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Ultralight bosons, naturally appearing in well-motivated extensions to the Standard Model, can
constitute all the dark matter. Models with particle mass close to the smallest phenomenologically
allowed exhibit coherent field configurations at (sub)galactic scales, oscillating at a frequency corre-
sponding to the fundamental mass of the dark matter particle. The gravitational field of these structures
inherits the dark matter field’s coherent oscillations, leaving an imprint on gravitational (and electro-
magnetic) waves sourced close to (or in) such overdensities. This happens via a heterodyning frequency
modulation, which can later be decoded in a gravitational-wave detector. An analogous effect occurs in
models with universal (conformal) couplings of ultralight bosons with ordinary matter, generated by the
direct interaction with the oscillating field. In this work, we explore this phenomenon in detail and assess
the capability of near-future interferometers to probe ultralight dark matter and its potential conformal
couplings to matter. Using astrophysical population models, together with results from cosmological
simulations, we find that the observation of gravitational waves from spinning neutron stars at the Galactic
Center with the Einstein Telescope/Cosmic Explorer would be particularly effective in constraining

ultralight dark matter.
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I. INTRODUCTION

Elucidating the nature of dark matter (DM) is one of the
main directions of current research in particle physics and
cosmology [1]. Even its most fundamental properties, like
the mass of its constituents, remain elusive. One of the most
fascinating scenarios, whose study has attracted plenty of
attention in recent years, is that DM particles are so light
that the typical interparticle distance in galaxies is much
smaller than their de Broglie wavelength. For the
Milky Way (MW), this is the case of DM particles with
masses smaller than ~1 eV [2].

These large occupation numbers imply that DM in this
ultralight dark matter (ULDM) regime is effectively
described by classical wave equations of a field ¢,
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corresponding to massive particles interacting through
gravity (and, maybe, some additional interactions). This
results in several new phenomena compared to heavier DM
particle candidates. Among these, two are of particular
relevance to this work. First, in a virialized DM halo, there
exist (transient) regions where the field oscillates coher-
ently with frequency

myy

N— 1
76 days’ (n)

w~m

where my, =m/(1072? V), with m the ULDM particle
mass. These halo patches remain coherent over vy> ~
10% cycles and a length (mwy)~" ~ (0.1/my,) kpc, where
vy ~ 1073 corresponds to the velocity dispersion of the
DM nparticles in the halo [3]. Second, there exist dense
self-gravitating ULDM structures sustained by wave pres-
sure. These long-lived structures are called “solitons,” and
their associated DM field also oscillates coherently at
frequency @ ~ m. At least two categories are possible,
originating from different channels. For the lightest bosons,
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m < 10720 eV, these solitons form at the center of galaxies
through the gravitational relaxation of transient coherent
patches in the halo, equipping galaxies with large DM
cores [4]. Another possibility is that they are generated in
the early Universe through, e.g., a large misalignment
mechanism [5,6]. Here, they could exist for heavier bosons
m > 10720 eV, come with different sizes/densities, and be
spread throughout the entire halo.

The gravitational field sourced by the ULDM fields
inherits some of its coherent features. In particular, at first
post-Newtonian order, it contains an oscillating component
with frequency @ ~2m (i.e.,, twice the ULDM field
frequency). Such a peculiar time-dependent phenomenon
opens up new ways to probe ULDM. For instance, one can
now search for the modulation of electromagnetic signals
of known frequency spectrum induced by the aforemen-
tioned oscillating background. This was originally pro-
posed in Ref. [7], using the precisely timed rotational
period of pulsars immersed in the ULDM halo (it was later
extended to ULDM solitons in Ref. [8]). Still, despite being
one of nature’s most precise clocks, there are practical
challenges in timing pulsars at the Galactic Center, where
DM is more abundant, because of the high plasma density
and irregularities in the interstellar medium.

Gravitational waves (GWs) with well-understood fre-
quency content are a natural alternative because their
sources may be detected even if they reside in the
Galactic Center (GC). These GWs range from (quasi)
monochromatic, such as those sourced by double white
dwarfs (DWDs), extremely large mass-ratio inspirals
(X-MRIs), or spinning neutron stars (NSs), to “chirping”
signals, like the ones originating from the coalescence of
black hole (BH) or NS binaries. In this work, we explore
the possibility of encoding the low-frequency information
of a ULDM field in high-frequency carrier GWs from these
sources via a type of heterodyning modulation. The
modulation occurs during propagation through a Sachs-
Wolfe effect [7], and can (in principle) be decoded at
reception in a GW detector. The same idea was applied in
Refs. [9-11] to search for low-frequency GWs, and in
Refs. [12,13] to search for a ULDM halo. Here, we extend
it to dense ULDM solitons, including the effect of attractive
(quartic) ULDM self-interactions and allowing for univer-
sal conformal couplings to ordinary matter, using realistic
population models of the sources to provide a first estimate
of the prospects of using this effect to detect ULDM.

This work is organized as follows. In Sec. I, we describe
the ULDM models and coherent structures considered. In
Sec. III, we present the heterodyning effect of ULDM on
null geodesics. In Sec. IV, we discuss the constraints of
dynamic tracers on the density profile of the GC and the
population of GW sources in the MW, and we conclude
with observational prospects of the effect on GWs from the
GC. We dedicate Sec. V to GWs from other galaxies and
Sec. II C to DM halo substructures other than the central

core. Section VII contains our discussion. Some technical
material is provided in the appendices. We use natural units
(c=h=G=1) and the mostly positive metric signa-
ture (—+ ++).

II. COHERENT STRUCTURES OF ULDM

In this section, we present the ULDM models that we
consider, together with the relevant equations describing
coherent structures of ULDM and their gravitational
potentials. We also review the characteristics of such
structures, which, depending on their production mecha-
nism, can either condense at the center of DM halos or be
scattered through them.

A. ULDM models

As mentioned, we consider scenarios where DM is made
of an ultralight boson. We will focus on the case of a
massive (pseudo)scalar ¢ with attractive quartic self-
interactions, although similar results may be derived for
ULDM of higher spin. The DM field interacts with ordinary
matter fields y via the minimal coupling to the spacetime
metric g, and, possibly, through direct couplings. The
effective action we will consider is then

S:/ﬁ%{¢%{é§R—%@¢W¢—VMO

+cmu,¢,g}} )
with potential
Vil =3 2|15 @re) o

motivated by the low-energy limit (¢/F < 1) of shift-
symmetric axionlike potentials.

The energy-momentum tensor reads 7, = T,’f,, + T
where the contribution of ¢ is

1
Tfju = vﬂ¢vl/¢ ~ 9w <§ va¢va¢ + V) ’ (4)

and T, =—(2/\/=9)6Ly/5¢". In this work, we will
consider ULDM phenomena where the weak-field limit
of Einstein’s equations describes the relevant gravitational
effects. Namely, we can write?

Gudxtdx’ & —(1 = 2®)ds* + (1 +2¥)5,;;dx'dx/, (5)

"To generate the observed density of DM via misalignment
mechanism  would  require  F~10"GeV(10~2eV/m)!/*
[3,14,15].

’In Newtonian gauge and using global inertial coordinates

(t,x").
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with |®], |¥| ~ ¢ < 1. Regarding the equations of motion
for ¢, we will only be interested in their nonrelativistic
limit, where particles of ¢» have energy approximately equal
to their rest mass, i.e., |0, log¢|/m ~ 1.

To find the relevant equations in the limit of interest,
we split the potentials and their sources into slowly
and rapidly fluctuating pieces [i.e., ® = ® + 5®, where

@ = (m/2x) | T/ 1 ®). We neglect the direct coupling

t—n/m
of DM to ordinary matter for now (we will include it later).
Introducing the field redefinition

—imt
V2m

with |0, logy|/m ~ €, one finds the nonrelativistic field
equations [averaged over high-frequency modes w = m,
cf. Appendix A]

o — {2 | @4 P (7a)
V= am " gm2r2| [V

¥~ O, (7b)

b=y

+c.c., (6)

Vi = _47[(:5(}5 +pm)’

where V? = 670,0;, p, = m|y|*, and p,, = T7.

At leading order, the rapidly oscillating parts of the
potentials have frequencies close to 2m and 4m (where the
latter is sourced exclusively by the ¢* self-coupling,
cf. Appendix A). We hence introduce the decomposition

5@ = @, (x') cos(2mt) + Py(x’) cos(4mt),  (8)

and a similar one for 6. Assuming a slowly evolving field
configuration

W= ), ©

with y = |0,logy|/m < 1 and ¥ €R, one finally finds
(see Appendix A)

2 rT__ T 5
\Y |:LP2 + I’I’l2 P¢:| - 6F2m2ﬂ¢, (IOa)
2 T Py |
T _ T
V=l V=g (100)

The case without self-interactions is recovered in the limit
F — o0, and no ¥, and ®, are sourced.

The possibility of direct couplings of DM to ordinary
matter fields in £, broadens the landscape of ULDM
models that we can test with our methods considerably. A
simple option that still encapsulates relevant phenomeno-
logical aspects of many models is to consider the case of a

universal conformal coupling of the ULDM field ¢ to the
ordinary matter. This can be summarized through the
effective Lagrangian density [16,17]

Ly =Ll A*($)g]. (11)

where the function A(¢) is model dependent. This theory
can be recast into a new form by performing a conformal
transformation to the Jordan-Fierz metric

g/w = A? (¢)gﬂw (12)

where test (ordinary) matter fields fall freely. In this work,
we will restrict to linear and quadratic couplings

Ax1+¢/A; and Ax1+¢*/A3, (13)
with the high-energy scales A; and A, parametrizing
the strength of the interaction. These arise, for instance,
in the low-energy limit |¢| << A of the Fierz-Jordan-Brans-
Dicke [18-21] and Damour-Esposito-Farese [22,23] theo-
ries, respectively (see also [24] for the related dilatonic
couplings).

The coupling of DM with matter in Eq. (12) adds a term
to the right-hand side of Eq. (7) that averages to zero in the
case of linear couplings, and is ~p,y/(mA3) for quadratic
ones. Equation (7b) is modified by replacing p,, — A%pp,
on the right-hand side. These corrections are always
negligible for the values of A, considered in this work,
and the only impact of Eq. (11) is to change the effective
metric over which the matter fields move. Indeed, as clear
from Eq. (12), the universal direct coupling of ¢ to matter
in the Einstein frame, causes the gravitational field to
rapidly oscillate with frequency m for the linear coupling,
and 2m for the quadratic, in the (physical) Jordan frame
(see the discussion in Ref. [25]).

B. ULDM solitons as DM cores

Self-gravitating ULDM solitons—also known as boson
stars [26-28] (for complex scalar fields) or oscillatons
[29-31] (for real ones)—play an important role in the
phenomenology of ULDM, in particular, due to their
presence in the central regions of galaxies [4,32—41].

The solitons under consideration are stationary, spheri-
cally symmetric, nonrelativistic solutions of Eq. (7), min-
imizing the total energy for a fixed number of particles.
These equations are invariant under the scaling

{t? xi’l//ﬂ (_D’ F} - {t/j'z’xi/l’ AZW’AA‘&)’AF}’ (14)

which leaves the parameter

Vio/n _0.024 (1016 GeV>2 Do

6(F?m)  mpy F 103Mg pc™

P=1 (15)
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invariant, where p, = m|y(0)|>. Thus, each $ defines a
one-parameter family of solutions (across different values
of F)

it x's B) = Wy, (Ae, Ax' ), (16a)

@, (1, x5 f) = 12®, (A, Ax'; B). (16b)
The parameter A is related to the soliton’s central density
through

A= [my}po/(10°Mg pe=?)]'/%.

For attractive self-interaction, solitons have a critical mass
[42-44] M, ~ 1.1 x 10°°MyF/(10' GeV)m3,, above
which they are unstable and collapse (to a more dense
soliton [41,45,46] or a BH [47,48]). This happens for [41]
p. ~0.55. In this work, we restrict to f < f,, where the
soliton’s density profile is well approximated by the fit [41]

#\ 2-5/b7 -8
e {1 +0.091<—> ] , (17)
R,
with
_ . o (025 kpc\4
po~4.9My pc3a /PP m3 (R—> :

and a=11.2 and b =4.2. There is a mass-radius
relation [41]

025 k
M.~ 0.88G(8) x 10°Mgm3? <R—p°> . (18)

c

with G ~ O(1) adecreasing function of # with G(0) = 1. We
define the core radius to be such that p(R.) = po/2.

The first DM-only cosmological simulations found that a
soliton of mass M, forms dynamically through relaxation
at the center of DM halos according to the empirical
relation [32]

M 1/3
M ~ 1.4 x 10°M gm3)! <71012;4 ) . (19
O]

where M, is the halo mass. A significant dispersion on the
numerical prefactor and exponent of M}, was found in later
simulations [33,36,37,39] (probably due to tidal stripping
[39]), which indicates that cores and halos may coexist in
different configurations. Thus, in this work we will take the
phenomenological fit of [39],

*Note that in [39] the core mass is used, which is related to the
total soliton mass by M, ~ 0.236 M, [49].

1.1 M 13 M 30 M 2/3
. 12h S 9SOl S 12h . (20)
nmyy 10 MO 10 MO \/ Mo 10 MO

encompassing the scatter of the soliton-halo mass relation
in the literature. Baryonic matter [34,35] and self-
interactions [38,40,41] affect this relation, but we expect
the above interval to be sufficiently broad to cover also
these effects.

Equation (20) is based on simulations of a single-
ULDM field. Studies analyzing the effects of a single
ULDM field on rotation curves [49] and the Lyman-«
forest [50] disfavor ULDM with masses m < 1072! eV as
the dominant component of DM. The constraints
from rotation curves rely on Eq. (19), which does not
hold for multi-ULDM field scenarios. There we expect the
DM halo to relax to a ULDM soliton that will likely differ
from the single-field one, and whose mass will depend on
the relative abundance and particle mass of the different
ULDM fields (as indicated by the results of Refs. [51,52].
See also [53]). However, as the final configuration in such
scenarios is still not generally known, we focus on the
single-field scenario in this paper.

In addition, one should consider the effect of a super-
massive black hole, which is likely to be at the center of all
large galaxies [54-56], which could potentially “swallow”
the soliton [57-59]. If the soliton mass is larger than that of
the supermassive black hole—the focus of this work—the
soliton’s gravity dominates the accretion process, which
happens on a timescale [59]:

Taccr
10 Gyr

10°M )\
z3x105.7:(1/)m2_26< " ®> . (21
sol

with v = My, /M, and F(v) <2 as a strictly decreasing
function given explicitly in Ref. [59]. For the MW, we note
that Sgr A*, with My, ~ 4.4 x 10°M o [60-62], would take
Toeer 27 % 108 Gyrm39(10°My/My,)° to accrete a con-
siderable amount of mass of a soliton with My > 10°M .
So, we can safely neglect Sgr A* accretion of the soliton in
the MW. The same may not be true for larger galaxies [58].

C. ULDM overdensities in the halo

We are also interested in other coherent ULDM struc-
tures, like the transient coherent patches in the virialized
halo (that result in its characteristic granular structure). In
the standard halo for ULDM, these can be (roughly)
described by assuming that the density profile in Eq. (9)
satisfies W = ¥, with ¥ sampled from a Rayleigh dis-
tribution

P(Wy) = (2¥)/Phy)e o/ Vou, (22)

with Wpy = +/2ppy/m and p, the average local DM
density (e.g., [63,64]) following a Navarro-Frenk-White
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(NFW) profile [65]. Their coherence length and time is,
respectively, L.~ 1/(mvy) and T~ 1/(mv}), with v,
being the velocity dispersion of the DM halo.

As will become clear in the following sections, the
average density of the ULDM halo and corresponding O(1)
perturbations [from Eq. (22)] are too low to yield an
observable frequency modulation of GWs. However, the
chances of detection could be improved in scenarios where
the ULDM halo contains highly overdense regions. These
could be produced in the early Universe by a “large
misalignment mechanism” [5,6] (see also [66—68]) in the
form of denser and more numerous (sub)halos with a
characteristic mass

1 3/2
M, ~5x 107M, (ﬁ) , (23)

myy

and typical scale radius

M 1/3 105 1/3
Rom8Tpe—s ) (Z2)7 (4
sHOpe (5 X 107MO> ( B ) (24)

where B = p,/pcpm gives the enhancement in DM halo
density scale p, compared to the standard cold DM case. In
Ref. [5] it was found that for large enough misalignment
angles, corresponding to 10 < B < 109, a soliton is formed
at the center of the subhalo. Its density profile would still be
given by Eq. (17), now with

po~5x10*My pc? <1ﬁ5> G(B)*a=*P/2=P)  (25)

which is independent of the ULDM particle mass m.

For even larger misalignment angles, density scales p;
higher than the critical one for solitons with attractive self-
interactions (cf. Sec. II B) can be achieved [5]. This gives
rise to oscillons—denser (metastable) configurations sus-
tained by attractive self-interactions balanced with the
outward wave pressure. These objects are relativistic,
meaning that Eq. (10) (describing the profile of the
oscillating gravitational potentials) are not applicable here.
Nevertheless, oscillons will still source periodic gravita-
tional potentials with frequency components close to
multiples of m. We leave its investigation for the future
and focus here on the case of gravitational solitons.

Besides the frequency modulation of GWs studied here,
these dense (sub)halos can be probed by other observations,
via their gravitational field (e.g., through the motion of
nearby stars, and gravitational lensing [5,6,66]), but also
via direct couplings to the SM (e.g., through the electro-
magnetic dispersion introduced by the axion coupling to
the photon [69]).

III. HETERODYNING OF NULL GEODESICS

The propagation of high-frequency waves of massless
fields (carriers) can be described by null geodesics of the
background spacetime. When signals are sourced/detected
in or close to a region where a ULDM structure oscillates
coherently, they are subjected to heterodyning modulation
[7]. This is similar to what happens in the presence of low-
frequency GW backgrounds to: electromagnetic carriers
used in pulsar timing array (PTA) experiments (see, e.g.,
Ref. [70]), or carrier GWs [9,11].

More concretely, any periodically oscillating gravita-
tional background induces a modulation of both the signal’s
amplitude (through lensing and a difference in gravitational
potential between emission and reception events) and
frequency (via the ordinary and integrated Sachs-Wolfe
effects, and the induced relative motion between emitter
and receiver). An oscillation with frequency ws = 2m is
expected for ULDM, while oscillations with frequency
ws = 4m appear from the quartic self-coupling. In both
cases, the background acts effectively as a heterodyne,
transferring power from the carrier signal at frequency o, to
the frequencies @, + ;.

When a monochromatic GW of amplitude % is emitted
with frequency w, much higher than the characteristic
frequency scale of the gravitational background, wg, its
propagation can be understood using the WKB approxi-
mation. The (leading) correction to h = (Q./d; )e™!, with
Q. the carrier amplitude at emission and d; the luminosity
distance to the emitter, can be written as (for a derivation
see Appendix D)

oh

; ~ 1<&> Y (pg, m, xL.) sin(wsu), (26)

W

where the all-important factor Y is defined as

[‘Pz—w%nia@z} ~ (minimal)

(directlinear) . (27)

)
1]
EgeY
S
S
~

i

D)

1Pyl
A% m?

(direct quadratic)

with ws = 2m for the minimal and the quadratic couplings,
ws = m for the linear one, and where (u = 1 — d;, x1) is the
emission event and n' a unit-vector pointing to the sky
direction of GW arrival. Note that the general formula for
the phase modification includes an additional term evalu-
ated at the reception event [cf. Eq. (C8)]. In the minimal
scenario, we disregard the contribution of the self-inter-
action term W,, which oscillates at a frequency ws = 4m
and is typically subdominant by a factor of 1/2. A detailed
comparison of the amplitude profiles is provided in
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FIG. 1. Results for [¥,] (solid) and m~'9,®, (dashed), com-
pared against the contribution zp/m? (dot dashed), for different
values of /3 [defined in Eq. (15)] and fixed m57p, = 10°M g pc=>.
The curves are left unchanged under the transformation
r=r/l, ¥y = 1*W,, 0,0, = 130,®,, and p — 1*p, with 1 =
[m33po/ (10°Mg pe)]M/4.

Appendix B. Since the chances of having a close-by dense
DM structure will be higher for the source (as there are
many sources, some of them may be located at the DM
overdensities required to produce a strong enough effect),
we neglect here the receptor (or Earth) term. Note that
when the carrier GW is not monochromatic, the pertur-
bation 6h has a more complicated form (see Appendix C);
we will also consider that case in Sec. V, for chirping
GW sources.

For a carrier GW observed over a time Ty, 2 27/ ws~
0.7m33 yr, the signal-to-noise ratio (SNR) of the modula-
tion is (see the derivation in Appendix E)

1 (o,

SNR;s ~ — | — | Y (pg, m, x1)SNR,, 28
o~ s () TGumx)SNR,. 28

where SNR, is the SNR of the unperturbed waveform #.
The SNR; gets further enhanced by a factor ~v/N if
multiple N (> 1) uncorrelated sources are detected close to
or within the ULDM soliton.

In Fig. 1 we present the spatial distributions of
relevance for the different contributions to the factor T
in Eq. (27), for different values of the self-coupling f
[cf. Eq. (15)] and fixed pomys = 10°M, pc—3. The gravi-
tational potentials of the soliton are obtained from solving
numerically Eq. (10), after first solving the Eq. (7). These
are the terms entering Y for the case of minimal coupling.
The term YW, is the dominant contribution close to the
soliton in all different cases, while the term m~'0,®,

becomes dominant at larger distances when ULDM self-
interactions are weak (though it is generally very small). It
is interesting to note that self-interactions have been
overlooked in this context. However, Fig. 1 shows that
ULDM self-interactions extend the region of influence of
the soliton to much larger volumes (even for mild self-
interactions), and so potentially to more carrier signals.
Figure 1 also displays zp/m?, from which the contribu-
tions for the direct coupling contribution in Eq. (27) can
be derived (recall that we use units G = 1).

We can now compare the magnitude of the effect on
GWs to the more conventional one on electromagnetic
signals from pulsars. The ordinary Sachs-Wolfe effect of
coherent patches of ULDM on pulsar timing signals was
first studied in Ref. [7] and subsequently applied to ULDM
solitons in Ref. [8], and to direct coupling in Refs. [25,71].
The time-dependent part of the timing residuals is [7]

At(t) = <a)i> Y (pg, m, xL) sin (wsu). (29)

3

The rms amplitude of the timing signal is then

Jiar) =2 () teomad. (o

which corresponds to the effect of a GW with characteristic

strain h, = 24/3Y [7]. Current PTA measurements are
sensitive to a minimum characteristic strain

20
B min ~ 10714 (ﬂ) = (31)

1 nHz/\| N,

with N, the number of pulsars in the array, while the
forthcoming SKA may reach even h, ~ 1071% at w; ~ 1 nHz
[7,72]. The maximum sensitivity occurs at the inverse
observation time Tops, flow ~ 1/Tops» and the maximum
frequency probed is given by the inverse of the observation
cadence of each pulsar fy;,, 2 (2weeks)™'~8.3x107"Hz
Using Eq. (28) we see that an equivalent sensitivity at
wsz ~ 1 nHz using N carriers of GW signals with frequency
w, ~ 1 kHz is achieved for a carrier SNR

) N
SNR, ~ 3 x 10? = —P 32
neo (1 kHz) N (32)

using a threshold of SNRs = 3, corresponding to a 3¢
detection. This shows that PTA data seem better than GW
observations in probing ambient oscillating gravitational
fields. However, we can only radio-time pulsars from our
galaxy, and this timing is challenging in the GC, where
the DM density is expected to be larger (high plasma density
and irregularities in the interstellar medium cause pulse
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smearing and dispersion in the time of arrivals).! GWs
interact much more weakly with baryons and can be easily
observed even when sourced at the GC or in other galaxies.
Furthermore, the number of expected sources of GWs may
outnumber that of radio pulsars in several situations. As we
will see, these facts will make of GW emitters to be more
relevant to probe ULDM models generating overdensities at
the GC.

IV. THE INNER MILKY WAY: CONSTRAINTS
AND PROSPECTS

In this section, we discuss some observational constraints
on the presence of a ULDM core in the inner MW. Then, we
describe the populations of the astrophysical GW sources we
consider, providing the numbers to compute the expected
magnitude of the ULDM heterodyning effect. Finally, we
present some prospects for the observability of such an effect
using near-future GW observations.

A. Dynamical constraints on a DM core

Finding the dark matter component of the MW is
challenging [74,75] (in particular, in its inner region).
For Galactocentric radii r 2 2 kpc, the rotation curve
inferred from combining gas kinematics (HI and CO
terminal velocities, HI thickness, HII regions, giant
molecular clouds), star kinematics (open clusters, planetary
nebulae, cepheids, carbon stars), and masers is compatible
with a NFW profile

4pq (33)

p(r) =—F——73"
()

with scale radius rg =20 kpc, normalized to a local
DM density p(r==8kpc)~0.4 GeV/cm?(~1072M/pc?)
(see, e.g., Ref. [76]). Through the dynamical modeling of
the Galactic bulge, bar, and inner disk, put together with
observations of the red clump giant density, and stellar
kinematics in the bulge and bar region, Ref. [77] found
evidence for an inner cored profile in the bulge (see also
Ref. [78]), whose mass in the region r < 0.25 kpc could be
as large as ~6x 10°M, (with an average density
p~10°My/pc®). Part of this inferred dynamical mass
(~2 x 10°M,) is thought to be in the form of a (baryonic)
nuclear bulge [49,77,79-81], while the rest may be DM.
We point out that Refs. [82,83] concluded that the inferred
dynamics of the GC does not exclude the presence of a
central ULDM soliton with total mass given by Eq. (19)
with My ~ 10'2M, possibly compressed by a nuclear
bulge of mass ~2 x 10°M,.

Here, we take an agnostic approach by considering all
soliton masses in the interval (20) with My, = 10">M,
imposing that the soliton’s enclosed mass is below the one

4Note, however, the very recent observation of a millisecond
pulsar binary at the GC [73].
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104k

FIG. 2. Contour plot of logo (7| Y|/(v/2my,)]s]) as a function
of py and m, for minimal coupling, fixing r. = 0.5 kpc and
n' = x/r.. Dashed lines show the limits of Eq. (20) for M, =
10"2M, (a MW soliton is expected to be contained between the
two lines). The region above the thick solid curve is disfavored, as
the soliton’s enclosed mass is in tension with the one inferred by
dynamical tracers in the inner r < 0.25 kpc of the MW. Top: no
self-interactions, f = 0. Bottom: critical self-interactions,
p=055=p,. The final SNRs requires a multiplication of

7| Y|/ (v/2my)[s] by V/Nx, cf. Eq. (34).

inferred by dynamical tracers in » < 0.25 kpc [77] (see Fig. 15
of Ref. [49]). Note, however, that observations in this region
are subjected to large systematic uncertainties due to the
Galactic bar effect on tangent-point velocity measurements of
gas flow. A ULDM soliton can also affect the dynamics of
baryons at the GC in a nontrivial way (see Ref. [83] for the
impact on the size and kinematics of MW’s central molecular
zone). A nuclear bulge with mass M, > M, /3 (as it may be
the case for the MW [83]) will compress the solitonic core by a
factor of <2 [49], but we do not expect this to impact our
results considerably. So, in this work, we neglect the interplay
of baryons with the ULDM soliton at the GC.

Our results for the heterodyning effect of ULDM cores
for two different GW source locations (respectively,
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FIG. 3. Same as Fig. 2 but with ., = 0.05 kpc. From the cored

profile of the soliton, the above plots (restricted to the parameter
space shown) are nearly unchanged for r, < 0.05 kpc.

ro = 0.5 kpc and r, = 0.05 kpc) can be extracted from
Figs. 2 and 3. To find the SNR; in a single GW observation,

one simply multiplies the value of z|Y|/(v/2m,,)[s] from
the relevant plot by the factor

TABLE L

x = f.[HZJSNR,,. (34)

with f,. the frequency of the (quasi)monochromatic GW;
combining N similar signals (i.e., with similar f. and
SNR,,) will add an extra factor v/N. These numbers depend
on the specific sources (cf. Table I).

A natural way to improve sensitivity would be if we
could coherently combine N sources, which could follow
from the coherence of the soliton at the center of the Galaxy
(the phase of the modulation of the GWs at a given time
would be the same for every carrier inside the soliton).
However, each carrier would have a different phase at the
receptor just because of the different distance traveled from
emission. The cross-correlation of the signal from different
carriers hence requires a precise knowledge of the distance
to the sources, or identification of the relative phases.

Analogously, to find the rms amplitude of the timing
signal \/(A#*)[s] for one pulsar, one simply needs to
multiply the plotted quantity (z|Y|/(v/2my,)[s]) by
(27)7!, cf. Eq. (30). When N » pulsars are combined, the
final sensitivity to the ULDM oscillations also (optimisti-
cally) acquires a factor N\/N7[J [86-88].

B. Populations of astrophysical sources

1. Galactic binaries

Out of the possible sources of GW carriers, we start by
looking at the population of Galactic binaries, which are
guaranteed sources of (quasi)monochromatic GWs at
millihertz frequencies for space-based interferometers as
LISA [89] or Taiji and TianQin [90]. Those consisting of
DWDs will by far outnumber all other (including the
extragalactic) GW sources at ~mHz [84,91,92]. Most of
their gravitational signals (from millions of DWDs) will be
unresolvable, forming a confusion foreground at frequen-
cies <mHz. Additionally, we expect around O(10*-10%)
DWDs to be resolvable and (quasi)monochromatic [93].

Parameters relevant for the sensitivity estimate to the different astrophysical populations considered. The results of DWDs

in the Galactic disk come from a simulation based on the population described in Refs. [84,85]. N is the number of sources, (SNR,,) and

(f.) are their average SNR and frequency, and v/N (SNR},)(f.)[Hz] is the multiplicative factor that needs to be applied to the contour
plots to find SNRs. For DWDs, N is for SNR;, > 7 and Galactocentric radii < 1 kpe (< 0.5 kpc).

N (SNR) VN(SNR,,)(f.)[Hz]
Double white dwarfs
LISA 5.5(1.6) x 103 37(38) 7.8(4.3)
TianQin 2.5(0.7) x 103 37(37) 5.1(2.9)
Taiji 5.8(1.7) x 10° 59(60) 13(6.8)
uAres 504(148) x 103 49(48) 97(52)
X-MRIs
LISA O(5) ~103 ~10
Spinning NSs
ET/CE 0(200) ~30 ~10°
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These has been suggested to be used to detect low-
frequency GWs [9,11] (via a heterodyning effect similar
to the one studied here) and probe the gravitational
potential of the MW [91,94].

We consider the observational-driven populations of
DWDs in the Galactic disk constructed by Ref. [84] for
LISA (based on the realistic modeling of Ref. [85]) to
quantify the observational prospects of using DWDs to
probe the ULDM solitonic core of the MW. We take a
number of 2.6 x 10’ DWDs with frequency and chirp mass
distributed according to Fig. 3 of Ref. [84] and a spatial
distribution following the Galactic disk density profile. We
assume an isotropic inclination angle ¢ of the orbital plane
(i.e., a uniform distribution of cos ). The relevant numbers,
derived from such a population, are shown in Table I for
LISA, TianQin, and Taiji. We also include the prospects for
uAres, a concept suggested as the natural continuation of
current space-based interferometers [95].

We are underestimating the number of resolvable bina-
ries in the GC by neglecting the DWDs in the Galactic
bulge and bar (see, e.g., [96,97]). However, these are
expected to be subdominant populations compared to that
of the disc’ so, given the VN dependence of the total SNR,
the sensitivity will change by, at most, an order of 1 factor.
The same argument applies to other Galactic populations of
(quasi)monochromatic binaries in the mHz band, as those
involving NSs and BHs that, even if more massive (thus,
sourcing carrier GWs with higher SNR), are expected to be
orders of magnitude less abundant than DWDs [98]. We
have also neglected DWDs with f, <107 Hz which
could, in principle, be detected by pAres, but are again a
small fraction of the total population of DWDs.

2. X-MRIs

Another population of interest at the GC for LISA,
TianQin, and Taiji is that of X-MRIs—extremely large
mass-ratio inspirals of brown dwarfs around Sgr A* [99—
101]. Reference [99] estimates that at any time there will be
220 such sources in the LISA band: about =15 highly
eccentric and at lower frequencies (with SNR; of a few
100, for a one year observation) and =5 circular and at
higher frequencies (with SNR, from a few 100 up to
2 x 10%). So, taking f. ~mHz and the SNR;, > 103, we
find v/N(SNR,,)(f.) <10 Hz. An appealing feature of
X-MRIs is that they are always well inside the soliton
and may have considerably large SNR allowing for reach-
ing similar prospects as WDs with fewer sources.

3. NS deformations

We turn now to the continuous (quasi)monochromatic
GWs sourced by rapidly spinning deformed NSs. These
(still elusive) signals have high-frequency (20.1 kHz) and

>We thank Valeryia Korol for pointing this out to us.

may be observed soon by ground-based detectors [102].
The GW strain depends crucially on the degree of (non-
axially symmetric) deformations of the NS. Several mech-
anisms can cause such deformations, from magnetic field
distortion to accretion, and their magnitude depends on the
NS equation of state (see, e.g., [103] for a review). The
frequency of these GWs is associated with the angular
velocity of the NS, which is highly correlated with its initial
spin and magnetic field.

Prospects for the detection of such signals with current
and third-generation ground-based detectors were studied
in Refs. [104-107]. For instance, in Ref. [105] they
considered eight astrophysical population models differing
on their initial distribution of magnetic fields, birth spin
periods, and NS deformation (ellipticity), which result in
different detection rates. All the models are consistent with
the nondetection or the detection of O(1) events by current
GW interferometers. The situation is greatly improved for
the next-generation detectors, such as the FEinstein
Telescope (ET) [107] and the Cosmic Explorer (CE)
[108], which will have higher sensitivities and better
coverage at lower frequencies. For the most promising
models considered in Ref. [105],6 one expects between 200
and 500 detectable events with ET and CE, and more than
half of them with frequencies in [100, 500] Hz.

Since most of the detectable pulsars are expected to be
young, they will most probably be close to the GC, where
the formation rate is higher, as they have not had time to
migrate away from it [105]. Therefore, considering O(200)
detectable pulsars at the GC with an average SNR of 30
over eight years of observations, and an average frequency
of (f,)=~300Hz, we obtain the multiplicative factor
V/N(SNR)(f,) ~ 10° Hz. Note that we have neglected that
some of the GWs from NSs close to the GC could be
strongly lensed by Sgr A*, which may further improve the
detection prospects [109].

C. Observational prospects

The sensitivities of near-future detectors to the ULDM
heterodyning effect on GWs are presented in Figs. 4-6 for
the source populations discussed in the previous sections
(whose relevant parameters are summarized in Table I). We
consider (SNRy, 1) (fe) = 10 Hz for the LISA sources, a
representative value valid for both WDs and X-MRIs.
TianQin and Taiji lead to similar prospects as LISA
(cf. Table I), whilst pAres improves the sensitivity by
one order of magnitude. Also, combining the sources from
LISA, TianQin, and Taiji would improve the prospects by a
factor of ~v/3 from the /N4, scaling, so it will not
substantially change the sensitivity of these millihertz
detectors. This is far below the reach of ET/CE (we

®These are the A2 models in Ref. [105]; we refer to their
Tables 5 and 6.
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FIG. 4. Sensitivities of LISA and ET/CE to Y [cf. Eq. (27)].
The region in dark (light) purple is probed by LISA (ET/CE) for
the values of Table I for X-MRIs (spinning NS). The dashed
purple line instead represents the sensitivity for a single young
NS with f, = 103 Hz and SNR = 20. The amplitudes of Y are
shown in black solid for no self-interactions (N.I.) and black
dashed for critical self-interactions (S.I.) in the minimal coupling
case. The blue (red) line corresponds to an example case of direct
interaction with quadratic (linear) coupling. All curves corre-
spond to a soliton at the GC with central density
Po = 103M pc=3, except the orange which is for the Galactic
NFW density profile at r, = 500 pc. ULDM with masses below
the gray dashed line is disfavored as the dominant component
DM, see main text. The top horizontal axis shows the period
corresponding to @ = 2m.

consider (SNR;, o) (f.) = 10*~10° Hz for the GWs from
spinning NSs). Given the uncertain status of the pAres
mission, we omit it in our plots.

In Fig. 4 we show the reach of LISA and ET/CE
computed from Eq. (28), using a threshold of SNR;;, = 1
(a different choice of threshold corresponds to a linear
rescaling of the curves). For comparison, we show the
value of YT for a soliton with a central density of p, =
10°M, pc™3 (allowed by dynamical constraints in the
inner MW) both for no self-interactions and for critical
self-interactions, in the case of minimal coupling. We also
include the value of Y for an example case of (uncon-
strained) direct linear and quadratic couplings.
Additionally, we show a reference value of Y for a
coherent halo patch, using the Galactic NFW density
profile at r, = 500 pc.

In Figs. 5 and 6 we show the sensitivities of LISA and
ET/CE to the linear and quadratic direct couplings of
ULDM to the SM, through the heterodyning of GWs by a
ULDM soliton with central density py = 10°My pc=>. For
comparison, we show also the excluded regions by PTA
[25], Cassini tests of general relativity [16,110] and Cassini

Cassini test of GR
l Cassini S.
10722¢ e
=
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T;
1075¢
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AOPTA T T
1 0—23 1 0‘—22 1 01—2] 1 0‘—20
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FIG. 5. Sensitivities of LISA and ET/CE to the linear direct

coupling Al‘l from the heterodyning of GWs by a ULDM soliton
at the GC with central density py, = 103M pc=>. The colored
regions are excluded by PTA (olive), Cassini tests of general
relativity (violet), and Cassini bounds on a stochastic GW
background (red). As in Fig. 4, in the case of ET/CE we show
lines both for a single observation of a spinning NS and for a
population of O(200) (cf. Table I). Here, we choose a threshold
of SNRy, = 5 for a more fair comparison with the other bounds.
The gray line indicates the values at which the effect of minimal
coupling is equal to the direct interaction considered here
(excluding the PTA and Cassini probes). The shaded regions
below this line represent scenarios where the effect is observable
and predominantly governed by minimal coupling.

bounds on a stochastic GW background [16,111]. We do
not show the prospects from binary pulsars [16,17,71], as
they are not competitive for A; and are only relevant for a
narrow set of frequencies for A,. These constraints assume
that a single ULDM field constitutes the whole DM.
However, as discussed in Sec. IIB, studies of the
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FIG. 6. Same as Fig. 5, but for the quadratic coupling A5
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Lyman-a forest [50] and rotation curves [49] disfavor that
scenario at masses m < 10721 eV. We indicate this mass
range with the gray dot-dashed line in Figs. 4-6. The most
stringent constraint, coming from Lyman-a, basically
disappears if this fraction is below 20% [112], and most
of the other bounds also deteriorate in that case.

From Fig. 4, we conclude that LISA will not be able to
probe the oscillations of the gravitational potentials of a
ULDM soliton at the GC for m > 102 eV (not even for a
soliton with critical self-interactions). The simultaneous
use of TianQin and Taiji with LISA does not change this
conclusion. The prospects for LISA are more promising for
constraining the direct coupling of the ULDM to the SM.
Through the observation of (quasi)monochromatic GWs
from Galactic binaries, LISA can probe quadratic couplings
with unprecedented sensitivity in the mass window 2 x
10722 < m[eV] <3 x 1072 (cf. Fig. 6), where the current
stringent constrain is derived from Cassini tests of general
relativity [16,110]. However, in the case of linear direct
couplings, we do not expect LISA to do better than current
probes (cf. Fig. 5).

Remarkably, our results in Fig. 4 show that the obser-
vation of (quasi)monochromatic GWs at ET/CE from a
single (young) spinning NS at the GC with frequency f, ~
10° Hz and SNR;, ~ 20 can be used to probe the oscil-
lations of the gravitational potentials of a ULDM soliton for
m < 10722 eV. Additionally, this type of observation with
ET/CE would outperform LISA in probing direct couplings
of ULDM to the SM (cf. Figs. 5 and 6). In particular, it would
not only probe the mass window 2 x 107> < m[eV] < 3 x
1072! with unprecedented sensitivities for both linear and
quadratic direct couplings, but would even outperform
current PTA probes of quadratic couplings at m < 2x
10722 eV, showing the great discovery potential of our
method. The main reason for the improved prospects for
(quasi)monochromatic GWs at ET/CE compared to LISA is
the linear dependence of SNR; on the carrier’s frequency f.,
which is more than five orders of magnitude higher for
spinning NSs in ET/CE than for mHz sources in LISA. We
also show the expected improved sensitivity from stacking
O(200) GW signals from spinning NSs (which is larger
than with a single GW by a factor of 1/200).

In Appendix E we comment on the possibility of
coherently combining signals from binary pairs, which
could improve the overall SNR by more than the \/N factor
considered for the case of incoherent combination we
considered before. This could be possible if the SNR is
high enough to localize the binary precisely, or by perform-
ing a global fit to all the relative modulation phases of the
different binaries.

V. OTHER GALAXIES

The quasimonochromatic sources discussed in Sec. IV
are expected to be observed only within (or close enough

to) the MW. But we will also observe GWs from other
galaxies: from extreme-mass-ratio inspirals (EMRIs) and
intermediate-mass-ratio inspirals (IMRIs) in LISA, to
compact binaries with BH/NS components, e.g., in the
deci-Hertz band of (B-)DECIGO [113—115]. These sources
have a non-negligible chirp, making the computation of the
ULDM effect on the waveform considerably more involved
than in the quasimonochromatic case (which we presented
in Sec. III). We discuss that computation in detail in
Appendix C.

For chirping signals, the amplitude of the frequency
modulation increases with the frequency of the main signal
instead, cf. Eq. (26). But, interestingly, as shown in
Appendix C (cf., Fig. 10), if several ULDM oscillations
are observed in band, the cumulative relative phase differ-
ence introduced in the signal is maximum when the time to
coalescence, 7, is close to 1/w; (i.e., when the time to
coalescence corresponds to one oscillation of the ULDM
gravitational field). In the dominant (quadrupole) mode and
in frequency domain, this maximum imprint corresponds to
frequencies f close to the f, at 7 ~ w;s [cf. Eq. (D5)].

For concreteness, we consider four systems: an EMRI
with redshifted masses (m;,m,) = (10°My,60M), an
IMRI with (m;,m,) = (10*Mg, 10My), both observed
in LISA, and two stellar-mass compact binaries in (B-)
DECIGO with the same parameters as the binary BH event
GW170608 [116] and the binary NS event GW170817
[117]. We use a Fisher analysis to compute the uncertainty
on the estimation of the ULDM modulation amplitude, oy
(see Sec. D2 of Appendix C). We take the threshold for
detectability to be the minimal Y, for which oy < 7T,.
Since the uncertainty oy depends on the value of T, where
the Fisher matrix is evaluated, we can find the minimal T,
via an iterative procedure (differently than Ref. [13], which
evaluated the Fisher matrix at Y, = 0).

Our results are shown in Fig. 7 for different ULDM
particle masses m. In this analysis, we considered 6 yrs of
observations and used a distance of di =1 Gpc for the
LISA sources, and the distances estimated for the real
GW170608 and GW170817 events for (B)DECIGO.
Modulo cosmological redshift corrections, the threshold
T, scales simply with d; . We considered only the inspiral
waveform, modeled through the impact of the emission
from the quadrupole formula into Newtonian dynamics.
The total SNR for 6 yrs of observation in LISA of the
EMRI and IMRI, and in B-DECIGO and DECIGO of
GW170608 and GWI170817-like signals is, respec-
tively, SNR,, = (22,305, 220, 374,2737,4414).

The results in Fig. 7 show that stellar-mass compact
binaries are more sensitive to the ULDM effect than EMRIs
and IMRIs. This is mainly due to their higher frequencies,
as it would hold even if one scales oy to the same SNR;,.
The case is similar to the (quasi)monochromatic signals.
Indeed, we find that the sensitivities given by Eq. (28) still
give the correct order of magnitude for chirping signals.
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FIG. 7. Threshold value Y, for different sources and ULDM

particle masses, obtained via a Fisher analysis. The minimum
frequency is fixed by the total observation time of 6 yrs and the
maximum one is chosen as f . = min(f, f3), with fLSA =
1 Hz for LISA and fDECIGO — 100 Hz, and f, as defined in
Ref. [118] (marking the transition between the inspiral and the

merger stage).

However, the correlations between the different parameters
in the waveform have some impact on the sensitivity. We
remark that our results agree with the ones of Ref. [13] (cf.
their Figs. 1 and 2).

When extending the analysis to other galaxies, one of the
challenges is estimating the expected value of Y at the
position of the source, required to connect Fig. 7 to a
specific ULDM model. The most favorable situation is if
the source is inside the soliton at the corresponding galactic
center, which is expected, at least, for EMRIs. In Fig. 8 we

show 7| Y'|/(v/2my,) in that case (restricting to the minimal
coupling), together with the sensitivities of the different
chirping sources (cf. Fig. 7). Note that since T « py, the
threshold p, corresponding to a detectable effect scales
(roughly) with d; (modulo cosmological redshift correc-
tions). For reference, we also highlight the parameter space
region where ULDM solitonic cores of halos of mass
My, ~ 10"2M  or ~10' M are expected to lie [cf. Eq. (20)].

From these results, we conclude that stellar-mass com-
pact objects observed in (B-)DECIGO might be able to
probe solitons in DM halos similar to or more massive than
the MW one (M}, 2 10'2M ). As a result, one would be
able to probe some ULDM models from purely gravita-
tional effects, cf. Fig. 8. On the other hand, EMRIs and
IMRIs in LISA could be used to probe the effect only for
more massive halos. Unfortunately, the primary BH of an
EMRI in the LISA band has a mass in the range
Mpgy =~ 10*3-10%3M, which are unlikely to be observed

{ —-10

po/ (10°Mgpe™)
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FIG. 8. Same as the upper panel of Fig. 3, now for
other galaxies. The region delimited by black (red) dashed
dotted lines corresponds to solitons satisfying Eq. (20) with
My, ~10"”M4(10'*M,). The red, purple, and magenta symbols
are the threshold densities for detectability given in Fig. 7. To get
an estimate of the sensitivity for masses in between symbols, one
can simply extrapolate linearly between them, as we showed in
Fig. 7.

at the center of such massive halos. For instance, according
to the empirical relation between the central BH mass and
the corresponding halo mass of the galaxy of Ref. [119], the
primary BHs of EMRIs in LISA are expected to be in halos
of mass My, ~ 10'°-10">°M .

Finally, we remark that in this section we have only
considered the purely gravitational effect of ULDM (i.e.,
the minimal coupling), while, as shown in previous
sections, these systems could also be used to probe direct
couplings with ordinary matter.” Moreover, by considering
other galaxies, with few or no constraints on the density
profile in their inner regions, we are free to take the full
scatter in Eq. (20) and explore larger central densities (and
more compact) solitons than in the MW [compare the
values for p, of Fig. 8 with those of Fig. 2]. However,
solitons with larger central densities are also smaller and so
will affect less sources.

VI. OTHER OVERDENSITIES IN DM HALOS

We concluded in previous sections that the only pos-
sibility to probe ULDM through the frequency modulation
of GWs is if sources are in the presence of large DM
overdensities (cf. the NFW line in Fig. 4). As discussed in
Sec. I C, certain ULDM models generate these over-
densities not only at the galactic centers (for which we
derived observability prospects in Secs. [V and V), but also
throughout the DM halo in the form of compact structures.

"The sensitivity to such coupling can be easily estimated using
Fig. 7 together with Eq. (27).
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This possibility is relevant as it expands the region where
emitters can be found in galaxies.

For concreteness, we discuss briefly the detectability
prospects for the effect from (subhalo) overdensities
produced via the large misalignment mechanism, already
introduced in Sec. I C. Given the prospects derived in the
previous sections, we restrict to the most promising
scenario: observing the effect from these overdensities in
the MW,® and consider the solitons with p, given by
Eq. (25). From Refs. [5,6], we know that a certain fraction
Y, of ULDM in the Galactic halo will be condensed into
these subhalo structures. The number of subhalos is

Y M Y,
N, = M'h ~ 20(07> mi?, (35)

where we used Eq. (23). We estimate the probability of a
Galactic binary being inside such overdensities by the ratio
of the total volume in these overdensities to the volume of
the Galaxy halo, which from Eq. (24) gives

R\3 oY\ [10°
pen() o) (s) 09

This is independent of the ULDM particle mass.

From Eq. (36), we see that a lower value of 5 increases
the probability of having sources residing within subhalos.
However, such subhalos would also have lower densities
[cf. Eq. (25)] and lead to smaller effects on the carrier GW's
(cf. Fig. 2). For an intermediate value B~ 10°, the
corresponding density is p ~20Mg/pc®, which could be
detectable with ET/CE; however, the probability for one
spinning NS to reside in such subhalos seems very small.
Nevertheless, note that this estimate is very crude, as it does
not consider the proper distribution of sources and subhalos
in the Galaxy. Moreover, when self-interactions are effec-
tive, the oscillating gravitational potential is relevant well
beyond the size of the soliton, as shown in Fig. 1, which
would enhance the chances of emitters to be affected by
nearby overdensities. We will come back to a more realistic
estimate in future work.

VII. CONCLUSIONS

The extension of the landscape of DM models to ultralight
masses brings new opportunities to search for this (still)
mysterious component of the Universe. A striking signature
of these models is the existence of large dense coherent (sub)
structures, whose gravitational potentials oscillate at
frequencies proportional to the ULDM particle mass.
These result in the frequency modulation of gravitational
(and electromagnetic) signals sourced in their surroundings.

8Considering other galaxies will expand the parameter space
one can access. We leave such exploration for future work.

ULDM conformal couplings to ordinary matter are respon-
sible for the same effect. Stochastic fluctuations of the
ULDM field in the halo can also lead to observable effects
[120-122]. These effects are complementary to others
which are also of purely gravitational nature (and hence
test models independently of the direct coupling to light
or matter), like the change in GW propagation speed
[123,124], the orbital dephasing due to dynamical friction
and accretion [125—135] in ULDM structures or modifica-
tion of orbital motion [16,17,71,136,137].

In this work, we explored how the imprint left by
coherent DM structures in the phase of GWs may be used
to detect ULDM with GW observations. For that, we
considered GW (carrier) signals with well-known fre-
quency content that will be observed with near-future
detectors. We have included the effect of attractive quartic
self-interactions in our analysis, which considerably
increases the influence region of ULDM structures. To
assess the effect’s observability prospects, we used realistic
astrophysical population models for the carrier sources,
together with the soliton-halo mass relations derived from
cosmological simulations [32,39]. We have also used the
results from structure formation simulations in the context
of the large-misalignment mechanism [5]. While our results
confirm the findings of Refs. [12,13], that typical average
densities in halos lead to unobservable effects, we show that
the DM cores (solitons) seen to form in ULDM cosmo-
logical simulations can be observable.

For (quasi)monochromatic GW signals from the MW, our
results are summarized in Fig. 4. We conclude that the effect
from a ULDM field minimally coupled to gravity on
(quasi)monochromatic GWs can be detected only if we
observe GWs from a spinning NS at the GC with ET/CE. In
that case one could probe a ULDM soliton for masses
1072 < m[eV] £ 10722, outperforming current (and per-
haps future) PTA observations [138]. LISA Galactic sources
can be used to constrain quadratic couplings of ULDM to
ordinary matter in a relevant region of parameter space. But,
again, observing the GW signal from a spinning NS at the
GC would be the most effective in constraining ULDM
conformal couplings. We also note that, as compared to
other constraints, our bounds are based on the existence of
ULDM solitons generated by relaxation, which means that
they may be less impacted when one considers that the
ULDM that generates the relevant soliton constitutes a part
of the total DM in the Universe. The concrete impact is
model dependent and we leave a detail study for
future work.

The case for chirping signals (sourced in other galaxies)
is summarized in Fig. 8, which shows that the effect from a
ULDM field minimally coupled to gravity could be
observed in the GW signals from stellar-mass compact
binaries observed in (B-)DECIGO, if they merge close
enough (<250 pec) to the center of a galaxy at least as
massive as the MW; this could be used to probe ULDM
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particle masses 1072 <ml[eV] <1072, The effect on
EMRIs and IMRIs signals would only be observed in
more massive galaxies (M}, = 10'*M ), which are expected
to host a central supermassive BH too large (i.e., with
orbital frequencies too low) to be in the LISA band.

On a general note, we remark that while larger over-
densities lead to larger effects, these are typically of smaller
sizes, affecting fewer or no GW sources at all. Indeed, this
was what we found in our estimate for the effect of
subhalos originating from a large misalignment mecha-
nism. Similar (but even more extreme) instances are
oscillons and superradiant clouds which were not studied
here. Such boson structures lead to the same frequency
modulation effects. However, our framework does not
apply immediately to those, as oscillons are relativistic
and superradiant clouds are not spherically symmetric. The
attractive quartic self-interactions may increase the influ-
ence region of these structures to such an extent that would
enhance their discovery potential. We leave a thorough
exploration for the future.
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APPENDIX A: GRAVITATIONAL POTENTIAL
FLUCTUATIONS

The gravitational fluctuations produced by a nonrelativ-
istic, self-gravitating, real scalar field are described by
Eq. (10). To show this, let us first consider the perturbed
metric

gﬂumrl,uy"i_(])y,uy"i_(z)yMw (Al)
where 7, = diag(—1, 13) and O[Vy,,] = ¢/, with e < 1.
The perturbation is assumed to be sourced by a non-
relativistic scalar field of the form (6), with

1 I
0 {—naﬁ )logl//] =", 0 {—naﬁ )10g1//] =2,
m m

The field is also assumed to be dilute (so that it sources a
weak gravitational field). In particular, the Einstein’s
equations imply Oly/+/m| = € and

) [inagn) [(j)yﬂy]] —eti,. 0 |:i”05n) [(j)y;w]] — /24
m m

The energy-momentum tensor of the scalar field is also

expanded as T, ~ VT, + @T,,, where O[T, ] = €%.
The perturbations (f)ym, can be decomposed into irre-

ducible representations of SO(3), which can then be further

Helmholtz decomposed into transverse and longitudinal

pieces, resulting in [139]

Yie = Z(Dv Vi = ﬂi + aihv

1 ~
Yl = Z‘P —|— ]/ET + a(ké'l) + {akal - §5klv2}/1’

with the four scalars (@, ¥, A, ;1), the two transverse spatial
vectors (f;, &;) satisfying d'f; = d'¢; = 0, and the trans-
verse-traceless (TT) spatial tensor y/ ;" satisfying #'y{;" = 0
and 0iy,~T]~T = 0. The same decomposition of the energy-
momentum tensor /T, gives

T,=p, T, =S;+09S,

1
Tij = P5,J + O-ij + 6(,0']) + {0,01 - géijvz}a,
where (3iSi = (3’?)',- = O, aiGl‘j = O, and Oii = 0.
Defining the variables ® = ® — 9,h + 071/2, ¥ = ¥—

V2]/3, and pi = Pi — 0¢;, the linearized Einstein tensor
reads [139]

WG, [yl = -2V¥, (A2a)

1
(I)Gti [y] = 5 vzéi - zaiatg’ (Azb)
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1
WG [y = ) Oyt = 99,8, — 0:9;[¥ — @]

+6,,{V?[¥ - @] - 207 ¥} (A2c)
At leading order €, the Einstein’s equations are simply
WG, [Wy] =WT,,. These are linear in Vy,,, implying
that the scalar, vector, and tensor sectors decouple. The (z7),
the spatial divergence of (#i), and the trace of (ij)
components results, respectively, in the equations

V2[(Vg) = —4zD)p, (A3)
0,[(VY¥] = —4zVs, (A4)
302 (V9] + V2 [V — VY] = —127(DP,  (AS5)
from which
V2 (@] = —4z[Vp 4 3(VP - 0,0S)].  (A6)

Finally, the vector and tensor modes are, respectively,
described by

V(Mg ] = —162'1)S;, (A7)

0,[Vy ] = —162W0;;. (A8)

Using the stress-energy tensor of the scalar field in
Eq. (4), we note that the only nonvanishing sources, at the
leading order €

Wp = mly, (A9a)

9,1 S] = —mRe[e~2my?], (A9D)

(NP = —mRe[e~2my2]. (A9c)

In particular, (V6 =0. Thus, only scalar modes are
sourced at leading order. In the Newtonian gauge

Uy, = 2diag((V®, VW1;), the Einstein’s equations
imply

v2[(1)q)] = —4zVp, Oy = D, (A10)
where we used that ()P = 9,[1) 5], i.e., Vo = 0. Note that,
at this order, the gravitational perturbations “)y,w are

slowly varying. The KG equation reduces to

VZ
o =~{5+m|04 e by
m

8mF?

where we averaged out high frequency modes Zm.
Formally, in our perturbative scheme we use O[F] = €'/2.

At the (next-to-leading) order €3, the Einstein’s equa-
tions are

G, [?y] = 82T

17 (2>Gﬂv[<1)ﬂ7 (A]Z)

and so there are source terms quadratic in the gravitational
potentials (V@ arising from )G ,,,[(V'y]. However, note that
these source perturbations are slowly varying in time. Our
goal here is to compute (at leading order) the rapidly
oscillating gravitational potentials with frequency =2m,
and not the corrections to the slowly oscillating gravita-
tional potentials. Thus, we can simply use

(”G,w[@)y] = 87T (A13)

-
Again, the scalar, vector, and tensor modes are decoupled.
In this work we focus our attention on the scalar modes.
Then, the relevant equations are still Eqgs. (A3) and (A6),
replacing (1) — (2). We restrict now to stationary field
configurations, y = e~ 7""¥(x'). At order €, the rapidly
oscillating source terms of the scalar sector are

VZ o yl? . 1 4
5(2> =R R 2 ,—2imt _ 4 —4imt ,
r e[{4m - 24F2}"” ¢ a2’ ¢ }
(Al4a)
0,[62)S] = —2ymRefy?e~2m), (A14b)

V2 2m 1
8@P=—Re|d—+— 2y +50d) - 2
elem+ 3 (27 +500) — vl

X W2€—2imt _ ﬁw4e—4imt] . (A14C)
The missing scalar ¢ can be derived from the conserva-
tion of the 7*¥. In the Newtonian gauge (z)y/w =
2diag(®®, @W1;). Decomposing the gravitational fluc-
tuations as 52)® = Re[e 2™ ®, + e~*M'®,], and likewise
for 6@¥, we finally find

T

V2 W, 4+ g2 | = 22, (Al5
R Ee A Ve INED
V2D, = 8am |5V® + y — P w? (A15b)
’ 12Fm|"
T Vs
Vg, = R pt, Vi, = ~ wt.  (Al5c)

These expressions are the same as those in Eq. (10).

APPENDIX B: OSCILLATORY POTENTIAL
FROM QUARTIC SELF-INTERACTIONS

In Appendix A, we have seen that quartic self-
interactions source a gravitational potential ¥y, oscillating
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FIG. 9. Comparison of |¥,| (solid) with |¥,| (dashed) for the
different self-interaction values considered in Fig. 1.

at a frequency @ = 4m. As demonstrated in Eq. (A15),
the amplitude of W, satisfies the same equation as
[P, + (7/m)y?], with a scaling factor of (—1/2).

Figure 9 compares the profiles of |¥,| and |¥4| for
various values of the self-interaction parameter § defined in
Eq. (15). Far from the soliton, the relationship |¥,| ~ 2|¥,|
holds. However, near the soliton’s core, where the (r/m)y?
term becomes significant, |¥,| can locally exceed |¥,|.
This happens in particular for moderately strong self-
interaction (e.g., as shown for # = 0.1). Despite this, since
|W,| is generally larger than |¥,|, we focused our detect-
ability analysis on solitons with zero or maximal self-
interactions, neglecting the contribution of ¥, to the effect.
We note that given the larger frequency modulation
imparted by W, on carrier GWs (twice the one due to
¥,), a shorter (half) observation time is necessary to probe
the effect, which in some cases may allow the exploration
of lower ULDM masses than with ¥,.

APPENDIX C: SACHS-WOLFE EFFECTS
ON GWs

The propagation of GWs in nontrivial backgrounds is
widely studied in cosmology and gravitational physics
[140,141]. A key aspect of our background is that it has
nontrivial time dynamics of characteristic frequency w,
related to the mass of the ULDM candidate, which adds to
the possible lensing features. For completeness, we now
provide a brief derivation of the effects on a GW of
frequency w, h,,, propagating on a dynamical background
Gy = Ny + V> assuming |y, | ~ e, < 1 (i.e., weak gravi-
tational field) and 0" h,,| = O[e}™], with €), ~ w),/w < 1
(i.e., the background field changes over length and

timescales much larger than the GWs). Here, we follow
the treatment of Ref. [142].

In a Lorenz traceless gauge with respect to the back-
ground metric, V,h*¥ =0 and ¢**h,, = 0, the Einstein’s
equations at leading order in ¢; (high-frequency limit)
are [143]

Dgh;w + [2Ry;45u - (guyRuﬁ + guyRﬂ(S)]hy(s = 07 (Cl)
where R,,,,; and R, are the Riemman and Ricci tensors of
the background scalar field conﬁguration.9 In this limit, we
can use the WKB (geometrical optics) approximation
[143,144], with h,, = Rele,,Ae™], where A is a slowly
changing real function of the position such that
0" A = Oley), a is a phase such that d"a = Ole;'],
and e,, is a (normalized) polarization tensor. At leading
order in ¢, Eq. (C1) implies [143,144]

k*V e

abuy — 0,

gve, =0,

K,k = 0,

kte,, =0,

Vo (A%k) =0,

v J—
ee,, =1,

where the null rays k, = V,a are tangent vectors to null
geodesics, i.e., k*V k* = 0.

The previous equations are solved in an expansion in €, .
At zero order, the null rays are (Vk* = (1, —n'), where n’
is a unit vector pointing in the sky direction of arrival of the
GW. The integral null geodesic that is connected to the
reception event xf is

Oxr(2) = — (4 —2) Ok ). (C2)
From the fact that OV, k" = 20/ dy , with Od =1 —
Ao the luminosity distance from the emitter (as computed
with 7,,), one finds ©AO g = Q,, with Q, a function of
the retarded time u = 1 — ¢ .

The linear order corrections in €, can be found following
Ref. [142]. In Newtonian gauge y,, = 2diag(®, ¥15), one
finds

R0 = (@ +P)|, =20} + Ligw(2).  (C3)
Wi — 0 [ Lo gy —gwyw|,  (c4)
[ d ! ’
Wk = (=, Ok))9,(® +P), (C5)

where

°In the Einstein’s equations, we neglected the response of the
scalar field to the propagating h,,,, since the GW frequency, w, is
supposed to be much higher than the normal mode frequencies of
the background (~|y|m), which characterize the response time-
scale of the configuration (see, e.g., Ref. [126]).
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A
how= [ 0@+ ¥z, (Co)
A

corresponds to the integrated Sachs-Wolfe (ISW)
effect, Wk = OOk, and Wk = LUK, with
Li =6, — Ok'Ok; The GW frequency measured by the
receptor (emitter) is ;. = k*(u.),, with observers four
velocities ufe = dxfe/dr, . ~ (1 + ®,, vi.). It is straight-
forward to show then

,
Ll -y, C7
o, X (C7)
where
x ==L — n'v;[t + lisw(Ae)- (C8)

It will be convenient to rewrite

. j’l’
Iisw(/le) = (@ + \P)|£ + n' / al(q) + T)dﬂ/, (C9)
A
where we used d/dA = 0, — n'd; and integrated by parts.
Moreover, note that if the receptor and emitter move along
geodesics, one has vj e ~ [ 0;®, .dz. Thus, at the receptor’s
worldline, the GW phase is

mz/@MNUﬂMM/%@, (C10)
with
(C11)

The luminosity distance also receives corrections at linear
order in €, which modifies the amplitude of the GW, which
is usually referred to as lensing effect, see [142]. However,
in the limit w; < w,, lensing effects are subleading with
respect to the iSW ones.

APPENDIX D: ULDM EFFECTS ON THE
GW PHASE

Using Eqgs. (C10) and (C11), together with (C8), we can
find the changes in the GW phase induced by the
gravitational potentials of nonrelativistic ULDM structures.
We do it now for two distinct cases: monochromatic and
chirping signals.

1. Monochromatic GW signal

For a monochromatic signal: w.(u) = w,. At leading
order, the effect from coherent oscillations of the ULDM
gravitational potentials on a proPagating GW is captured by
the dephasing (at the receptor) 0

OWe take u = 0 as the retarded time when the observation
starts.

Sa~ 22T (r,)[sin(wsu + @5) — sing,),  (D1)

WDs

where we defined T = [¥, — H%D_n’ﬁ,-cbz], and assumed that
n'o;log 6®,(x1) < wgs/2x, and a much larger DM density
close to the emission event than at reception.

Using the wave’s principal axis to define the (two-
dimensional) orthonormal polarization tensor basis, the
GW reads h,, = A.e,, cosa+ A,ej, sina. The strain in
the detector is [145]

h =~ Acos [w.u + da(u) + ag), (D2)

with A= \/(A,F,)? + (A, F)?, where F_ (t) and F,(t)
are the detector’s beam pattern coefficients. Using the
trigonometric relation [107] i

[Se]

cos(x + fisiny) = Z J.(B) cos(x + ny), (D3)

n=—oo

where J, are Bessel functions of the first kind, we can
analyze the signal in different regimes. When || < 1, one
has J, () ~ [sign(n)]"(8/2)""/|n|!. In that case, only the
first two sidebands n = +1 are significant. Therefore, the
signal is simply

h ~ Alcos(w.u + ay)
we
2605

+

Y|, cos[(w, + ws)u + oy + @s]], (D4)

with af = ay — (w./ws) Y (r.) sings. When |f| = 1, the
signal gets spread into higher harmonics. This leads to
approximately O(2|3|) peaks around the dominant fre-
quency due to the broader spread of the signal components.
The cases considered in this work are always restricted to
the regime where |f| < 1.

2. Chirping GW signal

Some of the binary sources we consider evolve due to the
emission of GWs. This generates a frequency chirp, which
at Newtonian order for the binary system and considering
the emission from the quadrupole formula is given by [140]

1 5\ 3/8
a)e - ZM_S/g <_) )

D5
: (DS)
where 7= u, — u is the time to coalescence, and u =0
corresponds again to the start of the observation. From
Eq. (C11), using y = Y(r.) cos (wsu + ¢5), we find

""This can be immediately obtained from the Jacobi-Anger
expansion of the complex exponential ¢5"? = 5" J (7)e™0,
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FIG. 10. Factor /Y in Eq. (D6) describing the correction to the
phase of a chirping GW signal, from an oscillating gravitational
field, as a function of f. [cf. Eq. (D5)]. The results are for
GW170817 [117] (purple) and GW170608 [116] (red) binaries,
for a ULDM particle mass m = 1072! eV, and an example phase
of ® = 1. Vertical lines show the frequencies f.(z = 1/w;) for
each of the two binaries.

- 5120 1,
W(T)—T(re){ll*}(E,i,E, er(;)cos@

5 13329 1 .
+137w51F2<16;2,16;—472w§> Sln®:|, (D6)

where ® = @;s + wsu,, and the total phasing becomes

a=2[1 - ()] (ﬁ) " 4.

(D7)
Our result is consistent with Eq. (18) of Ref. [10].

Figure 10 shows 1/ Y (r,) as function of f = w.(7)/(27),
for two different binaries and fixed ULDM particle mass.
Unlike the monochromatic case, the modulation of chirping
GW signals has a time-dependent amplitude that reaches a
maximum absolute value at wst ~ 1, and whose value
depends on the phase ®. Thus, we expect the detectability
of the ULDM effect to be mainly determined by the
sensitivity at wsz(f) ~ 1, which corresponds to different
modulation frequencies (ULDM particle masses) depend-
ing on the source/detector, as shown in Fig. 11 for the
different binaries considered in Sec. V.

The (quasi)monochromatic result is recovered in
the limit zws; > 1. At leading order in 1/(rw;) < 1,
Eq. (DO) is

57 (r,
8TCU§

~
~

) sin(wsu + @5), (D8)

10-15 .
— GWI170817
10-17} — GW170608
— IMRI 110
107"t — RumRI =
i =
S 10721} a9
11
10723
10-25 ! . .
1074 0.01 1 100
flHz]
FIG. 11. The ULDM particle mass corresponding to the

condition wsz(f) = 1, for different binary systems. For concrete-
ness, we take the minimal coupling case ws = 2m. These
illustrate the order of magnitude of the ULDM masses probed
by the different chirping sources at given frequencies f..

resulting in (for u < u.)

a(uc - u) - a(uc)

~ wott + Z— Y(re)[sin(wsut + @5) — sing,]. (DY)

1

This matches precisely the argument in Eq. (D2).
The GW waveform in the Fourier domain can be found
using the stationary phase approximation [146],

. 51 1 i
~a o /6 £=7/6 Lia(f)
W) =g g MOS0, (D10)
with
/4
@ =2afuc —a.— —ale(f)]. (D11)

where 7(f) is found by inverting f.(z) in Eq. (D5), with
fe =w./(2x). In the stationary phase approximation, we
have neglected corrections from the ULDM effect to the

amplitude in |h| « 1/4/a”[t(f)] that are subleading, and
the sidebands arising from the noninjectivity of f.(z) due to

the ULDM frequency modulation (see, e.g., [93]). The
latter, which is the all-important effect for (quasi)mono-
chromatic sources, can be neglected for chirping sources
when |w}|/@3 > 1 or equivalently ws;r < (Mas)™/!,
corresponding to the regime where the . chirps by more
than @z during one modulation period.

APPENDIX E: MATCHED FILTERING AND
CROSS-CORRELATION

Match filtering is the standard technique used to maxi-
mize the signal from a GW A, given the knowledge of the

042008-18



SEARCHING FOR ULTRALIGHT DARK MATTER THROUGH ...

PHYS. REV. D 111, 042008 (2025)

detector noise n. We consider the noise approximately
Gaussian and characterized by the two-point function

(n*(f)n(f))y =o6(f —f’)%Sn(f), where S, (f) is the noise
spectral density. The SNR of a signal / is defined in terms
of the inner product [140]

~E R |

SNR = (h|h) = 4Re/ f. (El)

0 Sn(f)

where £ is the Fourier transform of &, defined as

= / * h(r)e-201dr, (E2)
and £ is the strain at the detector defined as in Eq. (D2).

1. Monochromatic signal

We focus now on the case of a monochromatic signal and
derive analytical results for the SNR we use in the analysis
of Sec. IV. Since the signal is observed for a finite time 7,
we introduce the regularized Dirac delta function

T2
Sr(w) = /T/2 e''dt = Tsinc(wT/2), (E3)

with 67(0) = 7. For a monochromatic signal
h= ge_"“oﬁT(a) - w,), (E4)
we have that
AZTZ 0
SNR? = / sinc2[z(f — f,)T)df, (E5
S 7o [7( )T (ES)
AT [ 5 AT
=— sinc?(x)dx ~ , (E6)
”Sn(fe) —nf.T Sn(fe)

where we take zf, T > 1.

Similarly, we can compute the SNR of the modulation
effect. If there are N loud signals in band, after extracting
the carrier components (found through match filtering)
from the data, then we are left with the residuals

By applying a narrow filter F;[-] centered at w; with
width T7; sufficiently small to not pick other carrier
components, but large enough that I'; > ws, one could

(in principle) isolate each individual é_hi.u Now, notice that

if we whiten each individual residual like 64;/+/S,(®;),
shift their frequency by the corresponding w;, and sum
them all, we are able to accumulate power at +awj, i.e.,

o~ FilSh) (o + @)
zz: Sn(a)i)

— 4+ (C() F s i wlAlTl
Su@))

i(ap £0si) (ES)

i=1

The SNR of the modulation effect (after applying such
procedure) is that

N
w0 LT,
SNR2 ~ ( ) SNR2 e e )
Z: \[a)(; ; a)g
x SNR;SNR; cos (afy; — ) ; + ¢5; — 05;). (E9)

where we used zfsT > 1 (for fsT = 1 we get a 5% error).

Most certainly, one will not be able to measure the
luminosity distances well enough to estimate each ¢;; —
@5 j with uncertainty much smaller than 7.  Indeed, as we
show below, this would require estimating each lumi-
nosity distance with an accuracy o, , <0.1/(2my,) pc,
which for mHz sources at the GC would be possible only
if SNR; > 10*m,,. This implies that the second sum will
average out to zero for N> 1 (the same applies to
sources close to/within different ULDM coherent struc-
tures), unless we treat the ¢;5; — ¢; ; as free parameters in
the match filtering of the residuals, which would most
probably result in a very expensive analysis. So, if we do
not treat ¢;; —@;s; as free parameters in the match
filtering, the SNR of the modulation effect becomes
simply

SNR; = (E10)

3 e (G)

If Y; is approximately the same for all the sources, then
the SNR of the effect scales with v/N.

On the other hand, if one is able to estimate each @;; —
@5 ; with uncertainty much smaller than z, or if one takes
them as free parameters, the SNR; will scale instead with
N. However, in the latter case, the false alarm rate is also
increased, which means that the threshold for detectability

2Note that for ULDM masses m ~ 10722 eV, the sideband
separation is ws; ~ 1 nHz < w;.

BIf two sources are close to or within the same coherent
structure, the difference @s; — @5, can be estimated from the
match filtering with the carrier waveforms as it is equal to

w&(dL.j - dL,i)-
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at a given false alarm rate should be increased. We note
that [147]

_ 5 7
96t fAA

(E11)

Using a Fisher matrix analysis (see Appendix F) one can
show that for LISA

%g"—*‘w%w.oms(&).

4 A SNR (E12)

e

APPENDIX F: FISHER INFORMATION MATRIX

The Fisher matrix formalism is an often used simple
procedure to estimate the model parameter uncertainties
given the sensitivity of a detector (e.g., [148]). For GWs,
the Fisher matrix is defined in terms of the derivatives of the
waveform with respect the different model parameters A;,
and the inner product defined in Eq. (E1)

<aiz aiz>
oA, dAj A=A

with the whole matrix evaluated at the true value of the
parameters A = A. In the limit of high SNR, the covariance
matrix is well approximated by the inverse of the Fisher
matrix, thus the correlation coefficient for each pair of
parameters, and the uncertainty on the parameters are
computed as

(F1)

_ (T

Cij = Y and Giz = (F_l)ii.

(F2)

Giaj

1. (Quasi)monochromatic waveform

A monochromatic GW signal of frequency f., averaged
over sky direction and polarization, has the waveform [140]

1 2.\2 i
h(t; A) = \/H%l) + COSZLA(fe)e’(Z”feH(ﬂ), (F3)

where 1 is the inclination angle. For a binary source, the
amplitude is given in terms of the orbital frequency f,/2,
(red-shifted) chirp mass M, and luminosity distance dy
by [140]

4M5/3 (”fe)2/3

A @

(F4)

For LISA we have used the sensitivity curve provided in
Ref. [118], averaged over sky location and polarization,
together with the estimated noise contribution from unre-
solved galactic binaries for a four-year observation. For
uAres we considered the values reported in Ref. [95]. For
TianQin we used the sensitivity curve given in Ref. [149],
whereas for Taiji that in Ref. [150].

To estimate the uncertainty on the luminosity distance of
the binary, we need to consider the time derivative of the
GW frequency, so that the waveform gets extended to

h o 27ilfettafe®)+ie  Computing the Fisher matrix for the
intrinsic parameters A = {A,Inf,, f,}, we find the fol-
lowing uncertainties:

2 1 4 1

Ofe _ o = L
¢ SNRTZ,

fe _SNRTObs’

where we averaged over sky location, polarization, and
inclination angles.

2. Chirping waveform

For the Fisher Matrix analysis of Sec. V, we consider the
waveform of Eq. (D10). We computed the Fisher matrix for
LISA, B-DECIGO, and DECIGO. For the last two, we use
the analytical sensitivity curves of Ref. [151]. We consider
the derivatives of the waveform /(f) with respect to the
parameters A = {In M, u.,a., T,0}, so that the entire
Fisher matrix is five dimensional. These parameters are
u. the (initial) time to coalescence, «, the phase at
coalescence, T the amplitude of the oscillating gravita-
tional background, and ® the phase appearing in Eq. (D6).
The last two parameters concern only the background
modulation, whereas the first three are parameters of the
usual (isolated vacuum) waveform. We imposed uniform
priors for the parameters {a.,®} in the interval [0, 27x].

We find that, depending on the mass of the ULDM
particle, there can be a strong correlation between T and ©.
This is to be expected: note that, for rws; < 1, the only
dependence of the waveform on Y and ® is through
n~ 7T cos®. We remark that for heavier ULDM particle
masses the Fisher matrix components involve highly
oscillatory integrals, which demand high numerical
precision.
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