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ABSTRACT. In this paper we study a class of quadratic differential systems in R3. More precisely, for three
distinct families of parameter sets, such differential systems exhibit the property of having an invariant plane.
The first family exhibits a first integral in the form of H(z,y) = ax+ by ensures the invariance of every plane
ax + by = constant. Consequently, we describe the phase portraits of the system on each of such planes in
the Poincaré disc. The second family has a Darboux invariant of the form I(x,y,t) = (do + diz + day) e~*0?
which will allow us to describe the phase portraits on the Poincaré ball. Unlike the first two families, the
third family lacks both a first integral and a Darboux invariant. Nevertheless, we present a detailed analysis
of the phase portraits of these systems on the invariant plane using the Poincaré disc.

1. INTRODUCTION AND STATEMENTS OF THE MAIN RESULTS

This paper aims to investigate the global dynamics of polynomial differential systems in R? defined by

t=X(ry,2), y=Y(y2), Z=2Z(xy2), (1)
where
X(z,y,2) =ap + a1x + a2y + azz,
Y(x,y,2) =bg+ biz + bay + b3z,
Z(x,y,2) =co+ 12 + coy + c32 + cax® + csxy + coxz + cry® 4 cgyz + o2,
with «, y, and z representing real variables, and a;, b;, and ¢; (for i =0,1,2,3 and j =0,1,...,9) denoting

real parameters.

Let Rz, y, 2] be the ring of the real polynomials in the variables x,y, and z. A polynomial f = f(x,y,z2) €
Rz, y, 2] is called a Darbouz polynomial for system (1) if it satisfies the following partial differential equation
of . of  of
X—+Y~+7—=k 2
Ox + Oy + 0z 5 2)
where k = k(z,y, z) is a real polynomial of degree at most 1, called the cofactor of f(x,y,z). If the cofactor
is zero, then f(x,y,z) is a polynomial first integral for system (1). When f is a Darboux polynomial, the
algebraic surface defined by f(z,y,2) = 0 in R? is an invariant algebraic surface of the differential system
(1). In other words, if an orbit of system (1) intersects this surface at any point, the entire orbit is contained
on it.

A polynomial vector field X in R™ can be uniquely extended to an analytic vector field on the sphere S™
using the Poincaré compactification technique. This extension enables the study of the polynomial vector
field in the neighborhood of infinity, corresponding to the equator S"~! of the sphere S”. In [7], Poincaré
introduced the technique known as Poincaré compactification for studying the behavior of polynomial vector
fields in R2. Tts extension to R™, for n > 2, is provided in [5]. The Poincaré compactification technique for
R?, as described in [5], is applied in [10]. Now, with this technique, we can determine the behavior of system
(1) at infinity, as outlined in the following theorem.
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Figure 1. Phase portraits of quadratic system (1) at infinity.

Theorem 1. Quadratic system (1) exhibits ten topological distinct phase portraits on the sphere S? at the
mfinity, see Figure 1.

Theorem 1 is proved in Section 2.

Our main focus is on systems that possess an invariant plane. Consequently, in the following theorem, we
provide a classification of all differential systems (1) exhibiting an invariant plane.
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Figure 2. Global phase portraits of quadratic system (I) in Theorem 3 corresponding to the
bifurcation diagram in Figure 26.
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Figure 2. (Continued) Global phase portraits of quadratic system (I) in Theorem 3 corresponding
to the bifurcation diagram in Figure 26. Symbols: “=” denotes C°-equivalence of two global phase
portraits, and “+” indicates areas in the bifurcation diagram where a limit cycle can exist.

Theorem 2. Consider the differential system (1) possessing an invariant plane. Then, the following three
cases hold:

(i) When
aody aydy agd; azd; .
by = — by =— by = by = — th do #0
0 dy 1 dy 2 d27 3 dy we 2 # 0,
the invariant plane of system (1) is do + dix + doy = 0 and its cofactor is zero. Consequently, in
this case, system (1) possesses the first integral H(z,y) = dix + day.
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Figure 3. Global phase portraits of quadratic system (II) in Theorem 3.
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Figure 3. (Continued) Global phase portraits of quadratic system (II) in Theorem 3 corresponding
to the regions: E.1 = {(b,c,d) | b = c =0,d > 0}, E2 = {(b,e,d) | b =0,¢c > 0,d > 0},
F1={(bcd |b>0,c>0,d<0}, F.2={(bc,d)|b>0,c>0,d>0,c*—4bd >0}, F.3 =
{(bye,d) | b>0,c>0,d>0,c*—4bd =0}, FA={(b,c,d) |b>0,c>0,d>0, c* —4bd < 0}.

(ii) When
—a0d1 + dok‘o —a1d1 + dlk‘o —a2d1 + dgk‘o .
——— bhh=————— bp=—"—— b3=—— th dy #0
d2 ) 1 d2 ’ 2 d2 ’ 3 d2 ) we 2 7& )
the invariant plane of system (1) is dg + dix + doy = 0, where kg is its cofactor. Consequently, in

this case, system (1) possesses the Darboux invariant I(z,y,t) = (do + dix + doy) e~ Fot.
(iii) When

by =

_a0d1 + bodg — doko c _a1d1 + bldg — dlk‘o - dokl

1=

Co =

d3 ’ d3 ’
. _agdy + bady — doko — dok o —asdy — bsdy + dsko + doks . _diky
2 — d3 ) 3 — d3 ) 4 — d3 )
dok dik dsk dik dok dsk dok
= Btk Akt diks o dake o dskatdoRs ik dg 0,
dg d3 d3 d3

the invariant plane of system (1) is do + dix + doy + dzz = 0 with the cofactor ko + kix + koy + k3z.

Theorem 2 is proved in Section 2.

Now, we describe the global phase portrait of system (1) with an invariant plane on the Poincaré disc and
ball.

Theorem 3. After a change of variables, system (1) under condition (i) of Theorem 2 on the invariant
plane dy + dix 4+ doy = 0, can be represented in one of the following forms:

(I) & = —z+ax+br?+cxz+dz?, 2=z,
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Figure 4. Global phase portraits of quadratic system (III) in Theorem 3 corresponding to the
regions: G.1 = {(b,¢,d) | b =0,¢c < 0d > 0}, G2 = {(b,e,d) | b=0,¢c > 0,d > 0}, G3 =
{(bye,d) | b =c = 0,d > 0}, H1 = {(b,c,d) | b > 0, c® — 4bd > 0}, H2 = {(b,c,d) | b >
0, ¢ —4bd = 0}, H.3 = {(b,c,d) | b> 0, ¢* — 4bd < 0}.

(Il) & = qz+ ax + bx? + crz + dz?, 2=z,
(II) & =p+ qz +ax + ba? + cxz + dz?, =1,
(IV) & =p+qz+ax+br? +crz+dz?, 2=0.

Then, the following statements hold:

(A) The phase portrait of system (I) with a = b = 0 is topologically equivalent to one of the phase
portraits shown in Figure 2 (A.1 — A.3).

(B) The phase portrait of system (I) with a =0 and b > 0 is topologically equivalent to one of the phase
portraits shown in Figure 2 (B.1 — B.11.2).

(C) The phase portrait of system (I) with a > 0 and b =0 is topologically equivalent to one of the phase
portraits shown in Figure 2 (C.1 — A.4).

(D) The phase portrait of system (I) with a,b > 0 is topologically equivalent to one of the phase portraits
shown in Figure 2 (D.1.1 — D.9.2).

(E) The phase portrait of system (IT) with b= 0 is topologically equivalent to one of the phase portraits
shown in Figure 3 (E.1.1 — E.2.4).
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Figure 5. Global phase portraits of quadratic system (IV) in Theorem 3.
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Figure 6. Global phase portraits of the linear systems (a) and (b) in Theorem 6.

(F) The phase portrait of system (II) with b > 0 is topologically equivalent to one of the phase portraits
shown in Figure 3 (F.1.1 — F.4.2).

(G) The phase portrait of system (I1I) with b =0 is topologically equivalent to one of the phase portraits
shown in Figure 4 (G.1 — G.3.2).

(H) The phase portrait of system (II1T) with b > 0 is topologically equivalent to one of the phase portraits
shown in Figure 4 (H.1.1 — H.3.1).

(J) The phase portrait of system (IV') is topologically equivalent to one of the phase portraits shown in
Figure 5 (J.1 — J.14).
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Corollary 4. System (1) under condition (i) of Theorem 2 on the invariant plane do + diz + day = 0 has
113 topologically different phase portraits.

Theorem 3 and Corollary 4 are proved in Section 3.

Theorem 5. After a change of variables, system (1) under condition (ii) of Theorem 2, when restricted to
the invariant plane do + dix + day = 0, can be transformed into one of the systems (I), (II), (III), or (IV)
described in Theorem 3. The corresponding phase portraits are shown in Figure 2, leading to 113 distinct
global phase portraits in the Poincaré ball. Any trajectory starting on the invariant plane will remain on it
indefinitely. For a trajectory v that does not start on the invariant plane:

o If kg > 0, the trajectory moves towards infinity as t — oo and approaches to the invariant plane as

t — —o0,
o If ky < 0, the trajectory approaches to the invariant plane as t — oo and moves towards infinity as
t — —o0,

where all the possible phase portraits of quadratic system (1) at infinity are given in Figure 1.

Theorem 5 is proved in Section 4.

Theorem 6. After a change of variables, system (1) under condition (i) of Theorem 2 on the invariant
plane dy + dix + doy + d3z = 0 can be written in one of the following forms

(a).Z’:T.Z'—Dy, y:l‘,
(b)x:x7 Y=y,
(c),z":O’ y=0,

providing 9 topologically different phase portraits. The phase portraits of systems (a) and (b) are shown in
Figure 6, while the phase portrait of system (c) is filled with equilibrium points.

Theorem 6 is proved in Section 5.

2. PROOF OF THEOREMS 1 AND 2

Proof of Theorem 1. In this section we examine the local phase portrait of system (1) in a neighborhood of
infinity. We shall use the Poincaré compactification technique discussed in [5, 10]. This involves studying
the system in local charts U; and V;, where i takes values 1,2, and 3. This approach allows us to realize the
global dynamics of the solutions at infinity

The expression for p(X) of the system in the local chart U; is
74 =23 (—ag2] — azz122 — apz123 — a121 + bz + byza + bozs + by)
Zo = — Gp21 2023 — Q32523 — GpZazs + Cr2s + Cgz129 + Caz123 + Cozh — 12223 + C32223 + Co2a 3)
+ 521 + Cez + C123 + C4,
Z3 = — 22 (agz1 + azze +apzz +ay).
Taking z3 = 0, corresponding to the points of the sphere S? at infinity, the plane z; 23 is invariant under the
flow of system (3), therefore the analysis of system (3) reduces to

Z1=0, z2= fi(z1,22), (4)
where
fi(z1,22) = 722 4 cgz120 + Coza + C521 + Co2o + Ca.
The phase portrait of this system consists of trajectories on straight lines parallel to zs-axis, accompanied

by the conic defined by f1(z1,22) = 0, which is filled with equilibrium points. Additionally, the trajectories
exhibit increasing behavior when f1(z1, 22) > 0 and decreasing behavior when f1(z1, 22) < 0.
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The expression for p(X) of the system in the local chart Us is
: 2
Z1 =23 (—b127 — b3z122 — boz123 + a121 — b2y + asze + agz3 + az)
s 2 2 2 2 2
Zg = — b1212223 — b3zy23 — bpzazs + caz] + cez122 + 12123 + Cozy — bazazs + 32223 + Ccp23

®)

+ ¢521 + Cgz2 + €223 + C7,

Z3 = — Z§ (b1z1 + b3zo + bozz + bg) .
Considering z3 = 0, system (5) is reduced to

Z1=0, 23 = fa(z1,22), (6)
where

fa(z1, 22) = c42? + cez120 + Coza + c521 + cg20 + 7.

Similarly the orbits of this chart are trajectories on straight lines parallel to zs-axis, accompanied by the
conic defined by fa(z1,22) = 0. This conic is filled with equilibrium points, and the trajectory directions
depend on the sign of the conic.

Finally, the expression of p(X) of system in the local chart Us is
: 3 2 2 2 2 2
21 = — €421 — Cs2 22 — C121R3 — C721%9 — C22122%3 — CpR21R3 — CeR1 — C82122 + a12123 — C32Z123 + A229%23
2
+ apz3 — Ccoz1 + azzs,
c_ 3 2 2 2 2 2
29 = — C729 — C521%29 — C22523 — C42122 — C121%22%3 — CpR223 — C8Z5 — CEZ1%2 + bQZQZg — C32223 + b12’12’3
2
-+ bOZ3 — Cgz9 + bgzg,

Zs =— 23 (c4zf + c5z122 + €12123 + €125 + Cazazz + Cozs + Co21 + Cgzo + 323 + 09) .
(7

If z3 = 0, then the analysis of system (7) can be simplified to study the dynamics of the following system

Z1 = —z1f3(21,22), 22 = —22f3(21, 22), (8)
where

fg(zl, ZQ) = 042% + Cr21%29 + 6725 + Cg21 + Cg29 + Cg.
By rescaling the time by ¢ +— 1/f5(21, 22)7, this differential system becomes
21 = —Z21, 2'2 = —Z2.

Consequently, the phase portrait of the system in the local chart Us resembles that of the star node, with the
addition of the conic f3(z1,22) = 0 filled with equilibrium points. This star node is stable if f3(z1,22) > 0
and unstable if f3(z1,22) < 0.

The flow in the local charts V; for ¢ = 1,2, 3 is the same as the flow in the local charts U; reversing the
time, because the compactified vector field p(X) in V; coincides with the vector field p(X) in U; multiplied
by —1. Therefore, system (1) exhibits an unstable star node if f3(z1,22) > 0 and a stable star node if
f3(#1, 22) < 0 on the infinite sphere at the endpoint of the negative z-semiaxis.

It is well known that the conics f;(z1,22) = 0, for i = 1,2, 3, can be equivalently expressed in matrix form
as

zATiZT =0,
Where Cg8 Cr Cg Cs Cs Cg
e 22 an_a 2 d) an_[g & 2
=13 o TS|, AP=|3 o T, AP=|% o FT],

with z = (21 2 1), see [3]. Given that det A/t = det A’2 = det A”*, the conics filled with equilibrium points
in charts U;, for ¢ = 1,2, 3, must either be degenerate or non-degenerate. However, due to the symmetry of
the Poincaré compactification, the presence of only one conic filled with equilibrium points in each chart,
and the compatibility in each chart simultaneously, we have only the following possibilities for having a conic
in each chart U;:
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Figure 7. The phase portraits corresponding to systems (4), (6), and (8) under case (a) conditions
are depicted in Figures (i), (ii), and (iii), respectively.

(a) If either the conic fi(z1,22) = 0 in the local chart U; or the conic fo(z1, 22) = 0 in the local chart Us,
or both forms an ellipse, then the phase portrait of system (1) at infinity is topologically equivalent
to the phase portrait shown in Figure 1(a);

(b) If the conic f3(z1,22) = 0 with cg < 0 in the local chart Us forms an ellipse, then the phase portrait
of system (1) at infinity is topologically equivalent to the phase portrait shown in Figure 1(b);

(c) If the conic f3(z1,22) = 0 with ¢g = 0 in the local chart Us forms an ellipse, then the phase portrait
of system (1) at infinity is topologically equivalent to the phase portrait shown in Figure 1(c);

(d) If there is no ellipse in any local chart, and either the conic fi(z1,22) = 0 with ¢g # 0 in the local
chart Uy or the conic fa(21, 22) = 0 with ¢g # 0 in the local chart Us, or both, form a hyperbola, then
the phase portrait of system (1) at infinity is topologically equivalent to the phase portrait shown in
Figure 1(d).

(e) If there is no ellipse in any local chart, and if the conic f1(z1,22) = 0 with ¢g = 0 in the local chart
Ui, the conic fa(z1,22) = 0 with ¢g = 0 in the local chart Us, and/or the conic f3(z1,22) = 0 with
¢ = 0 in the local chart Us forms a hyperbola, then the phase portrait of system (1) at infinity is
topologically equivalent to the phase portrait shown in Figure 1(e);

(f) If there is no ellipse and hyperbola in any local chart, and if either the conic f1(z1,22) = 0 in the
local chart Uy or the conic fa(z1,22) = 0 in the local chart Us, or both forms a parabola, then the
phase portrait of system (1) at infinity is topologically equivalent to the phase portrait shown in
Figure 1(f);

(g) If either the conic fi(z1,22) = 0 with cg # 0 in the local chart U; or the conic f3(z1,22) = 0 with
cg # 0 in the local chart Us, or both forms intersecting lines, then the phase portrait of system (1)
at infinity is topologically equivalent to the phase portrait shown in Figure 1(g);

(h) If the conic fi(z1,22) = 0 with ¢g = 0 in the local chart Uy, the conic fa(z1,22) = 0 with ¢g = 0
in the local chart Uy, and/or the conic f3(z1,22) = 0 with ¢g = 0 in the local chart Us forms a
intersecting lines, then the phase portrait of system (1) at infinity is topologically equivalent to the
phase portrait shown in Figure 1(h);

(i) If there is no intersecting lines, parallel lines and line in any local chart, and if either the conic
f1(#1,22) = 0 in the local chart Uy, or the conic f2(z1,22) = 0 in the local chart Us forms a single
point, then the phase portrait of system (1) at infinity is topologically equivalent to the phase portrait
shown in Figure 1(i);

(j) If the conic f1(z1,22) = 0 in the local chart Uy, and the conic fa(21,22) = 0 in the local chart Us
have no real solution but the conic f3(z1,22) = 0 in the local chart Us forms a single point, then
the phase portrait of system (1) at infinity is topologically equivalent to the phase portrait shown in
Figure 1(j).

Here we describe the procedure used to determine this classification. For instance, in case (a), we assume
that system (4) in the local chart U; exhibits an ellipse filled with equilibrium points located in the second
quadrant of the z725 coordinate plane, then, due to the symmetry of the Poincaré compactification and the



12 ALI BAKHSHALIZADEH, JAUME LLIBRE, ALEX C. REZENDE

presence of precisely one conic filled with equilibrium points in each chart, it follows that system (6) in the
local chart Us must possess an ellipse filled with equilibrium points located in the third quadrant of the z; 25
coordinate plane. Similarly, the remaining cases can be obtained in the same way, (see Figure 7).

Remark 7. Note that there exist certain cases where the compatibility in each chart is not possible simul-
taneously. For instance, if there is a parabola in each local chart U;, for i = 1,2,3, it is impossible for
the parabola in the local chart Us to pass through the north pole. This is because the system of equations
det Afi £ 0 and det A§§ =0 fori=1,2,3, with cg =0, has no real solution.

In conclusion, the phase portrait of system (1) is established at infinity, then it follows the proof of
Theorem 1. (|

Proof of Theorem 2. Assume that f = do + diz + doy + d3z is an invariant plane of system (1), and let
k = ko + kiz + koy + ksz be its cofactor. By substituting f and k into (2), we obtain

aody + bods + cods — dokg + (ardy + byda + c1dz — diko — doky) x + (cads — dyky) 22
+ (azdy + bady + cads — doko — doka) y + (csds — daky — dyka) 2y + (crds — daks) y°
+ (azdy + bada + c3ds — dzko — doks) z + (ceds — dzky — diks) x2

+ (cgdz — dska — doks) yz + ds (co — k3) 2% = 0.

To determine the conditions under which this equation holds, we set each coefficient of the monomials
involving , ¥, and z to zero individually. Considering that the coefficient of the monomial 22 is ds (cg — k3),
we conclude that either d3 = 0 or ¢g = k3. When d3 = 0, and recognizing that d; and dy cannot be zero
simultaneously to maintain the invariant plane, we deduce that k1 = ko = k3 = 0. Therefore, we only need
to solve the following system of equations

agdy + bode — doko =0, aszdy +b3ds =0, asdy + bady — dokg =0, aijdy + bido — dikg = 0.

When kg = 0, we have the solutions given in Theorem 2 (i) with cofactor 0, which indicates that system (1)
has a first integral. For kg # 0, we have the solutions given in Theorem 2 (ii). Since the cofactor is constant,
this system has the Darboux invariant (do + dix + day)e %!, see Theorem 8.7(vi) of [6].

When cg = ks, it is straightforward to find the solution in which all coefficients are equal to zero, so it
gives the solutions given in Theorem 2 (iii). This completes the proof of Theorem 2. O

3. PROOF OF THEOREM 3 AND COROLLARY 4

Now the differential system has a first integral of the form H(z,y) = dixz+dsy. So every plane dyz+dsy =
constant is invariant, and we can describe on each of such planes what is the phase portrait of the system in
the Poincaré disc. System (1) restricted to the plane dix 4+ doy = constant, takes the form

T = d2 ((7a2d0 + aodg) + (*agdl + a1d2> T+ agdzz) s
z= C7d(2) — codpdsy + Cod% + (267d0d1 — c5dody — codids + Cldg) x + (—ngodg + C3d§) z (9)
+ (C7d% — C5d1d2 + C4d§) IZ + (—ng1d2 + Cﬁdg) 2x + 09d§z2.

Considering that the coefficients in the above system are linearly independent, and upon interchanging the
roles of = and z in (9), it can be represented as follows
T =ng+ nNix +nez+ n3x2 + ngxz + n522,
. (10)
2 =mg+ mix + maz.
By applying suitable transformations and manipulations, system (10) can be classified into four distinct
classes:
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e When my # 0,
&= —2z4ax+bx® +cxz +d2?, i=u, (11)
e When my; =0, mg # 0,
& =qz+ax+br® 4+ crz+d2?, i=z, (12)
e When m; =mo =0, mg #0,
& =p+qz+ax+bx® +cxz+d?, =1, (13)

e When my = my =m3 =0,

& =p+qz—+az+br®+cxz+d?, i=0. (14)
These systems correspond to the differential systems labeled as (I), (II), (III), and (IV) in Theorem 3.

We observe the following invariances under specific transformations:

e System (11) is invariant under transformations (z, z,t,a,b,c,d) — (—x,—2z,t,a,—b, —c,—d), and
(z,z,t,a,b,¢,d) = (—z,z,—t,—a, b, —c,d), which imply that it is sufficient to consider only a,b > 0.

e System (12) is invariant under transformation (z, z,t,q,a,b,¢c,d) — (—=z,z,t,—q,a,—b, ¢, —d) and
(z,2,t,q,a,b,¢,d) = (x,—2z,t,—q,a,b, —c,d), which imply that we only need to consider b, ¢ > 0.

e System (13) is invariant under transformation (z, z,¢,p, ¢, a,b,¢,d) = (—=x, z,t,—p, —q,a, —b, ¢, —d)
and (z,2,t,p,q,a,b,¢,d) = (x,—z,—t,—p,q, —a, —b, ¢, —d), which follows that we only need to con-
sider a,b > 0.

Remark 8. System (11) also displays additional invariances under certain specific conditions, which we
outline as follows:

e When a = b = 0, we can see that system (11) is invariant under transformation (z,z,t,c,d) —
(—z,z,—t,—c,d), and (x, z,t,¢,d) = (z,—z, —t,, ¢, —d), which imply that it is sufficient to consider
only c,d > 0.

e Whena =0 andb > 0, system (11) is invariant under transformation (x, z,t,b,¢,d) = (—z,z,—t,b, —c,d),
which follows that we only need to consider ¢ > 0.

e Whena > 0 andb = 0, system (11) is invariant under transformation (x, z,t,a,¢,d) = (—z, —z,t,a, —c, —d),
which follows that we only need to consider ¢ > 0. Also, when a > 0 and b=c =0, system (11) is
invariant under transformation (z, z,t,a,d) — (—x, —z,t,a, —d), which follows that we only need to
consider d > 0.

Remark 9. When b =0 and ¢ > 0, system (12) also exhibits additional invariance under specific transfor-
mation (x,z,t,q,a,¢,d) = (—z, 2,t,—q, a, ¢, —d), which follows that we only need to consider d > 0.

Remark 10. When b =0 and a > 0, system (13) also displays additional invariance under specific transfor-
mation (x,z,t,p,q,a,¢,d) = (—x, z,t, —p, —q, a, ¢, —d) , which follows that we only need to consider d > 0.

3.1. Infinite equilibrium points of systems (11), (12), and (13). Now we aim to investigate the infinite
singular points of the first three systems. Thus, we consider the following system

& =p+ qz + ax + bx® + cxz + dz?,
Z=e+ fz+ gz,
in the local chart Uy (see [2, 6]). Note that in system (15), when p = e = f =0, ¢ = —1, and g = 1,

it corresponds to (11). Similarly, when p = e = ¢ = 0 and f = 1, it corresponds to (12). Finally, when
f=g=0and e =1, it corresponds to (13).

(15)

Let X be the vector field associated to system (15). Then the expression for p(X’) in the local chart U is
i =v(g —ula— f+qu)) —uld+ulc+du)) +v?(e — pu),

16
b= —v(v(a+pv+qu) +b+cu+du?). (16)
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To compute the equilibrium points of system (16) on v = 0, we need to find the solutions of the equation
du® + cu + b = 0. Recall that its discriminant is given by A = ¢ — 4bd. With this in mind, we present the
following proposition:

Proposition 11. Consider system (16), where the parameter b is non-negative, under the following three
conditions:

0,g=-1,9g=1,anda >0,
0, f=1, and c >0,
=1, and a > 0.

f
g
0

p e
P (&
f=g

e
Then the following statements regarding the infinite equilibrium points of systems (11), (12), and (13) in the
local chart Uy hold:

(i) If A>0,b>0, and d # 0, then system (15) has three infinite equilibrium points: the origin, which
is a stable node, and the points

_ fcf\/ZO . fc+\/ZO
p1 = 2d 3 ) b2 = 2 ) ’

which are saddle-nodes if either f =1 and g=0, or f=0andg=1. If f=9g=0 and e =1, the
point p1 is a saddle, and the point py is a stable node if 2b+ (c(—c++/A))/(2d) < 0 and an unstable
node if 2b + (c(—c + VA))/(2d) > 0.

(i) If A >0, b=0, and d # 0, then system (15) has two infinite equilibrium points: the origin has a
local phase portrait consisting of one hyperbolic and one elliptic sector if g =1 (see Figure 8), and a
different phase portrait for g = 0 as shown in Figures 9 and 10. The point (—c/d,0) is a saddle-node
if either f=1andg=0,0or f=0andg=1. If f=9g=0,e=1, and d > 0, the point (—c/d,0)
is a saddle if ¢ > 0, and a stable node if ¢ < 0.

(iii) If A >0, b >0, and d = 0, then system (15) has two infinite equilibrium points: the origin which is
a stable node, and (—b/c,0) which is a saddle-node if either f =1 and g =0, or f =0 and g = 1.
If f=9=0 and e =1, the point (—b/¢,0) is a saddle if ¢ < 0, and an unstable node if ¢ > 0.

(iv) If A >0 and b =d =0, then system (15) has an infinite equilibrium point at the origin whose local
phase portrait consists of one hyperbolic and one elliptic sector if g = 1, and its local phase portrait
for g =0 is given in Figures 9 and 10.

(v) If A =0 and c # 0, then system (15) has two equilibria: the origin and another point at (—(2b)/c,0).
The origin is a stable node. For the point (—(2b)/c,0), we have the following cases:

e When a # f — (cg)/(2b) + (2bq)/c, it is a saddle-node.
e When a= f —(cg)/(2b) + (2bq)/c:
x The local phase portrait is shown in Figure 11 ifp=e=f=0,q= -1, g =1, and
a > 0.
x The local phase portrait is shown in Figure 12 ifp=e=9g=0, f=1, and ¢ > 0.
x The local phase portrait is shown in Figures 13, 14, 16, 17, 18 if f =g =0 and e = 1.

(vi) If A =0 and ¢ = b =0, then system (15) has an infinite equilibrium point at the origin. If g =1, it
is a stable node if d > 0 and an unstable node if d < 0, and its local phase portrait for g = 0 is given
in Figures 19 and 21.

(vii) If A =0 and ¢ = d = 0, then system (15) has an infinite equilibrium point at the origin which is a
stable node.
(viti) If A <0, then system (15) has an infinite equilibrium point at the origin which is a stable node.

Proof. First we assume that A > 0, and then we investigate four distinct cases as follows:
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Figure 8. Local phase portrait at the origin of U; when A > 0,b=0,d # 0, and g = 1.

(i) When b > 0 and d # 0, system (16) has three distinct equilibrium points on v = 0, namely

—c—\/Z —c—l—\/K
Po = (OaO)a b1 = (2d70> , P2 = (26[70) .

The determinant and trace of the linear part of system (16) at the origin are b2 and —2b, respectively. It
shows that the origin is a stable node. The determinants of the linear part of system (16) at both points p;
and po are zero, and the traces at these points are given by

c(—c—\/Z) c(—c—i—\/g)
2d ' 2d
Since the trace of these points is non-zero, they are semi-hyperbolic. According to Theorem 2.19 in [6], if
either f =1and g =0, or f =0 and g = 1, these points are saddle-nodes. If f = g =0 and e = 1, the point

p1 is a saddle, and the point ps is a stable node if tr(ps2) < 0 and an unstable node if tr(p2) > 0.

tr(pr) = 2b+ tr(p2) = 2b+

(ii) When b = 0 and d # 0, system (16) exhibits two distinct equilibria on v = 0: one at the origin and
the other at (—c¢/d,0). If g = 1, both eigenvalues of the Jacobian matrix at the origin are zero but the
matrix itself is not linearly zero, indicating that it is a nilpotent point. By applying Theorem 3.5 from [6],
we can determine that the local phase portrait of the origin consists of one hyperbolic and one elliptic sector
(see Figure 8). If g = 0, the Jacobian matrix at the origin is linearly zero, and we need to do blow-ups
to understand the local behavior at this point. We perform the u-directional blow-up (u,v) — (u,w) with
w = v/u and we obtain

0= —u? (aw+c+du—ew2—fw+puw2+quw),
W= —uw?(ew + f).

Using a reparametrization of time we eliminate the common factor u between @ and w, and we get
U = fu(anchrdufer ffw+puw2+quw),

W= —w?(ew + f). (17)

When either f =1 and e=0or f =0 and e = 1, system (17) has a unique equilibrium point at the origin
on u = 0. The determinant and trace of the Jacobian matrix at the origin is zero and —c, respectively, so it
is a semi-hyperbolic point. Using Theorem 2.19 of [6], it is a saddle-node if f = 1 and e = 0, a stable node if
f=0,e=1and c>0, and a saddle if f =0, e =1 and ¢ < 0. Going back through the blow-ups we obtain
the local phase portrait at the origin of U; shown in Figure 9 and 10. For details on the blow-up technique,
see [1, 6]. The determinant and trace of the Jacobian matrix at the point (—c/d,0) are zero and —c?/d,
respectively. Therefore, it is a semi-hyperbolic point. By applying Theorem 2.19 of [6], if either f = 1 and
g=0,or f =0and g =1, it is a saddle-node. When f =g =0, e =1, and d > 0, it is a saddle if ¢ > 0,
and a stable node if ¢ < 0.

(iii) When b > 0, and d = 0, system (16) has two equilibria: one at the origin and the other at (—b/c,0)
when v = 0. The origin is a stable node, and the determinant and trace of the Jacobian matrix at the point
(=b/c,0) are zero and b, respectively. This indicates that it is semi-hyperbolic. According to Theorem 2.19
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a>0 a<0 a=0

Figure 9. Local phase portrait at the origin of U; when A > 0, ¢ > 0,b=g =e =p =0, and
f=1

c>0 c<0

Figure 10. Local phase portrait at the origin of Uy when A >0,b=9g= f =0, and e = 1.

of [6], if either f =1 and ¢ =0, or f =0 and g = 1, this point is a saddle-node. If f =g=0and e =1, it
is a saddle if ¢ < 0, and an unstable node if ¢ > 0.

(iv) When b = d = 0, the origin is the unique equilibrium point of system (16) on v = 0. If g = 1, then
both the determinant and trace of the Jacobian matrix at this point are zero, but the matrix itself is not
identically zero. Furthermore, using Theorem 3.5 from [6], the local phase portrait of the origin is formed
by one hyperbolic and one elliptic sector. If g = 0, the Jacobian matrix at the origin is identically zero,
indicating a need for blow-ups. The blow-up in this case follows the same way as case (ii) where d = 0.
Therefore, the local phase portrait at the origin of U; remains unchanged from case (ii) for g = 0, as shown
in Figures 9 and 10.

Now we consider the condition A = 0, which leads us to investigate three distinct cases as follows:
(v) When ¢ # 0, system (16) has two equilibria: one at the origin and another at (—(2b)/c, 0) on the line
v = 0. The origin is a stable node. The Jacobian matrix at (—(2b)/c,0) is given by

2b(—ac + 2bg + cf)
2

J=1% 9~
0 0

c

This matrix is nilpotent if @ # f — (cg)/(2b) + (2bq)/c. According to Theorem 3.5 from [6], it is a
saddle-node point.

If a = f — (cg)/(2b) + (2bqg)/c, then the Jacobian matrix at the point (—(2b)/c,0) is linearly zero, so
we need to do blow-ups. First, we translate this equilibrium point to the origin. Then, we perform the
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Figure 11. Local phase portrait the point (—(2b)/c,0) of Uy when A = 0, ¢ < 0, a = —(c +
4*)/(2bc), p=e=f=0,q=—1,and g = 1.

u-directional blow-up (u,v) — (u,w) with w = v/u and we get

1
0= EUQ (8(72pw2 + 8b%quw + 2bc? + dbcew? — dbepuw? — dbequw + ¢ (—u) + 202910) ,
c

1
W= — 2t (4bpw?* + 4bqw + ¢* + 2cew® + 2cfw) .
¢
Using a reparametrization of time we eliminate the common factor u between @ and w, and we get

1
U= Eu (8b2pw2 + 8b%qw 4 2bc? + 4bcew? — dbepuw? — 4bequw + ¢ (—u) + 202910) ,
c

1
W= — 2 (4bpw?* + 4bqw + ¢* + 2cew® + 2cfw) .
¢

(18)

Now we consider three different cases as follows:

xIfp=e=f=0,¢g=—-1,g=1,and a = —(c® + 4b?)/(2bc) > 0, system (18) has two equilibrium
points on u = 0: one at the origin and at (0,c¢?/(4b)). The determinant of the Jacobian matrix at the
origin is —c?/4, indicating it is a saddle point. The determinant and trace of the Jacobian matrix at the
point (0, c?/(4b) are ¢*/(16b) and (c/8) (4 + ¢*/b?), respectively. So this point is a stable node. Going back
through the blow-ups we get the local phase portrait at the point (—(2b)/c,0) of Uy shown in Figure 11.

xIfp=e=g=0, f =1 and ¢ > 0, the number of equilibrium points on v = 0 is determined by the
solutions of the equation

2(2bq + c)w + ¢ = 0.

The system (18) has two equilibrium points at the origin and at p; = (0, —c?/(2(2bq + c))) if 2bg + ¢ # 0,
and has a unique equilibrium point at the origin if 2bq 4+ ¢ = 0. The determinant of the Jacobian matrix at
the origin is —c?/4, so it is a saddle. The determinant and trace of the Jacobian matrix at the point p; are

e c(bq + ¢)
det(p1) = 1(2bg+ o)’ tr(p1) = Shgtc’

which shows that the point p; is a saddle if 2bg + ¢ < 0, and an unstable node if ¢ > 0 or ¢ < 0 and
0 < b < —¢/(29). Going back through the blow-ups we obtain the local phase portrait at the point
(—(2b)/c,0) of Uy shown in Figure 12.

xIf f=9=0,e=1, and a > 0, the number of equilibrium points on v = 0 depends on the solutions of
the equation

2(2bp + c)w? + 4bqw + ¢* = 0.
Introducing the discriminant as 46 where § = 4b%q? — 2¢?(2bp + ¢), we analyze the following cases:

When 6 > 0 and ¢ # —2bp, system (18) has three equilibrium points on u = 0, namely,

B (. —2bg -0 [ —2bg+ Vo
pO - (070)7 pl - <07 2(26p+c) ) 7p2 - <Oa 2(2bp+c) .
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Figure 12. Local phase portrait the point (—(2b)/c,0) of Uy when A =0, ¢ >0, a =1+ (2bq)/c,
p=e=g=0,and f =1.
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A
= =

2bp+c<0,¢>0 2bp+c¢<0,c¢<0 2bp+c>0,c<0, 2p+c¢>0,¢>0,
‘szqz _ 3 szqQ B
,q<0 p< —C . q>0
P DS e

Figure 13. Local phase portrait at the point (—(2b)/c,0) of Uy when A =0, ¢ # 0, a = (2bg)/c >
0, f=g=0,e=1,6>0, and c # —2bp.

The determinant of the Jacobian matrix at the origin is —c?/4, so it is a saddle. The determinant at the
points p; and ps is zero, and the trace of these points is given by

e+ 2bc?p — bg (qu + \/5)
c(2bp +¢) ’

3+ 2bc2p + by (\/S - 2bq>
c(2bp + ¢)

tr(p1) = tr(pz) =

These traces are non-zero, indicating that p; and py are semi-hyperbolic points. Using Theorem 2.19 of [6],
these points are saddle-nodes. Going back through the blow-ups we get the local phase portrait at the point
(=(2b)/¢,0) of Uy shown in Figure 13.

When 6 > 0, c = —2bp and ¢ # 0, system (18) exhibits two equilibrium points on u = 0: one at pg = (0, 0)
and another at p; = (0, —(bp?)/q). The determinant of the Jacobian matrix at the origin is —b%*p?, indicating
it is a saddle point. The determinant and trace of the Jacobian matrix at the point (0, —(bp?)/ q) are 0 and
—bp, respectively. Thus this point is a semi-hyperbolic point. Again using Theorem 2.19 from [6], it is a
saddle-node. Going back through the blow-ups, we obtain the local phase portrait at the point (—(2b)/c,0)
of Uy shown in Figure 14.

When 6 = 0 and ¢ # 0, we find that p = (2b6?¢* — ¢®)/(2bc?). Under these conditions, system (18) exhibits
two equilibrium points on « = 0: one at the origin and the other one at (0, —c?/(2bg)). The determinant of
the Jacobian matrix is —c?/4, which shows it is a saddle. The Jacobian matrix at the point (0, —c?/(2bq))
is identically zero, necessitating the use of blow-ups. We translate this equilibrium point to the origin, and
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Figure 14. Local phase portrait at the point (—(2b)/c,0) of Uy when A = 0, ¢ = —2bp # 0,
a=—q/p>0,f=g=0,e=1,6>0,and g #0.

| -

q>0,¢>0 q¢<0,c<0

Figure 15. Local phase portrait at the point (0, —02/(26(])).

then we perform the u-directional blow-up (u,w) — (u,s) with s = w/u, and we obtain

o= W“Z (16b°¢*s*u — 8b*eq” s*u® + 4b%c*¢?s°u® — dbcPqsu + %)

$ = WSU (732b5q452u + 82?35 + 8beqtsPu? — 4b*ctq?s*u® 4 4bcSqsu — 08) .
c3q

Using a reparametrization of time we eliminate the common factor u between @ and $, and we get

1
U= gt (16070 s u — 8bleq"s™u” + 4bc"q?s™u? — 4bcgsu + ),
c3q
19)
1 (
§ = gpaans® (F32°q s u + 8b'c%q"s + 8biegstu® — bt + dbegsu — oF) .
c3q

The system (19) has two equilibrium points on the line = 0: one at the origin and another at (0, c%/(8b%¢?)).
The determinant of the Jacobian matrix at the origin is —c'%/(64b%¢*), indicating that the origin is a saddle
point. For the equilibrium point (0,c®/(8b%¢3)), the determinant and trace of the Jacobian matrix are
ct0/(64b%¢*) and ¢ /(4b%q?), respectively. This implies that the point is an unstable node if ¢ > 0 and a
stable node if ¢ < 0. The local phase portrait of the original system is shown in Figure 15.

Now, by going back through the blow-ups, we get the local phase portrait at the point (—(2b)/¢,0) of Uy
shown in Figure 16.

When 6 = 0, ¢ = 0 and ¢ = —2bp, system (18) has a unique equilibrium point at the origin on u = 0.
The determinant of the Jacobian matrix at the origin is —b?p?, indicating it is a saddle point. Going back
through the blow-ups, we obtain the local phase portrait at the point (—(2b)/c,0) of U; as shown in Figure
17.
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Figure 16. Local phase portrait at the point (—(2b)/c,0) of Uy when A =0, ¢ # 0, a = (2bq)/c >
0, f=9g=0,e=1,6=0,and ¢ #0.
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Figure 17. Local phase portrait at the point (—(2b)/c,0) of Uy when A =0, ¢ = —2bp # 0, a = 0,
f=9g=0,e=1,6=0,and ¢ =0.
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Figure 18. Local phase portrait at the point (—(2b)/c,0) of Uy when A =0, ¢ # 0, a = (2bq)/c,
f=9g=0,e=1,and 0 < 0.

When 6 < 0, system (18) has a unique equilibrium point at the origin on u = 0. The determinant of the
Jacobian matrix at the origin is —c?/4, indicating it is a saddle point. Going back through the blow-ups, we
obtain the local phase portrait at the point (—(2b)/c,0) of U as shown in Figure 18.

(vi) When ¢ = b = 0, system (16) possesses only one equilibrium point at the origin on v = 0. This
equilibrium point is nilpotent if g = 1. According to Theorem 3.5 from [6], it is a stable node if d > 0 and
an unstable node if d < 0. If g = 0, the Jacobian matrix is linearly zero and we need to perform blow-ups.

We perform the u-directional blow-up (u,v) — (u,w) with w = v/u and obtain
U= —u(aw+du—ew2—fw+puw2+quw),

W= —w?(ew + f), (20)
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Figure 19. Local phase portrait at the origin of Uy whenc =b=g=e=p =0, f =1, and
d> 0.

where a common factor u has been canceled. If either f =1 and e = 0, or f = 0 and e = 1, system (20)
has a unique equilibrium point at the origin on v = 0. The Jacobian matrix at this point is linearly zero,
requiring another blow-up. This time, we perform the w-directional blow-up (u,w) +— (s,w) with s = u/w
and obtain

§$= fs(a+d5726w72f+psw2+qsw),

w= —wlew+ f), 1)

where a common factor w has been canceled. Now we analyze two different cases:

When f=1,e=0,p=0andd > 0, system (21) has two equilibrium points: one at the origin and another
at ((—a+2)/d,0) for a # 2. If a = 2, there is a unique equilibrium point at the origin. The determinant
and trace of the Jacobian matrix at the origin are —2 4 a and 1 — a, respectively. This indicates that the
origin is a saddle point if @ < 2 and a stable node if a > 2. For a = 2, the origin becomes a semi-hyperbolic
point, and according to Theorem 2.19 from [6], it is a saddle-node. The equilibrium point at ((—a + 2)/d, 0)
has a Jacobian matrix with determinant 2 — a and trace —3 4 a. This point is a stable node if a < 2 and a
saddle point if @ > 2. Going back through all the blow-ups, we get the local phase portrait at the origin of
U; as shown in Figure 19.

When f =0, e=1and d > 0, system (21) has two equilibrium points: one at the origin and another at
(=a/d,0) for a > 0. If a = 0, there is a single equilibrium point at the origin. The Jacobian matrix at both
the origin and (—a/d,0) has a determinant of zero, with traces —a and a, respectively. For a > 0, both the
origin and (—a/d,0) are semi-hyperbolic, and according to Theorem 2.19 from [6], they are saddle-nodes.

If a = 0, the Jacobian matrix at the origin is identically zero, and we need to do the blow-ups. We perform
the s-directional blow-up (s, w) — (s, k) with k£ = w/s and obtain

§ = —s(d+k2p32+kqs—2k),

. 22
k =k (d+k’ps® + kqs — 3k), @2)

where a common factor s has been canceled. System (22) has two equilibrium points: one at the origin
and the other at (0,d/3). The determinant of the Jacobian matrix at the origin is —d?, indicating that
it is a saddle point. At (0,d/3), the determinant and trace of the Jacobian matrix are d?/3 and —(4d)/3,
respectively, classifying it as a stable node. Going back through the blow-up, we obtain the phase portrait
of system (21) at the origin, see Figure 20

Finally, going back through all the blow-ups we get the local phase portrait at the origin of U; as shown
in Figure 21.

(vii) When ¢ = d = 0, system (16) has only one equilibrium point at the origin on v = 0. The determinant
and trace of the Jacobian matrix of system (16) at the origin are b? and —2b, respectively. So it shows that
this point is a stable node.
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Figure 20. Local phase portrait of system (21) at the origin when a = 0.
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Figure 21. Local phase portrait at the origin of Uy whenc=b=g=f=0,e=1,and d > 0.

(viii) When A < 0, the origin is the only equilibrium point of system (16) for v = 0, and it is a stable
node. g

Here, we investigate the infinite singular points of system (15) in the local chart Us. The expression for
p(X) in the local chart Us is
i =v(au — u(ev + f + gu) + pv + q) + bu® + cu + d,
b= —v*(ev+ f + gu),

and we have the following proposition:

(23)

Proposition 12. Consider system (23), where the parameter b is non-negative, under the following three
conditions:

ep=e=f=0,g=-1,g=1, anda >0,
ep=e=9g=0, f=1,andc >0,
e f=g=0,e=1, anda>0.

Then the following statements regarding the origin in the local chart Uy of systems (11), (12), and (13) hold:

(i) Whend=0, f =1 and ¢ # 0, it is a saddle-node.
(ii) Whend=f=0,g=1,g=—1 and c#0, it is a saddle.
(iii) Whend=f=g=0,e=1andc#0, it is a saddle if ¢ > 0, and a stable node if ¢ < 0.
(iv) Whend=c=0, f=1, and g # 0, it is a saddle-node.
(v) Whend=c=f=0,g=1, and g = —1, it is a saddle.
(vi) Whend=c=f=9g=0,e=1, and g # 0, it is a saddle-node.
(vii) When d =c = q =0, its local phase portrait is shown in Figures 22, 24, and 25.

Proof. The origin is an equilibrium point of system (23) only if d = 0. If ¢ # 0, the origin is a semi-hyperbolic
point because the determinant and trace of the Jacobian matrix at the origin are zero and c, respectively.
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Figure 22. Local phase portrait at the origin of Us whend=c=q=9g=f=0,e=1, p#0.

According to Theorem 2.19 of [6], if f = 1, it is a saddle-node, if f =e =0, g =1, ¢ = —1, it is a saddle,
and if f =g =0, e =1, it is a saddle if ¢ > 0, and a stable node if ¢ < 0. If ¢ = 0 and ¢ # 0, the origin is
a nilpotent point. Using Theorem 3.5 of [6], if f = 1, the origin is a saddle-node, if f =0, g =1, ¢ = —1,
it is a saddle, and if f =g =0, e = 1, it is a saddle-node. If ¢ = ¢ = 0, the Jacobian matrix at the origin
is linearly zero, so blow-ups are needed to analyze the dynamics. First, we set g = 0 since in the first case
g = —1. Next, we perform the u-directional blow-up (u,v) — (u,w) with w = v/u and obtain

u:u(aw+b—euw2—fw+pw2),

24
w:fw(pw2+aw+b), (24)

where a common factor v has been canceled. The equilibrium points of system (24) for u = 0 are determined
by the solutions of the equation pw? 4+ aw + b = 0. The discriminant of this quadratic equation is given by
A1 = a® — 4bp. Tt is important to note that b > 0 because if b = 0, the main system would be linear. If
p#0, f=0and e =1, then we have the following cases:

When A; > 0, system (24) has three equilibrium points on v = 0, namely,

—a— /a2 — 4b - 245
p02(070)’ pl - (0’ w)? p2: (07 W) .

2p 2p

The determinant of the Jacobian matrix of system (24) at the origin is —b2, indicating it is a saddle. The
determinants of the Jacobian matrix at the points p; and py are zero, and their traces are given by

a <fa —a? - 4bp) a (fa + a2 — 4bp)
2p 2p
which are non-zero, so these points are semi-hyperbolic. Using Theorem 2.19 from [6], they are saddle-nodes.

Going back through the blow-ups we obtain the local phase portrait at the origin of Us as shown in Figure
22 (i.1) and (i.2).

When A; = 0, we find that p = a?/(4b). The system (24) then has two equilibrium points along u = 0:
one at the origin and the other at (0,—(2b)/a). At the origin, the determinant of the Jacobian matrix is
—b?, indicating that this point is a saddle. For the point (0, —(2b)/a), the Jacobian matrix is linearly zero,
so we need further blow-ups to analyze this equilibrium point. We translate this equilibrium point to the
origin, and then perform the u-directional blow-up (u,w) — (u,s) with s = w/u and we have

tr(p1) = 2b+

) tI‘(p2> =2b+

; (25)

1
i =y (a's%u — da®bs”u® + 16ab%su — 166°) |

§= 2;21)5 (a4 (752) u ~+ a®bs + 2abs*u? — 8ab’su + 8b3) ,
where a common factor u has been canceled. System (26) has two equilibrium points at the origin and at
(0,—(8b%)/a®) on u = 0. The determinant of the Jacobian matrix at the origin is —(16b*)/a*, indicating
it is a saddle point. At the point (0, —(8b2)/a?®), the determinant of the Jacobian matrix is (16b*)/a* and

(26)
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S

Figure 23. Local phase portrait of system (24) the point (0, —(2b)/a).

v Av Ay

(1)a<0 (.2)a>0 (ii)a=0

Figure 24. Local phase portrait at the origin of Us whend=c=g=¢g=p=0and f = 1.

the trace is —(8b%)/a?, so it is a stable node. Going back through the blow-up, we can find the local phase
portrait of system (24) at the point (0, —(2b)/a) as shown in Figure 23.

Then, going back through all the blow-ups we obtain the local phase portrait at the origin of U; as given
in Figure 22 (ii).

When A; < 0, system (24) has a unique equilibrium point at the origin on w = 0. The determinant of
the Jacobian matrix at the origin is —b2, so it is a saddle. Going back through the blow-ups we obtain the
local phase portrait at the origin of Uy as given in Figure 22 (iii).

If p = 0, then system (24) has two equilibrium points on v = 0: one at the origin and another at (0, —b/a).
The determinant of the linear part at the origin is —b?, indicating it is a saddle point. When f = 1, the
determinant and trace of the linear part at the point (0, —b/a) are b*>/a and (14-1/a)b, respectively. Therefore,
this point is a saddle if ¢ < 0 and an unstable node if a > 0. When f = 0 and e = 1, the determinant of the
linear part at the point (0, —b/a) is zero, but the trace is b, making this point semi-hyperbolic. According to
Theorem 2.19 from [6], it is a saddle-node. Now going back through the blow-ups we have the local phase
portrait at the origin of U, as shown in Figure 24 (i.1), (i.2) and Figure 25 (i), respectively.

If p = a = 0, then system (24) has a unique equilibrium point at the origin on u = 0. The determinant
of the linear part at this point is —b?, so it is a saddle point. Going back through the blow-ups we have the
local phase portrait at the origin of Uy as shown in Figures 24 (ii) and 25 (ii).

O

Remark 13. We note that due to the even degree of the system, and regarding Proposition 11 and 12, the
equilibrium points diametrically opposite in the local chart Vi and Vo exhibit opposite stability.

3.2. Finite equilibrium points and potential limit cycle of system (11). We now analyze the finite
equilibrium points for the differential system (11). Also, we will investigate the potential limit cycles for the
differential system (11).
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Figure 25. Local phase portrait at the origin of Us whend=c=q=g=p=f=0and e= 1.

Proposition 14. Consider system (11), where a and b are non-negative parameters, and ¢ and d are free
parameters. When d # 0, the system has two equilibrium points: the origin (0,0) and the point (0,1/d).
When d = 0, the system has a single equilibrium point at the origin (0,0). The point (0,1/d) is always a
saddle point, and the stability of the origin depends on the parameters as follows:

(i) It is a center if a =0 and c(b+ d) = 0;

(i) It is a stable focus if a =0 and c¢(b+ d) < 0;
(111) It is an unstable focus if c(b+ d) > 0;

(iv) It is an unstable focus if 0 < a < 2;

(v) It is an unstable node if a > 2.

Proof. System (11) has two distinct equilibrium points at the origin and at (0,1/d), when d is a non-zero
real number. However, if d = 0, the system has only one equilibrium point, which is at the origin. The
determinants of the Jacobian matrix of system (11) at the origin and at (0,1/d) are 1 and —1, respectively.
Also, the trace of the Jacobian matrix at the origin is a. As a result, if 0 < a < 2 the origin is an unstable
focus; if @ > 2 it is an unstable node. However, if a = 0, it is either a center or a weak focus, according to
Theorem 12.4 of [14], it is a center when ¢(b+ d) = 0; otherwise, it is a stable weak focus if ¢(b+ d) < 0 and
unstable weak focus if ¢(b+ d) > 0. The point (0,1/d) is always a hyperbolic saddle. O

We know that in a quadratic system, if there is a limit cycle, it surrounds a unique equilibrium point that
it is a focus (see [4]). From Theorem 12.4 of [14], it is shown that when a = 0, there is no limit cycle around
the origin. According to Theorem 12.5 of [14], if 0 < a < 2, we can conclude that when ¢(b + d) = 0, there
are no limit cycles around the origin. Similarly, when ¢(b+ d) > 0, there are also no limit cycles. However,
if ¢(b+ d) < 0 and a is sufficiently small, system (11) will have a unique limit cycle because the stability of
the origin changes when a increases from zero. Hence from Theorem 3.7 of [14] we know that limit cycles
will appear near the origin. Also, Theorem 12.6 in [14] states that for any values of ¢, b, and d, system (11)
can have at most one limit cycle around the origin.

When a varies, system (11) forms a complete family of generalized rotated vector fields parameterized by
a. If ¢(b+ d) < 0, then as a increases from 0, the stability of the origin transitions from stable to unstable.
Therefore, according to Theorem 3.7 of [14], it also represents a stable limit cycle.

3.3. Invariant lines passing through the saddle point. Here we emphasize additional crucial details
necessary for constructing the global phase portraits of system (11).

(i) When two infinite equilibria located diametrically opposite from each other are connected by a curve,
the connection is due with an invariant straight line [13].
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Figure 26. Bifurcation diagrams; (i) system (11) with a = b =0, (ii) system (11) with a = 0 and
b > 0, (iii) system (11) with @ > 0 and b = 0, (iv) system (11) with a,b > 0.
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Figure 27. Local phase portraits of system (11) for case A.2.
(ii) When a = 0 and b > 0, system (11) possesses an invariant straight line only if d = —b. More
precisely, when b = —d, the separatrices of the saddle point are the two invariant straight lines
c V2 + 4b2 1
z=———~- |z — -
2b b
Consequently, it follows that the saddle-node points located diametrically opposite from each other
must be linked by these separatrices.
(iii) When a > 0 and b = 0, system (11) possesses an invariant straight line only if @ = —b/c and

¢ > 0. In fact, when a = —b/c, one of the separatrices of the saddle point is the invariant line
z=(1/d)(—cx +1).
(iv) When a,b > 0, system (11) possesses an invariant straight line only if
—c+ VA
bd#0 and a= (b+ d)(QbfZ \F)

In fact, one of the separatrices of the saddle point is the invariant line z = —(ab)/(ac+b+d)z +1/d.

3.4. Global phase portrait of system (11). Now, we describe how we can get the global phase portrait
of system (11) on the Poincaré disc. We only describe the global phase portrait of system (11) for case A.2
(please see Figure 2) because the other cases can be found in a similar way.
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The local phase portraits of system (11) for case A.2 on the Poincaré disc is shown in Figure 27. Here the
unstable separatrix of the saddle in the first quadrant goes to the origin of U, while its stable separatrix
in the second quadrant comes from the origin of V;. If the other unstable separatrix of the saddle point on
the second quadrant converges to the origin of Uy, then the remaining stable separatrix in the first quadrant
lacks a source. Then, it indicates the presence of a homoclinic loop around the center. This completes the
description of the global phase portrait of system (11) for case A.2.

3.5. Finite equilibrium points of system (12). Here, we study the finite equilibrium points for the
differential system (12). We mention that system (12) cannot exhibit a limit cycle because its equilibrium
points lie on an invariant line.

Proposition 15. Consider system (12), where b and ¢ are non-negative parameters, and q, a, and d are
free parameters. When b > 0 and a # 0, the system has two equilibrium points: the origin (0,0) and the
point (—a/b,0). When either b = 0 and a # 0, or b > 0 and a = 0, the system has a unique equilibrium
point at the origin (0,0).

The stability of the equilibrium points is as follows:

(i) The origin (0,0) is a saddle if a < 0, an unstable node if a > 0, and a saddle-node if a = 0.
(i) The point (—a/b,0) is an unstable node if a <0, and a saddle if a > 0.

Also, the line z = 0 is filled with equilibrium points if a = b = 0.

Proof. When b > 0 and a # 0, system (12) has two equilibrium points: one at the origin and another at
(=a/b,0), both on the invariant line z = 0. At the origin, the linear part of system (12) has a determinant
of a and a trace of 1+ a. It is a saddle if a < 0, or an unstable node if @ > 0. At (—a/b,0), the determinant
is —a and the trace is 1 — a. Depending on a, it is an unstable node if a < 0, or a saddle if a > 0.

When b > 0 and a = 0, system (12) has a unique equilibrium point at the origin. The determinant of the
linear part is 0 and the trace is 1. According to Theorem 2.19 in [6], this equilibrium point is a saddle-node.

When b = 0 and a # 0, system (12) also has a unique equilibrium point at the origin. The determinant
and trace of the linear part are a and 1 + a, respectively. It is a saddle if a < 0, or an unstable node if
a>0. O

3.6. Global study of system (14). The system (14) has a common factor in the form of a conic, p + gz +
ax + bx? + crz + dz?. Thus, we study the reduced system

which has a stable node at the origin. On the local chart Us, the differential system is
u=1, v=0,

which has no equilibrium points. To complete the study of system (14), we need to add the conic of
equilibrium points to the phase portraits of the original system (see Figure 5).

The proof of Theorem 3 is now complete. Additionally, according to Theorem 4 in [2], the phase portraits
B.8,C5,D.1.2,D1.3,D.1.5,D.4,D.7.1,D.8,D.9.1, and D.9.2 are topologically equivalent to the phase por-
traits A.2, A.4,B.5.1,B.5.2, B.5.3, B.7,B.9, B.10, B.11.1, and B.11.2, respectively. Furthermore, the phase
portraits H.3.1 and J.14 are topologically equivalent to the phase portrait G.3.2. This observation implies
Corollary 4.
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4. PROOF OF THEOREM 5

This class, defined by the invariant plane P : dy + dix + d2y = 0, possesses the Darboux invariant
I(x,y,t) = (do + dyw + day) e~ *o!. This invariant function enables the description of phase portraits on the
Poincaré ball.

Consider constants by, b1, by, and by as given in Theorem 2 (ii). System (1), restricted to the invariant
plane dy + dix + doy = 0, becomes
T =do ((—a2d0 + aodg) + (—agdl + aldg) xr + agdgz) s
z = C7d(2) — 02d0d2 + Cod% + (207d0d1 — C5d0d2 — C2d1d2 + Cldg) T+ (—ngodg + ng%) z
+ (qd% — csdids + C4d§) %+ (—(38d1d2 + chg) zr + 09d§z2.
Therefore, similar to the proof of Theorem 3, our focus shifts to analyzing the dynamics of the differential
system
&= —z+4ax + bz® + cxz + d2?,
. (27)

= x’
where a,b > 0, and ¢ and d are free parameters. The phase portraits of the quadratic system (27) are
thoroughly studied in Section 3, and their representations on the Poincaré disc are given in Figure 2.

Since the plane P is invariant, meaning any trajectory that starts on this plane remains on it for all time.
For trajectories v that do not start on P, the behavior is determined by the invariant function

I(z,y,t) = (do + dia + day) e Fot.

This invariant function indicates that
(do + dyx + dyy) = Ceot,

where C' depends on the initial conditions of the trajectory.

If kg > 0: As t — oo, eko? grows exponentially to infinity. Consequently, do 4 di + day must move away
from the plane P and can approach infinity, leading to w(p) C S?. Conversely, as t — —oo, e*o! tends to
zero, so dg + d1x + doy must approach zero, implying a(p) C P.

If ko < 0: As t — oo, eko! tends to zero, causing do + dix + day to decrease to zero, resulting in w(yp) C P.
Conversely, as t — —oo, e? grows exponentially, causing do + diz + doy to grow to infinity, leading to
alp) C 2.

This characterization shows how the sign of k¢ influences the trajectory’s behavior relative to the invariant
plane P in the phase space. Furthermore, Figure 1 displays all potential phase portraits of system (1) at
infinity.

5. PROOF OF THEOREM 6

This class with the invariant plane dy + dix + dsy + d3z = 0 has neither a Darboux invariant, and nor
a first integral, and we will describe the phase portraits of these systems on that invariant plane using the
Poincaré disc.

Consider the conditions under Theorem 2 (iii). By performing the change of variables

u=x, v=y, w=dy+dix+dy+dsz,



GLOBAL DYNAMICS ANALYSIS OF A CLASS OF QUADRATIC DIFFERENTIAL SYSTEMS IN R3 29

8]Y

(@) (i)

Figure 28. Local phase portraits of system (30) for case (iv) and (v).

system (1), when restricted to the invariant plane dy + dix + day + d3z = 0, becomes
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After translating the equilibrium point to the origin, then system (28) transforms into the following form

(28)

& =azx+by, Y=cx+dy, (29)
where
a3d1 (Lgdg b3d1 b3d2
=a; ———, b=ay— —— =b———, d=by— —.
a ai dg, ) a2 d3 ) & 1 d3 ) 2 d3
By applying the suitable transformation, system (10) can be reduced into three distinct classes:
e When ¢ # 0,
t=Tx—Dy, y=2x with T=a+d and D = ad— bc, (30)
e When ¢=0 and d # 0,
i=z Y=y, (31)
e When c=d =0,
=0, y=0.

The global phase portrait of the last case £ = y = 0 is trivial, characterized by a phase portrait filled with
equilibrium points. Therefore, our focus will be on studying the global phase portraits of the differential
systems (30) and (31).

It is easy to see that system (30) is invariant under transformations (z,y,t,T, D) — (—x,y,—t,—T, D),
so it is sufficient to consider only 7' > 0. According to [6, 8], we can invoke the following theorem:

Theorem 16. Consider the linear system given by (30). Then, the subsequent statements hold:

(i) If D < 0, then the system has a saddle at the origin;

(i) If D >0 and T = 0, then the system has a center at the origin;

(iii) If D > T?/4 and T > 0, then the system has an unstable focus at the origin, and if D < T?/4 and
T > 0, then it has an unstable node at the origin;

(iv) If D =0 and T > 0, then the local phase portrait of system at the origin is topologically equivalent
to Figure 30 (i);

(v) If D = 0 and T = 0, but A is not identically zero, then the local phase portrait of system at the
origin is topologically equivalent to Figure 28 (ii);



30 ALI BAKHSHALIZADEH, JAUME LLIBRE, ALEX C. REZENDE

Now, we investigate the infinite equilibrium points of system (30) in the local chart U;. Let X be the
vector field associated to system (30). Hence, the expression for p(X) in the local chart U; becomes
4=Du®—Tu+1,
. (32)
0 =v(Du—T),

where the equilibrium points of system (32) on v = 0 depend on the real solutions of the equation Du? —
Tu+ 1= 0. Hence, we have the following proposition:

Proposition 17. Consider system (30), where D is a real parameter and T is a non-negative real parameter.
Then, the following cases hold in the local chart Uy :

(i) If D < T?/4 and D # 0, then system (32) has two infinite equilibrium points

T—VT?—-4D T+VT?—-4D
Po = T’O y P1= Tao ’

where the point pg is a stable node, and the point py is an unstable node if D < 0, and a saddle if
D > 0;

(ii) If D = T?/4 and D # 0, then system (32) has an infinite equilibrium point at (2/T,0), which is a
saddle-node;

(ii3) If D > T?/4 and D # 0, then system (32) has no infinite equilibrium point;

(iv) If D =0 and T > 0, then system (32) has an infinite equilibrium point at (1/T,0), which is a stable
node;

(v) If D =T =0, then system (32) has no infinite equilibrium point.

Proof. (i) When D < T?/4 and D # 0, system (32) has two equilibrium points on v = 0, namely

T —+T?—4D T+VT?—-4D
bo = T70 y P1= T?O ’

The determinant and trace of the linear part of system (32) at the points pg and p; are given by

1 1
det(po) = — 2D + 5T (T + /T2 4D) . (o) = 5 (—T —3T? 4D) :
1 1
det(py) = —2D + ST (T — VT2 - 4D) ,trlp) = 5 (—T +3/T2 — 4D) .
It follows that the point pg is a stable node, and the point p; is an unstable node if D < 0, and a saddle
point if D > 0.
(i) When D = T?/4 and D # 0, system (32) has an equilibrium point at (2/7,0) on v = 0. The
determinant and trace of the linear part of system (32) at this point are 0 and —7'/2, respectively. Therefore,
it is a semi-hyperbolic point. Using the theorem in [6], it is a saddle-node.

(iii) When D > T?/4 and D # 0, it is clear that system (32) has no equilibrium point.

(iv) When D = 0 and T > 0, system (32) has an equilibrium point at (1/7,0) on v = 0. The determinant
and trace of the linear part of system (32) at this point are T? and —27T, respectively. Therefore, it is a
stable node.

(v) When D =T = 0, system (32) reduces to & = 1, © = 0, which has no equilibrium point on v = 0.
|

Next, we examine the infinite equilibrium points of system (30) in chart Us. The expression for p(X) in
this chart is given by
tw=u(T —u)— D,

U= — uv,

(33)
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Figure 29. Local phase portraits of system (33) for D = 0 at the origin.

and we present the following proposition:

Proposition 18. Considerof the origin comprises one hyperbolicof the origin comprises one hyperbolic sys-
tem (30), where D is a real parameter and T is a non-negative real parameter. When D = 0, the local phase
portrait of the origin in the chart Us is shown in Figure 29.

Proof. From (33), we observe that the origin is an equilibrium point of the system (33) only if D = 0. In
this case, system (33) has a common factor u. After canceling this factor, the system reduces to the form

uw=T—u, v = —v, (34)

where the origin is not an equilibrium point for 7' > 0 and is a stable node for T" = 0. Going back to the
main system, we obtain the local phase portrait at the origin of Uy (see Figure 29). ]

Now, we study the differential system (31). It is evident that it possesses a unique equilibrium point at
the origin, which is an unstable star node.

In both local charts U; and Us, the differential system is described by:
=0, U=-—v, (35)

where all points on v = 0 are equilibrium points. This observation indicates that the boundary of the
Poincaré disc is filled with equilibrium points. This completes the proof of Theorem 6 (see Figure 6).
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