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Abstract
We determine all modular curves Xo(N)/{wg) that admit infinitely many cubic points
over the rational field Q, when N is square-free.
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1 Introduction

A non-singular smooth curve C over a number field K of genus gc > 1 always has
a finite set of K-rational points C(K) by a celebrated result of Faltings (here we
fix once and for all K, an algebraic closure of K). We consider the set of all points
of degree at most n for C by I',(C, K) = U1:k1<nC(L) and exact degree n by
[(C,K) = UpL:k1=nC(L), where L C K runs over the finite extensions of K. A
point P € C is said to be a point of degree n over K if [K(P) : K] = n.

The set I',,(C, M) is infinite for a certain finite extension M /K if C admits a degree
at most n map, defined over M, to a projective line P! or an elliptic curve with positive
M -rank. The converse is true for n = 2 [12], and under certain restrictions it is true
forn =3 [1]and n = 4 [1, 8] (cf. [19, Theorem 1.2] for a precise statement). If we
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fix the number field M in the above results (i.e. an arithmetic statement for I",, (C, M)
with M fixed), we need a precise understanding over M of the set W,(C) = {v €
Pic" (C)|h%(C, L,) > 0}, where Pic" is the usual n-Picard group and £, the line bundle
of degree n on C associated to v. If W,,(C) contains no translates of abelian subvarieties
with positive M-rank of Pic" (C) then I';,(C, M) is finite (under the assumption that
C admits no maps of degree at most n to P! over M) (cf. [5, Theorem 4.2]).

For n = 2 the arithmetic statement for I';,(C, K) follows from [1] (for a sketch of
the proof and the precise statement see [2, Theorem 2.14]).

For n = 3, Daeyeol Jeon introduced an arithmetic statement (for modular curves)
and its proof in [18] following [1] and [8]. In particular, for a nice curve C/K with a
K -rational point, if gc > 3 and C has no degree 3 or 2 map to P! and no degree 2 map
to an elliptic curve over K, then the set of exact cubic points of C over K, Fg (C, K),
is an infinite set if and only if C admits a degree 3 map to an elliptic curve over K
with positive K-rank (cf. [19, Theorem 1.2] for a more precise statement).

Observe that if gc < 1 (with C(K) # @ for gc = 1), then C has a degree 3 map
over K to P!, and thus Fg (C, K) is always an infinite set. Thus for curves C with
C(K) # ¥ we restrict to gc > 2 in order to study the finiteness of the set I';(C, K).
We now introduce a few more notations.

For any N € N, let Xo(/N) denote the modular curve corresponding to the group
I'o(N). The modular curve Xo(N) is the coarse moduli space over Q of the isomor-
phism classes of elliptic curves E with a cyclic subgroup A of order N. For any
d||N, the d-th (partial) Atkin-Lehner operator wc(lN) (acting on Xo(N)) is defined by

the action of the matrix (1‘\1;1‘4 jv) such that d’xv — Nuy = d. Then wc(lN) defines an

involution on Xo(NV) given by
(E,A) — (E/Aq, (E[d] + A)/Aa),

where Ay :=ker([d] : A — A). Let Xard(N) = Xo(N)/(wsm) denote the quotient

curve. Thus, there is a Q-rational degree 2 quotient mapping wth) : Xo(N) —

X g d (N).In [4], the authors computed all the values of N for which the curve X g N (N)
has infinitely many cubic points over Q. In this article, we determine all pairs (N, d)
such that the curve X 3’ 4(N) has infinitely many cubic points over the rational field Q
when N is a square-free integer and 1 < d < N. Unless otherwise stated explicitly,
throughout the article we always assume that N is a square-free positive integer. Since
modular curves X, (J)“ d (N) always have a Q-rational point (cusp), we restrict ourselves
to the cases where 8x i) = genus(X, (J)r d(N )) > 2. For simplicity of notation, we

write wy instead of wéN), the level N will be clear from the context. The main result
of this article is the following:

Theorem 1.1 Suppose x4 () > 2. Then Fé(X(‘)“d(N), Q) is infinite if and only if

gXafd(N) =2 o0r (N, wy) is in the following list:

@ Springer



Infinitely many cubic points on Xo(N)/(wg)... Page 3 of 25 72

gX(*)'d(N) (N, wg)

3 (42, wy), (42, wy), (57, wy9), (58, wy), (65, ws), (65, wy3), (77, wy),
(82, wq1), 91, wy3), (105, w3s), (118, ws9), (123, wyy), (141, wey),

4 (66, w33), (74, w37), (86, w43)

5 (106, ws3), (158, wy9)

6 (122, weg1), (166, wg3)

7 (130, wgs)

8 (178, wgg)

9 (202, wyo1), (262, w131)

One of the key ideas to decide if the set I" g (X, Q) is finite or infinite is to check whether
there is a Q-rational degree 3 mapping between X and an elliptic curve E with positive
Q-rank. Using the ideas from §2 we can not directly compute the values of N and
d such that the set Fé(Xar d(N ), Q) is infinite. For example, we can not determine
whether there is a Q-rational degree 3 mapping X g P(Np) — E, where p is a prime,
p 1 N and Cond(E) = p. In this article, based on the ideas of M.Derickx and P.Orli¢
from [9], in §3 we develop a criterion to check whether there is a Q-rational degree 3
mapping Xg'p(Np) — E, where p is a prime, p f N and Cond(E) = p.

The MAGMA codes for computing the models of X a’ 4(N) can be found at https://
github.com/Tarundalalmath/Models-for-X0-N-d and the MAGMA codes for comput-
ing the points of XO+ 4(N) over finite fields can be found at https://github.com/
FrancescBars/Magma-functions-on-Quotient-Modular-Curves.

2 General considerations

We recall the notion of gonality of a curve. Given a complete curve C over K, the
gonality of C is defined as follows:

Gon(C) := min{deg(g) | ¢ : C — P'defined over K}.
The following lemma plays a crucial role in deciding whether the set I';(C, K) is
infinite or not (cf. [4, Lemma 2]).

Lemma 2.1 Suppose C has Gon(C) > 4, P € C(K) and does not have a degree < 2
map to an elliptic curve. If T5(C, K) is an infinite set, then C admits a K -rational
map of degree 3 to an elliptic curve with positive K -rank.

The following results are well known:

Theorem 2.2 (i). ([10]) The values of (N, d) such that Xard(N) is hyperelliptic are
given in Table 4.
(ii). ([15]) The values of (N, d) such that Gon(ng(N)) = 3 are given in Table 5.

(iii). ([6]) The values of (N, d) such that Xard(N) is bielliptic are given in Table 6.
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We say that a triple (N, d, E), where N is a natural number, d||N and E is an
elliptic curve over QQ with positive Q-rank, is admissible if there is a Q-rational degree
3 mapping X(J)rd(N) — E.

Throughout this section we consider the values of N, d such that Gon (X, a’ d (N)) =4
and X(‘)Ir 4(N) has no degree < 2 map to an elliptic curve. By Lemma 2.1, the set
Fg(ng(N), Q) is infinite if and only if the triple (N, d, E) is admissible for some
elliptic curve E with positive Q-rank.

The following lemma gives a criterion to rule out the triples which are not admissible
(cf. [4, Lemma 4]).

Lemma 2.3 If (N,d, E) is admissible, then:

1. E has conductor M with M|N and for any prime p t N we have |Y3_d(N)(Fpn)| <
3|EF )| and |Xo(N)(Epn)| < 6|EF pn)|, Vn € N. ¥n € N, where C denotes
the reduction of the curve C modulo the prime p.

2. if the conductor of E is N, then the degree of the strong Weil parametrization of
E divides 6.

3. for any prime p 1 N we have pl—_zlw(N) 4 200N) < 6(p + D2, where w(N)
is the number of prime divisors of N and (N) = N[ ¢~ (14 1/q) is the

q prime
Y-Dedekind function,
4. for any Atkin-Lehner involution w, of Xo(N) with r # d, we have 8x:() <
3+2- 8xXF4NY/(wy) + 2.

Corollary 2.4 For N > 623, the triple (N, d, E) is not admissible.
Proof The proof is similar to that of [4, Corollary 5]. O

We recall the following result (cf. [4, Lemma 6])

Lemma 2.5 Let E/Q be an elliptic curve of conductor N and ¢ : Xo(N) — E be the
strong Weil parametrization of degree k defined over Q. Suppose that wy acts as +1
on the modular form fg associated to E. Then ¢ factors through XS' N(N) (and k is
even).

We now make a minor improvement to [4, Lemma 7].

Lemma 2.6 Consider a degree k map ¢ : X — E defined over Q, where X is a
quotient modular curve Xo(N)/ Wy with Wy a proper subgroup of B(N) (B(N) is
the subgroup of Aut(Xo(N)) generated by all Atkin-Lehner involutions). Assume that
cond(E) = M (M|N). Letd € Nwithd||M, (d, N/d) = 1 and wg ¢ Wy, such
that wg acts as +1 on the modular form fg associated to E. Then,

1. if E has no non-trivial 2-torsion over Q, then ¢ factors through X /{(wg) and k is
even.

2. if wg has a fixed point on X, then ¢ factors through X /(wg) and k is even.

3. if E has non-trivial 2-torsion over Q and k is odd, then we obtain a degree k map
¢ : X/{wg) — E’, by taking wgy-invariant to ¢, where E' is an elliptic curve
isogenous to E.
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Proof The proofs of (1) and (3) can be found in [4, Lemma 7]. Moreover, from the
proof of [4, Lemma 7], we get ¢ o wg = ¢ + P, where P is a 2-torsion point of E(C).
Thus it is easy to see that if wy has a fixed point on X, then P is the trivial zero of E
and ¢ factors through X /(wg). O

As an immediate consequence of Lemma 2.6(2), we obtain the following result:

Corollary 2.7 The following triples are not admissible

(130, 2, 65al), (130, 5, 65a1), (130, 10, 65al), (130, 13, 65a1), (130, 26, 65al), (185, 5, 185c1)
(185, 37, 185c¢l), (195, 3, 65al), (195, 5, 65al), (195, 13, 65al), (195, 39, 65al).

Proof Consider the triple (130, 5, 65a1). Suppose f : X(')FS(BO) — 65al is a Q-
rational degree 3 mapping. By Riemann-Hurwitz theorem, we see that w3 has fixed
points on X(}LS(BO). By Lemma 2.6 (2), f must factors through Xo(130)/(ws, w13).
Which is not possible since deg(f) is odd. Hence the triple (130, 5, 65al) is not
admissible. A similar argument will work for the other cases (for the triples of the
form (_, _, 65al) and (_, _, 185¢c1) apply Lemma 2.6(2) with the involutions wgs and
w1gs, respectively). O

After applying Lemma 2.3, Corollary 2.4 and Lemma 2.6, we can conclude that if
Gon(Xard(N)) > 4 and Xard(N) has no degree < 2 map to an elliptic curve, then the
triple (N, d, E) is admissible possibly only for the following values of N, d and E
(cf. Table 3 for a detailed discussion):

N d E N d E N d E
106 53 53al 182 91 91bl 249 83 83al
122 61 6lal 183 61 6lal 262 131 131al
129 43 43al 195 65 65al 267 89 89al
130 65 65al 202 101 101al 273 91 91bl
158 79 79al 215 43 43al 303 101 101al
166 83 83al 222 37 37al 305 61 6lal
178 89 89al 237 79 79al 395 79 79al

To handle the remaining triples (N, d, E) mentioned in the last table, we study the
degeneracy maps between quotient modular curves.

3 Degeneracy maps

Let M be a positive integer such that M|N. For every positive divisor d of % we have
aTo(N); ' € To(M), where 1y := (29). Hence 4 induces a degeneracy map

ta,N.m : Xo(N) — Xo(M),
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where 14 v, m acts on T € H* in the extended upper half plane as g y py(t) = tg-7 =
dt. For any positive integer » with r||M and r||N, let wﬁN) denote the r-th (partial)

Atkin-Lehner operator acting on Xo(N) and wﬁM) denote the r-th (partial) Atkin-

Lehner operator acting on Xo(M). For any positive divisor d of % with (d,r) =1,

a regular calculation gives the equality of matrices deﬁN) = waM)Ld, for some

y € I'o(M). Thus 4 v, induces a degeneracy map
N My XgT(N) > XJT(M).

Moreover, we have the following commutative diagram

Xo(N) 2 Xo(M)
w'r(N)l/ l}Ur(M) 3.1
L ’
X3 (N) A X (M),

As an immediate consequence we obtain:

Corollary 3.1 The modular curves X (106, X' (122), X% (130), X{7°(158),
X8 (166), x5¥(178), X191 (202), X131 (262) have infinitely many cubic points
over Q.

Proof By the previous discussions, there are natural Q-rational degree 3 mappings

X2 (106) — XJ3(53) = 53al
X$61(122) - X3 (61) = 6lal
XF95(130) — X} (65) = 65al
X$(158) — x§7°(79) = 79al
X8 (166) — X% (83) = 83al
X¢¥178) — X ¥ (89) = 89al
x$19202) - x71°'(101) = 101al
X131 262) — X3 (131) = 131al.
Since all the elliptic curves 53al, 61al, 65al, 79al, 83al, 89al, 101al and 131al

have positive QQ-ranks, we conclude that all the modular curves mentioned in the
statement of this corollary have infinitely many cubic points over Q. O

We now introduce some notations. For any curves C, C’ over a field k and any
morphism f : C — C’, we define the following mappings

fe: J(C) — J(C') defined by (1) _niPil) =Y _nif(P)], and

[*:J(C) = J(C) defined by f*([D_ni P D) =Y _nif~ (P,
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where J (C) (resp., J(C’)) denote the Jacobian of C (resp., C’). It is easy to check that
feo f* =Ildeg(N].

Let M be a positive integer. We use the notation [E, r]ys to denote a pair (E, r),
where E is an elliptic curve of conductor M and r is a positive integer with || M such
that w, acts as +1 on E, and at least one of the following is true:

l.r=M,
2. r < M and E has no non-trivial 2-torsion points,
3. r < M and w, has a fixed point on Xo(M).

Consider a pair [E, r]y, if f : Xo(M) — E is the modular parametrization, then
by Lemma 2.5 and Lemma 2.6, f induces a mapping
fr: X" (M) —> E, (3.2)

and the following diagram commutes:

XoM) —— E
o™ /f (33)
Xd"(M).

Observe that if E’ is any elliptic curve isogenous to E and f’ : X, +r(M) — E’

is a mapping, then f’ factors through f,. Also, for any positive divisor d of a7 With
(d,r) = 1, we have the following commutative diagram:

Xo(N) 8%y —L E

<N>l (M)l /fr 3.4)
XET(N) N X (M.

Let Jo(N)¥r (resp., Jo(M)™r) denote the Jacobian of XOH (N) (resp., X(J{r(M)) and
n be the number of divisors of % Considering the pushforward maps of (3.4), we
obtain the commutative diagram:

Jo(N) 22 ooy — 5 E

=¥ | o | / (3.5)
td,N,M

Jo(NYWr"—="Jo(M)¥r.
Note that there is a natural mapping Sy apr : Jo(N)*r — (Jo(M)"r)" defined by
ON M = (L1,N M ss s t%,N,M,r,*)-
We recall the notion of optimal B-isogenous quotient (cf. [9, Definition 3.2]).
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Definition 3.2 Let A, B be abelian varieties over a field k with B simple. An abelian
variety A’ together with a quotient map = : A — A’ is an optimal B-isogenous
quotient if A’ is isogenous to B" for some integer n and every morphism A — B’
with B’ isogenous to B™ for some integer m uniquely factors through 7.

Proposition 3.3 Suppose N < 408 is a positive integer. For a positive divisor M of
N consider a pair [E, r]y, where E is a strong Weil curve over Q of positive rank
and conductor M. Let f, : XaL "(M) — E be the mapping induced by the modular
parametrization f : Xo(M) — E. Consider the mapping Eg N r = (fr.«)" 06N M.r
Jo(N)Pr — E", where n denotes the number of divisors of % Then %‘g’N’r cE" —
Jo(N)Y¥r has a trivial kernel (where ég’N,r denotes the dual mapping of &g n ).
Hence SE’NJ : E" — Jo(N)Yr is a maximal E-isogenous abelian subvariety and
Ee.ny  Jo(N)Yr — E"is an optimal E-isogenous quotient of Jo(N)".

Proof Consider the mapping £ n = (fx)" o (L1, N M %, - ..,L%’N)M’*)  Jo(N) —
E™ (cf. [9, Definition 3.8]).

From the commutative diagram (3.5) we get

EEN =E8E Ny O wr(,li). (3.6)

Hence 51\;/, N = (w,(fz))v ) gg, .- Since gg, w has trivial kernel (cf. [9, Proposition

3.9]), we conclude that EbY N has trivial kernel. The remaining statements follow
from [9, Proposition 3.9] and the commutative diagram (3.5). O

Let E be a strong Weil curve of conductor M (M|N) and odd Q-rank, with wy,
acting as +1 on E, and fj; : Xar M (M) — E be the mapping induced by the modular
parametrization of E. Since &g,y : Jo(N)¥Y™ — E" is an E-isogenous optimal
quotient when N < 408, every mapping Jo(N)"™ — E uniquely factors through
E". Therefore we get that the maps fjs o d;, where d; runs over the degeneracy maps
XM (N) — X M(M), form a basis for Homg(Jo(N)*¥, E) = Homg(E", E) =
7"

3.1 Degree pairing

We recall the definition of degree pairing from [9].

Definition 3.4 [9, Definition 2.2] Let C, E be curves over a field k, where E is an
elliptic curve. The degree pairing is defined on Hom(C, E) as

(_,_) : Hom(C, E) x Hom(C, E) — End(J(E))
f.g— fiogh

Note that with this notation we have (f, f) = [deg(f)] for f € Hom(C, E). If
P € C(k), then we can define the degree pairing on Hom(J (C), E) as follows

(_,_) : Hom(J(C), E) x Hom(J(C), E) — End(J(E))
f.g = (fofplo(gogp),
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where the mapping fp (similarly for gp) is defined as

fp:C— J(C)

x — [x — P].

Proposition 3.5 Assume that N is a square-free positive integer and M|N. Let E be
an elliptic curve of conductor M with newform Y oo | anq" such that wf\f,w) acts as
+1 on E. Suppose that fy : XS'M(M) — E be the mapping induced by the modular
parametrization f : Xo(M) — E. For any positive divisors dy, dy of % we define

a:=a 44 ,then we have the following equality in End(J (E)):
ged(dy,d)?

(fmota,N.MM> fM ©ldy, N M, M) = [deg(fM)][a

Y (N) ]
Mlem(dy,do)~ |’
w( gcgr?dl,ldz)z )

where Y (s) = 5 [T (1 + ).
Proof By the definition of the pairing, we have

N N
(fm o td;,N.M,M © w,f,, ), fuo ldy,N,M,M © w,& )

N N
= (fmMmota N MMO w,f,, N o (fuo ldy,N,M,M © ZU,L )

= (fi)x 0 ey n.a.)x 0 @y )s 0 (@) ) 0 Caynar. )™ © (fr)*
= (fa)s © (tay.v.m.0)x 0 [deg(@ ) )] o (tay v p.00)™ 0 (fur)*

= (fm)s 0 (tay, N, Mm% © [2] 0 (tay N v, )™ © (fm)*

= [2] o (fm)« © (tay,N. M, M)+ © (tar, N v, m)™ © (fm)*

= [2] o (fm o tay,N.M.M> fM © ldy N. M. M)

On the other hand, from the diagram (3.4) (note that we have [E, M])) we have the
following equalities inside End(E):

(N) (N)
(Mot ,NMMOD)y s fMOldy N MM O Dy )

(M) (M)
=(fmowy ol NM-TMOD)y  ©ldy N.M)

=(f oty ,N.M>foldyNM)-

By [9, Theorem 2.13], we have

N N
ot vt ot ) = [ ) dea()] = [a—yr i des(fon) |12
V¥ Ceddrdy v (Ceddrdyy
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Consequently,

(210 {fmotay,N.m.ms fm o tay N m) = f otay,N.m> folaN M)

v (N)
= [2lldeg(fin)][a—grem |-
ged(dy,dr)
Therefore we conclude that
¥ (N)
(fmota,NmMs fmotay N.MM) = [deg(fM)][am]
ged(d,d2)
This completes the proof. O

We now explain via some examples how to use the above recipe to study the triples
(N.d, E).

4 The remaining cases from §2

In this section we give complete explanations for the cases (222, 37,37al) and
(195, 65, 65a1). The arguments for the other cases are similar to these.

4.1 The curve X3'37 (222):

We want to check whether there is a Q-rational degree 3 mapping X(J)r 37222) —
37al. The modular parametrization f : X¢(37) — 37al has degree 2 and w37
acts as +1 on 37al. By Lemma 2.6, f factors through X(J)r 37(37) and the induced
map f37 : X(')"37(37) — 37al has degree 1 (note that XS'37(37) = 37al and we
have [37al, 37]37). The degeneracy maps are ¢ 222,37,37, 12,222,37,37, 13,222,37,37 and
16,222,37,37 (note that all these maps have degree 12). Moreover, by Proposition 3.5,
we have

(f37 011,222,37,37, 37 012,222,37,37) = [az x ¥ (3) x deg(f37)] = [(-2) x 4 x 1] =[-8],
(f37 011,222,37,37, 37 ©13,222,37,37) = [a3 x ¥(2) x deg(f37)] = [(-3) x 3 x 1] =[-9],
(f37 011,222,37,37, 37 0 16,222,37,37) = lag x ¥ (1) x deg(f37)] =[6 x 1 x 1] = [6],
(f37 012,222,37,37, 37 013,222,37,37) = lag x ¥ (1) x deg(f37)] =[6 x 1 x 1] =[6],
(f37 012,222,37,37, 37 ©16,222,37,37) = [a3 x ¥(2) x deg(f37)] = [(-3) x 3 x 1] =[-9],
(f37 013,222,37,37, 37 ©16,222,37,37) = [az X ¥ (3) x deg(f37)] = [(-2) x 4 x 1] =[-8].

The maps f37 0 11,222,37.37, 37 © 12,222,37,37, f37 © 13,222.37,37 and 37 0 162223737
form a basis for Homg(Jo(222)*%7, 37al). If ¢ : Xar37 (222) — 37al is a Q-rational
mapping, then we can write

@ = x1(f37011,202,37,37) +%2(f37012,222,37,37) + X3 (f37013,222,37,37) +x4(f37016,222,37,37), (4.1)
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for some x1, x2, x3, x4 € Z. For simplicity of notations we write f37; := f37 o
ti222,37,37 fori € {1, 2, 3, 6}. Now from (4.1) we have

(@, ) =[x12]<f37,1, f37,10) + [xgl(f37,2y f312) + [xgl(f37,3, f373) + [xz](fw,é, f37,6)
+ [x1x21{f37,1, f37,2) + [x1x31( /37,1, f37.3) + [x1%4)( /37,1, f37.6)
+ [x2x11{f37,2, f37,1) + [x2x31(f37,2. [37.3) + [x2x4](f37,2, f37.6)
+ [x3x11(f37,3, f37,1) + [x3x31(f37.3, f37,2) + [x3x4](f37.3, f37.6)
+ [xax11(f37,6, 137,1) + [x4x21(f37.6, 37.2) + [xax30(f37.6, f37,3)-

Since (f37,i, f37,i) = [deg f37,i] and (f37.i, f37,;) = (f37,j, f37.i), We get

[deg @] = [12x7] + [12x3] + [12x314+[12x3] + [~ 16x1x2] 4 [—18x1x3] + [12x1x4] + [12x2%3]
+ [—18x3x4] + [—16x3x4],

where “[a]” denotes the multiplication by a-mapping on the elliptic curve E = 37al.
Hence we must have

degyp = 12x% + 12x% + 12x32+ 12x£ —16x1xp — 18x1x3 + 12x1 x4 + 12xpx3 — 18x2x4 — 16x3x4. (4.2)

This shows that deg ¢ is of the form 2g(x1, x2, X3, x4), S0 it can not take the value 3.
Consequently, the triple (222, 37, 37al) is not admissible.

4.2 The curve X % (195)

We want to check whether there is a Q-rational degree 3 mapping X g %5(195) — 65al.
Recall that the modular parametrization f : X¢(65) — 65al has degree 2, and wgs
acts as +1 on 65a1. By Lemma 2.6, f factors through X(‘)" %5(65) and the induced

map fes : X(Tf’s (65) — 65al has degree 1, since X(')|r65 (65) = 65al (note that we
have [65a1, 65]65). Both the degeneracy maps t1,195,65,65 and t3 195,65,65 have degree
4. Moreover, we have

¥ (195)

765 x 3 < deele] =12 x D1 =1-2]

(fes5 0 11,195,65,65, f65 © 13,195,65,65) = [az x

The maps fg5011,195,65,65, f65013,195,65,65 form a basis for Homg (Jo (195)"¢5, 65a1).
Ifo:X g 95(195) — 65al is Q-rational mapping then we can write

@ = x1(f65 ©11,195,65,65) + X2(f65 © 13,195,65,65)-
Thus we have (the computations are similar as in §4.1)

[deg(¢)] =[x7 deg( fos o t1.195.65.65)] 4 [2x1x2]1( f65 © L1.195.65.65, fo5 © 13.195.65.65)
+ [x3 deg(fos © 13.195.65.65)],
=[4x7]+ [x1x2][—4] + [4x3],
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Tablej 1. Quadratic forms for N d E ¢ ia Quadratic form

remaining cases Xy~ (N)
129 43 43al 7 4x? — dxyx; + 4x3
182 91 91b1 10 6x7 + 6x3
183 61 6lal 10 4x? — 4xyx; + 4x3
195 65 65al 9 4x} —dxpxy +4x3
215 43 43al 11 6x7 — 8x1x3 + 6x3
222 37 37al 18 2. g(x1, x2, X3, X4)
237 79 79al 13 4x? — 2x1x; + 4x3
249 83 83al 8 4x? — 2x1x) + 4x3
267 89 89al 9 4x} = 2xpxp +4x3
273 91 91bl 17 8x7 — 8xjxp + 8xF
303 101 101al 10 4x? — dxyx; + 4x3
305 61 6lal 12 6x? — 6x1x3 + 6x3
395 79 79al 15 6x7 — 6x1x3 + 6x5

where “[a]" denotes the multiplication by a-mapping on the elliptic curve E = 65al.
Hence we must have

deg(p) = 4x7 — 4x1x7 + 4x3. (4.3)

From (4.3), we see that deg(¢) can not take the value 3. Consequently, Homg
(Jo(195)™e5, 65a1) has no element of order 3. Thus there is no QQ-rational degree
3-mapping Xar65(195) — 65al.

The quadratic forms for the other remaining cases are given in Table 1. It is clear
from Table 1 that the triples (N, d, E) appearing in Table 1 are not admissible (note
that for each of the triples (N, d, E) appearing in Table 1, wy acts as +1 on E and
we have [E, d];). Consequently, the curves X (")" 4(N) have finitely many cubic points
over Q for N, d appearing in Table 1.

5 Hyperelliptic cases

In this section we deal with the pairs (N, wg) such that X (J)r 4Ny is hyperelliptic. We
first consider the hyperelliptic curves of genus 2.

Theorem 5.1 The curve Xa'd (N) has infinitely many cubic points over Q for the fol-
lowing pairs of (N, wg):

(30, wp), (30, w3), (30, wip), (33, w3), (35, w7), (39, w3), (42, w3), (42, we), (42, wyy), (57, w3),
(58, wa9), (66, wy1), (70, w3s), (78, w3g), (142, w7y).

Proof Using the MAGMA code “#Points (SimplifiedModel
(XONQuotient (N, [d])) :Bound:=10)", we see that for the above mentioned
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pairs of (N, wy), the curve Xar d(N ) has at least three rational points over Q. From
[16, Lemma 2.1], we conclude that for each of these cases there is a Q-rational degree
3 mapping X{“(N) — P'. Consequently, X (N) has infinitely many cubic points
over Q. O

The remaining genus two cases are X(")|r 2 (38) and Xa' 29(87).

Theorem 5.2 The sets T5(X*(38), Q) and T3 (X (87), Q) are infinite.

Proof An affine model of X(‘f 2(38) is given by
X$2(38) : y* = 2% —4x® —6x* 443 —19x% +4x — 12, (5.1)

Itis easy to see that X(T 2 (38) has two Q-rational points (1 : 1 : 0), (1 : —1 : 0) and the
hyperelliptic involution permutes these points. From [18, Lemma 2.2], we conclude
that there is a Q-rational degree 3 mapping Xg 2(38) — P!, Consequently, the set
(X 8‘ 2 (38), Q) is infinite. A similar argument works for the curve Xg' 29(87), which
has an affine model y? = x® — 2x* — 6x3 — 11x% — 6x — 3. O

Now consider the pairs (N, wg) such that X ar d (N)ishyperelliptic and g (X (J)r d (N)) >
3. If the set I'} (X(')"d(N), Q) is infinite, then W3(X8'd (N)) must contain an elliptic
curve with positive Q-rank (the arguments are exactly the same as [18, §2.3], since
the cusp at infinity is a Q-rational point on XO+ d(N ), we can obtain [18, Lemma 2.6,
Lemma 2.7] for Xa'd (N) instead of Xo(N)).

Thus, by Cremona tables [7] we obtain (because there is no elliptic curve with
positive Q-rank for levels dividing N):

Theorem 5.3 The set T} (Xard (N), Q) is finite for the following pairs of (N, wq):

(46, wy), (51, w3), (55, ws), (70, wi4), (78, wae), (95, wi9g), (62, wy), (66, we), (69, w3), (70, wig),
(119, wy7), (87, w3), (95, ws), (78, we), (94, wy), (119, wy).

6 Trigonal cases

It is well known that, if C/Q is a trigonal curve of genus 3 with a Q-rational point,
then the projection from the Q-rational point defines a degree 3 mapping C — P!
over Q. Consequently, in these cases the set Fg (C, Q) is infinite.

Now consider the pairs (N, wy) such that X{;d (N) is trigonal and g(X(')"d(N)) =4,
A model of X g d (N) can be constructed using Petri’s theorem. It is well known that
a non hyperelliptic curve X (defined over Q) of genus 4 lies either on a ruled surface
or on a quadratic cone (defined over either QQ, a quadratic field or a biquadratic field)
(cf. [14, Page 131]). If the ruled surface or the quadratic cone is defined over Q, then
there is a degree 3 mapping X — P! defined over Q. For example, consider the curve
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Xg 3 (70). Choosing the following basis of weight 2 cusp forms S>({I'9(70), ws)),

a+4°-2¢"—q" +4"" + 0"

*+q°-2¢°-q" + 0"

= —q® =" +2¢° —° + ¢ + 3¢ + 0(¢"2),
and using MAGMA, a model of X g 3(70) is given by

2w+ dxyw — xw? — y3 — 3y22 + 8y2w — 3yz2 + 16yzw — 24yw2 — 23 4+ 722w — 9zw? + 3w3,

xz +dxw — y2 — 4yz + 9yw — 222 + 3zw — w?.

After a suitable coordinate change, the degree 2 homogeneous equation can be written
as:

—2x2 4y =222 +445w% = (y+v2x)(y = 2x) — (V22 +V445w) (V22— V445w),

which is isomorphic to the ruled surface uv — st over Q(v/2, /445). Thus X(")F 3 (70)
is not trigonal over Q. The models for the quadratic surfaces for genus 4 curves are
given in Table 7. Since the curves X, ar d(N) always has a Q-rational cusp, from the
discussions above we conclude that

Theorem 6.1 Suppose that g(Xg'd (N)) > 3. Then Xa'd (N) is trigonal over Q if and
only if (N, wg) is in the following list.

gxard(N) (N, wq)

3 (42, wy), (42, w7), (57, wi9), (58, wa), (65, ws), (65, w13), (77, wy),
(82, wq1), O1, wy3), (105, w3s), (118, wsg), (123, way), (141, wqy)

4 (66, w33), (74, w37), (86, w43)

Consequently, for such pairs (N, wq) the set T'} (Xa'd(N), Q) is infinite.

Now consider the pairs (N, wy) such that Gon(XaL d(N )) = 3, but there is no Q-
rational degree 3 mapping X(Td (N) — P!. In these cases, if the set Fg (X(‘)"d (N), Q)

is infinite, then W3(X 3’ d(N )) contains a translation of an elliptic curve E with positive
Q-rank (cf. [18, Theorem 1.1]).

Theorem 6.2 The set T} (X(Td (N), Q) is finite for the following pairs of (N, wq):

(66, wy), (70, ws), (74, wy), (77, wi1), (82, wy), (85, ws), (85, wy7), (91, wy), (93, w3), (110, wss),
(133, wyg), (145, wog), (177, wsg).

@ Springer



Infinitely many cubic points on Xo(N)/(wg)... Page 15 of 25 72

Proof For N = 66, 70, 85, 93, 110, 133, 177, there is no elliptic curve E of positive
Q-rank with cond(E)|N. Hence in these cases, the set Fé (X(J{d(N), Q) is finite. In the

remaining cases, the Jacobian decompositions of X g‘ 4(N) are given by:

Jo(714) @2 ~Q 3741 x 371 x A f gim=2
Jo(7D ™10 ~Q 7741 x TTb1 x Af dim=a
Jo(82)2) ~Q 8241 x A ¢ gim=3
JoOD™ ~Q91al x At gim=3
Jo(145)2) ~Q 14541 x A7 gim=s3.

Note that in these cases, X, g 4Ny is bielliptic and there are elliptic curves of positive
Q-rank with cond(E)|N. By arguments in [18, Page 353], if there is no Q-rational
degree 3 mapping X g d(N ) — E where E is an elliptic curve of positive Q-rank and
cond(E)|N, then W3(X(')Ir d(N )) has no translation of an elliptic curve with positive
Q-rank. From the Jacobian decomposition, we only need to check whether triples
(74,2,37al), (77,11,77al), (82,2,82al), (91,7,91al), (145,29,145a1) are admissible or
not.

Since w37 acts as +1 on 37al and 37al has no non-trivial 2-torsion over QQ, from
Lemma 2.6 we conclude that the triple (74,2,37al) is not admissible. In the remaining
cases, if any of the triples (N, d, E) is admissible (consequently, there is a Q-rational
degree 6 mapping Xo(N) — E), then the degree of the strong Weil parametrization
of E should divide 6. For all the curves 77al, 82al,91al and 145al the degree of
the strong Weil parametrization is 4. Thus none of the triples is admissible. The result
follows. ]

7 Bielliptic cases

We are now left to discuss the pairs (N, wg) such that Xg' d(N ) is bielliptic and
Gon(Xard(N)) > 3. Such pairs (N, wg) are given in Table 2.

Following [18, Page 353], for any (N, wy) in Table 2, if the set I'; (Xg'd (N), Q) is
infinite, then W3(X g d (N)) contains a translation of an elliptic curve E with positive
Q-rank, equivalently the triple (N, d, E) is admissible.

Theorem 7.1 For the pairs (N, wg) in Table 2, the set '} (Xg'd (N), Q) is finite.

Proof For N = 66, 70, 78, 105, 110, there is no elliptic curve E of positive Q-rank
with cond(E) | N. Hence for such values of N and the corresponding values of d as
in Table 2, the set Fg(Xard(N), Q) is finite.

For N = 118, 123, 141, 142, 143, 145, 155, the only elliptic curves E with pos-
itive Q-rank have conductor equal to N. For such N, E and the corresponding d as
in Table 2, if the triple (N, d, E) is admissible, then the degree of the strong Weil

@ Springer



72 Page 16 of 25 F.Bars, T. Dalal

Table 2 Bielliptic remaining cases

gX(J)rd(N) (N, wq)
5 (66, w3), (66, w23), (70, w2), (70, w7), (78, w3), (86, w2), (105, ws), (105, way),
3 22 2 7 3 2 5 21

(110, wyp), (111, w3), (155, w3)i

6 (78, w2), (78, wy3), (111, w37), (143, wy3), (145, ws), (159, ws3)

7 (105, w3), (105, wy), (105, wys), (110, wig), (118, wr), (123, w3), (143, wyy)

8 (110, wy), (110, ws), (141, w3), (155, ws)

9 (142, wy), (159, w3).

parametrization of E should divide 6. From Cremona’s table we see that for elliptic
curves E with positive Q-rank of conductors 118, 123, 141, 142, 143, 145 and 155,
the degree of the strong Weil parametrization of E does not divide 6. Consequently,
for N = 118, 123, 141, 142, 143, 145, 155, and the corresponding d as in Table 2, the
set Fé(Xard(N), Q) is finite.

Finally, we are left to check whether the triples (86,2, 43al), (111, 3,37al),
(111, 37,37al) and (159, 3, 53al) are admissible or not (note that for such triples
(N,d, E), wg acts as +1 on E). Since the elliptic curves 43al, 37al and 53al
have no non-trivial 2-torsion points, by Lemma 2.6 (1), we conclude that the triples
(86,2,43al), (111, 3,37al) and (159, 3, 53a1) are not admissible. Consequently, the
sets 4 (X%(86), Q), Iy (X 2 (111), Q) and T5(X {3 (153), Q) are finite.

A similar argument as in §4, shows that if ¢ : Xar37(1 11) — 37al is a Q-rational
mapping then we must have (note that we have [37al, 37]37)

deg(p) = 4x% — 6x1x2 + 4x§, for some xp, xp € Z. (7.1)

Thus deg(¢) can not take the value 3. Consequently, the triple (111, 37, 37al) is not
admissible. This completes the proof. O

A Appendix

Let N < 623. Suppose that Gon(X(J{d (N)) = 4 and X(J{d (N) has no degree < 2 map
to an elliptic curve. After applying Lemma 2.3 (2 and 3), we are left to check the
existence of Q-rational degree 3 mapping X(J)r 4(N) — E where E is an elliptic curve
with positive Q-rank, only for the following values of N:

106, 114, 122, 129, 130, 154, 158, 159, 166, 174, 178, 182, 183, 185, 195, 202,
215,222, 231, 237, 246, 249, 258, 259, 262, 265, 267, 273, 282, 285, 286, 301, 303,
305, 326, 371, 393, 395, 407, 415, 427, 445, 473, 481.

Furthermore, the triple (N, d, E) is not admissible for N, d and E appearing in
Table 3.
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Table 4 Hyperelliptic curve X, 8‘ d (N)

8x+d () (N, wg)

2 (30, wy), (30, w3), (30, wyg), (33, w3), (35, w7), (38, w2), (39, wy3), (42, w3),
(42, we), (42, wa1), (57, w3), (58, w9), (66, wy1), (70, w3s), (78, w39),
(87, wa9), (142, w7y)

3 (46, wy), (51, w3), (55, ws), (70, wi4), (78, woe), (95, wig)

4 (62, wy), (66, we), (69, w3), (70, wig), (119, wy7)

5 (87, w3), (95, ws)

6 (78, wg), (94, wy), (119, wy).

Table5 X (N) with Gon(Xj ¢ (N)) = 3

gxgd(N) (N, wq)

3 (42, wy), (42, w7), (57, w19), (58, wy), (65, ws), (65, w13), (77, w7), (82, w4y),
(01, wy3), (105, w3s), (118, wsg), (123, w4), (141, wy7),

4 (66, w2), (66, w33), (70, ws), (74, wa), (74, w37), (77, wi1), (82, w2), (85, ws),

(85, wi7), (86, wa3), (91, wy), (93, w3), (110, wss), (133, wig), (145, wag), (177, wsg)

Table6 Bielliptic curve X (N)

8xd () (N, wg)

2 (30, wy), (30, w3), (30, wip), (42, w3), (42, we), (42, wa1), (57, w3), (58, wa9g),
(66, wi1), (70, w3s), (78, w39), (142, wyy)

3 (42, w), (42, w7), (57, wy9), (58, wy), (65, ws), (65, w13), (70, wi4), (77, w7),
(78, wae), (82, w41), (91, wi3), (105, w3s), (118, wsg), (123, way), (141, wa7)

4 (66, wy), (66, w33), (70, ws), (70, wip), (74, w2), (74, w37), (77, w11), (82, wy),
(86, w43), 91, wy), (110, wss), (145, wag)

5 (66, w3), (66, wy2), (70, wy), (70, wy), (78, w3), (86, wy), (105, ws), (105, wyy),
(110, wyy), (111, w3), (155, w3y)

6 (78, wa), (78, w13), (111, w37), (143, w13), (145, ws), (159, ws3)

7 (105, w3), (105, wy), (105, wys), (110, wyg), (118, wy), (123, w3), (143, wyy)

8 (110, wp), (110, ws), (141, w3), (155, ws)

9 (142, w»), (159, wz).
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