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Abstract 

This paper relies on orthogonal metric spaces related to cyclic self-mappings and some of 

their relevant properties. The involved binary relation is not symmetric, and then the term 

pseudo-orthogonality will be used for the relation used in the article to address the estab-

lished results on cyclic self-mappings. Firstly, some orthogonal binary relations are given 

through examples to fix some ideas to be followed in the main body of the article. It is 

seen that the orthogonal elements of the orthogonal sets are not necessarily singletons. 

Secondly, “ad hoc” specific orthogonality binary relations are also described through ex-

amples related to the investigation of stability and controllability problems in dynamic 

systems. The main objective of this paper is to investigate the properties of cyclic single-

valued self-mappings on the union of any finite number p ≥ 2 of nonempty closed subsets 

of a metric space in a cyclic disposal under an “ad hoc” defined pseudo-orthogonality 

condition. Such a condition is defined on certain subsequences, referred to as pseudo-

orthogonal sequences, rather than on the whole generated sequences under the self-map-

ping. It basically consists of a cyclic, in general iteration-dependent, contractive condition 

just for such subsequences which, on the other hand, are not forced as a constraint to be 

fulfilled by the whole sequences. Furthermore, the whole sequences in which those se-

quences are contained are allowed to be locally non-contractive or even locally expansive. 

The boundedness and the convergence properties of distances between pseudo-orthogo-

nal subsequences and sequences are investigated under the condition that one of the sub-

sets has a unique best proximity point to its adjacent subset in the cyclic disposal to which 

the pseudo-orthogonal subsequences converge. The pseudo-orthogonal metric subspace 

of the given metric space is proved to be complete although the whole metric space is not 

assumed to be complete. The pseudo-orthogonal element is seen to be a set of best prox-

imity points, one per subset of the cyclic disposal, although it is not required for all the 

best proximity sets to be singletons. It is proved that the pseudo-orthogonal subsequences 

converge to a limit cycle, consisting of a best proximity point per subset of the cyclic dis-

posal, which is also the pseudo-orthogonal element. The whole sequences are also proved 

to be bounded and the distances between their elements in adjacent subsets are also 

proved to converge to the distance between adjacent subsets. In the event that the metric 

space is a uniformly convex Banach space, it suffices that one of the subsets of the cyclic 

disposal be boundedly compact with its best proximity set being a singleton. In this case, 
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the pseudo-orthogonal sequences converge to their best proximity set to their adjacent 

subset provided that such a best proximity set is a singleton. 
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relations; best proximity points; pseudo-orthogonal sequences; pseudo-orthogonal metric 
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1. Introduction 

The properties of the so-called contractive cyclic self-mappings have been exhaust-

ively studied in metric and, in particular, in Banach spaces [1–8]. Also, the so-called cyclic 

𝜙𝐴-contractions, the cyclic mappings in multiplicative metric spaces as well as the cyclic 

mappings on partially ordered and on orbitally complete metric spaces have been inves-

tigated in [9–12], and some references therein, for the cases of b-metric and b-metric-like 

spaces and also in the context of Hardy–Rogers contractions [13]. On the other hand, some 

proximity properties have been reported in [14] for Busemann convex metric spaces. In 

[15–17], BSS cyclic mappings, S-cyclic mappings and Kannan S-coupled cyclic mappings 

have been investigated together with their boundedness and convergence associated 

properties. The important concepts of approximative compactness and bounded compact-

ness, which lead to ensure the non-emptiness of the sets of best proximity points in subsets 

of metric spaces, have been addressed in [1,18,19]. 

It is also well-known that the framework of cyclic contractions might be appropriate 

for the investigation of the stabilization of dynamic systems under switching actions con-

cerning different model parameterizations or under eventual different modes of operation, 

that is, under different configurations [20–24]. The main reason for such a usefulness relies 

on the fact that each one of the individual system’s configurations can be embedded for 

analysis into one particular subset of the cyclic disposal [25–28]. 

On the other hand, it turns out that the so-called enriched contractions are character-

ized by some extra parameters apart from the usual contractive constants so that the prop-

erties of interest of contractions such as boundedness and convergence of distances or 

existence and uniqueness of fixed points and convergence properties of sequences to them 

are commonly achievable under less stringent conditions. The available background re-

search on those classes of contractions is exhaustive. In particular, in [29] extensions of the 

Banach contraction mapping from metric and Banach spaces are developed. In [30], the 

uniqueness of fixed points and their allocation are approximated via a Krasnoselskij iter-

ative scheme. Also, Chatterjea-type enriched contractions with their associate fixed point 

properties were investigated in [31] and some of the references therein. On the other hand, 

enriched Ćirić–Reich–Rus contractions and quasi-contractions in Banach spaces and in 

convex metric spaces were addressed in [32,33]. Also, an enriched cyclic Kannan-type con-

traction was proposed in [34] on a Banach space and the existence and uniqueness of a 

fixed point was proven. In [35], a new approach of enriched contractions and enriched 

non-expansive mappings was given, which permits in a novel way the use of Mann iter-

ation related to Kasnoselskij-type iterations. Also, fixed point results concerned enriched 

Kannan mappings in CAT(0) spaces and enriched rational-type contractions in both quasi-

Banach spaces and n -generalized convex b-metric spaces were investigated in [36,37]. In 

[38], a Krasnoselskij-type iteration-based convergence result for cyclic contractions was 

proved, while in [39] generalized cyclic contractions were defined in Banach spaces and a 

concerned fixed point theorem was stated. Also, non-expansive mappings in ordered 
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CAT(0) spaces have been studied in [40] for approximation of fixed points and, in [41], 

certain iterative schemes in Banach spaces were investigated for enriched contractive and 

asymptotically non-expansive maps. More recently, enriched cyclic contractive self-map-

pings in metric spaces and in uniformly convex Banach spaces have been proposed and 

investigated in [42] for cyclical disposals, conformed by any number of two or more sub-

sets, concerning the associated boundedness of sequences and their convergence proper-

ties to the best proximity points. 

The current paper objective and content are supported by an idea which has been 

used in several works on fixed point theory and applications. Such an idea has been the 

introduction of binary orthogonality relations to first select some sequences (referred to 

as orthogonal sequences or, simply, as 𝑂 -sequences) of the whole sequences at hand 

which verify the particular defined orthogonal relation together with the contractive con-

ditions assumed on the metric (or Banach) space. Such sequences might be, in general, 

subsequences of the whole sequences of the metric space which are generated by a con-

tractive self-mapping. The metric space (𝑋, 𝑑) together with the binary orthogonal rela-

tion ⊥ becomes a so-called orthogonal metric space (𝑋, 𝑑, ⊥), a metric subspace of (𝑋, 𝑑) 

[43,44], whose boundedness and convergence properties are, in principle, concerned with 

the orthogonal sequences while some of those properties are sometimes extendable to 

wider sequences of the metric space which contain those orthogonal sequences. It has been 

seen that the completeness of the orthogonal metric space (𝑋, 𝑑, ⊥) does not necessarily 

imply that of the metric space(𝑋, 𝑑) [43,44]. 

In that formal context, it can be pointed out that the Banach fixed point theorem has 

been extended to orthogonal metric spaces in [44]. Fixed point theorems have been for-

mulated in [45] for generalized orthogonal contractions. Also, extensions of F-weak con-

tractions have been given in [46] for orthogonal weak contractions while Wardowski-type 

cyclic F-contractive mappings in orthogonal metric spaces and related proximity point 

results have been studied in [47]. On the other hand, multivalued F-contractions of ra-

tional type have been investigated in [48] on an orthogonal metric space while p-contrac-

tions have been extended to orthogonal metric spaces in [49]. 

The rest of the paper is organized as follows. Section 2 gives some preliminary basic 

definitions concerned with orthogonal relations together with six worked examples and 

some elementary results. Some of the examples rely on Hilbert spaces of square-integrable 

functions [50-53], on those concerned with the scalar product of real vectors (whose “or-

thogonality” binary relation coincides with the typical orthogonality of vectors in a geo-

metric sense) or with the ordering relations on sets of integer numbers which have either 

a unique maximum number or several maximal ones. These two situations are key to il-

lustrating in a simple manner if the orthogonal element is unique or not. In Section 3, some 

pseudo-orthogonality relations related to stability and controllability of dynamic systems 

are examined through seven “ad hoc” worked examples. Those examples are concerned 

with the properties of stability and controllability of continuous-time and discrete-time 

dynamic systems. It is pertinent to point out that, although the usual orthogonal relations 

are symmetric, there are also relevant non-symmetric relations available in the back-

ground literature, which have been referred to as orthogonal relations like, for instance, 

the celebrated Birkhoff–James orthogonality in general normed spaces. See, for instance 

[54] and several references therein. There are also (non-symmetric) orthogonal relations, 

sometimes referred to as bi-orthogonal, in quantum mechanics and in functional analysis. 

Those non-symmetric relations keep the essential properties of the orthogonal ones. Since 

the proposed relation is non-symmetric, as pointed out by one of the reviewers, we call it 

a pseudo-orthogonality relation. Such a pseudo-orthogonality condition is formulated to 

select some subsequences of the whole sequences for which the cyclic contraction con-

straint holds, and those subsequences are pseudo-orthogonal (𝑃𝑂 )-sequences of the 
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resulting pseudo-orthogonal metric space. The pseudo-orthogonality relations in the sta-

bility context are defined concerning convergence to a zero equilibrium state, which is the 

orthogonal element. In the controllability context, such sequences have a finite number of 

elements since the controllability property is related, as usual, to reach any prescribed 

state value along a finite time interval. It is seen that the concept of 𝑃𝑂 -sets, that is, the 

subsets of elements of the pseudo-orthogonal space which are pseudo-orthogonal to all 

the elements of such a space, and that of 𝑃𝑂 -sequences, together with their pseudo-or-

thogonality preservation, might also be useful in the stability, stabilizability, and control-

lability contextual analysis of dynamic systems. It can be pointed out that these concepts 

are very relevant in the fields of differential equations, differential systems of equations, 

and control theory [50–53]. Section 4 is devoted to single-valued cyclic self-mapping in 

metric spaces acting on a set of a finite number of two or more nonempty closed subsets 

of the metric space. The self-mappings are not necessarily contractive in each iteration 

being performed to generate the relevant sequences while they can be locally non-contrac-

tive or even locally expansive. The main properties of boundedness and convergence of 

the distances as well as those of boundedness, convergence, cauchyness, and pseudo-or-

thogonality preserving properties are firstly derived for such 𝑃𝑂-sequences under the as-

sumption that one of the subsets of the cyclic disposal has a single best proximity set to its 

adjacent subset, that is, the corresponding best proximity set is a singleton. Also, some of 

the properties of convergence and boundedness of distances and sequences are proved to 

be transmitted from the pseudo-orthogonal sequences to the whole sequences in which 

they are contained as subsequences. Some illustrative examples are also discussed in that 

section. Section 5 describes and discusses some further numerical worked examples and, 

finally, conclusions end the paper. 

2. Preliminary Orthogonality Definitions, Assertions and Examples 

The following notation is used in the following: 

𝒁0+ = 𝒁+ ∪ {0}; 𝒁+ = {𝑧 ∈ 𝒁 : 𝑧 > 0}; 𝒁0− = 𝒁− ∪ {0}; 𝒁− = {𝑧 ∈ 𝒁 : 𝑧 < 0};  

𝑹0+ = 𝑹+ ∪ {0}; 𝑹+ = {𝑧 ∈ 𝑹 : 𝑧 > 0}; 𝑹0− = 𝑹− ∪ {0}; 𝑹− = {𝑧 ∈ 𝑹 : 𝑧 < 0}  

𝒁, 𝑹 and 𝐂 are, respectively, the sets of integer, real and complex numbers; 

𝑛̄ = {1,2,⋯ , 𝑛}; 

𝐼𝑑 is the identity matrix of order 𝑑. 

Superscripts 𝑛 in the above sets mean that all the components of 𝑛 -tuples belong-

ing to them are in the corresponding scalar counterpart. For example, 𝑥 = (𝑥𝑖) ∈ 𝑹+
𝑛 ⇔

𝑥𝑖 ∈ 𝑹+; ∀𝑖 ∈ 𝑛̄ . The same notation is extended to matrices. For instance, 𝐴 = (𝐴𝑖𝑗) ∈

𝑹+
𝑛×𝑛 ⇔ 𝐴𝑖𝑗 ∈ 𝑹+; ∀𝑖, 𝑗 ∈ 𝑛̄; 𝑐𝑙𝑋 is the closure of the set 𝑋. The following two definitions, 

borrowed from [44], are needed for the subsequent study: 

Definition 1. Let a set 𝑋 ≠ ∅ be endowed with a binary relation ⊥ such that ∃𝑧 ∈ 𝑋 for which 

([𝑧 ⊥ 𝑥; ∀𝑥 ∈ 𝑋] ∨ [𝑥 ⊥ 𝑧]; ∀𝑥 ∈ 𝑋). Then, (𝑋, ⊥) is said to be an orthogonal set (in short, an 𝑂-

set) and 𝑧 is called an orthogonal element. 

Definition 2. If (𝑋, ⊥) is an 𝑂-set then 𝑥 ,  𝑦 ∈ 𝑋 are orthogonally related (or, simply, 𝑥 ,  𝑦 ∈

𝑋 are orthogonal) if 𝑥 ⊥ 𝑦. 

It turns out that, if (𝑋, ⊥) is an 𝑂-set and 𝑧 ∈ 𝑋 is an orthogonal element, then 𝑥 ⊥ 𝑧 and 

𝑧 ⊥ 𝑧. 

It can be pointed out that the fact that the orthogonality concept extends beyond a 

direct geometric interpretation is common to several different research fields. For instance, 
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in [55], a conditional dependence between regression residuals may be reduced to an un-

conditional one between residuals that are orthogonal in a certain sense. Also, an inter-

pretation of orthogonality is figured out in [56] on invertible matrices. On the other hand, 

trigonometric quadrature rules [57] are related to orthogonality when using orthogonal 

trigonometric polynomials, and the orthogonality of Chebyshev polynomials is very rel-

evant for analysis in filtering and signal processing [58]. The HALTRAV design, see for 

instance [59], can be considered orthogonal to its hardware design in the sense that it is 

decoupled from physical simulation and the verification stage is separated from imple-

mentation. 

Three simple illustrative examples follow below: 

Example 1. Define 𝑋 = [−𝑎 ,  𝑎] for some 𝑎 ∈ 𝑹+ and, for any 𝑥, 𝑦 ∈ 𝑋, define the orthogonal 

relation 𝑥 ⊥ 𝑦 if 𝑥. 𝑦 ≤ 0. Then, any elements with different sign, or such that at least one of 

them is zero, are orthogonal. The element 𝑧 = 0 is orthogonal to any 𝑥 ∈ 𝑋 and it is the unique 

orthogonal element to any 𝑥 ∈ 𝑋. It turns out that (𝑋, ⊥) is an 𝑂-set. 

Example 2. Define 𝑋 = [−𝑎 ,  0) ∪ (0, 𝑎] for some 𝑎 ∈ 𝑹+ and, for any𝑥, 𝑦 ∈ 𝑋, define the or-

thogonal relation 𝑥 ⊥ 𝑦 if 𝑥. 𝑦 < 0, that is, if 𝑠𝑔𝑛(𝑥) = −𝑠𝑔𝑛(𝑦). It does not exist any orthog-

onal element so that (𝑋, ⊥) is not an 𝑂-set. If the orthogonal relation is redefined by 𝑥 ⊥ 𝑦 if 

𝑥. 𝑦 ≤ 0, the conclusion is identical so that (𝑋, ⊥) is not an 𝑂-set either. 

Example 3. Let 𝑋 = 𝑹𝑛 for any 𝑛 ≥ 1 and the orthogonality relation is defined by 𝑥 ⊥ 𝑦 if 

𝑥𝑇 . 𝑦 = 𝑦𝑇 . 𝑥 = 0 , where the superscript "𝑇"  stands for transposition. Then 0 ∈ 𝑹𝑛  is the 

unique orthogonal element and (𝑋, ⊥) is an 𝑂-set. This binary relation is the well-known orthog-

onality relation of the scalar product of real vectors of dimension 𝑛. Then, any elements with dif-

ferent sign, or such that at least one of them is zero, are orthogonal. The element 𝑧 = 0 is orthog-

onal to any 𝑥 ∈ 𝑋 and it is the unique orthogonal element to any 𝑥 ∈ 𝑋. It turns out that (𝑋, ⊥) 

is an 𝑂-set. 

Note that the orthogonal element might be non-unique, as pointed out in [44]. For 

instance, consider the two subsequent examples: 

Example 4. Define the 𝑂 -set (𝑋, ⊥) by 𝑋 = {1,2,3,4, −4} and define 𝑥 ⊥ 𝑦 if |𝑥| ≤ |𝑦| for 

any given 𝑥, 𝑦 ∈ 𝑋 . Then, 1 ⊥ 2 , 1 ⊥ 3 , 1 ⊥ 4 , 1 ⊥ (−4) , 2 ⊥ 3 , 2 ⊥ 4 , 2 ⊥ (−4) , 3 ⊥ 4 , 

3 ⊥ (−4) , 4 ⊥ (−4) , (−4) ⊥ 4  and 𝑥 ⊥ 𝑥   ∀𝑥 ∈ 𝑋  and (−4)  and 4  are two distinct or-

thogonal elements since the defined orthogonal relation, which is also an order relation, has two 

maximal elements (which are the orthogonal elements), then it has not a maximum. On the other 

hand, it turns out that if now 𝑋 = {1,2,3,4} (respectively, if 𝑋 = {1,2,3, −4}) then 4 (respec-

tively, −4) is the unique orthogonal element of the 𝑂-set (𝑋, ⊥). 

The above example concludes that, if (𝑋, ⊥) is an 𝑂-set, then it exists an orthogonal 

subset 𝑍(≠ ∅) ⊂ 𝑋 which can have a cardinality greater than unity. In this case, the or-

thogonal relation of Definition 1 becomes ∃𝑍(≠ ∅) ⊂ 𝑋: ([𝑧 ⊥ 𝑥; ∀𝑥 ∈ 𝑋] ∨ [𝑥 ⊥ 𝑧]; ∀𝑥 ∈

𝑋, ∀𝑧 ∈ 𝑍). 

We can denote, in short, 𝑥 ⊥ 𝑍; ∀𝑥 ∈ 𝑋 to express that any 𝑥 in 𝑋 is orthogonal to 

all the elements of 𝑍, that is 𝑥 ⊥ 𝑧; ∀𝑥 ∈ 𝑋, ∀𝑧 ∈ 𝑍. 

Example 5. Let 𝑋𝑎  be the Hilbert space of square-integrable real 𝑛  -vector functions 𝑓 ∈

𝐿2
𝑛([0 ,  𝑎] ; 𝑹𝑛) defined in [0 ,  𝑎] ⊆ 𝑹0+ for a given 𝑎 ∈ 𝑹+ endowed with the inner product 

< 𝑓, 𝑔 >= ∫ 𝑓𝑇
𝑎

0
(𝑡)𝑔(𝑡)𝑑𝑡   ∀𝑓, 𝑔 ∈ 𝑋𝑎 which induces the seminorm ‖𝑓‖ =< 𝑓, 𝑓 >1/2=

(∫ 𝑓𝑇
𝑎

0
(𝑡)𝑓(𝑡)𝑑𝑡)

1/2
   ∀𝑓 ∈ 𝑋𝑎 , [50,51,53]. Then, 𝑓 ⊥ 𝑔  if < 𝑓, 𝑔 >= 0 . It turns out that 

(𝑋𝑎 , ⊥)  is an 𝑂 -set with orthogonal element 𝑓𝑧(= 0) ∈ 𝑋𝑎  which is non-unique since the set 
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𝑈𝑓𝑧 ⊂ 𝑋𝑎 of bounded functions in 𝑋𝑎 of support of zero measure is an orthogonal set-element 

consisting of infinity many elements since < 𝑓, 𝑓𝑧 >= 0  ∀𝑓𝑧 ∈ 𝑈𝑓𝑧   ∀𝑓 ∈ 𝑋𝑎. 

If piecewise continuity is also requested in the definition o 𝑋𝑎, that is, 𝑋𝑎 is redefined by 

𝑋𝑎 = {𝑓 ∈ (𝑃𝐶𝑛([0 ,  𝑎] ; 𝑹𝑛) ∩ 𝐿2
𝑛([0 ,  𝑎] ; 𝑹𝑛))}  then 𝑓𝑧(= 0) ∈ 𝑋𝑎  is the unique orthogo-

nal element in this case. 

The following definitions combine orthogonal relations with the framework of metric 

spaces invoking extended orthogonality-related concepts in metric spaces by combining 

both structures: 

Definition 3 ([44]). If (𝑋, ⊥) is an 𝑂-set and (𝑋, 𝑑) is a metric space then: 

3.1. The triple (𝑋, ⊥, 𝑑) is said to be an orthogonal metric space (in short, an 𝑂𝑀𝑆), a metric 

subspace of (𝑋, 𝑑). 

3.2. If (𝑋, ⊥, 𝑑) is an 𝑂𝑀𝑆 then {𝑥𝑛}𝑛∈𝒁0 ⊂ 𝑋 is said to be an orthogonal sequence (in short, 

an 𝑂 -sequence) if ([𝑥𝑛 ⊥ 𝑥𝑛+1; ∀𝑛 ∈ 𝒁0+] ∨ [𝑥𝑛+1 ⊥ 𝑥𝑛; ∀𝑛 ∈ 𝒁0+]). Two consecutive 

members 𝑥𝑛  and 𝑥𝑛+1  of the sequence {𝑥𝑛}𝑛∈𝒁0 ⊂ 𝑋  are (pair-wise) orthogonal if 

([𝑥𝑛 ⊥ 𝑥𝑛+1] ∨ [𝑥𝑛+1 ⊥ 𝑥𝑛]). 

3.3. If (𝑋, ⊥, 𝑑) is an 𝑂𝑀𝑆  then the 𝑂-sequence {𝑥𝑛}𝑛∈𝒁0 ⊂ 𝑋  is convergent if{𝑥𝑛}𝑛∈𝒁0 →

𝑧(∈ 𝑐𝑙𝑋). Then, it is bounded as well. 

3.4. If (𝑋, ⊥, 𝑑) is an 𝑂𝑀𝑆 then it is said to be orthogonally complete (in brief, 𝑂 − 𝑐𝑜𝑚𝑝𝑙𝑒𝑡𝑒) 

if each Cauchy 𝑂-sequence {𝑥𝑛}𝑛∈𝒁0 ⊂ 𝑋 is convergent in 𝑋. 

3.5. If (𝑋, ⊥, 𝑑) is an 𝑂𝑀𝑆 then𝑓: 𝑋 → 𝑋 is orthogonally continuous (in brief, ⊥ −continuous) 

in 𝑥 ∈ 𝑋 if 𝑓(𝑥𝑛) → 𝑓(𝑥) as 𝑛 → ∞ for each 𝑂-sequence{𝑥𝑛}𝑛∈𝒁0(⊂ 𝑋) → 𝑥(∈ 𝑋); and 

𝑓: 𝑋 → 𝑋 is ⊥ −continuous in 𝑋 if it is ⊥ −continuous for all 𝑥 ∈ 𝑋. 

3.6. If (𝑋, ⊥) is an 𝑂 -set then 𝑓: 𝑋 → 𝑋 is orthogonally preserving (in short, ⊥ −preserving) 

if [(𝑥 ⊥ 𝑦) ⇒ (𝑓(𝑥) ⊥ 𝑓(𝑦))]; ∀𝑥, 𝑦 ∈ 𝑋 ; and it is weakly orthogonally preserving (or 

weakly ⊥ − preserving) if (𝑥 ⊥ 𝑦) ⇒ [((𝑓(𝑥) ⊥ 𝑓(𝑦)) ∨ (𝑓(𝑦) ⊥ 𝑓(𝑥)))] ; ∀𝑥, 𝑦 ∈ 𝑋 . If 

the above properties hold for a concrete pair (𝑥, 𝑦) in 𝑋 × 𝑋, then the property is termed as 

⊥ −preserving in (𝑥, 𝑦) (respectively, weakly ⊥ −preserving in (𝑥, 𝑦)). 

It turns out that, if 𝑓: 𝑋 → 𝑋 is ⊥ −preserving then it is also weakly ⊥ −preserving, ⊥

−preserving in any (𝑥, 𝑦) ∈ 𝑋 × 𝑋, and weakly ⊥ −preserving, in any (𝑥, 𝑦) ∈ 𝑋 × 𝑋. 

Assertion 1. Any 𝑂-set has at least an orthogonal sequence. 

Proof. If (𝑋, ⊥) is an 𝑂-set, it has an orthogonal element 𝑧 ∈ 𝑋. Then, the constant se-

quence {𝑥𝑛}𝑛=0
∞ ⊂ 𝑋, defined by 𝑥𝑛 = 𝑧; ∀𝑛 ∈ 𝒁0+ is an 𝑂-sequence. □ 

Assertion 2. If (𝑋, ⊥, 𝑑)  has the property ([𝑥𝑛 ⊥ 𝑥𝑛+1; ∀𝑛 ∈ 𝒁0+] ⥂∧ [𝑥𝑛+1 ⊥ 𝑥𝑛; ∀𝑛 ∈

𝒁0+]) then it is a 𝑂𝑀𝑆so that ([𝑥𝑛 ⊥ 𝑥𝑛+1; ∀𝑛 ∈ 𝒁0+] ∨ [𝑥𝑛+1 ⊥ 𝑥𝑛; ∀𝑛 ∈ 𝒁0+]). 

Proof. From Definition 3(3.2), {𝑥𝑛}𝑛∈𝒁0 ⊂ 𝑋  is an 𝑂  -sequence if ([𝑥𝑛 ⊥ 𝑥𝑛+1; ∀𝑛 ∈

𝒁0+] ⥂∨ [𝑥𝑛+1 ⊥ 𝑥𝑛; ∀𝑛 ∈ 𝒁0+]) . Now, note that the disjunction logic proposition ( ∨

, 𝑠𝑎𝑦"𝑜𝑟" ) of two premises is true if its conjunction (∧, 𝑠𝑎𝑦"𝑎𝑛𝑑" ) is true. Thus,([𝑥𝑛 ⊥

𝑥𝑛+1; ∀𝑛 ∈ 𝒁0+] ∧ [𝑥𝑛+1 ⊥ 𝑥𝑛; ∀𝑛 ∈ 𝒁0+]) ⇒ ([𝑥𝑛 ⊥ 𝑥𝑛+1; ∀𝑛 ∈ 𝒁0+] ∨ [𝑥𝑛+1 ⊥ 𝑥𝑛; ∀𝑛 ∈

𝒁0+]). □ 

The proof of the assertion given below is direct from Definition 3(3.2). 
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Assertion 3. If all the consecutive members of a sequence {𝑥𝑛}𝑛∈𝒁0 ⊂ 𝑋 of an OMS (𝑋, 𝑑, ⊥, ) 

are pair-wise orthogonal then {𝑥𝑛}𝑛∈𝒁0 ⊂ 𝑋 is an 𝑂-sequence. 

Example 6. If 𝑿𝟎 = {𝑒𝑖 ∈ 𝑹
𝒏 : 𝑒𝑖𝑗 = 𝛿𝑖𝑗; ∀𝒋 ∈ 𝑛̄ } is the set of canonical n-Euclidean vectors 

then (𝑋, ⊥), where 𝑋 = 𝑋0 ∪ {0 ∈ 𝑹
𝑛} and the orthogonal binary relation ⊥ is the scalar prod-

uct of vectors, that is, 𝑥 ⊥ 𝑦 if 𝑥𝑇 . 𝑦 = 𝑦𝑇 . 𝑥 = 0 for any 𝑥, 𝑦 ∈ 𝑋. Then:  

(a) 𝑒𝑖 ⊥ 0 and 𝑒𝑖 ⊥ 𝑒𝑗; ∀𝑖, 𝑗(≠ 𝑖) ∈ 𝑹𝑛.  

(b) (𝑋, ⊥) is an 𝑂 -set with unique orthogonal element {0 ∈ 𝑹𝑛}.  

(c) Let a sequence {𝑥𝑛}𝑛=0
∞ ⊂ 𝑋 be defined by 𝑥𝑛+1 = 𝑇𝑥𝑛 ; ∀𝑛 ∈ 𝒁0+ for arbitrary 𝑥0 ∈ 𝑋, 

where 𝑇: 𝑋 → 𝑋 is any self-mapping defined by 𝑇0 = 𝑒 ∈ 𝑋; 𝑇𝑒𝑖 = (𝑒𝑗 ∨ 0); 𝑖, 𝑗(≠ 𝑖) ∈ 𝑛̄. 

Then, {𝑥𝑛}𝑛=0
∞  is an 𝑂 -sequence. 

(d) 𝑇: 𝑋 → 𝑋 defined in (c) is ⊥ −preserving, weakly ⊥ −preserving, ⊥ −preserving in any 

pair (𝑥, 𝑦) ∈ 𝑋 × 𝑋, and weakly ⊥ −preserving, in any pair(𝑥, 𝑦) ∈ 𝑋 × 𝑋. 

(e) Consider 𝑇: 𝑋 → 𝑋 defined in (c) with the additional condition that for some finite positive 

integer 𝑁, 𝑥𝑁+1 = 𝑇𝑥𝑁 = 0 so that 𝑥𝑛 = 0; ∀𝑛(> 𝑁) ∈ 𝒁0+ and consider the Euclidean 

metric 𝑑in 𝑹𝑛 to define the OMS (𝑋, ⊥, 𝑑). Then, the above 𝑂 -sequence{𝑥𝑛}𝑛∈𝒁0 ⊂ 𝑋 is 

convergent in 𝑋 with {𝑥𝑛}𝑛∈𝒁0 → 0(∈ 𝑋), so that it is a Cauchy 𝑂-sequence and, also, 

𝑇: 𝑋 → 𝑋 is orthogonally Lipschitz—⊥ −continuous, and then ⊥ −continuous as well, with 

Lipschitz constant K = 2. 

3. Some Pseudo-Orthogonality Relations in Stability and  

Controllability Problems of Dynamic Systems Through Examples 

The O-sets and O-sequences as well as the orthogonality preservation property might 

also be useful in the stability, stabilizability, and controllability contexts, which are very 

relevant in the fields of differential equations, differential systems of equations, and con-

trol theory [50–53]. We rather consider a pseudo-orthogonality condition on sequences 

whose distances between adjacent subsets of the cyclic disposal are not increasing, which 

allows us to build the formalism for boundedness and convergence of sequences based 

on those subsequences. Such a special orthogonality relation will be referred to as pseudo-

orthogonal since it is non-symmetric. It can be pointed out that the use of special orthog-

onality relations that are not symmetric have been invoked in the background literature 

(see, for instance [54]). Some simple worked examples that focused on differential systems 

of 𝑛 equations of first-order, or equivalently on ordinary differential equations of order𝑛, 

illustrate this feature. The terminology for the orthogonality acronyms extends directly to 

pseudo-orthogonality using "𝑃𝑂"  in the various acronyms instead of "𝑂" , like, for in-

stance, (𝑃𝑂𝑀𝑆)-spaces), pseudo-orthogonal sequences ((𝑃𝑂)-sequences), pseudo-orthog-

onal sets ((𝑃𝑂)-sets), 𝑃𝑂-Cauchy sequence, 𝑃𝑂-completeness, etc. 

Example 7. Consider the following linear time-invariant differential system of order n of ordinary 

differential equations: 

𝑥̇(𝑡) = 𝐴𝑥(𝑡); 𝑥(0) = 𝑥0 ∈ 𝑹
𝑛 (1) 

subject to ‖𝑥0‖ ≤ 𝑀 < +∞ , with 𝐴 ∈ 𝑹𝑛×𝑛  being a stability matrix, that is, 𝑠𝑝(𝐴) =

{𝜆𝑖 ∈ 𝑪 : 𝑅𝑒 𝜆𝑖 < 0, ∀𝑖 ∈ 𝑛̄}. The solution of the differential system (1) is given by the closed for-

mula 𝑥(𝑡, 𝑥0) = 𝑒𝐴𝑡𝑥0  ∀𝑡 ∈ 𝑹0+, with finite initial condition 𝑥(0, 𝑥0) = 𝑥(0) = 𝑥0 and where 

𝑒𝐴𝑡 is a fundamental matrix of the differential system. Let the set 𝑋 be defined by all the instan-

taneous values solution trajectories of the system for all time, that is, 𝑋 = ⋃ {𝑥(𝑡, 𝑥0) =𝑡∈𝑹0+

𝑒𝐴𝑡𝑥0: ‖𝑥0‖ ≤ 𝑀} ⊂ 𝑹𝑛. 

Note that 0(∈ 𝑹𝑛) ∈ 𝑋. It is obvious that, since 𝐴 is a stability matrix and 𝑒𝐴𝑡 a funda-

mental matrix, then ‖𝑒𝐴𝑡‖ ≤ 𝐿𝑒−𝜌𝑡   ∀𝑡 ∈ 𝑹0+ , where 𝐿 ≥ 1  is a norm-dependent finite real 

constant and the norm-independent real constant 𝜌  is subject to, where (−𝜌0) < 0  is the 
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stability abscissa of (1), that is, the maximum real part of all the eigenvalues provided that the 

eigenvalue of maximum real part is single or, if multiple, it has associated as many diagonal Jordan 

blocks as its multiplicity [53]. Otherwise, if it is multiple, while it has associated fewer diagonal 

Jordan blocks than its multiplicity, then 𝜌 ∈ (0 , 𝜌0) . As a result, one concludes that 

‖𝑥(𝑡, 𝑥0)‖ ≤ 𝐿‖𝑥0‖ ≤ 𝐿𝑀 < +∞  ∀𝑡 ∈ 𝑹0+, and 

‖𝑥(𝑡, 𝑥0)‖ ≤ ‖𝑒𝐴𝑡𝑥0‖ ≤ 𝐿𝑒−𝜌𝑡‖𝑥0‖; 𝑥(𝑡) → 0 as 𝑡 → +∞ (2) 

what implies that 𝑋 is bounded and also closed since it contains, by definition, all the solution 

trajectories 𝑥: [0, +∞) × 𝑹𝑛 → 𝑹𝑛. Note that, although ‖𝑥(𝑡, 𝑥0)‖ → 0, the solution can exhibit 

overshoots and then is not always strictly decreasing for any given stability matrix 𝐴 in (1). In 

classical terminology the differential system (1) is globally asymptotically stable and has a unique 

equilibrium state which is the null state. 

Define the pseudo-orthogonality relation for a sequence of values of the trajectory solution as 

𝑥(𝑡𝑖 , 𝑥0) ⊥ 𝑥(𝑡𝑖+1, 𝑥0)  if ‖𝑥(𝑡𝑖+1, 𝑥0)‖ < ‖𝑥(𝑡𝑖, 𝑥0)‖  if 𝑥(𝑡𝑖, 𝑥0) ≠ 0  and ‖𝑥(𝑡𝑖+1, 𝑥0)‖ =

‖𝑥(𝑡𝑖 , 𝑥0)‖ = 0, otherwise, implying that 𝑥(𝑡𝑖 , 𝑥0) → 0 as 𝑖 → ∞. 

Note also that ‖𝑥(𝑡 + 𝑇, 𝑥0)‖ ≤ 𝐿𝑒−𝜌𝑇‖𝑥(𝑡, 𝑥0)‖ < ‖𝑥(𝑡, 𝑥0)‖ if 𝑇 > 𝜌−1 𝑙𝑛 𝐿. Thus, any 

sequence {𝑥(𝑡𝑖 , 𝑥0)}𝑖=0
∞  , with arbitrary 𝑡0 ∈ 𝑹0+  and finite 𝑥0 = 𝑥(𝑡0) , has associated a se-

quence of strictly decreasing norms if 𝑡𝑖+1 > 𝑡𝑖 + 𝜌
−1 𝑙𝑛 𝐿  so that 𝑥(𝑡𝑖 , 𝑥0) ⊥ 𝑥(𝑡𝑖+1, 𝑥0)  is a 

𝑃𝑂 -sequence which satisfies, furthermore, that 𝑥(𝑡𝑖, 𝑥0) ⊥ 𝑥(𝑡𝑗 , 𝑥0)  and 𝑥(𝑡𝑖) ⊥ 0   if 𝑡𝑖+1 >

𝑡𝑖 + 𝜌
−1 𝑙𝑛 𝐿  for any arbitrary finite 𝑡0 ≥ 0  and any 𝑖, 𝑗(> 𝑖) ∈ 𝒁0+ . Thus, 𝑥(𝑡𝑖, 𝑥0) ⊥

𝑥(𝑡𝑗, 𝑥0) for 𝑗 ∈ 𝑖 − 1 ∪ {0} and then the state norm sequence defined at sampling instants is a 

monotonically decreasing sequence. 

It turns also out that 𝑥0 ⊥ 0(∈ 𝑹
𝑛)  ∀𝑥0 ∈ 𝑋 and that all the members of that sequence are 

also pseudo-orthogonal to 𝑧 = 0.Thus, the stable equilibrium state 𝑧 = 0(∈ 𝑹𝑛) is a pseudo-or-

thogonal element of the 𝑃𝑂-set (𝑋, ⊥). The sequences satisfying the given rule for picking- up 

points are also clearly Cauchy 𝑃𝑂-sequences since they are strictly decreasing in norm. Note also 

that the POMS (𝑋, ⊥, ‖. ‖) is pseudo-orthogonally complete. 

On the other hand, the relations: 

𝑥(𝑡𝑖, 𝑥0) = 𝑒
𝐴(𝑡𝑖−𝑡𝑖−1)𝑥(𝑡𝑖 , 𝑥0) = 𝑒𝐴(𝑡𝑖−𝑡𝑖−2)𝑥(𝑡𝑖−2, 𝑥0) =. . . = 𝑒

𝐴(𝑡𝑖−0)𝑥(0, 𝑥0)  

may be rewritten through a self-mapping 𝑇: [𝑡𝑖−1, 𝑡𝑖] × 𝑋 → 𝑋  𝑖 ∈ 𝒁+ as: 

𝑥(𝑡𝑖, 𝑥0) = 𝑇𝑥(𝑡𝑖−1, 𝑥0) =. . . = 𝑇𝑖𝑥(0, 𝑥0)  

Note that 𝑇: [𝑡𝑖−1, 𝑡𝑖] × 𝑋 → 𝑋  is clearly ⊥ − preserving (i.e., pseudo-orthogonally pre-

serving). 

In this example, it is seen that only the solution state sequences which are strictly decreasing 

are pseudo-orthogonal. An easy interpretation of this example is as follows. If (𝑋, 𝑑) is the metric 

space of all the state solutions 𝑥: [0 , +∞) → 𝑹𝑛 from any given finite initial condition 𝑥(0) =

𝑥0, with 𝑑: 𝑋 × 𝑋 → 𝑹0+ being the norm-induced metric, and (𝑋𝑆, 𝑑) is the metric of all the sets 

of sequences {𝑥(𝑡𝑛)}𝑛=0
∞  of samples 𝑥(𝑡𝑛) of the state solution for any sequences of sampling in-

stants {𝑡𝑛}𝑛=0
∞  and any given finite initial condition. Then, (𝑋𝑆({𝑡𝑘}𝑘=0

∞ ) , 𝑑 , ⊥) is the 𝑃𝑂𝑀𝑆 

(a metric subspace of (𝑋𝑆, 𝑑)) of the subsequences of 𝑋𝑆 which fulfill the defined pseudo-orthogo-

nality relation. Such sequences are Cauchy 𝑃𝑂-sequences which converge to the pseudo-orthogo-

nal element 0 ∈ 𝑹𝑛, which is also the equilibrium point, but according to the pseudo-orthogonality 

condition, they converge with a strictly decreasing norm, and also the self-mapping which gener-

ates them is ⊥-preserving. In fact, all the state solutions and all their sampled values for any de-

fined sampling instants are bounded and converge to the zero equilibrium point while the pseudo-

orthogonal sequences are the only ones to converge to that equilibrium point (and also pseudo-

orthogonal element) with strictly decreasing norms. 

Now assume that, instead of the above pseudo-orthogonality condition, a less restrictive bi-

nary pseudo-orthogonal relation for a pair (𝑥0, 𝑦) in 𝑋 × 𝑋 is redefined by 𝑥0 ⊥ 𝑦 if 𝑥(𝑡, 𝑥0) =
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𝑒𝐴𝑡𝑥0 → 𝑦 as 𝑡 → +∞. In this case, (𝑋𝑆({𝑡𝑘}𝑘=0
∞ ) , 𝑑, ⊥) is isomorphic to (𝑋𝑆, 𝑑) since all se-

quences obtained from the solution are pseudo-orthogonal (irrespectively of if their associated 

norms are strictly deceasing sequences or not) and 0 ∈ 𝑹𝑛 is the unique pseudo-orthogonal ele-

ment if 𝐴 is a stability matrix. The above pseudo-orthogonality relation is superfluous since it 

does not discriminate special properties on the pseudo-orthogonal sequences since the whole se-

quences picked up from the solution samples for any sampling period are pseudo-orthogonal. 

Example 8. If 0 ∈ 𝑋 in Example 7 is reconsidered as the zero equilibrium solution along time 

𝑧(𝑡, 𝑥0) = 𝟎(𝑡, 𝑥0)  ∀𝑡 ∈ 𝑹0+ (instead the zero of 𝑹𝑛 as above) with 𝑋 being now redefined as 

the set of all the trajectory solutions 𝑿 with initial conditions in the defined bounded ball of 𝑹𝑛: 

𝑿 = {𝑥: [0, +∞) × 𝑹𝑛 → 𝑹𝑛: ‖𝑥0‖ ≤ 𝑀 ,  𝑥(𝑡, 𝑥0) = 𝑒
𝐴𝑡𝑥0; ∀𝑡 ∈ 𝑹0+} ≡ [0, +∞) × 𝑋 ⊂ [0, +∞) × 𝑹𝑛  

then the pseudo-orthogonality relation in 𝑿 is defined as 𝑥(𝑡, 𝑥0) ⊥ 𝟎(𝑡, 𝑥0) if 𝑥(𝑡, 𝑥0) → 0 as 

𝑡 → +∞  ∀𝑥0 ∈ 𝑋. This property can be wording as “all the solution trajectories in 𝑋 which con-

verge asymptotically to the zero solution are pseudo- orthogonal to zero equilibrium solution in 𝑋. 

To figure out the conceptual distinction between X and 𝑿, note that the elements of 𝑋 are 

points in 𝑹𝒏 and that 𝟎(∈ 𝑹𝒏) ∈ 𝑿 while the elements of 𝑿 = [0, +∞) × 𝑋 are the whole tra-

jectory solutions of the differential equations and that 𝟎(𝑡, 𝑥0) ∈ 𝑿. 

Example 9. A discrete counterpart of Example 7 is defined by the discrete system: 

𝑥𝑛+1 = 𝐴𝑥𝑛; 𝑥0 ∈ 𝑹
𝑛 (3) 

subject to ‖𝑥0‖ ≤ 𝑀 < +∞ , with 𝐴 ∈ 𝑹𝑛×𝑛  being a Schur matrix (i.e., stable in the discrete 

sense), that is, 𝑠𝑝(𝐴) = {𝜆𝑖 ∈ 𝑪 : |𝜆𝑖| < 1, ∀𝑖 ∈ 𝑛̄}. In this case, one considers the set of all the 

sampled values at sampling instants of all the trajectory sequences: 

𝑋 = ⋃ {𝑥𝑛 = 𝐴
𝑛𝑥0: ‖𝑥0‖ ≤ 𝑀} ⊂ 𝑹𝑛

𝑛∈𝒁0+

  

It turns out that 

    0xAxAx nm
n

m
mn

+
+ == ; ‖𝑥𝑛+1‖ < ‖𝑥𝑛‖ if 𝑥𝑛 ≠ 0 or 𝑥𝑛+1 = 𝑥𝑛 = 0; ∀𝑛,𝑚 ∈ 𝒁0+; 𝑥𝑛 → 0 as 𝑛 → ∞.  

Thus, very close conclusions as those of Example 7 apply to this case. Similar conclusions to 

those of Example 8 might also be obtained in the sense that this example could be reinterpreted by 

changing 𝑋 with the set of trajectory solution sequences: 

𝑿 = {𝑥: 𝒁0+ × 𝑹
𝑛 → 𝑹𝑛: ‖𝑥0‖ ≤ 𝑀 , 𝑥𝑛 = 𝐴

𝑛𝑥0; ∀𝑛 ∈ 𝒁0+} ≡ 𝒁0+ × 𝑋

⊂ 𝒁0+ × 𝑹
𝑛 

 

implying the replacement of 0 ∈ 𝑋 by 𝟎(𝑛, 𝑥0) ∈ 𝑿. 

Example 10. Now consider an, in general, nonlinear differential system of order n: 

𝑥̇(𝑡) = 𝑓𝑥0(𝑡, 𝑥(𝑡)); 𝑥(0) = 𝑥0 ∈ 𝑹
𝑛 (4) 

where ‖𝑥0‖ ≤ 𝑀 < +∞  and 𝑓𝑥0: [0, +∞) × ([0, +∞) × 𝑹
𝑛) → 𝑹𝑛  is bounded piecewise-con-

tinuous with a finite number of discontinuities and integrable on [0, 𝑡) for any 𝑡 ∈ 𝑹0+ such 

that ∫ 𝑓𝑥0(𝜏, 𝑥(𝜏))
+∞

0
𝑑𝜏 = −𝑥0. Then, the unique solution of (4) is 

𝑥(𝑡, 𝑥0) = 𝑥0 +∫ 𝑓𝑥0(𝜏, 𝑥(𝜏))
𝑡

0

𝑑𝜏  

is bounded for all time and 𝑥(𝑡) → 0 as 𝑡 → +∞. Define the set of all the solution trajectories 

with initial condition 𝑥0: 
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𝑿 = {𝑥: [0, +∞) × 𝑹𝑛 → 𝑹𝑛: ‖𝑥0‖ ≤ 𝑀 ,  𝑥(𝑡, 𝑥0) = 𝑥0 +∫ 𝑓𝑥0(𝜏, 𝑥(𝜏))
𝑡

0

𝑑𝜏; ∀𝑡 ∈ 𝑹0+} ≡ [0, +∞) × 𝑋

⊂ [0, +∞) × 𝑹𝑛 

 

where 

𝑋 = ⋃ {𝑥(𝑡, 𝑥0) = 𝑥0 +∫ 𝑓𝑥0(𝜏, 𝑥(𝜏))
𝑡

0

𝑑𝜏: ‖𝑥0‖ ≤ 𝑀}

𝑡∈𝑹0+

⊂ 𝑹𝑛  

Note that 𝑥(𝑡, 𝑥0)  is bounded for all 𝑡 ∈ 𝑹0+  since, by hypotheses, 𝑥0  is finite, 

𝑓𝑥0: [0, +∞) × ([0, +∞) × 𝑹
𝑛) → 𝑹𝑛 is bounded and locally integrable in any real interval and 

also globally integrable in the whole non-negative real interval. Furthermore, 𝑙𝑖𝑚
𝑡→∞

𝑥(𝑡, 𝑥0) = 𝑥0 +

𝑙𝑖𝑚
𝑡→∞

∫ 𝑓𝑥0(𝜏, 𝑥(𝜏))
𝑡

0
𝑑𝜏 = 𝑥0 − 𝑥0 = 0. 

In a similar way as in Example 7, one concludes that 𝑋 is a 𝑃𝑂-set whose pseudo-orthogonal 

element is the stable zero equilibrium point 0 ∈ 𝑹𝑛 for any solution trajectories of (4) with finite 

initial condition 𝑥0 under the same pseudo-orthogonality relation as that defined in Example 7. 

Equivalently, one also can conclude that 𝑿 is a 𝑃𝑂-set with pseudo-orthogonal element 𝟎(𝑡, 𝑥0), 

that is, the zero equilibrium trajectory solution (see Example 8 for the linear case). There always 

exist bounded sequences subject to strictly decreasing norms (then converging to the zero equilib-

rium), which can be defined by picking up the appropriate strictly increasing time instants. The 

existence of such sequences is obvious from the boundedness of the solution trajectory and its con-

vergence to zero. 

Example 11. Consider an extension of Example 7 in the case when 𝐴 is not a stability matrix 

while the system is forced with a control vector 𝑏 ∈ 𝑹𝑛 resulting in 

𝑥̇(𝑡) = 𝐴𝑥(𝑡) + 𝑏𝑢(𝑡); 𝑥(0) = 𝑥0 ∈ 𝑹
𝑛 (5) 

where 𝑢: [0, +∞) → 𝑹  is a control function. Assume that (𝐴,  𝑏)  is stabilizable, that is, 

𝑟𝑎𝑛𝑘[𝑠𝐼𝑛 − 𝐴 ,  𝑏] = 𝑛 for all 𝑠 ∈ 𝑠𝑝(𝐴) such that 𝑅𝑒 𝑠 ≥ 0 (Popov–Belevitch–Hautus stabi-

lizability test [53]), namely, for any either unstable eigenvalue (i.e., having a positive real part) or 

critically stable eigenvalue (i.e., being allocated on the imaginary complex axis) of 𝐴. Then, there 

exists a linear state- feedback control 𝑢(𝑡) = 𝑘𝑇𝑥(𝑡), some 𝑘 ∈ 𝑹𝑛, all 𝑡 ∈ 𝑹0+ such that the 

closed-loop matrix of dynamics 𝐴𝑐 = 𝐴 + 𝑏𝑘
𝑇 is a stability matrix so that the resulting closed 

loop-system 𝑥̇(𝑡) = 𝐴𝑐𝑥(𝑡) is globally asymptotically stable for any 𝑥(0) = 𝑥0 ∈ 𝑹
𝑛. Then, Ex-

amples 7and 8 can be re-addressed for this case with the replacements 𝐴 → 𝐴𝑐, (−𝜌0) → (−𝜌𝑜𝑐) 

(stability abscissa of 𝐴𝑐). The pseudo-orthogonality properties of Examples 7 and 8 are kept for this 

extension. 

The discrete version of the above example is as follows: 

Example 12. Consider an extension of Example 9 via a discrete system in of the form: 

𝑥𝑛+1 = 𝐴𝑥𝑛 + 𝑏𝑢𝑛; 𝑥0 ∈ 𝑹
𝑛 (6) 

such that 𝐴 is not Schur but (𝐴,  𝑏) is stabilizable, namely, 𝑟𝑎𝑛𝑘[𝑠𝐼𝑛 − 𝐴 ,  𝑏] = 𝑛 for all 𝑠 ∈

𝑠𝑝(𝐴) such that |𝑠| ≥ 1 (discrete Popov–Belevitch–Hautus stabilizability test), that is, for any 

either unstable or critically stable eigenvalue of 𝐴.Thus, Example 9 can be extended to this case 

with 𝑢(𝑡) = 𝑘𝑇𝑥(𝑡), such that the closed-loop matrix of dynamics 𝐴𝑐 = 𝐴 + 𝑏𝑘
𝑇 is Schur, under 

the direct replacement 𝐴 → 𝐴𝑐. The pseudo-orthogonality properties of Example 9 are kept for this 

extension. 

The last two examples can be easily reformulated for controllability, that is, if the 

controlled state reaches any prescribed value in finite time. In particular, 
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Example 13. Consider (5) with no stability conditions on 𝐴 and such that (𝐴, 𝑏) is controllable, 

that is, 𝑟𝑎𝑛𝑘[𝑠𝐼𝑛 − 𝐴 ,  𝑏] = 𝑛 for all 𝑠 ∈ 𝑠𝑝(𝐴) (Popov–Belevitch–Hautus controllability test 

[53]). Thus, 𝑠𝑝(𝐴𝑐) can be arbitrarily allocated by the appropriate selection of the controller gain 

𝑘in the linear state-feedback control 𝑢(𝑡) = 𝑘𝑇𝑥(𝑡) and the value of the state can be fixed to any 

arbitrary prescribed value 𝑥∗ = 𝑥∗(𝑇)  at any finite prescribed time instant 𝑇 > 0 . Note that 

𝑟𝑎𝑛𝑘[𝑠𝐼𝑛 − 𝐴 ,  𝑏] = 𝑛 for all 𝑠 ∈ 𝑠𝑝(𝐴) is identical to 𝑟𝑎𝑛𝑘[𝑠𝐼𝑛 − 𝐴 ,  𝑏] = 𝑛  𝑠 ∈ 𝑪 (since 

the full rank condition is always fulfilled for any complex number which is not an eigenvalue of A) 

so that it is also equivalent to the controllability grammian 𝐺(𝑡) = ∫ 𝑒−𝐴𝜏
𝑡

0
𝑏𝑏𝑇𝑒𝐴

𝑇(𝑡−𝜏)𝑣𝑑𝜏 to be 

positive definite for 𝑡 ∈ (0, +∞). Thus, one obtains the following solution of (5): 

𝑥(𝑡) = 𝑒𝐴𝑡𝑥0 +∫ 𝑒𝐴(𝑡−𝜏)
𝑡

0

𝑏𝑢(𝜏)𝑑𝜏 

                   = 𝑒𝐴𝑡 (𝑥0 + ∫ 𝑒−𝐴𝜏
𝑡

0
𝑏𝑏𝑇𝑒𝐴

𝑇(𝑡−𝜏)𝑣𝑑𝜏); 𝑡 ∈ [0,  𝑇] 

(7) 

if the control law is of the form: 

𝑢(𝑡) = 𝑏𝑇𝑒𝐴
𝑇(𝑇−𝑡)𝑣; 𝜏 ∈ [0,  𝑇] (8) 

for some real 𝑣 ∈ 𝑹 to be determined since 𝑥∗ = 𝑥∗(𝑇). Then, 

𝑣 = (∫ 𝑒𝐴(𝑇−𝜏)
𝑇

0

𝑏𝑏𝑇𝑒𝐴
𝑇(𝑇−𝜏)𝑑𝜏)

−1

(𝑥∗ − 𝑒𝐴𝑇𝑥0) (9) 

𝑢(𝑡) = 𝑏𝑇𝑒𝐴
𝑇(𝑇−𝑡) (∫ 𝑒𝐴(𝑇−𝜏)

𝑇

0
𝑏𝑏𝑇𝑒𝐴

𝑇(𝑇−𝜏)𝑑𝜏)
−1
(𝑥∗ − 𝑒𝐴𝑇𝑥0); 𝑡 ∈ [0,  𝑇] (10) 

𝑥(𝑡) = 𝑒𝐴𝑡𝑥0 + (∫ 𝑒𝐴(𝑡−𝜏)
𝑡

0

𝑏𝑏𝑇𝑒𝐴
𝑇(𝑡−𝜏)𝑑𝜏) (∫ 𝑒𝐴(𝑇−𝜏)

𝑇

0

𝑏𝑏𝑇𝑒𝐴
𝑇(𝑇−𝜏)𝑑𝜏)

−1

(𝑥∗ − 𝑒𝐴𝑇𝑥0) 

    = (𝑒𝐴𝑡 − 𝑒𝐴𝑇)𝑥0 + 𝑥
∗; 𝑡 ∈ [0,  𝑇] 

(11) 

implying also the prescribed constraint 𝑥(𝑇) = 𝑥∗. 

Recalling Example 7, and its extension of Example 11, then the pseudo-orthogonal element of 

X is 𝑥∗ ∈ 𝑹𝑛 where 𝑋 is now defined by 𝑋 = ⋃ {𝑥(𝑡, 𝑥0) = (𝑒𝐴𝑡 − 𝑒𝐴𝑇)𝑥0 + 𝑥
∗: ‖𝑥0‖ ≤𝑡∈[0,𝑇]

𝑀} ⊂ 𝑹𝑛 and 𝑋 in a 𝑃𝑂 -set. If the problem is re-interpreted under the basis of Example 8 then 

the set of all solution trajectories on [0, 𝑇] of the forced system (5), subject to the control (8), then 

𝑋 is replaced with 

𝑿 = {𝑥: [0, +∞) × 𝑹𝑛 → 𝑹𝑛: ‖𝑥0‖ ≤ 𝑀 ,  𝑥(𝑡, 𝑥0) = (𝑒
𝐴𝑡 − 𝑒𝐴𝑇)𝑥0 + 𝑥

∗; ∀𝑡 ∈ 𝑹0+} ≡ [0, 𝑇] × 𝑋 ⊂ [0, 𝑇] × 𝑹
𝑛,  

and 𝑿 is a 𝑃𝑂-set with pseudo-orthogonal element 𝒙∗([0,  𝑇], 𝑥0), that is, a real constant trun-

cated function of value 𝑥∗ ∈ 𝑹𝑛 in [0,  𝑇]. Pseudo-orthogonal sequences of a finite number (since 

𝑇is finite) of mutually pseudo-orthogonal elements, which are pseudo-orthogonal to the respective 

pseudo-orthogonal element of both 𝑃𝑂-sets, can also be defined in a direct way. 

Example 13 might be directly extended to the discrete case as in the above cases based 

on Examples 9 and 12. Such extensions are omitted. 

4. Main Results for 𝒑(≥ 𝟐)-Cycling Mappings Through an “Ad Hoc” 

Pseudo-Orthogonality Relation 

This section addresses the properties of convergence and boundedness of sequences 

generated by 𝑝(≥ 2)-cycling mappings defined on the union of 𝑝 nonempty closed sub-

sets of a metric space (𝑋, 𝑑) such that each subset is mapped into its adjacent one in the 

cyclic disposal. Firstly, some orthogonality concepts are briefly linked to cyclic self-map-

pings, without invoking contractive properties, with a definition and two short illustrative, 
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easy to interpret, where the union of the subsets is seen to be an 𝑂-set with an orthogonal𝑝 

-tuple which has a component per subset which are each, in turn, orthogonal elements of 

the respective subsets. Later on, we consider a pseudo-orthogonality (𝑃𝑂) condition on 

sequences generated by cyclic mappings defined in such a way that distances between 

adjacent subsets of the cyclic disposal is not increasing which allows to build the formal-

ism for boundedness and convergence of sequences. 

4.1. Orthogonality Relations for Cyclic Mappings 

Definition 4. Let the set 𝑋 = ⋃ 𝐴𝑖𝑖∈𝑝̄  be the union of𝑝nonempty subsets 𝐴𝑖 (𝑖 ∈ 𝑝̄), with 𝐴𝑖 ≠

𝐴𝑗 if 𝑖, 𝑗(≠ 𝑖) ∈ 𝑝̄, endowed with a binary relation ⊥ such that ∃𝑧 ∈ 𝑋 for which([𝑍 ⊥ 𝑥; ∀𝑥 ∈

𝑋] ∨ [𝑥 ⊥ 𝑍]; ∀𝑥 ∈ 𝑋), where 𝑍 = (𝑧1, 𝑧2, ⋯ , 𝑧𝑝) such that 𝑧𝑖 ∈ 𝐴𝑖  𝑖 ∈ 𝑝̄. Then, (𝑋, ⊥) is said 

to be an 𝑂-set, 𝑍 is called an orthogonal 𝑝 -tuple of 𝐴 = 𝐴1 × 𝐴2 ×⋯× 𝐴𝑝 and 𝑧𝑖 is an or-

thogonal element of 𝐴𝑖  𝑖 ∈ 𝑝̄. 

In words, it can also be said that “any 𝑥 of 𝑋 is orthogonal to 𝑍 in 𝑋 and orthog-

onal to 𝑧𝑖 in 𝐴𝑖; 𝑖 = 1,2”. The considered subsets 𝐴𝑖 are assumed non-identical while 

they can have empty or non-empty pair-wise intersections. 

Example 14. Let 𝑋 = [−𝑎 ,  𝑎] for some 𝑎 ∈ 𝑹+. Put 𝑋 = 𝐴1 ∪ 𝐴2 with𝐴1 = [−𝑎 ,  0]; 𝐴2 =

[0, 𝑎]. Let the mapping 𝑓 on 𝑋 be defined by 𝑦 = 𝑓(𝑥) = −𝜆𝑥 for some 𝜆 ∈ [0 ,  1) and any 

𝑥 ∈ 𝑋 , note that 𝑓(𝐴1) ⊂ 𝐴2  and 𝑓(𝐴2) ⊂ 𝐴1 . Consider the binary relation ⊥  in 𝑋 × 𝑋  de-

fined by 𝑦 ⊥ 𝑥 if |𝑦| < |𝑥| if 𝑥 ≠ 0 and 𝑦 = 𝑥 if 𝑥 = 0. Note that the mapping 𝑓, is ⊥-pre-

serving since, 𝑥 ⊥ 𝑓(𝑥) for any 𝑥 ∈ 𝑋. Then, for any 𝑥 ∈ 𝑋, the iteration 𝑓𝑛(𝑥) → 0 as 𝑛 →

∞ . Since 0 ∈ 𝐴1 ∩ 𝐴2 , it turns out that 𝑥 ⊥ 𝑍(= (0,0))  in 𝐴1 × 𝐴2  and 𝑥 ⊥ 0  in both 𝐴1 

and 𝐴2 (or to 0 in 𝐴1 ∩ 𝐴2). 

Example 15. If 𝑋 = 𝐴1 ∪ 𝐴2  with 𝐴1 = [−𝑎 , −𝑏]  and 𝐴2 = [𝑏 ,  𝑎]  for some 𝑏, 𝑎(> 𝑏) ∈

𝑹+. Now, note that 𝐴1 and 𝐴2 are disjoint. Define the binary orthogonal relation in 𝐴1 × 𝐴2 ∪

𝐴2 × 𝐴1 ⊂ 𝑋 × 𝑋  for any pair (𝑥, 𝑦) ∈ 𝐴1 × 𝐴2 ∪ 𝐴2 × 𝐴1  by 𝑦 ⊥ 𝑥  if |𝑦| < |𝑥|  if |𝑥| > 𝑏 

and 𝑦 ⊥ 𝑥  if |𝑦| = |𝑥| = 𝑏 . Redefine the mapping 𝑓: 𝑋 → 𝑋 , with 𝑓(𝐴1) ⊂ 𝐴2  and 𝑓(𝐴2) ⊂

𝐴1, by 𝑦 = 𝑓(𝑥) = {
−𝜆𝑥 𝑖𝑓 |𝑥| ∈   (𝑏/𝜆,  𝑎]

−𝑏 𝑠𝑔𝑛(𝑥)   𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
 for some 𝜆 ∈ [0 ,  1). 

Note from the above relations that 

𝑥 ∈ 𝐴1 ⇒ |𝑥| ∈ 𝐴2 ⇒ (𝑓(𝑥) ∈ 𝐴2 ∧ |𝑓(𝑥)| ∈ 𝐴2)  

𝑥 ∈ 𝐴2 ⇒ |𝑥| ∈ 𝐴2 ⇒ (𝑓(𝑥) ∈ 𝐴1 ∧ |𝑓(𝑥)| ∈ 𝐴2)  

It is obvious that the consecutive pairs (𝑓𝑛(𝑥) , 𝑓𝑛+1(𝑥)) in 𝐴1 × 𝐴2 ∪ 𝐴2 × 𝐴1 generated 

by the sequence 𝑓𝑛(𝑥) for any given 𝑥 ∈ 𝑋 satisfy the orthogonality relation for all 𝑛 ∈ 𝒁0+. 

Also, note that 𝑓𝑛(𝑥) ⊥ 𝑓𝑛+𝑚(𝑥)  ∀𝑥 ∈ 𝑋,∀𝑛 ∈ 𝑍0+, ∀𝑚 ∈ 𝒁+ and that 𝑓is clearly⊥-preserv-

ing. Now,|𝑓𝑛(𝑥)| → 𝑏 , 𝑓2𝑛(𝑥) → 𝑏 𝑠𝑔𝑛(𝑥) , 𝑓2𝑛+1(𝑥) → −𝑏 𝑠𝑔𝑛(𝑥)  as 𝑛 → ∞  for any 𝑥 ∈

𝑋 and 𝑥 ⊥ 𝑍 = {−𝑏 ,  𝑏} in 𝐴1 × 𝐴2, 𝑥 ⊥ (−𝑏) in 𝐴1 and 𝑥 ⊥ 𝑏 in 𝐴2. 

If 𝐴1 = [−𝑎 , −𝑏)  or 𝐴2 = (𝑏 ,  𝑎]  and 𝑓: 𝑐𝑙𝑋 → 𝑐𝑙𝑋 , defined as above for |𝑥| ∈

(|𝑏| ,  𝑎] and 𝑓(∓𝑏) = ±𝑏, then the above limit properties of the iterations 𝑓2𝑛(𝑥), 𝑓2𝑛+1(𝑥) 

still hold but, since {−𝑏,  𝑏} ∩ 𝑋 = ∅, 𝑓 is not ⊥-preserving in 𝑋, 𝑍 = {−𝑏 , 𝑏} is not an or-

thogonal 2-tuple of 𝑋  and 𝑋  is not an 𝑂 -set. However, 𝑓  is ⊥ -preserving in 𝑐𝑙𝑋 , 𝑍 =

{−𝑏 , 𝑏} is an orthogonal 2-tuple of 𝑐𝑙𝑋 and 𝑐𝑙𝑋 is an 𝑂-set with orthogonal elements (−𝑏) 

in 𝑐𝑙𝐴1 and 𝑏 in 𝑐𝑙𝐴2. 
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In the following, we consider a set of 𝑝(≥ 2) nonempty subsets 𝐴𝑖 of 𝑋 for 𝑖 ∈ 𝑝̄. 

𝐴𝑖+𝑗 = 𝐴𝑘, if 𝑖 + 𝑗 > 𝑝, where 𝑘 = 𝑖 + 𝑗 − 𝑚𝑝 and 𝑚 = 𝑚𝑎𝑥(𝑧 ∈ 𝒁+: (𝑖 + 𝑗−⥂ 𝑧𝑝) ∈ 𝒁+). 

For instance, 𝐴𝑝+1 = 𝐴1 and 𝐴𝑝+2 = 𝐴2. 

4.2. Basic Technical Result on Boundedness and Convergence of Distances and Sequences 

The following result is concerned with 𝑝(≥ 2) cyclic self-mappings in a metric space 

which can be, in the general case, locally non-contractive or even expansive. However, the 

cyclic self-mappings are contractive over certain subsequences of the whole sequences. It 

is proved the convergence of any sequence of distances between consecutive elements to 

the distance between pairs of the corresponding adjacent sets of the cyclic disposal. The 

boundedness of any sequence running the cyclic disposal built with an arbitrary initial 

point in ⋃ 𝐴𝑖𝑖∈𝑝̄  is also proved. The starting point for the proofs is that the properties hold 

for some subsequences of the whole sequences. The following related theorem is a sup-

portive result for the second part of this section: 

Theorem 1. Let (𝑋, 𝑑) be a metric space and let 𝑇:⋃ 𝐴𝑖𝑖∈𝑝̄ → ⋃ 𝐴𝑖𝑖∈𝑝̄  be a 𝑝(≥ 2)-cyclic self-

mapping, that is, under the conditions 𝑇(𝐴𝑖) ⊂ 𝐴𝑖+1  ∀𝑖 ∈ 𝑝̄, where 𝐴𝑖 (𝑖 ∈ 𝑝̄) are nonempty 

closed subsets of 𝑋, which satisfies the subsequent conditions: 

   (C.1) 𝑑(𝑇𝑛+1𝑥 , 𝑇𝑛+1𝑦) ≤ 𝐾𝑛𝑑(𝑇
𝑛𝑥 , 𝑇𝑛𝑦) + (1 − 𝐾𝑛)𝐷; 

                                         ∀(𝑥, 𝑦) ∈ 𝐴𝑖 × 𝐴𝑖+1 ∪ 𝐴𝑖+1 × 𝐴𝑖; ∀𝑖 ∈ 𝑝̄,∀𝑛 ∈ 𝒁0+, 

(12) 

where 𝐷 = 𝑑𝑖𝑠𝑡(𝐴𝑖 , 𝐴𝑖+1) = 𝑑(𝐴𝑖 , 𝐴𝑖+1)  ∀𝑖 ∈ 𝑝̄, such that the following condition holds: 

(C.2) {𝐾𝑛}𝑛=0
∞ ⊂ (0 ⥂, 𝐾̄] ⊂ 𝑹+  has a subsequence {𝐾𝑛𝑘}𝑘=0

∞
⊂ {𝐾𝑛}𝑛=0

∞   which satisfies 

the condition ∏ [𝐾𝑗]
𝑛𝑘+1−1+ℓ
𝑗=𝑛𝑘

≤ 𝐾(𝑛𝑘, 𝑛𝑘+1) ≤ 𝐾 < 1  for ℓ ∈ 𝑝 − 1  (it is sufficient 

∏ [𝐾𝑗]
𝑛𝑘+1−1
𝑗=𝑛𝑘

≤ 𝐾(𝑛𝑘, 𝑛𝑘+1) ≤ 𝐾  and𝐾𝑛𝑘+1−1+ℓ ∈ (0 ,  1]  for ℓ ∈ 𝑝 − 1 ) with the sequence 

{𝑛𝑘}𝑘=0
∞ ⊂ 𝒁+  being strictly increasing and {𝑛𝑘+1 − 𝑛𝑘}𝑘=0

∞ ⊂ [1 , 𝑁𝑘] ⊂ [1 ,  𝑁] ⊂ 𝒁+  and 

some finite arbitrary 𝑛0 ∈ 𝒁0+. 

Then, the following properties hold: 

(i) The following limits exist: 

( ) DyT,xTdlim
jnjn

k

kk =
++

→

++ 11 ; ∀(𝑥, 𝑦) ∈ 𝐴𝑖 × 𝐴𝑖+1 ∪ 𝐴𝑖+1 × 𝐴𝑖; ∀𝑖 ∈ 𝑝̄, ∀𝑛 ∈ 𝒁0+, ∀𝑗 ∈ 𝑝 − 1 ∪ {0}, (13) 

( ) DxT,xTdlim
jnjn

k

kk =
+++

→

++ 111 ; 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄ ;  ∀𝑖 ∈ 𝑝̄, ∀𝑗 ∈ 𝑝 − 1 ∪ {0},∀𝑛 ∈ 𝒁0+ (14) 

(ii) {𝑇𝑛𝑘+𝑗𝑥}𝑘=0
∞  is bounded for any given 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄   ∀𝑗 ∈ 𝑝 − 1 ∪ {0}. 

(iii) Properties (i)–(ii) are also fulfilled by the whole sequences {𝑑(𝑇𝑛+𝑗𝑥 , 𝑇𝑛+𝑗𝑦)}𝑛=0
∞  

and{𝑇𝑛+𝑗𝑥}𝑛=0
∞  for any given 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄ ,∀𝑗 ∈ 𝑝 − 1 ∪ {0}. 

(iv) The sequences {𝑇𝑝𝑛𝑘+𝑗𝑥}𝑘=0
∞ (⊂ 𝐴𝑖+𝑗)  are bounded for any given 𝑥 ∈ 𝐴𝑖  ∀𝑖 ∈ 𝑝̄ , 𝑗 ∈

𝑝 − 1 ∪ {0}. 

Proof. Note that, for any (𝑥, 𝑦) ∈ 𝐴𝑖 × 𝐴𝑖+1 ∪ 𝐴𝑖+1 × 𝐴𝑖  ∀𝑖 ∈ 𝑝̄, ∀𝑛 ∈ 𝒁0+, one obtains 

𝑑(𝑇𝑛𝑘+1𝑥 , 𝑇𝑛𝑘+1𝑦) ≤ 𝐾𝑛𝑘𝑑(𝑇
𝑛𝑘𝑥 , 𝑇𝑛𝑘𝑦) + (1 − 𝐾𝑛𝑘)𝐷  

𝑑(𝑇𝑛𝑘+2𝑥 , 𝑇𝑛𝑘+2𝑦)

≤ 𝐾𝑛𝑘+1(𝐾𝑛𝑘𝑑(𝑇
𝑛𝑘𝑥 , 𝑇𝑛𝑘𝑦) + (1 − 𝐾𝑛𝑘)𝐷)

+ (1 − 𝐾𝑛𝑘+1)𝐷 

       = 𝐾𝑛𝑘+1𝐾𝑛𝑘𝑑(𝑇
𝑛𝑘𝑥 , 𝑇𝑛𝑘𝑦) + (1 − 𝐾𝑛𝑘+1𝐾𝑛𝑘)𝐷 
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𝑑(𝑇𝑛𝑘+1𝑥 , 𝑇𝑛𝑘+1𝑦) ≤ 𝐾𝑛𝑘+1−1𝑑(𝑇
𝑛𝑘+1−1𝑥 , 𝑇𝑛𝑘+1−1𝑦) + (1 − 𝐾𝑛𝑘+1−1)𝐷 

                   ≤ (∏ [𝐾𝑗]
𝑛𝑘+1−1
𝑗=𝑛𝑘

) 𝑑(𝑇𝑛𝑘𝑥 , 𝑇𝑛𝑘𝑦) + (1 −

(∏ [𝐾𝑗]
𝑛𝑘+1−1
𝑗=𝑛𝑘

))𝐷 

                ≤ 𝐾(𝑛𝑘, 𝑛𝑘+1)𝑑(𝑇
𝑛𝑘𝑥 , 𝑇𝑛𝑘𝑦) + (1 − 𝐾(𝑛𝑘 , 𝑛𝑘+1))𝐷 

 

Then, 

𝑑(𝑇𝑛𝑘+2𝑥 , 𝑇𝑛𝑘+2𝑦) ≤ 𝐾(𝑛𝑘+1, 𝑛𝑘+2)𝐾(𝑛𝑘, 𝑛𝑘+1)𝑑(𝑇
𝑛𝑘𝑥 , 𝑇𝑛𝑘𝑦) + (1 − 𝐾(𝑛𝑘+1, 𝑛𝑘+2)𝐾(𝑛𝑘 , 𝑛𝑘+1))  𝐷  

𝑑(𝑇𝑛𝑘+𝑗+1𝑥 , 𝑇𝑛𝑘+𝑗+1𝑦) ≤ (∏[𝐾(𝑛𝑘+ℓ, 𝑛𝑘+ℓ+1)]

𝑗

ℓ=0

)𝑑(𝑇𝑛𝑘𝑥 , 𝑇𝑛𝑘𝑦) + (1 − (∏[𝐾(𝑛𝑘+ℓ, 𝑛𝑘+ℓ+1)]

𝑗

ℓ=0

))  𝐷 

           ≤ (∏ [𝐾(𝑛ℓ, 𝑛ℓ+1)]
𝑘+𝑗
ℓ=0 )𝑑(𝑇𝑛0𝑥 , 𝑇𝑛0𝑦) + (1 − (∏ [𝐾(𝑛ℓ, 𝑛ℓ+1)]

𝑘+𝑗
ℓ=0 ))  𝐷 

(15) 

and, for 𝑗 = 0, one has 

𝐷 ≤ 𝑑(𝑇𝑛𝑘+1𝑥 , 𝑇𝑛𝑘+1𝑦) ≤ (∏[𝐾(𝑛𝑗, 𝑛𝑗+1)]

𝑘

𝑗=0

)𝑑(𝑇𝑛0𝑥 , 𝑇𝑛0𝑦) + (1 − (∏[𝐾(𝑛𝑗, 𝑛𝑗+1)]

𝑘

𝑗=0

))  𝐷 (16) 

so that, since ∏ [𝐾𝑗]
𝑛𝑘+1−1+ℓ
𝑗=𝑛𝑘

≤ 𝐾(𝑛𝑘, 𝑛𝑘+1) ≤ 𝐾 < 1 for ℓ ∈ 𝑝 − 1 from the condition C.2, 

one has that ∏ [𝐾(𝑛𝑗, 𝑛𝑗+1)]
𝑘
𝑗=0 ≤ 𝐾𝑘+1 → 0  as 𝑘 → ∞  so that

( ) ( ) DDyT,xTdsuplimD kk nn

k

=−+= ++

→

01011

 
from (16) which leads to Property(i) for 𝑗 = 0. For 𝑗 ∈ 𝑝 − 1, one has 

    ( )  ( ) ( )  DDyT,xTdsuplimKyT,xTdsuplimD kk

k

kk nn

k

j
n

jnjn

k

+−= ++++

→

−
= +

++

→

1111 1
0   

                                           ( ) ( ) DDDDKsuplim j
n

k
k

=+−= −
= +

→

1
0   

(17) 

Then, there exists the limit 

( ) DyT,xTdlim
jnjn

k

kk =
++

→

++ 11

; ∀𝑗 ∈ 𝑝 − 1 and Property 

(i) is proved for the subsequences with Conditions C.1–C.2. It is now proved that the prop-

erty also holds for the whole sequence. Take any non-negative integer 𝑛 ∈ [𝑛𝑘 , 𝑛𝑘+1) so 

that, from (12): 

 )
( )  ( ) ( )( ) DDyT,xTdlimKyT,xTdsupsuplimD kk

k
kk

nn

k

n
nj j

nn

n,nnk

+−
→

=
++

→ +

11

1

 

         ( ) DDKsuplim n
nj j

k
k

=+
=

→

0 ; ∀(𝑥, 𝑦) ∈ 𝐴𝑖 × 𝐴𝑖+1 ∪ 𝐴𝑖+1 × 𝐴𝑖; ∀𝑖 ∈ 𝑝̄; ∀𝑛 ∈ 𝒁0+ 
(18) 

which implies that 𝑙𝑖𝑚
𝑛→∞

𝑑(𝑇𝑛+1𝑥 , 𝑇𝑛+1𝑦) = 𝐷. As a result, Property (i) is proved for the 

whole sequence for 𝑗 = 0. For all 𝑗 ∈ 𝑝 − 1, it follows directly that 

( )  ( ) ( ) DDyT,xTdlimKsuplimyT,xTdlim jnjn

n

jn
n

n

jnjn

n
+








−













= ++

→

+
+

→

++++

→
1

11
  

         ( ) ( ) DDDDKsuplim jn
n

n

=+−












= +

+
→

1   

 

and Property (i) has been fully proved. 

It is now proved that {𝑇𝑛𝑘𝑥}𝑘=0
∞  is bounded for any 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄ . Assume on the con-

trary that it is unbounded so that it contains a strictly increasing subsequence 

{𝑇
𝑛𝑘𝑗𝑥}

𝑘𝑗(≤𝑛𝑘)=0

∞
(⊂ {𝑇𝑛𝑘𝑥}𝑘=0

∞ ). By the triangle inequality, one has 
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𝑑(𝑇
𝑛𝑘𝑗𝑥 ,  𝑥) ≤ 𝑑(𝑇

𝑛𝑘𝑗𝑥 , 𝑇
𝑛𝑘𝑗−ℓ𝑥) + 𝑑(𝑇

𝑛𝑘𝑗−ℓ𝑥 ,  𝑥) (19) 

Taking limits as 𝑘𝑗 , (𝑘𝑗 − ℓ) → ∞ , and since 

DxT,xTdlim jkjk

jj

nn

k,k

=






 −

− →



  , and 

{𝑇
𝑛𝑘𝑗𝑥}

𝑘𝑗(≤𝑛𝑘)=0

∞
  is strictly increasing so that |𝑑(𝑇

𝑛𝑘𝑗𝑥 ,  𝑥) − 𝑑(𝑇
𝑛𝑘𝑗−ℓ𝑥 ,  𝑥)| → +∞  as 

𝑘𝑗, (𝑘𝑗 − ℓ) → ∞ and (𝑛𝑘𝑗 − 𝑛𝑘𝑗−ℓ) → +∞, one obtains the subsequent contradiction: 

𝑑(𝑇𝑛𝑘+𝑗𝑥 , 𝑇𝑛𝑘𝑥) ≤∑𝑑(𝑇𝑛𝑘+ℓ𝑥 , 𝑇𝑛𝑘+ℓ−1𝑥)

𝑗

ℓ=1

  

                     




















−








−






 −−

− →

xT,xTdx,xTdx,xTdsuplim jkjkjkjk

jj

nnnn

k,k





 

                                   0−+=












−








−







= −

− →

DDx,xTdx,xTdsuplim jkjk

jj

nn

k,k





 

(20) 

Then, {𝑇𝑛𝑘𝑥}𝑛=0
∞  is bounded for any 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄  since 𝑑(𝑇𝑛𝑘𝑥 , 𝑥) is finite. On the 

other hand, and again since 𝑑(𝑇𝑛𝑘𝑥 , 𝑥) is finite, one has for any 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄  that 

𝑑(𝑇𝑛𝑘+𝑗𝑥 , 𝑇𝑛𝑘𝑥) ≤∑𝑑(𝑇𝑛𝑘+ℓ𝑥 , 𝑇𝑛𝑘+ℓ−1𝑥)

𝑗

ℓ=1

 

                          ≤ 𝐷 + ∑ (∏ [𝐾𝑛𝑘+𝑖]
ℓ−1
𝑖=0 )(𝑑(𝑇𝑛𝑘+1𝑥 , 𝑇𝑛𝑘𝑥) − 𝐷)

𝑗
𝑙=1  

                          ≤ 𝐷 + ∑ (∏ [𝐾𝑛𝑘+𝑖]
ℓ−1
𝑖=0 )(𝑑(𝑇𝑛𝑘+1𝑥 ,  𝑥) + 𝑑(𝑥 , 𝑇𝑛𝑘𝑥) − 𝐷)

𝑗
𝑙=1  

   ≤ 𝐷 + (2𝑀0 − 𝐷) (∑ (∏ [𝐾𝑛𝑘+𝑖]
ℓ−1
𝑖=0 )

𝑗
𝑙=1 ) < +∞; ∀𝑗 ∈ 𝑝 − 1 

 

𝑑(𝑇𝑛𝑘+𝑗𝑥 ,  𝑥) ≤ 𝑑(𝑇𝑛𝑘+𝑗𝑥 , 𝑇𝑛𝑘𝑥) + 𝑑(𝑥 , 𝑇𝑛𝑘𝑥) 

                                     ≤ 𝐷 +𝑀0 + (2𝑀0 − 𝐷)(∑ (∏ [𝐾𝑛𝑘+𝑖]
ℓ−1
𝑖=0 )

𝑗
𝑙=1 ) < +∞; ∀𝑗 ∈ 𝑝 − 1 

 

where 𝑀0 = 𝑠𝑢𝑝
𝑥∈⋃ 𝐴𝑖𝑖∈𝑝̄

𝑚𝑎𝑥
𝑘∈𝒁0+

𝑑(𝑥 , 𝑇𝑛𝑘𝑥) < +∞. Property (ii) has been proved. 

To prove Property (iii), take any non-negative integer 𝑛 ∈ [𝑛𝑘, 𝑛𝑘+1) so that 

𝐷 ≤ 𝑑(𝑇𝑛+1𝑥 , 𝑇𝑛+1𝑦) ≤ (∏ [𝐾𝑗]
𝑛
𝑗=𝑛𝑘

)(𝑑(𝑇𝑛𝑘𝑥 , 𝑇𝑛𝑘𝑦) − 𝐷) + 𝐷; (21) 

∀(𝑥, 𝑦) ∈ 𝐴𝑖 × 𝐴𝑖+1 ∪ 𝐴𝑖+1 × 𝐴𝑖; ∀𝑖 ∈ 𝑝̄, ∀𝑛 ∈ 𝒁0+.  

As 𝑘, 𝑛𝑘 → ∞ , 𝑛 → ∞ , one has 𝑑(𝑇𝑛𝑘𝑥 , 𝑇𝑛𝑘𝑦) → 𝐷  from Property (i), then 

𝑙𝑖𝑚
𝑛→∞

𝑑(𝑇𝑛+1𝑥 , 𝑇𝑛+1𝑦) = 𝐷 . Also, if 𝑀 = 𝑠𝑢𝑝
𝑥∈⋃ 𝐴𝑖𝑖∈𝑝̄

𝑚𝑎𝑥
𝑘∈𝒁0+

𝑑(𝑇𝑛𝑘𝑥 , 𝑇𝑛𝑘+1𝑥) < +∞ , it follows 

that 

𝑑(𝑇𝑛+1𝑥 , 𝑇𝑛+2𝑥) ≤ (∏[𝐾𝑗]

𝑛

𝑗=𝑛𝑘

)(𝑑(𝑇𝑛𝑘𝑥 , 𝑇𝑛𝑘+1𝑥) − 𝐷) + 𝐷 ≤ 𝐾̄𝑛−𝑛𝑘+1(𝑀 − 𝐷) + 𝐷 (22) 

𝑑(𝑇𝑛+1𝑥 , 𝑇𝑛+2𝑥) ≤ (∏[𝐾𝑗]

𝑛

𝑗=𝑛𝑘

)(𝑑(𝑇𝑛𝑘𝑥 , 𝑇𝑛𝑘+1𝑥) − 𝐷) + 𝐷 ≤ 𝐾̄𝑛−𝑛𝑘+1(𝑀 − 𝐷) + 𝐷 (23) 
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𝑑(𝑇𝑛+1𝑥, 𝑥) ≤ 𝑑(𝑇𝑛+1𝑥, 𝑇𝑛𝑘𝑥) + 𝑑(𝑥, 𝑇𝑛𝑘𝑥) ≤ 𝑑(𝑥, 𝑇𝑛𝑘𝑥) + ∑ 𝑑(𝑇𝑛𝑘+𝑗𝑥, 𝑇𝑛𝑘+𝑗−1𝑥)

𝑛−𝑛𝑘

𝑗=0

 

                       ≤ 𝑑(𝑥, 𝑇𝑛𝑘𝑥) + ∑ (∏ [𝐾𝑛𝑘+ℓ]
𝑗
ℓ=0 )𝑑(𝑇𝑛𝑘𝑥, 𝑇𝑛𝑘+1𝑥)

𝑛−𝑛𝑘
𝑗=0  

                       ≤ 𝑑(𝑥, 𝑇𝑛𝑘𝑥) + ∑ 𝐾̄𝑗+1𝑑(𝑇𝑛𝑘𝑥, 𝑇𝑛𝑘+1𝑥)
𝑛−𝑛𝑘
𝑗=0  

                       ≤ (1 + ∑ 𝐾̄𝑗+1
𝑛−𝑛𝑘
𝑗=0 ) 𝑚𝑎𝑥(𝑑(𝑥, 𝑇𝑛𝑘𝑥), 𝑑(𝑇𝑛𝑘𝑥, 𝑇𝑛𝑘+1𝑥)) 

                       ≤ (1 + ∑ 𝐾̄𝑗+1
𝑛−𝑛𝑘
𝑗=0 ) 𝑚𝑎𝑥(𝑀,𝑀0) < +∞; ∀𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄  

(24) 

Property (iii) has been proved for𝑗 = 0. On the other hand, for any𝑗 ∈ 𝑝 − 1, one has 

𝑑(𝑇𝑛+1+𝑗𝑥, 𝑥) ≤ 𝑑(𝑇𝑛+1𝑥, 𝑥) + 𝑑(𝑇𝑛+1+𝑗𝑥, 𝑇𝑛+1𝑥) 

                     ≤ 𝑑(𝑇𝑛+1𝑥, 𝑥) + ∑ 𝑑(𝑇𝑛+2+ℓ𝑥, 𝑇𝑛+1+ℓ𝑥)
𝑗−1
ℓ=0  

                     ≤ 𝑑(𝑇𝑛+1𝑥, 𝑥) + (∑ 𝐾̄ℓ𝑗−1
ℓ=0 )𝑑(𝑇𝑛+2𝑥, 𝑇𝑛+1𝑥) 

              ≤ (1 + ∑ 𝐾̄ℓ
𝑗−1
ℓ=0 )𝑑(𝑇𝑛+1𝑥, 𝑥) + (∑ 𝐾̄ℓ

𝑗−1
ℓ=0 )𝑑(𝑥, 𝑇𝑛𝑥) < +∞; 𝑗 ∈ 𝑝 − 1; ∀𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄  

(25) 

and the proof of Property (iii) is complete. 

Property (iv) follows from Properties [(ii)–(iii)] since 𝑇𝑝𝑛𝑘+𝑗𝑥 ∈ 𝐴𝑖+𝑗 if 𝑥 ∈ 𝐴𝑖;∀𝑖 ∈

𝑝̄, ∀𝑗 ∈ 𝑝 − 1 ∪ {0}. □ 

4.3. Pseudo-Orthogonality Relations for Cyclic Mappings and Main Results on Boundedness and 

Convergence 

The cyclic problem is taken into focus by the definition of an appropriate special non-

symmetric orthogonality relation on distances; therefore, we refer to it in the following as 

a pseudo-orthogonal relation. Such a relation defines a class of pseudo-orthogonal se-

quences (in brief, 𝑃𝑂-sequences) in each pair of adjacent subsets of the cyclic disposal. 

Such sequences are defined in such a way that the distances between consecutive elements 

are not increasing. Picking-up consecutive sequences at each pair of adjacent sunsets the 

definition extends in a natural way to 𝑝 -tuples of sequences by picking up consecutive 

distances of sequences in-between consecutive pairs of adjacent subsets. 

Definition 5. Let (𝑋, 𝑑) be a metric space and let a set of 𝑝 countable subsets 𝐴𝑖 of 𝑋 be all 

nonempty disjoint and closed with 𝐷 = 𝑑𝑖𝑠𝑡(𝐴𝑖 , 𝐴𝑖+1) = 𝑑(𝐴𝑖,  𝐴𝑖+1) > 0  ∀𝑖 ∈ 𝑝̄ and define 

sequences consisting of 𝑝 -tuples of sequences of the form: 

{𝑥̄𝑛𝑝}𝑛=0
∞

≡ {(𝑥𝑛𝑝, 𝑥𝑛𝑝+1, . . . , 𝑥𝑛𝑝+𝑝−1)}𝑛=0
∞

⊂ 𝐴𝑖 × 𝐴𝑖+1 ×. . .× 𝐴𝑖+𝑝−1; ∀𝑖 ∈ 𝑝̄ (26) 

where 𝑥0𝑝 = 𝑥0 ∈ 𝐴𝑖 for any arbitrary 𝑖 ∈ 𝑝̄ subject to the following element-to-element pseudo-

orthogonality binary relation ⊥𝑜: 

𝑥̄(𝑛+1)𝑝 ⊥𝑜 𝑥̄𝑛𝑝 ⇔ [𝑑(𝑥(𝑛+1)𝑝+𝑗+1,  𝑥(𝑛+1)𝑝+𝑗) ≤ 𝑑(𝑥𝑛𝑝+𝑗+1,  𝑥𝑛𝑝+𝑗); ∀𝑗

∈ 𝑝 − 1 ∪ {0}]  
(27) 

{𝑥̄𝑛𝑝}𝑛=0
∞

  is a 𝑃𝑂  -sequence-p-tuple in 𝐴𝑖 × 𝐴𝑖+1 ×. . .× 𝐴𝑖+𝑝−1  with respect to ⊥𝑜  such 

that 𝑥0𝑝 = 𝑥0 ∈ 𝐴𝑖 for any arbitrary 𝑖 ∈ 𝑝̄ if (27) holds for all 𝑛 ∈ 𝒁0+. 

Remark 1. Definition 5 can be re-adapted for the case when ⋂ 𝐴𝑖𝑖∈𝑝̄ ≠ ∅. For instance, if there is 

a strict contraction mapping 𝑇on ⋃ 𝐴𝑖 𝑖∈𝑝̄  with 𝑇(𝐴𝑖) ⊂ 𝐴𝑖+1  ∀𝑖 ∈ 𝑝̄ that generates the 𝑃𝑂 

-sequences from any initial points (𝑥, 𝑇𝑥) in adjacent subsets then all the sequences converge to 

a unique fixed point𝑧 in ⋂ 𝐴𝑖𝑖∈𝑝̄  and then 𝑍 = 𝑧. 

Note that since the subsets 𝐴𝑖  for any 𝑖 ∈ 𝑝̄  are nonempty and closed and 𝐷 =

𝑑𝑖𝑠𝑡(𝐴𝑖 , 𝐴𝑖+1) = 𝑑(𝐴𝑖 ,  𝐴𝑖+1) > 0 then there exists at least a best proximity point 𝑧𝑖 ∈ 𝐴𝑖 

to the next adjacent subset 𝐴𝑖+1 . Then, there is a pseudo-orthogonal element-set𝑍 =

(𝑧1, 𝑧2, ⋯ , 𝑧𝑝) ∈ 𝐴1 × 𝐴2 ×. . .× 𝐴𝑝. 
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Assertion 4. Assume that 𝑥0 ∈ 𝐴𝑖 for any 𝑖 ∈ 𝑝̄.Then, {𝑥̄𝑛𝑝}𝑛=0
∞

 is a 𝑃𝑂-sequence-p-tuple in 

𝐴𝑖 × 𝐴𝑖+1 ×. . .× 𝐴𝑖+𝑝−1 with respect to ⊥𝑜 if and only if {𝑥̄𝑛}𝑛=0
∞  is a 𝑃𝑂-sequence-p-tuple in 

𝐴𝑖+𝑗 × 𝐴𝑖+1,𝑗 ×. . .× 𝐴𝑖+𝑝−1,𝑗 with respect to ⊥𝑜, where 

𝑗 = 𝑚𝑎𝑥(𝑧 ∈ 𝒁0+: 𝑧 = 𝑛 − 𝑝ℓ ≤ 𝑝 − 1; ℓ = 𝑚𝑎𝑥(𝑧 ∈ 𝒁0+: 𝑝ℓ ≤ 𝑛))  

Proof. Note that, for any 𝒏, 𝓵 ∈ 𝒁𝟎+ , there exist unique 𝑛, ℓ ∈ 𝒁0+  and 𝑗 ∈ 𝑝 − 1 ∪ {0} 

such that 𝑛 = 𝑝ℓ + 𝑗 = 𝑝̇ + 𝑗 . Thus the proof follows from Definition 5 since 

𝑥̄𝑛+1 ⊥𝑜 𝑥̄𝑛 ⇔ [𝑑(𝑥𝑛+1+ℓ+1,  𝑥𝑛+1+ℓ) ≥ 𝑑(𝑥𝑛+1+ℓ,  𝑥𝑛+1+ℓ−1); ∀ℓ ∈ 𝑝 − 1 ∪ {0}]    ∀𝑥 ∈ 𝐴𝑖 , 

some 𝑖 ∈ 𝑝̄  and {𝑥̄𝑛}𝑛=0
∞ ≡ {(𝑥𝑛 , 𝑥𝑛+1, . . . , 𝑥𝑛+𝑝−1)}𝑛=0

∞
⊂ 𝐴𝑖+𝑗 × 𝐴𝑖+𝑗+1 ×. . .× 𝐴𝑖+𝑗+𝑝−1   

∀𝑥 ∈ 𝐴𝑖, some 𝑖 ∈ 𝑝̄. □ 

The following equivalence between pseudo-orthogonality of sequences and pseudo-

orthogonality of the sequence-p-tuples which contain them as components is direct. 

Assertion 5. {𝑥̄𝑛}𝑛=0
∞  (equivalently, {𝑥̄𝑛𝑝}𝑛=0

∞
) is a 𝑃𝑂-sequence-𝑝-tuple with respect to ⊥0if 

and only if each sequence {𝑥𝑛}𝑛=0
∞  is a 𝑃𝑂-sequence with respect to ⊥0 with, at least, a pseudo- 

orthogonal element 𝑧𝑖+𝑗 ∈ 𝐴𝑖+𝑗, with 𝑗 ∈ 𝑝 − 1 ∪ {0} in Assertion 4, which is an element of the 

pseudo-orthogonal (set) element 𝑍 of {𝑥̄𝑛𝑝}𝑛=0
∞

 and {𝑥̄𝑛}𝑛=0
∞ . 

Assertion 6. If (27) holds for any 𝑛 ∈ 𝒁0+  and for any sequence of the form (12) then 

(⋃ 𝐴𝑖 , ⊥𝑜𝑖∈𝑝̄ )  is an 𝑃𝑂  -set and the associated pseudo-orthogonal metric subspace 

(⋃ 𝐴𝑖 , ⊥𝑜, 𝑑𝑖∈𝑝̄ ) of the metric space (𝑋, 𝑑) is an 𝑃𝑂𝑀𝑆. The set 𝑍 = {𝐴10 , 𝐴20, ⋯ , 𝐴𝑝0} is 

the unique pseudo-orthogonal (set) element of ⋃ 𝐴𝑖 𝑖∈𝑝̄  which contains the best proximity sets 

𝐴𝑖0 = {𝑧 ∈ 𝐴𝑖: 𝑑(𝑧, 𝐴𝑖+1) = 𝑑(𝑧, 𝐴𝑖+1,0) = 𝐷(> 0)}(⊂ 𝐴𝑖)  𝑖 ∈ 𝑝̄. 

Proof. First, note that, if (27) holds for any 𝑛 ∈ 𝒁0+ , any 𝑥0𝑝 = 𝑥0 ∈ 𝐴𝑖  and any 𝑖 ∈ 𝑝̄ 

then there exists at least a sequence of the form (26), subject to (27), which is a constant 

sequence-tuple {𝑥̄𝑛𝑝 = (𝑧𝑖 , , 𝑧𝑖+1,  ⋯ 𝑧𝑖−1)}𝑛=0
∞

  for some chosen 𝑧𝑖 ∈ 𝐴𝑖0  for arbitrary 𝑖 ∈

𝑝̄. On the other hand, note that 𝐷 = 𝑑𝑖𝑠𝑡(𝐴𝑖 , 𝐴𝑖+1) = 𝑑(𝐴𝑖0,  𝐴𝑖+1,0) = 𝑑(𝑧𝑖 , 𝑧𝑖+1) so that 

any sequence (26), subject to (27), for any initial point 𝑥0𝑝 = 𝑥0 ∈ 𝐴𝑖 for any 𝑖 ∈ 𝑝̄ (from 

the axiom of free choice since 𝐴𝑖 is countable so that 𝐴𝑖0 is countable) has distances be-

tween consecutive values being non smaller than 𝐷 . Therefore, the set 𝑍 , as defined, 

which is of cardinal 𝑝 , or greater, if 𝐴𝑖  are disjoint, and since 𝐴𝑖0 ≠ ∅ ; ∀𝑖 ∈ 𝑝̄ , is a 

pseudo-orthogonal element of ⋃ 𝐴𝑖𝑖∈𝑝̄   since any 𝑃𝑂 -sequence- 𝑝 -tuple {𝑥̄𝑛𝑝}𝑛=0
∞

  is 

pseudo-orthogonal to 𝑍. Furthermore, 𝑍 is the unique pseudo-orthogonal set-element of 

⋃ 𝐴𝑖𝑖∈𝑝̄  such that the distances between any two elements corresponding to adjacent sub-

sets is 𝐷, that is, 𝑑(𝑧𝑖 , 𝑧𝑖+1) = 𝐷; ∀𝑖 ∈ 𝑝̄. Assume that the uniqueness of 𝑍 fails, so that 

there is some pseudo-orthogonal element 𝑍1 ≠ 𝑍. In this case, there is necessarily the ex-

istence of some 𝑝 -tuple in 𝑍1 such that the distance between some two of its elements 

corresponding to adjacent sunsets is greater than 𝐷. But then 𝑍1 is not pseudo-orthogo-

nal to 𝑍, hence a contradiction, thus 𝑍 is unique. □ 

Assertions 4–6 allow easily identify mutatis-mutandis the pseudo-orthogonality 

properties on the 𝑝-tuples {𝑥̄𝑛𝑝}𝑛=0
∞

 of sequences in Definition 5 with those of {𝑥̄𝑛𝑝+𝑗}𝑛=0
∞

 

for any 𝑗 ∈ 𝑝 − 1 ∪ {0} and with those of the individual sequence components {𝑥𝑛}𝑛=0
∞  

of those 𝑝-tuples. 

Remark 2. The assumption that the subsets of the cyclic disposal are countable (Definition 5) has 

been overcome in Theorem 1 since the definition and conditions on the cyclic self-mapping fixes the 

https://doi.org/10.3390/math14010036


Mathematics 2026, 14, 36 18 of 36 
 

https://doi.org/10.3390/math14010036 

successive points in adjacent subsets of the generated sequences from any initial point in the union 

of such subsets. 

The following result relates Theorem 1 directly to a pseudo-orthogonal relation on 

the subsequences subject to Conditions C.1–C.2 in the event that one of the proximity sets 

in one of the subsets of the cyclic disposal, say 𝐴𝑖, is a singleton, that is, 𝐴𝑖0 = {𝑧𝑖}. Such 

subsequences are proved to be Cauchy 𝑃𝑂-sequences with respect to the pseudo-orthog-

onal relation and then with subsequences being convergent to best proximity points 

within each of the subsets of the cyclic disposal. The union of the subsets of the cyclic 

disposal is a 𝑃𝑂-set. Its pseudo-orthogonal element-set is a set of 𝑝 best proximity points 

and it is the unique pseudo-orthogonal element due precisely to the fact that the best prox-

imity set of one of the subsets is a singleton. 

Theorem 2. Let (𝑋, 𝑑) be a metric space under Conditions C.1–C.2 of Theorem 1 and assume 

that 𝐷 = 𝑑𝑖𝑠𝑡(𝐴𝑖 , 𝐴𝑖+1) = 𝑑(𝐴𝑖 , 𝐴𝑖+1) > 0  ∀𝑖 ∈ 𝑝̄and that 𝐴𝑖0is a singleton, that is 𝐴𝑖0 =

{𝑧𝑖}, for some 𝑖 ∈ 𝑝̄. Assume also that the subsequent condition holds: (C.3) All the subsequences 

{𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)𝑥}
𝑘=0

∞
(⊂ 𝐴𝑖) → 𝐴𝑖0 = {𝑧𝑖} for any given 𝑥 ∈ 𝐴𝑗, any 𝑗 ∈ 𝑝̄, some 𝑖 ∈ 𝑝̄, and some 

ℓ(𝑛𝑘, 𝑗, 𝑖) ∈ 𝑝 − 1 ∪ {0}. Then, the following properties hold: 

(i) Consider the 2-tuple 𝑥̂𝑛𝑘 = (𝑥𝑛𝑘 , 𝑥𝑛𝑘+1) = (𝑇
𝑛𝑘𝑥 , 𝑇𝑛𝑘+1𝑥) for any given 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄ . 

The binary relation ⊥⊂ 𝑋 × 𝑋 is a pseudo-orthogonality relation defined by 

𝑇𝑛𝑘+1𝑥 ⊥ 𝑇𝑛𝑘𝑥 ⇔ [𝐸𝑞𝑛. (14) ℎ𝑜𝑙𝑑𝑠 𝑓𝑜𝑟𝑦 = 𝑇𝑥, 𝑠𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜 𝐶. 1 − 𝐶2, 𝑓𝑜𝑟 𝑡ℎ𝑒 2 − 𝑡𝑢𝑝𝑙𝑒𝑠 𝑥̂𝑛𝑘 𝑎𝑛𝑑 𝑥̂𝑛𝑘+1]  (28) 

and the subsequence {𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)𝑥}
𝑘=0

∞
 is a 𝑃𝑂 -sequence with respect to ⊥ if the above binary 

pseudo-orthogonality relation holds for all 𝑘 ∈ 𝒁0+. 

(ii) All the subsequences {𝑇𝑛𝑘+𝑗𝑥} ; ∀𝑗 ∈ 𝑝 − 1 ∪ {0}, ∀𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄  fulfill also the pseudo-or-

thogonality relation, that is, 𝑇𝑛𝑘+1+𝑗+1𝑥 ⊥ 𝑇𝑛𝑘+𝑗𝑥; ∀𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄ , ∀𝑗 ∈ 𝑝 − 1 ∪ {0}. The 

pseudo-orthogonality relation ⊥ endows a POMS (⋃ 𝐴𝑖𝑖∈𝑝̄ , 𝑑, ⊥), which is a metric sub-

space of (𝑋, 𝑑) and ⋃ 𝐴𝑖𝑖∈𝑝̄ ⊂ 𝑋 is a 𝑃𝑂-set of unique pseudo-orthogonal set-element 𝑍 =

(𝑧1, 𝑧2, ⋯ , 𝑧𝑝). 

(iii) {𝑇(𝑛𝑘+𝑚)𝑝𝑥 − 𝑇𝑛𝑘𝑝𝑥}
𝑘=0

∞
→ 0; ∀𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄ , ∀𝑚 ∈ 𝒁0+, 

{𝑇𝑛𝑘+𝑗𝑥 − 𝑇𝑛𝑘+𝑗𝑦}𝑘=0
∞ → 0; ∀𝑥, 𝑦 ∈ 𝐴𝑖,∀𝑗 ∈ 𝑝 − 1 ∪ {0}, ∀𝑖 ∈ 𝑝̄,and any 𝑗 ∈ 𝑝̄,  

{𝑇𝑛𝑘𝑝+𝑖𝑥}𝑘=0
∞ → 𝑧𝑖+𝑗(= 𝑇

𝑗𝑧𝑖); ∀𝑥 ∈ 𝐴𝑗 and any 𝑗 ∈ 𝑝̄, 

{𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)+𝜎𝑥}
𝑘=0

∞
(⊂ 𝐴𝑖+𝜎) → 𝑧𝑖+𝜎(= 𝑇

𝜎𝑧𝑖), ∀𝑥 ∈ 𝐴𝑗, ∀𝑗 ∈ 𝑝̄, ∀𝜎 ∈ 𝑝 − 1 ∪ {0}. 

(iv) {𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)+𝜎𝑥}
𝑘=0

∞
(⊂ 𝐴𝑖+𝜎); ∀𝑥 ∈ 𝐴𝑗 and any 𝑗 ∈ 𝑝̄, ∀𝜎 ∈ 𝑝 − 1 ∪ {0}, is a 𝑃𝑂 -Cau-

chy sequence. 

(v) Each 𝑃𝑂 -Cauchy subsequence of {𝑇𝑛𝑘𝑥}𝑘=0
∞  converges to a unique orbit 𝑍  in 

⋃ 𝐴𝑖𝑖∈𝑝̄ ,∀𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄ , which is also the pseudo-orthogonal element-set of ⋃ 𝐴𝑖𝑖∈𝑝̄ , and then 

the POMS (⋃ 𝐴𝑖𝑖∈𝑝̄ , 𝑑, ⊥) is 𝑃𝑂-complete. 

Proof. Note that the subsequence {𝑇𝑛𝑘𝑥}𝑘=0
∞ ⊂ (⋃ 𝐴𝑖𝑖∈𝑝̄ ) for any 𝑥 ∈ 𝐴𝑗 and a given 𝑗 ∈

𝑝̄ can lie in different subsets of the cyclic disposal depending on each current 𝑛𝑘 ∈ 𝒁0+ 

and on 𝑗 ∈ 𝑝̄ . However, there is a an integer depending on 𝑛𝑘 ∈ 𝒁0+  ℓ = ℓ(𝑛𝑘, 𝑗, 𝑖) ∈

𝑝 − 1 ∪ {0} Since any subsequence {𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)𝑥}
𝑘=0

∞
(⊂ 𝐴𝑖) → 𝑧𝑖(∈ 𝐴𝑖) for any given 𝑥 ∈

𝐴𝑗 , any 𝑗 ∈ 𝑝̄  and some 𝑖 ∈ 𝑝̄  then{𝑑(𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)𝑥, 𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)+1𝑥 )}
𝑘=0

∞
→ 𝑑(𝑧𝑖 ,  𝑇𝑧𝑖)(=

𝐷) from Property (i) of Theorem 1 since 𝑇 is Lipstchitz-continuous on ⋃ 𝐴𝑖𝑖∈𝑝̄  with con-

stant 𝐾̄ , then continuous as well, so that 𝑑(𝑧𝑖 ,  𝑇
𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)+1𝑥) =

𝑑 (𝑧𝑖 ,  𝑇(𝑇
𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)𝑥)) → 𝑑(𝑧𝑖 ,  𝑇𝑧𝑗+𝑖)(= 𝐷) . As a result, {𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)𝑥}

𝑘=0

∞
  is a 𝑃𝑂  -

https://doi.org/10.3390/math14010036


Mathematics 2026, 14, 36 19 of 36 
 

https://doi.org/10.3390/math14010036 

sequence with respect to ⊥, defined by (28), if (28) holds for all 𝑘 ∈ 𝒁0+. Property (i) has 

been proved. 

Now, since 𝑧𝑖 is the unique best proximity point in 𝐴𝑖 to 𝐴𝑖+1 for some 𝑖 ∈ 𝑝̄, so 

that the best proximity set of 𝐴𝑖 is a singleton, that is, 𝐴𝑖0 = {𝑧𝑖} and 𝑧𝑖+1(= 𝑇𝑧𝑖) ∈ 𝐴𝑖+1,0, 

although 𝐴𝑖+1,0 is not necessarily a singleton. From Property (i) of Theorem 1 and contin-

uing with the above reasoning for the successive adjacent subsets of the cyclic disposal, 

one concludes that the proximity sets of all the subsets are nonempty, while one of them 

is a singleton, and all the subsequences {𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)+𝑚𝑥}
𝑘=0

∞
 (⊂ 𝐴𝑖+𝑚) → 𝑧𝑖+𝑚(∈ 𝐴𝑖+𝑚,0); 

∀𝑚 ∈ 𝑝 − 1 ∪ {0}; ∀𝑥 ∈ 𝐴𝑗, some 𝑗 ∈ 𝑝̄ fulfill also the pseudo-orthogonality relation, that 

is, 𝑇𝑛𝑘+1+𝑗+1𝑥 ⊥ 𝑇𝑛𝑘+𝑗𝑥 ; ∀𝑗 ∈ 𝑝 − 1 ∪ {0}  for any 𝑥 ∈ 𝐴𝑖  from (16). If 𝑥 ∈ 𝐴𝑞  with 𝑞(≠

𝑗) ∈ 𝑝̄, then the above reasoning can be applied by replacing 𝑥 → 𝑦 = 𝑇𝑗−𝑞𝑥(∈ 𝐴𝑗) to con-

clude that 𝑇𝑛𝑘+1+𝑗+1𝑦 ⊥ 𝑇𝑛𝑘+𝑗𝑦. Therefore, the pseudo-orthogonality relation is not de-

pendent on the particular 𝑥  in ⋃ 𝐴𝑖𝑖∈𝑝̄   and {𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)+𝑚𝑥}
𝑘=0

∞
 , defined under the 

pseudo-orthogonality relation (28) are 𝑃𝑂-sequences irrespective of the subset to which 

the initial point belongs, and 

𝑍 = {𝑧1 = 𝑇𝑝−𝑖+1𝑧𝑖 , ⋯ , 𝑧𝑖−1 = 𝑇𝑝−1𝑧𝑖 , 𝑧𝑖 , 𝑇𝑧𝑖 , 𝑇
𝑝−𝑖𝑧𝑖} ⊂ {𝐴10, ⋯ , 𝐴𝑖−1,0, 𝐴𝑖0 = {𝑧𝑖}, 𝐴𝑖+1,0 , 𝐴𝑝0}  

is the pseudo-orthogonal set-element of dimension 𝑝 of the 𝑃𝑂 -set ⋃ 𝐴𝑖𝑖∈𝑝̄  , which is 

unique since 𝐴𝑖0 = {𝑧𝑖}  for some 𝑖 ∈ 𝑝̄  and 𝑇:⋃ 𝐴𝑖𝑖∈𝑝̄ → ⋃ 𝐴𝑖𝑖∈𝑝̄   is single-valued. Also 

the orbit of convergence points generated by the subsequence {𝑇𝑛𝑘𝑥}𝑘=0
∞ ; ∀𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄  is 

𝑍. Property (ii) has been proved. 

To prove Property (iii), note that any given 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄  belongs also to some 𝐴𝑗 for 

some 𝑗 ∈ 𝑝̄  so that 𝑞 = 𝑞(𝑥) = 𝑇𝑖−𝑗𝑥 ∈ 𝐴𝑖 , such that 𝐴𝑖0 = {𝑧𝑖} , and {𝑇(𝑛𝑘+𝑚)𝑝𝑞}
𝑘=0

𝑚
(⊂

𝐴𝑖) → 𝑧𝑖   ∀𝑚 ∈ 𝒁0+ . Then, {𝑇(𝑛𝑘+𝑚)𝑝𝑦 − 𝑇𝑛𝑘𝑝𝑦}
𝑘=0

∞
= {𝑇𝑛𝑘𝛼+𝜂𝑦 − 𝑇

𝑛𝑘𝛽+𝜃𝑦}
𝛼,𝛽=0

∞
 , irrespec-

tively of the subset 𝐴𝑘 for 𝑘 ∈ 𝑝̄ to which 𝑦 belongs, where (𝑛𝑘 +𝑚)𝑝 ≥ 𝑛𝑘𝛼 ≥ 𝑛𝑘𝑝 ≥

𝑛𝑘𝛽 , {𝑛𝑘𝛼}𝛼=0
∞

⊂ ({𝑛𝑘}𝑘=0
∞ ) , 𝜂 = (𝑛𝑘 +𝑚)𝑝 − 𝑛𝑘𝛼   and 𝜃 = 𝑛𝑘𝑝 − 𝑛𝑘𝛽 , and there exist 

{𝑛𝑘𝛽}𝛽=0

∞

⊂ ({𝑛𝑘}𝑘=0
∞ ) strictly increasing sequences of non-negative integer numbers such 

that {𝑇𝑛𝑘𝛼+𝜂𝑦}𝛼=0
∞ (⊂ {𝑇(𝑛𝑘+𝑚)𝑝𝑦}

𝑘=0

∞
)  and {𝑇

𝑛𝑘𝛽
+𝜃
𝑦}

𝑘=0

∞
(⊂ {𝑇𝑛𝑘𝑝𝑦}𝑘=0

∞ )  are both con-

vergent subsequences with elements in the same subset 𝐴𝑖 of the cyclic disposal, so con-

vergent to the same limit. Thus, {𝑇(𝑛𝑘+𝑚)𝑝𝑥 − 𝑇𝑛𝑘𝑝𝑥}
𝑘=0

∞
→ 0. On the other hand, if 𝑥, 𝑦 ∈

𝐴𝑘  then 𝑇𝑖−𝑘𝑥 , 𝑇𝑖−𝑘𝑦 ∈ 𝐴𝑖 , such that 𝐴𝑖0 = {𝑧𝑖} , then {𝑇𝑛𝑘+𝑗(𝑇𝑖−𝑘𝑥) −

𝑇𝑛𝑘+𝑗(𝑇𝑖−𝑘𝑦)}𝑘=0
∞ → 0 ; ∀𝑥, 𝑦 ∈ 𝐴𝑘 ; ∀𝑗 ∈ 𝑝 − 1 ∪ {0}  for any arbitrary 𝑘 ∈ 𝑝̄ . Thus, 

{𝑇𝑛𝑘+𝑗𝑥 − 𝑇𝑛𝑘+𝑗𝑦}𝑘=0
∞ → 0 ; ∀𝑥, 𝑦 ∈ 𝐴𝑖 ; ∀𝑗 ∈ 𝑝 − 1 ∪ {0} , ∀𝑖 ∈ 𝑝̄ . Finally, {𝑇𝑛𝑘𝑝𝑥}𝑘=0

∞ →

𝑧𝑖+𝑗(= 𝑇𝑗𝑧𝑖) ; ∀𝑥 ∈ 𝐴𝑗  and any 𝑗 ∈ 𝑝̄  and {𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)+𝜎𝑥}
𝑘=0

∞
→ 𝑧𝑖+𝜎(= 𝑇

𝜎𝑧𝑖), ∀𝑥 ∈ 𝐴𝑗 , 

∀𝑗 ∈ 𝑝 − 1 ∪ {0};∀𝜎 ∈ 𝑝 − 1 ∪ {0} follows directly from the former two properties. Prop-

erty (iii) has been proved. 

Now, from Theorem 1 (i) and from Property (iii), one has that for any ℓ ∈ 𝑝̄ and any 

𝑥 ∈ 𝐴ℓ, proceed by contradiction to prove that {𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)+𝜎𝑥}
𝑘=0

∞
; ∀𝑥 ∈ 𝐴𝑗 and any 𝑗 ∈

𝑝̄, ∀𝜎 ∈ 𝑝 − 1 ∪ {0}, is a 𝑃𝑂-Cauchy sequence. Assume that it is not 𝑃𝑂-Cauchy. Then for 

any given real constant 𝜀 > 0 , there exists some ℓ ∈ 𝒁+  such that 𝑑(𝑇𝑛𝑘+1𝑥 , 𝑇𝑛𝑘𝑥) <

𝐷 + 𝜀 and 𝑑(𝑇𝑛𝑘+ℓ+1𝑥 , 𝑇𝑛𝑘+ℓ𝑥) − 𝐷 ≥ 𝜀. Then, one has the following contradiction: 

𝜀 ≤ 𝑑(𝑇𝑛𝑘+ℓ+1𝑥 , 𝑇𝑛𝑘+ℓ𝑥) − 𝐷 ≤ [∏𝐾(𝑛𝑘+𝑗 , 𝑛𝑘+𝑗+1)

ℓ

𝑗=0

] (𝑑(𝑇𝑛𝑘+1𝑥 , 𝑇𝑛𝑘𝑥) − 𝐷) 

           < [∏ 𝐾(𝑛𝑘+𝑗 , 𝑛𝑘+𝑗+1)
ℓ
𝑗=0 ] 𝜀 < 𝜀 

 

As a result, the convergent subsequence, according to Property (iii), 

{𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)+𝜎𝑥}
𝑘=0

∞
; ∀𝑥 ∈ 𝐴𝑗 and any 𝑗 ∈ 𝑝̄, ∀𝜎 ∈ 𝑝 − 1 ∪ {0}, is a 𝑃𝑂-Cauchy sequence. 

Property (iv) has been proved. Property (v) follows from the fact that, although {𝑇𝑛𝑘𝑥}𝑘=0
∞  
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in general, does not converge for any 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄ , it has 𝑝 convergent subsequences, one 

per subset of the cyclic disposal, to best proximity points, whose integrating subsequence 

converges to an orbit which is the pseudo-orthogonal element set 𝑍 which are 𝑃𝑂-se-

quences. Also, and since all the 𝑃𝑂 -Cauchy sequences converge in ⋃ 𝐴𝑖𝑖∈𝑝̄   the OMS 

(⋃ 𝐴𝑖𝑖∈𝑝̄ , 𝑑, ⊥) is 𝑃𝑂-complete. □ 

Note that the fact that (⋃ 𝐴𝑖, 𝑑, ⊥𝑖∈𝑝̄ ) is 𝑃𝑂 -complete does not imply that (𝑋, 𝑑) is 

complete. 

Remark 3. Note that the self-mapping 𝑇 from ⋃ 𝐴𝑖𝑖∈𝑝̄  to itself is both continuous on ⋃ 𝐴𝑖𝑖∈𝑝̄  

and ⊥-continuous for the subsequences which satisfy such a pseudo-orthogonality condition. This 

follows from the fact that it is Lipschitz-continuous with Lipschitz constant 𝐾̄ for all the 𝑃𝑂-

sequences. Note that the self-mapping 𝑇 is also ⊥-preserving since the successive pairs of pseudo-

orthogonal elements of the subsequences keep the pair-wise pseudo-orthogonality condition for each 

next generated elements, and such subsequences are clearly 𝑃𝑂-sequences. 

Example 16. Consider the linear discrete-time dynamic system of dimension 𝑑:  

𝑥𝑛+1 = 𝐵𝑛𝑥𝑛  

with 𝑥0 ∈ 𝑹+
𝑑  and {𝐵𝑛}0

∞ ⊂ 𝑹−
𝑑×𝑑 . Note that, with the above conditions, 𝑥0𝑖 ≠ 0 ; ∀𝑖 ∈ 𝑑̄ , 

(𝐵𝑛)𝑖,𝑗 ≠ 0; ∀𝑖, 𝑗 ∈ 𝑑̄, ∀𝑛 ∈ 𝒁0+, {𝑥2𝑛}𝑛=0
∞ ⊂ 𝑹+

𝑑  and {𝑥2𝑛+1}𝑛=0
∞ ⊂ 𝑹−

𝑑  so that the mapping 

which generates solution sequences is cyclic with 𝑝 = 2. This situation is the one to be discussed 

more in detail later on. However, note that if 𝑥0 ∈ 𝑹−
𝑑 , {𝐵2𝑛}0

∞ ⊂ 𝑹−
𝑑×𝑑 and {𝐵2𝑛+1}0

∞ ⊂ 𝑹+
𝑑×𝑑 

then {𝑥2𝑛}𝑛=0
∞ ⊂ 𝑹−

𝑑  and {𝑥2𝑛+1}𝑛=0
∞ ⊂ 𝑹+

𝑑  In fact, if all the components of are nonzero with the 

same sign, all the entries of 0B  are also nonzero with the same sign and, furthermore, 

𝑠𝑔𝑛(𝐵𝑛+1)𝑖,𝑗 = −𝑠𝑔𝑛(𝐵𝑛)𝑖,𝑗; ∀𝑖, 𝑗 ∈ 𝑑̄, ∀𝑛 ∈ 𝒁0+, then all the entries of 𝐵𝑛𝐵𝑛+1 are negative 

for all 𝑛 ∈ 𝒁0+ so that all the components of {𝑥2𝑛}𝑛=0
∞  have the same sign as those of 𝑥0 and all 

the components of {𝑥2𝑛+1}𝑛=0
∞  has a reversed sign compared to that of the components of 𝑥0. It 

turns out that the composed operator 𝐵𝑛𝐵𝑛+1 is cyclic with a period 𝑝 = 2. This situation is dis-

cussed in the next section with numerical simulations. 

Now, assume that {‖𝐵‖𝑛}0
∞ ⊂ (0 , 𝐾̄], for a vector-induced matrix norm ‖𝐴‖ = 𝑠𝑢𝑝

‖𝑧‖=1
‖𝐴𝑧‖ 

(since norms of matrices and vectors have to be compatible to operate with them in the sequel), 

which has a subsequence {‖𝐵‖𝑛𝑘}𝑘=0
∞

⊂ {‖𝐵‖𝑛}𝑛=0
∞ , such that the following conditions hold: 

    C. (a) {‖𝐵‖𝑛𝑘}𝑘=0
∞

⊂ (0 , 𝜌𝑛𝑘] ⊂ (0, 𝜌] ⊂ (0,  1); (∏ [‖𝐵𝑗‖]
𝑛𝑘+1−1
𝑗=𝑛𝑛𝑘

) < 1  

C. (b) ‖𝑥𝑛+1 − 𝑥𝑛‖ ≤ 𝐾𝑛‖𝑥𝑛 − 𝑥𝑛−1‖ ≤ 𝐾̄‖𝑥𝑛 − 𝑥𝑛−1‖; ∀𝑛 ∈ 𝒁+,  

with {𝑛𝑘}𝑘=0
∞   being a strictly increasing sequence of non-negative integer numbers with 

(𝑛𝑘+1 − 𝑛𝑘) ≤ 𝑁 < +∞  ∀𝑘 ∈ 𝒁0+ with 𝑛0 ∈ 𝒁0+ being finite. 

Assume that 𝑋 ⊂ 𝑹𝑑  is the space of solutions and 𝑑: 𝑋 × 𝑋 → 𝑹0+
𝑑   is the norm-induced 

metric. Note that {𝐵2𝑛}𝑛=0
∞ ⊂ 𝑹+

𝑑×𝑑 , {𝐵2𝑛+1}𝑛=0
∞ ⊂ 𝑹−

𝑑×𝑑 , {𝑥2𝑛}𝑛=0
∞ ⊂ 𝑹+

𝑑  . Identify 𝐴1 =

𝑹0+
𝑑 = 𝑐𝑙𝑹+

𝑑    𝐴2 = 𝑹0−
𝑑 = 𝑐𝑙𝑹−

𝑑   which are obviously closed unbounded and non-disjoint with 

𝐷 = 𝑑(𝑹+
𝑑  , 𝑹−

𝑑) = 𝑑(𝐴1 , 𝐴2) = 0 since 0(∈ 𝑹𝑑) = 𝑹+
𝑑 ∩ 𝑹−

𝑑 = 𝐴1 ∩ 𝐴2. 

The difference equation which describes the discrete-time system is defined by a mapping 

𝑇: 𝐴1 ∪ 𝐴2 → 𝐴1 ∪ 𝐴2 𝑇(𝑥) = 𝑦  ∀𝑥 ∈ 𝐴 ∪ 𝐵 which is cyclic since 𝑇(𝐴1) ⊂ 𝐴2 and 𝑇(𝐴2) ⊂

𝐴1. 

It turns out by using the conditions C. (a) and C. (b) that 
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‖𝑥𝑛𝑘+1 − 𝑥𝑛𝑘‖ = ‖( ∏ [𝐵𝑗]

𝑛𝑘+1−1

𝑗=𝑛𝑛𝑘

)𝑥𝑛𝑘 − 𝑥𝑛𝑘‖ = ‖(𝐼𝑑 − ( ∏ [𝐵𝑗]

𝑛𝑘+1−1

𝑗=𝑛𝑛𝑘

))𝑥𝑛𝑘‖ 

                 ≤ 𝐾(𝑛𝑘 , 𝑛𝑘+1)‖𝑥𝑛𝑘 − 𝑥𝑛𝑘−1‖ = 𝐾(𝑛𝑘, 𝑛𝑘+1) ‖(𝐼𝑑 − (∏ [𝐵𝑗]
𝑛𝑘−1
𝑗=𝑛𝑛𝑘−1

)) 𝑥𝑛𝑘−1‖ 

     ≤ 𝐾(𝑛𝑘 , 𝑛𝑘+1) (1 − (∏ [‖𝐵𝑗‖]
𝑛𝑘−1
𝑗=𝑛𝑛𝑘−1

)) ‖𝑥𝑛𝑘−1‖ ≤ 𝜌𝑛𝑘−1 (1 − (∏ [‖𝐵𝑗‖]
𝑛𝑘+1−1
𝑗=𝑛𝑛𝑘

)) ‖𝑥𝑛𝑘−1‖ 

 

provided that 

1 > 𝜌 ≥ 𝜌𝑛𝑘−1 ≥

𝐾(𝑛𝑘 , 𝑛𝑘+1) (1 − (∏ [‖𝐵𝑗‖]
𝑛𝑘−1
𝑗=𝑛𝑛𝑘−1

))

1 − (∏ [‖𝐵𝑗‖]
𝑛𝑘+1−1

𝑗=𝑛𝑛𝑘
)

⇒ 𝐾(𝑛𝑘, 𝑛𝑘+1) ≤ 𝜌𝑛𝑘−1

1 − (∏ [‖𝐵𝑗‖]
𝑛𝑘+1−1
𝑗=𝑛𝑛𝑘

)

1 − (∏ [‖𝐵𝑗‖]
𝑛𝑘−1

𝑗=𝑛𝑛𝑘−1
)
  

with 

𝐾(𝑛𝑘, 𝑛𝑘+1) = ∏ [𝐾𝑗]

𝑛𝑘+1−1

𝑗=𝑛𝑘

=

{
 
 

 
 
𝐾𝑛𝑘+1−1 ( ∏ [𝐾𝑗]

𝑛𝑘+1−2

𝑗=𝑛𝑘

)  𝑖𝑓  𝑛𝑘+1 > 𝑛𝑘 + 1

𝐾𝑛𝑘+1−1 𝑖𝑓  𝑛𝑘+1 = 𝑛𝑘 + 1

  

which is guaranteed if the following condition hold: 

C. (c) 𝐾𝑛𝑘+1−1 ≤
𝜌𝑛𝑘−1(1−(

∏ [‖𝐵𝑗‖]
𝑛𝑘+1−1

𝑗=𝑛𝑛𝑘
))

(∏ [𝐾𝑗]
𝑛𝑘+1−2

𝑗=𝑛𝑘
)(1−(∏ [‖𝐵𝑗‖]

𝑛𝑘−1

𝑗=𝑛𝑛𝑘−1
))

≤ 𝐾 < 1  

Theorem 2 holds which is now verified. Define the following pseudo-orthogonality condition 

⊥⊂ 𝑋 × 𝑋 and define 𝑥̂𝑛𝑘 = (𝑥𝑛𝑘 , 𝑥𝑛𝑘+1) ∈ 𝑹
𝑑 × 𝑹𝑑 with 𝑥0 ∈ 𝑹

𝑑, 𝑥1 = 𝐵0𝑥0, with 𝑥0𝑖 ≠ 0  

∀𝑖 ∈ 𝑑̄. Then, the common best proximity point between𝐴1and 𝐴2 is a singleton 𝐴10 = 𝐴20 =

{0 ∈ 𝑹𝑑}, ‖𝑥𝑛𝑘+1 − 𝑥𝑛𝑘‖ → 0 as 𝑘 → ∞, 𝑥𝑛𝑘+1 ⊥ 𝑥𝑛𝑘  ∀𝑘 ∈ 𝜡0+, so that all the consecutive el-

ements of the subsequences {𝑥𝑛𝑘}𝑘=0
∞

 are pair-wise pseudo-orthogonal (then the self-mapping 𝑇 

on 𝐴 ∪ 𝐵  is ⊥ -preserving) and the subsequences are 𝑃𝑂 -sequences for any initial condition 

𝑥0 ∈ 𝑹
𝑑 , {𝑥𝑛𝑘}𝑘=0

∞
→ 0(∈ 𝑹𝑑)  and then 0 ∈ 𝑹𝑛  is the unique 𝑃𝑂 -set, pseudo-orthogonal to 

any element of 𝑹𝑑. The sub-sequences {𝑥𝑛𝑘}𝑘=0
∞

 are also Cauchy 𝑃𝑂 −sequences since  

∑‖𝑥𝑛𝑗+1 − 𝑥𝑛𝑗‖

𝑚+ℓ

𝑗=𝑚

≤ (∑𝐾𝑗
𝑚+ℓ

𝑗=0

)‖𝑥𝑛𝑚+1 − 𝑥𝑛𝑚‖ =
1 − 𝐾𝑚+ℓ−1

1 − 𝐾
‖𝑥𝑛𝑚+1 − 𝑥𝑛𝑚‖ ≤

1

1 − 𝐾
‖𝑥𝑛𝑚+1 − 𝑥𝑛𝑚‖  

Then assume that for some 𝜀 = 𝜀(𝑛𝑚) ∈ 𝑹+  such ‖𝑥𝑛𝑚+1 − 𝑥𝑛𝑚‖ ≤ 𝜀  for any given 

𝑚, ℓ ∈ 𝒁+ and ℓ ∈ 𝒁+, there is some 𝑃𝑂 -subsequence {𝑥𝑛𝑘}𝑘=0
∞

 which is not Cauchy so that 

there exists at least one integer 𝑛𝑗 ∈ [𝑛𝑚+1 , 𝑛𝑚+ℓ] such that ‖𝑥𝑛𝑗+1 − 𝑥𝑛𝑗‖ > 𝜀. Then, 

ℓ𝜀 < ∑ ‖𝑥𝑛𝑗+1 − 𝑥𝑛𝑗‖

𝑚+ℓ

𝑗=𝑚

≤
𝜀

1 − 𝐾
⇒ ℓ <

𝜀

1 − 𝐾
  

and that constraint is violated by the choice ℓ ≥ (min 𝑧 ∈ 𝒁+: 𝑧 ≥ 𝜀/(1 − 𝐾)), hence a con-

tradiction. As a result, all the pseudo-orthogonal subsequences are Cauchy sequences. Also, since 

they are convergent, they are guaranteed to be bounded. Since 𝑥𝑛𝑘 → 0 as 𝑘 → ∞ then 𝑥𝑛+1 =

(∏ 𝐵𝑗
𝑛
𝑗=𝑛𝑘

)𝑥𝑛𝑘 → 0 for any 𝑛 ∈ [𝑛𝑘 , 𝑛𝑘+1 − 1] ∩ 𝒁+. Then, the whole sequence {𝑥𝑛}𝑛=0
∞  con-

verges. Furthermore, ∏ ‖𝐵𝑗‖
𝑛
𝑗=𝑛𝑘

≤ 𝑠𝑢𝑝
𝑘∈𝒁0+

(∏ ‖𝐵𝑗‖
𝑛𝑘+1−1
𝑗=𝑛𝑘

) ≤ 𝐾̄𝑛𝑘+1−𝑛𝑘 ≤ 𝐾̄𝑁 < +∞ and for any 

𝑛 ∈ [𝑛𝑘 , 𝑛𝑘+1 − 1] ∩ 𝒁+  and any 𝑘 ∈ 𝒁0+ , one has that 𝑥𝑛 is bounded so that {𝑥𝑛}𝑛=0
∞   is 

bounded. 
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On the other hand, note that the convergence of all the pseudo-orthogonal subse-

quences to a best proximity set in which a singleton in one of the subsets of the cyclic 

disposal (Theorem 2) is not a strict requirement for the results to hold. It could be replaced 

by all the pseudo-orthogonal subsequences being required to converge to the same prox-

imity point (provided that it is not unique) in one of the subsets. However, the assumption 

that 𝐴𝑖0 = {𝑧𝑖} for some 𝑖 ∈ 𝑝̄ of Theorem 2 leads to a direct condition for the conver-

gence of all the relevant subsequences. 

A direct extension of Theorem 2 is the following one which relaxes Condition C.3 

since it only requires convergence to a particular best proximity point, even if non-unique. 

Corollary 1. Theorem 2 also holds if all the subsequences {𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)𝑥}
𝑘=0

∞
(⊂ 𝐴𝑖) →

𝑧𝑖(∈ 𝐴𝑖0) for any given 𝑥 ∈ 𝐴𝑗 , any 𝑗 ∈ 𝑝̄ , some 𝑖 ∈ 𝑝̄  and some ℓ(𝑛𝑘, 𝑗, 𝑖) ∈ 𝑝 − 1 ∪ {0} 

(without requiring that 𝐴𝑖0 be a singleton {𝑧𝑖}). 

The subsequent result integrates Theorems 1 and 2 when the metric space is a uni-

formly convex Banach space with one of its subsets 𝐴𝑖 of the cyclic disposal being bound-

edly compact and whose best proximity set 𝐴𝑖0 is a singleton {𝑧𝑖} for some 𝑖 ∈ 𝑝̄. In this 

case, all the sequences of the boundedly compact subset (having each necessarily to have 

a convergent subsequence from the boundedly compactness assumption) whose distances 

between adjacent subsets converge to 𝐷 are proved to converge to such a unique best 

proximity point. As a result the condition C.3 of Theorem 2 is not invoked in this case 

since all the pseudo-orthogonal sequences in 𝐴𝑖 converge to 𝑧𝑖 for such an 𝑖 ∈ 𝑝̄. 

Corollary 2. Let (𝑋, ‖. ‖) be a uniformly convex Banach space with a set of p nonempty and 

closed subsets 𝐴𝑖 ⊂ 𝑋  ∀𝑖 ∈ 𝑝̄ and 𝑇:⋃ 𝐴𝑖𝑖∈𝑝̄ → ⋃ 𝐴𝑖𝑖∈𝑝̄  is a 𝑝(≥ 2)-cyclic self-mapping under 

conditions C.1–C.2 of Theorem 1. The following properties hold: 

(i) Theorem 1 holds for (𝑋, ‖. ‖) with 𝑑: 𝑋 × 𝑋 → 𝑹0+ being the ‖. ‖-induced metric. 

(ii) Assume, furthermore, that𝐴𝑖is boundedly compact for some 𝑖 ∈ 𝑝̄ such that its best proxim-

ity set is a singleton, that is, 𝐴𝑖0 = {𝑧𝑖}, and that 

𝐷 = 𝑑𝑖𝑠𝑡(𝐴𝑖 , 𝐴𝑖+1) = 𝑑(𝐴𝑖 , 𝐴𝑖+1) = 𝑖𝑛𝑓
𝜃∈𝐴𝑖+1,0

‖𝑧𝑖 − 𝜃‖ > 0; ∀𝑖 ∈ 𝑝̄,  

where 𝑑: 𝑋 × 𝑋 → 𝑹0+  is the ‖. ‖ -induced metric. Then, Theorem 2 holds for the POMS

(𝑋, ‖. ‖, ⊥) , where the pseudo-orthogonality relation ⊥⊂ 𝑋 × 𝑋  is defined by (28) and such 

that𝑑: 𝑋 × 𝑋 → 𝑹0+ is the ‖. ‖-induced metric. 

Proof. Property (i) holds directly since the uniformly convex metric space (𝑋, ‖. ‖) is also 

a metric space under the norm-induced metric. By hypothesis, 𝐴𝑖 is boundedly compact 

and 𝐴𝑖0 = {𝑧𝑖}  for some 𝑖 ∈ 𝑝̄ . Since 𝐴𝑖  is nonempty, closed and boundedly compact, 

any bounded subsequences in 𝐴𝑖, according to Theorem 1 (ii), are also convergent in 𝐴𝑖, 

that is, {𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)𝑥}
𝑘=0

∞
(⊂ 𝐴𝑖) → 𝜔𝑖 ∈ 𝐴𝑖  ∀𝑥 ∈ 𝐴𝑗, ∀𝑗 ∈ 𝑝̄ from Theorem 1 (ii) for some 

sequence of integers ℓ(𝑛𝑘, 𝑗, 𝑖) in [0, 𝑝 − 1] . Assume that the limit 𝜔𝑖 ∉ 𝐴𝑖0  so that 

‖𝜔𝑖 − 𝑇𝜔𝑖‖ = 𝑑(𝜔𝑖 ,  𝑇𝜔𝑖) > 𝐷 . Then, Theorem 1 (i) fails since 𝐷 ← ‖𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)𝑥 −

𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)+1𝑥‖ → ‖𝜔𝑖 − 𝑇𝑧𝑖‖ > 𝐷 as 𝑘 → ∞, hence a contradiction to Property (i). There-

fore,𝜔𝑖 = 𝑧𝑖  , then, for any given 𝑥 ∈ 𝐴𝑗 , any 𝑗 ∈ 𝑝̄ , some 𝑖 ∈ 𝑝̄  such that 𝐴𝑖0 = {𝑧𝑖} and 

some ℓ(𝑛𝑘, 𝑗, 𝑖) ∈ 𝑝 − 1 ∪ {0} , one has that Condition C.3 of Theorem 2 holds, that is, 
( )  ( )  iiik

i,j,nn
zAAxT kk =→

=
+

00


. As a result, Theorem 2 holds so that Property (ii) is 

proved. □ 

Note that Corollary 2 (ii) concludes, in particular, that the following properties hold: 
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‖𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)𝑥 − 𝑇𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖)+1𝑥‖ → 𝐷; ∀𝑥 ∈ 𝐴𝑗, ∀𝑗 ∈ 𝑝̄,  

‖𝑇𝑝𝑛(𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖))𝑥 − 𝑇𝑝𝑚(𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖))+1𝑥‖ → 𝐷 , ‖𝑇𝑝𝑛(𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖))𝑥 − 𝑇𝑝𝑚(𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖))𝑥‖ → 0 ; ∀𝑛,𝑚 ∈ 𝒁+ , ∀𝑥 ∈ 𝐴𝑗 , 

∀𝑗 ∈ 𝑝̄, 
 

‖𝑇𝑝𝑛(𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖))𝑥‖ → 𝑧𝑖 ; ‖𝑇
𝑝𝑚(𝑛𝑘+ℓ(𝑛𝑘,𝑗,𝑖))+1𝑥‖ → 𝑇𝑧𝑖; ∀𝑛,𝑚 ∈ 𝒁+, ∀𝑥 ∈ 𝐴𝑗, ∀𝑗 ∈ 𝑝̄.  

The following result is obvious from an extended Theorem 2 for the case that the 

subsets 𝐴𝑖 pair-wise intersect so that the distance between adjacent subsets is null. 

Corollary 3. Theorem 2 can be directly extended to the case when 𝐴𝑖 ∩ 𝐴𝑖+1 = {𝑧𝑖}  ∀𝑖 ∈ 𝑝̄ im-

plying that 𝐷 = 0. 

The next result relies on some further properties related to the whole sequences 

{𝑇𝑛𝑥}𝑛=0
∞   for 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄  , which can be obtained from the properties which have been 

proved in Theorem 1 for their relevant subsequences under Conditions C.1–C.2, and, fur-

thermore in Theorem 2 under the extra Condition C.3. 

Theorem 3. Under the hypotheses of Theorem 1, the following additional properties to those proved 

in Theorem 1 hold for the whole sequence generated through the self-mapping T on ⋃ 𝐴𝑖𝑖∈𝑝̄ , 

(i) The sequences {𝑇𝑛+𝑗𝑥}𝑛=0
∞  and {𝑇𝑝𝑛+𝑗𝑥}𝑛=0

∞  are bounded; ∀𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄ , ∀𝑗 ∈ 𝑝 − 1 ∪

{0}. 

(ii) The following limits of distances exist: 

             ( ) DyT,xTdlim jnjn

n

=++

→

; ∀(𝑥, 𝑦) ∈ 𝐴𝑖 × 𝐴𝑖+1 ∪ 𝐴𝑖+1 × 𝐴𝑖; ∀𝑖 ∈ 𝑝̄, ∀𝑛 ∈ 𝒁0+, ∀𝑗 ∈ 𝑝 − 1 ∪ {0}, 
 

( ) DxT,xTdlim jnjn

n

=+++

→

1
; 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄ ;  ∀𝑖 ∈ 𝑝̄, ∀𝑗 ∈ 𝑝 − 1 ∪ {0},∀𝑛 ∈ 𝒁0+. 

 

Under the additional hypothesis of Theorem 2, the following additional properties to those 

proved in Theorem 2 hold for the whole sequences: 

(iii) {𝑇(𝑛+𝑚)𝑝𝑥 − 𝑇𝑛𝑝𝑥}
𝑛=0

∞
→ 0; ∀𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄ , ∀𝑚 ∈ 𝒁0+, 

{𝑇𝑛+𝑗𝑥 − 𝑇𝑛+𝑗𝑦}𝑛=0
∞ → 0; ∀𝑥, 𝑦 ∈ 𝐴𝑖,∀𝑗 ∈ 𝑝 − 1 ∪ {0},∀𝑖 ∈ 𝑝̄, 

{𝑇𝑛𝑝+𝑖𝑥}𝑛=0
∞ → 𝑧𝑖+𝑗(= 𝑇

𝑗𝑧𝑖); ∀𝑥 ∈ 𝐴𝑗 and any 𝑗 ∈ 𝑝̄, 

{𝑇𝑛+ℓ(𝑛,𝑗,𝑖)+𝜎𝑥}
𝑛=0

∞
(⊂ 𝐴𝑖+𝜎) → 𝑧𝑖+𝜎(= 𝑇

𝜎𝑧𝑖), 

∀𝑥 ∈ 𝐴𝑗, ∀𝑗 ∈ 𝑝̄, some ℓ(𝑛, 𝑗, 𝑖) ∈ 𝑝 − 1 ∪ {0},∀𝜎 ∈ 𝑝 − 1 ∪ {0}. 

Proof. From Theorem 1 (ii), {𝑇𝑛𝑘+𝑗𝑥}𝑘=0
∞   is bounded for any given 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄  ; ∀𝑗 ∈

𝑝 − 1 ∪ {0} . Take 𝑛 ∈ [𝑛𝑘 , 𝑛𝑘+1]  and note that (𝑛 − 𝑛𝑘)  is finite since 𝑠𝑢𝑝
𝑘∈𝒁0+

(𝑛 − 𝑛𝑘) ≤

𝑠𝑢𝑝
𝑘∈𝒁0+

(𝑛𝑘+1 − 𝑛𝑘) ≤ 𝑁 < +∞ , from Condition C.2 of Theorem 1, and then 𝑇𝑛𝑥 =

𝑇𝑛−𝑛𝑘𝑇𝑛𝑘+𝑗𝑥 . Define 𝑦 = 𝑇𝑛−𝑛𝑘𝑥 , note that {𝑇𝑛𝑘+𝑗𝑦}𝑘=0
∞   is bounded; ∀𝑦 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄  , then 

one gets that {𝑇𝑛+𝑗𝑥}𝑛=0
∞   is bounded for any given 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄  ; ∀𝑗 ∈ 𝑝 − 1 ∪ {0}  and 

Property (i) is proved concerning the boundedness of {𝑇𝑛+𝑗𝑥}𝑛=0
∞  since one has 

𝑑(𝑇𝑛𝑥, 𝑇𝑛𝑘+𝑗𝑥) = 𝑑(𝑇𝑛𝑘+𝑗𝑇𝑛−𝑛𝑘𝑥, 𝑇𝑛𝑘+𝑗𝑥) ≤ 𝑑(𝑥, 𝑇𝑛𝑘+𝑗𝑥) + 𝑑(𝑇𝑛𝑘+𝑗𝑦, 𝑥) < +∞  

Now, since {𝑇𝑝𝑛+𝑗𝑥}𝑘=0
∞   a subsequence of the bounded {𝑇𝑛+𝑗𝑥}𝑘=0

∞  , it is also 

bounded so that Property (i) is fully proved. 

To prove Property (ii), note from Conditions C.1–C.2 that 
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𝑑(𝑇𝑛+𝑗𝑥 , 𝑇𝑛+𝑗𝑦) − 𝐷 ≤ ( ∏ [𝐾𝑛𝑘+𝑗+ℓ]

𝑛−𝑛𝑘−1

ℓ=0

) (𝑑(𝑇𝑛𝑘+𝑗𝑥 , 𝑇𝑛𝑘+𝑗𝑦) − 𝐷) 

                          ≤ 𝐾̄𝑛−𝑛𝑘(𝑑(𝑇𝑛𝑘+𝑗𝑥 , 𝑇𝑛𝑘+𝑗𝑦) − 𝐷); 

                         ∀(𝑥, 𝑦) ∈ 𝐴𝑖 × 𝐴𝑖+1 ∪ 𝐴𝑖+1 × 𝐴𝑖; ∀𝑖 ∈ 𝑝̄, ∀𝑛 ∈ 𝒁0+, ∀𝑗 ∈ 𝑝 − 1 ∪ {0}. 

 

Then, one has that 

( )( ) ( )( )DyT,xTdKlimDyT,xTdsuplim
jnjnnn

n

jnjn

n

kkk −−−
++−

→

++

→

0  

( )( ) 00 −−= ++

→

DyT,xTdsuplim jnjn

n

 
 

and then there exist the limit 

( ) DyT,xTdlim jnjn

n

=++

→ . By taking 𝑦 = 𝑇𝑥, one has, in par-

ticular, 

( ) DxT,xTdlim jnjn

n

=+++

→

1

; ∀𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄ , ∀𝑗 ∈ 𝑝 − 1 ∪ {0}. Property (ii) is proved. 

Property (iii) follows by extending directly Theorem 2 (iii) to the whole sequences 

{𝑇𝑛+𝑗𝑥}𝑛=0
∞ → 0   ∀𝑥 ∈ 𝐴𝑖 ,∀𝑗 ∈ 𝑝 − 1 ∪ {0} , ∀𝑖 ∈ 𝑝̄ , and {𝑇𝑛𝑝+𝑖𝑥}𝑛=0

∞ → 𝑧𝑖+𝑗(= 𝑇𝑗𝑧𝑖) ; ∀𝑥 ∈

𝐴𝑗 and any 𝑗 ∈ 𝑝̄, since 𝐴𝑖0 = {𝑧𝑖} for some 𝑖 ∈ 𝑝̄ and Properties [(i)–(iii)] hold for the 

whole sequences, that is, they are bounded and the distances in adjacent subsets converge 

to the distance in-between such subsets. □ 

Some direct convergence results follow from Theorems 1 and 2 for the studied 

bounded sequences under further conditions for the case of real numbers under the Eu-

clidean distance and for the case of compact metric spaces. 

Corollary 4. Assume in Theorem 1 that 𝑋 = 𝑹, 𝑑(𝑥, 𝑦) = |𝑥 − 𝑦|, the Euclidean distance, for 

any 𝑥, 𝑦 ∈ 𝑹 , and 𝐴𝑖 = [𝑎𝑖 ,   𝑎̄𝑖]  ⊂ 𝑹  and let 𝑃𝑂𝑀𝑆  (⋃ 𝐴𝑖𝑖∈𝑝̄ , ⥂ 𝑑, ⊥)  be defined, subject 

to the given conditions on the cyclic self-mapping 𝑇:⋃ 𝐴𝑖𝑖∈𝑝̄ → ⋃ 𝐴𝑖𝑖∈𝑝̄ , under the pseudo-orthog-

onality binary relation (28), which implies the constraint (14) under Conditions C.1–C.2, which 

defines the subsequences {𝑇𝑛𝑘+𝑗𝑥}𝑘=0
∞ (⊂ {𝑇𝑛+𝑗𝑥}𝑘=0

∞ )  ∀𝑖 ∈ 𝑝̄, ∀𝑗 ∈ 𝑝 − 1 ∪ {0}. 

Then, the following properties hold in addition to Theorem 1 [(i)–(v)]: 

(i) Each bounded sequence {𝑇𝑛𝑘+𝑗𝑥}𝑘=0
∞  referred to in Theorem 1 (ii) (in turn, being a subse-

quence of {𝑇𝑛+𝑗𝑥}𝑘=0
∞ ) has a convergent subsequence {𝑇𝑛𝑘𝑙+𝑗𝑥}

ℓ=0

∞
 for any given 𝑥 ∈

⋃ 𝐴𝑖𝑖∈𝑝̄ ; ∀𝑖 ∈ 𝑝̄, ∀𝑗 ∈ 𝑝 − 1 ∪ {0}. Then, the whole sequence {𝑇𝑛+𝑗𝑥}𝑘=0
∞  has the same 

convergent subsequence {𝑇𝑛𝑘𝑙+𝑗𝑥}
ℓ=0

∞
 for any given 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄ ; ∀𝑖 ∈ 𝑝̄, ∀𝑗 ∈ 𝑝 − 1 ∪

{0}. 

(ii) Each bounded sequence {𝑇𝑝𝑛𝑘+𝑗𝑥}𝑘=0
∞ (⊂ 𝐴𝑖+𝑗) referred to in Theorem 1 (iv) (in turn, being 

a subsequence of {𝑇𝑝𝑛+𝑗𝑥}𝑘=0
∞ (⊂ 𝐴𝑖+𝑗)) has a convergent subsequence {𝑇𝑝𝑛𝑘𝑙+𝑗𝑥}

ℓ=0

∞
(⊂

𝐴𝑖+𝑗)  for any given 𝑥 ∈ 𝐴𝑖 ; ∀𝑖 ∈ 𝑝̄ , ∀𝑗 ∈ 𝑝 − 1 ∪ {0} . Then, the whole sequence 

{𝑇𝑛𝑝+𝑗𝑥}𝑘=0
∞  has the same convergent subsequence {𝑇𝑝𝑛𝑘𝑙+𝑗𝑥}

ℓ=0

∞
 for any given 𝑥 ∈

⋃ 𝐴𝑖𝑖∈𝑝̄ ; ∀𝑖 ∈ 𝑝̄, ∀𝑗 ∈ 𝑝 − 1 ∪ {0}. 

(iii) All the proximity subsets of the closed real intervals 𝐴𝑖, ∀𝑖 ∈ 𝑝̄ to their respective adjacent 

subsets are nonempty and non-necessarily singletons, and contain the respective convergence 

points of the convergent subsequences of Properties [(i)–(ii)] which are in the pseudo-orthog-

onal set-element 𝑍 of (⋃ 𝐴𝑖𝑖∈𝑝̄ , 𝑑, ⊥). 

Proof. Note that (⋃ 𝐴𝑖𝑖∈𝑝̄ , ⥂ 𝑑, ⊥) is a complete pseudo-orthogonal space, since the met-

ric space (𝑹, 𝑑) is complete (from celebrated Bolzano-Weierstrass theorem), and that the 

subsequences {𝑇𝑛𝑘+𝑗𝑥}𝑘=0
∞  are 𝑃𝑂 -sequences with respect to ⊥. From Theorem 1 (iii), 
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each 𝑃𝑂 -sequence {𝑇𝑛𝑘+𝑗𝑥}𝑘=0
∞  is bounded for any given 𝑥 ∈ ⋃ 𝐴𝑖𝑖∈𝑝̄ ; ∀𝑗 ∈ 𝑝 − 1 ∪ {0} 

so it has a convergent subsequence {𝑇𝑛𝑘ℓ+𝑗𝑥}
ℓ=0

∞
 in ⋃ 𝐴𝑖𝑖∈𝑝̄ . Property (i) has been proved. 

In the same way, from Theorem 1 (iv), each 𝑃𝑂  -sequence {𝑇𝑝𝑛𝑘+𝑗𝑥}𝑘=0
∞ (⊂ 𝐴𝑖+𝑗)  is 

bounded for any given 𝑥 ∈ 𝐴𝑖 ; ∀𝑗 ∈ 𝑝 − 1 ∪ {0}  and has to have a subsequence 

{𝑇𝑝𝑛𝑘ℓ+𝑗𝑥}
ℓ=0

∞
(⊂ 𝐴𝑖+𝑗), which is, in turn, a subsequence of {𝑇𝑝𝑛𝑘+𝑗𝑥}𝑘=0

∞ , a subsequence of 

{𝑇𝑝𝑛+𝑗𝑥}𝑘=0
∞  , and a subsequence of {𝑇𝑝𝑛+𝑗𝑥}𝑘=0

∞  , which possesses a limit point in 𝐴𝑖+𝑗 . 

Property (ii) has been proved. Now, note from Theorem 1 (ii), that the sequences of dis-

tances between their corresponding generated points on adjacent subsets converge to 𝐷 =

|𝑎̄𝑖 − 𝑎𝑖+1|, if the sets are disjoint, and that 𝐷 = 0, otherwise ∀𝑖 ∈ 𝑝̄. Therefore, the 𝑝 con-

vergence points 𝑧𝑖 in each of the subsets 𝐴𝑖; ∀𝑖 ∈ 𝑝̄ are best proximity points to their 

adjacent subset, so that the best proximity subsets 𝐴𝑖0; ∀𝑖 ∈ 𝑝̄ are all non-empty, 𝑧𝑖 ∈ 𝐴𝑖0 

and the pseudo-orthogonal set-element 𝑍 ⊃ ⋃ 𝐴𝑖0𝑖∈𝑝̄ ⊃ {𝑧1, 𝑧2, ⥂ ⋯ , 𝑧𝑝}. Property (iii) fol-

lows. □ 

Remark 4. Note that the above result by itself does not ensure that the best proximity subsets 𝐴𝑖0 

are singletons since the limit points 𝑧𝑖 depend on the pseudo-orthogonal relation which generates 

the subsequences which converge to those points rather than on the subsets themselves. They can 

also be dependent on the initial points of the involved sequences. Therefore, it is also guaranteed 

that there is a best proximity point per best proximity set which is a limit point of some subsequence 

at each subset of the cyclic disposal. 

The following result is similar to Corollary 4 for the case when (𝑋, 𝑑) is a compact 

metric space. Thus, 𝑋 is not required to be, in particular, the real set. However, since a 

compact metric space is both complete and totally bounded, the subsets 𝐴𝑖; ∀𝑖 ∈ 𝑝̄ of the 

cyclic disposal have to be bounded. Note, in particular and to fix ideas, that, although the 

metric space (𝑹, 𝑑) is complete, it is not compact since it is not totally bounded. Thus, the 

proofs of boundedness of the sequences follows directly by their construction, from the 

boundedness of the subsets where they belong to, so that it does not require to be specifi-

cally proved in the way as addressed in Theorem 1 which did not invoke the compactness 

assumption. 

Corollary 5. Assume in Theorem 1 that (𝑋, 𝑑)  is a compact metric space and let the 𝑃𝑂𝑀𝑆 

(⋃ 𝐴𝑖𝑖∈𝑝̄ ,  𝑑, ⊥)  be defined, subject to the given conditions on the cyclic self-mapping 

𝑇:⋃ 𝐴𝑖𝑖∈𝑝̄ → ⋃ 𝐴𝑖𝑖∈𝑝̄ , with the pseudo-orthogonality relation (28), that implies the fulfillment of 

Conditions C.1-C.2, and which defines the subsequences {𝑇𝑛𝑘+𝑗𝑥}𝑘=0
∞ (⊂ {𝑇𝑛+𝑗𝑥}𝑘=0

∞ )  ∀𝑖 ∈ 𝑝̄, 

∀𝑗 ∈ 𝑝 − 1 ∪ {0}. Then, the properties of Corollary 4 hold. 

5. Numerical Examples 

This section contains some numerical examples to illustrate the theoretical results 

and conceptual examples discussed in the previous sections. In particular, this section is 

organized into two parts: in the first one, the concept of pseudo-orthogonality, introduced 

in Section 3 in its application to dynamical systems, will be illustrated numerically while 

in the second part, the results of Theorems 2 and 3 concerning cyclic self-maps will be 

illustrated through the numerical simulation of Example 16 and an additional example. 

5.1. Pseudo-Orthogonality Relation Applied to the Stability of Dynamical Systems 

We now apply the definition of pseudo-orthogonality introduced in Section 3 to dy-

namical systems, and we present the construction of pseudo-orthogonal sequences. To 

this end, the starting point will be Example 7, which refers to a continuous dynamical 

system. Let us consider the system given by (1), where n = 3, and the dynamics matrix is 
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𝐴 = [
−3 2 −2
−2 0 −3
2 −1 −2

]  

with the initial condition x0 = [5, −6, 7]. The eigenvalues of A are {−1 + 2i, −1 − 2i, −3}, and 

therefore A is a stable (Hurwitz) matrix. The system trajectories corresponding to each of 

the states are shown in Figure 1a. It can be observed that the system exhibits oscillatory 

trajectories that converge to zero. Consequently, the 2-norm of the state, shown in Figure 

1b, also displays oscillations, and although it converges to zero, the convergence is not 

monotonic. 

  
(a) (b) 

Figure 1. (a) Time evolution of the system states in (1) parameterized by matrix A. (b) 2-norm of the 

state with respect to time. Both the states and the norm exhibit oscillations, and their convergence 

to zero is not monotonic. 

Given a sequence of time instants {ti}, we can define the pseudo-orthogonality rela-

tion between two states x(ti,x0) and x(ti+1,x0) as 𝑥(𝑡𝑖, 𝑥0) ⊥ 𝑥(𝑡𝑖+1, 𝑥0)  if ‖𝑥(𝑡𝑖+1, 𝑥0)‖ <

‖𝑥(𝑡𝑖 , 𝑥0)‖ if 𝑥(𝑡𝑖, 𝑥0) ≠ 0 and ‖𝑥(𝑡𝑖+1, 𝑥0)‖ = ‖𝑥(𝑡𝑖, 𝑥0)‖ = 0. In this way, we can define 

a sequence of states related by pseudo-orthogonality as the sequence formed by those 

states that, at a given instant, have a strictly smaller norm than at the previous instant. 

With this definition, the states related by pseudo-orthogonality are represented in Figure 

2 by red asterisks. As observed in Figure 2, this definition of pseudo-orthogonality does 

not, by itself, generate monotonically decreasing sequences, since positive jumps in the 

norm may occur due to the oscillatory nature of the system. This relation is understood as 

the state norm at a given instant being smaller than the state norm at the previous instant. 

However, from this pseudo-orthogonality sequence, one can extract a pseudo-orthogonal 

subsequence that is indeed monotonically decreasing, as shown in Figure 3 and discussed 

in Example 7, for an appropriate choice of the time instants {ti}. From the previously de-

fined pseudo-orthogonal sequence, a monotonically decreasing subsequence is extracted 

in that figure, consisting of the points that maintain a pseudo-orthogonality relation with 

all preceding states. The monotonically decreasing pseudo-orthogonal sequence is associ-

ated with a suitable choice of the sequence of instants {ti} at which the pseudo-orthogo-

nality relation is evaluated. In this sense, one could define the strict pseudo-orthogonality 

of a sequence of states as the sequence formed by those states that are pseudo-orthogonal 

to all preceding states. Verifying the strict pseudo-orthogonality relation yields sequences 

that are monotonically decreasing in norm. 
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Figure 2. Representation of the states related by pseudo-orthogonality. 

 

Figure 3. Monotonically decreasing pseudo-orthogonal sequence, referred to as strict pseudo-or-

thogonality in the figure. 

On the other hand, Example 9 discusses the concept of pseudo-orthogonality for dis-

crete-time systems. Let us consider system (3) with the dynamics matrix given by 

𝐴 = [
0.6 0.8 0.3
−0.7 0.6 0.2
0.2 −0.5 0.5

]  

with the same initial condition as before. The eigenvalues of this matrix are {0.7287, 0.4857 

+ 0.7851i, 0.4857 − 0.7851i}, and since all of them have absolute value smaller than one, the 

matrix is stable (Schur). The presence of complex eigenvalues in the spectrum indicates 

the oscillatory behavior of the states, as shown in Figure 4a. The oscillation in the states is 

reflected in oscillations in the state norm, as seen in Figure 4b. 

  
(a) (b) 

Figure 4. (a) Time evolution of the discrete system states in (3) parameterized by matrix A. (b) 2-

norm of the state at each iteration. 
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Note that both the states and the norm exhibit oscillations, and their convergence to 

zero is not monotonic. The state values at each iteration have been interpolated with 

straight lines to more clearly illustrate the system’s oscillatory behavior in the plot. Using 

the same definition of pseudo-orthogonality as for the continuous case, the sequence of 

states that satisfy the pseudo-orthogonality relation is shown in Figure 5. Due to the os-

cillatory nature of the system, not all states satisfy the pseudo-orthogonality relation, and 

they do not form a monotonically decreasing sequence. Note that the state norm at a given 

instant is smaller than the norm at the previous instant. However, from this sequence, a 

strictly pseudo-orthogonal subsequence (defined as before) can be extracted, which is 

monotonically decreasing. Figure 6 displays the states that maintain a strict pseudo-or-

thogonality relation, in the sense that each state is pseudo-orthogonal to all preceding 

states, resulting in monotonically decreasing sequences. 

 

Figure 5. States that maintain a pseudo-orthogonality relation. 

 

Figure 6. States that maintain a strict pseudo-orthogonality relation. 

It is worth noting that the stability of a dynamical system can be reformulated in both 

cases through the existence of a strictly pseudo-orthogonal sequence, that is, monoton-

ically decreasing. That is, a dynamical system is asymptotically stable if and only if there 

exists a monotonically decreasing pseudo-orthogonal sequence (strictly pseudo-orthogo-

nal, in the sense that it is formed by pseudo-orthogonal elements to all preceding states). 

Therefore, as an alternative to the traditional stability conditions for dynamical systems, 

one can consider the requirement for the existence of such pseudo-orthogonal sequences, 

which may lead to new stability criteria that could be useful in various contexts. In partic-

ular, as a direct consequence of interpreting stability in terms of strictly pseudo-orthogo-

nal sequences, it can be concluded that the discrete system (3) is asymptotically stable if 

and only if there exists an N such that ‖𝐴𝑁‖ < 1, a well-known condition in control theory 

usually derived from alternative arguments. 

5.2. Pseudo-Orthogonality in p-Cycling Mappings 

In this section, we study a numerical example of the concept of pseudo-orthogonality 

applied to cyclic mappings in order to illustrate the results of Theorems 2 and 3. To this 

end, the starting point will be Example 16 from Section 4. Let us consider the discrete 

dynamical system xn+1 = Bn xn with d = 3, defined as 
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𝐴2𝑛 = 𝑓(𝑛) [
0.3 0.5 0.1
0.1 0.4 0.5
0.4 0.2 0.3

]; 𝐴2𝑛+1 = −𝑔(𝑛) [
0.2 0.5 0.1
0.1 0.2 0.5
0.4 0.1 0.2

]  

with 𝑓(𝑛) = 1 + (0.5𝑛 + 0.5𝑛2 + 0.3𝑛3 + 0.4𝑛4)0.35𝑛  and 𝑔(𝑛) = 1 + (0.35𝑛 + 0.25𝑛2 +

0.4𝑛3)0.25𝑛. As can be seen, the dynamics matrix components change sign at each itera-

tion, as designed in Example 16. Moreover, we have 𝑙𝑖𝑚
𝑛→∞

𝑓(𝑛) = 𝑙𝑖𝑚
𝑛→∞

𝑔(𝑛) = 1, so that the 

eigenvalues of A2n and A2n+1 are, asymptotically, {0.9383, 0.0309 + 0.2848i, 0.0309 − 0.2848i} 

and {−0.7647, 0.0823 + 0.3149i, 0.0823 − 0.3149i}, respectively, while their 2-norms converge 

asymptotically to 0.9445 and 0.7713. The state trajectory is shown in Figure 7. In this figure, 

it can be observed that the state values initially increase before decreasing and converging 

to zero. This trajectory occurs because, initially, the dynamics matrices produce unstable 

behavior since for low iteration values the dynamics matrices have eigenvalues outside 

the unit circle. In fact, when n = 1, the dynamics matrix has eigenvalues {1.1728, 0.0386 + 

0.356i, 0.0386 − 0.356i}, and for n = 2, {−1.87, 0.2014 + 0.77i, 0.2014 − 0.77i}. Furthermore, 

Figure 7 also shows the oscillatory behavior of the system due to the sign change. The 

dynamical system can be represented as a cyclic mapping every two iterations, where all 

components of the state switch from positive to negative values and vice versa. 

 

Figure 7. State trajectory of the discrete-time system xn+1 = Bn xn. 

Since 𝑙𝑖𝑚
𝑛→∞

𝑓(𝑛) = 𝑙𝑖𝑚
𝑛→∞

𝑔(𝑛) = 1  there exists a non-negative integer n0 such that for 

all𝑛 ≥ 𝑛0 , the dynamics matrices have a norm smaller than one, and the contractivity 

conditions of Theorem 2 are satisfied, as verified in Example 16 through conditions C. (a) 

and C. (b). Moreover, the only pseudo-orthogonal point in both subsets is the origin, (0, 0, 

0). The evolution of the state norm is shown in Figure 8. It can be seen that the state norm 

increases for some iteration values and decreases for others. We explicitly construct the 

pseudo-orthogonal sequence by starting from an initial state 𝑥(𝑡0) = 𝑥0 and iteratively 

adding 𝑥(𝑡𝑖+1) whenever its norm is strictly smaller than that of the previously selected 

state, i.e., ‖𝑥(𝑡𝑖+1)‖ < ‖𝑥(𝑡𝑖𝑘)‖. Using the pseudo-orthogonality relation defined in Exam-

ple 16, Figure 9a shows the instants corresponding to the states that satisfy this pseudo-

orthogonality relation within the sequence of norm values. From this pseudo-orthogonal 

sequence, a subsequence (called the strictly pseudo-orthogonal sequence) can be selected 

in which the norm is monotonically decreasing. Figure 9b shows the points of this strictly 

pseudo-orthogonal sequence. Finally, Figure 10 shows the sequence of distances between 

consecutive states. As observed in Figure 10, the distance sequence converges to zero, cor-

responding to a Cauchy sequence, as concluded in Theorems 2 and 3. The existence of 

pseudo-orthogonal sequences converging to the unique common pseudo-orthogonal 

point is equivalent to the asymptotic stability condition of the dynamical system. 
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Figure 8. Evolution of the norm of the state, ‖𝑥𝑛‖. 

  
(a) (b) 

Figure 9. (a) Points where the pseudo-orthogonality relation is satisfied. (b) Points where a strict 

pseudo-orthogonality condition is satisfied (each state is pseudo-orthogonal to all its preceding 

states). 

 

Figure 10. Sequence of distances between consecutive states. 

To conclude this section, we consider the example of the cyclic rotation operator in 

the plane, rotating counterclockwise by 90 degrees with variable amplitude, given by 

𝑥𝑛+1 = 𝐴𝑛𝑥𝑛; 𝐴𝑛 = ℎ(𝑛) [
0 −1
1 0

]  

with ℎ(𝑛) = (1 + 0.5𝑛 + 2.5𝑛2)0. 7𝑛. Starting from an initial condition, the operator ro-

tates counterclockwise the point’s position by 90 degrees in each iteration and changes its 

distance to the origin according to the function h(n). In this sense, it is a cyclic operator, 

with the four quadrants of the plane forming the cycle of spaces. Figure 11 shows the 

solution trajectory of the iterations in the plane, where the initial point is located 10 units 

from the origin and at an angle of 25 degrees with respect to the horizontal axis. 
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Figure 11. Trajectory of the iterations in the plane. 

For this operator, four sets can be defined as A1, A2, A3, and A4 corresponding to the 

four open quadrants of the plane. The intersection of the closures of these sets is the origin 

(0, 0), which is the only common pseudo-orthogonal point. It can be observed that 

𝑙𝑖𝑚
𝑛→∞

ℎ(𝑛) = 0, and consequently, there exists a non-negative integer n0 such that for all 𝑛 ≥

𝑛0 , the norm of An satisfies the contraction condition of Theorem 2. Moreover, Figure 11 

shows that some motion trajectories intersect at certain iterations, indicating that the dis-

tance to the origin can increase or decrease at each iteration, although it asymptotically 

tends to zero. Figure 12 shows the evolution of the state norm. Using the pseudo-orthog-

onality relation defined in Example 16, we can define a sequence of pseudo-orthogonal 

points related through a decrease in the norm, as well as a monotonically decreasing se-

quence, which are shown in Figure 13, as in the previous examples. 

Therefore, the contractivity condition gives rise to a pseudo-orthogonal sequence that 

converges to the unique common pseudo-orthogonal point, which is the origin (0, 0), as 

predicted by Theorem 2. Moreover, the sequence of states in each space A1, A2, A3, and A4 

forms a Cauchy sequence, as stated in Theorem 3. This is illustrated in Figure 14, which 

shows how the distance between successive points belonging to the same space 𝐴𝑖 con-

verges to zero. 

 

Figure 12. Evolution of the state norm. 

https://doi.org/10.3390/math14010036


Mathematics 2026, 14, 36 32 of 36 
 

https://doi.org/10.3390/math14010036 

  
(a) (b) 

Figure 13. (a) Points where the pseudo-orthogonality relation is satisfied. (b) Points where a strict 

pseudo-orthogonality condition is satisfied (each state is peudo-orthogonal to all preceding states). 

  

  

Figure 14. Cauchyness of the sequences. 

If the function h(n) is now changed to ℎ(𝑛) = (1 + 0.5𝑛 + 2.5𝑛2)0. 7𝑛 + 0.75, then the 

iteration points will no longer converge to the origin, but to a best proximity point within 

each set. Thus, in this case D > 0, as is shown in Figure 15, in contrast to the behavior 

shown in Figure 11. Moreover, the evolution of the state norm is shown in Figure 16 for 

this case, where it is observed that it is not converging to zero. However, the sequences 

still exhibit the cauchyness property, as shown in Figure 17, for the iterations contained 

in the first quadrant, as a matter of example. 
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Figure 15. Trajectory of the iterations in the plane when ℎ(𝑛) = (1 + 0.5𝑛 + 2.5𝑛2)0. 7𝑛 + 0.75. 

 

Figure 16. Evolution of the state norm when ℎ(𝑛) = (1 + 0.5𝑛 + 2.5𝑛2)0. 7𝑛 + 0.75. 

 

Figure 17. Cauchyness of the sequence contained in the first quadrant. 
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6. Conclusions 

The main research findings and novel contributions of this article are summarized as 

follows: 

• Concept and Definition of Pseudo-Orthogonality and Pseudo-Orthogonal Metric 

Spaces. The article introduces and formalizes a new proposed non-symmetric or-

thogonality relation, termed pseudo-orthogonality, together with some illustrative 

examples that motivate its use. By endowing a metric space with this relation, the 

paper defines pseudo-orthogonal metric spaces, a new structural framework tailored 

for the analysis of cyclic self-mappings. 

• Best Proximity Points via Convergence of Pseudo-Orthogonal Sequences (New 

Convergence Framework). A key contribution is the development of an iteration-

dependent contractive condition that selects pseudo-orthogonal subsequences from 

general cyclic iterates, even when the full sequences may be locally non-contractive 

or even locally expansive. Using this mechanism, the paper proves the existence of 

best proximity points for cyclic mappings and establishes the convergence of the se-

lected sequences within each subset of the cyclic structure. This analysis also shows 

that the resulting pseudo-orthogonal metric subspace is complete, even without as-

suming completeness of the ambient space. 

• Connection with Stability Theory. The study reveals how pseudo-orthogonality 

naturally arises in stability and controllability problems in dynamic systems, bridg-

ing fixed-point methods with system theory. The pseudo-orthogonality condition 

provides a new tool for selecting dynamically meaningful sequences, which serves 

as the backbone for the convergence and proximity results established in the paper. 
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