
0n is the n-th zero matrix.

R0+ = R+ ∪ {0} = {r ∈ R : r ≥ 0}; R+ = {r ∈ C : r > 0},

R−0 = R− ∪ {0} = {r ∈ R : r ≤ 0}; R− = {r ∈ R : r < 0},

where R is the set of real numbers, and

C0+ = C+ ∪ {0} = {z ∈ C : Rez ≥ 0}; C+ = {z ∈ C : Rez > 0},

C−0 = C− ∪ {0} = {z ∈ C : Rez ≤ 0}; C− = {z ∈ C : Rez < 0},

where C is the set of complex numbers.
In the same way, we can define “mutatis mutandis” the respective subsets Z0+, Z+,

Z−0, and Z− of the set Z of integer numbers.
The closures of the real set and subsets are clR = R ∪ {±∞},

clR0+ = R0+ ∪ {+∞}; clR+ = R+ ∪ {0,+∞},

clR−0 = R−0 ∪ {−∞}; clR− = R− ∪ {0,−∞},

where BPC([−h, 0]; Rn) denotes the set of bounded piecewise-continuous functions from
[−h, 0] to Rn.

PC1(R+; Rn) is the continuous differentiable class of n-real vector functions on R+,
whose first-derivative is piecewise-continuous but not necessarily continuous. Note that
C1(R+; Rn) ⊂ PC1(R+; Rn).

R0+h(t) = {[t − h, t] : t ∈ R0+} ⊂ R; R+h(t) = {[t − h, t] : t ∈ R+} ⊂ R are, respec-
tively, non-negative and positive strips of real intervals of the Lebesgue measure h relative
to the time instant “t”.

An impulsive real function f : R0+ → R is that which has a non-zero set of Dirac-
distribution-type impulses Kδ(τ − ti) on a finite set of impulsive points τ = ti such that
there is an impulsive jump f

(
t+i
)
− f

(
t−i
)
= K

(
t−i
)
δ(0) at t = ti of size K

(
t−i
)
( ̸= 0) ∈ R.

The same idea applies for a vector function f : R0+ → Rn in the sense that t = ti ∈ R0+

is impulsive if there is at least a component j ∈ n of f (ti) such that f j
(
t+i
)
− f j

(
t−i
)
=

Kj
(
t−i
)
δ(0) with Kj

(
t−i
)
̸= 0. Thus, ti is an impulsive point of f (t) if f

(
t+i
)
− f

(
t−i
)
=(

K1
(
t−i
)
δ(0), K2

(
t−i
)
δ(0), · · · , K2

(
t−i
)
δ(0)

)T is non-zero, that is, if there is at least one non-
zero Kj

(
t−i
)

for j ∈ n. An abbreviated notation for that is f
(
t+i
)
− f

(
t−i
)
=
(
Kj
(
t−i
)
δ(0)

)
.

Again, a generalization for the real matrix functions F : R0+ → Rn×n is direct in the sense
that tk is an impulsive point of F(t) =

(
Fij(t)

)
if F(tk)− F

(
t−k
)
=
(
Kij
(
t−k
)
δ(0)

)
with at

least one entry of K
(
t−k
)
=
(
Kij
(
t−k
))

being non-zero. Note that if t is non-impulsive, then
the impulsive jump amplitude is null. To keep the notation less involved, the right limit t+

of t is simply denoted by t so that F(t) stands as the notation for F(t+).
The spectral radius of a matrix function of time A : R0+ → Rn×n is denoted by

ρ(A(t));
ei ∈ Rn is the unit’s i-th Euclidean vector whose unique non-zero component is the

i-th one that equalizes unity;
“iff” is the usual equivalent abbreviation of the claim “if and only if”;
χ0 denotes the infinity cardinal of a numerable set;
The entry-to-entry definition of a matrix K ∈ Rn×m is denoted as K =

(
Kij
)
; i ∈ n,

j ∈ m.
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RHn×n
∞ is the Hardy space of real–rational complex-valued proper transfer matrices

G(s) from C to Cn×m, analytic in C0+, and of finite norm ∥G(s)∥∞ = max
ω∈R0+

σ(G(iω)), where

σ(G(iω)) is the maximum singular value of G(s) for s = iω; and i =
√
−1 is the complex

imaginary unit.

2. Time-Varying Linear Delay-Free Differential Systems and Their
Evolution Operators for the Non-Impulsive and Impulsive Cases

This section studies the analytic expressions of the evolution operator that generate
the state-trajectory solution of a class of linear time-varying differential delay-free systems.
The impulsive-free part of the system matrix function is assumed to be bounded, piecewise-
continuous, and Lebesgue-integrable for all time. The cases of absence and presence
of Dirac-distribution-type impulses in the entries of the system matrix of dynamics are
described and the corresponding expressions of the evolution operators [15,21], which
generate the solution trajectories for given initial conditions, are given explicitly. In the
impulsive case, the evolution operator is seen to be, in general, non-unique. The efficiency
of the impulsive time instants to generate relevant impulsive actions depends on the
particular evolution of the matrix function that describes the dynamics. In this sense,
the impulsive time instants might be either effective or ineffective. A discussion is also
provided for the case when the impulses do not affect the parameterization of the matrix of
dynamics while they produce finite state-independent jumps in the solution trajectory at
the impulsive time instants.

Consider the subsequent linear time-varying differential system of order n:

.
x(t) = A(t)x(t); x(0) = x0 (1)

where A : R0+ → Rn×n is bounded and piecewise-continuous Lebesgue-integrable on R0+;
and A(t) and

∫ t
0 A(τ)dτ are assumed to commute for all t ≥ 0.

Theorem 1. The following properties hold:

(i) The unique solution of (1) is given below:

x(t) = e
∫ t

0 A(τ)dτx0; t ∈ R0+ (2)

so that the unique evolution operator of (1) from R0+ to Rn×n is Ψ(t) = e
∫ t

0 A(τ)dτ for
any t ∈ R0+.

(ii) The evolution operator Ψ(t) = e
∫ t

0 A(τ)dτ for any t ∈ R0+ satisfies the integral equation

Ψ(t) = In +
∫ t

0
A(τ)Ψ(τ)dτ = In +

∫ t

0
A(τ)e

∫ τ
0 A(σ)dσdτ; t ∈ R0+. (3)

Proof. It turns out that if (2) holds then (1) holds. Assume that there exists another solution
for the same initial conditions of the following form:

x(t) = Φ(t)x0; t ∈ R0+ (4)

so that

.
x(t) =

.
Φ(t)x0 = A(t)Φ(t)x0 = A(t)x(t) = A(t)e

∫ t
0 A(τ)dτx0; t ∈ R0+ (5)
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for t ∈ R0+, and
.

Φ(t) = A(t)e
∫ t

0 A(τ)dτ =
d
dt

(
e
∫ t

0 A(τ)dτ
)

; t ∈ R0+ (6)

Note from (2) and (4) that e
∫ 0

0 A(τ)dτ = Φ(0) = In since x(0) = x0 for any given arbitrary

finite x0. Since Ψ(0) = e
∫ 0

0 A(τ)dτ = In = Φ(0), and

.
Φ(t) =

d
dt

(
e
∫ t

0 A(τ)dτ
)

(7)

for all t ∈ R0+ from (6), then Φ(t) = e
∫ t

0 A(τ)dτ for all t ∈ R0+. Thus, the evolution operator

Ψ(t) ≡ Φ(t) = e
∫ t

0 A(τ)dτ of (1) is unique for all t ∈ R0+. Property (i) has been proved. Since

Ψ(t) = e
∫ t

0 A(τ)dτ is the unique evolution operator of (1) for all t ∈ R0+, then

Ψ(t) = Ψ(0) +
∫ t

0

.
Ψ(τ)dτ = In +

∫ t

0

d
dτ

(
e
∫ τ

0 A(σ)dσ
)

dτ = In +
∫ t

0
A(τ)Ψ(τ)dτ; t ∈ R0+ (8)

and Property (ii) has been proved. □

Define < A >t= (1/t)
∫ t

0 A(τ)dτ as the average of A : [0, t) → Rn×n , which exists for

all t ∈ R0+ since
∥∥∥∫ t

0 A(τ)dτ
∥∥∥ < +∞ for all t ∈ R0+. Note that

Ψ(t) = e
∫ t

0 A(τ)dτ = e((1/t)
∫ t

0 A(τ)dτ)t = eAtt; t ∈ R0+ (9)

Thus, the explicit computation of Ψ(t) = e
∫ t

0 A(τ)dτ can be performed by direct or
numerical integration from (8) and also as Ψ(t) = L−1

{
(s, In,−,<, A,>t)

−1
}

via the

Laplace inverse transform of (sIn− < A >t)
−1 for each fixed t ∈ R0+ and its associated

(constant for such fixed t ∈ R0+) averaged n-matrix < A >t= (1/t)
∫ t

0 A(τ)dτ.
The above considerations may be extended for more general Lebesgue integrals,

which eventually include Dirac-distribution-type jumps in the integrand, that is, infinite
point jumps at isolated sampling instants in the dynamics of the differential system, as is
now discussed.

Note from Theorem 1 that, under the simplifying notation convention Ψ(t, 0) = Ψ(t),
we can write the following:

x(t) = Ψ(t, 0)x0 = Ψ(t, t0)x(t0) = Ψ(t, t0)Ψ(t0, 0)x0for any t ≥ t0 ≥ 0 (10)

Note that the evolution operator of Theorem 1 is not a C0-semigroup—which is
essentially one-parametric—since, if t ̸= t0( ̸= 0) in (10), then the state-solution cannot
be expressed, in general, with one parameter (t − t0) for any t0 and t because A(t) is
time-variant. Consider now the modification of (1) that follows to include impulsive effects
in the time derivative of the solution trajectory, which produces proportional instantaneous
finite jumps at the impulsive time instants in such a solution trajectory:

.
x(t) = (A(t) + ∆(t))x(t); x

(
0−
)
= x0 (11)

∆(t) = ∑ti∈IMP(t) K
(
t−
)

Â
(
t−
)
δ(t − ti) (12)

where A : R0+ → Rn×n is bounded and piecewise-continuous Lebesgue-integrable on [0, t]
for any t ∈ R0+; Âij(t−) = Aij(t−) if the (i, j)-entry of A(t−) is impulsive, and Âij(t−) = 0,
otherwise, for i, j ∈ n; ∆(t) is a Lebesgue-integrable impulsive real square n-matrix on
[0, t] for any t ∈ R0+ such that at least one entry of the real non-continuous bounded
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n-matrix function K(t−) is non-zero if, and only if, the time instant t is impulsive—that
is, t ∈ IMP

(
= ∪τ∈R0+ IMP(τ)

)
, where IMP is the total set of impulsive time instants

and IMP(t) =
{

τ(≤ t) ∈ R0+ : K(τ−)Â(τ−) ̸= 0
}

is the set of impulsive sampling in-
stants up to the time instant t, which has a cardinal N(t), i.e., the set of impulses on [0, t].
Note that the support of the impulsive matrix function is, by definition, a set of isolated
time instants in R0+. We also define by convenience the impulsive set of time instants
IMP(t−) = {τ(< t) ∈ R0+ : K(τ) ̸= 0}, of cardinal N(t−) (i.e., the set of impulses on [0, t))
so that IMP(t) = IMP(t−) if and only if t /∈ IMP. The total finite or (denumerable) infinite
number of impulsive time instants is card(IMP) = Nimp ≤ χ0, where χ0 denotes the
infinity numerable cardinality. Note from (11)–(12) that x(t)− x(t−) = K(t−)Â(t−)x(t−)
if t ∈ IMP and K(t) = 0 so that x(t) = x(t−) if t /∈ IMP and also its right limit is zero if
t ∈ IMP. Note that Â(t) = A(t) and x(t)− x(t−) = K(t−)Â(t−)x(t−) if, and only if, all
the entries of A(t) are impulsive. It can be noticed that if x(t−) ∈ Ker

(
K(t−)Â(t−)

)
then

x(t) = x(t−) and such a time instant t does not have a real, effective impulsive effect in the
solution for such an impulsive gain K(t). If, in addition, x(t−) ∈ Ker

(
Â(t−)

)
A(t−) = 0,

and in particular, if x(t−) ∈ Ker
(

Â(t−)
)
, then t does not have a real, effective impulsive

effect in the solution irrespective of the impulsive gain K(t). Then, such a time instant “t”
is non-effective or ineffective versus the case when it is effective. Related to these ideas, the
following definitions are pertinent:

Definition 1. If x(t−) ∈ Ker
(
K(t−)Â(t−)

)
for t ∈ IMP, then t is an ineffective impulsive

time instant for the impulsive gain K : R0+ → Rn×n .

Definition 2. If x(t−) /∈ Ker
(
K(t−)Â(t−)

)
for t ∈ IMP, then t is an effective impulsive

time instant for the impulsive gain K : R0+ → Rn×n .

Definition 3. The impulsive set of time instants IMP is effective for the impulsive matrix
function gain K : R0+ → Rn×n if K(t−)Â(t−)x(t−) ̸= 0 for any t ∈ IMP.

Note also that if Â(t−)x(t−) ̸= 0, then there always exists some impulsive matrix
function gain of K : R0+ → Rn×n for which t ∈ IMP is effective. It suffices for this concern
that Â(t−)x(t−) /∈ KerK(t−). The following simple result holds:

Proposition 1. (i) A time instant t ∈ IMP is effective for some impulsive matrix function gain
K : R0+ → Rn×n iff eT

i Â(t−)x(t−) ̸= 0 for some i = i(t) ∈ n.
(ii) eT

i Â(t−)x(t−) ̸= 0 for some (unique or non-unique) i = i(t) ∈ n implies and it is
implied by Â(t−)x(t−) ̸= 0 (the converse implication does not imply the uniqueness of i = i(t) ∈
n such that eT

i Â(t−)x(t−) ̸= 0. Then, Property (i) is fully equivalent to the following assertion:
a time instant t ∈ IMP is effective for some impulsive matrix function gain K : R0+ → Rn×n

iff eT
i Â(t−)x(t−) ̸= 0 for some i = i(t) ∈ n.
(iii) A time instant t ∈ IMP is ineffective for any impulsive matrix function

gain K : R0+ → Rn×n iff eT
i Â(t−)x(t−) = 0 for all i ∈ n, equivalently, iff Â(t−)x(t−) = 0.

Proof: If eT
i Â(t−)x(t−) ̸= 0 for t ∈ IMP and some i = i(t) ∈ n, then the i-th component of

Â(t−)x(t−) is non-zero. Then, it suffices that the i-th column of K(t) has all its components
non-zero in order that xj(t) ̸= xj(t−) for all j ∈ n. This ensures the existence of a (non-
unique) K : R0+ → Rn×n such that t ∈ IMP is effective. The sufficiency part of Property
(i) has been proved. The necessity part is followed by contradiction arguments. Assume
that eT

i Â(t−)x(t−) = 0 for t ∈ IMP and all i = i(t) ∈ n. Thus, v(t) = Â(t−)x(t−) = 0 so
that x(t) = x(t−) irrespective of K : R0+ → Rn×n . Property (i) has been fully proved. The
implication parts “ ⇒ ” and “ ⇐ ” of Property (ii) follow directly from Property (i) so that
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Property (ii) is proved as equivalent to Property (i). Property (iii) is the dual of Property (i)
so its proof is direct under close “ad hoc” arguments. □

The relevance of extending Theorem 1 of the impulsive case relies on keeping the
Lebesgue-integrability of (A(t) + ∆(t)) through time when the impulsive contribution ∆(t)
is non-null. In particular, the following cases are of interest:

(a) card(IMP) < ∞, that is, there is a finite number of impulsive time instants;
(b) there are infinitely many impulsive time instants but their influences are mutually

compensated so that their total contribution to the solution of (11) is bounded for
all time;

(c) there are infinitely many impulsive time instants but their respective jumps collapse
asymptotically so that (A(t) + ∆(t)) is Lebesgue-integrable on [0, t] for any t ∈ R0+.
Because of its modus operandi, its way of operating, at the impulsive time instants,
the system (11)–(12) is said to be a proportional instantaneous finite-jumps system.

The uniqueness of the evolution operator is guaranteed along the inter-switching time
intervals but such uniqueness is not guaranteed in the general case, at the right limits of
the impulsive time instants, since different impulsive gains can generate the same right
limit value of the solution trajectory for a given left limit value. This property is formalized
in the subsequent results:

Theorem 2. The following properties hold:

(i) The unique solution of the proportional instantaneous finite-jumps system (11)–(12) is given
by the expression below:

x(t) =
(

In + K
(
t−
)

Â
(
t−
))(

e
∫ t−

tN(t− )−1
A(τ)dτ

)(
∏

N(t−)−1
i=1

[
e
∫ t−i+1

ti
A(τ)dτ(In + K

(
t−i
)

Â
(
t−i
))])(

e
∫ t−1

0 A(τ)dτ

)
x0

=
(

In + K
(
t−
)

Â
(
t−
))

x
(
t−
)
; t ∈ R0+

(13)

where the product of matrices operates from the left to the right in the order of the increas-
ing sequence {ti}i∈Z+

; and IMP(t−) =
{

t1, t2, · · · , tN(t−)

}
is the impulsive set of time

instants on [0, t) whose cardinal is N(t−). Thus, the solution of (11)–(12) is given by
x(t) = Ω(t)x0;t ∈ R0+, where, in general, its non-unique evolution operator is as follows:

Ω(t) =
(

In + K
(
t−
)

Â
(
t−
))

Ω
(
t−
)

=
(

In + K
(
t−
)

Â
(
t−
))(

e
∫ t−

tN(t− )−1
A(τ)dτ

)(
∏

N(t−)−1
i=1

[
e
∫ t−i+1

ti
A(τ)dτ(In + K

(
t−i
)

Â
(
t−i
))])(

e
∫ t−1

0 A(τ)dτ

)
; t ∈ R0+

(14)

The evolution operator Ω : R0+ → Rn×n is unique on [0,+∞) if and only if there is no se-
quence of impulsive gains of the matrix of dynamics

{
K′(t−i )}ti∈IMP ̸=

{
K
(
t−i
)}

ti∈IMP such

that x
(
t−i
)
∈ Ker

{(
K
(
t−i
)
− K′(t−i ))Â

(
t−i
)}

for at least one ti ∈ IMP; equivalently, it
is unique if and only if x

(
t−i
)

/∈ Ker
{(

K
(
t−i
)
− K′(t−i ))Â

(
t−i
)}

for all ti ∈ IMP. As a
result, if there is at least one ti ∈ IMP such that x

(
t−i
)
∈ Ker

{(
K
(
t−i
)
− K′(t−i ))Â

(
t−i
)}

,
with K′(t−i ) ̸= K

(
t−i
)
, then Ω : R0+ → Rn×n is non-unique.

(ii) If t ∈ IMP then t = tN(t) and IMP(t) = IMP(t−) ∪
{

tN(t)

}
so that (14) becomes the

following:

Ω(t) =
(

In + K
(
t−
)

Â
(
t−
))

Ω
(
t−
)

=
(

In + K
(
t−
)

Â
(
t−
))(

e
∫ t−

tN(t− )−1
A(τ)dτ

)(
∏

N(t−)−1
i=1

[
e
∫ t−i+1

ti
A(τ)dτ(In + K

(
t−i
)

Â
(
t−i
))])(

e
∫ t−1

0 A(τ)dτ

) (15)

and
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Ω
(
t−
)
=

(
e
∫ t−

tN(t−)−1
A(τ)dτ

)(
∏N(t−)−1

i=1

[
e
∫ t−i+1

ti
A(τ)dτ(In + K

(
t−i
)

Â
(
t−i
))])(

e
∫ t−1

0 A(τ)dτ

)
(16)

If 0 = t1 ∈ IMP, then

Ω(t) =
(

In + K
(
t−
)

Â
(
t−
))(

e
∫ t−

tN(t−)−1
A(τ)dτ

)(
∏N(t−)−1

i=1

[
e
∫ t−i+1

ti
A(τ)dτ(In + K

(
t−i
)

Â
(
t−i
))])

(17)

If 0 = t1 ∈ IMP and t ∈ IMP, then t = tN(t), tN(t−)−1 = tN(t)−2, and
tN(t−) = tN(t)−1 so that

Ω(t) =
(

In + K(t−)Â(t−)
)
Ω(t−)

=
(

In + K(t−)Â(t−)
)(

∏
N(t)−1
i=1

[
e
∫ ti+1

ti
A(τ)dτ(In + K

(
t−i
)

Â
(
t−i
))])

=
(

In + K(t−)Â(t−)
)
e
∫ t

tN(t−)−1
A(τ)dτ

(
∏

N(t−)−1
i=1

[
e
∫ ti+1

ti
A(τ)dτ(In + K

(
t−i
)

Â
(
t−i
))]) (18)

Proof. It turns out from (11)–(12) that

x(t) = e
∫ t

ti+1
A(τ)dτ

x(ti+1)if t ∈ [ti+1, ti+2)and ti+1, ti+2(> ti+1) ∈ IMP (19)

x(ti+1) = x
(

t−i+1

)
+
∫ ti+1

t−i+1

.
x(τ)dτ

= x
(

t−i+1

)
+
∫ ti+1

t−i+1
K(τ)Â

(
t−i+1

)
x
(

t−i+1

)
δ(ti+1 − τ)dτ

=
(

In + K
(

t−i+1

)
Â
(

t−i+1

))
x
(

t−i+1

)
=
(

In + K
(

t−i+1

)
Â
(

t−i+1

))
e
∫ ti+1

ti
A(τ)dτx(ti)

(20)

The last identity arising since A(t) is not impulsive; thus, (20) into (19) yields if t ∈
[ti+1, ti+2):

x
(
t−
)
= e

∫ t
ti+1

A(τ)dτ
x(ti+1) =

(
e
∫ t

ti+1
A(τ)dτ

(
In + K

(
t−i+1

)
Â
(

t−i+1

)))
e
∫ t−i+1

ti
A(τ)dτx(ti) (21)

and using recursive calculations for t ∈ [ti+1, ti+2]:

x(t) =
(

In + K(t−)Â(t−)
)
e
∫ t−

t−i+1
A(τ)dτ

x(ti+1)

=
(

In + K(t−)Â(t−)
)(

e
∫ t−

ti+1
A(τ)dτ(

In + K
(
t−i+1

)
Â
(
t−i+1

)))(
e
∫ t−i+1

ti
A(τ)dτ

)
x(ti)

=
(

In + K(t−)Â(t−)
)[(

e
∫ t−

ti+1
A(τ)dτ(

In + K
(
t−i+1

)
Â
(
t−i+1

)))(
e
∫ t−i+1

ti
A(τ)dτ(In + K

(
t−i
)

Â
(
t−i
)))](

e
∫ t−i

ti−1
A(τ)dτ

)
x(ti−1)

=
(

In + K(t−)Â(t−)
)[(

e
∫ t

ti+1
A(τ)dτ(

In + K
(
t−i+1

)
Â
(
t−i+1

)))
× . . . ×

(
e
∫ t2

t1
A(τ)dτ(In + K

(
t−1
)

Â
(
t−1
)))](

e
∫ t−1

0 A(τ)dτ

)
x0

(22)

which proves (13) for any given finite x0 = x(0) and any t ∈ R0+. This implies that
x(t) = Ω(t)x0; t ∈ R0+ via the evolution operator (14). The solution is unique for given
finite initial conditions because (22) is explicit and unique for finite given initial conditions.
It turns out from (13) that the evolution operator that generates this solution for any given
finite initial conditions is (14). From Theorem 1, this evolution operator is unique at each
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time interval [ti, ti+1) for any ti, ti+1 ∈ IMP and any finite initial condition x0. It turns out
that, as outlined below:

(a) the evolution operator is unique on ∪ti ,ti+1∈IMP[ti, ti+1) if cardIMP = Nimp = χ0, i.e.,
if there are infinitely many impulsive time instants;

(b) the evolution operator is unique on
(
∪ti ,ti+1∈IMP[ti, ti+1)

)
∪
[
tNimp ,+∞

)
if Nimp < χ0,

i.e., if there is a finite number of impulsive time instants;
(c) the evolution operator is unique on [0,+∞) if, and only if, there is no sequence of im-

pulsive gains
{

K′(t−i )}ti∈IMP ̸=
{

K
(
t−i
)}

ti∈IMP such that

x
(
t−i
)
∈ Ker

{(
K
(
t−i
)
− K′(t−i ))Â

(
t−i
)}

for at least a ti ∈ IMP. Otherwise, assume
that there is ti ∈ IMP and another impulsive gain matrix K′(t−i ) ̸= K

(
t−i
)

such
that, given x

(
t−i
)
, the right limit of the solution at ti is x(ti) = K

(
t−i
)

Â
(
t−i
)

x
(
t−i
)
=

K′(t−i )Â
(
t−i
)

x
(
t−i
)
. As a result, distinct evolution operators generate an identical

solution at ti and the evolution operator is not unique on [0,+∞). Then, the evolution
operator Ω : R0+ → Rn×n is unique on [0,+∞) if, and only if, for any sequence of im-
pulsive gains

{
K′(t−i )}ti∈IMP of the matrix of dynamics, such that

{
K′(t−i )}ti∈IMP ̸={

K
(
t−i
)}

ti∈IMP, one has that x
(
t−i
)
∈ Ker

{(
K
(
t−i
)
− K′(t−i ))Â

(
t−i
)}

for all ti ∈ IMP.

Then, Property (i) has been proved. Property (ii) follows directly for the mentioned
particular cases of the evolution operator (14). □

Note that the global non-uniqueness of the evolution operator in Theorem 2 (i)
on [0,+∞) is lost when there is one ti ∈ IMP for which there is some impulsive
gain K′(t−i ) ̸= K

(
t−i
)

such that x(ti) = K
(
t−i
)

Â
(
t−i
)

x
(
t−i
)
= K′(t−i )Â

(
t−i
)

x
(
t−i
)
. In

this case, the same solution is achieved for distinct impulsive gain matrices. Equiva-
lently, the evolution operator is unique if, and only if, K′(t−i ) ̸= K

(
t−i
)
, one has that

x
(
t−i
)

/∈ Ker
{(

K
(
t−i
)
− K′(t−i ))Â

(
t−i
)}

for each x
(
t−i
)

for ti ∈ IMP. We can easily see that,
except in some particular cases, the global uniqueness of the evolution operator over time
becomes lost.

Note also that the above impulsively parameterized system can be considered as a limit
case of a switched system where switches are instantaneous at the switching time instants
and the former configuration is re-established immediately after the impulsive actions. In
this context, a switched differential system would be of the form

.
x(t) = Aσ(t)x(t). Assume

that ti ∈ IMP, then, for t → t−i , one has
.
x
(
t−i
)
= Aσ(t−i )x

(
t−i
)

and for t → t+i (sayti) , one

has
.
x(ti) = Aσ(ti)

x(ti) =
[

Aσ(t−i ) + ∆
(

A
(
t−i , K

(
t−i
)))]

x(ti).

Remark 1. Some examples that visualize that the evolution operator of the proportional instanta-
neous finite-jumps system (11)–(12) is not always unique for all time are as follows:

(a) There is some ti ∈ IMP such that x
(
t−i
)
= 0, then x(ti) = 0 for the scheduled impulsive

gain K(ti) but also for any other impulsive gain K′(t−i ) ̸= K
(
t−i
)
;

(b) The order of the system is n ≥ 2, the impulsive gain matrix sequence consists of diagonal
matrices and there is one impulsive time instant ti such that the first component is x1

(
t−i
)
= 0.

Then, any other diagonal gain matrix K′(t−i ) that coincides with the given one in all the
diagonal entries except in the first one generates the same x(ti) with x1(ti) = 0 under all
such gains, including for K

(
t−i
)
.

Now, consider the following alternative impulsive system to (11)–(12), which is a
non-proportional instantaneous finite-jumps system depending on the left values of the
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matrix of dynamics A(t) for t ∈ IMP, while the impulsive actions are, instead, additive to
A(t−) in the differential system:

.
x(t) = (A(t) + ∆(t))x(t); x(0) = x0 (23)

∆(t) = ∑ti∈IMP(t) K
(
t−
)
δ(t − ti) (24)

Note that x(ti)− x
(
t−i
)
= K(ti)x

(
t−i
)

(instead of K(ti)Â
(
t−i
)
x
(
t−i
)

as it happened in
(11)–(12)) if ti ∈ IMP and x(t) = x(t−) if t /∈ IMP. Note that the increments between the
right and the left values of the matrix of dynamics A(t) at impulsive time instants are not
proportional to its left value, in contrary to (11)–(12). This implies, in fact, that the feedback
solution information from the left limit value of the matrix of the dynamics A(t) value to
its right limit value disappears in (23)–(24) with respect to (11)–(12). Thus, the following
result is the direct counterpart one for the impulsive system (23)–(24) of Theorem 2:

Theorem 3. The following properties hold:

(i) The unique solution of the instantaneous finite-jumps system (23)–(24) is given by the
expression below:

x(t) = (In + K(t−))

(
e
∫ t−

tN(t−)−1
A(τ)dτ

)(
∏

N(t−)−1
i=1

[
e
∫ t−i+1

ti
A(τ)dτ(In + K

(
t−i
))])(

e
∫ t−1

0 A(τ)dτ

)
x0

= (In + K(t−))x(t−); t ∈ R0+

(25)

where t0 = 0; K
(
t−0
)
= K(0−); x0 = x(0); {ti}i∈Z+

; IMP(t−) =
{

t1, t2, · · · , tN(t−)

}
if

K(0−) = 0; and IMP(t−) =
{

t0 = 0, t1, · · · , tN(t−)

}
if K(0−) ̸= 0 is the impulsive set

of time instants on [0, t) whose cardinal is N(t−). Thus, the solution of (23)–(24) is given
by x(t) = Ωa(t)x0;t ∈ R0+, where, in general, the non-unique evolution operator is now
redefined as follows, with respect to its definition Ω(t) of Theorem 2:

Ωa(t) = (In + K(t−))Ωa(t−)

= (In + K(t−))

(
e
∫ t−

tN(t−)−1
A(τ)dτ

)(
∏

N(t−)−1
i=1

[
e
∫ t−i+1

ti
A(τ)dτ(In + K

(
t−i
))])(

e
∫ t−1

0 A(τ)dτ

)
(26)

The evolution operator Ωa : R0+ → Rn×n is unique on [0,+∞) if, and only if, there is no
sequence of impulsive gains

{
K′(t−i )}ti∈IMP ̸=

{
K
(
t−i
)}

ti∈IMP of the matrix of dynamics
such that x

(
t−i
)
∈ Ker

{(
K
(
t−i
)
− K′(t−i ))} for at least a ti ∈ IMP. Equivalently, if there

is at least a ti ∈ IMP such that x
(
t−i
)
∈ Ker

{(
K
(
t−i
)
− K′(t−i ))}, with K′(t−i ) ̸= K

(
t−i
)
,

then Ωa : R0+ → Rn×n is non-unique.
(ii) If t ∈ IMP, then t = tN(t) and IMP(t) = IMP(t−) ∪

{
tN(t)

}
so that (26) becomes the

following:

Ωa(t) =

(
∏N(t)−1

i=1

[
e
∫ t−i+1

ti
A(τ)dτ(In + K

(
t−i
))])(

e
∫ t−1

0 A(τ)dτ

)
(27)

and

Ωa
(
t−
)
=

(
e
∫ t−

tN(t−)−1
A(τ)dτ

)(
∏N(t−)−1

i=1

[
e
∫ t−i+1

ti
A(τ)dτ(In + K

(
t−i
))])(

e
∫ t−1

0 A(τ)dτ

)
(28)
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If 0 = t1 ∈ IMP, then

Ωa(t) =
(

In + K
(
t−
))

e
∫ t−

ti+1
A(τ)dτ

(
∏N(t−)−1

i=1

[
e
∫ t−i+1

ti
A(τ)dτ(In + K

(
t−i
))])

(29)

If 0 = t1 ∈ IMP and t = tN(t) ∈ IMP, then

Ωa(t) = (In + K(t−))Ωa(t−)

= (In + K(t−))
(

∏
N(t)−1
i=1

[
e
∫ ti+1

ti
A(τ)dτ(In + K

(
t−i
))])

= (In + K(t−))e
∫ t

tN(t−)−1
A(τ)dτ

(
∏

N(t−)−1
i=1

[
e
∫ ti+1

ti
A(τ)dτ(In + K

(
t−i
))]) (30)

3. Impulsive Time-Varying Differential Systems with Constant Point
Delays and Their Evolution Operator

The results of Section 2 are reformulated for the case where the dynamics include
a finite number of constant point delays, with the associated dynamic matrices being
bounded and piecewise-continuous on R0+ in the more general setting. The impulsive
actions can take place in both the delay-free dynamics and in all or some of the delayed
dynamics.

Consider the following impulsive differential system of order n with proportional
instantaneous finite jumps and with p, in general, incommensurate constant point delays
hi; i ∈ p, subject to hi < hj if j, i(< j) ∈ p:

.
x(t) = (A(t) + ∆(t))x(t) + ∑p

i=1(Ai(t) + ∆i(t))x(t − hi) (31)

∆(t) = ∑ti∈IMPA(t) K
(
t−
)

Â
(
t−
)
δ(t − ti) (32)

∆i(t) = ∑ti∈IMPAi(t)
Ki
(
t−
)

Âi
(
t−
)
δ(t − ti) (33)

for i ∈ p, where the admissible function of the initial conditions φ :
[
−hp, 0

]
→ Rn , with

x(0) = φ(0) = x0, is bounded piecewise-continuous on
[
−hp, 0

]
. The matrix function

A : R0+ → Rn×n of delay-free dynamics is bounded, piecewise-continuous, and Lebesgue-
integrable on R0+ and the matrix functions Ai : R0+ → Rn×n ; i ∈ p associated with the
delayed dynamics of the various delays are bounded piecewise-continuous. The matrix
function Â : R0+ → Rn×n is defined in such a way that Âij(t−) = Aij(t−) if the (i, j)-
entry of A(t−) is impulsive and Âij(t−) = 0, otherwise, for i, j ∈ n. In the same way,
Âkij(t−) = Akij(t−) if the (i, j)-entry of Ak(t−) is impulsive and Âkij(t−) = 0, otherwise,
for i, j ∈ n and k ∈ p.

The above Equations (31)–(33) reflect that impulses also occur for the delayed terms.
It turns out that K(t−)

(
∈ Rn×n) ̸= 0 iff t ∈ IMPA, and Ki(t−)

(
∈ Rn×n) ̸= 0 iff

t ∈ IMPAi, where IMPA =
{

t ∈ R0+ : K(t−)Â(t−) ̸= 0
}

is the impulsive set of time in-
stants of A : R0+ → Rn×n , and IMPAi =

{
t ∈ R0+ : Ki(t−)Âi(t−) ̸= 0

}
is the impulsive

set of time instants of Ai : R0+ → Rn×n for i ∈ p, and IMPA(t) = {τ(≤ t) ∈ IMPA},
IMPA(t−) = {τ(< t) ∈ IMPA}, IMPAi(t) = {τ(≤ t) ∈ IMPAi}, and IMPAi(t−) =

{τ(< t) ∈ IMPAi} for i ∈ p.
The impulsive sets on time intervals [t − σ, t], [t − σ, t), and (t − σ, t) of A(t) are de-

noted, respectively, as IMPA[t − σ, t], IMPA[t − σ, t), IMPA(t − σ, t], and IMPA(t − σ, t)
such that IMPA[t − σ, t] = IMPA[t − σ, t) ∪ {t} if t ∈ IMPA, IMPA[t − σ, t] =

IMPA(t − σ, t] ∪ {t − σ} if (t − σ) ∈ IMPA, and IMPA[t − σ, t] = IMPA(t − σ, t) ∪
{t − σ} ∪ {t} if (t − σ), t ∈ IMPA.
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Close definitions apply “mutatis mutandis” for the impulsive set of time instants
of Ai(t) for i ∈ p. The whole impulsive set for impulses in any matrix of dynamics is
IMP = {tk}k∈cardIMP = IMPA ∪

(
∪i∈p IMPAi

)
.

3.1. Trajectory Solution of the Differential Impulsive System with Delays

The following result is immediate from (31)–(33):

Proposition 2. Assume that IMP = {tk}k∈cardIMP = IMPA ∪
(
∪i∈p IMPAi

)
with IMP can

be either finite (i.e., the number of impulses is finite) or infinity numerable (i.e., the number
of impulses is infinite but they are located through time) so that cardIMP ≤ χ0. Then,
the unique solution of (31)–(33) for any given admissible function of the initial conditions
φ :
[
−hp, 0

]
→ Rn with x(0) = φ(0) = x0 is as follows:

x
(
t−
)
= e

∫ t−
tk

A(τ)dτ
x(tk) + ∑p

i=1

∫ t−

tk

e
∫ t−

τ A(σ)dσ Ai(τ)x(τ − hi)dτ (34)

x(t) =
(

In + K
(
t−
)

Â
(
t−
))

x
(
t−
)
+∑p

i=1 Ki
(
t−
)

Âi
(
t−
)

x
(
t− − hi

)
(35)

for any t ∈ [tk, tk+1], provided that tk, tk+1 ∈ IMPA ∪ IMPAi.
In particular, if t ∈ IMPA and t /∈ IMPAi for some i ∈ p then, one has, from (35)

x(t) =
(

In + K
(
t−
)

Â
(
t−
))

x
(
t−
)

If t ∈ IMPA ∪ (∪i∈Π IMPAi) for Π(⊆ p), then

x(t) =
(

In + K
(
t−
)

Â
(
t−
))

x
(
t−
)
+∑i∈Π Ki

(
t−
)

Âi
(
t−
)
x
(
t− − hi

)
If t ∈ ∪i∈Π IMPAi for Π(⊆ p) and t /∈ IMPA, then from (35),

x(t) = x
(
t−
)
+∑i∈Π Ki

(
t−
)

Âi
(
t−
)
x
(
t− − hi

)
.

Note that, since the impulsive matrix of any (delayed or not) particular matrix of
dynamics is zero if the impulse does not affect such a matrix A(.) and A(.)(.), then (35) is
also valid for all the particular cases of Proposition 2.

The last additive term in (34) reflects the contribution of all the delayed impulsive
terms of the form x(t − hi) on the time interval [tk − hi, t − hi] for all i ∈ p. Each of them
can be empty, for instance, if there is no impulse associated with x(τ) in such an interval.

A particular case of the above result is direct under the following assumption of
constant time intervals of size in-between consecutive impulsive time instants:

Assumption 1. Assume that IMP =
{

ti = iT : x(ti) ̸= x
(
t−i
)}

if 0 /∈ IMP
, and IMP = {ti}i∈Z+

= {(i − 1)T}i∈Z+
if 0 ∈ IMP, i.e., there are infinitely many

impulses through time with a constant time interval T in-between each two consecutive impulses.

Define ji(t) = max(j ∈ Z0+ : jT ≤ t − hi) for i ∈ p ∪ {0} with h0 = 0. Then, t − hi =

ji(t)T iff (t − hi) ∈ IMP so that K(t− − hi) = K(ji(t)T−)( ̸= 0) iff (t − hi) ∈ IMP and
ji(t) < ji−1(t) for i ∈ p and t ∈ R0+.

Define also for each t ∈ R0+ a proper, improper—which can be empty (if the impulsive
set in

[
t − hp, t

]
is empty)—subset p(t) of p ∪ {0} by the following:

p(t) = {z ∈ p ∪ {0} : (t − hz) ∈ IMP} for t ∈ R0+, which is the indexing set of the
impulsive time instants that occurred on

[
t − hp, t

]
. As a result, K(t− − hi) = K(ji(t)T−) is

non-zero iff i ∈ p(t). As a result, i ∈ p(t) (t − hi) ∈ IMP, implying that t − hi = ji(t)T.
The following result is an immediate consequence of Proposition 2 and Assumption 1:
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Proposition 3. Assume that IMP = {ti}i∈Z+
= {iT}i∈Z+

(Assumption 1), the unique solution
of (31)–(33) for any given admissible function of the initial conditions φ :

[
−hp, 0

]
→ Rn with

x(0) = φ(0) = x0 is as follows:

x
(
t−
)
= e

∫ t−
kT A(τ)dτx(kT) + ∑p

i=1

∫ t−

kT
e
∫ t−

τ A(σ)dσ Ai(τ)x(τ − hi)dτ (36)

x(t) =
(

In + K(t−)Â(t−)
)

x(t−) + ∑
p
i=1 Ki(t−)Âi(t−)x(t− − hi)

=
(

In + K(t−)Â(t−)
)[

e
∫ t−

kT A(τ)dτx(kT) + ∑
p
i=1

∫ t−
kT e

∫ t−
τ A(σ)dσ Ai(τ)x(τ − hi)dτ

]
+ ∑

p
i=1 Ki(t−)Âi(t−)x(t− − hi)

forany t ∈ [kT, (k + 1)T]

(37)

The next assumption relaxes the constraint that the time interval between consecutive
impulsive time instants is constant but is still assumed to be an integer multiple of a positive
real constant.

Assumption 2. If IMP ∋ ti = jiT for some positive integer ji = j(i) ≤ i
, then all the impulses on the interval

[
t − hp, t

]
take place at time instants tk = jkT subject

to t − hi ≤ tk = jkT ≤ t.

Note from Assumption 2 the following:

(1) If t ∈ IMP, then all the impulsive time instants in
[
t − hp, t

]
are in a non-empty set

IMP
[
t − hp, t

]
of cardinal m = m(t) ≥ 1 and the impulsive time instants are of the

form{
t1
i = i1T = ti1 , t2

i = i2T = ti2 , · · · , t = ti = imT
}

, whereik, ij(< ik) ∈ Z+forj < k

(2) The impulsive sets in
[
t − hp, t

]
and

[
t − hp, t

)
can be empty and they verify the

relations IMP
[
t − hp, t

]
=

{
IMP

[
t − hp, t

)
i f t /∈ IMP

IMP
[
t − hp, t

)
∪ {t} i f t ∈ IMP

.

Note that the above impulsive sets are identical iff t /∈ IMP and that they are jointly
empty iff there are no impulses in the time interval

[
t − hp, t

)
and t /∈ IMP.

Assumption 2 implies that the impulsive time instants are (in general, non-consecutive)
integer multiples of a constant time interval T rather than aperiodic [42–44]. The delays
in that case are still, in general, incommensurate since they are not necessarily integer
multiples of a minimum base delay h. However, the case of commensurate delays can be
dealt with simply as a particular case with hi = ih for i ∈ p. The following result follows
directly from Proposition 2 and Assumption 2:

Proposition 4. If Assumption 2 holds, then one has for any two consecutive tk(= jkT)

, tk+1(= jk+1T) ∈ IMP that

x(jk+1T) =
(

In + K(jk+1T−)Â
(

jk+1
−))x(jk+1T−) + ∑

p
i=1 Ki(jk+1T−)Âi(jk+1T−)x(jk+1T− − hi)

=
(

In + K(jk+1T−)Â
(

jk+1
−))

×
[

e
∫ jk+1 T−

jk T A(τ)dτ
x(jkT) + ∑

p
i=1

∫ jk+1T−

jk T e
∫ jk+1 T−

τ A(σ)dσ Ai(τ)x(τ − hi)dτ

]
+ ∑

p
i=1 Ki(jk+1T−)Âi(jk+1T−)x(jk+1T− − hi)

(38)

And, if t ∈ [tk, tk+1), then

x(t) = e
∫ t

jk T A(τ)dτ
x(jkT) + ∑p

i=1

∫ t

jkT
e
∫ t

τ A(σ)dσ Ai(τ)x(τ − hi)dτ (39)
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The evolution operator, which gives the solution for any given function of the initial
conditions, follows directly from Proposition 2:

Proposition 5. Assume that IMP = {tk}k∈Z+
. Then, in general, the non-unique evolu-

tion operator that generates the solution (34)–(35) of the differential system (31)–(32) on [tk, t],
with tk, tk+1 ∈ IMP being consecutive impulsive time instants and t ∈ [tk, tk+1] ∈ R0+, is defined
recursively as follows:

Z
(
t−, tk

)
= e

∫ t−
tk

A(τ)dτ
Z(tk, 0) + ∑p

i=1

∫ t−

tk

e
∫ t−

τ A(σ)dσ Ai(τ)Z(τ − hi, 0)dτ (40)

Z
(
t, t−

)
=
(

In + K
(
t−
)

Â
(
t−
))

Z
(
t−, tk

)
+ ∑p

i=1 Ki
(
t−
)

Âi
(
t−
)
Z
(
t− − hi, 0

)
(41)

and Z(t, t) = In, Z(t, τ) = 0n for t ∈ R0+, and Z(t, t−) = In if t /∈ IMP for any t, (τ > t) ∈
R0+. The evolution operator is, in general, clearly non-unique and time-differentiable in the open
real interval ∪ti∈IMP(ti, ti+1). If the impulsive set of time instants is finite such that tM =

{maxt : t ∈ IMP} < +∞, then the evolution operator is time-differentiable in the open real
interval

(
∪ti∈IMP(ti, ti+1)

)
∪ (tM,+∞).

The non-uniqueness of the evolution operator can be addressed under similar con-
siderations as those used in the proof of Theorem 2 based on the fact that, except for
particular cases of the choices of the impulsive gains, the right limits of the solution at
impulsive time instants are achievable for more than one impulsive gain from the given
reached values of the solution of their left limits. Particular versions of the evolution
operator of Proposition 2 follow directly from Propositions 3 and 4 under Assumptions
1 and 2. The particular evolution operators arising for the particular cases discussed in
Proposition 2 follow directly from such a result and they are then not displayed explicitly in
Proposition 5.

3.2. Some Results on the Solution Boundedness and the Global Stability

The subsequent result relies on the global boundedness of the solution of the impulsive
time-delay system in the event that the matrix A(t) is a stability matrix for all time, provided
that a minimum threshold in-between consecutive impulsive time instants is respected
under sufficient smallness in the norm terms of the matrices of dynamics and that of the
impulsive matrix gain. A second part of the result relies on the global stabilization of the
differential system by the appropriate choice of the impulsive matrix gain and the set of
impulsive time instants, even if the matrix of delay-free dynamics is not stable for any
time. The mechanism to achieve stabilization is that the impulses occur at a sufficiently
fast rate with the impulsive gain entries being of appropriate signs and of sufficiently large
amplitudes. For simplicity of the subsequent exposition, it is assumed that IMPAi = ∅
for i ∈ p so that IMP = IMPA. This simplification does not imply an essential loss in
generality since the resulting most general result could be easily reformulated.

Theorem 4. The following properties hold:

(i) Assume the following:

(1) IMP = IMPA;
(2) for any t ∈ R0+, Timpt = sup

tk ,tk+1(≤t)∈IMP
(tk+1 − tk) ≤ +∞ is the largest in-

terval between consecutive impulsive time instants, tk+1 ≥ tk + Tkm up until
the time instant “t” for some minimum k-inter-impulsive time interval thresh-
old Tkm(≥ Tm) ∈ R+ for any consecutive tk, tk+1(> tk) ∈ IMP with k-inter-
impulse time interval Tk = tk+1 − tk;
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(3) at = sup
0≤τ<+∞

∥A(τ)∥ < +∞, with the supremum spectral radius of A(t) satisfy-

ing sup
0≤τ<+∞

ρ(A(τ)) < 1, that is, all the eigenvalues of A(t) have a negative real

part for any t ∈ R0+,adt = max
i∈p

sup
0≤τ≤t

∥Ai(τ)∥ < +∞,kt = sup
0≤τ≤t

∥K(τ)∥ < +∞,

and

θk(t) =

∥∥∥∥∥e
∫ tk+Tkm

tk
A(τ)dτ

∥∥∥∥∥ ≤ θt = sup
tk ,(tk<tk+1≤t)∈IMP

(∥∥∥∥e
∫ tk+1

tk
A(τ)dτ

∥∥∥∥) < +∞ (42)

Then, a sufficient condition for sup
t∈R0+

∥x(t)∥ < +∞ for any given finite admissible

function of the initial conditions is outlined below:

limsup
t→∞

[
θt(1 + ktat)

(
1 + padtTimpt(1 + kt)

)]
≤ 1, (43)

In addition, (43) holds under the stronger sufficiency-type condition

θt ≤
1

(1 + ktat)
(
1 + padtTimpt(1 + kt)

) (44)

for all t ≥ t0 and some finite t0 ∈ R+.

In order for (44) to hold, a necessary condition is that tk+1 ≥ tk + Tkm with the inter-impulsive
minimum time-interval threshold Tkm being sufficiently small, satisfying:∥∥∥∥∥e

∫ tk+Tkm
tk

A(τ)dτ

∥∥∥∥∥(1 + ktat)(1 + padtTkm(1 + kt)) < 1 (45)

tk, tk+1(> tk) ∈ IMP with tk+1 = max(τ(< t) ∈ IMP)

(ii) Assume that the conditions of Property (i) hold, except the one invoking that the con-
straint sup

0≤τ<+∞
ρ(A(τ)) < 1 holds; furthermore, assume, that for each t ∈ R0+, there

exists at least a time instant ξtk ∈
[
tk + Tkm, tk + Tkm + hp

]
such that Â

(
ξ−tk

)
is non-

singular and the maximum inter-impulse time interval
(
Tkm + hp

)
is sufficiently small. The

set of impulsive time instants is effective for an admissible impulsive matrix function gain,
that is, if tk ∈ IMP, then Â

(
ξ−tk

)
x
(

ξ−tk

)
̸= 0. Then, the solution can be made globally

bounded for all time for any given admissible function of the initial condition—so that the
differential system is globally stable—by means of appropriate choices of a sufficiently short
choice of the impulsive set of time instants and the sign and amplitudes of the entries of
the impulsive matrix function gain K : R0+ → Rn×n . It can also be achieved under more
stringent conditions that lim

tk(∈IMP)
x(tk) = lim

tk(∈IMP)
x
(
t−k
)
= 0.

Proof. For any finite time instant t ∈ R+, define x−t = sup
0≤τ≤t−

∥x(τ)∥ and xt = sup
0≤τ≤t

∥x(τ)∥,

and also define x− = sup
0≤t≤+∞

∣∣x−t ∣∣ and x = sup
0≤τ≤+∞

|xt|. Those four amounts depend on

the parameterization, impulses, and initial conditions. One has from Proposition 2, and
Equations (35) and (34) that

xt ≤ (1 + ktat)x−t ≤ (1 + ktat)θt
(
1 + padtTimpt(1 + kt)

)
xαk(t) (46)

x−t ≤ θt
(
1 + padtTimpt(1 + kt)

)
xαk(t) ≤ θt

(
1 + padtTimpt(1 + kt)

)
(1 + ktat)x−

αk(t)
(47)
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where αk(t) = min(t − h1, tk(t)) with tk(t) = max(tk(< t) ∈ IMP). Note that xt ≥ xαk(t)
and that x−t ≥ x−

αk(t)
by construction of the supremum since 0 < (t − αk(t)) ≤ γ for all

t ∈ R0+. It turns out from (46)–(47) that x− < +∞ and x < +∞ if (43) holds, guaranteed
by (44) for some finite t0 ∈ R+, for which a necessary condition is that Tkm should be
sufficiently small according to (45) since θt ≥ θk(t) and Timpt ≥ Tkm since

∥∥∥∥∥e
∫ tk+Tkm

tk
A(τ)dτ

∥∥∥∥∥ = θk(t) ≤ θt = sup
tk ,(tk+1≤t)∈IMP

(∥∥∥∥e
∫ tk+1

tk
A(τ)dτ

∥∥∥∥)
<

1
(1 + ktat)

(
1 + padtTimpt(1 + kt)

) ≤ 1
(1 + ktat)(1 + padtTkm(1 + kt))

(48)

that is, only if (45) holds. Property (i) has been proved.
Now, Property (iii) is proved. For the entry-to-entry definition of the matrices

K(t) =
(
Kij(t)

)
and Â(t−) =

(
Âij(t−)

)
, rewrite (35) equivalently, as follows, provided that

∑n
k=1 Â↕k(t−)xk(t−) is non-zero for some ↕ = ↕(t) ∈ n and each t ∈ IMP so that

xi(t) = xi(t−) + ∑n
j=1 ∑n

k=1 Kij(t−)Âjk(t−)xk(t−)
= xi(t−) + Ki↕(t−)∑

n
k=1 Â↕k(t−)xk(t−) + ∑n

j( ̸=↕)=1 ∑n
k=1 Kij(t−)Âjk(t−)xk(t−)

(49)

that xi(t) = λi(t)xi(t−) with

λi(t) = 1 + Ki↕
(
t−
)
∑n

k=1 Â↕k
(
t−
)
xk
(
t−
)
+ ∑n

j( ̸=↕)=1 ∑n
k=1 Kij

(
t−
)

Âjk
(
t−
)
xk
(
t−
)

(50)

and 0 < |λi(t)| ≤ ςi(t) ≤ 1 if

−
(

ςi(t) + 1 + ∑n
j( ̸=↕)=1 ∑n

k=1 Kij(t−)Âjk(t−)xk(t−)
)

≤ Ki↕(t−)∑
n
k=1 Â↕k(t−)xk(t−)

≤ ςi(t)− 1 − ∑n
j( ̸=↕)=1 ∑n

k=1 Kij(t−)Âjk(t−)xk(t−)

(51)

that is,

−
ςi(t) + 1 + ∑n

j( ̸=↕)=1 ∑n
k=1 Kij(t−)Âjk(t−)xk(t−)

∑n
k=1 Â↕k(t−)xk(t−)

≤ Ki↕(t)

≤
ςi(t)− 1 − ∑n

j( ̸=↕)=1 ∑n
k=1 Kij(t−)Âjk(t−)xk(t−)

∑n
k=1 Â↕k(t−)xk(t−)

(52)

Now, note the following:

(1) In the event that ∑n
k=1 Â↕k(t−)xk(t−) = 0 for some t ∈ IMP and all ↕ = ↕(t) ∈ n,

then the formula (52) has division by zero and one has, equivalently, Â(t−)x(t−) = 0
and x(t) = x(t−) so that t is then an ineffective impulsive time instant (Definition 1,
Proposition 1) irrespective of the value of the impulsive matrix gain;

(2) If the impulsive set IMP is effective irrespective of any non-zero matrix function
gain K(t), then Â(t−)x(t−) ̸= 0 for all t ∈ IMP (Definition 2, Definition 3, and
Proposition 1). Thus, by virtue of the given hypothesis, Â(t−)x(t−) ̸= 0 for all
t ∈ IMP, equivalently ∑n

k=1 Â↕k(t−)xk(t−) ̸= 0 so that (52) is well-posed without
division by zero;

(3) Since +∞ ≥ TkM = tk+1 − tk ≥ hp and then

hp ≤ TM = sup
t∈R0+

Timpt = sup
t∈R0+

sup
tk ,tk+1(≤t)∈IMP

(tk+1 − tk) ≤ +∞
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Thus, it follows as a result that if x(τ) = 0 for τ ∈ [t, t + TM], then x(t) = 0 for t > TM,
and the differential system has then been stabilized in finite time;

(4) If x(τ) is not identically zero on
[
tk + Tkm, tk + Tkm + hp

]
for any tk ∈ IMP, then

there is always (at least) an eligible effective impulsive time instant ξtk (= tk+1) ∈[
tk + Tkm, t + Tkm + hp

]
∩ IMP subsequent to “tk” by hypothesis and provided that

x
(

ξ−tk

)
̸= 0 since for each t ∈ R0+, there exists at least one such a time instant ξtk , such

that Â
(

ξ−tk

)
is non-singular and then Â

(
ξ−tk

)
x
(

ξ−tk

)
̸= 0 if x

(
ξ−t
)
̸= 0. Then, K(t) can

be defined so that at ξtk , K
(
ξ−t
)

Â
(
ξ−t
)
x
(
ξ−t
)
̸= 0 with ξtk ∈ IMP being an effective

impulsive time instant (see Definition 3 and Proposition 1) under the impulsive matrix
gain K(t) fulfilling the constraint (52) with the replacement t → ξtk . Thus, given an
effective tk ∈ IMP, the next tk+1 ∈ IMP can be fixed as tk+1 = tk + Tk such that
Tk ≥ Tkm fulfils the following constraint:

max
1≤i≤p

∣∣∣xi

(
t−k+1

)∣∣∣ = ∥∥∥x
(

t−k+1

)∥∥∥
∞
≤

max
1≤i≤p

((
λki − ςi

∥∥∥∥∥eT
i e
∫ t−k +Tk

tk
A(τ)dτ

∥∥∥∥∥
∞

)∥∥x
(
t−k
)∥∥

∞ +

∥∥∥∥∑
p
i=1 eT

i
∫ t−k +Tk

tk
e
∫ t−k +Tk

τ A(σ)dσ Ai(τ)x(τ − hi)dτ

∥∥∥∥
∞

) (53)

provided that 0 < ςi < min

(
1, λki/

∥∥∥∥∥eT
i e
∫ t−k +Tk

tk
A(τ)dτ

∥∥∥∥∥
∞

)
for i ∈ p, from (34)–(35) with

Ki ≡ 0, since IMPAi = ∅; i ∈ p, by hypothesis, and provided that K
(
t−k
)

fulfils the

constraint (52). It turns out that (53) implies
∥∥∥x
(

t−k+1

)∥∥∥
∞
≤
(

max
1≤i≤p

λki

)∥∥x
(
t−k
)∥∥

∞. Then,

one has the following features:

(1) If the real sequence
{

max
1≤i≤p

λki

}∞

k=1
⊂ (0, 1], then the sequence

{∥∥x
(
t−k
)∥∥

∞

}
is

bounded for any admissible function of the initial conditions. Since
{∥∥K

(
t−k
)∥∥}∞

k=1
is bounded, the sequence {∥x(tk)∥∞} is also bounded. Since the parameterization
of the differential system is bounded on each inter-impulse time interval [tk, tk+1),
then ∥x(t)∥∞ is bounded in ∪tk,tk+1

∈IMP[tk, tk+1] and then also in clR0+. This proves
Property (ii);

(2) If the real sequence
{

max
1≤i≤p

λki

}∞

k=1
satisfies limsup

k→∞

(
max

1≤i≤p
λki

)
≤ λ for some λ ∈ (0, 1),

then the sequence
{∥∥x

(
t−k
)∥∥

∞

}
is bounded for any admissible function of the initial

conditions and it converges asymptotically to zero. Since
{∥∥K

(
t−k
)∥∥}∞

k=1 is bounded,
then the sequence {∥x(tk)∥∞} is also bounded and it converges asymptotically to zero.
Since the parameterization matrices of the differential system are bounded on each
inter-impulse interval [tk, tk+1), which is finite unless the impulsive parameterization
ends in finite time, then ∥x(t)∥∞ is bounded in ∪tk,tk+1

∈IMP[tk, tk+1] and then also in
clR0+. □

Theorem 4 can be directly extended to the general case when ∪i∈p IMPAi ̸= ∅ by an
“ad hoc” re-statement of its proof by considering in (35) a non-null impulsive contribution
∑

p
i=1 Ki(t−)Âi(t−)x(t− − hi) for t ∈ IMP with IMP = IMPA ∪

(
∪i∈p IMPAi

)
.

Remark 2. Assume for simplicity of the subsequent explanation that IMP = IMPA. It
turns out that the impulsive system (31)–(33) provides relative jumps at the right-hand-side
of impulsive time instants, related to its value at the left limit of the time instant, according
to x(t) = x(t−) + K(t−)Â(t−)x(t−) defined by the matrix

(
In + K(t−)Â(t−)

)
but t ∈ IMP is
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ineffective if K(t−)Â(t−)x(t−) and this concern depends on the solution itself. A way to be able
to choose effective impulsive time instants in any case is the implementation of absolute jumps at
the impulsive time instants independent of the values at the left limits as follows. If t ∈ IMP,
then x(t) = x(t−) + K(t−)Â(t−) with the impulsive gain being a bounded real vector func-
tion K : R0+ → Rn with a support set consisting of isolated real points. In this case, any component
of x(t) can differ from its counterpart x(t−) by choosing to be non-zero for all the components
of K(t−) provided that Â(t−) is not identically zero. This also facilitates the stabilization by
an impulsive action through time by relaxing some of the conditions of Theorem 4. The finite
jumps x(t) = x(t−) + K(t−)Â(t−) in the solution come from the subsequent modification of the
impulsive differential system (31)–(33) with IMP = IMPA:

.
x(t) = A(t)x(t) + ∑p

i=1 Ai(t)x(t − hi) + u(t); u(t) = ∑ti∈IMPA(t) Â
(
t−
)
K
(
t−
)
δ(t − ti)

where u(t) is an impulsive open-loop (i.e., without using feedback) control, contrarily to (31)–
(33) [50], where, again, if IMP = IMPA, it can be rewritten as follows:

.
x(t) = A(t)x(t) + ∑p

i=1 Ai(t)x(t − hi) + u(t); u(t) = ∑ti∈IMPA(t) K
(
t−
)

Â
(
t−
)
δ(t − ti)x

(
t−
)

where now u(t) is an impulsive state-feedback control.

Remark 3. Note that the extension of the impulsive delay-free differential system (23)–(24) to its
delayed version might be viewed also as an impulsive open-loop controlled system of the form:

.
x(t) = A(t)x(t) + ∑p

i=1 Ai(t)x(t − hi) + u(t); u(t) = ∑ti∈IMPA(t) K
(
t−
)
δ(t − ti)

Note that the impulses are not state-dependent and are not related to abrupt modifications in the
matrix of delay-free dynamics at the impulsive time instants.

Remark 4. In the event that the system becomes time-invariant in a finite time t f , then the
impulsive actions can be removed in a finite time while keeping the stability as it is well-known.
Assume that for t ≥ t f the differential system is time-invariant as follows:

.
x(t) = Ax(t) + ∑p

i=1 Aix(t − hi) + u(t) =
(

A + ∑p
i=1 Ai

)
x(t) + ∑p

i=1 Ai(x(t − hi)− x(t)) + u(t)

It follows that it is globally asymptotically stable for any given finite admissible function of the
initial conditions if there are no impulses for t ≥ t f , i.e., u(t) = 0 for t ≥ t f , and, furthermore,

(a) A is a stability matrix and
p
∑

i=1
sup

ω∈R0+

∥∥∥∥ Ai
iωIn − A

∥∥∥∥
2
< 1 (guaranteed if

max
i∈p

sup
ω∈R0+

∥∥∥ Ai
iωIn−A

∥∥∥
2
< p−1);

(b) Or
(

A + ∑
p
i=1 Ai

)
is a stability matrix and

p
∑

i=1
sup

ω∈R0+

∥∥∥∥∥ Ai

iωIn − A − ∑
p
i=1 Ai

∥∥∥∥∥
2

<
1
2

(guar-

anteed if max
i∈p

sup
ω∈R0+

∥∥∥∥∥ Ai

iωIn − A − ∑
p
i=1 Ai

∥∥∥∥∥
2

<
1

2p
).

The above conditions guarantee that all the zeros of the characteristic equation
det
(

sIn − A − ∑
p
i=1 Aie−his

)
= 0 are in Res < 0—that is, equivalently, that(

sIn − A − ∑
p
i=1 Aie−his

)−1
exists for Res ≥ 0. As a result, the transfer matrix G(s) =(

sIn − A − ∑
p
i=1 Aie−his

)−1
∈ RHn×n

∞ —that is, it is strictly stable. See, for instance, [1,4].
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The above remark is induced to guess that the global asymptotic stability of the
time-varying differential system can be achieved in the absence of impulsive monitored
parameterizations, or under a finite number of them, if a nominal time-invariant limit
differential system of reference is globally asymptotically stable and the parametrical
deviations from it of the current differential system are sufficiently small through time. The
subsequent result relies on this feature.

Theorem 5. Assume that the three hypotheses below hold:

(1) Ãi(t) = Ai(t)− Ai; i ∈ p∪{0} are bounded piecewise-continuous for t ∈ R0+, where A0 =

A, Ã0(t) = Ã(t) = A(t) − A = A0(t) − A0 for t ∈ R0+ and some given constant
matrices Ai ∈ Rn×n; i ∈ p ∪ {0};

(2) For some finite t f ∈ R0+ and all t ≥ t f , sup
t≥t f

∣∣∣Ãijk (t)
∣∣∣ ≤ Eijk ; i ∈ p ∪ {0}; j, k ∈ n and Ei =(

Ei jk

)
for i ∈ p ∪ {0}; j, k ∈ n;

(3) Any of the two conditions below holds:

(3.1) A is a stability matrix and
p
∑

i=0
sup

ω∈R0+

∥∥∥∥ Ai + Ei
iωIn − A

∥∥∥∥
2
< 1, or if max

i∈p
sup

ω∈R0+

∥∥∥ Ai+Ei
iωIn−A

∥∥∥
2
<

p−1;

(3.2)
(

A + ∑
p
i=1 Ai

)
is a stability matrix and

p
∑

i=0
sup

ω∈R0+

∥∥∥∥∥ Ai + Ei

iωIn − ∑
p
i=0(Ai + Ei)

∥∥∥∥∥
2

<
1
2

or

if max
i∈p

sup
ω∈R0+

∥∥∥∥∥ Ai + Ei

iωIn − A − ∑
p
i=1 Ai

∥∥∥∥∥
2

<
1

2p

where Ei =
(

Ei jk

)
for i ∈ p ∪ {0}.

Then, the following properties hold:

(i) The nominal time-invariant differential system is globally asymptotically stable.

.
xL(t) = AxL(t) + ∑p

i=1 AixL(t − hi); xL(t) = φ(t)

with bounded piecewise-continuous initial conditions x(t) = φ(t) for t ∈
[
−hp, 0

]
.

Also, the auxiliary differential system is as follows:

.
x(t) = Ax(t) + ∑p

i=0(Ai + Ei)x(t − hi) = Ax(t) + ∑p
i=1 Aix(t − hi) + ∑p

i=0 Eix(t − hi)

with bounded piecewise-continuous initial conditions x(t) = φ(t) for t ∈
[
−hp, 0

]
,

h0 = 0, A0 = 0, Ã0(t) = Ã(t), and Ei =
(

Ei jk

)
for i ∈ p ∪ {0}; j, k ∈ n is globally

asymptotically stable;
(ii) The current differential system

.
x(t) = Ax(t) + ∑p

i=0

(
Ai + Ãi(t)

)
x(t − hi)

is globally asymptotically stable;
(iii) Assume that Ei = λi∥Ai∥2 In for some constants λi ∈ R0+; i ∈ p ∪ {0} with λ = max

i∈p∪{0}
λi.

Then, Properties (i)–(ii) hold if any of the conditions below hold:

(3.1’) A is a stability matrix and
p
∑

i=0
sup

ω∈R0+

∥∥∥∥ Ai
iωIn − A

∥∥∥∥
2
<

1
1 + λ

(which is guaranteed

under the sufficient condition max
i∈p

sup
ω∈R0+

∥∥∥ Ai
iωIn−A

∥∥∥
2
< 1

p(1+λ)
);
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(3.2’)
(

A + ∑
p
i=1 Ai

)
is a stability matrix and

p
∑

i=0
sup

ω∈R0+

∥∥∥∥∥ Ai

iωIn − ∑
p
i=0(Ai + Ei)

∥∥∥∥∥
2

<
1

2(1 + λ)
(which is guaranteed if

max
i∈p

sup
ω∈R0+

∥∥∥∥∥ Ai

iωIn − A − ∑
p
i=1 Ai

∥∥∥∥∥
2

<
1

2p(1 + λ)
).

Proof. Property (i) follows since any of the conditions (3.1) or (3.2) guarantee: (a) the global
asymptotic stability of the auxiliary system; and (b) the global stability of the time-invariant
nominal system since it satisfies the constraints 0 = sup

t≥t f

∣∣∣Ãijk (t)
∣∣∣ ≤ Eijk ; i ∈ p ∪ {0}, j, k ∈ n

included in any of the conditions (3.1) or (3.2). Property (i) has been proved.
To prove Property (ii), note that for t ≥ t f , one has, for any vector norm and corre-

sponding induced matrix norm,∥∥∥ .
x(t)

∥∥∥ ≤ ∥A∥∥x(t)∥+ ∑p
i=1∥Ai∥∥x(t − hi)∥+ ∑p

i=0∥Ei∥∥x(t − hi)∥

∥∥ .
x(t)

∥∥ ≤ ∥A∥∥x(t)∥+ ∑
p
i=1∥Ai∥∥x(t − hi)∥+ ∑

p
i=0

∥∥∥Ãi(t)
∥∥∥∥x(t − hi)∥

≤ ∥A∥∥x(t)∥+ ∑
p
i=1∥Ai∥∥x(t − hi)∥+ ∑

p
i=0∥Ei∥∥x(t − hi)∥

Since the function of the initial conditions is the same for the current differential system
and the auxiliary differential system, i.e., x(t) = x(t) = φ(t) for t ∈

[
−hp, 0

]
, then

∥∥ .
x(t)

∥∥ ≤
∥∥∥ .

x(t)
∥∥∥ = ∥A∥∥x(t)∥+ ∑p

i=1∥Ai∥∥x(t − hi)∥+ ∑p
i=0∥Ei∥∥x(t − hi)∥fort ∈

[
−hp, 0

]
and by complete induction based on the above differential inequality, one has the following:[

(x(t) = x(t)) ∧
(∥∥ .

x(t)
∥∥ ≤

∥∥∥ .
x(t)

∥∥∥); t ∈
[
−hp, 0

]]
⇒
(
∥x(t)∥ ≤ ∥x(t)∥; t ≥ −hp

)
Since from Property (i) x(t) → 0 and

.
x(t) → 0 as t → ∞ , and both the trajectory solution

and its time first-derivative are bounded for all time, then the current differential system
is also globally asymptotically stable—that is, the solution trajectory and its first time-
derivative are bounded for all time and converge asymptotically to zero as time tends to
infinity. Property (ii) has been proved. Property (iii) is a direct conclusion as a particular
case of Properties [(i)–(ii)] under any of the conditions (3.1′) or (3.2′), which are “ad hoc”
modifications of the conditions (3.1)–(3.2). □

A particular interest of the above result is when Ai(t) → Ai as t → ∞ for i ∈ p ∪ {0},
that is, when the nominal differential system of reference is a limiting system of the current
time-varying one.

A simple first-order example with a single point delay is described in detail to illustrate
the mechanism of stabilization under impulsive monitored parameterizations. The example
is illustrative to see, in an analytic way, the effects of the impulsive parameterization in
the solution with the main focus on the stability context and how closed-loop stabilization
can be achievable by an appropriate selection of the sign and amplitude of the impulsive
gains at suitable chosen effective impulsive time instants. The role in the stabilization of
the involvement of a finite or infinite number of impulsive time instants is also seen.

Example 1. Consider the subsequent differential equation:

.
x(t) = a(t)x(t) + ad(t)x(t − h) (54)
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With a finite delay h and impulsive effects in the function of delay-free dynamics, the impulsive
set of time instants is IMP = {tk}∞

k=1, a : R0+ → R is bounded piecewise-continuous in all
the inter-impulsive intervals (tk, tk+1)—with tk+1 = tk + Tk—and ad : R0+ → R is bounded
piecewise-continuous. The function of the initial conditions φ : [−h, 0] → R is bounded piecewise-
continuous with φ(0) = x(0) = x0. The solution is the following one for t ∈ [tk, tk+1) is given by
the following:

x(t−) = e
∫ t−

tk
a(τ)d(τ)

x(tk) +
∫ t−

tk
e
∫ t−

τ a(σ)dσad(τ)x(τ − h)dτ

=
(
1 + k

(
t−k
)
a
(
t−k
))

e
∫ t−

tk
a(τ)d(τ)

x
(
t−k
)
+
∫ t−

tk
e
∫ t−

τ a(σ)dσad(τ)x(τ − h)dτ

(55)

Thus,

x
(

t−k+1

)
=
(
1 + k

(
t−k
)
a
(
t−k
))

e
∫ t−k+1

tk
a(τ)d(τ)x

(
t−k
)
+
∫ t−k+1

tk

e
∫ t−k+1

τ a(σ)dσad(τ)x(τ − h)dτ (56)

Assume that the impulsive sequence of gains is claimed to guarantee that the matching ob-
jective x

(
t−k+1

)
= ρ(tk, tk+1)x

(
t−k
)

at the left limits of the impulsive time instant holds,

where {ρ(tk, tk+1)}∞
k=1 is bounded and limsup

tk→∞
ρ(tk, tk+1) ≤ ρ,liminf

tk→∞
ρ(tk, tk+1) ≥ −ρ where

ρ(≤ 1) ∈ R+. Note that if ρ = 1, then there exists a finite lim
tk→∞

∣∣x(t−k )∣∣. Then,

(
ρ(tk, tk+1)−

(
1 + k

(
t−k
)
a
(
t−k
))

e
∫ t−k+1

tk
a(τ)d(τ)

)
x
(
t−k
)
=
∫ t−k+1

tk

e
∫ t−k+1

τ a(σ)dσad(τ)x(τ − h)dτ (57)

equivalently,

k
(
t−k
)
a
(
t−k
)
e
∫ t−k+1

tk
a(τ)d(τ)x

(
t−k
)
=

(
ρ(tk, tk+1)− e

∫ t−k+1
tk

a(τ)d(τ)
)

x
(
t−k
)
−
∫ t−k+1

tk

e
∫ t−k+1

τ a(σ)dσad(τ)x(τ − h)dτ (58)

and equivalently, if tk ∈ IMP, is effective, then

k
(
t−k
)

= k
(
t−k , Tk

)
= a−1(t−k )

((
ρ(tk, Tk)e

−
∫ t−k +Tk

tk
a(τ)d(τ) − 1

)
− x−1(t−k )e−∫ t−k +Tk

tk
a(τ)d(τ)∫ t−k+1

tk
e
∫ t−k +Tk

τ
a(σ)d(σ)ad(τ)x(τ − h)dτ

)
(59)

Claim 1:
{∣∣x(t−k )∣∣}∞

k=1 is bounded.

Proof. Assume, on the contrary, that
{∣∣x(t−k )∣∣}∞

k=1 is unbounded. Then, for some large

M ∈ R+, there exists a strictly increasing subsequence
{∣∣∣x(t−kj

)∣∣∣}∞

j=1
of
{∣∣x(t−k )∣∣}∞

k=1

with
∣∣∣x(t−kj

)∣∣∣ ≤ cM for c(≥ 1) ∈ R+ but then
∣∣∣x(t−kj+1

)∣∣∣ ≤ ρkj+1−k1
∣∣∣x(t−kj

)
≤ cM

∣∣∣ρkj+1−k1

and limsup
j→∞

∣∣∣x(t−kj+1

)∣∣∣ ≤ cM lim
j→+∞

ρkj+1−k1(∈ [0, cM]) since ρ ≤ 1 is a contradiction. Then,{∣∣x(t−k )∣∣}∞
k=1 is bounded. □

Claim 2: If ρ = 1,
{∣∣x(t−k )∣∣}∞

k=1 is bounded and it does not converge to zero. Further-
more,

{∣∣k(t−k )∣∣}∞
k=1 is bounded, {|x(tk)|}∞

k=1 is bounded, and x : [−h,+∞) → R is bounded
if cardIMP = χ0 (i.e., if there are infinitely many impulses) and 0 < Tm < TM =

sup(tk+1 − tk)
tk ,tk+1∈IMP

< +∞. Then, the differential Equation (54) is globally stable for any given

admissible function of the initial conditions.
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Proof. The following
{∣∣x(t−k )∣∣}∞

k=1 is bounded if ρ = 1 since it is bounded for ρ ≤ 1
(Claim 1). Furthermore, since each tk ∈ IMP is effective,

{∣∣x(t−k )∣∣}∞
k=1 neither con-

verges to zero nor has some null element. On the other hand,
{∣∣k(t−k )∣∣}∞

k=1 is bounded
from (59), {|x(tk)|}∞

k=1 is bounded since
{∣∣k(t−k )∣∣}∞

k=1 and
{∣∣x(t−k )∣∣}∞

k=1 are bounded. Fi-
nally, since there are infinitely many impulses, and the time interval in-between any two
consecutive impulses is finite by the hypotheses, then x : [−h,+∞) → R is bounded in
∪tk ,tk+1∈IMP(tk, tk+1) since

{∣∣x(t−k )∣∣}∞
k=1 and {|x(tk)|}∞

k=1 are bounded from the bound-
edness and piecewise-continuity of a, ad : R0+ → R in ∪tk ,tk+1∈IMP(tk, tk+1). The global
stability of (54) follows as a result. □

Remark 5. Note that if cardIMP = χ0 and the objective x
(

t−k+1

)
= ρ(tk, tk+1)x

(
t−k
)
,

where {ρ(tk, tk+1)}∞
k=1 is bounded with limsup

tk→∞
ρ(tk, tk+1) ≤ ρ, liminf

tk→∞
ρ(tk, tk+1) ≥ −ρ is

fixed with ρ < 1, then
{∣∣x(t−k )∣∣}∞

k=1 → 0 and
{∣∣k(t−k )∣∣}∞

k=1 → +∞ from (59) since{∣∣x(t−k )∣∣}∞
k=1 → 0 . This also implies that the members of IMP lose effectiveness as they

tend to infinity (that is, the impulsive time instants tending to infinity are not effective). One
then concludes that, in the case of injecting infinitely many impulses, the matching objec-
tive x

(
t−k+1

)
= ρ(tk, tk+1)x

(
t−k
)

with ρ < 1 is not appropriate in practice since the sequence of
impulsive gains diverges.

Claim 3: Assume that either

(1) cardIMP = χ0 (there are infinitely many impulses) and either the matching objec-

tive x
(

t−k+1

)
= ρ(tk, tk+1)x

(
t−k
)
, where {ρ(tk, tk+1)}∞

k=1 is bounded, limsup
tk→∞

ρ(tk, tk+1) =

−liminf
tk→∞

ρ(tk, tk+1) = 1 and the inter-impulses intervals are subject to finite lower-bounds

and upper-bounds;
(2) Or the above matching objective is not fixed, cardIMP < χ0 (there is a finite number of

impulses), there is a finite time instant T for which max(t ∈ R0+ : t ∈ IMP) ≤ T.

Then, the set IMP can be defined with all the impulsive time instants being effective provided
that there is no t ∈ R0+ such that x(τ) ≡ 0 in the time interval [t, t + h].

Proof. Assume that tk ∈ IMP and take ϑ ≥ Tm such that

x
(
t−k + ϑ

)
= e

∫ ϑ
0 ea(tk+τ)dτx(tk) +

∫ ϑ

0
e
∫ ϑ

τ ea(tk+ϑ−σ)dσad(tk + τ)x(tk + τ − h)dτ = 0 (60)

so that t0
k+1 = tk + ϑ is not an effective impulsive time instant. Now, if TM = Tm +

h, then the above constraint holds for all θ ∈ [Tm, Tm + h] and there is no impulsive
action on [tk, tk + Tm + h], and then x(t) ≡ 0 for t ≥ tk + Tm. Thus, if there is no t ∈
[tk + Tm, tk + Tm + h] such that x(t) ≡ 0 for t ∈ [tk, tk + Tm + h], then it is guaranteed that
there is some tk+1 ∈ [tk + Tm, tk + Tm + h] such that x

(
t−k+1

)
̸= 0. Such a tk+1 is eligible as

the next impulsive time instant to tk ∈ IMP since TM = Tm + h is finite and tk+1 ∈ [Tm, TM]

and it is compatible with the matching objective for ρ = 1 (see Claim 2). □

Remark 6. Note that Claim 3 relies on the fact that, if there are infinitely many impulses, then all
of them can be chosen to be effective under the first set of constraints of the claim. In the case of a
finite number of impulses, they can be chosen to be effective.

It has been seen that, if ρ < 1, then
∣∣x(t−k )∣∣→ 0 as k → +∞ asymptotically at an

exponential rate. Then,
{

x
(
t−k
)}∞

k=1 and {x(tk)}∞
k=1 are bounded but the boundedness of

the sequence of impulsive gains
{

k
(
t−k
)}∞

k=1 fails. This problem is avoided in the case of
absolute jumps at impulsive time instants of the form x(tk) = x

(
t−k
)
+ k
(
t−k
)
a
(
t−k
)

in the
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solution generated from absolute impulses in the parameterization of a(t) (see Remark 2).
In this case, (59) is replaced with

k
(
t−k
)
= a−1(t−k )

((
ρ(tk, Tk)e

−
∫ t−k +Tk

tk
a(τ)d(τ) − 1

)
− e−

∫ t−k +Tk
tk

a(τ)d(τ)
∫ t−k+1

tk

e
∫ t−k +Tk

τ a(σ)d(σ)ad(τ)x(τ − h)dτ

)
(61)

and the reasoning on the boundedness of the sequences
{

x
(
t−k
)}∞

k=1, {x(tk)}∞
k=1, and{

k
(
t−k
)}∞

k=1 of Claim 2 remain valid even if ρ < 1 since the requirement for the impulsive
time instants to be effective is no longer needed.

The solution of (54) might be re-stated in an equivalent form to (55) on the right limits
of the time instants as follows. If tk ∈ IMP and t ∈ [tk, tk+1], then tk+1 ∈ IMP is the next
consecutive time instant to tk. Then, one has that

x(tk+1) =
(

1 + k
(

t−k+1

)
a
(

t−k+1

))
x
(

t−k+1

)
=
(

1 +
∣∣∣k(t−k+1

)∣∣∣∣∣∣a(t−k+1

)∣∣∣sgnk
(

t−k+1

)
sgna

(
t−k+1

))
x
(

t−k+1

)
=
(

1 + k
(

t−k+1

)
a
(

t−k+1

))[
e
∫ t−k+1

tk
a(τ)d(τ)x(tk) +

∫ t−k+1
tk

e
∫ t−k+1

τ a(σ)dσad(τ)x(τ − h)dτ

]
(62)

with sgn(0) defined as zero and sgn(x) = x/|x| if x ̸= 0. It is direct to see that if a
(

t−k+1

)
̸= 0

and k
(

t−k+1

)
is chosen with sgnk

(
t−k+1

)
= sgna

(
t−k+1

)
, then |x(tk+1)| >

∣∣∣x(t−k+1

)∣∣∣ and if

sgnk
(

t−k+1

)
= −sgna

(
t−k+1

)
, and then |x(tk+1)| <

∣∣∣x(t−k+1

)∣∣∣. Define Tk = tk+1 − tk ∈
[Tm, TkM] for tk, tk+1 ∈ IMP, and

α(tk, δ) = (1 + k(tk + δ)a(tk + δ))

β(tk, δ) = β
(

xtk , δ
)
= e

∫ t−k +δ

tk
a(τ)d(τ)x(tk) +

∫ t−k +δ

tk

e
∫ t−k +δ

τ a(σ)dσad(τ)x(τ − h)dτ

for δ ∈ (0, Tk). As a result, one has that

x(tk + δ) = α(tk, δ)β(tk, δ)

Note also that

β(tk, Tk) = sup
0<δ<Tk

(∣∣∣∣∣e
∫ t−k +δ

tk
a(τ)d(τ)

∣∣∣∣∣+ δ

∣∣∣∣∣e∫ t−k +δ
τ a(σ)dσ

∣∣∣∣∣ max
tk≤τ≤tk+δ

|ad(τ)|
)

sup|x(τ)|
tk≤τ<tk+δ

≥ sup
0<δ<Tk

β(tk, δ)

Now, given tk ∈ IMP and ζk ∈ (0, ζ], if one chooses the next impulsive time instant

tk+1(∈ IMP) = tk + Tk with Tk = inf

(
δ ≥ Tm : |α(tk, δ)|

(
β(tk, Tk)/sup|x(τ)|

tk≤τ<tk+δ

)
≤ ζk

)
and

then |x(tk+1)| ≤ ζk sup
0≤τ<Tk

|x(tk + τ)| and also, as a result, if limsup
tk→+∞

ζk ≤ 1, then sup(|x(t)|)
0≤t<+∞

<

+∞. The choice of k
(

t−k+1

)
is made as follows in order to satisfy the constraint:

∣∣∣1 + k
(

t−k+1

)
a
(

t−k+1

)∣∣∣ ≤ ζk

[
1/ sup

0<δ<Tk

(∣∣∣∣∣e
∫ t−k +δ

tk
a(τ)d(τ)

∣∣∣∣∣+ δ

∣∣∣∣∣e∫ t−k +δ
τ a(σ)dσ

∣∣∣∣∣ max
tk≤τ≤tk+δ

|ad(τ)|
)]

in such a way that
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(a) If ζk ≤ sup
0<δ<Tk

(∣∣∣∣∣e
∫ t−k +δ

tk
a(τ)d(τ)

∣∣∣∣∣+ δ

∣∣∣∣e∫ t−k +δ
τ a(σ)dσ

∣∣∣∣ max
tk≤τ≤tk+δ

|ad(τ)|
)

, then k
(

t−k+1

)
is

chosen to satisfy the following:

sgn
(

k
(

t−k+1

))
= −sgn

(
a
(

t−k+1

))
(63)

1∣∣∣a(t−k+1

)∣∣∣
1 − ζk

sup
0<δ<Tk

(∣∣∣∣∣e
∫ t−k +δ

tk
a(τ)d(τ)

∣∣∣∣∣+ δ

∣∣∣∣e∫ t−k +δ
τ a(σ)dσ

∣∣∣∣ max
tk≤τ≤tk+δ

|ad(τ)|
)
 ≤

∣∣∣k(t−k+1

)∣∣∣ ≤ 1 (64)

or

(b) If ζk ≥ sup
0<δ<Tk

(∣∣∣∣∣e
∫ t−k +δ

tk
a(τ)d(τ)

∣∣∣∣∣+ δ

∣∣∣∣e∫ t−k +δ
τ a(σ)dσ

∣∣∣∣ max
tk≤τ≤tk+δ

|ad(τ)|
)

, then k
(

t−k+1

)
is

chosen to satisfy:
sgn
(

k
(

t−k+1

))
= sgn

(
a
(

t−k+1

))
(65)

∣∣∣k(t−k+1

)∣∣∣ ≥ 1∣∣∣a(t−k+1

)∣∣∣
 ζk

sup
0<δ<Tk

(∣∣∣∣∣e
∫ t−k +δ

tk
a(τ)d(τ)

∣∣∣∣∣+ δ

∣∣∣∣e∫ t−k +δ
τ a(σ)dσ

∣∣∣∣ max
tk≤τ≤tk+δ

|ad(τ)|
) − 1

 (66)

Note that the constraint limsup
tk→+∞

ζk ≤ 1 can also be guaranteed with the appropriate

choice of the impulsive gain sequence while fixing a sufficiently small inter-impulse mini-
mum threshold interval Tm and the choice of Tk approaching to Tm as k tends to infinity.
This threshold can be fixed greater as a(t) becomes negative on relevant intervals of time.

4. Conclusions
The first part of this study has derived explicit expressions for the evolution associated

with the state-trajectory solution of a class of linear time-varying differential delay-free
systems. The impulsive-free part of its matrix function of dynamics of such systems has
been assumed bounded and piecewise-continuous Lebesgue-integrable for all time.

The cases of the absence and the presence of impulsive actions in the system matrix
of dynamics are described. In the impulsive case, the evolution operator is seen to be,
in general, non-unique. Subsequently, the above obtained results are extended to the
presence of delayed dynamics associated with constant point delays, and the evolution
operators that generate the trajectory solution are given in an explicit fashion, while they
are non-unique, in general, in the impulsive case.

The parameterization impulsive actions at certain time instants can take place in the
delay-free dynamics and also in the various matrices of delayed dynamics followed by
an immediate return to the previous configuration. The impulsive actions are interpreted
as an instantaneous abrupt switching change in the parameterization. Furthermore, the
parameterization impulsive actions might be, in general, non-unique in the sense that,
depending on the left limits of the solution values at impulsive time instants, the necessary
impulsive gains for monitoring the instantaneous switched parameterizations can be non-
unique for the achievement of a certain suitable right limit of the solution trajectory.
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Next, the boundedness of the solution trajectory of the delayed impulsive differen-
tial system is also investigated. It has been seen that an appropriate distribution of the
impulsive time instants is relevant for the potential stabilization of the delayed differential
system, even in the case when the delay-free dynamics is unstable.
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