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Abstract

This paper relies on orthogonal metric spaces related to cyclic self-mappings and some of
their relevant properties. The involved binary relation is not symmetric, and then the term
pseudo-orthogonality will be used for the relation used in the article to address the estab-
lished results on cyclic self-mappings. Firstly, some orthogonal binary relations are given
through examples to fix some ideas to be followed in the main body of the article. It is
seen that the orthogonal elements of the orthogonal sets are not necessarily singletons.
Secondly, “ad hoc” specific orthogonality binary relations are also described through ex-
amples related to the investigation of stability and controllability problems in dynamic
systems. The main objective of this paper is to investigate the properties of cyclic single-
valued self-mappings on the union of any finite number p > 2 of nonempty closed subsets
of a metric space in a cyclic disposal under an “ad hoc” defined pseudo-orthogonality
condition. Such a condition is defined on certain subsequences, referred to as pseudo-
orthogonal sequences, rather than on the whole generated sequences under the self-map-
ping. It basically consists of a cyclic, in general iteration-dependent, contractive condition
just for such subsequences which, on the other hand, are not forced as a constraint to be
fulfilled by the whole sequences. Furthermore, the whole sequences in which those se-
quences are contained are allowed to be locally non-contractive or even locally expansive.
The boundedness and the convergence properties of distances between pseudo-orthogo-
nal subsequences and sequences are investigated under the condition that one of the sub-
sets has a unique best proximity point to its adjacent subset in the cyclic disposal to which
the pseudo-orthogonal subsequences converge. The pseudo-orthogonal metric subspace
of the given metric space is proved to be complete although the whole metric space is not
assumed to be complete. The pseudo-orthogonal element is seen to be a set of best prox-
imity points, one per subset of the cyclic disposal, although it is not required for all the
best proximity sets to be singletons. It is proved that the pseudo-orthogonal subsequences
converge to a limit cycle, consisting of a best proximity point per subset of the cyclic dis-
posal, which is also the pseudo-orthogonal element. The whole sequences are also proved
to be bounded and the distances between their elements in adjacent subsets are also
proved to converge to the distance between adjacent subsets. In the event that the metric
space is a uniformly convex Banach space, it suffices that one of the subsets of the cyclic
disposal be boundedly compact with its best proximity set being a singleton. In this case,
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the pseudo-orthogonal sequences converge to their best proximity set to their adjacent
subset provided that such a best proximity set is a singleton.

Keywords: cyclic mappings; controllability; stability; orthogonal and pseudo-orthogonal
relations; best proximity points; pseudo-orthogonal sequences; pseudo-orthogonal metric
subspace; uniformly convex Banach space
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1. Introduction

The properties of the so-called contractive cyclic self-mappings have been exhaust-
ively studied in metric and, in particular, in Banach spaces [1-8]. Also, the so-called cyclic
¢4-contractions, the cyclic mappings in multiplicative metric spaces as well as the cyclic
mappings on partially ordered and on orbitally complete metric spaces have been inves-
tigated in [9-12], and some references therein, for the cases of b-metric and b-metric-like
spaces and also in the context of Hardy—Rogers contractions [13]. On the other hand, some
proximity properties have been reported in [14] for Busemann convex metric spaces. In
[15-17], BSS cyclic mappings, S-cyclic mappings and Kannan S-coupled cyclic mappings
have been investigated together with their boundedness and convergence associated
properties. The important concepts of approximative compactness and bounded compact-
ness, which lead to ensure the non-emptiness of the sets of best proximity points in subsets
of metric spaces, have been addressed in [1,18,19].

It is also well-known that the framework of cyclic contractions might be appropriate
for the investigation of the stabilization of dynamic systems under switching actions con-
cerning different model parameterizations or under eventual different modes of operation,
that is, under different configurations [20-24]. The main reason for such a usefulness relies
on the fact that each one of the individual system’s configurations can be embedded for
analysis into one particular subset of the cyclic disposal [25-28].

On the other hand, it turns out that the so-called enriched contractions are character-
ized by some extra parameters apart from the usual contractive constants so that the prop-
erties of interest of contractions such as boundedness and convergence of distances or
existence and uniqueness of fixed points and convergence properties of sequences to them
are commonly achievable under less stringent conditions. The available background re-
search on those classes of contractions is exhaustive. In particular, in [29] extensions of the
Banach contraction mapping from metric and Banach spaces are developed. In [30], the
uniqueness of fixed points and their allocation are approximated via a Krasnoselskij iter-
ative scheme. Also, Chatterjea-type enriched contractions with their associate fixed point
properties were investigated in [31] and some of the references therein. On the other hand,
enriched Ciri¢-Reich-Rus contractions and quasi-contractions in Banach spaces and in
convex metric spaces were addressed in [32,33]. Also, an enriched cyclic Kannan-type con-
traction was proposed in [34] on a Banach space and the existence and uniqueness of a
fixed point was proven. In [35], a new approach of enriched contractions and enriched
non-expansive mappings was given, which permits in a novel way the use of Mann iter-
ation related to Kasnoselskij-type iterations. Also, fixed point results concerned enriched
Kannan mappings in CAT(0) spaces and enriched rational-type contractions in both quasi-
Banach spaces and n -generalized convex b-metric spaces were investigated in [36,37]. In
[38], a Krasnoselskij-type iteration-based convergence result for cyclic contractions was
proved, while in [39] generalized cyclic contractions were defined in Banach spaces and a
concerned fixed point theorem was stated. Also, non-expansive mappings in ordered
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CAT(0) spaces have been studied in [40] for approximation of fixed points and, in [41],
certain iterative schemes in Banach spaces were investigated for enriched contractive and
asymptotically non-expansive maps. More recently, enriched cyclic contractive self-map-
pings in metric spaces and in uniformly convex Banach spaces have been proposed and
investigated in [42] for cyclical disposals, conformed by any number of two or more sub-
sets, concerning the associated boundedness of sequences and their convergence proper-
ties to the best proximity points.

The current paper objective and content are supported by an idea which has been
used in several works on fixed point theory and applications. Such an idea has been the
introduction of binary orthogonality relations to first select some sequences (referred to
as orthogonal sequences or, simply, as O-sequences) of the whole sequences at hand
which verify the particular defined orthogonal relation together with the contractive con-
ditions assumed on the metric (or Banach) space. Such sequences might be, in general,
subsequences of the whole sequences of the metric space which are generated by a con-
tractive self-mapping. The metric space (X,d) together with the binary orthogonal rela-
tion L becomes a so-called orthogonal metric space (X,d, L), a metric subspace of (X, d)
[43,44], whose boundedness and convergence properties are, in principle, concerned with
the orthogonal sequences while some of those properties are sometimes extendable to
wider sequences of the metric space which contain those orthogonal sequences. It has been
seen that the completeness of the orthogonal metric space (X,d, L) does not necessarily
imply that of the metric space(X, d) [43,44].

In that formal context, it can be pointed out that the Banach fixed point theorem has
been extended to orthogonal metric spaces in [44]. Fixed point theorems have been for-
mulated in [45] for generalized orthogonal contractions. Also, extensions of F-weak con-
tractions have been given in [46] for orthogonal weak contractions while Wardowski-type
cyclic F-contractive mappings in orthogonal metric spaces and related proximity point
results have been studied in [47]. On the other hand, multivalued F-contractions of ra-
tional type have been investigated in [48] on an orthogonal metric space while p-contrac-
tions have been extended to orthogonal metric spaces in [49].

The rest of the paper is organized as follows. Section 2 gives some preliminary basic
definitions concerned with orthogonal relations together with six worked examples and
some elementary results. Some of the examples rely on Hilbert spaces of square-integrable
functions [50-53], on those concerned with the scalar product of real vectors (whose “or-
thogonality” binary relation coincides with the typical orthogonality of vectors in a geo-
metric sense) or with the ordering relations on sets of integer numbers which have either
a unique maximum number or several maximal ones. These two situations are key to il-
lustrating in a simple manner if the orthogonal element is unique or not. In Section 3, some
pseudo-orthogonality relations related to stability and controllability of dynamic systems
are examined through seven “ad hoc” worked examples. Those examples are concerned
with the properties of stability and controllability of continuous-time and discrete-time
dynamic systems. It is pertinent to point out that, although the usual orthogonal relations
are symmetric, there are also relevant non-symmetric relations available in the back-
ground literature, which have been referred to as orthogonal relations like, for instance,
the celebrated Birkhoff-James orthogonality in general normed spaces. See, for instance
[54] and several references therein. There are also (non-symmetric) orthogonal relations,
sometimes referred to as bi-orthogonal, in quantum mechanics and in functional analysis.
Those non-symmetric relations keep the essential properties of the orthogonal ones. Since
the proposed relation is non-symmetric, as pointed out by one of the reviewers, we call it
a pseudo-orthogonality relation. Such a pseudo-orthogonality condition is formulated to
select some subsequences of the whole sequences for which the cyclic contraction con-
straint holds, and those subsequences are pseudo-orthogonal (PO )-sequences of the

https://doi.org/10.3390/math14010036


https://doi.org/10.3390/math14010036

Mathematics 2026, 14, 36

4 of 36

resulting pseudo-orthogonal metric space. The pseudo-orthogonality relations in the sta-
bility context are defined concerning convergence to a zero equilibrium state, which is the
orthogonal element. In the controllability context, such sequences have a finite number of
elements since the controllability property is related, as usual, to reach any prescribed
state value along a finite time interval. It is seen that the concept of PO -sets, that is, the
subsets of elements of the pseudo-orthogonal space which are pseudo-orthogonal to all
the elements of such a space, and that of PO -sequences, together with their pseudo-or-
thogonality preservation, might also be useful in the stability, stabilizability, and control-
lability contextual analysis of dynamic systems. It can be pointed out that these concepts
are very relevant in the fields of differential equations, differential systems of equations,
and control theory [50-53]. Section 4 is devoted to single-valued cyclic self-mapping in
metric spaces acting on a set of a finite number of two or more nonempty closed subsets
of the metric space. The self-mappings are not necessarily contractive in each iteration
being performed to generate the relevant sequences while they can be locally non-contrac-
tive or even locally expansive. The main properties of boundedness and convergence of
the distances as well as those of boundedness, convergence, cauchyness, and pseudo-or-
thogonality preserving properties are firstly derived for such PO-sequences under the as-
sumption that one of the subsets of the cyclic disposal has a single best proximity set to its
adjacent subset, that is, the corresponding best proximity set is a singleton. Also, some of
the properties of convergence and boundedness of distances and sequences are proved to
be transmitted from the pseudo-orthogonal sequences to the whole sequences in which
they are contained as subsequences. Some illustrative examples are also discussed in that
section. Section 5 describes and discusses some further numerical worked examples and,
finally, conclusions end the paper.

2. Preliminary Orthogonality Definitions, Assertions and Examples

The following notation is used in the following:

Zy,=2Z,U{0};, Z,={z€Z2:2>0}; Z,_=Z_U{0};, Z_={z€Z :2<0};
Ry, =R, U{0}; R,={z€eR:z>0}; R_=R_U{0}; R_={z€R:z<0}

Z,R and C are, respectively, the sets of integer, real and complex numbers;
n={12,--,n}
1, is the identity matrix of order d.

Superscripts n in the above sets mean that all the components of n -tuples belong-
ing to them are in the corresponding scalar counterpart. For example, x = (x;) € R} &
x; € R.;Vi en. The same notation is extended to matrices. For instance, A = (Aij) €
RY™ & A;; € Ry; Vi, j €7; clX is the closure of the set X. The following two definitions,
borrowed from [44], are needed for the subsequent study:

Definition 1. Let aset X # @ be endowed with a binary relation L such that 3z € X for which
([z L x;vx € X]V [x L z];Vx € X). Then, (X, L) is said to be an orthogonal set (in short, an O-
set) and z is called an orthogonal element.

Definition 2. If (X, 1) isan O-setthen x , y € X areorthogonally related (or, simply, x , y €
X are orthogonal) if x L y.

It turns out that, if (X,L1) isan O-setand z € X isan orthogonal element, then x L z and
z 1z

It can be pointed out that the fact that the orthogonality concept extends beyond a
direct geometric interpretation is common to several different research fields. For instance,
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in [55], a conditional dependence between regression residuals may be reduced to an un-
conditional one between residuals that are orthogonal in a certain sense. Also, an inter-
pretation of orthogonality is figured out in [56] on invertible matrices. On the other hand,
trigonometric quadrature rules [57] are related to orthogonality when using orthogonal
trigonometric polynomials, and the orthogonality of Chebyshev polynomials is very rel-
evant for analysis in filtering and signal processing [58]. The HALTRAYV design, see for
instance [59], can be considered orthogonal to its hardware design in the sense that it is
decoupled from physical simulation and the verification stage is separated from imple-
mentation.
Three simple illustrative examples follow below:

Example 1. Define X = [—a, a] forsome a € R, and, forany x,y € X, define the orthogonal
relation x Ly if x.y < 0. Then, any elements with different sign, or such that at least one of
them is zero, are orthogonal. The element z = 0 is orthogonal to any x € X and it is the unique
orthogonal element to any x € X. It turns out that (X, L) isan O-set.

Example 2. Define X = [—a, 0) U (0,a] for some a € R, and, for anyx,y € X, define the or-
thogonal relation x Ly if x.y <O, that is, if sgn(x) = —sgn(y). It does not exist any orthog-
onal element so that (X, 1) is not an O-set. If the orthogonal relation is redefined by x Ly if
x.y < 0, the conclusion is identical so that (X, L) is not an O-set either.

Example 3. Let X = R™ for any n = 1 and the orthogonality relation is defined by x Ly if
xT.y =yT.x =0, where the superscript "T" stands for transposition. Then 0 € R™ is the
unique orthogonal element and (X, L) isan O-set. This binary relation is the well-known orthog-
onality relation of the scalar product of real vectors of dimension n. Then, any elements with dif-
ferent sign, or such that at least one of them is zero, are orthogonal. The element z = 0 is orthog-
onal toany x € X and it is the unique orthogonal element to any x € X. It turns out that (X, 1)
is an O-set.

Note that the orthogonal element might be non-unique, as pointed out in [44]. For
instance, consider the two subsequent examples:

Example 4. Define the O -set (X,1) by X ={1,2,3,4,—4} and define x Ly if |x| < |y| for
any given x,y € X. Then, 112, 113, 114, 11(-4), 213,214, 21(—4), 314,
31L(—4), 41(-4), (—4) 14 and x L x; Vx € X and (—4) and 4 are two distinct or-
thogonal elements since the defined orthogonal relation, which is also an order relation, has two
maximal elements (which are the orthogonal elements), then it has not a maximum. On the other
hand, it turns out that if now X = {1,2,3,4} (respectively, if X ={1,2,3,—4}) then 4 (respec-
tively, —4) is the unique orthogonal element of the O-set (X,L).

The above example concludes that, if (X, 1) isan O-set, then it exists an orthogonal
subset Z(# @) c X which can have a cardinality greater than unity. In this case, the or-
thogonal relation of Definition 1 becomes 3Z(# @) c X:([z L x;Vx € X]V [x L z];Vx €
X,Vz € Z).

We can denote, in short, x 1 Z; Vx € X to express thatany x in X is orthogonal to
all the elements of Z, thatis x L z; Vx € X, Vz € Z.

Example 5. Let X, be the Hilbert space of square-integrable real n -vector functions f €
L3([0, a] ; R™) defined in [0, a] S Ry, for a given a € R, endowed with the inner product
<f,g>= foafT ®g)dt ; Vf,g € X, which induces the seminorm ||f|l =< f,f >Y?=
(U FT F@©dt)"*; Vf € X,, [50,51,53]. Then, f L g if < f,g>=0. It turns out that
(Xa, L) is an O-set with orthogonal element f,(=0) € X, which is non-unique since the set
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U, © X, of bounded functions in X, of support of zero measure is an orthogonal set-element
consisting of infinity many elements since < f,f, >=0; Vf, € Us,; Vf € X,,.

If piecewise continuity is also requested in the definition o X,, that is, X, is redefined by
X, = {f € (PC”([O , al ;RM) N L3([0, a] ;R"))} then f,(=0) € X, is the unique orthogo-
nal element in this case.

The following definitions combine orthogonal relations with the framework of metric
spaces invoking extended orthogonality-related concepts in metric spaces by combining
both structures:

Definition 3 ([44]). If (X, 1) isan O-set and (X,d) is a metric space then:

3.1. The triple (X,L1,d) is said to be an orthogonal metric space (in short, an OMS), a metric
subspace of (X, d).

3.2. If (X,L,d) isan OMS then {xp}nez, € X is said to be an orthogonal sequence (in short,
an O -sequence) if ([xy L xpp1; YN E Zoy ]V [xp4q L x5 VN € Zy,]). Two consecutive
members x, and X, of the sequence {Xn}nez, € X are (pair-wise) orthogonal if
([xn L Xn41] V [Xn41 L x0DD.

33. If (X,1,d) is an OMS then the O-sequence {Xy}nez, € X is convergent if{x,}nez, =
z(€ clX). Then, it is bounded as well.

3.4. If (X,1,d) isan OMS then it is said to be orthogonally complete (in brief, O — complete)
if each Cauchy O-sequence {Xn}nez, © X is convergentin X.

3.5.If (X,1,d) isan OMS thenf:X — X is orthogonally continuous (in brief, L —continuous)
in x €X if f(x,) > f(x) as n—> oo for each O-sequence{x,}nez,(c X) = x(€ X); and
f:X > X is L —continuous in X ifitis L —continuous forall x € X.

3.6. If (X,1) isan O -setthen f:X — X is orthogonally preserving (in short, L —preserving)
if [(xLy)=(f&x)LfO))];Vx,y€X; and it is weakly orthogonally preserving (or

weakly L —preserving) if (x Ly) = [((f(x) 1 f(y)) v (f(y) 1 f(x)))];Vx,y eX. If

the above properties hold for a concrete pair (x,y) in X X X, then the property is termed as

L1 —preserving in (x,y) (respectively, weakly L —preserving in (x,y)).

It turns out that, if f:X — X is L —preserving then it is also weakly L —preserving, L
—preserving in any (x,y) € X X X, and weakly L —preserving, in any (x,y) € X x X.

Assertion 1. Any O-set has at least an orthogonal sequence.

Proof. If (X,L1) is an O-set, it has an orthogonal element z € X. Then, the constant se-
quence {x,}y-o € X, defined by x, = z; Vn € Zy, isan O-sequence.nD

Assertion 2. If (X,L,d) has the property ([xn, L Xp41; VN E Zy ] @A [xp41 L Xy VN E
Zy.]) thenitisa OMSso that ([x, L Xpi1; YR E Zoy |V [Xpy1 L Xn; VN E Zy,]).

Proof. From Definition 3(3.2), {x;}nez, ©X is an O -sequence if ([x, L xn41; VN €
Zy ]2V [xp1 L xy; VREZy,]). Now, note that the disjunction logic proposition (V
,say"or") of two premises is true if its conjunction (A,say"and") is true. Thus, ([x, L
Xn+1; YN E Zoy] A[xniy L xp; YN E Zoy]) = ([xn L Xni1; YN E Zoy ]V [xn4q L X5 VR E
Zy ). o

The proof of the assertion given below is direct from Definition 3(3.2).
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Assertion 3. If all the consecutive members of a sequence {Xp}nez, € X of an OMS (X,d, L1,)
are pair-wise orthogonal then {xn}nez, € X is an O-sequence.

Example 6. If Xo = {e; € R™ : ejj=0;; VJEN } is the set of canonical n-Euclidean vectors
then (X, 1), where X = X, U {0 € R™} and the orthogonal binary relation L is the scalar prod-
uct of vectors, thatis, x Ly if x".y =yT.x =0 forany x,y € X. Then:

(a) e 10 and e; Lej; Vi, j(# i) €R™

(b) (X,1) isan O -set with unique orthogonal element {0 € R™}.

(c) Let a sequence {x,}y-o € X be defined by xn1 =Tx,, Yn € Zy, for arbitrary x, € X,
where T:X — X is any self-mapping defined by TO = e € X; Te; = (¢; v 0); i,j(# i) € 7.
Then, {x,}n=o isan O -sequence.

(d) T:X — X defined in (c) is L —preserving, weakly L —preserving, L —preserving in any
pair (x,y) € X x X, and weakly L1 —preserving, in any pair(x,y) € X X X.

(e) Consider T:X — X defined in (c) with the additional condition that for some finite positive
integer N, xy41 = Txy = 0 so that x, = 0; Yn(> N) € Zy, and consider the Euclidean
metric din R™ to define the OMS (X, L,d). Then, the above O -sequence{x,}nez, © X is
convergent in X with {x,}nez, = 0(€ X), so that it is a Cauchy O-sequence and, also,
T:X - X isorthogonally Lipschitz— L —continuous, and then L1 —continuous as well, with
Lipschitz constant K =2.

3. Some Pseudo-Orthogonality Relations in Stability and
Controllability Problems of Dynamic Systems Through Examples

The O-sets and O-sequences as well as the orthogonality preservation property might
also be useful in the stability, stabilizability, and controllability contexts, which are very
relevant in the fields of differential equations, differential systems of equations, and con-
trol theory [50-53]. We rather consider a pseudo-orthogonality condition on sequences
whose distances between adjacent subsets of the cyclic disposal are not increasing, which
allows us to build the formalism for boundedness and convergence of sequences based
on those subsequences. Such a special orthogonality relation will be referred to as pseudo-
orthogonal since it is non-symmetric. It can be pointed out that the use of special orthog-
onality relations that are not symmetric have been invoked in the background literature
(see, for instance [54]). Some simple worked examples that focused on differential systems
of n equations of first-order, or equivalently on ordinary differential equations of ordern,
illustrate this feature. The terminology for the orthogonality acronyms extends directly to
pseudo-orthogonality using "PO" in the various acronyms instead of "0", like, for in-
stance, (POMS)-spaces), pseudo-orthogonal sequences ((P0)-sequences), pseudo-orthog-
onal sets ((P0)-sets), PO-Cauchy sequence, PO-completeness, etc.

Example 7. Consider the following linear time-invariant differential system of order n of ordinary
differential equations:

x(t) = Ax(t); x(0) = x, € R" 1

subject to ||xgll <M < +oo, with A € R™" being a stability matrix, that is, sp(A) =
{A; € C: ReA; < 0,Vi € fn}. The solution of the differential system (1) is given by the closed for-
mula x(t,x,) = e?'xy; Vt € Ry, with finite initial condition x(0,x,) = x(0) = x, and where
et is a fundamental matrix of the differential system. Let the set X be defined by all the instan-
taneous values solution trajectories of the system for all time, that is, X = Ueg,, {x(t,x0) =
edtxy: |lxoll < M} © R™

Note that 0(€ R™) € X. It is obvious that, since A is a stability matrix and e** a funda-
mental matrix, then ||e“|| < Le™P'; Vt € Ry, where L > 1 is a norm-dependent finite real
constant and the norm-independent real constant p is subject to, where (—py) <0 is the
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stability abscissa of (1), that is, the maximum real part of all the eigenvalues provided that the
eigenvalue of maximum real part is single or, if multiple, it has associated as many diagonal Jordan
blocks as its multiplicity [53]. Otherwise, if it is multiple, while it has associated fewer diagonal
Jordan blocks than its multiplicity, then p € (0, py). As a result, one concludes that
llx(t, x )| < Lllxoll < LM < +o0; Vt € Ry, and

llx(t, %)l < lle®“xoll < Le P llxoll; x(¢) = 0 as ¢ > +eo )

what implies that X is bounded and also closed since it contains, by definition, all the solution
trajectories x:[0, +o) X R™ — R™. Note that, although ||x(t, x,)|| = 0, the solution can exhibit
overshoots and then is not always strictly decreasing for any given stability matrix A in (1). In
classical terminology the differential system (1) is globally asymptotically stable and has a unique
equilibrium state which is the null state.

Define the pseudo-orthogonality relation for a sequence of values of the trajectory solution as
x(ti, %) L x(tis,%0)  if X (Eien, o)l < Nt xo) Il i x(ti, %) # 0 and [|x(ti11, X0l =
llx(t;, x) || = O, otherwise, implying that x(t;,x,) > 0 as i — oo.

Note also that ||x(t + T, x)|l < Le P ||x(t, xo) || < lx(t, x)I if T > p~* InL. Thus, any
sequence {x(t;, xo)}i2y, with arbitrary t, € Ry, and finite x, = x(t,), has associated a se-
quence of strictly decreasing norms if tiq >t;+p tInL so that x(t;,xe) L x(t;41,%0) s a
PO-sequence which satisfies, furthermore, that x(t; x,) L x(tj,xo) and x(t;) L O if t;q >
ti+p tInL for any arbitrary finite ty =0 and any i,j(>1i) € Zo, . Thus, x(t;x,) L
x(t;,%0) for j € i—1U{0} and then the state norm sequence defined at sampling instants is a
monotonically decreasing sequence.

It turns also out that x, L 0(€ R™); Vxo € X and that all the members of that sequence are
also pseudo-orthogonal to z = 0.Thus, the stable equilibrium state z = 0(€ R™) is a pseudo-or-
thogonal element of the PO-set (X,L1). The sequences satisfying the given rule for picking- up
points are also clearly Cauchy PO-sequences since they are strictly decreasing in norm. Note also
that the POMS X, L. 11) is pseudo-orthogonally complete.

On the other hand, the relations:

x(t;, xo) = eAliTti-Dx(t;, xo) = eACiti-Dx(t;_,, x,) =...= eAE%(0,x,)
may be rewritten through a self-mapping T:[t;_4,t;] XX > X; i € Z, as:
x(t;,x0) = Tx(t;—1, %) =...= T'x(0, %)

Note that T:[t;_1,t;] XX — X is clearly L —preserving (i.e., pseudo-orthogonally pre-
serving).

In this example, it is seen that only the solution state sequences which are strictly decreasing
are pseudo-orthogonal. An easy interpretation of this example is as follows. If (X,d) is the metric
space of all the state solutions x:[0, +o0) = R™ from any given finite initial condition x(0) =
Xo, with d: X X X = Ry, being the norm-induced metric, and (Xs,d) is the metric of all the sets
of sequences {x(t,)}n=o of samples x(t,) of the state solution for any sequences of sampling in-
stants {t,}n=o and any given finite initial condition. Then, (Xs({tx}r=o) ,d ,L1) is the POMS
(a metric subspace of (Xs, d)) of the subsequences of Xs which fulfill the defined pseudo-orthogo-
nality relation. Such sequences are Cauchy PO-sequences which converge to the pseudo-orthogo-
nal element 0 € R™, which is also the equilibrium point, but according to the pseudo-orthogonality
condition, they converge with a strictly decreasing norm, and also the self-mapping which gener-
ates them is L-preserving. In fact, all the state solutions and all their sampled values for any de-
fined sampling instants are bounded and converge to the zero equilibrium point while the pseudo-
orthogonal sequences are the only ones to converge to that equilibrium point (and also pseudo-
orthogonal element) with strictly decreasing norms.

Now assume that, instead of the above pseudo-orthogonality condition, a less restrictive bi-
nary pseudo-orthogonal relation for a pair (xo,y) in X X X isredefinedby xo Ly if x(t,x9) =
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eftxy >y as t - +oo. In this case, (Xs({ti}r=o) ,d, L) is isomorphic to (Xs,d) since all se-
quences obtained from the solution are pseudo-orthogonal (irrespectively of if their associated
norms are strictly deceasing sequences or not) and 0 € R™ is the unique pseudo-orthogonal ele-
ment if A is a stability matrix. The above pseudo-orthogonality relation is superfluous since it
does not discriminate special properties on the pseudo-orthogonal sequences since the whole se-
quences picked up from the solution samples for any sampling period are pseudo-orthogonal.

Example 8. If 0 € X in Example 7 is reconsidered as the zero equilibrium solution along time
z(t,xo) = 0(t, xo); Vt € Ry, (instead the zero of R™ as above) with X being now redefined as
the set of all the trajectory solutions X with initial conditions in the defined bounded ball of R™:

X ={x:[0, +0) X R™ > R™: ||xoll < M, x(t, %) = e?xy;Vt € Ry,} = [0, +) X X € [0, +o0) X R"

then the pseudo-orthogonality relation in X is defined as x(t,xo) L 0(t,xo) if x(t,x0) = 0 as
t > +oo; Vx, € X. This property can be wording as “all the solution trajectories in X which con-
verge asymptotically to the zero solution are pseudo- orthogonal to zero equilibrium solution in X.

To figure out the conceptual distinction between X and X, note that the elements of X are
points in R™ and that 0(€ R™) € X while the elements of X = [0, +o0) X X are the whole tra-
jectory solutions of the differential equations and that 0(t,x,) € X.

Example 9. A discrete counterpart of Example 7 is defined by the discrete system:
Xn+1 = AXy Xo € R 3)

subject to ||lxoll < M < +oo, with A € R™™ being a Schur matrix (i.e., stable in the discrete
sense), that is, sp(A) = {A; € C :|A;| < 1,Vi € ni}. In this case, one considers the set of all the
sampled values at sampling instants of all the trajectory sequences:

X = U {x, = A"xy: |lxoll < M}  R"

neZo4+

It turns out that

Xy = A"x, = A" x0; xpaall < llxall if x, #0 or x4 =%, =0; Vn,m € Zy,, x, >0 as n — oo,

Thus, very close conclusions as those of Example 7 apply to this case. Similar conclusions to
those of Example 8 might also be obtained in the sense that this example could be reinterpreted by
changing X with the set of trajectory solution sequences:

X={x:Zy, XR" > R™ ||xo|l| <M, x, =A"x; VN E€ Zy,} = Zy, XX
cZy, XR"

implying the replacement of 0 € X by 0(n,x,) € X.
Example 10. Now consider an, in general, nonlinear differential system of order n:

x() = fi, (£, x(®)); x(0) = x, € R 4)

where ||xoll <M < +oo and fy:[0,+00) x ([0,+00) X R") = R"™ is bounded piecewise-con-
tinuous with a finite number of discontinuities and integrable on [0,t) for any t € Ry, such
that f;x fxo (1', x(r)) dt = —x,. Then, the unique solution of (4) is

x(t,xg) = xo + J-tfxo (‘r,x(‘r)) dt

is bounded for all time and x(t) = 0 as t — +oo. Define the set of all the solution trajectories
with initial condition x,:
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X

t
{x: [0, +o0) X R™ - R™: ||x,l| < M, x(t,x5) = xq +f fro (T,x(‘r)) dt;Vt € R0+} =[0,40) X X
0

c [0, 4+<) X R"

where

t
X= U {x(t,xo) = X, +f fxO(T,x(T)) dr: |lxoll < M} c R"
t€Ro+ 0
Note that x(t,x,) is bounded for all t € Ry, since, by hypotheses, x, is finite,
fro: [0, +00) X ([0, +00) X R™) » R™ is bounded and locally integrable in any real interval and
also globally integrable in the whole non-negative real interval. Furthermore, girorcl’x(t, X)) = Xo +

girg fotfxO(r,x(r)) dt = x,—x, = 0.

In a similar way as in Example 7, one concludes that X isa PO-set whose pseudo-orthogonal
element is the stable zero equilibrium point 0 € R™ for any solution trajectories of (4) with finite
initial condition x, under the same pseudo-orthogonality relation as that defined in Example 7.
Equivalently, one also can conclude that X isa PO-set with pseudo-orthogonal element 0(t, x,),
that is, the zero equilibrium trajectory solution (see Example 8 for the linear case). There always
exist bounded sequences subject to strictly decreasing norms (then converging to the zero equilib-
rium), which can be defined by picking up the appropriate strictly increasing time instants. The
existence of such sequences is obvious from the boundedness of the solution trajectory and its con-
vergence to zero.

Example 11. Consider an extension of Example 7 in the case when A is not a stability matrix
while the system is forced with a control vector b € R™ resulting in

x(t) = Ax(t) + bu(t); x(0) = x, € R" (5)

where u:[0,4+00) > R is a control function. Assume that (A, b) is stabilizable, that is,
rank[sl, — A, b] =n for all s € sp(A) such that Res = 0 (Popov-Belevitch—-Hautus stabi-
lizability test [53]), namely, for any either unstable eigenvalue (i.e., having a positive real part) or
critically stable eigenvalue (i.e., being allocated on the imaginary complex axis) of A. Then, there
exists a linear state- feedback control u(t) = kTx(t), some k € R™, all t € Ry, such that the
closed-loop matrix of dynamics A. = A+ bk” is a stability matrix so that the resulting closed
loop-system %(t) = A.x(t) is globally asymptotically stable for any x(0) = xo € R™. Then, Ex-
amples 7and 8 can be re-addressed for this case with the replacements A — A., (—po) = (—Ppoc)
(stability abscissa of A.). The pseudo-orthogonality properties of Examples 7 and 8 are kept for this
extension.

The discrete version of the above example is as follows:

Example 12. Consider an extension of Example 9 via a discrete system in of the form:

Xp4q = Ax, + bu,, xo € R™ 6)

such that A is not Schur but (A, b) is stabilizable, namely, rank([sl, — A, bl =n forall s €
sp(A) such that |s| = 1 (discrete Popov—Belevitch—-Hautus stabilizability test), that is, for any
either unstable or critically stable eigenvalue of A.Thus, Example 9 can be extended to this case
with u(t) = kTx(t), such that the closed-loop matrix of dynamics A. = A + bk" is Schur, under
the direct replacement A — A.. The pseudo-orthogonality properties of Example 9 are kept for this
extension.

The last two examples can be easily reformulated for controllability, that is, if the
controlled state reaches any prescribed value in finite time. In particular,
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Example 13. Consider (5) with no stability conditions on A and such that (A, b) is controllable,
that is, rank[sl, — A, b] =n for all s € sp(A) (Popov—Belevitch—-Hautus controllability test
[53]). Thus, sp(A.) can be arbitrarily allocated by the appropriate selection of the controller gain
kin the linear state-feedback control u(t) = kTx(t) and the value of the state can be fixed to any
arbitrary prescribed value x* = x*(T) at any finite prescribed time instant T > 0. Note that
rank([sl, — A, b] =n for all s € sp(4) is identical to rank[sl, — A, b] =n; s € C (since
the full rank condition is always fulfilled for any complex number which is not an eigenvalue of A)
so that it is also equivalent to the controllability grammian G(t) = fot e~ bbTeA" CDydr to be
positive definite for t € (0, +e<). Thus, one obtains the following solution of (5):

t
x(t) = eftx, +f e pu(r)dr
0 (7)

= e4t (xo + f;e_AT bbTeAT(t‘T)vdT); tefo, T]
if the control law is of the form:
u(t) = bTe?" T Oy; €0, T ®)

for some real v € R to be determined since x* = x*(T). Then,

T _1
v= <J eAT=1) bbTeAT(T‘T)d‘[) (x* — e4Txy) 9)
0
-1
u(t) = bTeAT(T—t) (foTeA(T_T) bbTeAT(T—T)dT) (x* — eATxo),. teo, T] (10)

t T -1
x(t) = eftxy + <f eAlt-7) bbTeAT(t'T)dr) <f eAT-1) bbTeAT(T'T)dT> (x* —e4Tx,)
0 0 (11)

= (et —e4M)x, +x*; t €[0, T]

implying also the prescribed constraint x(T) = x*.

Recalling Example 7, and its extension of Example 11, then the pseudo-orthogonal element of
Xis x* € R™ where X is now defined by X = Uqeor{x(t,xo) = (€ —e*Mxp + x™: [Ix]l <
M} c R"™ and X ina PO -set. If the problem is re-interpreted under the basis of Example 8 then
the set of all solution trajectories on [0,T] of the forced system (5), subject to the control (8), then
X is replaced with

X = {x:[0, +) X R™ = R™: ||lx,|l < M, x(t,x,) = (et —e4T)x, +x*;Vt ERy,} =[0,T] x X € [0,T] X R",

and X isa PO-set with pseudo-orthogonal element x*([0, T, xo), that is, a real constant trun-
cated function of value x* € R™ in [0, T]. Pseudo-orthogonal sequences of a finite number (since
Tis finite) of mutually pseudo-orthogonal elements, which are pseudo-orthogonal to the respective
pseudo-orthogonal element of both PO-sets, can also be defined in a direct way.

Example 13 might be directly extended to the discrete case as in the above cases based
on Examples 9 and 12. Such extensions are omitted.

4. Main Results for p(> 2)-Cycling Mappings Through an “Ad Hoc”
Pseudo-Orthogonality Relation

This section addresses the properties of convergence and boundedness of sequences
generated by p(= 2)-cycling mappings defined on the union of p nonempty closed sub-
sets of a metric space (X,d) such that each subset is mapped into its adjacent one in the
cyclic disposal. Firstly, some orthogonality concepts are briefly linked to cyclic self-map-
pings, without invoking contractive properties, with a definition and two short illustrative,
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easy to interpret, where the union of the subsets is seen to be an 0-set with an orthogonalp
-tuple which has a component per subset which are each, in turn, orthogonal elements of
the respective subsets. Later on, we consider a pseudo-orthogonality (PO) condition on
sequences generated by cyclic mappings defined in such a way that distances between
adjacent subsets of the cyclic disposal is not increasing which allows to build the formal-
ism for boundedness and convergence of sequences.

4.1. Orthogonality Relations for Cyclic Mappings

Definition 4. Let the set X = U;e3 A; be the union ofpnonempty subsets A; (i € p), with A; #
Aj if i,j(# i) € p, endowed with a binary relation L such that 3z € X for which([Z L x;Vx €
X1V [x L Z];Vx € X), where Z = (zy,2,,+,2,) suchthat z; € A;; i € p. Then, (X, 1) is said
to be an O-set, Z is called an orthogonal p -tuple of A= A; X Ay X X A, and z; is an or-
thogonal element of A;; i € p.

In words, it can also be said that “any x of X is orthogonalto Z in X and orthog-
onal to z; in A;; i = 1,2”. The considered subsets A; are assumed non-identical while
they can have empty or non-empty pair-wise intersections.

Example 14. Let X = [—a, a] forsome a € R,. Put X = A; U A, withA; = [—a, 0]; A, =
[0, a]. Let the mapping f on X be defined by y = f(x) = —Ax for some A € [0, 1) and any
x € X, note that f(A;) € A, and f(A,) € A;. Consider the binary relation L in X XX de-
finedby y Lx if |yl <|x| if x # 0 and y = x if x = 0. Note that the mapping f, is L-pre-
serving since, x L f(x) for any x € X. Then, for any x € X, the iteration f™*(x) >0 as n >
. Since 0 € A; N A,, it turns out that x L Z(= (0,0)) in Ay XA, and x L 0 in both A,
and A, (orto 0 in Ay NAy).

Example 15. If X = A, U A, with A, =[—a, —b] and A, =[b, a] for some b,a(>b) €
R .. Now, note that Ay and A, are disjoint. Define the binary orthogonal relation in Ay X A, U
Ay, x Ay c X XX for any pair (x,y) €Ay XA, UA, X A; by y Lx if |yl <lIx| if |x|>b
and y L x if |y| = |x| = b. Redefine the mapping f:X — X, with f(Ay) € A, and f(A,) €

_ _(=Ax if x| € (b/A a]
Ay by y=fx) = {—b sgn(x) otherwise forsome A € [0, 1).

Note from the above relations that

x €A = |x| €A, = (f(x) € A Af(x)] € Ap)

x€A; = x| €Ay = (f(x) € AL Af(x)] € Ap)

It is obvious that the consecutive pairs (f"(x) ,f"“(x)) in Ay X A, U A, x A, generated
by the sequence f"(x) for any given x € X satisfy the orthogonality relation for all n € Z,.
Also, note that f™(x) L f™*™(x);, Vx € X,vn € Z,,, Ym € Z, and that fis clearlyL-preserv-
ing. Now,|f"(x)| = b, f*"(x) - bsgn(x), f****(x) > —bsgn(x) as n > oo for any x €
Xand x LZ={-b, b} in Ay XAy, x L(—b) in Ay and x L b in A,.

If Ay=[-a, —=b) or A, =(b, a] and f:clX = clX, defined as above for |x|€
(Ibl, a] and f(Fb) = *b, then the above limit properties of the iterations f*"(x), f****(x)
still hold but, since {—=b, b}NX =@, f is not L-preserving in X, Z = {—b ,b} is not an or-
thogonal 2-tuple of X and X 1is not an O-set. However, f is L-preserving in clX, Z =
{=b , b} is an orthogonal 2-tuple of clX and clX is an O-set with orthogonal elements (—b)
in clA; and b in clA,.
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k—o0

In the following, we consider a set of p(= 2) nonempty subsets A; of X for i € p.
Aipj=Ay if i+j>p where k=i+j—mp and m=max(z€ Z,: (i +j—2 zp) € Z,).
For instance, 4,1 =A; and Ay, = A4,.

4.2. Basic Technical Result on Boundedness and Convergence of Distances and Sequences

The following result is concerned with p(= 2) cyclic self-mappings in a metric space
which can be, in the general case, locally non-contractive or even expansive. However, the
cyclic self-mappings are contractive over certain subsequences of the whole sequences. It
is proved the convergence of any sequence of distances between consecutive elements to
the distance between pairs of the corresponding adjacent sets of the cyclic disposal. The
boundedness of any sequence running the cyclic disposal built with an arbitrary initial
pointin U;e; 4; isalso proved. The starting point for the proofs is that the properties hold
for some subsequences of the whole sequences. The following related theorem is a sup-
portive result for the second part of this section:

Theorem 1. Let (X,d) be a metric space and let T:U;ep A; = Uiep A; be a p(= 2)-cyclic self-
mapping, that is, under the conditions T(A;) € A;41; Vi € p, where A; (i € p) are nonempty
closed subsets of X, which satisfies the subsequent conditions:

(C.1) d(T™1x, T"*1y) < K, d(T"x , T"y) + (1 — K,)D;
(12)
V(x,y) € Ai X Ai+1 U Ai+1 X AL/ Vi € ﬁ,VTL € ZO+/

where D = dist(4; , Aj+1) = d(4; , A;41); Vi € p, such that the following condition holds:
(C.2) {Kp )50 € (02, K] € R, has a subsequence {Knk}:zo c {Kn}n=o which satisfies

the condition H?L‘;i_lw[l(j] <K, )<K<1 for ¢e€p—1 (it is sufficient

T 7K ] < Ry nisr) < K and K,

j=ng
{nii—o © Z, being strictly increasing and {Npyq —Mplpeo € [1, N Jc[1, N] € Z, and

_14+¢ € (0, 1] for £ €p—1) with the sequence

k+1

some finite arbitrary ny € Zy,.
Then, the following properties hold:

(i)  The following limits exist:

lim d(T”"*‘Jrjx ) T”"“Jrjy):D; V(x,y) €EA; X Ajz UA; 1 X A;; Vi€EDP, Yn€EZy,, VjEp—1U{0}, (13)

lim d(T"k+1+jx , T"k+1+1+fx)= D; x€UipAy Vi€EP, VjEP—1U{0}Vn € Zy, (14)

(ii) {T™*x}y., is bounded for any given x € Uiep Ay Vj € p — 1 U {0}

(iii) Properties (i)—(ii) are also fulfilled by the whole sequences {d(T™"x , T""y)}r_,
and{T™*/x}57_, for any given x € U5 A;Vj € p — 1 U {0}.

(iv) The sequences {TP™*ix}?  (C Ayyj) are bounded for any given x € A;;Vi€p, jE€
p—1U{0}.

Proof. Note that, for any (x,y) € A; X A;41 UA;11 X Ay Vi €P, Vn € Z,,, one obtains

d(T™*x , T™*y) < K, d(T™x , T"y) + (1 - K,,)D

d(Tnk+2x , T"k+2y)
< Kppi1 (Kn d(T™x , T™y) + (1 — Ky, )D)
+ (1= Kpp4a)D
= K1 Kny (T, T™Y) + (1 = Kpy41Kny )D
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d(TMe1x , T+1y) < Ky, g d(T™ "y, T ty) 4+ (1= K, _4)D

k+1~
< (M IK]) darmee, ey + (1
(e [x1)) 0
< K(ny, ny41)d(T™x , Ty) + (1 — ﬁ(nk,nkﬂ)) D
Then,
d(T™k+2x , T™+2y) < K (Myyq, Nr2) K (g, Mgy )d (T, T™ey) + (1 - ﬁ(nk+1'nk+2)ﬁ(nk'nk+1)) D

J J
d(T"k+j+1x , Tnk+j+1y) <

[E(nkw' nk+{’+1)] d(T™x , T™y) +| 1 - H[E(nk+[' nk+l’+1)] D
(=0 (=0 (15)

< (H?:J[I?(nf, ng+1)])d(T"0x , T™oy) + (1 - (H?:J[I?(nf, n€+1)])) D

and, for j = 0, one has

K K
D < d(T™+1x , TMk+1y) < l_l[l?(nj,njﬂ)] d(T™x , Ty) +| 1— H[I?(nj,njﬂ)] D (16)
j=0 j=0
so that, since H;.l’z‘,*;;_lw[l(j] <Ky, ng,,) <K <1 for £ €p—1 from the condition C.2,
one has that H?zo[l?(nj,njﬂ)] < K1 50 as k- o S0 that
D:limsupd(T"“‘x,T"“'y <0+(1-0)D=D
k—o0

from (16) which leads to Property(i) for j = 0. For j € p — 1, one has

D =lim supd(T"k+1+jx , T"k+1+jy)£ (HZ{:(I) [K,,Hf])lim sup[d(T”k“x , T"k“y)— D] +D
k—0

k—o | (17)
~ tim sup([Tj=|K,, oo | J<(D-D)+ D=D
k—o0
lim d(T”k+l+jx ) T”k+l+jy): D
Then, there exists the limit ¥ ; Vj € p—1 and Property

(i) is proved for the subsequences with Conditions C.1-C.2. It is now proved that the prop-
erty also holds for the whole sequence. Take any non-negative integer n € [ng, ng,1) so
that, from (12):
D<limsup  sup d(T"Hx , T"”y)s (H’%zn [Kj]) lim (d(T""x,T""y)— D)+D
k> nelng,ny) = k=00 (18)
< zimsup(nj.:nk (K ]0+D=D; ¥(,y) € A X A4y U Ay X Ay Vi€ B; Vi € Zy,
k—0

which implies that limd(T™*'x , T"*'y) = D. As a result, Property (i) is proved for the
n—oo
whole sequence for j = 0. Forall j € p — 1, it follows directly that

lim d(T"+1+jx , T"+1+jy): [limsup(Her{[Kk])J( lim d(T"+jx , T"+jy)— D)—i—D
n n—»0

n—o 30

= [limsup( mK, ] )J (D-D)+D=D

n—>®©

and Property (i) has been fully proved.

It is now proved that {T"kx};"_, isbounded for any x € U;c; 4;. Assume on the con-
trary that it is unbounded so that it contains a strictly increasing subsequence
{Tnki x}:j (sm)=0 (c {T™x};-o). By the triangle inequality, one has
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d(T™ix, x) <d(T™ix, T™i-tx) + d(T"*i-(x , x) (19)

lim d(Tnkfx,Tnkf'ij:D

ki kj_g—o

Taking limits as kj,(kj - {’) — o0, and since , and

T"%ix ° _is strictly increasing so that |d Tnkix, x)—d Tn"i-f’x, x)| » 400 as
kj(sng)=0 Y &

k;, (kj —¢) > » and (nkj — lej_[) — +oo, one obtains the subsequent contradiction:
j
AT, Trex) < ) d(TH e, THCL)

=1

lim sup [d(T""f X, x} —d(T""f-” X, xj - d(T”"f x, 7 XD
kj ki_y—00
(20)
. . .,
= limsup (d(T fx,xj—d(T J x,x} _DJ=+OO_DSO
kj,kj,[—mo

Then, {T™x};., is bounded for any x € U;e; 4; since d(T™x ,x) is finite. On the
other hand, and again since d(T"kx ,x) is finite, one has for any x € U;e; 4; that
j
d(THx, T < ) d(TM e, T x)
=1

< D + 31, (128 [Knyerd) ) (T4 2, TMex) — D)
< D + 3] (28 [Knyeri] ) (@(T™ %, x) + d(x , T™x) — D)
< D+ (2Mo = D) (S1_, (1423 [Knpai] ) <+oo; viep—1
d(T™4x , x) <d(T™x, T™x) +d(x , T™x)
< D+ Mo+ (Mo — D)(Z)_(TT{2a [Kngsi])) < +00; Vi €p—1

where My = sup maxd(x, T™x) < +oo. Property (ii) has been proved.
x€Uep AiKEZ0+

To prove Property (iii), take any non-negative integer n € [ng, ng.1) so that
D <d(T™'x, T"y) < ([T}, [K;])(d(T™x , T™y) — D) + D; (21)
V(x,y) € Ai X Ai+1 U Ai+1 X Al, Vi € ﬁ, Vn € Z0+.

As k,ng—>o,n-o, one has d(T™x, T™y) - D from Property (i), then
limd(T™"x , T""1y) = D. Also, if M = sup maxd(T™x , T™*1x) < 4+, it follows

n-oo x€Ujep Ai*E€Zo+
that
n
d(T™1x , T™2x) < H [K;] | (d(T™x , T+ x) — D) + D < K*™*'(M — D) + D (22)
j=ni
n
d(T"Hx , T"+2x) < H[KJ] (d(Tlex , Tnk+1x) _ D) +D < Rvn—nk+1(M _ D) +D (23)
j=ni
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n—-ng
d(T™x,x) < d(T™ 1 x, T™x) + d(x, T™x) < d(x, T"x) + Z d(T™e* x, Tt ~1y)
=0
< dCx, T™x) + 2 ¥ (TTe o[ Kngre] ) (T, T 1)
(24)

< d(x, Tx) + 720" K7 d(T™x, T+ x)
< (1405 R*Y) max(d(x, Tx), d(T™x, T+ 1x))
< (1 + X" Rj+1) max(M, M) < +; Vx € Uje; 4;

Property (iii) has been proved forj = 0. On the other hand, for anyj € p — 1, one has

d(T™ " x, x) < d(T™"'x,x) + d(T™ 1 x, T 1x)

< d(T"“x, x) + Zé;; d(T"““x, Tn+1+€x)
< d(T™x,x) + (T/2g R)d(T™+2x, T 1x)
< (1 + X0 RO) AT ', x) + (D)o KO)d(x, T"x) < +00; j€p— 1; Vx € Usep 4

(25)

and the proof of Property (iii) is complete.
Property (iv) follows from Properties [(ii)—(iii)] since TP"k*/x € A, jif x €A;ViE
p,VjEp—-1U{0}.0

4.3. Pseudo-Orthogonality Relations for Cyclic Mappings and Main Results on Boundedness and
Convergence

The cyclic problem is taken into focus by the definition of an appropriate special non-
symmetric orthogonality relation on distances; therefore, we refer to it in the following as
a pseudo-orthogonal relation. Such a relation defines a class of pseudo-orthogonal se-
quences (in brief, PO-sequences) in each pair of adjacent subsets of the cyclic disposal.
Such sequences are defined in such a way that the distances between consecutive elements
are not increasing. Picking-up consecutive sequences at each pair of adjacent sunsets the
definition extends in a natural way to p -tuples of sequences by picking up consecutive
distances of sequences in-between consecutive pairs of adjacent subsets.

Definition 5. Let (X,d) be a metric space and let a set of p countable subsets A; of X be all
nonempty disjoint and closed with D = dist(4; , A1) = d(A;, Ajp1) > 0; Vi € p and define
sequences consisting of p -tuples of sequences of the form:

{Znp),_ = {Conps Xnpats o0 Xnpap=1)}, € At X Apy Xo. X Apypy; VIEP  (26)

where Xxo, = Xo € A; for any arbitrary i € p subject to the following element-to-element pseudo-
orthogonality binary relation L,:
Xm+1)p Lo Xnp © [d(x(n+1)p+j+1' x(n+1)p+j) = d(xnp+j+1' xnp+j)i vj @7
ep—1U{0}]
{J_Cnp}:zo is a PO -sequence-p-tuple in A; X Ay X...X Agyp_y with respect to L, such
that xo, = xo € A; for any arbitrary i € p if (27) holds for all n € Z,,.

Remark 1. Definition 5 can be re-adapted for the case when ;e A; # @. For instance, if there is
a strict contraction mapping Ton U;esA; with T(A;) € A4y, Vi € P that generates the PO
-sequences from any initial points (x,Tx) in adjacent subsets then all the sequences converge to
a unique fixed pointz in Niep A; and then Z = z.

Note that since the subsets A; for any i € p are nonempty and closed and D =
dist(4; , Ai+1) = d(4;, A1) > 0 then there exists at least a best proximity point z; € 4;
to the next adjacent subset A;,;. Then, there is a pseudo-orthogonal element-setZ =
(Zl,ZZ, "',Zp) € A; XAy X.. X A,.
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Assertion 4. Assume that x, € A; for any i € p.Then, {Jinp}:=0 is a PO-sequence-p-tuple in
A X Ajpq XX Ajyp_y with respect to L, if and only if {X,}n=o is a PO-sequence-p-tuple in
Aiyj X Apyrj Xoo X Ajyp_q,j with respect to L,, where

j=max(z€Zy,:z=n—pt<p—1,{=max(z € Z,,:pl < n))

Proof. Note that, for any n,€ € Z,,, there exist unique n,£ € Z;, and j€p—1U{0}
such that n=pf+j=p+j . Thus the proof follows from Definition 5 since

Xnt1 Lo Xn © [d(xn+1+€+1' Xn+1+0) = Ad(Xni11e Xni1re-1); VEEP—1U {0}] ; VX €A,
. — - — (0]
some [(€p and {¥,}>,= {(xn,xn+1,...,xn+p_1)}n=0 CApyj X Ajpjyr Xoo X Ay jipor S

Vx € A;, some [ € p.O

The following equivalence between pseudo-orthogonality of sequences and pseudo-
orthogonality of the sequence-p-tuples which contain them as components is direct.

Assertion 5. {x,};-, (equivalently, {anp}::()) is a PO-sequence-p-tuple with respect to Lyif
and only if each sequence {x,}n-o isa PO-sequence with respect to L, with, at least, a pseudo-
orthogonal element z;,; € A, with j € p—1U {0} in Assertion 4, which is an element of the

pseudo-orthogonal (set) element Z of {J_Cnp}:: and {x,}n=o-

0
Assertion 6. If (27) holds for any n € Zy, and for any sequence of the form (12) then
(Uiep A;,L,) is an PO -set and the associated pseudo-orthogonal metric subspace
(UiEﬁAi , J_O,d) of the metric space (X,d) is an POMS. The set Z = {Aw , Azo,u-,Apo} is
the unique pseudo-orthogonal (set) element of U;ep A; which contains the best proximity sets
Aip ={z € Ad(z, Aiys) = d(2, Air1p) =D(> O}HC 4); L EP.

Proof. First, note that, if (27) holds for any n € Z,,, any x,, = xo € 4; and any i € p
then there exists at least a sequence of the form (26), subject to (27), which is a constant
sequence-tuple {fnp = (z;,,Zis1 ~-~zi_1)}::0 for some chosen z; € 4;, for arbitrary i €
p. On the other hand, note that D = dist(4; , A;41) = d(Ai, Air10) = d(2;,2i41) so that
any sequence (26), subject to (27), for any initial point x,, = x, € 4; for any i € p (from
the axiom of free choice since A; is countable so that A;, is countable) has distances be-
tween consecutive values being non smaller than D. Therefore, the set Z, as defined,
which is of cardinal p, or greater, if A; are disjoint, and since A,y # @; Vi €p, is a
pseudo-orthogonal element of U;e;4; since any PO -sequence-p -tuple {X"T’}:]:o is
pseudo-orthogonal to Z. Furthermore, Z isthe unique pseudo-orthogonal set-element of
Uiep Ai such that the distances between any two elements corresponding to adjacent sub-
sets is D, thatis, d(z;,z;4+1) = D; Vi € p. Assume that the uniqueness of Z fails, so that
there is some pseudo-orthogonal element Z; # Z. In this case, there is necessarily the ex-
istence of some p -tuple in Z; such that the distance between some two of its elements
corresponding to adjacent sunsets is greater than D. But then Z; is not pseudo-orthogo-
nal to Z, hence a contradiction, thus Z is unique. o

Assertions 4-6 allow easily identify mutatis-mutandis the pseudo-orthogonality

properties on the p-tuples {J'cnp}:; of sequences in Definition 5 with those of {%,; }:=o

0
for any j € p —1U {0} and with those of the individual sequence components {x,}n-o

of those p-tuples.

Remark 2. The assumption that the subsets of the cyclic disposal are countable (Definition 5) has
been overcome in Theorem 1 since the definition and conditions on the cyclic self-mapping fixes the
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successive points in adjacent subsets of the generated sequences from any initial point in the union
of such subsets.

The following result relates Theorem 1 directly to a pseudo-orthogonal relation on
the subsequences subject to Conditions C.1-C.2 in the event that one of the proximity sets
in one of the subsets of the cyclic disposal, say 4, is a singleton, thatis, A;y = {z;}. Such
subsequences are proved to be Cauchy PO-sequences with respect to the pseudo-orthog-
onal relation and then with subsequences being convergent to best proximity points
within each of the subsets of the cyclic disposal. The union of the subsets of the cyclic
disposalisa PO-set. Its pseudo-orthogonal element-set is a set of p best proximity points
and it is the unique pseudo-orthogonal element due precisely to the fact that the best prox-
imity set of one of the subsets is a singleton.

Theorem 2. Let (X,d) be a metric space under Conditions C.1-C.2 of Theorem 1 and assume
that D = dist(4; , Ajy1) = d(4;, Ajyq) > 0; Vi € pand that Ajyis a singleton, that is A;y =
{2}, for some i € p. Assume also that the subsequent condition holds: (C.3) All the subsequences
{T"k”("k'f'i)x}zo:o(c A)) = Ay = {z;} for any given x € A;, any j € p, some i € p, and some
t(ny,j,i) € p — 1U{0}. Then, the following properties hold:

(i)  Consider the 2-tuple %, = (xnk,xnk+1) = (T™x , T™*'x) for any given x € Uep 4;.

The binary relation Lc X X X is a pseudo-orthogonality relation defined by

Tmk+ix L Tx < [Eqn.(14) holds fory = Tx,subject to C.1— C2, for the 2 — tuples %,, and %,,,.]  (28)

e+ (gD L ° _ ; ; ;
and the subsequence {T™e*+Mk x}k=0 isa PO -sequence with respect to L if the above binary
pseudo-orthogonality relation holds for all k € Z,,,.
(i) All the subsequences {T"*Ix}; Vj €p- 1u {0}, Vx € Ujep A; fulfill also the pseudo-or-
thogonality relation, that is, T™+1*/*1x | T™*x; Vx € UiepA;, Vj € p —1U{0}. The
pseudo-orthogonality relation L endows a POMS (Uiep A;,d, L), which is a metric sub-

spaceof (X,d) and U;epA; € X isa PO-set of unique pseudo-orthogonal set-element Z =
(21,25,,2,).

(iii) {TH+mPy — T"kpx}:’zo - 0; Vx € Ujep Ay, VM € Z,,
{T™H x — Ty} - 0; Vx,y € A, Vj € p —1U {0}, Vi € pand any j € p,
{T™PHix}e o > 2, j(=TVz;); Vx € Aj and any j € p,
{T"k”(nk""i”"x};o(c Aire) = 214, (=T%2;), Vx € A;, Vj €P, Yo € p—1U{0}.

(iv) {T”k”(nk'f'i)*"x}fzo(c Airo); VX €A; andany j€P, Vo €p—1U{0},isa PO -Cau-
chy sequence.

(v) Each PO -Cauchy subsequence of {T™x}p—, converges to a unique orbit Z in
Uiep Ai, VX € Ujep A;, which is also the pseudo-orthogonal element-set of U;cp A;, and then
the POMS (Uieﬁ A;,d, L) is PO-complete.

Proof. Note that the subsequence {T™kx};_, C (Uieﬁ 4;) forany x € Aj and a given j €
p can lie in different subsets of the cyclic disposal depending on each current n;, € Z,,
and on j € p. However, there is a an integer depending on ny € Zy, £ = £(ny,j,i) €
p —1U {0} Since any subsequence {T™+(meJ "')x}:;()(c Ay) - z;(€ A)) forany given x €
Aj, any j€p and some i €p then{d(T™H(eily, TricttMic/D¥1y )}::0 - d(z;, Tz)(=
D) from Property (i) of Theorem 1since T is Lipstchitz-continuous on U;ep 4; with con-
stant K , then continuous as well, so that d(z, Tk IDHY) =
d(zi, T(T”k”("k'j'i)x)) - d(z;, Tz4;)(=D). As a result, {T”k”(nk'j'i)x}:zo is a PO -
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sequence with respect to 1, defined by (28), if (28) holds for all k € Z,,. Property (i) has
been proved.

Now, since z; is the unique best proximity point in A; to A;,; for some i € p, so
that the best proximity set of A; isa singleton, thatis, 4;; = {z;} and z;,,(=Tz;) € A;11,,
although A;,;, is notnecessarily a singleton. From Property (i) of Theorem 1 and contin-
uing with the above reasoning for the successive adjacent subsets of the cyclic disposal,
one concludes that the proximity sets of all the subsets are nonempty, while one of them
is a singleton, and all the subsequences {T"k”(”k'j"'”mx}j:o (S Airm) = Zizm(€ Aipmpo);
vm e p—1U{0}; Vx € 4;, some j € p fulfill also the pseudo-orthogonality relation, that
is, TMk+1titlx | T4 x; vj € p—1U {0} for any x € 4; from (16). If x € A, with q(+
J) € P, then the above reasoning can be applied by replacing x - y = T/~9x(€ 4;) to con-
clude that T™+1*/*1y | T™*/y. Therefore, the pseudo-orthogonality relation is not de-
pendent on the particular x in Uj;4; and {T”k”(nk'f'i)J“mx}::O, defined under the
pseudo-orthogonality relation (28) are PO-sequences irrespective of the subset to which
the initial point belongs, and

_ _ mp—i+l _ mp-1 -, —
Z={z;=TP zi,,Ziog = TP 12,2, Tz, TP 'z;} {Am» “, Ais1,0, 410 = {2} Aivap 'ApO}

is the pseudo-orthogonal set-element of dimension p of the PO -set U;c;4; , which is
unique since A;y = {z;} for some i € p and T:U;epA; = Uiep4; is single-valued. Also
the orbit of convergence points generated by the subsequence {T™kx};_o; Vx € U;es4; is
Z. Property (ii) has been proved.

To prove Property (iii), note that any given x € U;cp 4; belongs also to some 4; for
some j €p so that g = q(x) = T /x € 4;, such that 4;, = {7}, and {T(nk+m)pq}:l:0(c
A) - z; Ym € Z,,. Then, {Ttmpy — T"k”y}}io = {T"*a*y — Tn"ﬁwy}zﬁ:(), irrespec-
tively of the subset Ay for k € p to which y belongs, where (n, + m)p =n,, =nyp =

Nyeg s {nka}:;() c (fnedi=o), =0y +m)p —ny, and 6 =mp— Mieg s and there exist

{nk B},;=0 c ({ng}i=o) strictly increasing sequences of non-negative integer numbers such

that {T™a*y}>_, (C {T("k+m)py}:=0) and {Tnk3+9y}k_0 (c {T™Py}.,) are both con-

vergent subsequences with elements in the same subset A; of the cyclic disposal, so con-
vergent to the same limit. Thus, {T("k+m)7’x - T"kpx}:=o — 0. On the other hand, if x,y €
A, then Ti*x, Tikye A, , such that A, ={z} , then {T™H (T *x)—-
T (Tky)}0 o > 0, Vx,y €EAr; VjEp—1U{0} for any arbitrary k € p. Thus,
{Ttix — Tyl > 0; Vx,y €EA;; VjEp—1U{0}, Vi€ p. Finally, {T™Px}y, -
2,j(=Tz); Vx €A; and any j€p and {T”k”(”k'j'i)”x}::o - 2,,(=T%z;), Vx € A;,
Vj € p—1U{0};Yo € p— 1U {0} follows directly from the former two properties. Prop-
erty (iii) has been proved.

Now, from Theorem 1 (i) and from Property (iii), one has that for any £ € p and any
x € Ay, proceed by contradiction to prove that {T”k”(”k'j'i)”x}:zo ; Vx€A; andany j €
p, Vo € p—1U{0},isa PO-Cauchy sequence. Assume that it isnot PO-Cauchy. Then for
any given real constant ¢ > 0, there exists some ¢ € Z, such that d(T™"x, T™x) <
D+ ¢ and d(T™+*1x , T™+tx) — D > ¢. Then, one has the following contradiction:

¢

£ < d(T™+tlyx | TM+ix) — D < HK(nk+j,nk+j+1) (d(T™*1x , T™x) — D)

Jj=0

< [Hﬁ:o K(nk+j’nk+j+1)] e<e
As a result, the convergent subsequence, according to Property (iii),
{T"k”(nk'j'i)“’x}::o; Vx € A; and any j € p, Vo € p— 1U{0},isa PO-Cauchy sequence.
Property (iv) has been proved. Property (v) follows from the fact that, although {T™x};_,
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in general, does not converge for any x € U;¢; 4;, ithas p convergent subsequences, one
per subset of the cyclic disposal, to best proximity points, whose integrating subsequence
converges to an orbit which is the pseudo-orthogonal element set Z which are PO-se-
quences. Also, and since all the PO-Cauchy sequences converge in U;c; 4; the OMS
(Uieﬁ A;,d, L) is PO-complete. O

Note that the fact that (Uieﬁ A, d, J.) is PO -complete does not imply that (X,d) is
complete.

Remark 3. Note that the self-mapping T from Uy A; to itself is both continuous on Ujep A;
and L-continuous for the subsequences which satisfy such a pseudo-orthogonality condition. This
follows from the fact that it is Lipschitz-continuous with Lipschitz constant K for all the PO-
sequences. Note that the self-mapping T isalso L-preserving since the successive pairs of pseudo-
orthogonal elements of the subsequences keep the pair-wise pseudo-orthogonality condition for each
next generated elements, and such subsequences are clearly PO-sequences.

Example 16. Consider the linear discrete-time dynamic system of dimension d:
Xn+1 = ann

with x, € RS and {B,}y c R¥**. Note that, with the above conditions, xo, # 0; Vi€ d,
(Bn)ij #0; Vi,j € d, Vne Zy,, {x;n}%-0 € RE and {xyn41}i-o © RE so that the mapping
which generates solution sequences is cyclic with p = 2. This situation is the one to be discussed
more in detail later on. However, note that if x, € R%, {B;,,}3 € R**% and {B,,,1}5 < R4
then {x,p}5-o € R and {x,p,1}5-o © R% In fact, if all the components of are nonzero with the
same sign, all the entries of By are also nonzero with the same sign and, furthermore,
sgn(Bny1)ij = —sgn(By);;; Vi,j €d, Yn € Zy,, then all the entries of B,Bp., are negative
forall n € Zy, so that all the components of {Xy,}n=o have the same sign as those of x, and all
the components of {Xyn11}m=o has a reversed sign compared to that of the components of x,. It
turns out that the composed operator B, By, is cyclic with a period p = 2. This situation is dis-
cussed in the next section with numerical simulations.

Now, assume that {||Bll,}5 < (0, K], for a vector-induced matrix norm ||A|| = sup ||Az||
llzll=1

(since norms of matrices and vectors have to be compatible to operate with them in the sequel),
which has a subsequence {IlBIlnk}:=0 C {lIBlln}n=0, such that the following conditions hold:
C.@ {IBll}_ (0, pn,] € (0,p] = (0, 1); (H?ﬁ;;j[llB,-Il]) <1

C. (b) ”xn+1 - xn” < Kn”xn - xn—l” < R”xn - xn—lll; vn € Z+/

with {ng}r-o being a strictly increasing sequence of non-negative integer numbers with
(Ng+1 —ng) < N < +oo; Yk € Zy, with ng € Zy, being finite.

Assume that X € R is the space of solutions and d:X x X — R3, is the norm-induced
metric. Note that {Bpnln-o © RY*?, {Baniiln=o € R?, {Xan}neo € R$. Identify A, =
RY, = clRY; A, = R3_ = clIR* which are obviously closed unbounded and non-disjoint with
D=d(R%, RY) =d(4,, A;) =0 since 0(€ RY) = R% N R% = A, N A,.

The difference equation which describes the discrete-time system is defined by a mapping
T:A, UA, > A UA, T(x) =y; Yx € AUB which is cyclic since T(A;) € A, and T(4,) c
Ay

It turns out by using the conditions C. (a) and C. (b) that
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Npt1-1 Np41—1

Fonees = n = |I{ ] ] 18] Jome = e[ = || 2= { ] ] 1) )

j=Tlnk j:nnk
(1= (W25, 181) 5

= ORI R (| 1)) [ N G ( R (1) [

provided that

Koo (1- (15, (1510)) 1 (e s )

< k(nk'nk+1)”xnk - xnk_1|| = K (g, Ny 1)

1>p=zpp, , 2 = Ky, yq) < Py
' 1- (1 lisl) - (e lsl)
with

N . Npy1—2
k

. - Knga | [ [ [6]] i mewn >+ 1

K(ny, ngy1) = 1_[ [K]] = jrig
J=m Knjpi-1 i Mg =np+1

which is guaranteed if the following condition hold:
N (= (1) I

= <K<1
-1 = (H?f;}:_z[Kj])(l—(l_[}z{;;k_l["Bj”]))

Theorem 2 holds which is now verified. Define the following pseudo-orthogonality condition
Lc X XX and define R,, = (Xy,, Xn,+1) € R? X R* with xo € R%, x; = Byx,, with xo, # 0;
Vi € d. Then, the common best proximity point betweenAand A, is a singleton Ay = Ayg =
{0 € RY}, |xnk+1 - xnk” >0 as k> oo x, ., Lx,,; Vk€Zy,, so that all the consecutive el-

ements of the subsequences {xnk}:;o are pair-wise pseudo-orthogonal (then the self-mapping T

C.(c) K,

on AUB is L-preserving) and the subsequences are PO-sequences for any initial condition
xo € R%, {xnk}:zo — 0(€ RY) and then 0 € R™ is the unique PO-set, pseudo-orthogonal to

any element of R®. The sub-sequences {xnk}:;o are also Cauchy PO —sequences since

m+{ m+{

. 1— gm+-t 1
D s =20, = (D R s = Sl = s = Sl < 7= s = o
j=m j=0
Then assume that for some € = e(ny) € Ry such ||xnm+1 —xnm” < ¢ for any given
m,£ €Z, and £ € Z_, there is some PO -subsequence {x”k}zio which is not Cauchy so that
there exists at least one integer n; € [Ny4q , N4l such that ||xanr1 - xnj” > ¢. Then,

m+{
€
te < Z ”anl xn]” <—$1?<—1 —
and that constraint is violated by the choice £ = (min z€Zuz>¢e/(1-K )), hence a con-
tradiction. As a result, all the pseudo-orthogonal subsequences are Cauchy sequences. Also, since
they are convergent, they are guaranteed to be bounded. Since x,, — 0 as k — oo then xp,, =
(IT}=n, B )Xn, = O for any n € [ny , Myesq — 1] 0 Z,. Then, the whole sequence {x,}5- con-

verges. Furthermore, [}, ||B;|| < sup ( s Y|B; ||) < KM~ < KN < 400 and for any
kEZos

neng, nger —11NZ, and any k € Zy,, one has that x,is bounded so that {x,}n-o is
bounded.
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On the other hand, note that the convergence of all the pseudo-orthogonal subse-
quences to a best proximity set in which a singleton in one of the subsets of the cyclic
disposal (Theorem 2) is not a strict requirement for the results to hold. It could be replaced
by all the pseudo-orthogonal subsequences being required to converge to the same prox-
imity point (provided that it is not unique) in one of the subsets. However, the assumption
that A;, = {z;} for some i € p of Theorem 2 leads to a direct condition for the conver-
gence of all the relevant subsequences.

A direct extension of Theorem 2 is the following one which relaxes Condition C.3
since it only requires convergence to a particular best proximity point, even if non-unique.

Corollary 1. Theorem 2 also holds if all the subsequences {T"k”("k'j"')x}fzo(c A) -
z;(€ Ay) for any given x € A;, any jE€p, some i €p and some £(ny,j,i) €p—1U{0}
(without requiring that Ay, be a singleton {z;}).

The subsequent result integrates Theorems 1 and 2 when the metric space is a uni-
formly convex Banach space with one of its subsets A; of the cyclic disposal being bound-
edly compact and whose best proximity set A;, is a singleton {z;} for some i € p. In this
case, all the sequences of the boundedly compact subset (having each necessarily to have
a convergent subsequence from the boundedly compactness assumption) whose distances
between adjacent subsets converge to D are proved to converge to such a unique best
proximity point. As a result the condition C.3 of Theorem 2 is not invoked in this case
since all the pseudo-orthogonal sequences in A; converge to z; forsuchan i € p.

Corollary 2. Let (X, ||.|]) be a uniformly convex Banach space with a set of p nonempty and
closed subsets A; € X; Vi € p and T:U;epA; = Uiep A; isa p(= 2)-cyclic self-mapping under
conditions C.1-C.2 of Theorem 1. The following properties hold:
(i)  Theorem 1 holds for (X, ||.]|) with d:X x X — Ry, being the ||.||-induced metric.
(ii) Assume, furthermore, thatA;is boundedly compact for some i € p such that its best proxim-
ity set is a singleton, that is, Ay, = {z;}, and that
D =dist(A; , Aiy1) =d(4;, Aip) = inf llz;— 0] >0; Viep,

0€Ait1,0

where d:X XX = Ry, is the ||.||-induced metric. Then, Theorem 2 holds for the POMS
X, Il L), where the pseudo-orthogonality relation Lc X x X is defined by (28) and such
thatd: X X X —» Ry, is the ||.||-induced metric.

Proof. Property (i) holds directly since the uniformly convex metric space (X, ||.]]) is also
a metric space under the norm-induced metric. By hypothesis, 4; is boundedly compact
and A;y = {z;} for some i € p. Since A; is nonempty, closed and boundedly compact,
any bounded subsequences in 4;, according to Theorem 1 (ii), are also convergent in 4;,
that is, {T"k”(nk'j'i)x}:zo(c A) — w; € A; Vx € A;, Vj €p from Theorem 1 (ii) for some
sequence of integers €(ny,j,i)in [0,p —1]. Assume that the limit w; & A;y so that
lw; — Tw;ll = d(w;, Tw;)) >D . Then, Theorem 1 (i) fails since D « ||T™Ht(ui Dy —
Tt D4y || S |lw; — Tzl > D as k — o, hence a contradiction to Property (i). There-
fore,w; = z;, then, for any given x € 4;, any j € p, some i € p such that A4;, = {z;}and
some {(ny,j,i) € pTl U {0}, one has that Condition C.3 of Theorem 2 holds, that is,

nv+€(nv,j,i) el _
{T T } imol= 4) > 4o = {Zi}. As a result, Theorem 2 holds so that Property (ii) is

proved. o
Note that Corollary 2 (ii) concludes, in particular, that the following properties hold:
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||Tnk+{’(nk,j,i)x _ T‘nk+{’(nk,j,i)+1x” N D/ Vx € A], V] c ﬁ/

||Tpn(nk+{’(nk,j,i))x _ Tpm(nk+{’(nk,j,i))+1x|| ->D, ||Tpn(nk+{’(nk,j,i))x _ Tpm(nk+t’(nk,j,i))x|| ->0; VnmeZ,, Vx€ A]- ,

Vj €D,

”Tpn(nkH’(nk,i.i))x” >z

|TPm(uct el D)1y || - Tz; vn,m € Z,, Vx € A;, Vj € p.

The following result is obvious from an extended Theorem 2 for the case that the
subsets A; pair-wise intersect so that the distance between adjacent subsets is null.

Corollary 3. Theorem 2 can be directly extended to the case when A; N Ay, = {z;}; Vi € p im-
plying that D = 0.

The next result relies on some further properties related to the whole sequences
{T"x}p=o for x € Ujep A;, which can be obtained from the properties which have been
proved in Theorem 1 for their relevant subsequences under Conditions C.1-C.2, and, fur-
thermore in Theorem 2 under the extra Condition C.3.

Theorem 3. Under the hypotheses of Theorem 1, the following additional properties to those proved
in Theorem 1 hold for the whole sequence generated through the self-mapping T on U;e; A;,
(i)  The sequences {T™x}y_o and {TP"*x}y_, are bounded; Vx € U;je5A;, VjEp—1U

{0}.

(ii) The following limits of distances exist:

lim d(T”*-fx,T””y):D; V(x,y) € A; X Ay UAjpy X Ay YiE€PD, V€ Zy,, VjEp—1U{0},

n— 0

lim d(T”*fx ) T”*J'”x)= D; x € Ui Ay Vi€P, VjEP—1U{0},Vn € Z,.
n—» 0

Under the additional hypothesis of Theorem 2, the following additional properties to those
proved in Theorem 2 hold for the whole sequences:
(iii) {T+mPy — T"”x}:;() =0, Vx € Ujep A;, VM E Z,,

{T"ix —T™y}e - 0; Vx,y € A, Vj €p—1U{0}Vi€p,

(T} o = 204 (= T/z;); Vx € Aj and any j € p,

{TrH@idtox)” (€ Aprg) = Ziwo(= T7Z),

Vx € Aj, Vj € p, some £(n,j,i) Ep—1U{0},Vo €Ep—1U{0}.

Proof. From Theorem 1 (ii), {T™**/x}{_, is bounded for any given x € U;e;4;; Vj €

p —1U{0}. Take n € [n; , ngyq] and note that (n —ny) is finite since sup (n —ny) <
Kk€Zgy

sup (Ngyq —n) <N <400, from Condition C.2 of Theorem 1, and then T"x =
keZoy

T "kT™*ix. Define y = T™ ™x, note that {T™*/y}y_; is bounded; Vy € U;c;4;, then
one gets that {T"*/x}7_, is bounded for any given x € UiepAi; Vj Ep—1U{0} and
Property (i) is proved concerning the boundedness of {T™"*/x};;_, since one has

d(T™x, T x) = d(T™H T My, T4 x) < d(x, T4 x) + d(T™Hy,x) < +o

Now, since {TP"*/x}7_, a subsequence of the bounded {T™x};_,, it is also
bounded so that Property (i) is fully proved.
To prove Property (ii), note from Conditions C.1-C.2 that
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n-ng—1

d(Tn+jx , Tn+}y) —-D< 1_[ [Knk+]~+[] (d(Tnk+jx ) Tnk+]y) - D)

=0
< K™ (d(T™%x , T™%y) — D);
V(x,y) €A; X Ajy1 UAjp1 XA YiED, VN E Z,,, Vj €p—1U{0}.
Then, one has that
0<lim sup(d(Tn+jx , Tn+jy)— D)— lim K" (d(Tnk+jx , Tnk+jy)— D)

n—>o0 n—»o0
=lim sup(d(T"+jx , Tn+jy)— D)— 0<0
n—»o

lim d(T”+jx , T"+jy)= D

and then there exist the limit "%

lim d(T'”jx , T””Jrlx): D

0

. By taking y = Tx, one has, in par-

; VX € Uiep Ay, VJ € p — 1 U {0}. Property (ii) is proved.

Property (iii) follows by extending directly Theorem 2 (iii) to the whole sequences
{T™x}p.0 - 0; Vx €A, Vj €Ep—1U{0}, Viep, and {T™*x}p, - 2z, ;(= T/z); Vx €
Aj and any j € p, since A;y = {z;} for some i € p and Properties [(i)—(iii)] hold for the

. n—
ticular,

whole sequences, that is, they are bounded and the distances in adjacent subsets converge
to the distance in-between such subsets. o

Some direct convergence results follow from Theorems 1 and 2 for the studied
bounded sequences under further conditions for the case of real numbers under the Eu-
clidean distance and for the case of compact metric spaces.

Corollary 4. Assume in Theorem 1 that X = R, d(x,y) = |x — y|, the Euclidean distance, for

any x,y €ER, and A; = [gi, di] C R and let POMS (Uieﬁ A;, e d, i) be defined, subject

to the given conditions on the cyclic self-mapping T:U;ep A; = Ujep A;, under the pseudo-orthog-
onality binary relation (28), which implies the constraint (14) under Conditions C.1-C.2, which
defines the subsequences {T™*Ix}?_ (c {T™x}2,);, Vi €p, Vj €p —1U{0}.

Then, the following properties hold in addition to Theorem 1 [(i)—(v)]:

(i)  Each bounded sequence {T™%Ix}y_, referred to in Theorem 1 (ii) (in turn, being a subse-
quence of {T™x}y_y) has a convergent subsequence {T""l” x}::o for any givenx €
UiepAi; YIiEDP, VjE p — 10U {0}. Then, the whole sequence {T™/x}, has the same
convergent subsequence {T""l”x}jzo for any given x € U;esA;; Vi€p, VjEp—1U
{0}.

(ii) Each bounded sequence {TP™*Ix}i_(C A;y;) referred to in Theorem 1 (iv) (in turn, being
a subsequence of {TP"*x}y_o(C Aiyj)) has a convergent subsequence {Tpn"l”x};ozo(c
Ai+j) for any givenx €A;; Vi€p, VjE€E p—1U{0}. Then, the whole sequence
{T™*ix}y o has the same convergent subsequence {Tp""l+j x}:,ozo for any given x €
Uiy Ay YiEP, VjEp—1U{0}

(iii) All the proximity subsets of the closed real intervals A;, Vi € p to their respective adjacent
subsets are nonempty and non-necessarily singletons, and contain the respective convergence
points of the convergent subsequences of Properties [(i)—(ii)] which are in the pseudo-orthog-
onal set-element Z of (Ujep4;,d, L).

Proof. Note that (U;e;4;,e d, 1) isa complete pseudo-orthogonal space, since the met-
ric space (R,d) is complete (from celebrated Bolzano-Weierstrass theorem), and that the
subsequences {T™*/x}y_, are PO -sequences with respect to L. From Theorem 1 (iii),

https://doi.org/10.3390/math14010036


https://doi.org/10.3390/math14010036

Mathematics 2026, 14, 36

25 of 36

each PO -sequence {T™%/x}y_, is bounded for any given x € U;c;4;; Vj € p— 1 U {0}

so it has a convergent subsequence {T"k¢ +) x}:o= in Ujep 4;. Property (i) has been proved.

0
In the same way, from Theorem 1 (iv), each PO -sequence {Tp"k”x},‘f:(,(c Ay j) is
bounded for any given x € A;; Vj€p—1U{0} and has to have a subsequence
{Tpn"€+j x}:;o(c Ay j), which is, in turn, a subsequence of {TPMti X}r=o, @ subsequence of
{TP™*ix}y_,, and a subsequence of {TP"*/x}i_,, which possesses a limit point in A;,;.
Property (ii) has been proved. Now, note from Theorem 1 (ii), that the sequences of dis-
tances between their corresponding generated points on adjacent subsets converge to D =

|c'll- — @;4+1|, if the sets are disjoint, and that D = 0, otherwise Vi € p. Therefore, the p con-
vergence points z; in each of the subsets A;; Vi € p are best proximity points to their
adjacent subset, so that the best proximity subsets A;y; Vi € p are all non-empty, z; € Ay
and the pseudo-orthogonal set-element Z 5 U 49 2 {zl,zz, P “',Zp}. Property (iii) fol-

lows. o

Remark 4. Note that the above result by itself does not ensure that the best proximity subsets Ay
are singletons since the limit points z; depend on the pseudo-orthogonal relation which generates
the subsequences which converge to those points rather than on the subsets themselves. They can
also be dependent on the initial points of the involved sequences. Therefore, it is also guaranteed
that there is a best proximity point per best proximity set which is a limit point of some subsequence
at each subset of the cyclic disposal.

The following result is similar to Corollary 4 for the case when (X, d) is a compact
metric space. Thus, X is not required to be, in particular, the real set. However, since a
compact metric space is both complete and totally bounded, the subsets A;; Vi € p of the
cyclic disposal have to be bounded. Note, in particular and to fix ideas, that, although the
metric space (R,d) is complete, it is not compact since it is not totally bounded. Thus, the
proofs of boundedness of the sequences follows directly by their construction, from the
boundedness of the subsets where they belong to, so that it does not require to be specifi-
cally proved in the way as addressed in Theorem 1 which did not invoke the compactness
assumption.

Corollary 5. Assume in Theorem 1 that (X,d) is a compact metric space and let the POMS
(UiepAi, d, L) be defined, subject to the given conditions on the cyclic self-mapping
T:Ujep A = Uiep A;, with the pseudo-orthogonality relation (28), that implies the fulfillment of
Conditions C.1-C.2, and which defines the subsequences {T™V/x}y_o(c {T""x}y,); Vi € P,
Vj € p — 1 U {0}. Then, the properties of Corollary 4 hold.

5. Numerical Examples

This section contains some numerical examples to illustrate the theoretical results
and conceptual examples discussed in the previous sections. In particular, this section is
organized into two parts: in the first one, the concept of pseudo-orthogonality, introduced
in Section 3 in its application to dynamical systems, will be illustrated numerically while
in the second part, the results of Theorems 2 and 3 concerning cyclic self-maps will be
illustrated through the numerical simulation of Example 16 and an additional example.

5.1. Pseudo-Orthogonality Relation Applied to the Stability of Dynamical Systems

We now apply the definition of pseudo-orthogonality introduced in Section 3 to dy-
namical systems, and we present the construction of pseudo-orthogonal sequences. To
this end, the starting point will be Example 7, which refers to a continuous dynamical
system. Let us consider the system given by (1), where n = 3, and the dynamics matrix is
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-3 2 =2
A=|-2 0 -3
2 -1 -2

with the initial condition xo = [5, -6, 7]. The eigenvalues of A are {-1 + 2i, -1 - 2i, -3}, and
therefore A is a stable (Hurwitz) matrix. The system trajectories corresponding to each of
the states are shown in Figure 1a. It can be observed that the system exhibits oscillatory
trajectories that converge to zero. Consequently, the 2-norm of the state, shown in Figure
1b, also displays oscillations, and although it converges to zero, the convergence is not
monotonic.

states
Idl,

o 1 2 3 4 5 [ o 1 2 El 4
time (s) time (s)

(a) (b)

Figure 1. (a) Time evolution of the system states in (1) parameterized by matrix A. (b) 2-norm of the
state with respect to time. Both the states and the norm exhibit oscillations, and their convergence

to zero is not monotonic.

Given a sequence of time instants {ti}, we can define the pseudo-orthogonality rela-
tion between two states x(ti,xo0) and x(ti1,x0) as x(t;, xg) L x(tizq,%0) if ||x(tir1, x0)|l <
lx(ts, x| if x(t;,x0) #= 0 and [|x(t;1, xo) ||l = llx(t;, x0) || = 0. In this way, we can define
a sequence of states related by pseudo-orthogonality as the sequence formed by those
states that, at a given instant, have a strictly smaller norm than at the previous instant.
With this definition, the states related by pseudo-orthogonality are represented in Figure
2 by red asterisks. As observed in Figure 2, this definition of pseudo-orthogonality does
not, by itself, generate monotonically decreasing sequences, since positive jumps in the
norm may occur due to the oscillatory nature of the system. This relation is understood as
the state norm at a given instant being smaller than the state norm at the previous instant.
However, from this pseudo-orthogonality sequence, one can extract a pseudo-orthogonal
subsequence that is indeed monotonically decreasing, as shown in Figure 3 and discussed
in Example 7, for an appropriate choice of the time instants {t:}. From the previously de-
fined pseudo-orthogonal sequence, a monotonically decreasing subsequence is extracted
in that figure, consisting of the points that maintain a pseudo-orthogonality relation with
all preceding states. The monotonically decreasing pseudo-orthogonal sequence is associ-
ated with a suitable choice of the sequence of instants {t:} at which the pseudo-orthogo-
nality relation is evaluated. In this sense, one could define the strict pseudo-orthogonality
of a sequence of states as the sequence formed by those states that are pseudo-orthogonal
to all preceding states. Verifying the strict pseudo-orthogonality relation yields sequences
that are monotonically decreasing in norm.

https://doi.org/10.3390/math14010036


https://doi.org/10.3390/math14010036

Mathematics 2026, 14, 36 27 of 36

T
* Orthogonalit’

Il

Figure 2. Representation of the states related by pseudo-orthogonality.

TR
+ Orthogonality
©  Strict Orthogonality

Figure 3. Monotonically decreasing pseudo-orthogonal sequence, referred to as strict pseudo-or-

thogonality in the figure.

On the other hand, Example 9 discusses the concept of pseudo-orthogonality for dis-
crete-time systems. Let us consider system (3) with the dynamics matrix given by

0.6 0.8 0.3
A=1-07 06 02
02 —-05 05

with the same initial condition as before. The eigenvalues of this matrix are {0.7287, 0.4857
+0.7851i, 0.4857 — 0.7851i}, and since all of them have absolute value smaller than one, the
matrix is stable (Schur). The presence of complex eigenvalues in the spectrum indicates
the oscillatory behavior of the states, as shown in Figure 4a. The oscillation in the states is
reflected in oscillations in the state norm, as seen in Figure 4b.

—x,0
—x,0

—x,) +

states
Il

Hat
e,
AR TS SI
MR LT T
] 5 10 15 20 25 30 35 40 ) 5 10 15 20 25 30 35 a0
iteration (n) iteration (n)

(@) (b)

Figure 4. (a) Time evolution of the discrete system states in (3) parameterized by matrix A. (b) 2-

norm of the state at each iteration.
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Note that both the states and the norm exhibit oscillations, and their convergence to
zero is not monotonic. The state values at each iteration have been interpolated with
straight lines to more clearly illustrate the system’s oscillatory behavior in the plot. Using
the same definition of pseudo-orthogonality as for the continuous case, the sequence of
states that satisfy the pseudo-orthogonality relation is shown in Figure 5. Due to the os-
cillatory nature of the system, not all states satisfy the pseudo-orthogonality relation, and
they do not form a monotonically decreasing sequence. Note that the state norm at a given
instant is smaller than the norm at the previous instant. However, from this sequence, a
strictly pseudo-orthogonal subsequence (defined as before) can be extracted, which is
monotonically decreasing. Figure 6 displays the states that maintain a strict pseudo-or-
thogonality relation, in the sense that each state is pseudo-orthogonal to all preceding
states, resulting in monotonically decreasing sequences.

+ Il
+ * Onhogonality

LA

et
-t
AT

5 20 a5
iteration (n)

Figure 5. States that maintain a pseudo-orthogonality relation.

PRI

+ + Orthogonality
wof © Strict Orthogonality ||

-
et eog+
® Tt e re e g
° etrto+rottorny
o s 0 s 2a 25 a0 a5 a0
iteration (n)

Figure 6. States that maintain a strict pseudo-orthogonality relation.

It is worth noting that the stability of a dynamical system can be reformulated in both
cases through the existence of a strictly pseudo-orthogonal sequence, that is, monoton-
ically decreasing. That is, a dynamical system is asymptotically stable if and only if there
exists a monotonically decreasing pseudo-orthogonal sequence (strictly pseudo-orthogo-
nal, in the sense that it is formed by pseudo-orthogonal elements to all preceding states).
Therefore, as an alternative to the traditional stability conditions for dynamical systems,
one can consider the requirement for the existence of such pseudo-orthogonal sequences,
which may lead to new stability criteria that could be useful in various contexts. In partic-
ular, as a direct consequence of interpreting stability in terms of strictly pseudo-orthogo-
nal sequences, it can be concluded that the discrete system (3) is asymptotically stable if
and only if there exists an N such that [|A"]| < 1, a well-known condition in control theory
usually derived from alternative arguments.

5.2. Pseudo-Orthogonality in p-Cycling Mappings

In this section, we study a numerical example of the concept of pseudo-orthogonality
applied to cyclic mappings in order to illustrate the results of Theorems 2 and 3. To this
end, the starting point will be Example 16 from Section 4. Let us consider the discrete
dynamical system xu+1 = Bn x» with d = 3, defined as
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03 05 0.1 02 05 0.1
Ay =f(M)|0.1 04 0.5[ Azpes =-g®) (0.1 02 05
04 02 03 04 0.1 0.2

with f(n) =1+ (0.5n + 0.5n2 + 0.3n3 + 0.4n*)0.35" and g(n) =1+ (0.35n + 0.25n% +

0.4n3)0.25™. As can be seen, the dynamics matrix components change sign at each itera-

tion, as designed in Example 16. Moreover, we have limf(n) = limg(n) = 1, so that the
n—-oo n—-oo

eigenvalues of A2 and Az are, asymptotically, {0.9383, 0.0309 + 0.2848i, 0.0309 — 0.2848i}
and {-0.7647, 0.0823 + 0.3149i, 0.0823 — 0.31491i}, respectively, while their 2-norms converge
asymptotically to 0.9445 and 0.7713. The state trajectory is shown in Figure 7. In this figure,
it can be observed that the state values initially increase before decreasing and converging
to zero. This trajectory occurs because, initially, the dynamics matrices produce unstable
behavior since for low iteration values the dynamics matrices have eigenvalues outside
the unit circle. In fact, when n = 1, the dynamics matrix has eigenvalues {1.1728, 0.0386 +
0.3561, 0.0386 — 0.356i}, and for n =2, {-1.87, 0.2014 + 0.77i, 0.2014 — 0.77i}. Furthermore,
Figure 7 also shows the oscillatory behavior of the system due to the sign change. The
dynamical system can be represented as a cyclic mapping every two iterations, where all
components of the state switch from positive to negative values and vice versa.

states

15 20 a0 as a0 a5 50

itera(zif:\n n)
Figure 7. State trajectory of the discrete-time system xu+1 = Bn xu.

Since limf(n) = limg(n) =1 there exists a non-negative integer #no such that for
n—oo n—-o

alln > n, , the dynamics matrices have a norm smaller than one, and the contractivity
conditions of Theorem 2 are satisfied, as verified in Example 16 through conditions C. (a)
and C. (b). Moreover, the only pseudo-orthogonal point in both subsets is the origin, (0, 0,
0). The evolution of the state norm is shown in Figure 8. It can be seen that the state norm
increases for some iteration values and decreases for others. We explicitly construct the
pseudo-orthogonal sequence by starting from an initial state x(t,) = x, and iteratively
adding x(t;4;) whenever its norm is strictly smaller than that of the previously selected
state, i.e., [|[x(t; )| < ||x(tik) || Using the pseudo-orthogonality relation defined in Exam-
ple 16, Figure 9a shows the instants corresponding to the states that satisfy this pseudo-
orthogonality relation within the sequence of norm values. From this pseudo-orthogonal
sequence, a subsequence (called the strictly pseudo-orthogonal sequence) can be selected
in which the norm is monotonically decreasing. Figure 9b shows the points of this strictly
pseudo-orthogonal sequence. Finally, Figure 10 shows the sequence of distances between
consecutive states. As observed in Figure 10, the distance sequence converges to zero, cor-
responding to a Cauchy sequence, as concluded in Theorems 2 and 3. The existence of
pseudo-orthogonal sequences converging to the unique common pseudo-orthogonal
point is equivalent to the asymptotic stability condition of the dynamical system.
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Il
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iteration (n)

Figure 8. Evolution of the norm of the state, [|x,]l.
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Figure 9. (a) Points where the pseudo-orthogonality relation is satisfied. (b) Points where a strict
pseudo-orthogonality condition is satisfied (each state is pseudo-orthogonal to all its preceding

states).

[E

o 5 10 15 20 25 30 35 40 45 50
iteration{n)

Figure 10. Sequence of distances between consecutive states.

To conclude this section, we consider the example of the cyclic rotation operator in

the plane, rotating counterclockwise by 90 degrees with variable amplitude, given by
0 -1
Xn+1 = ApXy; A = h(n) [1 0 ]
with h(n) = (1 + 0.5n + 2.5n2)0. 7". Starting from an initial condition, the operator ro-
tates counterclockwise the point’s position by 90 degrees in each iteration and changes its
distance to the origin according to the function h(n). In this sense, it is a cyclic operator,
with the four quadrants of the plane forming the cycle of spaces. Figure 11 shows the
solution trajectory of the iterations in the plane, where the initial point is located 10 units

from the origin and at an angle of 25 degrees with respect to the horizontal axis.
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% Meration points

Figure 11. Trajectory of the iterations in the plane.

For this operator, four sets can be defined as A1, A2, As, and A4 corresponding to the
four open quadrants of the plane. The intersection of the closures of these sets is the origin
(0, 0), which is the only common pseudo-orthogonal point. It can be observed that
limh(n) = 0, and consequently, there exists a non-negative integer no such that forall n >

n—-oo

n, , the norm of Ax satisfies the contraction condition of Theorem 2. Moreover, Figure 11
shows that some motion trajectories intersect at certain iterations, indicating that the dis-
tance to the origin can increase or decrease at each iteration, although it asymptotically
tends to zero. Figure 12 shows the evolution of the state norm. Using the pseudo-orthog-
onality relation defined in Example 16, we can define a sequence of pseudo-orthogonal
points related through a decrease in the norm, as well as a monotonically decreasing se-
quence, which are shown in Figure 13, as in the previous examples.

Therefore, the contractivity condition gives rise to a pseudo-orthogonal sequence that
converges to the unique common pseudo-orthogonal point, which is the origin (0, 0), as
predicted by Theorem 2. Moreover, the sequence of states in each space A1, A2, As, and As
forms a Cauchy sequence, as stated in Theorem 3. This is illustrated in Figure 14, which
shows how the distance between successive points belonging to the same space 4; con-
verges to zero.

Il

o 10 20 20 40 50 80
iteration (n)

Figure 12. Evolution of the state norm.
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Figure 13. (a) Points where the pseudo-orthogonality relation is satisfied. (b) Points where a strict

pseudo-orthogonality condition is satisfied (each state is peudo-orthogonal to all preceding states).
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Figure 14. Cauchyness of the sequences.

If the function /(1) is now changed to h(n) = (1 + 0.5n + 2.5n2)0.7" + 0.75, then the
iteration points will no longer converge to the origin, but to a best proximity point within
each set. Thus, in this case D > 0, as is shown in Figure 15, in contrast to the behavior
shown in Figure 11. Moreover, the evolution of the state norm is shown in Figure 16 for
this case, where it is observed that it is not converging to zero. However, the sequences
still exhibit the cauchyness property, as shown in Figure 17, for the iterations contained
in the first quadrant, as a matter of example.
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Figure 16. Evolution of the state norm when h(n) = (1 + 0.5n + 2.5n2)0.7™ + 0.75.
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Figure 17. Cauchyness of the sequence contained in the first quadrant.
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6. Conclusions

The main research findings and novel contributions of this article are summarized as
follows:

e  Concept and Definition of Pseudo-Orthogonality and Pseudo-Orthogonal Metric
Spaces. The article introduces and formalizes a new proposed non-symmetric or-
thogonality relation, termed pseudo-orthogonality, together with some illustrative
examples that motivate its use. By endowing a metric space with this relation, the
paper defines pseudo-orthogonal metric spaces, a new structural framework tailored
for the analysis of cyclic self-mappings.

e  Best Proximity Points via Convergence of Pseudo-Orthogonal Sequences (New
Convergence Framework). A key contribution is the development of an iteration-
dependent contractive condition that selects pseudo-orthogonal subsequences from
general cyclic iterates, even when the full sequences may be locally non-contractive
or even locally expansive. Using this mechanism, the paper proves the existence of
best proximity points for cyclic mappings and establishes the convergence of the se-
lected sequences within each subset of the cyclic structure. This analysis also shows
that the resulting pseudo-orthogonal metric subspace is complete, even without as-
suming completeness of the ambient space.

e Connection with Stability Theory. The study reveals how pseudo-orthogonality
naturally arises in stability and controllability problems in dynamic systems, bridg-
ing fixed-point methods with system theory. The pseudo-orthogonality condition
provides a new tool for selecting dynamically meaningful sequences, which serves
as the backbone for the convergence and proximity results established in the paper.

Author Contributions: Conceptualization, M.D.1.S.; Methodology, M.D.LS.; Software, A.L; Valida-
tion, M.D.1.S. and A.L; Formal analysis, M.D.LS.; Investigation, M.D.L.S.; Resources, A.L.; Writing—
original draft, M.D.1.S.; Writing —review and editing, A.L; Visualization, A.IL; Supervision, M.D.1.S.;
Project administration, M.D.LS.; Funding acquisition, M.D.1.S. All authors have read and agreed to

the published version of the manuscript.
Funding: This research was funded by Basque Government [grant no. IT1555-22].

Data Availability Statement: The original contributions presented in this study are included in the

article. Further inquiries can be directed to the corresponding author.

Acknowledgments: The authors would like to thank MICIU/AEI/10.13039/501100011033 and
FEDER/UE for partially funding their research through Grants PID2021-1235430B-C21 and
PID2021-1235430B-C22.

Conlflicts of Interest: The authors declare that they have no competing interests.

References

1.  Eldred, A.A.; Veeramani, P. Existence and convergence of best proximity points. J. Math. Anal. Ap-Plications 2006, 323, 1001-
1006.

2. Karpagam, S.; Agrawal, S. Best proximity point theorems for p-cyclic Meir-Keeler contractions. Fixed Point Theory Appl. 2009,
2009, 197308.

3. Aslantas, M.; Sahin, H.; Altun, I. Best proximity point theorems for cyclic p-contractions with some consequences and ap-plica-
tions. Nonlinear Anal. Model. Control. 2021, 26, 113-129.

4.  Khandani, H-H.; Vaezpour, S.M.; Sims, B. Common fixed points of generalized multivalued contraction in complete metric
spaces. |. Comput. Anal. Appl. 2011, 13, 1025-1038.

5. Khan, AR; Giirsoy, F.; Karakaya, V. Jungck-Khan iterative scheme and higher convergence rate. Int. . Comput. Math. 2016, 93,
2092-2105.

6. Espinola, R.; Fernandez-Leon, A. On best proximity points in metric and Banach spaces. Can. ]. Math. 2011, 63, 533-5550.

https://doi.org/10.3390/math14010036


https://doi.org/10.3390/math14010036

Mathematics 2026, 14, 36 35 of 36

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.
22.

23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.
36.

Eldred, A.A; Kirk, W.A.; Veeramani, P. Proximal normal structure and relatively nonexpansive mappings. Stud. Math. 2005,
171, 283-294.

Phatak, H.K.; Shahzad, N. Some results on best proximity points for cyclic mappings. Bull. Belg. Math. Soc. Simon Stevin 2013,
20, 559-572.

Fulatan, I.A.; Yahaya, S.; Imam, A.T. Best proximity points for nonlinear cyclic mappings on multiplicative metric spaces. Niger.
J. Sci. Res. 2016, 15, 3, 587-590.

Fallahi, K.; Rad, G.S. Best proximity points theorem in b-metric spaces endowed with a graph. Fixed Point Theory 2020, 21, 465
474.

Weng, S.; Liu, X.; Chao, Z. Some fixed point theorems for cyclic mapping in a complete b-metric-like space. Results Nonlinear
Anal. 2020, 3, 207-213.

Gupta, V.; Mani, N.; Ansari, A.J.; Kumari, S. Some fixed point results on C-class functions for generalized cyclic contractive
mappings in b-metric spaces. Math. Comput. Sci. 2025, 6, 19-29.

Kumari, P.S.; Panthi, D. Connecting various types of cyclic contractions and contractive self-mappings with Hardy-Rogers self-
mappings. Fixed Point Theory Appl. 2016, 2016, 15.

Gabeleh, M.; Patle, P.R. Best proximity point (pair) results via MNC in Busemann convex metric spaces. Appl. Gen. Topol. 2022,
23, 405-424.

Wu, D.; Weng, S. A fixed point result involving BSS-type cyclic mapping. J. Physics. Conf. Ser. 2025, 2964, 012101.

Bassou, A.; Sabar, T.; Mohamed, A. A note on best proximity point for S-cyclic mappings. Fixed Point Theory 2021, 22, 75-82.
Anushia, S.M.; Nelson, S.N.L. Fixed point from Kannan-type S-coupled cyclic mapping in complete S-metric space. Nanotechnol.
Percept. 2024, 20, 335-356.

Singer, I. Some remarks on approximative compactness. Rev. Roum. Mathématiques Pures Appliquées 1964, 9, 167-177.
Pyatyshev, I.A. Operations on approximatively compact sets. Math. Notes 2007, 82, 653—659.

Delasen, M. Online optimisation of the free parameters in discrete adaptive control. IEE Proc. D (Control Theory Appl. ) 1984, 131,
146-157.

Liberzon, D. Switching in Systems and Control: Foundations & Applications; Birkhauser: Boston, MA, USA, 2003.

Li, Z.; Soh, Y.; Wen, C. Switched and Impulsive Systems; LNCIS, Lecture Notes in Control and Information Sciences, No. 313;
Springer: Berlin/Heidelberg, Germany, 2005.

de la Sen, M.; Ibeas, A. On the global asymptotic stability of switched linear time-varying systems with point delays. Discret.
Dyn. Nat. Soc. 2008, 2008, 231710.

Preiss, T.; Schneider, ].J.; Stanley, H.E. Switching processes in financial markets. Proc. Natl. Acad. Sci. USA 2011, 108, 7674-7678.
de la Sen, M. A method for general design of positive real functions. IEEE Trans. Circuits Syst. I-Regul. Pap. 1998, 45, 764-769.
Farina, L.; Rinaldi, S. Positive Linear Systems; Wiley Interscience: New York, NY, USA, 2000.

Kaczorek, T. Positive 1D and 2D Systems; Springer-Verlag: London, UK, 2002.

De la Sen, M. On the properties of iterations generated with composition maps of cyclic contractive self-mappings and strict
contractions in metric spaces. Mathematics 2025, 13, 2224.

Berinde, V.; Pacurar, M. Existence and approximation of fixed points of enriched contractions and enriched ¢-contractions.
Symmetry 2021, 13, 498.

Berinde, V.; Pacurar, M. Approximating fixed points on enriched contractions in Banach spaces. |. Fixed Point Theory Appl. 2020,
22, 38.

Berinde, V.; Pacurar, M. Approximating fixed points on enriched Chatterjea contractions by Krasnoselskij iterative algo-rithm
in Banach spaces. |. Fixed Point Theory Appl. 2021, 23, 66.

V. Berinde and M. Pacurar Fixed point theorems for enriched Ciric-Reich-Rus contractions in Banach spaces and convex metric
spaces. Carpathian |. Math. 2021, 37, 173-184.

Sarkar, J.; Som, T. Fixed point theorems for enriched Ciric quasicontraction map in Banach and convex metric spaces. Indian |.
Pure Appl. Math. 2024, 1-14. https://doi.org/10.1007/s13226-024-00708-y.

Abbas, M.; Anjum, R.; Riasat, S. Solution of integral equation involving interpolative enriched cyclic Kannan contraction map-
pings. Bangmod Int. |. Math. Comput. Sci. 2023, 9, 1-9.

Turcanu, T.; Postolache, M. On a new approach of enriched operators. Heliyon 2024, 10, €27890.

Inuwa, A.Y.; Kumam, P.; Chainpuya, P.; Salisu, S. Fixed point theorems for enriched Kannan mappings in CAT(0) spaces. Fixed
Point Theory Algorithms Sci. Eng. 2023, 2023, 13.

https://doi.org/10.3390/math14010036


https://doi.org/10.3390/math14010036

Mathematics 2026, 14, 36 36 of 36

37.

38.

39.
40.

41.

42.

43.

44.

45.
46.

47.

48.

49.
50.

51.
52.

53.
54.

55.

56.
57.

58.

59.

Beg, I; Eroglu, I. Enriched rational type contractions in quasi-Banach spaces and generalized convex b-metric space. Appl. Gen.
Topol. 2025, 26, 385-407.

Abbas, M.; Anjum, R.; Igbal, I. Generalized enriched cyclic contractions with applications to iterated function system. Chaos
Solitons Fractals 2022, 154, 1151.

Bisht, R.K. On enriched cyclic iterated function systems. Fixed Point Theory 2024, 25, 495-506.

Khan, S.H.; Anjum, R; Ismail, N. Introducing monotone enriched nonexpansive mappings for fixed point approximation in
ordered CAT(0) spaces. Computation 2025, 13, 81.

Anjum, R.; Ismail, N.; Bartwal, A. Implications between certain iterative processes via some enriched mappings. |. Anal. 2023,
31,2173-2186.

De la Sen, M. On some classes of enriched cyclic contractive self-mappings and their boundedness and convergence properties.
Mathematics 2025, 13, 2948.

Baghani, H.; Gordji, M.E.; Ramezani, M. Orthogonal sets: The axiom of choice and proof of a fixed point theorem. . Fixed Point
Theory Appl. 2016, 18, 465-477.

Gordji, M.E.; Ramezani, M.; De la Sen, M.; Cho, Y.J. On orthogonal sets and Banach fixed point theorem. Fixed Point Theory 2017,
18, 569-578.

Ozturk, V. Common fixed point theorems for generalized orthogonal contractions. Filomat 2024, 38, 1859-1867.

Kumar, D.; Malhotra, A. Orthogonal F-weak contraction mapping in orthogonal metric space, fixed points and applications.
Filomat 2024, 38, 1479-1488.

Roy, R.; Goswami, N.; Mishra, L.N.; Mishra, V.N. Wardowski type cyclic F-contraction mappings in orthogonal metric space
and some proximity point results. AIP Conf. Proc. 2021, 2364, 020033.

Acar, O.; Ozkapu, A.S. Multivalued rational type F-contraction on orthogonal metric space. Math. Found. Comput. 2023, 6, 303—
312.

Gungor, N.B. Extensions of orthogonal p-contraction on orthogonal metric spaces. Symmetry 2022, 14, 746.

Akhiezer, N.I; Glazman, I.M. Theory of Linear Operators in Hilbert Space; Volume I (translated from the Russian by Merlynd
Nestell); Frederick Ungar Publishing Co.: New York, NY, USA, 1961.

Feintuch, A. Robust Control Theory in Hilbert Space; Springer-Verlag: Berlin, Germany, 1988.

Argyros, LK,; George, S. Ball convergence of Newton’s method for generalized equations using restricted convergence do-mains
and majorant conditions. Nonlinear Funct. Anal. Appl. 2017, 22, 485-494.

Kailath, T. Linear Systems; Prentice-Hall: Englewood Cliffs, NJ, USA, 1980.

Grover, P.; Singla, S. Birkhoff-James orthogonality and applications: A survey. arXiv 2020, arXiv:2005.07399. Also, in Operator
Theory: Advances and Applications, Springer International Publishing, OT 2021, 282, 293-315

Ren, Y.; Zhang, ].; Xia, Y.; Wang, R.; Xie, F.; Guan, J.; Zhang, H.; Zhou, S. Regression-based conditional independence test with
adaptive kernels. Artif. Intell. 2025, 347, 104391.

Wang, A.; Cheng, C.; Wang, L. On r-invertible matrices over anti-rings. Publ. Math. Debr. 2025, 106, 445-459.

Ali, T A.A; Xiao, Z; Jiang, H.; Li, B. A class of digital integrators based on trigonometric quadrature rules. IEEE Trans. Ind.
Electron. 2024, 71, 6128-6138.

Huang, Z.Y.; Zheng, X.Q.; Li, C.; Tang, E.L.; Chen, Z.A ; Shi, L.H.; Chen, B. Piecewise calculation scheme for the unconditonally
stable Chebyshev finite-difference time-domain method. IEEE Trans. Microw. Theory Tech. 2025, 73, 4588-4596.

Guo, X.; Zhang, J.; Meng, X,; Li, Z.; Wen, X,; Girard, P.; Liang, B.; Yan, A. HALTRAV: Design of a high-performance and area-
efficient latch with triple-node-upset recovery and algorithm-based verifications. IEEE Trans. Comput.-Aided Des. Integr. Circuits
Syst. 2024, 44, 2367-2377.

Disclaimer/Publisher’s Note: The statements, opinions and data contained in all publications are solely those of the individual au-

thor(s) and contributor(s) and not of MDPI and/or the editor(s). MDPI and/or the editor(s) disclaim responsibility for any injury to

people or property resulting from any ideas, methods, instructions or products referred to in the content.

https://doi.org/10.3390/math14010036


https://doi.org/10.3390/math14010036

