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Abstract
In this paper we show that, given a planar Reifenberg flat domain with small con-
stant and a divergence form operator associated to a real (not necessarily symmetric)
uniformly elliptic matrix with Lipschitz coefficients, the Hausdorff dimension of its
elliptic measure is at most 1. More precisely, we prove that there exists a subset of
the boundary with full elliptic measure and with σ -finite one-dimensional Hausdorff
measure. For Reifenberg flat domains, this result extends a previous work of Thomas
H. Wolff for the harmonic measure.
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1 Introduction andMain results

We study the dimension of planar elliptic measures in Reifenberg flat domains with
small constant, assuming also Lipschitz continuity of the coefficients of the matrix. In
fact, that regularity is only needed near the boundary.

Let L Au := − div(A∇u) be a second order operator in divergence form associated
to the (n + 1) × (n + 1) real matrix A(·) = (ai j (·))1≤i, j≤n+1 such that there exists
λ ≥ 1 with

λ−1|ξ |2 ≤ 〈A(x)ξ, ξ 〉 for all ξ ∈ R
n+1 and a.e. x ∈ R

n+1, (1.1a)

〈A(x)ξ, η〉 ≤ λ|ξ ||η| for all ξ, η ∈ R
n+1 and a.e. x ∈ R

n+1. (1.1b)

We say that a measurable matrix is uniformly elliptic with ellipticity constant λ ≥ 1 if
(1.1a) and (1.1b) are satisfied. The uniform ellipticity condition implies that the matrix
has bounded coefficients.

Let � ⊂ R
2 be an open set and fix a point p ∈ �. Consider the operator

T : C(∂�) → R

f 
→ uLA
f (p),

where uLA
f is the L A-harmonic extension of f in � via Perron’s method. By the

maximum principle for LA-harmonic functions with uniformly elliptic matrices (see
[18, p. 46] for example), the operator T is linear, bounded and positive. For bounded
open sets � ⊂ R

n+1 with n ≥ 2 we do the same construction.
The elliptic (LA-harmonic) measure in � with pole p ∈ � is the unique Radon

probability measure ω
p
�,A (by the Riesz representation theorem) such that

uLA
f (p) =

ˆ
∂�

f (ξ) dω
p
�,A(ξ) for every f ∈ C(∂�).
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Via the Perron method construction, although the characteristic function 1E of a set
E ⊂ ∂� is not continuous in ∂�, the function x 
→ ωx

�,A(E) is L A-harmonic in �.
For a detailed construction of elliptic/harmonic measures, see [21, Section 11]. If the
set �, the matrix A, or the pole p ∈ � is clear from the context, we will omit it in
ω

p
�,A.
In this work, we study the Hausdorff dimension of elliptic measures arising from

uniformly elliptic matrices. This is defined as

dimH ω
p
�,A := inf{dimH F : ω

p
�,A(Fc) = 0}.

Naturally dimH ω ≤ dimH ∂�. The Hausdorff dimension of the harmonic measure
(i.e., with ω = ωI d ) has been studied by several authors, both in the plane and in
higher dimensions, showing a different behavior in each case.

In the plane, Carleson proved dimH ω ≤ 1 for “snowflake type” sets and dimH ω <

1 for some self similar “Cantor type” sets, both results in [9].More precise results were
obtained for simply connected domains by Makarov in [33] by showing dimH ω = 1.
The upper bound dimH ω ≤ 1 with no assumptions on the domain was shown by
Jones and Wolff in [24], and later it was improved by Wolff in [44] by proving that
there is a subset F ⊂ ∂� with full harmonic measure ω(F) = 1 and σ -finite length.

In the same direction for higher dimensions, in R
n+1 with n ≥ 2, Bourgain proved

in [7] that there exists a dimensional constant bn > 0 such that dimH ω ≤ n + 1− bn .
By the results on the previous paragraph, we can take b1 = 1 and this choice is optimal.
For n ≥ 2, Wolff constructed in [45] a domain �n ⊂ R

n+1 such that dimH ω�n > n,
and in particular the Bourgain constant can’t equal 1, i.e., bn < 1. In a recent work
[6], Badger and Genshaw refined the proof in [7] to find estimates on the Bourgain
constant bn ∈ (0, 1).

From the results in the previous paragraphs we have that dimH ω < n + 1 (with
some precise gap), but possibly dimH ω = dimH ∂�. In fact, the situation dimH ω <

dimH ∂� holds for many non-trivial domains. This phenomenon is frequently called
the “dimension drop” for harmonic measure. The dimension drop is closely related to
the results mentioned above. Indeed, similar techniques to the ones in [7, 24] are used
in some of the following articles. The first work in this direction is due to Kaufman
and Wu [29] for the planar log 4/ log 3-dimensional Koch snowflake. Subsequently,
Carleson [9] extended this result to self-similar Cantor sets in the plane. For this type
of domains, see Makarov and Volberg [35], Batakis [5], and also [42, 43]. Jones and
Wolff showed that the dimension drop happens for some uniform and disconnected
planar domains, see Theorem 2.1 in [15, Section IX.2]. For IFS domains (iterated
functions systems), see Urbański and Zdunik [41], and Batakis and Zdunik [8].

For general AD-regular domains of fractional dimension, one may ask if the
dimension drop happens. It holds on uniformly “non-flat” AD-regular domains with
codimension smaller than 1, as shown by Azzam in [4]. Recently, for n ≥ 1 and
s ∈ [n − 1

2 , n), the third author showed in [40] that the dimension drop occurs for
higher codimensional s-AD-regular subsets of C1 n-dimensional manifolds in R

n+1.
In contrast, David, Jeznach and Julia proved in [12] that this last result may fail for s
close enough to n − 1.
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The situation is different for uniformly elliptic matrices. In [38] in the planar case
and in [39] in higher dimensions, for every ε > 0, Sweezy constructed a domain
� ⊂ R

n+1 and an elliptic operator in divergence form LA whose associated elliptic
measure ω�,A satisfies dimH ω�,A ≥ n + 1− ε. However, as ε becomes smaller, the
ellipticity constant of the resulting matrix increases. Such planar domains and elliptic
measures are constructed by the push forward under quasiconformal mappings, and
the higher dimensional analog is deduced from the planar case.

Using a new approach in the planar case, David andMayboroda in [14] constructed
an elliptic operator L = − div a∇, where a is a uniformly elliptic and continous scalar
function on the complementary of the four corner Cantor set of dimension 1, whose
elliptic measure ωaId is proportional to the one-dimensional Hausdorff measure on
the Cantor set. Operators of this form are the so-called “good elliptic operators”.
Following the same strategy, Perstneva in [36] constructed “good elliptic operators”
on the complementary of the planar d-dimensional Koch-type snowflake with 1 <

d < log 4/ log 3, whose elliptic measure is proportional to the d-dimension Hausdorff
measure on the Koch snowflake.

After Sweezy’s results, it is natural to ask which conditions on the matrix imply
the analogous result of [24, 44] for the elliptic case. In this paper we study the metric
properties of the elliptic measure when assuming regularity conditions on the matrix
A. For other results in this line, see for example [37], about the rectifiability of the
elliptic measure for Hölder matrices.

Suppose from now on that the domain is (δ, r0)-Reifenberg flat and the coefficients
of the matrix are also Lipschitz. Roughly speaking, a domain � ⊂ R

2 is (δ, r0)-
Reifenberg flat if for every ball B centered at ∂� and with radius smaller than r0, the
δ-neighborhood of a line through the center of B contains B ∩ ∂�. See Definition 2.7
for the details. In this situation we show that the dimension of the elliptic measure
in Reifenberg flat domains with small constant is at most 1. More precisely, for this
type of domains we obtain the analogous result of [44, Theorem 1] in the following
theorem.

Theorem 1.1 Let � ⊂ R
2 be a (δ, r0)-Reifenberg flat domain, p ∈ �, and A be

a real uniformly elliptic (not necessarily symmetric) matrix with ellipticity constant
λ. Suppose also that A is Lipschitz. Then there exists δ0 = δ0(λ) > 0 such that if
0 < δ ≤ δ0 then there is a set F ⊂ ∂� satisfying ω�,A(F) = 1 and with σ -finite
one-dimensional Hausdorff measure. In particular dimH ω�,A ≤ 1.

Despite we are requiring to work with δ-Reifenberg flat domains with small enough
constant δ, such sets can be constructed with Hausdorff dimension strictly larger than
1. For example, a suitable variant of the Koch snowflake can be constructed to be
δ-Reifenberg flat.

It is well-known that the Hausdorff dimension of elliptic measures only depends
on how the matrix is near the boundary and hence it is only necessary to assume the
Lipschitz regularity around the boundary. In fact, in our proof we use the regularity
only around the boundary, and so the theorem is still true assumingLipschitz continuity
in a small neighbourhood of ∂�.
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Similarly as in [44, Proof of Theorem 1], Theorem 1.1 follows from a more quan-
titative result involving a good covering of a subset of the boundary with big elliptic
measure, see Main Lemma 3.1 for the precise statement.

Onemight think that this result could be obtained by the application of quasiconfor-
malmappings. For symmetricmatriceswith determinant 1, the principal solution of the
associated Beltrami equation, which depends only on the matrix, can act as a change
of variables which inherits the extra regularity of the coefficients. Then, we obtain that
the elliptic measure is the pushforward of the harmonic measure in the image domain.
In the general case, we can obtain the elliptic measure as a pushforward of a harmonic
measure using a quasiconformal change of variables which depends also on the Green
function of the domain, as long as it satisfies the capacity density condition. See the
article [16] by the first author. In this case, the extra dependence of the Green function
does not allow us to obtain extra regularity estimates for the change of variables, and
the σ -finiteness of length can not be attained.

A key point, and the main difficulty in this paper is to obtain the lower bound

ˆ
∂˜�

log
dω̃p

dσ
(ξ) dω̃p(ξ) ≥ −const > −∞,

with a bound independent of the smoothness, where˜� is the modified domain appear-
ing in the proof of Lemma 3.3 and ω̃p the elliptic measure in ˜� with respect to the
matrix A. This lower bound is known in the harmonic case for general smooth domains
in the plane. This fact is the key point in the study of the dimension in the planar case,
see for example [9, 24, 44]. Actually, the behavior of this integral is also crucial in the
study of the dimension of harmonic measures in higher dimensions in [45].

The first occurrence (as far as we know) of the use of this lower bound in the study
of the dimension of the harmonic measure is in [9]. For the proof see [24], and for
further details see [11].

The previous lower bound is used in the proof of Lemma 3.3 to obtain a subset with
big elliptic measure as it is done in [24] and [44], and it can be deduced from

ˆ
∂˜�

log |S∇gTp (ξ)|2 dω̃p(ξ) ≥ −const > −∞, (1.2)

where gTp is the Green function in ˜�with respect to the matrix AT , and S is the square
root matrix of the symmetric part A0 = (A+ AT )/2, i.e., ST S = A0. In Section 7 we
obtain also an upper bound for the integral above, see Lemma 7.1.

A fundamental tool to obtain the estimate (1.2) is the relation

|∇gTp (y)| �
gTp (y)

dist(y, ∂˜�)

near the boundary. In Reifenberg flat domains this estimate was obtained by Lewis,
Lundström and Nyström in [30], see Lemma 2.13 below. The converse inequality
is well-known for general domains and Hölder matrices and follows by Schauder
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estimates. Obtaining an inequality of this type for other domains may allow to apply
the techniques exposed in this paper.

Very similar results to the one in Theorem 1.1 about the dimension are true
for p-harmonic measures, i.e., when the associated operator is the p-Laplacian
div
(|∇u|p−2∇u

)

for Reifenberg flat sets with small constant (see [32]), and simply
connected sets in the plane (see [31]).

2 Preliminaries and definitions

2.1 Notation

• We use c,C ≥ 1 to denote constants that may depend only on the dimension and
the constants appearing in the hypotheses of the results, and whose values may
change at each occurrence.

• We write a � b if there exists a constant C ≥ 1 such that a ≤ Cb, and a ≈ b if
C−1b ≤ a ≤ Cb.

• If we want to stress the dependence of the constant on a parameter η, we write
a �η b or a ≈η b meaning that C = C(η) = Cη.

• The ambient space isR
2. However, some auxiliary results will be stated in general,

i.e., in R
n+1 for n ≥ 1.

• The diameter of a set E ⊂ R
n+1 is denoted by diamE := supx,y∈E |x − y|.

• We denote by Br (x) or B(x, r) the open ball with center x and radius r , i.e.,
Br (x) = B(x, r) = {y ∈ R

n+1 : |y − x | < r}. We denote Br := Br (0).
• Given a ball B, we denote by rB or r(B) its radius, and by cB or c(B) its center.
• We say that a matrix A is Hölder continuous with exponent α ∈ (0, 1] in a set U ,
or briefly C0,α(U ), if its coefficients are Hölder continuous with exponent α. That
is, there exists a constant Cα > 0 (called the Hölder seminorm) such that

∣

∣ai j (x) − ai j (y)
∣

∣ ≤ Cα|x − y|α for all x, y ∈ U and 1 ≤ i, j ≤ n + 1.

For shortness we write Cα instead of C0,α if α ∈ (0, 1), and when α = 1 we say
“Lipschitz continuous”. In this case we write CL instead of C1, i.e.,

∣

∣ai j (x) − ai j (y)
∣

∣ ≤ CL |x − y| for all x, y ∈ U and 1 ≤ i, j ≤ n + 1.

• We say that a function f is κ-Lipschitz in U if | f (x) − f (y)| ≤ κ|x − y| for all
x, y ∈ U .

• We denote the characteristic function of a set E by 1E .
• Denote D(Rn+1) the standard dyadic grid. That is, D(Rn+1) = ⋃

k∈Z
Dk(R

n+1)

where Dk(R
n+1) is the collection of all cubes of the form

{x ∈ R
n+1 : mi2

−k ≤ xi < (mi + 1)2−k for i = 1, . . . , n + 1},

where mi ∈ Z.



The dimension of planar Lipschitz elliptic… Page 7 of 79 106

• Given t > 0 and a set E ⊂ R
n+1, we writeUt (E) := {x ∈ R

n+1 : dist(x, E) < t}
for the t-neighborhood E .

2.2 CDC, NTA and Reifenberg flat domains

In this subsectionwe introduce the capacity density condition (CDC), non-tangentially
accessible domains (NTA) and Reifenberg flat domains, the main object of our study.

Definition 2.1 Let K be a compact subset of �. Its capacity is

Cap(K ,�) = inf

{ˆ
�

|∇u|2 dx : u ∈ C∞
0 (�) and u ≥ 1 on K

}

.

Just from the definition of capacity we obtain the following facts. For more prop-
erties see [21, 2.2. Theorem].

Lemma 2.2 The set function E 
→ Cap(E,�), E ⊂ �, enjoys the following proper-
ties:

(1) If E1 ⊂ E2, then Cap(E1,�) ≤ Cap(E2,�).
(2) If �1 ⊂ �2 are open and E ⊂ �1, then Cap(E,�2) ≤ Cap(E,�1).

Definition 2.3 (CDC domain. [21, (11.20), (2.13)]) A domain � ⊂ R
n+1, n ≥ 1,

satisfies the capacity density condition, CDC for short, if there exist constants c0, r0 >

0 such that

Cap
(

B(x0, r) ∩ �c, B(x0, 2r)
)

≥ c0r
n−1,

for all x0 ∈ ∂�, x0 �= ∞ and r ≤ r0.

In order to define NTA domains we need to introduce some concepts. Given a
domain � ⊂ R

n+1, n ≥ 1, and a fixed constant C , we define:

• C-Whitney ball: A ball B(x, r) ⊂ � is a C-Whitney ball in � if C−1r <

dist(B(x, r), ∂�) < Cr .
• C-Harnack chain: For p1, p2 ∈ �, a C-Harnack chain from p1 to p2 in � is a
sequence of C-Whitney balls such that the first ball contains p1, the last contains
p2, and such that consecutive balls intersect. The number of balls is called the
length of the C-Harnack chain.

Consecutive balls in a C-Harnack chain must have comparable radius. Given a
positive LA-harmonic function in �, a C-Harnack chain between two points p1, p2 ∈
� allows us (via Harnack’s inequality) to obtain u(p1) ≈ u(p2), where the constant
involved depends on C and the length of the C-Harnack chain.

Definition 2.4 (NTA domain. [23, Section 3]) A domain � ⊂ R
n+1, n ≥ 1, is called

non-tangentially accessible, NTA for short, if there exists constants C > 1 and r0 > 0
such that:



106 Page 8 of 79 I. Guillén-Mola et al.

(1) Interior Corkscrew condition: For any ξ ∈ ∂�, 0 < r < r0, there exists a point
Ar (ξ) ∈ � such that |Ar (ξ) − ξ | < r and dist(Ar (ξ), ∂�) > C−1r . The point
Ar (ξ) = A(ξ, r) is called the Corkscrew point of the point x at radius r .

(2) Exterior Corkscrew condition: �
c
satisfies the interior Corkscrew condition.

(3) Harnack chain condition: If ε > 0 and p1, p2 ∈ � satisfy that p1, p2 ∈ � ∩
B(ξ, r0/4) for some ξ ∈ ∂�, dist(p j , ∂�) > ε, and |p1 − p2| < 2kε, then there
exists a Harnack chain from p1 to p2 of length Ck and such that the diameter of
each ball is bounded below by C−1 min j=1,2 dist(p j , ∂�).

Remark 2.5 A domain with the exterior Corkscrew condition satisfies the capacity
density condition, see [21, Theorem 6.31]. In particular, NTA domains satisfy the
capacity density condition.

Definition 2.6 (Hausdorff distance) Given nonempty sets A and B, we denote their
Hausdorff distance distH(A, B) by

distH(A, B) = max

{

sup
x∈A

dist(x, B), sup
y∈B

dist(y, A)

}

.

Definition 2.7 (Reifenberg flat domain) Let � ⊂ R
n+1, n ≥ 1, be an open set, and

let 0 < δ < 1/2 and r0 > 0. We say that � is a (δ, r0)-Reifenberg flat domain if it
satisfies the following conditions:

(1) For every x ∈ ∂� and every 0 < r ≤ r0, there exists a hyperplane P(x, r)
containing x such that

distH (∂� ∩ B(x, r),P(x, r) ∩ B(x, r)) ≤ δr .

(2) For every x ∈ ∂� and every 0 < r ≤ r0, one of the connected components of

B(x, r) ∩
{

y ∈ R
n+1 : dist(y,P(x, r)) ≥ 2δr

}

is contained in � and the other is contained in R
n+1\�.

For small enough δ > 0 we have that a (δ, r0)-Reifenberg flat domain is also an
NTA domain (see [28, Section 3]) and it satisfies the capacity density condition, see
Remark 2.5.

2.3 Partial differential equations

We want to study the elliptic equation

L Au(x) := − div(A(·)∇u(·))(x) = 0, (2.1)

which should be understood in the distributional sense. We simply write L instead of
L A when the matrix is clear from the context.
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Definition 2.8 We say that a function u ∈ W 1,2
loc (�) is a solution of (2.1), or L A-

harmonic, in an open set � ⊂ R
n+1, n ≥ 1, if

ˆ
〈A(y)∇u(y),∇ϕ(y)〉 dy = 0, for all ϕ ∈ C∞

c (�).

By the De Giorgi-Nash-Moser theorem a solution u ∈ W 1,2
loc (�) of (2.1) is locally

Hölder continuous. If the matrix has Hölder regularity then the solution is locally
C1,β for some β ∈ (0, 1), see [22, Theorem 3.13]. Assuming Lipschitz regularity of
the coefficients, LA-harmonic functions enjoy more regularity. More precisely, weak
solutions of − div A∇u = 0 with A Lipschitz are twice weakly differentiable, and
there is a “Caccioppoli type” inequality for second derivatives.

Theorem 2.9 (See [18, Theorem 8.8]) Let u ∈ W 1,2(�) be a weak solution of the
equation L Au = 0, see (2.1), in � ⊂ R

n+1, n ≥ 1, where A is uniformly elliptic and
Lipschitz continuous in �. Then for any subdomain �′ ⊂⊂ �, we have u ∈ W 2,2(�′)
and

‖u‖W 2,2(�′) ≤ C‖u‖W 1,2(�), (2.2)

where C depends on the dimension, the ellipticity constant and Lipschitz constant of
A, and the value dist(�′, ∂�).

If, in addition, the domain has boundary of class C2, then L A-harmonic functions
are globally in W 2,2.

Theorem 2.10 (See [18, Theorem 8.12]) Assume, in addition to the hypotheses of
Theorem 2.9, that � is bounded with ∂� of class C2 and that there exists a function
ϕ ∈ W 2,2(�) for which u − ϕ ∈ W 1,2

0 (�). Then we have also u ∈ W 2,2(�) and

‖u‖W 2,2(�) ≤ C
(‖u‖L2(�) + ‖ϕ‖W 2,2(�)

)

,

where C depends on the dimension, the ellipticity constant and Lipschitz constant of
A, and ∂�.

Remark 2.11 Let U ⊂ � an open subset. Assuming A ∈ C0,1(U ), then any weak
L A-harmonic function u ∈ W 1,2

loc (�) (in fact u ∈ W 2,2
loc (U ) by Theorem 2.9) sat-

isfies div A∇u = 0 a.e. in U . Indeed, since the matrix A is differentiable a.e. (by
Rademacher’s theorem) and u ∈ W 2,2

loc (U ) (by Theorem 2.9), we have div A∇u ∈
L1
loc(U ). Moreover, since u is L A-harmonic then

´
div A∇u · ψ = ´

A∇u∇ψ = 0
for anyψ ∈ C∞

c (U ) ⊂ C∞
c (�). By the fundamental lemma of calculus of variations1

we conclude div A∇u = 0 a.e. in U .

The following theorem about the Hölder continuity of LA-harmonic functions up
to the boundary of regular enough domains will allow us to bound the elliptic measure
on a specific domain (an annulus) by means of studying the Green function near the
boundary.

1 The fundamental lemma of calculus of variations: If U open set, f ∈ L1loc(U ) and
´

f φ = 0 for any
φ ∈ C∞

c (U ), then f = 0 a.e. in U .
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Theorem 2.12 (See [18, Corollary 8.36]) Let T be a (possibly empty) C1,α boundary
portion of a bounded domain � ⊂ R

n+1, n ≥ 1, and suppose u ∈ W 1,2(�) is a weak
solution of (2.1) in �, where A ∈ Cα (0 < α < 1), such that u = 0 on T (in the sense
of W 1,2(�)). Then u ∈ C1,α(� ∪ T ), and for any �′ ⊂⊂ � ∪ T we have

‖u‖C1,α(�′) := ‖u‖1;�′ + [u]1,α;�′ ≤ C sup
�

|u|,

where

‖u‖1;�′ := sup
�′

|u| + sup
�′

|∇u|, [u]1,α;�′ := sup
x,y∈�′
x �=y

|∇u(x) − ∇u(y)|
|x − y|α ,

for C depending on n, the value of dist(�′, ∂�\T ), the C1,α character of T , and the
ellipticity constants and the Hölder norm of the matrix A.

Since bounded Lipschitz functions are also Hölder continuous for any exponent
α ∈ (0, 1), the previous theorem remains true for matrices with bounded Lipschitz
coefficients.

2.3.1 Non-degeneracy of |∇u| in Reifenberg flat domains with small constant

Despite the following result applies to more general matrices (see [30, Definition 1.1
and Lemma 3.35]), it is only stated in our setting for our purposes, i.e., for uniformly
elliptic (1.1a)-(1.1b) and Hölder continuous matrices. In fact, the Hölder continuity is
only used near the boundary.

Lemma 2.13 ([30, Lemma 3.35]) Let � ⊂ R
n+1, n ≥ 1, be a (δ, r0)-Reifenberg flat

domain, ξ ∈ ∂�, and 0 < r < min{r0, 1}. Let 0 < α < 1 and A ∈ Cα({x :
dist(x, ∂�) < 10r0}) be a real uniformly elliptic (not necessarily symmetric) matrix
with ellipticity constant λ and Hölder seminorm Cα . Suppose that u is a positive
L A-harmonic function in � ∩ B(ξ, 4r), that is continuous in � ∩ B(ξ, 4r), and that
u = 0 on ∂� ∩ B(ξ, 4r). There exist δ̂ = δ̂(n, λ,Cα, α), γ = γ (n, λ,Cα, α) and
ĉ = ĉ(n, λ,Cα, α) such that if 0 < δ ≤ δ̂, then

γ −1 u(y)

dist(y, ∂�)
≤ |∇u(y)| ≤ γ

u(y)

dist(y, ∂�)
whenever y ∈ � ∩ B(ξ, r/ĉ).

Remark 2.14 Note that if the matrix has bounded Lipschitz coefficients, i.e., α = 1,
then the same result holds with constants depending on n, the ellipticity constant
λ and the value CL‖A‖L∞(Rn+1), where CL is the Lipschitz seminorm of A. The
value CL‖A‖L∞(Rn+1) comes from the fact that bounded Lipschitz functions are
Hölder continuous for any exponent. Indeed, a quick computation shows that the
matrix A is Hölder continuous with exponent 1/2 with Hölder seminorm C1/2 :=
(

2CL‖A‖L∞(Rn+1)

)1/2
.
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The comparability in Lemma 2.13 will allow to bound the error terms in the study
of the key term in (7.1).

2.4 The fundamental solution and the Green function

We denote by EA
x (y) the fundamental solution with pole at x for LA in R

n+1, n ≥ 1,
so that LAEA

x (·) = δx in the distributional sense, where δx is the Dirac mass at the
point x ∈ R

n+1. We write Ex (y) when the matrix A is clear from the context. For a
construction of the fundamental solution for real and uniformly elliptic matrices we
refer to [20] for higher dimensions, R

n+1 with n ≥ 2, and [26, Appendix] for the
planar case.

In higher dimensions the fundamental solution behaves “in many senses” as in the
harmonic case, see [20] for more details, but in the plane the situation is more delicate
due to the change of sign of EI d0 (x) = log |x | in |x | = 1, the fundamental solution of
the Laplacian in the plane.

Here we collect the formal definition and some properties of the fundamental solu-
tion in the plane.

Definition 2.15 ([27, Definition 2.5]) A function Ex : R
2 → R is called a fundamental

solution for LA = div A∇· with pole at x if

(1) Ex ∈ W 1,2
loc (R2\{x}) ∩ W 1,p

loc (R2) for all p < 2, and

ˆ
R
2
〈A(z)∇Ex (z),∇ϕ(z)〉 dz = −ϕ(x), for all ϕ ∈ C∞

c (R2),

(2) |Ex (y)| = O(log |x − y|) as |y| → ∞.

The following result controls the fundamental solution far from the pole similarly
as the fundamental solution for the harmonic case.

Theorem 2.16 ([27, Theorem 2.6]) For each x ∈ R
2 there exists a unique (modulo

an additive constant) fundamental solution Ex for L A with pole at x, and positive
constants C1, C2, R1 < 1 < R2, which depend only on λ, such that

C1 log(1/|x − y|) ≤
C1 log(|x − y|) ≤

−Ex (y)
Ex (y)

≤ C2 log(1/|x − y|)
≤ C2 log(|x − y|)

for |x − y| < R1, and

for |x − y| > R2.

From the previous result and the maximum principle we obtain the following point-
wise bound.

Corollary 2.17 |Ex (y)| � 1 + |log |x − y|| for all x, y ∈ R
2, where the constant

depends on λ.

Proof For |x − y| < R1 and |x − y| > R2, Theorem 2.16 gives |Ex (y)| �
|log |x − y|| ≤ 1 + |log |x − y||. In A = {y ∈ R

2 : R1 < |x − y| < R2} we have
LEx (y) = 0, and hence by the maximum principle we obtain C2 log R1 ≤ Ex (·) ≤
C2 log R2 in the annulus A. So |Ex (y)| � 1 ≤ 1 + |log |x − y||. ��
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We have the following relation between the fundamental solutions of the operators
with matrices A and AT . The same holds in higher dimensions, see [20, (3.43)].

Lemma 2.18 ([27, Lemma 2.7]) Fix x, y ∈ R
2. Let Ex be the fundamental solution

for an elliptic operator L A with pole at x, and ETy be the fundamental solution to the

adjoint operator L AT with pole at y. Then Ex (y) = ETy (x).

Now we focus on Green’s function. Given a bounded Wiener regular domain � ⊂
R
n+1, n ≥ 1, and a uniformly elliptic matrix A, let gx = g�,A

x denote the Green
function, in � with pole at x ∈ � with respect to the matrix A, constructed in [13,
Theorem 2.12] in the planar case, and [19, Theorem 1.1] in higher dimensions. We

denote gTx = g�,AT

x the Green function with respect to the matrix AT . In particular,
gx satisfies

ˆ
�

A(z)∇gx (z)∇ϕ(z) dz = ϕ(x), for all ϕ ∈ C∞
c (�), (2.3)

and the following:

(1) gx (y) = gTy (x) for all x, y ∈ � and x �= y. See [13, Theorem 2.12 (2.18)] in the
plane, and [19, Theorem 1.3] in higher dimensions.

(2) For each x ∈ � and any 0 < r < dist(x, ∂�), gx ∈ W 1,2(�\Br (x)). See
[13, Theorem 2.12 (2.15)] in the plane, and [19, Theorem 1.1 (1.3)] in higher
dimensions.

If the domain � has boundary of class C2 and the matrix is Lipschitz continuous in
a neighborhood U2s(∂�) = {x ∈ R

n+1 : dist(x, ∂�) < 2s}, then the Green function
also satisfies:

(3) For each x ∈ � and any 0 < r < min{s, dist(x, ∂�)}, gx ∈ W 2,2(� ∩ Ur (∂�)).
This is a consequence of (2) by Theorems 2.9 and 2.10.

Next we show that L AT gTx = ωx
�,A − δx in the distributional sense. With this

identity we can move from integrating on the boundary to the interior of the set.

Lemma 2.19 Let � ⊂ R
n+1, n ≥ 1, be a bounded Wiener regular domain and ϕ ∈

C(�) ∩ W 1,2(�). Then

ˆ
∂�

ϕ(ξ) dωx
�,A(ξ) − ϕ(x) = −

ˆ
�

AT (z)∇gTx (z)∇ϕ(z) dz, for a.e. x ∈ �. (2.4)

Sketch of proof In higher dimensions this is proved in [1, (2.6)]. Here we detail the
differences in the planar case.

As � is bounded Wiener regular and ϕ ∈ C(�) ∩ W 1,2(�), the L A-harmonic
function u solving the Dirichlet problem with boundary data ϕ|∂� can be taken to be
in C(�) ∩ W 1,2(�) and u − ϕ ∈ W 1,2

0 (�). Indeed, by the Lax-Milgram theorem in

W 1,2
0 (�) there is a unique function v ∈ W 1,2

0 (�) with
´
�
A∇v∇ϑ = − ´

�
A∇ϕ∇ϑ

for any ϑ ∈ W 1,2
0 (�). Taking u = v + ϕ it is clear that L Au = 0, u ∈ W 1,2(�)
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and u − ϕ ∈ W 1,2
0 (�). On the other hand, since � is bounded Wiener regular, the

L A-harmonic extension u of ϕ|∂� is continuous up to the boundary, see [21, Theorem
6.27]. Moreover, by the definition of elliptic measure and the uniqueness of solutions
we have

u(x) =
ˆ

∂�

ϕ(ξ) dωx
�,A(ξ).

Write
ˆ

�

AT∇gTx ∇ϕ =
ˆ

�

AT∇gTx ∇u +
ˆ

�

AT∇gTx ∇(ϕ − u) =: I + II.

The same proof of [1, (2.10) and (2.12)] applies also in the plane to have that the
left-hand side integral is absolutely convergent and II = ϕ(x) − u(x) for a.e. x ∈ �,
replacing the use of (2.8) and (2.9) in [1] by the fact that the Green function satisfies
∇gz ∈ L p(�) for all p ∈ [1, 2) and gz ∈ W 1,2

loc (�\{z}), see [13, Remark 2.19 and
(3.66)] and item 2 in p. 10 respectively. Using that |gTx (z)| � |log |z − x || when
|x − z| ≤ 2ε is small enough, see [13, (2.17)], in the planar case the term I2ε defined
in [1, p. 10855] is controlled by

|I2ε | � |log ε|
ε

ˆ
B2ε(x)

|∇u| � ε |log ε|M(∇u1�)(x),

and as ε |log ε| → 0 as ε → 0, the same proof there implies that I = 0 for a.e. x ∈ �.
Therefore, (2.4) holds also in the planar case. ��

We will show below that from the equality (2.4) it follows that

gy(x) = −Ey(x) +
ˆ

∂�

Ey(ξ) dωx
�,A(ξ), for all x, y ∈ �. (2.5)

(Probably this is already known but we will show the full details in the plane for
completeness). Recall that x 
→ ´

∂�
Ey(ξ) dωx

�,A(ξ) is the L A-harmonic extension
of Ey inside �. Assuming that gy(x) = 0 if y /∈ �, we have that (2.5) also holds in
this case, since � is Wiener regular and therefore the Green function is continuous
through the boundary. Moreover, by (2.5) and since � is bounded, the Green function
also satisfies:

(4) For each x ∈ �, gx (y) ≥ 0 for any y ∈ �\{x}.
This was already proved in higher dimension in [19, Theorem 1.1]. However, since
the situation is more delicate for unbounded planar domains due to the logarithmic
behaviour of the fundamental solution, we only consider bounded planar Wiener reg-
ular domains.

Proof of (2.5) in the planar case Let 0 < ε � min{|x − y|, dist(x, ∂�), dist(y, ∂�)},
ψ y = ψ

y
ε ∈ C∞

c (B2ε(y)) such thatψ
y
ε = 1 in Bε(y) and |∇φ

y
ε | � 1/ε, andψ x = ψ x

ε

defined analogously.
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Applying (2.4) to (1 − ψ y)Ey ∈ C(�) ∩ W 1,2(�) and using that 1 − ψ y = 1 in
∂� ∪ {x}, we have

ˆ
∂�

Ey(ξ) dωx
�,A(ξ) − Ey(x) = −

ˆ
�

AT (z)∇gTx (z)∇((1 − ψ y)Ey)(z) dz.

Write the right-hand side term as

−
ˆ

�

AT∇gTx ∇((1 − ψ y)Ey) dz

=
ˆ
B2ε(y)\Bε(y)

AT∇gTx ∇ψ y · Ey dz +
ˆ
B2ε(y)

A∇Ey∇gTx · ψ y dz

−
ˆ
B2ε(x)\Bε(x)

A∇Ey∇ψ x · gTx dz −
ˆ

�

A∇Ey∇((1 − ψ x )gTx ) dz

=: Iε + IIε + IIIε + IVε.

Using that |gTx (z)| � |log |x − z|| and |Ey(z)| � |log |y − z|| when |x − z| ≤ 2ε and
|y − z| ≤ 2ε for small enough ε > 0, see [13, (2.17)] and Theorem 2.16, the terms Iε
and IIIε are bounded by

|Iε| + |IIIε| � ε |log ε|
{

(

−
ˆ
B2ε(y)

|∇gTx |2 dz
)1/2

+
(

−
ˆ
B2ε(x)

|∇Ey |2 dz
)1/2

}

.

(2.6)
For the bound of IIε, since gTx is L AT -harmonic in�\B10ε(y), there exists p = p(λ) >

2 such that

(

−
ˆ
B2ε(y)

|∇gTx |p dz
)1/p

�λ

(

−
ˆ
B4ε(y)

|∇gTx |2 dz
)1/2

,

see [25, Lemma 1.1.12], and let 1 ≤ q < 2 be its Hölder exponent conjugate, i.e.,
1/p + 1/q = 1. By Hölder’s inequality and the choice of p > 2, the term IIε is
controlled by

|IIε|=
∣

∣

∣

∣

ˆ
B2ε(y)

A∇Ey∇gTx · ψ y dz

∣

∣

∣

∣

�ε2
(

−
ˆ
B2ε(y)

|∇Ey |q dz
)1/q (

−
ˆ
B4ε(y)

|∇gTx |2 dz
)1/2

.

By [10, Theorem 0.1] we have
(

−́B2ε(y) |∇Ey |q dz
)1/q

�λ 1/ε, and so

|IIε| � ε

(

−
ˆ
B4ε(x)

|∇gTx |2 dz
)1/2

. (2.7)

Since gTx ∈ W 1,2
loc (�\{x}) andEy ∈ W 1,2

loc (�\{y}), in particular |∇gTx |2 ∈ L1
loc(�\{x})

and |∇Ey |2 ∈ L1
loc(�\{y}), by the Lebesgue differentiation theorem we have that
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−́B4ε(y) |∇gTx |2 → |∇gTx (y)|2 for a.e. y ∈ � and −́B4ε(x) |∇Ey |2 → |∇Ey(x)|2 for
a.e. x ∈ � respectively. That is, by (2.6) and (2.7) we have |Iε| + |IIε| + |IIIε| = 0
a.e. x, y ∈ �.

On the other hand, from the Dirac delta property of the fundamental solution,
(1 − ψ x )gTx ∈ W 1,2

0 (�) and the density of C∞
c (�) ⊂ C∞

c (Rn+1) in W 1,2
0 (�), we

obtain IVε = (1 − ψ x (y))gTx (y) = gy(x), and (2.5) is proved for a.e. x, y ∈ �. By
continuity, it also holds for all x, y ∈ �. ��

To end this section, we see how the Green function is related to the density of
the elliptic measure in smooth domains. Assume now A is Lipschitz continuous in
an open neighborhood of ∂�, say Us(∂�) = {x ∈ R

n+1 : dist(x, ∂�) < s}. Under
this assumption A is differentiable a.e. by Rademacher’s theorem, and LA-harmonic
functions are in W 2,2 by Theorem 2.10.

Lemma 2.20 Let � ⊂ R
n+1, n ≥ 1, be a bounded domain with smooth boundary

(and hence Wiener regular) and A ∈ C0,1(Us(∂�)). The elliptic measure ω
p
�,A can

be written as

dω
p
�,A = −〈AT∇gTp , ν〉 dσ, for a.e. p ∈ �\U2s(∂�), (2.8)

where ν is the unit outer normal to ∂� and σ is the surface measure on ∂�.

Proof Let ϕ ∈ C∞
c (Us(∂�)) and set φp(z) = gTp (z) + ETp (z) for z ∈ R

n+1, see (2.5)

when z ∈ �. Notice that φp(z) = −ETp (z) in �c, and hence φp is L AT -harmonic in

� and �
c
.

The claim follows since the right-hand side of (2.4) is

−
ˆ

∂�

ϕ(ξ)〈AT (ξ)∇gTp (ξ), ν(ξ)〉 dσ(ξ) − ϕ(p).

Indeed, since A is differentiable a.e. in suppϕ (Rademacher’s theorem), gTp ∈
W 2,2(suppϕ) (Theorem 2.10) and ϕ ∈ C∞

c (Us(∂�)), in particular AT∇gTp · ϕ ∈
W 1,2(suppϕ). As the integration by parts formula holds for W 1,2 functions, then

−
ˆ

�

AT∇gTp∇ϕ =
ˆ

�

ϕ div
(

AT∇gTp
)

−
ˆ

�

div
(

AT∇gTp · ϕ
)

=
ˆ

�

ϕ div
(

AT∇gTp
)

−
ˆ

∂�

ϕ〈AT∇gTp , ν〉 dσ

=
ˆ

R
n+1

ϕ div
(

AT∇φp

)

−
ˆ

R
n+1

ϕ div
(

AT∇ETp
)

−
ˆ

∂�

ϕ〈AT∇gTp , ν〉 dσ

=
ˆ

R
n+1

ϕ div
(

AT∇φp

)

− ϕ(p) −
ˆ

∂�

ϕ〈AT∇gTp , ν〉 dσ,
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where in the last equalitywe used thatϕ has compact support and
´

ϕ div
(

AT∇ETp
)

=
ϕ(p) by the definition of the fundamental solution. Since φp is L AT -harmonic in
R
n+1\∂�, Hn+1(∂�) = 0 and A ∈ C0,1(suppϕ), we have that div

(

AT∇φp
) = 0

a.e. in suppϕ by Remark 2.11, and the claim follows. ��

3 Main Lemma and preliminary reductions

As in [44], Theorem 1.1 will follow from the following more quantitative result.

Main Lemma 3.1 Let � ⊂ R
2 be a bounded (δ, r0)-Reifenberg flat domain, a point

p ∈ � with dist(p, ∂�) > r0, and A be a real uniformly elliptic (not necessarily
symmetric) matrix with ellipticity constant λ, and suppose also that A is κ-Lipschitz
in Ur0(∂�) := {x ∈ R

2 : dist(x, ∂�) < r0}. For a given 0 < r ≤ 1 satisfying
rκ‖A‖L∞(R2) ≤ 1, there exists δ0 = δ0(λ) > 0 such that for every 0 < δ ≤ δ0 we
have the following:

For any 0 < τ < 1, sufficiently large M, and ρ ∈ (0, r/M) there is a set F ⊂ ∂�

such that ωp
�,A(F) ≥ C−1τ and a countable covering F ⊂⋃i B(zi , ri ) where

(1)
∑

i ri ≤ CMτ ,
(2)

∑

{i : ri>ρ} ri ≤ CM−1,

with universal constant C.

Remark 3.2 Given M sufficiently large to satisfy the conclusions of the lemma, the
particular choice ρ = r/(2M) yields that the number of balls B(zi , ri ) with ri >

r/(2M) is universally bounded, that is,
∑

{i : ri>r/(2M)} 1 ≤ 2C/r .

By means of a linear deformation of the plane (see Section 3.1 below) and a rescal-
ing, we see that it suffices to prove the following weaker lemma to obtain Main
Lemma 3.1.

Lemma 3.3 (Weak form of Main Lemma 3.1) Let � ⊂ R
2, p ∈ � and A as in

Main Lemma 3.1. Suppose also that A0 = A+AT

2 is of the form A0 = RT BR with
R ∈ C0,1(Ur0(∂�)) a rotation, and B ∈ C0,1(Ur0(∂�)) diagonal. Then there exists
δ0 = δ0(λ, κ‖A‖L∞(R2)) > 0 such that for every 0 < δ ≤ δ0 we have the following:

For any 0 < τ < 1, sufficiently large M (how large depends on τ and on the
constants in the hypothesis), and ρ ∈ (0, 1/M) there is a set F ⊂ ∂� such that
ω

p
�,A(F) ≥ C−1τ and a countable covering F ⊂⋃i B(zi , ri ) with

(1*)
∑

i ri ≤ CMτ ,
(2*)

∑

{i : ri>ρ} ri ≤ CM−1,

with universal constant C.

We remark that this weaker form replaces the assumption on the parameter r by the
additional assumption A0 = RT BR, and allows δ0 to depend also on κ‖A‖L∞ , and ρ

to be in (0, 1/M). For the proof of Lemma 3.3, see Section 5.
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3.1 The change of variables in Reduction 1

In this subsection we first collect some auxiliary results about changes of variables
that will be useful to prove some technical lemmas, secondly we construct the precise
linear deformation in the plane that allows the reduction from Main Lemma 3.1 to
Lemma 3.3, and finally we see how it distorts planar Reifenberg flat domains.

3.1.1 Linear changes of variables

We will see how L A-harmonic functions behave under linear changes of variables.
See [2, Lemmas 3.8 and 3.9] for a detailed proof of the following two results.

Lemma 3.4 Let D ∈ R
(n+1)×(n+1) be a constant matrix with det D �= 0, n ≥ 0. A

function f is L A-harmonic in � if and only if ˜f = f ◦ D is L
˜A-harmonic in D−1(�),

where ˜A(·) = D−1A(D·)(D−1)T and D−1(�) = {D−1x : x ∈ �}.
By the definition of elliptic measure, the previous lemma implies the following

relation of elliptic measures under a linear change of variables.

Corollary 3.5 Let D ∈ R
(n+1)×(n+1) be a constant matrix such that det D �= 0, n ≥ 0,

and let � be a Wiener regular domain. Let ω = ω�,A be the elliptic measure in �

with matrix A, and ω̃ = ωD−1(�),˜A where ˜A(·) = D−1A(D·) (D−1
)T

. Thenωx (E) =
ω̃D−1x (D−1(E)) for every x ∈ � and E ⊂ ∂�.

3.1.2 Lipschitz diagonalization of symmetric matrices in the plane

In the study of the integral (7.1) in Section 7 we will use that after a suitable linear
change of variables D, the symmetric part of thematrix ˜A in Corollary 3.5 diagonalizes
in the form RT BR, where R is a Lipschitz rotation and B is Lipschitz diagonal. In
this subsection we see that we can always reduce to this case.

We need to follow this strategy because in general it is not true that Lipschitz
elliptic symmetric matrices diagonalize in the aforementioned form, as we can see in
the following example.

Example 3.6 Let A1, A2 be two constant symmetric matrices diagonalizing with dif-
ferent eigenvectors, and f : R

n+1 → R be a Lipschitz function with f 1{|x |<1} < 0,
f 1{|x |>1} > 0 and ‖ f ‖∞ ≤ ε for small enough fixed constant ε > 0.
Set A(x) := I d + f (x)1{|x |<1}(x)A1 + f (x)1{|x |>1}(x)A2 and take ε > 0 small

enough to ensure the ellipticity condition on the matrix A. Moreover, with this choice
of the function f we have that the matrix A has Lipschitz coefficients.

Let v1 be an eigenvector of A1 with eigenvalue μ1, i.e., A1v1 = μ1u1, and let v2
be an eigenvector of A2 with eigenvalue μ2, i.e., A2v2 = μ2v2. Then, for |x | < 1 the
vector u is an eigenvector of A,

A(x)v1 = (I d + f (x)A1)v1 = (1 + f (x)μ1)v1,
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and for |x | > 1 the vector v is an eigenvector of A,

A(x)v2 = (I d + f (x)A2)v2 = (1 + f (x)μ2)v2.

From this we get that the matrix A diagonalizes with the same basis as A1 if |x | < 1,
and with the same basis as A2 if |x | > 1, whence we obtain that the basis is not
continuous.

In the following lemma we see that we can avoid the situation seen in the previous
example by using a linear change of variables.

Lemma 3.7 Let U ⊂ R
2 be a set. Let A ∈ C0,1(U ) be a uniformly elliptic and

symmetric 2 × 2 matrix with ellipticity constant λ, and let D =
(

1/K 0
0 1

)

with

K 2 ≥ λ2 + λ. Then the matrix ˜A(·) = D−1A(D·)D−1 is of the form ˜A = RT BR ∈
C0,1(D−1(U )), with B ∈ C0,1(D−1(U )) diagonal and R ∈ C0,1(D−1(U )) a rotation.

Proof Denote the matrix A(x) =
(

a(x) b(x)
b(x) d(x)

)

, and let

˜A = D−1(A ◦ D)D−1 =
(

K 2ã K˜b
K˜b ˜d

)

,

where we write ã(x) = a(Dx) and the analogous expressions for the other elements
of the matrix. We want to see that when K 2 ≥ λ2 +λwe can write ˜A = RT BR where
B is Lipschitz and diagonal, and R is a Lipschitz rotation matrix.

The eigenvalues λ± = λ±(·) of ˜A are

λ± = K 2ã + ˜d ±
√

(

K 2ã − ˜d)2 + 4K 2
˜b2

2
, (3.1)

and we want to see that they are Lipschitz if K 2 ≥ λ2 + λ. Note that

λ+ + λ− = K 2ã + ˜d. (3.2)

For shortness, let f = (

K 2ã − ˜d)2 + 4K 2
˜b2 be an auxiliar function. Note that

since a, b, d ∈ C0,1(U ) ∩ L∞(U ), and so ã,˜b,˜d ∈ C0,1(D−1U ) ∩ L∞(D−1U ), we
have f ∈ C0,1(D−1U ) ∩ L∞(D−1U ).

For x, y ∈ D−1U , i.e., Dx, Dy ∈ U ,

2|λ±(x) − λ±(y)| ≤ K 2 |̃a(x) − ã(y)| + |˜d(x) − ˜d(y)| + |√ f (x) −√ f (y)|
≤ C |x − y| + |√ f (x) −√ f (y)| = C |x − y| + | f (x) − f (y)|

|√ f (x) + √
f (y)| .

(3.3)

Since a ≥ λ−1 and d ≤ λ by ellipticity (indeed a, d ≈λ 1), and so ã ≥ λ−1 and
˜d ≤ λ, in particular K 2ã − ˜d ≥ K 2λ−1 − λ. Since K 2 ≥ λ2 + λ, we obtain that

K 2ã − ˜d ≥ K 2λ−1 − λ ≥ 1, (3.4)
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and with this we have

√

f =
√

(

K 2ã − ˜d)2 + 4K 2
˜b2 ≥ K 2ã − ˜d ≥ 1. (3.5)

Combining the estimates (3.3) and (3.5) we get

|λ±(x) − λ±(y)| � |x − y| + | f (x) − f (y)| � |x − y|,

i.e., λ± are Lipschitz.
It remains to see that the matrix diagonalizes in the form RT BR and that the eigen-

vectors are also Lipschitz. Let u± = (u±
1 , u±

2 ) be the eigenvectors of the eigenvalues
λ±. Hence,

(

˜A − λ± I d
)

u± = 0, i.e.,

{

(K 2ã − λ±)u±
1 + K˜bu±

2 = 0,

K˜bu±
1 + (˜d − λ±)u±

2 = 0.
(3.6)

Consider the vectors v+ = (

λ+ − ˜d, K˜b
)

and v− = (

K˜b, λ− − K 2ã
)

, which
are clearly Lipschitz by the preceding discussion. We claim that v+ and v− satisfy
(3.6). Indeed, v+ satisfy the second equality in (3.6) by the definition of v+, and
the first equality follows from the definition of the eigenvalues λ± and the equality
λ+ − ˜d = K 2ã − λ−, see (3.2). The vector v− satisfy (3.6) by the same reason.

By (3.2), we can write v+ = (K 2ã − λ−, K˜b
)

(and so v− and v+ are orthogonal),
and hence ‖v+‖ = ‖v−‖. Moreover,

‖v±‖2 =
(

K 2ã − λ−
)2 + K 2

˜b2 ≥
(

K 2ã − λ−
)2 =

(

K 2ã − ˜d + √
f

2

)2

≥ 1,

by (3.4) and (3.5). To conclude, set the unitary vectors u± := v±
‖v±‖ . They are orthonor-

mal and hence we conclude that ˜A = RT BR with

B =
(

λ− 0
0 λ+

)

, R =
(

u−
1 u+

1
u−
2 u+

2

)

=
(

u+
2 u+

1−u+
1 u+

2

)

,

and u± are Lipschitz since v± are Lipschitz and ‖v±‖ ≥ 1. ��
We also need to control how Reifenberg flat sets change under the linear planar

deformation in the previous lemma.

Lemma 3.8 Let K ≥ 1, D =
(

1/K 0
0 1

)

and � be a (δ, r0)-Reifenberg flat domain. If

δ <
√
15/(16K ) then D−1(�) is a

(

8
√
15

15 K δ, r0
)

-Reifenberg flat domain.

Proof Let 0 < r ≤ r0, ξ ∈ ∂� and P := P(ξ, r) � ξ . Denote �′ = D−1(�),
ξ ′ = D−1ξ andP′ = D−1(P). We want to check the conditions in Definition 2.7 with
the point ξ ′, radius r and the hyperplane P′. See Figure 1.
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Fig. 1 Almost the worst situation: P ⊥ {y = 0}

Claim 3.9 For any x, y ∈ R
2, K−1dist(x, y) ≤ dist(Dx, Dy) ≤ dist(x, y).

Proof Indeed, since the minimum (resp. maximum) eigenvalue of D is K−1 (resp. 1),
we have

dist(Dx, Dy)

dist(x, y)
= ‖Dx − Dy‖

‖x − y‖ ∈ [K−1, 1].

��
Claim 3.10 One component of

Br (ξ
′) ∩ {x ∈ R

2 : dist(x,P′) ≥ 2K δr} (3.7)

is contained in �′ and the other is contained in R
2\�′.

Proof By the previous claim we get

D−1
(

{x ∈ R
2 : dist(x,P) ≥ 2δr}

)

⊃ {x ∈ R
2 : dist(x,P′) ≥ 2K δr}, (3.8)

and from the definition of D−1 we have Br (ξ ′) ⊂ D−1 (Br (ξ)). By (3.8), and since
2K δ < 2

√
15/16 < 1, in particular Br (ξ ′) ∩ D−1 ({x : dist(x,P) ≥ 2δr}) �= ∅, and

the claim follows from the Reifenberg flat condition of �. ��
First we check

sup
y∈∂�′∩Br (ξ ′)

dist(y,P′ ∩ Br (ξ
′)) ≤ K δr . (3.9)

From the Reifenberg flatness of �, see Definition 2.7(1), we have

sup
x∈∂�∩Br (ξ)

dist(x,P ∩ B(ξ, r)) ≤ δr .
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Fig. 2 Setting of (3.10)

Given y ∈ ∂�′ ∩ Br (ξ ′), take z ∈ P∩ Br (ξ) with dist(Dy, z) ≤ δr . Since P′ is a line
through ξ , the distance dist(y,P′) is attained at Br (ξ ′), that is,

dist(y,P′ ∩ Br (ξ
′)) = dist(y,P′) ≤ dist(y, D−1z).

By Claim 3.9,

dist(y,P′ ∩ Br (ξ
′)) ≤ Kdist(Dy, z) ≤ K δr ,

and (3.9) follows.
Now we turn to prove

sup
y∈P′∩Br (ξ ′)

dist(y, ∂�′ ∩ Br (ξ
′)) ≤ 2

√
2K δ

√

1 + √
1 − 4K 2δ2

r . (3.10)

By Claim 3.10 we have that for each line � orthogonal to P′ such that

� ∩ Br (ξ
′) ∩ {x ∈ R

2 : dist(x,P′) ≥ 2K δr} �= ∅,

there is a point p ∈ � ∩ ∂�′ ∩ {x ∈ Br (ξ ′) : dist(x,P′) < 2K δr}, since ∂�′ must
separate each component in (3.7). Using this fact and ξ ′ ∈ P′ ∩ ∂�′ (the center of the
ball), for every y ∈ P′ ∩ Br (ξ ′) we obtain

dist(y, ∂�′ ∩ Br (ξ
′)) ≤ min

{

r , dist
(

y, Br (ξ
′) ∩ {x : dist(x,P′) ≥ 2K δr})} .

Using basic trigonometric computations, see Fig. 2, we have that for every y ∈ P′ ∩
Br (ξ ′),

dist
(

y, Br (ξ
′) ∩ {x : dist(x,P′) ≥ 2K δr}) ≤ 2

√
2K δ

√

1 + √
1 − 4K 2δ2

r .
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Since K δ <
√
15/16 <

√
3/4, the previous value is less than r , and hence (3.10) is

proved.

Notice that K δr < 2K δr < 2
√
2K δ√

1+√
1−4K 2δ2

r . From this, (3.9) and (3.10) we get

distH(∂�′ ∩ Br (ξ
′),P′ ∩ Br (ξ

′)) ≤ 2
√
2K δ

√

1 + √
1 − 4K 2δ2

r ,

and Definition 2.7(1) is verified.
Since the last term is strictly larger than 2K δr , and 2 2

√
2K δ√

1+√
1−4K 2δ2

< 1 when

δ <
√
15

16K , we get

Br (ξ
′) ∩ {x : dist(x,P′) ≥ 2K δr} ⊃ Br (ξ

′)

∩
{

x : dist(x,P′) ≥ 2
2
√
2K δ

√

1 + √
1 − 4K 2δ2

r

}

�= ∅,

and the second condition of Reifenberg flat, Definition 2.7(2), is achieved by
Claim 3.10.

In conclusion, if δ <
√
15/(16K ) then �′ = D−1(�) is

(

2
√
2K δ√

1+√
1−4K 2δ2

, r0

)

-

Reifenberg flat. In particular �′ = D−1(�) is
(

8
√
15

15 K δ, r0
)

-Reifenberg flat. ��

3.2 Reduction 1: Lipschitz diagonalization of the symmetric part

Let us see how Lemma 3.3 implies Main Lemma 3.1. We will do this in two steps.
First we show how to get rid of the assumption on the decomposition of A0, using the
linear transformation in Lemma 3.7.

Claim 3.11 In Lemma 3.3, the hypothesis A0 = RT BR is unnecessary.

Proof For every square matrix X we define its symmetric part X0 := X+XT

2 .
By Lemma 3.7 there exists a constant diagonal matrix D = ( 1/K 0

0 1

)

with

K = K (λ) ≥ 1 such that (̃A0)(·) = D−1A0(D·)D−1 can be written as (̃A0) =
RT BR ∈ C0,1(D−1(Ur0(∂�))) with R ∈ C0,1(D−1(Ur0(∂�))) a rotation, and
B ∈ C0,1(D−1(Ur0(∂�))) diagonal.

Setting ˜A(·) := D−1A(D·)D−1, we have that the symmetric part of the matrix ˜A
is

˜A0 := D−1A(D·)D−1 + (D−1A(D·)D−1
)T

2

= D−1A(D·)D−1 + D−1AT (D·)D−1

2
= (̃A0),

and hence ˜A0 = RT BR as before.
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Note that

Ur0(∂D
−1(�)) := {x : dist(x, ∂D−1�) < r0} ⊂ D−1(Ur0(∂�)),

and so these matrices are Lipschitz in Ur0(∂D
−1(�)).

Denoting ω̃ := ωD−1�,˜A the elliptic measure in D−1� with matrix ˜A, by Corol-

lary 3.5 we have ωx (·) = ω̃D−1x (D−1·) for any x ∈ �. By Lemma 3.8 we have
that D−1� is (8

√
15K δ/15, r0)-Reifenberg flat. Set p̃ := D−1 p ∈ D−1(�). Since

dist(p, ∂�) > r0, dist( p̃, ∂D−1�) > r0 and we are in position to apply Lemma 3.3
with this pole p̃.

First, we need to compute the ellipticity constant, the Lipschitz seminorm, and the
L∞ norm of the matrix ˜A. Recall λ ≥ 1 is the ellipticity constant of A. For ξ, η ∈ R

2,

〈˜Aξ, η〉 = 〈A(D·)D−1ξ, D−1η〉 ≤ λ|D−1ξ ||D−1η| ≤ λK 2|ξ ||η|,
〈˜Aξ, ξ 〉 = 〈A(D·)D−1ξ, D−1ξ 〉 ≥ λ−1|D−1ξ |2 ≥ λ−1|ξ |2 ≥

(

λK 2
)−1 |ξ |2,

i.e., the ellipticity constant of ˜A is λK 2. If one seeks optimal constants, choosing ˜A/K
the ellipticity constant becomes λK . The Lipschitz seminorm of ˜A in D−1(Ur0(∂�))

is at most K 2[A]C0,1(Ur0 (∂�)). Indeed, for any two points x, y ∈ D−1(Ur0(∂�)) with
x �= y,

|D−1A(Dx)D−1 − D−1A(Dy)D−1|
|x − y| ≤ K 2 |A(Dx) − A(Dy)|

|x − y|
≤ K 2[A]C0,1(Ur0 (∂�))

|Dx − Dy|
|x − y|

≤ K 2[A]C0,1(Ur0 (∂�)).

The L∞ norm is ‖˜A‖L∞(R2) ≤ K 2‖A‖L∞(R2).
By Lemma 3.3 there exists

δ0 = δ0(K (λ)2λ, K (λ)2[A]C0,1(Ur0 (∂�)) · K (λ)2‖A‖L∞(R2)) > 0

such that if 0 < 8
√
15K (λ)δ/15 ≤ δ0, i.e., 0 < δ ≤ 15δ0/(8

√
15K (λ)), and taking

M big enough such that Lemma 3.3 holds, then there is a set ˜F ⊂ ∂D−1(�) such that
ω̃ p̃(˜F) ≥ C−1τ and with a covering ˜F ⊂⋃i B (̃zi , ri ) where

(1*)
∑

i ri ≤ CMτ ,
(2*)

∑

{i : ri>ρ} ri ≤ CM−1,

with universal constant C .
Defining F := D(˜F) we have ωp(F) = ω̃ p̃(˜F) ≥ C−1τ , and F ⊂

⋃

i D(B (̃zi , ri )). Finally, as D(B (̃zi , ri )) ⊂ B(Dz̃i , ri ), then {B(Dz̃i , ri )}i is a cov-
ering of F satisfying the same properties. ��
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3.3 Reduction 2: The dependence on the Lipschitz seminorm

This is the second step to show that Lemma 3.3 implies Main Lemma 3.1. Note that
the flatness constant of the Reifenberg flat domain on Lemma 3.3 (hence also on
Claim 3.11) depends also on the Lipschitz seminorm κ of the matrix. Below, we see
that in fact these results imply Main Lemma 3.1 by a rescaling argument. Here the
flatness constant is determined solely by the ellipticity of the matrix.

Proof of Main Lemma 3.1 assuming Lemma 3.3 Fix r ∈ (0, 1] be such that rκ‖A‖L∞ ≤
1, and let ˜A(·) = A(r ·), ˜� = �/r and ω̃ := ω

˜�,˜A be the elliptic measure with respect
to the matrix ˜A in ˜�.

The matrix ˜A is Lipschitz in {x/r : dist(x, ∂�) < r0} = {x : dist(x, ∂˜�) < r0/r},
and˜� is (δ, r0/r)-Reifenberg flat since� is (δ, r0)-Reifenberg flat. By the uniqueness
of the elliptic measure we have ω̃z/r (·/r) = ωz(·) for any z ∈ �.

With this “zoom” the ellipticity constant of ˜A becomes the same as the one of
A, ‖˜A‖L∞ = ‖A‖L∞ and [˜A]C0,1 = r [A]C0,1 , which implies [˜A]C0,1 · ‖˜A‖L∞ =
rκ‖A‖L∞ ≤ 1.

This allows us to invoke Claim 3.11 for the elliptic measure ω̃p/r since
dist(p/r ,�/r) > r0/r , as dist(p,�) > r0. Note that now we don’t have the depen-
dence on the Lipschitz seminorm and L∞ norm of the matrix since we are in the case
[˜A]C0,1‖˜A‖L∞ ≤ 1. Hence, there exists δ0 = δ0(λ) > 0 such that if 0 < δ ≤ δ0, then
for M big enough (to satisfy Claim 3.11) and setting ρ such that 0 < ρ/r < 1/M ,
we can find a set F ′ ⊂ ∂�/r such that ω̃p/r (F ′) ≥ C−1τ and with a covering
F ′ ⊂⋃i B(z′i , ri ) such that

(1*)
∑

i ri ≤ CMτ ,
(2*)

∑

{i : ri>ρ/r} ri ≤ CM−1.

Set F = r F ′. Then ωp(F) = ω̃p/r (F ′) ≥ C−1τ , and F = r F ′ ⊂ ⋃

i B(zi , rri ),
which implies

(1)
∑

i rri ≤ rCMτ ≤ CMτ ,
(2)

∑

{i : rri>ρ} rri =∑{i : ri>ρ/r} rri ≤ rCM−1 ≤ CM−1,

as claimed. ��

4 Elliptic measures in CDC domains

In this section we collect the key properties of elliptic measures in CDC domains for
the proof of Main Lemma 3.1. The first one, frequently called Bourgain’s lemma (see
[7, Lemma 1] for the harmonic case), is the following lemma.

Lemma 4.1 ([21, Lemma 11.21]) Let � ⊂ R
n+1, n ≥ 1, be a bounded CDC domain

with constant c0 and radius s0, and let A be a real uniformly elliptic (not necessarily
symmetric) matrix. Then there exists a constant τ ∈ (0, 1), depending only on n, c0
and the ellipticity constant of the matrix A, such that for E ⊂ ∂�, x0 ∈ ∂� and
0 < r ≤ s0, we have the following:
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(1) if B(x0, 2r) ∩ E = ∅, then ω
p
�,A(E) ≤ 1 − τ < 1, and

(2) if B(x0, 2r) ∩ ∂� ⊂ E, then ω
p
�,A(E) ≥ τ > 0,

for any point p ∈ B(x0, r) ∩ �.

The proof of Main Lemma 3.1 is based on a modification of the domain, without
losing the initial information. In the following lemma we obtain the first step in that
modification. This is the analogue of [44, Lemma 1.1].

Lemma 4.2 Let � ⊂ R
n+1, n ≥ 1, be a bounded CDC domain with constants c0

and radius s0, let x ∈ ∂� and 0 < r ≤ s0, and let A be a real uniformly elliptic
(not necessarily symmetric) matrix. Then for any k > 2, there exists a constant C
depending only on n, c0 and the ellipticity constant of the matrix A such that

ω
p
�\B(x,r),A

(

B(x, r)
)

≤ Cω
p
�,A(B(x, kr)), for all p ∈ �\B(x, r).

Proof The proof follows the same argument as [44, Lemma 1.1].
Since k > 2, by Lemma 4.1(2) there exists C > 1, depending on n, c0 and the

ellipticity constant of thematrix, such thatωp
�,A(B(x, kr)) ≥ ω

p
�,A(B(x, 2r)) ≥ C−1

for any p ∈ B(x, r)∩�. The lemma follows by the maximum principle in�\B(x, r)
by standard techniques. ��

Later on we will need to have some control on the Radon-Nikodym derivative of
the elliptic measure of the modified domain with respect to its surface measure, see
Lemma 4.5 below. First we compute the CDC constants of an annulus, which will be
used later to control this density in a modified domain.

Lemma 4.3 Let k > 3. The annulus Ak = B(0, k2r) \ B(0, r) ⊂ R
n+1, n ≥ 1,

satisfies the CDC with constant c0 = c0(k) and radius s0 := ( k+1
2

)2
r , and moreover

(1) B(0, kr) ⊂ B(x0, s0) and
(2) B(x0, 2s0) ⊂ B(0, k2r),

for any x0 ∈ ∂B(0, r), i.e., the inner circle.

Proof In the following computations we find the radius s0 to have the CDC on the
annulus Ak with the conditions (1) and (2). From the first condition we get s0 >

(k + 1)r , and from the second 2s0 + r < k2r , i.e., 2s0 < (k2 − 1)r . In order to have
existence in s0 we need 2(k + 1)r < (k2 − 1)r , whence we need k > 3. Let s0 be the

middle point in
(

(k + 1)r , k2−1
2 r

)

,

s0 := (k + 1)r + k2−1
2 r

2
= k2 + 2k + 1

4
r =: C(k) · r .

Now we want to see that for k > 3, the annulus Ak satisfies the capacity density
condition with s0 = k2+2k+1

4 r = C(k) · r . By definition of C(k), given a point
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x0 ∈ ∂Ak , the ball B(x0,C(k) · r) does not intersect the other component of ∂Ak , by
condition (2).

We want to see that there exists c0 = c0(k) such that

Cap
(

B(x0, s) ∩ Ac
k, B(x0, 2s)

)

≥ c0(k) · sn−1,

for all x0 ∈ ∂Ak and 0 < s ≤ s0.
Case 1. Suppose x0 ∈ ∂B(0, r) ⊂ ∂Ak . Let 0 < s ≤ s0 = C(k) · r . By the choice

of C(k) we have B(x0, s) ∩ Ac
k = B(x0, s) ∩ B(0, r).

Set ξ = x0−x0
s
2s0

. So |ξ−x0| =
∣

∣

∣x0
s
2s0

∣

∣

∣ = rs
2s0

= s
2C(k) , and note that |ξ−x0| ≤ r

2 .

In particular B
(

ξ, s
2C(k)

)

⊂ B(x0, s)∩Ac
k . Also, B(x0, 2s) ⊂ B (ξ, 2s + |x0 − ξ |) =

B
(

ξ, 2s + s
2C(k)

)

. From these two inclusions, the monotonicity of the capacity and

[21, (2.13)], we have

Cap
(

B(x0, s) ∩ Ac
k , B(x0, 2s)

)

≥ Cap

(

B

(

ξ,
s

2C(k)

)

, B

(

ξ, 2s + s

2C(k)

)

)

≈k sn−1.

Case 2. Suppose x0 ∈ ∂B(0, k2r) ⊂ ∂Ak . Let 0 < s ≤ s0 = C(k) · r . Define
ξ = x0+ x0|x0|

s
2 . Hence B

(

ξ, s
2

) ⊂ B(x0, s)∩Ac
k and B(x0, 2s) ⊂ B

(

ξ, 5
2 s
)

. Arguing

as before we get

Cap
(

B(x0, s) ∩ Ac
k, B(x0, 2s)

)

� sn−1,

as claimed. ��

Nowwe study the density of the elliptic measure in an annulus. For a Hölder matrix
A, here we use that L A-harmonic functions are Hölder continuous up to the boundary,
see Theorem 2.12.

Lemma 4.4 Let k > 3, 0 < r ≤ 1 and Ak = B(x, k2r)\B(x, r) ⊂ R
n+1, n ≥ 1. Let

A be a real uniformly elliptic (not necessarily symmetric) matrix. Suppose also that
A ∈ Cα

(

B(x, 2k2r)
)

with 0 < α < 1. Then the elliptic measure in the annulus Ak

(arising from the matrix A) satisfies

ωz
Ak ,A

(Y ) � σ(Y )

rn
, for any z ∈ ∂B(x, kr) and any Y ⊂ ∂B(x, r),

with constant depending only on k, [A]Cα and the ellipticity of A.

Proof Suppose without loss of generality that the annulus is centered at the origin and
denote Bt := B(0, t). We can also assume that r = 1. Indeed, denote ω := ωAk ,A

and ω̃ := ω
˜Ak ,˜A

the elliptic measure associated to the matrix ˜A(·) := A(r ·), where
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the rescaled annulus is ˜Ak = Bk2\B1. After rescaling and by the uniqueness of the
elliptic measure,

ωz(Y ) = ω̃z′(Y ′) where z′ = z/r and Y ′ = Y/r ,

see Corollary 3.5. The matrix ˜A has the same ellipticity constant as A, and the Hölder
seminorm is improved because [˜A]Cα = [A]Cα ·rα whenever 0 < r < 1. If the lemma
were true with r = 1 then writing p = z/r we would get

ωz(Y ) = ω̃p(Y ′) ≤ Ckσ(Y ′) = Ck
σ(Y )

rn
,

as claimed.
Let p ∈ ∂Bk and let gTp the Green function of the annulusAk with pole at p. Then,

using (2.8),

ωp(Y ) = −
ˆ
Y
〈AT (ξ)∇gTp (ξ), ν(ξ)〉 dσ(ξ) �

ˆ
Y

|∇gTp (ξ)| dσ(ξ). (4.1)

Wewould be done ifwe can bound |∇gTp | ≤ Ck . To obtain thiswe applyTheorem2.12.
In the next paragraphs we check its hypothesis.

The function gTp is L AT -harmonic in B2\B1 since we are in the case k > 3.
Moreover gTp ≡ 0 in ∂B1. We need to verify that gTp ∈ W 1,2 (B2\B1). Recall that the

Green function is constructed in (2.5) as gTp = −ETp + h where h is a L
˜AT -harmonic

function with h = ETp on ∂Ak , and ETp is the fundamental solution with pole at p.
Hence,

‖gTp ‖L2(B2\B1) ≤ ‖gTp ‖L2(B5/2\B1) ≤ max
y∈∂B5/2

gTp (y) ≤ max
y∈∂B5/2

|ETp (y)| + max
y∈∂B5/2

|h(y)|

≤ max
y∈∂B5/2

|ETp (y)| + max
y∈∂Bk2∪∂B1

|ETp (y)|. (4.2)

In the planar case, we have |ETp (y)| � 1 + |log |y − p|| by Corollary 2.17, and in
particular, from (4.2) we obtain

‖gTp ‖L2(B2\B1) � max
y∈∂B5/2

[

1 + |log |y − p||]+ max
y∈∂Bk2∪∂B1

[

1 + |log |y − p||] ≤ Ck .

In higher dimensions, n ≥ 2, the fundamental solution is bounded by |ETp (y)| �
|p − y|1−n (see [20, Theorem 3.1 (3.55)]). From this bound and (4.2) we get

‖gTp ‖L2(B2\B1) � max
y∈∂B5/2

|y − p|n−1 + max
y∈∂Bk2∪∂B1

|y − p|n−1 ≤ Ck .



106 Page 28 of 79 I. Guillén-Mola et al.

In fact, we have obtained ‖gTp ‖L2(B5/2\B1) � Ck , and hence by Caccioppoli’s inequal-
ity in the annulus B2\B1 we also obtain the upper bound for the gradient,

‖∇gTp ‖L2(B2\B1) � ‖gTp ‖L2(B5/2\B1) � Ck,

implying gTp ∈ W 1,2(B(0, 2) \ B(0, 1)) depending only on k and the ellipticity con-
stant.

Consider � = B2\B1, T = ∂B1 and �′ = B3/2 \ B1 in Theorem 2.12. Note
that �′ ⊂ �, T ⊂ ∂�′ and dist

((

B3/2\B1
) ∪ ∂B1, ∂B2

) = 1/2. Then we get gTp ∈
C1,α

((

B3/2\B1
) ∪ ∂B1

)

with

max
y∈∂B1

|∇gTp (y)| ≤ ‖gTp ‖1;�′
Thm 2.12

� max
y∈B2\B1

gTp (y) ≤ max
y∈∂B5/2

gTp (y) ≤ Ck,

and the lemma follows. ��
Lemma 4.2 relates the elliptic measure on the initial domain with the elliptic mea-

sure on the domain minus a fixed ball. Next in Lemma 4.5, which is the analogue
of [44, Lemma 1.2], we study the elliptic measure on this last setting. Combining
Lemmas 4.2 and 4.5 we will obtain density properties of the elliptic measure on a
modified domain.

Lemma 4.5 Set k > 3 and 0 < r ≤ 1. Let � ⊂ R
n+1, n ≥ 1, be a bounded

Wiener regular domain, x ∈ ∂� and let A be a real uniformly elliptic (not necessarily
symmetric) matrix. Suppose also that A ∈ Cα({y ∈ R

n+1 : dist(y, ∂�) < 2k2r})
with 0 < α < 1.

Set ˜� = �\B where B = B(x, r). Then ω
p
˜�,A

∣

∣

∂B is absolutely continuous with

respect to σ for any p ∈ �\kB, and for z ∈ ∂B,

dω
p
˜�,A

dσ
(z) ≤ C

rn
ω

p
�\kB,A

(

kB
)

, for any p ∈ � \ kB,

with constant C depending only on n, k, [A]Cα and the ellipticity of A.

Following the scheme of the proof of [44, Lemma 1.2], to obtain Lemma 4.5 we
study the elliptic measure of the annulus Ak := B(x, k2r)\B(x, r) when k > 3 (in
order to apply Lemma 4.3) and 0 < r ≤ 1 (to have a control on the Hölder seminorm
of the matrix A ∈ Cα). However, some technicalities are needed due to the variability
of the coefficients of the matrix.

Proof of Lemma 4.5 During the proof we write ω· instead of ω·,A.
To obtain the result it suffices to proveω

p
˜�
(Y ) � σ(Y )

rn ω
p
�\kB(kB) for all p ∈ �\kB

and every Y ⊂ ∂B, and in fact, it is enough to assume that Y is open. Indeed, fixed p ∈
�\kB, for ε > 0 letU ⊃ Y be an open set (relative to ∂B) such that σ(U ) ≤ σ(Y )+ε.
If the lemma were true for open sets, then ω

p
˜�
(Y ) ≤ ω

p
˜�
(U ) � σ(U )

rn ω
p
�\kB(kB) =

σ(Y )+ε
rn ω

p
�\kB(kB) and the general case would follow taking ε → 0.
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Let us assume Y is an open set relative to ∂B, and fix p ∈ �\ kB. Again, for ε > 0
let V ⊃ kB be an open set such that ωp

�\kB(V ) ≤ ω
p
�\kB(kB) + ε, ψ ∈ Cc(V ) such

that 1kB ≤ ψ ≤ 1V , and let v�\kB denote the L A-harmonic extension of ψ in � \ kB.
Let N := maxx∈∂kB ωx

˜�
(Y ) and let x0 ∈ ∂kB such that ω

x0
˜�

(Y ) = N . Define the

annulus Ak := k2B\B. By Lemma 4.6 below we obtain

N − ω
x0
˜�∩Ak

(Y ) = ω
x0
˜�

(Y ) − ω
x0
˜�∩Ak

(Y ) =
ˆ

�∩∂k2B
ω

ξ
˜�
(Y ) dω

x0
˜�∩Ak

(ξ). (4.3)

By themaximumprinciple in˜�\kBwehave thatωξ
˜�
(Y ) ≤ ω

x0
˜�

(Y ) = N for ξ ∈ ∂k2B,
and hence ˆ

�∩∂k2B
ω

ξ
˜�
(Y ) dω

x0
˜�∩Ak

(ξ) ≤ Nω
x0
˜�∩Ak

(� ∩ ∂k2B). (4.4)

All in all, from (4.3) and (4.4) then

N − ω
x0
˜�∩Ak

(Y ) ≤ Nω
x0
˜�∩Ak

(� ∩ ∂k2B). (4.5)

Also, by the maximum principle and the fact that the annulus Ak = k2B\B when
k > 3 satisfies the CDC with the precise conditions in Lemma 4.3, we have that the
right-hand side of (4.5) is controlled by

ω
x0
˜�∩Ak

(� ∩ ∂k2B) ≤ ω
x0
Ak

(∂k2B) ≤ 1 − τ < 1, (4.6)

for τ ∈ (0, 1), depending also on k. Indeed, this last step follows by applying
Lemma 4.1(1) to any y ∈ ∂B with the choice of s0 in Lemma 4.3, because in that case
x0 ∈ ∂kB ⊂ B(y, s0) and B(y, 2s0) ∩ ∂k2B = ∅.

From (4.5) and (4.6) we obtain N − ω
x0
˜�∩Ak

(Y ) ≤ Nω
p0
˜�∩Ak

(∂k2B) ≤ (1 − τ)N ,

equivalently ω
x0
˜�∩Ak

(Y ) ≥ τN = τω
x0
˜�

(Y ). From this and the maximum principle,

τω
x0
˜�

(Y ) ≤ ω
x0
˜�∩Ak

(Y ) ≤ ω
x0
Ak

(Y ).

We have reduced to the elliptic measure in the annulusAk . By Lemma 4.4 we have
ω
x0
Ak

(Y ) � σ(Y )/rn , and so ω
x0
˜�

(Y ) � ω
x0
Ak

(Y ) � σ(Y )/rn . Since x0 ∈ ∂kB was

chosen to achieve themaximumofω·̃
�
(Y ) in ∂kB, we obtain that for any x ∈ ˜�∩∂kB,

ωx
˜�
(Y ) ≤ ω

x0
˜�

(Y ) � σ(Y )

rn
= σ(Y )

rn
· v�\kB(x),

where the last equality is just because v�\kB(ξ) = ψ = 1 for ξ ∈ ˜�∩∂kB. Moreover,

ωx
˜�
(Y ) = 0 if x ∈ ∂˜�\kB. The same inequality follows for x ∈ ˜�\kB by the

maximum principle in ˜� \ kB. Evaluating at the fixed pole p ∈ � \ kB, by the choice
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of V we have

ω
p
˜�
(Y ) � σ(Y )

rn
· v�\kB(p) ≤ σ(Y )

rn
· ω

p
�\kB(V ) ≤ σ(Y )

rn
· (ω

p
�\kB(kB) + ε),

and the lemma follows by taking ε → 0. ��
For the sake of completeness here we provide a proof of (4.3).

Lemma 4.6 Let � ⊂ R
n+1, n ≥ 1, be a Wiener regular domain and A be a real

uniformly elliptic (not necessarily symmetric) matrix. Let ˜� ⊂ � be a Wiener regular
domain. For any Borel set E ⊂ ∂� ∩ ∂˜� and p ∈ ˜�, there holds

ω
p
�,A(E) − ω

p
˜�,A

(E) =
ˆ

∂˜�\∂�

ω
ξ
�,A(E) dω

p
˜�,A

(ξ).

Proof During the proof we write ω = ω�,A and ω̃ = ω
˜�,A.

Fixed p ∈ ˜�, for m ≥ 1, by the inner (just for Borel sets) and outer regularity of
Radon measures, let Km ⊂ E be a compact set and Um ⊃ E be an open set such that

ωp(Um) − 1/m ≤ ωp(E) ≤ ωp(Km) + 1/m, and

ω̃p(Um) − 1/m ≤ ω̃p(E) ≤ ω̃p(Km) + 1/m.
(4.7)

Moreover, we take Km ⊂ Km+1 andUm ⊃ Um+1 by redefining the sequences suitably.
Finally, take K :=⋃m≥1 Km and U :=⋂m≥1Um .

Let ϕ = ϕm ∈ Cc(Um) be such that 1Km ≤ ϕ ≤ 1Um , and let u = um and ũ = ũm
denote the L A-harmonic extension of ϕ in � and ˜� respectively. By the monotonicity
of the integral,

ωξ (Km) ≤ u(ξ) ≤ ωξ (Um), for all ξ ∈ �, and (4.8a)

ω̃ξ (Km) ≤ ũ(ξ) ≤ ω̃ξ (Um), for all ξ ∈ ˜�. (4.8b)

Using (4.7), we get

|ωp(E) − ω̃p(E) − (u(p) − ũ(p))| ≤ 2/m. (4.9)

On the other hand, note that u(ξ) − ũ(ξ) = (u(ξ) − ϕ(ξ)) · 1∂˜�\∂�(ξ) if ξ ∈ ∂˜�, and

in particular, writing u − ũ as the L A-harmonic extension in ˜� of its boundary values
in ∂˜� and evaluating at the point p ∈ � we get

u(p) − ũ(p) =
ˆ

∂˜�\∂�

(u(ξ) − ϕ(ξ)) dω̃p(ξ).

From this, (4.8a) and 0 ≤ ´
∂˜�\∂�

ϕ(ξ) dω̃p(ξ) ≤ ω̃p(Um \ Km) ≤ 2/m, we therefore
obtain

ˆ
∂˜�\∂�

ωξ (Km) dω̃p(ξ) − 2

m
≤ u(p) − ũ(p) ≤

ˆ
∂˜�\∂�

ωξ (Um) dω̃p(ξ),
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which together with (4.9) gives

ˆ
∂˜�\∂�

ωξ (Km) dω̃p(ξ) − 4

m
≤ ωp(E) − ω̃p(E) ≤

ˆ
∂˜�\∂�

ωξ (Um) dω̃p(ξ) + 2

m
.

Note that the set K = ⋃

m≥1 Km ⊂ E satisfies ωp(E) = ωp(K ), and since K
is measurable, then ωp(E\K ) = 0. Since elliptic measures are mutually absolutely
continuous for any two different poles, this implies that ωξ (E\K ) = 0 for any ξ ∈ �.
Again, since K is measurable we obtain that ωξ (E) = ωξ (K ) for any ξ ∈ �. By the
same argument, using now that E is Borel and so measurable for everyωξ with ξ ∈ �,
the set U =⋂m≥1Um satisfies ωξ (E) = ωξ (U ) for any ξ ∈ �.

Taking m → ∞, by the monotone convergence theorem, the equation above
becomes
ˆ

∂˜�\∂�

lim
m→∞ ωξ (Km) dω̃p(ξ) ≤ ωp(E) − ω̃p(E) ≤

ˆ
∂˜�\∂�

lim
m→∞ ωξ (Um) dω̃p(ξ),

and the lemma follows since limm→∞ ωξ (Km) = ωξ (K ) = ωξ (E) = ωξ (U ) =
limm→∞ ωξ (Um). ��

5 Proof of Lemma 3.3, the weak version of theMain Lemma

According to the previous reductions in Section 3, to obtain the Main Lemma 3.1 it
suffices to prove Lemma 3.3, which we intend to do in this section modulo the proof
of (1.2) which is deferred to Section 7.

In this section we work with bounded (δ, r0)-Reifenberg flat domains � ⊂ R
2.

Recall that for δ > 0 small enough we have that� is an NTA domain (see [28, Section
3]), and hence it satisfies the capacity density condition. See Remark 2.5.

We now turn to the proof of Lemma 3.3. Let M > 0 be big enough and 0 < ρ <

1/M . Denote ω := ω
p
�,A.

For x ∈ ∂� define the ‘high density value’ as

h(x) := sup{r ≥ ρ : ω(B(x, r)) ≥ Mr}, (5.1)

and h(x) = ρ if the supremum runs over an empty set. Note that ρ ≤ h(x) ≤ 1/M
for every x ∈ ∂�, because ω is a probability measure.

Definition 5.1 (Good balls) For x ∈ ∂�, we say that the ball B(x, r) is good, B(x, r) ∈
Good, if r > h(x), i.e., for any s ≥ r we have ω(B(x, s)) < Ms.

For x ∈ R
2 define

d(x) := inf
B∈Good

[|x − c(B)| + r(B)] ,

where c(B) is the center of the ball and r(B) its radius. For any B ∈ Good we have
that r(B) ≥ h(c(B)) ≥ ρ, which implies d(x) ≥ ρ.
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Note that for every ball B(ξ, r) ∈ Good we have r ≥ h(ξ). Therefore

d(x) = inf
ξ∈∂�

[|x − ξ | + h(ξ)] .

This function is 1-Lipschitz as it is the infimum of 1-Lipschitz functions.

Remark 5.2 For x ∈ ∂� it follows ρ ≤ d(x) ≤ h(x), and hence h(x) = ρ implies
d(x) = h(x). Moreover, if d(x) = ρ then x ∈ ∂�.

Let 0 < ε < 1 be small enough (to be fixed in (5.8) below) depending on the
ellipticity constant λ and the product κ‖A‖L∞(R2). Let I = Iε−2 be the family of

maximal dyadic cubes Q ∈ D(R2) such that Q ∩ ∂� �= ∅ and �(Q) ≤ ε2d(x) for all
x ∈ Q.

Lemma 5.3 Let I be the family defined above. Then:

(1) Every Q ∈ I satisfy ε2d(x)
3 < �(Q) ≤ 2ε2d(x) for all x ∈ ε−2

4 Q.

(2) If Q1, Q2 ∈ I and ε−2

4 Q1 ∩ ε−2

4 Q2 �= ∅, then �(Q1)
6 < �(Q2) < 6�(Q1).

(3) { ε−2

4 Q}Q∈I has finite superposition, with superposition number N = Nε depend-
ing on ε only.

Proof Let x ∈ ε−2

4 Q. We start by proving �(Q) ≤ 2ε2d(x) in (1). Take any y ∈ Q.
By the election of y and since d is 1-Lipschitz,

d(x) = d(y) + d(x) − d(y) ≥ ε−2�(Q) − |x − y| ≥ ε−2�(Q) − diam
ε−2

4
Q ≥ �(Q)

2ε2
.

For the other inequality in (1), let ̂Q be the dyadic father of Q, i.e., the unique ̂Q ∈
D(R2) such that Q ⊂ ̂Q and �(̂Q) = 2�(Q). Since Q is maximal, there exists y ∈ ̂Q
such that 2�(Q) = �(̂Q) > ε2d(y), and hence

d(x) = d(x) − d(y) + d(y) < |x − y| + 2�(Q)

ε2
≤ diam

ε−2

4
Q + 2�(Q)

ε2
≤ 3�(Q)

ε2
,

and with this we conclude the proof of (1).
Let Q1, Q2 ∈ I such that ε−2

4 Q1 ∩ ε−2

4 Q2 �= ∅. Take x ∈ ε−2

4 Q1 ∩ ε−2

4 Q2, and
then (2) follows from (1) by

�(Q1) ≤ 2ε2d(x) < 6�(Q2).

Given Q ∈ I, there is only a finite number N = Nε of cubes P ∈ D(R2) such that
�(Q)/6 < �(P) < 6�(Q) and ε−2

4 Q ∩ ε−2

4 P �= ∅, which gives (3). ��
Lemma 5.4 There exists γ ≥ 1 such that for every Q ∈ I there exists a ball GQ ∈
Good with r(GQ) ≈ ε−2�(Q), satisfying the inclusions ε−2Q ⊂ γGQ and GQ ⊂
γ ε−2Q.
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Proof Given Q ∈ I, fix any x ∈ Q ∩ ∂�, and take ξ ∈ ∂� such that

d(x) ≤ |x − ξ | + h(ξ) ≤ 1.1d(x). (5.2)

Define the ball GQ := B (ξ, 2(|x − ξ | + h(ξ))), and hence GQ ∈ Good, since
r(GQ) ≥ 2h(ξ) ≥ h(ξ) + ρ > h(ξ).

We claim that r(GQ) ≈ ε−2�(Q). Indeed, from (5.2) and (1) in Lemma 5.3,

1

2
r(GQ) = |x − ξ | + h(ξ)

(5.2)≈ d(x)
(1)≈ ε−2�(Q).

Also, using the previous comparability, the distance between x and ξ is controlled
above by

|x − ξ | ≤ |x − ξ | + h(ξ) = 1

2
r(GQ) ≈ ε−2�(Q),

which implies that there exists a universal constant γ ≥ 1 such that ε−2Q ⊂ γGQ

and GQ ⊂ γ ε−2Q. ��
For each cube Q ∈ I, fix a point zQ ∈ Q ∩ ∂� and define BQ := B(zQ, rQ) with

rQ := εd(zQ). Next, we modify the domain as in [44], but using the family {BQ}Q∈I.
To do so, define

˜� := �\
⋃

Q∈I
BQ,

and denote ω̃ := ω
p
˜�,A

its elliptic measure with pole p. From (1) in Lemma 5.3 and
d(·) ≥ ρ on ∂� we have that I is finite. In particular, the family {BQ}Q∈I is finite,
and ∂˜� is smooth except at finitely many points.

Recall P is the approximating hyperplane in Definition 2.7. Since the function d(·)
is 1-Lipschitz, and so εd(·) is ε-Lipschitz, the same proof as in [3, Lemma 2.2] applies
to obtain the following lemma.

Lemma 5.5 Let r0 ∈ (0,∞] and let ε > 0 be small enough. Then:

(1) (Analogue of [3, Lemma 2.2]) There exists δ0 = δ0(ε) > 0 such that if � ⊂ R
2

is (δ, r0)-Reifenberg flat with 0 < δ < δ0, then the modified domain ˜� as above
is (cε1/2, r0/2)-Reifenberg flat.

(2) (See [3, Lemma 2.3(c)]) For every Q ∈ I, there exists a Lipschitz function
fQ : P(zQ, 30r(BQ)) ∩ 10BQ → P(zQ, 30r(BQ))⊥ with Lipschitz constant at
most cε1/2.

For any Q ∈ I, by the maximum principle and Lemma 4.2 (with k = 10) respec-
tively,

ω̃
(

BQ
) ≤ ω�\BQ

(

BQ
)

� ω(10BQ). (5.3)
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Moreover, for all z ∈ ∂˜� ∩ ∂BQ , by Lemma 4.5 (with k = √
10), the maximum

principle and Lemma 4.2 (with k = √
10) respectively,

dω̃

dσ
(z) �

ω
˜�\√10BQ

(√
10BQ

)

r(BQ)
≤

ω
�\√10BQ

(√
10BQ

)

r(BQ)
�

ω
(

10BQ
)

r(BQ)
. (5.4)

By the existence of a good ball GQ ∈ Good with r(GQ) ≈ ε−2�(Q) and ε−2Q ⊂
γGQ (see Lemma 5.4), the ball 10BQ has bounded density with respect to the initial
elliptic measure:

ω
(

10BQ
) = ω

(

B(zQ , 10εd(zQ))
) L.5.3(1)≤ ω(3 · 3 · 10ε−1Q)

ε�1≤ ω(ε−2Q) ≤ ω(γGQ)

γGQ∈Good
≤ γ r(GQ)M ≈ γ ε−2�(Q)M

L.5.3(1)≈ γ d(zQ)M = γ ε−1r(BQ)M .

In particular, combined with (5.4) this implies

dω̃

dσ
(z) � M for all z ∈ ∂˜�, (5.5)

where the involved constant depends on γ and ε.
Let us smooth out the domain ˜�. Recall that ˜� is smooth except at finitely

many points {ξ j } j∈J , with #J < ∞ depending on M and ρ. Let 0 < s <

minQ∈I r(BQ)/1000 be a small enough parameter to be fixed later. For each point
ξ j , j ∈ J , let B1, B2 ∈ {BQ : Q ∈ I} be the two intersecting balls such that
ξ j ∈ ∂B1 ∩ ∂B2, and let c1, c2 be their centers and r1, r2 be their radii respec-
tively. Take the unique point q j ∈ ˜� ∩ ∂B(c1, r1 + s) ∩ ∂B(c2, r2 + s), and denote
Bj := B(q j , s). The ball Bj is tangent to B1 and B2, and define Tj to be the bounded
open region enclosed between B1, B2 and Bj . We define the new smooth domain

˜
˜� = ˜˜�s := ˜�\

⋃

j∈J

Tj ,

taking small enough s such that

(1) for each Q ∈ I, σ(∂BQ ∩ ∂˜˜�) ≥ 0.9σ(∂BQ ∩ ∂˜�), and
(2) ˜˜� is a Lipschitz domain with the same Lipschitz character as ˜�.

Note that σ(∂˜˜�\∂˜�) ≤ #J · 2πs, and so we can take this value to be as small as
needed.

Denote ˜ω̃ := ω
p
˜
˜�,A

. By the maximum principle, ˜ω̃(E) ≤ ω̃(E) for any E ⊂
∂˜� ∩ ∂˜˜�. Consequently,

˜ω̃(BQ) ≤ ω̃(BQ)
(5.3)
� ω(10BQ) for any Q ∈ I, (5.6)

and
d˜ω̃

dσ
(z) ≤ dω̃

dσ
(z)

(5.5)
� M for all z ∈ ∂˜˜� ∩ ∂˜�. (5.7)
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Let K (·) := d˜ω̃
dσ

(·) be the Radon-Nikodym derivative. By (2.8) we have

K (ξ) = −〈AT (ξ)∇gT (ξ), ν(ξ)〉 for ξ ∈ ∂˜˜�,

where gT is the Green function in ˜˜� with respect to the matrix AT . By (1.2) (proved
in Section 7), if ε > 0 is small enough depending on the ellipticity constant λ and the
product κ‖A‖L∞(R2), then there is a constant const�,A > 0 such that

− ∞ < −const�,A ≤
ˆ

∂˜˜�

log |S(ξ)∇gT (ξ)| d˜ω̃(ξ)

=
ˆ

∂˜˜�

K (ξ) log |S(ξ)∇gT (ξ)| dσ(ξ), (5.8)

where A0 = A+AT

2 and S = A1/2
0 , i.e., ST S = A0.

For every ξ ∈ ∂˜˜� we can write

〈AT (ξ)∇gT (ξ), ν(ξ)〉 = 〈∇gT (ξ), A(ξ)ν(ξ)〉
= 〈∇gT (ξ), c1(ξ)ν(ξ)〉 + 〈∇gT (ξ), c2(ξ)t(ξ)〉,

where ν (resp. t) is the outward normal (resp. tangential) vector of ∂˜˜�, and c1(ξ)

(resp. c2(ξ)) is the projection of A(ξ)ν(ξ) into ν(ξ) (resp. t(ξ)). In particular c1(ξ) =
〈A(ξ)ν(ξ), ν(ξ)〉 ≈ 1, and since ∂˜˜� is smooth, we have that 〈∇gT (ξ), c2(ξ)t(ξ)〉 =
c2(ξ)∂t gT (ξ) = 0 in ∂˜˜� as gT |∂� = 0. Hence −〈AT (ξ)∇gT (ξ), ν(ξ)〉 ≈ |∇gT (ξ)|,
and since |∇gT (ξ)|2 ≈ 〈A0∇gT (ξ),∇gT (x)〉 = |S(ξ)∇gT (ξ)|2, we obtain

|S(ξ)∇gT (ξ)| ≤ −C〈AT (ξ)∇gT (ξ), ν(ξ)〉 = CK (ξ). (5.9)

From (5.8) and (5.9),

−∞ < −const�,A ≤
ˆ
∂˜˜�

K (ξ) log |S(ξ)∇gT (ξ)| dσ(ξ) ≤
ˆ
∂˜˜�

K (ξ) logCK (ξ) dσ(ξ)

=
ˆ
∂˜˜�

K (ξ) logC dσ(ξ) +
ˆ
∂˜˜�

K (ξ) log K (ξ) dσ(ξ)

= logC +
ˆ
∂˜˜�

K (ξ) log K (ξ) dσ(ξ),

whence we obtain

− ∞ < −C�,A ≤
ˆ

∂˜˜�

K (ξ) log K (ξ) dσ(ξ). (5.10)

In view of (5.10) and the fact that K (·) � M on ∂˜˜� ∩ ∂˜� by (5.7), if M is big
enough (provided s is small enough depending on M and ρ), then the set of points
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ξ ∈ ∂˜˜�∩ ∂˜� with density K (ξ) < M−τ indeed has elliptic measure at most 1− τ/4,
uniformly in ρ and M . More precisely, we will obtain

˜ω̃
({

ξ ∈ ∂˜˜� ∩ ∂˜� : K (ξ) ≥ M−τ
})

=
ˆ
{

ξ∈∂˜˜�∩∂˜�:K (ξ)≥M−τ
} K (ξ) dσ(ξ) ≥ τ

4

(5.11)
whenever M is big enough depending on τ and the constant const�,A, taking small
enough s depending onM and ρ. Note that if we had K (·) � M in the whole boundary
∂˜˜�, using Tchebyshoff’s inequality as in [44, p. 170] we would directly get (5.11)
from (5.10). However, we only have the bound of K on ∂˜˜� ∩ ∂˜� and we will need to
estimate the elliptic measure (and the K log+ K dσ measure) of the “bad” set ∂˜˜�\∂˜�.

Proof of (5.11) Let log+(·) := max{0, log(·)} and log−(·) := −min{0, log(·)}, and
recall that ˜˜� = ˜˜�s . We first establish that

ˆ
∂˜˜�\∂˜�

K log+ K dσ → 0 as s → 0, (5.12)

which in particular implies

˜ω̃(∂˜˜�\∂˜�) =
ˆ

∂˜˜�\∂˜�
K dσ ≤ eσ(∂˜˜�\∂˜�)+

ˆ
∂˜˜�\∂˜�

K log+ K dσ → 0 as s → 0.

(5.13)

As previously noted, for sufficiently small s > 0, the Lipschitz character of ˜˜� is
controlled by the one of˜�, and thereforewe have that it is NTAwith uniform constants.
Thus, the involved constants in the subsequent computations will be independent of
s.

We claim that there exists α > 0 such that

˜ω̃(B(x, r)) �
(

r

r0

)α

for all x ∈ ∂� and 0 < r ≤ r0/1000, (5.14)

where r0 is the scale where Reifenberg flatness of � is granted. To prove this, note
that there exists β ∈ (0, 1) such that ˜ω̃(B\B/2) ≥ β˜ω̃(B/2) for any ball B centered
at ∂˜˜� with radius rB ≤ r0/100, as a consequence of the doubling property of elliptic
measure inNTAdomains (see [25, (1.3.7)]) and the fact that B\B/2 �= ∅byReifenberg
flatness. It follows that ˜ω̃(B/2) ≤ ˜ω̃(B)/(1 + β). Iterating this inequality for a fixed
x ∈ ∂� and B0 = B(x, r0/200), we have˜ω̃(2−k B0) ≤ ˜ω̃(B0)/(1+β)k ≤ 1/(1+β)k

for all k ≥ 0 integer. This readily implies the existence of α = α(β) > 0 such that
(5.14) holds.

Let us fix j ∈ J momentarily. For Bj , let q j = c(Bj ) denote its center. By the
change of pole formula in NTA domains (see [25, Corollary 1.3.8]), we have
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K (z) ≈ d˜ω̃q j

dσ
(z)˜ω̃(Bj ) for all z ∈ ∂˜˜� ∩ ∂Bj . (5.15)

Let˜g̃Tq j
be the Green function of ˜˜� with pole at q j , and u(·) =˜g̃Tq j

(s · +q j ), which is

the Green function of {(z − q j )/s : z ∈ ˜˜�} with pole at 0 for the matrix A(s · +q j )
T .

Arguing as in Lemma 4.4 (using Theorem 2.12with T = {(z−q j )/s : z ∈ ∂˜˜�∩∂Bj })
we obtain s|∇˜g̃Tq j

(z)| = |∇u((z−q j )/s))| � max∂B1/2(0) u ≈ 1 for all z ∈ ∂˜˜�∩∂Bj ,

where we used [16, Lemma 5.4] in the last step2. Consequently,

d˜ω̃q j

dσ
(z) � 1

s
for all z ∈ ∂˜˜� ∩ ∂Bj .

Using both this and (5.14) in (5.15), since j ∈ J was arbitrary, we get

K (z) � sα−1

rα
0

for all z ∈ ∂˜˜� ∩ ∂˜�.

This bound suffices to establish (5.12), as we can now estimate

ˆ
∂˜˜�\∂˜�

K log+ K dσ � 1

rα
0

ˆ
∂˜˜�\∂˜�

sα−1 log+(sα−1) dσ � #Jsα log+(sα−1)

rα
0

,

which goes to zero as s → 0.
Taking s > 0 small enough in (5.13), to prove (5.11) it suffices to see

ˆ
{

ξ∈∂˜˜�:K (ξ)≥M−τ
}
K dσ ≥ τ

2
. (5.16)

We now prove (5.16). First we bound

ˆ
∂˜˜�

K log+ K dσ =
ˆ

∂˜˜�∩∂˜�

K log+ K dσ +
ˆ

∂˜˜�\∂˜�
K log+ K dσ

(5.12)≤
ˆ

∂˜˜�∩∂˜�

K log+ K dσ + 1, (5.17)

where in the last step we took s > 0 small enough in (5.12). Writing K (·) ≤ eCM on
∂˜˜� ∩ ∂˜�, see (5.7),

ˆ
∂˜˜�∩∂˜�

K log+ K dσ ≤ (logM + C)

ˆ
{

ξ∈∂˜˜�:K (ξ)≥1
}
K dσ

≤ logM
ˆ
{

ξ∈∂˜˜�:K (ξ)≥1
} K dσ + C . (5.18)

2 In fact, it would suffice to show that |∇˜g̃Tq j (z)| � |log s|
s ≤ s−α/2−1 for small enough s = s(α, diam˜˜�),

which follows from the pointwise estimate in Corollary 2.17.
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By (5.17) and (5.18) we can control the term with K log+ K as

ˆ
∂˜˜�

K log+ K dσ ≤ logM
ˆ
{

ξ∈∂˜˜�:K (ξ)≥1
} K dσ + C + 1.

From this and (5.10),

ˆ
∂˜˜�

K log− K dσ =
ˆ

∂˜˜�

K log+ K dσ −
ˆ

∂˜˜�

K log K dσ

≤ logM
ˆ
{

ξ∈∂˜˜�:K (ξ)≥1
}
K dσ + C�,A

≤ logM
ˆ
{

ξ∈∂˜˜�:K (ξ)≥M−τ
} K dσ + C�,A.

Using this in the last inequality of the following computations, we obtain

τ logM − τ logM
ˆ
{

ξ∈∂˜˜�:K (ξ)≥M−τ
} K dσ = logMτ

ˆ
∂˜˜�

K dσ − logMτ
ˆ
{

ξ∈∂˜˜�:K (ξ)≥M−τ
} K dσ

= logMτ
ˆ
{

ξ∈∂˜˜�:K (ξ)<M−τ
} K dσ ≤

ˆ
{

ξ∈∂˜˜�:K (ξ)<M−τ
} K log− K dσ

≤
ˆ
∂˜˜�

K log− K dσ ≤ logM
ˆ
{

ξ∈∂˜˜�:K (ξ)≥M−τ
} K dσ + C�,A,

which gives

ˆ
{

ξ∈∂˜˜�:K (ξ)≥M−τ
}
K dσ ≥ τ logM − C�,A

(1 + τ) logM
= τ

1 + τ
− C�,A

(1 + τ) logM
≥ τ

2
,

as claimed in (5.16), by letting M > 0 be big enough depending on τ and C�,A. ��
We are now in position to find the final set F with the claimed properties. Let

{BQn }n ⊂ {BQ}Q∈I be the subfamily satisfying either (HD) or (TS):

(HD) h(zQn ) > ρ, where zQn = c(BQn ) is the center of the ball BQn .

(TS) h(zQn ) = ρ and ∂BQn ∩
{

ξ ∈ ∂˜˜� ∩ ∂˜� : K (ξ) ≥ M−τ
}

�= ∅.
Here HD stands for ‘high density’ and TS for ‘touching set’.

Notation We write BQ ∈ HD if BQ satisfies (HD), and BQ ∈ TS if BQ satisfies (TS).

With this choice,

τ

4

(5.11)≤ ˜ω̃
({

ξ ∈ ∂˜˜� ∩ ∂˜� : K (ξ) ≥ M−τ
})

≤ ˜ω̃
(

⋃

n

BQn

)

≤
∑

n

˜ω̃
(

BQn

)

,
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and by (5.6),

τ

4
≤
∑

n

˜ω̃
(

BQn

)

�
∑

n

ω(10BQn ).

If ε is small enough, then 10BQ = B
(

zQ, 10εd(zQ)
) ⊂ ε−2

4 Q for each Q ∈ I.
Moreover, since { ε−2

4 Q}Q∈I has finite overlapping by Lemma 5.33, {10BQ}Q∈I has
also finite overlapping with constant depending on ε only. From this we obtain,

τ �
∑

n

ω(10BQn ) � ω

(

⋃

n

10BQn

)

. (5.19)

At this point we have found a subset of ∂� (covered by balls) with elliptic measure
bounded uniformly from below. Moreover, the radii εd(zQn ) of these balls BQn are
smaller than the ‘high density value’ h(zQn ), which will allow us to have a control on
the sum of the radii.

First we need to define the set F ⊂ ∂� and its covering. For each BQn ∈
HD, we have 10BQn = B

(

zQn , 10εd(zQn )
)

, and since d(·) ≤ h(·) on ∂�,
10BQn ⊂ B

(

zQn , 10εh(zQn )
) ⊂ B

(

zQn , 10h(zQn )
)

. Since the family
{

B
(

zQn ,

10h(zQn )
)}

BQn∈HD is finite, by means of the 3R-covering theorem consider a disjoint
subfamily

{Bm}m ⊂ {B (zQn , 10h(zQn )
)}

BQn∈HD

such that

⋃

BQn∈HD
B
(

zQn , 10h(zQn )
) ⊂

⋃

m

3Bm .

Let us define

F :=
⎛

⎝

⋃

m

3Bm ∪
⋃

BQn∈TS
10BQn

⎞

⎠ ∩ ∂�.

Note that
⋃

n 10BQn ⊂ ⋃

m 3Bm ∪⋃BQn∈TS 10BQn implies ω(F) � τ by (5.19).
Next we show that the covering

{3Bm}m ∪ {10BQn

}

BQn∈TS

satisfies the properties (1*) and (2*) in Lemma 3.3.
We can control the radius of the balls with high density

∑

m

r(3Bm) = 30
∑

m

h (c(Bm))
(5.1)≤ 30

M

∑

m

ω (Bm) = 30

M
ω

(

⋃

m

Bm

)

� 1

M
,
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by the definition of h(·) in (5.1), and the fact that the balls {Bm}m are pairwise disjoint.
Also, r (3Bm) = 30h (c(Bm)) > 30ρ. We have shown the second property of the
covering.

Recall that the balls in TS intersect the set
{

ξ ∈ ∂˜� ∩ ∂˜˜� : K (ξ) ≥ M−τ
}

. For

each BQn ∈ TS consider a point xQn ∈ ∂BQn ∩
{

ξ ∈ ∂˜� ∩ ∂˜˜� : K (ξ) ≥ M−τ
}

.

Then, by (5.7) and (5.4) we have

M−τ ≤ d˜ω̃

dσ
(xQn )

(5.7)≤ dω̃

dσ
(xQn )

(5.4)
�

ω
(

10BQn

)

r(BQn )
,

which implies

∑

BQn∈TS
r
(

10BQn

)

� Mτ
∑

BQn∈TS
ω
(

10BQn

)

� Mτω

⎛

⎝

⋃

Qn∈TS
10BQn

⎞

⎠ ≤ Mτ ,

obtaining the first property of the covering. Note that for BQn ∈ TSwe have h(zQn ) =
ρ, and in particular d(zQn ) = ρ, which implies r(10BQn ) = 10εd(zQ) = 10ερ. This
concludes the proof of Lemma 3.3 modulo the proof of (1.2) ��

6 Proof of Theorem 1.1

In this section we will prove Theorem 1.1. First we make the reduction to the case of
bounded domains (Claim 6.4) and then we prove the theorem using Main Lemma 3.1.

6.1 Reduction to bounded domains

First, we state some lemmas.
Let � ⊂ R

n+1 with n ≥ 1, and let B be a ball centered at ∂�. By the maximum
principle [18, p. 46] we have

ωz
�∩B,A(E) ≤ ωz

�,A(E) for any E ⊂ ∂� ∩ B and z ∈ � ∩ B. (6.1)

The converse inequality may fail. However, the following weaker relation holds.

Lemma 6.1 Let� ⊂ R
2 be a (possibly unbounded)Wiener regular domain, A be a real

uniformly elliptic matrix and B be a ball centered at ∂� with Cap(B ∩ ∂�, 4B) �= 0.
Let E ⊂ ∂� ∩ B be a Borel set and zE ∈ ∂1.5B such that ω

zE
�,A(E) =

maxz∈∂1.5B ωz
�,A(E). Then

ω
zE
�,A(E) � Cap(2B, 4B)

Cap(B ∩ ∂�, 4B)
ω
zE
�∩4B,A(E),
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where the constant involved depends on the ellipticity constant of the matrix A and
the dimension. The same also holds for bounded Wiener regular domains � ⊂ R

n+1

when n ≥ 2.

Proof During this proof we write ω· instead of ω·,A.
By Lemma 4.6 we have

ω
zE
� (E) − ω

zE
�∩4B(E) =

ˆ
∂4B∩�

ω
ξ
�(E) dω

zE
�∩4B(ξ). (6.2)

By the maximum principle3 in �\1.5B, ωξ
�(E) ≤ ω

zE
� (E) for ξ ∈ 4∂B ∩ �. From

this and (6.2), we get

ω
zE
� (E) ≤ ω

zE
�∩4B(4∂B ∩ �) · ω

zE
� (E) + ω

zE
�∩4B(E). (6.3)

It remains to bound ω
zE
�∩4B(4∂B ∩ �). By the maximum principle we have

ω
zE
�∩4B(4∂B ∩ �) ≤ ω

zE
4B\(B∩∂�)(4∂B).

By [21, Lemma 6.21], since zE ∈ 1.5∂B, we have

1 − ω
zE
4B\(B∩∂�)(4∂B) ≥ c̃ · Cap(B ∩ ∂�, 4B)/Cap(2B, 4B) =: c ∈ (0, 1). (6.4)

In particular
ω
zE
�∩4B(4∂B ∩ �) ≤ ω

zE
4B\(B∩∂�)(4∂B) ≤ 1 − c. (6.5)

From (6.3) and (6.5) we get

ω
zE
� (E) ≤ ω

zE
�∩4B(4∂B ∩�) ·ωzE

� (E)+ω
zE
�∩4B(E) ≤ (1− c) ·ωzE

� (E)+ω
zE
�∩4B(E),

obtaining

c · ω
zE
� (E) ≤ ω

zE
�∩4B(E),

as claimed, with c as in step (6.4). ��
We remark that Cap(B ∩ ∂�, 4B) = 0 would imply ωD(B ∩ ∂�) = 0 for any

domain D with B ∩ ∂� ⊂ ∂D, see [21, Theorems 10.1 and 11.14]. For (δ, r0)-
Reifenberg flat domains, Cap(B ∩ ∂�, 4B)/Cap(2B, 4B) ≈ 1 whenever rB ≤ r0. In
fact it is only needed the exterior Corkscrew condition, see Remark 2.5.

Lemma 6.2 Let � ⊂ R
2 be a (possibly unbounded) Wiener regular domain and A

be a real uniformly elliptic matrix. Let {Bi }i be a pairwise disjoint collection of
balls centered at ∂� with ω�,A

(

∂� \⋃i Bi
) = 0, and Fi ⊂ ∂(� ∩ 4Bi ) with

ω�∩4Bi ,A(Fi ) = 1. Then F := ∂� ∩⋃i Fi satisfies ω�,A(F) = 1. The same also
holds for bounded Wiener regular domains � ⊂ R

n+1 when n ≥ 2.

3 In the planar case themaximumprinciple on�\1.5B holds even if� is not bounded, sinceω·
�(E) ∈ [0, 1].
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Proof In this proof we denote ω := ω�,A and ω�∩4Bi := ω�∩4Bi ,A.
Let p ∈ �\{∞}. Abusing notation,wewrite Fc = ∂�\F . Sinceωp(Fc\⋃i Bi ) ≤

ωp(∂�\⋃i Bi ) = 0 and the balls are pairwise disjoint, we can conclude

ωp(Fc) = ωp

(

⋃

i

Fc ∩ Bi

)

=
∑

i

ωp (Fc ∩ Bi
)

. (6.6)

We claim that each term in the right-hand side is zero. Indeed, for each i fix a pole
pi ∈ � ∩ 4Bi , by the Borel regularity of ω

pi
�∩4Bi let Ei ⊃ Fc ∩ Bi be a Borel

set with ω
pi
�∩4Bi (Ei ) = ω

pi
�∩4Bi (F

c ∩ Bi ), and finally let zi ∈ 1.5∂Bi such that
ωzi (Ei ) = maxz∈1.5∂Bi ωz(Ei ). With this choice of zi , by Lemma 6.1 we have

ωzi (Ei ) � ω
zi
�∩4Bi (Ei ). (6.7)

Since the balls are pairwise disjoint we have that Fc ∩ Bi ⊂ (Fc
i ∩ Bi ) ∩ ∂� ⊂ Fc

i ,
so

ω
pi
�∩4Bi (Ei ) = ω

pi
�∩4Bi (F

c ∩ Bi ) = 0.

Hence by the Harnack inequality (denoting its use with H ), (6.7) andω
pi
�∩4Bi (Ei ) = 0,

for every index i there holds

ωp(Fc ∩ Bi ) ≤ ωp(Ei )
(H)

� ωzi (Ei )
(6.7)
� ω

zi
�∩4Bi (Ei )

(H)

� ω
pi
�∩4Bi (Ei ) = 0. (6.8)

Notice that for each i the constants involved in the use of Harnack inequality and
Lemma 6.1 in (6.7) and (6.8) depend on i , but the right-hand side in (6.7) is zero.

By (6.8) we have that the sum in the right-hand side of (6.6) is zero as claimed.
Therefore the set F := ∂� ∩⋃i Fi satisfies ωp(F) = 1. ��
Lemma 6.3 Let r0 ∈ (0,∞] and let ε > 0 be small enough. There exists δ0 =
δ0(ε) > 0 such that if � ∈ R

2 is (δ, r0)-Reifenberg flat with δ ∈ (0, δ0) and B is
a ball centered at ∂� with radius rB ≤ r0/100, then there exists a bounded (ε, r)-
Reifenberg flat domain D ⊂ {z : dist(z, ∂�) < r0/2} (for some r ∈ (0, r0/2)) with
� ∩ 4B = D ∩ 4B.

Note that we are not interested in the precise dependence of r with respect to r0,
because we seek for a qualitative result in Theorem 1.1. It is quite likely that with
some care the previous result could be made quantitative.

Proof The proof uses the construction in [3, Definition 2.1 and Lemma 2.2]. Set
0 < ε < 1/100 and E := ∂�∩5B. LetWε−2(Ec) be the set of maximal dyadic cubes
Q ⊂ Ec such that diam(ε−2Q) ≤ r0 and ε−2Q ∩ E = ∅.

Denote I the family of cubes Q ∈ Wε−2(Ec) such that Q ∩ ∂� �= ∅. For each
cube Q ∈ I fix a point zQ ∈ Q ∩ ∂�, and set rQ := εmin{r0, dist(zQ, E)} and
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BQ := B(zQ, rQ). Consider the enlarged domain

�+
ε := � ∪

⋃

Q∈I
BQ ⊃ �.

By [3, Lemma 2.2], this new domain is (cε1/2, r0/2)-Reifenberg flat, where the con-
stant c depends only on the dimension, provided the initial domain is (δ, r0)-Reifenberg
flat with δ ∈ (0, δ0) and δ0 is small enough depending on ε.

Consider the domain D0 := �+
ε ∩ 10B. Clearly D0 ⊂ {z : dist(z, ∂�) < r0/2} as

10rB ≤ r0/10. Let us smooth the corners of D0 out, where the (cε1/2, s)-Reifenberg
flat condition fails for all s > 0. Note that this may only happen in a finite number
of points {ξ j } j∈J ∈ ∂D0 ∩ ∂10B because �+

ε is contructed as a countable union
of balls. Fix a small parameter τ . For each ξ j of these points in ∂D0 ∩ ∂10B, let
Bj ∈ {BQ : Q ∈ I} such that ξ j ∈ ∂10B ∩ ∂Bj , and let c j and r j denote its centers
and radii respectively. Consider now the unique point p j ∈ D0 ∩ (∂B(cB, 10rB −
τ) ∩ ∂B(c j , r j − τ)). In particular, the ball B(p j , τ ) is tangent to ∂10B and ∂Bj . Let
Tj = 10B ∩ Bj ∩ B(p j , τ )c the bounded open region enclosed between the previous
balls. Taking τ to be small enough, the final domain

D := D0\
⋃

j∈J

Tj ⊂ D0

satisfies D ∩ 4B = �+
ε ∩ 4B = � ∩ 4B and is (cε1/2, r)-Reifenberg flat for some

r > 0 depending on τ . ��
Claim 6.4 If Theorem 1.1 holds for bounded (δ0, r0)-Reifenberg flat domains, then
there exists δ1 = δ1(δ0) > 0 such that Theorem 1.1 holds for unbounded (δ1, r0)-
Reifenberg flat domains.

Proof First we want to remark that if Theorem 1.1 holds for (δ, r0)-Reifenberg flat
domains for a fixed r0 > 0, then by means of a dilation it holds for (δ, r)-Reifenberg
flat domains for any r > 0.

Let ε > 0 given by Lemma 6.3 and let ε′ := min{ε, δ0/2} be small enough. Let
δ1 = δ1(ε

′) given byLemma6.3. Let� ⊂ R
2 be an unbounded (δ1, r0)-Reifenberg flat

domain. Let {Bi }i ⊂ {B(ξ, r)}ξ∈∂�,0<r<r0/100 be a disjoint family with ω�,A(∂� \
⋃

i Bi ) = 0, by Vitali’s covering theorem. For each ball Bi let Di be the bounded
(ε, ri )-Reifenberg flat domain from Lemma 6.3, for some ri ∈ (0, r0/2). As ε′ < δ0,
in particular each Di is a bounded (δ0, ri )-Reifenberg flat domain.

As we are assuming that Theorem 1.1 holds for bounded (δ0, r)-Reifenberg flat
domains for any r > 0, for each i take Fi ⊂ ∂Di with ωDi ,A(Fi ) = 1 and σ -
finite one-dimensional Hausdorff measure. From � ∩ 4Bi = Di ∩ 4Bi , the maximum
principle and ωDi (Fi ) = 1 we get

ω�∩4Bi ,A((∂�\Fi ) ∩ 4Bi ) = ωDi∩4Bi ,A((∂Di\Fi ) ∩ 4Bi )

≤ ωDi ,A((∂Di\Fi ) ∩ 4Bi ) = 0.
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In particular ω�∩4Bi ,A((Fi ∩ 4Bi ) ∪ ∂4Bi ) = 1. As Fi has σ -finite length, so does
˜Fi := (Fi ∩4Bi )∪∂4Bi . By Lemma 6.2, the set F = ∂�∩⋃i

˜Fi satisfiesω�(F) = 1,
and clearly has σ -finite length. ��

6.2 Proof for bounded domains

Theorem 1.1 follows from Main Lemma 3.1 as it is done in [44, Proof of Theorem
1], with some small modifications. For the sake of completeness we give the detailed
proof.

Proof of Theorem 1.1 By Claim 6.4 we can assume without loss of generality that �

is bounded. We denote ω := ω�,A.
Let φ : [0,∞) → [0,∞) be any increasing function with limt→0 φ(t)/t = 0, and

consider the φ-Hausdorff content

hφ(E) = inf

{

∑

i

φ(ri ) : E ⊂
⋃

i

B(zi , ri )

}

.

Now we claim that there exists Fφ ⊂ ∂� with ω(Fφ) = 1 and hφ(Fφ) = 0.
Indeed, suppose that the pole z ∈ � is such that dist(z, ∂�) > r0. Set τ = 1/2
and fix 0 < r ≤ 1 to be small enough as in Main Lemma 3.1. Let ε > 0 and fix
M > ε−1 satisfying the hypothesis in Main Lemma 3.1. Take ρ small enough such
that 0 < ρ/r < 1/M and φ(γ ) < εM−1/2γ for all γ ≤ ρ. Then, by Lemma 3.1
with these parameters, we obtain a set Fε ⊂ ∂� such that ωz(Fε) ≥ C−1 and with
a covering Fε ⊂ ⋃i B(zi , ri ) with

∑

i ri ≤ CM1/2 and
∑

{i : ri>ρ} ri ≤ CM−1. This
covering satisfies

hφ(Fε) ≤
∑

ri≤ρ

φ(ri ) +
∑

ri>ρ

φ(ri ) ≤ εM−1/2
∑

ri≤ρ

ri +
∑

ri>ρ

ri

≤ εM−1/2CM1/2 + CM−1 ≤ Cε.

Define now F∞ ⊂ ∂� as

F∞ := lim sup
j→∞

F1/ j2 =
⋂

j≥1

⋃

k≥ j

F1/k2 .

With this choice we have

ωz(F∞) = lim
j→∞ ωz

⎛

⎝

⋃

k≥ j

F1/k2

⎞

⎠ ≥ lim sup
j→∞

ωz(F1/ j2) ≥ C−1,



The dimension of planar Lipschitz elliptic… Page 45 of 79 106

and as F∞ ⊆⋃k≥ j F1/k2 for any j ≥ 1, then

hφ(F∞) ≤ hφ

⎛

⎝

⋃

k≥ j

F1/k2

⎞

⎠ ≤
∑

k≥ j

hφ(F1/k2) ≤ C
∑

k≥ j

1

k2
,

which gives hφ(F∞) = 0 letting j → ∞.
Let {zk}∞k=1 be a countable dense subset of �. Fix zk and set dk = dist(zk, ∂�). As

� is (δ, r0)-Reifenberg flat and the matrix A is Lipschitz in {x : dist(x, ∂�) < r0},
then � is (δ, rk)-Reifenberg flat and A is Lipschitz in {x : dist(x, ∂�) < rk} with
rk = min{r0, dk/2}. By the choice of rk we are in the situation dist(zk, ∂�) > rk . By
the same argument done in the previous paragraphs we get a set Fk ⊂ ∂� (relative to
zk) such that

ωzk (Fk) ≥ C−1 and hφ(Fk) = 0.

Define Fφ :=⋃∞
k=1 Fk . The condition hφ(Fk) = 0 for every k ≥ 1 means that for

every ε > 0 there exists a covering Fk ⊂ ⋃

i B(zk,εi , rk,εi ) such that
∑

i φ(rk,εi ) ≤
ε/2k . Hence, Fφ = ⋃∞

k=1 Fk ⊂ ⋃∞
k=1
⋃

i B(zk,εi , rk,εi ) which gives hφ(Fφ) = 0
because

hφ(Fφ) ≤
∞
∑

k=1

∑

i

φ(rk,εi ) ≤
∞
∑

k=1

ε

2k
= ε.

Moreoverωzk (Fφ) ≥ ωzk (Fk) ≥ C−1 for any zk . As {zk}∞k=1 ⊂ � is dense andωz(Fφ)

is LA-harmonic with respect to z (in particular continuous), then ωp(Fφ) ≥ C−1 for
any p ∈ �. By [21, Lemma 11.16] we conclude ωp(Fφ) = 1 for any p ∈ �.

Finally let

F =
{

ξ ∈ ∂� : lim sup
r→0

ωp(B(ξ, r))

r
> 0

}

.

Weclaim that this set hasσ -finite length andω(F) = 1.We start by provingω(F) = 1,
and later we will show that it has σ -finite length.

Suppose to get a contradiction that ωp(F) �= 1, that is,

ωp(Fc) = ωp
({

ξ ∈ ∂� : lim
r→0

ωp(B(ξ, r))

r
= 0

})

> 0.

Egorov’s theorem ensures that for every s > 0 there exists a measurable set V = Vs ⊂
Fc such that ωp(V ) < s and ωp(B(ξ, r))/r → 0 as r → 0 uniformly on Fc \ V .
Since 0 < ωp(Fc) = ωp(V )+ωp(Fc \ V ) < s +ωp(Fc\V ), if we take s > 0 small
enough, say s = ωp(Fc)/2, then ωp(Fc\V ) > 0. The set Y := Fc \ V has non zero
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elliptic measure and the limit

lim
r→0

∥

∥

∥

∥

ωp(B(·, r))
r

∥

∥

∥

∥

L∞(Y )

= 0.

Note that the function φ(r) := supξ∈Y ωp(B(ξ, r)) satisfies the conditions of the
rate function in the beginning of this proof, and by definition it satisfiesωp(B(ξ, r)) ≤
φ(r) for all ξ ∈ Y and all r > 0. All in all,

(1) ωp(B(ξ, r)) ≤ φ(r) for all ξ ∈ Y and all r > 0,
(2) φ is increasing, and
(3) φ(r)/r → 0 as r → 0.

For this particular function φ, let Fφ be the set constructed in the beginning of this
proof. That is, a set Fφ with hφ(Fφ) = 0 and ωp(Fφ) = 1 for every p ∈ �. Hence
ωp(Y ∩ Fφ) = ωp(Y ) > 0, and moreover hφ(Y ∩ Fφ) ≤ hφ(Fφ) = 0. Consequently,
we can cover Y ∩ Fφ with balls B(ξi , ri ) centered at Y ∩ Fφ such that

∑

i φ(ri ) <

ωp(Y ∩ Fφ)/2. With this we get

ωp(Y ∩ Fφ) ≤
∑

i

ωp(B(ξi , ri ))
(1)≤
∑

i

φ(ri ) <
ωp(Y ∩ Fφ)

2
.

This is a contradiction, and hence ωp(F) = 1.
It remains to prove that F has σ -finite one-dimensional Hausdorff measure. The

set F can be written as

F =
⋃

j≥1

F1/ j with F1/ j :=
{

ξ ∈ ∂� : lim sup
r→0

ωp(B(ξ, r))

r
> 1/ j

}

.

Therefore, it suffices to see that every F1/ j has finite one-dimensional Hausdorff
measure. Each point ξ ∈ F1/ j has arbitrarily small neighborhoods B(ξ, r) such that
ωp(B(ξ, r)) ≥ r/ j . Given ε > 0 small, consider the family of these balls centered at
F1/ j with radius at most ε, i.e.,

Bε := {B(ξ, r) : ξ ∈ F1/ j , r < ε, and ωp(B(ξ, r)) ≥ r/ j}.

By the Besicovitch covering theorem there is a countable subfamily {B(ξi , ri )}i ⊂ Bε

such that no point belongs to more than a fixed finite number C (it depends on the
dimension only) of these balls. Hence,

∑

i

ri ≤ j
∑

i

ωp(B(ξi , ri )) ≤ C j,

and letting ε → 0 we obtain H1(F1/ j ) ≤ C j , as claimed. ��
Hence Theorem 1.1 is proved under the assumption that (1.2) holds.
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7 L log L(d�) type estimate for small densities: Proof of (1.2)

The purpose of this section is to prove (1.2), under the hypothesis of Lemma 3.3. More
specifically, we prove the following result.

Lemma 7.1 Let � ⊂ R
2 be a bounded (δ, r0)-Reifenberg flat domain, p ∈ � with

dist(p, ∂�) > r0, and A be a real uniformly elliptic (not necessarily symmetric)
matrix with ellipticity constant λ. Suppose also that A is κ-Lipschitz in Ur0(∂�) :=
{x ∈ R

2 : dist(x, ∂�) < r0} and that its symmetric part A0 = A+AT

2 is of the form
A0 = RT BR, with R ∈ C0,1(Ur0(∂�)) a rotation and B ∈ C0,1(Ur0(∂�)) diagonal.

Then there exists δ0 = δ0(λ, κ‖A‖L∞(R2)) > 0 and C = C(λ, κ, r0, diam ∂�) ∈
(0,∞) such that if δ ≤ δ0, then for any (δ, r0)-Reifenberg flat domain ˜� ⊂ � with
smooth boundary ∂˜� and small enough distH(∂�, ∂˜�), we have

∣

∣

∣

∣

ˆ
∂˜�

log |S∇gTp (ξ)|2 dω̃p(ξ)

∣

∣

∣

∣

≤ C < +∞, (7.1)

where ω̃p = ω
p
˜�,A

is the elliptic measure in ˜� with respect to the matrix A, gTp is the

Green function in ˜� with respect to the matrix AT , and S is the square root matrix of
the symmetric part A0 = (A + AT )/2, i.e., ST S = A0.

Remark 7.2 As argued from (5.8) to (5.10), this implies that the Radon-Nykodym
derivative dω̃p

dσ
satisfies the following L log L(dσ) type estimate

−∞ < C ′(λ, κ, diam ∂�) ≤
ˆ

∂˜�

dω̃p

dσ
(ξ) log

dω̃p

dσ
(ξ) dσ(ξ).

By symmetry, estimate (7.1) is equivalent to the existence of a constant C =
C(λ, κ, diam∂�) depending only on the ellipticity constant, the Lipschitz seminorm
of the matrix A, and the diameter diam ∂� (but not on ˜�) such that

∣

∣

∣

∣

ˆ
∂˜�

log |S∇g(ξ)|2 dω̃
p
T (ξ)

∣

∣

∣

∣

≤ C < ∞, (7.2)

where S = A1/2
0 , i.e., ST S = A0, g = gp is the Green function in˜�with respect to the

matrix A with pole p, and ω̃T = ω
p
˜�,AT denotes the elliptic measure in ˜� with respect

to the matrix AT and a pole p ∈ ˜� such that dist(p, ∂�) > r0. The existence of the
matrix S is granted by the fact that the symmetric matrix A0 is uniformly elliptic with
the same ellipticity constant as A, and hence positive definite. In fact, S = RT

√
BR,

where
√
B = (δi= j

√

bi j )1≤i, j≤2.
Throughout all this section, when dealing with terms within solid integrals we will

use the following notation:

• We write h(x) = O( f (x)) to denote “|h(x)| ≤ C f (x) almost everywhere with
respect to the Lebesgue measure”.
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• Given a Lipschitz function h, we write |∇h(x)| ≤ C instead of “|∇h(x)| ≤ C
almost everywhere with respect to the Lebesgue measure”. Recall that Lipschitz
functions are differentiable almost everywhere by Rademacher’s theorem, see [34,
Theorem 7.3].

7.1 Directional derivatives and the dual space

We introduce some extra notation regarding the directional derivatives.

Notation Definition of directional derivatives.

• The (vertical) vector ei := (0, . . . , 0,
i�
1, 0, . . . , 0)T has 1 in position i and 0’s

otherwise. In R
2 there are only two such vectors, namely e1 = (1, 0)T and e2 =

(0, 1)T .
• Ri := eTi · R corresponds to the i-th row of R.
• The ∂ i -directional derivative ∂ i := ∂RT

i
(superscript) is defined as

∂ i f := ∂RT
i
f = 〈∇ f , RT

i 〉 = Ri · ∇ f .

Here 〈·, ·〉 denotes the standard scalar product in R
n+1. The derivative ∂i = ∂ei

(subscript) is the usual one in the direction ei .
• The R-directional gradient ∇R is defined as

∇R f := R · ∇ f =
(

∂ i f
)n+1

i=1
.

Remark 7.3 The directional derivative ∂ i preserves the usual properties in sums, prod-
ucts, and logarithms, i.e., ∂ i ( f + g) = ∂ i f + ∂ i g, ∂ i ( f g) = g∂ i f + f ∂ i g, and

∂ i log f = ∂ i f
f .

Note that

∣

∣

∣∂
i j f
∣

∣

∣ =
∣

∣

∣∂
i (R j · ∇ f )

∣

∣

∣ =
∣

∣

∣∂
i R j · ∇ f + R j∂

i∇ f
∣

∣

∣ � |∇ f | +
∣

∣

∣∇2 f
∣

∣

∣ , (7.3)

where we denote |∇2 f |2 :=∑n+1
i, j=1(∂i, j f )

2.
Since the directions Ri change depending on the point, the usual integration by

parts formula does not apply. Instead we have the following formula.

Claim 7.4 (Integration by parts formula) Let U ⊂ R
n+1 be an open set. For f , h ∈

W 1,2(U ), if f h ∈ W 1,2
0 (U ) then

ˆ
U

∂ i f (x)h(x) dx = −
ˆ
U

f (x)h(x) div RT
i (x) dx −

ˆ
U

f (x)∂ i h(x) dx . (7.4)
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Proof The product rule gives ∂ i f (x)h(x) = ∂ i ( f (x)h(x)) − f (x)∂ i h(x). By defini-
tion of the directional derivative ∂ i we can write

∂ i ( f (x)h(x)) = Ri (x) · ∇( f (x)h(x)) =
n+1
∑

j=1

∂ j ( f (x)h(x))Ri, j (x)

=
n+1
∑

j=1

∂ j
(

f (x)h(x)Ri, j (x)
)− f (x)h(x)

n+1
∑

j=1

∂ j Ri, j (x)

= div( f hRT
i )(x) − f (x)h(x) div RT

i (x),

which imply

ˆ
∂ i f (x)h(x) dx =

ˆ
div( f hRT

i )(x) dx −
ˆ

f (x)h(x) div RT
i (x) dx

−
ˆ

f (x)∂ i h(x) dx .

Using that C∞
c (U ) is dense in W 1,2

0 (U ) and the divergence theorem, the first element
in the right-hand side is

´
div( f hRT

i )(x) dx = 0. ��
Again, since the directions R depend on the point, the directional derivatives do not

commute. Instead, the following formula relating ∂α,β and ∂β,α is available, where
∂α,β := ∂α∂β . We refer to this as the ‘almost’-commutative property.

Claim 7.5 Let U ⊂ R
n+1 be an open set and f ∈ W 2,2(U ). For α, β ∈ {1, . . . , n+1},

∂α,β f − ∂β,α f = (∂αRβ − ∂β Rα) · ∇ f .

Proof By definition we have ∂β f = Rβ · ∇ f =∑n+1
i=1 ∂i f Rβ,i . Applying ∂α gives

∂α,β f = Rα · ∇
(

n+1
∑

i=1

∂i f Rβ,i

)

=
n+1
∑

j=1

∂ j

(

n+1
∑

i=1

∂i f Rβ,i

)

Rα, j .

Expanding the derivative of this last expression and arranging we obtain

∂α,β f =
n+1
∑

i, j=1

∂ j,i f Rβ,i Rα, j +
n+1
∑

i=1

∂i f
n+1
∑

j=1

∂ j Rβ,i Rα, j .

The sum inside the second term in the right-hand side is precisely
∑n+1

j=1 ∂ j Rβ,i Rα, j =
Rα · ∇Rβ,i = ∂αRβ,i . Hence

∂α,β f =
n+1
∑

i, j=1

∂ j,i f Rβ,i Rα, j +
n+1
∑

i=1

∂i f ∂
αRβ,i =

n+1
∑

i, j=1

∂ j,i f Rβ,i Rα, j + ∂αRβ · ∇ f .
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By symmetry we obtain ∂β,α f = ∑n+1
i, j=1 ∂ j,i f Rα,i Rβ, j + ∂β Rα · ∇ f , and sub-

tracting ∂α,β f − ∂β,α f we get Claim 7.5. ��
In particular, setting α = 1 and β = 2 in the planar case we have

∂1,2 f − ∂2,1 f = (∂1R2 − ∂2R1) · ∇ f ,

and applying it to the Green function g, we get

∂1,2g − ∂2,1g = (∂1R2 − ∂2R1) · ∇g = O(|∇g|). (7.5)

7.1.1 Definition of the dual space

Let U ⊂ ˜� and u ∈ L1
loc(U ). Define the linear functional

Tu(ψ) :=
ˆ
U
uψ,

whenever it makes sense. In particular, Tu ∈ L∞
c (U )′. To simplify the notation, we

will also write u(ψ) to denote Tu(ψ).
The ∂i -derivative functional is defined as

T∂i u(ψ) := −
ˆ
U
u∂iψ,

whenever it makes sense. Note that T∂i u ∈ W 1,∞
c (U )′ for u ∈ L1

loc(U ). Moreover,

we also have T∂i u ∈ W 1,2
c (U )′ whenever u ∈ L2

loc(U ). As before, we will also write
Du(ψ) to denote TDu(ψ) for any differential operator D. In general, the functional

T f D(u)(ψ) := TD(u)( f ψ),

is in W 1,∞
c (U )′ as long as either f ∈ W 1,2

loc (U ) and u ∈ L2
loc(U ), or f ∈ W 1,∞

loc (U )

and u ∈ L1
loc(U ).

We claim that whenever u ∈ L2
loc(U ) and f ∈ W 1,2

loc (U ), in the dual space

W 1,∞
c (U )′, the ∂i -derivative functional satisfies the product rule

T∂i ( f u) = T∂i f u + T f ∂i u . (7.6)

Indeed, for any ψ ∈ W 1,∞
c (U ), the previous equality reads as

−
ˆ
U

f u∂iψ =
ˆ
U

∂i f uψ −
ˆ
U
u∂i ( f ψ),

which holds by the Leibniz’s rule a.e. for W 1,2-functions.
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Using the definitions of T∂i and the directional derivative ∂ i (·) = Ri∇(·), see the
beginning of Section 7.1, the directional ∂ i -derivative functional T∂ i u : W 1,∞

c (U ) →
R, for u ∈ L1

loc(U ), is defined as

T∂ i u := TRi∇u =
∑

j

TRi, j ∂ j u . (7.7)

Equivalently, for ψ ∈ W 1,∞
c (U ),

T∂ i u(ψ) =
∑

j

T∂ j u(Ri, jψ) = −
∑

j

ˆ
U
u∂ j (Ri, jψ)

= −
∑

j

ˆ
U
uψ∂ j Ri, j −

∑

j

ˆ
U
uRi, j∂ jψ

= −
ˆ
U
uψ div RT

i −
ˆ
U
u∂ iψ.

(7.8)

This agrees with the integration by parts formula in (7.4) when u ∈ W 1,2(U ).
Nextwe claim that, in the dual spaceW 1,∞

c (U )′, for u ∈ L2
loc(U ) and f ∈ W 1,2

loc (U ),
the directional ∂ i -derivative functional satisfies the product rule

T∂ i ( f u) = T∂ i f u + T f ∂ i u . (7.9)

Indeed, Ri, jψ ∈ W 1,∞
c (U ) when ψ ∈ W 1,∞

c (U ), and hence, for f ∈ W 1,2
loc (U ),

T∂ i ( f u)(ψ)
(7.7))=

∑

j

T∂ j ( f u)(Ri, jψ)
(7.6))=

∑

j

T∂ j f u(Ri, jψ) + T f ∂ j u(Ri, jψ)

(7.7))= T∂ i f u(ψ) + T f ∂ i u(ψ),

as claimed.
Another important property is the following ‘almost’-commutative property of the

directional derivatives (compare to Claim 7.5). For u ∈ W 1,1
loc (U ), in the dual space

W 1,∞
c (U )′, we claim that

T∂1(∂2u) − T∂2(∂1u) = T(∂1R2−∂2R1)·∇u . (7.10)

Indeed, for ψ ∈ W 1,∞
c (U ) and α, β ∈ {1, 2},

T∂α(∂βu)(ψ)
(7.8)= −

ˆ
U

∂βuψ div RT
α −

ˆ
U

∂βu∂αψ.
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Given {uk}k≥1 ⊂ C∞
c (U ) with limk→∞ ‖uk − u‖W 1,1(suppψ) = 0, this equals

T∂α(∂βu)(ψ) = −
ˆ
U

∂βukψ div RT
α −

ˆ
U

∂βuk∂
αψ

−
ˆ
U

∂β(u − uk)ψ div RT
α −

ˆ
U

∂β(u − uk)∂
αψ.

(7.11)

By the integration by parts in (7.4) applied to ∂βuk , we have that the first row in the
right-hand side is precisely

´
U ∂α(∂βuk)ψ . Applying now the ‘almost’-commutative

property (Claim 7.5) here we obtain

T∂α(∂βu)(ψ) =
ˆ
U

∂β(∂αuk)ψ +
ˆ
U

((∂αRβ − ∂β Rα) · ∇uk)ψ

−
ˆ
U

∂β(u − uk)ψ div RT
α −

ˆ
U

∂β(u − uk)∂
αψ.

Again, by the integration by parts in (7.4), we can replace the first term in the right-hand
side to obtain

T∂α(∂βu)(ψ) = −
ˆ
U

∂αukψ div RT
β −

ˆ
U

∂αuk∂
βψ

+
ˆ
U

((∂αRβ − ∂β Rα) · ∇uk)ψ

−
ˆ
U

∂β(u − uk)ψ div RT
α −

ˆ
U

∂β(u − uk)∂
αψ.

Now, adding and subtracting u in the second row we get

T∂α(∂βu)(ψ) = −
ˆ
U

∂αukψ div RT
β −

ˆ
U

∂αuk∂
βψ

+ T(∂αRβ−∂β Rα)∇u(ψ) +
ˆ
U

((∂αRβ − ∂β Rα) · ∇(uk − u))ψ,

−
ˆ
U

∂β(u − uk)ψ div RT
α −

ˆ
U

∂β(u − uk)∂
αψ.

By symmetry in (7.11) and subtracting we obtain

T∂α(∂βu)(ψ) − T∂β(∂αu)(ψ) = T(∂αRβ−∂β Rα)∇u(ψ) +
ˆ
U

((∂αRβ − ∂β Rα) · ∇(uk − u))ψ,

−
ˆ
U

∂β(u − uk)ψ div RT
α −

ˆ
U

∂β(u − uk)∂
αψ

+
ˆ
U

∂α(u − uk)ψ div RT
β +

ˆ
U

∂α(u − uk)∂
βψ.

By the convergence limk→∞ ‖uk − u‖W 1,1(suppψ) = 0 we get (7.10).
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7.1.2 Properties of directional derivatives and the dual space

The following claim allows us to move from the initial matrix A to its symmetric part
A0, which we will relate to the directional derivatives in Claim 7.7.

Claim 7.6 LetU ⊂ ˜� be an open set and u ∈ W 1,2
loc (U ). Everyψ ∈ W 1,∞

c (U ) satisfies

(div A∇u) (ψ) = (div A0∇u) (ψ) +
⎛

⎝

n+1
∑

i, j=1

∂i

(

ai, j − a j,i

2

)

∂ j u

⎞

⎠ (ψ).

Proof Let u ∈ C∞(U ). By definition of the divergence and differentiating we have

div A∇u =
n+1
∑

i, j=1

∂i ai, j∂ j u+
n+1
∑

i, j=1

ai, j∂i, j u =
n+1
∑

i, j=1

∂i ai, j∂ j u+
n+1
∑

i, j=1

ai, j + a j,i

2
∂i, j u.

Note that a0i, j := ai, j+a j,i
2 are precisely the coefficients of the symmetric matrix A0.

The product derivative rule gives

a0i, j∂i, j u = ∂i

(

a0i, j∂ j u
)

− ∂i a
0
i, j∂ j u,

and applying this relation to each pair of indexes i, j ∈ {1, . . . , n + 1} we get
n+1
∑

i, j=1

a0i, j∂i, j u = div A0∇u −
n+1
∑

i, j=1

∂i a
0
i, j∂ j u.

Summing up,

div A∇u = div A0∇u +
n+1
∑

i, j=1

∂i ai, j∂ j u −
n+1
∑

i, j=1

∂i

(

ai, j + a j,i

2

)

∂ j u

= div A0∇u +
n+1
∑

i, j=1

∂i

(

ai, j − a j,i

2

)

∂ j u,

as claimed, for functions in C∞(U ).
Let us check this in the dual sense for a function u ∈ W 1,2

loc (U ). Let ψ ∈ W 1,∞
c (U ),

and hence u ∈ W 1,2(suppψ). Take {uk}k≥1 ⊂ C∞
c (U ) such that limk→∞ ‖uk −

u‖W 1,2(suppψ) = 0. As we have the claim for each function uk , in particular

ˆ
U
A∇u∇ψ =

ˆ
U
A∇(u − uk)∇ψ +

ˆ
U
A∇uk∇ψ

=
ˆ
U
A∇(u − uk)∇ψ +

ˆ
U
A0∇uk∇ψ
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−
ˆ
U

n+1
∑

i, j=1

∂i

(

ai, j − a j,i

2

)

∂ j uk · ψ

=
ˆ
U
A0∇u∇ψ −

ˆ
U

n+1
∑

i, j=1

∂i

(

ai, j − a j,i

2

)

∂ j u · ψ

+
ˆ
U
A∇(u − uk)∇ψ +

ˆ
U
A0∇(uk − u)∇ψ

−
ˆ
U

n+1
∑

i, j=1

∂i

(

ai, j − a j,i

2

)

∂ j (uk − u)ψ.

Now, since thematrix is Lipschitz and limk→∞ ‖uk−u‖W 1,2(suppψ) = 0, we conclude

ˆ
U
A∇u∇ψ =

ˆ
U
A0∇u∇ψ −

ˆ
U

n+1
∑

i, j=1

∂i

(

ai, j − a j,i

2

)

∂ j u · ψ,

as claimed. ��
We treat one of the main terms in (7.1) by means of a perturbation argument.

To do that, we note that we can write div(A0∇u) as in the diagonal case using the
R-directional derivatives, plus an error term. More precisely, we have the following
claim.

Claim 7.7 Let A0 = RT BR satisfy the conditions in Lemma 7.1, let U ⊂ ˜� be an
open set and u ∈ W 1,2

loc (U ). Every ψ ∈ W 1,∞
c (U ) satisfies

(div(A0∇u)) (ψ) =
(

n+1
∑

i=1

∂ i (bi∂
i u)

)

(ψ) +
(

n+1
∑

i=1

bi∂
i u · div RT

i

)

(ψ).

Proof Assume first u ∈ C∞(U ). Let us write R∇u = (R j · ∇u)n+1
j=1 = (∂ j u)n+1

j=1, and

so BR∇u = (b j∂
j u)n+1

j=1. Hence,

RT BR∇u = RT (b j∂
j u)n+1

j=1 =
⎛

⎝

n+1
∑

j=1

RT
i, j b j∂

j u

⎞

⎠

n+1

i=1

.

Therefore,

div(A0∇u) =
n+1
∑

i=1

∂i

⎛

⎝

n+1
∑

j=1

RT
i, j b j ∂

j u

⎞

⎠ =
n+1
∑

j=1

b j ∂
j u

n+1
∑

i=1

∂i (R j,i ) +
n+1
∑

j=1

n+1
∑

i=1

R j,i ∂i (b j ∂
j u).

Note that the sum inside the first term in the right-hand side is precisely
∑n+1

i=1 ∂i (R j,i )

= div RT
j , and the sum inside the second term in the right-hand side is
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∑n+1
i=1 R j,i∂i (b j∂

j u) = R j · ∇(b j∂
j u) = ∂ j (b j∂

j u). Thus, the claim follows for
u ∈ C∞(U ).

From the definition of the directional ∂ i -derivative in (7.7) and (7.8), the claim
follows by a density argument as in Claim 7.6. ��

7.2 Sketch of the proof

Throughout this section the pole p ∈ � so that dist(p, ∂�) > r0 is fixed unless it is
otherwise stated (see Lemma 7.10 below). In any case, it will be far from ∂� and so
from ∂˜�. Recall also that S := A1/2

0 , i.e., ST S = A0.
Fix R := min{1, r0/2}/2, and so we have 0 < R < min{1, r0/2}. By [30, Lemma

3.35], see Lemma 2.13 andRemark 2.14 above, if˜� is Reifenberg flat enough, depend-
ing on the ellipticity constantλ and the valueκ‖A‖L∞(Rn+1), then there exists a constant
c = c(λ, κ‖A‖L∞(Rn+1)) ≥ 1 such that

c−1|∇g(y)| ≤ g(y)

dist
(

y, ∂˜�
) ≤ c|∇g(y)| for every y ∈ B(ξ, R/c) with ξ ∈ ∂˜�.

Here we need to work with (δ, r0)-Reifenberg flat domains with flatness parameter
δ smaller than some constant depending on the ellipticity constant λ and the value
κ‖A‖L∞(R2).

Let us now fix the support function ϕ with ϕ(p) = 0:

Remark 7.8 Let ϕ ∈ C∞
c (R2) with

• ϕ = 1 in U R
2000c

(∂�) := {x ∈ R
2 : dist(x, ∂�) ≤ R

2000c },
• ϕ = 0 in U R

1500c
(∂�)c, and

• |∇ϕ| � 1.

So suppϕ ⊆ U R
1500c

(∂�). Note that ∂˜� ⊂ �∩suppϕ if we assume that distH(∂˜�, ∂�)

is small enough. With this choice of ϕ we have the comparability

|∇g(y)| ≈ g(y)

dist(y, ∂˜�)
for y ∈ ˜� ∩U R

1500c
(∂�) ⊃ ˜� ∩ suppϕ. (7.12)

We claim
log |S∇g|2 ∈ W 1,2

loc (˜� ∩U R
1500c

(∂�)). (7.13)

Indeed, this follows as |∇g| ≈ g/dist(·, ∂˜�) > 0 in˜�∩U R
1500c

(∂�) and g ∈ W 2,2(˜�∩
U R

1500c
(∂�)), see (7.20).

Notation From now on the variables and the region of integration will not be written
unless they are not clear from the context.

Estimate (7.2) will follow from the following partial results.
For a ≥ 10, let log(a) x := max{log x,−a}. Note that in the weak sense

(log(a)(x))
′ = 1{x≥e−a}(x) log x .
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Lemma 7.9 (Step 1) For a ≥ 10 big enough,

ˆ
∂˜�

log |S∇g|2 dω̃
p
T =

ˆ
∂˜�

log(a) |S∇g|2 dω̃
p
T + σ(∂˜�)O(ae−a/2).

Since σ(∂˜�) < ∞, the second term in the right-hand side tends to zero as a → ∞.

We prove the preceding lemma in Section 7.5.1.

Lemma 7.10 (Step 2) For any a ≥ 10 so that e−a < minz∈supp∇ϕ |S∇g(z)|2, and for
a.e. p ∈ � with dist(p, ∂�) > r0,

ˆ
∂˜�

log(a) |S∇g|2 dω̃
p
T = −

ˆ
˜�

〈AT∇ log(a) |S∇g|2, ∇(ϕg)〉 + O
(

1 +
ˆ
suppϕ

|∇2g|
|∇g| g

)

.

Weprove the preceding lemma in Section 7.5.2. Note that the left-hand side integral
is supported on the boundary, while the one on the right-hand side is a solid integral.

Next, fix ˜�ϕ ⊂ ˜� a smooth domain satisfying

˜� ∩ suppϕ ⊂ ˜�ϕ ⊂ U R
1000c

(∂�) ∩ ˜�.

With this choice we have the comparability |∇g| ≈ g/dist(·, ∂˜�) in ˜�ϕ , see (7.12).
We prove the following two lemmas in Section 7.5.1.

Lemma 7.11 (Step 3) For a ≥ 10 big enough,

−
ˆ
˜�

〈AT ∇ log(a) |S∇g|2, ∇(ϕg)〉 = −
ˆ
˜�

〈AT ∇ log |S∇g|2, ∇(ϕg)〉

+ O
(

H2(�)e−a/2 +
ˆ
˜�∩suppϕ∩{|S∇g|2≤e−a }

|∇2g|
)

.

Note that the last term in the right-hand side also tends to zero as a → ∞ because
g ∈ W 2,2(˜�ϕ) and

⋂

a≥10{|S∇g|2 ≤ e−a} ∩ ˜�ϕ = ∅.
For ε > 0 as small as desired,we consider a given functionψε ∈ C∞(R2) satisfying

(1) 0 ≤ ψε ≤ 1 everywhere,
(2) ψε = 0 in Uε(∂˜�),
(3) ψε = 1 in U3ε(∂˜�)c, and
(4) |∇ψε| � 1

ε
.

Lemma 7.12 (Step 4) For ψε as above we have

ˆ
˜�

〈AT∇ log |S∇g|2,∇(ϕg)〉 = lim
ε→0

{ˆ
˜�

〈AT∇ log |S∇g|2,∇(ψεϕg)〉

+O
(

1

ε

ˆ
U3ε(∂˜�)

|∇2g|
|∇g| g

)}

.
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In the weak sense, we can write the first term in the right-hand side in Lemma 7.12
as div(AT∇ log |S∇g|2) acting on ψεϕg ∈ W 1,∞

c (˜�ϕ), which can be understood as
test functions. When studying the harmonic measure in the plane, i.e., A = I d, this
term is 0 by the harmonicity of log |∇g| far from the critical points, a property that
does not hold in general in higher dimensions. This was a key point to establish (1.2)
for the Laplacian in [24, Lemma 3.1].

In the following remark we discuss this argument in the constant coefficient case.

Remark 7.13 (Constant matrix and LA-harmonic functions) Suppose now that the
matrix A is constant. Given any function u, by Claim 7.6,

div(AT∇u) = div(A0∇u),

i.e., we can reduce the study to the symmetric part. Moreover, by means of a linear
change of variables, see Lemma 3.4, we have that div(AT∇u) = 0 if and only if
ũ = u ◦ D satisfies div

(

˜A0∇ũ
) = 0 where ˜A0 = D−1A0(D−1)T , for any constant

matrix D with det D �= 0. Since A is constant now, if we choose D = ST where
S = A1/2

0 , i.e., ST S = A0, then ˜A0 = (ST )−1A0S−1 = (ST )−1ST SS−1 = I d, and
so �ũ = 0. It is known that if �ũ = 0, then � log |∇ũ|2 = 0 (only) in the plane,
whenever ∇ũ �= 0. If we undo the previous change of variables then we obtain

div
(

A0∇
(

log |S∇u|2
))

= 0,

off the critical points.

Back to the general case, when the matrix A is non-constant, instead of moving
from our matrix to the Laplacian by means of a change of variables as it is done in
the constant case (meaning that we would need a non-constant change of variables),
we will work with its symmetric part. Using the particular form A0 = RT BR, the
rotation matrices will play the role of the directional derivatives, so we will be left
with the diagonal matrix B, and this allows us to apply the previous strategy.

Now we study the first term appearing in the right-hand side in Lemma 7.12,

−
ˆ
˜�

〈AT∇ log |S∇g|2,∇(ψεϕg)〉,

which is the most delicate, and the key point in the different behavior between the
planar case and higher dimensions. Recall that, in the dual space, this term is

(

div(AT∇ log |S∇g|2)
)

(ψεϕg) where ψεϕg ∈ W 1,∞
c (˜�ϕ).

Notation From now on, a boxed term X (representing the functional TX ) can be
understood as a pointwise function, while a functional written as TX needs to be
understood strictly in the dual sense.

In the following lemma we decompose this last term.



106 Page 58 of 79 I. Guillén-Mola et al.

Lemma 7.14 (Step 5) In the dual space W 1,∞
c (˜�ϕ)′, we have

div(AT∇ log |S∇g|2) = M1 + M2 + TM3 + TE ,

where

M1 := −
2
∑

i=1

4bi
|S∇g|4 〈∂ i∇Rg, B∇Rg〉2,

M2 :=
2
∑

i=1

2bi
|S∇g|2 〈∂ i∇Rg, B∂ i∇Rg〉,

TM3 := 2

|S∇g|2
〈

2
∑

i=1

∂ i
(

bi∂
i∇Rg

)

, B∇Rg

〉

,

and TE is an error term (involving derivatives of the matrix A) of the form

TE =
2
∑

i=1

1

|S∇g|2 ∂ i
(

O(|∇g|2)
)

+ O
(

1 + |∇2g|
|∇g|

)

. (7.14)

We prove the preceding lemma in Section 7.5.3.
Note that, using (7.3), we have that the two main terms satisfy

∣

∣

∣ M1
∣

∣

∣+
∣

∣

∣ M2
∣

∣

∣ � 1 +
( |∇2g|

|∇g|
)2

, (7.15)

which is bad for our purposes. A similar behavior occurs with the term TM3. Instead,
we need to exploit their cancellation, as illustrated in the constant matrix case:

Remark 7.15 (Constant matrix and main terms) If the matrix A were constant, and
hence R and B were constant as well, then we would have TE = 0. That is,

div
(

AT∇ log |S∇g|2
)

= M1 + M2 + TM3.

This suggests that these 3 terms are the main terms, and the others must be bounded
error terms. Moreover, we have the following points:

• The key point in the plane is that
∑2

i=1 ∂ i (bi∂ i g) = 0 would imply b1∂1,1g =
−b2∂2,2g (off the critical points). One can show that, as a consequence, the main
terms M1 and M2 would cancel each other in the sense M1 + M2 = 0 off
the critical points of g.

• Since the derivatives would commute, i.e., ∂1,2 = ∂2,1, we would have

2
∑

i=1

∂ i
(

bi∂
i∇Rg

)

= ∇R

(

2
∑

i=1

∂ i
(

bi∂
i g
)

)

= ∇R(0) = 0, (7.16)
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wherewe used that theGreen function g satisfies
∑2

i=1 ∂ i (bi∂ i g) = 0. This is why
we call TM3 the “zero” term. In contrast to the previous point, here it is not needed
that we are in the plane. However, we use that the Green function is LA-harmonic,
that is, this term is zero even in higher dimensions.

All in all, in the constant matrix case we would have

div
(

AT∇ log |S∇g|2
)

= M1 + M2 + TM3 = 0

off the critical points of g.

The strategy explained in the previous remark is, morally, what we will do to prove
the following two lemmas.

Lemma 7.16 (Step 6) Pointwise
∣

∣

∣ M1 + M2
∣

∣

∣ � 1 + |∇2g|/|∇g| in ˜�ϕ .

We prove the preceding lemma in Section 7.5.4.

Lemma 7.17 (Step 7) In the dual space W 1,∞
c (˜�ϕ)′, the functional TM3 is of the form

TM3 =
2
∑

j=1

2b j∂
j g

|S∇g|2
(

O(|∇g|) + O(|∇2g|) + ∂1 (O(|∇g|)) + ∂2 (O(|∇g|))
)

.

Recall that this equality must be understood at a functional level, see (7.36) below.

We prove the preceding lemma in Section 7.5.5.
In the following lemma, we bound the error terms that have appeared in the previous

computations.

Lemma 7.18 (Step 8) For small enough ε > 0,

|TM3(ψεϕg)| + |TE (ψεϕg)| � 1 +
ˆ
suppϕ

|∇2g|
|∇g| g.

We prove the preceding lemma in Section 7.5.6.

Lemma 7.19 (Step 9)
´
suppϕ

|∇2g|
|∇g| g ≤ C < ∞, and for small enough ε > 0,´

Uε(∂˜�)
|∇2g|
|∇g| g � ε.

We prove the preceding lemma at the end of Section 7.4.
Using the previous lemmas we obtain (7.2).

Proof of (7.2) Let p ∈ � with dist(p, ∂�) > r0 so that Lemma 7.10 holds for all
a > 10 integer. By Lemma 7.9 to 7.11 we have

∣

∣

∣

∣

ˆ
∂˜�

log |S∇g|2 dω̃
p
T

∣

∣

∣

∣

≤
∣

∣

∣

∣

−
ˆ

〈AT∇ log |S∇g|2, ∇(ϕg)〉
∣

∣

∣

∣

+ O
(

1 +
ˆ
suppϕ

|∇2g|
|∇g| g

)

.
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By Lemmas 7.12, 7.14, 7.16 and 7.18, we get

∣

∣

∣

∣

−
ˆ

〈AT∇ log |S∇g|2, ∇(ϕg)〉
∣

∣

∣

∣

� 1 +
ˆ
suppϕ

|∇2g|
|∇g| g + O

(

lim
ε→0

1

ε

ˆ
U3ε(∂˜�)

|∇2g|
|∇g| g

)

.

In particular,

∣

∣

∣

∣

ˆ
∂˜�

log |S∇g|2 dω̃
p
T

∣

∣

∣

∣

� 1 +
ˆ
suppϕ

|∇2g|
|∇g| g + O

(

lim
ε→0

1

ε

ˆ
U3ε(∂˜�)

|∇2g|
|∇g| g

)

.

Finally, (7.2) follows from this and Lemma 7.19. Note that by Harnack inequality this
is true for every p ∈ � with dist(p, ∂�) > r0. ��

7.3 Second derivatives of the Green function

In this subsection, we collect a fundamental property of the Green function in our
situation, and some useful equalities and bounds that we will use later on involving
the second order derivatives of the Green function.

The following claim points out the main difference between the planar and the
higher dimensional case. This is a key point in the proof of Lemmas 7.16 and 7.17.

Claim 7.20 The Green function g satisfies

2
∑

i=1

∂ i (bi∂
i g) = −

2
∑

i=1

bi∂
i g div RT

i −
2
∑

i, j=1

∂i

(

ai j − a ji

2

)

∂ j g = O(|∇g|).

a.e. in Ur0(∂�) ∩ ˜�. In particular,

b1∂
1,1g = −b2∂

2,2g + O(|∇g|). (7.17)

Proof By Claims 7.7 and 7.6,

div A∇g =
2
∑

i=1

∂ i (bi∂
i g) +

2
∑

i=1

bi∂
i g div RT

i +
2
∑

i, j=1

∂i

(

ai j − a ji

2

)

∂ j g

=
2
∑

i=1

∂ i (bi∂
i g) + O(|∇g|),

where we used that the matrices A, B and R are Lipschitz. The claim follows from
the fact that the Green function satisfies div A∇g = 0 a.e. in Ur0(∂�) ∩ ˜�, see
Remark 2.11.

As a consequence of ∂ i (bi∂ i g) = ∂ i bi∂ i g + bi∂ i,i g and ∂ i bi∂ i g ∈ O(|∇g|), we
have (7.17). ��
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A close look to the proof reveals that if the matrix A were constant, then we would
have b1∂1,1g = −b2∂2,2g in the planar case, as it was explained in Remark 7.15.
Instead, we get the analog with some error terms in (7.17).

In the following claim we collect some basic equalities and estimates. These equal-
ities will be useful in the decomposition procedure in Lemma 7.14.

Claim 7.21 Using the notation ∇R f = R · ∇ f , see Section 7.1, we have

∂ i |S∇g|2 = 2〈∂ i∇Rg, B∇Rg〉 + 〈∇Rg, ∂
i B∇Rg〉. (7.18)

Consequently,

∂ i
(

1

|S∇g|2
)

= −∂ i |S∇g|2
|S∇g|4

((7.18))= −2〈∂ i∇Rg, B∇Rg〉 + 〈∇Rg, ∂ i B∇Rg〉
|S∇g|4 ,

(7.19)
and

|∇ log |S∇g|2| = |∇|S∇g|2|
|S∇g|2 � 1 + |∇2g|

|∇g| in ˜�ϕ. (7.20)

Proof Since ST S = A0 and A0 = RT BR, we can write

|S∇g|2 = 〈S∇g, S∇g〉 = 〈∇g, A0∇g〉 = 〈R∇g, BR∇g〉 = 〈∇Rg, B∇Rg〉.

Recall that R and B are Lipschitz regular, thus we can apply the usual derivative rules
a.e. to obtain

∂ i |S∇g|2 = 〈∂ i∇Rg, B∇Rg〉 + 〈∇Rg, ∂
i B∇Rg〉 + 〈∇Rg, B∂ i∇Rg〉,

and (7.18) follows from the symmetry of B.
The inequality in (7.20) follows from

∣

∣

∣∇|S∇g|2
∣

∣

∣

(7.18))≈
2
∑

i=1

∣

∣

∣2〈∂ i∇Rg, B∇Rg〉 + 〈∇Rg, ∂
i B∇Rg〉

∣

∣

∣

≤
2
∑

i=1

2|〈∂ i∇Rg, B∇Rg〉| +
2
∑

i=1

|〈∇Rg, ∂
i B∇Rg〉|

� |∇g|2 +
2
∑

i=1

|∂ i∇Rg||∇g|
(7.3))
� |∇g|2 + |∇g||∇2g|,

and this concludes the proof of the claim. ��
Remark 7.22 1/|S∇g|2 ∈ W 1,2

loc (˜�ϕ) because of (7.19), |∇g| ≈ g/dist(·, ∂˜�) > 0 in
˜�ϕ and g ∈ W 2,2(˜�ϕ). By the same reason, log |S∇g|2 ∈ W 1,2

loc (˜�ϕ).
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7.4 Whitney cubes and proof of Step 9

A classical way to compute an integral over a given set is to discretize it. We will
do so using Whitney cubes, that is, we divide the domain into regions (cubes) which
have diameter comparable to their distance to the boundary, so that Harnack’s and
Caccioppoli’s inequalities can be used locally.

Let us start by defining the Whitney covering of ˜�, and then we will move to study
the properties of those cubes touching suppϕ.

Definition 7.23 There exists a collectionW
˜� of dyadic cubes satisfying the following

properties:

(W1)
√
2�(Q) ≤ dist(Q, ∂˜�) ≤ 4

√
2�(Q), equivalently, diamQ ≤ dist(Q, ∂˜�) ≤

4diamQ.
(W2) 1.5Q ∩ ∂˜� = ∅, since dist(1.5Q, ∂˜�) ≥ dist(Q, ∂˜�) − √

2 · 0.25�(Q) ≥
0.75

√
2�(Q) > 0,

which we call Whitney cubes, see [17, Appendix J]. We define Wϕ := {Q ∈ W
˜� :

Q ∩ suppϕ �= ∅}.
Lemma 7.24 Every Q ∈ Wϕ satisfies also:

(W3) dist(x, ∂˜�) ≤ 7 R
2000c ≤ R/c for x ∈ 1.5Q.

(W4) �(Q) � 1.
(W5) If Q ∩ supp∇ϕ �= ∅, then �(Q) � 1.
(W6) For x ∈ 1.5Q we have

g(x) ≈ g(A(ξ, 10�(Q))) � ω̃T (B(ξ, 10�(Q))) ≤ ω̃T (50Q) ≤ 1,

where ξ ∈ ∂˜� is such that dist(ξ, Q) = dist(∂˜�, Q), and A(ξ, 10�(Q)) is the
Corkscrew point at ξ with radius 10�(Q).

Proof Note that for x ∈ 1.5Q, Harnack’s inequality gives g(x) ≈ g(A(ξ, 10�(Q))).
Using the relation between the elliptic measure and Green’s function in NTA domains
(see [25, Lemma 1.3.3]), we get

g(A(ξ, 10�(Q))) � ω̃T (B(ξ, 10�(Q))).

Here we need p /∈ B(ξ, 3 · 10�(Q)), which is granted as long as ∂˜� and ∂� are close
enough.

The remaining estimates in the lemma follow from the definition by standard argu-
ments. The details are left to the reader. ��

In order to bound the error terms arising in the proofs of Section 7.2, we will use
(without mention) the following remark.

Remark 7.25 If f ∈ O(|∇g|k) then
∣

∣

∣

´ f
|∇g|k ϕg

∣

∣

∣ ≤ C < ∞.
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Proof Since g � 1 in suppϕ (see Lemma 7.24(W6)), we obtain

∣

∣

∣

∣

ˆ
f

|∇g|k ϕg

∣

∣

∣

∣

≤
ˆ | f |

|∇g|k |ϕg| �
ˆ

|ϕg| � H2(�) ≤ (diam∂�)2 < ∞,

where we used that � is bounded. ��
Next we continue by controlling the Green function over Whitney cubes:

Lemma 7.26 We have:

(1)
∑

Q∈Wϕ
�(Q) · ω̃T (50Q) � 1.

(2) For ε > 0,
∑

{Q∈W
˜�:Q∩Uε(∂˜�) �=∅} �(Q) · ω̃T (50Q) � ε.

(3) For ε > 0,
´
Uε(∂˜�)

g � ε2.

(4) For each Q ∈ Wϕ ,
(´

1.5Q g2
)1/2

� �(Q) · ω̃T (50Q).

(5) For each Q ∈ Wϕ ,
´
Q |∇g| � �(Q) · ω̃T (50Q).

(6) For each Q ∈ Wϕ ,
´
Q |∇2g| � ω̃T (50Q).

Proof Item (1): As �(Q) � 1 for every Q ∈ Wϕ (see Lemma 7.24(W4)), there is k0
such that every Q ∈ Wϕ satisfies �(Q) = 2−k with k ≥ k0. Note also that, for each
scale k ≥ k0, the family {50Q}{Q∈Wϕ : �(Q)=2−k } has finite overlapping. Therefore,
∑

Q∈Wϕ

�(Q) · ω̃T (50Q) =
∑

k≥k0

∑

Q∈Wϕ

�(Q)=2−k

�(Q) · ω̃T (50Q) =
∑

k≥k0

2−k
∑

Q∈Wϕ

�(Q)=2−k

ω̃T (50Q)

�
∑

k≥k0

2−k ω̃T

(

⋃

Q∈Wϕ

�(Q)=2−k

50Q

)

≤
∑

k≥k0

2−k < ∞.

Item (2): Recall that the cubes Q ∈ W
˜� with Q ∩ Uε(∂˜�) �= ∅ satisfy �(Q) � ε,

and �(Q) ≈ ε if Q∩(∂Uε(∂˜�)\∂˜�) �= ∅, see (W1). Hence, as in the proof of item (1),
taking k0(ε) ≈ − log2 ε we have

∑

Q∈W
˜�

Q∩Uε(∂˜�) �=∅

�(Q)ω̃T (50Q) ≤
∑

k≥k0(ε)

2−k
∑

Q∈W
˜�

�(Q)=2−k

ω̃T (50Q) �
∑

k≥k0(ε)

2−k ≈ 2log2 ε = ε.

Item (3): Using that g � ω̃T (50Q) in Q, see (W6), that the cubes Q ∈ W
˜� with

Q ∩Uε(∂˜�) �= ∅ satisfy �(Q) � ε, see (W1), and item (2), we have

ˆ
Uε(∂˜�)

g ≤
∑

Q∈W
˜�

Q∩Uε(∂˜�) �=∅

ˆ
Q
g

(

W6
)

,
(

W1
)

� ε
∑

Q∈W
˜�

Q∩Uε(∂˜�) �=∅

�(Q)ω̃T (50Q)
(2)

� ε2.

Item (4) follows since g(x) � ω̃T (50Q) for x ∈ 1.5Q (see Lemma 7.24 (W6)).
Item (5) follows from Cauchy-Schwarz and Caccioppoli’s inequalities and item (4).



106 Page 64 of 79 I. Guillén-Mola et al.

Item (6): Since the Green function g of ˜� is solution of div(A∇·) = 0 in 1.1Q,
the function ĝ(·) = g(�(Q)·) is solution of div(̂A∇·) in 1.1̂Q, where ̂Q := {x/�(Q) :
x ∈ Q} has side-length one, and ̂A(·) = A(�(Q)·). Moreover, since ∂i∂ j ĝ(·) =
�(Q)2∂i∂ j g(�(Q)·), we get

ˆ
Q

|∇2g(x)|2 dx = �(Q)2
ˆ
̂Q

|∇2g(�(Q)x)|2 dx = 1

�(Q)2

ˆ
̂Q

|∇2 ĝ(x)|2 dx .

The matrix ̂A has the same ellipticity constant as A, but as �(Q) � 1 for every
Q ∈ Wϕ , see Lemma 7.24 (W4), the Lipschitz norm cannot grow too much:

‖̂A‖C0,1(1.1̂Q) := ‖̂A‖L∞(1.1̂Q) + [̂A]C0,1(1.1̂Q)

= ‖A‖L∞(1.1Q) + �(Q)[A]C0,1(1.1Q) ≤ C‖A‖C0,1(1.1Q).

Moreover, dist
(

̂Q, (1.1̂Q)c
) ≈ 1. Therefore we can apply (2.2) in Theorem 2.9 to

obtain

ˆ
Q

|∇2g|2 dx = 1

�(Q)2

ˆ
̂Q

|∇2 ĝ|2 dx
(2.2))

� 1

�(Q)2

[

(ˆ
1.1̂Q

|∇ ĝ|2
)1/2

+
(ˆ

1.1̂Q
ĝ2
)1/2

]2

.

Applying Caccioppolli’s inequality and item (4), this implies

ˆ
Q

|∇2g|2 dx � 1

�(Q)2

ˆ
1.5̂Q

ĝ2 = 1

�(Q)4

ˆ
1.5Q

g2
(4)
� ω̃T (50Q)2

�(Q)2
.

Using the Cauchy-Schwarz inequality and this, we get

ˆ
Q

|∇2g| ≤ �(Q)

(ˆ
Q

|∇2g|2
)1/2

� ω̃T (50Q).

��
Using this lemma we obtain Lemma 7.19.

Proof of Lemma 7.19 Recall that, by (7.12) we have

|∇g(x)| � g(x)

dist
(

x, ∂˜�
) for x ∈ suppϕ,

provided the domain ˜� is (δ, r0/2)-Reifenberg flat with δ small enough depending
only on λ and κ‖A‖L∞(R2). With this it suffices to show

ˆ
suppϕ

|∇2g(x)|dist (x, ∂˜�) dx ≤ C .
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Summing in Wϕ , by (6) and (1) in Lemma 7.26 we obtain

ˆ
suppϕ

|∇2g(x)|dist(x, ∂�) dx �
∑

Q∈Wϕ

�(Q)

ˆ
Q

|∇2g|
(6)
�

∑

Q∈Wϕ

�(Q) · ω̃T (50Q)
(1)
� 1,

as claimed.
Let us see the localized version. As above, using (7.12), and (6) and (2) in

Lemma 7.26,

ˆ
Uε(∂˜�)

|∇2g|
|∇g| g

(7.12))
�

ˆ
Uε(∂˜�)

|∇2g|dist(x, ∂˜�) ≤
∑

Q∈W
˜�

Q∩Uε(∂˜�) �=∅

�(Q)

ˆ
Q

|∇2g|

(6)
�

∑

Q∈W
˜�

Q∩Uε(∂˜�) �=∅

�(Q)ω̃T (50Q)
(2)
� ε.

��

7.5 Proof of Steps 1 to 8

In this subsection we prove remaining Steps 1 to 8 in Section 7.2.

7.5.1 Proof of Lemmas 7.9, 7.11 and 7.12

Proof of Lemma 7.9 We have

∣

∣

∣

∣

ˆ
∂˜�

log |S(ξ)∇g(ξ)|2 dω̃
p
T (ξ) −

ˆ
∂˜�

log(a) |S(ξ)∇g(ξ)|2 dω̃
p
T (ξ)

∣

∣

∣

∣

=
∣

∣

∣

∣

ˆ
{ξ∈∂˜�:|S(ξ)∇g(ξ)|2≤e−a}

(log |S(ξ)∇g(ξ)|2 + a) dω̃
p
T (ξ)

∣

∣

∣

∣

Since the domain is smooth, we can use (2.8) to write and bound the right-hand side
term as

∣

∣

∣

∣

ˆ
{ξ∈∂˜�:|S(ξ)∇g(ξ)|2≤e−a }

− 〈A(ξ)∇g(ξ), ν〉(log |S(ξ)∇g(ξ)|2 + a) dσ(ξ)

∣

∣

∣

∣

�
ˆ

{ξ∈∂˜�:|S(ξ)∇g(ξ)|2≤e−a }
|S(ξ)∇g(ξ)|(|log |S(ξ)∇g(ξ)||) dσ(ξ)

≤ σ(∂˜�)
(

e−a/2|log e−a/2|
)

.

��
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Proof of Lemma 7.11 We have

−
ˆ

〈AT∇ log(a) |S∇g|2,∇(ϕg)〉 +
ˆ

〈AT∇ log |S∇g|2,∇(ϕg)〉

=
ˆ

〈AT∇ min{0, a + log |S∇g|2},∇(ϕg)〉.

On the other hand, by (7.12) we have that if a ≥ 10 is big enough then ϕ = 1 in
˜�ϕ ∩ {|S∇g|2 ≤ e−a}, and hence

ˆ
〈AT∇ min{0, a + log |S∇g|2},∇(ϕg)〉 =

ˆ
〈AT∇ log |S∇g|2,∇g〉1{|S∇g|2≤e−a}.

By (7.20), this is controlled in absolute value by

ˆ
{|S∇g|2≤e−a}

(

1 + |∇2g|
|∇g|

)

|∇g| ≤
ˆ

{|S∇g|2≤e−a}
|∇g| +

ˆ
{|S∇g|2≤e−a}

|∇2g|.

The lemma follows because the first term in the right-hand side is bounded by a
constant times H2(�)e−a/2. ��
Proof of Lemma 7.12 For ε > 0 small we have (1 − ψε)ϕ = (1 − ψε). Hence

−
ˆ

〈AT∇ log |S∇g|2,∇((1 − ψε)ϕg)〉 = −
ˆ

〈AT∇ log |S∇g|2,∇((1 − ψε)g)〉

=
ˆ

〈AT∇ log |S∇g|2,∇ψε〉g −
ˆ

〈AT∇ log |S∇g|2,∇g〉(1 − ψε).

Using (7.20), the second term in the right-hand side is controlled in absolute value by

ˆ
U3ε(∂˜�)

(

1 + |∇2g|
|∇g|

)

|∇g| =
ˆ
U3ε(∂˜�)

|∇g| +
ˆ
U3ε(∂˜�)

|∇2g| ε→0−→ 0,

and the first term is controlled in absolute value by

ˆ
U3ε(∂˜�)

(

1 + |∇2g|
|∇g|

)

g|∇ψε| = 1

ε

ˆ
U3ε(∂˜�)

g + 1

ε

ˆ
U3ε(∂˜�)

|∇2g|
|∇g| g.

The lemma follows by applying (3) in Lemma 7.26 in the last line. ��
7.5.2 Proof of Lemma 7.10

Recall that the Green function g in ˜� for the operator LAu = div A∇u satisfies, for

every φ ∈ C0(˜�) ∩ W 1,2(˜�),

ˆ
∂˜�

φ(ξ) dω̃x
T (ξ) − φ(x) = −

ˆ
˜�

〈AT (y)∇φ(y),∇gx (y)〉 dy, for a.e. x ∈ ˜�,

(7.21)
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see (2.4).
We claim that

ϕ log(a) |S∇g|2 ∈ C0(˜�) ∩ W 1,2(˜�).

Indeed, ϕ log(a) |S∇g|2 ∈ C0(˜�) because the function ϕ avoids the pole and ∇g is
continuous up to the boundary, see Theorem 2.12. Let us see that ϕ log(a) |S∇g|2 ∈
W 1,2(˜�). Using Jensen’s inequality as the function x 
→ |log x |2 is concave for x > e,
the L2-norm is controlled (depending on a) by

ˆ
˜�∩suppϕ

∣

∣

∣log(a) |S∇g|2
∣

∣

∣

2

≤
ˆ
˜�∩{|S∇g|2≤e}

∣

∣

∣log(a) |S∇g|2
∣

∣

∣

2 +
ˆ
˜�∩suppϕ∩{|S∇g|2>e}

∣

∣

∣log |S∇g|2
∣

∣

∣

2

� H2(˜�)

(

a2 +
∣

∣

∣

∣

log

(

−
ˆ
˜�∩suppϕ∩{|S∇g|2>e}

|S∇g|2
)∣

∣

∣

∣

2
)

< ∞,

(7.22)

which is bounded since g ∈ W 1,2(˜� ∩ suppϕ). The L2 norm of ∇(ϕ log(a) |S∇g|2)
is

ˆ
˜�

|∇(ϕ log(a) |S∇g|2)|2 ≤
ˆ
˜�

|∇ϕ|2
∣

∣

∣log(a) |S∇g|2
∣

∣

∣

2 +
ˆ
˜�

ϕ2|∇ log(a) |S∇g|2|2.

The first term is finite by (7.22) because ϕ ∈ C∞
c (R2). From the definition of

log(a) x := max{log x,−a} and by (7.20), we get

|∇ log(a) |S∇g|2| � 1{x≥e−a}(|S∇g|2)
(

1 + |∇2g|
|∇g|

)

,

and hence the second term is controlled by

ˆ
˜�∩suppϕ

|∇ log(a) |S∇g|2|2 �
ˆ
˜�∩suppϕ∩{|S∇g|2≥e−a}

1 + |∇2g|2
|∇g|2

� H2(˜�) + ea
ˆ
˜�∩suppϕ

|∇2g|2 < ∞,

which is bounded as g ∈ W 2,2(˜� ∩ suppϕ).
By the choice of ϕ with ϕ(p) = 0 and ϕ|∂˜� = 1, and plugging φ =

ϕ log(a) |S∇g|2 ∈ C0(˜�) ∩ W 1,2(˜�) in (7.21), for a.e. p ∈ � with dist(p, ∂�) > r0
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we have
ˆ

∂˜�

log(a) |S∇g|2 dω̃
p
T = −

ˆ
˜�∩suppϕ

〈AT∇
(

ϕ log(a) |S∇g|2
)

,∇g〉

= −
ˆ

〈AT∇ϕ,∇g〉 · log(a) |S∇g|2

−
ˆ

〈AT∇ log(a) |S∇g|2, ϕ∇g〉
= 1 + 2 + 3 ,

(7.23)

with

1 := −
ˆ

〈AT∇ϕ,∇g〉 · log(a) |S∇g|2,

2 :=
ˆ

〈AT∇ log(a) |S∇g|2,∇ϕ〉 · g, and

3 := −
ˆ

〈AT∇ log(a) |S∇g|2,∇(ϕg)〉.

We claim that
∣

∣

∣ 1
∣

∣

∣ � 1 and
∣

∣

∣ 2
∣

∣

∣ � 1 + ´
suppϕ

|∇2g|
|∇g| g, and hence Lemma 7.10

follows.
We start by controlling the term 1 . Recall that we have fixed ϕ so that |∇ϕ| � 1,

and assumed that a is big enough so that e−a < minz∈supp∇ϕ |S∇g(z)|2, that is,
log(a) |S∇g(z)|2 = log |S∇g(z)|2 for z ∈ supp∇ϕ. Thus,

∣

∣

∣ 1
∣

∣

∣ �
ˆ
supp∇ϕ

|∇g| |log |S∇g|| ≈
ˆ
supp∇ϕ

|S∇g| |log |S∇g|| .

Since supp∇ϕ is far from ∂˜�, in particular dist(x, ∂˜�) ≈ 1 for x ∈ supp∇ϕ. Con-
sequently, from this and (7.12) we have |∇g| ≈ g/dist(·, ∂˜�) ≈ g in the support of
∇ϕ, and hence

|S∇g(x)| ≈ |∇g(x)| ≈ g(x)
(W6)
� 1 for x ∈ supp∇ϕ.

Note that for 0 < t < t0 we have t |log t | ≤ max{1, t0 |log t0|}. Therefore,

1 �
ˆ
supp∇ϕ

|S∇g| |log |S∇g|| � H2(supp∇ϕ) ≤ C < ∞.

Now we study the term 2 . Since ϕ is fixed, we have |∇ϕ| � 1 and so

∣

∣

∣ 2
∣

∣

∣ �
ˆ
supp∇ϕ

g · |∇ log(a) |S∇g|2| ≤
ˆ
suppϕ

g · |∇ log(a) |S∇g|2|.
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Plugging (7.20) in here we get

∣

∣

∣ 2
∣

∣

∣ �
ˆ
suppϕ

g +
ˆ
suppϕ

|∇2g|
|∇g| g

(W6)
� 1 +

ˆ
suppϕ

|∇2g|
|∇g| g.

��

7.5.3 Proof of Lemma 7.14

In this subsection we study, via a perturbation argument, the functional term

div
(

AT∇ log |S∇g|2
)

∈ W 1,∞
c (˜�ϕ)′.

Note that the action of this functional on ϕg gives rise to a modified version of the
term 3 in (7.23).

First, we move from the matrix A to its symmetric part A0 by Claim 7.6, and
we write its divergence in terms of the directional derivatives using Claim 7.7 (see
Remark 7.22):

div
(

AT∇ log |S∇g|2
)

= div
(

A0∇ log |S∇g|2
)

+
2
∑

i, j=1

∂i

(

aTi j − aTji
2

)

∂ j log |S∇g|2

=
2
∑

i=1

∂ i (bi∂
i (log |S∇g|2)) +

2
∑

i=1

bi∂
i (log |S∇g|2) div RT

i

+
2
∑

i, j=1

∂i

(

a ji − ai j
2

)

∂ j (log |S∇g|2) =: T3.A + 3.B + 3.C .

Note that the terms 3.B and 3.C contain derivatives of thematrix A. In particular,
if the matrix were constant then these two terms would be zero, which suggests that
the terms 3.B and 3.C must be bounded error terms.

Next we deal with T3.A. As 1/|S∇g|2 ∈ W 1,2
loc (˜�ϕ) (see Remark 7.22), by (7.9) we

have

T3.A =
2
∑

i=1

∂ i
(

bi
∂ i |S∇g|2
|S∇g|2

)

=
2
∑

i=1

∂ i
(

1

|S∇g|2
)

bi∂
i |S∇g|2 +

2
∑

i=1

1

|S∇g|2 ∂ i (bi∂
i |S∇g|2).

(7.24)

We infer that each element in the sum in the first term in the right-hand side in
(7.24) is

∂ i
(

1

|S∇g|2
)

bi∂
i |S∇g|2 (7.19))= −bi

(

∂ i |S∇g|2)2
|S∇g|4 . (7.25)
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Therefore, using identities (7.18) and (7.25) and expanding, the first term in the right-
hand side of (7.24) can be written as

2
∑

i=1

∂ i
(

1

|S∇g|2
)

bi∂
i |S∇g|2 = M1 + E1 + E2 ,

where

M1 := −
2
∑

i=1

4bi
|S∇g|4 〈∂ i∇Rg, B∇Rg〉2,

E1 := −
2
∑

i=1

4bi
|S∇g|4 〈∂ i∇Rg, B∇Rg〉〈∇Rg, ∂

i B∇Rg〉, and

E2 := −
2
∑

i=1

bi
|S∇g|4 〈∇Rg, ∂

i B∇Rg〉2.

Note that E1 and E2 can be considered “error terms” from a perturbation point

of view, since in case B were constant we would get E1 = E2 = 0, while M1
can be considered a “main term”.

Next we perform a similar decomposition for ∂ i (bi∂ i |S∇g|2), in the second term
in the right-hand side in (7.24). In this case, we need to pay attention to the first term
in the right-hand side of (7.18):

∂ i
(

bi 〈∂ i∇Rg, B∇Rg〉
)

=
〈

∂ i
(

bi∂
i∇Rg

)

, B∇Rg
〉

+ bi 〈∂ i∇Rg, ∂
i B∇Rg〉

+bi 〈∂ i∇Rg, B∂ i∇Rg〉. (7.26)

Then using (7.18) and (7.26) we get that the second term in the right-hand side of
(7.24) can be written as

2
∑

i=1

1

|S∇g|2 ∂ i (bi∂
i |S∇g|2) = M2 + TM3 + E3 + TE4,

where

M2 :=
2
∑

i=1

2bi
|S∇g|2 〈∂ i∇Rg, B∂ i∇Rg〉,

TM3 := 2

|S∇g|2
〈

2
∑

i=1

∂ i
(

bi∂
i∇Rg

)

, B∇Rg

〉

,

E3 :=
2
∑

i=1

2bi
|S∇g|2 〈∂ i∇Rg, ∂

i B∇Rg〉, and
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TE4 :=
2
∑

i=1

1

|S∇g|2 ∂ i
(

bi 〈∇Rg, ∂
i B∇Rg〉

)

.

All together we have

div
(

AT∇ log |S∇g|2
)

= T3.A + 3.B + 3.C

= M1 + M2 + TM3 (Main terms)

+ 3.B + 3.C + E1 + E2 + E3 + TE4, (Error terms)

and the first part of the lemma follows taking

TE := 3.B + 3.C + E1 + E2 + E3 + TE4.

Let us see now the second part of the lemma. Indeed, E2 is O(1) because

|〈∇Rg, ∂ i B∇Rg〉| � |∇g|2. By (7.20) we get that 3.B and 3.C are in

O
(

1 + |∇2g|
|∇g|

)

, and (7.3) implies that E1 and E3 are of the form O
(

1 + |∇2g|
|∇g|

)

.

All in all,

TE = TE4 + O
(

1 + |∇2g|
|∇g|

)

,

as claimed. ��

7.5.4 Proof of Lemma 7.16

In this subsection we prove that the two main terms cancel out in the sense

∣

∣

∣ M1 + M2
∣

∣

∣ � 1 + |∇2g|
|∇g| .

This cancellation is related to what happens in the constant case, see Remark 7.15.
We will see that they both have a common term in opposite sign, and exploiting

this cancellation we will obtain a sum of error terms. The key identity is (7.17), which
only applies in the plane.

The key idea to prove the lemma is that using (7.5), which relates ∂1,2g and ∂2,1g,
and (7.17), which relates b1∂1,1g and b2∂2,2g, we will be able to write ∂1,1, ∂2,2, ∂1,2

and ∂2,1 in terms of ∂1,1 and ∂2,1 only.
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We start by studying the term M1 := −∑i
4bi

|S∇g|4 〈∂ i∇Rg, B∇Rg〉2 in ˜�ϕ .
Expanding the numerator,

2
∑

i=1

bi 〈∂ i∇Rg, B∇Rg〉2 = b1〈∂1∇Rg, B∇Rg〉2 + b2〈∂2∇Rg, B∇Rg〉2

= b1(b1∂
1g∂1,1g + b2∂

2g∂1,2g)2

+ b2(b1∂
1g∂2,1g + b2∂

2g∂2,2g)2.

By (7.5) and (7.17), which read as ∂1,2g = ∂2,1g + O(|∇g|) and b2∂2,2g =
−b1∂1,1g + O(|∇g|) respectively, we have

2
∑

i=1

bi 〈∂ i∇Rg, B∇Rg〉2 = b1(b1∂
1g∂1,1g + b2∂

2g∂2,1g + O(|∇g|2))2

+ b2(b1∂
1g∂2,1g − b1∂

2g∂1,1g + O(|∇g|2))2.

Expanding, and using b1(∂1g)2 + b2(∂2g)2 = 〈∇Rg, B∇Rg〉 = |S∇g|2 and the
cancellation of cross terms, we get

2
∑

i=1

bi 〈∂ i∇Rg, B∇Rg〉2 = |S∇g|2
(

b21(∂
1,1g)2 + b1b2(∂

2,1g)2
)

+(∂1,1g + ∂2,1g)O(|∇g|3) + O(|∇g|4).

In conclusion, M1 is of the form

M1 = −4
b21(∂

1,1g)2 + b1b2(∂2,1g)2

|S∇g|2 + O(∂1,1g + ∂2,1g)

|S∇g| + O(1). (7.27)

With the same strategy we study the term M2 :=∑i
2bi

|S∇g|2 〈∂ i∇Rg, B∂ i∇Rg〉 in
˜�ϕ . Using (7.5) and (7.17) as before and expanding, the numerator can be written as

2
∑

i=1

bi 〈∂ i∇Rg, B∂ i∇Rg〉 = b21(∂
1,1g)2 + b1b2(∂

1,2g)2 + b1b2(∂
2,1g)2 + b22(∂

2,2g)2

= b21(∂
1,1g)2 + b1b2

(

∂2,1g + O(|∇g|)
)2 + b1b2(∂

2,1g)2 +
(

−b1∂
1,1g + O(|∇g|)

)2

= 2
(

b21(∂
1,1g)2 + b1b2(∂

2,1g)2
)

+
(

∂1,1g + ∂2,1g
)

O(|∇g|) + O(|∇g|2).

Hence, M2 is of the form

M2 = 4
b21(∂

1,1g)2 + b1b2(∂2,1g)2

|S∇g|2 + O(∂1,1g + ∂2,1g)

|S∇g| + O(1). (7.28)
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Note that both M1 in (7.27) and M2 in (7.28) have the term

4
b21(∂

1,1g)2 + b1b2(∂2,1g)2

|S∇g|2

in common with opposite sign, which allows us to remove the square in (7.15). That
is, adding up both terms,

M1 + M2 = O(∂1,1g + ∂2,1g)

|S∇g| + O(1),

whence we obtain

∣

∣

∣ M1 + M2
∣

∣

∣

(7.3))
� 1 + |∇2g|

|∇g| ,

as claimed. ��

7.5.5 Proof of Lemma 7.17

We study, for ψ ∈ W 1,∞
c (˜�ϕ), the term

TM3(ψ) :=
(

2

|S∇g|2
〈

2
∑

i=1

∂ i
(

bi∂
i∇Rg

)

, B∇Rg

〉)

(ψ).

In this subsection we don’t use the fact that we are in the plane. Instead, the key
ingredient is the LA-harmonicity of the Green function far from the pole, and so the
computations in this subsection could be done also in higher dimensions.

The term TM3 must be read as

TM3 = 2

|S∇g|2
〈

2
∑

i=1

(

∂ i (bi∂ i,1g)
∂ i (bi∂ i,2g)

)

,

(

b1∂1g
b2∂2g

)

〉

= 2

|S∇g|2
2
∑

i=1

{

∂ i (bi∂
i,1g)b1∂

1g + ∂ i (bi∂
i,2g)b2∂

2g
}

= 2

|S∇g|2
2
∑

i=1

2
∑

j=1

∂ i (bi∂
i, j g)b j∂

j g =:
2
∑

i=1

2
∑

j=1

T (i, j)
M3 .

(7.29)

Here, for each i, j ∈ {1, 2},

T (i, j)
M3 (ψ) = T∂ i (bi ∂ i, j g)

(

2

|S∇g|2 b j∂
j gψ

)

. (7.30)
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We want to study the functionals T (i, j)
M3 for i, j ∈ {1, 2}. First note that

2

|S∇g|2 b j∂
j gψ ∈ W 1,∞

c (˜�ϕ),

while bi∂ i, j g ∈ L2(˜�ϕ). Hence, (7.30) makes sense and it suffices to study the
functionals T∂ i (bi ∂ i, j g) ∈ W 1,∞

c (˜�)′. In fact, fixed j ∈ {1, 2}, we will exploit the can-
cellation of the functional

∑2
i=1 T∂ i (bi ∂ i, j g). For simplicity we will write ∂ i (bi∂ i, j g)

instead of T∂ i (bi ∂ i, j g).
Compared to the strategy seen in Remark 7.15, now the matrix is not constant and

hence the directional derivatives do not commute. For this reason, some error terms
will appear in the procedure of extracting the gradient ∇R outside from

2
∑

i=1

∂ i
(

bi∂
i∇Rg

)

=
(

∂1(b1∂1,1g) + ∂2(b2∂2,1g)
∂1(b1∂1,2g) + ∂2(b2∂2,2g)

)

, (7.31)

as it is done in the constant matrix case in (7.16). The idea is the same as in the proof
of Lemma 7.16, see Section 7.5.4. That is, using the ‘almost’-commutative property
(7.5) (relating ∂1,2g and ∂2,1g) of the directional derivatives, and its functional version
in (7.10), we manage to extract the gradient ∇R outside.

Let us fix j ∈ {1, 2}. If i = j (clearly ∂ i, j = ∂ j,i in this case), then

∂ i (bi∂
i, j g) = ∂ j

(

∂ i (bi∂
i g)
)

− ∂ i (∂ j bi∂
i g), (7.32)

and when i �= j , using (7.5) and (7.10) we get

∂ i (bi∂
i, j g)

(7.5))= ∂ i
(

bi∂
j,i g
)

+ ∂ i
(

bi (∂
i R j − ∂ j Ri )∇g

)

= ∂ i
(

∂ j (bi∂
i g)
)

− ∂ i
(

∂ j bi∂
i g
)

+ ∂ i
(

bi (∂
i R j − ∂ j Ri )∇g

)

(7.10))= ∂ j
(

∂ i (bi∂
i g)
)

− (∂ j Ri − ∂ i R j )∇(bi∂
i g) − ∂ i

(

∂ j bi∂
i g
)

+ ∂ i
(

bi (∂
i R j − ∂ j Ri )∇g

)

.

(7.33)
Plugging (7.32) and (7.33) in (7.31), we get, for j = 1,

2
∑

i=1

∂ i (bi ∂
i,1g) = ∂1

⎛

⎝

2
∑

i=1

∂ i
(

bi ∂
i g
)

⎞

⎠−
2
∑

i=1

∂ i (∂1bi ∂
i g) − (∂1R2 − ∂2R1) · ∇(b2∂

2g)

+ ∂2
(

b2(∂
2R1 − ∂1R2) · ∇g

)

,

(7.34)
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and for j = 2,

2
∑

i=1

∂ i (bi∂
i,2g) = ∂2

⎛

⎝

2
∑

i=1

∂ i
(

bi ∂
i g
)

⎞

⎠−
2
∑

i=1

∂ i (∂2bi ∂
i g) − (∂2R1 − ∂1R2) · ∇(b1∂

1g)

+ ∂1
(

b1(∂
1R2 − ∂2R1) · ∇g

)

.

(7.35)
Note that in both cases there is the term

∑2
i=1 ∂ i

(

bi∂ i g
)

, which is studied in
Claim 7.20. By (7.29) and using Claim 7.20 in both (7.34) and (7.35), in the dual
space we get

TM3 = 2

|S∇g|2
2
∑

j=1

b j∂
j g

(

2
∑

i=1

∂ i (bi∂
i, j g)

)

=
2
∑

j=1

2b j∂
j g

|S∇g|2

⎧

⎨

⎩

∂ j

⎛

⎝−
2
∑

i=1

bi∂
i g div RT

i −
2
∑

i,k=1

∂i

(

aik − aki
2

)

∂kg

⎞

⎠

−
2
∑

i=1

∂ i (∂ j bi∂
i g)

}

+ 2b1∂1g

|S∇g|2
{

−(∂1R2 − ∂2R1) · ∇(b2∂
2g) + ∂2

(

b2(∂
2R1 − ∂1R2) · ∇g

)}

+ 2b2∂2g

|S∇g|2
{

−(∂2R1 − ∂1R2) · ∇(b1∂
1g) + ∂1

(

b1(∂
1R2 − ∂2R1) · ∇g

)}

.

(7.36)
As a consequence of this, the right-hand equality in Claim 7.20 and |∇∂ i g| =

O(|∇g|) + O(|∇2g|), see (7.3), we conclude that the functional TM3 is of the form

TM3 =
2
∑

j=1

2b j∂
j g

|S∇g|2
(

O(|∇g|) + O(|∇2g|) + ∂1 (O(|∇g|)) + ∂2 (O(|∇g|))
)

,

as claimed. ��

7.5.6 Proof of Lemma 7.18

First, we need the following claim, which we will prove later.

Claim 7.27 Let ψ ∈ W 1,∞
c (˜�ϕ). Then, for i, j ∈ {1, 2}, both

T 1
|S∇g|2 ∂ i(O(|∇g|2))(ψ) and T b j ∂

j g

|S∇g|2 ∂ i (O(|∇g|))
(ψ)

are of the form ˆ O(|∇2g|)
|∇g| ψ +

ˆ
O(1)ψ +

ˆ
O(1)∂ iψ.
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Granted this, by Lemma 7.17 and (7.14) we have

|TM3(ψεϕg)| + |TE (ψεϕg)| �
ˆ |∇2g|

|∇g| ψεϕg +
ˆ

ψεϕg +
ˆ

|∂ i (ψεϕg)|.

The second term in the right-hand side is bounded by a constant times H2(�) < ∞
as � is bounded and g � 1 in suppϕ, see (W6). Hence, it suffices to prove

ˆ
∣

∣

∣∂
i (ψεϕg)

∣

∣

∣ � 1, for i ∈ {1, 2}.

By the product derivative rule and the notation ∂ i f = Ri · ∇ f , we can use

ˆ
∣

∣

∣∂
i (ψεϕg)

∣

∣

∣ �
ˆ

g|∇ϕ| +
ˆ
suppϕ

|∇g| + 1

ε

ˆ
supp∇ψε

g.

Since |∇ϕ| � 1 and g(x) � 1 in suppϕ (see (W6)), we get
´
g|∇ϕ| � 1. For the

second integral on the right-hand side we sum over Whitney cubes in Wϕ and apply
items (5) and (1) in Lemma 7.26

ˆ
suppϕ

|∇g| ≤
∑

Q∈Wϕ

ˆ
Q

|∇g|
(5)
�
∑

Q∈Wϕ

�(Q) · ω̃T (50Q)
(1)
� 1.

On the other hand, using supp∇ψε ⊂ U3ε(∂˜�) and Lemma 7.26(3) respectively, we
have

1

ε

ˆ
supp∇ψε

g ≤ 1

ε

ˆ
U3ε(∂˜�)

g � ε ≤ 1,

and Lemma 7.18 follows. ��
We now turn to the proof of Claim 7.27.

Proof of Claim 7.27 First we study T 1
|S∇g|2 ∂ i(O(|∇g|2))(ψ). We have

T 1
|S∇g|2 ∂ i (O(|∇g|2))(ψ) = T∂ i (O(|∇g|2))

(

1

|S∇g|2 ψ

)

(7.8)= −
ˆ

O(|∇g|2) 1

|S∇g|2 ψ div RT
i −

ˆ
O(|∇g|2)∂ i

(

1

|S∇g|2 ψ

)

.

The first term in the right-hand side is of the form
´ O(1)ψ . Let us study the second

term in the right-hand side. By (7.19),

∂ i
(

1

|S∇g|2 ψ

)

= −2〈∂ i∇Rg, B∇Rg〉
|S∇g|4 ψ − 〈∇Rg, ∂

i B∇Rg〉
|S∇g|4 ψ + ∂ iψ

|S∇g|2 ,
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and hence we get

−
ˆ

O(|∇g|2)∂ i
(

1

|S∇g|2 ψ

)

=
ˆ O(∂ i∇Rg)

|S∇g| ψ +
ˆ

O(1)ψ +
ˆ

O(1)∂ iψ

(7.3)=
ˆ O(|∇2g|)

|∇g| ψ +
ˆ

O(1)ψ +
ˆ

O(1)∂ iψ.

Next we study T b j ∂
j g

|S∇g|2 ∂ i (O(|∇g|))
(ψ), similarly as we did with the previous term.

Now we have

T b j ∂
j g

|S∇g|2 ∂ i (O(|∇g|))
(ψ) = T∂ i (O(|∇g|))

(

b j ∂
j g

|S∇g|2 ψ

)

(7.8)= −
ˆ O(|∇g|)b j ∂ j g

|S∇g|2 ψ div Ri −
ˆ

O(|∇g|)∂ i
(

b j ∂
j g

|S∇g|2 ψ

)

.

As before, the first term in the right-hand side is of the form
´ O(1)ψ and the second

term is

−
ˆ

O(|∇g|)∂ i
(

b j ∂
j g

|S∇g|2 ψ

)

=
ˆ O(1)ψ

|S∇g| ∂ i
(

b j ∂
j g
)

+
ˆ

O(|∇g|2)∂ i
(

1

|S∇g|2
)

ψ +
ˆ

O(1)∂ iψ.

The claim follows by using (7.3) and (7.19) in the previous line. ��
Acknowledgements Part of this work was carried out while I.G.M. and X.T. were visiting the Hausdorff
Institute for Mathematics in Bonn (Germany) during the trimester program Interactions between Geometric
measure theory, Singular integrals, and PDE, funded by the Deutsche Forschungsgemeinschaft (DFG,
German Research Foundation) under Germany’s Excellence Strategy – EXC-2047/1 – 390685813. I.G.M.
was supported by the PIF UAB 2020/21 from the Universitat Autònoma de Barcelona, and by Generalitat
de Catalunya’s Agency for Management of University and Research Grants (AGAUR) (2021 FI_B 00637
and 2023 FI-3 00151). I.G.M. and M.P. were partially supported by the Spanish State Research Agency
(AEI) project PID2021-125021NAI00 (Spain). M.P. was partially supported by the projects PID2021-
123405NB-I00 (AEI), and 2021-SGR-00087 (AGAUR). M.P. and X.T. were supported by the AEI, through
the Severo Ochoa and María de Maeztu Program for Centers and Units of Excellence in R&D (CEX2020-
001084-M). X.T. was supported by the European Research Council (ERC) under the European Union’s
Horizon 2020 research and innovation programme (grant agreement 101018680), and project 2021-SGR-
00071 (AGAUR). All the authors were also supported by PID2020-114167GB-I00. We thank CERCA
Programme/Generalitat de Catalunya for institutional support.

Author contributions All authors wrote and reviewed the manuscript.

Funding Open Access Funding provided by Universitat Autonoma de Barcelona.

Data Availability No datasets were generated or analysed during the current study.

Declarations

Competing interests The authors declare no competing interests.



106 Page 78 of 79 I. Guillén-Mola et al.

OpenAccess This article is licensedunder aCreativeCommonsAttribution 4.0 InternationalLicense,which
permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give
appropriate credit to the original author(s) and the source, provide a link to the Creative Commons licence,
and indicate if changes were made. The images or other third party material in this article are included
in the article’s Creative Commons licence, unless indicated otherwise in a credit line to the material. If
material is not included in the article’s Creative Commons licence and your intended use is not permitted
by statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the
copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

1. Azzam, Jonas, Garnett, John, Mourgoglou, Mihalis, Tolsa, Xavier: Uniform rectifiability, elliptic mea-
sure, square functions, and ε-approximability via an ACF monotonicity formula. Int. Math. Res. Not.
IMRN 2023(13), 10837–10941 (2023)

2. Azzam, Jonas, Mourgoglou, Mihalis: Tangent measures of elliptic measure and applications. Anal.
PDE 12(8), 1891–1941 (2019)

3. Azzam, Jonas, Mourgoglou, Mihalis, Tolsa, Xavier: Singular sets for harmonic measure on locally flat
domains with locally finite surface measure. Int. Math. Res. Not. IMRN 2017(12), 3751–3773 (2017)

4. Azzam, Jonas: Dimension drop for harmonic measure on Ahlfors regular boundaries. Potential Anal.
53(3), 1025–1041 (2020)

5. Batakis, Athanassios: Harmonic measure of some Cantor type sets. Ann. Acad. Sci. Fenn. Math. 21(2),
255–270 (1996)

6. Badger, Matthew, Genschaw, Alyssa: Lower bounds on Bourgain’s constant for harmonic measure.
Canad. J. Math. 76(6), 1967–1986 (2024)

7. Bourgain, J.: On the Hausdorff dimension of harmonic measure in higher dimension. Invent. Math.
87(3), 477–483 (1987)

8. Batakis, Athanasios, Zdunik, Anna: Hausdorff and harmonic measures on non-homogeneous Cantor
sets. Ann. Acad. Sci. Fenn. Math. 40(1), 279–303 (2015)

9. Carleson, Lennart: On the support of harmonic measure for sets of Cantor type. Ann. Acad. Sci. Fenn.
Ser. A I Math. 10, 113–123 (1985)

10. Chanillo, Sagun,Li,YanYan:Continuity of solutions of uniformly elliptic equations in R2.Manuscripta
Math. 77(4), 415–433 (1992)

11. Cufí, Julià, Tolsa, Xavier, Verdera, Joan: About the Jones-Wolff Theorem on the Hausdorff dimension
of harmonic measure. arXiv:1809.08026 (2019)

12. David, Guy, Jeznach, Cole, Julia, Antoine: Cantor sets with absolutely continuous harmonic measure.
J. Éc. polytech. Math. 10, 1277–1298 (2023)

13. Dong, Hongjie, Kim, Seick: Green’s matrices of second order elliptic systems with measurable coef-
ficients in two dimensional domains. Trans. Amer. Math. Soc. 361(6), 3303–3323 (2009)

14. David, Guy, Mayboroda, Svitlana: Good elliptic operators on Cantor sets. Adv. Math. 383, 107687,
21 (2021)

15. Garnett, John B., Marshall, Donald E.: Harmonic measure. New Mathematical Monographs, vol. 2.
Cambridge University Press, Cambridge (2005)

16. Guillén-Mola, Ignasi: The Hausdorff dimension of planar elliptic measures via quasiconformal map-
pings. arXiv:2407.21145, (2024)

17. Grafakos, Loukas: Classical Fourier analysis, volume 249 of Graduate Texts inMathematics. Springer,
New York, second edition (2008)

18. Gilbarg, David, Trudinger, Neil S.: Elliptic partial differential equations of second order. Classics in
Mathematics. Springer-Verlag, Berlin, Reprint of the 1998 edition (2001)

19. Grüter, Michael, Widman, Kjell-Ove.: The Green function for uniformly elliptic equations.
Manuscripta Math. 37(3), 303–342 (1982)

20. Hofmann, Steve, Kim, Seick: The Green function estimates for strongly elliptic systems of second
order. Manuscripta Math. 124(2), 139–172 (2007)

21. Heinonen, Juha, Kilpeläinen, Tero, Martio, Olli: Nonlinear potential theory of degenerate elliptic
equations.Dover Publications, Inc.,Mineola,NY.Unabridged republication of the 1993 original (2006)

http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/1809.08026
http://arxiv.org/abs/2407.21145


The dimension of planar Lipschitz elliptic… Page 79 of 79 106

22. Han, Qing, Lin, Fanghua: Elliptic partial differential equations, volume 1 of Courant Lecture Notes in
Mathematics. Courant Institute ofMathematical Sciences, NewYork; AmericanMathematical Society,
Providence, RI, second edition, (2011)

23. Jerison, David S., Kenig, Carlos E.: Boundary behavior of harmonic functions in nontangentially
accessible domains. Adv. in Math. 46(1), 80–147 (1982)

24. Jones, Peter W., Wolff, Thomas H.: Hausdorff dimension of harmonic measures in the plane. Acta
Math. 161(1–2), 131–144 (1988)

25. Kenig, Carlos E.: Harmonic analysis techniques for second order elliptic boundary value problems,
volume 83 of CBMS Regional Conference Series in Mathematics. Published for the Conference Board
of the Mathematical Sciences, Washington, DC; by the American Mathematical Society, Providence,
RI, (1994)

26. Kenig, Carlos E., Ni, Wei-Ming.: On the elliptic equation Lu − k + K exp[2u] = 0. Ann. Scuola
Norm. Sup. Pisa Cl. Sci. (4) 12(2), 191–224 (1985)

27. Kenig, Carlos E., Rule, David J.: The regularity and Neumann problem for non-symmetric elliptic
operators. Trans. Amer. Math. Soc. 361(1), 125–160 (2009)

28. Kenig, Carlos E., Toro, Tatiana: Harmonic measure on locally flat domains. Duke Math. J. 87(3),
509–551 (1997)

29. Kaufman, Robert, Jang-Mei, Wu.: On the snowflake domain. Ark. Mat. 23(1), 177–183 (1985)
30. Lewis, John L., Lundström, Niklas, Nyström, Kaj: Boundary Harnack inequalities for operators of

p-Laplace type in Reifenberg flat domains. In: Perspectives in partial differential equations, harmonic
analysis and applications, volume 79 of Proc. Sympos. Pure Math., pages 229–266. Amer. Math. Soc.,
Providence, RI, (2008)

31. Lewis, John L., Nyström, Kaj, Poggi-Corradini, Pietro: p harmonic measure in simply connected
domains. Ann. Inst. Fourier (Grenoble) 61(2), 689–715 (2011)

32. Lewis, John, Nyström, Kaj, Vogel, Andrew: On the dimension of p-harmonic measure in space. J. Eur.
Math. Soc. (JEMS) 15(6), 2197–2256 (2013)

33. Makarov, N.G.: On the distortion of boundary sets under conformal mappings. Proc. London Math.
Soc. (3) 51(2), 369–384 (1985)

34. Mattila, Pertti: Geometry of sets and measures in Euclidean spaces, volume 44 of Cambridge Studies
in Advanced Mathematics. Cambridge University Press, Cambridge. Fractals and rectifiability (1995)

35. Makarov, N., Volberg, A.: On the harmonic measure of discontinuous fractals. Preprint LOMI E-6-86,
Leningrad, 2, (1986)

36. Perstneva, Polina: Good Elliptic Operators on Snowflakes. Int. Math. Res. Not. IMRN, 2025(6):Paper
No. rnaf050, 32, (2025)

37. Prat, Laura, Puliatti, Carmelo, Tolsa, Xavier: L2-boundedness of gradients of single-layer potentials
and uniform rectifiability. Anal. PDE 14(3), 717–791 (2021)

38. Sweezy, Caroline: The Hausdorff dimension of elliptic measure–a counterexample to the Oksendahl
conjecture in R2. Proc. Amer. Math. Soc. 116(2), 361–368 (1992)

39. Sweezy, Caroline: The Hausdorff dimension of elliptic and elliptic-caloric measure in RN , N ≥ 3.
Proc. Amer. Math. Soc. 121(3), 787–793 (1994)

40. Tolsa, Xavier: The dimension of harmonic measure on some AD-regular flat sets of fractional dimen-
sion. Int. Math. Res. Not. IMRN 2024(8), 6579–6605 (2024)
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