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Abstract
We prove a version of Quillen’s stratification theorem in equivariant homotopy the-
ory for a finite group G, generalizing the classical theorem in two directions. Firstly,
we work with arbitrary commutative equivariant ring spectra as coefficients, and sec-
ondly, we categorify it to a result about equivariant modules. Our general stratifica-
tion theorem is formulated in the language of equivariant tensor-triangular geometry,
which we show to be tightly controlled by the non-equivariant tensor-triangular ge-
ometry of the geometric fixed points. We then apply our methods to the case of Borel-
equivariant Lubin–Tate E-theory En, for any finite height n and any finite group G,
where we obtain a sharper theorem in the form of cohomological stratification. In
particular, this provides a computation of the Balmer spectrum as well as a coho-
mological parametrization of all localizing ⊗-ideals of the category of equivariant
modules over En, thereby establishing a finite height analogue of the work of Ben-
son, Iyengar, and Krause in modular representation theory.
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1 Introduction

Quillen’s celebrated stratification theorem [73] provides a geometric description of
the cohomology of any finite group G with coefficients in a field k in terms of a
decomposition of its Zariski spectrum into locally closed subsets:

SpecH •(G, k) =
⊔

(E)⊆G

V+
G,E. (∗)

Here, the disjoint union is indexed on the conjugacy classes of elementary abelian
subgroups E ⊆ G and the strata V+

G,E are orbits of the Weyl group action on an
open subset of the Zariski spectrum of the cohomology of E. Since the cohomology
of elementary abelian subgroups is well-known, Quillen’s work gives a formula to
understand the cohomology ring of any finite group geometrically.

The first goal of the present paper is to develop and prove a far-reaching general-
ization of Quillen’s theorem, in the following two directions:

(a) We establish an analogue of Quillen stratification for an arbitrary commutative
equivariant ring spectrum1 R. Specializing to the Borel-equivariant theory R = k

recovers a version of Quillen’s theorem.
(b) We categorify the stratification of the group cohomology to a decomposition of

the entire category of modules over R, for appropriate equivariant ring spectra R.
The special case of R = k is contained in the seminal work of Benson, Iyengar,
and Krause [29] on the stable module category of k-linear G-representations.

Our results take place in the context of equivariant homotopy theory and are for-
mulated in the language of tensor-triangular geometry. This ‘equivariant tensor-
triangular geometry’ was initiated by Strickland (unpublished), Balmer [10], and
Balmer and Sanders in [16] and pursued further in [21, 22, 72], and [23]. The present
paper conceptualizes these developments in the form of a unifying perspective en-
compassing equivariant tensor-triangular geometry, Quillen’s stratification of group

1Here and throughout, by commutative equivariant ring spectrum we mean an E∞-monoid in G-spectra,
without any additional norm structures.
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cohomology, and stratifications in modular representation theory. In particular, we
establish a Quillen-type decomposition of the spectrum of any equivariant tensor-
triangulated category and study the extent to which it is reflected in a stratification of
the category defined over it; precise definitions are given in the next section. Our first
main theorem is:

Theorem (Informal version) The category of equivariant modules over any commuta-
tive G-equivariant ring spectrum R is stratified in terms of the geometric fixed points
�H R equipped with their Weyl group actions for all subgroups H of G.

Of particular importance to us is the special case of Borel-equivariant Lubin–
Tate E-theory. Their non-equivariant counterparts constitute outstanding examples of
commutative rings of mixed chromatic characteristic ([53]) and play a pivotal role in
chromatic stable homotopy theory (see for example [46, 68]). While they are known
to afford a generalized character theory in the sense of Hopkins, Kuhn, and Ravenel
[54], a classification of isomorphism classes of E-linear representation theory of fi-
nite groups seems out of reach. In light of this, our second main theorem provides a
‘coarse’ parametrization of all (permutation) representations of a finite group G over
any Lubin–Tate E-theory in terms of the Zariski spectrum of the E-cohomology of
G:

Theorem (Informal version) The category of G-equivariant modules over Borel-
equivariant Lubin–Tate E-theory is stratified over the spectrum Spec(E0(BG)).

In other words, we obtain a chromatic analogue in all mixed intermediate charac-
teristics of the aforementioned work of Benson, Iyengar, and Krause. This completes
the stratification program for the higher representation theory of finite groups, i.e.,
representations in all characteristics over the sphere spectrum.

Overview of cohomological stratification for representations of finite groups
Coefficients Chromatic height Spectrum Reference

Q 0 Spec(Q) [63]
Fp (p,∞) Spech(H ∗(G,Fp)) [27, 29]
Zp 0, (p,∞) Spech(H ∗(G,Zp)) [19, 56]
En 0, (p,1), . . . , (p,n) Spec(E0

n(BG)) [Theorem 7.4]

Main results Based on previous ideas by Balmer–Favi [12], Benson–Iyengar–
Krause [30], as well as Stevenson [81] and extending their works, a subset of the
present authors together with Sanders have developed a general framework of stratifi-
cation in tensor-triangular geometry. This theory utilizes a universal support function
to parametrize localizing ideals of a suitable compactly generated tensor-triangulated
category T in terms of subsets of the Balmer spectrum of T c:

Supp :
{

Localizing ⊗-ideals
of T

} {
Subsets

of Spc(T c)

}
.
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We then call the tt-category T stratified if Supp is a bijection, terminology that orig-
inates in [29] and is motivated by its topological counterpart for Spc(T c). This sepa-
rates the problem of classifying localizing ⊗-ideals into two questions:

• Is T stratified?
• What is Spc(T c) as a set?

In [23], we provide various techniques for approaching both questions; in practice,
this often turns out to be easier than a full computation of Spc(T c) which is equiv-
alent to a parametrization of all thick ⊗-ideals of compact objects T c in T . The
general paradigm goes as follows: First construct a suitable family of jointly conser-
vative tt-functors

fi : T Si

with all Si stratified. Secondly, show that stratification descends along the family of
functors fi , using the above tt-methods established in [23] and [19]. Assuming for
simplicity that the family is finite, it follows that there is a continuous surjection

⊔
i Spc(Sc

i ) Spc(T c),

see Corollary 2.26. The third step relies on the geometry of the functors fi to deter-
mine the spectrum of T c in terms of Spc(Sc

i ), potentially using additional structure
available in the given context.

Our first aim is to carry out this strategy in the context of stable equivariant homo-
topy theory. Consider a finite group G, fixed throughout, and let SpG be the category
of genuine G-equivariant spectra. Let R be a commutative G-equivariant ring spec-
trum, i.e., a commutative algebra in the symmetric monoidal category SpG, and let
ModG(R) be the tt-category of G-equivariant modules over R. Write PerfG(R) for
the full subcategory of compact objects in ModG(R). Equivariant homotopy theory
supplies excellent candidates for the family fi , namely the geometric fixed points

�H : ModG(R) Mod(�H R)

for H varying over the subgroups of G. There is a natural action of the Weyl group
WG(H) = NG(H)/H on Mod(�H R). With this preparation, the next result is then a
precise statement of our first main theorem written above:

Theorem A (Theorems 3.34 and 4.3) Let R be a commutative equivariant ring spec-
trum and write ModG(R) for the category of G-equivariant modules over R. Then:

(a) The spectrum of perfect R-modules admits a locally-closed decomposition

Spc(PerfG(R)) �
⊔

(H)⊆G

Spc(Perf(�H R))/WG(H), (†)

with the set-theoretic disjoint union being indexed on conjugacy classes of sub-
groups of G;
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(b) ModG(R) is stratified if the categories Mod(�H R) are stratified with Noetherian
spectrum for all subgroups H in G.

In both (a) and (b) it suffices to index on a family F of subgroups H ⊆ G such that
R is F -nilpotent.

To orient intuition and reconnect to Quillen’s work on group cohomology, recall
that any field k may be viewed as a commutative equivariant ring spectrum k by
passing to the Borel-completion of the associated Eilenberg–MacLane ring spectrum.
The corresponding tt-category of compact equivariant modules identifies2 with the
bounded derived category of finitely generated kG-modules:

PerfG(k) ∼= Db(mod(kG)).

Coupled with the computation of the spectrum in [27], Theorem A, (a) applied to
R = k then essentially recovers Quillen’s stratification theorem3 from the beginning.
For a more thorough discussion of the comparison, see Sect. 5.3. Part (b) reduces
equivariant stratification to a non-equivariant question, one for each subgroup of G.
In the case of R = k, this reduction does not constitute a significant simplification,
but it’s surprisingly powerful in many other instances, as we will demonstrate below.

Specializing in a different direction, Theorem A is also interesting for equivari-
ant ring spectra R = infl(Re) with trivial G-action, i.e., those that are inflated from a
non-equivariant commutative ring spectrum Re . The initial example is the equivariant
sphere spectrum S0

G, the monoidal unit of SpG: in this case, Theorem A, (a) reduces
to the computation of the underlying set of Spc(Spc

G) obtained by Strickland and
Balmer–Sanders [16]. More generally, for such R, the tt-category ModG(R) is equiv-
alent to the tt-category of spectral Mackey functors with coefficients in Mod(Re), see
[72, Corollary 4.11] (for Re = Z) and [23, Proposition 14.3] (for the general case),
all Weyl group actions on the relevant spectra are trivial by Proposition 4.10, and
Theorem A recovers the results of [23, Part 5].

Under additional assumptions on the equivariant ring spectrum R, we can find a
more economical model of the decomposition of Theorem A:

Theorem B (Theorem 5.20) If R arises as the restriction of a global equivariant ring
spectrum Rgl , then the Weyl group WG(H) in Theorem A may be replaced by the
‘global Weyl group’ W

gl
G (H) = NG(H)/H ·CG(H), i.e., the centralizer acts trivially

in this case. In particular, if H is abelian, then it suffices to consider the action of the
‘Quillen–Weyl group’ W

Q
G (H) = NG(H)/CG(H) on Spc(Perf(�H R)).

We provide an example that demonstrates that the conclusion of this theorem fails
for arbitrary equivariant ring spectra (Example 5.21) and that, even if it holds, the
resulting action is in general neither free nor trivial (Remark 5.28 and Remark 5.29).
While Theorem B seems formal, it becomes very useful in practice when we try to

2This identification requires a result on generation by permutation modules due to Rouquier, Mathew, and
Balmer–Gallauer, see Remark 7.7 for further details.
3For the Zariski spectrum of homogeneous prime ideals as opposed to all prime ideals.
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compute actions in explicit examples. The next theorem collects several new strat-
ification results for prominent equivariant ring spectra from Sect. 8; each of them
follows in a straightforward way from the novel techniques discussed so far.

Theorem C The category ModG(R) is stratified in each of the following cases:

(a) (Example 8.1) The integral constant Green functor R = HZ for any cyclic p-
group G, with stratified Balmer spectrum described in Fig. 3.

(b) (Theorem 8.12) Equivariant K-theory R = KUG for any finite group G. In this
case, Spc(PerfG(KUG)) ∼= Spec(π0KUG), where π0KUG

∼= R(G) is the com-
plex representation ring of G.

(c) (Example 8.15) Atiyah’s K-theory with reality R = KR for G = C2. In this case,
Spc(PerfC2(KR)) ∼= Spec(Z).

In summary, our equivariant stratification theorem expresses a substantial part of
the equivariant tt-geometry of any equivariant ring spectrum R in terms of the non-
equivariant tt-geometry of their geometric fixed points. As such, the list in Theorem C
is not exhaustive, but rather intended as a proof of concept. In order to give a com-
plete description of the equivariant tt-geometry of R, it remains to determine how
the strata of Spc(PerfG(R)) in Theorem A, (a) are glued together. In general, this
is a problem that poses substantial difficulties, as witnessed by the case of SpG for
which we can still only resolve this question for abelian groups [21]. To illustrate
this point further, note that Theorem C, (a) gives a short and independent proof of a
recent result of Balmer–Gallauer [14] for cyclic p-groups, the case relevant for the
motivic tt-geometry of Artin motives over finite fields. However, it requires additional
techniques to determine the remaining specialization relations in Fig. 3, and this cor-
responds precisely to the gluing data between the strata. While for cyclic groups, this
could be done ‘by hand’ and is part of recent work of Balmer and Gallauer [15],
a more systematic understanding for arbitrary equivariant ring spectra R would be
desirable.

Turning attention to the main example of interest to us in this paper, let E = En be
a Lubin–Tate E-theory of height n at the prime p and consider its G-Borel comple-
tion E. From the point of view of chromatic homotopy theory, E is a commutative
ring spectrum of mixed characteristic4 ((0), (p,1), . . . , (p,n)) and it is arguably the
most important example of such a spectrum. It plays the same fundamental role in
higher algebra as the p-adic integers Zp in ordinary algebra; note that, viewed chro-
matically, the latter is of characteristic ((0), (p,∞)).

Unsurprisingly, understanding the E-cohomology of finite groups has a long his-
tory, starting with the work of Ravenel from the 1970s, but also stimulating much
recent activity, such as [62, 66, 80], and [35] with connections to algebraic K-theory.
A version of Quillen’s stratification for Spec(E0(BG)) was previously found by
Greenlees and Strickland [48]. It is therefore natural to wonder if the categorification
of Quillen’s classical stratification theorem in the work of Benson–Carlson–Rickard
[27] and Benson–Iyengar–Krause [29] admits a chromatic counterpart. Our next the-
orem provides an affirmative answer:

4Here, being of characteristic (p,n) is tested against the Morava K-theories K(p,n), which form the
prime fields of the stable homotopy category.
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Theorem D (Theorem 7.4 and Corollary 7.6) Let E = En be a G-Borel-equivariant
Lubin–Tate E-theory of height n and at the prime p. The category ModG(E) is co-
homologically stratified, and there is a decomposition into locally-closed subsets5

Spc(PerfG(E)) ∼= Spec(E0(BG)) �
⊔

A

Spec(π0�
AE)/W

Q
G (A),

where the disjoint union is indexed on abelian p-subgroups A of G generated by
at most n elements. In particular, the generalized telescope conjecture holds for
ModG(E) and there are explicit bijections

{
Thick ⊗-ideals of

PerfG(E)

} {
Specialization closed

subsets of Spec(E0(BG))

}
∼

and

{
Localizing ⊗-ideals of

ModG(E)

} {
Subsets of

Spec(E0(BG))

}
.

∼

We include a brief outline of the proof. Since E is Borel-complete and En is
complex orientable, in a first step we utilize work of Mathew, Naumann, and Noel
[66] to reduce to the case of a finite abelian p-group A. From here on, our strategy
diverges from the approach of Benson, Iyengar, and Krause at chromatic height ∞.
The next step applies Theorem A and Theorem B to reduce further to the following
two tasks:

(a) Show that Mod(�AE) is stratified.
(b) Identify Spc(PerfA(E)) with Spec(E0(BA)).

In order to solve (b), we use Balmer’s comparison map [6] to compare the stratifi-
cation of Spc(PerfA(E)) to the analogous stratification of Spec(E0(BA)). In light of
results proven by Dell’Ambrogio and Stanley [38], both (a) and (b) are then conse-
quences of the following key technical input to the proof of Theorem D:

Theorem E The commutative ring π0�
AE is regular Noetherian for any finite abelian

p-group A.

This regularity result is an elaboration on a theorem of Drinfel’d [42] and its ex-
tension by Strickland [82] on moduli of level structures, and its proof follows the
analysis undertaken in [21]. With that, we conclude our outline of the proof of Theo-
rem D.

Relation to previous work Quillen’s work has found numerous extensions in various
contexts; here, we briefly review the ones closest to the present work and indicate
their relation. In the classical setting of a finite group G and a field k of characteristic

5Note that the first map is homeomorphism, while the second map provides only a stratification.
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p dividing the order of G, Quillen first established a ‘weak version’6 of the stratifi-
cation theorem, in the form of a homeomorphism

colim
G/E∈OE (G)

SpecH •(E, k) ∼= SpecH •(G, k), (‡)

where the colimit is indexed on the orbit category of elementary abelian p-subgroups
of G. On the one hand, Mathew–Naumann–Noel [66] produce a generalization of
this formula for coefficients in an arbitrary commutative equivariant ring spectrum in
place of k. On the other hand, (‡) has found a tt-geometric incarnation for the spec-
trum of a k-linear tt-category K(G) which admits a tt-functor Db(FpG) → K(G) in
Balmer’s [10]:

colim
G/E∈OE (G)

Spc(K(E)) ∼= Spc(K(G)).

The proof of Theorem A uses parts of both of these results as input, and refines them
tt-geometrically in three ways: firstly, (†) establishes a ‘strong version’ of Quillen’s
theorem as in (∗); in particular, the strata in our decomposition are given by non-
equivariant data via geometric fixed points. Secondly, we work in the generality of
equivariant modules over an arbitrary equivariant ring spectrum. And thirdly, we also
control the tt-geometry of not-necessarily compact objects in terms of stratification,
akin to the passage from [27] to [29]. This last part is modelled on the approach taken
in [23] for equivariant ring spectra with trivial action, and draws from the general
theory of stratification developed therein.

The approach to probe the tt-geometry of equivariant categories through their geo-
metric fixed points is based on the work of Strickland and Balmer–Sanders [16]. Our
results have found inspiration and precursors in their work (R = S0

G), [22] (R = S0
G,

compact Lie groups), [72] (R = HZG), as well as [23] (R = infl(Re)); as such, the
present paper unifies these different developments.

A related notion of stratification also appears in the work of Ayala, Mazel-Gee,
and Rozenblyum [3]. There, the authors construct an adelic decomposition of the
category of G-spectra in terms of geometric fixed points together with gluing data
between these; a generalization to equivariant ring spectra with trivial action was sub-
sequently given in [2]. However, in contrast to Theorem A, this does not result in a
classification of ⊗-ideals in these categories: from the point of view of tt-stratification
as considered here, [2, 3] give an explicit manifestation of the local-to-global princi-
ple.

An analogue of Quillen’s stratification for the En-cohomology of finite group
has also been studied by Greenlees and Strickland [48], extending earlier work of
Hopkins–Kuhn–Ravenel [54]. They prove a decomposition of the Zariski spectrum
Spec(E0

n(BG)) into irreducible varieties indexed on abelian p-subgroups of G of
rank at most n. Pulled back to a pure (or monochromatic) stratum, their decomposi-
tion is into disjoint subsets, thereby establishing a version of the strong form (∗) of
Quillen stratification for these monochromatic strata.

6The adjective ‘weak’ is used here to distinguish this version of Quillen’s theorem from its ‘strong’ form
(∗), which gives more precise information about the spectrum. For instance, the latter readily identifies the
underlying set of SpecH •(G, k) as opposed to only providing a cover.
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Outline of the document The paper is organized as follows. We begin with prelim-
inaries on tensor-triangular geometry in Sect. 2, in particular reviewing some back-
ground material on stratification. In Sect. 3 we introduce the equivariant stable ho-
motopy category, and prove that stratification can be detected by the geometric fixed
point functors (part (b) of Theorem A). Sections 4 and 5 are dedicated to strong
Quillen stratification in equivariant homotopy; in particular, they contain the proofs
of part (a) of Theorem A and of Theorem B. In Sects. 6 and 7 we establish stratifica-
tion for Borel-equivariant Lubin–Tate E-theory and compute the Balmer spectrum,
proving Theorems D and E, respectively. Finally, Sect. 8 is dedicated to the proofs of
the remaining examples in Theorem C.

Notations and conventions For a finite group G, we let SpG denote the ∞-category
of genuine G-spectra. Given an algebra object R ∈ Alg(SpG), we write ModG(R) for
the ∞-category of left R-modules in G-spectra, and PerfG(R) for its full subcategory
of compact objects. We refer to a commutative algebra object R ∈ CAlg(SpG) as a
commutative equivariant ring spectrum, i.e., an E∞-monoid in SpG. We will often
implicitly view a symmetric monoidal stable ∞-category as a tensor-triangulated cat-
egory via the homotopy category functor Ho. For example given an essentially small
symmetric monoidal stable ∞-category C, we will write Spc(C) for the Balmer spec-
trum of the associated tensor-triangulated category Ho(C). Similarly, we will use the
homotopy category functor to extend common notions in tensor-triangulated geom-
etry (such as that of a finite étale functor) to the world of ∞-categories, see Def-
inition 2.33. Given a closed symmetric monoidal (∞-)category C, we denote the
symmetric monoidal structure by ⊗, the internal hom by Hom and the unit object by
1, and write D(−) = Hom(−,1) for the duality functor.

2 Tensor-triangular preliminaries

In this section we recall the key concepts from tensor-triangular geometry that we
will use throughout the paper. With the exception of our abstract nilpotence theorem
(Theorem 2.25), the material presented here is standard; we therefore invite the reader
familiar with basic tt-geometry to skip this section and only refer to it for notation
and terminology.

2.1 Recollections on basic tt-geometry

We begin by fixing some relevant terminology in tt-geometry, as developed by Balmer
[4].

Definition 2.1 A tensor-triangulated category (tt-category for short) is a triple
(T ,⊗,1) consisting of a triangulated category T with symmetric monoidal prod-
uct ⊗ which is exact in each variable, and tensor unit 1. A tt-functor F : T → S is
an exact symmetric monoidal functor.

Recollection 2.2 Let T be a tt-category. A triangulated subcategory J ⊆ T is thick
if it is closed under retracts and it is called a ⊗-ideal if T ⊗ J ⊆ J. For any class
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of objects E ⊆ T , we will write thick〈E〉 for the smallest thick subcategory of T
containing E and thick⊗〈E〉 for the smallest thick ⊗-ideal containing E . If in addition
T admits arbitrary (set-indexed) coproduts, we call a triangulated subcategory L ⊆
T localizing if it is closed under coproducts. For any class of objects E ⊆ T , we will
write Loc〈E〉 for the smallest localizing subcategory containing E , and Loc⊗〈E〉 for
the smallest localizing ⊗-ideal containing E .

Observe that, for any exact functor f : T → S and any collection E of objects in
T , there is an inclusion f (thick〈E〉) ⊆ thick〈f (E)〉. This uses that the collection of
t ∈ T with f (t) ∈ thick〈f (E)〉 is thick and contains E . If the exact functor f addi-
tionally preserves coproducts, then the corresponding statement is true for localizing
subcategories. The analogous results hold for tt-functors and ideals.

Warning 2.3 When the tt-category T admits set-indexed coproducts, one may con-
sider thick ⊗-ideals either in T or in the full subcategory T c of T spanned by the
compact objects. Both concepts will appear in this paper, and we will usually specify
the ambient category in case it is not clear from context.

Recollection 2.4 Let K be an essentially small tt-category. Balmer [4] constructed a
topological space Spc(K), called the spectrum of K , defined as follows: the points
of Spc(K) are the prime ⊗-ideals of K , that is those thick ⊗-ideals J ⊆ K which
are proper and satisfy

∀ a, b ∈ T : (a ⊗ b ∈ J =⇒ a ∈ J or b ∈ J).

The support of an object a ∈ K is defined to be

supp(a) = {
P ∈ Spc(K)

∣∣a /∈ P
}
,

and the topology of Spc(K) is the one having {supp(a)}a∈K as a basis of closed
subsets.

Remark 2.5 In [4, Theorem 3.2] Balmer proves that the pair (Spc(K), supp) is the
final support datum. Explicitly, this means that given a pair (X,σ ) consisting of a
topological space X and an assignment σ which associates to any object a ∈ K a
closed subset σ(a) ⊆ X satisfying the conditions given in [4, Definition 3.1], then
there exists a unique map f : X → Spc(K) such that σ(a) = f −1(supp(a)).

Moreover, by [4, Theorem 4.10] there is an order-preserving bijection

{
Radical thick ⊗-ideals

of K

} supp

supp−1

{
Thomason subsets

of Spc(K)

}
,

where supp(J) = ⋃
a∈J supp(a), and supp−1(V) = {

a ∈ K
∣∣ supp(a) ⊆ V

}
. Here a

thick ⊗-ideal J is radical if it satisfies a⊗n ∈ J =⇒ a ∈ J and a subset Y ⊆ Spc(K)

is Thomason if it is a union of closed subsets each of which has quasi-compact com-
plement. Note that if K is rigid, i.e., every object has a dual (which it will be in
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all examples that we consider), then every thick ⊗-ideal is automatically radical [5,
Proposition 2.4]. Moreover, if Spc(K) is Noetherian, then Thomason subsets are ex-
actly specialization closed subsets.

Remark 2.6 In any essentially small tt-category K the graded endomorphism ring
R := End∗

K(1) is graded commutative. In [6, Corollary 5.6] Balmer defines a natural
continuous comparison map

ρ : Spc(K) → Spech(R)

P �→ {f | cone(f ) /∈ P }.
Let R0 denote the commutative ring of degree zero elements in R. By combining ρ

with the continuous map Spech(R) → Spec(R0) which sends a homogeneous prime
ideal p to p0 := p∩ R0, we also obtain an ungraded comparison map

ρ0 : Spc(K) → Spec(R0).

We recall that if R is a 2-periodic evenly graded commutative ring, then

q �→ q∩ R0 : Spech(R) Spec(R0) :p · R ←� p

are inverse homeomorphisms.
Suppose the graded endomorphism ring R of the unit 1 in K is 2-periodic. Then,

if the comparison map ρ : Spc(K) → Spech(R) is a homeomorphism, we deduce
from the commutative diagram

Spc(K) Spech(R)

Spec(R0)

ρ

∼=ρ0

of [6, Corollary 5.6] that the ungraded comparison map ρ0 is also a homeomorphism.
Under certain conditions ρ is a homeomorphism if and only if it is bijective, see
Proposition 2.10 below.

2.2 Stratification in tt-geometry

This subsection contains a rapid review of the theory of stratification of rigidly-
compacty generated tt-categories T relative to the Balmer spectrum Spc(T c) as de-
veloped in [23], as well as a comparison to the notion of cohomological stratification
of Benson, Iyengar, and Krause [30].

Definition 2.7 A tt-category T with arbitrary coproducts and a closed symmetric
monoidal structure is rigidly-compactly generated if it is compactly generated, the
unit 1 is compact, and every compact object is rigid, or dualizable (under these con-
ditions, the compact and rigid objects of T coincide, see [55, Theorem 2.1.3(d)]). We
write K = T c for the subcategory of rigid and compact objects of T . Note that T c

is an essentially small tt-category.
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Example 2.8 Here are two examples, studied in [55, Sect. 9].

(a) For any commutative ring R, the derived category T = D(R) of unbounded
chain complexes of R-modules is a tt-category, with K the subcategory of com-
plexes quasi-isomorphic to a bounded complex of finitely generated projective
R-modules.

(b) For any finite group G, the homotopy category of G-spectra (studied in more
detail in Sect. 3) is a rigidly-compactly generated tt-category.

Definition 2.9 A rigidly-compactly generated tt-category T is called Noetherian if
the endomorphism ring End∗

T (1) is graded Noetherian and the module End∗
T (C) is

finitely generated over End∗
T (1) for any compact object C ∈ T .

Proposition 2.10 ([56, Corollary 2.8]) If T is Noetherian, then the comparison map ρ

is a homeomorphism if and only if it is bijective.

Example 2.11 If T is an affine weakly regular tensor-triangulated category in the
sense of [38, Theorem 1.1], then T is Noetherian, see [39].

Example 2.12 For R a commutative ring, work of Hopkins and Neeman [52, 70] (for
R Noetherian) and Thomason [83] (in general) imply that the comparison map

ρ : Spc(D(R)c)
∼=−→ Spec(R)

is a homeomorphism, see [6, Proposition 8.1] for details. Moreover, Neeman has
shown in [70, Theorem 2.8] that if R is Noetherian, then in fact Spec(R) ∼=
Spc(D(R)c) parameterizes all localizing ⊗-ideals of D(R): there is a bijection

{
localizing ⊗-ideals

of D(R)

} ∼ {
Subsets of Spc(D(R)c)

}
.

Remark 2.13 Following Example 2.12, one would like to know for which rigidly-
compactly generated tt-categories (Definition 2.7) the Balmer spectrum of compact
objects also parameterizes the localizing ⊗-ideals. The first step towards doing this
is to extend the notion of support from compact objects to all objects. To that end,
suppose that T is a rigidly-compactly generated tt-category whose Balmer spectrum
of compact objects is Noetherian. Then, Balmer–Favi [12] and Stevenson [81] have
extended the universal support function from T c to all of T . We denote this extension
by Supp; we thus obtain maps:

{
Localizing ⊗-ideals

of T

} Supp

Supp−1

{
Subsets of Spc(T c)

}
. (2.14)

Following and extending work of Benson–Iyengar–Krause [30] and Stevenson
[81], Barthel–Heard–Sanders [23] introduced the following definition.
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Definition 2.15 Let T be a rigidly-compactly generated tt-category with Spc(T c)

Noetherian. If the maps (2.14) are inverse bijections, then we say that T is stratified.

Remark 2.16 The theory developed in [23] allows for the more general case where
Spc(T c) is only weakly Noetherian, i.e., every point in Spc(T c) is the intersection
of a Thomason subset and the complement of a Thomason subset. In this paper, we
will only consider the case where Spc(T c) is Noetherian, in which case the local-to-
global principle of [23, Definition 3.8] holds automatically [23, Theorem 3.21].

Remark 2.17 Let T be a rigidly-compactly generated tt-category with Spc(T c)

Noetherian. To each prime P ∈ Spc(T c) one can associate a tensor idempotent
�P 1 ∈ T .7 By [23, Theorem 3.21 and Theorem 4.1], stratification for T is equiv-
alent to the following condition:

(∗) For each P ∈ Spc(T c), �P T := Loc⊗〈�P 1〉 is a minimal localizing ⊗-ideal of
T , or equivalently, for all t ∈ T

Loc⊗〈t〉 = Loc⊗〈�P 1 | P ∈ Supp(t)〉.
We say that T has minimality at P if �P T is a minimal localizing ⊗-ideal of T .

Remark 2.18 If T is a rigidly-compactly generated tt-category which is stratified and
has a Noetherian spectrum Spc(T c), then we can deduce further consequences be-
yond a classification of the localizing ⊗-ideals of T . For example:

(a) the telescope conjecture holds [23, Theorem 9.11], i.e., the kernel of every smash-
ing (i.e., coproduct-preserving) localization is generated by compact objects;

(b) the Balmer–Favi support satisfies the tensor product property, i.e., there is an
equality Supp(t1 ⊗ t2) = Supp(t1) ∩ Supp(t2) for all t1, t2 ∈ T , by [23, Theorem
8.2];

(c) and the Bousfield lattice is isomorphic to the lattice of subsets of Spc(T c) [23,
Theorem 8.8].

Remark 2.19 The theory of stratification is based on previous work of Benson–
Iyengar–Krause [30]. Rather than working with the Balmer spectrum, they consider
an action of a graded commutative Noetherian ring R on T , and parametrize localiz-
ing ⊗-ideals of T in terms of subsets of the homogeneous spectrum Spech(R) via a
support theory SuppR�T that depends on the action.

Remark 2.20 For a Noetherian tt-category T the following conditions are equivalent:

(a) T is stratified and Balmer’s comparison map ρ is a homeomorphism.
(b) T is stratified by the action of R = End∗

T (1) in the sense of Benson, Iyengar,
and Krause [30], i.e., the analogue of Definition 2.15 holds for the support theory
SuppR�T of Remark 2.19.

7Alternatively denoted g(P ) in [23].
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The implication (b) implies (a) is proven in [23, Corollary 7.14], while the converse
has been observed by Changhan Zou [86]. Indeed, assume (a) holds, then stratifica-
tion and the homeomorphism ρ give a bijection

{
Localizing ⊗-ideals

of T

} {
Subsets of Spech(R)

}
.

∼

By [30, Theorem 4.2] it suffices to show that this bijection is given by the Benson–
Iyengar–Krause theory of support. This follows from [81, Proposition 9.4]. A more
thorough discussion can be found in [86, Sect. 9].

Definition 2.21 A rigidly-compactly generated Noetherian tt-category T is said to
be cohomologically stratified if the equivalent conditions of Remark 2.20 hold for T
equipped with the action of End∗

T (1).

Example 2.22 If R is a commutative Noetherian ring, then Neeman’s theorem (Ex-
ample 2.12) can be reinterpreted as the statement that D(R) is cohomologically
stratified. More generally, if X is a Noetherian scheme and Dqc(X) denotes the de-
rived category of complexes of OX-modules with quasi-coherent cohomology, then
Spc(Dqc(X)c) ∼= |X|, the underlying topological space of X, and Dqc(X) is stratified,
see [81, Corollary 8.13] and [23, Corollary 5.10]. Note that the comparison map ρ

will not be a homeomorphism in general in this case [6, Remark 8.2], so that Dqc(X)

is not cohomologically stratified.

Remark 2.23 The approach of stratification via the Balmer spectrum developed sys-
tematically in [23] separates the classification of localizing ideals into two parts: one
is to determine the set underlying the spectrum Spc(T c), and the other is to show
that it stratifies. This is the approach that we will take in this paper. In particular, note
that stratification in this sense only relies on an understanding of the underlying set
of Spc(T c), rather than its topology.

In a second step, one can then try to determine the topology on Spc(T c), which
by Balmer’s work [4] is tantamount to the classification of thick tensor ideals of the
compact objects in T . This is in contrast to the approach of [30], which solves both
classification problems simultaneously via the auxiliary action of a Noetherian com-
mutative ring on T . In practice, this separation is very useful, as there are examples
where we can show stratification without a full understanding of the topology on
Spc(T c), see [23, Remark 15.12] as well as the results of this paper.

2.3 A tt-nilpotence theorem

The next result constitutes a tt-theoretic generalization of the equivariant nilpotence
theorem of [22, Theorem 3.19], which in turn was inspired by the abstract nilpotence
theorem of [55, Theorem 5.1.2]. Ultimately, the idea of the proof of Theorem 2.25 is
due to Devinatz, Hopkins, and Smith [40, 53].

Definition 2.24 We say that a collection (Fi : T → Si )i∈I of exact symmetric
monoidal functors between tt-categories is jointly conservative if an object X ∈ T
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is zero if and only if Fi(X) = 0 for all i ∈ I . The collection (Fi)i∈I is said to detect
⊗-nilpotence of morphisms with dualizable source if the following condition holds:
a morphism α : C → X in T with C dualizable satisfies α⊗m = 0 for some m ≥ 0 if
and only if for all i ∈ I there exists mi such that Fi(α)⊗mi = 0.

Note that in the definition of detection of ⊗-nilpotence we do not assume that the
mi are uniformly bounded.

Theorem 2.25 Let (�i : T → Si )i∈I be a collection of coproduct-preserving tt-
functors between rigidly-compactly generated tt-categories, indexed on a set I . If
the functors �i are jointly conservative on T , then they detect ⊗-nilpotence of mor-
phisms with dualizable source.

Proof Consider a morphism α : C → X in T with C dualizable. Let Y =
Hom(C,X), and write y : 1 → Y for the adjoint of α. The dualizability of C im-
plies that Hom(C⊗k,X⊗k) � D(C)⊗k ⊗ X⊗k � Hom(C,X)⊗k for all k ≥ 0. Un-

der these identifications, the adjoint of α⊗k is the composition y(k) : 1
y−→ Y

y−→
Y⊗2 y−→ . . .

y−→ Y⊗k , as one easily checks by observing that y(k) identifies with y⊗k

(see also [53, p.17]). Therefore, α is ⊗-nilpotent if and only if y is nilpotent, i.e.,

y(m) : 1
y−→ Y

y−→ Y⊗2 y−→ . . .
y−→ Y⊗m is zero for some m. Now, denote the homotopy

colimit of the infinite composite sequence by

T (y) = hocolim(1
y−→ Y

y−→ Y⊗2 y−→ . . .).

Since the unit in T is compact, the argument in [53, Lemma 2.4] shows that y is
nilpotent if and only if T (y) = 0.

With this preparation, we can now argue as follows. The map α is ⊗-nilpotent if
and only if T (y) = 0. Since the collection (�i)i∈I is jointly conservative, T (y) = 0 if
and only if �i(T (y)) = 0 for all i ∈ I . As �i preserves colimits and tensor products,
�i(T (y)) = T (�i(y)) for any i ∈ I . Then, in turn, α is ⊗-nilpotent if and only if
�i(y) is nilpotent for all i ∈ I , i.e., that �i(α) is ⊗-nilpotent for all i ∈ I . The last
statement uses that �i(C) is dualizable, following the argument in the first paragraph
of the proof. �

Corollary 2.26 Let � : T → S be a coproduct-preserving tt-functor between rigidly-
compactly generated tt-categories. If the functor � is conservative, then � induces a
surjective map

Spc(�c) : Spc(Sc) Spc(T c)

on Balmer spectra.

Proof By Theorem 2.25, the functor � detects ⊗-nilpotence between compact ob-
jects in T . It then follows from [11, Theorem 1.3] that Spc(�c) is surjective. �

Remark 2.27 This result is a ‘big’ variant of Balmer’s [11, Theorem 1.2], with a
stronger hypothesis and a stronger conclusion.
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2.4 Base-change, separable algebras, and étale morphisms

In this section we collect some facts about module categories internal to a tt-category
(or symmetric monoidal stable ∞-category), base-change, and recall the notions of
separable algebras and étale morphisms for tt-categories. The main references for this
material are [17] and [10].

Recollection 2.28 Let C be a rigidly-compactly generated symmetric monoidal sta-
ble ∞-category and consider a commutative algebra A ∈ CAlg(C) in C. There is then
an associated symmetric monoidal ∞-category of modules over A internal to C, de-
noted ModC(A), along with an extension of scalars functor FA : C → ModC(A). If
G is a set of compact generators for C, then ModC(A) is rigidly-compactly generated
by the set A ⊗ G := {FA(G) | G ∈ G}. Indeed, the claim about compact generation
follows because the forgetful functor UA : ModC(A) → C is conservative and pre-
serves colimits [60, Corollary 4.2.3.5], and so its left adjoint FA : C → ModC(A)

preserves generating sets and compact objects [59, Proposition 5.5.7.2]. Combining
[60, Theorem 4.5.2.1 and Theorem 4.5.3.1] we see moreover that ModC(A) inherits a
symmetric monoidal structure from C and that FA is symmetric monoidal. It follows
that FA preserves dualizable objects, and hence that ModC(A) is rigidly-compactly
generated.

Recollection 2.29 Let θ : C → D be a lax monoidal functor between presentable
symmetric-monoidal ∞-categories whose tensor product commutes with all colimits.
For any commutative algebra A ∈ CAlg(C), there is a diagram

where F and U denote extension and restriction of scalars along the units of A and
θ(A), respectively. The functor θ is compatible with restriction of scalars, in the sense
that θ ◦ UA � Uθ(A) ◦ θ . If θ is symmetric monoidal and preserves geometric realiza-
tions of simplicial objects (for example, if θ preserves colimits), then we addition-
ally have θ ◦ FA � Fθ(A) ◦ θ . Both of these statements follow from the discussion in
[43, Remark 1.1.11]. We also note that under these stronger assumptions, the induced
functor θ : ModC(A) → ModD (θ(A)) is symmetric monoidal [74, Proposition 3.18],
and that if θ : C → D preserves colimits, then so does θ : ModC(A) → ModD (θ(A))

as one can check using that Uθ(A) is conservative and preserves colimits.

Remark 2.30 In general, one does not expect the category of modules over a com-
mutative algebra object A in a tt-category to inherit the structure of a tt-category.
However, under suitable conditions on A, it does. One such notion is that of a sepa-
rable algebra, first introduced in the tt-context by Balmer in [7], which turns out to
be especially well-behaved. In particular, it allows us to prove an extension result for
natural transformations, see Proposition 2.35 below.
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Definition 2.31 Let T be a tt-category. A ring object A ∈ T is separable if the mul-
tiplication map μ : A ⊗ A → A admits a section as a map of (A,A)-bimodules. Ex-
plicitly, there exists σ : A → A ⊗ A such that μσ = idA and (1 ⊗ μ) ◦ (σ ⊗ 1) =
σμ = (μ ⊗ 1) ◦ (1 ⊗ σ) : A ⊗ A → A ⊗ A.

Remark 2.32 Under some mild conditions on the tt-category, any separable ring ob-
ject has a notion of tt-degree by work of Balmer [8]. The tt-degree can either be a
non-negative integer or be equal to infinity. In practice, the additional assumption of
having finite tt-degree is harmless, see for instance [8, Sect. 4].

Definition 2.33 Let T and S be rigidly-compactly generated tt-categories and let
F : T → S be a coproduct-preserving tt-functor with right adjoint G. Following
[10], we say that F is finite étale if there is a compact commutative separable al-
gebra A of finite tt-degree in T and an equivalence of tt-categories S ∼= ModT (A)

under which the adjunction F : T � S : G is identified with the extension-of-
scalars/restriction adjunction FA : T � ModT (A) : UA. A colimit-preserving sym-
metric monoidal functor between rigidly-compactly generated symmetric monoidal
stable ∞-categories F : C → D is finite étale if Ho(F ) : Ho(C) → Ho(D) is finite
étale.

Remark 2.34 Let C be a rigidly-compactly generated symmetric monoidal stable ∞-
category and consider A ∈ CAlg(C) such that A ∈ Ho(C) is a separable algebra of
finite degree. Combining the results of [37] and [33, Proposition 3.8] (for the sym-
metric monoidal structure), there is then a tt-equivalence

Ho(ModC(A)) � ModHo(C)(A).

In particular, it follows that the base-change functor C → ModC(A) is finite étale in
the sense of Definition 2.33. In other words, this provides the compatibility between
enhanced notions of étale and their effect on homotopy categories.

We will need the next result later on.

Proposition 2.35 Let T and S be tt-categories and let A ∈ CAlg(T ) be separable.
Let FA : T � ModT (A) : UA denote the free-forgetful adjunction. Suppose we are
given two tt-functors H0,H1 : ModT (A) → S and a natural transformation η : H0 ◦
FA ⇒ H1 ◦FA. Then there exists a unique natural transformation η̃ : H0 ⇒ H1 which
extends η.

Proof Since A is separable the counit of the adjunction ε : FAUA ⇒ 1 admits a sec-
tion σ : 1 ⇒ FAUA [7, Proposition 3.11]. For any M ∈ ModT (A), we define η̃M to
be given by the composite

H0M
H0σM−−−→ H0FAUAM

ηUAM−−−→ H1FAUAM
H1εM−−−→ H1M. (2.36)
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This is natural in M since ηUAM, εM and σM are so. For any X ∈ T , we have a
commutative diagram

showing that η̃ does extend η. Finally, we note that any natural transformation ex-
tending η must be compatible with ε and σ and hence must be given by the formula
(2.36). �

3 Stratifications in stable equivariant homotopy theory

In this section we begin our study of the tt-geometry of modules internal to the cate-
gory of G-equivariant spectra, for G a finite group. We establish a nilpotence theorem
for any commutative equivariant ring spectrum R (Theorem 3.29), generalizing the
one for the equivariant sphere due to Balmer and Sanders [16, Theorem 4.15], show
that the Balmer spectrum of perfect equivariant R-modules is covered by the spec-
tra of perfect modules over the geometric fixed points (Corollary 3.30), and finally
prove that stratification of ModG(R) can be detected by geometric fixed point func-
tors (Theorem 3.34).

3.1 Recollections on equivariant homotopy

Here we introduce some relevant notions from equivariant stable homotopy theory
in the context of equivariant module categories over a commutative equivariant G-
ring spectrum, for G a finite group. In particular, with a view towards our tt-theoretc
applications, we establish the naturality of the various constructions with respect to
change of groups. This material is standard, albeit not readily available in the litera-
ture as far as we are aware; our exposition in this subsection and the next one loosely
follows and generalizes the approach taken in [72].

Recollection 3.1 Let G be a finite group. We let SpG denote the stable ∞-category
of G-spectra as constructed in [45, Definition C.1] with the symmetric monoidal
structure arising from [45, Corollary C.7]. By [45, Proposition C.9] this is symmet-
ric monoidally equivalent to the underlying ∞-category associated to the category
of orthogonal G-spectra with the stable model structure. We denote the symmetric
monoidal structure on SpG by ⊗ and the unit object by S0

G. The ∞-category SpG ad-
mits a set of compact and dualizable generators G/H+ for H ⊆ G (we omit writing
the G-suspension spectrum functor). This statement can be checked in the homotopy
category (see [60, Remark 1.4.4.3] for the compact generation), where it is shown in,
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for example, [55, Theorem 9.4.3]. The homotopy category Ho(SpG) is then a rigidly-
compactly generated tt-category in the sense of Definition 2.7.

Let SG∗ be the symmetric monoidal ∞-category of pointed G-spaces. For any
group homomorphism α : G′ → G we get an essentially unique symmetric monoidal
left adjoint α∗ : SpG → SpG′ (see [72, Remark 3.13]) making the diagram

commute. At the level of orthogonal G-spectra, this functor is constructed in [75,
Construction 3.1.15], see also the remark at the top of page 353 of [75]. If α : H ↪→ G

is the inclusion of a subgroup, then we call the resulting functor restriction, denoted
resH : SpG → SpH . If α : G � G/N is the quotient by a normal subgroup, then the
resulting functor will be denoted inflG/N : SpG/N → SpG and will be referred to as
inflation.

Notation 3.2 For a finite group G and R ∈ CAlg(SpG) we let ModG(R) denote the
∞-category of R-modules internal to SpG, and write PerfG(R) for its full subcate-
gory of compact (or perfect) modules.

We now collect some basic facts about the structure of these equivariant module
categories and base-change functors between them.

Lemma 3.3 If R ∈ CAlg(SpG), then the ∞-category of modules ModG(R) is a
rigidly-compactly generated symmetric monoidal stable ∞-category, with a set of
compact generators given by

{
R ⊗ G/H+

∣∣H ⊆ G
}
.

Proof This is Recollection 2.28 and Recollection 3.1 for C = SpG. �

Lemma 3.4 Let R ∈ CAlg(SpG) with πG∗ (R) graded Noetherian. Suppose that for all
subgroups H ⊆ G, πH∗ (R) is a finitely generated πG∗ (R)-module via restriction, then
ModG(R) is Noetherian (Definition 2.9).

Proof Firstly, we note that End∗
ModG(R)(R) = πG∗ (R) which is graded Noetherian

by our assumption. Let X ∈ PerfG(R) and write D(X) for the internal dual of X

in ModG(R). We are required to show that End∗
ModG(R)(X) is a finitely generated

πG∗ (R)-module. By adjunction and dualizability of X we have

EndModG(R)(X) � HomModG(R)(R,D(X) ⊗R X).

Since D(X) ⊗R X is still in PerfG(R), we are reduced to showing that

Hom∗
ModG(R)(R,X)
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is a finitely generated πG∗ (R)-module for each X ∈ PerfG(R). Using a thick subcate-
gory argument and the fact that {G/H+ ⊗ R}H⊆G is a set of compact generators for
ModG(R), we then reduce to showing that

Hom∗
ModG(R)(R,G/H+ ⊗ R)

is a finitely generated πG∗ (R)-module for all H ⊆ G. This now follows from our
assumptions since

Hom∗
ModG(R)(R,G/H+ ⊗ R) ∼= Hom∗

SpG
(S0,G/H+ ⊗ R) ∼= πH∗ (R)

is finitely generated over πG∗ (R). �

Remark 3.5 Let α : G′ → G be a group homomorphism and R ∈ CAlg(SpG). By the
discussion in Recollection 2.29, there is a commutative diagram

If α : H ↪→ G is the inclusion of a subgroup, then we refer to the induced symmetric
monoidal functor resH : ModG(R) → ModH (resH R) as restriction.

Remark 3.6 From now on, we will usually omit writing the restriction functor on an
object, i.e., we simply write

resH : ModG(R) → ModH (R)

for brevity.

Remark 3.7 The restriction functors SpG → SpH and ModG(R) → ModH (R) are
symmetric monoidal and preserve colimits, so they admit lax monoidal right adjoints,
both denoted coindH and called coinduction. These make the following diagram com-
mute (by Remark 3.5)

The top horizontal functor is conservative by the proof of [65, Theorem 5.32] and the
vertical functors are conservative by [60, Corollary 4.2.3.2]. It then follows that the
bottom horizontal functor is also conservative.
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Lemma 3.8 For any subgroup H ⊆ G and R ∈ CAlg(SpG), the restriction functor

resH : ModG(R) ModH (R)

is a finite étale tt-functor with corresponding separable commutative algebra given
by D(G/H+) ⊗ R.

Proof There is a commutative diagram of ∞-categories (Remark 3.5)

where the vertical arrows are the extension of scalars functors. Passing to homo-
topy categories, we obtain a commutative diagram of rigidly-compactly generated
tt-categories in which the top horizontal arrow is finite étale with corresponding sep-
arable commutative algebra A = D(G/H+). Indeed, A is separable by [17, Theorem
1.1]. We can check that D(G/H+) has finite tt-degree by testing on all geometric
fixed points [8, Theorem 3.7(b)] and applying [8, Corollary 4.8]. These results to-
gether with the second part of [17, Theorem 1.1] show that the restriction functor
resH : Ho(SpG) → Ho(SpH ) is finite étale with A = D(G/H+).

Using Remark 3.7 and [65, Equation 5.15] we can apply [33, Lemma 5.5] to
see that the bottom horizontal map in the diagram is finite étale. By construc-
tion, the separable algebra associated to resH must be coindH resH R. We claim
that coindH resH R � D(G/H+) ⊗ R as commutative algebras in SpG. Indeed,
by [65, Construction 5.30] there is a map resH D(G/H+) → S0

H in CAlg(SpH )

which by base-change and symmetric monoidality of resH gives rise to a map
resH (D(G/H+) ⊗ R) → resH R in CAlg(ModH (resH R)). By adjunction we get a
map D(G/H+) ⊗ R → coindH resH R in CAlg(ModG(R)). This map is an equiva-
lence by the projection formula for the adjunction (resH , coindH ), see for instance
[18, Theorem 1.3]. �

Proposition 3.9 Let R ∈ CAlg(SpG) and a subgroup H ⊆ G be given. There is a
symmetric monoidal equivalence

LH : ModG(D(G/H+) ⊗ R) → ModH (R)

which makes the following diagram commute up to isomorphism

ModG(R)

ModH (R) ModG(D(G/H+) ⊗ R),

resH
FD(G/H+)⊗R

∼
LH

where FD(G/H+)⊗R denotes the extension of scalars functor. Furthermore, the equiva-
lence LH is natural with respect to the extension of scalars functors along morphisms
in CAlg(SpG).
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Proof The equivalence for R = S0
G is proved in [65, Theorem 5.32] as an application

of [65, Proposition 5.29]. The commutativity of the diagram follows from the dia-
gram in [65, Construction 5.23] by passing to left adjoints. The general case follows
from this by combining [25, Lemma 3.9] and [65, Proposition 5.29]. Again, as in
the previous lemma, we are using the fact that coindH resH R � D(G/H+) ⊗ R as
commutative algebras in SpG. Finally, the equivalence LH is explicitly given by the
composite

ModG(D(G/H+) ⊗ R)
resH−−→ ModH (D(G/H+) ⊗ R)

−⊗D(G/H+)⊗RR−−−−−−−−−→ ModH (R)

see [65, Construction 5.23], and this is clearly natural in R. �

The following corollary establishes the compatibility between our ∞-categorical
constructions and the tensor-triangular context; in particular, it serves as a gateway
for importing results from Balmer’s work to our setting.

Corollary 3.10 Let G be a finite group, H ⊆ G a subgroup, and R a commutative
G-equivariant ring spectrum. Then there is a tt-equivalence

Ho(ModG(D(G/H+) ⊗ R)) � ModHo(ModG(R))(D(G/H+) ⊗ R).

Proof This is a special case of Remark 2.34, but we can also give a direct argument:
On the one hand, Lemma 3.8 shows that resH is an étale tt-functor, which by defi-
nition (Definition 2.33) means that Ho(resH ) is étale, with corresponding separable
algebra given by R ⊗D(G/H+). It follows that there is a tt-equivalence

ModHo(ModG(R))(D(G/H+) ⊗ R) � Ho(ModH (R)).

On the other hand, Proposition 3.9 provides an equivalence

Ho(LH ) : Ho(ModG(D(G/H+) ⊗ R))
∼−→ Ho(ModH (R))

of tt-categories. Combining these two equivalences yields the claim. �

3.2 R-linear geometric fixed points

In this subsection, we discuss geometric fixed point functors and their R-linear ver-
sion for R ∈ CAlg(SpG).

Recollection 3.11 Fix a finite group G. We recall the construction of the geometric
fixed point functors �H = �H

G : SpG → Sp for each subgroup H ⊆ G, with the sub-
script G usually omitted from notation. First, for H = G, we define �G to be the
finite localization of SpG away from

{
G/K+

∣∣K ⊊ G
}
; it is a theorem of Lewis–

May–Steinberger–McClure that the target category of this finite localization is equiv-
alent to Sp, see [44, Corollary II.9.6] at the level of homotopy categories, or [65,
Theorem 6.11] for a lift to the level of ∞-categories. Moreover, �G splits the infla-
tion functor infle : Sp → SpG, i.e., �G ◦ infle is naturally isomorphic to the identity
functor.
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For arbitrary H ⊆ G, we define �H as the composite functor

�H = �H
G : SpG

resH
SpH

�H

Sp .

Note that, by Lemma 3.8 and the definition, this is the composition of a finite étale
extension and a finite localization, and that �H is symmetric monoidal.

Definition 3.12 Fix a finite group G and let R ∈ CAlg(SpG). The functor �G :
SpG → Sp induces a symmetric monoidal functor on module categories

�G : ModG(R) → Mod(�GR)

which we refer to as the (R-linear) G-geometric fixed point functor. For an arbitrary
subgroup H ⊆ G we refer to the composite

�H = �H
G : ModG(R)

resH
ModH (R)

�H

Mod(�H R)

as the (R-linear) H -geometric fixed point functor.

Lemma 3.13 Consider an element g ∈ G, a subgroup H ⊆ G and R ∈ CAlg(SpG).
Then for all M ∈ ModG(R) we have �H M � 0 if and only if �Hg

M � 0.

Proof We observe that the claim can be checked in the homotopy category. The case
R = S0

G follows for example from [16, Sect. 2, (L)]. The general case follows from
this one by considering the commutative diagrams

from Remark 3.5 and using the fact that the forgetful functors are conservative. �

Lemma 3.14 For any R ∈ CAlg(SpG) the geometric fixed point functor

�G : ModG(R) → Mod(�GR)

is the finite localization with respect to
{
R ⊗ G/K+

∣∣K ⊊ G
}
. More generally, for

every subgroup H ⊆ G,

�H : ModG(R) → Mod(�H R)

is the composite of a finite étale extension and a finite localization.

Proof Using Recollection 3.11 the first claim follows from [72, Proposition 3.18].
The second claim follows from the first and Lemma 3.8. �
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Recollection 3.15 We recall that a family of subgroups of a finite group G is a non-
empty collection of subgroups of G that is closed under conjugation and passage to
subgroups. A pivotal example arises from a given subgroup H ⊆ G by taking [⊂ H ]
to be the family of subgroups of G which are G-conjugate to a proper subgroup of
H . We note that [⊂ H ] ∩ H = PH is the family of proper subgroups of H .

Let F be a family of subgroups of G. There is a pointed G-CW-complex ẼF
which is characterized, up to homotopy equivalence, by the property

(ẼF)K �
{

S0 if K /∈F;
∗ if K ∈F .

(3.16)

By abuse of notation, we also write ẼF ∈ SpG for the resulting suspension spectrum.

Remark 3.17 Specializing Recollection 3.15 to F = [⊂ H ] for a subgroup H in
G, we see that Lemma 3.14 implies that �H R � (R ⊗ Ẽ[⊂ H ])H as objects in
CAlg(Sp). Moreover, there is an equivalence

�H M � (M ⊗ Ẽ[⊂ H ])H ∈ Mod(�H R)

for all M ∈ ModG(R). When H = G, we recover the formula �GM � (M ⊗ ẼPG)G

(see [44, Corollary II.9.6]). We observe that Ẽ[⊂ H ] ∈ SpG is naturally an idempo-
tent commutative algebra object.

We now prove a variant of Proposition 3.9.

Lemma 3.18 Let R ∈ CAlg(SpG) and a subgroup H ⊆ G be given. There is a sym-
metric monoidal equivalence

�H : ModG(D(G/H+) ⊗ R ⊗ Ẽ[⊂ H ]) ∼−→ Mod(�H R)

which makes the following diagram commute up to isomorphism

ModG(R)

Mod(�H R) ModG(D(G/H+) ⊗ R ⊗ Ẽ[⊂ H ]).
�H

F
D(G/H+)⊗R⊗Ẽ[⊂H ]

�H

∼

Proof Consider the following diagram

where the vertical symmetric monoidal equivalences are obtained by applying Propo-
sition 3.9 to R and R ⊗ Ẽ[⊂ H ]. The same result also shows that the above diagram
commutes up to isomorphism: the left triangle commutes by definition of LH and
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the middle square commutes by naturality. Finally we note that the top horizontal
composite is equivalent to �H by Remark 3.17. One checks via Lemma 3.3 that
ModH (R ⊗ ẼPH ) is compactly generated by R ⊗ ẼPH , so Morita theory ([60, The-
orem 7.1.2.1]) implies that ModH (R ⊗ ẼPH ) � Mod(�H R) as symmetric monoidal
∞-categories. The functor inducing the equivalence can be identified with the H -
fixed points functor. Now set �H := (−)H ◦ L̃H . �

3.3 Nilpotence and surjectivity

We recall the concept of nilpotent algebra objects in SpG from [65] and explain how
this interacts with the geometric fixed point functor. As a consequence, we show that,
for any R ∈ CAlg(SpG), the geometric fixed point functors provide a cover of the
Balmer spectrum of PerfG(R) by non-equivariant spectra.

The following definition was given in [65, Definition 6.36], up to identifying
D(G/H+) with G/H+, which follows because G is finite:

Definition 3.19 Given a finite group G and a family F of subgroups of G, we con-
sider the commutative algebra object

AF :=
∏

H∈F
D(G/H+) ∈ CAlg(SpG).

We say that M ∈ SpG is F -nilpotent if M is in the thick ⊗-ideal of SpG generated by
AF . Note that here we allow tensoring with arbitrary objects of SpG.

Remark 3.20 As noted in [66, Definition 1.4] there is always a minimal family such
that M is F -nilpotent. It is called the derived defect base of M .

Notation 3.21 Given R ∈ CAlg(Sp), we let RG denote the Borel completion of R in
G. By definition, RG is the image of R under the composite of functors

Sp
infle−−→ SpG

B−→ (SpG)Borel ⊆ SpG,

where:

• infle is the inflation functor from Recollection 3.1;
• B is the Borel completion functor constructed as the Bousfield localization of SpG

with respect to G+, given by Hom(EG+,−);
• (SpG)Borel is the full subcategory of SpG spanned by the Borel-equivariant G-

spectra, i.e., the essential image of B , see [65, Definition 6.14].

The functor B is symmetric monoidal by general facts about localizations, see the
discussion around [65, Remark 2.20]; alternatively, this can be constructed directly
by using the diagonal of EG. The composite of B with the right adjoint inclusion
(SpG)Borel ⊆ SpG is then lax symmetric monoidal. Therefore, the composite functor
Sp → SpG is lax symmetric monoidal and hence preserves commutative algebra ob-
jects. It follows that RG ∈ CAlg(SpG). We will also refer to RG as Borel-equivariant
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R-theory. Oftentimes, when the group is clear from context, we will omit the sub-
script and simply write R for RG.

We note that resH RG � RH as an easy consequence of [65, Proposition 6.16]. We
will use this as an identification throughout the document.

Example 3.22 If M = S0
G is the G-sphere spectrum, then M has derived defect

base the family of all subgroups [66, Proposition 4.22]. If M = E = EG is Borel-
equivariant Lubin–Tate E-theory of height n at a prime p, then M has derived defect
base the family of abelian p-subgroups which can be generated by n elements [66,
Proposition 5.26].

Remark 3.23 The commutative algebra R ⊗ AF ∈ CAlg(ModG(R)) is separable of
finite degree. This follows from Lemma 3.8. Note that this holds more generally if F
is just a collection of subgroups of G rather than a family.

The following result, which is due to Mathew, Naumann, and Noel, relates the
concept of F -nilpotence applied to ring spectra with the vanishing of geometric fixed
points:

Lemma 3.24 Let R ∈ CAlg(SpG), then R is F -nilpotent if and only if �H R = 0 for
all H /∈ F . Moreover, if R is F -nilpotent and M ∈ ModG(R), then �H M = 0 if
H /∈ F .

Proof The statement about R is [65, Theorem 6.41]. The second part follows because
�H M is a module over �H R = 0. �

Remark 3.25 The next result is a generalization of the classical fact that both the
categorical fixed points and the geometric fixed points detect equivalences in SpG.
This is usually proven via isotropy separation, and it is implicitly used in the proof of
the proposition below.

Proposition 3.26 Let G be a finite group, R ∈ CAlg(SpG) and F a family of sub-
groups of G. Then the following are equivalent:

(a) ModG(R) is compactly generated by R ⊗ AF ;
(b) R is F -nilpotent;
(c) the geometric fixed point functor

�F = (�H )H∈F : ModG(R) →
∏

H∈F
Mod(�H R)

is conservative;
(d) the fixed point functor

(−)F = ((−)H )H∈F : ModG(R) →
∏

H∈F
Mod(RH )

is conservative;
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(e) the restriction functor

resF = (resH )H∈F : ModG(R) →
∏

H∈F
ModH (R)

is conservative.

Proof To avoid confusion, throughout this proof we will write �H
R and (−)HR for the

R-linear version of these functors. We now prove all implications in turn.
(a) =⇒ (b) : Assuming part (a) we know that R ∈ Loc〈R ⊗ AF 〉 ⊆ ModG(R).

Since R and R ⊗ AF are compact objects of ModG(R), we can apply [71, Theorem
2.1] and deduce that

R ∈ Loc〈R ⊗ AF 〉 ∩ PerfG(R) = thick〈R ⊗ AF 〉 ⊆ ModG(R). (3.27)

Applying the forgetful functor ModG(R) → SpG to (3.27) and keeping in mind Rec-
ollection 2.2, we see that there are inclusions (computed in SpG)

R ∈ thick〈R ⊗ AF 〉 ⊆ thick⊗〈AF 〉,
so (b) holds.

(b) =⇒ (c) : Suppose now that (b) holds and let us prove (c). When R = S0
G,

then F is the family of all subgroups, and the claim is classical, see, for example, [65,
Proposition 6.13]. The general case follows from this case and the observation that in
the commutative square (Remark 3.5)

(3.28)

the forgetful functors are conservative [60, Corollary 4.2.3.2.]. Indeed, suppose M ∈
ModG(R) has �F (M) = 0. We want to show that M � 0. By the conservativity of
UR and the previous case, it suffices to show that �H (URM) = 0 for all H ⊆ G.
By commutativity of the diagram above, we have �H (URM) = U�H R�H

R (M). If
H ∈ F , this is zero by assumption, and if H /∈F then this is zero by Lemma 3.24.

(c) =⇒ (d) : Suppose that (c) holds and consider M ∈ ModG(R) such that 0 �
MH ∈ Mod(RH ) for all H ∈ F . By Remark 3.5 there is a commutative square

It follows that

0 � URH ((M)HR ) � (URM)H
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for all H ∈ F . Since F is closed under subgroups, we also have (URM)K � 0 for
all subgroups K ⊆ H . Therefore resH (URM) � 0 for all H ∈ F . We deduce that
�H URM � 0 for all H ∈F . The commutativity of the diagram (3.28) tells us that

0 � �H URM � U�H R�H
R M

for all H ∈ F . Since (c) holds by assumption, conservativity of U�H R then implies
that M � 0, which proves (d).

(d) =⇒ (e) : Similarly (d) implies (e) since resF (M) � 0 in particular implies
that 0 � MH ∈ Mod(RH ) for all H ∈ F .

(e) =⇒ (a) : Consider M ∈ ModG(R) such that HomModG(R)(R ⊗AF ,M) � 0;
we are required to show that M � 0, compare with [76, Lemma 2.2.1]. By adjunction,
there are equivalences

0 � HomModG(R)(R ⊗ AF ,M) � HomSpG
(AF ,URM) �

⊕

H∈F
(URM)H .

Thus (URM)H � 0 for all H ∈ F . Since F is closed under subgroups, then
resH URM � 0 for all H ∈ F . Therefore, the commutativity of the following dia-
gram (Remark 3.5)

and conservativity of the forgetful functor UR , implies that 0 � resH M ∈ ModH (R).
Hence by part (e), we conclude M � 0 as required. �

Theorem 3.29 Let G be a finite group, R ∈ CAlg(SpG), and F a family of subgroups
of G such that R is F -nilpotent. Then the geometric fixed point functors (�H )H∈F
detect ⊗-nilpotence of morphisms with dualizable source in ModG(R), in the sense
of Definition 2.24. In fact, it suffices to choose one representative (H) for each G-
conjugacy class of subgroup in F and use the collection (�H )(H).

Proof The functor �F = (�H )H∈F is a coproduct-preserving tt-functor as it is a
finite product of such functors. It is also conservative by Proposition 3.26(c); in
fact, Lemma 3.13 implies that it is enough to take one representative from each
G-conjugacy class of subgroups in F . Therefore, the claim follows from Theo-
rem 2.25. �

Corollary 3.30 With notation as in Theorem 3.29, the geometric fixed point functor

�F : ModG(R)
∏

(H)∈F
Mod(�H R)
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induces a surjective map of topological spaces:

Spc(�F
R ) : ⊔

(H)∈F
Spc(Perf(�H R)) Spc(PerfG(R)).

Here, the product is taken over a set of representatives of conjugacy classes of sub-
groups contained in F .

Proof The result is a direct consequence of Corollary 2.26, which applies by the same
argument as in the proof of Theorem 3.29. �

Remark 3.31 For a general R ∈ CAlg(SpG), the map Spc(�F
R ) will not be bijective,

see Example 5.21 or Remark 5.29 together with Lemma 5.25 for some counterexam-
ples. However, in some favourable situations the map is a bijection. This is the case if
R is an equivariant ring spectrum with trivial G-action by [23, Theorem 13.11] or by
Proposition 4.10 below. We will prove later in Lemma 7.3 that the map is a homeo-
morphism for R = EG, the Borel-completion of a Lubin–Tate E-theory of any height
at the prime p and any finite abelian p-group G.

Corollary 3.32 Let G be a finite group and let R ∈ CAlg(SpG). Let F be a family
of subgroups of G for which R is F -nilpotent. Suppose that for each H ∈ F the
spectrum Spc(Perf(�H R)) is a Noetherian space. Then so is Spc(PerfG(R)).

Proof Corollary 3.30 implies that Spc(PerfG(R)) is covered by the images of finitely
many continuous maps with Noetherian source. Therefore, Spc(PerfG(R)) is itself
Noetherian. �

3.4 Stratification for equivariant ring spectra

In this section we show how to descend stratification for equivariant module cate-
gories along geometric fixed point functors. This relies on a version of étale descent
which we now recall.

Recollection 3.33 Let f ∗ : S → T be a finite étale functor between rigidly-compactly
generated tt-categories with Noetherian spectrum. If T is stratified, then the localiz-
ing ideals �P S are minimal for each P ∈ Im(Spc(f ∗)). This follows from the dis-
cussion of [19, §2.2.2], in particular the proof of Lemma 2.21.

We continue to use the notation of the previous subsection.

Theorem 3.34 Let G be a finite group and let R ∈ CAlg(SpG). Let F be a family of
subgroups G for which R is F -nilpotent. Suppose that the following conditions hold
for all subgroups H ∈F :

(a) Spc(Perf(�H R)) is a Noetherian space;
(b) Mod(�H R) is stratified.

Then ModG(R) is stratified with Noetherian spectrum Spc(PerfG(R)).
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Proof For a given finite group G, first observe that it suffices to prove the statement
for the family of all subgroups of G: Indeed, if R is F -nilpotent for some family F
of subgroups of G, then both (a) and (b) hold trivially for all subgroups of G not in
F . Therefore, we might as well take F to be the family of all subgroups of G.

The statement that Spc(PerfG(R)) is Noetherian is Corollary 3.32. By Re-
mark 2.17 it therefore remains to verify the minimality of �P ModG(R) at all prime
ideals P ∈ Spc(PerfG(R)). We will argue by induction on the order of the group G.
The base of the induction, i.e., the case that G = e, holds by Hypothesis (b). For the
induction step, we introduce some auxiliary notation. Let ϕ = Spc(

∏
H⊆G �H

R ) and
write ϕH for its H -component. Moreover, we assemble the restriction maps for all
proper subgroups of G into a tt-functor

res⊊G : ModG(R)
∏

H⊊G ModH (R),

and denote the induced map on spectra by ψ .
Consider a prime ideal P ∈ Spc(PerfG(R)). We need to show that �P ModG(R)

is a minimal localizing ideal in ModG(R). By Corollary 3.30, P is in the image of ϕ.
We distinguish two cases. First, suppose that P is in the image of ϕG. In this case, �G

is a finite localization, so that Zariski descent in the form of [23, Remark 5.4], that
is descent of minimality along a finite localization functor, implies our minimality
claim at P .

Now, suppose that P is not in the image of ϕG; in other words, assume that
P is in the image of ϕH for some proper subgroup H ⊆ G. Since this map fac-
tors through ψ , we have P ∈ im(ψ). By Lemma 3.8, the functor res⊊G is finite
étale. Recollection 3.33 then applies to show that our minimality claim holds at P if∏

H⊊G ModH (R) is stratified. We can thus deduce the required minimality from our
induction hypothesis, thereby finishing the proof. �

Remark 3.35 The prototypical example of an equivariant ring spectrum R for which
ModG(R) is stratified is the Borel-completion of a field k of characteristic p di-
viding the order of G. In this case, there is a tt-equivalence PerfG(k) � Db(kG),
the bounded derived category of finitely generated kG-modules equipped with the
symmetric monoidal structure coming from the coproduct of kG. This equivalence
extends to a symmetric monoidal equivalence

ModG(k) � K(Inj kG), (3.36)

where the right hand side denotes the homotopy category of unbounded chain com-
plexes of injective kG-modules as in [26]. This category admits the stable module
category StMod(kG) of kG as a finite localization away from the localizing subcat-
egory generated by kG. Therefore, the equivalence of (3.36) passes to the quotients:

ModG(k)/Loc〈k ⊗ G+〉 � StMod(kG).

Both of these equivalences rely on generation by permutation modules, see also Re-
mark 7.7. The corresponding stratification theorem is then due to Benson, Iyengar,
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and Krause [29]; in fact, their main theorem gives the cohomological stratification of
ModG(k) in the sense of Remark 2.19, from which they deduce the stratification of
StMod(kG) over

Spc(StMod(kG)c) ∼= ProjH •(G, k).

More generally, the analogous results hold with coefficients in any regular commu-
tative ring in place of k, see [19, 20, 32], so in particular over mixed characteristic
discrete valuation rings. In Theorem 7.4, we establish a chromatic analogue of their
work.

4 Strong Quillen stratification for equivariant Balmer spectra

The goal of this section is to obtain a decomposition of the Balmer spectrum of
PerfG(R) for R ∈ CAlg(SpG) in terms of the Balmer spectra of the non-equivariant
categories Perf(�H (R)) for H ∈ F together with their Weyl-group actions, see The-
orem 4.3.

4.1 The decomposition result

The main result of this section will compare to the stratification theorem of Quillen
[73, Stratification Theorem 10.2] for the spectrum of the mod p cohomology of a
finite group, so we follow his lead in the notation.

Notation 4.1 Let H ⊆ G be a subgroup and R ∈ CAlg(SpG).

(a) We define a functor V(R,−) : O(G) → Top from the orbit category of G to the
category of topological spaces by the assignment

G/H �→ V(R,H) := Spc(PerfG(D(G/H+) ⊗ R)).

The map of G-sets G/H → G/G induces a map ψH : V(R,H) → V(R,G) on
Balmer spectra. Proposition 3.9 identifies V(R,H) with Spc(PerfH (R)) and ψH

with Spc(resH ).8

(b) The map S0
G → Ẽ[⊂ H ] is the unit map of the finite localization − ⊗ Ẽ[⊂ H ].

Consequently, we can identify Spc(PerfG(D(G/H+) ⊗ R ⊗ Ẽ[⊂ H ])) with an
open subset of V(R,H), which we denote as V+(R,H) ⊆ V(R,H). Note that
V+(R,H) identifies with Spc(Perf(�H R)) by Lemma 3.18.

(c) We denote by VG(R,H) the image of V(R,H) under the map ψH : V(R,H) →
V(R,G), and we endow VG(R,H) ⊆ V(R,G) with the subspace topology. We
observe that by [10, Theorem 3.4(b)] the map ψH is closed (but not in general
a closed immersion), and in particular that VG(R,H) ⊆ V(R,G) is closed (and
equal to the support of R ⊗ G/H+).

8While it is true that the functor PerfG(D((−)+) ⊗ R) refines to a category-valued Mackey functor using
the bi-adjoint of restriction as transfer maps, since the latter functors are only lax symmetric monoidal,
they do not induce maps on Balmer spectra and are therefore not used in this paper.
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(d) We write V+
G(R,H) for the image of V+(R,H) in V(R,G) under ψH . We ob-

serve that V+
G(R,H) ⊆ VG(R,H) is open as its complement can be identified

with the support of R ⊗ A[⊂H ], for A[⊂H ] as in Definition 3.19.

Construction 4.2 Given a subgroup H ⊆ G, we let WG(H) = NG(H)/H denote the
Weyl group of H ⊆ G, that is, the automorphism group of G/H in FinSetop

G . Let
R ∈ CAlg(SpG) as before and consider R⊗Ẽ[⊂ H ] ∈ CAlg(SpG). There is an action
of WG(H) on D(G/H+) ⊗ R by functoriality. If we replace R with R ⊗ Ẽ[⊂ H ] in
the previous construction, we obtain a WG(H)-action on D(G/H+) ⊗ R ⊗ Ẽ[⊂ H ].
We emphasize that in both cases the Weyl group acts through D(G/H+). The canoni-
cal map S0

G → Ẽ[⊂ H ] induces a ring map D(G/H+)⊗R → D(G/H+)⊗R ⊗ Ẽ[⊂
H ] which is WG(H)-equivariant. By functoriality we then get induced WG(H)-
actions on the corresponding Balmer spectra which make V+(R,H) ⊆ V(R,H)

into a WG(H)-equivariant map. Throughout this section we will always consider the
Balmer spectra V(R,H) and V+(R,H) together with this Weyl group action. By the
aforementioned functoriality of V(R,−), these Weyl group actions are compatible
with the maps ψH .

Our main decomposition result for the Balmer spectrum is stated in the next the-
orem. It generalizes Balmer’s tt-theoretic Quillen stratification theorem [9, Theorem
1.6] from the Fp-linear setting to arbitrary equivariant tt-categories and extends the
‘weak’ decomposition (in the form of part (a) below) to its ‘strong’ form (parts (b)

and (c)). We remark that it’s the latter that will be crucial for the proof of our strati-
fication result (Theorem 7.4) for Lubin–Tate theory.

Theorem 4.3 Assume G is a finite group, R ∈ CAlg(SpG), and F is a family of sub-
groups of G such that R is F -nilpotent. Then:

(a) The restriction maps induce a homeomorphism

colim
G/H∈OF (G)

V(R,H)
∼=

V(R,G),

where OF (G) denotes the category of non-empty, transitive G-sets with isotropy
in the family F .

(b) There is a decomposition into locally closed disjoint subsets

V(R,G) =
⊔

(H)∈F
V+

G(R,H),

where the index runs over a set of representatives of conjugacy classes of sub-
groups in F .

(c) For every H ∈F , restriction induces a homeomorphism

V+(R,H)/WG(H)
∼=

V+
G(R,H).
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We first deduce a corollary which shows that the condition of the comparison map
of Remark 2.6 being a homeomorphism descends in the present situation.

Corollary 4.4 Under the hypothesis of Theorem 4.3, assume in addition that

(1) for every H ∈ F , the comparison map

ρH
0 : V(R,H)

∼=
Spec(πG

0 (D(G/H+) ⊗ R)) ∼= Spec(πH
0 (R))

is a homeomorphism;
(2) the ring πG

0 (R) is Noetherian, and the restriction morphism πG
0 (R) → πH

0 (R)

makes πH
0 (R) into a finitely generated πG

0 (R)-module for every H ∈ F .

Then:

(a) There is a commutative diagram of homeomorphisms

(b) There is a decomposition into a disjoint union of locally closed subsets

Spec(πG
0 (R)) =

⊔

(H)∈F
VH /WG(H),

where VH ⊆ Spec(πH
0 (R)) denotes the open subset complementary to the van-

ishing locus of the ideal
{
x ∈ πH

0 (R) | ResH
K(x) = 0∀K ⊊ H

} ⊆ πH
0 (R).

Proof

(a) The diagram commutes by the naturality of ρ
(−)
0 . The upper horizontal map is

a homeomorphism by Theorem 4.3 (a). The left vertical map is a homeomor-
phism by our assumption and the lower horizontal map is a homeomorphism by
[65, Theorem 3.26]. The final reference requires the Noetherian and finiteness
assumptions in the hypothesis.

(b) The statement follows from Theorem 4.3 (b) and (c) after observing that the
homeomorphism ρH

0 identifies the open subset V+(R,H) ⊆ V(R,H) with the
open subset VH ⊆ Spec(πH

0 (R)). In more detail, we will verify that the respec-
tive complements of V+(R,H) and VH identify under ρH

0 . To this end, our as-
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sumption combined with the naturality of ρ
(−)
0 supplies a commutative square

in which the horizontal maps are induced by the inclusions K ⊊ H . Recall from
Notation 4.1 that the complement of V+(R,H) in V(R,H) is given by supp(R⊗∏

K⊊H D(H/K+)), which in turns equals
⋃

K⊊H VH (R,K) = ⋃
K⊊H im(ψK).

We thus obtain an identification

ρH
0 (V(R,H) \ V+(R,H)) =

⋃

K⊊H

im(Spec(ResH
K))

= im(Spec(
∏

K⊊H

ResH
K)).

Since these subsets are closed, the latter image identifies with the vanishing locus
of ker(

∏
K⊊H ResH

K), as desired. �

Remark 4.5 If R is Borel-complete and complex orientable, then one can hope to
identify VH with Spec(π0(�

H R)), see for instance (6.10). On the other hand, for
R = HZ and G = C2, the canonical ring map π0(R

G) → π0(�
G(R)) identifies with

the unique map Z → Z/2 (compare Example 8.1), while VG = ∅ as the restriction
map is the identity in this case.

The rest of this subsection is devoted to the proof of Theorem 4.3. An important
ingredient is Balmer’s descent for separable algebras, which we now review.

Remark 4.6 For subgroups H,K ⊆ G, there is a decomposition of the product of
transitive G-sets into transitive G-sets as follows:

β :=
⊔

βg :
⊔

[g]∈H\G/K

G/(Hg ∩ K)
∼=−→ G/H × G/K, (4.7)

where the coproduct on the left side runs through a set of double coset representatives
and βg sends [x] to ([xg−1], [x]).

Theorem 4.8 Let S be a set of subgroups of G, and set AS := ∏
H∈S D(G/H+) ∈

CAlg(SpG). There is a coequalizer diagram of topological spaces
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where the map ψS is induced by the extension of scalars functor, and the maps ψ1
and ψ2 are induced by the maps of G-sets

αg : G/(Hg ∩ K)
βg−→ G/H × G/K

π1−→ G/H

and

α1 : G/(Hg ∩ K)
βg−→ G/H × G/K

π2−→ G/K,

see notation from Remark 4.6.

Proof This is an adaptation of the proof of [10, Theorem 4.10]. Set C =
Ho(PerfG(R)). We first note that the commutative algebra R ⊗ AS is separable of
finite degree by Remark 3.23. Therefore by [10, Theorem 3.14], there is a coequal-
izer diagram of topological spaces

Spc(ModC(R ⊗ A⊗2
S )) Spc(ModC(R ⊗ AS)) supp(R ⊗ AS),

φ1

φ2

φS

where the maps φ1 and φ2 are induced by left and right unit maps, and φS is induced
by the extension of scalars functor. Note that D(G/H)⊗D(G/K) � D(G/H ×G/K)

and that the maps φ1 and φ2 are induced by the projection maps of G-sets

G/H × G/K
π1−→ G/H and G/H × G/K

π2−→ G/K

for H,K ∈ S. We note that for any subgroup H ⊆ G, there is a homeomorphism

Spc(ModC(R ⊗D(G/H+))) ∼= V(R,H) (4.9)

by Corollary 3.10 which allows us to commute passage to the homotopy category
with forming the corresponding module category. Using this and the definition of
AS , we get a decomposition

Spc(ModC(R ⊗ AS)) ∼=
⊔

H∈S

V(R,H),

and under this identification φS corresponds to the map ψS induced by the individual
extension of scalars functors. Similarly, using the Mackey decomposition formula
(Remark 4.6) and (4.9), we get a decomposition

Spc(ModC(R ⊗ A⊗2
S )) ∼=

⊔

H,K∈S
[g]∈H\G/K

V(R,H ∩ Kg).

Therefore, we can rewrite the above coequalizer as follows
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The maps ψ1 and ψ2 are obtained by composing the left/right unit maps R ⊗ AS ⇒
R ⊗ A⊗2

S , with the maps

R ⊗D(G/H+) ⊗D(G/K+)

� R ⊗D((G/H × G/K)+)
R⊗D((βg)+)−−−−−−−→ R ⊗D(G/Hg ∩ K+)

on components, and then passing to spectra. Thus we can calculate these composi-
tions directly in the category of finite G-sets. It follows that ψ1 and ψ2 are induced
by the maps of G-sets

αg : G/(Hg ∩ K)
βg−→ G/H × G/K

π1−→ G/H

and

α1 : G/(Hg ∩ K)
βg−→ G/H × G/K

π2−→ G/K.

The argument is now complete. �

Proof of Theorem 4.3

(a) The colimit description follows by considering S = F in Theorem 4.8, as fol-
lows. Since R is F -nilpotent, we have supp(R ⊗ AF ) = V(R,G), for instance
by combining [10, Proposition 3.15(iii)] with [64, Proposition 2.32]. Therefore
Theorem 4.8 gives a coequalizer diagram of topological spaces

It remains then to identify this coequalizer description with the colimit over the
orbit category in the statement. The map ψF factors through the canonical quo-
tient map

π :
⊔

H∈F
V(R,H) → colim

H∈OF (G)
V(R,H)

from the coproduct to the colimit, inducing a continuous map

ϕ : colim
H∈OF (G)

V(R,H) → V(R,G),

since V(R,−) is a functor on the orbit category.
On the other hand, the maps ψ1 and ψ2 are equalized by the canonical map π to
the colimit, because they are induced by maps of G-sets, i.e., morphisms in the
orbit category. The universal property of the coequalizer then provides us with a
continuous map

π : V(R,G) → colim
H∈OF (G)

V(R,H).
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Since both maps to V(R,G) are topological quotient maps, and both π and ϕ

factor the identity, π and ϕ are inverse homeomorphisms.
(b) We will show that V(R,G) is a disjoint union

⊔
(H)∈F V+

G(R,H) of lo-
cally closed subsets. Recall that V+

G(R,H) ⊆ VG(R,H) is open, and that
VG(R,H) ⊆ V(R,G) is closed (Notation 4.1). Hence every V+

G(R,H) ⊆
V(R,G) is locally closed. Moreover, it follows from Corollary 3.30 that there
is a union V(R,G) = ⋃

(H)∈F V+
G(R,H). It remains to argue that this union is

disjoint. To this end, consider the commutative diagram of symmetric monoidal
left-adjoint functors

Here (H) runs through a set of representatives for subgroups of G up to conju-
gacy, the upper part of the diagram comes from Lemma 3.18 and so it commutes,
and the outer diagram commutes by Remark 3.5.
On Balmer spectra, the previous diagram induces a commutative diagram

V(R,G)
⊔

(H) V+(R,H)

Spc(Spc
G)

⊔
(H) Spc(Spc),∼

where the bottom map is a bijection by a result of Balmer and Sanders, see [16,
Theorem 4.9, Theorem 4.14]. The components of

⊔
(H)∈F V+(R,H) have pair-

wise disjoint images in Spc(Spc
G), as seen by considering the composition

through the lower right corner. It follows that their images in V(R,G), which
by definition are V+

G(R,H), must be disjoint as well.
(c) The final claim is that for every subgroup H ∈ F , the map V+(R,H) →

V+
G(R,H) induced by restriction gives a homeomorphism

V+(R,H)/WG(H) → V+
G(R,H).

To see this, we set S = {H } in Theorem 4.8, and obtain the following coequalizer

⊔
g∈H\G/H V(R,H ∩ Hg)

ψ2

ψ1

V(R,H)
ψH

VG(R,H).
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The key observation now is that the open subset V+(R,H) ⊆ V(R,H) is
saturated for the equivalence relation generated by the maps ψ1 and ψ2.
Two elements x, y ∈ V(R,H) are equivalent exactly if there is a chain x =
x1, x2, . . . , xn = y such that for each i there is some g ∈ G and some z ∈
V(R,H ∩ Hg) such that xi = ψ1(z) and xi+1 = ψ2(z), or the other way around.
For our claim about being saturated, we can assume by induction that n = 2.
Since at least one of x1, x2 lies in V+(R,H), the subgroup H ∩ Hg ⊆ H can-
not be proper, i.e., g ∈ NG(H). So we are reduced to seeing that V+(R,H) ⊆
V(R,H) is WG(H)-stable, which is clear. Observe that this argument also shows
that the equivalence relation induced on V+(R,H) is the one afforded by the ac-
tion of the Weyl group. Saturation and a general fact from topology [69, Theorem
22.1] now imply that the composition

V+(R,H) ⊆ V(R,H) → V(R,G)

restricted to its image is a topological quotient map. Since this image is by def-
inition V+

G(R,H) and we identified the resulting equivalence relation with the
Weyl group action, the proof is complete. �

We now apply Theorem 4.3 to give an example where the map in Corollary 3.30
is in fact bijective. This gives an alternative proof of [23, Theorem 13.11].

Proposition 4.10 Let R ∈ CAlg(Sp) and let RG := infle(R) ∈ CAlg(SpG) be the im-
age of R under the inflation functor. Then the canonical map

⊔
(H)⊆G

V+(RG,H)
∼=

V(RG,G)

is bijective.

Proof We observe first that �H RG � R for all H ⊆ G (for example, [23, Equation
13.5]). This implies that if R is non-trivial then the derived defect base of RG is the
family of all subgroups, see Proposition 3.26. Moreover, the composite

Ho(Mod(R))
infle−−→ Ho(ModG(RG))

�H−−→ Ho(Mod(�H RG)) � Ho(Mod(R))

is naturally isomorphic to the identity functor [23, Remark 13.4 and Equation 13.6].
Passing to Balmer spectra, we see that the induced map V+(RG,H) → V(RG,G) is
injective. Comparing this with Theorem 4.3(c) shows that the Weyl group WG(H)

must act trivially on V+(RG,H). We can then apply Theorem 4.3(b) to deduce that
the required map is bijective. �

5 Strong Quillen stratification for global equivariant spectra

The goal of this section is to prove a refined version of Theorem 4.3 under the addi-
tional assumption that the commutative algebra R ∈ CAlg(SpG) arises from a global
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homotopy type in the sense of [75]. Before proving our result, let us recall some
background on global stable homotopy theory following [58].

5.1 Recollections on global homotopy theory

Definition 5.1 Let Glo denote the global category indexed on the family of finite
groups, see [58, Definition 6.1]. This is the ∞-category whose objects are all finite
groups G, and whose morphism spaces are given by Hom(H,G)hG; the homotopy
orbits of the conjugation G-action on the set of group homomorphisms. Composition
in Glo is induced at the level of groupoids by composition of group homomorphisms
and compatibility of homomorphisms with the conjugation action.

Definition 5.2 The global category contains a wide subcategory Orb ⊆ Glo where we
take the path connected components spanned by the injective group homomorphisms.

Definition 5.3 Finally, we let Rep denote the homotopy category of Glo; this is the
category with the same objects of Glo but with morphisms given by conjugacy classes
of group homomorphisms. To be more explicit, recall that two group homomorphisms
f,g : A → B are conjugate if there exists b ∈ B such that cb ◦ f = g where cb(x) =
bxb−1 for all x ∈ B .

Remark 5.4 By [58, Corollary 10.6] there is a functor into the ∞-category of sym-
metric monoidal ∞-categories

Sp• : Gloop → Cat⊗∞ (5.5)

which sends a finite group G to SpG, and a group homomorphism α : H → G to
the restriction-inflation functor α∗ : SpG → SpH . Note that α∗ is restriction if α is
injective and inflation if α is surjective. In general, it will be the composite of two
such functors.

Definition 5.6 We define the ∞-category of global (equivariant) spectra Spgl as the
partially lax limit of Sp• marked at Orb, see [58, Definition 4.11]. Informally, an
object X ∈ Spgl is determined by the following data:

• a G-spectrum XG for all finite group G;
• compatible maps fα : α∗XG → XH in SpH for all group homomorphisms

α : H → G;

subject to the condition that fα is an equivalence whenever α is injective.

Remark 5.7 The ∞-category Spgl is symmetric monoidally equivalent to Schwede’s
model of global spectra based on orthogonal spectra, see [58, Theorem 11.10]. As
shown by Lenz [57, Theorem A], Spgl is also equivalent to an ∞-category of global
spectral Mackey functors, globalizing the analogous statement for G-spectra due to
Guillou–May [49] and Barwick [24].
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Example 5.8 By the discussion in [75, Example 4.5.19], any Borel-equivariant G-
spectrum arises from a global homotopy type. Also, topological G-equivariant K-
theory admits a global refinement by [75, Sect. 6.4].

Notation 5.9 Given a global spectrum X ∈ Spgl , we will denote by XG its image
under the canonical symmetric monoidal functor Spgl → SpG, and call this the un-
derlying G-spectrum of X.

5.2 Quillen stratification for commutative global ring spectra

Our goal in this section is to prove a refined version of Theorem 4.3 under the ad-
ditional assumption that R arises from a global homotopy type. The first step is to
construct a more refined version of the functor

�R
0 : OF (G)op → Cat, G/H �→ Ho(PerfG(RG ⊗D(G/H+))). (5.10)

Lemma 5.11 Let R ∈ CAlg(Spgl). Then there is a functor

Mod•(R•) : Gloop → Cat⊗∞, G �→ ModG(RG)

extending (5.5) to module categories. Moreover there is also an induced functor with
values G �→ PerfG(RG).

Proof The existence of the first functor follows from [58, Theorem 5.10]. The exis-
tence of the second functor follows from the first one by observing that by construc-
tion, the functor α∗ is symmetric monoidal for all group homomorphism α, and that
dualizable and perfect objects agree in our setting. �

Remark 5.12 For any g ∈ G, the conjugation isomorphism cg : G → G lies in the
same connected path component of MapGlo(G,G) as the identity map. The existence
of the functor in Lemma 5.11, then provides a natural isomorphism c∗

g ⇒ 1 between
endofunctors of PerfG(RG) or ModG(RG).

We now introduce a variation of Quillen’s category.

Definition 5.13 Let F be a family of subgroups of a finite group G. The Quillen
category AF (G) is the category whose objects are subgroups of G in F , and mor-
phisms from H to K in AF (G) are group homomorphims of the form cg : H → K ,
h �→ ghg−1 for some g ∈ G. Note that the automorphism group of H ∈ AF (G) is
NG(H)/CG(H).

Example 5.14 Let E be the family of elementary abelian p-subgroups of a finite group
G. Then AE (G) is the category A(G) defined by Quillen in [73, page 567].

We now introduce the orbit category associated to the Quillen category.
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Definition 5.15 Let F be a family of subgroups of a finite group G. The Quillen orbit
category OQ

F (G) is the category whose objects are subgroups of G in F , and mor-

phisms from H to K in OQ

F (G) are given by K-conjugacy classes of morphisms in

HomAF (G)(H,K). The automorphisms of H ∈ OQ

F (G) are then NG(H)/H ·CG(H).

Notation 5.16 Let H ⊆ G be a subgroup. We set

W
gl
G (H) := NG(H)/H · CG(H)

and refer to it as the global Weyl group of H in G. If H is abelian so that H ⊆ CG(H),
we write W

Q
G (H) instead of W

gl
G (H) and refer to it as the Quillen–Weyl group.

Construction 5.17 Assume G is a finite group, R ∈ CAlg(Spgl), and F is a family of
subgroups of G such that RG is F -nilpotent. Consider the functor

Gloop → Cat, H �→ Ho(PerfH (RH )),

which factors through Rep by construction. There is also a functor J : OF (G) →
Rep which sends a coset G/H to H . Given a G-equivariant map f : G/H → G/K

satisfying f (eH) = gK we set J (f ) = [cg−1] ∈ Rep(H,K). One easily verifies that

J is well-defined. We note that the image of J is precisely OQ

F (G). Therefore, by
precomposing, we obtain a functor

�R
1 : OF (G)op → Cat, G/H �→ Ho(PerfH (RH )), (5.18)

which by construction factors through OQ

F (G)op.

Lemma 5.19 The functors �R
0 and �R

1 from (5.10) and (5.18) are naturally pseudo-

isomorphic and they factor through OQ

F (G).

Proof For any subgroup H ⊆ G, we let

LH : Ho(PerfG(RG ⊗D(G/H+)))
∼→ Ho(PerfH (RH ))

denote the equivalence of Proposition 3.9. We will show that the equivalences LH

assemble to give a pseudonatural equivalence between �R
0 and �R

1 . As the latter

factors through OQ

F (G), so does �R
0 .

Let f : G/H → G/K with f (eH) = gK be given so that J (f ) = cg−1 : H → K .
We will show that the following diagram commutes up to natural isomorphism

where Ff is a shorthand for the extension of scalars functor along R ⊗D(f+).
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To this end, consider the following diagram

in which the right and left triangles commute by Proposition 3.9. By Remark 5.12,
there is a natural isomorphism c∗

g−1 ⇒ 1 between endofunctors of Ho(PerfG(RG)).
This natural isomorphism makes the bottom square commute as one readily verifies
that Ff ◦ FD(G/K+)⊗RG

� FD(G/H+)⊗RG
. Note that the outer diagram commutes as

well, using that iK ◦ cg−1 = cg−1 ◦ iH , where iK : K ⊆ G and iH : H ⊆ G denote
the inclusion of subgroups. This shows that there is a natural isomorphism η : LH ◦
Ff ◦ FD(G/K+) ⇒ c∗

g−1 ◦ LK ◦ FD(G/K+). We then apply Proposition 2.35 (keeping

in mind Corollary 3.10) to obtain a natural transformation η̃ : LH ◦ Ff ⇒ c∗
g−1 ◦ LK

extending η. A thick subcategory argument then shows that η̃ is also an isomorphism.
This uses that Ho(PerfG(RG ⊗D(G/K+))) admits a set of generators in the image
of FD(G/K+)⊗RG

, namely the orbits, see Lemma 3.3. �

We are finally ready to state the main result of this section. Recall the notation
introduced in Notation 4.1.

Theorem 5.20 Assume G is a finite group, R ∈ CAlg(Spgl), and F is a family of
subgroups of G such that RG is F -nilpotent. Then:

(a) The restriction maps induce a homeomorphism

colim
H∈OQ

F (G)

V(RG,H)
∼=

V(RG,G).

(b) There is a decomposition into locally closed disjoint subsets

V(RG,G) =
⊔

(H)∈F
V+

G(RG,H).

The index runs over conjugacy classes of subgroups in F .
(c) For every H ∈F , restriction induces a homeomorphism

V+(RG,H)/W
gl
G (H)

∼=
V+

G(RG,H).

Proof With the work done so far, all the claims follow from Theorem 4.3 as we
now explain. Recall from Lemma 5.19 that the functor G/H �→ V(RG,H) factors
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through J : OF (G) → OQ

F (G). Note that J is cofinal since it is bijective on objects
and surjective on morphisms. Combining this with Theorem 4.3(a) gives part (a).
Part (b) is precisely Theorem 4.3(b). Finally, part (c) follows from Theorem 4.3(c)

and the observation that the centralizer CG(H) must act trivially on V+(RG,H) as
G/H �→ V(RG,H) factors through J . �

The globality assumption in Theorem 5.20 implies that the action of CG(H) on
Spc(Perf�H R) is trivial. The next example shows that it can be non-trivial in general.

Example 5.21 Let G be the cyclic group of order 2 and let R = D(G+) ∈ CAlg(SpG).
We note that R does not come from a global spectrum as the restriction map
resG

e : πG
0 (R) → π0(R) is not surjective, compare with [75, Remark 4.1.2]. We also

note that �GR � 0 and that �eR � S0 ⊕ S0. By Theorem 4.3, we have

Spc(PerfG(R)) = Spc(Perf�eR)/G = (Spc(Spc) � Spc(Spc))/G. (5.22)

On the other hand, Spc(PerfG(R)) = Spc(Spc) by Proposition 3.9. It follows that
the Weyl group WG(e) = G does not act trivially in (5.22). In particular we cannot
replace WG(e) with W

gl
G (e) in (5.22).

5.3 Quillen stratification, revisited

The goal of this subsection is to show that Theorem 5.20 contains a weak version
of Quillen’s stratification theorem as a special case. The precise formulation of this
stratification result appears in Proposition 5.26.

Notation 5.23 Let k be a field of characteristic p. For any finite group G, we set
Vh

G = Spech(H ∗(G, k)). If E is an elementary abelian p-group, we also set Vh,+
E =

Vh
E \ ⋃

E′<E Vh
E′ . Finally, if E ⊆ G we write Vh,+

G,E for the image of Vh,+
E under the

restriction map rG
E : Vh

E → Vh
G.

Remark 5.24 Recall that in this situation, Balmer’s comparison map

ρG : V(k,G) := Spc(PerfG(k))
∼=

Vh
G

is a homeomorphism. To see this, note that by Remark 3.35 we have Spc(PerfG(k)) �
Spc(Db(kG)), while Balmer’s elaboration [6, Proposition 8.5] on work of Benson,
Carlson, and Rickard [27] shows that the comparison map is a homeomorphism in
this case.

Lemma 5.25 If E is an elementary abelian p-group and k a field of characteristic p,
then the homeomorphism ρE : Spc(PerfE(k)) → Vh

E restricts to a homeomorphism
between open subsets

V+(k,E)
∼=

Vh,+
E .
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Proof For any subgroup E′ ⊆ E, we have supp(D(E/E′+) ⊗ k) ∼= Spc(PerfE′(k)),
thus providing an inclusion Spc(PerfE′(k)) ↪→ Spc(PerfE(k)). Likewise, there are
inclusions Vh

E′ ↪→ Vh
E . We obtain a commutative diagram of topological spaces

Spc(PerfE(k))
ρE

∼=
Vh

E

⋃
E′⊊E Spc(PerfE′(k))

∼= ⋃
E′⊊E Vh

E′ ,

where both the bottom and the top map are homeomorphisms, as observed in Re-
mark 5.24. The result then follows by passing to complements and using Theo-
rem 4.3(b). �

We can then give a proof Quillen’s stratification theorem in the form of [29, The-
orem 9.1] from a tt-geometric point of view.

Proposition 5.26 Let E be an elementary abelian p-subgroup of a finite group G and
let k be a field of characteristic p. Then, restriction induces a homeomorphism

Vh,+
E /W

Q
G (E)

∼=
Vh,+

G,E.

Therefore, there is a decomposition of Vh
G into locally closed disjoint subsets

Vh
G =

⊔

(E)

Vh,+
E /W

Q
G (E),

where the index runs over G-conjugacy classes of elementary abelian p-subgroups
of G.

Proof There is a commutative diagram of spectra

The commutativity of the upper triangle comes from Proposition 3.9 and the commu-
tativity of the bottom part follows from naturality of ρ(−). As shown in Lemma 5.25,
under the left vertical composite, Vh,+

E identifies with V+(k,E). We conclude that
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the right vertical homeomorphism identifies Vh,+
G,E with imψE = V+

G(k,E). We may
thus apply Theorem 5.20 and Lemma 5.25 again to deduce

Vh,+
G,E

∼= V+
G(k,E) ∼= V+(k,E)/W

Q
G (E) ∼= Vh,+

E /W
Q
G (E).

Unwinding the construction, this homeomorphism is indeed induced by the restric-
tion map. The final claim then follows from Theorem 5.20. �

Remark 5.27 Proposition 5.26 is close in spirit to Quillen’s stratification result
for the spectrum of an equivariant cohomology ring [73, Stratification Theorem
10.2]; however there is a difference. Our stratification result applies to the vari-
ety Spech(H ∗(G, k)) associated to the graded commutative ring H ∗(G, k), whereas
Quillen’s result applies to the varieties Spec(H •(G, k)) and MaxSpec(H •(G, k)) as-
sociated to the commutative ring

H •(G, k) :=
{

H ∗(G, k) if p = 2;
H even(G, k) if p odd.

As any homogeneous prime ideal of H ∗(G, k) defines a prime ideal of H •(G, k), one
can deduce Proposition 5.26 from Quillen’s work. In this sense our result is a weaker
version of Quillen’s stratification theorem.

Remark 5.28 Proposition 5.26 above implies that the Quillen–Weyl group acts tran-
sitively on homogeneous prime ideals lying over a given homogeneous prime ideal
of Vh,+

G,E . As already noted by Quillen [73, Sect. 11], this action is in general not free,
see [31, Warning 5.14] for an explicit example. The action is however free if k is a
separably closed field and we replace the homogeneous spectrum with the variety of
maximal ideals, see [73, Proposition 9.6] for the precise statement.

Remark 5.29 Proposition 5.26 shows that rG
E : Vh,+

E → Vh,+
G,E is the quotient map in-

duced by the action of W
Q
G (E). In particular, rG

E is not injective in general. For a
specific example consider G = (Z/2 × Z/2) ⋊ Z/2 where Z/2 acts on Z/2 × Z/2
by swapping the two copies, and let E ⊆ G be the Klein four-group. Let k be a finite
field of cardinality 4 and let α be a root of the polynomial x2 + x + 1 in k. Note that
W

Q
G (E) = Z/2 acts on Vh

E = Spech(k[x, y]) by swapping x and y. One checks that
the two distinct homogeneous prime ideals (x + αy) and (x + (1 + α)y) belong to
Vh,+

E and are identified under rG
E .

6 Stratification via a theorem of Drinfel’d–Strickland

In this section we investigate the category of modules over the Borel-equivariant G-
spectrum associated to a Lubin–Tate theory E, showing that it is cohomologically
stratified. The key input is Theorem 6.14 which shows that the ring π0(�

AEA) is
regular Noetherian for every finite abelian p-group A. The proof of this relies on the
theory of level A-structures, as introduced by Drinfel’d [42] and studied further by
Strickland [82, Sect. 7].
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6.1 The E-cohomology of finite Abelian groups

Notation 6.1 We let E = En ∈ CAlg(Sp) denote a Lubin–Tate theory (aka Morava
E-theory) associated with a connected p-divisible group of height n ≥ 1 over a per-
fect field of characteristic p > 0, see [61, Sect. 5] for an overview. We will denote the
associated universal deformation by GE , usually viewed of as a p-divisible group. As
previously, E ∈ CAlg(SpG) will denote the associated Borel-equivariant G-spectrum
for a finite group G, see Notation 3.21.

We recall the following fundamental description of the E-cohomology of finite
abelian groups, see [54, Corollary 5.10].

Lemma 6.2 The E-cohomology E∗(BA) of any finite abelian group A is concen-
trated in even degrees, even periodic, and E0(BA) is a finitely generated free E0-
algebra.

Notation 6.3 For a finite abelian p-group A, we write A∗ for the Pontryagin dual of
A. We also view any A as a group scheme via the constant functor.

Recollection 6.4 For a finite abelian p-group A, recall that the π0E-algebra π0E
BA

corepresents homomorphisms of group schemes A∗ → GE into the universal de-
formation GE , see [54, Proposition 5.12]. The functoriality in A of this identifi-
cation is as follows: for a map f : A1 → A2 we obtain a map of π0E-algebras
π0E

BA2 → π0E
BA1 which corepresents the composition of f ∗ : A∗

2 → A∗
1 with

A∗
1 → GE . In particular, for every subgroup A′ ⊆ A we obtain a map of affine

schemes

Spec(π0E
BA′

) −→ Spec(π0E
BA).

The universal property of π0E
BA, applied to the identity map π0E

BA → π0E
BA,

provides a universal homomorphism A∗ → GE(π0E
BA). Choosing a coordinate on

GE , we thus obtain a map

α : A∗ → GE(π0E
BA) ⊆ π0E

BA. (6.5)

From now on, we will implicitly fix such a coordinate on GE .

Proposition 6.6 The map Spec(π0E
BA′

) ↪→ Spec(π0E
BA) is a closed immersion,

i.e., the map of π0E-algebras π0E
BA → π0E

BA′
given by restriction is surjective.

Proof Via the universal homomorphism (6.5), (A/A′)∗ ⊆ A∗ defines a subset T of
π0E

BA. We denote by I the ideal generated by T and claim that the π0E
BA-algebras

π0E
BA′

and π0E
BA/I are isomorphic. This will in particular verify the claim of the

proposition. Now, the two algebras are isomorphic because they corepresent the same
functors over the one corepresented by π0E

BA: Indeed, a homomorphism defined on
A∗ will factor through (A′)∗ if and only if it annihilates (A/A′)∗. �
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Notation 6.7 We define XA := Spec(π0E
BA). For a subgroup A′ ⊆ A, we view XA′

as a closed subscheme in XA via Proposition 6.6, and write

X◦
A′ := XA′ \

⎛

⎝
⋃

A′′⊊A′
XA′′

⎞

⎠ .

Then X◦
A′ ⊆ XA′ is an open subscheme.

Mapping A′ to XA′ induces a map of lattices from the lattice of subgroups of A to
the lattice of closed subsets of XA. This map preserves meets:

Proposition 6.8 Let A′,A′′ ⊆ A, then we have XA′∩A′′ = XA′ ∩ XA′′ .

Proof Using Proposition 6.6 we see that the scheme theoretic intersection XA′ ∩XA′′
is also the fiber product XA′ ×XA

XA′′ . We claim that the given map

XA′∩A′′ → XA′ ×XA
XA′′

is an isomorphism of affine schemes over XA. We check that the map induced on
points

XA′∩A′′(R) → XA′(R) ×XA(R) XA′′(R)

is bijective for every π0E
BA-algebra R. Indeed, an R-valued point on the left hand

side corresponds to a homomorphism (A′ ∩ A′′)∗ → GE(R), one of the right hand
side to a pair of homomorphisms ((A′)∗ → GE(R), (A′′)∗ → GE(R)) which agree
when pulled back to A∗, and the comparison map restricts a given homomorphism to
(A′)∗ and (A′′)∗. Observe that A′ ∩ A′′ is the pull-back in abelian groups of A′ and
A′′ mapping to A. Then the claim follows from the fact that the dual of a pull-back of
finite abelian groups is a push-out in the category of (not necessarily finite) abelian
groups. �

Corollary 6.9 For every finite abelian group A, we have a decomposition of XA into
a disjoint union of locally-closed subsets:

XA =
⊔

A′⊆A

X◦
A′ . (6.10)

Proof Since for every x ∈ XA, the set {A′ ⊆ A | x ∈ XA′ } is non-empty and sta-
ble under intersection by Proposition 6.8, there is a smallest A′ with x ∈ XA′ . This
implies the claim, because the collection (X◦

A′)A′⊆A covers XA. �

Remark 6.11 This disjoint union is not topological if A �= 0 because XA is connected,
being the Zariski spectrum of a local ring.
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6.2 Regularity of geometric fixed point spectra

In this subsection, we study the schemes X◦
A′ appearing in the decomposition Corol-

lary 6.9 in more detail; in particular, we will show that they are regular. We begin
with a topological interpretation of X◦

A′ in terms of geometric fixed points.
For every A′ ⊆ A, the canonical map E → ẼPA′ ⊗ E induces a map of commu-

tative ring spectra EBA → EBA′ → �A′
E to the A′-geometric fixed points of the

genuine A-spectrum E. Concretely, �A′
E is given by inverting on EBA′

all Euler
classes of all non-trivial characters of A′ (see [44, Proposition II.9.13]). This implies
that the first of the following maps on Zariski spectra

Spec(π0�
A′

E) → Spec(π0E
BA′

) = XA′ ↪→ XA

is an open immersion, and we determine the image of the composition in the next
result.

Lemma 6.12 For every subgroup A′ ⊆ A, we have an equality of open subsets

Spec(π0�
A′

E) = X◦
A′ ⊆ XA′ (⊆ XA) .

Proof This is the special case of [21, Lemma 3.11] in which the family consists of all
proper subgroups. �

Proposition 6.13 For any finite abelian p-group A, there is a (set-theoretic) decom-
position of the Zariski spectrum of its E-cohomology as

Spec(E0(BA)) �
⊔

A′⊆A

Spec(π0�
A′

E).

Proof This follows from (6.10) combined with Lemma 6.12. �

We next establish a regularity statement which is key to our stratification result for
Lubin–Tate theory.

Theorem 6.14 For any finite group G and any Lubin–Tate theory E, the commutative
ring π0(�

GE) is regular Noetherian.

The proof will be given after some preliminaries.

Remark 6.15 Using Example 3.22, we can reduce the proof of Theorem 6.14 to the
case that G = A is a finite abelian p-group which is generated by at most n elements;
otherwise, π0(�

GE) � 0 by Proposition 3.26. We will achieve this by comparing
with level A-structures, as introduced by Strickland [82], generalizing work of Drin-
fel’d [42].
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Recollection 6.16 To review the construction of the quotient π0E
BA → D

parametrizing level-A-structures on GE , we define two monic polynomials P,Q ∈
π0E

BA[X]. Choosing a coordinate on the universal deformation GE as in Recollec-
tion 6.4, we identify the universal homomorphism α defined over π0E

BA with a map
α : A∗ →GE(π0E

BA) ⊆ π0E
BA. This lets us define our first polynomial as

P(X) :=
∏

a∈A∗ : pa=0

(X − α(a)) ∈ π0E
BA[X]. (6.17)

Note that P is monic and of degree prkp(A), where rkp(A) := dimFp
(A ⊗Z Fp) de-

notes the p-rank of A. We also define Q ∈ π0E[X] ⊆ π0E
BA[X] to be the unique

monic polynomial such that Q generates the same ideal in π0E�X� as does the p-
series of GE (with respect to the coordinate X chosen above). Existence and unique-
ness of Q follow from the Weierstrass preparation theorem for π0E. Note that Q is
monic of degree pn, where n is the height of GE .

Some elementary commutative algebra shows that, given the monic polynomials
P,Q ∈ π0E

BA[X], there is an initial ring map ρ : π0E
BA → D such that the image

of P in D[X] divides the image of Q. The ring D is known as the Drinfel’d ring. For
more details on this construction of D, see [82, Sect. 7].

An important result is that D is a regular, local Noetherian ring, see [82, Theorem
7.3]. This implies that all localizations Dq are regular for all prime ideals q ⊆ D, not
just the maximal one, see [67, Theorem 19.3].

We will use the following criterion for divisibility. Recall that a polynomial over
a field k is said to be separable if all its roots α ∈ k in an algebraic closure k of k are
simple, i.e., satisfy f ′(α) �= 0.

Proposition 6.18 Assume R = (R,m,K) is a local π0E
BA-algebra such that over its

residue field K , the image of P is separable and divides the image of Q. Then the
image of P in R[X] divides the image of Q.

Proof We denote by PR = ∏N
i=1(X − ri) ∈ R[X] the image of P in R, i.e., the el-

ements ri enumerate the roots α(a) from (6.17), and likewise we denote by QR ∈
R[X] the image of Q in R. We now show by induction on l ≥ 1 that the product∏l

i=1(X − ri) divides QR . The case l = N is the desired claim. The base case l = 1
claims that X − r1 divides QR , i.e., that QR(r1) is zero. In other words, we have to
show that QR(α(a)) = 0 for any is a p-torsion point a of A∗. This holds because all
the α(a) are p-torsion points of GE and Q has the same zeroes as the p-series of
GE . In the inductive step, we know that QR = ∏l−1

i=1(X − ri) · H in R[X] for some
l ≤ N , and a suitable H . Since QR(rl) = 0, we obtain from this by evaluating at rl
the relation 0 = ∏l−1

i=1(rl − ri) · H(rl) in R. Since the image of P over the residue
field K is separable, none of the elements rl − ri ∈ R reduces to zero in K , hence
they do not lie in m, thus they are units in the local ring R. By cancelling these units
we obtain H(rl) = 0, i.e., H is divisible by X − rl in R[X], and this completes the
induction step. �
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Now we obtain a relation between the ring π0�
AE which we want to show to be

regular, and the ring D which we know to be regular.

Proposition 6.19 The canonical ring homomorphism π0E
BA → π0�

AE factors
(uniquely) through the surjection ρ : π0E

BA → D, i.e., there is a commutative di-
agram

This says that the base change of the universal homomorphism A∗ → GE to the
geometric fixed points is a level-structure. We first check that Proposition 6.19 im-
plies our theorem.

Proof of Theorem 6.14 assuming Proposition 6.19 By Remark 6.15, we may assume
that G = A is an abelian p-group which is generated by (at most) n elements. As
a localization of the Noetherian ring π0E

BA, the ring π0�
AE is also Noetherian. To

see that it is regular, note that Lemma 6.12 and Proposition 6.19 say that the open
immersion X◦

A ↪→ XA factors through the closed immersion Spec(D) ⊆ XA. The re-
sulting map X◦

A → Spec(D) is necessarily an open immersion. Then, since Spec(D)

is regular, so is X◦
A by [67, Theorem 19.3], as claimed. �

Proof of Proposition 6.19 Set I := ker(ρ) ⊆ π0E
BA; the claim is I · π0�

AE = 0. It
is enough to show this after replacing π0�

AE with an arbitrary localization R :=
(π0�

AE)p for a prime ideal p ⊆ π0�
AE. To this end, we will verify that we are in

the situation of Proposition 6.18, i.e., that the conditions of this proposition apply to
the local ring R = (R,pR,K := R/pR):

(a) We first prove that the image of P is separable over K . Looking at the definition
of P , it will be enough to show that the composite

f : A∗ α−→GE(π0E
BA) → GE((π0�

AE)) → GE((π0�
AE)p) → GE(K)

is injective, where the last map is induced by the reduction R = (π0�
AE)p → K .

To this end, assume otherwise. Then f factors over some non-zero quotient of A∗,
which implies that its classifying map f̂ : π0E

BA → K factors over some non-
trivial restriction map π0E

BA → π0E
BA′

with A′ ⊆ A a proper subgroup. This
is a contradiction, because by construction f̂ factors over the geometric fixed
points and hence inverts all non-zero Euler classes whereas the restriction map
annihilates some non-zero Euler class. This contradiction shows that f is indeed
injective.

(b) Secondly, we observe that the image of P in K divides the image of Q because
Q annihilates all p-torsion points of GE .

Therefore, Proposition 6.18 implies that the image of P in R divides the image of Q

in R. Since D was constructed to be initial among π0E
BA-algebras with this property,

this is equivalent to saying that I · R = 0, as claimed. �
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We make the case of height one of the above results explicit and point out a possi-
ble sharpening of the regularity result Theorem 6.14.

Example 6.20 Assume the height is one, then E = E1 is (a form of) p-complete com-
plex K-theory. Let A = Cpn be the cyclic group of order pn for some n ≥ 0. Then
E0 = Zp and a familiar computation in complex oriented cohomology theories gives
an isomorphism of E0-algebras

E0(BCpn) � E0
�X�/

(
(X + 1)p

n − 1
)

.

Here, X corresponds to the Euler class of the defining representation Cpn ⊆ S1. It is
convenient to set Y := X + 1. We can decompose

Ypn − 1 =
n∏

i=0

�pi (Y ) = (Y − 1) · Yp − 1

Y − 1
· . . . · �pn(Y )

into irreducible polynomials over Qp . Then �pi is the pi -th cyclotomic polyno-
mial, the minimal polynomial of any primitive pi -th root of unity ζpi . Each ring
Zp[Y ]/(�pi ) is a discrete valuation ring, the ring of integers in the local cyclotomic
field Qp(ζpi ), and has residue field Fp . One can check that the obvious ring homo-
morphism

E0(BCpn) = Zp[Y ]/(Ypn − 1) →
n∏

i=0

Zp[Y ]/(�pi (Y ))

glues the spectra of the rings on the right hand side along their common closed point
and that one has X◦

C
pi

= Spec(Qp(ζpi )) for i ≥ 1 and X◦
e = Spec(Zp). The Zariski

spectrum of E0(BCpn) is depicted in Fig. 1.

Remark 6.21 We now turn to discuss a conceivable sharpening of Theorem 6.14; this
remark can be skipped without loss of continuity. Let again E denote a Lubin–Tate
theory of arbitrary height and A a finite abelian p-group. We have a ring extension

R := E0 → S := �A(E).

Fix a prime ideal q ⊆ S, and denote p := q∩ R ⊆ R. The resulting map

Rp → Sq

Fig. 1 An image of Spec(E0(BCpn)). Each prime is represented by its residue field, and the lines indicate
specialization relations with closure going upwards (Color figure online)
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is a finite flat extension of local Noetherian rings, Rp is regular, and we showed that
Sq is regular, too. We can consider the condition

q = p · Sq. (6.22)

Note this condition implies the regularity of Sq and more precisely it shows that any
regular system of parameters in Rp gives a regular system in Sq. The condition (6.22)
is immediate to check in height one and can be checked in height two using compu-
tations about modular equations. We have not been able to decide whether (6.22)
holds in a single case of height larger than or equal to three, so we will leave this as
an open question. Observe that the condition in (6.22) does not claim that Rp → Sq
is étale: Indeed, it is known that the étale locus of the extension E0 → E0(BA) is
exactly E0[p−1], so if (6.22) holds at a prime p of positive characteristic, as it does
in height two, then necessarily the residue field extension will be inseparable. We
remind the reader of the reason for the claim about the étale locus of the finite flat
algebra E0 ⊆ E0(BA): The height stratification of the corresponding finite flat group
scheme is given by a regular sequence v0 = p,v1, . . . , vn−1 ∈ π0E. In particular, the
formal part is zero (equivalently, the group scheme is étale), exactly if p is invertible.

6.3 Stratification for E-modules

In this section we show that for any finite group G the category ModG(E) is stratified.
The key input is the stratification of Mod(�A(E)), which uses the regularity of the
geometric fixed points established in Sect. 6.2.

Lemma 6.23 Let A be a finite abelian p-group, then Mod(�AE) is cohomological
stratified and the ungraded comparison map

ρ0 : Spc(Perf(�AE))
∼=

Spec(π0(�
AE))

is a homeomorphism.

Proof By Theorem 6.14, π0(�
AE) is a regular Noetherian ring and the graded ring

π∗(�A(E)) is concentrated in even degrees. In fact, this ring is even periodic (as be-
ing obtained by inverting finitely many elements in the even periodic ring E∗(BA)),
and hence π∗(�AE) is regular as a graded commutative ring. Now we can apply [38,
Theorem 1.1 and Theorem 1.3],9 keeping in mind Remark 2.6. �

We now use Lemma 6.23 to prove that ModG(E) is stratified for any finite group
G. In the next section, we will then identify this Balmer spectrum with the Zariski
spectrum of the cohomology ring and deduce that ModG(E) is in fact cohomologi-
cally stratified.

9Note that there is a gap in one of the lemmas of that paper, which however does not affect the main
theorems, see [39].
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Theorem 6.24 For any group G and any Lubin–Tate theory E, the category
ModG(E) is stratified with Noetherian spectrum Spc(PerfG(E)).

Proof We recall that E is F -nilpotent for the family of abelian p-groups which are
generated by n elements (Example 3.22). Let A be such a group, then it suffices
by Theorem 3.34 to show that Spc(Perf(�AE)) is Noetherian and Mod(�AE) is
stratified. This follows from Lemma 6.23. �

7 The Balmer spectrum for Borel-equivariant E-theory

In this section we compute the spectrum of PerfG(E) for any finite group G and
any Lubin–Tate theory E of height n and prime p, by showing that the comparison
map ρ0 : Spc(PerfG(E)) → Spec(E0(BG)) is a homeomorphism. Along with The-
orem 6.24, this will show that ModG(E) is cohomologically stratified. Finally, we
deduce that the category of modules over the cochain spectrum EBG is also cohomo-
logically stratified.

7.1 The spectrum of Borel-equivariant E-theory

In order to compute the spectrum of PerfG(E), we first show that this category is
Noetherian (Definition 2.9).

Lemma 7.1 For any finite group G, the rings E0(BG) and E∗(BG) are Noethe-
rian. Moreover for any subgroup H ⊆ G, the ring maps E0(BG) → E0(BH) and
E∗(BG) → E∗(BH) are finite. In particular, the category PerfG(E) is Noetherian.

Proof The ring E∗(BG) is graded Noetherian and the composite

E∗ → E∗(BG) → E∗(BH),

is finite by [48, Corollary 4.4]. This also implies that E∗(BG) → E∗(BH) is finite.
Passing to degree zero elements and using that E∗ is concentrated in even degrees and
even periodic, we deduce that the composite E0 → E0(BG) → E0(BH) is finite. It
then follows that E0(BG) → E0(BH) is finite and that E0(BG) is Noetherian. The
final claim then follows from Lemma 3.4. �

Lemma 7.2 For any finite abelian p-group A which can be generated by n elements,
the ungraded comparison map

ρA
0 : Spc(PerfA(E))

∼=
Spec(E0(BA))

is a homeomorphism.
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Proof Let � : PerfA(E) → ∏
A′⊆A Perf(�A′

E) denote the symmetric monoidal

functor induced by the product of the geometric fixed point functors �A′
. By nat-

urality of the comparison map [6, Corollary 5.6], there is a commutative diagram

Spc(PerfA(E))
⊔

A′⊆A Spc(Perf(�A′
E))

Spec(E0(BA))
⊔

A′⊆A Spec(π0(�
A′

E)).

ρA
0

⊔
ρ0

Spc(�)

Spec(�0)

We claim that ρA
0 is a bijection. By Lemma 6.23, the right hand vertical arrow is a

homeomorphism. Using Lemma 6.12, we see that the bottom map is equivalent to the
map

⊔

A′⊆A

X◦
A′ ∼=

⊔

A′⊆A

Spec(π0(�
A′

E)) → Spec(E0(BA)) = XA.

By Proposition 6.13 this map is a bijection. It follows from Corollary 3.30 that
Spc(�) is surjective, hence the commutativity of the square implies that ρA

0 is a
bijection. Finally, by Lemma 7.1 and Proposition 2.10, this shows that ρA

0 is a home-
omorphism. �

Lemma 7.3 For any finite group G, the comparison map

ρG
0 : Spc(PerfG(E))

∼=
Spec(E0(BG))

is a homeomorphism.

Proof This follows from Corollary 4.4(a). Indeed, E is F -nilpotent for the family of
abelian p-subgroups of G which are generated by (at most) n elements, see Ex-
ample 3.22. Then the assumptions of Corollary 4.4(a) hold by Lemma 7.2 and
Lemma 7.1. �

Theorem 7.4 For any finite group G and any Lubin–Tate theory E, the category
ModG(E) is cohomologically stratified by E0(BG).

Proof Combine Theorem 6.24 and Lemma 7.3. �

Remark 7.5 Theorem 7.4 provides a chromatic counterpart in intermediate character-
istic to the celebrated stratification theorem of Benson–Iyengar–Krause [29], extend-
ing their work from height ∞ to all finite heights. The strategy of proof, however, is
fundamentally different: we first establish stratification relative to the Balmer spec-
trum of ModG(E) and then lift our chromatic Quillen stratification to an identification
of the Balmer spectrum. As mentioned, the fundamental input to our approach is a
regularity result for the geometric fixed points of E via Drinfel’d level structures,
while the proof of [29] ultimately relies on the Bernstein–Gelfand–Gelfand(BGG)-
correspondence.
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As a corollary, we obtain a generalization of Proposition 6.13.

Corollary 7.6 Let E be a Lubin–Tate theory at height n and prime p. For any finite
group G, we have a disjoint decomposition into locally closed subsets

Spec(E0(BG)) =
⊔

A

Spec(π0(�
AE))/W

Q
G (A),

where the coproduct ranges over all G-conjugacy classes of abelian p-subgroups of
G which are generated by (at most) n elements.

Proof Recall from Example 5.8 that E arises from a global spectrum, and that it
is F -nilpotent for the family of abelian p-subgroups of G which are generated by n

elements by Example 3.22. The result then follows from Theorem 5.20, Lemma 6.23,
and Lemma 7.3. �

Remark 7.7 Let R be a commutative ring spectrum and G a finite group. By [65,
Corollary 6.21], Borel-completion is an exact symmetric monoidal and fully faithful
functor

ψ(R) : PerfG(R) Fun(BG,Perf(R)),

whose essential image is given by the thick subcategory generated by the permutation
modules {R[G/H ]}H⊆G. We say that Fun(BG,Perf(R)) is generated by permutation
modules if ψ(R) is an equivalence. For example, for a discrete commutative ring A,
the tt-category Fun(BG,Perf(A)) is equivalent to the bounded derived category of
A[G]-representations whose underlying A-module is perfect. A result of Rouquier,
Mathew [84, Theorem A.4], and Balmer–Gallauer [13, Theorem 1.4] then implies
that ψ(A) is an equivalence for any regular Noetherian A. It is an open question, first
raised in [84, Question A.2], whether Fun(BG,Perf(E)) is generated by permutation
modules for any Lubin–Tate theory E. This is answered affirmatively by Mathew in
loc. cit. for the case of height 1 and G = Cp .

7.2 Stratification for cochains

In this subsection, we study the category of modules over the cochain algebra EBG ∈
CAlg(Sp). We will deduce from Theorem 7.4 that Mod(EBG) is cohomologically
stratified. We start off with the following observation.

Lemma 7.8 The endomorphism ring of the unit E in ModG(E) can be identified with
EBG as a commutative ring spectrum.

Proof By adjunction, we have equivalences of commutative algebras

MapModG(E)(E,E) � MapSpG
(S0,E) � (E)G

so we only need to identify the right hand side with the spectrum EBG. To this end
recall that E belongs to the full subcategory (SpG)Borel ⊆ SpG of Borel-equivariant
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G-spectra as defined in [65, Definition 6.14]. Moreover by [65, Proposition 6.19],
there is a commutative square

where the left vertical functor takes the associated underlying spectrum with G-
action, and this is a symmetric monoidal equivalence by [65, Proposition 6.17]. Note
that all the other functors in the diagram are lax monoidal so they preserve commu-
tative algebra objects. Chasing E around the diagram, we obtain the identification
(E)G � EhG as commutative algebras. It is only left to note that EhG � EBG, as E

has trivial G-action. �

Terminology 7.9 Given a rigidly-compactly generated tt-category T we let

Tcell := LocT 〈1〉 ⊆ T

denote the localizing subcategory of T generated by the unit, referred to as the full
subcategory of cellular objects in T .

Remark 7.10 Because the unit is compact in T by assumption, Neeman’s theorem
[71, Theorem 2.1] implies that (Tcell)

c = Tcell ∩ T c.

The next result identifies the category of modules over the cochain algebra as the
subcategory of cellular objects in E-modules.

Lemma 7.11 There is a fully faithful tt-functor

Mod(EBG) ↪→ ModG(E)

with essential image given by LocModG(E) 〈E〉.
Proof By Morita theory and Lemma 7.8, there is a cocontinuous symmetric monoidal
functor

Mod(EBG)
∼−→ LocModG(E) 〈E〉 ⊆ ModG(E).

The first functor is an equivalence, and it is symmetric monoidal by [60, Corollary
4.8.1.14]. �

Theorem 7.12 The category Mod(EBG) is cohomologically stratified. In particular,
the comparison map

ρG
0 : Spc(Perf(EBG))

∼=
Spec(E0(BG))

is a homeomorphism.
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Proof By Lemma 7.11 we can identify Mod(EBG) with the subcategory of cellular
objects in ModG(E). Applying [28, Theorem 1.2] and noting that ModG(E) is coho-
mologically stratified (Remark 2.20), we see that stratification for ModG(E) implies
stratification for Mod(EBG). �

7.3 Some calculations of Spec(E0(BG)) at height one

Throughout this section we will assume that the height is one so that E = E1 is (a
form of) p-complete complex K-theory. We will describe Spec(E0(BG)) explicitly
for a large class of finite groups G.

Consider a finite group G and let C denote the family of cyclic p-subgroups of G.
The Borel-equivariant G-spectrum E is C-nilpotent by Example 3.22 and arises from
a global homotopy type by Example 5.8. It follows from Theorem 5.20 that we have
a homeomorphism

Spec(E0(BG)) ∼= colim
A∈OQ

C (G)

Spec(E0(BA)). (7.13)

The Zariski spectrum Spec(E0(BA)) has already been discussed in detail in Exam-
ple 6.20. We make the following additional observations:

(1) For n ≥ m ≥ 1, the canonical inclusion Spec(E0(BCpm)) ⊆ Spec(E0(BCpn))

hits the prime ideals corresponding to Fp and Qp(ζpi ) for 0 ≤ i ≤ m.

(2) The Quillen–Weyl group W
Q
G (Cpn) acts trivially on Spec(E0(BCpn)). To see

this one checks that any automorphism σ of Cpn preserves the decomposition
(6.10), namely satisfies σ.X◦

C
pi

= X◦
C

pi
for all i ≤ n. Since X◦

e = Spec(Zp) and

X◦
C

pi
= Spec(Qp(ζpi )) by Example 6.20, one immediately deduces that σ must

act trivially on each X◦
C

pi
and so on all Spec(E0(BCpn)).

Using these observations together with (7.13) we can calculate Spec(E0(BG)) for
many examples of G.

Example 7.14 Let G be a finite group with a p-Sylow subgroup Gp of exponent p.
This means that p is the least common multiple of the orders of all elements of Gp .
For instance, Gp could be cyclic of order p or an elementary abelian p-group. Our
assumptions force any A ∈ C to be cyclic of order p. In this case the Zariski spectrum
of E0(BG) is depicted in Fig. 2.

Fig. 2 An image of Spec(E0(BG)) for a finite group G with p-Sylow subgroup of exponent p. The lines
indicate specialization relations with closure going upwards. The bottom row has n+1 prime ideals where
n is the maximal number of cyclic subgroups of G of order p which are pairwise non-conjugate (Color
figure online)
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Example 7.15 Suppose that p = 2 and G = Dn a dihedral group of order 2n for some
n ≥ 1. One checks that there is a unique maximal cyclic subgroup A ⊆ G which has
order n. Therefore we immediately get that Spec(E0(BG)) ∼= Spec(E0(BA)). In this
case the Zariski spectrum is depicted in Fig. 1.

Remark 7.16 Inspired by Quillen’s work [73], one might wonder if the action of
W

Q
G (A) on Spec(π0�

AE) is free on closed points, see discussion in Remark 5.28.
To see this is not the case take p = 3, G = �3 the symmetric group on three let-
ters, and A = Z/3 the Sylow 3-subgroup generated by the cycle (123). The Quillen–
Weyl group W

Q
G (A) is not trivial but acts trivially on all of Spec(E0(BA)) and so on

Spec(π0�
AE) too, by observation (2) above.

8 Further examples

In this final section, we discuss some further examples for which we can prove strat-
ification for equivariant module spectra as a consequence of our general techniques,
namely for HZ-modules when G = Cpn , equivariant complex K-theory KUG for all
finite groups G, and the real K-theory spectrum KR when G = C2.

8.1 Stratification for modules over the integral constant Mackey functor

We recall that Theorem 4.3 determines the spectrum of PerfG(R) in terms of the
spectra of the non-equivariant tt-categories Perf(�H R), up to the question how the
strata are glued together. In order to settle this question, different techniques are re-
quired, such as a study of the Tate squares governing the local-to-global principles.
This ambiguity is illustrated by the next example.

Example 8.1 Let G = Cpn be a cyclic p-group and write HZ ∈ CAlg(SpCpn ) for the
Eilenberg–MacLane spectrum associated to the constant Green functor with value Z.
By [51, Proposition 3.18] for p = 2 and [85, p. 34] for p > 2, its geometric fixed
points have coefficients

π∗�H HZ ∼=
{
Z if H = e;
Z/p[t] non-trivial H ⊆ Cpn,

as graded commutative rings, where t is in degree 2. In particular, all geometric fixed
points of HZ are even and regular. It then follows from [38] that the tt-categories
Mod(�H HZ) are stratified with Balmer spectrum

Spc(Perf(�H HZ)) ∼=
{

Spec(Z) if H = e;
Spech(Z/p[t]) non-trivial H ⊆ Cpn.

Therefore, Theorem 3.34 and Theorem 4.3 imply that ModCpn (HZ) itself is strati-
fied, and we depict its Balmer spectrum in Fig. 3. The solid part of this figure is de-
termined by Theorem 4.3 together with the observation that the corresponding Weyl
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Fig. 3 An image of Spc(PerfCpn (HZ)). The lines indicate specialization relations, with closure going

upwards and contributions from a given subgroup displayed under it (Color figure online)

groups act trivially on the geometric fixed points in this case, since HZ arises from a
global homotopy type. Consequently, we obtain a parametrization of localizing ideals
in this setting:

{
Localizing ⊗-ideals

of ModCpn (HZ)

} ∼ {
Subsets of Spec(Z) � ⊔n

i=1 Spech(Z/p[t])} .

The dashed lines in the figure—gluing the strata of the spectrum together—are known
to exist by work of Balmer and Gallauer, see [15]. In fact, they further determine the
underlying set of Spc(PerfG(HZ)) for all finite groups G and establish stratification
of ModG(HZ) in this generality.

8.2 Stratification for modules over equivariant K-theory

The goal of this subsection is to use our methods to show that the category
ModG(KUG) is cohomologically stratified, where KUG denotes G-equivariant com-
plex K-theory, [77]. Our argument is modelled on the case of Borel-equivariant
Lubin–Tate theory treated in previous sections. We will also show cohomological
stratification for the category of modules over the C2-spectrum of real K-theory KR.

Remark 8.2 The G-equivariant stable homotopy groups are

πG∗ (KUG) ∼= R(G)[β±1], |β| = −2,

where R(G) denotes the complex representation ring of G. In particular, πG∗ (KUG)

is an even periodic Noetherian ring. Using the fact that these rings are even periodic,
we deduce the following from Segal’s seminal work on πG

0 (KUG).

Lemma 8.3 For any finite group G, the category PerfG(KUG) is Noetherian.

Proof For any finite group G, the ring πG∗ (KUG) is Noetherian. Moreover, if H is
a subgroup of G, then πH∗ (KUG) ∼= πH∗ (KUH ) is a finitely generated πG∗ (KUG)-
module. Both of these statements were proven in [78, Proposition 3.2 and Corollary
3.3]. The result then follows from Lemma 3.4. �

We will also need the following result, proved in [66, Proposition 5.6].
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Lemma 8.4 The G-spectrum KUG has derived defect base equal to the family of
cyclic subgroups of G.

Remark 8.5 By equivariant Bott periodicity, KUG is complex stable ([47, Sect. 4]):
for every complex representation V , there are compatible isomorphisms

πG
k+|V |(S

V ∧ X) ∼= πG
k (X).

For such complex stable equivariant theories, geometric fixed points are given by
inverting suitable classes in integer degrees, and this is the key ingredient in the com-
putational part of the following result.

Lemma 8.6 Let G be a finite group. The homotopy of the G-geometric fixed points of
KUG are given by

π∗(�GKUG) =
{

π∗(KU)[1/n, ζn] G ∼= Cn;
0 otherwise,

where ζn denotes a primitive n-th root of unity. In particular, the ring π∗(�G(KUG))

is even periodic, regular and Noetherian.

Proof The nilpotence result of Lemma 8.4 implies that �GKUG = 0 unless G ∼=
Cn (Lemma 3.24). In the case G is a cyclic group, the computation follows from
[41, Proposition 7.7.7] (see also [47, Lemma 3.1]). For the regularity claim, we use
the explicit description observing that Z[ζn] ⊆ Q(ζn) is the full ring of integers, in
particular it is a Dedekind ring, and thus regular. �

Proposition 8.7 For any finite group G, the category Mod(�GKUG) is cohomologi-
cally stratified. In particular, the comparison map

ρG
0 : Spc(Perf(�GKUG))

∼=
Spec(π0(�

GKUG))

is a homeomorphism.

Proof By Lemma 8.6, the ring π∗(�GKUG) is even periodic, regular and Noetherian.
Now apply [38, Theorem 1.1 and 1.3] noting that we can use the spectrum of degree
zero elements instead of the graded homogeneous spectrum (see Remark 2.6). �

Theorem 8.8 For any finite group G, the t t-category ModG(KUG) is stratified.

Proof Note that the restriction of KUG to an H -spectrum is KUH . By Theorem 3.34,
the theorem is then a consequence of Proposition 8.7, since �H KUG � �H KUH for
any subgroup H in G. �

Remark 8.9 It remains to show how the Balmer spectrum in Theorem 8.8 is deter-
mined by the representation ring of G. The next result resolves this in the case of a
cyclic group.
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Lemma 8.10 For any cyclic group Cn, the comparison map

ρ
Cn

0 : Spc(PerfCn(KUCn))
∼=

Spec(R(Cn))

is a homeomorphism.

Proof Arguing as in Lemma 7.2, we consider the commutative diagram

We first prove that the bottom map is bijective. This can be deduced from work of
Segal and Bojanowska for general finite groups, see [78, Proposition 3.7] and [34,
Theorem 4.13]. But the special case at hand of a cyclic group admits the following
direct argument. Our map is induced by the ring homomorphism

π : R(Cn) ∼= Z[X]/(Xn − 1) →
∏

1≤d|n
Z[ 1

d
, ζd ] ∼=

∏

A⊆Cn

π0(�
A(KUCn))

sending X to the tuple (ζd)d|n of d-th primitive roots of unity. To say this induces
a bijection on Zariski spectra is equivalent to saying that every ring homomorphism
ω : Z[X]/(Xn −1) → � into an algebraically closed field � factors uniquely through
exactly one of the component maps πd : Z[X]/(Xn − 1) → Z[ 1

d
, ζd ] of π . Indeed,

denoting x := ω(X) ∈ �∗, the map ω factors uniquely through πd for d the order of
x ∈ �∗.

It follows that the bottom map in the commutative diagram is a bijection. More-
over, the right-hand vertical map is a homeomorphism by Proposition 8.7, while the
top horizontal map is a surjection by Corollary 3.30. It follows that ρ

Cn

0 is a bi-
jection, and hence a homeomorphism by Proposition 2.10, which is applicable by
Lemma 8.3. �

Lemma 8.11 For any finite group G, the comparison map

ρG
0 : Spc(PerfG(KUG))

∼=
Spec(R(G))

is a homeomorphism.

Proof Recall from [78, Proposition 3.2, Corollary 3.3] that πG
0 (KUG) ∼= R(G) is a

Noetherian ring and that for all subgroup H ⊆ G, the R(G)-module πH
0 (KUG) ∼=

R(H) is finitely generated. Combining this with Lemma 8.4 and Lemma 8.10 we see
that the assumptions of Corollary 4.4(a) are satisfied so the result applies to give the
claim. �
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Putting together Theorem 8.8 and Lemma 8.11 we deduce the desired stratification
result for equivariant K-theory.

Theorem 8.12 For any finite group G, the category ModG(KUG) is cohomologically
stratified.

Example 8.13 We give an explicit description for the case G = Cp following [36,
Remark 6.4]. In this case R(Cp) ∼= Z[x]/(xp −1). We have (xp −1) = (x −1)�p(x)

where �p(x) := 1 + x + · · ·xp−1. The two quotient maps

R(Cp) → R(e) ∼= Z and R(Cp) → Z[x]/�p(x)

give rise to jointly surjective embeddings

Spec(Z)
ψe−→ Spec(R(Cp))

ψCp←−− Spec(Z[x]/�p(x)).

There is only one prime ideal in the intersection of their images, namely

ψe((p)) = (p, x − 1) = (p,�p(x)) = ψCp((p)).

Correspondingly, we have a decomposition

Spec(R(Cp)) ∼= Spec(Z) � Spec(Z[x,p−1]/�p(x)). (8.14)

Write Z[θ,p−1] := Z[x,p−1]/�p(x), where θ is the image of x under the quotient
map (so θ is a p-th root of unity). The proof of Lemma 8.10 also shows that the
following diagram commutes

When p = 2, we depict Spec(R(C2)) ∼= Spc(PerfC2(KUC2)) in Fig. 4; it consists of
a copy of Spec(Z[x]/(x − 1)) and a copy of Spec(Z[x]/(x + 1)) (both of which are
homeomorphic to Spec(Z)) glued together at the prime 2.

Fig. 4 An illustration of the spectrum Spc(PerfC2 (KUC2 )) ∼= Spec(R(C2)). Here closure goes up-
wards, and the primes are labeled by their residue fields. The blue points denote primes in
Spec(Z[x]/(x − 1)) ∼= Spec(Z), while the red ones denote primes in Spec(Z[x]/(x + 1)) ∼= Spec(Z). The
point denoted F2 shown in blue and red denotes the gluing of the two copies of Spec(Z) over the prime
ideal (2) (Color figure online)
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We refer the reader to [79, Sect. 11.4] for a discussion of Spec(R(G)) for general
finite groups G. For example, there it is shown that Spec(R(G)) is connected.

Example 8.15 Let KR ∈ CAlg(SpC2
) denote Atiyah’s K-theory with reality, intro-

duced in [1]. This is a C2-ring spectrum with underlying spectrum given by KU ,
whose homotopy groups are regular Noetherian concentrated in even degrees. Its
C2-geometric fixed points are trivial by [50, Proposition 6.1]. It follows from Theo-
rem 3.34 that ModC2(KR) is stratified, and by Theorem 4.3 we have an identification

Spc(PerfC2(KR)) ∼= Spech(KU∗)/C2.

Note that C2 acts trivially on the affine scheme Spech(KU∗) ∼= Spec(Z). It then fol-
lows that Spc(PerfC2(KR)) ∼= Spec(Z), and that Spc(PerfC2(KR)) is actually coho-
mologically stratified. In particular, the telescope conjecture holds in this case and the
Bousfield lattice is isomorphic to the lattice of subsets of Spec(Z), see Remark 2.18.
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