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Abstract

The Z>747g-additive codes are subgroups of Z5' x Zj* x Zg*. A Z747g-linear Hadamard
code is a Hadamard code which is the Gray map image of a Z,Z4Zg-additive code. A
recursive construction of Z,Z47g-additive Hadamard codes of type (o1, a2, a3; 1, 12, 13)
with o) # 0,0 # 0, 3 # 0,11 > 1,1p > 0, and 13 > 1 is known. In this paper, we
generalize some known results for Z,Z4-linear Hadamard codes to Z,Z4Zg-linear Hadamard
codes with a1 # 0, a2 # 0, and o3 # 0. First, we show for which types the corresponding
7,7.478-linear Hadamard codes of length 2 are nonlinear. For these codes, we compute
the kernel and its dimension, which allows us to give a partial classification of these codes.
Moreover, for 3 <t < 11, we give a complete classification by providing the exact amount
of nonequivalent such codes. We also prove the existence of several families of infinite such
nonlinear Z,7Z4Zg-linear Hadamard codes, which are not equivalent to any other constructed
Z» 7.4 7Zg-linear Hadamard code, nor to any Z,Z4-linear Hadamard code, nor to any previously
constructed Zjs-linear Hadamard code with s > 2, with the same length 2°.
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1 Introduction

Let Zys be the ring of integers modulo 2° with s > 1. The set of n-tuples over Z,s is denoted
by Z5. In this paper, the elements of Z/, will also be called vectors. A code over Z; of
length 7 is a nonempty subset of Z7, and it is linear if it is a subspace of Z5. Similarly, a
nonempty subset of Z7; is a Zys-additive code if it is a subgroup of the additive group of Z7;.
A 7 Z.47g-additive code is a subgroup of Z3' x Zy* x Zg’. Note that a Z»Z4Zg-additive
code is a linear code over Z, when ap = a3 = 0, a Z4-additive or Zg-additive code when
a; = a3 = 0or oy = ap = 0, respectively, and a Z,Z4-additive code when a3 = 0. The
order of a vector u € Zj;, denoted by o(u), is the smallest positive integer m such that
mu = (0, ...,0). Also, the order of a vector u € Zg' X Ziz X Z?f, denoted by o(u), is the
smallest positive integer m such thatmu = (0,...,0(0,...,0]0,...,0).

Two binary codes C and C3 are said to be equivalent if there is a vector u € Z5 and a
permutation of coordinates 7 such that C; = {u+m(c) : u € C1}. The Hamming weight of a
vector u € 75, denoted by wtg (u), is the number of nonzero coordinates of u. The Hamming
distance of two vectors u, v € Z5, denoted by dy (u, v), is the number of coordinates in which
they differ. Note that dy (4, v) = wty (u — v). The minimum distance of a code C over Z,
isd(C) = min{dy (u,v) : u,v € C,u # v}.

In [22], a Gray map from Z4 to Z% is defined as ¢ (0) = (0,0), ¢(1) = (0, 1), ¢(2) =
(1,1) and ¢(3) = (1,0). There exist different generalizations of this Gray map, which
go from Zos to Z%H [13, 15, 16, 23, 27]. In this paper, we focus on Carlet’s Gray map

[15], from Zjs to Z%Sil, which is a particular case of the one given in [27, 35] satisfying
Y aid(21) = ¢ (3 2:2"). Specifically,

Os () = (g1, g1, ..., ug_1) + (o, ..., us_2)Ys_1, (D

where u € Zos; [uo, Uy, ..., us—1]2 is the binary expansion of u, that is, u = Z‘;;é u;2!
with u; € {0, 1}; and Y,_; is a matrix of size (s — 1) x 25~! whose columns are all the
vectors in Z;‘l. Without loss of generality, we assume that the columns of Y;_; are ordered
in ascending order, by considering the elements of Z;fl as the binary expansions of the

elements of Z,s—1. Note that ¢; is the identity map. We define &, : Z7, — ZSZH as the
component-wise extended map of ¢;. We can also define a Gray map ® from Z5' x Zy* x Zg*
to Z5, where n = a1 + 2a; + 4«3, as follows:

Duy | uz | uz) = (ur, P2(u2), P3(u3)),

for any u; € Z3], where 1 <i < 3.

Let C C 7%, be a Zps-additive code of length n. We say that the Gray map image of C,
say C = ®y(C), is a Zys-linear code of length n2°~!. Since C is a subgroup of 75, it is
isomorphic to Z'Z‘s X Z;ZS_I X+ X ZIZS, and we say that C, or equivalently C = &, (C), is of
type (n; 11, ..., ty). Similarly, if C € Z35' x Z3* x Zg? is a Z Z47g-additive code, we say that
its Gray map image C = @ (C) is a Z,Z4Zg-linear code of length o'y + 2> +4a3. Since C can
be seen as a subgroup of Zg' T*>7** it is isomorphic to Zg x Z x Z5, and we say that C, or
equivalently C = ®(C), is of type (o1, @2, a3; 11, 12, 13). Note that a Z,Z4-linear code C [11,
12] can be seen as a ZjZ4Zg-linear code of type («1, @2, 0; 0, #2, £3). In this case, we also
say that the type of C is directly (o1, a2; 12, 13). Unlike linear codes over finite fields, linear
codes over rings do not have a basis, but there exists a generator matrix for these codes having
minimum number of rows. If C is a Z,Z47Zg-additive code of type (a1, a2, a3; 11, 12, 13), then

|C] = 8"1422% and there exists a generator matrix with #; + t, + t3 Tows.
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Linearity and classification of Z;Z47Zg-linear Hadamard codes

Two structural properties of codes over Z; are the rank and dimension of the kernel. The
rank of a code C over Z; is simply the dimension of the linear span, (C), of C. The kernel
of a code C over Zj is defined as K(C) = {x € Z5 : x + C = C} [2]. If the all-zero
vector belongs to C, then K(C) is a linear subcode of C. Note also that if C is linear, then
K(C) = C = (C). We denote the rank of C as rank(C) and the dimension of the kernel
as ker(C). These parameters can be used to distinguish between nonequivalent codes, since
equivalent ones have the same rank and dimension of the kernel.

A binary code of length n, 2n codewords and minimum distance n /2 is called a Hadamard
code. Hadamard codes can be constructed from Hadamard matrices [1, 29]. Note that linear
Hadamard codes are in fact first order Reed-Muller codes, or equivalently, the dual of extended
Hamming codes [29]. The Z,s-additive codes such that after the Gray map @ give Hadamard
codes are called Zjs-additive Hadamard codes and the corresponding images are called Z,s-
linear Hadamard codes. Similarly, the Z,7Z47Zg-additive codes such that after the Gray map
® give Hadamard codes are called Z,7Z47Z3-additive Hadamard codes and the corresponding
images are called Z,Z47g-linear Hadamard codes.

It is known that Z4-linear Hadamard codes (that is, Z,Z4-linear Hadamard codes with
a1 = 0) and ZyZ4-linear Hadamard codes with o # 0 can be classified by using either the
rank or the dimension of the kernel [26, 31]. Moreover, in [28], it is shown that each Z4-linear
Hadamard code is equivalent to a ZjZ4-linear Hadamard code with «; # 0. Later, in [3, 5,
17, 19], a recursive construction for Z s -linear Hadamard codes, with p prime, is described,
the linearity is established, and a partial classification by using the dimension of the kernel is
obtained, giving the exact amount of nonequivalent such codes for some parameters. In [18],
a complete classification of Zg-linear Hadamard codes by using the rank and dimension of
the kernel is provided, giving the exact amount of nonequivalent such codes. For any ¢ > 2,
the full classification of Z,Z pz—linear Hadamard codes of length p’, with a1 # 0, ap # 0,
and p > 3 prime, is given in [4, 6], by using just the dimension of the kernel.

The paper contributes to the study of codes over rings Z,s, which were first studied by
Blake [10] and Shankar [32] in 1975 and 1979, respectively. These codes have become more
significant after the publication of [22]. It is also important to note that Hadamard codes
are two weight codes, which have been widely studied in [33, 34]. On the other hand, the
classification of nonlinear Hadamard codes is still an open problem. By giving an additive
structure, as Z s -linear, Z , Z 2 -linear or Z,Z.4Z3-linear codes, to some of them, and showing
whether they are equivalent or not among them, we are providing a partial classification for
these codes.

From a more practical point of view, since Hadamard codes are optimal and have a
high correction capability, they appear in different aspects related to the transmission of
information, such as in digital communication with satellites [24], in CDMA phones to
modulate the transmission of information and minimize interference with other transmissions
[36] and, in general, in different OCDMA multiple access systems to allow access to multiple
users asynchronously and simultaneously [25]. Other applications are found in cryptography
[30] or in information hiding (steganography and watermarking) [37]. See [24] for more
applications in other fields.

This paper is focused on Z;Z4Zg-linear Hadamard codes with oy # 0, ap # 0, and
a3 # 0, generalizing some results given for Z,Z4-linear Hadamard codes with oy # 0
and oy # 0 in [31] related to the linearity, kernel, its dimension, and the classification of
such codes. These codes are also compared with the Zys -linear Hadamard codes with s > 2
considered in [17]. This paper is organized as follows. In Sect. 2, we recall some properties
of the generalized Gray map considered in this paper, the construction of Z,Z4Zg-linear
Hadamard codes of type (a1, oz, a3; 11, t2, 13), with a1 # 0, o # 0, a3 # 0, and some
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known results, given in [8]. In Sects. 3 and 4, we establish for which types these codes are
linear, and we give the kernel and its dimension whenever they are nonlinear. In Sect. 5, we
prove the existence of several families of infinite such nonlinear Z;Z4Zg-linear Hadamard
codes, which are not equivalent to any other constructed Z;Z47Zg-linear Hadamard code, nor
to any Z,Za4-linear Hadamard code, nor to any previously constructed Zps-linear Hadamard
code with s > 2, with the same length 2. We also give a complete classification of Z;Z4Zg-
linear Hadamard codes of length 2! for 3 < t < 11, by providing the exact amount of
nonequivalent such codes. Finally, in Sect. 6, we give some conclusions and further research
on this topic.

2 Preliminary results

In this section, we first recall some properties of the generalized Gray map ¢;. Then,
we also recall the recursive construction of Z,Z4Zg-additive Hadamard codes of type
(a1, a0, @33 11, 12, 13), with @1 # 0, ap # 0, and a3 # 0, and some known results given
in [8].

Letu’,v' € Zos and [ug, uy, ..., u,_ 12, [v), V], ..., vi_,]2 be the binary expansions of
’ ’ . . ’ s—1 1~i ;o s—1 _7~i .
u' and v', respectively, i.e. u’ = Y ;Z u:2' and v’ = ) ;7 v/2'. We define the operation
“®” between elements u’ and v’ in Zos asu’ O v = Zf;& £2', where

g [ Ui w=vi=1,
" 7] 0 otherwise.

Note that the binary expansion of u’ ©® v’ is [&9, &1, ..., &s—1]2, where & € {0, 1}. We denote
in the same way, “©”, the component-wise operation. For u = (u1 | uz | u3),v = (vy |
vy | v13) € Z3' x Zy? x Zg*, we denoteu © vV = (u; O vy | us © vz | uz © v3). Note that
2O V) =(0]2u2 ©v) | 2(u3 © v3)).

From [5], we have the following results:
Corollary 1 [5] Let A, 1 € Zo. Then, ¢s(An2°™1) = reps (u25~1) = Apgps (257 1).
Corollary 2 [5] Let u, v € Zys. Then, ¢s(u) + ¢s(v) = ¢s(w + v — 2(u © v)).
Corollary 3 [5] Letu,v € Zys. Then, ¢s(2° Lu +v) = ¢ (2 Lu) + ¢5 (v).

Corollary 4 Let u,v € Zs4 and [ug, u1l2, [vo, vilo be the binary expansions of u and v,
respectively. Then, ¢ (2(u © v)) = (§o, &), where &y = 1 when ug = vo = 1 and &y = 0
otherwise.

Corollary 5 Let u, v € Zg and [ug, u1, uzla, [vo, v1, valo be the binary expansions of u and

v, respectively. Then, ¢3(2(u © v)) = ¢3(250 + 4&1) = ¢3(2%0) + (&1, &1, &1, §1), where
& = 1 whenu; = v; =1 and 0 otherwise.

Let0,1,2,...,7 be the vectors having the elements 0, 1, 2, ..., 7 repeated in each coor-
dinate, respectively. If A is a generator matrix of a Z;Z4Zg-additive code, that is, a subgroup
of Z3' x Zj? x Zg* for some integers o, a2, @3 > 0, then we denote by A; the submatrix
of A with the first &y columns over Z,, A, the submatrix with the next ap columns over Zy,
and A3 the submatrix with the last a3 columns over Zg. We have that A = (A | Ay | A3z),
where the number of columns of A; is «; fori € {1, 2, 3}.

@ Springer
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Lets; > 1,1, > 0,and 3 > 1 be integers. Now, we construct recursively matrices A’12:3
having #; rows of order 8, #; rows of order 4, and #3 rows of order 2 as follows. First, we

consider the following matrix:
Lo _ (11]2]4
A= (0 11[1 ) @

Then, we apply the following constructions. If we have a matrix A~ 101 = (4, | Ay | A3),
with £ > 2, we may construct the matrix

ALOT Ay A1|My Ay Ay Ay Ap (M) A3 Az - A3 3)
-\ o011 0 1 2 31 0 1.---7)"

where M = {27 1z € {2} x {0,2}¢ Y and My = {27 : z € {4} x {0,2,4,6}*"1}. We
perform construction (3) until £ = #;. If we have a matrix AL — (4 | Ay | Az), with
t1 > 1 and £ > 1, we may construct the matrix

Amtl — (AL AL My Ay Ay Ay Ag|A3 A3 A3 A3 4)
—\0 1/1 0 1 2 3(0 2 4 6 )

where M| = {z” :z € {2} x {0, 2}1 61} We repeat construction (4) until £ = t,. Finally,
if we have a matrix A""2¢~1 = (A| | Ay | A3), witht; > 1,1, > 0, and £ > 2, we may

construct the matrix
A3 Aj
0 4 ) ®)

We repeat construction (5) until £ = r3. Thus, in this way, we obtain A’>/2:53,

Summarizing, in order to achieve A""2:3 from ALY first we add 71 — 1 rows of order
8 by applying construction (3) f; — 1 times, starting from A% up to obtain A-%-!; then
we add 1, rows of order 4 by applying construction (4) #, times, up to generate A-2'1; and,
finally, we add 73 — 1 rows of order 2 by applying construction (5) #3 — 1 times to achieve
A2 Note that in the first row there is always the row (1| 2 | 4).

Ay Ar

0 2

t,t2,0 __ A1 A]
et = (]

Example 1 By using the constructions described in (3), (4), and (5), we obtain the following
matrices A201, ALL and A2 respectively, starting from A1 given in (2):

11 11|22 2222[4444 44444444
AZ0T = 01 01|02 1111]0246 11111111 |, (6)
00 11|11 0123|1111 01234567

11 11[22 2222(4444
AL — [orotfo2 1111[1111 || @
00 1111 0123|0246

1111 1111222222 22222214444 4444
0101 0101|021111 021111{1111 1111
0011 0011{110123 110123]0246 0246
0000 1111{000000 222222|0000 4444

The Z,7.478-additive code generated by A+"2:%3 is denoted by H'!*">"3, and the corre-
sponding ZZ47g-linear code ® (H"1"213) by H:"2:3,
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Proposition 1 [8] Lett; > 1, 1, > 0, and t3 > 1 be integers. Let H'""">'3 be the 774 7.g-
additive code of type (a1, oz, a3; 11, 1, 13) generated by A>3, Then,

] = phtntn=1

ay + 20y = 41122671

a1+ 2a + daz = 81422671

Theorem1 [8] Let t; > 1, tp > 0, and t3 > 1 be integers. Then, the ZyZ47g-additive
code H"2:13, generated by A>3, is a 7o 74 Zg-additive Hadamard code of length 2!, with
t+1=3t 42t + 3.

Example 2 The Z,7Z47Zg-additive code H'*! generated by A1, givenin (2), is a 7,74 Zg-
additive Hadamard code of type (2, 1, 1; 1,0, 1). We can write %! = Ugeto.y(A +
a(l,1 ]2 4), where A = {A(0,1 | 1] 1) : A e Zg}. Thus, H'0! = oH!O1) =
Uege 0.1} (®(A) + al), where ®(A) consists of all the rows of the Hadamard matrix

00000000
01010101
00110011
01100110
00001111
01011010
00111100
01101001

HQ2,4) =

Note that & (A) is linear and the minimum distance of ®(.A) is 4, so H"%! is a binary linear
Hadamard code of length 8.

3 Linearity of Z,747g-linear Hadamard codes

The linearity of Z4-linear Hadamard codes was studied in [26, 31]. In general, for Z s -linear
Hadamard codes with s > 2 and p prime, the results on the linearity are given in [17]
when p = 2 and in [5] when p > 3. In [31], it is shown that the Z;Z4-linear Hadamard
codes of type (g, a2; 1, 13), or equivalently, the Z,Za4Zg-linear Hadamard codes of type
(o1, 2,0;0,1,13), with o) # 0, ap # 0, are the only ones which are linear when o] #
0, ar # 0, and a3 = 0. The next results show that the Hadamard codes H-053 = @ (H1.0.5),
where t3 > 1, are the only Z,7Z47g-linear Hadamard codes H''*2'3 with oy # 0, ap # 0,
and a3 # 0 which are linear.

Let H be a code over a ring. We denote by (H, H) the code where the codewords are
all vectors (u, u) for u € H. Similarly, if (H; | Hy | H3) is a ZpZ4Zg-additive code,
(Hi1, H1 | Ha, H2 | H3, H3) is the ZyZ4Zg-additive code having as codewords all the
elements of the form (w1, uy | up, us | uz, uz) with (uy | up | uz) € (Hi | Ha | Hs).

Proposition 2 The Z,7.47g-linear Hadamard codes HY0B \with t3 > 1, are linear.

Proof We prove this theorem by induction on 73 > 1. By Example 2, H %! is linear. Assume
that H'05 = & (H-053), with 13 > 1, is linear. Let H = H!05+1 and H = & (H). Now,
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we have to show that H is also linear. Let 1% = (H; | Ha | H3). By construction (5),

H=|J ("1, 11| Ha, Ha | H3, H3) +2(0,110,20,4)).
r€{0,1)

By Corollaries 1 and 3,

H = U (®(H1, H1 | H2, H2 | H3, H3) +2(0,1,0,1,0,1))
2e{0,1}

=AgUAy,

where A; = ®(Hy, H | Ha, Ha | H3, H3) +1(0,1,0,1,0,1), A € {0, 1}. Any element in
Ay is of the form

@y, ur | uz, uz [ uz, uz) +1(0,1,0,1,0,1), ®)

for (uy | ua | uz) € (H1 | H2 | H3z). Note that (8)isequal to (u1, u;+A-1, ®2(u2), P2 (u2)+
A1, @3(u3), P3(uz)+A-1) = (uy, ur+r-1,u), uy+r-1, uf, ui+i-1), where u, = @2 (us)
and u’y = ®3(u3). Thus,

. 1,0,
Ao = {(uy, ur, ub, uh, uy, ufy) : (uy, uh, us) € HBY,
Ar = {(ur, uy + 1y, ub + 1,y ul + 1) = (uy, ub, ul) € HYOBY,

Since H !9 ig linear, it is clear that if we take any two codewords from H, then their addition
belongs to one of the blocks Ag and A{. Therefore, H is linear. O

Theorem 2 The codes H'-0-53 of type (a1, aa, @3; 1,0, 13), withtz > 1, are the only ZyZ47.3-
linear Hadamard codes with a1 # 0, ay # 0, and a3 # 0, which are linear.

Proof By Proposition 2, we have that the codes H L0553 with t3 > 1, are linear.

First, we show that H2%! = &(H>%1) is nonlinear. By Example 1, the code H>%! is
generated by the matrix A201 given in (6). Letu = (uy | uy | u3z) and v = (vy | v2 | v3) be
the second and the third row vectors of A201, Now, by Corollary 2,

S(u) + P(v)

= (u1 + vy, P2(u2) + P2(v2), P3(u3) + P3(v3))

= (uy + vy, P2(uz2 +v2 — 2(u2 © v2)), P3(u3 + v3 — 2(u3 O v3)))
=@y +vy |uz+v2 —2(u2 O v2) | uz +v3 — 2(u3z © v3))
=®((u1+vr luz+v2luz+v3)—(0,0,0,0 | 2(u2 © v2) | 2(u3 © v3))).

Therefore, since (] 4+ vy | u2 4+ va | uz + v3) = u+v € H2%! we just need to show that
w=1(0,0,0,0|2(uzr ®v2) | 2(u3 © 13)) ¢ 201

By Corollary 4, ®22(u2 © 1)) = (0,0,0,1,0,1), where the vectors 0 and 1 are
of length 2, so wty(®P2(2(u2 © vz))) = 4. By Corollary 5, ®32(u3 © v3)) =
0,0,0,0,0,93(2),0, $3(2),0, $3(2), 0, p3(2)), where 0 = (0, 0, 0, 0), sowt g (P32(u30O
v3))) = 8. Therefore, wty (P(W)) = wty(P2(2(uz2 © v2))) + Wty (P3(2(u3 © v3))) =
448 =12 < 32, and hence ®(w) ¢ H>"! since the minimum distance of H>%! is 32.
Second, we prove that if H*0-1, where £ > 2, is nonlinear, then H*!-0-1 is also nonlinear.
Assume that H¢t1:0-1 ig linear. Then, by construction (3), for any u = (u1 | uz | u3),
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v= (v | v2|v3) € H4®!, we have that

U= (ui,uy | x1,u2, .4 un | xo,u3, 8., uz) € HEHLOTL
V=(v,v1 | x],v2, .4 02 | x5, 03, .8, v3) € HEFLOL,

where x;_1,x]_| € (2Z,)" fori € {2, 3}. Since H**1:0Vis linear, ® () + ® (V) € H¢F1OL
Again, by construction (3), we have that ®(@) + ®(V) = ®((a1,a; | yi,a2,.%.,a; |
y2,a3,.8.,a3) +1(0,1]1,0,1,2,3]1,0,1,...,7) € HH01 for somea = (a; | a2 |
a3) € HYOL, yi_| € (2Zy) fori € {2,3}, and A € Zg. Considering the coordinates in
positions 1,4, and 9 of it and v, we have that ®(u) + (v) = P(a) € H%01 and then H%0!
is linear, which is a contradiction.

Third, we show that that H-!1 = & (H!-!:1) is nonlinear. We consider the matrix A'1-1
givenin (7) and, by using the same argument as before, we can see that ® (u)+o(v) ¢ H L1,1
where u and v are the second and the third row vectors of A!-!-1.

Finally, if H"-%!, with £ > 0, (respectively, H"2-¢, with £ > 1) is nonlinear, then as
above we can show that H1-¢+11 (respectively, H' 'Q'K‘H) is also nonlinear, and hence the
result follows. m]

4 Kernel of Z,7.47g-linear Hadamard codes

The computation of the kernel and its dimension for Z4-linear Hadamard codes is given in
[26, 31]. In general, for Z,s-linear Hadamard codes with s > 2 and p prime, the results
on the kernel are given in [17] when p = 2 and in [5] when p > 3. Regarding codes over
mixed alphabets, it is proved that the kernel of a nonlinear Z,Z ,»-linear Hadamard code
coincides with the Gray map image of the elements of order at most p of the corresponding
ZPZPz-additive code of type (a1, a2; t1, 12) with @y # 0, o 7% 0in [31] and [6], for p =2
and p > 3 prime, respectively. Thus, the dimension of the kernel for these codes is equal to
11 +t>. In this section, we generalize some of these results and show that the dimension of the
kernel for nonlinear Z,7Z47Zg-linear Hadamard codes H"'"2'3 of type (a1, a2, a3; t1, t2, 3)
with o) # 0, a2 # 0, and w3 # 0 is equal to t; + 12 + 3.

When we include all the elements of Z,:, where 1 < i < 3, as coordinates of a vector, we
place them in increasing order. For a set S € Z,: and A € Z,i, where i € {1, 2, 3}, we define
AS={rj:jeStand S+ A ={j+Xx:j e S} Asbefore, when including all the elements
in those sets as coordinates of a vector, we place them in increasing order. For example,
27 = {0,4,6,8}, (Z4,7Z4) = (0,1,2,3,0,1,2,3) € Zﬁ and (Zy | Zg | 273, 478) =
(0,110,1,2,3]0,2,4,6,0,4) € Z3 x Z} x Z§.

Theorem3 Lett; > 1,1, > 0, and t3 > 1 be integers. Let H = H"""2'3 be the 7,7.47g-
additive Hadamard code of type (a1, a2, @3; t1, ta, t3) such that ® (H) is nonlinear. Let H, be
the subcode of H which contains all the codewords of order at most two. Then, K (P (H)) =

D (H>).

Proof By Corollary 3, forallb = (by | by | b3) € Hy andu = (u1 | up | uz) € H, we have
that ®(b) + ®(u) = (by + uy, P2(b2) + P2(uz), P3(b3) + P3(u3)) = (by + uy, P2(b2 +
uz), ®3(bz +u3)) = @by +uy | by +uz | bz +u3) € ®(H), so (Hz) € K(®(H)).
Let ®(a) € K(P(H)), where u 7# 0. We prove that o() = 2, and thus K(®(H)) C
®(Ho). Let {by, ..., by} (respectively, {ci, ..., c,}) be the collection of rows of order 8
(respectively, 4) of the generator matrix A”2:3 of the code 7. Then, we can write 1 = u-+uy,
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wherew = Y31 Aib;+ 37 pjej, hi €{0,1,2,3) € Zg, uj € {0, 1} € Zg, and o(ug) <
2.By Corollary 3, ® (1) = ®(u)+ P (up). Since P (u) € K (P(H)) and P(Hz) € K(P(H)),
we have that ®(u) € K(®(H)). Assume that o(u) > 2, so o(u) > 2. In order to obtain a
contradiction, we just need to find an element 1 € H such that ®(u) + P (1) ¢ O (H).

Let wo = (w; | wa | w3) be the second row of A’1:2:3, Note that the number of ones
in w3 is m = 81714225=1 Then, by Proposition 1, we have that m = n/8, where n =
o1 + 200 +4asj is the length of @ (H). Let I be the set of coordinate positions corresponding
to these ones in w3. Now, the proof is based on considering three different cases: when
o(u) = 8 and u ¢ {wy, 3wy}, when o(u) = 8 and u € {wy, 3w,}, and when o(u) = 4.

Assume that o(u) = 8 and u ¢ {wy,3wa}. Let v = 2wy = (v | v2 | v3). Note that
v3 contains the element 2 in the coordinates corresponding to /, and O or 4 in the other
coordinates. By construction, the definition of u, and the hypothesis of the considered case,
in the coordinates corresponding to /, either u3 is a permutation of the vector (Zg, mi8 7.e)
(when A; € {1, 3} for some i > 1) oritis a permutation of (Zg\2Zs, mf4 Zg\27Zg) (when
Ai € {0,2} foralli > 1, and Ay € {1, 3}, with either ; # O for some i > 1 or uu; # O for
some j > 0). Now, by Corollary 2,

P(u) + D(v)

= (u1 + v1, P2(u2) + P2(v2), P3(u3) + P3(v3))

= (u1 + v, Pa(uz + v2), P3(u3z + v3 — 2(u3 © v3)))

= P(ur+ v [uzs+v2 | uz + vz —2(uz ©vz))
=O((ur+v lug+valuz+vz) —(0]0]2(uz ©v3)))
=du+v—x),

where x = (0 | 0 | 2(u3 © v3)). By Corollary 5, wty (®(x)) = wty(P3(2(u3z © v3))) =
% - 16 = 2m if u3 is a permutation of (Zs, ™8, 7Zg), and wty (®(x)) = T-8=2m
otherwise. Since wty (®(x)) = 2m = n/4 and the minimum weight of ®(H) is n/2, we
have that ®(x) ¢ ®(H). Therefore, ®(u) ¢ K (P (H)), which is a contradiction.

Assume that o(u) = 8 and u € {wz, 3wz}. Let w3 = (w] | wj | w}) be the third row of
A1 First, consider that 71 > 1. Let k be the number of ones in w} outside the coordinate
positions of 1. Then, k = 4 - 81724225=1 — /2 Letz = 2w3 = (z | z2 | z3). Note that
in the coordinates corresponding to I, z3 contains every element of 2Zg exactly m /4 times.
Now, ®(u) + ¢(z) = P(u+z —x1), where x; = (0 | 0 | 2(u3 © z3)). By Corollary 5,

-8=m ifu=wy,

wtg (P(x1)) = wty (P3(2(uz © 23))) = { 8.8 = 3m ifu=3w
n.8 = = 3wy.

BN Nk

Since m = n/8 and the minimum weight of ® (H) is n/2, we have that ®(x1) ¢ P(H).
Therefore, ®(u) ¢ K (P (H)), which is a contradiction. Second, consider that r; = 1. Then,
m = as. Note that the number of ones in wj is my = 42253~1 Then, by Proposition 1,
we have that m> = n/8. Let I, be the set of coordinate positions to these ones in w,. Let
y = wa+ w3 = (¥ | y2 | ¥3). Then, we have that y3 = (Zg\2Zs, mf4 7g\273g), and in
the coordinates corresponding to /5, y» is a permutations of the vector (Zg, "2/, Z4). Now,
O (u) + O(y) = P(u+y—xz), where xo = (0 | 2(u2 © y2) | 2(u3 © y3)). By Corollary 5,

Wig (P (x2)) = Wiy (P2(2(u2 © y2))) + Wta (P3(2(u3 O ¥3)))

=%.2.2+%81fue{wz,3wz}.
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Since my = m = n/8 and the minimum weight of ® (H) is n/2, we have that & (x3) ¢ P (H).
Therefore, ®(u) ¢ K (P (H)), which is a contradiction.

Assume that o(u) = 4. Recall that v = 2wj, z = 2w3, and y = w, + w3. First, consider
that 11 > 1. By construction, in the coordinates corresponding to [, either u3 contains
every element of 27Zg exactly m /4 times or u3 is equal to 2. In the first case, we consider
D) + &(v) = ®(u+ v —x3), where x3 = (0 | 0 | 2(#3 © v3)). In the second case, we
consider ®(u) + ®(z) = ®(u +z — x4), where x4 = (0 | 0 | 2(u3 © z3). Then, in both
cases, Wty (P (x3)) = wty (P (x4)) = 2 -8 =2m = n/4.

Second, consider that 7; = 1. Note that m = a3, so u3 is a permutation of (2Zg, m/4 27s)
or u3 = 2. In the first case, we consider again ®(u) + ®(v) = ®(u + v — x3), and in the
second case, ®(u) + P(y) = ®(u+y —xs5), where xs = (0 | 0 | 2(u3 © y3). In both cases,
wty (P (x3)) = wty (P (x5)) = % -8 = 2m = n/4. For all these cases, since the minimum
weight of ®(H) is n/2, we have that ®(x3), ®(x4), P (x5) ¢ P(H), which is a contradiction.
This completes the proof. O

Corollary6 Lett) > 1,1, > 0, and t5 > 1 be integers. Let H = H'"">3 be the Z)Z.47g-
additive Hadamard code of type (a1, oz, a3; 11, ta, t3) such that © (H) is nonlinear. Let wy, be
the kth row of A" and Q = {(o(wy) /2)Wi}; > 5. Then, ®(Q) is a basis of K (®(H))
andker(®(H)) =t + 1 + 3.

5 Classification results

The classification of Z;Zj4-linear Hadamard codes of type (o1, a2; 2, 13), (or equivalently,
ZoZ47Zg-linear Hadamard codes of type (a1, @2, 0; 0, 12, t3)) with a1 # 0 and «p # O, of
length 2!, for any ¢ > 3, using the rank or the dimension of the kernel is shown in [31].
For Z4-linear Hadamard codes of type (n; 2, #3) (or equivalently, Z,7Za47Zg-linear Hadamard
codes of type (0, n, 0; 0, 12, 13)), the classification is shown in [26, 31]. In [28], it is shown that
each Zy-linear Hadamard code is equivalent to a Z,Z4-linear Hadamard code with o1 # 0
and oy 7# 0. Some partial results on the classification of Zys-linear Hadamard codes of length
2! forany ¢t > 3ands > 2, are proved in [17, 19]. In this section, we present several families
of infinite such nonlinear Z,Z4Zg-linear Hadamard codes H'!*2°"3_ which are not equivalent
to any other constructed Z,7Z47Zg-linear Hadamard code, nor to any Z,Z4-linear Hadamard
code, nor to any previously constructed Zps-linear Hadamard code [17], with s > 2, with the
same length 2’. Moreover, for 3 < ¢t < 11, we give a complete classification by providing
the exact amount of nonequivalent such codes.

Next, we recall the construction of Zjs-linear Hadamard codes with s > 2, given in [17].
From [17, 19], we also recall for which types these codes are linear, what are their kernel
dimensions when they are nonlinear, and which of them are equivalent to each other. Then,
we recall the results on the rank of Zg-linear and Z;,Z4-linear Hadamard codes given in [18]
and [31], respectively. First, we recall the construction of Zjs-linear Hadamard codes with
s > 2 and some results, given in [17-19]. Let T; = {j - 2i=! : j € {0,1,..., 2571t —1}}
foralli € {1,...,s}. Notethat Ty = {0, ...,2° —1}. Let 1, ..., t; be non-negative integers
with #; > 1. Consider a matrix A"t whose columns are exactly all the vectors of the form
27,z e {1} x Tl”_1 x T2 x -+ - x T{*. See [17] for examples. Let 7' be the Z»s-additive
code of type (n; 11, ..., t;) generated by AlIs where 11, .. ., fs are non-negative integers
with #; > 1. Let H">% = ®(H"") be the corresponding Zos-linear Hadamard code.
Let w; be the ith row of A% 1 < < f; 4+ --- + t;. By construction, w; = 1 and
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o(w;) < o(w;)ifi > j. Wedefineo € {1, ..., s} as the integer such that o(w2) = 2st+l-o
For H1:90 we define o = 5. Note that

1 iftp > 2,
o=21s ifh=1tH=--=t=0, ()]
min{i : t; > 0,71 € {2,...,s}} otherwise.
Theorem4 [17] Let ty, ..., t; be non-negative integers with s > 2 and t| > 1. The Zs-

linear code H"' of type (n; 1y, ...,15) is a binary Hadamard code of length 2!, with
r= (Zle(s —i+1- l‘i) —landn = 21—5%1,

Theorem 5 [17] The Zos-linear Hadamard code H'">'s of type (n; t1, . . . , t;), withs > 3, is
linearifandonlyif (11, ..., 1) € {(1,0,...,0,1), (1,0,...,0, 1, )}. Moreover, if H" '
is nonlinear, then ker(H"~) = o + Y I_| 1;.

Theorem 6 [/8] Let HUols be the Zys-linear Hadamard code of type (n; t1, ..., ts). Then,
rank (A5t = | 4 rank (H-%).

Theorem 7 [18] Let H"'"'2"3 be the Zg-linear Hadamard code of type (n; 11, t2, t3). Then,

4 3 2

rank([-_ltl’tz’t3) — i _ i 35t1 72
24 12 24 12

Theorem 8 [19] Let H''~'s be the Zys-linear Hadamard code, withs > 2 andt; > 1. Then,

forallt e {1, ..., 1}, ol is permutation equivalent to the Zys+¢-linear Hadamard code
1:11,0"1.11—l,tz,...,zs,l,t,\-—li

n 5
+5(t1 +h+n+D+3+1.

Letr,..., t;, be non-negative integers with rj > 2if 5" > 3, or7; > 1if s’ = 2. Let
Cy(ty,....t})=[H = H t.\l-’, H,, ..., H,]be the sequence of all Z)s-linear Hadamard
codes H'»' oflength 2, where r = (3_}_, (s—i+1)-1;)—1, that are permutation equivalent
to I-?t'/ """ fy by Theorem 8. We refer to Cy (tl/, R zs’) as the equivalence chain of Hiols
If we focus on nonlinear Zos-linear Hadamard codes with s > 3, then we can assume that
1 = 23]

Proposition 3 [19Z Let ty, ..., t; be non-negative integers with t| > 1. Then, the Zs-linear
Hadamard code H™-' belongs to an unique equivalence chain Cu(t, ..., t;,), where
s'=s—o+1.

Now, we recall the results about the rank and dimension of the kernel for nonlinear ZyZ4-
linear Hadamard codes, given in [31].

Theorem 9 [31] Lett >3 andty € {0, ..., [t/2]}. Let H'3 be the nonlinear Z,Z4-linear
Hadamard code of length 2" and type (a1, a2; 12, 13), where oty = 2172, iy = 20~ 1 —pt—02=1
and t3 =t + 1 — 2tp. Then,

I
rank(H2'3) = t3 + 2t + (22> and ker(HB) =t + t3.

The following example shows that the rank, the dimension of the kernel, or the pair of rank
and dimension of the kernel cannot be used, in general, to completely classify all nonlinear
7, 7.47g-linear Hadamard codes H''*>'3 of a given length 2/ up to equivalence.
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Example 3 By Theorems 1 and 2, the nonlinear Z,Z4Zg-linear Hadamard codes of length
29 are the following: HULS gl23 pgl3.0 204 212 954 g3.0.1 Their kernels are of
dimension 7, 6, 5, 6, 5 and 4, respectively, by Corollary 6. By using the computer algebra
system Magma [14], we can check that H23 and H>%* are nonequivalent. Therefore, the
dimension of the kernel does not allow to classify these codes. By using Magma, we compute
their ranks, which are 12, 15, 19, 15, 20 and 26, respectively. Therefore, the rank does not
classify either. Note that H!-23 and H%>%* have the same pair of rank and dimension of the
kernel, (r, k) = (6, 15). Thus, the pair of rank and dimension of the kernel does not classify
either.

Theorem 10 Lett; > 1, t, > 0, and t3 > 1 be integers. Let H'\"'>"3 be the Z,7.47g-linear

Hadamard code of type (ay, an, as3;ty,t2,13) with a1 # 0, ap # 0 and az # 0. Then,
rank (H'-2:5B+1) = 1 4 rank (H"1-72:53).

Proof Let H'"">3 = (H; | H, | H3) be the corresponding Z,Z47Zg-additive Hadamard
code. Note that, by construction (5),

HOH = | ] (M1 Hy | Hao o | Hay Hs) + 40,110,211 0,4)).
2€{0,1}

By Corollaries 1 and 3,

H25 T =) (@ (H1, Ha | Ha, Ha | 3, Ha) +4(0,1,0,1,0, 1))
2€{0,1}

=AgUAjq,

where Ay = ®(H1, Hi | Ha, Ha | Ha, H3) + 4(0,1,0,1,0,1), & € {0, 1}. Therefore,
rank (@ (H1-2571)) = 1 4 rank (O (H-25)). O

Now, we prove some technical lemmas.

Lemma 1 Let t be a positive integer. Then,

rank(H'1 =% =t + 3, where t > 5.

rank(H2'=%) = rank(H2%/=5) =t + 6, where t > 7.
rank(H"'3'=8) = ¢ + 10 and rank (H>"'=7) = ¢t + 11, where t > 9.
rank(H>%>'=%) = rank(H3>%'78) = 1 + 17, where t > 10.

rank(H 47710y = ¢ + 15, where t > 11.

rank(H200=7y = t + 7 where t > 7.

rank(H 121710y = ¢ 48 where t > 10.

rank(H1051=13)y = ¢ 4 11, where t > 13.

rank(H 2979 = ¢t + 9 and rank (H>%11=9) =1 4+ 11, where t > 9.
10. rank(H5131712) = ¢ 412, where t > 12.

11. rank(HV20=1Yy = ¢ 414 where t > 11.

12. rank(H 00115y =t 4 16, where t > 15.

00N RN~

Proof By using Magma or as it is shown in Tables 2 and 3, we have that rank(H "1-1) = 8,
rank(H!>!) = rank(H>%?) = 13, rank(H"*!) = rank(H*>!'!) = 19, rank(H>>1) =
rank (H*>%2) = 27, rank(H"*1!) = 26. For any H'1""2"3 we have that f 4+ 1 = 3| 4+ 21, + 13
by Theorem 1. Thus, H'15 = HUL4 where 1 > 5. By Theorem 10, we have that
rank(H1=%) = r + 3. Items 2-5 follow in a similar way.
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Again, by using Magma [14], we also have that rank (H%%99) = 14, rank(H-1-2.0) = 18,
rank (H1-209) = 18, rank(H"030) = 24, rank(A*>*1:0) = 20, rank(A"130) = 24,
rank(H"2-1:0) = 25, and rank(H"9-%0) = 31. The remaining Items 6-12 follow from the
fact that ¢ + 1 = 41| + 31, + 213 + t4 for any H"-"2%% and Theorem 6. O

Lemma 2 Lett be a positive integer. Then, the following codes in each item are not equivalent
to each other.

HL21=6 gnd H291=5 where 7 <t < 11.

H>2179 gnd H391=8 \where 10 <t < 11.

HUVL=% gnd H2915 where 5 <t < 11.

H>% and H*V =7 where 10 < t < 11 and H>' is the ZnZ4-linear Hadamard code
of length 2" and type (a1, a2; 5,1 — 9) with ap = 2!75 ap = 2/~1 — 2176,

AW~

Proof The inequivalence between these pairs of codes is established through computations
in Magma [14]. Specifically, we use functions provided in the packages [20, 21] to construct
the Hadamard codes, and then apply the function IsHadamardEquivalent to determine
whether the codes are equivalent or not. O

Lemma 3 Letk and t be two positive integers such thatt —k > 0. Let H'! be a nonlinear
Zys-linear Hadamard code of length 2! such that ker(H"--') =t — k. Then,

1. fors > 2 and o as defined in (9),

th+---+ty=t—k—o, (10)
(s—Dt+ (=4 +t1=0+k+1, (11)

2. fors > 4,11 =1, 0 asdefinedin (9) and . = (s —o0 — Dtgqy1 + -+ t5-1,

k+2—X
PR el (12)
ty +1
Proof By Theorem 5, ker(H"»') = o + > i_1 i, so we have that
Hh+--+ty=t—k—o. (13)
By Theorem 4, we have that
s+ —Dora+--+t,=t+1. (14)
From (13) and (14), we have that
t—-—Dhh+G6-200+---+t,—1=0+k+1. (15)
ForItem 2, sinces > 4,¢; = 1,and HI-~* is nonlinear, from the definition of o, we have that
l<o<s,tp=---=t,_1 =0andt, > 1.From(15),wehavethat (s—1)4+(s—0)ts +A =
o + k + 1. Thus, we obtain (12). ]

Lemma4 Letk and t be two positive integers such thatt —k > 0. Let H""2"'3 be a nonlinear
7 7.47g-linear Hadamard code of length 2" such that ker(H"2:3) = t — k. Then,

h+n+t=t—k, (16)
200+t =k+ L. (17
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Proof By Corollary 6, ker(H"'23) = t; + 1 + t3, so we have (16). By Theorem 1,
3t +20+13=1t+1. (18)
From (16) and (18), we have that 2¢; +1, = k + 1. O

The following results show that there are several families of infinite ZjZ4Zg-linear
Hadamard codes of length 2!, with o # 0,2 # 0 and a3 # 0, which are not equiv-
alent to any ZjZs-linear and Zjs-linear Hadamard code, with s > 2, of the same length
2!

Let k and ¢ be two positive integers such that r — k > 0. We define the set

S = {(t1, 1, 13) : (t1, 12, t3) satisfies (16) and (17)}.

By Corollary 6 and Lemma 4, we have thatker(H'»"2"3) = ¢t —k ifand only if (1, 12, t3) € Sk.
We also define the set

S‘k,s ={(t1,...,t5) : (t1, ..., ty) satisfies (10) and (11)}.

By Theorem 5 and Lemma 3, we have that ker(H") =t —kifand onlyif (71, ..., 1) €
Sk.s-

Theorem 11 The ZZ47Zg-linear Hadamard code HYV'=* of length 2!, with t > 5, is not
equivalent to any other ZyZ47g-linear Hadamard code H'-">"3, nor to any Z-linear or
7 Z4-linear Hadamard code of length 2'.

Moreover, HYV'=% is not equivalent to any Zos -linear Hadamard code of length 2!, with
s > 3, except for the codes in the equivalence chain Cy(2,0,t —5).

Proof Let H = H'!'=* We have that S, = {(1, 1, r — 4)}. Note that H is not equivalent to
any other Z,7Z47Zg-linear Hadamard code H"''2'3, having the same length 2/, t > 5, since
the values of the kernel dimensions are different.

Let H™>'3 be the nonlinear Z)Z4-linear Hadamard code of length 2’ and type
(a1, a0; 12, 13), where @) # 0 and ap # 0. By Theorem 9, we have that rank(H2:3) =
t+1+ (%), and by Item 1 of Lemma 1, rank(H) = ¢ 4 3. Since 1 + 1 + () # ¢ 4 3 for any
value of 7,, H is not equivalent to any Z,Z4-linear Hadamard code of length 2" with a; # 0
and oy # 0. Since the family of Z4-linear Hadamard codes is included in the family of
Z»Z4-linear Hadamard codes with o1 # 0 and oy # 0 [28], we have that H is not equivalent
to any Zg4-linear Hadamard code of length 2.

Let H">' be a nonlinear Zys-linear Hadamard code, with s > 3, of length 2/ such that
ker(H'">') =t — 2. First, we show that, if s > 4, then HI>~~s belongs to an equivalence

chain Cy (11, ..., t;,), where s’ € {2, 3}. Note that, if s > 4 and #; > 1, then o = 1. In this
case, (11) has no solution. Assume that s > 4 and #r; = 1. Thus, from (12),
4—»
§s—0 = .
ty + 1
Sinces—o > Oandt(,_~|—1 > 2,wehavethat4—A € {2, 3, 4}, and hence, s—o € {1, 2}. Thus,
from Proposition 3, H''s, with s > 4, belongs to an equivalence chain Cy (1], ..., 1}),

where s’ € {2, 3}. Therefore, we just need to show that H is not equivalent to any nonlinear

Zg-linear Hadamard code H'"2% of length 2! such that ker(H""23) = t — 2, except for
2.0.0-5

If 1 = 1, then o = 2. In this case, we have_ that (1, 3,£ —8) e 5’2,3. Otherwise, if 1 > 1,
then o = 1 and we have that (2,0, ¢ —5) € S».3. Thus, $23 = {(2,0,1 —5), (1,3, — 8)}.
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By Theorem 7, rank(H>%'73) = ¢ + 3 and rank(H"3'78) = r +4 # r + 3. Since
rank(H) =t + 3, H is not equivalent to any Zg-linear Hadamard code of length 2!, except
to H%91=5 and the codes in its equivalence chain Cy (2,0, — 5). O

Theorem 12 The Z,7.47g-linear Hadamard code H"3'=8 of length 2!, with t > 9, is not
equivalent to any other Zo747g-linear Hadamard code H""2'3, nor to any 7 Z4-linear or
Zys-linear Hadamard code of length 2! with s > 2.

Proof Let H = H"3'~8 Wehave that S4 = {(1,3,1—38), (2, 1, 7—7)}. By Item 3 of Lemma
1, rank(H) = ¢ + 10 and rank(H>''=7) = r 4+ 11, so H is not equivalent to H>/~7,
Moreover, H is not equivalent to any other Z,Z4Zg-linear Hadamard code H''2:3, having
the same length 2!, since the values of the kernel dimensions are different.

By the same argument as in the proof of Theorem 11, since # + 1 + (3) % 4 10 for any
value of 7, we have that H is not equivalent to any Z;Z4-linear Hadamard code of length 2’
with a; # 0 and oy # 0, and neither to any Z4-linear Hadamard code of length 27.

Now, we show that any Z»s -linear Hadamard code H'1>~'s withs > 3 andker(H">) =
t — 4 is equivalent to a Zg-linear or Zg-linear Hadamard code. For s > 4 and #; > 1, we
have that o = 1, so (11) has solution only if s = 4 and hence s — ¢ = 3. For s > 4 and
t; = 1, from (12), we have that 6 — A € {2,3,4,5, 6}, and hence s — o € {1, 2, 3}. Thus,
from Proposition 3, H's with s > 4, belongs to an equivalence chain Cy (t{ e, ts’,),
where s’ € {2, 3, 4}. Therefore, we just need to show that H is not equivalent to any nonlinear
Zg-linear and Z¢-linear Hadamard code of length 2’. We have that

Sa3USss=1{(1,51—-12),(2,2,t=9),(3,0,1 —8),(1,0,5,t — 13),
(1, 1,2, = 10),(1,2,0,1 = 9), (2,0,0,1 — 7)}.

By Theorem 7 and Items 6-9 of Lemma 1, rank (H"1>'s)ist4+11, 148, 49, t+11, t+8, t+9
and ¢ + 7, respectively. Since rank(H) = t + 10, H is not equivalent to any Zys-linear
Hadamard code H''' of length 2, with s > 3. O

Corollary 7 The 7Z,747g-linear Hadamard code H>''=7 of length 2!, with t > 8, is not
equivalent to any other ZoZ4Zg-linear Hadamard code H" 23,

Theorem 13 The Z»Z473-linear Hadamard code H*'~10 of length 2!, with t > 11, is not
equivalent to any other ZoZ4Zg-linear Hadamard code H"'°"3, nor to any ZoZ4-linear or
Zys -linear Hadamard code of length 2" with s > 2.

Proof Let H = H*'~10 We have that S5 = {(1, 4, 7 — 10), (2,2, —9), (3,0, — 8)}. Let
Hy = H>2'=% and H, = H>%'~3_ By Items 4 and 5 of Lemma 1, rank(H) = ¢ + 15 and
rank(H;) = rank(H,) = t + 17. Therefore, H is not equivalent to any other Z,7Z4Zg-linear
Hadamard code H''-2-3 having the same length 27.

By the same argument as in the proof of Theorem 11, since ¢ 4+ 1 4 (tzz) #t+ 15, we
have that H is not equivalent to any Z;Z4-linear Hadamard code of length 2! with a; # 0
and ap # 0, and neither to any Z4-linear Hadamard code of length 27.

Now, we show that any Zys-linear Hadamard code H>% with s > 3 andker(H+%) =
t — 5 is equivalent to a Zg-linear or Ze-linear Hadamard code. For s > 4 and #; > 1, we
have that ¢ = 1, so (11) has a solution only if s = 4 and hence s — o = 3. For s > 4 and
t; = 1, from (12), we have that 7 — A € {2, 3,4,5, 6,7}, and hence s — o € {1, 2, 3}. Thus,
from Proposition 3, "', with s > 4, belongs to an equivalence chain Cy (1], ..., ),
where s’ € {2, 3, 4}. Therefore, we just need to show that H is not equivalent to any nonlinear
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Zg-linear and Z¢-linear Hadamard code of length 2'. We have that

853U 854 = {(1,6,1 — 14), (2,3, — 11), 3, 1,1 — 10), (1,0, 6,1 — 15),
1,1,3,t—12),(1,2,1,t — 11), (2,0, 1, — 9)}.

By Theorem 7 and from Items 9 to 12 of Lemma 1, rank (H™ 5 ) is t 416, t +12, t + 14, 1 +
16,1 4+ 12,¢t + 14 and ¢ 4 11, respectively. Since rank(H) = ¢ 4+ 15, H is not equivalent to
any Zjs-linear Hadamard code of length 2!, with s > 3. O

Theorem 14 The 7, 7.47.g-linear Hadamard codes HU2176 witht > 7, and H*>91=5 with
t > 6, of length 2! are not equivalent to any other 7, 7Z47g-linear Hadamard code H""2'53,
nor to any ZyZ4-linear or Zys-linear Hadamard code of length 2" with s > 2. Moreover,
HY21=6 gnd H201=5 gre not equivalent for any 7 <t < 11.

Proof Let Hy = H">!~%and H, = H*>/~>. We have that S3 = {(1,2,1—6), (2,0, —5)}.
Then, H; and H, are not equivalent to any other Z,Z47Zg-linear Hadamard code H'1-2:3
having the same length 2/, since the values of the kernel dimensions are different. By using
Magma [14], we have that H; and H; are not equivalent for any 7 <7 < 11.

By Item 2 of Lemma 1, rank(H;) = rank(H,) = ¢ + 6. By the same argument as in the
proof of Theorem 11, since r + 1 + (tzz) # t + 6 for any value of #,, we have that H; and H»
are not equivalent to any Z,Z4-linear Hadamard code of length 2! with a; % 0 and ay # 0,
and neither to any Z4-linear Hadamard code of length 27.

Now, we show that, if s > 3, then any Zps-linear Hadamard code H''+% with
ker(l:l"*"""") = t — 3 is equivalent to a Zg-linear Hadamard code. We can assume that
s > 4 and t; = 1, otherwise (11) has no solution. From (12), 5 — » € {2,3,4, 5}, and
hence, s — o € {1, 2}. Thus, from Proposition 3, H">~'s with s > 4, belongs to an equiv-
alence chain Cy(t],..., 1)), where s’ € {2, 3}. Therefore, we just need to show that H,
and H, are not equivalent to any nonlinear Zg-linear Hadamard code H'12%3 of length
2" such that ker(H""">"3) = ¢ — 3. By using similar arguments as in the proof of Theo-
rem 11, 833 = {(2, 1, —7), (1,4, ¢ — 10)}. By Theorem 7, rank(H>""~7) =t + 5 and
rank(H'4=10) = ¢ 4+ 7. This completes the proof, since rank(H) = rank(H,) =t + 6 by
Item 2 of Lemma 1. m]

Theorem 15 The Z»Z47g-linear Hadamard codes H>*>'=°, for t > 10, and H>%'~3, for
t > 9, of length 2! are not equivalent to any other ZoZ4Zg-linear Hadamard code H'"2+3,
nor to any ZoZy-linear or Zys-linear Hadamard code of length 2' with s > 2. Moreover,
H>%>'=% and H>%'=8 are not equivalent for any 10 <t < 11.

Proof Let Hy = H%%'=% and H, = H>%'=8. We have that S5 = {(1,4,t — 10), (2,2, 1 —
9), (3,0, 7 — 8)}. By Items 4 and 5 of Lemma 1, rank (H "*'~19) = ¢ 4+ 15 and rank (H,) =
rank(H,) = t+17. Then, H; and H; are not equivalent to any other Z,Z47Zg-linear Hadamard
code H"""23 having the same length 2’. By using Magma [14], H; and H, are not equivalent
forany 7 <t < 11.

As before, since t + 1 + (tzz) # t 4+ 17, we have that H; and H; are not equivalent to
any ZZ4-linear Hadamard code of length 2/ with o1 # 0 and oy # 0, and neither to any
Z4-linear Hadamard code of length 27.

Now, we show that any Z»s -linear Hadamard code "1 withs > 3 andker(H">) =
t — 5 is equivalent to a Zg-linear or Ze-linear Hadamard code. For s > 4 and #; > 1, we
have that ¢ = 1, so (11) has a solution only if s = 4 and hence s — o = 3. For s > 4 and
t; = 1, from (12), we have that 7 — A € {2,3,4,5, 6,7}, and hence s — o € {1, 2, 3}. Thus,

@ Springer



Linearity and classification of Z;Z47Zg-linear Hadamard codes

from Proposition 3, H"~, with s > 4, belongs to an equivalence chain Cy (1, n ),
where s” € {2, 3, 4}. Therefore, we just need to show that H; and H, are not equivalent to
any nonlinear Zg-linear and Z¢-linear Hadamard code of length 2’. We have that

S53USsa={(1,6,1—14),(2,3,t —11), (3,1, — 10), (1,0,6,7 — 15),
(17 173at_ ]2)7 (172» 17t_ 11)7 (2703 lvt_g)}'

By Theorem 7 and from Items 9 to 12 of Lemma 1, rank(H">~~) is t + 16,1 4+ 12,1 +
14,1+ 16,1 4+ 12,t + 14 and ¢ + 11, respectively. Therefore, H; and H; are not equivalent
to any Zys-linear Hadamard code of length 2/, s > 3. ]

Theorem 16 The Z,Z47g-linear Hadamard codes H'/3% of length 2!, with t = 3m and
m > 2, are not equivalent to any other 7 7.47g-linear Hadamard code H'""">"3, nor to any
7y Zy-linear, Zy-linear or Zg-linear Hadamard code of length 2'.

Proof By Theorem 2, H™-91 i nonlinear since m > 2. Then, by Corollary 6, ker(H’"’O' l) =
m + 1. Let H'"'23 be a nonlinear Z,Z4Zg-linear Hadamard code of length 2’ such that
ker(H""2:3) = m + 1. By Corollary 6, ker(H™*":3) = t; + t + t3, so we have that

h+n+m=m+1. (19)
By Theorem 1,
3142 +t3=t+1=3m+ 1. (20)
From (19) and (20),
h+263=2. ey

Note that {(1, 2, 13) : (t1, 12, 13) satisfies (19) and (21)} = {(m, 0, 1)}. Therefore, H™:%! is
not equivalent to any other Z;Z47Zg-linear Hadamard code H'™™:% of the same length 27,
since the values of the kernel dimensions are different.

Let H'>' be the nonlinear Z,Z4-linear Hadamard code of length 2’ and type
(a1, az; o, 13), where a1 # 0 and ap # 0, such that ker(H™2'3) = m + 1. Then, by Theorem
9,

h+t=m+1, (22)
and
2t +t3 =t +1=3m + 1. (23)
From (22) and (23),
th 4213 = 2. (24)

From (22) and (24), we have that 13 = 1 — m < 0, which is a contradiction, since 3 > 1.
Therefore, H™%! is not equivalent to any Z,Z4-linear Hadamard code of length 2/ with
a1 # 0and oy # 0. Since the family of Z4-linear Hadamard codes is included in the family
of ZyZ4-linear Hadamard codes with «; 7# 0 and oy # 0, we only need to show that H m,0,1
is not equivalent to any Zg-linear Hadamard code of length 2.

Let H"-"23 be a nonlinear Zg-linear Hadamard code of length 2! such that ker(H"-253) =
m + 1. By Theorem 5, ker(H"-283) = ¢ + 21‘3:1 t;, so we have that

H+bHh+t3=m+1—o0. (25)
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By Theorem 4, we have that
314+2+t3=t+1=3m+ 1. (26)
From (25) and (26), we have that
th+ 213 =2 —30. 27)

Since 1 <o < 3,2—30 < 0. Thus, (27) has no solution, since #,, t3 > 0. Therefore, H™MO0.1
is not equivalent to any Zg-linear Hadamard code. O

Theorem 17 The Z»Z47g-linear Hadamard codes H*=2/3V1 of length 2!, witht = 3m +2
and m > 2, are not equivalent to any other Z,7Z47g-linear Hadamard code H""">3, nor to
any Zg-linear or ZoZy-linear Hadamard code of length 2'.

Proof By Theorem 2, H™ L1 is nonlinear. Then, by Corollary 6, we have that ker (H™ Ly =
m + 2. Let H"""23 be a nonlinear Z,Z4Zg-linear Hadamard code of length 2’ such that
ker(H""2:53) = m + 2. By Corollary 6, ker(H'""23) = | + t, + 13, so we have that

Hh+n+t=m+2. (28)
By Theorem 1,
3 +2+t3=t+1=3m+3. (29)
From (28) and (29),
th + 213 = 3. (30)

Note that {(t1, 12, 13) : (11, 12, 13) satisfies (28) and (30)} = {(m, 1, 1)}. Therefore, H™!! is
not equivalent to any other Z;,7Z47Zg-linear Hadamard code H"!'2:'3 having the same length
2! since the values of the kernel dimensions are different.

Let H'>' be the nonlinear Z)Zg4-linear Hadamard code of length 2’ and type
(a1, ap; o, 13), where @ # 0 and ap # 0, such that ker(H™2'3) = m + 2. Then, by Theorem
9,

h+t3=m+2, (3D
and
2t +t3=t+1=3m+ 3. (32)
From (31) and (32),
t) +2t3 = 3. (33)

From (31) and (33), we have that 13 = 1 — m < 0, which is a contradiction, since 3 > 1.
Therefore, H™!'! is not equivalent to any Z;Z4-linear Hadamard code of length 2/ with
o1 # 0and ap # 0. Since the family of Z4-linear Hadamard codes is included in the family
of ZyZ4-linear Hadamard codes with «; 7# 0 and o # 0. This completes the proof. O

For 4 <t < 15, Tables 2, 3 and 4, show all possible types corresponding to Zj-linear
Hadamard, Z,Z4-linear Hadamard (with o] # 0 and ap # 0), Zg-linear Hadamard H1-2%
[17] and Z,Z4Zg-linear (with a7 # 0, ap # 0 and a3 # 0) Hadamard codes H'"2:'3 of
length 2'. For each one of them, the values (r, k) are shown, where r is the rank and & is
the dimension of the kernel. These values can be computed for Z4-linear Hadamard codes
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Table 1 Number A; of

nonequivalent ZjZ47g-linear
Hadamrd code of length 2f for At 1 1 2 3 4 5 7 8 10
3<tr<l1l

t 3 4 5 6 7 8 9 10 11

from [26, 31], for Z,7Z4-linear Hadamard codes by Theorem 9, and for Zg-linear Hadamard
codes by Theorems 5 and 7. The values of the rank for Z;Z,Zg-linear Hadamard codes are
computed by using Magma [14], and the kernel dimensions are calculated by Theorem 6.
Note that if two codes have different values (r, k), then they are not equivalent. As shown
in Example 3 for r = 9, it is easy to see that taking only the values of the dimension of the
kernel, or only the rank, given in these tables, it is not possible to classify completely the
7 7.47.g-linear Hadamard codes.

Note that, for t < 4, the Z,Z47Zg-linear Hadamard codes H"'2:3 of length 2! are binary
linear Hadamard codes. In the next theorem, we show that, for 5 < ¢ < 11, the nonlinear
7, 7.47g-linear Hadamard codes H'!+"°'3 of length 2! are not equivalent to each other, nor to
any Z,Z4-linear Hadamard code, nor to any Zs-linear Hadamard code [17] with s > 2, of
the same length 2'.

Theorem 18 For 5 < t < 11, the nonlinear ZoZ4Zg-linear Hadamard codes H"'2'53 of
length 2! are not equivalent to each other, nor to any Z,Z4-linear Hadamard code, nor to
any previously constructed Zys -linear Hadamard code, with s > 2, of length 2'.

Proof It follows from Lemma 2, Theorems 11, 12, 13, 14 and 15, Tables 2 and 3, Tables 1 and
3 given in [17], and the fact that two codes are nonequivalent if they have different values of
(r, k), where r is the rank and k is the dimension of the kernel. For example, consider t = 11.
From Table 3, all nonlinear Z,7Z47Zg-linear Hadamard codes of length 2 gre gLL7 gL.2.5,
H!33 gLl g2.06 pg2l4 p222 [3.03 909 311 All these codes, except H?>22 and
H393 are not equivalent to each other, nor to any Z,Z4-linear and Z,s-linear Hadamard
code, with s > 2, of length 211 since they have different values of (r, k). The codes H 222
and H3:93 have the same (r, k), which is (28, 6). By using Magma [14], we can check that
they are not equivalent. Again, from Table 3, and Table 3 given in [17], we have that all the
codes of length 2! have values of (r, k) different from (28, 6). This completes the proof. 0

Let A, be the number of nonequivalent Z;Z4Zg-linear Hadamard codes H'!+2°'3 of length
2!, By Theorem 18, we can classify completely Z,Z4Zgs-linear Hadamard codes H"'2:3 of
length 2’ for 3 < ¢ < 11, by providing the number A; of nonequivalent such codes, as shown
in Table 1.

6 Conclusions and further research

In this paper, we study the linearity of the Z;Z4Zg-linear Hadamard codes H'!:"2'3 with
ar # 0, ap # 0, and a3 # 0, presented in [8]. We also determine the kernel and its
dimension whenever they are nonlinear. The kernel does not give a complete classification,
but it provides a lower bound on the number of such nonequivalent Z,Z4Zg-linear Hadamard
codes with the same length 2. We establish a complete classification for 3 < ¢t < 11 by
using the dimension of the kernel and some Magma computations.

It is known that each Z4-linear Hadamard code is equivalent to a ZyZ4-linear Hadamard
codes with o1 # 0 and ap # 0 [28]. Unlike Z,Z4-linear Hadamard codes, in general, the
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family of Z,Z47g-linear Hadamard codes H'!*">'3 does not include the family of Z4-linear
or Zg-linear Hadamard codes. Actually, we show that there are several families of infinite
nonlinear Z;7Z47g-linear Hadamard codes with o1 # 0, ap # 0, and a3z # 0, which are
not equivalent to any other Z,Z47Zg-linear Hadamard code H""2"3, nor to any Z,Z4-linear
Hadamard, nor to any Zps-linear Hadamard code [17] with s > 2, of the same length 2.
Therefore, some nonlinear Hadamard codes, without any known structure, now can be seen
as the Gray map image of a Z,Z4Zg-additive Hadamard code with 1 # 0, ap # 0, and
a3z # 0.

Let §"1~1-12.3 be the 7, Z4Zg-additive code of type (a; — 1, az, a3; ] — 1, 12, t3) generated
by a matrix obtained from A"2%3 after deleting its first column and row. In [35, Theorem
12], it is proved that S"—12%3 s the additive dual of a Z,Z4Zg-additive 1-perfect code.
Moreover, it is shown that all such Z,7Z47Zg-additive 1-perfect codes are obtained from each
other by monomial transformations. Thus, the Z;Z47Zg-additive Hadamard codes 7"1:2:3
are the only ones, up to monomial transformation, that can be obtained by extending the
parity-check matrix of a Z,Z4Zg-additive 1-perfect code.

Let H be a Z,7Z47g-additive code of type («1, a2, @3; 1, 12, t3). Note that if a3 = 0, we
obtain Z,Z4-additive codes, which were studied in [26, 31]. Hence, we assume a3 > 0. If
a1 > 0 and oy = 0, then we could consider a generator matrix of H with (1 | | 4) in its
first row and 0 in the first coordinate of the other rows, allowing us to construct S! L.t gg
before. Thus, this case is not possible. On the other hand, if «; = 0 and o > 0, determining
the existence of Z47Zg-additive Hadamard codes remains an open problem.

A Magma function to compute ZZ4Zg-additive Hadamard codes and Z s -additive codes
is included in a new Magma package to deal with Z,Z > .. . Zps-additive codes in general
[21]. This new package also includes functions related to the generalized Gray map considered
in this paper. Indeed, this package generalizes some of the functions for linear codes over
Zps [20]. The first version of this new package and a manual describing all functions will be
released this year, and it will be available in a GitHub repository and in the CCSG web site
(http://ccsg.uab.cat).

As further research, it would be interesting to prove that all nonlinear Z;Z47Zg-linear
Hadamard codes H"!'2:3 are not equivalent to each other, nor to any Z,Z4-linear Hadamard,
nor to any Zs-linear Hadamard code [17] with s > 2, of the same length 2/, as it is seen for
5 <t < 11 by Theorem 18.
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