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ABSTRACT. In this paper we provide sufficient conditions for the exis-
tence of two limit cycles bifurcating from the unique zero—Hopf equilib-
rium of the differential system

T=y+a, Y=-xT+z2 2z= —b:t32-|-2’2—|—c7

where a, b and c are real arbitrary parameters. Our study uses the
averaging theory. This differential system has been studied previously
for some authors because it can exhibit chaotic motion when it has no
equilibrium points.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Differential systems appear in many areas, such as, Physics, Biology,
Chemistry, Control Theory, Mechanical Oscillators, ... see for instance
[1, 2, 12], and their study is important. A limit cycle of a differential system
is a periodic orbit isolated in the set of all periodic orbits of the differential
system. The study of the limit cycles of polynomial differential systems has
two main motivations, first they play a relevant role in the dynamics of the
differential systems, and also their analysis become motivated by Hilbert’s
16-th problem, see [4, 11].

A way to produce limit cycles is perturbing a differential system having
zero—Hopf equilibria with a real small parameter €. An equilibrium point of
a differential system in R? such that the eigenvalues of the Jacobian matrix
of the differential system at the equilibrium point are 0 , wi and —w 4, with
w > 0 is called zero—Hopf equilibrium. For more details regarding on the
zero—Hopf bifurcations see [5, 6, 10].

In the paper [7] the authors investigated the chaotic behavior of the dif-
ferential system

T =y+a,
(1) y=z—-x,
=22 —bx’+c,
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when it has no equilibria, i.e. when either (b—1)c < 0, or b = 1. Differential
system (1) also is the differential system (21) of the page 64 of the book [8].

The main goal of this paper is to characterize the zero—Hopf equilibria
of differential system (1) and to study analytically the limit cycles that can
bifurcate from such equilibria, providing an analytic expression of them.
For doing this we shall use the averaging theory of first order [3, 9, 13].
The next proposition establishes conditions for the existence of a zero—Hopf
equilibrium point in the differential system (1).

Proposition 1. Differential system (1) has the unique zero—Hopf equilib-
rium (0, —a,0) when ¢ = 0.
The following theorem is our main result.

Theorem 1. Assume that in differential system (1) we have ¢ = c*&2, with
bc* > 0 and ¢*(b— 1) > 0. Then, using the averaging theory of first order
for e # 0 sufficiently small the differential system (1) has the following two
limit cycles bifurcating from its zero-Hopf equilibrium

(z1(t,€),y1(t, ), 21(t,€)) = (—ey/2c* [bcost, —a + e+/2c* [bsint, 0) + O(e?),
(w2(t,2). a(t, ), 22(t9) = (/T = 1), —a,e /(b= 1)) + O(E).

Moreover the last limit cycle is unstable.

We prove Proposition 1 and Theorem 1 in Section 3. In what follows we
provide an example that illustrates the results obtained in Theorem 1.

Example 1. The differential system
t=y+1, Gg=z-—z z=22-2"4¢%
is obtained from differential system (1) taking @ = 1, b = 2 and ¢ = &2
Theorem 1 ensures the existence of the following two limit cycles
Yi(t,e) = (—ecost,esint — 1,0) + O(e?),
7§(tv 5) = (5’ -1, 5) + 0(52)7

bifurcating from the zero—Hopf equilibrium (0,—1,0) when ¢ = 0. These
two limit cycles are shown in Fig.1 for ¢ = 0.1.

2. PRELIMINARIES

In this section we recall a basic result of the averaging theory of first order
that we shall use for proving our results. The following theorem provides
periodic solutions of a periodic differential system. See Theorems 11.5 and
11.6 of [13] for a proof.

Consider the differential equation
(2) % =eF(t,x) + €2R(t,x,¢), x(0) = xo,
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FIGURE 1. The two limit cycles of Example 1.

with x € D, where D is an open subset of R", and ¢ > 0. Moreover we assume
that F(t,x) and R(t,x,e) are T—periodic in ¢t. Separately, we consider in D
the averaged differential equation

(3) y=ef(y), y(0)=xo,

where

T
fy)= %/0 F(t,y)dt.

Theorem 2. Consider the two initial value problems (2) and (3). Suppose:

(i) F, its Jacobian OF/0x, its Hessian 9*F/0x?, R and its Jacobian
OR/0x are defined, continuous and bounded by an independent con-
stant of € in [0,00) x D and € € (0,&¢].

(ii) F and R are T -periodic in t (T independent of €).
Then the following statements hold.
(a) If p is an equilibrium point of the averaged equation (3) and

(%)

70,

y=p
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then there exists a T-periodic solution x(t,e) of equation (2) such
that x(0,e) = p ase — 0.

(c) If the eigenvalues of the equilibrium point y = p of the averaged
equation (3) all have negative real parts, the corresponding periodic
solution x(t,e) of equation (2) is asymptotically stable for e suffi-
ciently small. If one of the eigenvalues has positive real part, the
periodic solution x(t,e) is unstable.

3. PROOF OF PROPOSITION 1 AND THEOREM 1

Proof of Proposition 1. If ¢(b—1) > 0 and b # 1 then differential system (1)
has the two equilibrium points

(x,y,2) = <:|: c¢/(b—1),—a,+ c/(b—l)).

The Jacobian matrix of differential system (1) evaluated at these equilibria

are
0 1 0
0

-1 1
T2b/c/(b—1) 0 +2/c/(b—1)

and its respective characteristic polynomials are

pe() = F2V/eb— 1) - A 2/e/ 5 DN - N,

In order that these equilibria could be zero-Hopf equilibria it is necessary
that ¢ = 0. Then the Jacobian matrix of differential system (1) at its unique
equilibrium point (0, —a, 0) has eigenvalues 0 and +i. Hence this equilibrium
is a zero-Hopf equilibrium. ([

Proof of Theorem 1. We shall study the possible limit cycles bifurcating
from the zero-Hopf equilibrium (0, —a, 0) of system (1). So take ¢ = c*¢? in
differential system (1) being € a sufficient small real parameter. Note that

when e = 0 system (1) has the zero-Hopf equilibrium (0, —a, 0).
We first translate this equilibrium at the origin of coordinates when ¢ = 0
by taking the change of coordinates x = Z, y = §y — a and z = Z. For

simplicity we continue denoting the new coordinates (z,y,z) by (z,y, 2).
Differential system (1) in the new variables becomes

(4) t=y, §y=-x+z2 z=-br?+22+c

Since we want to study the limit cycles bifurcating from the zero—Hopf
equilibrium by using the averaging theory we do the rescaling z = eX,
y =¢eY and z = ¢Z. Thus in the new variables (X,Y, Z) the differential
system (4) writes

(5) X'=Y, Y=-X+2, 7 =c(-bX*+7%.
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In order to write the differential system (5) in the normal form (2) for
applying the averaging theory to it, first we write the linear part of system
(5) with e = 0 in its real Jordan normal form doing the change of coordinates
X =—-u+w,Y =vand Z = w. So differential system (5) having its linear
part in its real Jordan normal form when € = 0 is

= —v+e(c* —blu—w)?+ w?),
(6) o=u,
W= ¢e(c* —b(u —w)? +w?).

Now we shall write the differential system (6) in the cylindrical coordi-
nates (r,6,w). So taking u = rcosf, v = rsinf and w = w, we obtain

i = ecosf (" +w?—b(w—rcosh)?),
(7) 0 = 1—esind (¢* +w? — b(w — rcosh)?) /r,
W = e(c*+w?—bw—rcosh)?).

Note that the differential system (7) is invariant under the symmetry
(8) (r,0,w,t) — (—r,—0, —w, —t).

Considering 6 as the new independent variable or time of differential sys-
tem (7), we get the following differential system

dr/dd = ecosf(c* +w? — b(w —rcosh)?) + O(e?)
= eF(0,r,w) + O(?),

dw/d) = e (c*+w? —b(w—rcosh)?) + O(e?)
= eFy(0,r,w) + O(?).

Since the differential system (7) is invariant under the symmetry (8), the
differential system (9) is invariant under the symmetry

(10) (r,0,w) = (—r,—0, —w).

9)

The periodic differential system (9) satisfies the assumptions of Theorem
2, so we apply to it the averaging theory of first order. Computing the
averaged function f(r,w) we obtain

27
fw) = 5o [ RO Fa(0. w00
= (brw, % (2¢* — br? —2(b— 1)w2)> :

The zeros of f(r,w) satisfying > 0 are

(ri,wy) = (ﬁ, 0) , (ro,w2) = (0, bc_*1> , (r3,w3) = <0’_\/bc—7*1> :

They are simple solutions in the sense that the Jacobian of f(r,w) does not
vanish at them. The Jacobian of f at (r1,w;) is 2bc* > 0 and it is equal
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to —2bc* at (rg,ws) and (rs,ws). So, from Theorem 2 each one of these
three zeros must provide a limit cycle (rx(0,¢),wi(0,¢)) for k = 1,2,3 of
differential system (9) such that

(7’1(0,6),1111(0,5)) = (\/?7 0) + O(E)v

*

(7’2(0,5),102(0,6)) = (O, bc_ 1) + 0(6),

(7"3(0,6),’[1}3(0,5)) = <07\/ bc_*1> +O(E).

But due to the symmetry (10) the limit cycles (r2(6, €), w2(6, €)) and (r3(8, ),
ws(0,¢€)) are the same, because the symmetry (10) interchange the initial
conditions (r2(0, €), w2(0,¢)) and (r3(0,¢),ws(0,¢)).

Since the Jacobian of f(r,w) at (rg,ws) is negative, an eigenvalue of
the Jacobian matrix of f(r,w) at (re,ws) has the real part positive and
therefore it follows from statement (c) of Theorem 2 that the limit cycle
(ra2(0,¢),w2(0,€)) is unstable.

The eigenvalues of the Jacobian matrix of f(r,w) at (r1,w;) are £iv/2bc*
and in this case the averaging theory of first order does not provide any infor-
mation about the stability or instability of the limit cycle (r1(6,¢),w1(6,¢)).

In system (7) the limit cycle (r1(0,¢),w1(0,¢)) becomes

(r1(,€), 61(t, €), wi (1, €)) = (\/20*/b,t, o) +0(e).

This limit cycle in system (6) writes

(ui(t,e),vi(t,e),wi(t,e)) = <\/20*/bcost, \/20*/bsint,0> + O(e).

In system (5) this limit cycle becomes

(X1(t,e),Yi(t,e), Zi(t,e)) = <—\/2c* Tbcost, /2¢* [bsint, o) + 0.

In system (4) with the zero-Hopf equilibrium at the origin of coordinates
this limit cycle writes

(@1(t,2), y1(t,€), 21 (L, €)) = (—5\/20*/bcost,a\/20*/bsint,0> +O2).

Finally, in system (1) with the zero-Hopf equilibrium at (0, —a, 0) this limit
cycle is

(x1(t,e),p1(t,e), z1(t,€)) = (—5\/20*/6 cost,—a + e/ 2c*/bsint, O) +0(e?).

This is the first limit cycle of the statement of Theorem 1. In a similar way,
we can obtain the other limit cycle of Theorem 1. This completes the proof
of Theorem 1. O
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