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Abstract. We prove that the period function of the center at the origin
of the Zk-equivariant differential equation ż = iz + a(zz)nzk+1, a �= 0,
is monotonous decreasing for all n and k positive integers, solving a
conjecture about them. We show this result as corollary of proving that
the period function of the center at the origin of a sub-family of the
reversible quadratic centers is monotonous decreasing as well.
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1. Introduction

Real planar autonomous analytic differential systems can be written in com-
plex coordinates in the compact form ż = F (z, z), z ∈ C. The Zk-equivariant
differential equations are equations of this form that are invariant under a
rotation through the angle 2π/k about the origin. They are studied in detail
in the classical book of Arnold [2, Chap. 4 §35] or also in [11, Sec. 7]. For
them, the phase portrait on each sector of width 2π/k centered at the origin
is repeated k times. In this paper we are concerned with the simplest family
of polynomial Zk-equivariant differential equations with a non-degenerated
center at the origin and homogeneous nonlinearities

ż = iz + a(zz)nzk+1, (1)

with n and k a positive integers and 0 �= a ∈ C. It is also a family of
differential equations given by simply two complex monomials, as the ones
studied in [1]. The qualitative properties of the period function associated
with the origin was posed as an open problem in [8, Prob. 16]. In particular,
it is conjectured that it is monotonous decreasing. The main result of this
paper is a positive answer to such conjecture.
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Theorem A. The period function of the center at the origin of the differ-
ential equation (1), with n and k positive integers and 0 �= a ∈ C, is mo-
notonous decreasing. Moreover it starts being 2π at the origin and tends to
2(k + n)π/(k + 2n) when the orbits approach to the boundary of the period
annulus.

When n = 0 or k = 0 and the origin is a center, the behavior of the pe-
riod function of the differential equation (1) is different. It is either constant,
decreasing towards 0, or increasing towards infinity, see Proposition 4.1.

As shown in [8], the period function of the center at the origin of (1)
is strongly related to the period function of the center at the origin of the
family of reversible quadratic centers{

ẋ = −y + xy,

ẏ = x + Dx2 + Fy2.
(2)

In particular, as we also will see in Sect. 4, with the period function for the
period annulus of the origin for the sub-family{

ẋ = −y + xy,

ẏ = x + Dx2 + (D + 1)y2,
(3)

with D ∈ (− 1/2, 0).
Among the quadratic centers, the period function of the reversible fam-

ily (2) is the one with richer qualitative properties. As the counterpart of the
renowned conjecture claiming that quadratic systems have at most four limit
cycles, it was conjectured in [6] that quadratic centers have at most two crit-
ical periods (that is, number of maxima and minima of the period function).
Since then, the qualitative behavior of the period function of the reversible
quadratic centers has attracted the attention of the community [10,14–16].

In particular, the family (3) with D ∈ (− 1/2, 0) was believed to have
monotonous decreasing period function, see [14,15].

In fact, a first indication that the period function could be decreasing
is given the computation of its first period constant P2, which gives its local
behavior near the origin. More specifically, if T(ρ), ρ > 0, denotes the minimal
period of the orbit starting at (ρ, 0), then

T(ρ) = 2π + P2ρ
2 + O(ρ3). (4)

For system (2) it is known that

P2 =
π

12
(
10D2 + 10DF − D + 4F 2 − 5F + 1

)
,

see for instance [15]. Hence, when F = D + 1 some computations give than
P2 = πD(2D + 1), proving that P2 < 0 when D ∈ (− 1/2, 0) and hence that
T (ρ) is locally decreasing at the origin. The period annulus of the origin of
system (3) is all the half-plane B := {(x, y) : x < 1}. It is proved in [14, Sec
5] that the period function is also decreasing at the boundary of B, result
that is again coherent with the fact that the period function is decreasing.

There exist a large collection of criteria to verify the monotonicity of the
period in the literature, [5,9,13,17] are some examples. During the last years,
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the attempts to prove the monotonicity of the period for the family of qua-
dratic centers (3) with D ∈ (− 1/2, 0) have been numerous and unfortunately
unfruitful despite all efforts. In particular, to the best of our knowledge, all
known criteria have been checked to fail for D ∈ (− 1, 0) \ {− 1/2}. A sim-
ilar case where monotonicity holds in system (2) is when F = 1 − 2D, [7].
To see other regions of monotonicity of the period function see [18] and its
references.

Recently, in [12] a new adaptation of the criteria introduced in [13]
has been used to prove the monotonicity of another different but similar
family of quadratic centers, the so-called reversible Lotka–Volterra. These
are, reversible quadratic centers that belong also to the family of gener-
alized Lotka–Volterra quadratic centers. In particular, they consist on the
sub-family F = −D. Using this criteria we prove the following.

Theorem B. The period function of the center at the origin of system (3)
is monotonous decreasing for D ∈ (− 1/2, 0), monotonous increasing for
D ∈ (−∞,− 1/2) ∪ (0,+∞) and isochronous when D = − 1/2 and D = 0.
Moreover,

(i) If D ∈ (−∞,−1) ∪ (0,+∞) the period annulus is the interior of the
homoclinic orbit of the equilibrium at (− 1/D, 0). The period starts being
2π at the origin and tends to +∞ when the orbits approach the boundary
of the period annulus.

(ii) If D ∈ [− 1, 0] the period annulus is all the half-plane B = {(x, y) : x <
1}. Moreover, when D �= 0, the period starts being 2π at the origin and
tends1 to π/(D + 1), when the orbits approach to the boundary of the
period annulus.

As we will see, the asymptotic value of the period function at the bound-
ary of the period annulus is obtained from [15, Prop. 5.2]. There are results in
the Theorem that are already known and we included them for completeness.
Indeed, the shape of the period annulus for each value of the parameter is
given in [15] and the monotonicity for D ∈ (−∞,−1) ∪ (0,+∞) \ {1} was
proved in [18, Thm A]. Moreover, the case D = 1 was studied in [7] as part
of the proof of monotonicity for F = 2. Also, it is well-known that the only
isochronous systems in (2) are

(D,F ) ∈ {(− 1/2, 1/2), (− 1/2, 2), (0, 1/4), (0, 1)},

see for instance [4]. Notice that the cases D = − 1/2 and D = 0 in system (3)
precisely correspond to two of them.

In short, our contribution then is the completeness of the study of the
monotonicity of the straight line F = D + 1 to the segment D ∈ [− 1, 0),
which was unknown to the best of our knowledge (with the exception of
the isochronous center). As we have explained, our proof on this segment is
based on the general criterion for potential systems commented above. This
criterion is introduced in next section and all the rest of the proof is self-
contained. Moreover, in Sect. 3.1 we study the period function of the other

1When D = −1 this limit must be understood as infinity.
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center in family (3) and use another idea that allows to reduce the study of
the period function on the above segment to a segment of the family D = −F,
providing an alternative proof based totally on the main result of [12].

The paper is organized as follows. In Sect. 2, we introduce the mono-
tonicity criterium from [12]. Sections 3 and 4 are devoted to the proofs of
Theorems B and A, respectively.

2. The Monotonicity Criterium

Consider an integrable system with a first integral of the form H(x, y) =
y2/2 + V (x) and integrating factor �(x), where both V and � are analytic
functions in a neighborhood of x = 0. That is, the differential system is
written as

ẋ = − y

�(x)
, ẏ =

V ′(x)
�(x)

. (5)

If V ′(0) = 0 and xV ′(x) > 0 for all x ≈ 0, x �= 0, the origin is a center.
The period annulus is the largest punctured neighborhood of the origin fo-
liated by periodic orbits and each periodic orbit of the period annulus can
be parametrized by an energy level h �→ γ(h) ⊂ {(x, y) ∈ R

2 : H(x, y) = h}.
The period function of the center assigns to each periodic orbit of the period
annulus its minimal period. Due to the previous parameterization and the
particular expression of the vector field, the period function can be expressed
as an Abelian integral function of the energy,

T (h) :=
∫ T (h)

0

dt =
∫

γ(h)

�(x)
y

dx. (6)

Notice that T (h) = T
(√

2h
)
, where T is given in (4).

Let us denote by I = (x�, xr) the projection on the x-axis of the period
annulus of the center at the origin, with x� < 0 < xr. Since xV ′(x) > 0 for
all x ∈ I \ {0}, the potential function V defines an analytic involution σ on
I by

V (σ(x)) = V (x) for all x ∈ I\{0},

and σ(0) = 0. The following criterium is introduced in [12, Prop. 2.2] as an
adaptation of [13, Thm. A].

Proposition 2.1. Let us consider an Abelian integral of the form I(h) =∫
γh

g(x)/y dx, where g(x) is an analytic function on I. Define

Πσ(g)(x) :=
f(x) − f(σ(x))σ′(x)

2
, where f(x) = −g(x)

2
+

(g(x)V (x)
V ′(x)

)′
.

If Πσ(g)(x) has no zeros in (0, xr) then I ′(h) has no zeros.

The period function (6) is an Abelian integral of the type requested by
the Proposition, but the direct application for proving monotonicity is not
possible. It can be seen that, by taking g = �, the corresponding Πσ(�)(x)
changes sign in (0, xr). As we will show, to prove the monotonicity, an aux-
iliary Abelian integral with a different function g can be used instead.
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3. Study of a Family of Quadratic Reversible Systems

The change of variables given by {u = x, v = y(1 − x)−(D+1)} transforms
system (3) into the equivalent system{

u̇ = −v(1 − u)D+2,

v̇ = u(1 + Du)(1 − u)−(D+1),
(7)

with first integral H(u, v) = v2/2 + V (u), where

V (u) :=
1
2
u2(1 − u)−2(D+1).

Notice that this change is well defined in the whole period annulus of the
origin. When D ∈ (− 1/2, 0), the projection of the period annulus is (u�, ur) =
(−∞, 1) and the center is located at u = 0. The period function of the center
at the origin of (7) can be written as

T (h) = −
∫

γh

(1 − u)−(D+2)

v
du,

where γh ⊂ {(u, v) ∈ R
2 : H(u, v) = h} is the closed orbit lying on the level

curve H = h. Let us define

A(h) := −
∫

γh

(1−u)−(D+2)v du and I(h) :=
∫

γh

u(1 − u)−3(D+1)

v
du. (8)

Lemma 3.1. For each h ∈ (0,+∞), A′(h)=T (h) and 2hT ′(h)+ 1
D+1I ′(h)=0.

Proof. The exterior derivative of the 1-form α := (1 − u)−(D+2)v du is dα =
−(1 − u)−(D+2) du ∧ dv and it admits a Gelfand–Leray form with respect to
H(u, v) given by

dα

dH
= − (1 − u)D+1

u(1 + Du)
dv.

The derivative of the function A(h) can be expressed as an integral along the
same cycle γh according with formula (3) in page 284 of [3] using the previous
Gelfand–Leray form. That is,

A′(h) = −
∫

γh

dα

dH
=

∫
γh

(1 − u)D+1

u(1 + Du)
dv = −

∫
γh

(1 − u)−(D+2)

v
du = T (h),

where the third equality holds by dH = V ′(u) du + v dv = 0 on γh. This
proves the first assertion of the lemma.

Using the identity H(u, v) = h, we have v = 2
v (h − V (u)) and so

A(h) = −
∫

γh

2h(1 − u)−(D+2)

v
du +

∫
γh

2(1 − u)−(D+2)V (u)
v

du.

We point out that the first integral of the previous expression is related with
T (h). That is,

A(h) = 2hT (h) +
∫

γh

2(1 − u)−(D+2)V (u)
v

du. (9)



112 Page 6 of 16 A. Gasull and D. Rojas MJOM

In addition, integrating by parts,

A(h) = −
∫

γh

(1 − u)−(D+2)v du

= −
∫

γh

v d
(

(1 − u)−(D+1)

D + 1

)

=
∫

γh

(1 − u)−(D+1)

D + 1
dv.

Using again dH = 0 on γh we can write the previous as

A(h) = −
∫

γh

(1 − u)−(D+1)V ′(u)
(D + 1)v

du. (10)

By adding (9) and (10), and using the expression of V ,

2A(h) = 2hT (h) +
∫

γh

(
2(1 − u)−(D+2)V (u) − (1 − u)−(D+1)

D + 1
V ′(u)

)
du

v

= 2hT (h) +
∫

γh

u(1 − u)−3(D+1)

D + 1
du

v
= 2hT (h) +

1
D + 1

I(h).

Derivating with respect to h,

2A′(h) = 2T (h) + 2hT ′(h) +
1

D + 1
I ′(h).

Since A′(h) = T (h) by the first assertion of the result, then 2hT ′(h) +
1

D+1I ′(h) = 0, proving the second assertion of the lemma. �

Proof of Theorem B. As mentioned at the introduction, we restrict ourselves
to the segment D ∈ [− 1, 0), since the monotonicity of the period function for
the other parameter values is already known. The particular case D = −1 will
be treated at the end of the proof because of its simple nature. Moreover, it is
already known that D = − 1/2 corresponds to an isochronous center. Thus,
we are left with two open intervals D ∈ (− 1,− 1/2) and D ∈ (− 1/2, 0).
According with the statement of the Theorem, we want to prove that the
first of the intervals corresponds to parameters in which the period function
is monotonous increasing whereas parameters in the second interval should
have monotonous decreasing period. Notice that, once monotonicity is proved,
the increasing or decreasing character is determined by the local behavior of
the period function near the origin, which is increasing for D ∈ (− 1,− 1/2)
and decreasing for D ∈ (− 1/2, 0) as we shown in (4). For the sake of brevity,
we will focus the proof on the case D ∈ (− 1/2, 0). The proof for the other
interval is similar enough and we will just give some remarks at the end to
highlight the differences.

The strategy for proving the monotonicity of (6) is to use Proposition 2.1
with the Abelian integral (8). The monotonicity then will follow by the second
identity in Lemma 3.1. Using the notation in Proposition 2.1 we have

I(h) =
∫

γh

g(u)
v

du, with g(u) = u(1 − u)−3(D+1),
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and

f(u) = −g(u)
2

+
(g(u)V (u)

V ′(u)

)′
=

u(1 − u)−3(D+1)(1 + 2Du + D(1 + 2D)u2)
2(1 + Du)2

.

Derivating the implicit expression of the involution, V (σ(u)) = V (u), we have
σ′(u) = V ′(u)

V ′(σ(u)) . Therefore,

Πσ(g)(u) =
f(u) − f(σ(u))σ′(u)

2
=

V ′(u)
2

(
φ(u) − φ(σ(u))

)
with φ(u) = f(u)/V ′(u). To prove that Πσ(g)(u) has no zeros on (0, ur) =
(0, 1) it is enough to show that the two curves defined by the identities

V (u) − V (w) = 0 and φ(u) − φ(w) = 0 (11)

do not intersect for all (u,w) ∈ (0, 1) × (−∞, 0). The rest of the section is
devoted to prove this fact.

The first identity of (11) can be written as

V (u) − V (w) = u2(1 − u)−2(D+1) − w2(1 − w)−2(D+1)

= (u(1 − u)−(D+1) + w(1 − w)−(D+1))

×(u(1 − u)−(D+1) − w(1 − w)−(D+1)) = 0.

We note that the second factor does not vanish, since −∞ < w < 0 < u < 1.
Therefore, the equality V (u) − V (w) = 0 is equivalent to

F1(u,w;D) := u(1 − u)−(D+1) + w(1 − w)−(D+1) = 0. (12)

The second identity of (11) writes

(1 − u)−D(1 + 2Du + D(1 + 2D)u2)

(1 + Du)3
− (1 − w)−D(1 + 2Dw + D(1 + 2D)w2)

(1 + Dw)3
= 0.

Since we are interested in (u,w) satisfying both equalities of (11) to hold,
we use (12) on the previous to obtain an equivalent expression in terms of
rational functions,

F2(u,w;D) :=
(1 − u)(1 + 2Du + D(1 + 2D)u2)

u(1 + Du)3

+
(1 − w)(1 + 2Dw + D(1 + 2D)w2)

w(1 + Dw)3
= 0. (13)

On account of the sign of the polynomial 1 + 2Dw + D(1 + 2D)w2 we note
that (13) cannot hold for w < w∗(D) < 0 with

w∗(D) :=
−D +

√
−D(1 + D)

D(1 + 2D)
. (14)

Thus, we can restrict the argument to the bounded region

Λ := {(u,w) ∈ R
2 : w∗(D) < w < 0 < u < 1}.

Let Γi(D) := {(u,w) ∈ Λ : Fi(u,w;D) = 0}. The previous discussion proves
that the original curves (11) intersect if and only if Γ1(D) ∩ Γ2(D) �= 0. We
claim that each of the sets Γi(D) is the graphic of a function and that these
two functions do not intersect. Let us state it properly.
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Claim. For each D ∈ (− 1/2, 0), Γi(D), i = 1, 2, defines a curve, Γi(D) =
{(u,w) ∈ Λ : w = ψi(u;D)} with ψi smooth functions and ψ1(u;D) �=
ψ2(u;D) for all u ∈ (0, 1).

Notice that the part of the proof of Theorem B concerning the mono-
tonicity of the period function follows from the Claim. Let us prove that
the Claim is true. We start showing the assertions concerning Γ1(D). The
derivation of F1(u,w;D) with respect to w yields to

∂F1

∂w
(u,w;D) =

1 + Dw

(1 − w)D+2

which is different from zero for all w < 0 and D ∈ (− 1/2, 0). Therefore, by
the implicit function theorem, there exists a smooth function ψ1 : (0, 1) →
(−∞, 0) such that w = ψ1(u;D) and F1(u, ψ1(u;D);D) = 0. By the deriva-
tion with respect to u of the previous, we have

ψ′
1(u;D) = − (1 + Du)(1 − ψ1(u;D))D(ψ1(u;D) − 1)2

(1 + Dψ1(u;D))(1 − u)D(u − 1)2
.

Using again F1(u, ψ1(u;D);D) = 0, we also have

(1 − ψ1(u;D))D = −ψ1(u;D)(1 − u)D+1

u(1 − ψ1(u;D))
.

Thus, the substitution of the latest into the expression of ψ′
1(u;D) implies

ψ′
1(u;D) =

ψ1(u;D)(ψ1(u;D) − 1)(1 + Du)
u(u − 1)(1 + Dψ1(u;D))

.

The same argument can be followed for Γ2(D), showing that there exists
a smooth function ψ2 : (0, 1) → (−∞, 0) such that F2(u, ψ2(u;D);D) = 0
with

ψ′
2(u;D) = − P (u;D)

P (ψ2(u;D);D)
ψ2(u;D)2(1 + Dψ2(u;D))4

u2(1 + Du)4

and P (x;D) = −1−4Dx−2D(2D−1)x2−2D(1+D+2D2)x3+D2(1+2D)x4.
Here we are using that P (w;D) does not vanish for w∗(D) < w < 0 and
−1/2 < D < 0. Indeed, we have P (0,D) = −1 and, since w∗(D) satisfies the
quadratic expression 1 + 2Dw∗(D) + D(1 + 2D)w∗(D)2 = 0, one can reduce
to

P (w∗(D),D) = −2(D + 1)(4D2 + 4D − 1)w∗(D) + 2(2D + 3)(D + 1)
(1 + 2D)2

< 0

for all −1/2 < D < 0. Moreover, the discriminant of P (w;D) with respect to
w is

Δw(D) := −16(D + 1)4D4(304D4 + 608D3 + 296D2 − 8D + 27),

which does not vanish for −1/2 < D < 0. Therefore, the number of zeros
of P (w;D) on (w∗(D), 0) for any D are the same. In particular, P (w;−1/3)
has no zeros on (w∗(−1/3), 0) so P (w;D) < 0 for all w∗(D) < w < 0 and
−1/2 < D < 0.

The rest of the proof is to show that ψ1(u;D) �= ψ2(u;D) for any D ∈
(− 1/2, 0). With this objective in mind, we first prove that the inequality
holds for D = − 1/3.
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For D = − 1/3, the functions F1 and F2 write

F1(u,w;−1/3) =
u

(1 − u)
2
3

+
w

(1 − w)
2
3
,

and

F2(u,w;−1/3) =
3Q2(u,w)

uw(u − 3)3(w − 3)3
,

with Q2(u,w) = −9u(u−3)3 +3(81−270u+180u2 −36u3 +5u4)w+(−243+
540u − 270u2 + 18u3 − 5u4)w2 − (u + 3)(−27 + 45u − 21u2 + u3)w3 − (u −
1)(−9 + 6u + u2)w4. We note that the set {(u,w) ∈ Λ : F1(u,w;− 1/3) = 0}
is the same as the set {(u,w) ∈ Λ : Q1(u,w) = 0} with Q1(u,w) = u3(1 −
w)2 + w3(1 − u)2. The resultant

Res(Q1(u,w), Q2(u,w), w) = 32(u − 1)3u6R(u)

with R(u) = 531441 − 3188646u + 8148762u2 − 11455506u3 + 9546255u4 −
4776408u5+1487889u6−406782u7+143856u8−32238u9+1593u10−180u11−
4u12. If R(u) has no real roots in (0, 1) then there are no common zeros of
F1 and F2 for (u,w) with u ∈ (0, 1) and so the inequality is proved for
D = − 1/3. We can prove that R(u) has no real roots on (0, 1) using Sturm’s
theorem. For the sake of shortness we do not show the explicit expressions of
the Sturm sequence, that can be easily computed with the help of an algebraic
manipulator.

This proves ψ1(u) �= ψ2(u) for D = − 1/3.
Let us finally prove that ψ1(u;D) �= ψ2(u;D) for any D ∈ (− 1/2, 0).

Assume, with aim of reaching contradiction, that there exist D∗ ∈ (− 1/2, 0)
and u∗ ∈ (0, 1) with ψ1(u∗;D∗) = ψ2(u∗;D∗). This would imply the exis-
tence of a tangent contact between ψ1 and ψ2 for some (u,D) = (û, D̂). In
consequence, the desired result will follow once we show that

ψ1(u;D) − ψ2(u;D) = 0 and ψ′
1(u;D) − ψ′

2(u;D) = 0

do not have common solution for any D ∈ (− 1/2, 0). Using the expressions
of the derivatives computed above, the previous is equivalent to show that

F2(u,w;D) = 0 and

F3(u,w;D) :=
w(w − 1)(1 + Du)
u(u − 1)(1 + Dw)

+
P (u;D)
P (w;D)

w2(1 + Dw)4

u2(1 + Du)4
= 0

do not intersect on w∗(D) < w < 0 < u < 1 for any D ∈ (− 1/2, 0). We
emphasize that both equalities are given in terms of rational functions. In
particular,

P2(u,w;D) := uw(1 + Du)3(1 + Dw)3F2(u,w;D)

and

P3(u,w;D) := (u − 1)u2(1 + Du)4(1 + Dw)P (w;D)F3(u,w;D)/w,

with P2(u,w;D) a polynomial of degree 7 and P3(u,w;D) a polynomial of
degree 11. We omit their expressions for the sake of brevity. Consequently,
common zeros of F2(u,w;D) = 0 and F3(u,w;D) = 0 are equivalent to
common zeros of P2(u,w;D) = 0 and P3(u,w;D) = 0.
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We now perform the resultant of P2(u,w;D), P3(u,w;D) with respect
to w. That is,

Res(P2(u,w;D), P3(u,w;D), w) = S(u;D)R2(u;D),

with

S(u;D) = −8D9u7(u−1)3(1+2D)(D+1)9(Du+1)21(D(1+2D)u2+2Du+1),

and R2(u;D) a polynomial of degree 12 in u. The polynomial S(u;D) does
not vanish for u ∈ (0, 1) and D ∈ (− 1/2, 0). Let us show that R2(u;D) does
not have zeros for (u,D) ∈ (0, 1) × (− 1/2, 0) either. We will proceed with a
bifurcation argument with respect to the parameter D. First,

R2(0;D) = 54D(D + 1) and R2(1;D) = 4D(1 + 2D)4(D + 1)9. (15)

Thus, no roots enter or escape from the interval (0, 1) as we change the value
of D within its range. The possible changes in the number of roots of R2(u;D)
in (0, 1) with respect to u are then given by the zeros of the discriminant

Δu(D) := 33554432D43(D + 1)43(1 + 2D)32K0(D)3K1(D)2K2(D)2K3(D)2,

where K0(D) := 22D2+22D+1, K1(D) := 128D4+256D3+112D2−16D−3,
and K2 and K3 are polynomials of degree 14 and 8, respectively. Let us locate
the zeros of Δu(D) on (−1/2, 0). K0 and K1 can be solved explicitly and the
only roots in (−1/2, 0) are

D0 := −1
2

+
3
√

11
22

and D1 := −1
2

+

√
5 −

√
7

4
.

Using again Sturm’s theorem we can prove that K2 has a root D2 ≈ − 0.1279-
963 and K3 has no reals roots on (−1/2, 0). The three roots D0, D1 and
D2 split the interval (− 1/2, 0) in four sub-intervals where R2(u;D) has the
same number of roots for any D on each sub-interval. We can then choose
any D in each sub-interval to represent the number of zeros of R2(u;D) in
(0, 1) × (− 1/2, 0) \ {D = Di}2

i=0 on it. Taking rational representative of D
on each sub-interval and using Sturm’s theorem we can check that R2(u;D)
has no zeros in (0, 1).

The last part of the proof is devoted to show that R2(u;Di), i = 0, 1, 2,
has no zeros in (0, 1). Sturm’s theorem can be directly applied to R2(u;Di),
i = 0, 1, using it over the algebraic extension Q[Di]. For R2(u;D2) the same
argument can be done, but D2 is implicitly defined by a degree 14 polyno-
mial, so the computations are more cumbersome. We avoid that using an
alternative argument, which could be also have been applied for the previous
two cases. We first notice from the identities (15) that R2(u;D2) is negative
for u = 0 and u = 1. To show that R2(u;D2) < 0 for all u ∈ (0, 1) we locate
the root D2 inside a suitable rational interval2

D2 ∈ [δ, δ] := [−16/125,−267/2086] ≈ [−0.128,−0.127996].

Indeed, K2(δ)K2(δ) < 0. Thus, we can construct a polynomial U(u) with
rational coefficients satisfying R2(u;D2) < U(u) by upper-bounding each

2These rational upper and lower bounds of D2 are obtained by taking two suitable succes-
sive convergents of its continued fraction representation.



MJOM Monotonous Period Function for Equivariant Page 11 of 16 112

monomial of R2(u;D) with D = δ or D = δ depending on the sign of the
coefficient and the exponent of D. Finally, Sturm’s theorem can be used again
to show that U(u) is negative in (0, 1). Then R2(u;D2) < U(u) < 0 in (0, 1).
This ends with the proof that ψ1(u;D) �= ψ2(u;D) for any D ∈ (− 1/2, 0)
and ends the proof of the Claim.

As we mentioned at the beginning of the proof, the monotonicity of the
period function for D ∈ (− 1,− 1/2) can be proved in similar fashion. The
main difference with respect to the previous is the treatment of the system
given by equations P2(u,w;D) = 0 and P3(u,w;D) = 0. While in the first
we start studying it by computing the resultant of both polynomials with
respect to w, in this case, it is more convenient the compute the resultant
with respect to u. We omit the details for the sake of shortness.

To finish the proof for D ∈ (− 1, 0) it remains to study the behavior of
the period function at the origin and at the exterior boundary of the period
annulus. That it tends to 2π at the origin is a well-known fact because it
is the period of the linear part of the differential equation, see also (4). On
the other hand, to show that at the exterior boundary is at least π/(D + 1)
it suffices to observe that x = 1 is an invariant straight line for the flow of
Eq. (3) and that the restricted flow on this line is given by ẏ = (D+1)(1+y2).
Hence, the time T spend by the flow to travel along all this line is

T =
1

D + 1

∫ +∞

−∞

1
1 + y2

dy =
π

D + 1
. (16)

By continuous dependence with respect initial conditions the total period of
the periodic orbits near the boundary tends to T plus the time spend to close
the orbit. In fact, in [14, Prop. 5.2] it is proved that this extra time tends to
zero when we approach to the boundary.

We end the proof with the special case D = −1. In this case, system (3)
writes

ẋ = −y(1 − x), ẏ = x(1 − x).
It has a straight line {x = 1} of singularities and H(x, y) = x2 + y2 is a first
integral of the system. The period starts being 2π at the origin as well, and
it tends to infinity as approaching the boundary of the period annulus with
the singularity at (1, 0). In particular, the period function can be explicitly
computed by changing to polar coordinates. Indeed, setting r2 = x2 +y2 and
denoting T (r) the minimal period of the orbit with radius r,

T (r) =
∫ 2π

0

1
1 − r cos θ

dθ =
2π√

1 − r2
.

This proves the monotonicity and it ends the proof of the theorem. �

3.1. About the Period Function for the Other Center of System (3) and an
Alternative Proof of Theorem B

For our interest on Eq. (1), it is not necessary to study the period function
of the other center (0,− 1/D) of system (3), that exists if and only if D ∈
(− 1, 0). Nevertheless, for completeness we devote this section to this question.
As we will see, this approach provides an alternative proof of Theorem B.
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Before starting, we remark that when D ∈ R \ [− 1, 0] the other critical
point (0,− 1/D) is a saddle and when D = − 1 it belongs to a continuum of
singularities.

The key point to study this new period function is next lemma that holds
for all quadratic reversible centers (2). Its proof follows by simple calculations.

Lemma 3.2. When D ∈ (− 1, 0) system (2) has two centers that are (0, 0)
and (− 1/D, 0). Moreover, with the change of variables and time

u =
Dx + 1
D + 1

, v =

√
−D

D + 1
y and s =

√
D + 1
−D

t

the point (− 1/D, 0) is translated to (0, 0) and the system is transformed into{
u′ = −v + uv,

v′ = u − (D + 1)u2 + Fv2,

where the prime corresponds to the derivative with respect to s.

A straightforward consequence is:

Corollary 3.3. When D ∈ (− 1, 0) the period function of the center (− 1/D, 0)
for system (2) with the parameters (D,F ) behaves as the period function of
the origin also for a system of the form (2) with the same parameter F but
where D is replaced by −D − 1.

Notice that the map D �→ −D−1 is an involution that leaves the interval
(− 1, 0) invariant.

When we apply the corollary to our particular system (3) with D ∈
(− 1, 0) we obtain that if the origin corresponds to (D,F ) = (D,D + 1)
then the point (− 1/D, 0) corresponds to (D,F ) = (− 1 − D,D + 1) which
is precisely on the straight line F = −D, that is the one studied in [12]. In
short, we can concentrate on system{

ẋ = −y + xy,

ẏ = x + Dx2 − Dy2,
(17)

with D ∈ (− 1, 0). For this new system and all values of D, locally near the
origin it holds that

T(ρ) = 2π + P2ρ
2 + O(ρ3) = 2π + (2D + 1)2ρ2 + O(ρ3),

where we have used again the general expression of P2 given after (4) when
F = −D. Hence, except for D = − 1/2, the period function is always locally
increasing at the origin. We know that when D = − 1/2 the origin is an
isochronous center. Moreover, by the main result of [12] we also know that
otherwise the period function is globally increasing. As in Theorem B its limit
value at the boundary of the corresponding period annulus can be determined
according to the values of D. Hence, in short, for system (3), the period
function satisfies:

• When D ∈ (− 1,− 1/2) both centers have an increasing period function.
• When D ∈ (− 1/2, 0) the origin has a decreasing period function and

the other center (− 1/D, 0) an increasing period function.
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Moreover, at the origin it starts at 2π and at the other center at
2π

√
−D/(D+1) and it has limit period π/(D + 1) at the common boundary

of both period annuli. In fact notice that⎧⎪⎪⎪⎨
⎪⎪⎪⎩

2π < 2π

√
−D

D + 1
<

π

D + 1
, when D ∈ (− 1,− 1/2),

2π

√
−D

D + 1
<

π

D + 1
< 2π, when D ∈ (− 1/2, 0).

Of course, when D = −1/2 all four inequalities become equalities.
It is worthwhile to stress that in [12] the authors also study both cen-

ters for system (17). Using their results around (− 1/D, 0) together with
Lemma 4.1 we can also deduce the monotonicity of the period function of
the origin for system (3). This approach provides an alternative proof to
Theorem B.

4. Study of the Period Function of the Zk -Equivariant
Differential Equation

Proof of Theorem A. We start proving that Eq. (1) can be brought to the
quadratic system (3). This fact was already shown in [8, Prop. 3.1] and we
include its proof for completeness.

Firstly, since a �= 0 it is easy to see that it is not restrictive to reduce
the study to the case a = 1. Next, we can use polar coordinates z = reiθ to
write Eq. (1) with a = 1 as

dr

dt
= r2n+k+1 cos(kθ),

dθ

dt
= 1 + r2n+k sin(kθ). (18)

The change of variables {R = r2n+k,Θ = kθ} and the rescaling of time
τ = kt by the constant factor k > 0 brings the previous to the system

dR

dτ
= bR2 cos Θ,

dΘ
dτ

= 1 + R sin Θ,

where b := 1+2n/k. Rewriting the system in Cartesian coordinates X+iY =
ReiΘ, we obtain

dX

dτ
= −Y + bX2 − Y 2,

dY

dτ
= X + (1 + b)XY. (19)

Now, using the change of variables given by {x = −(1 + b)Y, y = −(1 + b)X}
and changing the sign of time s = −τ we arrive to

dx

ds
= −y + xy,

dy

ds
= x − 1

1 + b
x2 +

b

1 + b
y2, (20)

which is system (3) with D = − 1/(1 + b) = −k/(2(k + n)) ∈ (− 1/2, 0).
As we can see from the periodicity of system (18) with respect to θ,

system (1) is Zk-equivariant. In particular, the period of a periodic orbit
of (1) around the origin is k times the time spent by the orbit of (18) from
θ = 0 to θ = 2π/k. By the construction of system (19), this time is exactly 1/k
times the period of the corresponding periodic orbit around the origin of (19),
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which equals the period of the periodic orbit around the origin of (20). Thus,
we have that the period function at the origin of system (1) equals the period
function at the origin of system (3) with D = −k/(2(k + n)) ∈ (− 1/2, 0).

Therefore, by Theorem B, the period function of the center at the origin
of the quadratic reversible center (3) when D ∈ (− 1/2, 0) is monotonous
decreasing. So, we also have that the period function of the center at the
origin of equation (1) is monotonous decreasing, proving the first part of the
result.

The period function at the origin tends to 2π. The proof is the same that
in Theorem B. The proof at the boundary of the period annulus follows from
the similar result proved in Theorem B. Indeed, from the previous discussion
the period function of the center at the origin of (1) equals the period function
at the origin of (3) with D = −k/(2(k + n)). In particular, they have the
same limit when approaching the boundary of the period annulus, which is
given by

T =
π

D + 1
=

2(k + n)π
k + 2n

,

where T is introduced in (16). �

For completeness, we end this section by studying the period function
for the cases n = 0 or k = 0 in the differential equation (1).

Proposition 4.1. (i) The origin of the differential equation (1) with n = 0 is
an isochronous center.

(ii) The origin of the differential equation (1) with k = 0 is a center
if and only if Re(a) = 0. Moreover, when a = αi, α ∈ R, the function
V (z, z) = zz is a first integral of the equation and the period function of the
origin parameterized by u = zz is

T (u) =
2π

1 + αun
. (21)

In particular, when α > 0 the origin is a global center with decreasing period
function that tends to zero at infinity, and when α < 0 the period annulus
of the origin is {zz ≤ (− 1/α)1/n}, its boundary is full of equilibria and the
period function is increasing and tends to infinity at this boundary.

Proof. (i) When n = 0 the differential equation is holomorphic and the origin
is an isochronous center, see [4] or the references therein.

(ii) When k = 0 consider the Lyapunov function V (z, z) = zz. Then
V̇ (z, z) = 2Re(a)(zz)n+1. Hence, the origin is a center if and only if Re(a) = 0
as we wanted to prove. When a = αi the expression of the differential equation
is

ż = iz
(
1 + α(zz)n),

where notice that 1 + α(zz)n = 1 + αun takes only real values and so it
provides a reparametrization of the trajectories, that are circles centred at
the origin. Writing it in polar coordinated we obtain the expression (21).
All the properties of T (u) described in the statement follow by studying its
graph. �
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Remark 4.2. Notice that in the proof of Theorem A it holds that D = − 1/2
if and only if n = 0. This corresponds to the isochronous case studied in the
above proposition.
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