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Abstract

In this paper we show that, given a planar Reifenberg flat domain with small con-
stant and a divergence form operator associated to a real (not necessarily symmetric)
uniformly elliptic matrix with Lipschitz coefficients, the Hausdorff dimension of its
elliptic measure is at most 1. More precisely, we prove that there exists a subset of
the boundary with full elliptic measure and with o -finite one-dimensional Hausdorff
measure. For Reifenberg flat domains, this result extends a previous work of Thomas
H. Wolff for the harmonic measure.
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1 Introduction and Main results

We study the dimension of planar elliptic measures in Reifenberg flat domains with
small constant, assuming also Lipschitz continuity of the coefficients of the matrix. In
fact, that regularity is only needed near the boundary.

Let Lsu := —div(AVu) be a second order operator in divergence form associated
to the (n + 1) x (n + 1) real matrix A(-) = (a;;j(-))1<i,j<n+1 such that there exists
A > 1 with

ATNE? < (A(x)E, €) forall € € R" ! and ace. x € R"T, (1.1a)
(A(X)E,m) < A|E||n| forall &, n € R"T! and a.e. x € R" 1. (1.1b)

We say that a measurable matrix is uniformly elliptic with ellipticity constant A > 1 if
(1.1a) and (1.1b) are satisfied. The uniform ellipticity condition implies that the matrix
has bounded coefficients.

Let  C R? be an open set and fix a point p € . Consider the operator

T:C0ON) — R
[t ),

where u?*‘ is the L 4-harmonic extension of f in 2 via Perron’s method. By the

maximum principle for L 4-harmonic functions with uniformly elliptic matrices (see
[18, p. 46] for example), the operator T is linear, bounded and positive. For bounded
open sets @ C R"*! with n > 2 we do the same construction.

The elliptic (L 4-harmonic) measure in 2 with pole p € Q is the unique Radon
probability measure wg, 4 (by the Riesz representation theorem) such that

A /BQ F(&) dwh, (&) forevery f € C(HR).
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Via the Perron method construction, although the characteristic function 1g of a set
E C 0% is not continuous in 9£2, the function x a)g’A(E) is L po-harmonic in .
For a detailed construction of elliptic/harmonic measures, see [21, Section 11]. If the
set €2, the matrix A, or the pole p € 2 is clear from the context, we will omit it in
Wl .

In this work, we study the Hausdorff dimension of elliptic measures arising from
uniformly elliptic matrices. This is defined as

dimy a)ggA = inf{dimy F : wgyA(F‘“) =0}.

Naturally dimy @ < dimy; d€2. The Hausdorff dimension of the harmonic measure
(i.e., with = wj4) has been studied by several authors, both in the plane and in
higher dimensions, showing a different behavior in each case.

In the plane, Carleson proved dimy w < 1 for “snowflake type” sets and dimy w <
1 for some self similar “Cantor type” sets, both results in [9]. More precise results were
obtained for simply connected domains by Makarov in [33] by showing dimy w = 1.
The upper bound dimy @ < 1 with no assumptions on the domain was shown by
Jones and Wolff in [24], and later it was improved by Wolff in [44] by proving that
there is a subset F' C 92 with full harmonic measure w(F) = 1 and o -finite length.

In the same direction for higher dimensions, in R"H with n > 2, Bourgain proved
in [7] that there exists a dimensional constant b, > 0 such thatdimy w <n+1—b,.
By the results on the previous paragraph, we can take b; = 1 and this choice is optimal.
For n > 2, Wolff constructed in [45] a domain €2, C R™*! guch that dimy wg, > n,
and in particular the Bourgain constant can’t equal 1, i.e., b, < 1. In a recent work
[6], Badger and Genshaw refined the proof in [7] to find estimates on the Bourgain
constant b, € (0, 1).

From the results in the previous paragraphs we have that dimy w < n 4+ 1 (with
some precise gap), but possibly dimy w = dimy d€2. In fact, the situation dimy w <
dimy; 92 holds for many non-trivial domains. This phenomenon is frequently called
the “dimension drop” for harmonic measure. The dimension drop is closely related to
the results mentioned above. Indeed, similar techniques to the ones in [7, 24] are used
in some of the following articles. The first work in this direction is due to Kaufman
and Wu [29] for the planar log 4/ log 3-dimensional Koch snowflake. Subsequently,
Carleson [9] extended this result to self-similar Cantor sets in the plane. For this type
of domains, see Makarov and Volberg [35], Batakis [5], and also [42, 43]. Jones and
Wolff showed that the dimension drop happens for some uniform and disconnected
planar domains, see Theorem 2.1 in [15, Section IX.2]. For IFS domains (iterated
functions systems), see Urbariski and Zdunik [41], and Batakis and Zdunik [8].

For general AD-regular domains of fractional dimension, one may ask if the
dimension drop happens. It holds on uniformly “non-flat” AD-regular domains with
codimension smaller than 1, as shown by Azzam in [4]. Recently, for n > 1 and
s € [n— %, n), the third author showed in [40] that the dimension drop occurs for
higher codimensional s-AD-regular subsets of C! n-dimensional manifolds in R
In contrast, David, Jeznach and Julia proved in [12] that this last result may fail for s
close enough ton — 1.



106 Page4of79 I. Guillén-Mola et al.

The situation is different for uniformly elliptic matrices. In [38] in the planar case
and in [39] in higher dimensions, for every ¢ > 0, Sweezy constructed a domain
Q ¢ R""! and an elliptic operator in divergence form L 4 whose associated elliptic
measure wq 4 satisfies dimy wq 4 > n + 1 — . However, as ¢ becomes smaller, the
ellipticity constant of the resulting matrix increases. Such planar domains and elliptic
measures are constructed by the push forward under quasiconformal mappings, and
the higher dimensional analog is deduced from the planar case.

Using a new approach in the planar case, David and Mayboroda in [14] constructed
an elliptic operator L = — divaV, where a is a uniformly elliptic and continous scalar
function on the complementary of the four corner Cantor set of dimension 1, whose
elliptic measure w, 4 is proportional to the one-dimensional Hausdorff measure on
the Cantor set. Operators of this form are the so-called “good elliptic operators”.
Following the same strategy, Perstneva in [36] constructed “good elliptic operators”
on the complementary of the planar d-dimensional Koch-type snowflake with 1 <
d < log4/log 3, whose elliptic measure is proportional to the d-dimension Hausdorff
measure on the Koch snowflake.

After Sweezy’s results, it is natural to ask which conditions on the matrix imply
the analogous result of [24, 44] for the elliptic case. In this paper we study the metric
properties of the elliptic measure when assuming regularity conditions on the matrix
A. For other results in this line, see for example [37], about the rectifiability of the
elliptic measure for Holder matrices.

Suppose from now on that the domain is (8, rp)-Reifenberg flat and the coefficients
of the matrix are also Lipschitz. Roughly speaking, a domain @ C R? is (8, ro)-
Reifenberg flat if for every ball B centered at d$2 and with radius smaller than rg, the
8-neighborhood of a line through the center of B contains B N d€2. See Definition 2.7
for the details. In this situation we show that the dimension of the elliptic measure
in Reifenberg flat domains with small constant is at most 1. More precisely, for this
type of domains we obtain the analogous result of [44, Theorem 1] in the following
theorem.

Theorem 1.1 Let 2 C R? be a (8, ro)-Reifenberg flat domain, p € S, and A be
a real uniformly elliptic (not necessarily symmetric) matrix with ellipticity constant
A. Suppose also that A is Lipschitz. Then there exists 5o = So(r) > O such that if
0 < 8§ < & then there is a set F C 0K2 satisfying wq ao(F) = 1 and with o-finite
one-dimensional Hausdorff measure. In particular dimy wg 4 < 1.

Despite we are requiring to work with §-Reifenberg flat domains with small enough
constant §, such sets can be constructed with Hausdorff dimension strictly larger than
1. For example, a suitable variant of the Koch snowflake can be constructed to be
5-Reifenberg flat.

It is well-known that the Hausdorff dimension of elliptic measures only depends
on how the matrix is near the boundary and hence it is only necessary to assume the
Lipschitz regularity around the boundary. In fact, in our proof we use the regularity
only around the boundary, and so the theorem is still true assuming Lipschitz continuity
in a small neighbourhood of 9€2.
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Similarly as in [44, Proof of Theorem 1], Theorem 1.1 follows from a more quan-
titative result involving a good covering of a subset of the boundary with big elliptic
measure, see Main Lemma 3.1 for the precise statement.

One might think that this result could be obtained by the application of quasiconfor-
mal mappings. For symmetric matrices with determinant 1, the principal solution of the
associated Beltrami equation, which depends only on the matrix, can act as a change
of variables which inherits the extra regularity of the coefficients. Then, we obtain that
the elliptic measure is the pushforward of the harmonic measure in the image domain.
In the general case, we can obtain the elliptic measure as a pushforward of a harmonic
measure using a quasiconformal change of variables which depends also on the Green
function of the domain, as long as it satisfies the capacity density condition. See the
article [16] by the first author. In this case, the extra dependence of the Green function
does not allow us to obtain extra regularity estimates for the change of variables, and
the o -finiteness of length can not be attained.

A key point, and the main difficulty in this paper is to obtain the lower bound

do -
/ log —(§) dw”(§) = —const > —o0,
e do

with a bound independent of the smoothness, where € is the modified domain appear-
ing in the proof of Lemma 3.3 and @? the elliptic measure in Q with respect to the
matrix A. This lower bound is known in the harmonic case for general smooth domains
in the plane. This fact is the key point in the study of the dimension in the planar case,
see for example [9, 24, 44]. Actually, the behavior of this integral is also crucial in the
study of the dimension of harmonic measures in higher dimensions in [45].

The first occurrence (as far as we know) of the use of this lower bound in the study
of the dimension of the harmonic measure is in [9]. For the proof see [24], and for
further details see [11].

The previous lower bound is used in the proof of Lemma 3.3 to obtain a subset with
big elliptic measure as it is done in [24] and [44], and it can be deduced from

/~ log|SVg! (£)]*da” (&) = —const > —o0, (1.2)
02

where gg is the Green function in Q with respect to the matrix A’ , and S is the square
root matrix of the symmetric part Ag = (A + AT)/2, ie., STS = Ag.In Section 7 we
obtain also an upper bound for the integral above, see Lemma 7.1.

A fundamental tool to obtain the estimate (1.2) is the relation

T
gy ()
IVer ] 2 —F—=
dist(y, 0€2)
near the boundary. In Reifenberg flat domains this estimate was obtained by Lewis,
Lundstrom and Nystrom in [30], see Lemma 2.13 below. The converse inequality
is well-known for general domains and Holder matrices and follows by Schauder
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estimates. Obtaining an inequality of this type for other domains may allow to apply
the techniques exposed in this paper.

Very similar results to the one in Theorem 1.1 about the dimension are true
for p-harmonic measures, i.e., when the associated operator is the p-Laplacian
div (|Vu|p_2Vu) for Reifenberg flat sets with small constant (see [32]), and simply
connected sets in the plane (see [31]).

2 Preliminaries and definitions
2.1 Notation

e Weuse ¢, C > 1 to denote constants that may depend only on the dimension and
the constants appearing in the hypotheses of the results, and whose values may
change at each occurrence.

e We write a < b if there exists a constant C > 1 such that a < Cb, and a ~ b if
C~'b<a<Cb.

e If we want to stress the dependence of the constant on a parameter 7, we write
a Sy bora A, bmeaning that C = C(n) = C,,.

e The ambient space is R?. However, some auxiliary results will be stated in general,
ie.,in R"™! forn > 1.

e The diameter of a set E C R"*! is denoted by diamE := SUp, yeg [X — ¥l

e We denote by B,(x) or B(x,r) the open ball with center x and radius r, i.e.,
B,(x) =Bx,r)={y e R |y — x| < r}. We denote B, := B,(0).

e Given a ball B, we denote by rp or r(B) its radius, and by cp or c(B) its center.

e We say that a matrix A is Holder continuous with exponent @ € (0, 1] in a set U,
or briefly C*%(U), if its coefficients are Holder continuous with exponent «. That
is, there exists a constant C,, > 0 (called the Hélder seminorm) such that

|aij(x) — aij(y)| < Colx — y|* forallx,y e Uand 1 <i,j <n+1.

For shortness we write C% instead of C%¢ if o € (0, 1), and when o = 1 we say
“Lipschitz continuous”. In this case we write Cy, instead of Cy, i.e.,

|aij(x) —aij(y)| < Crlx —y|forallx,y e Uand1 <i,j <n+1.
e We say that a function f is x-Lipschitz in U if | f(x) — f(y)| < k|x — y| for all
x,yeU.
e We denote the characteristic function of a set E by 1f.
e Denote D(R"*!) the standard dyadic grid. That is, D(R"*!) = Ukez Dk (R
where Dg (R™**1) is the collection of all cubes of the form

xeR™  m2* <xi <mi+ 12 fori=1,....,n+1},

where m; € Z.
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e Givens > Oandaset E C R"!, we write U, (E) := {x € R"! : dist(x, E) < 1}
for the 7-neighborhood E.

2.2 CDC, NTA and Reifenberg flat domains

In this subsection we introduce the capacity density condition (CDC), non-tangentially
accessible domains (NTA) and Reifenberg flat domains, the main object of our study.

Definition 2.1 Let K be a compact subset of €2. Its capacity is
Cap(K, 2) :inf{/ |Vu|2dx ‘u € CSO(Q) andu > 1 onK} .
Q

Just from the definition of capacity we obtain the following facts. For more prop-
erties see [21, 2.2. Theorem].

Lemma 2.2 The set function E +— Cap(E, 2), E C 2, enjoys the following proper-
ties:

(1) If E1 C E», then Cap(E1, 2) < Cap(E3, Q).
(2) If 21 C Q2 are open and E C 24, then Cap(E, Q27) < Cap(E, 21).

Definition 2.3 (CDC domain. [21, (11.20), (2.13)]) A domain Q C R”“, n>1,
satisfies the capacity density condition, CDC for short, if there exist constants cq, ro >
0 such that

Cap (B(xo, r) N Q°, B(xo, 2r)) > cor™ 1,

for all xg € 92, xg # oo and r < ry.

In order to define NTA domains we need to introduce some concepts. Given a
domain 2 C IR{"H, n > 1, and a fixed constant C, we define:

e C-Whitney ball: A ball B(x,r) C Q is a C-Whitney ball in Q if C~lr <
dist(B(x,r),0R2) < Cr.

e C-Harnack chain: For p1, pa» € Q, a C-Harnack chain from p; to pp in Q is a
sequence of C-Whitney balls such that the first ball contains pj, the last contains
p2, and such that consecutive balls intersect. The number of balls is called the
length of the C-Harnack chain.

Consecutive balls in a C-Harnack chain must have comparable radius. Given a
positive L 4-harmonic function in €2, a C-Harnack chain between two points pi, pa €
2 allows us (via Harnack’s inequality) to obtain u(p;) ~ u(p2), where the constant
involved depends on C and the length of the C-Harnack chain.

Definition 2.4 (NTA domain. [23, Section 3]) A domain 2 C R”“, n > 1, is called
non-tangentially accessible, NTA for short, if there exists constants C > 1 andrg > 0
such that:



106 Page8of79 I. Guillén-Mola et al.

(1) Interior Corkscrew condition: For any & € 92,0 < r < rp, there exists a point
A, (&) € Q such that |A,(§) — &| < r and dist(A, (&), 8Q) > C~'r. The point
Ay (&) = A(&, r) is called the Corkscrew point of the point x at radius r.

(2) Exterior Corkscrew condition: Q" satisfies the interior Corkscrew condition.

(3) Harnack chain condition: If ¢ > 0 and p1, p» € < satisfy that p;, pp € QN
B(&,r9/4) for some & € 9L2, dist(p, 02) > ¢, and |p; — p2| < 2%¢, then there
exists a Harnack chain from p; to p; of length Ck and such that the diameter of
each ball is bounded below by c! min;— > dist(p;, 982).

Remark 2.5 A domain with the exterior Corkscrew condition satisfies the capacity
density condition, see [21, Theorem 6.31]. In particular, NTA domains satisfy the
capacity density condition.

Definition 2.6 (Hausdorff distance) Given nonempty sets A and B, we denote their
Hausdorff distance disty (A, B) by

disty (A, B) = max { sup dist(x, B), sup dist(y, A) ¢ .
xeA yeB

Definition 2.7 (Reifenberg flat domain) Let Q C R"+1, n > 1, be an open set, and
let0 < § < 1/2 and rp > 0. We say that Q2 is a (8, rg)-Reifenberg flat domain if it
satisfies the following conditions:

(1) For every x € 9Q and every 0 < r < rg, there exists a hyperplane P(x, r)
containing x such that

distyy (02 N B(x, r), P(x,r) N B(x,r)) < or.
(2) Forevery x € 92 and every 0 < r < rp, one of the connected components of

B, n N |y e R dist(y, Px, 1) = 267

is contained in €2 and the other is contained in R"*1\ Q.

For small enough § > 0 we have that a (8, r9)-Reifenberg flat domain is also an
NTA domain (see [28, Section 3]) and it satisfies the capacity density condition, see
Remark 2.5.

2.3 Partial differential equations
We want to study the elliptic equation
Lau(x) = —div(A)Vu(-))(x) =0, 2.1

which should be understood in the distributional sense. We simply write L instead of
L 4 when the matrix is clear from the context.
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Definition 2.8 We say that a function u € WIL’Cz(Q) is a solution of (2.1), or L4-
harmonic, in an open set 2 ¢ R"! n > 1, if

/(A(y)Vu(y), Vo(y))dy =0, forall p € C°().

By the De Giorgi-Nash-Moser theorem a solution u € WIIO’CZ(Q) of (2.1) is locally
Holder continuous. If the matrix has Holder regularity then the solution is locally
C!P for some B € (0, 1), see [22, Theorem 3.13]. Assuming Lipschitz regularity of
the coefficients, L 4-harmonic functions enjoy more regularity. More precisely, weak
solutions of —div AVu = 0 with A Lipschitz are twice weakly differentiable, and
there is a “Caccioppoli type” inequality for second derivatives.

Theorem 2.9 (See [18, Theorem 8.8]) Let u € WY-2(Q) be a weak solution of the
equation Lau = 0, see (2.1), in Q C R”“, n > 1, where A is uniformly elliptic and
Lipschitz continuous in 2. Then for any subdomain Q' CC 2, we have u € W>2(')
and

||M||W2-2(ng) = CH””WLZ(Q)v (2.2)

where C depends on the dimension, the ellipticity constant and Lipschitz constant of
A, and the value dist(Q', Q).

If, in addition, the domain has boundary of class C2?,then L A-harmonic functions
are globally in W22,

Theorem 2.10 (See [18, Theorem 8.12]) Assume, in addition to the hypotheses of
Theorem 2.9, that Q2 is bounded with 32 of class C* and that there exists a function
@€ Wz’z(Q)for whichu — ¢ € Wé’z(Q). Then we have also u € W%2(2) and

lullwzzg) < € (lull 2 + llellwa2g))

where C depends on the dimension, the ellipticity constant and Lipschitz constant of
A, and 022.

Remark2.11 Let U C  an open subset. Assuming A € C%!'(U), then any weak
L 4-harmonic function u € W]L’CZ(Q) (in fact u € Wli’cz(U ) by Theorem 2.9) sat-
isfies div AVu = 0 a.e. in U. Indeed, since the matrix A is differentiable a.e. (by
Rademacher’s theorem) and u € WI%CZ(U ) (by Theorem 2.9), we have div AVu €
L} (U). Moreover, since u is L s-harmonic then [ divAVu - = [ AVuVy =0
forany ¥ € C°(U) C CZ°(R2). By the fundamental lemma of calculus of variations!
we conclude div AVu =0 a.e.in U.

The following theorem about the Holder continuity of L 4-harmonic functions up
to the boundary of regular enough domains will allow us to bound the elliptic measure
on a specific domain (an annulus) by means of studying the Green function near the
boundary.

! The fundamental lemma of calculus of variations: If U open set, f € Llloc(U )yand [ f¢ = O for any
¢ €CU), then f =0ae.inU.
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Theorem 2.12 (See [18, Corollary 8.36]) Let T be a (possibly empty) C1* boundary
portion of a bounded domain @ C R"*' n > 1, and suppose u € W“2(Q) is a weak
solution of (2.1) in 2, where A € C* (0 < @ < 1), suchthatu = 0 on T (in the sense
ofWI’z(Q)). Thenu € CH*(QUT), and for any Q' cC QU T we have

lullcre(oy == lulli.e + [uli o0 < Csup ul,
Q
where
[Vu(x) — Vu(y)|
lwlli;0 := sup |u| +sup [Vul, [uli g0 = sup ————————,
Q/ Q x,yeQ’ |x - )’|
xX#y

for C depending on n, the value of dist(Q', 9Q\T), the C'% character of T, and the
ellipticity constants and the Holder norm of the matrix A.

Since bounded Lipschitz functions are also Holder continuous for any exponent
a € (0, 1), the previous theorem remains true for matrices with bounded Lipschitz
coefficients.

2.3.1 Non-degeneracy of | Vu| in Reifenberg flat domains with small constant

Despite the following result applies to more general matrices (see [30, Definition 1.1
and Lemma 3.35]), it is only stated in our setting for our purposes, i.e., for uniformly
elliptic (1.1a)-(1.1b) and Holder continuous matrices. In fact, the Holder continuity is
only used near the boundary.

Lemma 2.13 (/30, Lemma 3.35]) Let @ C R"*! n > 1, be a (8, ro)-Reifenberg flat
domain, £ € 0, and 0 < r < min{rg,1}. Let 0 < o < 1l and A € C*({x :
dist(x, 92) < 10rg}) be a real uniformly elliptic (not necessarily symmetric) matrix
with ellipticity constant ). and Holder seminorm Cq. Suppose that u is a positive
L o-harmonic function in Q2 N B(&, 4r), that is continuous in QN B(E, 4r), and that
u =0o0ndR2N BE,4r). There exist § = S(n,k, Cy,0), ¥y = y(n, A, Cy, ) and
&= ¢, A, Cq, &) such that if0 < 8 < 8, then

-1 u(y) - u(y) )
- VvV < - h Q ’ .
dist(y, 90Q2) — Vu(y)l = ydist(y, 9%) whenever'y € QN B(&,r/¢)

Remark 2.14 Note that if the matrix has bounded Lipschitz coefficients, i.e., « = 1,
then the same result holds with constants depending on n, the ellipticity constant
A and the value Cyp || A|| Loo(R11)> where Cy, is the Lipschitz seminorm of A. The
value Cp |l Al| Loo(Rr+1) comes from the fact that bounded Lipschitz functions are
Holder continuous for any exponent. Indeed, a quick computation shows that the
matrix A is Holder continuous with exponent 1/2 with Holder seminorm Cy,s :=

172
(2CLlAlmgrny)
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The comparability in Lemma 2.13 will allow to bound the error terms in the study
of the key term in (7.1).

2.4 The fundamental solution and the Green function

We denote by 5;‘ (y) the fundamental solution with pole at x for L4 in R"*l, n>1,
so that L Agf(-) = §, in the distributional sense, where §, is the Dirac mass at the
point x € R, We write & (y) when the matrix A is clear from the context. For a
construction of the fundamental solution for real and uniformly elliptic matrices we
refer to [20] for higher dimensions, R*™! with n > 2, and [26, Appendix] for the
planar case.

In higher dimensions the fundamental solution behaves “in many senses” as in the
harmonic case, see [20] for more details, but in the plane the situation is more delicate
due to the change of sign of 5(1)‘1 (x) =log|x| in |x| = 1, the fundamental solution of
the Laplacian in the plane.

Here we collect the formal definition and some properties of the fundamental solu-
tion in the plane.

Definition 2.15 ([27, Definition 2.5]) A function & : R*> — Ris called a fundamental
solution for L 4 = div AV- with pole at x if

(1) & € WE2®R2\{x}) N WP (R?) forall p < 2, and

/2<A(z)v5x(z), V(2))dz = —p(x), forall p € CZ(R?),
R

(2) &)l = Odog|x — y|) as |y| — 0.

The following result controls the fundamental solution far from the pole similarly
as the fundamental solution for the harmonic case.

Theorem 2.16 ([27, Theorem 2.6]) For each x € R? there exists a unique (modulo
an additive constant) fundamental solution Ex for L5 with pole at x, and positive
constants C1, C2, Ry < 1 < Ry, which depend only on A, such that

Cilog(1/]x — y]) = =&(y) = Calog(1/1x — yI) for |x — y| < Ry, and
Cilog(lx —yD = &(y) = Calog(lx —yl)  for|x —y| > Ry.

From the previous result and the maximum principle we obtain the following point-
wise bound.

Corollary2.17 |E;(y)| < 1 4 |log|x — y|| for all x,y € R?, where the constant
depends on A.

Proof For |x — y| < Ry and |x — y| > Ry, Theorem 2.16 gives |E,(y)| <
[log|x —y|| <1+ |loglx —y||l.In A ={y € R? : R| < |x — y| < Ry} we have
LE((y) = 0, and hence by the maximum principle we obtain C> log R < &;(-) <

C log R in the annulus A. So [E,(y)| S 1 <1+ |log|x — y]|. O
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We have the following relation between the fundamental solutions of the operators
with matrices A and AT. The same holds in higher dimensions, see [20, (3.43)].

Lemma 2.18 (/27, Lemma 2.7]) Fix x,y € R?. Let &, be the fundamental solution
for an elliptic operator L 4 with pole at x, and 55 be the fundamental solution to the

adjoint operator L 4v with pole at y. Then E,(y) = EyT (x).

Now we focus on Green’s function. Given a bounded Wiener regular domain 2 C
R**! n > 1, and a uniformly elliptic matrix A, let g, = giz’A denote the Green
function, in 2 with pole at x € 2 with respect to the matrix A, constructed in [13,
Theorem 2.12] in the planar case, and [19, Theorem 1.1] in higher dimensions. We

denote gXT = gy AT the Green function with respect to the matrix A”. In particular,
gx satisfies
/ A(2)Vgx(2)Ve(2) dz = ¢(x), forall g € C°(Q), (2.3)
Q

and the following:

(D) gx(y) = g‘T,(x) forall x, y € 2 and x # y. See [13, Theorem 2.12 (2.18)] in the
plane, and'[19, Theorem 1.3] in higher dimensions.

(2) For each x € Q and any 0 < r < dist(x, dR2), g« € Wl’z(Q\B,(x)). See
[13, Theorem 2.12 (2.15)] in the plane, and [19, Theorem 1.1 (1.3)] in higher
dimensions.

If the domain €2 has boundary of class C? and the matrix is Lipschitz continuous in
a neighborhood Uy (0R2) = {x € R™1: dist(x, 9Q2) < 2s}, then the Green function
also satisfies:

(3) Foreachx € Qand any 0 < r < min{s, dist(x, dQ)}, g« € W>2(Q N U, (9Q)).
This is a consequence of (2) by Theorems 2.9 and 2.10.

Next we show that L,rg! = w§, , — 8, in the distributional sense. With this
identity we can move from integrating on the boundary to the interior of the set.

Lenlma 2.19 Let Q C R”H, n > 1, be a bounded Wiener regular domain and ¢ €
C(Q) N WL2(Q). Then

/39 p&)dwg (&) — px) = — /Q AT(z)ng(z)Vw(z) dz, fora.e. x € Q. (2.4)

Sketch of proof In higher dimensions this is proved in [1, (2.6)]. Here we detail the
differences in the planar case.

As Q is bounded Wiener regular and ¢ € C() N W12(Q), the L 4-harmonic
function u solving the Dirichlet problem with boundary data ¢|3q can be taken to be
inC(Q)NWwWL2(Q) and u — @ € W(;’Z(Q). Indeed, by the Lax-Milgram theorem in
Wol’z(Q) there is a unique function v € W(}’Z(Q) with [o AVUVY = — [ AVpVY
for any 9 € W,>(Q). Taking u = v + ¢ it is clear that Lau = 0, u € WH2(Q)
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andu — ¢ € WOl ’Z(Q). On the other hand, since 2 is bounded Wiener regular, the
L 4-harmonic extension u of ¢|jgq is continuous up to the boundary, see [21, Theorem
6.27]. Moreover, by the definition of elliptic measure and the uniqueness of solutions
we have

u(x)z/ @) dwg 4(&).

Q2

Write
/ATVngWp:/ ATVngVu+/ ATVeIV(p —u) = T+1L
Q Q Q

The same proof of [1, (2.10) and (2.12)] applies also in the plane to have that the
left-hand side integral is absolutely convergent and Il = ¢(x) — u(x) for a.e. x € Q,
replacing the use of (2.8) and (2.9) in [1] by the fact that the Green function satisfies
Vg, € LP(Q) forall p € [1,2) and g, € W,52(2\{z}), see [13, Remark 2.19 and
(3.660)] and item 2 in p. 10 respectively. Using that Igf (2)| < |log|z — x]|| when
|x — z| < 2¢ is small enough, see [13, (2.17)], in the planar case the term Ig defined
in [1, p. 10855] is controlled by

llog e

2| < IVu| < e llogel M(Vulg)(x),

Boe (x)

and as ¢ |loge| — 0as ¢ — 0, the same proof there implies that I = 0 for a.e. x € Q.
Therefore, (2.4) holds also in the planar case. O

We will show below that from the equality (2.4) it follows that

gy(x) ==& (x) + /352 Sy(E)dwg‘z,A(E), forall x, y € Q. 2.5)

(Probably this is already known but we will show the full details in the plane for
completeness). Recall that x — f 90 Ev (&) dw’s‘z, 4 (&) is the L 4-harmonic extension
of &, inside Q. Assuming that g,(x) = 0if y ¢ Q, we have that (2.5) also holds in
this case, since €2 is Wiener regular and therefore the Green function is continuous
through the boundary. Moreover, by (2.5) and since €2 is bounded, the Green function
also satisfies:

(4) Foreachx € Q, g,(y) > 0forany y € Q\{x}.

This was already proved in higher dimension in [19, Theorem 1.1]. However, since
the situation is more delicate for unbounded planar domains due to the logarithmic
behaviour of the fundamental solution, we only consider bounded planar Wiener reg-
ular domains.

Proof of (2.5) in the planar case Let 0 < ¢ < min{|x — y|, dist(x, d2), dist(y, 92)},
¥V =y € C2(Bye(y)) suchthat Y = lin Be(y) and |[Vei| < 1/e,and y* = ¥
defined analogously.
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Applying 2.4) to (1 — ¢y")E, € C(Q) N WH2(Q) and using that 1 — ¥ = 1in
02 U {x}, we have

/a . Ey(E)dwgy (&) — Ey(x) = — /S2 AT ()Vel V(1 = y)E () dz.

Write the right-hand side term as

—/ ATvelIv((1 —yE,)) dz
Q

=/ ATvgjvw.gde/ AVENVeT YV dz
Bae (Y)\B:(y) Bae(y)

_ / AVEVY - g7 dz — / AVE V(1 - y)g]) dz
Boe (x)\ Be (x) Q

= I, + 10, + I, + IV,.

Using that |g! (2)] < |log |x — z|| and 1€y ()] < llog |y — z|| when |x — z| < 2¢ and
|y — z| < 2¢ for small enough ¢ > 0, see [13, (2.17)] and Theorem 2.16, the terms I
and III; are bounded by

1/2 1/2
Ie| + 1L | < & [logel <][ |Vng|2dz) +<][ |V5y|2dz> .
B (y) B (x)

(2.6)
For the bound of 11, since gXT is L 4r-harmonic in 2\ B1o. (), there exists p = p(1) >

2 such that
1/p 1/2
(f |VgI|sz) < (f IVnglzdz> :
Boe (y) Buae (y)

see [25, Lemma 1.1.12], and let 1 < g < 2 be its Holder exponent conjugate, i.e.,
1/p + 1/q = 1. By Holder’s inequality and the choice of p > 2, the term II; is

controlled by
1/q 1/2
Ssz <][ [VEY dz) <][ IVgXT|2dz> .
Bae (y) Bae (y)

1/q
By [10, Theorem 0.1] we have ( JCBZE(V) [VE |1 dz) < 1/, and so

1/2
| <e <][ |Vg§|2dz> ) 2.7
Byg (x)

Since g € WL (Q\{x}) and €, € WL2(Q\{y}), inparticular Vg7 |? € LL (2\{x})
and |V6‘y|2 e Ll (2\{y}), by the Lebesgue differentiation theorem we have that

loc

e |=

/ AVE Vel .y dz
B (y)
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$80.) [VeT'|? — |Vgl'(y)|* forae. y € Q and Fo 00 IVE? — |VEy(x)|? for
a.e. x € Q respectively. That is, by (2.6) and (2.7) we have |I;| 4+ [II¢| + |IlIg] = 0
ae. x,y e Q.

On the other hand, from the Dirac delta property of the fundamental solution,
(1 —y9el e Wol’z(Q) and the density of C2°(Q2) C CCOO(R”+1) in WOI’Z(Q), we
obtain IV, = (1 — wx(y))gf(y) = gy(x), and (2.5) is proved for a.e. x, y € Q. By
continuity, it also holds for all x, y € €. O

To end this section, we see how the Green function is related to the density of
the elliptic measure in smooth domains. Assume now A is Lipschitz continuous in
an open neighborhood of €2, say Us(9Q2) = {x € R"! : dist(x, 3Q) < s}. Under
this assumption A is differentiable a.e. by Rademacher’s theorem, and L 4-harmonic
functions are in W22 by Theorem 2.10.

Lemma 2.20 Ler Q C R’H'l, n > 1, be a bounded domain with smooth boundary

(and hence Wiener regular) and A € C%Y(U,(3S2)). The elliptic measure a)g’A can
be written as

dop , = —(ATVgl vy do, forae p e Q\Ux(0Q), (2.8)

where v is the unit outer normal to 0S2 and o is the surface measure on 952.

Proof Let ¢ € C2°(U;(99)) and set ¢, (2) = g1 (z) + €] () for z € R"*1, see (2.5)
when z € Q. Notice that ¢, (z) = —é‘g (z) in Q€, and hence ¢, is L sr-harmonic in
Qand Q°.

The claim follows since the right-hand side of (2.4) is

- /8 i pENAT )V, (£), v(&)) do(€) — ¢(p).

Indeed, since A is differentiable a.e. in supp¢ (Rademacher’s theorem), g; 1S
Wz'z(supp @) (Theorem 2.10) and ¢ € C°(U;(9%2)), in particular ATVg; S
W12(supp ¢). As the integration by parts formula holds for W!-? functions, then

- ATVgTV<p=/<pdiV (ATVgT —/div (ATVgT-<p
JRACATE A )= 7)
:/ @ div (ATVgZ)—/ (p(ATVgIZ,v)dG
Q R
=/ o div (ATv¢p) —/ @ div (ATvgg)
R"+1 R"'H

— / (p(ATVg;, v)do
90

Z/RHI @ div (ATV¢p) —¢(p) — /652 (p(ATVgIZ, vydo,
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where in the last equality we used that ¢ has compact supportand [ ¢ div <AT VS,T,) =
@(p) by the definition of the fundamental solution. Since ¢, is L ,r-harmonic in
R*\9Q, H"t1(9Q) = 0 and A € C%!(supp ), we have that div (AT V¢,) = 0
a.e. in supp ¢ by Remark 2.11, and the claim follows. O

3 Main Lemma and preliminary reductions

As in [44], Theorem 1.1 will follow from the following more quantitative result.

Main Lemma 3.1 Ler Q@ C R? be a bounded (8, ro)-Reifenberg flat domain, a point
p € Q with dist(p, 02) > ro, and A be a real uniformly elliptic (not necessarily
symmetric) matrix with ellipticity constant A, and suppose also that A is k-Lipschitz
inUy(02) = {x € R? : dist(x, 9Q) < ro}. For a given 0 < r < 1 satisfying
rK||A||Loo(Rz) < 1, there exists 50 = So(A) > 0 such that for every 0 < § < §p we
have the following:

For any 0 < t < 1, sufficiently large M, and p € (0,r/M) there is a set F C 02
such that a)g’A(F) > C~ 't and a countable covering F C \U; B(zi. ri) where

(1) Zi r <CMT,
(2) Z{i:r,->p} ri = CM_I’

with universal constant C.

Remark 3.2 Given M sufficiently large to satisfy the conclusions of the lemma, the
particular choice p = r/(2M) yields that the number of balls B(z;, r;) with r; >
r/(2M) is universally bounded, thatis, } (;.,.~, aum) 1 < 2C/r.

By means of a linear deformation of the plane (see Section 3.1 below) and a rescal-
ing, we see that it suffices to prove the following weaker lemma to obtain Main
Lemma 3.1.

Lemma 3.3 (Weak form of Main Lemma 3.1) Let Q C R?, p € Qand A as in
Main Lemma 3.1. Suppose also that Ay = # is of the form Ao = RT BR with
R e C%! (U, (082)) a rotation, and B € o1 (U, (0R2)) diagonal. Then there exists
S0 = 8o (A, K||A||LOO(R2)) > 0 such that for every 0 < § < §y we have the following:

For any 0 < t© < 1, sufficiently large M (how large depends on t and on the
constants in the hypothesis), and p € (0, 1/M) there is a set F C 02 such that
a)g’A(F) > C~ 't and a countable covering F C \U; B(zi, ri) with

(1%) Ziri <CM?%,
(2%) Z{i:r;>p} ri < CM_I,

with universal constant C.
We remark that this weaker form replaces the assumption on the parameter r by the

additional assumption Ag = R” BR, and allows & to depend also on « || A|| .=, and p
to be in (0, 1/M). For the proof of Lemma 3.3, see Section 5.
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3.1 The change of variables in Reduction 1

In this subsection we first collect some auxiliary results about changes of variables
that will be useful to prove some technical lemmas, secondly we construct the precise
linear deformation in the plane that allows the reduction from Main Lemma 3.1 to
Lemma 3.3, and finally we see how it distorts planar Reifenberg flat domains.

3.1.1 Linear changes of variables

We will see how L 4-harmonic functions behave under linear changes of variables.
See [2, Lemmas 3.8 and 3.9] for a detailed proof of the following two results.

Lemma3.4 Let D € ROTDx0+D e g constant matrix with det D # 0, n > 0. A
Junction f is L A-harmonic in Q ifand only if f = f o D is L z-harmonic in DI(Q),
where A(-) = D"YA(D)Y(D YT and D7'(Q) = (D 'x : x € Q).

By the definition of elliptic measure, the previous lemma implies the following
relation of elliptic measures under a linear change of variables.

Corollary 3.5 Let D € R"TDX+D be g constant matrix such that det D # 0, n > 0,
and let Q2 be a Wiener regular domain. Let ® = wq 4 be the elliptic measure in 2

with matrix A, and © = Op-1@).A where E(~) =D 'A(D) (D_I)T. Then w*(E) =
5D71X(D’1(E))f0reveryx € Qand E C Q.

3.1.2 Lipschitz diagonalization of symmetric matrices in the plane

In the study of the integral (7.1) in Section 7 we will use that after a suitable linear
change of variables D, the symmetric part of the matrix A in Corollary 3.5 diagonalizes
in the form RT BR, where R is a Lipschitz rotation and B is Lipschitz diagonal. In
this subsection we see that we can always reduce to this case.

We need to follow this strategy because in general it is not true that Lipschitz
elliptic symmetric matrices diagonalize in the aforementioned form, as we can see in
the following example.

Example 3.6 Let A1, A> be two constant symmetric matrices diagonalizing with dif-
ferent eigenvectors, and f : R - Rbea Lipschitz function with f1xj<1); < O,
S1{x;>13 > 0and || flloo < ¢ for small enough fixed constant & > 0.

Set A(x) := Id + f(xX)1x<iy(X)A1 + f(xX)1{x>1)(x)A2 and take ¢ > 0 small
enough to ensure the ellipticity condition on the matrix A. Moreover, with this choice
of the function f we have that the matrix A has Lipschitz coefficients.

Let v; be an eigenvector of A with eigenvalue g, i.e., Ajv; = piug, and let vp
be an eigenvector of A, with eigenvalue w», i.e., A2vy = pova. Then, for |x| < 1 the
vector u is an eigenvector of A,

Ax)vy = d + f(X)ADv = (1 + f)p)vy,
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and for |x| > 1 the vector v is an eigenvector of A,
AX)vy = (Id + f(x)A2)va = (1 + f(x)u2)v2.

From this we get that the matrix A diagonalizes with the same basis as A if x| < 1,
and with the same basis as A, if |x| > 1, whence we obtain that the basis is not
continuous.

In the following lemma we see that we can avoid the situation seen in the previous
example by using a linear change of variables.

Lemma3.7 Let U C R? be a set. Let A € C%'(U) be a uniformly elliptic and

0 1
K% > A2 + \. Then the matrix AV(-) = D YA(D)D is of the form A=RTBR ¢
cOY(DY(U)), with B € COY(D~Y(U)) diagonal and R € C%'(D~'(U)) a rotation.

a(x) b(x)
b(x) d(x))’ and let

symmetric 2 x 2 matrix with ellipticity constant A, and let D = (UK 0) with

Proof Denote the matrix A(x) = (

~ K24 Kb
frd -1 _1— ~ ~
A=D"YAoD)D _(Kb d),

where we write @(x) = a(Dx) and the analogous expressions for the other elements
of the matrix. We want to see that when K2 > A2+ A we can write A = RT BR where
B is Lipschitz and diagonal, and R is a Lipschitz rotation matrix.

The eigenvalues A1 = Ay (-) of A are

K% +d+ \/(KZN —d)’ +4K202

At = , 3.1
+ 5 (3.1
and we want to see that they are Lipschitz if K> > A% + A. Note that
Ay +A_ =K% +d. (3.2)

For shortness, let f = (K %a — ;1)2 + 4K2p? be an auxiliar function. Note that
since a, b, d € C%V(U) N L®(U), and so @, b,d e cOY(D~'U) N L®(D~'U), we
have f € C%Y(D~'U) N L>®(D~'U).

Forx,y € D~'U,ie., Dx, Dy € U,

2hs(x) — e ] < K@) — a0 +1d(x) —d0)| + IV @) =/ FO)

lfo—roml - 33)
Clx — - =Clx — —
< Clx =yl + IVf@ =Vl =Clx N ST O

_ Sincea > A landd < & by ellipticity (indeed a, d ~; 1), and so @ > 2~ ! and
d < A, in particular K23 —d > K?)»71 — ). Since K2 > A2 + A, we obtain that

K% —d>K»'1-a>1, (3.4)
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and with this we have

ﬂz\/(K2~—67)2+4K252 > K% —d>1. (3.5)
Combining the estimates (3.3) and (3.5) we get

M) =AW SIx =yl +1fx) = fFOI S Ix =y,

i.e., A+ are Lipschitz.

It remains to see that the matrix diagonalizes in the form R” BR and that the eigen-
vectors are also Lipschitz. Let u™ = (u]—L, uzi) be the eigenvectors of the eigenvalues
A+. Hence, (Z —Axld)u* =0,1ie.,

(K@ — pa)ui + Kbuy =0, 36
I(I’;uli + (57— Ai)uéc =0. '
Consider the vectors vt = (A+ — J KE) and v~ = (KE Ao — K25), which
are clearly Lipschitz by the preceding discussion. We claim that v and v~ satisfy
(3.6). Indeed, v™ satisfy the second equality in (3.6) by the definition of v*, and
the first equality follows from the definition of the eigenvalues A+ and the equality
Ay — d=K%%— A_, see (3.2). The vector v~ satisfy (3.6) by the same reason.
By (3.2), we can write v = (Kza — A, KE) (and so v~ and v are orthogonal),
and hence ||[vT|| = ||[v™||. Moreover,

WA = (K% ) + K% = (K% ) = (W)z > 1,

by (3.4) and (3.5). To conclude, set the unitary vectors u™ := ﬁ They are orthonor-
mal and hence we conclude that A = R BR with

Ao O uy uy ud ut
B= , R= L1>=(2 L),
(5n) r=(irid) = (50

and u™ are Lipschitz since v* are Lipschitz and |[v* || > 1. O

We also need to control how Reifenberg flat sets change under the linear planar
deformation in the previous lemma.

1/K 0
0 1
S < \/E/(16K) then DY (Q) isa (8*/>K8 ro) -Reifenberg flat domain.

Lemma3.8 LetK > 1, D = < ) and 2 be a (8, ro)-Reifenberg flat domain. If

Proof Let 0 < r < ro, £ € 9Q and P := P(&,r) > &. Denote ' = D-1(Q),
&= D”é and P = D~1(P). We want to check the conditions in Definition 2.7 with
the point &', radius r and the hyperplane P'. See Figure 1.
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(A) Q,0<r<rgand £ € PNIN. (B) D71 of fig. 1A and {z : dist(z, P") = 2Kdr} in
dash-dotted (red).

Fig. 1 Almost the worst situation: P L {y = 0}

Claim3.9 Forany x,y € R2, K_ldist(x, y) < dist(Dx, Dy) < dist(x, y).

Proof Indeed, since the minimum (resp. maximum) eigenvalue of D is K -1 (resp. 1),
we have

dist(Dx, Dy)  |[Dx — Dy]||

_ = e K711
dist(x, y) llx — vl
m]
Claim 3.10 One component of
Br(€") N {x € R? : dist(x, P)) > 2K 5r} (3.7)

is contained in ' and the other is contained in R*\§Y'.

Proof By the previous claim we get
D! ({x e R? : dist(x, P) > 28r}> S {x € R? : dist(x, P) = 2Kér},  (3.8)

and from the definition of D~! we have B, (') ¢ D! (B,(§)). By (3.8), and since
2K$§ < 24/15/16 < 1, in particular B, (") N D~ ({x : dist(x, P) > 28r}) # ¥, and
the claim follows from the Reifenberg flat condition of 2. O

First we check

sup  dist(y, P N B, (§")) < Kér. (3.9
Yy€IQNB, (&)

From the Reifenberg flatness of €2, see Definition 2.7(1), we have

sup  dist(x, PN B(,r)) < ér.
x€dQNB-(§)
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0 1
2V2KS 4
1+\/174K252 ,’ K 2K57’
| gePnoy |y P!
<r
< 2KJor
p O
R2\ Q1

Fig.2 Setting of (3.10)

Given y € Q' N B, (¢'), take z € PN B, (§) with dist(Dy, z) < &r. Since P’ is a line
through £, the distance dist(y, ') is attained at B, (£'), that is,

dist(y, P N B, (£")) = dist(y, P') < dist(y, D_lz).
By Claim 3.9,
dist(y, P N B, (¢")) < Kdist(Dy, z) < Kér,

and (3.9) follows.
Now we turn to prove

2V2K5
sup  dist(y, 9Q' N B.(§)) < V2

r.
YEPNB, (&) V1+/1-4K282

By Claim 3.10 we have that for each line £ orthogonal to 7’ such that

(3.10)

(N B (&) N{x e R? : dist(x, P) > 2K8r} # 0,
there is a point p € £N IR’ N {x € B, (') : dist(x, P) < 2Kbr}, since Q" must

separate each component in (3.7). Using this fact and &' € P’ N 9§’ (the center of the
ball), for every y € P N B, (¢’) we obtain

dist(y, 02" N B-(§")) < min {r, dist (y, B, (¢") N {x : dist(x, P) > 2K5r})}.

Using basic trigonometric computations, see Fig. 2, we have that for every y € P' N

B (&),

22K 8
r.
V141 —4K252

dist (y, B, (€') N {x : dist(x, P') = 2Kér}) <
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Since K& < +/15/16 < ﬁ/4, the previous value is less than r, and hence (3.10) is
proved.

Notice that K8r < 2K 8r < %r. From this, (3.9) and (3.10) we get
1++/1—-4K4§

22K
r,
1+ /1 —4K252

disty(3Q' N B-(§), P’ N B,(§") <

and Definition 2.7(1) is verified.
2V2K$

Since the last term is strictly larger than 2K ér, and 2 < 1 when
1+v/1-4K252
6 < }é—lg, we get

B, (&) N {x : dist(x, P) > 2Kér} D B, (&)
2V2K$ r} j
V1+J/1-4K%8? ’

and the second condition of Reifenberg flat, Definition 2.7(2), is achieved by
Claim 3.10.

In conclusion, if § < +/15/(16K) then Q' = D~1(Q) is 2V2K8 , _
us1 < /( ) ( ) <\/1+17\/T%2 1o

Reifenberg flat. In particular Q' = D~1(Q) is (%5175 KSs, r())-Reifenberg flat. O

N 3 x :dist(x, P) > 2

3.2 Reduction 1: Lipschitz diagonalization of the symmetric part

Let us see how Lemma 3.3 implies Main Lemma 3.1. We will do this in two steps.
First we show how to get rid of the assumption on the decomposition of Ag, using the
linear transformation in Lemma 3.7.

Claim 3.11 In Lemma 3.3, the hypothesis Ao = RT BR is unnecessary.

. . . T
Proof For every square matrix X we define its symmetric part X := %
By Lemma 3.7 there exists a constant diagonal matrix D = (%K (1)) with

K = K()) > 1 such that (/E;)/)(-) = D 1Ao(D-)D~! can be written as (4¢) =
RTBR e COY(D~'(U,,(3))) with R € C®'(D~'(U,,(3R))) a rotation, and
B € C™'(D~1(U,,(3R))) diagonal. B

Setting A(-) := D~'A(D-)D~!, we have that the symmetric part of the matrix A
is

D~'A(D)D™ + (D~ AD) D)
2
D 'A(D)YD' + D 1AT (DD !

= 2 = (Ao),

A() =

and hence Zo = RT BR as before.
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Note that
U, 3D71(R)) == {x : dist(x, dDT'Q) < ro} € D71 (U, (39)),

and so these matrices are Lipschitz in U, (d D~HQ)).

Denoting @ := wp-1q 7 the elliptic measure in D~'Q with matrix A, by Corol-
lary 3.5 we have " (-) = 5D71X(D_1o) for any x € Q. By Lemma 3.8 we have
that D' is (8/15K8/15, rp)-Reifenberg flat. Set p := D~!p € D~1(R). Since
dist(p, 9R2) > ro, dist(p, aD~1Q) > ro and we are in position to apply Lemma 3.3
with this pole p.

First, we need to compute the ellipticity constant, the Lipschitz seminorm, and the
L®° norm of the matrix A. Recall A > 1 is the ellipticity constant of A. For &, n € R?,

(Ag,n) = (AD)D ', D~ 'n) < AID7E|IDIy| < AK2E| I,

(Ae.£) = (ADID e, D76y 227D e 20 el = (1k2) kel

i.e., the ellipticity constant of Alis 2K?2.1If one seeks optimal constants, choosing A /K
the ellipticity constant becomes A K . The Lipschitz seminorm of A in D! (Ur, (0€2))
is at most KZ[A]CO,I(UVO(Q)Q)). Indeed, for any two points x, y € D! (U, (0€2)) with

X £y,

|D-'A(Dx)D~' — D"'A(Dy)D7}| K2 |A(Dx) — A(Dy)|

lx — vl |x — ¥l
|Dx — Dy]|

lx =yl
2
S K [A]COvI(U,-O(BQ))'

2
= K- Alcorw, a0

The L norm is || Al| oo g2y < K2 Al oo 2)-
By Lemma 3.3 there exists

80 = 80(K (W%, K ) [Alcory, oy - KOOP 1A e g2)) > 0

such that if 0 < 8+ 15K (2)d/15 < &o,i.e.,0 < & < 1580/(8v 15K (1)), and taking
M big enough such that Lemma 3.3 holds, then there is a set F' C 9D~ () such that
@P(F) > C~ 't and with a covering F C \U; B, ri) where

(%) ;i <CM",
(2*) Z{i:r,->p} ri = CM_l’
with universal constant C._

Defining F := D(F) we have w’(F) = &P(F) > C 't, and F C
\U; D(B(Z;, ri)). Finally, as D(B(Z;, r;)) C B(DZ;, ri), then {B(DZ;, r;)}; is a cov-
ering of F satisfying the same properties. O
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3.3 Reduction 2: The dependence on the Lipschitz seminorm

This is the second step to show that Lemma 3.3 implies Main Lemma 3.1. Note that
the flatness constant of the Reifenberg flat domain on Lemma 3.3 (hence also on
Claim 3.11) depends also on the Lipschitz seminorm « of the matrix. Below, we see
that in fact these results imply Main Lemma 3.1 by a rescaling argument. Here the
flatness constant is determined solely by the ellipticity of the matrix.

Proof of Main Lemma 3.1 assuming Lemma 3.3 Fixr € (0, 1]be suchthatri||A| g <
1, and let Z(-) = A(r-), Q= Q/rand @ := wg 7 be the elliptic measure with respect
to the matrix A in Q.

The matrix A is Lipschitz in {x /r : dist(x, 0Q2) < ro} = {x : dist(x, Q) < ro/7},
and Qs (8, ro/r)-Reifenberg flat since €2 is (8, rp)-Reifenberg flat. By the uniqueness
of the elliptic measure we have &%/ (-/r) = w®(-) for any z € Q.

With this “zoom” the ellipticity constant of A becomes the same as the one of
A, |Allpe = ||AllL>~ and [A]co1 = r[A]co.a, which implies [A]co1 - [[AllLe =
rel[Allpe < 1.

This allows us to invoke Claim 3.11 for the elliptic measure @”/" since
dist(p/r, Q/r) > ro/r, as dist(p, ) > rg. Note that now we don’t have the depen-
dence on the Lipschitz seminorm and L°° norm of the matrix since we are in the case
[K]CO,I ||AV||Loo < 1. Hence, there exists 89 = dg(A) > 0 such thatif 0 < § < §p, then
for M big enough (to satisfy Claim 3.11) and setting p such that 0 < p/r < 1/M,
we can find a set F/ C 9Q/r such that @”/"(F') > C~'t and with a covering
F' C |UJ; B(z}, r;) such that

(1%) Y ;ri <CMF7,
(2%) Z{i:r,->p/r} ri = cM—.

Set F = rF’. Then wP(F) = &"/"(F') > C~'tv,and F = rF' C |, B(zi, rri),
which implies

(1) Yjrri <rCM* <CM",
(2) Z{i:rri>p} rri = Z{i:ri>p/r} rri = VCM_l = CM_l’

as claimed. O

4 Elliptic measures in CDC domains

In this section we collect the key properties of elliptic measures in CDC domains for
the proof of Main Lemma 3.1. The first one, frequently called Bourgain’s lemma (see
[7, Lemma 1] for the harmonic case), is the following lemma.

Lemma4.1 ([21, Lemma 11.21]) Let Q C R”H, n > 1, be a bounded CDC domain
with constant cy and radius so, and let A be a real uniformly elliptic (not necessarily
symmetric) matrix. Then there exists a constant T € (0, 1), depending only on n, cg
and the ellipticity constant of the matrix A, such that for E C 9%, xo € 02 and
0 < r < s9, we have the following:
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(1) if B(xo,2r) NE =, then wg, 4(E) <1 —1 <1, and
(2) if B(x,2r)N o2 C E, then a)gyA(E) >1>0,

Jfor any point p € B(xp,r) N Q.

The proof of Main Lemma 3.1 is based on a modification of the domain, without
losing the initial information. In the following lemma we obtain the first step in that
modification. This is the analogue of [44, Lemma 1.1].

Lemma4.2 Let Q C R*! n > 1, be a bounded CDC domain with constants co
and radius so, let x € 0Q and 0 < r < so, and let A be a real uniformly elliptic
(not necessarily symmetric) matrix. Then for any k > 2, there exists a constant C
depending only on n, cy and the ellipticity constant of the matrix A such that

D (B(x, r)) < Coby ,(B(x.kr)), forall p € Q\B(x, 1.

Proof The proof follows the same argument as [44, Lemma 1.1].

Since k > 2, by Lemma 4.1(2) there exists C > 1, depending on n, co and the
ellipticity constant of the matrix, such that g, , (B(x, kr)) > wg 4(B(x,2r)) = C -1
forany p € B(x, r) N 2. The lemma follows by the maximum principle in 2\ B (x, r)
by standard techniques. O

Later on we will need to have some control on the Radon-Nikodym derivative of
the elliptic measure of the modified domain with respect to its surface measure, see
Lemma 4.5 below. First we compute the CDC constants of an annulus, which will be
used later to control this density in a modified domain.

Lemma4.3 Let k > 3. The annulus Ay = B(0,k*r) \ B(0,r) Cc R™ n > 1,

. . . 2
satisfies the CDC with constant co = co(k) and radius so := (kzil) r, and moreover

(1) B(0, kr) C B(xg, so) and
(2) B(xg, 2s0) C B(0, k*r),

for any xo € dB(0, r), i.e., the inner circle.

Proof In the following computations we find the radius so to have the CDC on the
annulus A; with the conditions (1) and (2). From the first condition we get s >
(k + 1)r, and from the second 2sg + r < k%r,ie., 259 < (k2 — 1)r. In order to have
existence in so we need 2(k + 1)r < (k2 — 1)r, whence we need k > 3. Let so be the

middle point in ((k + Dr, sz_l )’

kD5 R ok 41

> 2 r=:Ck)-r.

S0 -

Now we want to see that for k > 3, the annulus Ay satisfies the capacity density
condition with s = kz*?#r = C(k) - r. By definition of C(k), given a point
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xo € 3. Ag, the ball B(xg, C(k) - r) does not intersect the other component of 3.4y, by
condition (2).
We want to see that there exists cg = co(k) such that

Cap (B(xo, s) N AS, B(xo, 2s)> > co(k) - s" 1,

forall xg € 04, and 0 < s < 0.
Case 1. Suppose xg € dB(0,r) C dA,. Let 0 < s < 59 = C(k) - r. By the choice
of C(k) we have B(xg, s) N AS = B(xg, s) N B(0, r).
rs

Set = xo—x0. So[§ —xo| = )xoﬁ

In particular B (E, T}k)) C B(xg, s)NAZ. Also, B(xp,2s) C B (§,2s + |xo —&]) =

_ S _ r
=2y = 2C(k),andnotethat|é§ xol < 3.

B (E .25 + ﬁ(k)) From these two inclusions, the monotonicity of the capacity and
[21, (2.13)], we have

Cap (B(xo, $) N AS, B(xo, 2‘9)) > Cap <B (g, L) B (g 25 + )) ~p s"L
20k 2C(k)

Case 2. Suppose xg € dB(0, k%r) C 0Ar. Let0 < s < s = C(k) - r. Define
&E=xo+ \iol 5. Hence B (E ) C B(xg, s)NA7 and B(xp, 2s) C B (E, %s).Arguing
as before we get

Cap (B(xo, s) NAL, B(xo, 2s)) > s

as claimed. O

Now we study the density of the elliptic measure in an annulus. For a Holder matrix
A, here we use that L 4-harmonic functions are Holder continuous up to the boundary,
see Theorem 2.12.

Lemma4.4 Letk > 3,0 <r < 1and Ay = B(x,k*r)\B(x,r) C R""! n > 1. Let
A be a real uniformly elliptic (not necessarily symmetric) matrix. Suppose also that
AecC” (B(x, 2k2r)) with 0 < a < 1. Then the elliptic measure in the annulus Ay,
(arising from the matrix A) satisfies

“)A A(Y) (— , forany z € 9B (x, kr) andanyY C 0B (x,r),
rh

with constant depending only on k, [A]ce and the ellipticity of A.

Proof Suppose without loss of generality that the annulus is centered at the origin and
denote B; := B(0,1). We can also assume that = 1. Indeed, denote @ := w4, 4
and @ := w7 5 the elliptic measure associated to the matrix A( ) := A(r-), where
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the rescaled annulus is A; = B,2\Bj. After rescaling and by the uniqueness of the
elliptic measure,

W*(Y) =& (Y') where 7 = z/r and Y/ = Y /r,
see Corollary 3.5. The matrix A has the same ellipticity constant as A, and the Holder
seminorm is improved because [A]ce = [A]ce -r* whenever 0 < r < 1. If the lemma

were true with » = 1 then writing p = z/r we would get

W (Y) =3P (V) < Cro(Y') = U(Y)

as claimed.
Let p € 0By and let glf the Green function of the annulus 4, with pole at p. Then,
using (2.8),

wf’(Y)=—/Y<AT<5)Vg,§(s>,v(&))do(é)sfngg(s)wo(s» “.1)

We would be done if we can bound |V g; | < Cy.To obtain this we apply Theorem 2.12.
In the next paragraphs we check its hypothesis.

The function g; is L s,r-harmonic in B>\ B; since we are in the case k > 3.
Moreover gT = 0 in d B;. We need to verify that g; € W12 (By\By). Recall that the
Green function is constructed in (2.5) as gg = —EIT, + h where h is a L gr-harmonic

function with 7 = EIT, on d.Ag, and EIT, is the fundamental solution with pole at p.
Hence,

T T
18 I2mamy) = U8plli2(snm) = MK g, (y>< max |5 O+ max lh(y)|

IA

T T
. 4.2
max €500+ _max |6,,<y>| (42)

yeoB

In the planar case, we have |ST )| < 1+ |log|y — pl| by Corollary 2.17, and in
particular, from (4.2) we obtam

r < 1+l - 1+ 1 - < Cy.
IIg,,IILz(Bz\Bl)Ny;g%?/z[ + [log |y p||]+yearBrmaBl[ + llog |y — pll] < Ck

In higher dimensions, n > 2, the fundamental solution is bounded by |SIT, M <
lp — y|1_” (see [20, Theorem 3.1 (3.55)]). From this bound and (4.2) we get

T n—1
2 max max — < Cg.
lgpll2\By) S o ly = pl"™ EaBk2UBBl ly—pl" =Ck
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In fact, we have obtained || g; Il L2(Bs)2\B1) < Ck, and hence by Caccioppoli’s inequal-
ity in the annulus B\ B; we also obtain the upper bound for the gradient,

T T
”Vgp ||L2(32\B|) S ”gp ||L2(BS/2\B]) 5 Ck7

implying g/ € W'2(B(0,2) \ B(0, 1)) depending only on k and the ellipticity con-
stant.

Consider = B,\B1, T = 9B and ' = B3, \ B in Theorem 2.12. Note
that Q' C Q, T C 9%’ and dist ((B3/2\B1) UdB1,dB2) = 1/2. Then we get g/, €
cle ((B3/2\E1) U aBl) with

- . Thm 2.12
max Vg, (M| =< llg,ll.or S max_ gl (y) < max T(y) < Cx,
o 8§y 8p yeBz\Blg y iy g y
and the lemma follows. O

Lemma 4.2 relates the elliptic measure on the initial domain with the elliptic mea-
sure on the domain minus a fixed ball. Next in Lemma 4.5, which is the analogue
of [44, Lemma 1.2], we study the elliptic measure on this last setting. Combining
Lemmas 4.2 and 4.5 we will obtain density properties of the elliptic measure on a
modified domain.

Lemmad.5 Setk > 3and 0 < r < 1. Let Q C R n > 1, be a bounded
Wiener regular domain, x € 02 and let A be a real uniformly elliptic (not necessarily
symmetric) matrix. Suppose also that A € C*({y € R . dist(y, Q) < 2k*r})
with) < o < 1.

Set Q@ = Q\B where B = B(x,r). Then a)

respect to o for any p € Q\kB, and for z € SB,

}3 p is absolutely continuous with

da)p

1@ < sz\kB s (kB), forany p € Q\ kB,

with constant C depending only on n, k, [Alce and the ellipticity of A.

Following the scheme of the proof of [44, Lemma 1.2], to obtain Lemma 4.5 we
study the elliptic measure of the annulus A; := B(x, kzr)\B(x, r) when k > 3 (in
order to apply Lemma 4.3) and 0 < r < 1 (to have a control on the Holder seminorm
of the matrix A € C*). However, some technicalities are needed due to the variability
of the coefficients of the matrix.

Proof of Lemma 4.5 During the proof we write w. instead of w. 4.

To obtain the result it suffices to prove wX (Y) < 0(3,/) a)Q kE(kB) forall p € Q\kB

andevery Y C 9B, and in fact, it is enough to assume that Y is open. Indeed, fixed p €
Q\kB,fore > OletU D Y bean open set (relative to d B) such thato (U) < o (Y)+¢.
If the lemma were true for open sets, then a)g (Y) < a)g(U) < ”iﬁ/)a)g\kg(kB) =
(T(Y)+£

RNy kf(kB) and the general case would follow taking ¢ — 0.
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Let us assume Y is an open set relative to 3B, and fix p € Q\ kB. Again, fore > 0

let V O kB be an open set such that wsz\kE(V) < Q\kB,(kB) + &, % € Co(V) such
that 1,53 < < 1y, and let Vo\kB denote the L 4-harmonic extension of ¥ in 2\ kB.
Let N := maX,cyiB a)~(Y) and let xg € kB such that w 9(Y) = N. Define the

annulus Ay := k> B\ B. By Lemma 4.6 below we obtain
)C() —_ X0 _ —
N — OS4, (Y) = w5 (Y) meA Y)= /QmakZB a)~(Y) dwmA &). @3

By the maximum principle in Q\kB we have thata)~ (Y) < a) 9(Y) = Nforé € 3k’B
and hence

X0 2
Qﬁaszw (Y)da)QﬂA ) < Nw?mAk(Q N ok~ B). “4.4)
All in all, from (4.3) and (4.4) then
2
N — a) A(Y)_Na) A(Qﬂak B). 4.5)

Also, by the maximum principle and the fact that the annulus A; = k*B\B when
k > 3 satisfies the CDC with the precise conditions in Lemma 4.3, we have that the
right-hand side of (4.5) is controlled by

mA (QNJk*B) < o’ 0k’°B)<1-1 <1, (4.6)

for T € (0, 1), depending also on k. Indeed, this last step follows by applying
Lemma4.1(1) to any y € 9 B with the choice of sg in Lemma 4.3, because in that case
x0 € kB C B(y, so) and B(y, 2s0) N ak2 =0.

From (4.5) and (4.6) we obtain N — wsNznA Y) < Na) A (3k*B) < (1 — 7)N,
equivalently a) (Y) > TN =ty 2 (Y). From this and the maximum principle,

CE(Y) S0l (V) <0 ().

We have reduced to the elliptic measure in the annulus Ay. By Lemma 4.4 we have
wXAOk (Y) < o(Y)/r", and so a)~°(Y) S oy (Y) < o(Y)/r". Since xg € kB was
chosen to achieve the maximum of a)s~2 (Y)in akB, we obtain that forany x € QN 0kB,

O’(Y) G(Y)

rn

a)~ : UQ\kE(x),

where the last equality is just because vQ\kE(S )=y = 1for& e QN ok B. Moreover,
a)giz(Y ) =0if x € aﬁ\kB. The same inequality follows for x € EZ\kE by the
maximum principle in Q \ kB. Evaluating at the fixed pole p € Q\ kB, by the choice
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of V we have

o(Y) o(Y) ( )

BN S To= vgu(p) £ o5 ol (V) < —2s (@ 2(B) + o),

and the lemma follows by taking ¢ — O. O
For the sake of completeness here we provide a proof of (4.3).

Lemma4.6 Let Q C ]R”H, n > 1, be a Wiener regular domain and A be a real
uniformly elliptic (not necessarily symmetric) matrix. Let Q C Q be a Wiener regular
domain. For any Borel set E C 92N 32 and p € Q, there holds

wg 4 (E) — g (E) = /MNQ wg, 4(E) dof ().

Proof During the proof we write @ = wq 4 and @ = 0 4-
Fixed p € 2, for m > 1, by the inner (just for Borel sets) and outer regularity of
Radon measures, let K;,, C E be a compact set and U,, D E be an open set such that

w?(Uy,) —1/m < 0P (E) < w?(K,,) + 1/m, and

o (Up) — 1/m < &P(E) < & (Kp) + 1/m. @D

Moreover, we take K,,, C K, +1 and U, D Uy, 41 by redefining the sequences suitably.
Finally, take K := |,y Km and U := (), Un.

Let ¢ = ¢ € Co(Uy) be such that 1x, < ¢ < 1y, , and let u = u,, and & = 7y,
denote the L 4-harmonic extension of ¢ in €2 and Q respectively. By the monotonicity
of the integral,

% (Ky) < u(€) < o (Uy), forall £ € Q, and (4.82)
&5 (K) <U(E) <@ (Up), forall € € . (4.8b)

Using (4.7), we get
|wP(E) — &P (E) — (u(p) —u(p))| <2/m. 4.9)

On the other hand, note that u(§) —u(§) = (&) — @(&)) - 135\39(5) if¢ e 8?2, and

in particular, writing u — u as the L 4-harmonic extension in Q of its boundary values
in 02 and evaluating at the point p € Q2 we get

u(p) —u(p) = /~ u@) — @) dal ).
FloAte)

From this, (4.8a) and 0 < fa?z\asz p&)daP (E) < @ Uy \ Kn) < 2/m, we therefore
obtain

5 2 - N
/~ O (K) AP (€) — = < u(p) —W(p) < / W (Up) dP (©),
90\0Q m 95\0Q
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which together with (4.9) gives

W (Un) diSP (€) + =
m

/ 3 P (&) — i p — b /
_ o (Kp)do® (&) <ol (E) -0l (E) <
AI\IQ m ANIQ

Note that the set K = | J,,-; K C E satisfies o’ (E) = »P(K), and since K
is measurable, then w” (E\K) = 0. Since elliptic measures are mutually absolutely
continuous for any two different poles, this implies that ® (E\K) = 0 for any £ € Q.
Again, since K is measurable we obtain that ¥ (E) = f (K) for any & € Q. By the
same argument, using now that E is Borel and so measurable for every wf with & € €,
the set U = (),,~| Um satisfies 0f(E) = f(U) forany & € Q.

Taking m — o0, by the monotone convergence theorem, the equation above
becomes

/ lim of (Kn)da? (&) < o? (E) — 3 (E) < / lim of (Un) daP (©),
aQ\aQ M aQ\IQ M

and the lemma follows since limy,— oo @5 (Kp) = 0f(K) = of(E) = o (U) =
1limy— 00 @ (Up). o

5 Proof of Lemma 3.3, the weak version of the Main Lemma

According to the previous reductions in Section 3, to obtain the Main Lemma 3.1 it
suffices to prove Lemma 3.3, which we intend to do in this section modulo the proof
of (1.2) which is deferred to Section 7.

In this section we work with bounded (§, rp)-Reifenberg flat domains Q2 C R2.
Recall that for § > 0 small enough we have that €2 is an NTA domain (see [28, Section
3]), and hence it satisfies the capacity density condition. See Remark 2.5.

We now turn to the proof of Lemma 3.3. Let M > 0 be big enough and 0 < p <
1/M. Denote w := a)g’A.

For x € 02 define the ‘high density value’ as

h(x) :=sup{r > p:w(B(x,r)) > Mr}, 5.1

and h(x) = p if the supremum runs over an empty set. Note that p < h(x) < 1/M
for every x € 92, because w is a probability measure.

Definition 5.1 (Good balls) Forx € 92, we say that the ball B(x, r) is good, B(x,r) €
Good, if r > h(x), i.e., for any s > r we have w(B(x, s)) < Ms.

For x € R? define

d(x) = Beig(fmd [lx —c(B)| +r(B)],

where c(B) is the center of the ball and r(B) its radius. For any B € Good we have
that »(B) > h(c(B)) > p, which implies d(x) > p.
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Note that for every ball B(&, r) € Good we have r > h(&). Therefore

d(x) = Sien‘,)fg[lx —&l+h(E)].

This function is 1-Lipschitz as it is the infimum of 1-Lipschitz functions.

Remark 5.2 For x € 92 it follows p < d(x) < h(x), and hence h(x) = p implies
d(x) = h(x). Moreover, if d(x) = p then x € Q.

Let 0 < ¢ < 1 be small enough (to be fixed in (5.8) below) depending on the
ellipticity constant A and the product « || A|l; ®?)- Let 7 = Z,—> be the family of
maximal dyadic cubes Q € D(R?) such that Q N 9 # (¥ and £(Q) < &2d(x) for all
x € Q0.

Lemma 5.3 Let 7 be the family defined above. Then:

(1) Every Q € T satisfy % < €(Q) < 26%d(x) forall x € - Q.
(2) If Q1. Q2 € Tand & 01 N 5 05 # B then “L2 < £(05) < 6£(Qy).

(3) {% O} et has finite superposition, with superposition number N = N, depend-
ing on ¢ only.

Proof Let x € £~ Q We start by proving £(Q) < 2&%d(x) in (1). Take any y € Q.
By the election of y and since d is 1-Lipschitz,

d(x) =d(y) +d(x) —d(y) = e 2(Q) — |x — y| = £ T2L(Q) — dlamLQ = 2(5Q2)

For the other 1nequa11ty in (1), let Q be the dyadic father of Q, i.e., the unique Q €
D(R?) such that Q C Q and Z(Q) = 2£(Q). Since Q is maximal, there exists y € Q
such that 2¢(Q) = £(Q) > £2d(y), and hence

2E(Q) g2 2E(Q) 239

d(x) =d(x) —d(y) +d(y) < |x — —Q =

and with this we conclude the proof of (1).

Let Q1, Q2 € 7 such that %Ql N %Qz # (). Take x € %Ql N %Qz, and
then (2) follows from (1) by

€(Q1) < 26%d(x) < 6£(Q2).

Given Q € Z, there is only a finite number N = N, of cubes P € D(R?) such that
€(0)/6 < £(P) < 6£(Q) and £ 0 N £° P # @, which gives (3). o

Lemma 5.4 There exists y > 1 such that for every Q € 1 there exists a ball Gg €

Good with r(Gg) ~ e=20(Q), satisfying the inclusions e 2Q C yGgand Gg C
-2

ye "0.
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Proof Given Q € Z, fix any x € Q N 92, and take & € 92 such that
d(x) < |x —§[+h@) < 1.1d(x). (5.2)
Define the ball Gp = B (§,2(]x — &|+ h(£))), and hence Gp € Good, since

r(Gg) = 2h(&) = h(§) + p > h(§).
We claim that r (G g) ~ 8‘2£(Q). Indeed, from (5.2) and (1) in Lemma 5.3,

1 G2 ),
EF(GQ) =lx—§[+h(E) = dx) = e LQ).

Also, using the previous comparability, the distance between x and £ is controlled
above by

1
¥ =&l < = §l+hE) = rGo) ~ e20(Q),

which implies that there exists a universal constant ¥ > 1 such that e 72Q C vGo
and Gp C ye2Q. O

For each cube Q € 7, fix apoint zg € Q N 92 and define By := B(zg, rg) with
ro = &d(zgp). Next, we modify the domain as in [44], but using the family {Bp}gez.
To do so, define

Q =\ Bo.
Qel
and denote @ := a)g A its elliptic measure with pole p. From (1) in Lemma 5.3 and

d(-) = p on 32 we have that Z is finite. In particular, the family {Bg}ge7 is finite,
and 9 is smooth except at finitely many points.

Recall P is the approximating hyperplane in Definition 2.7. Since the function d(-)
is 1-Lipschitz, and so ed (+) is e-Lipschitz, the same proof as in [3, Lemma 2.2] applies
to obtain the following lemma.

Lemma5.5 Let rg € (0, oo] and let ¢ > 0 be small enough. Then:

(1) (Analogue of [3, Lemma 2.2]) There exists o = So(e) > 0 such that if 2 C R2
is (8, ro)-Reifenberg flat with 0 < § < 8¢, then the modified domain Q as above
is (ce'/2, ro/2)-Reifenberg flat.

(2) (See [3, Lemma 2.3(c)]) For every Q € 1, there exists a Lipschitz function
fo : P(z,30r(Bgp)) N 10By — P(z9, 30r(Bg))* with Lipschitz constant at
most ce'/~.

For any Q € 7, by the maximum principle and Lemma 4.2 (with k = 10) respec-
tively,

» (Bg) < w55 (Bg) S @(10Bg). (5.3)
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Moreover, for all z € A N 0Bg, by Lemma 4.5 (with k = +/10), the maximum
principle and Lemma 4.2 (with k = +/10) respectively,

90 < 6\/108 <mBQ) _ Zawiosg (mBQ> - ©(10Bo)
do =~ r(Bg) - r(Bg) ~ r(Bo)

(5.4)

By the existence of a good ball G € Good with r(Gg) ~ e~20(Q)and e72Q C
y G (see Lemma 5.4), the ball 108 has bounded density with respect to the initial
elliptic measure:

L.5.3(1) 1 el 2
o (10Bg) = 0 (B(z0.10ed(z9))) =< ®(B3-3-1067°Q0) < w(E “Q) <w(yGg)

¥ G g €Good Y L.5.3(1) 1
< yr(GoM ~ye " U(QIM =~ yd(zg)M =ye™ r(Bg)M.

In particular, combined with (5.4) this implies

do ~
d—:(z) < M forallz € 9%, (5.5)

where the involved constant depends on y and €.

Let us smooth out the domain 2. Recall that Q is smooth except at finitely
many points {§;};es, with #/ < oo depending on M and p. Let 0 < s <
mingez 7 (Bp)/1000 be a small enough parameter to be fixed later. For each point
&j,j € J,let Bj,B; € {Bp : O € 1} be the two intersecting balls such that
& € 0B1 N 0By, and let ¢y, 2 be their centers and ry, r, be their radii respec-
tively. Take the unique point ¢; € Qn dB(ci,r1 +5)NIB(cy, rp + 5), and denote
Bj := B(qj,s). The ball B; is tangent to By and B, and define 7 to be the bounded
open region enclosed between By, B> and B;. We define the new smooth domain

=0, =0\ (T

jeJ

taking small enough s such that
(1) foreach Q € Z,0(0Bp N 9L2) > 0.90(dBp N 8§~2), and
(2) Qs a Lipschitz domain with the same Lipschitz character as Q.

Note that U(E)SNZ\BSNZ) < #J - 2m7s, and so we can take this value to be as small as
needed.
Denote w = a)g 4 By the maximum principle, w(E) < @(E) for any E C

a8 N ag. Consequently,

(5.3)
&(Bg) <®(Bg) < w(10By) forany Q €7, (5.6)
and
do do 6

L@ =_—@) S Miorallze 92 N 3%, (5.7)
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Let K(-) := %(-) be the Radon-Nikodym derivative. By (2.8) we have

K©) = —(AT Ve (©). v(©) for§ € 09,
where g7 is the Green function in Q with respect to the matrix A”. By (1.2) (proved

in Section 7), if ¢ > 0 is small enough depending on the ellipticity constant A and the
product k|| Al e ®2) then there is a constant constg 4 > 0 such that

— o0 < —constg 4 < / log|S(E)Ve ()| dE(E)
082
_ /d KO LogIS© Ve ©]do ®). (5.8)

where Ag = AtA% and S = A ie, STS = Aq.
For every & € 9S2 we can write

(AT Ve ), v(®) = (V&' ©), AEV ()
= (V8" (©), c1G)v(®) + (Vg (§), 2(§)1(8)),
where v (resp. t) is the outward normal (resp. tangential) vector of 8?2 and c((§)
(resp. c2(&)) is the projection of A(S)v(é) into v(€) (resp. £(£)). In particular c; (§) =

(AE)v(E),v(E)) ~ 1, and smce 8le smooth, we have that (Vg (&), (&)1(8)) =

2(E),g7(6) = 0in 0Q as g7 |30 = 0. Hence —(AT (6)Ve” (§), v(£)) ~ |Vel (©)],
and since [VgT (&) ~ (AgVgT (£), VgT (x)) = [S(€)VgT (£)]2, we obtain

1SE)VeT (&) < —C(AT(E)VeT (&), v(E)) = CK(&). (5.9)
From (5.8) and (5.9),
—00 < —constg 4 < /a . K log|SE)Ve! (§)do(§) < /d 5 K(©)1og CK()do (©)
= / _K(&)logCdo(£) + / _K(&)logK(€)da(§)
Q2 JOoQ

=logC + /05 K(&)logK(§)do(§),
whence we obtain

— oo < —Cau< /m K () log K (£) do (&). (5.10)

In view of (5.10) and the fact that K(-) < M on 85 N as by (5.7), if M is big
enough (provided s is small enough depending on M and p), then the set of points
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& e 9$2 N 9$ with density K (§) < M7 indeed has elliptic measure at most 1 — 7/4,
uniformly in p and M. More precisely, we will obtain

5({5685085:K(5)2M‘f})=/ K(g)do'(é)zi

{sea?zna?zzk(g)zzw—r}

(5.11)
whenever M is big enough depending on t and the constant constq_ 4, taking small
enough s depending on M and p. Note that if we had K (-) < M in the whole boundary
042, using Tchebyshoff’s inequality as in [44, p. 170] we would directly get (5.11)
from (5.10). However, we only have the bound of K on 32N 9 and we will need to
estimate the elliptic measure (and the K log® K do measure) of the “bad” set 99 \ 2.

Proofof(5.]J) Let log*(-) := max{0, log(-)} and log™(-) := — min{0, log(-)}, and
recall that Q = ,. We first establish that

/~ _Klogt Kdo — 0ass — 0, (5.12)
Q\08
which in particular implies

ZOQ\IQ) = /N _Kdo < 66(85\8§)+/~ _Klogt Kdo — 0ass — 0.
IQ\08 Q08
(5.13)

As previously noted, for sufficiently small s > 0, the Lipschitz character of Q is
controlled by the one of 5 and therefore we have that it is NTA with uniform constants.
Thus, the involved constants in the subsequent computations will be independent of
s.

We claim that there exists & > 0 such that

o
o(B(x,r)) < (L) forallx € 02 and 0 < r < ry/1000, (5.14)
ro

where rq is the scale where Reifenberg flatness of 2 is granted. To prove this, note
that there exists B € (0, 1) such that @(B\B/2) > Bw(B/2) for any ball B centered
at 02 with radius rp < ro/100, as a consequence of the doubling property of elliptic
measure in NTA domains (see [25, (1.3.7)]) and the fact that B\ B /2 # (J by Reifenberg
flatness. It follows that @(B/2) < @(B)/(1 + p). Iterating this inequality for a fixed
x € 3 and By = B(x, r9/200), we have (2 % Bg) < @(Bo)/(1+ B)* < 1/(1+B)¥
for all k > 0O integer. This readily implies the existence of « = « () > 0 such that
(5.14) holds.

Let us fix j € J momentarily. For B}, let g; = c¢(B;) denote its center. By the
change of pole formula in NTA domains (see [25, Corollary 1.3.8]), we have
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~q

dw
K(z) ~
o

(2)&(B;) forall z € 92 N 9 B;. (5.15)

Let ?;_ be the Green function of 2 with pole atg;, and u(-) = ?Z_, (s - +q;), which is
the Green function of {(z —g;)/s : z € ?2} with pole at O for the matrix A(s; +q j)T.
Arguing as in Lemma 4.4 (using Theorem 2.12 with T = {(z—q;)/s : z € 0Q2N0B;})
we obtain SIVEZ @ =Vu((z—g)/s))| S mMaxyp, ,(0) U ~ 1forallz € 850831-,

where we used [16, Lemma 5.4] in the last step®. Consequently,

diﬂj

do

1 ~
(z) S —forallz € 9Q2 N 0B;.
s

Using both this and (5.14) in (5.15), since j € J was arbitrary, we get
Soz—l

o
o

forall z € 92 N A%,

K@) S
This bound suffices to establish (5.12), as we can now estimate

1 #J5% logT (s¢~ !
/N _KlogtKdo < — [ _ s Mogh(s®* Hdo < *(s)’
IQ\I% ry Jag\a% o

which goes to zero as s — 0.
Taking s > 0 small enough in (5.13), to prove (5.11) it suffices to see

/ N Kdo > = (5.16)
{geaQ:K(g)zM—f] 2
We now prove (5.16). First we bound
/N Klog" K do = /N _Klog" Kdo +/~ _Klog" Kdo
Q2 3Q2NIQ 2\
(5.12)
< /N ~Klog"’](da—i—l, (5.17)
0Q2Na2

where in the last step we took s > 0 small enough in (5.12). Writing K () < e¢“M on
02N a2, see (5.7),

/N K10g+Kda§(logM+C)/ - Kdo
3%NeS {geaQ:K@)zl}

< logM/ y Kdo +C. (5.18)
{$€8Q:K(§)zl}

2 In fact, it would suffice to show that IVZ?_ @) =< ”(’sﬂ < s79/2=1 for small enough s = s(«, diam ?2),
which follows from the pointwise estimate in Corollary 2.17.
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By (5.17) and (5.18) we can control the term with K log* K as

/NKlongKda <logM
9

& /[gea?}:K(g)zl}

Kdo +C+1.

From this and (5.10),
/NKlog*Kda:/NKlogJ“Kdo—/NKlongcf
9% a8 a8
§logM/ - Kdo+Cq.a
{seaQ:K(s)z1}

§logM/ - Kdo +Cq a.
{seaQ:K(s)zM—f}

Using this in the last inequality of the following computations, we obtain

rlogM—rlogM/l Kda:logMT/NKda—long/[ K do
Q2

Seaa:K(S)zM*T] Eeé)?l:K(é)zM*f}

zlogMT/ - Kdag/ - Klog™ Kdo
{EeaQ:K(S)<M—T} {geaQ;K(g)<M—r}

g/NKlongdaflogM/ - Kdo+Cq, 4,
a0 {geaQ:K(S)zM—f}
which gives

/ - tlogM —Cqa T Ca.A
{Seaa:K(S)ZM_f} - (1 + ‘E) IOgM 1+ (1 + ‘L') lOgM

T
257

as claimed in (5.16), by letting M > 0 be big enough depending on v and Cq 4. O

We are now in position to find the final set F with the claimed properties. Let
{Bg,}n C {Bg}oez be the subfamily satisfying either (HD) or (TS):

(HD) h(zg,) > p, where zg, = c(By,) is the center of the ball By, .
(TS) h(zg,) = p and 3By, N {g caNNaS: K(&) = M—f} £,

Here HD stands for ‘high density’ and TS for ‘touching set’.
Notation We write Bg € HD if By satisfies (HD), and By € TS if By satisfies (TS).

With this choice,

(5

T (5.11)
- =
4

n

5({5 ca0Nas: K(&) ZM"}) 5$<U3Qn) <> 3(Bg,).
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and by (5.6),

If ¢ is small enough, then 10By = B (zg, 10ed(zg)) C %Q for each Q € 7.

Moreover, since {% 0} ge7 has finite overlapping by Lemma 5.33, {10B¢} ez has
also finite overlapping with constant depending on € only. From this we obtain,

t$) 0(10Bg,) S (U 1OBQn) : (5.19)

n

At this point we have found a subset of d<2 (covered by balls) with elliptic measure
bounded uniformly from below. Moreover, the radii ed(zg,) of these balls By, are
smaller than the ‘high density value’ h(z¢, ), which will allow us to have a control on
the sum of the radii.

First we need to define the set F C 0 and its covering. For each By, €
HD, we have 10Bp, = B (ZQw 108d(ZQn)), and since d(-) < h(-) on 0%,
10Bg, C B (zg,.10eh(z0,)) C B (zg,.10h(zg,)). Since the family {B (zg,.

10A(z, )) } Bo, €HD is finite, by means of the 3 R-covering theorem consider a disjoint
subfamily

{Bm}m - {B (ZQn’ 1Oh(ZQn))}BQneHD

such that

U B (zg,.10h(zg,)) C U3Bm.

BQHEHD
Let us define
U3Bmu U 10Bg, | N9<2.
on €TS

Note that | J, 10Bg, € U,,3Bn U UBQ <15 10By, implies w(F) 2 t by (5.19).
Next we show that the covering

{3Bu}n U {108y, }BQneTS

satisfies the properties (1¥) and (2¥) in Lemma 3.3.
We can control the radius of the balls with high density

3 rGB) =30 B 2 2 37 2 B = (U Bm) <o

m
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by the definition of /(-) in (5.1), and the fact that the balls { B, },,, are pairwise disjoint.
Also, r (3B,;) = 30h (c(B;;)) > 30p. We have shown the second property of the
covering.

Recall that the balls in TS intersect the set {E cdQNIN: K & =M _’}. For

each Bg, € TS consider a point xg, € dBgp, N {E € NI : K(¢) > M_T}.
Then, by (5.7) and (5.4) we have

dw .7 dw G (10By,)

M T < — < —
~do (xo,) = do *0,) 3 r(Bg,)

which implies

> r(10Bg,) SM™ Y w(10Bg,) SMw| | J 10Bg, | <M,
B, €TS Bg, €TS 0y €TS

obtaining the first property of the covering. Note that for By, € TS we have h(zp,) =
o, and in particular d(zp,) = p, which implies r(10Bg,) = 10ed(zg) = 10gp. This
concludes the proof of Lemma 3.3 modulo the proof of (1.2) O

6 Proof of Theorem 1.1

In this section we will prove Theorem 1.1. First we make the reduction to the case of
bounded domains (Claim 6.4) and then we prove the theorem using Main Lemma 3.1.

6.1 Reduction to bounded domains

First, we state some lemmas.
Let Q@ ¢ R"! with n > 1, and let B be a ball centered at 9€2. By the maximum
principle [18, p. 46] we have

a)meqA(E) < a)élA(E) forany E C 9Q N Bandz € QN B. 6.1)

The converse inequality may fail. However, the following weaker relation holds.

Lemma6.1 LerQ C R%bea (possibly unbounded) Wiener regular domain, A be a real
uniformly elliptic matrix and B be a ball centered at 92 with Cap(B N 92, 4B) # 0.
Let E C 0922 N B be a Borel set and zp € 91.5B such that a)gE’A(E) =

max;cjy1.5B wé,A(E)‘ Then

Cap(2B, 4B)
lE E < ZE E ,
wa.AE) S Cap(B N 852’43)0)m4B,A( )
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where the constant involved depends on the ellipticity constant of the matrix A and
the dimension. The same also holds for bounded Wiener regular domains  C R+
whenn > 2.

Proof During this proof we write w. instead of w. 4.
By Lemma 4.6 we have

0 (E) — 0L, p(E) = / @5 (E) i, 5 (€). 6.2)
04BN

By the maximum pr1n01ple in Q\1.5B, wQ(E) < a) E(E) for & € 40B N Q. From
this and (6.2), we get

SE(E) < 0k, ,(40B N Q) - 0 (E) + 0, 4 (E). (6.3)
It remains to bound wg-, 5 (40 B N €2). By the maximum principle we have
Wiy 3 (40B N Q) < Wk, proo) (40B).
By [21, Lemma 6.21], since zg € 1.50 B, we have
1 — w3\ (gragy (49 B) = T+ Cap(B N0, 4B)/ Cap(2B, 4B) =i c € (0. 1). (6.4)

In particular .
worap (49BN Q) < w4B\(mQ)(4aB) <l-—c (6.5)

From (6.3) and (6.5) we get
G (E) < wgyg(40BNQ) -0 (E) +wgn,3(E) < (1—¢)-0g (E) + wgny 5 (E),
obtaining
¢ og (E) < ogryp(E),

as claimed, with c as in step (6.4). m]

We remark that Cap(B N 92,4B) = 0 would imply wp(B N 92) = 0 for any
domain D with B N 92 C 9D, see [21, Theorems 10.1 and 11.14]. For (8, ro)-
Reifenberg flat domains, Cap(B N 92, 4B)/ Cap(2B, 4B) ~ | whenever rp < rg.In
fact it is only needed the exterior Corkscrew condition, see Remark 2.5.

Lemma6.2 Let Q@ C R? be a (possibly unbounded) Wiener regular domain and A
be a real uniformly elliptic matrix. Let {B;}; be a pairwise disjoint collection of
balls centered at 02 with wq A (89 \ Ui Bi) = 0, and F; C 0(2 N 4B;) with
wqrap; A(F;) = 1. Then F := 9Q N Ui F; satisfies wq A(F) = 1. The same also
holds for bounded Wiener regular domains Q2 C R whenn > 2.

3 Inthe planar case the maximum principle on €2\ 1.5B holds even if 2 is not bounded, since wg(E) €10, 1].
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Proof In this proof we denote @ := wgq 4 and wn4B; := ®WQN4B;, A-
Let p € ©\{oo}. Abusing notation, we write F© = 9Q\ F. Since w?” (F°\|J; Bi) <
wP(3Q\ J; Bi) = 0 and the balls are pairwise disjoint, we can conclude

P (F€) = oP (U F¢N B,~> => o’ (F'NB). (6.6)

1

We claim that each term in the right-hand side is zero. Indeed, for each i fix a pole
pi € 2 N4B;, by the Borel regularity of wgmBl, let E; D F°N B; be a Borel
set with wf{m43i(Ei) = ngBi(FC N B;), and finally let z; € 1.59B; such that
% (E;) = maxze1.59p; @°(E;). With this choice of z;, by Lemma 6.1 we have

Y (Ej) S 0gnyp, (Ei). (6.7)

Since the balls are pairwise disjoint we have that F© N B; C (Ff N B;) N9 C Ff,
SO

wgnap, (Ei) = wgnyp (FC N B;) = 0.

Hence by the Harnack inequality (denoting its use with H), (6.7) and wf{m ap, (E i) =0,
for every index i there holds

. N G I "o
WP (F N Bj) =0l (E) S o'(E) S @gnp (Ei) S wgrp (Ei) =0. (6.8)

Notice that for each i the constants involved in the use of Harnack inequality and

Lemma 6.1 in (6.7) and (6.8) depend on 7, but the right-hand side in (6.7) is zero.
By (6.8) we have that the sum in the right-hand side of (6.6) is zero as claimed.

Therefore the set F := 902 N Ui F; satisfies w? (F) = 1. O

Lemma 6.3 Let ro € (0,00] and let ¢ > 0 be small enough. There exists 59 =
80(e) > O such that if 2 € R? is (8, ro)-Reifenberg flat with § € (0, 69) and B is
a ball centered at Q2 with radius rg < ro/100, then there exists a bounded (¢, r)-
Reifenberg flat domain D C {z : dist(z, 92) < ro/2} (for some r € (0, ro/2)) with
QN4B =D N4B.

Note that we are not interested in the precise dependence of r with respect to ro,
because we seek for a qualitative result in Theorem 1.1. It is quite likely that with
some care the previous result could be made quantitative.

Proof The proof uses the construction in [3, Definition 2.1 and Lemma 2.2]. Set
0<eée<1/100and E := dQNSB. Let W.—2(E€) be the set of maximal dyadic cubes
Q C E€ such that diam(¢2Q) < rgand e 2Q N E = @.

Denote Z the family of cubes Q € W,-2(E€) such that Q N 92 # @. For each
cube Q € T fix a point z9g € Q N 3L, and set ro = & min{rg, dist(zp, £)} and
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Bg := B(zg, rg). Consider the enlarged domain

of =quJBpoQ.
Qel

By [3, Lemma 2.2], this new domain is (ce'’?, g /2)-Reifenberg flat, where the con-
stant ¢ depends only on the dimension, provided the initial domain is (8, rp)-Reifenberg
flat with § € (0, 8o) and §¢ is small enough depending on ¢.

Consider the domain Dy := Q. N 10B. Clearly Dy C {z : dist(z, 9Q) < ro/2} as
10rg < ro/10. Let us smooth the corners of Dg out, where the (ce'/?, s)-Reifenberg
flat condition fails for all s > 0. Note that this may only happen in a finite number
of points {§;}jc; € 9Dy N d10B because Q; is contructed as a countable union
of balls. Fix a small parameter 7. For each &; of these points in Dy N 0108, let
Bj € {Bp : Q € I} suchthat§; € 10BN 9B;, and let ¢; and r; denote its centers
and radii respectively. Consider now the unique point p; € Do N (dB(cp, 10rg —
)N 0B(cj,r; — 7). In particular, the ball B(p;, 7) is tangent to d10B and 0 B;. Let
T; =10BN B; N B(p;, t)° the bounded open region enclosed between the previous
balls. Taking t to be small enough, the final domain

D::DO\UTjCDO
jeJ

satisfies D N 4B = Qj N4B = Q2N 4B and is (cel/z, r)-Reifenberg flat for some
r > 0 depending on 7. O

Claim 6.4 If Theorem 1.1 holds for bounded (8¢, ro)-Reifenberg flat domains, then
there exists 61 = 81(8p) > 0 such that Theorem 1.1 holds for unbounded (81, ro)-
Reifenberg flat domains.

Proof First we want to remark that if Theorem 1.1 holds for (8, rg)-Reifenberg flat
domains for a fixed ro > 0, then by means of a dilation it holds for (8, r)-Reifenberg
flat domains for any » > 0.

Let ¢ > 0 given by Lemma 6.3 and let ¢’ := min{e, §y/2} be small enough. Let
81 = 81(¢') givenby Lemma 6.3. Let Q2 C R? be an unbounded (81, ro)-Reifenberg flat
domain. Let {B;}; C {B(§,r)}sca0.,0<r<ro/100 be a disjoint family with wg (92 \
Ui B;) = 0, by Vitali’s covering theorem. For each ball B; let D; be the bounded
(g, ri)-Reifenberg flat domain from Lemma 6.3, for some r; € (0, ro/2). As &’ < 8o,
in particular each D; is a bounded (8¢, r;)-Reifenberg flat domain.

As we are assuming that Theorem 1.1 holds for bounded (8¢, )-Reifenberg flat
domains for any r > 0, for each i take F; C 90D; with wp, a(F;) = 1 and o-
finite one-dimensional Hausdorff measure. From Q N4 B; = D; N4B;, the maximum
principle and wp, (F;) = 1 we get

wonaB;, A((02\F;) N4B;) = wp,nap;, A((dD;\F;) N4B;)
< wp,; 4((0D;\F;) N4B;) = 0.
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In particular worap;, a((F; N4B;) U 04B;) = 1. As F; has o- -finite length, so does
F; :== (F;N4B;)Ud4B;.By Lemma 6.2, the set F = dQN{J; F; satisfies wg(F) = 1,
and clearly has o -finite length. O

6.2 Proof for bounded domains

Theorem 1.1 follows from Main Lemma 3.1 as it is done in [44, Proof of Theorem
1], with some small modifications. For the sake of completeness we give the detailed
proof.

Proof of Theorem 1.1 By Claim 6.4 we can assume without loss of generality that €2
is bounded. We denote @ := wgq 4.

Let ¢ : [0, 00) — [0, 00) be any increasing function with lim;_,o ¢ (¢)/t = 0, and
consider the ¢-Hausdorff content

hy(E) = inf {Zq)(ri) L Ec| B, n)} :

Now we claim that there exists Fy C 92 with w(Fg) = 1 and hy(Fp) = 0.
Indeed, suppose that the pole z € 2 is such that dist(z, 92) > rg. Set 7 = 1/2
and fix 0 < r < 1 to be small enough as in Main Lemma 3.1. Let ¢ > 0 and fix
M > g~ ! satisfying the hypothesis in Main Lemma 3.1. Take p small enough such
that 0 < p/r < 1/M and ¢(y) < eM~'/2y for all y < p. Then, by Lemma 3.1
with these parameters, we obtain a set Fy C 92 such that ®*(F;) > C —1 and with
a covering F. C |J; B(z;, ;) with Y_; r; < CM'/? and DliriopTi < CM~!. This
covering satisfies

ho(F) < S ¢+ Y ¢ <eM™ 23 it Y n

ri<p 1i>p 1i<p ri>p

<eM V2cM'? +cMT! < Ce.

Define now Fo, C 02 as

FOO = limsupFl/jz = m U Fl/kz’
Uns j=1k>j

With this choice we have

@ (Fao) =jli)n;owz UFe| = hmsupa) (F ;) = C™
k>j
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and as Fo, C Ukzj Fy 2 for any j > 1, then

notE) <ho (U Fie | = ho(Frn =€ Y o,

k>j k>j k>j

which gives hy(Foo) = 0 letting j — oo.

Let {zx}72; be a countable dense subset of 2. Fix zx and set di = dist(zx, 982). As
Q is (8, ro)-Reifenberg flat and the matrix A is Lipschitz in {x : dist(x, 92) < rg},
then Q is (8, ri)-Reifenberg flat and A is Lipschitz in {x : dist(x, 9Q2) < r¢} with
rr = min{ro, dr/2}. By the choice of r;y we are in the situation dist(zx, d2) > r. By
the same argument done in the previous paragraphs we get a set Fj, C 92 (relative to
Zk) such that

w*(Fy) > C~" and hy(Fy) = 0.

Define Fy := [J;—, Fk. The condition hy(Fy) = 0 for every k > 1 means that for
every € > 0 there exists a covering Fy C |J; B(z , l ) such that ) ; ¢(rk ‘) <
€/2F Hence, Fy = U2, Fr < U, U; B(zfe, r;"°) which gives hy(Fg) = 0
because

Wm<22w“sz%=

Moreover w* (Fy) > w® (Fy) > C~ ! forany z;. As {zk)2, C Qisdenseand w*(Fyp)
is L o-harmonic with respect to z (in particular continuous), then w” (Fy) > C ~1 for
any p € Q. By [21, Lemma 11.16] we conclude w”(Fy) =1 for any p € Q.

Finally let

F = {5 € 02 : lim sup

wP (B, 1)) }

——=>0y.
r—0 r
We claim that this set has o -finite length and w (F) = 1. We start by provingw (F) = 1,
and later we will show that it has o-finite length.

Suppose to get a contradiction that w?” (F) # 1, that is,

WP (F) = oP <{g €99 : lim m = 0}) - 0.

r—0

Egorov’s theorem ensures that for every s > 0 there exists a measurableset V = V; C
F€ such that ”(V) < s and w?(B(§,r))/r — 0 asr — 0 uniformly on F¢\ V.
Since 0 < wP(F¢) = w? (V) +wP(F°\V) < s +wP(F\V),if we take s > 0 small
enough, say s = w”(F¢)/2, then w? (F°\V) > 0. The set Y := F¢\ V has non zero
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elliptic measure and the limit

wP(B(-,r))
r

lim

r—0

=0.
Lee(Y)

Note that the function ¢ (r) := supgcy @” (B(&, r)) satisfies the conditions of the
rate function in the beginning of this proof, and by definition it satisfies w? (B (&, r)) <
¢(r)forallé € Y andallr > 0. All in all,

(1) wP(B(E,r)) <¢(r)forallé € Yandallr > 0,
(2) ¢ is increasing, and
3) ¢(r)/r > 0asr — 0.

For this particular function ¢, let F be the set constructed in the beginning of this
proof. That is, a set Fy with hy(Fy) = 0 and w?(Fy) = 1 for every p € Q. Hence
P (Y N Fy) = wP(Y) > 0, and moreover hy (Y N Fy) < hy(Fy) = 0. Consequently,
we can cover Y N Fy with balls B(&;, r;) centered at ¥ N Fy such that ), ¢ (r;) <
w? (Y N Fy)/2. With this we get

a)”(Y N F¢)

@
W' (Y O Fy) <D 0l (BE, ) = ) 900 < ——

1

This is a contradiction, and hence w? (F) = 1.
It remains to prove that F has o-finite one-dimensional Hausdorff measure. The
set F' can be written as

F = U FYJ with F17 .= {S € 02 : lim sup

r—0

wP(B(&,71)) .
— 1/1}.

izl

Therefore, it suffices to see that every F'// has finite one-dimensional Hausdorff
measure. Each point £ € F!/J has arbitrarily small neighborhoods B(&, r) such that
wP (B, r)) = r/j.Given ¢ > 0 small, consider the family of these balls centered at
F1/J with radius at most ¢, i.e.,

Be:={(BE.r):£eF'/ r<e andw”(BE, 1) >71/j)
By the Besicovitch covering theorem there is a countable subfamily {B(&;, r;)}; C Be

such that no point belongs to more than a fixed finite number C (it depends on the
dimension only) of these balls. Hence,

D o<y o”(BGE, ) <Cj,

and letting ¢ — 0 we obtain H! (Fl/j) < Cj, as claimed. O

Hence Theorem 1.1 is proved under the assumption that (1.2) holds.
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7 Llog L(do) type estimate for small densities: Proof of (1.2)

The purpose of this section is to prove (1.2), under the hypothesis of Lemma 3.3. More
specifically, we prove the following result.

Lemma 7.1 Let Q@ C R? be a bounded (8, ro)-Reifenberg flat domain, p € Q with
dist(p, 02) > ro, and A be a real uniformly elliptic (not necessarily symmetric)

matrix with ellipticity constant \. Suppose also that A is k-Lipschitz in U,,(0S2) 1=

{x € R? . dist(x, 02) < ro} and that its symmetric part Ag = AtAl is of the form
2

Ao = RTBR, with R € C'(U,,(3Q)) a rotation and B € C*!(U,,(3R2)) diagonal.

Then there exists 5o = 8o(A, KllAlle(Rz ) > 0and C = C(A, k, rg, diam 02) €
(0, 00) such that if § < &o, then for any (8, ro)-Reifenberg flat domain Q C Q with
smooth boundary a$2 and small enough disty (052, 89) we have

‘/N log|SVgh (§)17d@P ()| < C < +oo, (7.1)
a2

where @P = wg A is the elliptic measure in Q with respect to the matrix A, gg is the

Green function in Q with respect to the matrix AT, and S is the square root matrix of
the symmetric part Ag = (A + AT)/2, ie, STS = A,.

Remark 7. 2 As argued from (5.8) to (5.10), this implies that the Radon-Nykodym

derlvatlve ” satisfies the following L log L(do) type estimate

P P
—o0 < C'(A, k, diam 9) 5/ 997 ) 10g % £y do (&),
a0 do do

By symmetry, estimate (7.1) is equivalent to the existence of a constant C =
C (A, k, diamd$2) depending only on the ellipticity constant, the Lipschitz seminorm
of the matrix A, and the diameter diam 92 (but not on £2) such that

‘/N log |SVg(&)1*d@h(&)| < € < o0, (7.2)
02

where § = A(l)/ 2. e, STS = Ao, g = g is the Green function in Q with h respect to the
matrix A with pole p, and @y = w% |, denotes the elliptic measure in Q with respect

Q.4
to the matrix A7 and a pole p € € such that dist(p, 92) > ro. The existence of the
matrix S is granted by the fact that the symmetric matrix Ag is uniformly elliptic with
the same ellipticity constant as A, and hence positive definite. In fact, S = R” v/BR,
where v/B = (§i=;/bij)1=i,j<.
Throughout all this section, when dealing with terms within solid integrals we will
use the following notation:

e We write 2(x) = O(f(x)) to denote “|h(x)| < Cf(x) almost everywhere with
respect to the Lebesgue measure”.
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e Given a Lipschitz function &, we write |[Vhi(x)| < C instead of “|Vh(x)| < C
almost everywhere with respect to the Lebesgue measure”. Recall that Lipschitz
functions are differentiable almost everywhere by Rademacher’s theorem, see [34,
Theorem 7.3].

7.1 Directional derivatives and the dual space
We introduce some extra notation regarding the directional derivatives.
Notation Definition of directional derivatives.

e The (vertical) vector ¢; := (0,...,0, T, 0,...,007 has 1 in position i and 0’s
otherwise. In R? there are only two such vectors, namely ¢; = (1, 0)7 and e; =
0, DT.

e R := eiT - R corresponds to the i-th row of R.

e The d'-directional derivative 3’ := 9 RT (superscript) is defined as

Of:=0prf=(Vf.RI)=R;-Vf.

Here (-, -) denotes the standard scalar product in R™*!, The derivative 9; = e,
(subscript) is the usual one in the direction e;.
e The R-directional gradient Vg is defined as

n+1
i=1"

vazzR-Vf=<aif)

Remark 7.3 The directional derivative 0! preserves the usual properties in sums, prod-
ucts, and logarithms, i.e., 3'(f + g) = 3'f + d'g, 3'(fg) = gd'f + fd'g, and

i —if
d'log f = 7

Note that

a"ff( - (a"(R,- : Vf)’ - )a"Rj-Vf+Rjain‘ <IVfl+ (vzf

. (73

where we denote |V2 f|? := Z:H]'il 3, )%
Since the directions R; change depending on the point, the usual integration by

parts formula does not apply. Instead we have the following formula.

Claim 7.4 (Integration by parts formula) Let U C R"T! be an open set. For f, h
WL2U), if fh e Wy 2 (U) then

/a"f(x)h(x)dxz—/ f(x)h(x)divR,-T(x)dx—/ Fx) h(x)dx. (1.4)
U U U
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Proof The product rule gives 9’ f (x)h(x) = 8" (f (x)h(x)) — f(x)3"h(x). By defini-
tion of the directional derivative 8' we can write

n+1

8" (f()h()) = Ri(x) - V(f(hx) = Y 8;(f (A R: ; (x)

j=1

n+1 n+1
=9 (fhE) R j(x)) = F@OR(x) D Ri j(x)
j=1 j=1

= div(fhR])(x) — f(x)h(x)div R] (x),

which imply

/a"f(x)h(x)dx = /div(thiT)(x)dx —/f(x)h(x)div R (x)dx

— / F(x)d h(x)dx.
Using that C2°(U) is dense in W01’2(U ) and the divergence theorem, the first element
in the right-hand side is f div(thiT)(x) dx = 0. O

Again, since the directions R depend on the point, the directional derivatives do not
commute. Instead, the following formula relating %P and 98¢ is available, where
9%P = 9298 . We refer to this as the ‘almost’-commutative property.

Claim7.5 LetU c R*! be an open setand [ € W22U). Fora, B € {1,...,n+1},
3P f — 3P f = (8“Rg — 3P Ry) - V f.

Proof By definition we have 3# f = Rg-Vf= Zfill 0; f Rg.i. Applying 0% gives

i=1

n+1 n+1 n+1
3P f=R, V (Z a,»fRﬂ,l-) => 9 (Z aifRﬂ,,-> Ruj.
j=1 i=1

Expanding the derivative of this last expression and arranging we obtain

n+1 n+l1 n+1

3“’5]( = Z 0j.i fRg,i Ry, j +ZaifZBjR‘3’,‘Ra’j.

i,j=1 i=1 j=1

The sum inside the second term in the right-hand side is precisely Z?i{ 0jRgiRuj =
Ry - VRp; = 0%Rg ;. Hence

n+1 n+1 n+l
0P f =" 0;ifRpiRaj+ Y 0ifd"Rpi= Y 08jifRpiRa;+0"Rg-Vf.
ij=1 i=1 ij=1
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By symmetry we obtain 8%% f = ijil 3jifRuiRp j + 3P Ry - V£, and sub-

tracting 3%f f — 35 f we get Claim 7.5. O
In particular, setting @ = 1 and B = 2 in the planar case we have
012 f — 921 f = (0'Ry — 9’ R) - VS,
and applying it to the Green function g, we get

912¢ —9%lg = (8'Ry — 9%Ry) - Vg = O(|Vg)). (7.5)

7.1.1 Definition of the dual space

LetU C Qandu € LIIOC(U). Define the linear functional

T,(p) = / uy,
U

whenever it makes sense. In particular, 7, € L2°(U)'. To simplify the notation, we
will also write u () to denote T,, ().
The 9;-derivative functional is defined as

Tou (W) = — /U s

whenever it makes sense. Note that Ty, € WCI’OO(U ) foru € LIIOC(U ). Moreover,

we also have Ty, € WCI’Z(U)’ whenever u € LIZOC(U). As before, we will also write
Du () to denote Tp, (1) for any differential operator D. In general, the functional

Trpw(¥) = Tpw (f¥),

is in W, (U)’ as long as either f € Wyo2(U) and u € L, (U), or f € Wo>(U)
andu € L} _(U).

loc

We claim that whenever u € L%OC

(U) and f € WIL’CQ(U), in the dual space
WJ > (U), the 9;-derivative functional satisfies the product rule

Ty (fuwy = To; fu + Tropu- (7.6)

Indeed, for any ¢ € WJ’OO(U ), the previous equality reads as

—/ fu8i1/f=/ a,-fuw—/ udi (F ),
U U U

which holds by the Leibniz’s rule a.e. for W!2-functions.
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Using the definitions of Tj, and the directional derivative 9 () = R;V(-), see the

beginning of Section 7.1, the directional 3'-derivative functional T, : WheWw) —
R, foru e L} (U), is defined as

loc

Ty = Trvu = Y Tk jou- 1.7
j

Equivalently, for ¢ € W2 >(U),
Ty (W) = Toju(Ri j¥) = — Z/U ud;(Ri W)
j j
=-Z/{juwajRi,, —Z/UuRi,,-ajw (7.8)
j j

=—/ uwdileT—/uai¢.
U U

This agrees with the integration by parts formula in (7.4) when u € wi2).
Next we claim that, in the dual space Wcl’OO (U) ,foru e L? (U)and f € WIL’Cz(U),

. loc
the directional 9'-derivative functional satisfies the product rule

Tai(fu) = Taifu + Tfaiu. (79)

Indeed, R; jv € W™ (U) when ¢ € W)"*°(U), and hence, for f € W2 (U),

7.7)) (7.6))
Tyi oy @) 23 Ty R ) 2703 Ty, pu(Ri ) + Trau(Rij)
J J

"D Ty ) + T (),

as claimed.
Another important property is the following ‘almost’-commutative property of the
directional derivatives (compare to Claim 7.5). For u € Wllo’cl (U), in the dual space

WL (U), we claim that
T31(82u) - TaZ(alu) = T(31R2—32R|)~Vu’ (710)

Indeed, for ¥ € W (U) and o, B € {1, 2},

7.8 .
Taa(aﬁu)(l/f) (=) —/ Bﬁut/f div Rg _/ 3/9“3051#'
U U
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Given {ug k=1 C C°(U) with limg_, oo [lugx — ull w11 supp y) = O, this equals

Toeapuy () = —/ 3Pury div RT —/ Purd®y

; v (7.11)

—/ 3P (u — up)y div RT —/ 3P (u — up)d%y.
U U

By the integration by parts in (7.4) applied to 3fu;, we have that the first row in the
right-hand side is precisely |, U 3% (0P uy)yr. Applying now the ‘almost’-commutative
property (Claim 7.5) here we obtain

Tyeapuy(¥) =/Uaﬂ(a“uk)w+/U((a°‘Rﬂ —3PRy) - Vup)y
—/ 8ﬁ(u—uk)1pdivR§—/ 3P (u — up)d%y.
U U

Again, by the integration by parts in (7.4), we can replace the first term in the right-hand
side to obtain

Taa(aﬁu)('(//)z—/ 8“uk1/fding—/ 3%urdPy
U U
+ [ @Ry = 0" Ra) -V
U
—/ aﬂ(u—uk)wdich{—/ 3P (u — up)d%y.
U U

Now, adding and subtracting u in the second row we get

Ty oty (W) = — / 0%upp div Ry — / 3% urdPy
U U
+ Tge Ry —08 Ry v (W) + /U((a"ng — 3P Ry) - Vg — )y,
- / 3P — up)y div RT — / 3P (u — up)d%y.
U U
By symmetry in (7.11) and subtracting we obtain
Taa(aﬁu)(‘/’) - Taﬁ(a&m(l”) = T(aaRﬁ_aﬁRa)vu(w) + /l]((3aRﬁ - BﬁRa) Vg —u))y,
- / 3P (u — up)y div R — / P — up)a%y
U U
+ [ 8% —up)y divRT + [ 9% — up)dPy.
U B U

By the convergence limy— o0 ||ug — 1|l y1.1 (supp ) = 0 we get (7.10).
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7.1.2 Properties of directional derivatives and the dual space

The following claim allows us to move from the initial matrix A to its symmetric part
Ao, which we will relate to the directional derivatives in Claim 7.7.

Claim7.6 LetU C Qbean open setandu € Wli)’cz(U). Everyyr € Wcl’oo(U) satisfies

n+1 .
(div AVu) () = (div AgVa) ) + | 3 9y (%) oju | ().

i,j=1

Proof Letu € C°°(U). By definition of the divergence and differentiating we have

n+1 n+1 n+1 n+1 @ itai;
. i S

divAVu = Z 0ia; joju+ Z a;j jo; ju = Z dia; joju+ Z %81',]'14.
ij=I i,j=l i,j=1 i,j=1

Note that a) ; := % are precisely the coefficients of the symmetric matrix Ag.

The product derivative rule gives

0 — 9. (4 .9; a0 .5.
al’jal,]u = 3, (a,’ja]u) - alai’ja]u,

and applying this relation to each pair of indexes i, j € {1,...,n + 1} we get
n+1 n+1
Z a?’jai’ju =divAoVu — Z 8iagj8ju.
i.j=1 i,j=1

Summing up,

n+1 n+1 @G ita
div AVu = div AgVu + 'Zl dia; jju — 'Zl 3; (%) dju
L, ]J= L, ]J=

n+1
aij—dj;
=divAgVu+ Y _ (%) dju,
i, j=1

as claimed, for functions in C*°(U).

Let us check this in the dual sense for a function u € WIL’CZ(U ). Letyr € WCI’OO(U ),
and hence u € W]’z(supp ¥). Take {ug}i>1 C C2°(U) such that limg_, o0 llug —
ullw12suppy) = 0. As we have the claim for each function u, in particular

/AVuVW =/ AV (u —uk)Vl//—{—/ AVurVyr
U U U

U U
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S

i,j=1

/Aowvw /% ( )auw

+/ AV —up)Vy +/ AoV (uy —u)Vir
U

/f ( )awk—uw

i,j=1

Now, since the matrix is Lipschitz and limg— oo llux — ullw1.2(supp y) = 0, we conclude

AVuVy = [ AgVuVy — 3 0; dju -,
/ / [, 2w ()

as claimed. O

We treat one of the main terms in (7.1) by means of a perturbation argument.
To do that, we note that we can write div(AoVu) as in the diagonal case using the
R-directional derivatives, plus an error term. More precisely, we have the following
claim.

Claim 7.7 Let Ao = R BR satisfy the conditions in Lemma 7.1, let U C Q be an
open set and u € Wli)’cz(U). Every r € WCI’OO(U) satisfies

n+1 n+1
(div(AgVu)) (¥) = (Z 8i(bi8iu)) (W) + (Z bid'u - div Rf) (V).

i=1 i=1

Proof Assume firstu € C*°(U). Let us write RVu = (R; - Vu)"ﬂ = (afu);“"}, and
so BRVu = (b; 8/14)""’1 Hence,

n+1
RTBRVu = R” (b, afu)"+1 ZRT b;dlu

i=1

Therefore,

n+1 n+1 n+1 n+1 n+1n+1
div(AoVu) = Y 9; ZRT bjdlu Zb uy 0 Ry )+ Y Y Rjidi(bjdu).

i=1 i=1 j=li=1

Note that the sum inside the first term in the right-hand side is precisely Z?;rll 0;i (Rj.i)

= div RJT, and the sum inside the second term in the right-hand side is
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SR 0i(bjd7u) = Rj - V(bjdu) = 8/ (b;d7u). Thus, the claim follows for
ue C®W).

From the definition of the directional d'-derivative in (7.7) and (7.8), the claim
follows by a density argument as in Claim 7.6. O

7.2 Sketch of the proof

Throughout this section the pole p € 2 so that dist(p, 92) > rg is fixed unless it is
otherwise stated (see Lemma 7.10 below). In any case, it will be far from 9€2 and so
from 92. Recall also that S := A(l)/z, ie., STS = Ao.

Fix R := min{l, r9/2}/2, and so we have 0 < R < min{l, ro/2}. By [30, Lemma
3.35], see Lemma 2.13 and Remark 2.14 above, if Q is Reifenberg flat enough, depend-
ing on the ellipticity constant A and the value k[ A ; » ®"HY> then there exists a constant

c=c(h, K||A||L00(Rn+1)) > 1 such that

Vg < —8)

— < |V for ever € B(&, R/c) with c Q.
= Gist (v, 089) Vel yy (&, R/c) 3

Here we need to work with (8, ro)-Reifenberg flat domains with flatness parameter
6 smaller than some constant depending on the ellipticity constant A and the value
K ”A ”Loo(RZ)'

Let us now fix the support function ¢ with ¢(p) = O:

Remark 7.8 Let ¢ € C°(R?) with
—1; - 2. 3; R
e p=1 ¥n Uﬁ(aﬂ) = {x € R” : dist(x, 90Q) < 555001
e ¢ =0in U%(aﬂ)c, and
o |Vp| <1,
Sosuppg C U% (9S2). Note that 982 C QNsupp ¢ if we assumethatdistﬁ(afz, 02)
is small enough. With this choice of ¢ we have the comparability

g(y) = =
\Y ~———forye QNU 02) D 2Nsu . 7.12
Vg ()l dist(y, 09 y TS pp¢ (7.12)
We claim s
2 2.5
log [SVg|= € W, ;.o (2N Ulsgof (092)). (7.13)

Indeed, this follows as |Vg| ~ g/dist(-, 3Q) > 0in Esz%(aQ) and g € W22(QN
U_x_(d9), see (7.20).

Notation From now on the variables and the region of integration will not be written
unless they are not clear from the context.

Estimate (7.2) will follow from the following partial results.
For a > 10, let log, x = max{logx, —a}. Note that in the weak sense

(log(a)(x))’ = 1 >c—ay(x) log x.



106 Page 56 of 79 I. Guillén-Mola et al.

Lemma 7.9 (Step 1) For a > 10 big enough,
/N log |SVg|> d&h = /N log () 1SVg[* d& + o (92)Oae /%)
a0 3%

Since o (0 §~2) < 09, the second term in the right-hand side tends to zero as a — ©0.
We prove the preceding lemma in Section 7.5.1.
Lemma7.10 (Step 2) For any a > 10 so that e™* < mingegsupp vy |SVg(2)|% and for

a.e. p € Q with dist(p, 02) > ro,

- V2|
_log |SVg|2dw”:—/N<ATVIog 1SVgl?, Vipg) + O 1+/ —g].
/BQ @ T Q @ supp ¢ Vgl

We prove the preceding lemma in Section 7.5.2. Note that the left-hand side integral
is supported on the boundary, while the one on the right-hand side is a solid integral.
Next, fix 2, C © a smooth domain satisfying

fiﬁsuppgoCSNZ(pCU%(BQ)ﬂSNZ.

With this choice we have the comparability |Vg| ~ g/dist(:, 32 in ﬁw, see (7.12).
We prove the following two lemmas in Section 7.5.1.

Lemma 7.11 (Step 3) For a > 10 big enough,

- / (ATV log ) 1SV8 12, V(pg) = — /§<ATVlog|SVg\2,v<¢g>>

9]
+0 Hz(sz)e*"/%r/~ 1v2gl ] .
QNsupp pN{|SVg|2<e—a)

Note that the last term in the right-hand side also tends to zero as a — oo because
g € WHA(Qy) and M= 10{ISVEP? < e )N Qy = 0.
Fore > 0assmall as desired, we consider a given function v, € C*(R?) satisfying

(1) 0 < < 1 everywhere,
2) Yo =0in U, (39),

(3) ¥, = 1in U3, (3Q)¢, and
@) Vel S L

Lemma 7.12 (Step 4) For ¢ as above we have

a7 0g159eR. Vo = tim | [ (47910154, 9000

1 V2
ot LBl
e Ju00) Vgl
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In the weak sense, we can write the first term in the right-hand side in Lemma 7.12
as div(AT V log |SVg|?) acting on Y.pg € WCI’OO(S~2¢), which can be understood as
test functions. When studying the harmonic measure in the plane, i.e., A = Id, this
term is O by the harmonicity of log |Vg| far from the critical points, a property that
does not hold in general in higher dimensions. This was a key point to establish (1.2)
for the Laplacian in [24, Lemma 3.1].

In the following remark we discuss this argument in the constant coefficient case.

Remark 7.13 (Constant matrix and L 4-harmonic functions) Suppose now that the
matrix A is constant. Given any function u, by Claim 7.6,

div(AT Vu) = div(AgVu),

i.e., we can reduce the study to the symmetric part. Moreover, by means of a linear
change of variables, see Lemma 3.4, we hayg that diV(ATVu) = 0 if and only if
il = u o D satisfies div (AgVii) = 0 where Ag = D~'Ao(D~")T, for any constant
matrix D with det D # 0. Since A is constant now, if we choose D = ST where
S =A% e, STS = Ag, then Ag = (ST) 1 ApS~! = (ST)"'ST S5~ = Id, and
so Al = 0. It is known that if A% = 0, then Alog|Vii|> = 0 (only) in the plane,
whenever Vi # 0. If we undo the previous change of variables then we obtain

div (on <log |SVu|2)> —0,

off the critical points.

Back to the general case, when the matrix A is non-constant, instead of moving
from our matrix to the Laplacian by means of a change of variables as it is done in
the constant case (meaning that we would need a non-constant change of variables),
we will work with its symmetric part. Using the particular form Ay = RT BR, the
rotation matrices will play the role of the directional derivatives, so we will be left
with the diagonal matrix B, and this allows us to apply the previous strategy.

Now we study the first term appearing in the right-hand side in Lemma 7.12,

- /{~2 (AT V log [SVg %, V(1 08)),

which is the most delicate, and the key point in the different behavior between the
planar case and higher dimensions. Recall that, in the dual space, this term is

(div(ATV 10gSV)) (Wepg) where Yrepg € WL(@,).

Notation From now on, a boxed term (representing the functional Tx) can be
understood as a pointwise function, while a functional written as Tx needs to be
understood strictly in the dual sense.

In the following lemma we decompose this last term.
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Lemma 7.14 (Step 5) In the dual space Wcl’oo(ﬁ(p)’, we have

div(ATViog |SVg?) = [ M1 |+ M2]+ Ty + T,

where

VT
= Z |SV;|4 <alngv Bng)z?

2
Z |SV |2 (9'Vrg. BO'Vrg),
=1

2 . .
Tz = ——— (S0 (ba’v ),Bv ,
M3 = Sy <§ i0'Vrg Rg>

and Tg is an error term (involving derivatives of the matrix A) of the form

2 2
1 ; [V-gl
Tg = ' (O(vgl? of1+2=—2). 7.14
£ ?:1: Svar? (01VsP) + <+ IVgI) (7.14)

We prove the preceding lemma in Section 7.5.3.
Note that, using (7.3), we have that the two main terms satisfy

[1]| + [22] <1+<||va||> 7.15)

which is bad for our purposes. A similar behavior occurs with the term 7j,3. Instead,
we need to exploit their cancellation, as illustrated in the constant matrix case:

Remark 7.15 (Constant matrix and main terms) If the matrix A were constant, and
hence R and B were constant as well, then we would have Tg = 0. That is,

div (AT V log|$VgP) = [M1]+[M2]+ T,

This suggests that these 3 terms are the main terms, and the others must be bounded
error terms. Moreover, we have the following points:

e The key point in the plane is that 21'2:1 3% (b;d'g) = 0 would imply b13"!g =
—by 922 g (off the critical points). One can show that, as a consequence, the main

terms and would cancel each other in the sense + = 0 off
the critical points of g.
e Since the derivatives would commute, i.e., 812 = 92!, we would have

zzja" (b,»a"ng) = Vg <Zz: 5 (biaig)> = Vz(0) =0, (7.16)
i=1 i=1
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where we used that the Green function g satisfies Y">_, 8" (b; 8" ¢) = 0. This is why
we call Tys3 the “zero” term. In contrast to the previous point, here it is not needed
that we are in the plane. However, we use that the Green function is L 4-harmonic,
that is, this term is zero even in higher dimensions.

All in all, in the constant matrix case we would have

div (ATV log|5VgP) =[M1]+[M2]+ Ty =0
off the critical points of g.

The strategy explained in the previous remark is, morally, what we will do to prove
the following two lemmas.

Lemma 7.16 (Step 6) Pointwise ‘ + ‘ <14 |V2g|/|Vg] in &,
We prove the preceding lemma in Section 7.5.4.

Lemma 7.17 (Step 7) In the dual space WCI’OO(§~2¢)/, the functional Ty3 is of the form

2
2b;jd/ g
Tus = Z 5v oz (0UVgh + 01V +3' (V) + 8 ©(Vgh)

Recall that this equality must be understood at a functional level, see (7.36) below.

We prove the preceding lemma in Section 7.5.5.
In the following lemma, we bound the error terms that have appeared in the previous
computations.

Lemma 7.18 (Step 8) For small enough ¢ > 0,
| 2

< Vsl
1 Tv3 (Ve + I TE(Yepg)l S 1+
supp ¢ Vgl

We prove the preceding lemma in Section 7.5.6.

Lemma?7. 19 (Step 9) fupptp Ilvvéf”l‘g < C < oo, and for small enough ¢ > 0,

Jo.o3) s \Vg\ e s e
We prove the preceding lemma at the end of Section 7.4.

Using the previous lemmas we obtain (7.2).

Proofof(7.2) Let p € Q with dist(p, 9R2) > rp so that Lemma 7.10 holds for all
a > 10 integer. By Lemma 7.9 to 7.11 we have

T 2 V2|
<|— [ (A" Viog|SVg|, V(pg) |+ O |1+ —g-
S

2 g~p
_log|SVgl|“dw
’/852 r upp ¢ Vgl
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By Lemmas 7.12, 7.14, 7.16 and 7.18, we get

Vz 1 VZ
‘-/(ATVlogISVgIZ,V(wg»‘ S +/ QngO lim 7/ B Mg .
suppe Vel e—0¢ Jus, (3% Vgl

In particular,

~ v? 1 v?
‘/NlongVg|2dw¥ 51+/ | g|g+(9(lim—/ ~ | glg).
3% suppe | V&I e=0¢ Ju, 08 Vel
Finally, (7.2) follows from this and Lemma 7.19. Note that by Harnack inequality this
is true for every p € Q with dist(p, 92) > rp. O

7.3 Second derivatives of the Green function

In this subsection, we collect a fundamental property of the Green function in our
situation, and some useful equalities and bounds that we will use later on involving
the second order derivatives of the Green function.

The following claim points out the main difference between the planar and the
higher dimensional case. This is a key point in the proof of Lemmas 7.16 and 7.17.

Claim 7.20 The Green function g satisfies

2 2 2

S o G —
21 3 (bid'g) = _z;bialgdlva — E lai (%) 3,8 = O(Vgl).
i= 1= Lj=

a.e. inU;(0€2) N Q. In particular,
b1a" g = —br0%%g + O(|Vg)). (7.17)

Proof By Claims 7.7 and 7.6,

2 2 2
divAVg =Y "' (bid'g) + > bid'gdivR] + Y 9 <%) 38
i=1 i=1 i,j=1

2
=Y ' (bid'g) + O(VgD),
i=1

where we used that the matrices A, B and R are Lipschitz. The claim follows from
the fact that the Green function satisfies div AVg = 0 a.e. in U,,(92) N Q, see
Remark 2.11.

As a consequence of 8’ (b;d'g) = 8'b;d'g + b;d" g and 3'b;d'g € O(|Vg|), we
have (7.17). ]
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A close look to the proof reveals that if the matrix A were constant, then we would
have b1d''g = —by8>2g in the planar case, as it was explained in Remark 7.15.
Instead, we get the analog with some error terms in (7.17).

In the following claim we collect some basic equalities and estimates. These equal-
ities will be useful in the decomposition procedure in Lemma 7.14.

Claim 7.21 Using the notation Vg f = R - V f, see Section 7.1, we have
3'|SVgl* = 2(3' Vg, BVRg) + (Vkg, 8' BVRg). (7.18)

Consequently,

5 ( I\ _ —9'ISVel (.18) _2(9'Vkg. BVrg) + (V8. 8'BVkg)
ISVel?

|SVgl* |SVgl* ’
(7.19)
and 5 5
VISV v -
Vlog|sVel?| = SVEIT oy Vel 3. (7.20)

ISVgl> ~ Vgl

Proof Since STS = Ag and Ag = RT BR, we can write
|SVg|* = (SVg, SVg) = (Vg, AgVg) = (RVg, BRVg) = (Vrg, BVgg).

Recall that R and B are Lipschitz regular, thus we can apply the usual derivative rules
a.e. to obtain

3'|SVg|* = (3'Vrg, BVRg) + (Vrg, 8" BVRg) + (Vrg, B Vrg),

and (7.18) follows from the symmetry of B.
The inequality in (7.20) follows from

2
(7.18)) . .
VIsVeP| "R 3" |26 Vig, BVrg) + (Vg 8 BVRg)
=1

P
2 2
<Y 21(3'Vkg. BVrg)| + Y _ [(Vrg.d' BVrg)|
i=1 i=1
2 (7.3)
SIVelP+ ) 10'VegllVel < IVeI* +(VgllVigl.

i=1
and this concludes the proof of the claim. O

Remark7.22 1/|SVg|* € W,-2(,) because of (7.19), |Vg| ~ g/dist(-, 8$2) > 0 in

SNZ(/, and g € WZ’Z(EZ(/,). By the same reason, log |SVg|2 € WIL’CQ(Q(,)).
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7.4 Whitney cubes and proof of Step 9

A classical way to compute an integral over a given set is to discretize it. We will
do so using Whitney cubes, that is, we divide the domain into regions (cubes) which
have diameter comparable to their distance to the boundary, so that Harnack’s and
Caccioppoli’s inequalities can be used locally.

Let us start by defining the Whitney covering of €, and then we will move to study
the properties of those cubes touching supp ¢.

Definition 7.23 There exists a collection Wg of dyadic cubes satistying the following
properties:

(W1) v20(Q) < dist(Q, 0Q) < 44/2¢(0), equivalently, diamQ < dist(Q, Q) <
4diam Q.
(W2) 1.50 N3 = 0, since dist(1.5Q, Q) > dist(Q, 9Q) — /2 - 0.25¢(Q) >

0.75v/2¢(Q) > 0,

which we call Whitney cubes, see [17, Appendix J]. We define W, := {Q € W :
Q Nsupp g # 7}

Lemma7.24 Every Q € W, satisfies also:

(W3) dist(x, 9Q) < Ty < R/c for x € 1.50.
(W4) £(Q) S 1.

(W5) If Q Nsupp Vo # @, then £(Q) 2 1.

(W6) For x € 1.5Q we have

g(x) ~ g(A(§, 106(Q))) S or(B(§,10£(Q))) = or(50Q) < 1,

where & € 9 is such that dist(&, Q) = dist(0Q, Q), and A(E, 10€(Q)) is the
Corkscrew point at & with radius 10£(Q).

Proof Note that for x € 1.5Q, Harnack’s inequality gives g(x) ~ g(A(&, 10£(Q))).
Using the relation between the elliptic measure and Green’s function in NTA domains
(see [25, Lemma 1.3.3]), we get

8(A(§,10€(Q))) < @r(B(§, 10£(Q))).

Here we need p ¢ B(&,3-10£(Q)), which is granted as long as 92 and 92 are close

enough.
The remaining estimates in the lemma follow from the definition by standard argu-
ments. The details are left to the reader. O

In order to bound the error terms arising in the proofs of Section 7.2, we will use
(without mention) the following remark.

Remark 7.25 1f f € O(|Vg[) then ‘f ﬁ(ﬂg‘ <C < 0.
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Proof Since g < 1 in supp ¢ (see Lemma 7.24(W6)), we obtain

‘/ |Vg|k ‘ /|$f||k|</’g| </|<Pg| < HA(Q) < (diamdR)? < oo,

where we used that 2 is bounded. O

Next we continue by controlling the Green function over Whitney cubes:
Lemma7.26 We have:
(1) Xgew, £(Q) - 0r(500) < L.
(2) Fore >0, tpews:0nu, 0820 £(Q) - @1 (500) S &
(3) Fore >0, ng(afZ) g < e?

1/2 N

(4) Foreach 0 € Wy, ([i508%) S £(0) @1 (500).
(5) For each Q € W,, fQ Vgl < €(Q) - &r(500).
(6) Foreach Q € Wy, [, [VZg| < @1 (500).
Proof Ttem (1): As £(Q) S 1 for every Q € W, (see Lemma 7.24(W4)), there is kg

such that every Q € W, satisfies £(Q) = 27K with k > ko. Note also that, for each
scale k = ko, the family {50Q};pcw, . ¢(0)=2-+) has finite overlapping. Therefore,

YU B0 =Y Y U@ -ar(50Q) =Y 2% 3 &r(500)

QeW, k>ko QeW, k>ko QeW,
(Q)=27F 0(Q)=2"%
<> 2—"5T( U SOQ) <Y 27F <o
k>ko QeW, k>ko
(@y=27*

Item (2): Recall that the cubes Q € Wg with Q N U (89) # () satisty £(Q) < e,
and £(Q) =~ gif Qﬂ(aUg(BQ)\Z)Q) # ), see (W1). Hence, as in the proof of item (1),
taking ko(¢) ~ — log, & we have

Y Q@G0 = Y 27t 3 ar00) s Yo 2 ant =
QeWg k=ko(e) QeWg k=ko(e)
0NV (3) £ t=27*

Item (3): Using that g < < @r(500) in Q, see (W6), that the cubes O € Wg with
on UE(E)Q) # @ satisfy £(Q) < e, see (W1), and item (2), we have

()
= Q)7 (500) < £2.
/Ug(a?z) &= Z / 8 Z (Q)or(500) S ¢

QEW~ QEWSZ
0NU; (32)£0 ONU: (02 #Y

Item (4) follows since g(x) < @y (50Q) for x € 1.50 (see Lemma 7.24 (W6)).
Item (5) follows from Cauchy-Schwarz and Caccioppoli’s inequalities and item (4).
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Item (6): Since the Green function g of Q 1s solution of d1v(AV )= 0in 1.10,
the function g(-) = g(£(Q)-) is solution ofdlv(AV )in 1. 1Q where Q {x/€(Q) :
x € @} has side-length one, and A() AL(Q)-). Moreover, since 8i8j§(~) =
£(0)%9;0;8(£(Q)-). we get

/A IV2g(x)|? dx.
0

1
2 2 _ 2 2 2 .
/QIV g0 dx = £(0) /@w s =

The matrix A has the same ellipticity constant as A, but as £(Q) < 1 for every
0 € W,, see Lemma 7.24 (W4), the Lipschitz norm cannot grow too much:

||;‘\||c0v1(1.1§) = ||K||Loc(1.1§) + [A\]Cov'(l.lé)
= [[AllL=@.10) + L(QAlcor(1.19) = CllAllco1(1.10)-

Moreover, dist (@, (1.1 @)“) ~ 1. Therefore we can apply (2.2) in Theorem 2.9 to
obtain

2 2 1 (2<2)) 1 5 1/2 2 17272
v dx = d \3 + I3 .
/Q' gihdx E<Q>2/a' xS ror (/uél g') (/u@g>

Applying Caccioppolli’s inequality and item (4), this implies

[t s = e
§ K(Q)2 so° w0 lise® 7 T wo?

Using the Cauchy-Schwarz inequality and this, we get

1/2
/Q|V2g|s£(Q> </Q|v2g|2) < 3r(500).

Using this lemma we obtain Lemma 7.19.

Proof of Lemma 7.19 Recall that, by (7.12) we have

Vet > —8&

™~ dist (x, 9<2)

provided the domain Q is (8, ro /2)-Reifenberg flat with § small enough depending
only on A and « [|All; ®2) With this it suffices to show

for x € supp ¢,

/ |V2g(x)|dist (x, 982) dx < C.
supp ¢
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Summing in W, by (6) and (1) in Lemma 7.26 we obtain

(6) ()
[ swiineadn s Y uo) [ S Y 10)- 3600 5 1,
supp ¢ QeW, 9] Qew,

as claimed.
Let us see the localized version. As above, using (7.12), and (6) and (2) in
Lemma 7.26,

V2l 12 2 >
/ _ g S / _[V2gldist(x, 0Q) < Y E(Q)/ V3¢l
v.0%) Vgl Us (382) s 0

0NU; (02) #9

©6) ~ ®)

S ), UQBr(00) S e
QeWs

ONU: (9 0

7.5 Proof of Steps 1to 8

In this subsection we prove remaining Steps 1 to 8 in Section 7.2.

7.5.1 Proof of Lemmas 7.9, 7.11 and 7.12

Proof of Lemma 7.9 We have

‘ /B . log |S(6)Vg (&) > dah (&) — /3 . log ) |S<§)Vg<s>|2d5T(s>’

’ / - (log |S(E)Vg(®)|* + a) d5¥($)'
(E€IQIS(E)Ve(E)|[><e—}

Since the domain is smooth, we can use (2.8) to write and bound the right-hand side
term as

‘/ ~ — (A®)Vg(®), v)(log [SE)Ve® ] +a) da(é)‘
(£ SE)Ve©)P<e)

<

~

/ - [S(E)Ve&)I(log|S(E)VeEE®)IDda(§)
(£€0:ISE) V()P <e)

<o (3%) (e*“/zuog e*“/z\) .
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Proofof Lemma 7.11 We have
- / (ATV log,y, V5[, Vipg)) + / (AT Vlog|SVgl%. V(0g))
- / (ATV min{0. a + log Vg, V(pg)).

On the other hand, by (7.12) we have that if @ > 10 is big enough then ¢ = 1 in
Q, N{|SVg|*> < e}, and hence

/ (ATV min{0, a + log [SVg[*}. V(pg)) = / (ATV10g |SVg|*, Vel sygp<e-aj-

By (7.20), this is controlled in absolute value by

|Vzg| 2
1+ Vgl < Vgl + [V-ogl.
{ISVgP<e—} Vgl {ISVg2<e—a} [ISVg2<e=a)

The lemma follows because the first term in the right-hand side is bounded by a
constant times H2(Q)e /2. O

Proofof Lemma 7.12 For ¢ > 0 small we have (1 — ¥.)¢ = (1 — ). Hence
= (AT 10g|SVeP. V(1 = vpe)) = - [(ATVIog|SVER. V(1 - 1)
- /<ATv10g|SVg|2, Vie)g — /(ATv1og|SVg|2,Vg><1 ~ V).
Using (7.20), the second term in the right-hand side is controlled in absolute value by

|V2g| e—0
/ 5 (1+ v Vgl = _ Vel + _ Vi =0,
Uz (98) Vgl Uz (08) Use (983)

and the first term is controlled in absolute value by

|V2g| 1 I V2g|
_ I+ gV = - g+ - ~ g.
Use (382) Vgl € J U3 (58) ¢ Juy 08 Vgl

The lemma follows by applying (3) in Lemma 7.26 in the last line. O

7.5.2 Proof of Lemma 7.10

Recall that the _Green function g in Q for the operator L 4u = div AVu satisfies, for
every ¢ € Co(ﬁ) N W1’2(§),

/3§¢(é)d5§(s) —¢(x) = — /ﬁ(AT(y)vmy), Vg (y)dy, forae x € Q,
(7.21)
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see (2.4).
We claim that

plog, 1SVgl* € CO(Q) N Wh().

Indeed, g log,) [SV gl ecC 0(6) because the function ¢ avoids the pole and Vg is
continuous up to the boundary, see Theorem 2.12. Let us see that ¢ log,) [S Vgl? e

wi2(Q). Using Jensen’s inequality as the function x — |log x|? is concave for x > e,
the L2-norm is controlled (depending on @) by

’ 2
/N ‘log(a) [SVg] ‘
QNsupp ¢

2
S/N 10g<a)|SVg|2‘ +/~
QN{ISVgl*<e)

QNsupp ¢N{|SVg|?>e}
SH@ <a2 +

2
log <][~ |SVg|2) < 00,
QNsupp ¢N{|SVg|?>e}

which is bounded since g € W1’2(§~2 N supp ¢). The L? norm of V(e log(a) |SVg|2)
is

2 2

2
1V tog 15V < [ 1908 [tog 15[ + [ #2190z 1578

The first term is finite by (7.22) because ¢ € C° (R?). From the definition of
log,) x := max{log x, —a} and by (7.20), we get

2 < > V2¢|
V10 ISVEI| S 1jazea) (ISVEIP) ( 1+ :
Vgl

and hence the second term is controlled by

IV2gl?
[ |V log, ISVeI*I? S/N ;
QNsupp ¢ QNsupp N{|SVg|2=>e—4} |Vg|
sH@+e [ VP <
QNsupp ¢

which is bounded as g € W2’2(§ N supp @).
By the choice of ¢ with ¢(p) = 0 and ¢|;5 = 1, and plugging ¢ =
plog, [SVgl? € CO(2) N WH2(R) in (7.21), for ae. p € Q with dist(p, Q) > rg
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we have
/N log y, ISVel? dal = —/N (ATV <¢ 1020 |SVg|2) ,Vag)
el Qnsupp ¢
=— [(ATVg, Vg) - log,, |SVg|?
/( ¢, Vg) -log, ISVg| (723)
- / (ATV log,,, ISVgl, V)
=[1]+[2]+[3]
with

= —/(ATW), Vg) - log, ISVl
= /(ATVIOg(a) |SVg|2, V‘P) - 8, and

== [ 14TV 1og, 15VeP. Vg

We claim that " < 1 and )‘ <1+ fsuppw %g, and hence Lemma 7.10
follows.

We start by controlling the term . Recall that we have fixed ¢ so that |Ve| < 1,
and assumed that a is big enough so that e™ < min;ecgupp vy |SVg(z)|?, that is,
log ) ISV g(2)[* = log |SVg(z)|? for z € supp V. Thus,

s/

Vgl [log |SVgl| %/ [SVglllog|SVgll.
supp Vo

supp V¢

Since supp Vg is far from 32, in particular dist(x, 8§~2) ~ 1 for x € supp Vg. Con-
sequently, from this and (7.12) we have |Vg| ~ g/dist(-, 32) ~ g in the support of
Vo, and hence

(W6)
|SVg(x)| = [Vg(x)| ~ g(x) < 1forx € suppVe.

Note that for 0 < t < 9 we have ¢ [log | < max{l, g |log f|}. Therefore,

5/ |SVg| llog [SVgll < H?(supp V) < C < oo.
supp Vo

Now we study the term . Since ¢ is fixed, we have |Vg| < 1 and so

25

g - |Vlog, ISVgl?| < / g - |Vlog, ISVgl|?|.
supp Vo

supp ¢
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Plugging (7.20) in here we get

vZ (W6) VZ
’.) / / | glg < 1+/ | glg
supp<p supp ¢ |Vg| supp ¢ |Vg|

7.5.3 Proof of Lemma 7.14

In this subsection we study, via a perturbation argument, the functional term
div (ATv1og |SVg|2> e WS,

Note that the action of this functional on ¢g gives rise to a modified version of the
term |3 |in (7.23).

First, we move from the matrix A to its symmetric part Ap by Claim 7.6, and
we write its divergence in terms of the directional derivatives using Claim 7.7 (see
Remark 7.22):

2 T T
al. —atl.
div (ATVlog|SVg|2) = div <A0Vlog|SVg|2) + 3 ( L f’) 9 log|SVg|?
ij=1

2 2
= 0" (b (log|SVg[*) + Y bid' (log |SVeg|*) div R

i=1 i=1

2
@ —an
+ ) a,-( = ”)a,-(log|SVg|2) = Tyx+[3.8]+[3.C]

ij=1

Note that the terms and contain derivatives of the matrix A. In particular,
if the matrix were constant then these two terms would be zero, which suggests that

the terms and must be bounded error terms.

Next we deal with T3 4. As 1/|SVg|> € WL2($,) (see Remark 7.22), by (7.9) we
have

9'|SVg|?
l
T“_Za ( INZE

1 . .
_Z <|SV |2)b8 |SVg|2+Z|Sv |28 (bid'|SVg|?).

-

(7.24)

We infer that each element in the sum in the first term in the right-hand side in
(7.24) is

9t ; b;id'|SVg |2 (7.19) M (7.25)
|SVgl|? |SVgl* ' '
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Therefore, using identities (7.18) and (7.25) and expanding, the first term in the right-
hand side of (7.24) can be written as

2
> 15wy ) iet1sver = [b1)-+ [E1] + [ £2],
=1

where

[m1]:= Z |Sv oot Vag BYRg),

[E1]:= Z 5 |4 (3'Vrg, BVrg)(Vrg. ' BVgg), and

Y Soeri Vg, 8BV ).
i=1

Note that and can be considered “error terms” from a perturbation point

of view, since in case B were constant we would get = = 0, while

can be considered a “main term”.

Next we perform a similar decomposition for 3’ (b;d'|S Vg|?), in the second term
in the right-hand side in (7.24). In this case, we need to pay attention to the first term
in the right-hand side of (7.18):

o' (bi(f)iVRg, BVRg)> = <3i (biaing) , BVRg> +b;(3'Vrg, 3" BVgg)
+b;(0'Vgg, BO'VR¢g). (7.26)

Then using (7.18) and (7.26) we get that the second term in the right-hand side of
(7.24) can be written as

2

Z |sv Svap? G ISVgI?) = M2]+ Tys + [ E3 |+ T,

where

2
2bj :
=3 |SVé|2(alng’ Bo'Vgg),
i=1
2 2 . .
Ty = VP <Z 9’ (b,-alng) , Bng>,
i=1

2

2, .
E3|:= ———(3'Vgg, 9'BVgg), and
; |SVg|2( RS RE), an
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2

1 .
Teai= ) rgan? (ks ' BVRg)).
i=1

All together we have

div (A7 V10g|SVg[?) = Tsa +[3.8]+
= + + Tis (Main terms)
++++++ Tgq,  (Error terms)

and the first part of the lemma follows taking

=[3.B]+[3.C|+[E1]+[E2]|+[E3]+ Tga.

Let us see now the second part of the lemma. Indeed, is O(1) because

|(Vrg,3'BVgrg)l < |Vgl>. By (7. 20) we get that and are in

(@) (1 + l‘vvél) and (7.3) implies that | E1 | and are of the form O ( |Vv§|‘)
All in all,

VZ
TE=TE4+O(1+| gl),
Vgl

as claimed. O

7.5.4 Proof of Lemma 7.16

In this subsection we prove that the two main terms cancel out in the sense

]+ [h2] <1+ 18

This cancellation is related to what happens in the constant case, see Remark 7.15.
We will see that they both have a common term in opposite sign, and exploiting
this cancellation we will obtain a sum of error terms. The key identity is (7.17), which
only applies in the plane.
The key idea to prove the lemma is that using (7.5), which relates 3'->g and 8% 'g,
and (7.17), which relates blal’lg and b282’2g, we will be able to write 911, 822, §1:2
and 3>! in terms of 8!:! and 8>! only.
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We start by studying the term == |SV |4 (3'Vrg, BVRg)? Qw.
Expanding the numerator,

2

> bi(d'Vrg. BVRg)? = b1(3' Vrg. BVRg)* + b2(9°Vrg. BVrg)
i=1

= bi(b19'g0" g + brd?gd!%g)?
+ ba(b10' g0 g + b7 gd>2g)>.

By (7.5) and (7.17), which read as 8'2g = 8%>'g + O(|Vg|) and by3>%g =
—b13V1g + O(|Vg|) respectively, we have

2
Y bi(9'Vre, BVRg): = bi(b19'gd" " g + b0%g0>" g + O(Vel*)?

i=1
+ by (b19'g0>" g — b19°gd" g + O(1Vg[*)*.
Expanding, and using b1(3'¢)? + b2(3%g)> = (Vrg, BVrg) = |SVg|? and the

cancellation of cross terms, we get

2
> bi(' Vg, BVRg)* = |SVeP (b1 ) + bib2(0*')?)
i=1

+Ho' g+ 02! O(IVel) + O(Vgl*).

In conclusion, is of the form

__4b%(31’18)2+b1b2(32’]g)2 0(31’1g+82’1g)
- 1SVg|? B2

+0O(). (127

With the same strategy we study the term = Zi % (8iVRg, Bd! Vrg)in
Q. Using (7.5) and (7.17) as before and expanding, the numerator can be written as

2
> bi (9" Vgg. Bo' Vrg) = b1 9)* + bi1by(3"20)? + byby (87 g)? + b3 (972 ¢)?
i=1

2 2
=B} )2 + b1 (915 + OVeD) +b1b20>19)? + (~b10" g + O(Ve))

=2(b} 0" 9 + biba (0> 9)?) + (011 g + 02 g) O(VeD + O(Ve[).

Hence, is of the form

=4b%(31’18)2+b1b2(32’1g)2 0(31,1g+32’1g)

o). 7.28
BE svg  TOM- 029
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Note that both in (7.27) and in (7.28) have the term

4b%<a"‘g)2+b1bz<az"g>2
|SVg|?

in common with opposite sign, which allows us to remove the square in (7.15). That
is, adding up both terms,

0@ 'g+0*'g)
+=—|§Vg| 81 o,

whence we obtain

3))
[t +[aa2]| 5 —',
Vgl
as claimed. O

7.5.5 Proof of Lemma 7.17

We study, for ¢ e Wj’”(fzw), the term

Tus(§) = (| SVZ : <Za (i Vie). Bng>> W)

In this subsection we don’t use the fact that we are in the plane. Instead, the key
ingredient is the L 4-harmonicity of the Green function far from the pole, and so the
computations in this subsection could be done also in higher dimensions.

The term T),3 must be read as

o2 i(aljwia’}lg)) <b181g>
YT s \ & \of i 2g))  \bad%g

2
= SeaE 2 {0 @io™ 1 )10 g + 07 (i 29)b20%g | (7.29)
i=1
2 2

|SVg|2 PP IACERO S ZZTO ).

i=1 j=1 i=1 j=1

Here, for each i, j € {1, 2},

- 2
Tjﬁ;g”(w>=Tai(b,.ai,jg)<| ST gx/r) (7.30)
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We want to study the functionals ij,;éj ) for i, j € {1,2}. First note that

2
S’ 1375y € W (Qy),

while b;d%/ g € L2(S~2¢). Hence, (7.30) makes sense and it suffices to study the
functionals Tyi 4, 5i.i ) € Wcl’oo(fi)’. In fact, fixed j € {1, 2}, we will exploit the can-
cellation of the functional 212: 1 Tyi p;91. gy~ For simplicity we will write 3 (b3 g)
instead of Tyi 4, 5i.J ¢)-

Compared to the strategy seen in Remark 7.15, now the matrix is not constant and
hence the directional derivatives do not commute. For this reason, some error terms
will appear in the procedure of extracting the gradient Vg outside from

2
(b9 31 (b1 ) + 82(20>' )
1 .9l _
28 (bla VRg) - <8l(blal,2g) + 82(b282’2g) s (731)

as it is done in the constant matrix case in (7.16). The idea is the same as in the proof
of Lemma 7.16, see Section 7.5.4. That is, using the ‘almost’-commutative property
(7.5) (relating 0 1.2 g and 9%1 g) of the directional derivatives, and its functional version
in (7.10), we manage to extract the gradient Vg outside.

Letus fix j € {1,2}.Ifi = j (clearly 3"~/ = 3/ in this case), then

3 (b9 g) = o <8i(bi8ig)) — 3 @ bidg), (1.32)
and when i # j, using (7.5) and (7.10) we get

3 (bioi g) "2 (b,»af’fg) +oi (bi(a"RJ- - ajRi)Vg)

— (af'(b,-aig)) L (afb,-afg) Tl (b,-(a"Rj _ afR,-)Vg)
AY (a"(b,-a"g)) — (R — 'RV (bid' g) — ' (8-/bi8ig)
+0' (bi0'R; 9 R)V).

(7.33)
Plugging (7.32) and (7.33) in (7.31), we get, for j = 1,

i=1

2 2 2
> oot lg) = 0! (Z AL (b,-a"g)) ~ 301 @' biog) — (3" Ry — 07 Ry) - V(br0g)
i=l1 i=l1

+ 92 (bz(ale —3'Ry) - Vg) ,
(7.34)
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and for j = 2,

2 2 2
PEACTE RS (Z (biaig)) = > 01 (0%bid'g) — (7 R1 — 0" Ry) - V(b1 g)
i=1 i=1 i=1
(b1(8 Ry — 8°Ry) - Vg)
(7.35)
Note that in both cases there is the term 21'2:1 9! (bi8i g), which is studied in
Claim 7.20. By (7.29) and using Claim 7.20 in both (7.34) and (7.35), in the dual
space we get

2 i,
TM3:W2J (Za(ba /g))

2b;37¢ | T aik — Aki
= Z SVgP 0 —Zbia gdivR; — Z 0; — org
i=1

i,k=1

2
—-E:a%annyg)}

i=1

2b13!
|Slvg|§ {_(81R2 — 9°R1) - V(bad’g) +0° (b2(32R1 —0'Ry) - Vg)}
2b9?
Sugr |~ @R = 'R Vi) +a (0 R — 07R0) - V) |

(7.36)
As a consequence of this, the right-hand equality in Claim 7.20 and |Vd'g| =
O(|Vg)) + O(]V3g]), see (7.3), we conclude that the functional )3 is of the form

2 .
2b;jdl g
Tuz = : v V2 hogv 20V
w3 ;ISVgP (04vgh +01v2eD + ' ©(Vgh) +* (O VgI))
as claimed. a

7.5.6 Proof of Lemma 7.18

First, we need the following claim, which we will prove later.

Claim 7.27 Let ¢ € W2 °(8,). Then, fori, j € {1, 2}, both

T ai(0qvpy) W) and T i

svg|?
Vel ISVgl?

2
/Oﬁ'vv f')w+/0<1>w+/0(1>a v

A (
8'(O(VeD)

are of the form
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Granted this, by Lemma 7.17 and (7.14) we have

1Tz (Ve )| + I TE(Vepg)l </||V | /1lf5<pg+/l3i(l//sfpg)|-

The second term in the right-hand side is bounded by a constant times H*(Q) < 00
as Q is bounded and g < 1 in supp ¢, see (W6). Hence, it suffices to prove

/

By the product derivative rule and the notation 3’ f = R; - V f, we can use

. 1
1o o] [awor+ [ weres [
supp ¢ € Jsupp Ve

Since |[Vop| < 1 and g(x) < 1 in suppe (see (W6)), we get [ g|Ve| < 1. For the
second integral on the right-hand side we sum over Whitney cubes in W, and apply
items (5) and (1) in Lemma 7.26

<1, fori e {1,2}.

H
/ Vgl < / |Vg| E(Q) ~or(500) S 1.
supp ¢ QeW,

QeW,

On the other hand, using supp Vi, C U3¢ (0 ) and Lemma 7.26(3) respectively, we

have
1 1
—/ gs—/ _8gse=l,
& Jsupp Ve € JU3(0Q)

and Lemma 7.18 follows. O
We now turn to the proof of Claim 7.27.

Proof of Claim 7.27 First we study 71 8,(O(lvglz))(l/f) We have

ISVel?
T_1_sioqvery W) = Toioqveiy (|Svg|2 w)

|1SVgl
a8 _ 2 iwRT — 2yqi
4 /0<|Vg| )y div R} /0<|Vg| )0 (|Sv Izw)

The first term in the right-hand side is of the form f O) . Let us study the second
term in the right-hand side. By (7.19),

ISVgI2

3,~( 1 1/j>:_2<8va,f,>,Bva _<V1eg,a"BVRg>1/j+ 3y
1SVgl? ISVgl* ISVgl* 1SVgl?’
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and hence we get

B i 1 [ O@'Vgg) / / ;
/O(|Vg| )d <|SVg|2’”)_/7|SV | v+ [ Oy + [ Oy

3) [O(V? .
<7:3)/ (||v |g|)1/f+/0(1)1/f+/0(1)a’¢/.
Next we study Th aig (¥), similarly as we did with the previous term.
1 ©O(VsD)

Now we have

bidlg
T, i W) =Ty 4
208 5i (g 9(O0VeD) <|SVg|2

ISVgl?
18 [ OUVghb;dg _/ [ b
= /7”%'2 ydivR; — [ O(Vg))d |SV |2w

As before, the first term in the right-hand side is of the form f O(1) ¢ and the second
term is

i b OV i () )
/(’)(IV o <|sv lzw) Sk (bja g)

2\ ai 1 i
+/O(|Vg\ )o (lSVg|2>W+/0(l)8 v

The claim follows by using (7.3) and (7.19) in the previous line. O
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