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Abstract: This paper formalizes the analytic expressions and some properties of the evolu-
tion operator that generates the state-trajectory of dynamical systems combining delay-free
dynamics with a set of discrete, or point, constant (and not necessarily commensurate)
delays, where the parameterizations of both the delay-free and the delayed parts can un-
dergo impulsive changes. Also, particular evolution operators are defined explicitly for
the non-impulsive and impulsive time-varying delay-free case, and also for the case of
impulsive delayed time-varying systems. In the impulsive cases, in general, the evolution
operators are non-unique. The delays are assumed to be a finite number of constant delays
that are not necessarily commensurate, that is, all of them being integer multiples of a
minimum delay. On the other hand, the impulsive actions through time are assumed
to be state-dependent and to take place at certain isolated time instants on the matrix
functions that define the delay-free and the delayed dynamics. Some variants are also
proposed for the cases when the impulsive actions are state-independent or state- and
dynamics-independent. The intervals in-between consecutive impulses can be, in general,
time-varying while subject to a minimum threshold. The boundedness of the state-trajectory
solutions, which imply the system’s global stability, is investigated in the most general case
for any given piecewise-continuous bounded function of initial conditions defined on the
initial maximum delay interval. Such a solution boundedness property can be achieved,
even if the delay-free dynamics is unstable, by an appropriate distribution of the impulsive
actions. An illustrative first-order example is developed in detail to illustrate the impulsive
stabilization results.

Keywords: delay differential systems; point delays; evolution operator; impulsive actions;
global stability

MSC: 34C40; 34D20; 34K12; 37L05

1. Introduction

Systems with delayed effects appear in many real-life problems, such as war and peace
models, some biological problems—for instance, the sunflower equation, logistic equations,
epidemic models, etc.—electrical transmission lines, economic models, heat exchangers,

Mathematics 2025, 13, 365

https://doi.org/10.3390/math13030365


https://doi.org/10.3390/math13030365
https://doi.org/10.3390/math13030365
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/mathematics
https://www.mdpi.com
https://orcid.org/0000-0001-9320-9433
https://orcid.org/0000-0001-5094-3152
https://doi.org/10.3390/math13030365
https://www.mdpi.com/article/10.3390/math13030365?type=check_update&version=2

Mathematics 2025, 13, 365

2 0f29

urban traffic, digital control, remote control, tele-operation processes, integro-differential
Volterra-type equations, neutral equations, etc. [1-14]. See also some of the references
therein. Delays often influence the solution trajectory.

Different types of delays are common and these types sometimes appear in a combined
manner. In this context, delays can be internal, that is, in the state dynamics, or external, in
the sense that they operate either on the forcing inputs, or controls, or in the measurable
outputs, or in both of them. Typically, the delays can be either constant or time-dependent
point delays or they can also have a distributed nature. On the other hand, point delays
can be commensurate, in the sense that all of them are integer multiples of a base delay,
or incommensurate, when they do not have the above mutual proportionally nature—see,
for instance, [1]. Distributed delays are typical in certain either deterministic or stochastic
classes of Volterra-type integro-differential equations. See, for instance, [11-14] and some
of the references therein. In particular, in [12], the stability of a class of integro-differential
Volterra-type equations, including the dynamics associated with a finite number of point
delays and impulsive effects, is analyzed by means of a Karovskii-Lyapunov analysis.

From the point of view of differential systems, time-delay systems are infinite-
dimensional because of their time-interval-dependent memory, and so they possess in-
finitely many characteristic zeros. The initial conditions of time-delay differential systems
are defined by any piecewise-continuous bounded function on the time interval [—#, 0],
where & is the maximum size of all the delays present in the system, which coincides with
the delay of the maximum size.

It has been seen that, in the event that there is no time-varying dynamics in the
delay-free part, and furthermore, there are no delays in the dynamics, then the solution
of the differential system is generated by an evolution operator; this is a Cp-semigroup
of a time-invariant infinitesimal generator [15-20], which is a one-parameter semigroup
that is both strongly continuous and uniformly continuous. The one-parameter semigroup
property of the linear time-invariant undelayed typically becomes lost if the dynamics is
time-varying and/or it involves delays [21].

On the other hand, impulsive continuous-time- and discrete-time-controlled systems
and their stability, asymptotic stability, and stabilization properties under appropriate
controls have been studied in the background literature in both delay-free and delayed
cases. See, for instance, Refs. [22-28] and some of the references therein. In particular, the
global exponential stability of a type of system with control impulses and time-varying
delays is studied in [22] by means of an impulsive delay differential inequality. Also,
an “ad hoc” impulsive stabilizing controller was synthesized. In [23], an inequality of
Razumikhin-type with delays in the impulses is addressed, while the information on the
time delay in the impulses is used for stabilization of the delayed systems. In [27], a sliding-
mode controller is designed for impulsive stabilization of a class of time-delay systems
in the presence of input disturbances. The designed control allows for counteracting
the unsuitable perturbation effects. In [28], sufficiency-type conditions for exponential
stability are developed for delayed systems where the delay size is not limited by the
distribution of the impulsive intervals. Related studies have also been extended to some
nonlinear problems involving delays such as Cohen—-Grossberg neural networks or actuator-
saturated dynamics and to some stochastic control problems involving delays [29-31]. The
distribution of the impulses through time is not necessarily periodic since the aperiodicity,
and eventual sampling adaptation to the signal profiles, allows for the improvement of
the data acquisition performance [32]; improvement of the system dynamics in discrete-
time systems [33]; to better fit certain optimization processes [34]; the improvement of the
signal filtering and attenuation of the noise effects [35]; or the improvement of behavior
prediction [36]. Some strategies of non-periodic sampling are described and discussed
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in [37-40]. In [41], non-uniform sampling is proposed for the improvement of tracking
control against stochastic actuator faults. On the other hand, the adaptation transients can
be improved by using adaptive sampling that is, by nature, non-uniform and adapts itself
to the signal variations. This allows for reducing the signal overshoot peaks, especially
at the beginning of the state and the output responses. See, for instance, Refs. [42-47]
and some of the references therein. In particular, non-periodic sampled-data controllers
have been proposed for distributed networked control against potential cyber-attacks of
a stochastic type [46]. In [48,49], impulsive controls are proposed and synthesized for
certain epidemic models in such a way that the controls are not uniformly distributed
through time. Typically, the impulsive effects are characterized through Dirac distributions
in the differential system, which generate finite jumps in the solution trajectory at the time
instants where such impulsive effects take place. Some classical books of systems theory
and physics explain both the intuitive ideas behind and the mathematical description of the
impulsive effects. See, for instance, [50-52]. Some recent results in the field of time-delay
systems are given in [53-56] as follows: In [53], the solvability of a state-dependent integro-
differential inclusion is studied together with the existence and uniqueness of solutions of
these types of equations when subject to delay nonlocal conditions. In [54], new sufficient
and necessary conditions are derived regarding the oscillatory behavior of second-order
differential equations with mixed and multiple delays under a canonical operator. In [55],
oscillation conditions are presented for fourth-order neutral differential equations. On the
other hand, the purpose of the investigation performed in [56] is the study of the asymptotic
properties and oscillation regime of neutral differential equations with delays of even order.
The given results are based on the Riccati transformation together with a comparison with
first- and second-order delay equations.

This paper relies on the analytic forms and some relevant properties of the evolution
operators that generate the state-trajectory solutions of a class of eventually impulsive linear
time-delay with linear time-varying mixed delay-free dynamics and delayed dynamics. The
analysis of the impulsive effects is a main novelty compared with the results given in [21].
It should be pointed out that impulses translate into finite jumps in the solution trajectory.
In this article, the impulsive actions are assumed to take place inside the parameterization
instead of influencing the forcing terms as is usual in the related previous background
literature. The eventual impulses directly influence the parameterization of the undelayed
dynamics and, eventually, that of the delayed dynamics in the differential system at the
impulsive time instants. The various combined delayed dynamics correspond to a finite
number of known constant point delays. In more detail, the evolution operators are made
explicit for both the non-impulsive and the impulsive time-varying delay-free cases and
also for the impulsive time-varying systems with eventual delayed dynamics. The delays
are assumed to be constant and, in general, multiple and arising in a finite number but
they are not necessarily commensurate in the sense that they are not required to be an
integer multiple of a minimum or base-minimum delay. The impulsive actions are assumed
to be state-dependent and to take place at certain isolated time instants on the matrix
functions, which define the delay-free and the delayed dynamics. Some variants of the
above model are also briefly discussed for the cases when the impulsive actions are either
state-independent or both state- and dynamics-independent. It is assumed that the inter-
impulse intervals, that is, the time intervals in-between consecutive impulses, can be, in
general, time-varying while being subject to a minimum threshold. The boundedness and
the associated global stabilization of the state-trajectory solutions for any given piecewise-
continuous bounded function of the initial conditions (defined on the initial maximum
delay interval) are investigated in the most general case of the proposed time-varying
impulsive system with delays. Such a boundedness property can be achieved, even if the
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delay-free dynamics is unstable, by an appropriate distribution of the impulsive actions.
An illustrative first-order example with impulsive parametrization changes is developed in
detail to illustrate the boundedness and stabilization results.

The impulsive system under study could be interpreted as a limit case of a switched
delay system with instantaneous switching actions from one parameterization to another,
and then immediately returning to the former parameterization in the configuration previ-
ous to the impulsive action. In that context, the parameterizations are impulsive and seen
as instantaneous switching actions occurring at the impulsive time instants.

The paper is organized as follows. Section 2 presents expressions of the evolution
operator that generate the state-trajectory solution of a class of linear time-varying differ-
ential delay-free systems. The evolution operators used in this article are based on the
analysis of the solution of the differential systems with time delays taking into account
the impulses in the parameterization of the dynamics that are, in general, state-dependent
and lead to finite jumps in the solution of the differential system at the impulsive time
instants. In that context, the impulsive time instants might be either effective or ineffective
according to their validity to produce, or not, parameterization changes in the dynamics.
Intuitively, an impulsive time instant is considered to be ineffective if it is not able to
generate a jump in the state being valid to modify the parameterization of the dynamics.
The simplest case (but not the only one) of impulsive ineffectiveness happens when the left
limit of the trajectory solution is null at the “a priori” claimed impulsive time instant. In
such a case, another closely allocated impulsive time instant candidate should be tried. To
establish the main results, the impulsive-free part of the matrix function of dynamics of
such systems is supposed to be bounded, piecewise-continuous, and Lebesgue-integrable
on [0, 00). The cases of absence and presence of Dirac-type impulses in the system matrix
of dynamics are described. In the impulsive case, the evolution operator is seen to be,
in general, non-unique. The efficiency of the impulsive time instants in the generation
of relevant impulsive actions depends on the particular evolution of the matrix function
that describes the dynamics. In that sense, the potential impulsive time instants might
be effective or ineffective. Section 3 extends the above results to the presence of delayed
dynamics associated with, in general, multiple constant point delays. The impulsive actions
at certain time instants can take place both in the delay-free dynamics and in the various
matrices of delayed dynamics. The boundedness of the solution trajectory leading, as a
result, to the global stability of the system for any bounded initial conditions is also investi-
gated. An appropriate distribution of the impulsive time instants, subject to a minimum
inter-impulsive threshold, is proved to be essential for the potential stabilization of the
differential system. An illustrative first-order example is discussed in detail to visualize the
theoretical results of Section 3. Finally, some conclusions end the paper.

Nomenclature

p=A{L2---,p}

Commensurate point delays hy, = hy < hy < --- < hy = h are those that are the
integer multiple of a minimum common multiple, which is the minimum, or base, delay
hw = hy, namely, h; = ihy, fori € p, then h = h, = phy,.

Incommensurate point delays h;, = hy < hy < --- < h, = h are those that are not the
integer multiple of a minimum common multiple.

f,, denotes the strip of the function f: R — R" on [t —a,t], defined as a function
from RtoR" by f,,(t) = f(t); T € [t—a,t], f,,(T) =0; T €R\[t —a,t]; t € Rinsucha
way that the support of f,, is a proper or improper subset of [t — a, t]. Thus, X, is the strip
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of the solution x(f) on [t — h, t] of an n-th-order time delay system on a maximum delay
period of size h. To abbreviate the notation, it is referred to simply as X; to avoid confusion.
I, is the n-th identity matrix;
0y, is the n-th zero matrix.

Ry =Ry U{0}={reR:r>0}; Ry ={reC:r >0},

R o=R_U{0}={reR:r<0}; R_.={reR:r<0},

where R is the set of real numbers, and
Cor =CLU{0} ={z€ C:Rez>0}; C4 ={z € C:Rez >0},

Co=C_U{0}={z€C:Rez<0}; C_ ={z€ C:Rez <0},

where C is the set of complex numbers.

In the same way, we can define “mutatis mutandis” the respective subsets Zy,, Z_,,
Z_o, and Z_ of the set Z of integer numbers.

The closures of the real set and subsets are c/R = RU {+oo},

cIR_ y=R_oU {—OO},' cIR_.=R_U {0, —oo},

where BPC([—h, 0]; R") denotes the set of bounded piecewise-continuous functions from
[—h,0] toR".

PCY(R4;R") is the continuous differentiable class of n-real vector functions on R,
whose first-derivative is piecewise-continuous but not necessarily continuous. Note that
CY(R4;R") C PCY(R4;R™).

Rop(t) ={[t—ht]:t€Roy} C R R y(t) = {[t —ht]:t € Ry} C R are, respec-
tively, non-negative and positive strips of real intervals of the Lebesgue measure / relative
to the time instant “t”.

An impulsive real function f : Rp+ — R is that which has a non-zero set of Dirac-
distribution-type impulses Ké(T — t;) on a finite set of impulsive points T = t; such that
there is an impulsive jump f(t") — f(t;) = K(t; )6(0) at t = t; of size K(t; )(# 0) € R.
The same idea applies for a vector function f : Ro;+ — R" in the sense that t = #; € Ro+
is impulsive if there is at least a component j € 7 of f(t;) such that f;(t;") — fi(t;7) =
K;(t;7)6(0) with K;(t;) # 0. Thus, t; is an impulsive point of f(t) if f(t[) — f(t;) =
(K1(t7)6(0), Ko (t7)6(0), - - -, Ko (t7)6(0)) " is non-zero, that is, if there is at least one non-
zero K;(t;") for j € 7i. An abbreviated notation for thatis f(t]) — f(t;7) = (K;(t;)5(0)).
Again, a generalization for the real matrix functions F : Ryp; — R"*" is direct in the sense
that #; is an impulsive point of F(t) = (F;(t)) if F(t) — F(t; ) = (Kij(t; )6(0)) with at
least one entry of K(t;") = (Kji(t; )) being non-zero. Note that if ¢ is non-impulsive, then
the impulsive jump amplitude is null. To keep the notation less involved, the right limit ¢
of t is simply denoted by t so that F(t) stands as the notation for F(t").

The spectral radius of a matrix function of time A :Rp; — R"*" is denoted by
p(A(t));

e; € R" is the unit’s i-th Euclidean vector whose unique non-zero component is the
i-th one that equalizes unity;

“iff” is the usual equivalent abbreviation of the claim “if and only if”;

Xo denotes the infinity cardinal of a numerable set;

The entry-to-entry definition of a matrix K € R"*™ is denoted as K = (Kjj); i € 7,
j € m.
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RHY" is the Hardy space of real-rational complex-valued proper transfer matrices
G(s) from C to C"*™, analytic in Cy;, and of finite norm ||G(s)

lo = max o(G(iw)), where
wERp 4
0(G(iw)) is the maximum singular value of G(s) for s = iw; and i = v/—1 is the complex

imaginary unit.

2. Time-Varying Linear Delay-Free Differential Systems and Their
Evolution Operators for the Non-Impulsive and Impulsive Cases

This section studies the analytic expressions of the evolution operator that generate
the state-trajectory solution of a class of linear time-varying differential delay-free systems.
The impulsive-free part of the system matrix function is assumed to be bounded, piecewise-
continuous, and Lebesgue-integrable for all time. The cases of absence and presence
of Dirac-distribution-type impulses in the entries of the system matrix of dynamics are
described and the corresponding expressions of the evolution operators [15,21], which
generate the solution trajectories for given initial conditions, are given explicitly. In the
impulsive case, the evolution operator is seen to be, in general, non-unique. The efficiency
of the impulsive time instants to generate relevant impulsive actions depends on the
particular evolution of the matrix function that describes the dynamics. In this sense,
the impulsive time instants might be either effective or ineffective. A discussion is also
provided for the case when the impulses do not affect the parameterization of the matrix of
dynamics while they produce finite state-independent jumps in the solution trajectory at
the impulsive time instants.

Consider the subsequent linear time-varying differential system of order n:

x(t) = A(t)x(t); x(0) = xo (1)

where A : Roy — R"X” is bounded and piecewise-continuous Lebesgue-integrable on Ry ;
and A(t) and fo T)dT are assumed to commute for all ¢ > 0.

Theorem 1. The following properties hold:

(i)  The unique solution of (1) is given below:
x(t) = elo ATt € Ry, )

so that the unique evolution operator of (1) from Roy to R™" is ¥(t) = el AT for
any t € Roy.
t
(ii) The evolution operator ¥ (t) = elo A(D)dT forany t € Ry satisfies the integral equation

=1 +/ T)dt =1, + / efo (@O)ogr.t e Ro+. )

Proof. It turns out that if (2) holds then (1) holds. Assume that there exists another solution
for the same initial conditions of the following form:

x(t) = ®(t)xp; t € Rot 4)

so that
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fort € Roy, and
@w:Amﬁﬂmﬁz%@ﬁﬂwﬁmeRw ©6)
Note from (2) and (4) that efoo = ®(0) = I, since x(0) = xq for any given arbitrary
finite x¢. Since ¥(0) = el A =1, =®(0), and
q)(t) _ i (efot A(T)dT) ?)
dt

for all t € Ry from (6), then ®(t) = elo AT for a1l ¢ € Ry . Thus, the evolution operator
Y(t) =) = elo AT o (1) is unique for all t € Ro. Property (i) has been proved. Since
Y(t) = elo AT s the unique evolution operator of (1) for all ¢ € Ry, then

/ w_m+/ (el 4 dﬂﬁ—a+/ (T)dT; t € Ros. ®)

and Property (ii) has been proved. [J

Define < A >;= (1/t) fo T)dT as the average of A : [0,t) — R"™", which exists for
all t € Ry, since Hfo dTH < +ooforall t € Ry. Note that

¥(t) = efor A(tydr _ ,((1/1) Jo A(T)do)t _ eztt,, t € Ry (9)

Thus, the explicit computation of ¥(t) = elo AT can be performed by direct or
numerical integration from (8) and also as ¥(t) = L’l{(s, L, —, <A, >t)71} via the

Laplace inverse transform of (sI,— < A >t)7 for each fixed t € ROJr and its associated
(constant for such fixed t € Ry;) averaged n-matrix < A >;= (1/t) fo T)dT.

The above considerations may be extended for more general Lebesgue integrals,
which eventually include Dirac-distribution-type jumps in the integrand, that is, infinite
point jumps at isolated sampling instants in the dynamics of the differential system, as is
now discussed.

Note from Theorem 1 that, under the simplifying notation convention ¥ (¢,0) = ¥ (t),
we can write the following:

X(f) = “Ij(t, O)XO = 1If(t, to)x(to) = T(f, to)‘Y(fo,O)XofOI‘ anyt >ty >0 (10)

Note that the evolution operator of Theorem 1 is not a Cy-semigroup—which is
essentially one-parametric—since, if t # ty(# 0) in (10), then the state-solution cannot
be expressed, in general, with one parameter (t — to) for any ¢y and t because A(t) is
time-variant. Consider now the modification of (1) that follows to include impulsive effects
in the time derivative of the solution trajectory, which produces proportional instantaneous
finite jumps at the impulsive time instants in such a solution trajectory:

x(t) = (A(t) + A(1)x(t); x(07) = xo (11)
B =Y scmpn K(E)A(E)o(t =) (12)

where A : Ryp; — R"™" isbounded and piecewise-continuous Lebesgue-integrable on [0, ]
forany t € Roy; Ai]-(t_) = A;j(t™) if the (i, j)-entry of A(t™) is impulsive, and Ai]-(t—) =0,
otherwise, for i,j € 7; A(t) is a Lebesgue-integrable impulsive real square n-matrix on
[0,] for any t € Ro; such that at least one entry of the real non-continuous bounded
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n-matrix function K(¢7) is non-zero if, and only if, the time instant ¢ is impulsive—that
is, t € IMP(= Urer,, IMP(7)), where IMP is the total set of impulsive time instants
and IMP(t) = {T(<t) € Roy : K(t7)A(t™) # 0} is the set of impulsive sampling in-
stants up to the time instant ¢, which has a cardinal N(t), i.e., the set of impulses on [0, t].
Note that the support of the impulsive matrix function is, by definition, a set of isolated
time instants in Rp;. We also define by convenience the impulsive set of time instants
IMP(t7) = {t(< t) € Ro+ : K(1) # 0}, of cardinal N(#™) (i.e., the set of impulses on [0, t))
so that IMP(t) = IMP(t~) if and only if t ¢ IMP. The total finite or (denumerable) infinite
number of impulsive time instants is card(IMP) = Nimp < Xo, where xo denotes the
infinity numerable cardinality. Note from (11)—(12) that x(t) — x(t~) = K(t7)A(t7)x(t7)
if t € IMP and K(t) = 0 so that x(t) = x(t") if t ¢ IMP and also its right limit is zero if
t € IMP. Note that A(t) = A(t) and x(t) — x(t~) = K(t7)A(t")x(t") if, and only if, all
the entries of A(t) are impulsive. It can be noticed that if x(t~) € Ker(K(t~ VA(t )) then
x(t) = x(t~) and such a time instant t does not have a real, effective impulsive effect in the
solution for such an impulsive gain K(#). If, in addition, x(t~) € Ker(A(t7))A(t™) =0,
and in particular, if x(t~) € Ker(A(t7)), then t does not have a real, effective impulsive
effect in the solution irrespective of the impulsive gain K(#). Then, such a time instant “+”
is non-effective or ineffective versus the case when it is effective. Related to these ideas, the
following definitions are pertinent:

Definition 1. If x(t~) € Ker(K(t7)A(t7)) for t € IMP, then t is an ineffective impulsive
time instant for the impulsive gain K : Rgy — R™™".

Definition 2. If x(t) ¢ Ker(K(t")A(t™)) for t € IMP, then t is an effective impulsive
time instant for the impulsive gain K : Roy — R™".

Definition 3. The impulsive set of time instants IMP is effective for the impulsive matrix
function gain K : Rgy — R™™ if K(t7)A(t7)x(t7) #0 forany t € IMP.

Note also that if A(t7)x(t7) # 0, then there always exists some impulsive matrix
function gain of K : Roy — R™*" for which t € IMP is effective. It suffices for this concern
that A(t7)x(t~) ¢ KerK(t™). The following simple result holds:

Proposition 1. (i) A time instant t € IMP is effective for some impulsive matrix function gain
K:Roy — RV iff eT A(t7)x(t7) # 0 for some i = i(t) € 7.

(ii) el A(t7)x(t7) # O for some (unique or non-unique) i = i(t) € 1 implies and it is
implied by A(t™)x(t™) # 0 (the converse implication does not imply the uniqueness of i = i(t) €
7 such that el A(t7)x(t~) # 0. Then, Property (i) is fully equivalent to the following assertion:
a time instant t € IMP is effective for some impulsive matrix function gain K : Roy — R™"
iff el A(t7)x(t7) # 0 for some i = i(t) € 7.

(iii) A time instant t € IMP is ineffective for any impulsive matrix function
gain K:Roy — RV iff el A(t7)x(t7) =0 forall i € 7, equivalently, iff A(t)x(t~) = 0.

Proof: Ife] A(t7)x(t~) # Ofort € IMP and some i = i(t) € 7, then the i-th component of
A(t7)x(t) is non-zero. Then, it suffices that the i-th column of K(t) has all its components
non-zero in order that x;(t) # x;(t~) for all j € 7. This ensures the existence of a (non-
unique) K : Roy — R™™" such that t € IMP is effective. The sufficiency part of Property
(i) has been proved. The necessity part is followed by contradiction arguments. Assume
thate] A(t7)x(t~) = 0for t € IMP and alli = i(t) € 7. Thus, v(t) = A(t7)x(t~) = 0 s0
that x(t) = x(¢t7) irrespective of K : Ro; — R™"*". Property (i) has been fully proved. The
implication parts “ = ” and “ <= ” of Property (ii) follow directly from Property (i) so that
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Property (ii) is proved as equivalent to Property (i). Property (iii) is the dual of Property (i)
so its proof is direct under close “ad hoc” arguments. []

The relevance of extending Theorem 1 of the impulsive case relies on keeping the
Lebesgue-integrability of (A(t) + A(t)) through time when the impulsive contribution A(t)
is non-null. In particular, the following cases are of interest:

(@) card(IMP) < oo, that is, there is a finite number of impulsive time instants;

(b) there are infinitely many impulsive time instants but their influences are mutually
compensated so that their total contribution to the solution of (11) is bounded for
all time;

(c) there are infinitely many impulsive time instants but their respective jumps collapse
asymptotically so that (A(t) + A(t)) is Lebesgue-integrable on [0, f] for any f € Ro.
Because of its modus operandi, its way of operating, at the impulsive time instants,
the system (11)-(12) is said to be a proportional instantaneous finite-jumps system.

The uniqueness of the evolution operator is guaranteed along the inter-switching time
intervals but such uniqueness is not guaranteed in the general case, at the right limits of
the impulsive time instants, since different impulsive gains can generate the same right
limit value of the solution trajectory for a given left limit value. This property is formalized
in the subsequent results:

Theorem 2. The following properties hold:

(1)  The unique solution of the proportional instantaneous finite-jumps system (11)—(12) is given
by the expression below:

() = (In n K(F)A(t*)) (G‘LIN(’>1 A(T)dT> (Hl{\i(lt)l [ef,im A(T)dr(ln I K(t;)A(t;))]) <ef0ff A(T)dr) X0 13)
= (In+K(t)A(t7))x(t7);t € Roy

where the product of matrices operates from the left to the right in the order of the increas-
ing sequence {t;};c, ; and IMP(t™) = {tl, th, - ,tN(t—)} is the impulsive set of time
instants on [0,t) whose cardinal is N(+~). Thus, the solution of (11)—(12) is given by
x(t) = Q(t)xo;t € Ry, where, in general, its non-unique evolution operator is as follows:

Q1) = (i + K(E)A@E )0 )

= (L +K(t)A()) (wan A“”“) (Hf“ ()1 {eﬁ?“ AT, 4 K(ti)A(ti))} > (e.f;ff A<r>dr),-t er.

The evolution operator Q) : Roy — R™ " is unique on [0, +c0) if and only if there is no se-
quence of impulsive gains of the matrix of dynamics {K' (£;") }ti cap 7 1K) }ti CIMP
that x(t;) € Ker{(K(t;) —K'(t;))A(t;") } for at least one t; € IMP; equivalently, it
is unique if and only if x(t;) ¢ Ker{(K(t;) —K'(t;))A(t;)} forall t; € IMP. Asa
result, if there is at least one t; € IMP such that x(t;) € Ker{ (K(t;) — K’ (t;))A(t:) 12
with K'(t;7) # K(t;7), then O : Roy — R™™ is non-unique.

(ii) Ift € IMP thent = tyq and IMP(t) = IMP(t™) U {tN(t)} so that (14) becomes the
following:

such

and
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Q) = (eftMt)—lA(T)dT) (Hﬁ(f)‘l lef AT (L L K () A(E; ))D <efo T>df> (16)

If 0 =t; € IMP, then

sxﬂz(m+KQ)A@))Gmw>1Mﬂﬁ>Ojll [1H1 (M+K()A()ﬂ> 17)

If0 =t € IMPand t € IMP, then t = Engy EN@EY-1 = EN -2/ and
tN(t‘) = tN(t)fl S0 that

Q) = (I +K({E)AE))Q(t)
(In—i-K(t )A (t )) (H (t)— |:f A(T)dr([n_FK(ti)AA(ti))}) (18)
:(1n+1<(t)A(t))efftNunA(T)dT(HfV(f)1{€f‘t’iﬂA) (In+K(t7)A(H; ))D

Proof. It turns out from (11)—(12) that
x(t) = Eftfﬂ (ti+1)ift S [ti+1/ ti+2)and tiv1, ti+2(> ti+1) € IMP (19)

xX(tiy1) = (1+1) +f’“x
= x(t) + 1 K A(t;ﬂ) ()30t — e
(I"+K<z+1 ) x<1+l
(IH+I<( l+1) (1+1 ff’“A(r dt x(t)

The last identity arising since A(t) is not impulsive; thus, (20) into (19) yields if t €

(20)

[tiv1, tisn):

(1) = el (i) = (Sl A (In+1<(IH)A(f;l)))ef’?]A““Txm Q1)

and using recursive calculations for f € [t;11,t15]:

N JE Amydr
x(t) = (L +KE)AWE))e T x(ti)
{':Hl A(t)dt

= (L +K(t)A(t)) ef:’;l o (In +K(t 1+1)A( 1) | et x(t;)

() A (& ) A ) (4 ) Al ) (1t
= (o KUOAE) [ (For (1, 4k ,H>A<,H)))x...x(eff?/*m“(mx(ﬁ>A<t1>>)](e‘f&?A<T>df>xo

which proves (13) for any given finite xp = x(0) and any t € Ro;. This implies that
x(t) = Q(t)xp; t € Ro4 via the evolution operator (14). The solution is unique for given
finite initial conditions because (22) is explicit and unique for finite given initial conditions.
It turns out from (13) that the evolution operator that generates this solution for any given
finite initial conditions is (14). From Theorem 1, this evolution operator is unique at each
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time interval [t;, t;;1) for any t;,t;;1 € IMP and any finite initial condition xy. It turns out

that, as outlined below:

(a) the evolution operator is unique on Uti,ti+1eIMP[ti/ tiy1) if cardIMP = Ny, = xo, i-e.,
if there are infinitely many impulsive time instants;

(b) the evolution operator is unique on (Uti,t,-HeIMP[fi/ tl-+1)) U [thmpr —|—oo) if Nimp < Xo,
i.e., if there is a finite number of impulsive time instants;

(c) the evolution operator is unique on [0, +0) if, and only if, there is no sequence of im-
pulsive  gains  {K'(t) }tiGIMP # {K(t) }tiGIMP such  that
x(t;7) € Ker{(K(t;) —=K'(t;))A(t;)} for at least a t; € IMP. Otherwise, assume
that there is t; € IMP and another impulsive gain matrix K'(t;) # K(t;) such
that, given x(t; ), the right limit of the solution at ; is x(t;) = K(t; )A(t; )x(t;) =
K'(t7)A(t;7)x(t;). As a result, distinct evolution operators generate an identical
solution at ¢; and the evolution operator is not unique on [0, +-c0). Then, the evolution
operator () : Ry — R™ " is unique on [0, +-c0) if, and only if, for any sequence of im-
pulsive gains {K'(¢;") } .ervp Of the matrix of dynamics, such that {K'(t7)} Lemmp 7
{K(t) }t,EIMP’ one has that x(t;) € Ker{ (K(t;) = K'(t;))A(t;")} forall t; € IMP.
Then, Property (i) has been proved. Property (ii) follows directly for the mentioned

particular cases of the evolution operator (14).

Note that the global non-uniqueness of the evolution operator in Theorem 2 (i)
on [0,+0) is lost when there is one t; € IMP for which there is some impulsive
gain K'(t;) # K(t7) such that x(t;) = K(t;)A(t;)x(t;7) = K'(t;7)A(t;7)x(t;7). In
this case, the same solution is achieved for distinct impulsive gain matrices. Equiva-
lently, the evolution operator is unique if, and only if, K'(t;") # K(t;), one has that
x(t;) & Ker{(K(t;) = K'(t;))A(t;") } foreach x(t;) for t; € IMP. We can easily see that,
except in some particular cases, the global uniqueness of the evolution operator over time
becomes lost.

Note also that the above impulsively parameterized system can be considered as a limit
case of a switched system where switches are instantaneous at the switching time instants
and the former configuration is re-established immediately after the impulsive actions. In
this context, a switched differential system would be of the form x(t) = A, (;x(t). Assume
that t; € IMP, then, for t — t; ,one has x(t; ) = Aa(t;)x(ti_) and for t — t (sayt;), one

has X(tl‘) = Ag(ti)x(ti) = [Ag(ti—) + A(A(tl_,K(tl_)))}x(tl)

Remark 1. Some examples that visualize that the evolution operator of the proportional instanta-
neous finite-jumps system (11)—(12) is not always unique for all time are as follows:

(a)  There is some t; € IMP such that x(t;) = 0, then x(t;) = 0 for the scheduled impulsive
gain K(t;) but also for any other impulsive gain K'(t;) # K(t;);

(b)  The order of the system is n > 2, the impulsive gain matrix sequence consists of diagonal
matrices and there is one impulsive time instant t; such that the first component is x1 (t;) = 0.
Then, any other diagonal gain matrix K'(t;") that coincides with the given one in all the
diagonal entries except in the first one generates the same x(t;) with x1(t;) = 0 under all
such gains, including for K(t;).

Now, consider the following alternative impulsive system to (11)—-(12), which is a
non-proportional instantaneous finite-jumps system depending on the left values of the
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matrix of dynamics A(t) for t € IMP, while the impulsive actions are, instead, additive to
A(t7) in the differential system:

x(t) = (A(t) + A1) x(8); x(0) = xo (23)

A(t) =Yy cimppey K(E)0(t— ) (24)

Note that x(t;) — x(t; ) = K(t;)x(t;") (instead of K(t;)A(t; )x(t;") as it happened in
(11)-(12)) if t; € IMP and x(t) = x(¢~) if t ¢ IMP. Note that the increments between the
right and the left values of the matrix of dynamics A(t) at impulsive time instants are not
proportional to its left value, in contrary to (11)—(12). This implies, in fact, that the feedback
solution information from the left limit value of the matrix of the dynamics A(t) value to
its right limit value disappears in (23)—(24) with respect to (11)—-(12). Thus, the following

result is the direct counterpart one for the impulsive system (23)—(24) of Theorem 2:

Theorem 3. The following properties hold:

(1)  The unique solution of the instantaneous finite-jumps system (23)—(24) is given by the
expression below:

X = (o K(E) <f> A”)‘“) (H?i({)‘l [f A 1+ K(t,-»]) (ef(fl A“”“) 0 )
= (I +K(t7))x(t7);t € Roy

Q4 (t)

where ty = 0; K(ty) = K(07); xg = x(0); {t;};cz,; IMP(t") = {tl,t2,~ . ,tN(tf)} if
K(07) =0;and IMP(t™) = {to =0,t,--- ,tN(tf)} if K(07) # 0 is the impulsive set
of time instants on [0, t) whose cardinal is N(t~). Thus, the solution of (23)—(24) is given

by x(t) = Qu(t)xp;t € Ry, where, in general, the non-unique evolution operator is now
redefined as follows, with respect to its definition Q)(t) of Theorem 2:

(4 () () 7
_ (In n K(t,)) (eth(t)l A(T)dT> (Hf\i(lt)l [eﬁii+l A(r)dT(In i K(t:))] ) <ef0tl_ A(T)dT) (26)

The evolution operator Q : Ry — R™ " is unique on [0, 4+00) if, and only if, there is no
sequence of impulsive gains {K'(t) } LeIMp 7 {K(t7)} envp Of the matrix of dynamics
such that x(t;) € Ker{(K(t;) —K'(t;")) } for at least a t; € IMP. Equivalently, if there
is at least a t; € IMP such that x(t;) € Ker{ (K(t; ) = K'(t;)) }, with K'(t;) # K(t]),
then Qg : Roy — R™" is non-unique.

(ii) If t € IMP, then t =ty and IMP(t) = IMP(t")U {tN(t)} so that (26) becomes the
following:

(1) = (Hfﬁf“ lef‘fi“ A 1+ K (17 ))D (efo“ A“)‘”) @)

= (o) (T = e 2 ] ()
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If 0 =t; € IMP, then

e _ t;
Qu(t) = (In _’_K(r))e]tm A(t)dt (Hzl\i(lt )—1 [eft,-“ A(T)dr(ln +K(ti))1> (29)
If0=1t € IMPandt =ty € IMP, then

Qu(t) = (L +K(t))Qa(t) |
= (KO (T2 [ A k(1))

! A(T)dt - it
= (b (e M (O R A0 g, ke )

(30)

3. Impulsive Time-Varying Differential Systems with Constant Point
Delays and Their Evolution Operator

The results of Section 2 are reformulated for the case where the dynamics include
a finite number of constant point delays, with the associated dynamic matrices being
bounded and piecewise-continuous on Ry in the more general setting. The impulsive
actions can take place in both the delay-free dynamics and in all or some of the delayed
dynamics.

Consider the following impulsive differential system of order n with proportional
instantaneous finite jumps and with p, in general, incommensurate constant point delays
hi;i € p, subject to h; < h;if j,i(< j) € p:

x(E) = (A(E) + AE)x(8) + Y7 (Ai(e) + A1) x(t = hy) (31)
At) = ZtiEIMPA(t) K(£)A(t7)a(t — ;) (32)
Ai(t) = ZtiEIMPAi(t) Ki(ti)Ai(ti)(s(t - ti) (33)

for i € p, where the admissible function of the initial conditions ¢ : [—hp, 0] — R", with
x(0) = ¢(0) = xp, is bounded piecewise-continuous on [—/p,0]. The matrix function
A :Ro; — R™" of delay-free dynamics is bounded, piecewise-continuous, and Lebesgue-
integrable on Ry and the matrix functions A; : Roy — R"*"; i € p associated with the
delayed dynamics of the various delays are bounded piecewise-continuous. The matrix
function A : Rgy — R™" is defined in such a way that Aij(t’) = Aj(t7) if the (i, ])-
entry of A(t™) is impulsive and Aij(t’) = 0, otherwise, for i,j € 7. In the same way,
Akij(t’) = Ayij(t") if the (i, j)-entry of Ax(t") is impulsive and Ak,»j(t’) = 0, otherwise,
fori,jenandk € p.

The above Equations (31)—(33) reflect that impulses also occur for the delayed terms.

It turns out that K(t7)(€ R"*") # 0iff t € IMPA, and K;(t")(€ R™") # 0 iff
t € IMPA;, where IMPA = {t € Roy : K(t7)A(t") # 0} is the impulsive set of time in-
stants of A: Ry — R™", and IMPA; = {t € Ry : K;(t7)A;(t7) # 0} is the impulsive
set of time instants of A;: Ror — R"*" fori € p, and IMPA(t) = {7(<t) € IMPA},
IMPA(t™) = {t(<t) € IMPA}, IMPA;(t) = {t(<t) € IMPA;}, and IMPA;(t") =
{t(< t) € IMPA;} fori € p.

The impulsive sets on time intervals [t — o, t], [t — 0, t), and (t — 0, t) of A(t) are de-
noted, respectively, as IMPA[t — 0, t], IMPA[t — 0,t), IMPA(t — 0, t], and IMPA(t — 0, t)
such that IMPA[t —o,t] = IMPA[t—o,t) U {t} if t € IMPA, IMPAJt—o,t] =
IMPA(t— o, t] U {t— 0o} if (t—0) € IMPA, and IMPA[t —0,t] = IMPA(t—0,t) U
{t—c}U{t}if (t—0),t € IMPA.
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Close definitions apply “mutatis mutandis” for the impulsive set of time instants
of A(t) for i € p. The whole impulsive set for impulses in any matrix of dynamics is
IMP = {t; }; ccaraimip = IMPA U (UjcpIMPA;).

3.1. Trajectory Solution of the Differential Impulsive System with Delays

The following result is immediate from (31)-(33):

Proposition 2. Assume that IMP = {t;}, _--omin = IMPA U (Ujep MPA;) with IMP can
be either finite (i.e., the number of impulses is finite) or infinity numerable (i.e., the number
of impulses is infinite but they are located through time) so that cardIMP < xo. Then,
the unique solution of (31)—(33) for any given admissible function of the initial conditions
¢ : [—hp,0] = R" with x(0) = ¢(0) = xq is as follows:

x(t) = el Ay 4 YT /tti el ACHT A ()x(t — hy)de (34)
x(8) = (Lo +K() A7) () + 1 Ki() A7) (7 — ) (35)

forany t € [ty, tyy1], provided that ty, ty 1 € IMPA U IMPA;.
In particular, if t € IMPA and t ¢ IMPA,; for some i € p then, one has, from (35)

(1) = (1 + K(7)A(E))x(+)
If t € IMPA U (UjerI MPA;) for I1(C p), then

K(6) = (I -+ K(0)A)x(6)+ Ky Kol ) A )t = )

If t € Ujer1IMPA; for II(C p) and t ¢ IMPA, then from (35),

x(t) = x(E)+) o Ki(t ) Ai(t)x (" —hy).

Note that, since the impulsive matrix of any (delayed or not) particular matrix of
dynamics is zero if the impulse does not affect such a matrix A(.) and A(,(.), then (35) is
also valid for all the particular cases of Proposition 2.

The last additive term in (34) reflects the contribution of all the delayed impulsive
terms of the form x(t — h;) on the time interval [ty — h;, t — h;] for all i € p. Each of them
can be empty, for instance, if there is no impulse associated with x(7) in such an interval.

A particular case of the above result is direct under the following assumption of
constant time intervals of size in-between consecutive impulsive time instants:

Assumption 1. Assume that IMP = {t; = iT : x(t;) # x(t;)} if 0 ¢ IMP
sand IMP = {ti};c;. = {(i—1)T},cz, if 0 € IMP, ie., there are infinitely many
impulses through time with a constant time interval T in-between each two consecutive impulses.

Define j;(t) = max(j € Zos+ : jT <t—h;) fori € pU {0} with hy = 0. Then, t — h; =
ji(H)T iff (t —h;) € IMP so that K(t~ —h;) = K(j;(t)T~)(# 0) iff (t —h;) € IMP and
ji(t) <ji—1(t) fori € pand t € Ry

Define also for each t € Ry a proper, improper—which can be empty (if the impulsive
setin [t — hp, t] is empty)—subset 7(t) of 7 U {0} by the following:

p(t) = {zepuU{0}: (t—hy) € IMP} for t € Roy, which is the indexing set of the
impulsive time instants that occurred on [t — hp, t|. As a result, K(t~ — h;) = K(j;(t)T ™) is
non-zero iff i € p(t). Asaresult, i € p(t) (t — h;) € IMP, implying that t — h; = j;(t)T.

The following result is an immediate consequence of Proposition 2 and Assumption 1:
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Proposition 3. Assume that IMP = {t;},.5 = {iT};cz, (Assumption 1), the unique solution
of (31)—(33) for any given admissible function of the initial conditions ¢ : [—hy,0] — R" with
x(0) = ¢(0) = xq is as follows:

x(£7) = elér AT (k) 4 Y / ele AW A (1) x(T — hy)dT (36)

x(t) = (I + K(t)A(E))x ( D) FEL KA )x (T — hy)

= (L, +K(t7)
forany t € [kT

x(jk41T)

A
(k+

(7)) el

+1

)

T

}

)
fir

T (T) + XF, fir ele AWM 4, (T)x(T _hi)dT] + X0 KAt )x(t — k) (37)

The next assumption relaxes the constraint that the time interval between consecutive
impulsive time instants is constant but is still assumed to be an integer multiple of a positive
real constant.

Assumption 2. If IMP > t; = j;T for some positive integer j; = j(i) < i

, then all the impulses on the interval [t — hy, t] take place at time instants ty = j T subject
to t—h; <t =T <t

Note from Assumption 2 the following;:

(1) Ift € IMP, then all the impulsive time instants in [t — hy, t] are in a non-empty set
IMP|t — hy,t] of cardinal m = m(t) > 1 and the impulsive time instants are of the
form

{t =T = tzv =il =t t=t= imT}, whereiy, i;(< i) € Zforj <k

(2) The impulsive sets in [t —hp,t| and [t —hp,t) can be empty and they verify the
IMPt — hp,t) if t ¢ IMP

IMP[t — hy, t) U{t}if t € IMP’

Note that the above impulsive sets are identical iff t ¢ IMP and that they are jointly

relations IMP[t — hy, t| = {

empty iff there are no impulses in the time interval [t — hp,t) and t ¢ IMP.

Assumption 2 implies that the impulsive time instants are (in general, non-consecutive)
integer multiples of a constant time interval T rather than aperiodic [42—44]. The delays
in that case are still, in general, incommensurate since they are not necessarily integer
multiples of a minimum base delay #. However, the case of commensurate delays can be
dealt with simply as a particular case with ; = ik for i € p. The following result follows
directly from Proposition 2 and Assumption 2:

Proposition 4. If Assumption 2 holds, then one has for any two consecutive ty(= jiT)

= (In + K(s1 T7) A1 7)) 2 Gee1 T7) + 20y KiGrern T Ai Gepr TG T~ — hy)

= (In + K(jg1 T7)A A (k+17))
A(t)dt

X

1T~
f‘k+l

elikT

(38)
Jk+1

x(jkT) + - f]ikT“T (”)d”Ai(T)x(T — hy)dt

+ X0 KilGen T Ai(Giga T7)x (g T~ — hy)

And, if t € [ty, tyi1), then

ot t
x(t) = e AT () + Yr, /T eJe AHT A (1) x(7 — y)dT (39)
Jk
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The evolution operator, which gives the solution for any given function of the initial
conditions, follows directly from Proposition 2:

Proposition 5. Assume that IMP = {ty};c7 . Then, in general, the non-unique evolu-
tion operator that generates the solution (34)—(35) of the differential system (31)—(32) on [y, t],
with ty, t 1 € IMP being consecutive impulsive time instants and t € [ty, ty 1] € Ro+, is defined
recursively as follows:

N = _
Z(t7, ) = el A7 (4, 0) +Zf:1/t el AT A (D) Z(T — 1y, 0)dT  (40)
k

Z(Lt7) = (L + KA ) Z(t t) + Y0 Ki(t) A (87)Z (8 —hy,0)  (41)

and Z(t,t) = 1,, Z(t,T) = 0y for t € Roy, and Z(t,t~) = L, if t ¢ IMP forany t,(t > t) €
Ryt The evolution operator is, in general, clearly non-unique and time-differentiable in the open
real interval Uy crmp(ti, tiv1). If the impulsive set of time instants is finite such that ty =
{maxt :t € IMP} < +oo, then the evolution operator is time-differentiable in the open real
interval (Ut,EIMP(tir ti—i—l)) U (i’M, —|—OO)

The non-uniqueness of the evolution operator can be addressed under similar con-
siderations as those used in the proof of Theorem 2 based on the fact that, except for
particular cases of the choices of the impulsive gains, the right limits of the solution at
impulsive time instants are achievable for more than one impulsive gain from the given
reached values of the solution of their left limits. Particular versions of the evolution
operator of Proposition 2 follow directly from Propositions 3 and 4 under Assumptions
1 and 2. The particular evolution operators arising for the particular cases discussed in
Proposition 2 follow directly from such a result and they are then not displayed explicitly in
Proposition 5.

3.2. Some Results on the Solution Boundedness and the Global Stability

The subsequent result relies on the global boundedness of the solution of the impulsive
time-delay system in the event that the matrix A(t) is a stability matrix for all time, provided
that a minimum threshold in-between consecutive impulsive time instants is respected
under sufficient smallness in the norm terms of the matrices of dynamics and that of the
impulsive matrix gain. A second part of the result relies on the global stabilization of the
differential system by the appropriate choice of the impulsive matrix gain and the set of
impulsive time instants, even if the matrix of delay-free dynamics is not stable for any
time. The mechanism to achieve stabilization is that the impulses occur at a sufficiently
fast rate with the impulsive gain entries being of appropriate signs and of sufficiently large
amplitudes. For simplicity of the subsequent exposition, it is assumed that IMPA; = @&
for i € p so that IMP = IMPA. This simplification does not imply an essential loss in
generality since the resulting most general result could be easily reformulated.

Theorem 4. The following properties hold:
(1)  Assume the following:

(1) IMP = IMPA;

(2)  forany t € Rot, Timpr = sup (tpy1 — k) < Hoo is the largest in-
tk,tk+1(§t>€IMP
terval between consecutive impulsive time instants, ty, 1 > tx + Ty, up until

the time instant “t” for some minimum k-inter-impulsive time interval thresh-
old Ty (> T) € RY for any consecutive ty, ty (> ty) € IMP with k-inter-
impulse time interval Ty, =ty 1 — ty;
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(3)  ar= sup |JA(7)| < 4oo, with the supremum spectral radius of A(t) satisfy-

0<T<+00
ing sup p(A(t)) <1, that is, all the eigenvalues of A(t) have a negative real
0<t<+00
part for any t € Ro+,ag = max sup ||A;(T)|| < +oo,ks = sup |[|[K(7)|| < +oo,
I€P o<T<t 0<t<t
and
ket Tiem et
0k(t) = el AT <6 = sup ( el AT ) < +o0 (42)
b (b <tpyq1 <t)€IMP

Then, a sufficient condition for sup ||x(t)|| < oo for any given finite admissible
fER(H,
function of the initial conditions is outlined below:

limsup [0; (1 + kear) (14 pag Tipe (1 + k1)) ] <1, (43)

t—o0
In addition, (43) holds under the stronger sufficiency-type condition

1

0; <
(T+kear) (1 + pag Timpr (1 +ke))

(44)

forall t > tqg and some finite ty) € R+.

In order for (44) to hold, a necessary condition is that ty 1 > ty + Ty, with the inter-impulsive
minimum time-interval threshold Ty, being sufficiently small, satisfying:

¢
ftkk+Tk"’ A(t)dt

e (1 + ktat)(l + padtTkm(l + kt)) <1 (45)

tr, ter1(> t) € IMP with ty, 1 = max(t(< t) € IMP)

(ii) Assume that the conditions of Property (i) hold, except the one invoking that the con-

straint  sup p(A(t)) < 1 holds; furthermore, assume, that for each t € Ry, there
0<T<+00

exists at least a time instant &y, € [tg + T, tx + T + hp| such that A(C[k) is non-
singular and the maximum inter-impulse time interval (T, + hy) is sufficiently small. The
set of impulsive time instants is effective for an admissible impulsive matrix function gain,
that is, if ty € IMP, then A(@'fk)x(ét—k) # 0. Then, the solution can be made globally
bounded for all time for any given admissible function of the initial condition—so that the
differential system is globally stable—by means of appropriate choices of a sufficiently short
choice of the impulsive set of time instants and the sign and amplitudes of the entries of
the impulsive matrix function gain K : Roy — R™™. It can also be achieved under more

stringent conditions that  lim x(ty) = Ilim x(t; ) =0.
3 t(€IMP) (t) t(€IMP) (t)
Proof. For any finite time instant ¢ € R, definex, = sup | x(7)||and x; = sup ||x(7)]|,
0<t<t~ 0<t<t
and also definex™ = sup |x;|andx = sup |x;|. Those four amounts depend on
0<t<+o0 0<t<+0

the parameterization, impulses, and initial conditions. One has from Proposition 2, and
Equations (35) and (34) that

xr < (1 + ktat)x; < (1 + ktat)(?t (1 + padtTimPt(l + kt))xak(t) (46)

xt_ < 0; (1 + padtTimpt(l + kt))xak(t) < 0; (1 + padtijpt(l + kt)) (1 + ktat)x;k(t) (47)
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where ay(t) = min(t — hy, t(t)) with t(t) = max(t(< t) € IMP). Note that xy > x,,
and that x; > x () by construction of the supremum since 0 < (t — ay(t)) < - for all
t € Ro4. It turns out from (46)—(47) that x~ < 400 and x < +o0 if (43) holds, guaranteed
by (44) for some finite ty € R4, for which a necessary condition is that Ty, should be
sufficiently small according to (45) since 6; > 0;(¢) and Timpt > Tim since

) 1

< <
(1+kear) (1+ pag Timpe (1 + ki) = (1 4kear) (1 + pags T (14 ki)

jtk+1

S0 <= sup (
te,(tepq <t)EIMP
1

(48)

that is, only if (45) holds. Property (i) has been proved.

Now, Property (iii) is proved. For the entry-to-entry definition of the matrices
K(t) = (K;;(t)) and A(t~) = (A;(t7)), rewrite (35) equivalently, as follows, provided that
Yiq Aik(t_)xk(t_) is non-zero for some = J(t) € 7 and each t € IMP so that

xi(t) = xi(t7) + Dy Xy Ki () At )xi(t)

A o 49
Xi(E) + Ky (7 )y AgeE)30(E) + £ gy Ty Ky () A )3 (t) 49)

that x;(f) = A;(#)x; () with

Ai(t) =1+ Ky (7)Y A (7)o (87) + 200 gymg Doy K (87) Aje(£7) xe(£7) - (50)

and 0 < |A;(t)| < ¢;(t) < 1if

— (G () + 1+ Xl gy Ty Ky () Aje7) (7))
< Kip(F7) Sy Ape(#7)x k(f ) (51)
<gi(t)—1- Z (#1) Dy Kiji(t~ )A (t7)xe(t7)
that is,

i)+ 2}1(#”@:{22:1 Kii(£7) Aje(t7)xie(£7) < Kyt
T At )xlt)
G0 = 1= By e Ky () Aje (7))

- Yy At ) (t7)

(52)

Now, note the following:

(1) Inthe event that }; Aik( “)xx(t7) = 0for some t € IMP and all = [(t) €
then the formula (52) has division by zero and one has, equivalently, A(t~)x(t~) = 0
and x(t) = x(t7) so that f is then an ineffective impulsive time instant (Definition 1,
Proposition 1) irrespective of the value of the impulsive matrix gain;

(2) If the impulsive set IMP is effective irrespective of any non-zero matrix function
gain K(t), then A(t7)x(t7) # 0 for all t € IMP (Definition 2, Definition 3, and
Proposition 1). Thus, by virtue of the given hypothesis, A(t~)x(t~) # 0 for all
t € IMP, equivalently Y} Ay((t’)xk(t’) # 0 so that (52) is well-posed without
division by zero;

(3) Since 00 > Typr = tgyq — tr > hp and then

hy < Ty = sup Tiypr = sup sup (b1 — t) < 400
tER(+ tGROthk,thrl(St)EIMP
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max
1<i<p

max
1<i<p

Thus, it follows as a result that if x(7) = 0 for T € [t,f + Ty, then x(t) = 0 for t > Ty,
and the differential system has then been stabilized in finite time;

(4) If x(7) is not identically zero on [t + Ty, ty + T + hp) for any t; € IMP, then
there is always (at least) an eligible effective impulsive time instant §;, (= ;1) €
[t + Tk, t + Tim + hp] N IMP subsequent to “t;” by hypothesis and provided that

X (§ ;k ) # 0 since for each t € Ry, there exists at least one such a time instant §tk, such
that A (Ct;) is non-singular and then A (6;}() x (Ct;) #0if x(&, ) # 0. Then, K(t) can
be defined so that at &, K(& )A(¢; )x(&;) # 0 with &, € IMP being an effective
impulsive time instant (see Definition 3 and Proposition 1) under the impulsive matrix
gain K(t) fulfilling the constraint (52) with the replacement t — ¢;, . Thus, given an

effective ty € IMP, the next ty, 1 € IMP can be fixed as t;,; = tx + Ty such that
Tx > Ty, fulfils the following constraint:

(i) = ()] =

[

e e

£ 4T,
T f,kk k A(t)dt

) x(t) |l + HZP ol [tk efrt;”k A0)o Ay (T)x(T — hy)dT

i=1i Ji;

) (53)

) fori € p, from (34)—(35) with

[e9)

l’;+Tk
provided that 0 < ¢; < min (1, Aki/ el?”eftk A(t)dt

[e9)

K; = 0, since IMPA; = @; i € p, by hypothesis, and provided that K(t;) fulfils the
constraint (52). It turns out that (53) implies Hx(t];l) Hw < <11211g<xp/\ki> |x(t;) |- Then,
one has the following features:

(1) If the real sequence {Jgag)\ki} C (0,1], then the sequence {|x(t, )|} is
SIEp k=1

bounded for any admissible function of the initial conditions. Since {||K(t; )|/ };—,

is bounded, the sequence {||x(#;)]|,} is also bounded. Since the parameterization

oo
of the differential system is bounded on each inter-impulse time interval [fy, tx.1),
then [|x()
Property (ii);

(2) If the real sequence { mgx)\ki} satisfies limsup( mgx/\kl) < AforsomeA € (0,1),

1sisp ) k=1 koo \1SI<P

} is bounded for any admissible function of the initial

|| is bounded in Uy, " 1€1Mp[tk, t+1] and then also in ¢/Rg . This proves
Ay

HOO

then the sequence { ||x(t;)
conditions and it converges asymptotically to zero. Since {||K(t; )| },._, is bounded,

then the sequence {||x(f¢)]| o } is also bounded and it converges asymptotically to zero.

o
Since the parameterization matrices of the differential system are bounded on each
inter-impulse interval [fy, £, 1), which is finite unless the impulsive parameterization
ends in finite time, then ||x(¢#)

CZRO+. O

|l is bounded in Utis, ., EIMP [tx, tk1+1] and then also in

Theorem 4 can be directly extended to the general case when U;c;IMPA; # & by an
“ad hoc” re-statement of its proof by considering in (35) a non-null impulsive contribution
Yr  Ki(t7)Ai(t7)x(t™ — hy) for t € IMP with IMP = IMPA U (Ujc5 I MPA;).

Remark 2. Assume for simplicity of the subsequent explanation that IMP = IMPA. It
turns out that the impulsive system (31)—(33) provides relative jumps at the right-hand-side
of impulsive time instants, related to its value at the left limit of the time instant, according
tox(t) = x(t7) + K(t7)A(t™)x(t™) defined by the matrix (L, + K(t7)A(t7)) but t € IMP is
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x(t) = A(t)

ineffective if K(t~)A(t)x(t~) and this concern depends on the solution itself. A way to be able
to choose effective impulsive time instants in any case is the implementation of absolute jumps at
the impulsive time instants independent of the values at the left limits as follows. If t € IMP,
then x(t) = x(t7) + K(t7)A(t™) with the impulsive gain being a bounded real vector func-
tion K : Roy — R" with a support set consisting of isolated real points. In this case, any component
of x(t) can differ from its counterpart x(t~) by choosing to be non-zero for all the components
of K(t™) provided that A(t™) is not identically zero. This also facilitates the stabilization by
an impulsive action through time by relaxing some of the conditions of Theorem 4. The finite
jumps x(t) = x(t7) + K(t7)A(t™) in the solution come from the subsequent modification of the
impulsive differential system (31)—(33) with IMP = IMPA:

x(t) = A(t)x(t) + Y7 Ai(t)x(t—hy) +u(t); u(t) = ZtiGIMPA(t) AF)K(t7)o(t—t)

where u(t) is an impulsive open-loop (i.e., without using feedback) control, contrarily to (31)—
(33) [50], where, again, if IMP = IMPA, it can be rewritten as follows:

x(b)+ Y Ai(b)x(t—hy) +u(t);u(t) = ZtiGIMPA(t) K(tT)A(F)6(t—t)x(t)

where now u(t) is an impulsive state-feedback control.

Remark 3. Note that the extension of the impulsive delay-free differential system (23)-(24) to its
delayed version might be viewed also as an impulsive open-loop controlled system of the form:

©(1) = A(B)x(0) + L0y A0x(t— ) +u(0() = ¥, ygong K(E)S(E 1)

Note that the impulses are not state-dependent and are not related to abrupt modifications in the
matrix of delay-free dynamics at the impulsive time instants.

Remark 4. In the event that the system becomes time-invariant in a finite time t, then the
impulsive actions can be removed in a finite time while keeping the stability as it is well-known.
Assume that for t > t the differential system is time-invariant as follows:

x(t) = Ax(t) + Y7 Aix(t—hy) +u(t) = (A +Y7, A,-)x(t) + Y7 Ai(x(t—hy) — x(t)) + u(t)

It follows that it is globally asymptotically stable for any given finite admissible function of the
initial conditions if there are no impulses for t > tr, i.e., u(t) = 0 for t > t, and, furthermore,

i

P
(@) A is a stability matrix and ), sup wl, A

<1 (guaranteed if

i=1weRy+ 2
Aj H -13.
max sup ||| < p~t);
i€p wERr()H wh=All :
(b) Or (A +¥? A-) is a stability matrix and {j sup A; < E (guar-
=l 1 .
i=1 i=1 weRy, lCUIn —A— Zle Ai 5 2
A; 1
anteed if max sup ||- — < =)
€D weRy, |[twly — A =Y 1 A; ) 2p

The above conditions guarantee that all the zeros of the characteristic equation
det(sln—A—ZleAie_his) = 0 are in Res < O—that is, equivalently, that

-1
(sln —A- Zf;l Aie’hﬁ) exists for Res > 0. As a result, the transfer matrix G(s) =

-1
(sln —A-— Zle Aie’his> € RHY)"—that is, it is strictly stable. See, for instance, [14].
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The above remark is induced to guess that the global asymptotic stability of the

time-varying differential system can be achieved in the absence of impulsive monitored

parameterizations, or under a finite number of them, if a nominal time-invariant limit

differential system of reference is globally asymptotically stable and the parametrical

deviations from it of the current differential system are sufficiently small through time. The

subsequent result relies on this feature.

Theorem 5. Assume that the three hypotheses below hold:

(1) A;(t) = Ai(t) — A;;i € pU{0} are bounded piecewise-continuous for t € Ry, where Ay =
A, Ag(t) = A(t) = A(t) — A = Ag(t) — Ag for t € Ry, and some given constant
matrices A; € R i € pU{0};

(2)  For some finite t; € Roy and all t > tg, sup Aj 5 (F )‘ < Ey,iepU{0};jkenandE; =

>t
(Ei]-k)fori e puU{0};jkemn;
(3) Any of the two conditions below holds:
(3.1) Aisastability matrix and Z sup AivEi < 1,orif max sup Atk H <
i=0 weRy+ (Uln —A 2 1ep w€Rp+ fooln =2 2
~1.
p
A+ E; 1
32)  (A+YP . A;) isastability matrix and Z su - < Zor
( i=1 J Y zoweRpO+ iwl, — Zzﬂ(Ar+EO ) 2
A+ E; 1
if max sup 5 < 5=
I€F weRy, || Wl — A=Y Ai 5 2p
where E; = (Eijk)fori e pu{0}.
Then, the following properties hold:
(i) The nominal time-invariant differential system is globally asymptotically stable.
k() = Axe() + L Az (t—hi)i xa(t) = 9(t)
with bounded piecewise-continuous initial conditions x(t) = ¢(t) for t € [—h,,0].
Also, the auxiliary differential system is as follows:
X(t) = A%(t) + Y1 (A + EDT(t — hy) = Ax(t) + Y 7 A(t —hy) + Y 1 Ex(t
with bounded piecewise-continuous initial conditions x(t) = ¢(t) for t € [—hp,0],

(ii)

(iii)

I’l() =0,A) =0, go(t) = Av(t), and E; = (
asymptotically stable;

)forz € pU{0}; j, k € nis globally

ijk

The current differential system

+ 30 o (Ai+ Ai(t) ) x(t = i)

is globally asymptotically stable;

Assume that E; = Aj|| A, 1 for some constants A; € Roy;i € pU {0} with A = maic })\ .
icpU{0
Then, Properties (i)—(ii) hold if any of the conditions below hold:

i

iwly, — A,

< ! (which is guaranteed

p
(3.1") A is a stability matrix and Yy, sup T

i=0 weRy+

under the sufficient condition max sup iw;ji—A H2 < p(11+A) )

lEp w€ERp
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(3.2) (A + fol Al-) is a stability matrix and
2 sup A; | < 1 (which is guaranteed if
i=0weRy, || 1wl — X1 _o(Ai+E) |, 2(1+A)
max sup A; ! )-
I€P weRy, || iwly — A — X0 A; , 2p(1+A)

4ol < |

=I-

Proof. Property (i) follows since any of the conditions (3.1) or (3.2) guarantee: (a) the global

asymptotic stability of the auxiliary system; and (b) the global stability of the time-invariant

nominal system since it satisfies the constraints 0 = sup ’Aijk (t)‘ <Eiepu {0}, jken
>ty

included in any of the conditions (3.1) or (3.2). Property (i) has been proved.
To prove Property (ii), note that for t > ¢ £, one has, for any vector norm and corre-
sponding induced matrix norm,

=) < AN ) + 0 NAIFE = Rl + S IENIRCE = R

) < TN+ S A (e = )|+ 2, | At ant— ol
< IANIREN + Sl Aillx(E =Bl + S IEill (= o)l

Since the function of the initial conditions is the same for the current differential system
and the auxiliary differential system, i.e., x(t) = X(t) = ¢(t) for t € [—hy,0], then

= [1AINEE + o7 FAIE(E = ki) |+ Yo7 EillI%(t = By)[fort € [z, 0]

and by complete induction based on the above differential inequality, one has the following:

[y = =) A (5] < |7

)it € [, 0] = (O < [FO]: = ~hy)

Since from Property (i) X(t) — 0 and %(t) — 0 as t — oo, and both the trajectory solution
and its time first-derivative are bounded for all time, then the current differential system
is also globally asymptotically stable—that is, the solution trajectory and its first time-
derivative are bounded for all time and converge asymptotically to zero as time tends to
infinity. Property (ii) has been proved. Property (iii) is a direct conclusion as a particular

case of Properties [(i)—(ii)] under any of the conditions (3.1’) or (3.2"), which are “ad hoc
modifications of the conditions (3.1)—(3.2). [

A particular interest of the above result is when A;(t) — A; as t — oo fori € pU {0},
that is, when the nominal differential system of reference is a limiting system of the current
time-varying one.

A simple first-order example with a single point delay is described in detail to illustrate
the mechanism of stabilization under impulsive monitored parameterizations. The example
is illustrative to see, in an analytic way, the effects of the impulsive parameterization in
the solution with the main focus on the stability context and how closed-loop stabilization
can be achievable by an appropriate selection of the sign and amplitude of the impulsive
gains at suitable chosen effective impulsive time instants. The role in the stabilization of
the involvement of a finite or infinite number of impulsive time instants is also seen.

Example 1. Consider the subsequent differential equation:

x(t) = a()x(t) +az(H)x(t —h) (54)
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With a finite delay h and impulsive effects in the function of delay-free dynamics, the impulsive
set of time instants is IMP = {t;};" 1, a: Roy — R is bounded piecewise-continuous in all
the inter-impulsive intervals (ty, by 1)—with t 1 = tx + Ty—and a; : Roy — R is bounded
piecewise-continuous. The function of the initial conditions ¢ : [—h,0] — R is bounded piecewise-
continuous with ¢(0) = x(0) = xo. The solution is the following one for t € [ty, ty. 1) is given by
the following:

x(t7) = el Oy 4 S el atorieg (T)x(T—h)dT -
— (1 k(e )a(tr))eh O (e0) + [ el a0 q (2)x(x — myd

Thus,

et

¥(t5) = (1 k() Ja() el

Assume that the impulsive sequence of gains is claimed to guarantee that the matching ob-

t e
U (1) 4 [ el g ()~ e (56)

te

jective x(tk+1) = p(ti, tep1)x(t ) at the left limits of the impulsive time instant holds,

where {p(ty, trs1) ooy is bounded and limsupp(ty, tyq1) < pliminfo(ty, ty1) > —p where
ty—rco tp—ro0

p(< 1) € Ry Note that if p =1, then there exists a finite lim |x(t; )| Then,
k00

(P(tk, ) = (1+ k(g Ja(r;) el ”(T)dm> K(t) = [ R Mgy o)~ e 7)

tk

equivalently,

k

t, - - i
KDt ) ) = ottt e ) < [P Ot o
t

(P(tk/ To)e e o0 1) — (g )e I

and equivalently, if t, € IMP, is effective, then

He +Te He +Te

1A [l 1501410 g ()2 (r — h)dT) ”

Claim 1: {|x(t;) | }20:1 is bounded.

Proof. Assume, on the contrary, that { |x(t. )] };ozl is unbounded. Then, for some large

o [e0]
M € Ry, there exists a strictly increasing subsequence {‘x(t;}) ’ }j:1 of {|x(t:)|},

with ‘x(tk_)‘ < cMfor c(> 1) € Ry but then ‘x(tk_jﬂ)‘ < pfinh

- ki 1—k
< +1—k1
x(tkj) - CM‘pJ
and llmsup‘x(t )‘ < eM lim pNi+17%i (e [0,cM]) since p < 1 s a contradiction. Then,
j—oo j=too

{|x(t . )|}k:1 is bounded. O

Claim 2: If p = 1, {|x(t )|}, is bounded and it does not converge to zero. Further-
more, {|k(t; )|}, is bounded, {|x(t)|}soy is bounded, and x : [—h,+o0) — R is bounded
if cardIMP = xq (ie., if there are infinitely many impulses) and 0 < T, < Ty =

sup(tpy1 — tx) < —+oo. Then, the differential Equation (54) is globally stable for any given
tk,tk+1€IMP
admissible function of the initial conditions.



Mathematics 2025, 13, 365

24 of 29

Proof. The following {|x(t)|};_, is bounded if p = 1 since it is bounded for p < 1
(Claim 1). Furthermore, since each t, € IMP is effective, {|x(t; )|},_, neither con-
verges to zero nor has some null element. On the other hand, { |k(tk_ )| };ozl is bounded
from (59), {|x(t)|};=, is bounded since {|k(t; )|}, and {|x(t; )|}, are bounded. Fi-
nally, since there are infinitely many impulses, and the time interval in-between any two
consecutive impulses is finite by the hypotheses, then x : [—h, +c0) — R is bounded in
Ut e aeIMp (t, teqr) since {|x(tk_)‘};°:1 and {|x(t;)|};; are bounded from the bound-
edness and piecewise-continuity of 4,4, : Rot — R in Uy, . ¢ imp (te, tkr1). The global
stability of (54) follows as a result. [

Remark 5. Note that if cardIMP = xq and the objective x(tkjrl) = ot tes1)x(t ),

where {p(ty, tyi1) oy is bounded with limsupp(ty, tyr1) < p, liminfo(ty, teyr) > —p is
tp—ro0 t—ro0

fixed with p < 1, then {|x(t; )|}, — 0 and {|k(t)|},_, = +oo from (59) since
{|x(t; )|}, — 0. This also implies that the members of IMP lose effectiveness as they
tend to infinity (that is, the impulsive time instants tending to infinity are not effective). One
then concludes that, in the case of injecting infinitely many impulses, the matching objec-
tive x(tk_ﬂ) = p(t tis1)x () with p < 1 is not appropriate in practice since the sequence of
impulsive gains diverges.

Claim 3: Assume that either

(1) cardIMP = o (there are infinitely many impulses) and either the matching objec-
tive x(tk_H) = (b trr)x (8 ), where {p(ty, tii1) } oy is bounded, llz(’l/ljlglopp(tk, teyr) =
—liminfo(ty, ty, 1) = 1 and the inter-impulses intervals are subject to finite lower-bounds
anrtik ;;:;er—bounds;

(2)  Or the above matching objective is not fixed, cardIMP < xq (there is a finite number of

impulses), there is a finite time instant T for which max(t € Ry : t € IMP) < T.

Then, the set IMP can be defined with all the impulsive time instants being effective provided
that there is no t € Ry such that x(t) = 0 in the time interval [t,t + h].

Proof. Assume that t; € IMP and take ¢ > T, such that
9 a T 1 9 a —
x(ty +8) = el Ty (1) +/ ele T de g (b L k(b +T—h)dT =0  (60)
0

so that £
h, then the above constraint holds for all 6 € [Ty, Ty, + k] and there is no impulsive
action on [tg, tp + Ty + k], and then x(t) = 0 for t > t; + Tjy. Thus, if there isno t €
[te + T, tx + T + h] such that x(t) = 0 for t € [ty, tx + T, + 1], then it is guaranteed that
there is some fy 1 € [t + T, tx + T + 1] such that x (tk_+1) # 0. Such a t, 1 is eligible as

the next impulsive time instant to t, € IMP since Ty = Ty, + h is finite and ty 1 € [Ty, Tum]

= t; + 0 is not an effective impulsive time instant. Now, if Tyy = T, +

and it is compatible with the matching objective for p = 1 (see Claim 2). J

Remark 6. Note that Claim 3 relies on the fact that, if there are infinitely many impulses, then all
of them can be chosen to be effective under the first set of constraints of the claim. In the case of a
finite number of impulses, they can be chosen to be effective.

It has been seen that, if p < 1, then |x(t )| — 0 as k — +oo asymptotically at an
exponential rate. Then, {x(t, )}, and {x(t)};~, are bounded but the boundedness of
the sequence of impulsive gains {k(t; ) },-, fails. This problem is avoided in the case of
absolute jumps at impulsive time instants of the form x(f;) = x(t, ) + k(f )a(t; ) in the
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x(ty1) =

Bt Ty)

= Ssup
0<o<Ty

solution generated from absolute impulses in the parameterization of a(t) (see Remark 2).
In this case, (59) is replaced with

kT bATy
) ((P(tkr Ti)e ftk ka(t)d(t) . 1) —ﬁk (D)d(t) [tk ol kTl g(a)d(a)ad(T)x(T _ h)d”r) (61)

te

and the reasoning on the boundedness of the sequences {x(t; )}, ,, {x(t)}i_;, and
{k(t; )}, of Claim 2 remain valid even if p < 1 since the requirement for the impulsive
time instants to be effective is no longer needed.

The solution of (54) might be re-stated in an equivalent form to (55) on the right limits
of the time instants as follows. If f € IMP and t € [ty, t;y1], then t;, 1 € IMP is the next
consecutive time instant to t;. Then, one has that

(1t ole) Jx(tia) = (0 (ot skt Jssma () ) x(5)

(14Kt )a(tea ) [eftk A () + [ el a@)og (1) x (1 - h)dT]

(62)

with sgn(0) defined as zero and sgn(x) = x/|x|if x # 0. Itis direct to see thatif a (tk+1) #0

and k( k+1) is chosen with sgnk( k+1> = sgna (tkjrl), then |x(t;q)| > ’x(tkH)’ and if
sgnk( k+1) = —sgna (tk+1)' and then |x(fr1)| < ‘x(tkﬂ) ' Define Ty = tgy1 — i €
[T, Typm) for fy, ty1 € IMP, and

Dc(tk,é) = (1+k(t + 5)ﬂ(tk + 5))

b +o o
Bt ) = B(Ey,0) = el "On(ey 4 [* el a0 (1)x(r — )

for & € (0, Ty). As a result, one has that

te

x(te +6) = a(ty, 6)B(t, 6)

Note also that

T -
jtk () +6 e.f;k +5a(r7)d0

max |ad<r>|)sup|x<r>|z sup_B(t, )

h<T<tp+6 B<T<h+6  0<6<Ty

Now, given t; € IMP and (i € (0, ], if one chooses the next impulsive time instant

tk+l(€ IMP) =t + T with T, = mf((i > Ty |Dé(tk, 5)| (ﬁ(tk, Tk)/sup|x(r)|> < §k> and

e <T<t}+6

then |x(tx1)| < Cx sup |x(tx + T)| and also, as a result, if limsup(; < 1, thensup(|x(t)|) <
0<t<T} tp—r—+o00 0<t<+4co

+00. The choice of k( ) +1) is made as follows in order to satisfy the constraint:

‘1+k(tk+1)a(tk+1)’§&<[1/ sup <e

0<6< Ty

f +§
el do

t, 40
Ji a4

max aglT
7| e g >|>]

in such a way that
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t+0

(@ Ifg < sup <6f‘k 9O | gl f* do

0<6<Ty
chosen to satisfy the following;:

sgn(k(tir)) = —sen(a(tes)) 63)

max  |ay(t )|> then k( k+1) is

e <t<t;+6

1 Ck _
el e SICHIE
kt+1 sup elid @I 4 sl ao)do| gy Jag(7)]
0<6<Ty L <T<tK 40
or
1‘ +0
b) If g > I then k() i
(b) If g > oj?ka< +4dle tkg@giwlad( )| |, then (k+1) is

el

chosen to satisfy:

sen(k(t51)) =sg(a(t7)) )

Ck 1
0] g |ad<r>|>

(66)

t, +6
ftkk a(T)d( )—l—(S(:’[T do
tkSTStk‘i"s

sup e
0<0< T}

Note that the constraint limsupl; < 1 can also be guaranteed with the appropriate
t—+oo
choice of the impulsive gain sequence while fixing a sufficiently small inter-impulse mini-

mum threshold interval T}, and the choice of T approaching to T}, as k tends to infinity.
This threshold can be fixed greater as a(t) becomes negative on relevant intervals of time.

4. Conclusions

The first part of this study has derived explicit expressions for the evolution associated
with the state-trajectory solution of a class of linear time-varying differential delay-free
systems. The impulsive-free part of its matrix function of dynamics of such systems has
been assumed bounded and piecewise-continuous Lebesgue-integrable for all time.

The cases of the absence and the presence of impulsive actions in the system matrix
of dynamics are described. In the impulsive case, the evolution operator is seen to be,
in general, non-unique. Subsequently, the above obtained results are extended to the
presence of delayed dynamics associated with constant point delays, and the evolution
operators that generate the trajectory solution are given in an explicit fashion, while they
are non-unique, in general, in the impulsive case.

The parameterization impulsive actions at certain time instants can take place in the
delay-free dynamics and also in the various matrices of delayed dynamics followed by
an immediate return to the previous configuration. The impulsive actions are interpreted
as an instantaneous abrupt switching change in the parameterization. Furthermore, the
parameterization impulsive actions might be, in general, non-unique in the sense that,
depending on the left limits of the solution values at impulsive time instants, the necessary
impulsive gains for monitoring the instantaneous switched parameterizations can be non-
unique for the achievement of a certain suitable right limit of the solution trajectory.
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Next, the boundedness of the solution trajectory of the delayed impulsive differen-
tial system is also investigated. It has been seen that an appropriate distribution of the
impulsive time instants is relevant for the potential stabilization of the delayed differential
system, even in the case when the delay-free dynamics is unstable.
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