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Gravitational wave (GW) astronomy has revolutionized our capacity to explore nature. The
next generation of observatories, among which the space-borne detector Laser Interferometer Space
Antenna LISA, is expected to yield orders of magnitude of signal-to-noise ratio improvement, and
reach fainter and novel features of General Relativity. Among them, an exciting possibility is the
detection of GW memory. Interpreted as a permanent deformation of the background spacetime
after a GW perturbation has passed through the detector, GW memory offers a novel avenue to
proof-test General Relativity, access the non-linear nature of gravity, and provide complementary
information to better characterize the GW source. Previous studies have shown that GW memory
detection from individual mergers of massive black hole binaries is expected with LISA. However,
these works have not simulated the proper time domain response of the detector to the GW memory.
This work is filling this gap and presents the detection prospects of LISA regarding GW memory
and the expected signature of GW memory on the data-streams using the most up-to-date LISA
consortium simulations of the response. We focus on the GW memory of massive black hole binary
mergers and use state-of-the-art population models to assess the likelihood of detecting the GW
memory within the LISA lifetime. We conclude that GW memory will be a key feature of several

events detected by LISA, and will help to exploit the scientific potential of the mission fully.

I. INTRODUCTION

When an unbound flux of matter or radiation is re-
leased from a localized event, the final metric of the
asymptotic region does not return to its original form,
but the relative proper distances between freely falling
observers are permanently modified with respect to their
original ones. This phenomenon is called gravitational
wave memory effect, see e.g. [1-4], or, in recent language,
displacement memory, and is the dominant of several ef-
fects related to the changes of asymptotic states after
the passage of radiation [5-10]. Remarkably, these ef-
fects are intimately connected to the asymptotic struc-
ture of space-time in General Relativity, namely with the
symmetries of the BMS group [11-13], as well as the soft
theorems [11, 14] in scattering theory.

In this work, we will focus on the GW memory gener-
ated by the passage of gravitational flur, known as non-
linear memory to differentiate it from the linear memory,
which is related to the unbound energy flux of other fields
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such as matter radiation or matter components.! More-
over, we will restrict to the displacement memory and
not consider other subdominant effects, such as the spin
[9] or the center-of-mass [10, 16] memories.

As the name suggests, the origin of such non-linear
displacement memory stems from the non-linear nature
of General Relativity: gravitational waves themselves
carry energy-momentum that generates additional grav-
itational radiation, which precisely induces a displace-
ment memory [4, 17-24]. Interestingly, GW memory is
however no mere second order effect, but can be under-
stood as a fundamental component of any gravitational
radiation that reaches null infinity at leading order [4].
The relation of non-linear memory to the oscillatory pri-
mary GWs explains some of the features of the effect
since its magnitude and its typical time scale, as well as
its angular dependence are related to the flux emitted by

I Motivated by the BMS balance laws [12], Gravitational Wave
(GW) memory is sometimes also categorized into so called null
memory that represents memory that is sourced by any unbound
null energy flux of radiation, and ordinary memory, associated
to unbound energy-momentum of massive components that do
not reach null infinity [15]. The non-linear memory of GR is
therefore also part of the null memory.
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the primary signal. However, memory nevertheless rep-
resents a unique non-linear effect that accumulates over
time, whose non-oscillatory nature marks a clear distinc-
tion with the oscillatory primary waveform [22, 25]. As
a result, the properties of the GW memory strongly dif-
fer from those of the primary waves and, despite only
having a small imprint on typical interferometric GW
detectors, memory may carry key complementary infor-
mation from the primary signal. For instance, it may
allow one to break the degeneracy between luminosity
distance and inclination [26, 27] or between the merger
of binary black holes or neutron stars [28, 29]. The use of
GW memory has also been proposed to test the asymp-
totic symmetries of space-time [30], or as a part of consis-
tency tests of waveform models exploiting balance laws
[31, 32]. Furthermore, since GW memory probes the
non-linear nature of gravitation, it is natural to expect
changes in modified theories of gravity [33-36]. Finally,
the different frequency span of the GW memory as com-
pared to the primary signal allows looking for merger
events at frequencies higher than the detector band [37]
and even search for the same events in ground-base and
space-borne detectors [38]. In conclusion, the detection
of GW memory will open several possibilities to probe
astrophysics and fundamental physics with GWs.

GW observations have so far not detected GW mem-
ory. This is mainly due to the smallness of the signal
within current GW observatories and is true both for
binary black hole coalescences observed in LIGO/Virgo
data [39-42] and supermassive black hole coalescences
that may explain Pulsar Timing Arrays data [43-45]. In
fact, it is not expected for current ground-based inter-
ferometers to detect the memory from the coalescence of
individual binary compact objects. Instead, it has been
suggested that the combination of events with GW mem-
ory Signal-to-Noise Ratio (SNR) below threshold over 2
to 5 years may be enough to reach detection in these
set-ups [7]. The prospects of detecting the memory from
individual events are more promising for the next gen-
eration of detectors, either ground-based, such as the
ET [46] and CE [47], and space-based interferometers
like the Laser Interferometer Space Antenna (LISA) and
TianQin [7, 26, 48-53] or SKA [54, 55].

In this paper, we focus on the characteristic imprint of
the memory on the LISA detector from the coalescence
of Massive Black Holes (MBHs) that merge in the fre-
quency band between 104 Hz and 10~! Hz. These events
will have an extraordinarily high SNR, especially during
the merger, when most of the memory is created. Con-
sequently, these objects are the most promising source
of detectable GW memory. Recent works [26, 52, 53]
have confirmed that several MBH mergers will have an
SNR of the GW memory sufficiently high to claim de-
tection, though the expected number varies considerably
depending on the astrophysical population considered.
Building on these results, one of our main goals is to im-
prove them by investigating the GW memory with the
full time-domain response of LISA, based on Time Delay

Interferometry (TDI) and its most updated noise char-
acterization. Addressing the robustness of the detection
of GW memory when TDI is considered is essential to
build a solid understanding of the imprint of this effect,
especially if one aims at using it as an additional source
of information complementary to the leading oscillatory
signal. We devote the rest of the paper to the first inves-
tigation in this direction for the LISA mission.

For the calculation of GW memory, we consider the
NRHybSur3dq8 waveform [56], which is one of the most ac-
curate waveforms available to date, trained on numerical
relativity simulations and including higher modes up to
¢ < 4. This model has recently been updated to capture
the GW memory NRHybSur3dq8_CCE [57], which for non-
preprocessing binaries is mainly in the (2,0) mode [48].
This helps to perform consistency checks and to inves-
tigate the mixing of the memory and additional oscilla-
tory features excited during the merger and ringdown,
both of which are present in the (2,0) mode. We fur-
ther perform a broad study of the parameter space of
the binary merger by varying the mass ratio of the two
black holes and the amplitude of the aligned spin of the
sources, though we will not consider the presence of pre-
cession or non-trivial eccentricities. The detectability of
GW memory by LISA will be assessed with state-of-the-
art population models of MBHs described in Refs. [58, 59]
(and based on previous work presented in [60-62]).

The paper is organized as follows. In Sec. IT we de-
scribe the necessary tools for the subsequent analysis,
such as the TDI processing, the LISA noise characteriza-
tion and the waveform models. In Sec. III, we compre-
hensively describe how the displacement memory impacts
the signal of LISA. In Sec. IV we discuss the signal-to-
noise ratio and the detectability predictions. Sec. V is
devoted to the study of MBHs mergers and the prospect
of detecting memory from them in LISA. In Sec. VI, we
explore the particular dependence of the memory SNR
w.r.t. mass ratio and spin. Finally, we discuss our con-
clusions and outlook in Sec. VII.

II. DISPLACEMENT MEMORY IMPRINTS ON
LISA INTERFEROMETRIC DATA

GW interferometers, either ground or space-based, are
not designed to observe a permanent shift of the strain
because they are sensitive to a limited frequency band.
As a result, they cannot detect the permanent offset from
the GW memory. However, the time-dependent transi-
tion in strain induced by the GW memory at the de-
tector location does exhibit significant spectral content
at low frequencies, which may be detected. =~ Most of
the MBH mergers in the LISA band, sensitive between
10~*Hz and 10~ 'Hz [63], will have a much higher SNR
than events currently detected by ground-based interfer-
ometers, which allow the fine details of the waveform,
such as the GW memory, to be distinguished. The
proper determination of LISA’s sensitivity to GW mem-



ory requires a full time-domain simulation of the projec-
tion of the signal onto the laser antenna response (down
to TDI data streams). In this section, we show a compre-
hensive end-to-end time-domain simulation of the LISA
response to the GW memory using the most up-to-date
LISA consortium simulations (LISAGWResponse [64, 65],
LISAInstrument [66, 67]) and post-processing software
(PyTDI [68]).

A. GW memory model and simulation
1. Definition and computation of non-linear memory

To assess the detectability of the memory, it is im-
portant in a first step to provide a pertinent theoretical
definition that allows to isolate it in the total GW strain.
Focusing on non-linear memory, such a definition is given
by the following integral over the energy flux emitted in
primary GWs [17, 19, 22, 35]?

T 4G [, dE ninl, 1T
mem _ Q/ )
(A" }k4]6wdu /11 dwdQ’[l—vﬁAW ’

(1)
where u is the retarded time, R the luminosity distance
of the detector to the source, n’ = n(') are unit ra-
dial vectors centered at the source, N = n(2) is the unit
line-of-sight vector, and TT denotes a projection onto
the TT-gauge along the relevant direction N [35, 70].
This formula describes a non-linear displacement mem-
ory component of the asymptotic radiation that is caused
by any spherically asymmetric release of GW energy flux
from a localized source. The characteristic angular de-
pendence within the square brackets in Eq. (1) arises as a
combination of the universal structure of any asymptotic
energy-momentum tensor and the source-to-detector vec-
tor within the Green’s function of the D’Alembert oper-
ator [23, 36]. Moreover, since the energy flux of GWs
is integrated over the entire binary evolution, the GW
memory is a hereditary effect. More precisely, it accumu-
lates over time leaving an increasing off-set of the initial
zero mean of the strain, leading to a non-zero geodesic
deviation between any freely falling test-masses after the
GWs have passed and therefore by definition induces a
displacement memory effect. However, most of the ef-
fect comes from the merger stage, where about 5% of
the total mass is released in GWs [71] which explains the
characteristic step-like behaviour of the memory as seen
in Figure 1.

2 This formula explicitly does not capture any linear memory. A
more general formula involving any type of unbound energy-
momentum content can for instance be found in [36]. However,
for binary black hole coalescence the only linear memory comes
from a potential final black hole kick, which is a very subdomi-
nant contribution [69].

Fundamentally, the gauge-invariant energy flux of pri-
mary waves reads

dF R2c3 . .
Jwdy — m<h3+ + his ), (2)

where hoy and hgx are the amplitudes of the corre-
sponding polarization states and the spacetime average
(...) is to ensure a well-defined energy content of GWs
[35, 70, 72-74]. Such an average over the scales of vari-
ation of the GWs naturally arises within an Isaacson
approach to defining GWs [75, 76], and in the context
of memory, it allows for a clear distinction between so-
called primary waves, defined as the oscillatory part of
asymptotic radiation that we denote as hg, and the non-
linear memory that is fundamentally understood as a cor-
responding low-frequency correction [35]. However, for
quasi-circular and non-precessing compact binary black
hole coalescence, a special case which this work is re-
stricted to, the spacetime average in (2) can effectively
be dropped, as we explain in detail in App. A. It will
therefore be ignored throughout this study. Neverthe-
less, is worth emphasizing that, as soon as eccentric or
precessing binaries are considered, averaging over high-
frequency scales becomes inevitable to define a memory
signal clearly distinguishable from the primary wave. In
the following, we therefore call the memory signal the
part of the GW that is generated merely by the energy
flux emitted in primary GWs.

It is useful to explicitly take into account the freedom
in rotating the polarization basis of any outgoing radia-
tion by defining the complex scalar

h=h, —ihy, (3)

with explicit spin-weight of s = —2 [77], that can there-
fore be expanded in terms of spin-weighted spherical har-
monics

) =3 S0 ) oYim(n6).  (4)

£>2 |m|<e

Projecting both the memory signal as well as the pri-
mary wave into the spin-weighted spherical harmonics
basis, Eq. (1) can efficiently be evaluated, as the expan-
sion helps to disentangle the angular and the time depen-
dencies and yields a more compact representation of the
angular dependence of the flux. Then, the angular inte-
gration in Eq. (1) can be performed either numerically
as done by the GWMemory software (see Eq. (8) and (9)
of [78]), or even analytically (see Eq. (A1) in the Ap-
pendix). From the analytical derivation, it can be seen
that the memory is essentially showing up in the (2,0)
mode, since most of the primary GWs energy flux is re-
leased in the (2,2) mode. More details are given in the
App. A.

Throughout this work, we will therefore use the (2,0)
memory mode computed through the publicly available
and numerically optimized GWMemory package with an
input of primary waveforms from the surrogate model



NRHybSur3dg8 [56]. This surrogate model is the most
accurate available for the parameter space of interest in
this study (low mass-ratio ¢, focus on the merger). It
is trained on numerical waveforms limited to mass-ratio
q < 8 and spins aligned to the angular momentum of the
binary with amplitude x1 ., x2,- € [~0.8,0.8] (the model
does not include precession or eccentricity).

2. Alternative modeling approach

The surrogate waveform model NRHybSur3dq8 [50]
has recently been updated with NRHybSur3dq8_CCE [57],
which is the first waveform model to include the
full (2,0) memory mode. These waveforms are cali-
brated to Numerical Relativity (NR) simulations that
use a novel waveform extraction scheme called Cauchy-
Characteristic Evolution (CCE) [13, 79], which directly
captures the full low-frequency memory contribution.
However, it is important to note that the (2,0) mode
does not purely capture the memory signal, but also in-
cludes oscillatory contributions excited during the ring-
down, which are present in both the NRHybSur3dq8 and
NRHybSur3dq8_CCE waveforms (see also App. C for fur-
ther discussion).

Yet, with these two surrogate waveform models at
hand, an alternative modelling approach for the mem-
ory within the (2,0) mode can be envisaged by simply
subtracting the oscillatory part present in NRHybSur3dq8
from the full mode in NRHybSur3dq8_CCE that contains
the memory

nrem(t) = RO (1) — hEV (1), (5)

This separation is shown in Figure 1, where we show
the total waveform (blue) and the (2,0) mode from
the NRHybSur3dq8_CCE model (orange) and from the
NRHybSur3dq8 (green) for a merger event with param-
eters [My; = 106 My, z = 1.0, ¢ = 1.0, ¢ = 1.047rad,
S = 0.0]. From Figure 1, it becomes clear that Eq. (5)
(grey-dashed) indeed allows us to isolate the memory
from the oscillatory features of the ringdown in the (2,0)
mode.

In Figure 1 we also compare the memory model defined
in Eq. (5) with the direct theoretical prediction in Eq. (1)
computed by the GWMemory package (red). The two
memory templates look similar, and yield comparable
signal-to-noise ratios for equal-mass systems. However, a
closer examination reveals sensible differences, and those
are particularly pronounced for high-mass-ratio systems.
The origin of this discrepancy is not entirely elucidated.
It is suspected that different gauge fixing options taken
by NRHybSur3dq8 and NRHybSur3dq8_CCE, related to the
different strain extraction at null infinity strategies [57],
make the direct comparison in Eq. (5) not well defined
in general and especially for higher mass ratios q. This
discrepancy will be investigated empirically, and the re-
sults of the comparison between Eq. (5) and GWMemory

calculations will be presented in detail in App. C, as a
by-product of this work.

Because of these uncertainties in isolating the mem-
ory model based on NR simulations, as opposed to the
clear understanding of memory from Eq. (1), we will
use the memory computed by the GWMemory package [78]
throughout this work. This choice is also justified be-
cause the memory computed by Eq. (1) gives more con-
servative estimates in terms of SNR and smooth be-
haviour over the parameter space. It is emphasized that
we are here focusing on the detectability of the mem-
ory only, as opposed to that of the entire (2,0) mode,
to which the oscillatory contribution from the ringdown
adds significantly. We note that a phenomenological
waveform model for the (2,0) mode that includes both
the memory and ringdown components has recently been
implemented as an extension of the computationally effi-
cient IMRPhenomTHM model [80] for the similar parameter
space covered by NRHybSur3dqg8, though without restric-
tion on the length of the waveform. Once published, this
can be used in the future for extensive Bayesian param-
eter estimation, which is currently very computationally
expensive.

B. Detector response simulation

The simulation of the detector response requires the
projection of the strain time-series computed in Sec-
tion IT A onto the space antenna response. For this, one
first computes the interferometer’s six single-link time-
domain responses to the memory strain time-series using
LISAGWResponse [64, 65]. This yields 6 time-series of rel-
ative (Doppler) frequency modulation y(t) = 2£(t) of the
laser link frequency caused by the GW crossing over the
laser beam path:

6ab

- %ﬁ [hab (ctr e :z) — B (cte — K- f)(l)

Eq. (6) is called the two-pulse response [81] for the vari-
able y;;(t), which is the relative Doppler shift time series
observed from a vertex i of LISA between the local, emit-
ted frequency v;; and the received distant laser frequency
vj;. The latter frequency is subject to space-time geom-
etry fluctuations as it travels along € = €;_,; direction
across the optical arm. The relative frequency fluctua-
tion y;;(t) is reduced to the difference between the GW
strain h,p evaluated at the time of emission (t.,Z.) and
reception (t.,Z,). Consequently, for GW wavelengths
much larger than the constellation arm length L, y h
and the response in Eq. (6) behaves as a first order time
differentiator. A comprehensive derivation of the time-
domain link response can be found in App. A of Ref. [82].

The single-link frequency fluctuation data streams y(t)
are then injected into the PyTDI software [68] to simu-
late the virtual interferometer (i.e. suppressing primary
noises, such as laser [64] and spacecraft jitter noise [83]).
This generates the ultimate 3 interferometer time-series,
selecting the A, E and T (second generation) variables

Yij
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Figure 1. Breakdown of the oscillatory and memory com-
ponent of the waveform from a M;,; = 10°M,; MBHB
merger. On the top plot: the total waveform (blue), the
(I,m) = (2,0) component from NRHybSur3dq8_CCE (orange)
and NRHybSur3dq8 (green) models. On the bottom plot: a
zoom-in on the NRHybSur3dq8_CCE model (orange) and the
estimated contribution from GW memory (grey-dashed) ac-
cording to Eq. (5), together with a comparison to the (2,0)
mode computed with the GWMemory package 78] (red).

[81, 84] to work with nearly independent channels and
ignoring residual cross-correlations, a sufficient set-up for
SNR computations (more details about this are given
in Section II C). Second-generation is needed to account

J

for constellation flexing during the laser beam propa-
gation time in the virtual interferometers, and then to
suppress effectively laser noise below minimum require-
ments [85]. However, this second generation TDI impacts
LISA response to GW, and typically acts as a second or-
der time differentiator again at low frequency, i.e. for
Acw > L [86]. Keplerian orbits are considered for the
constellation spacecraft, both for the single-link response
and the time delays in TDI post-processing.

In addition, we performed several processing adjust-
ments to facilitate the computation of the SNR around
the merger time. First, the time reception shift of
the wave at the detector location is ignored (setting
sun_shift = False). This is a parameter specific to
LISAGWResponse, where the timing frame for the in-
put strain time series is understood from the location
of the Solar System Barycentric (SSB) reference frame
barycentre, implying a propagation time until it reaches
the space interferometer. This makes the merger time
depend on the sky-localization of the source, adding un-
necessary complications for our scope here. Second, the
time origin was adapted so that the merger time — de-
fined as the time of the maximum (I,m) = (2,2) am-
plitude as conventional in literature [87] — is set to be
tmerger = 0. The time window width around ¢ = 0 has
been set to adapt dynamically to the total mass M;,; of
the Massive Black Holes Binary (MBHB) system, ensur-
ing to capture most of the oscillatory SNR for events with
Mot > 10° M, and to fully capture the memory SNR for
all relevant MBHB masses (10*Mg — 103M). Finally,
to avoid biases at low frequencies when representing the
waveform in the frequency domain, especially occurring
due to edge effects from the restricted time window and
the GW memory step-like shape, we apply the Planck-
taper window centred on the merger time, as extensively
used in GW data analysis [88].

C. Noise settings

For the SNR determinations, LISA noise spectra are
computed from single-link noise models, merely contain-
ing the two dominant secondary noises, i.e. the test mass
(TM) acceleration noise and the Optical Metrology Sys-
tem (OMS) noise, and in agreement with the LISA Sci-
ence Requirement Document (SciRD) [85],

2 4
1/2 ~15 0.4mHz f E —1/2
Safiag = 3% 10 1+ <f ) 1+ <8mHZ L (7)
2mHz \*
Shloms =15 x 10712 | |1+ ( = Z) mHz /2, (8)

We then apply the TDI transfer function matrices on

(

the single-link data streams based on the TDI-2 combi-



nations, defined as

X9 = X154+ Diz121912 + Dis1212y21 + Disi2121913
+ Dis121213Y31 — [D12131%13 + D121s1sys1  (9)
+ Di213131912 + D12131312y21]7

with

Xi5 =vy13 + Di3ys1 + Dis1y12 + Dis12y21
— (112 + Di2y21 + Di21y13 + Di21szys1).  (10)

and where Y5 and Zs can be deduced by circular per-
mutation of the spacecraft indices 1 — 2 — 3 — 1.
There, for example, y1o is the frequency modulation of
the laser beam emitted by spacecraft 2 towards spacecraft
1, and as measured on spacecraft 1, then accumulating
GW modulation along its path. D;; is a delay operator
which takes into account the light time travelled from one
spacecraft i to the other j separated by the arm distance
L;;. In the frequency domain, the delay operator is a
simple phase operator (Eq. (11)),
Dija(t) = x(t— Lij(1)) = Dija(f) = &(f) e 2/ Eu®
(11)
and Dyj... are nested time-delay operators. For example,
the second term of Eq (9), D13121 = D13D31D12D21, is
the time-domain operator used to delay the single-link
data y12 by a time shift equal to the light travel time
L13121(t) of a laser beam circulating across the spacecraft
constellation, starting at spacecraft 1, making a round
trip along arm 21, then going for a second round trip
along 31 arm to finally ending back at spacecraft 1.
Arranging the TDI operators as a matrix applied on the
single-link noise spectra as in [82], one gets the TDI-XYZ
noise cross spectral density 3 x 3 matrix Sxy z:

Sxvz(f) = MTPL(f) S;;(f) MTPEI(f). (12)

Converting to TDI-AET channels by a simple change of
basis [89], one can get the A, E, T noise spectra:

1y L
V2, P

SApT = v Sxvz. (13)
Vi V3 V3B

We assume S4pgr to be diagonal to first approximation,
as rotating TDI from XY Z to AET basis makes the
noise to be nearly uncorrelated. Such property is exact
for symmetric performances of X, Y and Z channels only
3. However, we account for unequal arm constellation
orbits in the modeling of S44, Sgr and Spr diagonal
elements for improved accuracy of the noise power

3 the TDI-AET basis diagonalizes the cross-correlation matrix
Sxvyz in case of a constellation symmetric over spacecraft cyclic
permutation.

spectrum models.

In addition to instrumental noise, we add for com-
pleteness a 4-years galactic confusion noise spectrum,
equivalent to the residual power left by the unresolved
(and non-extracted) GWs from galactic binaries after
a 4-years observation run (minimal expected mission
duration) [85, 90]. Finally, it is worth noting that the
noise power spectrum required a smoothing treatment
at the zero-response frequencies to counteract numerical
instabilities when computing the SNR. Processing the
single-link noise spectrum, we have considered multiple
TDI transfer functions evaluated at 20 distinct epochs
of the year and averaged the outputs to get the finally
used TDI noise power spectrum. The procedure then
provides a year-averaged power spectrum, as well as
smoothed-out resonances, which now have a negligible
impact on the SNR values.

We finally define the SNR of the primary and memory
signals in LISA data as [86]:

Tmax d(f)d* (f)
2 _
pe =4Re /fmin Soolf) df, (14)

where d(f) is the Fourier transform of an interferom-
eter output channel C € {A,E,T} and all the spec-
tra are one-sided. We combine the 3 TDI channels
C € {A, E, T} summing the individual SNR pe quadrat-
ically:

>, (15)

Ce{A,E,T}

Ptot =

using the property of A, E and T channels of being ap-
proximately independent. Limited frequency range with
Fmin =5 x 107° Hz and fmax = 107! Hz is considered in
the computation of piot, making sure that all the mem-
ory SNR and most of the (2,2) mode are captured, for
any masses ranging from 10* M, to 10% M.

III. MEMORY SIGNATURE IN LISA DATA

Equipped with the above state-of-the-art simulation
tools for the LISA TDI time-domain response to GW, we
can now study the projection of the wave strain, defined
as the (2,2) mode, and of the memory strain, defined
as the memory component of the (2,0) mode explained
above. This is shown for the three different channels
A, E and T in Figure 2 for the GW of the same event
considered in Figure 1. In the background of the same
figure, and attached to the additional right-hand y-axis,
we trace the (2,2) mode (down-scaled by x0.05) and the
memory strain for a timing reference; the merger time
is also indicated with a black dotted line. One observes
from Figure 2 that the instrument response function acts
as a high-pass filter for the memory signal, significantly
reducing the overall amplitude and exhibiting time oscil-
lations. In fact, at low frequency, i.e. for wavelengths
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Figure 2. GW memory imprint of a binary merger with pa-
rameters [Mo; = 10° Mg, 2 = 1.0,¢ = 1.0, = 1.047rad, S =
0.0] observed at sky latitude and longitude [8 = 0.52rad, A =
3.24rad], on TDI time series A, E and T (resp. yellow, red
and blue plain traces). The GW memory burst time-series
as well as the sourcing oscillatory waveform strain (x0.05
down-scaled in amplitude) are superimposed in dashed-lines
for timing and shape reference. Left Y-axis provides units for
the TDI A, E and T channels (plain lines) while right Y-axis
units are attached to the strain atime-series (dashed-lines).
The merger time (¢ = 0) is indicated with a vertical dot-line.

longer than the arm length, the instrument response be-
haves as a high order differentiator [91]. As a result, the
TDI output for the memory is mostly determined by 93 h,
as we show in Appendix B.

This can also be seen in the frequency domain in Fig-
ure 3, where we compare the spectra of the injected sig-
nals (up) and of the TDI outputs (down). The Fourier
Transform (FT) of the memory on the upper panel (or-
ange) scales as 1/f at low frequency and it decays at
frequencies f 2 1/60 M, where M, = (1 + z)M;,: is the
redshifted total mass of the binary. This follows from
the fact that, on time scales longer than its rising time,
the memory is well approximated by a step-like function
around the merger time, whose FT is ~ 1/f. At high
frequency, the cutoff frequency is given by the duration
of the memory saturation 7 ~ 60 M, that corresponds to
the time window around the merger, during which most
of the GW energy Egw is radiated [92].

We also show in Figure 3 the oscillating component
of the (2,0) mode (green). It is interesting to note that
the frequency f = (60M,)~! (black dashed) represents a
good transition above which this oscillatory component
overcomes the memory. Again, this is consistent with
identifying the pure memory with the low-frequency sig-
nal of the (2,0) mode. On the lower panel of Figure 3,
we show the spectra of the TDI response to the (2,2)
and memory modes of the waveform. Comparing the up-
per and lower subplots, focusing on the low-frequency
memory spectra, we confirm the ~ f3(1/f) behavior of
the LISA response which, in the long wavelength regime,
manifestly approximates as a third-order time differen-
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Figure 3. Up: Spectrum of the strain time-series h (t), the
wave (I,m) = (2,2) mode in blue, the wave (I,m) = (2,0)
mode in green, and the memory in orange. Down: TDI-X
time-series response to the wave (I, m) = (2,2) mode (in blue)
and to the memory (in orange). The same system as in Fig-
ure 2, i.e. [Myy = 10° Mg, 2z = 1.0, ¢ = 1.0, ¢ = 1.047rad,
S = 0.0] is considered. The dashed gray lines on both fig-
ures mark the cut-off frequency applied at the inspiral due
to computational time limitation (the oscillatory modes are
invalid below that frequency. The gray frequency domains
(f < 5x107°Hz and f > 10 'Hz) are excluded from the
SNR computation.

tiator.

We stress that, to recover the expected spectrum of
the memory strain shown in the upper panel of Figure 3,
some processing of the waveform is needed that is differ-
ent from the usual one applied to the oscillating wave. In
particular, to recover the low-frequency behavior of the
memory, we pad the strain to its final value for a suffi-
ciently long time after the end of the generated waveform
and use a Planck-taper window function to put the final
value gradually to zero. This last step is crucial: oth-
erwise, spectral leaking would completely spoil the weak
signal from the memory. The issue of correctly process-
ing the memory has also recently been discussed in [93],
where an alternative method to recover a clean spectrum
is proposed. However, we found that this issue is not
present in the TDI output of the memory shown on the
lower panel of Figure 2, since effectively the TDI output
is proportional to higher derivatives of the injected signal



and the time series naturally goes to zero at the edges.

Further insight into the characterization of the mem-
ory in the data is provided by the time-frequency plot of
the TDI signals of the primary wave and the memory. As
shown in Figure 4, the two signals present a different lo-
calization in the time-frequency representation, with the
(2,2) mode exhibiting the well-known chirp transient sig-
nal, increasing in power towards high frequencies, while
the memory is confined to the merger time and relatively
spread over frequencies, although with a maximum power
frequency distinct from the (2,2) merger frequency.
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Figure 4. Spectrograms (short-time Fourier transforms) of
the TDI-A signals from the GW (2,2) mode (top) and from
the GW memory component (bottom) of an equal-mass sys-
tem with total mass My = 10° M. The two signals present
a distinct localization in time-frequency representation, the
(2,2) mode exhibiting the well-known chirp transient signal,
increasing power towards high frequencies, whereas the mem-
ory is confined to merger time and relatively spread over fre-
quencies, though with a maximum power frequency distinct
from the (2,2) merger frequency. This representation provides
helpful insight regarding strategies to identify memory from
the main GW modes.

IV. SIGNAL-TO-NOISE RATIO AND
DETECTABILITY PREDICTIONS

We begin by examining the SNR of the primary wave
and the memory as a function of sky position, which is
important for two main reasons: first, to study the poten-
tial improvement in sky localization from the information
encoded in the memory; second, to understand its effect
on the calculation of SNR. LISA will have a different rel-
ative sensitivity for the memory and the primary wave
depending on the sky localization, as the antenna re-
sponse function is frequency-dependent [95]. This could
help better characterize the source signal’s direction, es-
pecially for short signals, similar to what is found for
the inclination angle in [26]. In addition, the direction
of the source in the sky will primarily affect the SNR of
the memory, which is more of a burst-like event, whereas
since the main signal will be in the band for longer, the
motion of the detector will average out the effects of lo-
calization.

We show an example of a sky-dependent map of the
SNR for the primary wave, the memory, and their ratio,
respectively, in Figure 5 for a binary’s merger with pa-
rameters My, = 10M, z = 1.0, ¢ = 2.5, zero spin and
inclination ¢ = 1.047 (conservative baseline 1 in Table I).
As expected, we find differences in the sky pattern be-
tween the primary and memory signals, captured by the
different SNR ratios. Furthermore, we confirm our ex-
pectation that the sky localization primarily affects the
SNR of the memory, e.g. for this particular system we
find a relative factor within sky locations of ~ 7.5 for the
memory compared to ~ 3 for the primary. These values
depend on the particular source we choose, and we ex-
pect this difference to be even greater for lighter binaries
that stay longer in band. The yellow dots in Figure 5
indicate a sky direction with average SNR, while the red
dots indicate the sky direction with maximum SNR. The
first is considered for the conservative baseline for the
detectability study of section V, while the second is con-
sidered for the optimistic baseline for sky position. Since
the sky maps are frequency-dependent, the sky directions
for maximum and average SNR change slightly for differ-
ent masses. The baseline set in our analysis (see Table I)
is selected so that conservative and optimal assumptions
remain valid across the examined mass range, in other
words we marginalize over the total mass.

We now examine the dependence on the mass and red-
shift of the binary black hole. The SNR results for the
primary and memory signals as a function of MBHB mass
and redshift are shown in Figures 6 for an average sce-
nario (baseline 1 in Table I). Note that the peak of the
SNR for the memory occurs at lower masses compared
to that of the primary wave, due to the clear frequency
separation of the two signals. This is reflected in the
right panel of Figures 6, where we see that the rela-
tive SNR of memory, which is less than the percentage
level for the conservative baseline, increases for masses
Mo < 1055M. The frequency content of the mem-



H Baseline q % inclination ¢ [rad] lat. 8 [rad] long. A [rad] pixel p H
1. Conservative 2.5 0.0 1.047 0.62 0.20 145
2. Optimistic 1.0 0.0 1.571 0.52 3.24 192
3. Opt. & Spin. 1.0 0.8 1.571 0.52 3.24 192

Table I. Table listing the three baselines used in this work regarding the choice of relevant merger parameters, such as the
binary mass ratio g, the effective aligned spin x, the inclination of the source ¢, the sky-position (given as longitude and latitude
angles # and A in the SSB frame, or equivalently, as a pixel index in the sky assuming a sky discretization with Ngige = 8 RING
scheme via healpy [94]).
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Figure 5. Sky-localization dependence of the GW (2,2) and memory modes SNR (resp. left and centre), and their ratio shown
in percentage (right). The system studied here is a non-spinning [Mye; = 10°Mg,q = 2.5,z = 1.0,+ = 1.047rad] merger. The
celestial sphere is decomposed into equal area pixels via the tool healpy [94, 96]), and the longitude A and latitude 8 are
converted into pixel indexes to be iterated over. We have sampled the sky into Npix = 768 pixels. The resulting sky map
has been upsampled and smoothed spanning a Gaussian symmetry beam on the raw pixel data (see smoothing method from
healpy [94, 96]). The yellow dots point to a sky-direction with average memory SNR used in baseline 1, while the red dot

represents the optimal direction for memory SNR, which is considered in baseline 2 (see Table I).

ory signal indeed lands closer to LISA’s high sensitivity
spot for such lighter masses, hence the expectation of a
greater effect in these cases.

In Figure 7, we show the same waterfall-type memory
plots for the three different baselines of Table I: conser-
vative, optimistic, and optimistic with spins. Note that
the conservative and optimistic scenarios differ in sky lo-
cation, inclination (median vs optimal), and also in the
mass ratio (¢ = 2.5 vs ¢ = 1). The optimal inclination
for the memory is edge-on, since the (2,0) mode depends
on the inclination angle as (sin¢)? [20], as opposed to the
(2,2) mode, which is maximum for a face-on system.
We will expand on the effect of the spin and the mass ra-
tio in Section VI. Interestingly, the SNR can be enhanced
by an order of magnitude for the same source which is
relevant if one wants to use it to test General Relativ-
ity (which can be done with just a few loud events). We
cross-checked our SNR results and found very good agree-
ment with those presented in [97] for the primary wave
and with those of [26] for the memory, where the SNR
was computed in the frequency domain (without comput-
ing the TDI projection of the signal) and the antenna’s
pattern functions were averaged over the sky.

V. MBHS POPULATIONS AND
DETECTABILITY PROSPECTS

With the results described in the previous sections, we
are now in a position to study the number of mergers with
detectable memory expected for LISA. To do this, we
consider eight different astrophysical models of MBHBs
mergers described in Refs. [58, 59], each of them consider-
ing a different choice for one of the main astrophysical un-
certainties affecting the evolution of MBHs, which leads
to rather different LISA event rates. The first uncer-
tainty concerns the initial mass function for the “seeds”
of the MBH population [“light seeds” (LS) of population
IIT stars, or “heavy seeds” (HS) from the direct collapse
of protogalactic gas disks], which primarily affects the
final mass distribution of the population and thus the
loudness of the mergers in the LISA band. Second, dif-
ferent time delays between the galaxy merger and the
corresponding BBH mergers are considered: “delayed”
models are more realistic and try to model processes at
parsec distances (such as stellar hardening, triplet inter-
actions, etc.); “short delays” neglect these and simply
account for dynamical friction between halos. Since, for
more realistic delays, the bulk of the mergers is shifted
to lower redshifts, these models are the most promising
ones in terms of detectability. Third, “SN” models in-
clude the effect of supernovae, which tends to inhibit the
accretion of the MBH, so these models have lower final
masses compared to “noSN” models.


https://healpy.readthedocs.io/en/latest/
https://healpy.readthedocs.io/en/latest/

10

Oscillatory - log Mot vs z SNR Memory - log My Vs z SNR Ratio - logMg vs. z SNR ratio [%]
10 10 . 10 . .
5000 5000 |
9 9 9 121
2000 2000
0.71
8 600 8 600 8
0.42
7 250 7 250 !
0.24
6 100 6 100 6 o1
N N N .
5 40 5 40 5 0.08
4 20 4 20 4 ’
0.05
3 5 3 5 3
0.03
2 1 2 1 2
0.02
1 0 1 0 1
: 0.01

109 (Mot [Mo])

109 ( Miot [Mol)

109 ( Mot [Mo])

Figure 6. Contour plots of constant SNR lines for the primary wave (left), the memory (middle) and the ratio between the SNR
of the memory and that of the primary (right) considering the average scenario (baseline 1 described in Table I) for different

MBHB merger systems.
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Figure 7. Contour plots for the constant SNR lines of the memory for the three baselines described in Table I, corresponding
to different scenarios with increasing levels of optimism. Left: median inclination and sky location, mass ratio ¢ = 2.5 and zero
spin (baseline 1), Middle: optimal inclination and sky-position, ¢ = 1 and zero spin (baseline 2), Right: optimal inclination

and sky-position, ¢ = 1 and x1,. = x2,>» = 0.8 (baseline 3).

Our main results are presented in Figures 8 and 9
for the comservative and optimistic baselines of Table I,
where we overlay the contour plots of the SNR to the con-
tour plots of the number of mergers for the astrophysical
populations in the mass-redshift plane, expected for 4
years of LISA observations. In the conservative scenario
(cf. baseline 1 in Table I), as in the previous section, we
fix the sky direction corresponding to the average SNR,
but for computing the waterfall-type plot we take the
median of the distributions of the inclination ¢ and mass
ratio . The median is the middle value of the sample,
so it tells us that half of the mergers will have a lower
inclination (or mass ratio) and the other half a greater
inclination (or mass ratio). If the direction of the an-
gular momentum of the binary is random, then the in-
clination angle defined between 0 < ¢ < 7/2 follows a

cos(t) distribution? whose median is ¢ ~ 1.047rad. For
the mass ratio, we find that, in all the different astro-
physical populations considered, the median is ¢ = 2.5,
as opposed to the average value which varies for the dif-
ferent populations, since the mass ratio distributions are
skewed and different, especially between the “heavy” and
“light” seeds. The spin distributions are instead symmet-
ric around zero. Therefore, the mean and the median are
close to each other, and we consider no spin in the av-
erage scenario. In the optimistic scenario (cf. baseline 2
in Table I), we consider an edge-on system with optimal
sky-position, equal mass and zero spin.

As shown in Figures 8 and 9, the prediction for
the number of events with detectable memory depends
strongly on the astrophysical model considered. We con-

4 A pedagogical explanation can be found in https://keatonb.
github.io/archivers/uniforminclination.
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firm previous results [26] that the most promising models
are those starting with HS since, being the binaries more
massive, the signals are louder. Among these HS mod-
els, the ones with short delays present many more events
since the binaries start merging earlier, and we find no
big effect of the SN feedback for those. On the other
hand, the prospects are less promising for LS models,
where the signals are weaker, and even less so for models
with SN feedback, where the MBHs are lighter.

VI. MASS RATIO AND SPIN DEPENDENCE

In this section, we investigate the dependence of the
SNR on the mass ratio and the total spin for different
MBHs masses. The dependence of the memory on the
mass ratio has been previously studied in [20, 41, 51,
78, 98], where it was shown that the final amplitude of
the memory strongly decreases for asymmetric configu-
rations. This trend is verified in Figure 10, showing SNR
contours as a function of binary total masses M;,; and
mass ratio q. The SNR peaks about log M;,; = 5.7 and
q = 1 and decreases monotonously with increasing values
of ¢, while we recognize again in the horizontal behavior
the frequency dependence of LISA sensitivity. On the
lower panel of Figure 10, we show that the scaling of the
memory SNR with the mass ratio ¢ is approximated by
~ [4q/(1 + q)?]* with 1 < a < 2.5, where a = 1 is the
Post-Newtonian expectation and o = 1.65 was found in
Ref. [98] for the final memory offset. We want to highlight
that for light SMBHs, for which we expect a bigger im-
pact of the memory on the total waveform, the memory
decreases faster with mass ratio, strongly decreasing the
possibility of detecting it far from the equal mass case.
Instead, for higher total mass, the SNR scaling becomes
less severe, because even if the amplitude of the signal
decreases with ¢, the high-frequency cut-off of the mem-
ory shifts closer to the LISA high sensitivity frequency
bins, hence mitigating the SNR loss.

The dependence of the memory on the spins was stud-
ied in [51, 98-100], where it was shown that the fi-
nal amplitude of the memory increases monotonically
with the symmetric spin xs = (m1x1,, + max2,2)/Miot
and is independent of the antisymmetric combination
Xa = (mix1,, — MaX2,2)/2Mot, at least for the equal
mass case. We confirm this dependence in Figure 11,
where we compute the SNR of the memory for an equal
mass case as a function of My, for different values of the
individual spin, more precisely the spin component along
the angular momentum |x1 .| = |x2,2| = x. As expected,
the SNR of the memory just depends on the symmetric
spin configuration, i.e. x1,. = X2, = X, and has a maxi-
mum when the spins are aligned with the binary angular
momentum. In this case, the SNR is about three times
bigger than in the anti-aligned case. On the other hand,
the memory SNR does not change when x1. = —x2,-
since the symmetric spin is always zero for equal mass
binary.
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Figure 10. Study of the mass ratio dependence of the memory
SNR, using the baseline 2 in Table I (apart from g obviously
variable here). On the top panel: contour plot of the memory
SNR as a function of total mass Mo (z-axis) and mass ratio ¢
(y-axis). On the lower panel: dependence of the SNR with the
mass ratio ¢ for a set of system total masses. This is compared
with the scaling ~ [4¢/(1+ ¢)?]* with 1 < a < 2.5, where the
a = 1 is the Post-Newtonian expectation and o = 1.65 was
found in Ref. [98].

VII. DISCUSSION AND CONCLUSION

In this paper, we have extensively studied the imprint
of gravitational (displacement) memory on the LISA de-
tector. For the first time, we have simulated the TDI re-
sponse of the detector to the passage of the GW memory
contained in the (2,0) mode. As the LISA TDI response
to the raw strain behaves as a third order differentiator,
the memory signal appears as a burst-like event rather
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Figure 11. Study of the dependence of the memory SNR on
the total amplitude of the spin for the aligned x1,» = x2,- = x
and anti-aligned x1,. = —Xx2,. configurations. We use the
baseline 2 in Table I (apart from x variable here).

than a persistent offset. This burst-like behavior is evi-
dent in a time-frequency plot, where the memory signal
becomes prominent just near the merger time. Therefore,
a long waveform is not necessary to accurately calculate
the memory SNR. Due to the shorter duration of the sig-
nal, the memory SNR is more dependent on the sensitiv-
ity of the detector to that particular direction of the sky,
as opposed to longer signals where the effect of sky lo-
calization is averaged along the orbital motion of LISA.
Indeed, we find that for MBHB mergers with different
sky localizations, the memory SNR can vary by a factor
of O(10). We then study the dependence of the memory
SNR on the intrinsic parameters of the binary, such as
mass and redshift, for three different scenarios with in-
creasing levels of optimism conservative, optimistic and
optimistic with spin, described in Table 1.
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We also compare the SNR results of eight different as-
trophysical populations of SMBHs to estimate the num-
ber of expected detectable sources and their parameter
space distribution. Our results indicate that the de-
tection prospects vary significantly with the population
model, with heavy seeds models showing promising re-
sults and light seeds models yielding fewer detectable
sources. Future work should explore these results further,
especially for populations that better match the pulsar
timing array signal as interpreted from the inspiral of
SMBHSs [101].

Data analysis issues regarding the extraction of GW
memory signal from LISA TDI data will be an immedi-
ate extension of this work. The end-to-end time-domain
simulation of the detection of the full Inspiral-Merger-
Ringdown (IMR) waveform, including memory, is readily
available for designing and testing data analysis strate-
gies. Two approaches can be pursued. First, one can
jointly fit the memory component, as computed from
Eq. (1), together with the oscillatory component [102],
hence evaluating the evidence of a memory signal detec-
tion (Bayes factor and hypothesis test). On the other
hand, one can instead use an agnostic approach, com-
bining a parameterized waveform model [102] together
with a template-free time-frequency representation (e.g.
wavelets), optimized for capturing low-frequency burst-
like components such as the memory signal.

Other possible extensions of this project include inves-
tigating the effect of memory on binary parameter esti-
mation and identifying regions of parameter space where
neglecting memory leads to biases, similar to the analysis
performed in [90] for higher harmonics. In addition, we
could extend our study to subdominant memory compo-
nents, such as spin memory. Our results are also relevant
to the use of GW memory to perform consistency checks
complementary to those performed with ringdown. Since
the memory depends on the energy flux at infinity, it
could potentially test additional radiation channels ex-
cited during the merger. Indeed, modified theories be-
yond General Relativity can affect the memory in both
tensor perturbations of the metric and additional polar-
izations, as shown in [35, 36]. Finally, linear memory
from hyperbolic encounters may also leave an imprint in
the LISA band, see e.g. [103]. This low-frequency part of
the waveform may be sensitive to the presence of dissipa-
tion during the encounter [104, 105]. We leave for future
work a more detailed study of this possibility.

Having derived the first realistic estimates of LISA’s
sensitivity to GW memory, we are convinced that this
subtle effect of General Relativity will play a relevant
role in the scientific results of future GW missions.
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Appendix A: Details on the definition and modeling
of memory

In this appendix, we provide useful details on the
practical evaluation of Eq. (1), as well as its use for a
viable definition of memory to claim a detection of the
phenomenon.

a. Memory in the (2,0) mode

The claim that non-linear memory of non-precessing
and non-eccentric binary black hole coalescence’s is pre-
dominantly found in the (2,0) mode follows directly from
its formula in terms of a spin-weighted mode decomposi-
tion by explicitly evaluating the angular integral within
Eq. (1). Such an analytic computation of the angular
integral is rendered possible through a translation of the
TT projected factor into spherical harmonics as for in-
stance shown in paragraph IV (C) of Ref. [35], resulting
in the explicit formula [20, 24]

R ! ’ s u = ol . 17 1"

¢ l 1750 0

hopem = " E E L ™ du'(hg™ hg ™ ),
— 00

00" >2 m! m'’
(A1)
with

DU (pymen” (1-2)! \/(21/+1)(2z~+1)(2z+1) O A
tm (I +2)! Ar m' —m"” —m)\2 =2 0)°

where the big parenthesis represent 3 — j symbols, which
in this case are only non zero if m = m’—m/" and |I’'—1"| <
1< +1.

While Eq. (Al) provides the formula for the mem-
ory modes with the least amount of numerical compu-
tation needed, it is equivalent to the output of the pub-
licly available and numerically optimized GWMemory pack-
age [78], as both correspond to a spin-weighted expansion
of Eq. (1).

From the selection rule above it becomes evident that
for a quasi-circular and non-precessing signal, for which
most of the energy in GWs is released into the (2,2)
mode of the primary wave, the memory is predominantly
found in the m = 0 modes with 2 < [ < 4. Moreover,
compared to the (2,0) memory mode, the (4,0) mode is
suppressed by two orders of magnitude while the (3,0)
memory mode vanishes entirely due to the symmetry over
the orbital plane [24], such that in the end the memory of

(A2)

(

non-precessing binary black hole coalescence’s predomi-
nantly appears in the (2,0) mode [32, 48].

To be more precise, the conclusion that all modes
other than the (2,0) mode can be disregarded in Eq. (A1)
is more complex, since with increasing accuracy also
other modes than the (2,2) mode of the primary waves
become important. However, due to the presence of
the spacetime averaging over the scales of variation of
primary waves, this conclusion will not change, as we
will further discuss below.

b.  FEwvaluation of the spacetime averaging

But first, we want to discuss the implications of the av-
eraging for the dominant (2,0) mode of memory. It turns
out that for m = 0 modes the average can effectively be
dropped in the case of quasi-circular and non-precessing



binaries®

To understand this statement it is first necessary
to know that for a typical setting relevant for GW
detection and after having identified the gauge-invariant
contribution to the GW energy-flux, the spacetime
average (... can be reduced to a purely temporal
average over orbital time-scales (see Sec. 1.4.3 in [70]).
If in addition the integrand in Eq. (1) does not vary
significantly over these scales of the primary waves, the
average can effectively be disregarded. Notice that this
is precisely the case for memory sourced by the primary
(2,2) mode only, since the dependence on the orbital
phase of the primary modes cancels within the integrand
in Eq. (A1) for m = 0 modes. Thus, for quasi-circular
and non-precessing compact binary coalescence’s any
explicit spacetime average over orbital scales within
the computation of the (2,0) mode of memory through
Eq. (A1) can be dropped, as it is common practice in
the community.

c.  Definition of memory and claim of detection

However, one should nevertheless keep in mind that
in defining non-linear memory, the average in Egs. (1)
and (A1) is in fact essential. This is because the au-
tomatic cancellation of the oscillations on orbital time-
scales within the memory modes is only approximate and
can not be relied on in general, in particular in the case
of eccentric and precessing binaries for instance. Yet, a
sharp separation in scales of variation between non-linear
memory and the primary waves is important in order to
be able to talk about memory as a clearly distinct com-
ponent of the total radiation that can individually be
searched for.

In fact, even for the quasi-circular and non-precessing
binaries addressed in the present work, the average is
necessary to identify the (2,0) mode as the only rele-
vant mode of the memory signal. This is because with
increasing accuracy of detectors it is actually not true
that all modes beyond the dominant (2,2) mode of the
primary wave can simply be discarded. Indeed, when
computing the memory through the GWMemory package
we ought to consider all the modes available within the
NRHybSur3dqg8 surrogate model, as otherwise the result-
ing memory would be significantly off. This in turn im-
plies that also additional memory modes in Eq. (A1) are
present that would contain oscillatory features if the av-
eraging would simply be dropped. What is more, the
oscillatory features within these additional modes would
actually impact our SNR computations for certain re-
gions of the parameter space. Thus, the modes computed
through Eq. (A1) with m # 0 are only truly insignificant
if an explicit averaging is considered that cancels such
oscillations on orbital timescales. In other words, the

5 See also the discussion in App. C of [74].
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statement that it is sufficient to only compute the (2,0)
mode within Eq. (A1) actually necessitates the presence
of the space-time averaging. In the case of precessing
and eccentric binaries, such a distinction between oscil-
latory features and memory within Eq. (A1) will be even
more pressing, since also the m # 0 modes will contain
non-negligible memory components.

We want to stress, however, that such oscillatory fea-
tures within the asymptotic radiation that are sourced by
the primary waves are not un-physical. In the language
of balance laws [12, 41, 52, 106, 107], they belong to the
null part of the total strain, in contrast to the familiar
oscillatory contributions that are sourced by the move-
ment of masses, such as the dominant (2,2) mode or the
oscillations within the total (2,0) mode shown in Fig. 1
associated to the ring-down of the final black-hole, which
represent the ordinary part of the radiation. Yet, none of
the oscillations on orbital and ring-down time-scales are
to be considered as part of the GW displacement mem-
ory, regardless whether they appear within the null part
or the ordinary part of the waveform.°

Indeed, a true measurement of non-linear displace-
ment memory that is associated with the profound
theoretical consequences outlined in the introduction”
requires the claim of detecting its defining property of
a permanent distortion of spacetime after the passage
of gravitational radiation. However, of course current
GW detectors designed to measure changes in relative
distance at a restricted frequency band are not capable
of measuring such a permanent modification of proper
distances but rather have only access to the sharp
raise of non-linear memory with a characteristic time
scale of the merger, as clearly shown if Fig. 2. In this
context, for a claim of detection of memory it is crucial
to ensure that the memory signal, which appears as
an additional oscillatory feature within the detector
response of LISA | can unambiguously be associated to
an offset in proper distances between freely falling test
masses. Thus, in a search for memory, any oscillatory
feature on orbital or ringdown time-scales that are not

6 It is important to note that strictly speaking, the BMS balance
laws do not allow for an isolation of a displacement memory com-
ponent as an independent entity within the time-varying wave-
form. The balance-laws only provide an unambiguous identi-
fication of the total final offset of memory. A separation into
the null and ordinary parts of the total time-dependent strain
through the balance laws only provide an approximate isolation
of the displacement memory in the case of non-precessing and
non-eccentric binaries, since in this case almost all the memory
is excursively present within the null part of the asymptotic radi-
ation, while the oscillations on orbital and ring-down time-scales
are mostly found in the ordinary piece. In more general cases,
an averaging procedure would however be inevitable to isolate
a time-dependent non-linear memory signal (see also App. C in
[35]).

In particular, GW memory provides an empirical window into
fascinating questions on fundamental physics through its rela-
tion to asymptotic symmetries as well as the soft theorems of
scattering theory.

N



associated with the raise of displacement memory, need
to be disregarded by demanding a sharp separation in
scales of variation between memory and the primary
waves. This is precisely ensured through an explicit
averaging within Eqgs. (1) and (A1).

Appendix B: TDI memory response in the long
wavelength limit

In this section, we want to provide a brief analytical
understanding of why the TDI output of the memory
signal in Figure 2 looks like a burst-like event compared
to the naively expected step-like function. For this, we
need to understand how the TDI X variables are related
to the original GW strain h. This is given by a compli-
cated combination of the single-link data streams shifted
by several delay operators, as given in Eq. (9). In the
low-frequency limit wlL < 1, i.e. for frequencies w much
smaller than the inverse of the detector arm L, one can
show the following relationship between the output of
the first generation TDI combination X; 5 and the GW
strain h (see Eq. (51) of Ref. [91])

X5~ 2L%(efyely — 5(1135?3)8?%!)7 (B1)
where ¢;; is the unit vector from spacecraft j towards
spacecraft ¢. The second generation of TDI combination
X, is related to the first generation by

| Xo| = 2sin(2wLl)| X7 5 (B2)
so, in the low-frequency limit |X3| =~ 4wL|X; 5|, and
we recognize that in frequency space this is simply the
derivative of X7 5. Therefore, X5 is proportional to an
additional derivative of the strain Xs oc 87 h.

Going back to the step-like behavior of the memory
signal, this can be approximated by a hyperbolic function
with time raise AT = 60M,;, as explained in Section 11,

0 = s (2519),

with ¢. the merger time. We show this function in Fig-
ure 12 with its higher derivatives up to the third, noting
that they all go to zero sufficiently far from the merger.
In particular, note how the third derivative (red line) re-
sembles the TDI result of the memory signal shown in
Figure 2.

(B3)

Appendix C: Comparison of the memory between
Surrogate_CCE and GWMemory package

As mentioned in the main text, we found some
differences between the GW memory computed
through Eq. (5), which subtracts the (2,0) mode of
NRHybSur3dq8_CCE to that of NRHybSur3dq8_CCE, and
through Eq. (1) from the NRHybSur3dq8 waveforms
using the GWMemory package. The two differ by some
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Figure 12. Visualisation of the step-like behaviour of the

memory approximated by the hyperbolic tangent, Eq. (B3),
and its first, second and third derivatives. We take t. = 0 and
AT = 60M;ot as explained in the main text.

oscillating features present in the first method compared
to the second, as can be seen in Figure 13, where the
smooth blue curve is the TDI of the memory calculated
through the GWMemory package, while the red curve is
calculated through Eq. (5). These oscillations are visible
as small peaks in the power spectra of the signals shown
in Figure 14, at frequencies higher than the typical
frequencies of the memory. By comparing them with
Figure 3 in the main text, one can see that they are
just below the maximum frequency of the (2,2) mode
of the primary signal. This might suggest that the
discrepancy between the two has a physical origin that
is better captured in the NR simulations. However,
as mentioned in the text, the two waveforms used in
Eq. (5) are not constructed exactly in the same way,
then the comparison in Eq. (5) might not be robust in
general, and can give rise to some numerical error, such
as residual coming from the ringdown.

While rather small in the strain time-series (see left-
hand side of 14), these high-frequency features are sig-
nificantly magnified by the LISA response function, act-
ing as a third-order high-pass filter (see right-hand plot
of Figure 13). We find, however, that these discrepan-
cies do not impact sensibly SNR prospects for equal-mass
sources, but have a stronger impact for higher ¢ as visible
in Figure 15.

In Figure 15, we present the SNR as a function
of (g, M) for the memory computed through the
GWMemory package, and we underlay in dashed lines the
computation using Eq. (5). The discrepancy between
the memory SNR calculated with these two methods be-
comes obvious in this plot. In particular, we found a
strange bump appearing at masses M;,; = 10°My and
high mass ratio when the memory is computed with
Eq. (5). Again, we believe this is due to the two wave-
forms NRHybSur3dq8_CCE and NRHybSur3dg8 not being
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Figure 13. Comparison of the TDI-A response for the

same source of Figure 3, for the memory computed through
Eq.(5) (red) and the GWMemory package estimate from the
NRHybSur3dq8 waveforms (blue).
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Figure 14. As in Figure 13 for the comparison of the strain
amplitude and TDI-A response, here in the frequency domain.
In the first method, the FT of the memory presents additional
peaks at high frequencies, about the peak frequency of the
(2,2) mode of the primary signal. At the level of computing
the SNR, for this source, the mismatch between these two
waveforms is smaller than O(1), thus not affecting the pre-
diction on detectability.

calculated in the same way, with same gauge fixing strate-
gies [13], so that the two are not directly comparable in
general. As a consequence, the subtraction of the two
can leave a substantial residual at high frequencies, more
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pronounced for higher mass-ratio, and with brighter sig-
natures through LISA response for higher total masses.
However, this difference may also (partially) have a phys-
ical origin, as NR waveforms return slightly higher mem-
ory and high-frequency features in the merger/ringdown.

Memory waterfall plot: logMg vs g SNR

50.0
40.0
30.0

- 20.0

L 10.0

5.0

- 2.0

0.5

logMg

Figure 15. Study of the g-dependence of the memory SNR,
using the baseline 2 in Table I (apart from ¢ obviously
variable here). We are comparing the SNR computed us-
ing GWMemory [108] (color-filled and plain-line contours) and
Eq. (5) (dashed-line contours). We have noticed an ex-
cess of signal when computing memory from CCE surrogate
waveforms and Eq. (5) given by the bump visible at masses
Mot > 10° M and high mass ratio. On the lower panel, we
draw the evolution of the SNR for a set of system total masses
as the mass ratio ¢ increases and we compare it with the scal-
ing ~ [4g/(1 + ¢)?]* with 1 < a < 2.5, where the a = 1 is
the Post-Newtonian expectation and a = 1.65 was found in
Ref. [98].
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