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Abstract
The Z2Z4Z8-additive codes are subgroups of Z

α1
2 ×Z

α2
4 ×Z

α3
8 . A Z2Z4Z8-linear Hadamard

code is a Hadamard code which is the Gray map image of a Z2Z4Z8-additive code. A
recursive construction of Z2Z4Z8-additive Hadamard codes of type (α1, α2, α3; t1, t2, t3)
with α1 �= 0, α2 �= 0, α3 �= 0, t1 ≥ 1, t2 ≥ 0, and t3 ≥ 1 is known. In this paper, we
generalize some known results forZ2Z4-linear Hadamard codes toZ2Z4Z8-linear Hadamard
codes with α1 �= 0, α2 �= 0, and α3 �= 0. First, we show for which types the corresponding
Z2Z4Z8-linear Hadamard codes of length 2t are nonlinear. For these codes, we compute
the kernel and its dimension, which allows us to give a partial classification of these codes.
Moreover, for 3 ≤ t ≤ 11, we give a complete classification by providing the exact amount
of nonequivalent such codes. We also prove the existence of several families of infinite such
nonlinear Z2Z4Z8-linear Hadamard codes, which are not equivalent to any other constructed
Z2Z4Z8-linearHadamard code, nor to anyZ2Z4-linearHadamard code, nor to any previously
constructed Z2s -linear Hadamard code with s ≥ 2, with the same length 2t .
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1 Introduction

Let Z2s be the ring of integers modulo 2s with s ≥ 1. The set of n-tuples over Z2s is denoted
by Z

n
2s . In this paper, the elements of Zn

2s will also be called vectors. A code over Z2 of
length n is a nonempty subset of Zn

2, and it is linear if it is a subspace of Zn
2. Similarly, a

nonempty subset of Zn
2s is a Z2s -additive code if it is a subgroup of the additive group of Zn

2s .
A Z2Z4Z8-additive code is a subgroup of Zα1

2 × Z
α2
4 × Z

α3
8 . Note that a Z2Z4Z8-additive

code is a linear code over Z2 when α2 = α3 = 0, a Z4-additive or Z8-additive code when
α1 = α3 = 0 or α1 = α2 = 0, respectively, and a Z2Z4-additive code when α3 = 0. The
order of a vector u ∈ Z

n
2s , denoted by o(u), is the smallest positive integer m such that

mu = (0, . . . , 0). Also, the order of a vector u ∈ Z
α1
2 × Z

α2
4 × Z

α3
8 , denoted by o(u), is the

smallest positive integer m such that mu = (0, . . . , 0 | 0, . . . , 0 | 0, . . . , 0).
Two binary codes C1 and C2 are said to be equivalent if there is a vector u ∈ Z

n
2 and a

permutation of coordinates π such thatC2 = {u+π(c) : u ∈ C1}. The Hamming weight of a
vector u ∈ Z

n
2, denoted by wtH (u), is the number of nonzero coordinates of u. The Hamming

distance of two vectors u, v ∈ Z
n
2, denoted by dH (u, v), is the number of coordinates inwhich

they differ. Note that dH (u, v) = wtH (u − v). The minimum distance of a code C over Z2

is d(C) = min{dH (u, v) : u, v ∈ C, u �= v}.
In [22], a Gray map from Z4 to Z

2
2 is defined as φ(0) = (0, 0), φ(1) = (0, 1), φ(2) =

(1, 1) and φ(3) = (1, 0). There exist different generalizations of this Gray map, which
go from Z2s to Z

2s−1

2 [13, 15, 16, 23, 27]. In this paper, we focus on Carlet’s Gray map

[15], from Z2s to Z
2s−1

2 , which is a particular case of the one given in [27, 35] satisfying∑
λiφ(2i ) = φ(

∑
λi2i ). Specifically,

φs(u) = (us−1, us−1, . . . , us−1) + (u0, . . . , us−2)Ys−1, (1)

where u ∈ Z2s ; [u0, u1, . . . , us−1]2 is the binary expansion of u, that is, u = ∑s−1
i=0 ui2

i

with ui ∈ {0, 1}; and Ys−1 is a matrix of size (s − 1) × 2s−1 whose columns are all the
vectors in Zs−1

2 . Without loss of generality, we assume that the columns of Ys−1 are ordered
in ascending order, by considering the elements of Zs−1

2 as the binary expansions of the

elements of Z2s−1 . Note that φ1 is the identity map. We define �s : Zn
2s → Z

n2s−1

2 as the
component-wise extendedmap of φs .We can also define a Graymap� fromZ

α1
2 ×Z

α2
4 ×Z

α3
8

to Z
n
2, where n = α1 + 2α2 + 4α3, as follows:

�(u1 | u2 | u3) = (u1,�2(u2),�3(u3)),

for any ui ∈ Z
αi
2i
, where 1 ≤ i ≤ 3.

Let C ⊆ Z
n
2s be a Z2s -additive code of length n. We say that the Gray map image of C,

say C = �s(C), is a Z2s -linear code of length n2s−1. Since C is a subgroup of Zn
2s , it is

isomorphic to Zt1
2s × Z

t2
2s−1 × · · · × Z

ts
2 , and we say that C, or equivalently C = �s(C), is of

type (n; t1, . . . , ts). Similarly, if C ⊆ Z
α1
2 ×Z

α2
4 ×Z

α3
8 is aZ2Z4Z8-additive code, we say that

its Graymap imageC = �(C) is aZ2Z4Z8-linear code of length α1+2α2+4α3. Since C can
be seen as a subgroup of Zα1+α2+α3

8 , it is isomorphic to Zt1
8 ×Z

t2
4 ×Z

t3
2 , and we say that C, or

equivalently C = �(C), is of type (α1, α2, α3; t1, t2, t3). Note that a Z2Z4-linear code C [11,
12] can be seen as a Z2Z4Z8-linear code of type (α1, α2, 0; 0, t2, t3). In this case, we also
say that the type of C is directly (α1, α2; t2, t3). Unlike linear codes over finite fields, linear
codes over rings do not have a basis, but there exists a generator matrix for these codes having
minimum number of rows. If C is a Z2Z4Z8-additive code of type (α1, α2, α3; t1, t2, t3), then
|C| = 8t14t22t3 and there exists a generator matrix with t1 + t2 + t3 rows.
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Linearity and classification ofZ2Z4Z8-linear Hadamard codes

Two structural properties of codes over Z2 are the rank and dimension of the kernel. The
rank of a code C over Z2 is simply the dimension of the linear span, 〈C〉, of C . The kernel
of a code C over Z2 is defined as K(C) = {x ∈ Z

n
2 : x + C = C} [2]. If the all-zero

vector belongs to C , then K(C) is a linear subcode of C . Note also that if C is linear, then
K (C) = C = 〈C〉. We denote the rank of C as rank(C) and the dimension of the kernel
as ker(C). These parameters can be used to distinguish between nonequivalent codes, since
equivalent ones have the same rank and dimension of the kernel.

A binary code of length n, 2n codewords and minimum distance n/2 is called a Hadamard
code. Hadamard codes can be constructed from Hadamard matrices [1, 29]. Note that linear
Hadamard codes are in fact first orderReed-Muller codes, or equivalently, the dual of extended
Hamming codes [29]. TheZ2s -additive codes such that after the Graymap�s giveHadamard
codes are called Z2s -additive Hadamard codes and the corresponding images are called Z2s -
linear Hadamard codes. Similarly, the Z2Z4Z8-additive codes such that after the Gray map
� give Hadamard codes are called Z2Z4Z8-additive Hadamard codes and the corresponding
images are called Z2Z4Z8-linear Hadamard codes.

It is known that Z4-linear Hadamard codes (that is, Z2Z4-linear Hadamard codes with
α1 = 0) and Z2Z4-linear Hadamard codes with α1 �= 0 can be classified by using either the
rank or the dimension of the kernel [26, 31]. Moreover, in [28], it is shown that eachZ4-linear
Hadamard code is equivalent to a Z2Z4-linear Hadamard code with α1 �= 0. Later, in [3, 5,
17, 19], a recursive construction for Zps -linear Hadamard codes, with p prime, is described,
the linearity is established, and a partial classification by using the dimension of the kernel is
obtained, giving the exact amount of nonequivalent such codes for some parameters. In [18],
a complete classification of Z8-linear Hadamard codes by using the rank and dimension of
the kernel is provided, giving the exact amount of nonequivalent such codes. For any t ≥ 2,
the full classification of ZpZp2 -linear Hadamard codes of length pt , with α1 �= 0, α2 �= 0,
and p ≥ 3 prime, is given in [4, 6], by using just the dimension of the kernel.

The paper contributes to the study of codes over rings Zps , which were first studied by
Blake [10] and Shankar [32] in 1975 and 1979, respectively. These codes have become more
significant after the publication of [22]. It is also important to note that Hadamard codes
are two weight codes, which have been widely studied in [33, 34]. On the other hand, the
classification of nonlinear Hadamard codes is still an open problem. By giving an additive
structure, asZps -linear,ZpZp2 -linear orZ2Z4Z8-linear codes, to some of them, and showing
whether they are equivalent or not among them, we are providing a partial classification for
these codes.

From a more practical point of view, since Hadamard codes are optimal and have a
high correction capability, they appear in different aspects related to the transmission of
information, such as in digital communication with satellites [24], in CDMA phones to
modulate the transmission of information andminimize interferencewith other transmissions
[36] and, in general, in different OCDMAmultiple access systems to allow access to multiple
users asynchronously and simultaneously [25]. Other applications are found in cryptography
[30] or in information hiding (steganography and watermarking) [37]. See [24] for more
applications in other fields.

This paper is focused on Z2Z4Z8-linear Hadamard codes with α1 �= 0, α2 �= 0, and
α3 �= 0, generalizing some results given for Z2Z4-linear Hadamard codes with α1 �= 0
and α2 �= 0 in [31] related to the linearity, kernel, its dimension, and the classification of
such codes. These codes are also compared with the Z2s -linear Hadamard codes with s ≥ 2
considered in [17]. This paper is organized as follows. In Sect. 2, we recall some properties
of the generalized Gray map considered in this paper, the construction of Z2Z4Z8-linear
Hadamard codes of type (α1, α2, α3; t1, t2, t3), with α1 �= 0, α2 �= 0, α3 �= 0, and some
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known results, given in [8]. In Sects. 3 and 4, we establish for which types these codes are
linear, and we give the kernel and its dimension whenever they are nonlinear. In Sect. 5, we
prove the existence of several families of infinite such nonlinear Z2Z4Z8-linear Hadamard
codes, which are not equivalent to any other constructed Z2Z4Z8-linear Hadamard code, nor
to any Z2Z4-linear Hadamard code, nor to any previously constructed Z2s -linear Hadamard
code with s ≥ 2, with the same length 2t . We also give a complete classification of Z2Z4Z8-
linear Hadamard codes of length 2t for 3 ≤ t ≤ 11, by providing the exact amount of
nonequivalent such codes. Finally, in Sect. 6, we give some conclusions and further research
on this topic.

2 Preliminary results

In this section, we first recall some properties of the generalized Gray map φs . Then,
we also recall the recursive construction of Z2Z4Z8-additive Hadamard codes of type
(α1, α2, α3; t1, t2, t3), with α1 �= 0, α2 �= 0, and α3 �= 0, and some known results given
in [8].

Let u′, v′ ∈ Z2s and [u′
0, u

′
1, . . . , u

′
s−1]2, [v′

0, v
′
1, . . . , v

′
s−1]2 be the binary expansions of

u′ and v′, respectively, i.e. u′ = ∑s−1
i=0 u

′
i2

i and v′ = ∑s−1
i=0 v′

i2
i . We define the operation

“�” between elements u′ and v′ in Z2s as u′ � v′ = ∑s−1
i=0 ξi2i , where

ξi =
{
1 if u′

i = v′
i = 1,

0 otherwise.

Note that the binary expansion of u′ �v′ is [ξ0, ξ1, . . . , ξs−1]2, where ξi ∈ {0, 1}. We denote
in the same way, “�”, the component-wise operation. For u = (u1 | u2 | u3), v = (v1 |
v2 | v3) ∈ Z

α1
2 × Z

α2
4 × Z

α3
8 , we denote u � v = (u1 � v1 | u2 � v2 | u3 � v3). Note that

2(u � v) = (0 | 2(u2 � v2) | 2(u3 � v3)).
From [5], we have the following results:

Corollary 1 [5] Let λ,μ ∈ Z2. Then, φs(λμ2s−1) = λφs(μ2s−1) = λμφs(2s−1).

Corollary 2 [5] Let u, v ∈ Z2s . Then, φs(u) + φs(v) = φs(u + v − 2(u � v)).

Corollary 3 [5] Let u, v ∈ Z2s . Then, φs(2s−1u + v) = φs(2s−1u) + φs(v).

Corollary 4 Let u, v ∈ Z4 and [u0, u1]2, [v0, v1]2 be the binary expansions of u and v,
respectively. Then, φ2(2(u � v)) = (ξ0, ξ0), where ξ0 = 1 when u0 = v0 = 1 and ξ0 = 0
otherwise.

Corollary 5 Let u, v ∈ Z8 and [u0, u1, u2]2, [v0, v1, v2]2 be the binary expansions of u and
v, respectively. Then, φ3(2(u � v)) = φ3(2ξ0 + 4ξ1) = φ3(2ξ0) + (ξ1, ξ1, ξ1, ξ1), where
ξi = 1 when ui = vi = 1 and 0 otherwise.

Let 0, 1, 2, . . . , 7 be the vectors having the elements 0, 1, 2, . . . , 7 repeated in each coor-
dinate, respectively. If A is a generator matrix of a Z2Z4Z8-additive code, that is, a subgroup
of Zα1

2 × Z
α2
4 × Z

α3
8 for some integers α1, α2, α3 ≥ 0, then we denote by A1 the submatrix

of A with the first α1 columns over Z2, A2 the submatrix with the next α2 columns over Z4,
and A3 the submatrix with the last α3 columns over Z8. We have that A = (A1 | A2 | A3),
where the number of columns of Ai is αi for i ∈ {1, 2, 3}.
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Let t1 ≥ 1, t2 ≥ 0, and t3 ≥ 1 be integers. Now, we construct recursively matrices At1,t2,t3

having t1 rows of order 8, t2 rows of order 4, and t3 rows of order 2 as follows. First, we
consider the following matrix:

A1,0,1 =
(
1 1 2 4
0 1 1 1

)

. (2)

Then, we apply the following constructions. If we have a matrix A�−1,0,1 = (A1 | A2 | A3),
with � ≥ 2, we may construct the matrix

A�,0,1 =
(
A1 A1 M1 A2 A2 A2 A2 M2 A3 A3 · · · A3
0 1 1 0 1 2 3 1 0 1 · · · 7

)
, (3)

where M1 = {zT : z ∈ {2} × {0, 2}�−1} and M2 = {zT : z ∈ {4} × {0, 2, 4, 6}�−1}. We
perform construction (3) until � = t1. If we have a matrix At1,�−1,1 = (A1 | A2 | A3), with
t1 ≥ 1 and � ≥ 1, we may construct the matrix

At1,�,1 =
(
A1 A1 M1 A2 A2 A2 A2 A3 A3 A3 A3
0 1 1 0 1 2 3 0 2 4 6

)
, (4)

where M1 = {zT : z ∈ {2} × {0, 2}t1+�−1}. We repeat construction (4) until � = t2. Finally,
if we have a matrix At1,t2,�−1 = (A1 | A2 | A3), with t1 ≥ 1, t2 ≥ 0, and � ≥ 2, we may
construct the matrix

At1,t2,� =
(
A1 A1 A2 A2 A3 A3

0 1 0 2 0 4

)

. (5)

We repeat construction (5) until � = t3. Thus, in this way, we obtain At1,t2,t3 .
Summarizing, in order to achieve At1,t2,t3 from A1,0,1, first we add t1 − 1 rows of order

8 by applying construction (3) t1 − 1 times, starting from A1,0,1 up to obtain At1,0,1; then
we add t2 rows of order 4 by applying construction (4) t2 times, up to generate At1,t2,1; and,
finally, we add t3 − 1 rows of order 2 by applying construction (5) t3 − 1 times to achieve
At1,t2,t3 . Note that in the first row there is always the row (1 | 2 | 4).

Example 1 By using the constructions described in (3), (4), and (5), we obtain the following
matrices A2,0,1, A1,1,1 and A1,1,2, respectively, starting from A1,0,1 given in (2):

A2,0,1 =
⎛

⎝
11 11 22 2222 4444 44444444
01 01 02 1111 0246 11111111
00 11 11 0123 1111 01234567

⎞

⎠ , (6)

A1,1,1 =
⎛

⎝
11 11 22 2222 4444
01 01 02 1111 1111
00 11 11 0123 0246

⎞

⎠ , (7)

A1,1,2 =

⎛

⎜
⎜
⎝

1111 1111 222222 222222 4444 4444
0101 0101 021111 021111 1111 1111
0011 0011 110123 110123 0246 0246
0000 1111 000000 222222 0000 4444

⎞

⎟
⎟
⎠ .

The Z2Z4Z8-additive code generated by At1,t2,t3 is denoted by Ht1,t2,t3 , and the corre-
sponding Z2Z4Z8-linear code �(Ht1,t2,t3) by Ht1,t2,t3 .
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Proposition 1 [8] Let t1 ≥ 1, t2 ≥ 0, and t3 ≥ 1 be integers. Let Ht1,t2,t3 be the Z2Z4Z8-
additive code of type (α1, α2, α3; t1, t2, t3) generated by At1,t2,t3 . Then,

α1 = 2t1+t2+t3−1,

α1 + 2α2 = 4t1+t22t3−1,

α1 + 2α2 + 4α3 = 8t14t22t3−1.

Theorem 1 [8] Let t1 ≥ 1, t2 ≥ 0, and t3 ≥ 1 be integers. Then, the Z2Z4Z8-additive
codeHt1,t2,t3 , generated by At1,t2,t3 , is a Z2Z4Z8-additive Hadamard code of length 2t , with
t + 1 = 3t1 + 2t2 + t3.

Example 2 TheZ2Z4Z8-additive codeH1,0,1 generated by A1,0,1, given in (2), is aZ2Z4Z8-
additive Hadamard code of type (2, 1, 1; 1, 0, 1). We can write H1,0,1 = ⋃

α∈{0,1}(A +
α(1, 1 | 2 | 4)), where A = {λ(0, 1 | 1 | 1) : λ ∈ Z8}. Thus, H1,0,1 = �(H1,0,1) =⋃

α∈{0,1}(�(A) + α1), where �(A) consists of all the rows of the Hadamard matrix

H(2, 4) =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎝

0 0 0 0 0 0 0 0
0 1 0 1 0 1 0 1
0 0 1 1 0 0 1 1
0 1 1 0 0 1 1 0
0 0 0 0 1 1 1 1
0 1 0 1 1 0 1 0
0 0 1 1 1 1 0 0
0 1 1 0 1 0 0 1

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎠

.

Note that �(A) is linear and the minimum distance of �(A) is 4, so H1,0,1 is a binary linear
Hadamard code of length 8.

3 Linearity of Z2Z4Z8-linear Hadamard codes

The linearity of Z4-linear Hadamard codes was studied in [26, 31]. In general, for Zps -linear
Hadamard codes with s ≥ 2 and p prime, the results on the linearity are given in [17]
when p = 2 and in [5] when p ≥ 3. In [31], it is shown that the Z2Z4-linear Hadamard
codes of type (α1, α2; 1, t3), or equivalently, the Z2Z4Z8-linear Hadamard codes of type
(α1, α2, 0; 0, 1, t3), with α1 �= 0, α2 �= 0, are the only ones which are linear when α1 �=
0, α2 �= 0, and α3 = 0. The next results show that the Hadamard codes H1,0,t3 = �(H1,0,t3),
where t3 ≥ 1, are the only Z2Z4Z8-linear Hadamard codes Ht1,t2,t3 with α1 �= 0, α2 �= 0,
and α3 �= 0 which are linear.

Let H be a code over a ring. We denote by (H,H) the code where the codewords are
all vectors (u, u) for u ∈ H. Similarly, if (H1 | H2 | H3) is a Z2Z4Z8-additive code,
(H1,H1 | H2,H2 | H3,H3) is the Z2Z4Z8-additive code having as codewords all the
elements of the form (u1, u1 | u2, u2 | u3, u3) with (u1 | u2 | u3) ∈ (H1 | H2 | H3).

Proposition 2 The Z2Z4Z8-linear Hadamard codes H1,0,t3 , with t3 ≥ 1, are linear.

Proof We prove this theorem by induction on t3 ≥ 1. By Example 2, H1,0,1 is linear. Assume
that H1,0,t3 = �(H1,0,t3), with t3 ≥ 1, is linear. Let H = H1,0,t3+1 and H = �(H). Now,
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we have to show that H is also linear. Let H1,0,t3 = (H1 | H2 | H3). By construction (5),

H =
⋃

λ∈{0,1}
((H1,H1 | H2,H2 | H3,H3) + λ(0, 1 | 0, 2 | 0, 4)).

By Corollaries 1 and 3,

H =
⋃

λ∈{0,1}
(�(H1,H1 | H2,H2 | H3,H3) + λ(0, 1, 0, 1, 0, 1))

= A0 ∪ A1,

where Aλ = �(H1,H1 | H2,H2 | H3,H3) + λ(0, 1, 0, 1, 0, 1), λ ∈ {0, 1}. Any element in
Aλ is of the form

�(u1, u1 | u2, u2 | u3, u3) + λ(0, 1, 0, 1, 0, 1), (8)

for (u1 | u2 | u3) ∈ (H1 | H2 | H3). Note that (8) is equal to (u1, u1+λ·1,�2(u2),�2(u2)+
λ·1,�3(u3),�3(u3)+λ·1)= (u1, u1+λ·1, u′

2, u
′
2+λ·1, u′

3, u
′
3+λ·1), where u′

2 = �2(u2)
and u′

3 = �3(u3). Thus,

A0 = {(u1, u1, u′
2, u

′
2, u

′
3, u

′
3) : (u1, u

′
2, u

′
3) ∈ H1,0,t3},

A1 = {(u1, u1 + 1, u′
2, u

′
2 + 1, u′

3, u
′
3 + 1)) : (u1, u

′
2, u

′
3) ∈ H1,0,t3}.

Since H1,0,t3 is linear, it is clear that if we take any two codewords from H , then their addition
belongs to one of the blocks A0 and A1. Therefore, H is linear. 
�
Theorem 2 The codes H1,0,t3 of type (α1, α2, α3; 1, 0, t3), with t3 ≥ 1, are the onlyZ2Z4Z8-
linear Hadamard codes with α1 �= 0, α2 �= 0, and α3 �= 0, which are linear.

Proof By Proposition 2, we have that the codes H1,0,t3 , with t3 ≥ 1, are linear.
First, we show that H2,0,1 = �(H2,0,1) is nonlinear. By Example 1, the code H2,0,1 is

generated by the matrix A2,0,1 given in (6). Let u = (u1 | u2 | u3) and v = (v1 | v2 | v3) be
the second and the third row vectors of A2,0,1. Now, by Corollary 2,

�(u) + �(v)

= (u1 + v1,�2(u2) + �2(v2),�3(u3) + �3(v3))

= (u1 + v1,�2(u2 + v2 − 2(u2 � v2)),�3(u3 + v3 − 2(u3 � v3)))

= �(u1 + v1 | u2 + v2 − 2(u2 � v2) | u3 + v3 − 2(u3 � v3))

= �((u1 + v1 | u2 + v2 | u3 + v3) − (0, 0, 0, 0 | 2(u2 � v2) | 2(u3 � v3))).

Therefore, since (u1 + v1 | u2 + v2 | u3 + v3) = u + v ∈ H2,0,1, we just need to show that

w = (0, 0, 0, 0 | 2(u2 � v2) | 2(u3 � v3)) /∈ H2,0,1.

By Corollary 4, �2(2(u2 � v2)) = (0, 0, 0, 1, 0, 1), where the vectors 0 and 1 are
of length 2, so wtH (�2(2(u2 � v2))) = 4. By Corollary 5, �3(2(u3 � v3)) =
(0, 0, 0, 0, 0, φ3(2), 0, φ3(2), 0, φ3(2), 0, φ3(2)), where 0 = (0, 0, 0, 0), so wtH (�3(2(u3�
v3))) = 8. Therefore, wtH (�(w)) = wtH (�2(2(u2 � v2))) + wtH (�3(2(u3 � v3))) =
4 + 8 = 12 < 32, and hence �(w) /∈ H2,0,1 since the minimum distance of H2,0,1 is 32.

Second, we prove that if H �,0,1, where � ≥ 2, is nonlinear, then H �+1,0,1 is also nonlinear.
Assume that H �+1,0,1 is linear. Then, by construction (3), for any u = (u1 | u2 | u3),
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v = (v1 | v2 | v3) ∈ H�,0,1, we have that

ū = (u1, u1 | x1, u2, 4. . ., u2 | x2, u3, 8. . ., u3) ∈ H�+1,0,1,

v̄ = (v1, v1 | x ′
1, v2,

4. . ., v2 | x ′
2, v3,

8. . ., v3) ∈ H�+1,0,1,

where xi−1, x ′
i−1 ∈ (2Z2i )

� for i ∈ {2, 3}. Since H �+1,0,1 is linear,�(ū)+�(v̄) ∈ H �+1,0,1.

Again, by construction (3), we have that �(ū) + �(v̄) = �((a1, a1 | y1, a2, 4. . ., a2 |
y2, a3, 8. . ., a3) + λ(0, 1 | 1, 0, 1, 2, 3 | 1, 0, 1, . . . , 7)) ∈ H �+1,0,1, for some a = (a1 | a2 |
a3) ∈ H�,0,1, yi−1 ∈ (2Z2i )

� for i ∈ {2, 3}, and λ ∈ Z8. Considering the coordinates in
positions 1, 4, and 9 of ū and v̄, we have that�(u)+�(v) = �(a) ∈ H �,0,1, and then H �,0,1

is linear, which is a contradiction.
Third, we show that that H1,1,1 = �(H1,1,1) is nonlinear. We consider the matrix A1,1,1

given in (7) and, by using the same argument as before, we can see that�(u)+�(v) /∈ H1,1,1,
where u and v are the second and the third row vectors of A1,1,1.

Finally, if Ht1,�,1, with � ≥ 0, (respectively, Ht1,t2,�, with � ≥ 1) is nonlinear, then as
above we can show that Ht1,�+1,1 (respectively, Ht1,t2,�+1) is also nonlinear, and hence the
result follows. 
�

4 Kernel of Z2Z4Z8-linear Hadamard codes

The computation of the kernel and its dimension for Z4-linear Hadamard codes is given in
[26, 31]. In general, for Zps -linear Hadamard codes with s ≥ 2 and p prime, the results
on the kernel are given in [17] when p = 2 and in [5] when p ≥ 3. Regarding codes over
mixed alphabets, it is proved that the kernel of a nonlinear ZpZp2 -linear Hadamard code
coincides with the Gray map image of the elements of order at most p of the corresponding
ZpZp2 -additive code of type (α1, α2; t1, t2) with α1 �= 0, α2 �= 0 in [31] and [6], for p = 2
and p ≥ 3 prime, respectively. Thus, the dimension of the kernel for these codes is equal to
t1+ t2. In this section, we generalize some of these results and show that the dimension of the
kernel for nonlinear Z2Z4Z8-linear Hadamard codes Ht1,t2,t3 of type (α1, α2, α3; t1, t2, t3)
with α1 �= 0, α2 �= 0, and α3 �= 0 is equal to t1 + t2 + t3.

When we include all the elements of Z2i , where 1 ≤ i ≤ 3, as coordinates of a vector, we
place them in increasing order. For a set S ⊆ Z2i and λ ∈ Z2i , where i ∈ {1, 2, 3}, we define
λS = {λ j : j ∈ S} and S + λ = { j + λ : j ∈ S}. As before, when including all the elements
in those sets as coordinates of a vector, we place them in increasing order. For example,
2Z8 = {0, 4, 6, 8}, (Z4,Z4) = (0, 1, 2, 3, 0, 1, 2, 3) ∈ Z

8
4 and (Z2 | Z4 | 2Z8, 4Z8) =

(0, 1 | 0, 1, 2, 3 | 0, 2, 4, 6, 0, 4) ∈ Z
2
2 × Z

4
4 × Z

6
8.

Theorem 3 Let t1 ≥ 1, t2 ≥ 0, and t3 ≥ 1 be integers. Let H = Ht1,t2,t3 be the Z2Z4Z8-
additive Hadamard code of type (α1, α2, α3; t1, t2, t3) such that�(H) is nonlinear. LetH2 be
the subcode ofH which contains all the codewords of order at most two. Then, K (�(H)) =
�(H2).

Proof By Corollary 3, for all b = (b1 | b2 | b3) ∈ H2 and u = (u1 | u2 | u3) ∈ H, we have
that �(b) + �(u) = (b1 + u1,�2(b2) + �2(u2),�3(b3) + �3(u3)) = (b1 + u1,�2(b2 +
u2),�3(b3 + u3)) = �(b1 + u1 | b2 + u2 | b3 + u3) ∈ �(H), so �(H2) ⊆ K (�(H)).

Let �(ū) ∈ K (�(H)), where ū �= 0. We prove that o(ū) = 2, and thus K (�(H)) ⊆
�(H2). Let {b1, . . . ,bt1} (respectively, {c1, . . . , ct2}) be the collection of rows of order 8
(respectively, 4) of the generatormatrix At1,t2,t3 of the codeH. Then, we canwrite ū = u+u0,
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where u = ∑t1
i=1 λibi +∑t2

j=1 μ jc j , λi ∈ {0, 1, 2, 3} ⊆ Z8,μ j ∈ {0, 1} ⊆ Z8, and o(u0) ≤
2. ByCorollary 3,�(ū) = �(u)+�(u0). Since�(ū) ∈ K (�(H)) and�(H2) ⊆ K (�(H)),
we have that �(u) ∈ K (�(H)). Assume that o(ū) > 2, so o(u) > 2. In order to obtain a
contradiction, we just need to find an element ũ ∈ H such that �(u) + �(ũ) /∈ �(H).

Let w2 = (w1 | w2 | w3) be the second row of At1,t2,t3 . Note that the number of ones
in w3 is m = 8t1−14t22t3−1. Then, by Proposition 1, we have that m = n/8, where n =
α1 +2α2 +4α3 is the length of �(H). Let I be the set of coordinate positions corresponding
to these ones in w3. Now, the proof is based on considering three different cases: when
o(u) = 8 and u /∈ {w2, 3w2}, when o(u) = 8 and u ∈ {w2, 3w2}, and when o(u) = 4.

Assume that o(u) = 8 and u /∈ {w2, 3w2}. Let v = 2w2 = (v1 | v2 | v3). Note that
v3 contains the element 2 in the coordinates corresponding to I , and 0 or 4 in the other
coordinates. By construction, the definition of u, and the hypothesis of the considered case,
in the coordinates corresponding to I , either u3 is a permutation of the vector (Z8,

m/8. . .,Z8)

(when λi ∈ {1, 3} for some i > 1) or it is a permutation of (Z8\2Z8,
m/4. . .,Z8\2Z8) (when

λi ∈ {0, 2} for all i > 1, and λ1 ∈ {1, 3}, with either λi �= 0 for some i > 1 or μ j �= 0 for
some j > 0). Now, by Corollary 2,

�(u) + �(v)

= (u1 + v1,�2(u2) + �2(v2),�3(u3) + �3(v3))

= (u1 + v1,�2(u2 + v2),�3(u3 + v3 − 2(u3 � v3)))

= �(u1 + v1 | u2 + v2 | u3 + v3 − 2(u3 � v3))

= �((u1 + v1 | u2 + v2 | u3 + v3) − (0 | 0 | 2(u3 � v3)))

= �(u + v − x),

where x = (0 | 0 | 2(u3 � v3)). By Corollary 5, wtH (�(x)) = wtH (�3(2(u3 � v3))) =
m
8 · 16 = 2m if u3 is a permutation of (Z8,

m/8. . .,Z8), and wtH (�(x)) = m
4 · 8 = 2m

otherwise. Since wtH (�(x)) = 2m = n/4 and the minimum weight of �(H) is n/2, we
have that �(x) /∈ �(H). Therefore, �(u) /∈ K (�(H)), which is a contradiction.

Assume that o(u) = 8 and u ∈ {w2, 3w2}. Let w3 = (w′
1 | w′

2 | w′
3) be the third row of

At1,t2,t3 . First, consider that t1 > 1. Let k be the number of ones in w′
3 outside the coordinate

positions of I . Then, k = 4 · 8t1−24t22t3−1 = m/2. Let z = 2w3 = (z1 | z2 | z3). Note that
in the coordinates corresponding to I , z3 contains every element of 2Z8 exactly m/4 times.
Now, �(u) + �(z) = �(u + z − x1), where x1 = (0 | 0 | 2(u3 � z3)). By Corollary 5,

wtH (�(x1)) = wtH (�3(2(u3 � z3))) =
{ k

4 · 8 = m if u = w2,
k
4 · 8 + m

4 · 8 = 3m if u = 3w2.

Since m = n/8 and the minimum weight of �(H) is n/2, we have that �(x1) /∈ �(H).
Therefore, �(u) /∈ K (�(H)), which is a contradiction. Second, consider that t1 = 1. Then,
m = α3. Note that the number of ones in w2 is m2 = 4t22t3−1. Then, by Proposition 1,
we have that m2 = n/8. Let I2 be the set of coordinate positions to these ones in w2. Let
y = w2 + w3 = (y1 | y2 | y3). Then, we have that y3 = (Z8\2Z8,

m/4. . .,Z8\2Z8), and in
the coordinates corresponding to I2, y2 is a permutations of the vector (Z4,

m2/4. . . ,Z4). Now,
�(u) + �(y) = �(u + y − x2), where x2 = (0 | 2(u2 � y2) | 2(u3 � y3)). By Corollary 5,

wtH (�(x2)) = wtH (�2(2(u2 � y2))) + wtH (�3(2(u3 � y3)))

= m2

4
· 2 · 2 + m

4
· 8 if u ∈ {w2, 3w2}.
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Sincem2 = m = n/8 and theminimumweight of�(H) is n/2, we have that�(x2) /∈ �(H).
Therefore, �(u) /∈ K (�(H)), which is a contradiction.

Assume that o(u) = 4. Recall that v = 2w2, z = 2w3, and y = w2 + w3. First, consider
that t1 > 1. By construction, in the coordinates corresponding to I , either u3 contains
every element of 2Z8 exactly m/4 times or u3 is equal to 2. In the first case, we consider
�(u) + �(v) = �(u + v − x3), where x3 = (0 | 0 | 2(u3 � v3)). In the second case, we
consider �(u) + �(z) = �(u + z − x4), where x4 = (0 | 0 | 2(u3 � z3). Then, in both
cases, wtH (�(x3)) = wtH (�(x4)) = m

4 · 8 = 2m = n/4.

Second, consider that t1 = 1. Note thatm = α3, so u3 is a permutation of (2Z8,
m/4. . ., 2Z8)

or u3 = 2. In the first case, we consider again �(u) + �(v) = �(u + v − x3), and in the
second case, �(u) + �(y) = �(u+ y− x5), where x5 = (0 | 0 | 2(u3 � y3). In both cases,
wtH (�(x3)) = wtH (�(x5)) = m

4 · 8 = 2m = n/4. For all these cases, since the minimum
weight of�(H) is n/2, we have that�(x3),�(x4),�(x5) /∈ �(H), which is a contradiction.
This completes the proof. 
�

Corollary 6 Let t1 ≥ 1, t2 ≥ 0, and t3 ≥ 1 be integers. Let H = Ht1,t2,t3 be the Z2Z4Z8-
additive Hadamard code of type (α1, α2, α3; t1, t2, t3) such that�(H) is nonlinear. Letwk be
the kth row of At1,t2,t3 and Q = {(o(wk)/2)wk}t1+t2+t3

k=1 . Then, �(Q) is a basis of K (�(H))

and ker(�(H)) = t1 + t2 + t3.

5 Classification results

The classification of Z2Z4-linear Hadamard codes of type (α1, α2; t2, t3), (or equivalently,
Z2Z4Z8-linear Hadamard codes of type (α1, α2, 0; 0, t2, t3)) with α1 �= 0 and α2 �= 0, of
length 2t , for any t ≥ 3, using the rank or the dimension of the kernel is shown in [31].
For Z4-linear Hadamard codes of type (n; t2, t3) (or equivalently, Z2Z4Z8-linear Hadamard
codes of type (0, n, 0; 0, t2, t3)), the classification is shown in [26, 31]. In [28], it is shown that
each Z4-linear Hadamard code is equivalent to a Z2Z4-linear Hadamard code with α1 �= 0
and α2 �= 0. Some partial results on the classification ofZ2s -linear Hadamard codes of length
2t , for any t ≥ 3 and s > 2, are proved in [17, 19]. In this section, we present several families
of infinite such nonlinear Z2Z4Z8-linear Hadamard codes Ht1,t2,t3 , which are not equivalent
to any other constructed Z2Z4Z8-linear Hadamard code, nor to any Z2Z4-linear Hadamard
code, nor to any previously constructed Z2s -linear Hadamard code [17], with s ≥ 2, with the
same length 2t . Moreover, for 3 ≤ t ≤ 11, we give a complete classification by providing
the exact amount of nonequivalent such codes.

Next, we recall the construction of Z2s -linear Hadamard codes with s ≥ 2, given in [17].
From [17, 19], we also recall for which types these codes are linear, what are their kernel
dimensions when they are nonlinear, and which of them are equivalent to each other. Then,
we recall the results on the rank of Z8-linear and Z2Z4-linear Hadamard codes given in [18]
and [31], respectively. First, we recall the construction of Z2s -linear Hadamard codes with
s ≥ 2 and some results, given in [17–19]. Let Ti = { j · 2i−1 : j ∈ {0, 1, . . . , 2s−i+1 − 1}}
for all i ∈ {1, . . . , s}. Note that T1 = {0, . . . , 2s − 1}. Let t1, . . . , ts be non-negative integers
with t1 ≥ 1. Consider a matrix Āt1,...,ts whose columns are exactly all the vectors of the form
zT , z ∈ {1}×T t1−1

1 ×T t2
2 ×· · ·×T ts

s . See [17] for examples. Let H̄t1,...,ts be the Z2s -additive
code of type (n; t1, . . . , ts) generated by Āt1,...,ts , where t1, . . . , ts are non-negative integers
with t1 ≥ 1. Let H̄ t1,...,ts = �(H̄t1,...,ts ) be the corresponding Z2s -linear Hadamard code.
Let wi be the i th row of Āt1,...,ts , 1 ≤ i ≤ t1 + · · · + ts . By construction, w1 = 1 and
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o(wi ) ≤ o(w j ) if i > j . We define σ ∈ {1, . . . , s} as the integer such that o(w2) = 2s+1−σ .
For H̄1,0,...,0, we define σ = s. Note that

σ =

⎧
⎪⎨

⎪⎩

1 if t1 ≥ 2,

s if t1 = 1, t2 = · · · = ts = 0,

min{i : ti > 0, i ∈ {2, . . . , s}} otherwise.

(9)

Theorem 4 [17] Let t1, . . . , ts be non-negative integers with s ≥ 2 and t1 ≥ 1. The Z2s -
linear code H̄ t1,...,ts of type (n; t1, . . . , ts) is a binary Hadamard code of length 2t , with
t = (∑s

i=1(s − i + 1) · ti
) − 1 and n = 2t−s+1.

Theorem 5 [17] TheZ2s -linearHadamard code H̄ t1,...,ts of type (n; t1, . . . , ts), with s ≥ 3, is
linear if and only if (t1, . . . , ts) ∈ {(1, 0, . . . , 0, ts), (1, 0, . . . , 0, 1, ts)}. Moreover, if H̄ t1,...,ts

is nonlinear, then ker(H̄ t1,...,ts ) = σ + ∑s
i=1 ti .

Theorem 6 [18] Let H̄ t1,...,ts be the Z2s -linear Hadamard code of type (n; t1, . . . , ts). Then,
rank(H̄ t1,...,ts+1) = 1 + rank(H̄ t1,...,ts ).

Theorem 7 [18] Let H̄ t1,t2,t3 be the Z8-linear Hadamard code of type (n; t1, t2, t3). Then,

rank(H̄ t1,t2,t3) = t41
24

− t31
12

+ 35t21
24

+ 7t1
12

+ t2
2

(t21 + t1 + t2 + 1) + t3 + 1.

Theorem 8 [19] Let H̄ t1,...,ts be theZ2s -linear Hadamard code, with s ≥ 2 and ts ≥ 1. Then,
for all � ∈ {1, . . . , ts}, H̄ t1,...,ts is permutation equivalent to theZ2s+� -linear Hadamard code

H̄1,0�−1,t1−1,t2,...,ts−1,ts−�.

Let t ′1, . . . , t ′s′ be non-negative integers with t ′1 ≥ 2 if s′ ≥ 3, or t ′1 ≥ 1 if s′ = 2. Let

CH (t ′1, . . . , t ′s′) = [H1 = H̄ t ′1,...,t ′s′ , H2, . . . , Hρ] be the sequence of allZ2s -linear Hadamard
codes H̄ t1,...,ts of length 2t , where t = (

∑s
i=1(s−i+1)·ti )−1, that are permutation equivalent

to H̄ t ′1,...,t ′s′ by Theorem 8. We refer to CH (t ′1, . . . , t ′s) as the equivalence chain of H̄ t ′1,...,t ′s .
If we focus on nonlinear Z2s -linear Hadamard codes with s ≥ 3, then we can assume that
t ′1 ≥ 2 [3].

Proposition 3 [19] Let t1, . . . , ts be non-negative integers with t1 ≥ 1. Then, the Z2s -linear
Hadamard code H̄ t1,...,ts belongs to an unique equivalence chain CH (t ′1, . . . , t ′s′), where
s′ = s − σ + 1.

Now, we recall the results about the rank and dimension of the kernel for nonlinear Z2Z4-
linear Hadamard codes, given in [31].

Theorem 9 [31] Let t ≥ 3 and t2 ∈ {0, . . . , �t/2�}. Let Ht2,t3 be the nonlinear Z2Z4-linear
Hadamard code of length 2t and type (α1, α2; t2, t3), where α1 = 2t−t2 , α2 = 2t−1−2t−t2−1,
and t3 = t + 1 − 2t2. Then,

rank(Ht2,t3) = t3 + 2t2 +
(
t2
2

)

and ker(Ht2,t3) = t2 + t3.

The following example shows that the rank, the dimension of the kernel, or the pair of rank
and dimension of the kernel cannot be used, in general, to completely classify all nonlinear
Z2Z4Z8-linear Hadamard codes Ht1,t2,t3 of a given length 2t up to equivalence.
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Example 3 By Theorems 1 and 2, the nonlinear Z2Z4Z8-linear Hadamard codes of length
29 are the following: H1,1,5, H1,2,3, H1,3,1, H2,0,4, H2,1,2 and H3,0,1. Their kernels are of
dimension 7, 6, 5, 6, 5 and 4, respectively, by Corollary 6. By using the computer algebra
system Magma [14], we can check that H1,2,3 and H2,0,4 are nonequivalent. Therefore, the
dimension of the kernel does not allow to classify these codes. By usingMagma, we compute
their ranks, which are 12, 15, 19, 15, 20 and 26, respectively. Therefore, the rank does not
classify either. Note that H1,2,3 and H2,0,4 have the same pair of rank and dimension of the
kernel, (r , k) = (6, 15). Thus, the pair of rank and dimension of the kernel does not classify
either.

Theorem 10 Let t1 ≥ 1, t2 ≥ 0, and t3 ≥ 1 be integers. Let Ht1,t2,t3 be the Z2Z4Z8-linear
Hadamard code of type (α1, α2, α3; t1, t2, t3) with α1 �= 0, α2 �= 0 and α3 �= 0. Then,
rank(Ht1,t2,t3+1) = 1 + rank(Ht1,t2,t3).

Proof Let Ht1,t2,t3 = (H1 | H2 | H3) be the corresponding Z2Z4Z8-additive Hadamard
code. Note that, by construction (5),

Ht1,t2,t3+1 =
⋃

λ∈{0,1}
((H1,H1 | H2,H2 | H3,H3) + λ(0, 1 | 0, 2 | 0, 4)).

By Corollaries 1 and 3,

Ht1,t2,t3+1 =
⋃

λ∈{0,1}
(�(H1,H1 | H2,H2 | H3,H3) + λ(0, 1, 0, 1, 0, 1))

= A0 ∪ A1,

where Aλ = �(H1,H1 | H2,H2 | H3,H3) + λ(0, 1, 0, 1, 0, 1), λ ∈ {0, 1}. Therefore,
rank(�(Ht1,t2,t3+1)) = 1 + rank(�(Ht1,t2,t3)). 
�

Now, we prove some technical lemmas.

Lemma 1 Let t be a positive integer. Then,

1. rank(H1,1,t−4) = t + 3, where t ≥ 5.
2. rank(H1,2,t−6) = rank(H2,0,t−5) = t + 6, where t ≥ 7.
3. rank(H1,3,t−8) = t + 10 and rank(H2,1,t−7) = t + 11, where t ≥ 9.
4. rank(H2,2,t−9) = rank(H3,0,t−8) = t + 17, where t ≥ 10.
5. rank(H1,4,t−10) = t + 15, where t ≥ 11.
6. rank(H̄2,0,0,t−7) = t + 7, where t ≥ 7.
7. rank(H̄1,1,2,t−10) = t + 8, where t ≥ 10.
8. rank(H̄1,0,5,t−13) = t + 11, where t ≥ 13.
9. rank(H̄1,2,0,t−9) = t + 9 and rank(H̄2,0,1,t−9) = t + 11, where t ≥ 9.
10. rank(H̄1,1,3,t−12) = t + 12, where t ≥ 12.
11. rank(H̄1,2,1,t−11) = t + 14, where t ≥ 11.
12. rank(H̄1,0,6,t−15) = t + 16, where t ≥ 15.

Proof By using Magma or as it is shown in Tables 2 and 3, we have that rank(H1,1,1) = 8,
rank(H1,2,1) = rank(H2,0,2) = 13, rank(H1,3,1) = rank(H2,1,1) = 19, rank(H2,2,1) =
rank(H3,0,2) = 27, rank(H1,4,1) = 26. For any Ht1,t2,t3 , we have that t + 1 = 3t1 + 2t2 + t3
by Theorem 1. Thus, H1,1,t3 = H1,1,t−4, where t ≥ 5. By Theorem 10, we have that
rank(H1,1,t−4) = t + 3. Items 2-5 follow in a similar way.

123



Linearity and classification ofZ2Z4Z8-linear Hadamard codes

Again, by usingMagma [14], we also have that rank(H̄2,0,0,0) = 14, rank(H̄1,1,2,0) = 18,
rank(H̄1,2,0,0) = 18, rank(H̄1,0,5,0) = 24, rank(H̄2,0,1,0) = 20, rank(H̄1,1,3,0) = 24,
rank(H̄1,2,1,0) = 25, and rank(H̄1,0,6,0) = 31. The remaining Items 6-12 follow from the
fact that t + 1 = 4t1 + 3t2 + 2t3 + t4 for any H̄ t1,t2,t3,t4 and Theorem 6. 
�
Lemma 2 Let t be a positive integer. Then, the following codes in each item are not equivalent
to each other.

1. H1,2,t−6 and H2,0,t−5, where 7 ≤ t ≤ 11.
2. H2,2,t−9 and H3,0,t−8, where 10 ≤ t ≤ 11.
3. H1,1,t−4 and H̄2,0,t−5, where 5 ≤ t ≤ 11.
4. H5,t−9 and H2,1,t−7, where 10 ≤ t ≤ 11 and H5,t−9 is theZ2Z4-linear Hadamard code

of length 2t and type (α1, α2; 5, t − 9) with α1 = 2t−5, α2 = 2t−1 − 2t−6.

Proof The inequivalence between these pairs of codes is established through computations
in Magma [14]. Specifically, we use functions provided in the packages [20, 21] to construct
the Hadamard codes, and then apply the function IsHadamardEquivalent to determine
whether the codes are equivalent or not. 
�
Lemma 3 Let k and t be two positive integers such that t−k > 0. Let H̄ t1,...,ts be a nonlinear
Z2s -linear Hadamard code of length 2t such that ker(H̄ t1,...,ts ) = t − k. Then,

1. for s ≥ 2 and σ as defined in (9),

t1 + · · · + ts = t − k − σ, (10)

(s − 1)t1 + (s − 2)t2 + · · · + ts−1 = σ + k + 1, (11)

2. for s ≥ 4, t1 = 1, σ as defined in (9) and λ = (s − σ − 1)tσ+1 + · · · + ts−1,

s − σ = k + 2 − λ

tσ + 1
. (12)

Proof By Theorem 5, ker(H̄ t1,...,ts ) = σ + ∑s
i=1 ti , so we have that

t1 + · · · + ts = t − k − σ. (13)

By Theorem 4, we have that

st1 + (s − 1)t2 + · · · + ts = t + 1. (14)

From (13) and (14), we have that

(s − 1)t1 + (s − 2)t2 + · · · + ts−1 = σ + k + 1. (15)

For Item2, since s ≥ 4, t1 = 1, and H̄ t1,...,ts is nonlinear, from the definition ofσ , we have that
1 < σ < s, t2 = · · · = tσ−1 = 0 and tσ ≥ 1. From (15), we have that (s−1)+(s−σ)tσ +λ =
σ + k + 1. Thus, we obtain (12). 
�
Lemma 4 Let k and t be two positive integers such that t−k > 0. Let Ht1,t2,t3 be a nonlinear
Z2Z4Z8-linear Hadamard code of length 2t such that ker(Ht1,t2,t3) = t − k. Then,

t1 + t2 + t3 = t − k, (16)

2t1 + t2 = k + 1. (17)
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Proof By Corollary 6, ker(Ht1,t2,t3) = t1 + t2 + t3, so we have (16). By Theorem 1,

3t1 + 2t2 + t3 = t + 1. (18)

From (16) and (18), we have that 2t1 + t2 = k + 1. 
�

The following results show that there are several families of infinite Z2Z4Z8-linear
Hadamard codes of length 2t , with α1 �= 0, α2 �= 0 and α3 �= 0, which are not equiv-
alent to any Z2Z4-linear and Z2s -linear Hadamard code, with s ≥ 2, of the same length
2t .

Let k and t be two positive integers such that t − k > 0. We define the set

Sk = {(t1, t2, t3) : (t1, t2, t3) satisfies (16) and (17)}.
ByCorollary 6 andLemma 4,we have that ker(Ht1,t2,t3) = t−k if and only if (t1, t2, t3) ∈ Sk .
We also define the set

S̄k,s = {(t1, . . . , ts) : (t1, . . . , ts) satisfies (10) and (11)}.
By Theorem 5 and Lemma 3, we have that ker(H̄ t1,...,ts ) = t − k if and only if (t1, . . . , ts) ∈
S̄k,s .

Theorem 11 The Z2Z4Z8-linear Hadamard code H1,1,t−4 of length 2t , with t ≥ 5, is not
equivalent to any other Z2Z4Z8-linear Hadamard code Ht1,t2,t3 , nor to any Z4-linear or
Z2Z4-linear Hadamard code of length 2t .

Moreover, H1,1,t−4 is not equivalent to any Z2s -linear Hadamard code of length 2t , with
s ≥ 3, except for the codes in the equivalence chain CH (2, 0, t − 5).

Proof Let H = H1,1,t−4. We have that S2 = {(1, 1, t − 4)}. Note that H is not equivalent to
any other Z2Z4Z8-linear Hadamard code Ht1,t2,t3 , having the same length 2t , t ≥ 5, since
the values of the kernel dimensions are different.

Let Ht2,t3 be the nonlinear Z2Z4-linear Hadamard code of length 2t and type
(α1, α2; t2, t3), where α1 �= 0 and α2 �= 0. By Theorem 9, we have that rank(Ht2,t3) =
t + 1+ (t2

2

)
, and by Item 1 of Lemma 1, rank(H) = t + 3. Since t + 1+ (t2

2

) �= t + 3 for any
value of t2, H is not equivalent to any Z2Z4-linear Hadamard code of length 2t with α1 �= 0
and α2 �= 0. Since the family of Z4-linear Hadamard codes is included in the family of
Z2Z4-linear Hadamard codes with α1 �= 0 and α2 �= 0 [28], we have that H is not equivalent
to any Z4-linear Hadamard code of length 2t .

Let H̄ t1,...,ts be a nonlinear Z2s -linear Hadamard code, with s ≥ 3, of length 2t such that
ker(H̄ t1,...,ts ) = t − 2. First, we show that, if s ≥ 4, then H̄ t1,...,ts belongs to an equivalence
chain CH (t ′1, . . . , t ′s′), where s

′ ∈ {2, 3}. Note that, if s ≥ 4 and t1 > 1, then σ = 1. In this
case, (11) has no solution. Assume that s ≥ 4 and t1 = 1. Thus, from (12),

s − σ = 4 − λ

tσ + 1
.

Since s−σ > 0 and tσ +1 ≥ 2,we have that 4−λ ∈ {2, 3, 4}, and hence, s−σ ∈ {1, 2}. Thus,
from Proposition 3, H̄ t1,...,ts , with s ≥ 4, belongs to an equivalence chain CH (t ′1, . . . , t ′s′),
where s′ ∈ {2, 3}. Therefore, we just need to show that H is not equivalent to any nonlinear
Z8-linear Hadamard code H̄ t1,t2,t3 of length 2t such that ker(H̄ t1,t2,t3) = t − 2, except for
H̄2,0,t−5.

If t1 = 1, then σ = 2. In this case, we have that (1, 3, t − 8) ∈ S̄2,3. Otherwise, if t1 > 1,
then σ = 1 and we have that (2, 0, t − 5) ∈ S̄2,3. Thus, S̄2,3 = {(2, 0, t − 5), (1, 3, t − 8)}.
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By Theorem 7, rank(H̄2,0,t−5) = t + 3 and rank(H̄1,3,t−8) = t + 4 �= t + 3. Since
rank(H) = t + 3, H is not equivalent to any Z8-linear Hadamard code of length 2t , except
to H̄2,0,t−5 and the codes in its equivalence chain CH (2, 0, t − 5). 
�
Theorem 12 The Z2Z4Z8-linear Hadamard code H1,3,t−8 of length 2t , with t ≥ 9, is not
equivalent to any other Z2Z4Z8-linear Hadamard code Ht1,t2,t3 , nor to any Z2Z4-linear or
Z2s -linear Hadamard code of length 2t with s ≥ 2.

Proof Let H = H1,3,t−8.We have that S4 = {(1, 3, t−8), (2, 1, t−7)}. By Item 3 of Lemma
1, rank(H) = t + 10 and rank(H2,1,t−7) = t + 11, so H is not equivalent to H2,1,t−7.
Moreover, H is not equivalent to any other Z2Z4Z8-linear Hadamard code Ht1,t2,t3 , having
the same length 2t , since the values of the kernel dimensions are different.

By the same argument as in the proof of Theorem 11, since t + 1+ (t2
2

) �= t + 10 for any
value of t2, we have that H is not equivalent to any Z2Z4-linear Hadamard code of length 2t

with α1 �= 0 and α2 �= 0, and neither to any Z4-linear Hadamard code of length 2t .
Now,we show that anyZ2s -linear Hadamard code H̄ t1,...,ts with s ≥ 3 and ker(H̄ t1,...,ts ) =

t − 4 is equivalent to a Z8-linear or Z16-linear Hadamard code. For s ≥ 4 and t1 > 1, we
have that σ = 1, so (11) has solution only if s = 4 and hence s − σ = 3. For s ≥ 4 and
t1 = 1, from (12), we have that 6 − λ ∈ {2, 3, 4, 5, 6}, and hence s − σ ∈ {1, 2, 3}. Thus,
from Proposition 3, H̄ t1,...,ts , with s ≥ 4, belongs to an equivalence chain CH (t ′1, . . . , t ′s′),
where s′ ∈ {2, 3, 4}. Therefore, we just need to show that H is not equivalent to any nonlinear
Z8-linear and Z16-linear Hadamard code of length 2t . We have that

S̄4,3 ∪ S̄4,4 = {(1, 5, t − 12), (2, 2, t − 9), (3, 0, t − 8), (1, 0, 5, t − 13),

(1, 1, 2, t − 10), (1, 2, 0, t − 9), (2, 0, 0, t − 7)}.
ByTheorem7and Items 6-9 ofLemma1, rank(H̄ t1,...,ts ) is t+11, t+8, t+9, t+11, t+8, t+9
and t + 7, respectively. Since rank(H) = t + 10, H is not equivalent to any Z2s -linear
Hadamard code H̄ t1,...,ts of length 2t , with s ≥ 3. 
�
Corollary 7 The Z2Z4Z8-linear Hadamard code H2,1,t−7 of length 2t , with t ≥ 8, is not
equivalent to any other Z2Z4Z8-linear Hadamard code Ht1,t2,t3 .

Theorem 13 The Z2Z4Z8-linear Hadamard code H1,4,t−10 of length 2t , with t ≥ 11, is not
equivalent to any other Z2Z4Z8-linear Hadamard code Ht1,t2,t3 , nor to any Z2Z4-linear or
Z2s -linear Hadamard code of length 2t with s ≥ 2.

Proof Let H = H1,4,t−10. We have that S5 = {(1, 4, t − 10), (2, 2, t − 9), (3, 0, t − 8)}. Let
H1 = H2,2,t−9 and H2 = H3,0,t−8. By Items 4 and 5 of Lemma 1, rank(H) = t + 15 and
rank(H1) = rank(H2) = t + 17. Therefore, H is not equivalent to any other Z2Z4Z8-linear
Hadamard code Ht1,t2,t3 , having the same length 2t .

By the same argument as in the proof of Theorem 11, since t + 1 + (t2
2

) �= t + 15, we
have that H is not equivalent to any Z2Z4-linear Hadamard code of length 2t with α1 �= 0
and α2 �= 0, and neither to any Z4-linear Hadamard code of length 2t .

Now,we show that anyZ2s -linear Hadamard code H̄ t1,...,ts with s ≥ 3 and ker(H̄ t1,...,ts ) =
t − 5 is equivalent to a Z8-linear or Z16-linear Hadamard code. For s ≥ 4 and t1 > 1, we
have that σ = 1, so (11) has a solution only if s = 4 and hence s − σ = 3. For s ≥ 4 and
t1 = 1, from (12), we have that 7 − λ ∈ {2, 3, 4, 5, 6, 7}, and hence s − σ ∈ {1, 2, 3}. Thus,
from Proposition 3, H̄ t1,...,ts , with s ≥ 4, belongs to an equivalence chain CH (t ′1, . . . , t ′s′),
where s′ ∈ {2, 3, 4}. Therefore, we just need to show that H is not equivalent to any nonlinear
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Z8-linear and Z16-linear Hadamard code of length 2t . We have that

S̄5,3 ∪ S̄5,4 = {(1, 6, t − 14), (2, 3, t − 11), (3, 1, t − 10), (1, 0, 6, t − 15),

(1, 1, 3, t − 12), (1, 2, 1, t − 11), (2, 0, 1, t − 9)}.
By Theorem 7 and from Items 9 to 12 of Lemma 1, rank(H̄ t1,...,ts ) is t+16, t+12, t+14, t+
16, t + 12, t + 14 and t + 11, respectively. Since rank(H) = t + 15, H is not equivalent to
any Z2s -linear Hadamard code of length 2t , with s ≥ 3. 
�
Theorem 14 The Z2Z4Z8-linear Hadamard codes H1,2,t−6, with t ≥ 7, and H2,0,t−5, with
t ≥ 6, of length 2t are not equivalent to any other Z2Z4Z8-linear Hadamard code Ht1,t2,t3 ,
nor to any Z2Z4-linear or Z2s -linear Hadamard code of length 2t with s ≥ 2. Moreover,
H1,2,t−6 and H2,0,t−5 are not equivalent for any 7 ≤ t ≤ 11.

Proof Let H1 = H1,2,t−6 and H2 = H2,0,t−5.We have that S3 = {(1, 2, t−6), (2, 0, t−5)}.
Then, H1 and H2 are not equivalent to any other Z2Z4Z8-linear Hadamard code Ht1,t2,t3 ,
having the same length 2t , since the values of the kernel dimensions are different. By using
Magma [14], we have that H1 and H2 are not equivalent for any 7 ≤ t ≤ 11.

By Item 2 of Lemma 1, rank(H1) = rank(H2) = t + 6. By the same argument as in the
proof of Theorem 11, since t + 1+ (t2

2

) �= t + 6 for any value of t2, we have that H1 and H2

are not equivalent to any Z2Z4-linear Hadamard code of length 2t with α1 �= 0 and α2 �= 0,
and neither to any Z4-linear Hadamard code of length 2t .

Now, we show that, if s ≥ 3, then any Z2s -linear Hadamard code H̄ t1,...,ts with
ker(H̄ t1,...,ts ) = t − 3 is equivalent to a Z8-linear Hadamard code. We can assume that
s ≥ 4 and t1 = 1, otherwise (11) has no solution. From (12), 5 − λ ∈ {2, 3, 4, 5}, and
hence, s − σ ∈ {1, 2}. Thus, from Proposition 3, H̄ t1,...,ts , with s ≥ 4, belongs to an equiv-
alence chain CH (t ′1, . . . , t ′s′), where s′ ∈ {2, 3}. Therefore, we just need to show that H1

and H2 are not equivalent to any nonlinear Z8-linear Hadamard code H̄ t1,t2,t3 of length
2t such that ker(H̄ t1,t2,t3) = t − 3. By using similar arguments as in the proof of Theo-
rem 11, S̄3,3 = {(2, 1, t − 7), (1, 4, t − 10)}. By Theorem 7, rank(H̄2,1,t−7) = t + 5 and
rank(H̄1,4,t−10) = t + 7. This completes the proof, since rank(H1) = rank(H2) = t + 6 by
Item 2 of Lemma 1. 
�
Theorem 15 The Z2Z4Z8-linear Hadamard codes H2,2,t−9, for t ≥ 10, and H3,0,t−8, for
t ≥ 9, of length 2t are not equivalent to any other Z2Z4Z8-linear Hadamard code Ht1,t2,t3 ,
nor to any Z2Z4-linear or Z2s -linear Hadamard code of length 2t with s ≥ 2. Moreover,
H2,2,t−9 and H3,0,t−8 are not equivalent for any 10 ≤ t ≤ 11.

Proof Let H1 = H2,2,t−9 and H2 = H3,0,t−8. We have that S5 = {(1, 4, t − 10), (2, 2, t −
9), (3, 0, t − 8)}. By Items 4 and 5 of Lemma 1, rank(H1,4,t−10) = t + 15 and rank(H1) =
rank(H2) = t+17. Then, H1 and H2 are not equivalent to any otherZ2Z4Z8-linearHadamard
code Ht1,t2,t3 , having the same length 2t . By usingMagma [14], H1 and H2 are not equivalent
for any 7 ≤ t ≤ 11.

As before, since t + 1 + (t2
2

) �= t + 17, we have that H1 and H2 are not equivalent to
any Z2Z4-linear Hadamard code of length 2t with α1 �= 0 and α2 �= 0, and neither to any
Z4-linear Hadamard code of length 2t .

Now,we show that anyZ2s -linear Hadamard code H̄ t1,...,ts with s ≥ 3 and ker(H̄ t1,...,ts ) =
t − 5 is equivalent to a Z8-linear or Z16-linear Hadamard code. For s ≥ 4 and t1 > 1, we
have that σ = 1, so (11) has a solution only if s = 4 and hence s − σ = 3. For s ≥ 4 and
t1 = 1, from (12), we have that 7 − λ ∈ {2, 3, 4, 5, 6, 7}, and hence s − σ ∈ {1, 2, 3}. Thus,
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from Proposition 3, H̄ t1,...,ts , with s ≥ 4, belongs to an equivalence chain CH (t ′1, . . . , t ′s′),
where s′ ∈ {2, 3, 4}. Therefore, we just need to show that H1 and H2 are not equivalent to
any nonlinear Z8-linear and Z16-linear Hadamard code of length 2t . We have that

S̄5,3 ∪ S̄5,4 = {(1, 6, t − 14), (2, 3, t − 11), (3, 1, t − 10), (1, 0, 6, t − 15),

(1, 1, 3, t − 12), (1, 2, 1, t − 11), (2, 0, 1, t − 9)}.
By Theorem 7 and from Items 9 to 12 of Lemma 1, rank(H̄ t1,...,ts ) is t + 16, t + 12, t +
14, t + 16, t + 12, t + 14 and t + 11, respectively. Therefore, H1 and H2 are not equivalent
to any Z2s -linear Hadamard code of length 2t , s ≥ 3. 
�
Theorem 16 The Z2Z4Z8-linear Hadamard codes Ht/3,0,1 of length 2t , with t = 3m and
m ≥ 2, are not equivalent to any other Z2Z4Z8-linear Hadamard code Ht1,t2,t3 , nor to any
Z2Z4-linear, Z4-linear or Z8-linear Hadamard code of length 2t .

Proof By Theorem 2, Hm,0,1 is nonlinear sincem ≥ 2. Then, by Corollary 6, ker(Hm,0,1) =
m + 1. Let Ht1,t2,t3 be a nonlinear Z2Z4Z8-linear Hadamard code of length 2t such that
ker(Ht1,t2,t3) = m + 1. By Corollary 6, ker(Ht1,t2,t3) = t1 + t2 + t3, so we have that

t1 + t2 + t3 = m + 1. (19)

By Theorem 1,

3t1 + 2t2 + t3 = t + 1 = 3m + 1. (20)

From (19) and (20),

t2 + 2t3 = 2. (21)

Note that {(t1, t2, t3) : (t1, t2, t3) satisfies (19) and (21)} = {(m, 0, 1)}. Therefore, Hm,0,1 is
not equivalent to any other Z2Z4Z8-linear Hadamard code Ht1,t2,t3 of the same length 2t ,
since the values of the kernel dimensions are different.

Let Ht2,t3 be the nonlinear Z2Z4-linear Hadamard code of length 2t and type
(α1, α2; t2, t3), where α1 �= 0 and α2 �= 0, such that ker(Ht2,t3) = m+1. Then, by Theorem
9,

t2 + t3 = m + 1, (22)

and

2t2 + t3 = t + 1 = 3m + 1. (23)

From (22) and (23),

t2 + 2t3 = 2. (24)

From (22) and (24), we have that t3 = 1 − m < 0, which is a contradiction, since t3 ≥ 1.
Therefore, Hm,0,1 is not equivalent to any Z2Z4-linear Hadamard code of length 2t with
α1 �= 0 and α2 �= 0. Since the family of Z4-linear Hadamard codes is included in the family
of Z2Z4-linear Hadamard codes with α1 �= 0 and α2 �= 0, we only need to show that Hm,0,1

is not equivalent to any Z8-linear Hadamard code of length 2t .
Let H̄ t1,t2,t3 be a nonlinearZ8-linear Hadamard code of length 2t such that ker(H̄ t1,t2,t3) =

m + 1. By Theorem 5, ker(H̄ t1,t2,t3) = σ + ∑3
i=1 ti , so we have that

t1 + t2 + t3 = m + 1 − σ. (25)
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By Theorem 4, we have that

3t1 + 2t2 + t3 = t + 1 = 3m + 1. (26)

From (25) and (26), we have that

t2 + 2t3 = 2 − 3σ. (27)

Since 1 ≤ σ ≤ 3, 2−3σ < 0. Thus, (27) has no solution, since t2, t3 ≥ 0. Therefore, Hm,0,1

is not equivalent to any Z8-linear Hadamard code. 
�
Theorem 17 TheZ2Z4Z8-linear Hadamard codes H (t−2)/3,1,1 of length 2t , with t = 3m+2
and m ≥ 2, are not equivalent to any other Z2Z4Z8-linear Hadamard code Ht1,t2,t3 , nor to
any Z4-linear or Z2Z4-linear Hadamard code of length 2t .

Proof By Theorem 2, Hm,1,1 is nonlinear. Then, by Corollary 6, we have that ker(Hm,1,1) =
m + 2. Let Ht1,t2,t3 be a nonlinear Z2Z4Z8-linear Hadamard code of length 2t such that
ker(Ht1,t2,t3) = m + 2. By Corollary 6, ker(Ht1,t2,t3) = t1 + t2 + t3, so we have that

t1 + t2 + t3 = m + 2. (28)

By Theorem 1,

3t1 + 2t2 + t3 = t + 1 = 3m + 3. (29)

From (28) and (29),

t2 + 2t3 = 3. (30)

Note that {(t1, t2, t3) : (t1, t2, t3) satisfies (28) and (30)} = {(m, 1, 1)}. Therefore, Hm,1,1 is
not equivalent to any other Z2Z4Z8-linear Hadamard code Ht1,t2,t3 , having the same length
2t , since the values of the kernel dimensions are different.

Let Ht2,t3 be the nonlinear Z2Z4-linear Hadamard code of length 2t and type
(α1, α2; t2, t3), where α1 �= 0 and α2 �= 0, such that ker(Ht2,t3) = m+2. Then, by Theorem
9,

t2 + t3 = m + 2, (31)

and

2t2 + t3 = t + 1 = 3m + 3. (32)

From (31) and (32),

t2 + 2t3 = 3. (33)

From (31) and (33), we have that t3 = 1 − m < 0, which is a contradiction, since t3 ≥ 1.
Therefore, Hm,1,1 is not equivalent to any Z2Z4-linear Hadamard code of length 2t with
α1 �= 0 and α2 �= 0. Since the family of Z4-linear Hadamard codes is included in the family
of Z2Z4-linear Hadamard codes with α1 �= 0 and α2 �= 0. This completes the proof. 
�

For 4 ≤ t ≤ 15, Tables 2, 3 and 4, show all possible types corresponding to Z4-linear
Hadamard, Z2Z4-linear Hadamard (with α1 �= 0 and α2 �= 0), Z8-linear Hadamard H̄ t1,t2,t3

[17] and Z2Z4Z8-linear (with α1 �= 0, α2 �= 0 and α3 �= 0) Hadamard codes Ht1,t2,t3 of
length 2t . For each one of them, the values (r , k) are shown, where r is the rank and k is
the dimension of the kernel. These values can be computed for Z4-linear Hadamard codes
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Table 1 Number At of
nonequivalent Z2Z4Z8-linear
Hadamrd code of length 2t for
3 ≤ t ≤ 11

t 3 4 5 6 7 8 9 10 11

At 1 1 2 3 4 5 7 8 10

from [26, 31], for Z2Z4-linear Hadamard codes by Theorem 9, and for Z8-linear Hadamard
codes by Theorems 5 and 7. The values of the rank for Z2Z4Z8-linear Hadamard codes are
computed by using Magma [14], and the kernel dimensions are calculated by Theorem 6.
Note that if two codes have different values (r , k), then they are not equivalent. As shown
in Example 3 for t = 9, it is easy to see that taking only the values of the dimension of the
kernel, or only the rank, given in these tables, it is not possible to classify completely the
Z2Z4Z8-linear Hadamard codes.

Note that, for t ≤ 4, the Z2Z4Z8-linear Hadamard codes Ht1,t2,t3 of length 2t are binary
linear Hadamard codes. In the next theorem, we show that, for 5 ≤ t ≤ 11, the nonlinear
Z2Z4Z8-linear Hadamard codes Ht1,t2,t3 of length 2t are not equivalent to each other, nor to
any Z2Z4-linear Hadamard code, nor to any Z2s -linear Hadamard code [17] with s ≥ 2, of
the same length 2t .

Theorem 18 For 5 ≤ t ≤ 11, the nonlinear Z2Z4Z8-linear Hadamard codes Ht1,t2,t3 of
length 2t are not equivalent to each other, nor to any Z2Z4-linear Hadamard code, nor to
any previously constructed Z2s -linear Hadamard code, with s ≥ 2, of length 2t .

Proof It follows from Lemma 2, Theorems 11, 12, 13, 14 and 15, Tables 2 and 3, Tables 1 and
3 given in [17], and the fact that two codes are nonequivalent if they have different values of
(r , k), where r is the rank and k is the dimension of the kernel. For example, consider t = 11.
From Table 3, all nonlinear Z2Z4Z8-linear Hadamard codes of length 211 are H1,1,7, H1,2,5,
H1,3,3, H1,4,1, H2,0,6, H2,1,4, H2,2,2, H3,0,3 and H3,1,1. All these codes, except H2,2,2 and
H3,0,3, are not equivalent to each other, nor to any Z2Z4-linear and Z2s -linear Hadamard
code, with s ≥ 2, of length 211, since they have different values of (r , k). The codes H2,2,2

and H3,0,3 have the same (r , k), which is (28, 6). By using Magma [14], we can check that
they are not equivalent. Again, from Table 3, and Table 3 given in [17], we have that all the
codes of length 211 have values of (r , k) different from (28, 6). This completes the proof. 
�

LetAt be the number of nonequivalentZ2Z4Z8-linear Hadamard codes Ht1,t2,t3 of length
2t . By Theorem 18, we can classify completely Z2Z4Z8-linear Hadamard codes Ht1,t2,t3 of
length 2t for 3 ≤ t ≤ 11, by providing the numberAt of nonequivalent such codes, as shown
in Table 1.

6 Conclusions and further research

In this paper, we study the linearity of the Z2Z4Z8-linear Hadamard codes Ht1,t2,t3 with
α1 �= 0, α2 �= 0, and α3 �= 0, presented in [8]. We also determine the kernel and its
dimension whenever they are nonlinear. The kernel does not give a complete classification,
but it provides a lower bound on the number of such nonequivalentZ2Z4Z8-linear Hadamard
codes with the same length 2t . We establish a complete classification for 3 ≤ t ≤ 11 by
using the dimension of the kernel and some Magma computations.

It is known that each Z4-linear Hadamard code is equivalent to a Z2Z4-linear Hadamard
codes with α1 �= 0 and α2 �= 0 [28]. Unlike Z2Z4-linear Hadamard codes, in general, the
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family of Z2Z4Z8-linear Hadamard codes Ht1,t2,t3 does not include the family of Z4-linear
or Z8-linear Hadamard codes. Actually, we show that there are several families of infinite
nonlinear Z2Z4Z8-linear Hadamard codes with α1 �= 0, α2 �= 0, and α3 �= 0, which are
not equivalent to any other Z2Z4Z8-linear Hadamard code Ht1,t2,t3 , nor to any Z2Z4-linear
Hadamard, nor to any Z2s -linear Hadamard code [17] with s ≥ 2, of the same length 2t .
Therefore, some nonlinear Hadamard codes, without any known structure, now can be seen
as the Gray map image of a Z2Z4Z8-additive Hadamard code with α1 �= 0, α2 �= 0, and
α3 �= 0.

LetS t1−1,t2,t3 be theZ2Z4Z8-additive code of type (α1−1, α2, α3; t1−1, t2, t3) generated
by a matrix obtained from At1,t2,t3 after deleting its first column and row. In [35, Theorem
12], it is proved that S t1−1,t2,t3 is the additive dual of a Z2Z4Z8-additive 1-perfect code.
Moreover, it is shown that all such Z2Z4Z8-additive 1-perfect codes are obtained from each
other by monomial transformations. Thus, the Z2Z4Z8-additive Hadamard codes Ht1,t2,t3

are the only ones, up to monomial transformation, that can be obtained by extending the
parity-check matrix of a Z2Z4Z8-additive 1-perfect code.

Let H be a Z2Z4Z8-additive code of type (α1, α2, α3; t1, t2, t3). Note that if α3 = 0, we
obtain Z2Z4-additive codes, which were studied in [26, 31]. Hence, we assume α3 > 0. If
α1 > 0 and α2 = 0, then we could consider a generator matrix of H with (1 | | 4) in its
first row and 0 in the first coordinate of the other rows, allowing us to construct S t1−1,t2,t3 as
before. Thus, this case is not possible. On the other hand, if α1 = 0 and α2 > 0, determining
the existence of Z4Z8-additive Hadamard codes remains an open problem.

AMagma function to computeZ2Z4Z8-additive Hadamard codes andZps -additive codes
is included in a new Magma package to deal with ZpZp2 . . .Zps -additive codes in general
[21]. This newpackage also includes functions related to the generalizedGraymap considered
in this paper. Indeed, this package generalizes some of the functions for linear codes over
Zps [20]. The first version of this new package and a manual describing all functions will be
released this year, and it will be available in a GitHub repository and in the CCSG web site
(http://ccsg.uab.cat).

As further research, it would be interesting to prove that all nonlinear Z2Z4Z8-linear
Hadamard codes Ht1,t2,t3 are not equivalent to each other, nor to any Z2Z4-linear Hadamard,
nor to any Z2s -linear Hadamard code [17] with s ≥ 2, of the same length 2t , as it is seen for
5 ≤ t ≤ 11 by Theorem 18.
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