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ABSTRACT This paper presents and experimentally validates various topologies of one-port reflective-
mode phase-variation permittivity sensors based on weakly coupled step impedance resonators (SIRs), the
sensing elements, implemented in microstrip technology. The differences between such topologies concern
the specific configuration, either series or parallel, of the SIR driven by the feeding (harmonic) signal, and
the type of coupling, either electric or magnetic, between the SIRs. Thus, four different sensor topologies
result. These sensors are modeled by lumped element circuits that describe their behavior to a very good
approximation and are useful to predict the sensitivity in the limit of small perturbations. It is shown that
the models of one of the pairs of these four sensors are circuit duals, and such circuit duality applies also to
the models of the other pair. In all cases, a high (maximum) sensitivity is achievable provided the coupling
(either electric or magnetic) between the SIRs pair is weak. Since the sensing regions in the reported sensors
are also small, the resulting figures of merit (FoM), or ratio between the maximum sensitivity and the area
of the sensing region expressed in squared guided wavelengths, are very competitive.

INDEX TERMS Circuit duality, coupled resonators, microstrip technology, microwave sensor, permittivity
sensor, reflective-mode sensor, step-impedance resonator (SIR).

I. INTRODUCTION
It has been recently demonstrated that reflective-mode phase-
variation permittivity sensors can provide unprecedented
sensitivities [1], [2], [3], [4]. In such sensors, the canoni-
cal input variable is the dielectric constant of the so-called
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material under test (MUT), whereas the output variable is
the phase of the reflection coefficient at the operating (sin-
gle) frequency. Nevertheless, many other physical, chemical,
and biological variables related to the permittivity, such
as ambient temperature and humidity, material composi-
tion, concentration of components in liquid samples and
bio-samples, etc., can also be measured with these phase-
variation sensors. Such high sensitivities are obtained at the

85838

 2025 The Authors. This work is licensed under a Creative Commons Attribution 4.0 License.

For more information, see https://creativecommons.org/licenses/by/4.0/ VOLUME 13, 2025

https://orcid.org/0009-0005-0473-1462
https://orcid.org/0000-0002-2658-2200
https://orcid.org/0000-0001-6502-5987
https://orcid.org/0000-0002-4753-9340
https://orcid.org/0009-0002-6473-7514
https://orcid.org/0000-0002-1494-9167
https://orcid.org/0000-0002-5942-4807


J. Borràs-Sarsa et al.: Microstrip Configurations of Reflective-Mode Phase-Variation Permittivity Sensors

expense of linearity degradation. However, there are many
applications where tiny variations of the input variable in
the vicinity of a reference (REF) value should be detected
or measured, and this might require extreme sensitivities
for that REF value of the input variable. The key aspect to
achieve such high sensitivity is to generate a high slope in the
phase response of the reflection coefficient at the operating
frequency, fop, when the sensor measures the REF variable.
Typically, this means phase slope optimization at fop when
the sensing element, typically a planar resonator or a pair of
resonators (either distributed or semi-lumped), are covered
with the REF material, with dielectric constant εREF.
To achieve a high phase slope, planar semi-lumped res-

onators with extreme inductance-to-capacitance ratio, or dis-
tributed resonators with extreme characteristic impedance,
tuned to the resonance frequency or near resonance (i.e.,
with fop ≈ fres), are convenient, since the phase of the
reflection coefficient in such resonators experiences a sig-
nificant variation with frequency at fres [5]. Specifically,
open-ended high-impedance quarter-wavelength and low-
impedance half-wavelength distributed resonators have been
used as sensing elements in certain reflective-mode phase-
variation permittivity sensors [1], [6], [7], [8]. Similarly,
semi-lumped resonators, implemented by means of (series)
step-impedance resonators (SIRs) with high inductance, L,
and low capacitance, C , or by means of (parallel) open
complementary split ring resonators (OCSRRs) with high
capacitance and low inductance, have been applied to the
implementation of highly sensitive reflective-mode phase-
variation sensors [9], [10]. Nevertheless, the characteristic
impedance in distributed resonators and the L/C ratio in
semi-lumped resonators cannot take extreme values, which
means that the achievable phase slopes (and hence sensitiv-
ities) are limited in practice. Thus, to boost up the phase
slope at resonance (and hence the sensitivity), two main
alternatives have been proposed: (i) to insert a set of high and
low impedance inverters (alternating) between the sensing
resonator and the input port [1], [9], [10], [11], and (ii) to
weakly couple an identical resonator to the main sensing
element [2], [3], [4]. With these approaches, phase-variation
sensors with higher capability to detect small changes in the
input variable, as compared with other sensors exploiting
either frequency [12], [13], [14], [15], [16], [17], [18], [19],
[20], [21], [22], [23], [24], [25], [26], [27], [28], [29], [30],
[31], [32], [33], [34] or magnitude [35], [36], [37], [38],
[39], [40], [41], [42], [43], [44] variation, or even with other
sensors based on phase variation [45], [46], [47], [48], [49],
[50], [51], [52], [53], can be implemented.

Sensitivity optimization by means of weakly coupled
resonators (the second approach), either distributed [2] or
semi-lumped [3], [4], has demonstrated to provide unprece-
dented sensitivities with the added benefit of a small sensor
size, as far as these sensors do not need further microwave
components (e.g., impedance inverters) to boost up the
sensitivity. Indeed, the sensitivity in the limit of small

perturbations in these reflective-mode phase-variation per-
mittivity sensors based on coupled resonators is inversely
proportional to the square of the coupling factor (in coupled
distributed resonators) or coupling coefficient (in coupled
semi-lumped resonators) [2], [4]. Thus, by sufficiently reduc-
ing the coupling level between the sensing resonators (by
separating them enough), the sensitivity can be arbitrarily
boosted up. Other microwave sensors based on coupled struc-
tures, which do not exploit phase variation, have also been
recently reported [21], [60], [61].

In [3] and [4], it was shown that by considering elec-
trically coupled SIRs, very high maximum sensitivities
combined with very small sensing regions are achievable in
phase-variation permittivity sensors. Consequently, the main
figure of merit (FoM) of phase-variation sensors, defined
as the ratio between the maximum sensitivity, Smax, and
the area of the sensing region, AS, expressed in terms of
the squared guided wavelength, λ2, can be made very high,
as demonstrated in [3] and [4]. In the sensors of such works
( [3], [4]), the topology of the main SIR, the one driven by
the input port (through the access line), corresponds to a
series configuration, and the considered coupling between the
SIRs was of electric nature, as indicated. To generate such
electric (capacitive) coupling, mirrored SIRs with face-to-
face capacitive patches, implemented either in microstrip [3]
or in coplanar waveguide (CPW) technology [4], were pro-
posed. An advantage of sensor implementation in CPW over
microstrip technology is the stronger dependence of the SIR
self-capacitance and mutual capacitance on the dielectric
constant of the MUT, εMUT (this benefits sensitivity). How-
ever, axial symmetry in CPW structures is necessary in order
to prevent the appearance of the so-called slot mode. For that
main reason, the topology of the CPW sensor presented in [4]
considers a pair of mirrored SIRs exhibiting perfect axial
symmetry.

Note that the softer dependence of the SIRs’ capacitances
on εMUT in microstrip based sensors can be compensated by
weakly coupling the SIRs. Thus, high sensitivities can be
indistinctly achieved with either CPW or microstrip based
sensors. Nevertheless, the symmetry requirements of CPW
structures do not apply to microstrip based sensors, and this
opens the possibility of sensor implementation in microstrip
technology by considering other configurations, an aspect
to be explored in this paper. In particular, we will consider
microstrip based sensors implemented by means of series
SIRs with magnetic coupling, as well as parallel SIR config-
urations with both electric and magnetic coupling (sensors
based on electrically coupled series SIRs were presented
in [3]).

Paper organization is as follows. Section II presents the
considered sensor topologies, in all the cases based on cou-
pled SIRs implemented in microstrip technology, as well as
the corresponding circuit models. This section briefly justi-
fies the need of weakly coupling the resonant elements to
boost up the sensitivity. The impedance, or admittance, seen
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from the input port of the sensor, as well as the main relevant
frequencies, are inferred in Section III. In such section, the
models are validated by comparing electromagnetic simu-
lations of the phase response (reflection coefficient) with
circuit simulations with extracted parameters. A sensitiv-
ity analysis for each sensor configuration is conducted in
Section IV, where design guidelines for sensitivity optimiza-
tion are inferred. Section V is dedicated to demonstrating the
validity of the sensitivity analysis and to experimentally vali-
dating the proposed sensors. In section VI, it is demonstrated
that extremely high sensitivities can be achieved by coupling
the resonators very weakly. Finally, Section VII concludes the
work.

The novel aspects of the paper, as compared to [3] and [4],
are:

• We consider for the first time, and analyze in a unified
form, four different configurations of reflective-mode
phase-variation sensors based on coupled SIRs imple-
mented in microstrip technology, including series and
parallel resonators, and both magnetic and electric cou-
pling. Moreover, the analysis is based on circuit duality
considerations (even though the layouts of the different
sensors are not topological duals).

• We validate the proposed circuit models of the dif-
ferent structures by comparing the circuit responses,
with extracted parameters, with those inferred by
electromagnetic simulation. Moreover, a specific
parameter extraction method for each structure is
reported.

• We present a sensitivity analysis for each configuration,
never reported so far, revealing that the key aspect to
enhance the sensitivity in the limit of small perturba-
tions, the interest in this paper, is to weakly couple the
SIRs. Such analysis was not conducted in [3], where
a sensor corresponding to one of the configurations
analyzed in this paper (configuration A, see Section II)
was reported, but not analyzed/discussed. The analysis is
also different to the one reported in [4], where a similar
sensor to that of configuration A, but implemented in
CPW technology, was reported. In [4], the coupling
coefficient of the proposed CPW sensor can be consid-
ered constant, as justified in that paper, but this does
not apply to the microstrip counterpart of configuration
A. Consequently, the sensitivity analysis is significantly
different. The main conclusion is that the maximum
sensitivity is inversely proportional to the square of the
coupling coefficient regardless of the specific configu-
ration. This is a strong conclusion that enforces the idea
that to enhance the sensitivity in reflective-mode phase-
variation sensors based on coupled resonators, weak
coupling is necessary. Moreover, though the sensitivity
depends on the resonance frequency of the uncoupled
resonators and, in some of the proposed configurations,
on the inductance and the capacitance of the SIRs,
the dependence with these variables is proportional or

inversely proportional. Thus, it follows that to optimize
the sensitivity it is not critical how the SIRs are designed,
the key aspect is to separate enough the SIRs (to achieve
weak coupling).

• For the first time, the sensitivity analysis is validated
for three of the considered configurations from both
electromagnetic simulation and experimental data (since
a prototype sensor for configuration A was already
reported in [3]).

• Finally, we have designed and fabricated two sensors
with extremely weak coupling (Section VI), providing
sensitivities and figures of merit never achieved so far.
In these sensors, such extremely high sensitivities are
achieved by fine-tuning the separation between the SIRs,
namely the coupling level. It is also discussed in that
section that when the coupling level is very weak (or
the sensitivity is very high), losses contribute to enhance
the sensitivity, unless the separation between the sensing
resonators exceeds a certain limit. This loss-assisted
sensitivity is very useful, although it prevents from pre-
dicting the sensitivity analytically for such extremely
sensitive sensors. The reason is that the sensitivity anal-
ysis (see Section IV) is complex (although feasible)
by excluding losses, but not treatable by including the
effects of losses.

In summary, rather than solving a specific problem, the
paper reports an exhaustive comparative analysis of a set of
planar sensors based onweakly coupled resonators, providing
design guidelines, and demonstrating that very high sensitiv-
ity can be achieved.

II. REFLECTIVE-MODE PHASE-VARIATION SENSORS
BASED ON WEAKLY COUPLED SIRS: TOPOLOGIES AND
CIRCUIT MODELS
As pointed out in [2], [3], and [4], sensitivity optimization in
one-port reflective-mode phase-variation permittivity sensors
based on weakly coupled resonators is based on the signifi-
cant phase excursion experienced by the reflection coefficient
between the split resonances (resonance splitting is caused
by inter-resonator coupling). If inter-resonator coupling is
very weak, the (split) resonances, f− and f+, are closely
spaced, resulting in a substantial phase slope between such
frequencies. Thus, by tuning the operating frequency of the
sensor, fop, to a value within the range comprised between
f− and f+, the sensitivity can be substantially enhanced.
Using this approach, significant sensitivities were demon-

strated in the sensors reported in [2], based on coupled
quarter-wavelength (distributed) resonators, and in the sen-
sors proposed in [3] and [4], based on coupled SIRs. These
latter sensors were implemented in both CPW [4] and
microstrip technology [3], by considering a series SIR (the
main one) driven by the input (harmonic) signal and electri-
cally coupled to the second SIR, identical to main one. The
typical topology for such specific configuration in microstrip
technology and the corresponding equivalent circuit model
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are depicted in Fig. 1(a). The reactive elements L and C are
the self-inductance and self-capacitance, respectively, of the
SIRs, whereas CM accounts for the mutual (electric) cou-
pling. The figure also includes the qualitative phase response,
where it can be seen the 360◦ phase excursion experienced
by the reflection coefficient between f− and f+. In [4], this
sensor configuration was studied in detail and a prototype
device with a maximum sensitivity of Smax = −818◦ was
experimentally validated. In this paper, the main aim is
to study and experimentally validate the functionality and
high-sensitivity capability of other reflective-mode phase-
variation microstrip sensors based on coupled SIRs. The
possible configurations (or topologies), the circuit models,
and the qualitative phase responses are depicted in Fig. 1(b),
(c) and (d). In Figs. 1(b) and (d), M models the inductive
(magnetic) coupling between the SIRs. Let us next analyze
in detail such different sensor configurations using the circuit
model and let us validate the circuit models.

III. CIRCUIT MODEL VALIDATION AND ANALYSIS
Let us start by obtaining the input impedance, or admittance,
for the circuit models of Fig. 1. Let us mention that, in these
models, losses are excluded (like in [4]), since it is not pos-
sible to obtain reasonable analytical expressions for the input
impedances or admittances (useful for the sensitivity analysis
to be discussed in the next section) when losses are included.
This approximation is reasonable provided (i) the MUTs
are low-loss materials and (ii) the sensitivity is moderate.
Concerning the second aspect, it was demonstrated in [4] that,
even though the considered MUTs are low-loss materials, the
effects of losses are not negligible if the sensitivity is very
high, and losses tend to enhance the sensitivity. In this paper,
the main target is to validate the circuit models, as well as
the sensitivity analysis presented in the next Section. Hence,
we have opted for designing sensors with moderate sensi-
tivity. Under these conditions, losses can be neglected, and
the predictions of the theory are in good agreement with
the simulations and measurements (to be demonstrated later,
Section V). Nevertheless, Section VI reports two extremely
highly sensitive sensors (achieved by very weakly coupling
the sensing resonators) to demonstrate the potential of the
approach (although in such sensors, the maximum sensitivity
cannot be predicted by the theory.

For the series configurations of Figs. 1(a) and (b) it is
better to deal with the impedance, whereas for the parallel
configuration [Figs. 1(c) and (d)], the admittance is preferred.
Once such input impedance, or admittance, depending on the
case, is known for each configuration, the relevant frequen-
cies, in particular the split resonances, can be easily inferred.
Even though for the circuit of Fig. 1(a) the input impedance
was obtained in [3] and [4], let us reproduce in this paper
the detailed derivation of such impedance, since it will point
out the circuit duality between such circuit and the one of
Fig. 1(d). Similarly, themodels of Figs. 1(b) and (c) are circuit
duals, as it will be later demonstrated.

FIGURE 1. Topologies and circuit models of reflective-mode
phase-variation permittivity sensors based on coupled SIRs: (a) series SIR
with electric coupling; (b) series SIR with magnetic coupling; (c) parallel
SIR with electric coupling; (d) parallel SIR with magnetic coupling. The
(qualitative) phase responses (reflection coefficient) of the different
structures corresponding to the isolated resonator (left) and weakly
coupled resonators (right) are also depicted. The sensor configurations of
(a), (b), (c), and (d) are designated as A, B, C, and D, respectively. In the
circuit models, the self-inductance, L, is mainly dictated by the narrow
strips of the SIRs pair, whereas the self-capacitance is intimately related
to the SIR patches. The red dots correspond to vias for resonator
grounding. The reactive elements Cis and Lis are the capacitance and
inductance of the isolated resonators in the circuits with electric coupling
and magnetic coupling, respectively. The frequencies f0,is and fp,is are
the resonance frequencies of the isolated resonators.

For the calculation of the input impedance in the circuit of
Fig. 1(a), let us first transform that circuit to the one shown in
Fig. 2(a) [62] [similarly, the circuits of Figs. 1(b), (c) and (d)
can be transformed to those depicted in Figs. 2(b), (c) and (d),
respectively]. According to the circuit of Fig. 2(a), the input
impedance can be expressed as

Zin,A = jLω +

{
−

j
CMω

+
L/(C−CM )

jLω−
j

(C−CM )ω

}
·

(
−

j
(C−CM )ω

)
−

j
CMω

+
L/(C−CM )

jLω−
j

(C−CM )ω
−

j
(C−CM )ω

(1)
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FIGURE 2. Circuit models of Fig. 1 that result by replacing the capacitive
or inductive transformer with the equivalent 5 or T circuits. (a) series SIR
with electric coupling; (b) series SIR with magnetic coupling; (c) parallel
SIR with electric coupling; (d) parallel SIR with magnetic coupling.

and after some calculation, it can be simplified to [3]
and [4]

Zin,A = jχin,A = j

(
1 − k2C

)
ω4

ω4
0

− 2ω2

ω2
0

+ 1

Cω

{
ω2

ω2
0

(
1 − k2C

)
− 1

} (2)

where ω is the angular frequency, ω0 = 2π f0 = 1/
√
LC is the

angular resonance frequency of the uncoupled resonator, and
kC = CM/C is the electric coupling coefficient. The angular
resonance frequency of the uncoupled resonator splits in two
resonances when the coupling is activated. Such resonances
are given by those angular frequencies that null the input
impedance, i.e.,

ω± = 2π f± =
ω0

√
1 ∓ kC

(3)

As indicated before, the separation between these frequen-
cies can be made arbitrarily small by weakly coupling the
resonators (since f+ → f0 and f− → f0 for k → 0). On the
other hand, the angular frequency that nulls the denominator
of (2), or nulls the admittance, is found to be

ωp = 2π fp =
ω0√
1 − k2C

(4)

and such pole frequency, fp, is situated between f0 and f+.
At f− and f+, the input impedance is null, and the reflection
coefficient, given by

ρ =
Zin − Z0
Zin + Z0

, (5)

is ρ = −1. Consequently, the phase of the reflection coef-
ficient is φρ = ±180◦ at those frequencies [as revealed by
the 360◦ phase jumps in Fig 1(a)]. By contrast, ρ = +1 and
φρ = 0◦ at fp [see Fig. 1(a)]. Regardless of the specific value
of the operating frequency, fop, within the interval [f−, f+], the
phase slope is expected to be very high if the resonators are
weakly coupled. Nevertheless, it was demonstrated in [4] that
the optimum frequency for sensitivity optimization is roughly
fp (i.e., fop ≈ fp).

Let us next calculate the input impedance for the circuit of
Fig. 1(b), equivalent to the one of Fig. 2(b). Such impedance
can be expressed as

Zin,B = −
j
Cω

+ j(L −M )ω +

jMω ·

{
−

j
Cω

+ j(L −M )ω
}

jMω −
j
Cω

+ j(L −M )ω

(6)

and after some calculation, it can be simplified to

Zin,B = jχin,B = j

(
1 − k2M

)
ω4

ω4
0

− 2ω2

ω2
0

+ 1

Cω

{
ω2

ω2
0

− 1
} (7)

where kM = M /L is the magnetic coupling coefficient. Such
input impedance is similar, but not identical, to the one of
configuration A [see (2)]. Note that the numerator is identical,
and consequently the resonance frequencies, where the phase
of the reflection coefficient is φρ = ±180◦, are also given
by (3) by simply replacing kC with kM . i.e.,

ω± = 2π f± =
ω0

√
1 ∓ kM

(8)

By contrast, the pole frequency (where φρ = 0◦) coincides
with the resonance frequency of the uncoupled resonator, f0,
as indicated in Fig. 1(b). Nevertheless, the phenomenology of
configurations A and B is very similar (the main difference
concerns the nature of inter-resonator coupling).

For the circuit of Fig. 1(c), or Fig. 2(c), let us calculate
the input admittance, since such circuit involves a parallel
resonator. Such admittance can be expressed as

Yin,C = −
j
Lω

+ j(C − CM )ω

+

jCMω ·

{
−

j
Lω

+ j(C − CM )ω
}

jCMω −
j
Lω

+ j(C − CM )ω
(9)

Note that (9) can be inferred from the input impedance (6)
corresponding to configuration B, by merely interchanging L
and C and replacing M with CM . These means that the
models of Figs. 1(b) and (c), or Figs. 2(b) and (c), are circuit
duals [63]. Obviously, from duality it follows that the admit-
tance (9) can be expressed as

Yin,C = jBin,C = j

(
1 − k2C

)
ω4

ω4
0

− 2ω2

ω2
0

+ 1

Lω

{
ω2

ω2
0

− 1
} (10)

From (10), it follows that the angular resonance frequencies
for configuration C (where the admittance nulls) are given
by (3). Note, however, that at such frequencies, ρ = +1 and
φρ = 0◦, as Fig. 1(c) reveals. At f0, the admittance is infinite,
ρ = −1 and φρ = ±180◦ [see Fig. 1(c)].
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Let us finally obtain the input admittance for configuration
D [Fig. 1(d), or 2(d)]. It can be expressed as

Yin,D = jCω +

{
−

j
Mω

+
C/(L−M )

jCω−
j

(L−M )ω

}
·

(
−

j
(L−M )ω

)
−

j
Mω

+
C/(L−M )

jCω−
j

(L−M )ω
−

j
(L−M )ω

(11)

It is apparent that themodels of Figs. 1(a) and (d), or Figs. 2(a)
and (d), are circuit duals. The admittance (11) can be simpli-
fied to

Yin,D= jBin,D = j

(
1 − k2M

)
ω4

ω4
0

− 2ω2

ω2
0

+ 1

Lω

{
ω2

ω2
0

(
1 − k2M

)
− 1

} (12)

with resonance frequencies, where ρ = +1 and φρ = 0◦,
given by (8), see Fig. 1(d). The pole frequency, where the
admittance (12) goes to infinity, ρ = −1 and φρ = ±180◦,
is given by (4), with kC replaced with kM , i.e.,

ωp = 2π fp =
ω0√

1 − k2M

(13)

Regardless of the specific sensor configuration, it is clear
that by setting the operating frequency in the range between
f− and f+, the slope of the phase of the reflection coefficient
can be made very high, and, consequently, it is expected
that the sensitivity can be boosted up significantly. Never-
theless, before analyzing the sensitivity based on the circuit
models (left for the next section), let us validate the mod-
els of the different sensor configurations, by comparing the
electromagnetically simulated phase response with the phase
response of the circuits with extracted parameters.

For configuration A, model validation was demonstrated
in [4], and, consequently, we do not include it in the present
paper. For configuration B, parameter extraction proceeds as
follows. From f0 (easily identifiable since φρ = 0◦) and f+,
or f−, where the phase is φρ = ±180◦, we can determine kM
using (8). On the other hand, the phase slope at ω0 is given
by:

dφρ

dω

∣∣∣∣
ω0

= −
4CZ0
k2M

(14)

Thus, from the phase slope at that frequency, as inferred
from the simulated datapoints, we can obtain C . Once C
is known, the inductance L is easily obtained since, ω0 =

2π f0 = 1/
√
LC . Finally, knowing L and kM , the mutual

inductance M can be easily isolated. The previous param-
eter extraction procedure has been applied to the structure
depicted in Fig. 3(a) when it is surrounded by a semi-infinite
material with dielectric constant 3.55 and loss factor tanδ
= 0.0022 (which coincides with the dielectric parameters of
one of the microwave substrates available in our laboratory,
the Rogers 4003C). The dimensions and substrate parameters
are indicated in the caption of Fig. 3. The simulated phase
response (phase of the reflection coefficient) is depicted in
Fig. 3(b). Such phase response has been obtained by means

FIGURE 3. Topology of a specific sensor corresponding to configuration B
(a) and phase response of the reflection coefficient (b). The considered
substrate parameters are those of the Rogers 4003C with dielectric
constant εr = 3.55, thickness h = 1.524 mm and loss factor tanδ = 0.0022.
Dimensions (in mm) are: lC = 4.7, wC = 6.0, lL = 7.0, sL = 0.51, wL = 1.0,
g = 0.60. The reactive parameters, inferred from parameter extraction, are
L = 3.54 nH, C = 1.78 pF, and M◦= 0.98◦ nH. The 50-� access line (not
considered in the simulation), with arbitrary length and width 3.4 mm,
is the one adjacent to the input port P1.

of the Keysight ADS Momentum commercial simulator. The
indicated parameter extraction procedure applied to the sim-
ulated response has provided the reactive element values of
the model of Fig. 1(b), or Fig. 2(b), given in the caption of
Fig. 3. The very good agreement between the circuit response,
also included in Fig. 3 (inferred from the circuit simulator of
Keysight ADS), and the electromagnetic simulation validates
the model.

For configuration C, a parallel resonator with electric
coupling, the parameter extraction procedure is similar on
account of circuit duality. In this case, the phase slope at ω0
is given by:

dφρ

dω

∣∣∣∣
ω0

= −
4LY0
k2C

(15)

From kC , determined by means of f0 and f+, or f−, the
inductance L can be isolated from (15). Next, C is calculated
from ω0 = 2π f0 = 1/

√
LC . Finally, knowing C and kC ,

the mutual capacitance CM can be easily inferred. Parameter
extraction has been applied to the C-type structure depicted
in Fig. 4(a), surrounded by the same semi-infinite material to
that for sensor B, with dimensions and substrate parameters
indicated in the caption. The simulated and circuit phase
responses are depicted in Fig. 4(b). The circuit response has
been inferred from the extracted reactive element values, also
given in the caption of Fig. 4. Again, very good agreement
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FIGURE 4. Topology of a specific sensor corresponding to configuration C
(a) and phase response of the reflection coefficient (b). The considered
substrate parameters are those of the Rogers 4003C with dielectric
constant εr = 3.55, thickness h = 1.524 mm, and loss factor tanδ =

0.0022. Dimensions (in mm) are: lC = 9.0, sC = 0.58, wC = 9.0, lL = 1.0,
wL = 0.70, g = 0.80. The reactive parameters, inferred from parameter
extraction, are L = 1.63 nH, C = 3.89pF, and CM = 0.50 pF. The 50-�
access line (not considered in the simulation), with arbitrary length and
width 3.4 mm, is the one adjacent to the input port P1.

between the circuit and electromagnetic simulation results,
which means that the proposed model captures the behavior
of the structure to a very good approximation.

Finally, the parameter extraction has been applied to the
structure depicted in Fig. 5(a), of type D. In this case, f0
cannot be directly identified from the phase response [see
Fig. 1(d)], since φρ = ±180◦ at fp, not at f0. However,
it follows that:

ω±

ωp
=

ω0√
1∓kM
ω0√
1−k2M

=

√
1 ± kM (16)

Thus, from (16), kM can be determined. The phase slope at
ωp is found to be:

dφρ

dω

∣∣∣∣
ωp

= −
4LY0
k2M

(1 − k2M ) (17)

and it is apparent that we can determine L from (17). Once L
and kM are known, M is trivially obtained. Finally, f0 can be
isolated from (8) as far as f± and kM are known. Once f0 and L
are known, C is inferred. The electromagnetically simulated
and circuit responses of the circuit of Fig. 5(a) are depicted in
Fig. 5(b). Also, in this case the agreement between the circuit
and electromagnetic simulation is excellent.

In summary, the proposed circuit models of Fig. 1 (equiv-
alent to those depicted in Fig. 2), provide a good description
of the phase response of the corresponding sensors. Even

FIGURE 5. Topology of a specific sensor corresponding to configuration D
(a) and phase response of the reflection coefficient (b). The considered
substrate parameters are those of the Rogers 4003C with dielectric
constant εr = 3.55, thickness h = 1.524 mm, and loss factor tanδ =

0.0022. Dimensions (in mm) are: lC = 4.5, wC = 8.0, lL = 5.0, sC = 0.22,
wL = 1.0, g = 0.30. The reactive parameters, inferred from parameter
extraction, are L = 4.30 nH, C = 1.47 pF, and M = 1.01nH. The 50-� access
line (not considered in the simulation), with arbitrary length and width
3.4 mm, is the one adjacent to the input port P1.

though the effects of losses are included in the electromag-
netic simulations, but not in the circuit responses (losses are
not included in the circuit models), the agreement between
both phase responses (electromagnetic and circuit simula-
tions) is good in all cases. The reason is that the losses of the
considered substrate and those of thematerial surrounding the
sensor are small, and inter-resonator coupling is moderately
weak (not extremely weak). It was pointed out in [4], where
the effects of losses were analyzed in detail, that substrate
losses, ohmic losses, and MUT losses do not significantly
alter the phase response, provided the considered substrate for
sensor implementation is a low-loss microwave substrate, the
MUT is a moderate or low-loss sample, and inter-resonator
coupling is not extremely small, the situation considered
in [4]. Moreover, it was shown in that paper that losses tend
to slightly improve the sensitivity, rather than to degrade
it, provided losses are small or moderate (this aspect has
also been demonstrated in reference to other reflective-mode
phase-variation sensors [11], [64], [65], [67]).

The sensitivity analysis of the different considered sensors
by including the effects of losses is extremely cumber-
some. For that reason, and because the sensitivity is not
degraded by the effect of losses, as mentioned, we have
opted for excluding the effects of losses in the circuits of
Figs. 1 and 2. The sensitivity analysis, based on these circuits
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(to be carried out in the next section), thus, excludes the
presence of losses. However, validation of the sensitivity
analysis will be done by including losses, unavoidable in
experiment. It will be shown that the predicted (theoretical)
sensitivities by excluding losses are in good agreement with
those inferred through electromagnetic simulations by con-
sidering losses. The importance of the sensitivity analysis
of the next section is that, from such analysis, analytical or
quasi-analytical expressions providing the sensitivity in the
limit of small perturbation are obtained.

To end this section, let us mention that, in order to obtain
symmetric circuit models (as those of Figs. 1 and 2), it has
been necessary to consider SIRs (in the coupled pairs) with
slightly different dimensions. This is due to the effects of the
access lines and/or vias which tend to modify the reactive
parameters of the SIRs, as compared to those when such
elements (vias and access lines) are not present.

IV. SENSITIVITY ANALYSIS
The sensitivity is given by the derivative of the output vari-
able, the phase of the reflection coefficient at the operating
frequency, with the dielectric constant of the MUT, i.e.,

S =
dφρ

dεMUT
(18)

The sensitivity is not constant (it varies with εMUT). Hence,
it is necessary to specify the value of the reference dielec-
tric constant (εREF), corresponding to the reference (REF)
material, at which the sensitivity should be optimized. Let
us next carry out a sensitivity analysis for the four consid-
ered configurations by using the corresponding circuit model.
Even though for configuration A such analysis was carried
out in [4], in that paper it was considered that the electric
coupling coefficient kC did not change with εMUT. Such
hypothesis is valid for sensor implementation in CPW tech-
nology (as in [4]), because both the self-capacitance, C , and
the mutual capacitance, CM , are edge capacitances, expected
to vary in the same proportion with εMUT (such hypothesis
was demonstrated in [4]). However, in the considered sensors,
based on microstrip technology, such assumption cannot be
adopted, and this necessarily makes the sensitivity analysis
of configuration A, to be discussed in the next subsection,
more cumbersome. Configuration C is also subjected to the
variation of kC with εMUT. However, for configurations B
and D, both with magnetic coupling between the resonant
elements, the magnetic coupling coefficient, kM , that appears
in expressions (7) and (12) does not vary with the MUT,
provided the MUT is a non-magnetic material. Therefore, the
analysis for these configurations is simpler.

In the circuits of Fig. 1, we have called C and CM
the self-capacitance and the coupling (mutual) capacitance,
respectively, of the SIRs, and we have not paid attention
on whether such capacitances correspond to the sensors sur-
rounded by air or by a certain material (note that parameter
extraction has been carried out by considering that the SIRs
are surrounded by a semi-infinite material with dielectric
constant 3.55 and loss tangent 0.0022). However, from now
on, like in [4], let us rename the capacitances as follows.
If the material surrounding the SIR is the REF material, such
capacitances are designated as CREF and CM ,REF. For any
arbitrary MUT on top of the SIRs, the self-capacitance is
designated by C ′, whereas the mutual capacitance is termed
C ′
M . Note that it is not necessary tomake distinctions in regard

to the self-inductance, L, and to the mutual inductance, M ,
since these elements do not vary with the MUT, provided it
is a dielectric material, as indicated.

A. ANALYSIS FOR CONFIGURATION A
The first step to analytically obtain the sensitivity in the limit
of small perturbations in the vicinity of the reference dielec-
tric constant, εREF, is to rewrite Zin,A [see (2)] by replacing
ω0, the angular resonance frequency of the uncoupled SIR
surrounded by air, with the angular resonance frequency of
the uncoupled SIR covered with an arbitrary MUT, ω′

0. Also,
the self-capacitance C of the uncoupled SIR covered by air
in (2) should be replaced with ω′. This also applies to the
mutual capacitance, which does not explicitly appear in (2),
but is part of kC , namely, kC = C ′

M /C ′. As indicated, kC is not
constant in microstrip technology, since C ′

M and C ′ exhibit a
different dependence on εMUT. Consequently, in (2), kC must
be replaced with C ′

M /C ′, and a variation in εMUT is expected
to modify (unequally) both capacitance values. Thus, (2) can
be rewritten (19), as shown at the bottom of the page, where
kC has been expressed as

kC =
CM ,REF + 1CM
CREF + 1C

(20)

with C ′
= CREF + 1C and C ′

M = CM,REF + 1CM , and the
angular resonance frequency of the uncoupled resonator is
given by

ω′

0 =
1

√
LC ′

=
1

√
L(CREF + 1C)

=
ω0,REF√
1 +

1C
CREF

(21)

where ω0,REF is the angular resonance frequency of the
uncoupled resonator loaded with the REF sample.

Let us next evaluate the input impedance of configuration
A at the operating frequency. It was demonstrated in [4]
that the optimum frequency for sensitivity optimization was

Zin,A = jχin,A = j

(
1 −

(CM ,REF+1CM )2

(CREF+1C)2

)
ω4

ω4
0,REF

(
1 +

1C
CREF

)2
− 2 ω2

ω2
0,REF

(
1 +

1C
CREF

)
+ 1

(CREF + 1C)ω
{

ω2

ω2
0,REF

(
1 +

1C
CREF

) (
1 −

(CM ,REF+1CM )2

(CREF+1C)2

)
− 1

} (19)
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roughly given by the pole frequency, see (4), when the pair
of resonators are coated with the REF material, ωp,REF.
This frequency is also the considered optimum frequency for
the microstrip version of configuration A. Thus, evaluation
of (19) at the pole frequency, i.e., at

ωp,REF = 2π fp,REF =
ω0,REF√
1 − k2C,REF

(22)

gives (23), as shown at the bottom of the page, where
kC,REF = CM ,REF/CREF. Expression (23) can be slightly
simplified as follows (24), as shown at the bottom of the page,
Since (24) depends on1C and1CM , the sensitivity, as given
by (18), must be expressed as

S =
dφρ

d1C
·
d1C
dεMUT

+
dφρ

d1CM
·
d1CM
d1MUT

(25)

Note that such sensitivity corresponds to a specific angular
frequency, ωp,REF. Nevertheless, this is not explicitly indi-
cated, neither in (25) nor in the following expressions of the
analysis, in order to simplify the formulas.

Let us next calculate the terms dφρ

d1C and φρ1d/dCM
of (25). For that purpose, we need first to calculate the reflec-
tion coefficient, given by

ρ =
Zin,A − Z0
Zin,A + Z0

=
jN − Z0D
jN + Z0D

(26)

where N and D are the numerator and the denominator
of (24), respectively. The phase of the reflection coefficient
is thus:

φρ = 2arctan
{
−

N
Z0D

}
(27)

Deriving (27) with 1C , the following result is obtained.

dφρ

d1C
=

−2

1 +
N 2

Z2
0D

2

·
Z0D · N ′

1C − Z0N · D′
1C

Z2
0D

2
(28)

where N ′
1C andD′

1C are the derivatives of the numerator and
denominator, respectively, of (24) with 1C , i.e.,

N ′
1C = 2

(
1 +

1C
CREF

)

·
1

CREF ·

(
1 − k2C,REF

)2 −
2

CREF ·

(
1 − k2C,REF

)
(29a)

D′
1C =

CREFω0,REF√
1 − k2C,REF

×


 2(

1 − k2C,REF

) (
1 +

1C
CREF

)
− 1

 1
CREF


(29b)

Evaluation of N , D, N ′
1C and D′

1C in the limit of small
perturbations, i.e., for εMUT → εREF, or, equivalently, for1C
= 1CM = 0, gives

N |1C=1CM=0

= −
k2C,REF

1 − k2C,REF

(30a)

D|1C=1CM=0

= 0 (30b)

N ′
1C

∣∣
1C=1CM=0

=
2

CREF ·

(
1 − k2C,REF

)2 −
2

CREF ·

(
1 − k2C,REF

) (30c)

D′
1C

∣∣
1C=1CM=0

=
CREFω0,REF√
1 − k2C,REF

×


 2(

1 − k2C,REF

) (
1 +

1C
CREF

)
− 1

 1
CREF

 (30d)

and, finally, using (28)

dφρ

d1C

∣∣∣∣
1C=1CM=0

=
−2Z0ω0,REF(1 + k2C,REF)

k2C,REF

√
1 − k2C,REF

(31)

Let us now obtain the derivative of (27) with 1CM , i.e.,

dφρ

d1CM
=

−2

1 +
N 2

Z2
0D

2

·
Z0D · N ′

1CM − Z0N · D′
1CM

Z2
0D

2
(32)

Zin,A(ωp,REF) = j

(
1 −

(CM ,REF+1CM )2

(CREF+1C)2

)
1

(1−k2C,REF)
2

(
1 +

1C
CREF

)2
− 2 1

(1−k2C,REF)

(
1 +

1C
CREF

)
+ 1

(CREF + 1C) ω0,REF√
1−k2C,REF

{
1

(1−k2C,REF)

(
1 +

1C
CREF

) (
1 −

(CM ,REF+1CM )2

(CREF+1C)2

)
− 1

} (23)

Zin,A(ωp,REF) = j

((
1 +

1C
CREF

)2
−

(CM ,REF+1CM )2

C2
REF

)
1

(1−k2C,REF)
2 −

2
(1−k2C,REF)

(
1 +

1C
CREF

)
+ 1

CREF
ω0,REF√
1−k2C,REF

{
1

(1−k2C,REF)

[(
1 +

1C
CREF

)2
−

(CM ,REF+1CM )2

C2
REF

]
−

(
1 +

1C
CREF

)} (24)
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where

N ′
1CM = −

2(CM ,REF + 1CM )

C2
REF · (1 − k2C,REF)

2 (33a)

D′
1CM = −

2ω0,REF(CM ,REF + 1CM )

CREF · (1 − k2C,REF)
√
1 − k2C,REF

(33b)

Evaluation of N ′
1CM and 1D′

CM in the limit of small pertur-
bations gives

N ′
1CM

∣∣
1C=1CM=0 = −

2kC,REF

CREF · (1 − k2C,REF)
2 (34a)

D′
1CM

∣∣
1C=1CM=0 = −

2ω0,REFkC,REF

(1 − k2C,REF)
√
1 − k2C,REF

(34b)

and using (32), the following result is obtained

dφρ

d1CM

∣∣∣∣
1C=1CM=0

=
4Z0ω0,REF

kC,REF

√
1 − k2C,REF

(35)

Both (31) and (35) increase by reducing the coupling coef-
ficient, kC,REF. Nevertheless, if the coupling is weak, it is
expected that themagnitude of (31) is significantly larger than
the one of (35), since kC,REF appears squared in the denomi-
nator of (31). Nevertheless, for the calculation of the overall
sensitivity in the limit of small perturbations, it is necessary
to obtain the terms d1C/dεMUT and d1CM/dεMUT of (25).
In [4], the term d1C/dεMUT was calculated analytically,
since the dependence of 1C on εMUT is simple for CPW
technology, provided the semi-infinite MUT approximation
is considered (note that the term d1CM/dεMUT does not
apply for a sensor based on the configuration A implemented
in CPW technology). However, in microstrip technology,
the terms d1C/dεMUT and d1CM/dεMUT depend on patch
dimensions and substrate thickness and inferring them ana-
lytically is not so simple. Thus, in this paper, to predict the
sensitivity in the limit of small perturbations from (25), the
terms dφρ/d1C and dφρ/d1CM are calculated by means
of (31) and (35), respectively, whereas the terms 1C/dεMUT
and d1CM/dεMUT are obtained by electromagnetic simula-
tion. For that purpose, the dielectric constant of the MUT is
varied in the vicinity of the REF value, and, for each case, the
simulated phase response is obtained. From that response, the
reactive parameters are retrieved, and from these data points,
the derivatives 1C/dεMUT and d1CM/dεMUT in the limit
when εMUT → εREF can be easily obtained. Further details
will be given in the Section V. Nevertheless, let us clarify
that the sensitivity validation for configuration A will not be
considered, since such configuration was already validated
in [3]. For configurations B, C and D, the procedure to deter-
mine the derivatives of the capacitances with the dielectric
constant of the MUT is the one indicated before, based on
parameter extraction.

B. ANALYSIS FOR CONFIGURATION B
When an arbitrary (dielectric) MUT is on top of the sensing
region of the sensor corresponding to configuration B, the

impedance (7) should be rewritten as

Zin,B

= j

(
1 − k2M

)
ω4

ω4
0,REF

(
1 +

1C
CREF

)2
− 2 ω2

ω2
0,REF

(
1 +

1C
CREF

)
+ 1

(CREF + 1C) ∗ ω

{
ω2

ω2
0,REF

(
1 +

1C
CREF

)
− 1

}
(36)

The pole angular frequency when the MUT is the REF mate-
rial is, in this case, ω0,REF. Thus, ω0,REF is the optimum
angular frequency of operation. Evaluating (36) at such angu-
lar frequency gives

Zin,B
(
ω0,REF

)
= j

(
1 − k2M

) (
1 +

1C
CREF

)2
− 2

(
1 +

1C
CREF

)
+ 1

(CREF + 1C) ω0,REF
1C
CREF

, (37)

an expression that can be simplified to

Zin,B
(
ω0,REF

)
= j

1C2

C2
REF

(
1 − k2M

)
− 2 1C

CREF
k2M − k2M(

1C +
1C2

CREF

)
ω0,REF

(38)

The reflection coefficient is given by (26), by replacing Zin,A
with Zin,B, whereas the phase is inferred by means of (27),
N and D being the numerator and the denominator of (38),
respectively. The main difference as compared to configu-
ration A is that (38) depends only on 1C . Therefore, the
sensitivity is given by

S =
dφρ

d1C
·
d1C
dεMUT

(39)

Let us next calculate the first term of the right-hand side
member of (39). It is given by (28) with

N ′
1C = 2

1C

C2
REF

(
1 − k2M

)
−

2k2M
CREF

(40a)

D′
1C = ω0,REF

(
1 +

21C
CREF

)
(40b)

In the limit of small perturbations (1C = 0), the following
result is obtained:

dφρ

d1C

∣∣∣∣
1C=0

=
−2Z0ω0,REF

k2M
(41)

and in order to obtain the overall sensitivity (39), the term
d1C/dεMUT is obtained as specified for configuration A.
Note that the dependence of the first term of the sensitivity,
i.e., (41), on the magnetic coupling coefficient is inverse
squared. Consequently, weak magnetic coupling strongly
favors sensitivity optimization.
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C. ANALYSIS FOR CONFIGURATION C
By loading the sensor of configuration C with an arbitrary
(dielectric) MUT, the admittance (10) should be expressed as
(42), as shown at the bottom of the page.

Similar to configuration B, the frequency of operation is
set to the pole angular frequency when the MUT is the REF
material,ω0,REF. Evaluation of (42) at such angular frequency
provides

Yin,C
(
ω0,REF

)
= j

(
1−

(CM ,REF+1CM)
2

(CREF+1C)2

) (
1 +

1C
CREF

)2
−2

(
1 +

1C
CREF

)
+ 1

Lω0,REF
1C
CREF

,

(43)

an expression that can be simplified to

Yin,C
(
ω0,REF

)
= j

(
1 +

1C
CREF

)2
−

(CM ,REF+1CM)
2

C2
REF

− 2 1C
CREF

− 1

Lω0,REF
1C
CREF

(44)

The reflection coefficient is given by

ρ =
Y0 − Yin,C
Y0 + Yin,C

=
Y0D− jN
Y0D− jN

(45)

and the phase of the reflection coefficient is given by

φρ = 2arctan
{
−

N
Y0D

}
(46)

Y0 being the reference admittance of the port, and N and D
the numerator and the denominator, respectively, of (44).

Similar to configuration A, (46) depends on1C and1CM ,
which means that the sensitivity should be calculated by
means of (25), considering all the terms. Deriving (46) with
1C gives

dφρ

d1C
=

−2

1 +
N 2

Y 2
0D

2

·
Y0D · N ′

1C − Y0N · D′
1C

Y 2
0D

2
(47)

with

N ′
1C = 2

(
1 +

1C
CREF

)
1

CREF
−

2
CREF

(48a)

D′
1C =

Lω0,REF

CREF
(48b)

In the limit of small perturbations (1C = 1CM = 0), (47) is
found to be

dφρ

d1C

∣∣∣∣
1C=1CM=0

=
−2Y0Lω0,REF

k2C,REFCREF
(49)

The derivative of (46) with 1CM gives:

dφρ

d1CM
=

4Y0D

Y 2
0D

2 + N 2
·
CM ,REF + 1CM

C2
REF

, (50)

and it is apparent that in the limit of small perturbations such
derivative is null,

dφρ

d1CM

∣∣∣∣
1C=1CM=0

= 0 (51)

since D = 0 for 1C = 1CM = 0. Therefore, for the sensor
based on configuration C, the sensitivity in the limit of small
perturbations in the vicinity of εREF is simply given by the
first product of the right-hand side member of (25), where
the first term of that product, given by (49), is inversely
proportional to the squared coupling coefficient.

V. D. ANALYSIS FOR CONFIGURATION D
For this configuration, the starting point is the admittance (12)
when the sensor is loaded with an arbitrary (dielectric) MUT,
i.e.,

Yin,D = jBin,D

=

(
1−k2M

)
ω4

ω4
0,REF

(
1 +

1C
CREF

)2
−2 ω2

ω2
0,REF

(
1+

1C
CREF

)
+ 1

Lω

{
ω2

ω2
0,REF

(
1 +

1C
CREF

) (
1 − k2M

)
− 1

}
(52)

For this configuration, the operating angular frequency
should be set to the pole angular frequency when the sensor
is loaded with the REF material, given by

ωp,REF = 2π fp,REF =
ω0,REF√
1 − k2M

(53)

Evaluation of (52) at this frequency gives:

Yin,D
(
ωp,REF

)
= j

1(
1−k2M

) (
1 +

1C
CREF

)2
−

2(
1−k2M

) (
1 +

1C
CREF

)
+ 1

L ω0,REF√
1−k2M

1C
CREF

, (54)

and this expression can be simplified as follows:

Yin,D
(
ωp,REF

)
= j

(
1C
CREF

)2
− k2M

Lω0,REF

√
1 − k2M

1C
CREF

(55)

The reflection coefficient is given by (45), by replacing
Yin,C with Yin,D, whereas the phase is inferred by means
of (46), N and D being the numerator and the denominator,

Yin,C = jBin,C = j

(
1 −

(CM ,REF+1CM )2

(CREF+1C)2

)
ω4

ω4
0,REF

(
1 +

1C
CREF

)2
− 2 ω2

ω2
0,REF

(
1 +

1C
CREF

)
+ 1

Lω

{
ω2

ω2
0,REF

(
1 +

1C
CREF

)
− 1

} (42)
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respectively, of (55). The sensitivity is calculated according
to (39), where the first term of the product in the right-hand
side member is calculated according to (47) with

N ′
1C =

21C

C2
REF

(56a)

D′
1C =

Y0Lω0,REF

√
1 − k2M

CREF
(56b)

and, finally, in the limit of small perturbations we have:

dφρ

d1C

∣∣∣∣
1C=0

=

−2Y0Lω0,REF

√
1 − k2M

k2MCREF
(57)

and the dependence of such derivative with the coupling
coefficient is roughly inverse squared (provided the coupling
is weak).

VI. VALIDATION OF THE SENSITIVITY ANALYSIS AND
EXPERIMENTAL RESULTS
Since the sensors corresponding to configuration A in
microstrip and CPW technology were reported in [3] and [4],
respectively, the present validation section is only focused on
Sensors of types B, C, and D. For sensor design, the idea is to
propose an SIR topology providing a resonance frequency in
the vicinity of the desired value (roughly 2 GHz in the present
work), and then adjust the distance between resonators till the
sensitivity in the limit of small perturbations, as inferred from
the simulated datapoints, is the required one.

Figure 6(a) depicts the photograph of the fabricated sensor
B. The sensor includes a 50-� access line for connector
soldering. We have obtained the phase of the reflection coef-
ficient at the operating frequency, fop = f0,REF = 2 GHz,
as a function of the dielectric constant of the MUT (semi-
infinite), εMUT, by electromagnetic simulation usingKeysight
ADS Momentum. The results are depicted in Fig. 6(b). The
REF dielectric constant is εREF = 3.55, the one of the Rogers
4003C substrate available in our laboratory. The figure also
includes the sensitivity as a function of εMUT, inferred from
the derivative of the simulated datapoints. The value for
εMUT = εREF is found to be Ssim = −165.5◦. To compare this
value with the one that results from the previous sensitivity
analysis, we need to multiply the term dφρ/d1C in the
limit of small perturbations, given by (41), and the term
d1C/dεMUT , inferred from simulation, as specified before.
The result is Sth = −162.5◦, in good agreement with the
simulated result. Fig. 6(b) also includes experimental phase
points corresponding to samples with the dielectric constants
(εMUT) indicated in the caption (the average phase inferred
after three measurements, and the corresponding error bars,
are shown in the figure). The thicknesses are enough to con-
sider them semi-infinite (except air, where the sensor is not
coated). Specifically, 4 stacks of 1.524-mm thick uncladded
FR4 and Rogers RO4003C substrates, as well as 5 stacks of
1.27-mm thick Rogers RO3010, have been considered. The
PLA has been 3D-printed with a thickness of 6 mm. The

agreement with the simulated phase response is reasonably
good in all cases (measurements have been carried out with
the Agilent N5221A vector network analyzer).

FIGURE 6. Photograph of the fabricated sensor B (a) and dependence of
the phase of the reflection coefficient at the operating frequency with the
dielectric constant of the MUT and sensitivity (b). The dielectric constant
of the considered samples is εMUT = 1 (air), εMUT = 2.8 (PLA), εMUT =

3.55 (Rogers 4003C) εMUT = 4.5 (FR4), and εMUT = 10.2 (Rogers RO3010).
Dimensions and substrate parameters are those indicated in the caption
of Fig. 3.

The fabricated sensor C is depicted in Fig. 7(a). The
phase of the reflection coefficient at the operating frequency,
fop = f0,REF = 2 GHz, as a function of the dielectric constant
of the MUT, εMUT, inferred by electromagnetic simulation
using Keysight ADS Momentum is depicted in Fig. 7(b).
The REF dielectric constant is identical to that of sensor B
(εREF = 3.55). The sensitivity variation with εMUT, inferred
from the derivative of the simulated datapoints, is also
depicted in Fig. 7(b). In this case, the value for εMUT = εREF
is found to be Ssim = −261.4◦, whereas the result given by the
sensitivity analysis [using (49) and d1C/dεMUT calculated
as indicated before] is Sth = −262.7◦, in good agreement
with the simulated value. Figure 7(b) also includes the exper-
imental phase points corresponding to the samples used in the
experimental validation of sensor B. The agreement with the
simulated phase response is reasonably good in all cases.

Finally, Fig. 8(a) depicts the photograph of the fabricated
sensor D, whereas Fig. 8(b) depicts the phase of the reflec-
tion coefficient at the operating frequency, fop = fp,REF =

2.05 GHz, as a function of the dielectric constant of the
MUT, εMUT, inferred by electromagnetic simulation using
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Keysight Momentum. Again, the REF dielectric constant is
identical to that of sensors B and C (εREF = 3.55). The
sensitivity variation with εMUT, inferred from the derivative
of the simulated datapoints, is also depicted in Fig. 8(b). For
εMUT = εREF, the simulated sensitivity has been found to be
Ssim = −209.2◦, whereas the result given by the sensitivity
analysis [using (57) and d1C/dεMUT calculated as indicated
before] is Sth = −201.8◦, in good agreement with the simu-
lated value. Figure 8(b) also includes the experimental phase
points corresponding to the samples used in the experimental
validation of sensors B and C. The agreement with the simu-
lated phase response is reasonably good in all cases.

FIGURE 7. Photograph of the fabricated sensor B (a) and dependence of
the phase of the reflection coefficient at the operating frequency with the
dielectric constant of the MUT and sensitivity (b). The dielectric constant
of the considered samples is εMUT = 1 (air), εMUT = 2.8 (PLA), εMUT =

3.55 (Rogers 4003C) εMUT = 4.5 (FR4), and εMUT = 10.2 (Rogers RO3010).
Dimensions and substrate parameters are those indicated in the caption
of Fig. 3.

The previous results point out the validity of the sensitivity
analysis of Section IV, as far as the sensitivity in the limit
of small perturbations in the vicinity of the REF dielec-
tric constant is reasonably predicted in all cases. Moreover,
the sensors have been experimentally validated by consider-
ing samples of different dielectric constants. The obtained
maximum sensitivities, of hundreds of degrees per unit of
dielectric constant variation, are comparable to those of other
reflective-mode phase-variation sensors reported in the liter-
atures [1], [2], [3], [4], [9], [10], [11], [64], [65], and [66].
However, such maximum sensitivities can be boosted up
by simply further decoupling the sensing resonators (see

Section VI). Nevertheless, by doing so, the effects of losses
become more notorious (losses benefit sensitivity, as clearly
demonstrated in [4], [64], [65], [67]), and the prediction of
the analysis, where losses have not been considered, is not as
good.

FIGURE 8. Photograph of the fabricated sensor C (a) and dependence of
the phase of the reflection coefficient at the operating frequency with the
dielectric constant of the MUT and sensitivity (b). The dielectric constant
of the considered samples is εMUT = 1 (air), εMUT = 2.8 (PLA), εMUT =

3.55 (Rogers 4003C) εMUT = 4.5 (FR4), and εMUT = 10.2 (Rogers RO3010).
Dimensions and substrate parameters are those indicated in the caption
of Fig. 4.

The figure of merit (FoM), defined as the ratio between
the maximum sensitivity and the area of the sensing region
expressed in squared wavelengths, is also competitive in the
reported sensors (FoM = 6977◦/λ2, 9133◦/λ2, and 5896◦/λ2,
for sensors B, C and D, respectively), on account of the
small sensing regions. Moreover, since no additional circuit
elements are used to enhance the sensitivity (contrary, e.g.,
to the sensors reported in [1], [9], [10], [11], and [65], where
impedance inverters are used for that purpose), the overall
sensor size is very small in all cases (147.4 mm2, 182.2 mm2,
and 224.6 mm2 for sensors B, C, and D, respectively, exclud-
ing the access lines). Other highly sensitive sensors solely
based on the sensing resonators, which exploit resonance
and antiresonance in reflective-mode and transmission-mode
configurations, have also been reported [68], [69]. It is also
important to mention that if the REF sample is changed
(and hence εREF), the sensor can provide its functionality by
simply adjusting the operating frequency (note that this is not
possible in sensors based on quarter-wavelength impedance
inverters terminated with a sensing resonator). We would
like also to mention that, since the maximum sensitivity in
the reported sensors is not extremely high (for the reasons
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FIGURE 9. Photograph of the fabricated sensor D (a) and dependence of
the phase of the reflection coefficient at the operating frequency with the
dielectric constant of the MUT and sensitivity (b). The dielectric constant
of the considered samples is εMUT = 1 (air), εMUT = 2.8 (PLA), εMUT =

3.55 (Rogers 4003C) εMUT = 4.5 (FR4), and εMUT = 10.2 (Rogers RO3010).
Dimensions and substrate parameters are those indicated in the caption
of Fig. 5.

explained), the input dynamic range (or region where the
output variable varies with the input variable) is high (note
that according to Figs. 6, 7, and 8, it spans at least from
εMUT = 1 up to εMUT = 10.2). The linearity is limited, but
it can be improved, at the expense of (maximum) sensitivity
degradation, by simply enhancing inter-resonator coupling.
Nevertheless, these sensors are specially suited in applica-
tions requiring moderate to high sensitivities, rather than
good linearity.

To end this section, let us emphasize that, rather than
optimizing the sensitivity and FoM, the main target in this
paper has been to demonstrate that it is possible to consider
various reflective-mode phase-variation sensor implementa-
tions, in microstrip technology, based on weakly coupled
step impedance resonators (SIRs), with similar performance,
regardless of the resonator type (series or parallel) and cou-
pling mechanism (electric or magnetic), and with predictable
maximum sensitivity in all cases. Nevertheless, to demon-
strate the potential of the considered sensors, it is shown in
the next section that the maximum sensitivity can be signif-
icantly enhanced by merely further separating (decoupling)
the sensing resonators.

VII. SENSITIVITY ENHANCEMENT
The purpose of this section is to demonstrate that the maxi-
mum sensitivity in the proposed sensors can be significantly
optimized by reducing the coupling between the resonant
elements (achievable by further increasing their separation).
However, as anticipated, in situations with extremely weak
coupling (and hence ultra-high sensitivity), the effects of
losses cannot be neglected, and hence the maximum sensi-
tivity cannot be predicted by the considered lossless circuit
models. To accurately predict the sensitivity in the limit of
small perturbations when the coupling is very weak, it is
necessary to include losses in the model. However, this leads
to an untreatable analysis, as pointed out in [4] in reference
to weakly coupled resonator sensors based on configuration
A implemented in CPW technology. Thus, in this section
we will simply show how increasing the separation between
SIRs leads to a progressively enhancement in the maximum
sensitivity.

The considered case example is the sensor of Fig. 7, cor-
responding to configuration C (parallel SIRs with electric
coupling). With a separation between the SIR patches of
g = 0.80 mm, the maximum sensitivity, as inferred from
simulation, was found to be Ssim = −261.4◦, see Fig. 7.
We have repeated the electromagnetic simulations depicted
in Fig. 7, i.e., we have obtained the phase response at the
operating frequency as a function of the dielectric constant
of the MUT, εMUT, for separations between SIR patches of
g = 1.1 mm and g = 1.5 mm (higher than that considered
in Fig. 7). The results, depicted in Fig. 9, point out that the
maximum sensitivity for g = 1.5 mm is extremely high, with
a value of Ssim = −2475◦, as inferred from the simulated dat-
apoints. This is a very competitive sensitivity, that provides
an unprecedented figure of merit of FoM = 82163◦/λ2 (for
the sensor with g = 1.1 mm, the maximum sensitivity and
figure of merit are Ssim = −577◦ and FoM = 19663◦/λ2,
respectively). The sensitivity and FoM of the sensor with
g = 1.5 mm are by far superior to the best values obtained in
other reported phase variation sensors (see next section) and
point out that the sensors reported in this work can provide
extremely high sensitivities (as far as inter-resonator coupling
is sufficiently weak) with very small sensor size.

Sensors C with the indicated separation between patches
(g= 1.1 mm and g= 1.5 mm) were fabricated and character-
ized (figures not shown, due to the similarity with Fig. 7). The
results of the characterization (experimental phase points at
the operating frequency for differentMUTs) are also included
in Fig. 9, and the agreement with the simulated data is rea-
sonably good. Note that, for weak coupling, the sensitivity
extremely depends on the separation between patches, and it
is very difficult in practice to achieve the nominal separation.
This explains the certain discrepancy between the measured
and the simulated phase points in Fig. 9. Nevertheless, the
high sensitivity of the devices in the vicinity of the REF input
variable is also clear according to the experimental results.
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FIGURE 10. Dependence of the phase of the reflection coefficient at the
operating frequency with the dielectric constant of the MUT and
sensitivity for sensor C considering different separations between the SIR
patches: (a) g = 1.1 mm; (b) g = 1.5 mm. The dielectric constant of the
considered samples is εMUT = 1 (air), εMUT = 2.8 (PLA), εMUT = 3.55
(Rogers 4003C) εMUT = 4.5 (FR4), and εMUT = 10.2 (Rogers RO3010).
Dimensions and substrate parameters are those indicated in the caption
of Fig. 4, except the separation between patches, g, as indicated, and the
shortening of the right-hand side patch, sC, with a value of sC = 0.52 mm
and sC = 0.44 mm for the sensor with g = 1.1 mm and g = 1.5 mm,
respectively.

Although the potential of weakly coupled SIRs (series
or parallel with either magnetic or electric coupling) for
implementing sensors with unprecedentedly high sensitivity
(thousands of degrees per unit of dielectric constant variation)
has been demonstrated with a specific configuration (sensor
type C with g = 1.5 mm) in this section, such extremely
high sensitivities can be achieved with the other sensors
by fine tuning the separation between SIRs. Nevertheless,
it should be noted that there is an optimum separation that
enhances the sensitivity. Indeed, as the separation between
SIRs gradually approaches such an optimum distance, the
sensitivity asymptotically goes to infinity, but all the injected
power is absorbed by the sensor for this extreme case, as dis-
cussed in [4]. For separations beyond that value the sensitivity
reverses its sign and its magnitude gradually decreases. This
behavior cannot be explained without invoking losses, and
hence it is not possible to predict analytically the value of
g where the sensitivity goes to infinity and reverses its sign.
In practice, to avoid a change of regime during measurement,
it is convenient to tune the value of g slightly below the

TABLE 1. Comparison of various phase-variation permittivity sensors.

optimum value (the case of the separations considered in
Fig. 9). Note that the sensitivity is always negative in Fig. 9.
However, it should be positive by considering g sufficiently
above the optimum value. Finally, for separations very close
to the optimum g value, a sudden change in the monotonicity
of the phase response (sign reversal in the sensitivity) might
occur, a situation that must be avoided.

VIII. COMPARATIVE ANALYSIS
Table 1 provides a comparative analysis of various
phase-variation permittivity sensors with indication of the
frequency of operation, size of the sensing region (as well as
overall sensor size), maximum sensitivity, and figure of merit
(FoM). The table also indicates whether the sensor operates in
reflection (RX) or in transmission (TX). In the last entry (This
Work −T.W.), the indicators are those corresponding to the
sensor of Fig. 10(b), the one exhibiting the highest maximum
sensitivity among those reported in the present paper. As can
be seen, the proposed sensor exhibits the highest maximum
sensitivity and FoM, achieved by virtue of the very weak
coupling between the sensing SIRs.

It is worth mentioning that in the sensors proposed in
this work, the size of the sensing region coincides with the
overall sensor size, since no additional microwave circuitry is
required for sensitivity optimization, contrary to other phase-
variation sensors, e.g., those reported in [1], [6], [7], [9], [10],
and [65], which utilize impedance inverters (implemented by
means of quarter-wavelength transmission line sections) to
optimize the maximum sensitivity. Also, it is important to
highlight that if the REF input variable changes, it is not nec-
essary to redesign the sensor. It suffices to set the operating
frequency to a different value, corresponding to the resonance
frequency of the isolated SIRs when they are loaded with
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the reference material. This is an important advantage of the
approach discussed in this paper.

IX. CONCLUSION
In conclusion, we have studied in detail four configurations
of reflective-mode phase-variation sensors based on weakly
coupled step-impedance resonators (SIRs), where the differ-
ence concerns the resonator type (series or parallel) and the
coupling mechanism (electric or magnetic). We have pro-
posed lossless circuit models for the different configurations.
Such circuit models, valid provided inter-resonator coupling
is not extremely weak, have been validated by comparing
the phase responses inferred from full-wave electromagnetic
simulation and circuit simulation with extracted parameters
(specific parameter extraction methods have been reported).
It has been shown that the circuits can be grouped in two pairs,
which are circuit duals. Next, we have reported a sensitivity
analysis that provides the sensitivity in the limit of small
perturbations, and such analysis has been validated for three
of the considered configurations from simulation and experi-
mentally (since for configuration A, the sensor was validated
in a previous paper by the authors [3]). The achieved sensitiv-
ities, figures of merit (FoM), and sensor sizes are competitive,
and can be further improved by decreasing the coupling level
between the sensing SIRs, as shown in the last case example
reported in this paper. Such sensor (with very small coupling)
exhibits a maximum sensitivity (inferred from the simulated
datapoints) of Ssim = −2475◦ (however, as justified, such
sensitivity cannot be predicted by the lossless circuit model).
Nevertheless, rather than obtaining very competitive sensors,
the main target of this paper has been to analyze and discuss
the reported configurations, and to provide design guide-
lines, based on analytically tractable circuit models, useful
to implement sensors with required sensitivity. Note that
the effect of losses (not considered in the models) tend to
boost up the sensitivity, and hence the sensitivity analyses
based on the lossless circuit models tend to underestimate
the maximum sensitivity. Thus, it can be considered that the
reported sensitivity analyses for the different configurations,
with losses excluded, provide a prediction corresponding to
the lower limit of the maximum achievable sensitivity, and
the difference between such limit and the actual (maximum)
sensitivity depends on the coupling level between SIRs, being
more important as such coupling decreases, and hence as
sensitivity increases.
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