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PHASE PORTRAITS OF A FAMILY OF
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ABSTRACT. We deal with the one-dimensional parameter family
of Hamiltonian cubic polynomial differential systems

&=y -y +32%),  §=a+a@®+3y°u),
where (x,7) € R? are the variables and yu is a real parameter.
We classify in the Poincaré disc the topological phase portraits of
this family of systems when the parameter p varies, describing the
bifurcations which take place.

1. INTRODUCTION

A cubic polynomial differential system is a system of the form

where P and @) are polynomials in the variables x and y, and the
maximum of the degrees of P and () is three.

The phase portraits of the polynomial differential systems (1) of
degree 1, i.e. the linear differential systems, are well known. There
are more than one thousands papers published on the polynomial dif-
ferential systems (1) of degree 2, i.e. the so called quadratic sys-
tems, see for instance the books [2, 16, 19] and the hundreds of ref-
erences quoted in each of these books. With respect to the poly-
nomial differential systems (1) of degree 3, or simply cubic systems,
few papers have been published if we compare with the papers dedi-
cated to the quadratic systems, but this is changing see for instance
some of the papers dedicated to the cubic systems published in 2020
3,4,6,7,8,9, 10, 11, 12, 17, 18, 20, 21] and their references.

Very few papers are dedicated to classify the phase portraits of some
families of cubic systems. In this article we classify all topological
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phase portraits in the Poincaré disc of the Hamiltonian family of cubic
polynomial differential systems

(2) i=y—yl’ +32%0), §=x+x(®+3y°n),

where (x,y) € R? are the variables and p is a real parameter. We de-
note the vector field associated to this differential system by X, (z,y) =
(y — y(y* + 32%p), z + x(2* + 3y*u)). The Hamiltonian of the system
(2) is

1 1 3
(3) H=H(w,y) =5 («* =y*) + 7 (" +y") + Spa’y”

Roughly speaking the Poincaré disc is the closed disc D? centered
at the origin of R? of radius one, its interior is identified with R? and
its boundary, the circle S' is identified with the infinity of R?, because
in R? we can go to the infinity in many directions as points has the
circle S'. Then polynomial vector fields X, can be extended to analytic
vector fields p(X,,) defined in D?. See Chapter 5 of [5] for the details
on the Poincaré compactification.

It is known that two phase portraits in the Poincaré disc D? are
topologically equivalent if there exists a homeomorphism h : D? — D?
which sends orbits of one of the phase portraits into orbits of the other
phase portrait, preserving or reversing the orientation of all orbits.

For studying the local phase portraits at the finite and infinite singu-
lar points of the compactified cubic polynomial differential systems we
use notations and results summarized in Chapters 1, 2, 3 and 5 from
[5], and which are due to many different authors. In order to classify all
topological phase portraits of the cubic polynomial differential systems
(2) in the plane R? extended to infinity we shall use the Theorem 1.43
of [5] due to Markus [13], Neumann [14] and Peixoto [15], which guar-
antees that we only need to classify all the different configurations that
arise in the regions delimited by the separatrices of the compactified
cubic polynomial differential systems.

Now we are ready to establish our main result.

Theorem 1. The cubic polynomial differential system (2) has a phase
portrait in the Poincaré disc topologically equivalent to the phase por-
traits of Figure 1 if p > —1/3, of Figure 2 if p < —1/3 and of Figure
3 if p = —1/3. So there are only three different topological phase por-
traits in the Poincaré disc for system (2), and a unique bifurcation
value p = —1/3.
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FIGURE 1. Global phase portrait for ;> —1/3.

FIGURE 2. Global phase portrait for 4 < —1/3.

The rest of this article is dedicated to proof Theorem 1 and for that it
is organized as follows. In section 2 we analyze the local phase portraits
of the finite singular points. The local phase portraits at the infinite
singular points are study in section 3. Finally we prove Theorem 1 in
section 4.

2. FINITE SINGULAR POINTS

To study the finite singular points of system (2) we consider the cases
ul <1/3, pn=1/3, p=—1/3 and |u[ > 1/3.

For 1 = —1/3 the two components of the differential system has
the common factor 1+ 2% — y?, and the original differential system (2)
becomes the differential © = y, y = x doing a rescaling of independent
variable by the factor 1 + 2? — y?. Furthermore, in the region R?\ C'
with C' = {(z,y) € R? : 1+2?—y? = 0}, system (2) has the same orbits
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FIGUrE 3. Global phase portrait for p = —1/3. The

dashed curve is the hyperbola y? — 22 = 1, its points are
singularities.

as © =y, y = x, but noting that the orbits have reversing orientation
where 1 4+ 22 — y? is negative. Of course, all the points of the curve
C' are singular points. The linear part of the differential system at the
origin has eigenvalues 1, so by Theorem 2.15 of [5] the origin is a
hyperbolic saddle.

In the rest of this section g # —1/3. Then the finite singular points of
the differential system are (0, —1), (0,0) and (0, 1). Now we shall deter-
mine the local phase portraits at these singular points. For this we shall
use notations and results stated in section 2.6 from [5]. We denote the
linear part associated to system (2) by DX, (x,y), its determinant by
det(DX,(z,y)) = det(z,y), and its trace by tr (DX, (z,y)) = tr (z,y).

The linear part of X, (z,y) is

—6pzy —3ux® —3y* +1

DXy(w,y) = ( 3z + 3uy® + 1 6pxy ) '
Thus we obtain det(0,0) = —1, then by Theorem 2.15 of [5] the singular
point (0, 0) is a saddle for all the values of the parameter p. At the other
singular points (0, —1) and (0, 1), the determinant is det(z,y) = 2+6pu.
Hence for y < —1/3 the determinants det(0,1) and det(0,—1) are
negative, again by Theorem 2.15 of [5] the singular points (0,1) and
(0,—1) are saddles. Now for u > —1/3 the determinants det(0, 1)
and det(0,—1) are positive and the traces tr(0,1) and tr(0,—1) are
zero. Then the singular points (0, —1) and (0, 1) are weak focus, and
as system (2) is Hamiltonian, the existence of the first integral given
by the Hamiltonian (3) implies that these weak focus are centers (see
also the Liouville’s Theorem [1]).
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In summary see the local phase portraits at the finite singular points
of the differential system (2) in Figure 4 according the different values

of the p parameter.
O,
X
O,

uw<-—1/3 pw=—-1/3 w>—1/3

F1GURE 4. Local phase portraits of the finite singular
points in the Poincaré disc.

3. INFINITE SINGULAR POINTS

In this section we study the infinite singular points of system (2),
and as in the previous section here we shall use notations and results
from Chapter 5 of [5].

From equation (5.2) in [5] the expression of the Poincaré compacti-
fication p(X),) of the differential system (2) in the local chart Uy is
w = 1+ 6pu®+0v* +ut — u?v?,
(4) v = 3 3, 3
HUY + 1V — uv”.
And from equation (5.3) in [5] the expression of the Poincaré com-
pactification p(X,,) of the differential system (2) in the local chart U,
1s
(5) i = —1—6pu?+v? —ut —u?
v = —=3puv — udv — uvd.
Proposition 2. Consider system (2) and its Poincaré compactifica-
tion.

(a) If p > —1/3 system (2) has no infinite singular points in the
local charts Uy and V. So the infinity in the Poincaré disc is a
periodic orbit, see Figure 5.

(b) If p < —1/3 system (2) has eight infinite singular points, two
stable nodes at

qlz(—\/—\/9M2— —3u,0) and qu(\/—\/Q,uQ— — 3, 0),
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and two unstable nodes at

QQ:(—\/\/9H2_ —31,0) and q4:\/\/9u2— —3u,0),

in the local chart Uy, and of course the diametrically opposite
four nodes in the local chart Vy, see Figure 5.

(¢) If uw = —1/3 system © = y, y = x has four infinite singular
points, one unstable node at (—1,0) and one stable node at (1,0)
in the local chart Uy, and of course the diametrically opposite
two nodes in the local chart Vi. Then the hyperbola y?> — 2% = 1
full up with singularities for system (2) divides these four nodes
wm two parabolic sectors one stable and the other unstable, see
Figure 5.

Proof. Consider system (4), i.e. the Poincaré compactification p(X,) in
the local chart Uy. The points (u,v) with v = 0 are the points the points
at infinity of the local chart U;. Then the infinite singular points (u, 0)
are given by the roots u of the polynomial equation 1+ 6pu? + u* = 0.

So the infinite singular points in U; are (:I:\/:I:\/Q,u2 -1- 3u,0>.

These four points are real if and only if 4 < —1/3. If p = —1/3 then
¢ = ¢ = (—1,0) and g3 = g4 = (1,0). And ¢; for i = 1,2,3,4 are
non-real if g > —1/3. Hence statement (a) is proved.

The linear part of system (4) at ¢; and g3 (resp. ¢z and g4) have two
negative (resp. positive) eigenvalues, so by Theorem 2.15 of [5] they
are stable (resp. unstable) nodes. Of course, we have the diametri-
cally opposite four nodes in the local chart V;. Hence statement (b) is
proved.

For u = —1/3 the singular points in the local chart Uy are (1,0) and
(—1,0). These singular points are linearly zero. By the equivalence of
the original system (2) to & =y, = x at R?\ C' it is possible to obtain
the local phase portrait of system (2) at (—1,0) and (1,0) at the local
chart U;, thus they are an unstable and stable node respectively. We
also have the diametrically opposite two nodes in the local chart V.
Hence, statements (c) is proved. O

4. PROOF OF THEOREM 1

In this section we prove Theorem 1. We shall use the study of the
local phase portraits at the finite singular points in section 2 and at the
infinite singular points in section 3 for obtaining all the possible global
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p<—1/3 p=-1/3 p>1/3

FI1GURE 5. Local phase portraits at the infinite singular
points in the Poincaré disc.

phase portraits of the differential system (2) in the Poincaré disc when
the parameter p varies. For doing that we know that is sufficient to
consider all the possible a— and w— limits of the separatrices of system
(2), see Theorem 1.43 of [5].

We recall that the separatrices of a polynomial differential system in
the Poincaré disc are the limit cycles, all the orbits at infinity, all the
finite singularities, and all the separatrices of the hyperbolic sectors of
the finite and infinite singular points.

Our system (2) has no limit cycles because the system is Hamilton-
ian and the Hamiltonian is polynomial. We know for system (2) the
orbits at the infinity of the Poincaré disc, see Proposition 2; and we
know its finite singularities. So in order to obtain the possible phase
portraits of system (2) we only need to study the a— and w— limits
of the four separatrices of the finite saddles of the system. For a bet-
ter understanding we will separate this analysis in the following three
cases: > —1/3, p=—1/3 and p < —1/3.

Case > —1/3: In this case the finite singular points are the saddle at
(0,0) and two centers, one at (0, 1) and another one at (0, —1), and the
infinity is a periodic orbit. Moreover using that the curve H(z,y) =0
which contains the four separatrices of the saddle (0,0) of system (2)
because the Hamiltonian H(x,y) given in (3) is a first integral, the
phase portrait for system (2) in this case is topologically equivalent to
the one of Figure 1.

Case it < —1/3: In this case the three finite singular points (0, 0), (0,1)
and (0, —1) are saddles. At infinity we have four stable nodes and four
unstable nodes see Figure 5. Then using the curves H(x,y) = 0 and
H(z,y) = 3/4 which contain all the separatrices of the three finite
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saddles, the phase portrait of system (2) in this case is topologically
equivalent to the one of Figure 2.

Case p = —1/3: System (2) has a commom factor 1 + z? — 2, and
eliminating from the system this common factor doing a rescaling of
the independent variable, we get the system @ = y,y = x. Therefore
at R?\ C system (2) has the same orbits as the system & =y, y = z,
but these orbits reverse their orientation in the region where 1 + 2% —
y? is negative. At infinity of system (2) there are the four singular
points described in statement (c) of Proposition 2. Again using the
curve H(z,y) = 0 we obtain that the phase portrait in this case is
topologically equivalent to the one Figure 3. This completes the proof
of Theorem 1.
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