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Abstract

Depolarizing spaces can reveal and emphasize depolarization origins in samples, making
them suitable tools for target detection and disease diagnosis. The Indices of Polarization
Purity (IPP) space, considered a representative depolarizing space, highlights the depo-
larization characteristics of samples, and has demonstrated its superiority in analyzing
and identifying depolarization samples, i.e., biological tissues and scattering environ-
ments. Recently, a new polarization representation, the so-called Polarizance—Reflection—
Transformation (PRT) space has been proposed, which has been employed to distinguish
between non-depolarization systems, as well as analyze anisotropic depolarizers. Impor-
tantly, the IPP and PRT spaces provide complementary information of samples, hence
presenting more polarimetric characterizations of the samples of interest. In consideration
of the high importance of the IPP and PRT spaces in this topic, in this paper, we review the
methodology of these two spaces and their applications in depolarizer distinction.

Keywords: depolarizing spaces; IPP space; PRT space; isotropic depolarizers; anisotropic
depolarizers

1. Introduction

The interaction of a light beam with a sample typically alters its polarization state.
As a result, the polarization properties of the interaction process become encoded in the
emergent light beam [1,2]. By analyzing the state of polarization (SoP) of both the incident
and emergent light beams, it is possible to retrieve the sample’s polarization characteristics,
namely diattenuation, retardance, and depolarization [3], allowing for analyzing and
classifying samples in a non-invasive way.

In particular, retardance has been used to distinguish between samples with different
birefringent characteristics. For instance, it has been proven that retardance can allow for
differentiation between healthy and cancerous tissues [4], as well as distinction between
elastic and collagen fibers distributed in a rabbit aortic wall [5]. Additionally, regarding
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the diattenuation characterization, it allows for the distinction of brain regions from other
neighboring tissues [6]. Note that in addition to diattenuation and retardance, depolarizing
behavior is usually present in nature when polarized light interacts with samples, such
as gases in the atmosphere [7-9], particles under water [10], rough surfaces [11], and
biological tissues [12-14]. For this reason, the depolarization properties of samples are
nowadays of significant importance in many research areas, such as communication [15],
remote sensing [16-21], astronomy [22], 3D graphics simulation [23], integrated imaging
sensors in self-driving cars [24,25], environmental studies [26], material characterization
for industry [27-29], and biomedical applications [30] such as cancer detection in different
human and animal tissues [31] and tissue recognition [32].

Until now, the most advanced method to analyze the polarization characteristics of a
study sample has been the use of a polarimeter to obtain its Muller matrix (MM) image.
MM s contain all polarimetric characteristics represented by their 16 elements. Importantly,
based on these elements of the MMs, a series of polarimetric observables can be derived
to represent the corresponding polarization characteristics of the studied sample. Among
these polarimetric observables, the depolarizing observables study depolarization charac-
teristics of samples from different perspectives and have been implemented in a series of
applications. For instance, the depolarizing observable P, representing the overall depolar-
ization of samples, has been implemented in remote sensing and biology [30]. Analogous
to the polarimetric observable P,, the depolarizing observables PI and En, respectively,
defined as the average and entropy of the eigenvalues of the H covariance matrix of MM,
present the overall depolarization of samples, which have been used to analyze dispersive
systems with various particle sizes [33]. Furthermore, the Indices of Polarimetric Purity
(IPP), consisting of Py, P, and P53 observables, provide more information than the global
depolarization described by the previously mentioned metrics, and they have the ability to
reveal certain insights into the physical mechanisms within the samples that give rise to
depolarization. For this reason, IPPs exhibit a significant ability to discriminate between
samples containing different structural features with varying depolarizing capacities.

In the context of depolarization metrics, it is worth highlighting the concept of depo-
larization spaces: powerful imaging tools that enable efficient discrimination and visual-
ization of depolarizing samples with different structural typologies. Depolarizing spaces
are formed by a combination of several polarimetric observables representing different
physical phenomena [34]. In this vein, depolarizing spaces can simultaneously contain
several polarimetric properties of samples, hence highlighting the distinction of samples.
So far, there are several depolarizing spaces described in the literature. On the one hand,
some depolarizing spaces are formed by the polarimetric observables directly obtained
by MM elements (namely MM-based depolarizing spaces) [35,36]. Usually, in addition to
depolarization characterizations, MM-based depolarizing spaces also contain other non-
depolarizing polarimetric properties such as diattenuation and retardance. For instance,
the CP space, as a typical MM-based depolarizing space, represents the polarizance, di-
attenuation, and depolarization of samples [37]. On the other hand, another category of
depolarizing spaces is formed by depolarizing observables derived from eigenvalues of
the covariance matrix H, which results from a unitary transformation of MM (namely,
eigenvalues-based depolarizing spaces) [38—41]. These depolarizing observables yield
information about the depolarization properties of the samples [42]. So far, a number of
studies have been devoted to study depolarizing spaces and their applications in target
identification. For instance, A. van Eeckhout reviewed the physical meaning of several
depolarizing spaces and took advantage of them to analyze animal tissues [43]; D. Li
studied IPP space and proved the superiority of IPP space in remote sensing [44]. R. Os-
sikovsky reviewed eigenvalue-based depolarizing spaces and explored their potential in
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biological sample identification [41]. D. Ivanov studied depolarizing spaces and employed
depolarizing spaces to analyze ex vivo colon tissue [30].

As stated above, MM-based depolarizing spaces represent the physical features of
samples via corresponding polarimetric observables that serve as the axes of the spaces,
whereas the eigenvalue-based depolarizing spaces reveal the depolarization characteriza-
tion. In this vein, the information of samples provided by eigenvalue-based spaces and
MM-based spaces is mutually complementary to some extent. The IPP space, as an MM de-
polarizing space, has demonstrated its superiority in distinguishing samples with different
depolarization characterizations, and based on its nature, it has been widely implemented
in biological tissue identification and biological image enhancement [45,46]. Recently, a
new MM-based depolarizing space, the so called Polarizance-Reflection-Transformation
(PRT) space, is on the rise [36]. It was proposed to resolve the problem of polarization pure
system distinction. Nowadays, it has been demonstrated that this space is able to identify
the origin of depolarization and extend its capability to biology [47].

In consideration of the factors stated above, in this paper, we review the IPP and PRT
spaces, including the methodology of such two spaces and their applications in sample
distinction. Unlike previous state-of-the-art studies, this paper aims to provide a compre-
hensive interpretation of the physical meaning of PRT and IPP spaces, and demonstrate
how target identification tasks can be addressed by jointly considering both spaces. This
approach is intended to inspire the development of practically advanced algorithms for
target identification grounded on such spaces. The outline of this paper is as follows. In
Section 2, the methodologies of PRT and IPP spaces are presented (Sections 2.1 and 2.2,
respectively). Additionally, the characteristic decomposition is presented in Section 2.3
to highlight the existence of isotropic depolarization components. Next, Sections 3 and 4
focus on the discussion of these two spaces for the distinction of depolarizers with different
physical origins. In particular, Section 3 presents how to distinguish between isotropic
depolarizers from anisotropic depolarizers by IPP space, and then, Section 4 deals with the
combination of the IPP and PRT spaces for identifying different anisotropic depolarizers.
Afterward, in Section 5, the corresponding experiments to verify the simulations and results
provided in Sections 3 and 4 are presented. Finally, this review is summarized in Section 6.

2. Methodology of Depolarizing Spaces

The polarization characteristics of a sample can be explored by analyzing the distri-
bution of the corresponding polarization systems in the IPP and PRT spaces. This implies
that a clear understanding of the physical meaning of IPP and PRT spaces helps study
the physical properties of the target without a priori information. For this reason, in this
section, we discuss the physical means implied in the IPP and PRT spaces, and we show
how to construct such two spaces. Additionally, the MM of a sample can be decomposed
into several simpler parts that present different physical interpretations useful to analyze
its depolarization properties. This is achieved by means of the characteristic decomposition
of MMs, which is presented at the end of this section.

To begin, the Stokes—MM formalism is employed to describe the polarimetric charac-
teristics of light and samples. In this framework, the State of Polarization (SoP) of light is
represented by a 4-element vector called the Stokes vector (5V), whereas, as stated above,
the modulation of the SoP by a sample is represented by an MM, which is a 16-element real
matrix with the following form:

Mmoo Mp1 Mo M3
mig miyp M1y Mi3 )

mpo MmMp1 Mpp M3
mzo M3y M3y M33
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where i (with i, j € {0, 1, 2, 3}) is the MM elements. An MM can be measured using a
polarimeter by generating a basis of SoPs of the incident light and analyzing the corre-
sponding SoP of the output light with a polarization analyzer configuration. From this
viewpoint, MM contains all polarimetric characteristics related to the physical properties
of the samples, including the polarimetric characteristics that can be directly expressed
by elements in MMs, such as diattenuation and polarizance, and other significantly essen-
tial polarimetric characteristics that are codified within the MM elements without direct
identification, such as retardance.

2.1. The PRT Space

In this subsection, we focus on describing the observables forming the so-called
PRT space [36], as it is an ideal MM-based depolarizing space in terms of depolarizing
sample characterization. First, this subsection presents the physical characteristics of the
polarimetric observables that form the PRT space and then describes the corresponding
physical characterizations of the PRT space.

Let us recall the normalized block form of an MM [37]:

lel DT] 2

P m

where P refers to the polarizance vector, D refers to the diattenuation vector, DT represents
the transpose of the diattenuation vector, and mis a 3 x 3 submatrix of the M (where the
symbol " indicates normalization with respect to the gy element). According to these
matrices, the scalar diattenuation (D), polarizance (P), and degree of spherical purity (Pg)
can be derived in turn. In addition to such polarimetric observables, each element in the
submatrix m demonstrates the relation between Stokes elements of incident and emergent
beams, forming several corresponding polarimetric observables. For instance, the diagonal
elements (1111, myy, m33) characterize the direct reflectivity or transmittance of the Stokes
elements (Q, U, V) for the reflection or transmission scenario, respectively. Therefore, the
overall reflectivity of Stokes elements is defined as [36]

©)

Based on the rest of the elements, the polarimetric observable T is defined as [36]

Tr= \/m%z"‘m%s"rm%l+m%3+m§1+m§2/\/§ (4)

The definition of polarimetric observables R and T implies that they have contributions
from the birefringent properties of the samples. Additionally, besides the elements included
in polarimetric observables R and T, the polarimetric observable Pp is able to characterize
the dichroism of the samples. It is derived (and takes benefit) from vectors D and P, with
the following form [36]:

Pp = \/m%O + m%o + m%o + m%l + m%z + m(zﬂ/ﬁ (5)

Overviewing the definition of polarimetric Pp, R, and T, these three polarimetric
observables contain all the elements of MM except the normalized mg,. Therefore, they
can represent all polarization information of the samples. Moreover, the combination of Pp,
R, and T allows for obtaining the depolarization index P, (Equation (6)). Considering the
physical characteristics and relevant relation of polarimetric observables Pp, R, and T, a
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valuable 3D depolarizing space is formed, as seen in Figure 1a, where different depolarizers
occupy different positions within their volume.

(a) (b) (1,1,1)

P, ® Anisotropic depolarizers
& (0,1,1) P P
1 . 19

o
(0,0,1)

P3

U . o Ideal depolarizers

IE\I‘\//JL—’ °3 (0,0,0)’/ !
1 T Py Py

0 ¥ Ideal depolarizers °

Figure 1. (a) The solvable domain of the PRT space; (b) the IPP space where the P; — P, (P3 =1)
surface is shaded in the picture.

For instance, whereas the points on the surface ABCE represent non-depolarizing pure
systems, point O represents ideal depolarizers that always fully depolarize light. Except
for these points described above, the rest of the points in PRT space represent non-ideal
depolarizing systems of which the depolarizing ability is quantifiably described by PRT
space through the depolarization index Pprr) defined using the polarimetric observables
Pp,R,and T:

P prr) = 2P3/3 + R* + T2 (6)

In this vein, according to the distributed position of the samples under study, samples
with different polarimetric characteristics can be distinguished by the PRT space. For
instance, the samples without depolarizing are distributed in the surface ABCE, whereas
ideal depolarizers lie on the point O, as shown in Figure 1b. Accordingly, taking advantage
of the PRT space, these two types of samples are easy to identify. Furthermore, regarding the
depolarizers with different depolarization ability, the PRT space can distinguish between
them via corresponding distribution, which can be seen in Section 4 for details.

2.2. The IPP Space

In addition to the polarimetric observables that can be directly obtained from MM,
there are more polarimetric observables encoded in the matrix. To extract these observables,
several approaches for the decomposition of MMs have been proposed [48,49]. Among
these, the so-called Parallel decomposition focuses on studying the depolarizing properties
by considering the significance of non-depolarization components within the samples.
This significance is described by the value of the coefficients Ay, A1, A, and A3 which
are eigenvalues of the covariance matrix H of MM. The matrix H can be obtained by the
following equation:

4
H(M) = Z m;;o; X oj (7)
ij=1

where m;; is the element of MM, and o refers to Pauli matrices. Based on such coefficients
(Ao, A1, Ag, A3), there is a set of eigenvalue-based depolarizing observables that can be
derived to measure the depolarization of samples. These observables can construct depo-
larizing spaces, as the so called IPP space [37] consisting of three real magnitudes Py, P,

and Pj defined as follows:
Py = (Ag — A1) /trtH 8)

Py = ((Ao — A2) + (M — A2))/trH )
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Py = ((Ag—A3) + (M1 — A3) + (A2 — A3)) /trtH (10)

where trH denotes the trace of the matrix H. Note that the parameter P; weights the
contribution of the first eigenvalue relative to the second; P, considers the combined
weight of the first two eigenvalues relative to the third; and P3 evaluates the contribution of
the first three eigenvalues in relation to the fourth. This becomes particularly relevant when
considering that eigenvalues have a physical interpretation in the context of the spectral
theorem applied to Mueller matrices [37]. It is also worth noting that, due to the restrictions
of these coefficients (A\g > A1 > Ay > A3 >0, Ag + A1 + Ay + Az = 1), the values of IPP follow
the inequalities:

0<P<P<P<1 (11)

Moreover, taking advantage of the IPP observables, the overall depolarization index
PA(purity) can be calculated to represent depolarization characterization of the samples by
the following format:

2 _ op2 2 2
Px(purity) = 2P1 /3 +2P; /9 + P5 /9 (12)

The IPP observables are also able to form a physical geometrical space, namely IPP
space, with the P, P,, and P3 as X, Y, and Z axis, respectively. Subject to the relation
between IPP observables, as demonstrated in Equation (11), the physical achievable region
of the IPP space is restricted, as shown in Figure 1b.

In theory, all physically achievable depolarizers can be represented in the IPP space,
but in different regions. As a limit case, non-depolarizing samples are characterized by
Py =Py = P3=1. Conversely, samples with P; = P, = P3 = 0 are regarded as ideal depolarizers.
By the same means of the PRT space, different samples can be distinguished using IPP
space. Additionally, it is worth noting that the IPP space has the ability to distinguish
between anisotropic and isotropic depolarization origins, since all possible pure anisotropy
depolarizers are distributed in the shaded surface in Figure 1b, corresponding to P3 = 1 top
plane. That will be introduced in Section 3 in detail.

Importantly, as stated above, both the PRT and IPP spaces can present depolarization
characterizations of samples via obtaining the depolarizing observable P, that performs as
a function of the PRT and IPP space-related polarimetric observables. As a consequence,
considering the observable P, as a bridge, the connection between IPP and PRT spaces can
be established as follows:

2P} /3 + 2P3/9 + P3/9 = 2P} /3 + R* + T? (13)

2.3. Characteristic Decomposition of MMs

An interesting feature of the IPPs, beyond their previously discussed discriminative
capability, is that they allow for a physical interpretation of the depolarizing mechanisms
within a sample. One way to extract this information from IPP data is by using the
Characteristic decomposition of the MM, which enables any MM to be expressed as a
sum of simpler MMs, each appropriately weighted by combinations of the IPPs. In this
section, we highlight the usefulness of the Characteristic decomposition, which can be
written as [37]

M = P;( m0OMyg) + (P2 — P;)(m00Map) + (P3 — P2)(mgoMaq) + (1 — P3)(m00My) (14)

where P is the weight of the nondepolarizing component Mjg, P, — Pq is the weight of
the system that behaves as a 2D depolarizer (the depolarizing content can be expressed, in
a minimal form, as the sum of two non-depolarizing matrices and represented by Myg),
P3 — P; indicates the weight of the term that behaves as a 3D depolarizer (the depolarizing
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content can be expressed, in a minimal form, as the sum of three non-depolarizing matrices
and represented by M3q), and finally, 1 — P is the portion of the medium that behaves as a
perfect depolarizer with MM of diag(1, 0, 0, 0) (represented by My).

Note that the My, which can depolarize the incident light to unpolarized light inde-
pendently of the polarization of incidence, is an isotropic depolarizer. Conversely, the Mpq
and M3 can depolarize light, but the depolarization magnitude is dependent on the polar-
ization of incidence. Therefore, the characteristic decomposition represents a beautiful way
to describe the behavior of a depolarizer, as it can be decomposed into a non-depolarizing
contribution (first term), a fully depolarizing one (last term), and a third component (second
and third terms) associated with the statistical nature of the polarimetric elements inherent
to the sample, which give rise to depolarization (see ref. [37]).

3. Discriminating Between Anisotropic and Isotropic Depolarization
Origins by the IPP Space

As stated above, depolarization origin can be anisotropic or isotropic. These two ori-
gins represent samples with different physical characteristics, making it of high importance
to distinguish between such two types. In fact, it has been demonstrated that, while the
anisotropic content of a sample encodes highly significant information about its physical
features [50]—and can be exploited for enhanced imaging—the isotropic component tends
to mask all polarimetric information of the sample [51].

In this regard, this section introduces a series of simulations aimed at representing the
behavior of different anisotropic depolarizers. These are analyzed in terms of the IPP, in
order to evaluate their potential to discriminate between various depolarizing elements,
and importantly, how to distinguish between anisotropic and isotropic origins by taking
advantage of the IPP space.

3.1. Anisotropic Origin Behavior Presented by IPP Channels

According to the Parallel decomposition, stating that a depolarizing Mueller Ma-
trix can be described as an incoherent addition of simpler MMs [52,53], an anisotropic
depolarizer can be regarded as the addition of several non-depolarizing elements:

n; = 1 (15)

n
M = mp ) a;M;;a; > 0;
i 1

n

1

where M represents the MM after the addition of M; which represents the i-th non-
depolarizing element of the sum, and «; refers to the weight of such term.

Therefore, the analyses conducted in this section to model different depolarizers
will follow Equation (15). As elements to be used in the sum, this work explores two
systems: depolarizers based on the sum of pure linear diattenuators and depolarizers
based on the sum of pure linear retarders. It is worth noting that these systems are
widely present in nature, as they aim to simulate the depolarizing responses of dichroic or
birefringent samples.

In the following, the case of the numeric simulation of anisotropic depolarizers is
first studied consisting of the incoherent addition of linear diattenuators of which Mueller
matrix M p can be written as [50]

pitpy ri—py O 0
1 2 2 2+ 2 0 0

Mip (pxpy) = 5 pxopy pxopy 2pepy 0 [OSP =] (16)
0 0 0 2pxpy
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Here, px and py, represent the amplitude attenuation coefficients along the x and
y components, respectively. Moreover, the MM of linear retarders with various ori-
entations can be calculated by taking into account the rotation of the MM shown in
Equation (16) [54,55], using the following form:

M(px, Py, 9) = Mot (—0)MpMyot (0) (17)

where 6 is the rotation angle, and M, is the corresponding rotation MM. In this vein,
with Equation (15) to Equation (17), a model of anisotropic depolarizers (herein called
diattenuator-based depolarizers since the basic elements are diattenuators) can be con-
structed with different control parameters: the number n of MM in the summation,
the amplitude coefficients (px and py) and the orientation angle (6) for each MM of the
element inside.

Notably, to mimic situations closer to real samples in the simulation process, the
domain of variation is restrained. In particular, the values of these controlling parameters
are set as X + 5, where X refer to the mean value of the parameter and ¢ is a random variable
that follows a Gaussian distribution with a null mean and a given variance (). Regarding
the generalized diattenuator-based depolarizers under study, the X for the amplitude
coefficients py, p, are bounded within the range (0, 1) and the mean orientation of the
diattenuators is within the range (0.180°). Herein, the value of the amplitude coefficient
along the x direction py is fixed to a constant value in all the simulations. Additionally, the
number of elements in the incoherent addition is set as # = 1500, considering a trade-off
between many elements and a reasonable computation time.

Once the values of p; and n are assigned, the remaining controlling parameters are py
and 6. Regarding the values of the controlling parameter p,, they are from 0 to 1 with steps
of 0.003. In the same way, the mean value of 0 is set as 60°, and the variance (cy) ranges
from 0° to 180° with steps of 0.6°. This leads to 300 x 300 = 90,000 simulations. Regarding
the constructed 90,000 depolarizers, the IPP (P, P; and P3) channels are calculated and
presented in Figure 2.

Pl P2 P3 1 i D 1
Px e | i © I 1 {09 @ -
£120 E i 06 08| -—S 08
0.8 3 80 : : 0.7 0.7
40 i i 06 06 06
0 i ! 05 Px 05
160 )i e):r ] U]} 0.4 04 04
- 1
02 £2F ¢ : 03 -
S goff ! : 02 ™2 02
] 1 01
4o i 01
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0 02 04_05 0801 02 04,06 0801 02 04,06 08 1 v
y 'py 'y
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Figure 2. (a—f) IPP values for the simulated diattenuator-based depolarizers. The value of py is set
as a constant for each image, with values of 0.8 for (a—c) and 0.2 for (d—f). (g) D values, with the x-
and y-axes representing the p, and p, parameters, range from 0 to 1. (h—j) IPP values for simulated
retarder-based depolarizers: (h) Py, (i) P,, and, (j) P3 [50].
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Figure 2a—f presents the behavior of IPP values for diattenuator-based depolarizers
with different characteristics of controlling parameters (px, py, and 0y). The orientation
mean value of the diattenuator inside is set as 60° for all simulations in Figure 2a—f.
These figures show the value of IPP varying with controlling parameters, where the x-axis
refers to py, the y-axis refers to 0y, and the value of IPP is encoded in the color (see the
colorbar). Regarding these figures, the first result is that, independently of the parameters
(px, py, and 0y), the P3 remains 1. Conversely, the values of P; and P, channels are
modified with the change of px, py, and 0y. For this reason, the channels P; and P, are
suitable tools for differentiating between different depolarizers originating from dichroic
structures, whereas the P3 channel loses the possibility to discriminate between these
different depolarizers. Furthermore, these figures demonstrate that the IPP has potential in
improving the visualization of samples with different depolarizing responses in different
regions, for instance, distinguishing plant structures as cell clusters, vascular structures,
plant veins or raphides [46].

This set of simulations can also be studied in terms of diattenuation D that is a
significant feature of diattenuators. The red dotted lines presented in Figure 2a,b,de
represent the depolarizers of D = 0, which leads to the simulation composed of the element
represented by the identity matrix. In this case, the values of IPP are equal to 1. In contrast,
Figure 2g presents the case of the units with certain diattenuation (i.e., D # 0) that leads to
the systems with a certain depolarizing response, where the x-axis refers to py, the y-axis
refers to p,, and the value of D is encoded in the color (see the colorbar). Additionally,
the pink and the white dashed lines in Figure 2g indicate the D value when p, = 0.8 and
px = 0.2, respectively, with p, taking values from 0 to 1. It can be found that the value of
D is maximum for py = 0 and starts to decrease as py increases, reaching the minimum for
py = 0.2 (i.e., px = py). Afterward, as p, continually increases, the value of D increases as
well, finally reaching the D = 1 value.

The second case of study considers depolarizers consisting of linear retarders, namely,
retarder-based depolarizers. In analogy to the diattenuator-based depolarizers, the con-
structed retarder-based depolarizers consist of a number of retarders as a function of their
retardation and orientation. Recall the MM for a linear retarder, the corresponding MM of
a retarder located at 0° My has the following form [50]:

10 0 0
01 0 0
Mr = 0<¢p< 18
IR 0 0 cos¢ sing =¢=7 (18)
0 0 —sing cos¢

where ¢ is the phase shift introduced to the orthogonal components of the incident light
field. To make the simulations of retarder-based depolarizers more realistic, each con-
structed retarder-based depolarizer contains retarders with different orientations inside,
which is achieved by considering the rotation as the same as the constructed diattenuator-
based depolarizers. For the constructed retarder-based depolarizers, they are controlled
by two parameters: the retardance (¢) and a standard deviation (cy) of a probabilistic
Gaussian distribution. The physical meaning presented by IPP for the constructed retarder-
based depolarizers varies with such two parameters. The corresponding results are illus-
trated in Figure 2h—j, where the x-axis represents the value of retardance ¢, ranging from
0° to 360°, y-axis represents the variance oy, ranging from 0° to 180°, and the value of IPP
can be seen by the color. Since ¢ and oy both take 300 different values within their respective
ranges, at the end, it leads to 300 x 300 (90,000) MMs presenting different retarder-based
depolarizers of which the IPP value is encoded in the color.
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As shown in Figure 2h—j, the values of P; and P, vary from 0 to 1, with the values of
a combination of (0, ¢), whereas P3 remain the value of 1. Therefore, as in the previous
case (diattenuators-based depolarizers), retarder-based depolarizers cannot decrease the
value of P3. In other words, different retarder-based depolarizers are distributed within
the plane P3 = 1 in IPP space. Moreover, unlike the previous case where P; and P,
showed a similar behavior, in the case of retarder-based depolarizers, P; presents one
minimum valley instead of the two shown by the P, channel. Accordingly, the IPP has the
ability to distinguish samples with birefringence, for instance, collagen-based tissues which
are common in many animal tissues and present as retarder-based depolarizers without
dichroic response [46].

The simulations developed in this section lead to several interesting conclusions.
On one hand, the P; and P, channels of the IPP observable triplet prove to be useful
tools for distinguishing between different types of anisotropic depolarizers. Moreover,
independently of the values taken by the control parameters in the conducted model, the
generated depolarizers consistently exhibit a value of P3 = 1. As a result, all these structures
can be represented in the P1—P; plane with P3 = 1.

This situation raises an important question: if the statistical distribution—assumed
to follow a Gaussian function in our simulations—of the polarimetric elements inherent
to depolarizing samples composed of dichroic or linear retarding elements always leads
to P3 = 1, then why do many biological tissues in nature exhibit low P; values? As
will be discussed in the following section, this phenomenon is connected to the isotropic
depolarization behavior of such samples.

3.2. Isotropic Depolarization Behavior Presented by IPP

This subsection deals with the isotropic depolarizing nature of samples. As previously
discussed, from the Characteristic decomposition shown in Section 2.3, the ideal depolarizer
term within such decomposition relates to depolarization reduction independent of input
polarization, and thus, with isotropic depolarization. For this reason, the case of P3 < 1
can be achieved by adding a perfect depolarizer with a certain weight () to the relation
given by Equation (15). In fact, a more general scenario can be constructed by expressing
the incoherent addition of two terms: the first accounts for the depolarization contribution
arising from anisotropic constituent elements (such as linear retarders or diattenuators),
while the second term, M;,,, represents an ideal isotropic depolarizer, arising for physical
processes (such as scattering) leading to a complete loss of polarimetric information [56,57].
The resultant M can be written as follows:

! !

n m n m
M =) a;(mooM;) + ) Bi(mooMise); i, B > 0; ) _ai+ ) =1 (19)
i j -1 j=1

where M is the total MM, the M; is the MM of the anisotropic element, and the Mj;,
is the MM of the isotropic element. As the Mjs, is the MM of a perfect depolarizer
(diag(1, 0, 0, 0)), the second term of Equation (19) can be written as

m

Z ﬁj (mOOMiso) = ,BmOOMiso (20)
]

Accordingly, Equation (20) can be expressed as

n/

M =) a;(mooM;) + BrmgoMis (21)

i
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The first term of Equation (21) presents the depolarizing systems’ anisotropic effect
originated by the component elements showing retardance or dichroism, leading to P3 = 1.
In turn, the newly added term corresponds to the depolarizing systems’ isotropic effect
that fully depolarize light, regardless of the input state of polarization of the illumination,
leading to P3 = 0.

Following the scheme of previous simulations, we repeated the analysis of diattenuator-
based and retarder-based depolarizers, but now considering, in both cases, an isotropic
contribution as well. The isotropic component of constructed depolarizers can be con-
trolled by the weight of the parameter B in Equation (21); and thus, simulated depolarizers
both contained anisotropic depolarization and isotropic component. From the obtained
simulations, we observed that P5 is independent of the control parameters related to the
anisotropic term but exists an inverse linear relation between P3 and the weight 8 of the
isotropic depolarization content, as illustrated in Figure 3 (i.e., the smaller Pj, the larger the
isotropic depolarization content in a sample).

1.0f
0.8
0.6

m
Q.
0.4

T

0.2

0'0 L L 1 Il I |

Il

0.0 0.2 0.4 0.6 0.8 1.0
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Figure 3. P3 values for the simulated depolarizer as a function of isotropic weight j.

In addition, comparing Equations (14) and (21), and in agreement with the above
presented results, it was demonstrated that the term of the Characteristic decomposition
providing fully depolarization, described by the P3 channel, is directly related to the weight
of the isotropic depolarizers fraction:

(1 — P3)(mooMy) = BmooMis, (22)

Equation (22) demonstrates that the relation between the weight of the isotropic
contribution B, and P3 is given by = 1 — P3. In this scenario, P3 reflect the origin of
depolarization in samples. In particular, when P3 = 1, the isotropic term is zero (no isotropic
depolarization is present); and thus, all depolarization arises from the anisotropic term.
In this case, depolarization originates from the intrinsic polarimetric anisotropies of the
sample. In contrast, when P3 = 0, the anisotropic term is absent, which means polarimetric
anisotropies of constituent elements do not contribute to the depolarizing behavior. That
is to say, all depolarization is originated from the isotropic term, and the corresponding
samples behave as ideal depolarizers, typically resulting from processes such as isotropic
scattering. Importantly, when the value of P3 is in the range [0, 1], both depolarizing
mechanisms (isotropic and anisotropic) are present, and their relative contributions are
reflected in the value of P3.

Summarizing, this section showed that the isotropic and anisotropic depolarizers
can be studied in terms of the IPP (observables Pq, P, and P3). The observable P gives a
measure of the presence of depolarization behavior featured by isotropic mechanisms. In
turn, P; and P, provide information on physical characteristics of inherent elements giving
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rise to sample depolarization; and thus, they are connected to anisotropic mechanisms. In
this vein, the IPP provides the physical mechanisms that lead to depolarization, which
helps with the further description, categorization, and recognition of depolarizing systems.

4. Combining IPP and PRT Spaces for the Characterization of
Anisotropic Depolarizers

In the previous section, we demonstrated that by taking advantage of the P3 channel
associated with a MM, it is possible to distinguish anisotropic depolarization from isotropic
depolarization. However, it has also been proved that all anisotropic depolarizers are
located on the same surface, P3 = 1. This situation limits the potential of the IPP space to
identify different physical origins among anisotropic depolarizers. As stated in Section 2,
the information provided by the IPP and PRT spaces are complementary to each other, and
moreover, the polarimetric observable Pp in the PRT space can identify the depolarization
origin of diattenuation. For this reason, the combined use of PRT and IPP can distinguish
between different anisotropic depolarization origins. This section discusses this matter in
detail and reviews how to efficiently identify anisotropic depolarization origins by properly
combining the information provided by the IPP and PRT spaces.

The outline of this section is arranged as follows: Section 4.1 presents how to
distinguish between diattenuator-based and retarder-based depolarizers by using such
two spaces. Next, Section 4.2 focuses on analyzing and identifying depolarizers with
different physical origins by studying the relevant distributions in IPP and PRT spaces.
Last, Section 4.3 reviews the way to obtain the depolarizer constructions by calculating the
parameters that control the physical meaning of the constructed depolarizers.

4.1. Retarder-Based and Diattenuator-Based Depolarizer Discrimination

As stated above, the construction of the simulated anisotropic depolarizers arises from
the summarization of two types of unitary elements: linear retarders for retarder-based
depolarizers and linear polarizers for diattenuator-based depolarizers. Therefore, we first
review how to distinguish between these two depolarizer classes.

To simulate a set of diattenuator-based depolarizers, the D parameter representing
the diattenuation value of diattenuators was set as a 1 x 10* values array by taking values
from 0 to 1 with a step of 10~%. In the same way, the orientation variance ¢ consisted of
10* different elements by taking values from 0 (all diattenuators pointing in the same
direction) to 7t/2 (reasonable maxima orientation variance if considering real samples)
with a step of /2 x 10~%. This scenario led to 10* x 10% = 108 simulations of different
diattenuator-based depolarizers.

2 was also set as an

Analogous to the previous case, the retarder orientation variance o
array of 10* elements with values from 0 to 7t/2 with steps of 7t/2 x 10~*. The retardance
¢ consisted of 10* elements by taking values from 0 to 7 with a step of 7t x 10~*. Finally,
we also obtained 108 simulations for retarder-based depolarizers.

Then, regarding these 2 x 10® simulated MMs of depolarizers (108 diattenuator-based
depolarizers and 108 retarder-based depolarizers), the IPP and PRT associated observable
values (as described in Section 2, P;, P and P3 for IPP and P, R and T for PRT spaces)
were calculated. The corresponding data representing all this collection of depolarizers
was represented both at the IPP and PRT spaces, in Figure 4a,b, respectively. Note that to
provide another perspective to analyze the distribution of such points, the plane of P3 =1
in IPP space and the plane of T = 0 in PRT space are illustrated in Figure 4c,d, respectively.
Note that the points representing diattenuator-based and retarder-based depolarizers are
colored in orange and green, respectively.
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Figure 4. The distributions of diattenuator-based (orange color) depolarizers and retarder-based
(green color) depolarizers represented in the studied depolarizing spaces: (a) IPP space; (b) PRT
space; (c) plane of P3 = 1; and (d) T = 0 in the PRT space [47].

The corresponding distributions of depolarizers presented in IPP and PRT spaces
reveal the potential of depolarizing spaces to discriminate between the depolarizing origins
of the simulated depolarizers, whether diattenuator-based or retarder-based depolarizers.
However, the PRT space proves to be significantly more suitable than the IPP space for
discriminating between these two types of depolarization. Specifically, in the IPP space, all
simulated depolarizers—irrespective of whether they are diattenuator- or retarder-based—
lie on the top surface (P; — P; plane at P3 = 1; see Figure 4c). In contrast, the PRT space
allows for a more efficient separation, as the depolarizers are dispersed throughout the full
3D volume (Figure 4d). This demonstrates that the PRT space has the ability to distinguish
samples with birefringence response from those with dichroism response.

This scenario states that some different physical depolarizing systems may lead to the
same representation within the IPP space, showing a limitation in its ability to discriminate
between these systems. In contrast, in the PRT space, whereas retarder-based depolarizers
are located at the Pp = 0 plane (see green data in Figure 4b), diattenuator-based depolarizers
(orange data in Figure 4b) are located at the rest of the PRT volume (they are distributed
out of the plane Pp = 0).

To quantify the ability of diattenuator-based and retarder-based depolarizers to occupy
the studied depolarization spaces in IPP and PRT domains, we adopt the space-filling rate
as the evaluation metric. As illustrated in Figure 4c,d, the area corresponding to each color-
coded category can be quantitatively extracted using standard image processing techniques.
In the IPP space (top surface, P3 = 1), following the inequalities of the IPP (0 < P; < P, < P3),
retarder-based depolarizers occupy 98.66% of the available region in P1—P; plane, whereas
diattenuation-based depolarizers are largely confined within the orange-dominated region,
covering only 28.98%. This indicates that retarder-based depolarizers have a broader
spatial distribution, visually surrounding their diattenuator-based depolarizers. More
importantly, the capacity of the IPP space to discriminate subtle nuances related to the
statistical nature of the underlying elements responsible for depolarization is significantly
greater for retarder-like depolarizers than for diattenuator-like ones. Considering that
the plane P3 =1 is the plane associated with a constant P3 value with the largest surface
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area, this analysis further confirms that the IPP space is particularly valuable for studying
retarder-like depolarizers.

Conversely, in the PRT space, the two types of depolarizers are nearly disjoint, except
at the singular point (Pp, R, T) = (0, 0, 1). Notably, retarder-based depolarizers are highly
localized near the axis Pp = 0, accounting for only 0.61% of the total area. In contrast,
diattenutor-based depolarizers span a significantly larger region, occupying 39.12% of
the space, which reflects a greater degree of freedom in their spatial distribution within
the PRT framework. Therefore, unlike the previous case, the PRT space proves to be
particularly suitable for the study of diattenuator-like depolarizers, due to its enhanced
ability to discriminate subtle structural features of this type of depolarizers.

It is worth noting that when focusing on a specific type of depolarizing origin (orange
or green data in Figure 4), it becomes evident that varying different control parameters
lead to different locations of the resulting depolarization in both IPP and PRT spaces. In
particular, different locations for diattenuator-based depolarizers (orange data) corresponds
to changes in either the orientation or the mean diattenuation value, or standard deviations
from mean values. In the same vein, different locations for retarder-based depolarizers
(green data) correspond to different orientations or deviations of the fast axis of the retarders,
or different mean retardance values.

Consequently, the simulations in Figure 4 evidence the potential of IPP and PRT
depolarizing spaces to discriminate between depolarizers arising from different inter-
nal arrangements of unitary polarimetric elements. This capability of the IPP and PRT
depolarizing spaces is further studied in the following subsection.

4.2. Characterization of Anisotropic Depolarizers According to Their Inherent Structural Characteristics

In this section, we review how different control parameters from the models described
in previous sections influence the spatial position of a depolarizer within the IPP and
PRT spaces. This study is valuable as it establishes a direct connection between macro-
scopic depolarization measurements—i.e., observables derived from the Mueller matrix,
which can be obtained through experimental polarimetric measurements—and the inter-
nal characteristics of the system, represented by the selected control parameters in the
optical model under consideration. To do so, a space of simulated depolarizers (includ-
ing diattenuator-based and retarder-based depolarizers) was constructed with different
controlling parameters.

On the one hand, regarding the diattenuator-based depolarizers, each generated
depolarizer is composed of 300 (N = 300) linear diattenuators of which D is set as an array
of 10* elements uniformly distributed between [0, 1]. Moreover, the values of o2 are set from
0 to 0.5 with a step of 0.17t. This way, 6 x 10* different diattenuator-based depolarizers
are constructed and then represented in the PRT and IPP spaces in Figure 5a,b, respectively.
On the other hand, for consistency with the diattenuator-based depolarizers, the number
of retarders to generate retarder-based depolarizers is set as 300 as well. Then, a set of
retarder-based depolarizers are generated by properly setting the controlling parameters:
the retardance (¢) value for constituent retarders and the deviation value o2 from the mean
orientation. In particular, the retardance ¢ was set as an array of five elements by taking
values from 0.17t to 0.97t with a step of 0.27t. In addition, the orientation deviation o2 of the
constituent retarders was set as an array of 10* elements by taking values from 0 to 7t with
a step of 7t x 1074, These possible combinations lead to 5 x 10* simulated retarder-based
depolarizers, which were represented at the RT (Figure 5c and PP, (Figure 5d) planes
belonging to the PRT and IPP spaces, respectively.
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Figure 5. (a,b) Representation of the constructed diattenuator-based depolarizers in different represen-
tation spaces: (a) PRT space; and (b) IPP space. (c,d) Representation of the constructed retarder-based
depolarizers in different representation spaces: (c) RT space; (d) P1P; space [47].

Figure 5 illustrates the spatial distribution of the simulated depolarizers at the IPP and
PRT spaces as a function of the model-controlled parameters. In particular, Figure 5a,b
represents diattenuator-based depolarizers varying with the controlling parameters D and
o2. Different colored curves correspond to diattenuator-based depolarizers with different
values of the parameter o2 (provided at Figure 5 legend). Note that red data in Figure 5b
(¢ = 0) corresponds to a dot at the (1,1, 1) point. In contrast, Figure 5c,d present the relation
between controlling parameters and spatial distributions for retarder-based depolarizers,
where different color curves correspond to variations of the mean retardance ¢.

The results in Figure 5 demonstrate the ability of PRT and IPP spaces to distinguish
between the depolarizers with the same origin but different inherent structural characteris-
tics, since the represented depolarizers occupy a vast volume in such spaces. In particular,
in the IPP space, shown in Figure 5b, the distances between curves corresponding to o2
values smaller than 0.27r are significant, ensuring clear discrimination between systems,
but as 02 increases, the corresponding curves become closer. Conversely, the PRT space
shows better performance in distinguishing between lines representing depolarizers with
different o2. In particular, the related lines have clearly different behavior, especially when

o2

is smaller than 0.47 (a common range in biological tissues), which demonstrates the
ability of PRT space to identify different diattenuator-based depolarizers. In summary,
even though both polarization spaces can characterize the diattenuator-based depolarizers
with different structural characteristics, the PRT space shows significant superiority over
the IPP space in several tasks.

To study the physical properties of retarder-based depolarizers with controlling pa-
rameters, the corresponding distributions are shown in IPP and PRT spaces in Figure 5c,d.
According to the retardance ¢ selected (see legend in Figure 5c), the observable R presents
an important discriminatory capability to classify different retarder-based depolarizers with
different retardance ¢ values within a range of ¢ = (0.17, 0.57). In addition, the observable
T presents discriminatory capability for 62. For this reason, the combination of observables
T and R arises as a nice framework to study the inherent characteristics of retarder-based
depolarizers. However, when dealing with retardance-based depolarizers with larger
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retardance ¢ values (¢ is bigger than 0.57), the newly analyzed curves overlap with those
previously studied in Figure 5¢, which leads to an ambiguity in the determination of the
retardance parameter.

If the same study is implemented in terms of the P1—P, space, the same discriminatory
potential is observed for the ¢ = (0.17t, 0.57) range, but, unlike the RT plane case, the
P1—P; space still presents certain discriminatory potential when ¢ is bigger than 0.57.
Therefore, the simulated results in Figure 5 indicate that PRT space has better potential in
distinguishing diattenuator-based depolarizers than the IPP space due to the large space
exist between lines presenting varying 2. But the IPP space performs better over PRT space
regarding retarder-based depolarizers since the IPP space effectively avoids the ambiguity
in ¢ discrimination.

Summarizing, the combined consideration of IPP and PRT spaces, by analyzing the
distributions of diattenuator-based and retarder-based depolarizers (controlled by param-
eters under study in such spaces), helps distinguishing between samples with different
physical features. Furthermore, Figure 5 illustrates that the depolarizing spaces associated
polarimetric observables present a unique relation with the parameters of the studied de-
polarizers. This insight provides a pathway for retrieving depolarizer parameters without
relying on microscopic measurements, as will be detailed below.

4.3. Physical Parameter Characterization from PRT Space Polarimetric Observables

The goal of this section is to review a physical model, based on polarimetric observable
data, able to retrieve inherent information of the samples. In particular, we chose to explore
the PRT observables for this task, as they demonstrated superior performance in sample
characterization, as discussed in the previous section.

By observing the data presented in Figure 5, it is easy to find that there is a clear
correlation between P, observable and 02. In addition, a deeper analysis of the relationship
between PRT observables and physical features reveals a strong correlation between the
observable R and the diattenuation magnitude D of the corresponding depolarizers, while
remaining independent of 6, as shown in Figure 6a. Thus, it should be possible to establish
a functional relationship linking the polarimetric measurement of the R channel associated
to a sample, with the physical parameter D, associated with inherent constituents of
diattenuator-based depolarizers.
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Figure 6. The relation between the measured polarimetric and physical characteristics for anisotropic
depolarizers. (a) The relation between D and R at different o2 for diattenuator-based depolarizers;
(b) the relation between Pp and o2 at different D for diattenuator-based depolarizers; (c) the relation
between ¢ and R at different o2 for retarder-based depolarizers; (d) the relation between T and o2 at
different ¢ for diattenuator-based depolarizers [47].
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Complementarily, in the case of retarder-based depolarizers, a clear correlation be-
tween R observable and ¢ was found. Importantly, further analysis demonstrates that the
observable R is independent of 2. To prove this statement, the relation between R and
¢ with different o is illustrated in Figure 6, in which all curves representing varying o2
values overlap.

As stated, Figure 6a clearly shows that all curves corresponding to different values
of o2 overlap along a single trajectory. Accordingly, by taking advantage of the existing
relation between D and R, we performed a polynomial fit on the data in Figure 6a, this
enabling the prediction of D from R measurements, as expressed in the following equation:

D(R) = —196.6 R + 671.39R* — 903.08R> + 595.4R> — 192.43R +25.39  (23)

To verify the accuracy of Equation (23), the experimental database (1800 equidis-
tant orientations of polarizer from 0 to 7 with steps of 7t/1800) is employed to construct
diattenuator-based depolarizers with different 02. The detailed process is shown in ref. [36].
The results obtained show excellent agreement between the average of experimental Dy,
values (D,xp = 1.04 & 0.03) and the expected value D = 0.97.

The next goal is to find a function giving the o value from polarimetric observables.
This would enable the extraction of statistical information regarding the dispersion of
inherent elements from measurable polarimetric observables. As previously discussed, the
observable Pp is especially suitable for this aim. Figure 6b shows that the relation between
02 and Pp for diattenuator-based depolarizers (related to different D values; see the legend
in Figure 6b) is perfectly discriminated by the Pp observable (X-axis in Figure 6b). Recall
that different curves (colours) relate to different D values, which are perfectly determined
from the R observable provided in Equation (23).

To implement the analytical function relating 0> to Pp measurements, an arbitrary
curve D =1 is chosen. This approach is reasonable as in experimental implementations, we
can determine the proper D by Equation (23) and then fix it to be applied in the following
approach. At this point, the D = 1 curve was fitted to a polynomial and the obtained results
are presented in Equation (24).

0%(Pp,D =1) = —20.92 Pp° + 63.14 Pp* — 73.61 Pp® + 42.25 Pp> — 13.31 Pp +2.42 (24)

Importantly, the validity of the obtained Equation (24) is verified using experimental
depolarizers by arbitrarily assigning different 62 to the incoherent additions. Then, from
the corresponding obtained MMs of implemented depolarizers, the experimental Pp values
were calculated. Finally, these Pp values were applied to Equation (24) to obtain the
corresponding calculated 2. There is excellent agreement between experiments and
calculations as can be observed in Table 1, where the mean absolute error is below 2%,
regardless of the depolarizer characteristics.

Table 1. The difference (in radians) between calculated 02 and assigning o2 for diattenuator-based
and retarder-based depolarizers [50].

Diattenuator-Based Depolarizers Retarder-Based Depolarizers

Mean absolute error 0.0128 Mean absolute error 0.0172

Afterward, following the same reasoning outlined above and according to data in
Figure 6¢, a polynomial relation can also be established between ¢ and the polarimetric
observable R, this leading to the following analytical equation:
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P(R) = —9.54 R® +18.41 R — 13.42 R + 4.56 (25)

To confirm the validity of Equation (25), the data of the quarter-wave plate are mea-
sured (1800 equidistant orientations of the quarter-wave plate from 0 to 7t with steps of
71/1800) to construct the retarder-based depolarizers with different 02. Accordingly, the
obtained average of the calculated retardances was ¢exp = 1.72 4= 0.03. Compared with the
expected value (¢ = 1.66 for the measured quarter wave), the small difference proves the
applicability of Equation (25).

Afterward, while the polarimetric observable Pp of retarder-based depolarizers always
equals 0, due to the absence of diattenuation in retarder-based depolarizers, only observable
T is left, and it is sensitive to the change of o?. In particular, the relation between o2 and
T at different ¢ values is represented in Figure 6d, in which different ¢ values relate to
different colour curves. As ¢ can be determined from R as shown in Equation (25), we
chose an arbitrary curve ¢ = 0.57 to implement the formwork of calculating ¢? through
observable T measurements. The corresponding polynomial for such a case is presented
in Equation (26):

(T, p = m/2) = —38.12T° + 101.19T* — 103.44T> + 52.19T% — 14.60T +2.34  (26)

Finally, the T value is fixed for the retarder-based depolarizers constructed from the
experimental waveplate by arbitrarily assigning different 2. Then, these T values were
applied to Equation (26) to obtain the corresponding calculated o?. The experiments
and calculations present an excellent agreement, as observed from the mean absolute
error (< 2% error).

5. Experimental Validation

This section presents the experimental validation of the simulations and conclusions
discussed in Sections 3 and 4. The experimental Mueller matrix (MM) is obtained through
the incoherent summation of MMs corresponding to representative polarimetric elements,
such as polarizers and retarders. From these experimentally derived MMs, the associated
IPP and PRT parameters are calculated and subsequently compared with the simulation
results. Both the isotropic (P3 < 1) and anisotropic (P3 = 1) depolarization scenarios are
studied, obtaining the expected agreement between simulations and experiments.

5.1. Experimental Results for the P3 = 1 Case

In this section, experimental validation of the anisotropic depolarizers is provided
by measuring the experimental MM of corresponding polarimetric elements, using the
complete imaging polarimeter sketched in Figure 7.

-(ogw i

light source collimator PSG filter PSA objective CCD

Figure 7. Scheme of the MM polarimeter, composed of a light source, collimator, polarization state
generator (PSG), filter, polarization state analyzer (PSA), objective, and CCD camera.
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The light source of the polarimeter is a multiwavelength LED source, which can be
chosen according to tasks. When using a polarimeter to measure samples, at first, the
light launched from the LED source is modulated by the polarization state generator (PSG)
that can modulate the incidence to any polarization state, composed of a linear polarizer
and two liquid—crystal retarders (LCR1 and LCR2). Then, the incident light beam with
customized polarization modulated by the PSG illuminates the studied samples. Afterward,
the light exiting (reflected or refracted) from the sample is analyzed by a polarization state
analyzer (PSA) that can detect polarization state of emergent light, composed of two LCRs,
and a linear polarizer. Finally, images of the studying sample are obtained by a standard
CCD camera (Allied Vision Manta G-504B, Stadtroda, Germany). By appropriately selecting
a set of incident polarization states and analyzing the corresponding output polarization
states emerging from the sample, the complete Mueller matrix (MM) of the sample under
study can be experimentally determined using a polarimeter.

The first experiment conducted, designed to mimic diattenuation-based depolarizers,
required the use of the radial polarizer (from Codixx, Barleben, Germany) shown in
Figure 8a, which consists of 12 linear polarizers sectors with different orientations. The MM
image of this spatially structured element was measured by using the imaging polarimeter
in Figure 7. Afterward, a Region of Interest (ROI) centered at the intersection of all the
sectors was chosen, which had 344 x 471 pixels, including all 12 linear polarizer orientations
(see blue square in Figure 8a). Finally, the MMs of such pixels within this ROI were added,
and the corresponding observables (IPP) were calculated.

40 mm

Figure 8. (a) Radial polarizer illuminated at 45° linear polarization; each sector shows a different
orientation (0 to 27), with colors changing every 30°; (b) Q-plate image: linear retarder (7 phase at
633 nm) with orientations from 0 to 27, represented by color changes [50].

The second experiment, conceived to study retarder-based depolarizers, required the
use of the liquid crystal Q-plate element (model WPV10-633 from Thorlabs, Newton, NJ,
USA) shown in Figure 8b. This element can be understood as a linear retarder with a
fixed retardance (ideally of 7 radians for the wavelength of 633 nm) and with changed
orientation in terms of the spatial position. The MM image of this structured element was
measured as well, and the chosen ROI had 344 x 471 pixels (see red rectangle in Figure 8b).
At this stage, all the MM within the ROI were incoherently added to obtain the IPP.

The IPP results obtained from the radial polarizer and Q-plate experiments are sum-
marized in Table 2. These results show strong agreement with the simulation outcomes
presented in Section 3.1, where the polarimetric observables P; and P, exhibit values lower
than 1, while P3 remains equal to 1 (see the colorbar). This behavior confirms that the
depolarization induced by unitary elements exhibiting dichroism or birefringence—i.e.,
anisotropic depolarization—is manifested in the P; and P, channels, whereas P3 consis-
tently retains its maximum value, reflecting the absence of isotropic depolarization. It is
worth noting, however, that the observed values of P; and P; are not fully consistent with
the simulations shown in Figure 4c, where a Gaussian distribution was assumed. Since the
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statistical model used to weight the incoherent addition of unitary elements significantly
influences the resulting depolarization response, and considering that the Gaussian distri-
bution used in simulations differs from the equally weighted 12 radial sectors employed in
the experiment, these differences may account for the discrepancies observed in the results.
Nevertheless, the condition P3 = 1 remains robust across all cases and the trend observed
in the P; —P; plane at the tetrahedron top, despite structural differences between the model
and the experimental results, exhibits a coherent behavior that supports the validity of the
proposed model.

Table 2. IPP results of the experimentally measured samples (radial polarizer and Q plate) [50].

Py P, P
Radial polarizer 0.163 0.876 1
Q plate 0.288 0.727 1

Next, to validate the results presented in Section 4, the experimental MMs of a polarizer
and a quarter-wave plate were measured for 1800 equidistant orientations (from 0 to 7t
with steps of 71/1800). The manufacturer states that the transmission coefficients for the
polarizer used in experiments are larger than 0.82, the extinction ratio is larger than 683:1,
and the retardance is 71/2 for the quarter-waveplate at 625 nm. Afterward, by properly
adding the obtained experimental MMs for different orientations, a collection of anisotropic
depolarizers was generated.

Note that a number of depolarizers can be produced by controlling the orientation
standard deviation o2 (set to follow a Gaussian distribution) when incoherently adding
the measured MMs. Therefore, by taking advantage of this situation we implemented
different depolarizers by modifying the selected 02, and the obtained results are plotted
in black at the PRT and IPP spaces (see Figure 9), both for the diattenuation-based depo-
larizers and retarder-based depolarizers cases. For comparison, the associated simulated
results, considering an ideal polarizer (D = 1) and an ideal quarter-waveplate (¢ = 7t/2)
respectively, are also provided in Figure 9 in red [47]. As can be seen, there is an excel-
lent agreement between simulated and experimental results, providing the validity of the
proposed methods.

o Simualaion
o Experiment

.
@ Experiment

Py

Figure 9. The comparison between simulations and experiments in the studied space for dif-
ferent samples with varying ¢2. The distributions with o2 for diattenuator-based depolarizers
in (a) PRT space and (c) PR section; the distributions with 02 for retarder-based depolarizers in
(b) PRT space (d) PR section; the distributions with o2 for diattenuator-based depolarizers in (e) IPP
space (g) P1P; section; and the distributions with o2 for retarder-based depolarizers in (f) IPP space

(h) P1P; section [47].
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To quantifiably represent the discrepancy between the simulation and experiment,
the mean square error (MSE) of the distance between points, respectively, representing the
simulation and experiment with the same setups, was calculated. The results of the MSE
corresponding to the data in Figure 9a,b,e,f were 0.027, 0.030, 0.026, and 0.029, respectively.
The slight discrepancy of MSE demonstrates that the corresponding simulations presented
in Section 4 are reliable. Notably, the discrepancy results from two aspects. The first
factor is the non-ideal experimental elements (polarizer and quarter-waveplate) used in
experiments [47]. The second factor is the experimental and environmental noise captured
by the polarimeter, which causes the represented position to deviate from the original one.

5.2. Experimental Results for the P3 < 1 Case

Finally, this subsection provides experimental evidence of the Pz < 1 case (sam-
ples showing isotropic depolarization). These experimental scenarios are constructed on
isotropic scattering processes and is at validating the simulations performed in Section 3.2.

The first sample studied was a diffuse reflector (Diffuser DG10-220-P01, from Thor-
labs). This reflector diffuses light in all directions and behaves as a source with isotropic
depolarization. In addition, a standard white paper was selected as the second sample,
which is a possible source of isotropic scattering and has an isotropic depolarization origin.

To enhance the scattering response of the samples studied and thereby increase the
probability of observing isotropic depolarization effects, an appropriate wavelength was
selected to illuminate selected samples for MM images measurement: 1500 nm for the
silver diffuse reflector surface and 660 nm for the white paper. Afterward, ROI (diffuser for
70 x 70 pixels and the white paper for 150 x 150 pixels) centered on the experimental MM
images were obtained, and the mean value and standard deviation of the value of IPP for
the ROI were calculated (see obtained results in Table 3).

Table 3. Mean values and standard deviation of the IPP for the ROI of a diffuse reflector and
white paper [50].

P1:|:O'P1 sz:()'Pz P3:tO'P3
Silver diffuse reflector 0.05 £ 0.02 0.11 £ 0.03 0.20 £+ 0.04
White paper 0.05 + 0.02 0.14 4+ 0.04 0.29 £+ 0.07

As expected, the value of P3 (the silver diffuse reflector and white paper are
0.200 and 0.294, respectively) is significantly smaller than 1 in both test cases, showing the
isotropic depolarization produced by these samples. Additionally, as shown in Table 3, P3
is not exactly equal to zero and there are still some non-zero values for P; and P, which
means that even though isotropic depolarization is the predominant depolarization in
these samples, there is still some anisotropic depolarization present. For instance, regard-
ing white paper, this anisotropic scattering is originated from the retardance properties
present in the cellulose fibers. For the silver diffuse reflector, the anisotropic depolarization
can be due to the nonideality of the fabrication process and some intrinsic polarimetric
characteristic of the component elements.

6. Conclusions

This work presents a review of several recent studies focused on the discrimination and
classification of depolarizing samples through the analysis of depolarization observables.
The study highlights the potential of the IPP and PRT spaces for depolarizer discrimination
and provides a physical meaning of such two spaces.

The IPP space emphasizes the degree of polarimetric randomness introduced by
the samples under study, which is a useful tool for biological tissue identification and
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remote sensing. The PRT space highlights the physical nature and mechanisms underlying
depolarization, helping distinguish samples with different polarimetric characteristics.
Furthermore, the combined use of both representations can offer a robust framework for
distinguishing between different types of depolarizing media. In particular, by leveraging
the IPP space, anisotropic depolarizers can be clearly distinguished from isotropic samples
in terms of the value of P3, i.e., the points representing isotropic depolarizers always lie on
the surface P3 = 1. For anisotropic depolarizers characterized by specific control parameters,
the combined analysis in the IPP and PRT spaces not only enables the differentiation
between depolarizers of distinct physical origins—such as those based on retardance or
diattenuation—but also allows for the identification of depolarizers sharing the same origin
yet exhibiting different statistical organization of their inherent structures.

In summary, the combined use of the IPP and PRT spaces enables a more comprehen-
sive analysis of polarimetric targets. Within this framework, the study of the depolariza-
tion space—including both its theoretical foundations and the associated computational
algorithms—plays a crucial role in target characterization and the development of high-
performance detection strategies. Additionally, the experimental and environmental noise
usually have affections on results, as the noise captured by the polarimeter results in corre-
sponding represented positions deviating from the original one. For this reason, developing
practical denoise methods is meaningful for improving the robustness of the PRT and IPP
spaces-associated target identification algorithm.
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