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Abstract

In this paper we prove a higher dimensional analogue of Carleson’s £ conjecture.
Given two arbitrary disjoint Borel sets Q, Q™ c R**! and x e R"*!, r > 0, we
denote

en(x,7) = % gg%” ((@Bx,r)NHH\QH U (@B, r)NH)\Q)),

where the infimum is taken over all open affine half-spaces H™ such that x € 9H "
and we define H~ = R"*! \ H+. Our first main result asserts that the set of points
x € R"*! where

1 2dr
en(x,r)"— <00
0 r

is n-rectifiable. For our second main result we assume that Q%, Q™ are open and
that QT U Q" satisfies the capacity density condition. For each x € 9QT U 9Q~ and
r > 0, we denote by a®(x, r) the characteristic constant of the (spherical) open sets
Q* N3 B(x, r). We show that, up to a set of 7" measure zero, x is a tangent point for
both 3Q™" and Q™ if and only if

L n _ dr
min(l,¢™ (x,r)+a (x,r) —2)— < o0.
0 r

The first result is new even in the plane and the second one improves and extends to
higher dimensions the £2 conjecture of Carleson.
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1 Introduction

In this paper we prove a higher dimensional analogue of Carleson’s €% conjecture.
Consider a Jordan domain 7 C R? and set @~ = R2\ Q+. For x e R and r > 0
denote by I (x,r) and I~ (x, ) the longest open arcs of the circumference S(x, r) =
0B (x,r) contained in Q1 and Q™ respectively (note that they might be empty). Then
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Carleson’s &2 conjecture 209

set
e(x,r)y= —l max (Inr — 7—[1(1 x,r)|, |mTr — Hl(l_(x, r))|) s (1.1)
r

and define the Carleson’s &> square function as

1
E(x)? :=/O e(x,r)? ?. (1.2)

Carleson’s &2 conjecture, now a theorem, see [22], asserts the following.

Theorem 1.1 Ler Q1 C R? be a Jordan domain, T = Q™" and & the associated
square function as defined in (1.2). Then the set of tangent points for Q1 coincides
with the subset of those points x € T such that £(x) < oo, up to a set of H'-measure
zero.

Let us recall our notion of tangents. For a point x € R"*!, a unit vector u and
a parameter a € (0, 1), we denote the two sided cone with axis in direction # and
aperture a by

Xo(e,u)={y eR"™ [ |(y —x) -ul > aly — x|}

Given two disjoint open subsets QF, Q= c R**!, we say that x € 9Q+ N IQ~ is
a tangent point of the pair QT, Q™ if there exists a unit vector u such that for all
a € (0, 1) there exists a radius r > 0 so that

@BQLTUIRT)IN X (x, u) N Bx,r) =2,

and moreover one component of X, (x, u) N B(x, r) is contained in 2 and the other
in Q7. The hyperplane orthogonal to u passing through x is the tangent to the pair
Q*t, Q™ at x. Sometimes, we will call it true tangent, to distinguish it from the ap-
proximate tangent. !

Carleson’s initial conjecture appeared naturally in a two-phase free boundary
problem about harmonic measure; the necessary implication in Theorem 1.1 was
proven by Bishop [5], see also [8] and [20, Theorem 6.3]. The sufficient implica-
tion is more recent, see [22]. We refer to the introduction of [22] for a more thorough
explanation about its connection with harmonic measure.

It is natural to consider whether some analogue of Carleson’s conjecture holds
in higher dimension.” In other words, we would like to characterise tangent points

IRecall that a set E C R"*+! has an approximate tangent at x € E if there exists a unit vector u such that
forall a € (0, 1)

. HYENXg(x,u) N B(x,r))
lim =

r—0 rh

0.

2Not only natural, but also useful: see the applications on free boundary problems and spectral inequalities
in the companion paper [18], and below in this introduction.
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210 I. Fleschler et al.

of codimension-one ‘surfaces’ in terms of a Carleson’s e-like square function. In
analogy with the case of the Analyst’s Travelling Salesman Theorem (ATST), even
before being able to precisely state the problem we are confronted with two issues:
(A) What is the right analogue of Carleson’s ¢ square function?

(B) What sort of higher dimensional sets can we work with?

Issue (A) is rather obvious: ¢ as defined in (1.1) won’t possibly make sense in higher
dimensions and some obvious generalisations of the coefficient & may vanish on cer-
tain non-flat surfaces; Issue (B) might be a little more mysterious. After all, why not
simply consider continuous images of R” in R”*1? This is by now a well-known
fact: connectedness in higher dimension doesn’t say much at all about geometry. In-
deed, note that Jordan curves possess measure theoretic qualities that are false for
higher dimensional topological manifolds; for example, curves are 1-lower content
regular: for any x € I', where I" is a curve, and radius 0 < r < diam(I"), we have
HLO(F N (B(x,r)) > r. This is definitely not true for a topological 2-plane, for ex-
ample. Some form of lower bound on the size of sets is usually needed when trying
to deduce geometrical properties from the decay rate of integral quantities (see e.g.
[2] in the context of the ATST). The obvious reason is that there might be very lit-
tle to integrate upon, and thus finiteness of the square function says nothing about
geometry.

1.1 A new coefficient and the rectifiability result

To state our first main result, we need some more notation. For x € R**!, r > 0
and an affine half-space H such that x € d H, denote by S; (x,r)y=S8(x,r)N H and
Sy (x,r) := S(x,r) N (R \ H). Given two disjoint Borel sets 7, @~ c R**1,
we put

en(x,r) = rin infH" ((SHx, N\ QHU S, H\Q)). (1.3)

It is clear that if Q1 and Q~ are themselves complementary (open) half-spaces, then
en(x,7) =0 for any x € 9QT = 9Q™ and r > 0. Note that in the plane &1(x,r) <
&(x,r). The following result, our first main, shows that, indeed, this quantity does
encode geometric information. Put

1
En(x)? ;:/ en(x,r)? ?. (1.4)
0

We will prove the following.

Theorem A For n > 1 let Qt, Q™ c R*! be two disjoint Borel subsets, and let
E C {x e R""!|&,(x) < 00} be Borel.® Then E is n-rectifiable.

Our proof is in fact quantitative and as such it yields more information than what
Theorem A reveals. We make this explicit in

3When QF, Q™ are open, the set {x € RAHL | En(x) < oo} is Borel, and by the theorem it is n-rectifiable.
So any subset is also n-rectifiable. See Remark 2.6.
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Carleson’s &2 conjecture 211

Theorem A* Let n > 1 and Q, Q™ c R**! be two disjoint Borel subsets. Fix ¢ €
(0, 1) and let xg € R and ro > 0. There exists a number § > 0 such that if p
is a positive Radon measure such that jn(B(x,r)) < r" for all x € R"*! and r >
0, E C B(xg,ro) is Borel, and w is supported on E, then the following is true. If
wu(B(xo,r0)) = cory and if

20r0 d
/ 8n(x,r)2—r<5 forall x € E,
0 r

then there exists a Lipschitz graph T with slope cr < 1/10 such that n(I') >
% w(B(xq,10)). Moreover, the slope cr can be taken to be arbitrarily small, as-
suming 8 is small enough.

Theorem A is both somewhat surprising and somewhat unsatisfactory. Surprising
because, given what was said above, it nevertheless holds for arbitrary Borel subsets
which do not need to be open and without size assumptions on* R\ (@t U Q™)
(henceforth denoted by F). In fact, our proof yields some control on the behaviour of
QT and Q, albeit very weak:

Corollary 1.2 Notation and assumptions as in Theorem A. H"-almost every point
x € E is an L' tangent point® for the pair of sets QF and Q™.

Still, Theorem A is somewhat unsatisfactory because it achieves less than desired:
in Theorem 1.1 the set where the square function is finite coincides with the set of
true tangents for QF. For E C {€:,(x) < o0}, its rectifiability implies existence of
approximate tangents of E, but, aside from Corollary 1.2, we have no additional
control on the behaviour of F or on Q%+ and Q™.

1.2 A family of new coefficients, slicing and (true) tangents

The coefficient ¢,, does not detect pieces of F' of zero H" measure: to prove existence
of true tangents (assuming Q% to be open) we need a stronger quantity. To proceed
further we require additional notation. Given an open set V in some manifold M, its
characteristic constant o = ay is the number which satisfies A(V) =a(n — 1 + «),
where A(V) is the first Dirichlet eigenvalue of V (defined in terms of the Laplace-
Beltrami operator A A4, the relevant case here being the spherical Laplacian). The
Friedland-Hayman [19] inequality states that, given any two disjoint open subsets
Vt, V™ of S7,

oy+ +Olv— —230, (15)

and equality holds if and only if V¥, V™~ are two complementary half-spheres. Note
that all the above can be applied to the domains vE=¢§ (x,r)yn Q*, where Q1, Q-

4Since we do not assume that 1, Q~ are complementary domains, it might very well happen that §Q T #
927 ; hence the writing RrHL \ (2T UQ7) to denote what, in the obvious examples, would simply be the
common boundary.

3See Definition 4.5 for the precise definition of L! tangent points.
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212 I. Fleschler et al.

are open and disjoint subsets of R”*!. In this case, we use the notation a® (x, ) for
the relative and rescaled characteristic constants. More precisely, for i = 4, —, we let
a'(x,r) =ayi(x,r) where V'(x,r) = {r~'(x—y): ye S, r)NQ}. Now set

1
A(x)? ::/ min(1, a+(x,r)+a_(x,r)—2)d—r.
0 r

By (1.5), this is a nonnegative quantity and vanishes when Q% are complementary
half-spaces. What’s intriguing, is that in [1] the authors observe that, in the planar
casen=1,

e(x,r)? <min(1, oy (x, ) + a2 (x, ) — 2), (1.6)

where & here is the classical Carleson’s coefficient (see also [6] for a related discus-
sion). Then, if Q% are complementary Jordan domains in the plane, it follows from
[22] that A(x) < oo implies that x is a tangent point (up to a set of 7! measure zero).
The inequality (1.6) is easy to check, see [18]. It is rather harder to see that

en(x, ) <, min(l, et (x,r) +a” (x,r) —2), (1.7)

for Q* ¢ R"*+!. This is a special case of [18, Theorem C], and the proof goes through
a quantitative Faber-Krahn inequality for spherical domains. In [18] moreover, it is
shown that if x is a tangent point of a pair of open sets QF satisfying the so called ca-
pacity density condition (CDC), a rather weak size condition (satisfied, in particular,
when Q7 is a Jordan domain in the plane and @~ = R?\ Q*), then A(x) < oo, up
to a set of zero H" measure. See Theorem D there. The proof uses the Alt-Caffarelli-
Friedman monotonicity formula.

The previous discussion clearly suggests that the square function A is the good
object for a putative Carleson’s £2 conjecture in higher dimension. Indeed, this is our
next result.

TheoremB Forn > 11let QT, Q™ C R**! be two open and disjoint subsets. Suppose
that Qt U Q™ satisfies the capacity density condition® (CDC). Then, up to a set of
zero H" measure,

A(x) < oo ifand only if x is a tangent point of the pair Q*, Q™.

As mentioned above, the “if” part is shown in [18, Theorem D]. It is in this impli-
cation that the minimum in the integrand of A appears naturally, for even at a tangent
point x it might happen that at large scales , Q' N S(x, ) = @ for either i = + or
i = —, in which case the characteristic constant o™ (x, r) degenerates to infinity.

We also remark that A is in fact a much stronger quantity than what (1.7) suggests.
Set

1 (SLH()’) e s
es(x, r)_mf— —_ dHi (y) when O0<s<n—1, (1.8)
V“ (x,r;H) r

6See Definition 2.2.
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where the infimum is over all affine half-spaces H C R**! such that x € 9H,
d4(y) := dist(y, A), and integration with respect to Hausdorff content is defined
in (2.1). Also Vg (x,r; H) is a set of ‘thick points’ in S(x,r) with respect to
F =R"1\ (QT UQ™), which will be defined accurately below, see Definition 2.5
(for the moment, the reader might simply read S(x,r) N F instead). Then the full
Theorem C from [18] reads as follows.

Theorem 1.3 Let n > 1. Suppose that 0 < s <n. Let VY, V= C S(x,r) Cc R*! pe
relatively open in S(x, r) and disjoint. If a™ (x, r) denote the characteristic constants
of VE, then for any ¢o > 0 and a € (0, 1), we have

es(x,1)? Syocpamin(l ot (x, 1) + o™ (x,7) — 2), (1.9)
where e5(x,r) is asin (1.8) if s <n and as in (1.3) when s = n.

As we will see, in order to prove the existence of true tangents, we require the
full strength of A(x), and in particular the fact that £ (x), defined as in (1.4) but
now integrating &(x,r), is finite for some s < n. For g5 to access geometric in-
formation on F, F N S(x,r) needs to be somewhat “thick”, or, phrased differently,
Vg) (x,r; H)N F should have sizeable measure. This motivates our next result, which
allows for the “thickness” of F, guaranteed by the CDC, to be transferred onto the
slices S(x,r)N F.

Proposition 1.4 Let B(0, ro) C R"*! and let T" be a Lipschitz graph through the ori-
gin with slope at most T (with respect to R" x {0}). Let B C B(0, ro) be a ball with
rad(B) < % ro such that dist(B, ") > 100trg. Let K C B and G C I" both be com-
pact sets. Then, for any s > 1,

Cap, (K)

"G 2 00
H r(g ) < C(r)/G/O Cap,_ (K N S(z,r))drdH"(2).

How to use this? We know from Theorem A that E = {A(x) < oo} is n-rectifiable.
In particular, it can be split into parts E; which lie in Lipschitz graph with small
slope. Hence we can locally apply Proposition 1.4 with G = E; and K = BN F =
B\ (2T UQ7) to translate the size condition CDC onto slices and hence access the
geometric strength of g, for some appropriate s < n.

1.3 A brief panorama on related literature

Aside from Theorem 1.1 (over which Theorem B is an improvement), there are sev-
eral related results which characterise tangent points of different types of sets. To the
authors knowledge, one of the first and most influential result of this type is that of
Bishop and Jones, [7, Theorem 2], where they prove the following: let E C R? be
compact. Then, up to a set of H'-measure zero, x € E is a tangent point of E if and
only if

1 zdr
Boo,E(x,7)" — < 00.
0 r
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214 I. Fleschler et al.

Here Boo,p(x,r) is the well-known Jones’ (see [23]) B-number Boo g(x,7) 1=
infz SUPyepnB(x,r w, where the infimum is taken over all affine lines in R?. In
fact, the result of Bishop and Jones was partly motivated by Carleson’s £ conjecture.
In higher dimensions, Theorem B should be compared to [31, Theorem 1.4], where
tangent points of lower content regular sets are characterised in terms of integral S
coefficients, and integration is with respect to Hausdorff content. In general, it is more
difficult to work with ‘spherical’ square functions, such as ¢, &,, &5, as they are un-
stable with respect to the radii. Indeed, the current proof is twice as long and rather
more subtle than that of [31]. We mention another related result,” [21], where the
authors characterise tangent points of general compact sets (no lower size conditions
assumed). This might come as a surprise. The point in that work is to use a modi-
fied Hausdorff content, which essentially sees any set as ‘lower regular’. More akin
to Theorem A is the characterization of rectifiability [3, 30], later extended in [15];
these works show that a measure with positive upper density and finite lower density
is rectifiable if and only if a Dini integral as in (1.4) integrating B , (x,r) is finite
u-a.e. We refer the reader to those works for a precise definition of these coefficients.

Tangent (or cone) points are of course basic objects in rectifiability, hence there is
a vast literature characterizing them in various manners (remark that characterisations
are often in terms of approximate tangents, as in Theorem A). See for example the
works [4, 9, 11, 14, 26] and references therein.

1.4 Some open questions

We believe that Proposition 1.4 has its standalone interest. Unfortunately, the assump-
tions we make are rather strong. However, a theorem by Mattila, see [27], says that
slicing by planes holds for general sets. See also [28, Chap. 10]. A natural question is
then whether Proposition 1.4 holds in this level of generality. More interesting from
the rectifiability point of view, is slicing with respect to Hausdorff measures/contents.
The question is the following:

Question 1 Is it true that (some form of) slicing with respect to Hausdorff mea-
sure/contents, and either by planes or sphere, implies rectifiability?

Of course, the question could be formulated rather more precisely, but we leave it
vague deliberately.
Another question that naturally arises concerns a higher co-dimensional setting:

Question 2 Are there higher co-dimensional analogues of Theorems A and B?

In this context, the definition of Carleson ¢ coefficients is once again part of the
problem. The techniques used in [22] and in this paper do not immediately generalize,
as they rely in both cases on structures specific to codimension one: the presence of an
analytic variety and the fact that the coefficients are defined essentially with respect
to complementary domains.

TThere and in other instances the term ‘cone point’ is used instead of ‘tangent point’.

@ Springer



Carleson’s &2 conjecture 215

1.5 Structure of the article

Very broadly, the proof splits into three steps, corresponding to the three parts of the
paper. The first and second steps prove Theorem A, the third improves on this to
prove Theorem B.

Step 1. We work assuming that &, is small; we have no assumptions of 9QTU9Q™.
Denote by E the set where &, is finite. There are three main preliminary results
that we achieve in this first step:

Step 1.1 Here we prove a key preliminary fact (see Lemma 5.3): the smallness
of &, implies the existence of quasi-corkscrew balls (see Definition 4.1).

Step 1.2 This step, one of the most involved of the paper and carried through
in Sects. 6, 7, 8, shows that, whenever we have a ball with substantial
measure of £, and g, (x, r) is small, then E is flat, that is, Boo, £ (B) < €.

Step 1.3 The last step to prove the Main Theorem A is to show that wherever
the square function is small (and we have substantial measure) then not
only E is very flat, but moreover while one side of the minimizing n-plane
is 99% contained in 71 in terms of Lebesgue measure, the other side is
99% contained in Q7. See Sect. 10.

In Sect. 4 we put together these three steps (summarised in Main Lemma I) to

prove Theorem A.

Step 2. This step is summarised in Main Lemma II. We prove Theorem A assuming
these two steps in Sect. 4.

Step 2.1. A preliminary result (Sect. 12) gives us some precise Fourier analytic
estimates on certain auxiliary square functions on Lipschitz graphs.

Step 2.2. Next, via a Corona-type construction, we approximate E by a Lips-
chitz graph I" to then transfer the Fourier analytic estimates onto E. This
will allow us to say that, indeed, the approximation is so good that it in fact
intersects E on a sizeable portion. See Sects. 13, 14.

Step 3. The final step is concerned with improving Theorem A to obtain true tan-
gents via slicing and assuming CDC. See Sects. 15, 16. The proof of Theorem B
can be found in Sect. 4.

2 Preliminaries
2.1 Notation

In the paper, constants denoted by C or ¢ depend just on the dimension unless other-
wise stated. We will write a < b if there is C > 0 such that a < Ch. We write a ~ b
ifasbh<a.

Open balls in R"*! centered at x with radius r > 0 are denoted by B(x, r), and
closed balls by B(x,r). For an open or closed ball B ¢ R"*! with radius r, we
write rad(B) = r. An open annulus in R"*! centered at x with inner radius r; and
outer radius r, is denoted by A(x, r1, r2), and the corresponding closed annulus by
A(x, r1,r2). We use the two notations S(x, r) = dB(x, r) for spheres in R+ cen-
tered at x with radius r, so that S” = S(0, 1).
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216 I. Fleschler et al.

The Hausdorff distance between two compact sets A, B C R"*! is defined by

dy (A, B) = max {sup dist(x, B), supdist(x, A)} .

xX€EA X€EB

We say a that a measure  in R"*! has n-polynomial growth if there exists some
constant Cq such that

w(B(x,r)) <Cor" forallx e R"!and r > 0.

If we want to be precise about the constant Cg, we will say that i (n, Cp)-polynomial
growth or that it has n-polynomial growth with constant Cy.

Given a set F C R"*!, the notation M, (F) stands for the set of (positive) Radon
measures supported on F'. For s > 0, the s-dimensional Hausdorff measure is denoted
by #*, and the s-dimensional Hausdorff content by £ . We also define integration
with respect to HZ as the Choquet integral

/ FPdHL (x) = me;o ({(x €Al f(x) >t} tP~Ldr. 2.1
A 0

Recall that Hausdorff content is not a measure. For more on Hausdorff contents and
Choquet integration, see [2, Preliminaries].

2.2 Capacities and the CDC

Given a Radon measure p in R"*! and s > 0, we consider the potential Ugu(x) =
i ﬁ dpu(y). In the case s =0, we set Uppu(x) = [ % log |x+y\ du(y). Then, for
s > 0, we consider the energy /(1) defined by

I (n) = / Usp(x)dp(x).

The s-capacity of a compact set F C R"*! is defined by
Cap, (F) :
a =

Ps infepm, (F) Is (1)

where the infimum is taken over all probability measures p supported on F. For
subsets F C S, we define Cap, (F) in the same way, understanding that S" ¢ R+,
For s > 0, equivalently, we can write

Cap, (F) =sup {w(F) : t € M (F), IUsptlloc,F < 1}, 2.2

where M, (F) is the family of all Radon measures supported in F. It is easy to check
that the capacity Cap, is homogeneous of degree s. In the case when s =n — 1 with
n > 2, Cap,,_; coincides the Newtonian capacity, modulo a constant factor.

In the case s =0, n = 1, Capy(F) is the Wiener capacity of F. The Wiener capac-
ity is not homogeneous. Howeyver, the logarithmic capacity Cap; , defined by

2
Cap; (F)=e Cwo®)

is homogeneous of degree 1.
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We have the following well-known relationship between s-capacities and Haus-
dorff contents.

Lemma 2.1 Let F C R"t! pe compactand 0 <s <t <n+ 1. We have
HL(F)T <o Cap,(F) S HL(F). 2.3)
On the other hand, for s > 0, we have
1
Cap; (E) 25 Hio(E)5. 2.4)

The proof of the second inequality in (2.3) follows easily from the identity (2.2),
while the first one is a direct consequence of Frostman’s Lemma. See [28, Chap. 8],
for example. The estimate (2.4) follows also from Frostman’s Lemma (see [10,
Lemma 4]).

Definition 2.2 For n > 1, let Q C R"*! be an open set. For s > 0, we say that Q
satisfies the s-capacity density condition (s-CDC) if there exists some constant ¢ > 0
such that, for every x € Q2 and r € (0, diam(£2)),

Cap,(B(x,r)\ Q) >cr’.

In the case s = 0, we say that 2 satisfies the 0-capacity density condition (0-CDC)
if, for every x € Q2 and r € (0, diam(£2)),

Cap; (B(x,r)\ Q) >cr.
In the case s =n — 1 (for @ C R"*1), we just say that  satisfies the CDC.

The following result is a direct consequence of a more general result due to Lewis
[25].

Lemma 2.3 Forn > 1, let @ C R**! be an open set satisfying the CDC. Then there

exists a value s > n — 1 such that Q also satisfies the s-CDC. The parameter s de-
pends only on n and the constant c involved in the definition of CDC for S2.

2.3 The coefficients &,

In this section, we make precise the definition of &; (recall that we left suspended
the definition of the ‘thick points’ set V) and show the measurability of the various
square functions. First, however, we rewrite the definition of ¢,, for future reference.

Definition 2.4 Let Q1, Q~ ¢ R"*! be disjoint Borel sets. For x € R**!, r > 0 and an
affine half-space H with x € d H, denote by S}; (x,r)=S(x,r)NH and S;(x,r) :=
S(x,r)N R\ H). We put

en(x, s H) :=H" ((S5(x, N\ QU (Sz(x, 1)\ Q)
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and

eqn(x,r) :=i£11f£n(x,r;H), 2.5)
where the infimum is taken over all affine half-spaces such that x € 0H.

Definition 2.5 (Thick points) Let ¢g > 0 and a € (0,1). Let T, Q™ be two open
disjoint subsets in R"*! and put F := R"\ (@t UQ™). Let x € F and r > 0 and
L be an n-plane through x. Then, if n > 3 we set, fori =+, —,

(x,r, H)

co a
={y €S} (x, )\ Q| Cap, »(B(y,ad, (»)) N SCx,r) \ Q) > o8] > ().
In the case n =2, we set

(x,r,H)

co a
i={y e Sk (x,r)\ Q| Cap (B(y,adL, (») N S(x,r)\ ) > 081, (M)}
Then we put

Vc‘g(x,r;H) =T" (x,r; H)UT (x,r; H).

C()a C()a

With this, we set

1 (S n—s
es(x,7) 1= 1r1f— (LH—(y)> dHi ().
Ve (xoriH) r

Remark 2.6 (About measurability) (i) First some remarks about the coefficients
e, (x,r). The fact that QF are Borel ensures that for each fixed x and r, the
sets S(x,r)N QF are Borel, which ensures the coefficient is well-defined for all
x, r. Moreover, for each fixed x, the function r — ¢, (x, r) is Lebesgue measur-
able in R, by using Fubini in polar coordinates. We omit the details. Let us also
remark that the function (a, b) — fub en(x, )2 dr/r is continuous with respect
to the parameters a, b.

(ii) As far as H"-measurability of x — fol en(x, r)? dr/r is concerned, note first
that it suffices to prove 7" -measurability of x — &, (x, r; H) for any affine half-
space H.If QT and Q~ are open subsets this can be done directly since, given H
an affine half-space, &, (x, r; H) is an upper semi-continuous function of (x, r).
In the more general case of QT and Q™ being Borel subsets, we appeal to a
coarea inequality of Esmayli and Hajtasz [16, Theorem 1.1], which in particular
says that if X, Y are metric spaces, X is boundedly compact, 0 <7 < s < o0,
E C X an H*-measurable subset with H* (E) < oo,and f: X — Y aLipschitz
function, then

/y HTEN T ) dH () S Lip(H)'H (B, (2.6)
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(iii)

(iv)

)

and the function y — H*~'(f~1(y») N E) is H'-measurable.

To use (2.6), we put X = R"! x R"!1 = R?+2 and ¥ = R"*! x R x R; for
R & diam(E) 4+ 1 (which for our purposes we can assume to be finite), set
E=E x (B(0, R) \ Q7) - note that "HZ”H(E) < oo. Finally, let f(x,y) =
(x, |x —¥|, Yn+1 —xn+1). Note that f(x,y) = (x,r,h) ifandonlyif |x —y| =7
and & = y,41 — x,+1. As mentioned above, it suffices to show measurability of
x > &,(x,r; H). For simplicity we take H = R"*! N {x,, > 0}. We apply the
Esmayli-Hajtasz result with s = 2n + 1 and t = n + 2, to obtain that

(z,r,h) > H'"YE N £z, r, h)) is " ?-measurable.

It follows by Fubini-Tonelli that, for fixed r,
r ~
> f H'YEN £z, r, h))dh is H"-measurable.
0

Now it is enough to note that the integral in the last display equals to
H”(S;;(x,r) \ Q1). Repeating the same argument with H' (S (x,r) \ 27)
proves that x — &, (x, r; H) is H"-measurable.

In the case in which QT and Q™ are two disjoint open sets. The coeffi-
cients &, (x, r) are upper semicontinuous in (x,r). Note first that, given H an
affine half space, ¢, (x,r; H) is an upper semi-continuous function of (x,r).
Then, since the infimum of upper semicontinuous functions is upper semi-
continuous we get that ¢,(x,r) is upper semicontinuous and thus the map
X j;l en(x,r)? dr—’ is upper semicontinuous in x for each s. The set where the
square function is finite is the countable union over s = 1/m of the intersection
of the sets where f Yl &n(x, r)zdr—r < N and thus in the open case it E is borel.
The coefficients

€,(x,7r) :=1lim sup en(y, ),
=0 [(x—y,r—s)|<t

which are defined as the upper semicontinuous envelope of &(x, r) in R" x R,
enjoy better measurability properties than &, (x, r). In fact, for arbitrary Borel
sets QT, Q7, they are upper semicontinuous in (x, r) and thus

{x : /()lﬁ(x,r)zg < oo}

is a Borel subset of E for which our theorem applies.
As far as the quantity o (x, r) is concerned, it is upper semicontinuous in (x, r)
when QT are open, as a consequence of the upper semicontinuity of A(x, r),
namely the first eigenvalue of the spherical laplacian of the rescaled open set in
the sphere. Indeed, for any function u € C* in €, let

Vull 2
FoGer) = L2@NS ()
Nl 22 @ns(e,r)
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For a smooth function F;, (x, r) is continuous on (x, ) and thus when taking the
infimum over u we get that A(x, r) = inf,, F;,(x, r) is an upper semicontinuous
function of (x,r).

(vi) Finally, the square function & is also upper semicontinuous when 7 are open.
Again it is enough to show that for a fixed plane H

1 5 =
(x.r) > (%) o
NRAGNENE) r

is upper semicontinuous on R"*! x (0, co0). It is easy to notice that if x; — x
and r; — r then, since capacity over compact sets is upper semicontinuous with
respect to Hausdorff distance,

lim sup Vc%(xi,r,-; H) C Vfo(x, r; H).

i—00

Since upper semicontinuity with respect to Hausdorff distance also holds for the
Hausdorff content, and recalling that &5(x, r) is defined as a Choquet integral,
upper semicontinuity follows for & as well.

3 Auxiliary coefficients

In this section, we introduce a few coefficients that will help us in various stages of
the proof. Throughout this section, let e(x, r) = &, (x, 7).

3.1 The symmetry coefficients
Let QF, Q™ c R**! be disjoint Borel sets and let B(x,r) C R"*! be a ball. For a
given x € R"*!, we consider the symmetry map with respect to x given by Ty (y) =

2x — y. For U c R*H! | we write U¢ = R"*! \ U. For x € R"*!, r > 0, we consider
the coefficients

1 : -
y@,r)=— max H'((QAT(Q"))NSx,r), 3.1
reoi=+,—
(where Q¢ stands for the complement of Q') and
1 . 1
a(e,r) == max [H'(Q N SCrr) = SH (S ). (3.2)
ri=+,— 2

Lemma 3.1 Ler Qt, Q= c R*H! be disjoint Borel sets and let x € R**1 r > 0. The
associated coefficients e(x,r), y (x,r), a(x,r), satisfy

2a(x,r) <y(x,r) <2e(x,r).

Proof First we show 2a(x,r) < y(x,r). To shorten notation, we write S = S(x, r).
Then, for i = +, —, we have

H'((QLATA(27)) N S)
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=H"((Q\T(Q7)) N S) +H'((To(R")\ ) N S)
> (HM(Q'NS) — H (T ()N 8)) + (H(Te () n§) — H' (@ ns)) "
= [H Q' NS) = H'(T ()N S| =|H"(Q NS —H"(QNS)

where we wrote ¢ = max(z, 0) for any ¢ € R. Observe now that
[H"(Q N S) —H QNS =|H"(Q NS) — (H'(S) —H" Q' NS)|
=[2H" (@ NS) —H"(S)|.
Dividing the preceding estimates by r" and maximizing in i = 1,2, we obtain
y(x,r)=>2a(x,r).
Next we show that y (x,r) <2e&(x,r). Let H be an arbitrary half-space such that
x € 9 H. Again to shorten notation, we write S}, = S}, (x, 7). Then we split
H((QLATA(2)NS)
=H"(QAT(R")) N SF) +H ((QAT(Q")) N Sy). (3.3)
We have
H((QATA(Q")) N SH) < H'(SHNQ N\ Te(Q)) + H' (S N T () \ )
< H" (S5 \ Te(Q) +H' (S \ ).
Since
H'(Sh\ Te(Q) = 1 (Te(Sy \ Q1) = H" (S \ ) < H" (S \ @)
with i # j, we get
H((QIAT Q) N SH) < H'(SH\ Q)+ H'(S;; \ 7).
Concerning the last summand on the right hand side of (3.3), we have
H((QAT(Q) NSy) <H' (S NQI\ Te(24) +H' (S NTe(Q7)\ @)
SH (S NQY +H" (S N T (7).
Now we use that H" (S, N Q) < H'(Sy \ Q/) for j # i and that
M (Sy NT(Q4) = H" (Tx (S N Q) = H" (S \ @),
and the we obtain
H'((QIAT Q) N S) < H'(Sy; \ @) + H'(SH\ D).
Plugging the preceding estimates into (3.3), we obtain

H((QAT(Q))NS) <2[H'(SH\N Q) +H'(S; \ Q)]
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By the same arguments, we get
H' (U ATA(Q)) N S) <2[H'(SH\ Q) +H' Sy \ @))]
(with j #1) and so
Jmax H (A Te(.e) NS) 2[NS\ @) + K (5 \ @),
Dividing by r" and taking the infimum over all H, we deduce
yx,r) <2e(x,r). O
We also set
g(x,r) = r"% max H (@ ATH(Q7)) N B(x, ). (3.4)

Notice that, for i =+, —,

r

r”% H T ((QATA(R)) N B(x,r)) = H (A T(279) N S(x, 1)) dt
0

pntl

1 r
i n
_rn+1/(; y(x,t)t"dt.

We have the following lemma. Its proof resembles that of Lemma 3.3 below, so we
omit it.

Lemma 3.2 There is a constant Cy such that for every x € R"*! and every R > 0, we

have
R R R
d d d
/ g(x,r)z—rsc]/ y (o) 5401/ e(x,r)? .
0 r 0 r 0 r

3.2 The smoothed coefficients

For a non-negative smooth function ¢ : R — [0, 00) satisfying fooogo(t)t” X

J9og(e +1)dt < oo, set ¥ (x) = ¢(|x|). For i =+, —, consider

; 1 x—y
al, (v, r) = cw—m/@_y/( - )dy|, where CI/,:/Mjltﬁ(y)dy.
Then define
ay (x,r)” =a) (x,r)” +a,(x,r)?, 3.5)
and set

1
.,élw()c)2 =/ ay (x, r)? d_r
0 r
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Lemma 3.3 There is a constant Cy y such that for every x € Rt every R > 0, and
M > 1, we have

R MR 00
. dr dr t\1/2
! 22 <cC 2—+C/ " (logt — dt.
/0 al/f(x,r) = 1,¢/(; e(x,r) . n M @(1) (Og M)

Proof Observe that, by integrating polar coordinates centered at x,

i _ 1 SN ;
ay (x.r) = cw—rmfo o(Z)Hr s n @) as (3.6)
1 A2 B . .
= /0 o (2) (A (S0 ) =1 (SCr ) N2 ) ds

1 x s "
fm A w(;)a(x,s)s ds,

where recall that a(x,r) was defined in (3.2). Squaring both sides and integrating
over r € (0, R) and using the fact that a(x, s) < e(x, s) (see Lemma 3.1), yields

Rl- ,dr 1/2< R 1 s ny 2 dr 12
</O aw(.x,r) 7) = /(‘) (m/{; @(;)8(.}(,5)5‘ S) 7
( R 00 2 dr 1/2
= / (/ o) e(x,tr)t" dt) —
0 0 r
172

Minkowski’s inequality [*° R dr
< / / e(x,tr)> — ) @)t dt
0 0 r

00 s ptR 1/2
:/0 (/0 e(x,u)? d%) p)t" dt.

Forz > 1 and some M > 1, we split

tR 5 du MR ) du tR du
e(x,u)*— < e(x,u)y—+C —
0 u 0 u

MR U
MR
du t
2 +
= e(x, — +Clog™ —.
/o (x, u) . g

This bound certainly also holds for 7 € (0, 1), so we get

0 tR MR 12 .o
f </ e(x,u)? d—”) () 1" dr < (/ e(x,u)? d—“> / (1) 1" dt
0 0 u 0 u 0

> t\1/2
n —_—
+/ )t (log ) dt.

This completes the proof. O

1/2
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. 2
From now on, for the choice ¥ (x) = e 1" we denote

1 2,2 1 2,2
—ly=x|7/r _ —ly=x|?/r
] /R”jle dy ] /Q,.e dy

s

al (x,r)= a’;ﬂ(x, r)=
and then, as in (3.5),

1
Ax)? =/0 alx,r)? ?. (3.7)

4 The three Main Lemmas and the proofs of Theorem A and
Theorem B

In this section we combine all our main tools, Main Lemmas I, II and III, to prove
our main results, Theorems A and B.

4.1 The first two main lemmas and the rectifiability of £

The first main lemma is concerned with deriving some weak, but key, geometric
and topological information from the smallness of the square functions &, (x, r) and
a(x, r). To state it, we need to introduce the following notion.

Definition 4.1 Let B C R"*! be a ball and B €(0,1), and let i =+, —. We say that
a ball B’ ¢ R**! is a B-almost corkscrew ball for B and Q! if B’ C B, rad(B’) ~
rad(B), and

HLBIN\ Q) < BH(B).

Main Lemma | Let QF, Q= c R**! be disjoint Borel sets. Fix ¢y € (0, 1). For each
appropriately® chosen triple of positive and small parameters (B, €, y) there exists a
8 =68(B,¢€,y,co) > 0 such that the following holds true. Let By = B(xq, rg) C RrHl
and let  a Radon measure with (n, 1)-polynomial growth supported on a subset
E C By and such that (Bg) > cory - If

20rg dr
2 2

/ (en(x,r) +alx,r) )— <48 foreach x € E, “.1)

0 r

then:

(i) There exist two balls BT, B~ C 6Bg such that both BT and B~ are B-almost
corkscrew for 6By and Qt and Q™ , respectively. We have rad(B;) > c1rq for
some universal constant ¢1 > 0.

(i1) It holds that

Boo,E(Bp) < €. 4.2)

8See Remark 5.2 for what appropriate means here.
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(iii) Assume that xo € E and that EN (B \ %Bo) # & and denote by Lg a hyperplane
minimizing Boo. g (Bo). Then the two components DY, D™ of %B \ Maer,(LB)
satisfy (up to relabeling)

HH(D NQY > 1 — )R (D) with i =+, —. 4.3)

Above, in (iii), the notation N; (A) stands for the z-neighborhood of a set A.

The second main lemma builds upon the first one to conclude that whenever the
square functions are small, then, in fact, the set E intersects, in a large portion, a
Lipschitz graph. Recall that the coefficient g(x, r) was defined in (3.4). We also take
an even C™ function @ : R — R such that 11,17 <@ < 1;_;.1.1.1], and we denote

v(x)=¢(x|) forxeR"! (4.4)
Next we will consider the coefficients ay (x, r) associated to .

Main Lemma Il Ler @1, Q~ c R"*H! pe disjoint Borel sets. Fix cy € (0,1), 8 > 0,
€>0andd > 0. Let By C R" be a ball, let E be compact, and let u be a measure
with n-polynomial growth with constant 1 supported on E satisfying the following
conditions:

(@) w(Bo N E) > corad(By)".

(b) For any ball B with radius at most 200rad(By) centered at E such that u(B) >
Orad(B)", it holds Boo.E(B) < € and moreover, if EN (B \ %B) #* @ and Lp
stands for the hyperplane minimizing Boo. g (B), the two components D*, D™ of
%B \ L p satisfy (up to relabeling)

HTD NQY > 1 —e)H'TUDY) for i =+, —.

(c) For yr chosen as in (4.4), it holds that

20rad(By) dr
/ (Q(X,V)2+a¢(X,r)2)—§3f0reveryer.
0 r

If 0 is small enough in terms of co, € is small enough in terms of co and 6, and &
sufficiently small depending on €, then there exists an n-dimensional Lipschitz graph
I with slope at most 1/10 such that

(") = 7554(Bo)-
Moreover, the slope of T' can be made arbitrarily small assuming § is small enough.

Assuming the two main lemmas above, we are ready to prove our first main result,
Theorem A. First we recall some basic facts about densities: for a set E C R” we set

©"*(x, E) = limsup H(ENB(x,r)) "HS(EHB(x,r)).

, @i(x,E):liminf -
0 wgr?’ r—0 wgrS

These are called the upper and lower density of E at x, respectively. If the two coin-
cide, and thus the limit lim, .o H*(E N B(x, r))/wsr® exists, we denote this number
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by ®°(x, E) - the density of E at x. When dealing with a Radon measure u, we write
©%*(x, n), O (x, u) and O°(x, ). For the proof of the following simple lemma, see
for example [28, Theorem 6.1].

Lemma 4.2 If E C R” satisfies H*(E) < o0, then
275 <@ *(x,E)<1forH -aex€cE.
4.1.1 Proof of Theorem A using the Main Lemmas I and Il

Claim 4.3 Any Borel subset of finite H" measure of Eq := {x € R"T! : £,(x) < oo}
is n-rectifiable.

Proof Indeed, suppose there is subset E C Eg with finite " measure which is not
n-rectifiable. Then there exists another subset E* C E with 0 < H"(E*) < oo which
is purely n-unrectifiable. Since the Carleson square function &, (x)% < oo for H"-a.e.
x € E, we have from Lemma 3.3 and Lemma 3.2 that

1
d
/ (en(x, "? +alx, r)? 4+ ay (x, 1)* + g(x, r)z) T 0 forH"-ae. x € E*,
0 r

where ¥ is the function from Main Lemma II. By replacing E* by a subset with
positive H" measure if necessary, we may assume that

s

, d
lim [ (ean(x, 2 +alx,r)? + ay (x, r? + a(x, r)z) T o
s—=0Jo r
uniformly in E¥, 4.5)
and
H"(B(x,r) N E*) < 2w,r" forall x e R" ! and r > 0. (4.6)

This second inequality is a consequence of the fact that ®"*(x, E*) < 1 for H"-a.e.
x € E*. To lighten notation, for the sequel of the proof, we will relabel E* simply by
E.

For the choice co = 97", pick € > 0, then € € (0, 0) and then §(¢) small enough
positive numbers so that Main Lemma II is applicable. Then, having chosen three
parameters (B, €, y) appropriately,” reduce § = §(8, €, y) > 0 if necessary so that
Main Lemma I holds with the choice ¢ replaced by 6.

Let R be small enough so that

TR/e dr
/ (en e, 4 a0 4 ey (e o) T @)
0

forallx € E.

9See Remark 5.2 below.
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Denote it = (2w,)” "H"|g. Then p has n-polynomial growth with constant 1.
Recalling that @™ *(x, E) > 27" for H"-a.e. x € E, we can find a ball B centered at
E with radius smaller than R such that ©(By) > 97 ""rad(Bgy)" = corad(Bp)".

Now we can apply Main Lemma II with the measure v = p|g,, which satisfies
v(Bo) > corad(Bp)". The assumptions of this lemma are satisfied by Main Lemma I
(and an appropriate choice of y with respect to €). So there is a Lipschitz graph I
such that the set £y = E N T satisfies 7" (E1) > 0. This yields a contradiction, since
E is purely n-unrectifiable. g

To complete the proof of Theorem A it suffices to show that any Borel subset
E C Ep has o-finite " measure. For the sake of contradiction, suppose that H" | is
non-o -finite. We now appeal to a result of the first author and C. De Lellis stating that
whenever a subset A C R” is analytic and HE | 4 is non-o -finite for some k, then there
exists a purely k-unrectifiable subset A’ C A with finite and positive ¥ measure (see
[13, Theorem 1.1]). Since E is assumed to be Borel, this means it is analytic, and thus
we can find a purely n-unrectifiable subset E/ C E with 0 < H"(E’) < co. But this
contradicts Claim 4.3, completing the proof of Theorem A.

Remark 4.4 Theorem A* follows immediately from these two main lemmas and their
proofs.

4.2 Proof of Corollary 1.2

Definition 4.5 Given x € 9Q+T NIQ~, H ={y: (y — x) - u > 0}, we say that x is
an L' tangent point for the pair Q7 and Q if, for
_Qt—x

Q;r p +x

the function Lo+ converges in L lloc to 1+, and the equivalent local L' convergence
for Q7 and H~ ={y: (y — x) - u < 0} is satisfied.

Proof of Corollary 1.2 Let u be the measure constructed as in the proof of Theorem A.
Then u = ¢H"| g/, where E’ C E satisfies (4.5) and c is a positive absolute constant
chosen so that  has (n, 1)-polynomial growth. By Theorem A, E’ is n-rectifiable.
Denote by E* the subset of E’ where " (x, u) = ¢ = ¢ ®"(x, E) and such that for
any x € E*, E’ has a unique approximate tangent n-plane L,. Then, u(E’) = u(E*).
For the sequel of this proof, we relabel E* as E to ease notation. For each x € E there
exists an r, > 0 so that

EN (B(x, M\ 4B(x, r)) 40 and u(B(x,r)) > c-0.9w,r", (4.8
forr <ry.
Fix now x € E, take a decreasing sequence {;}, and for each j pick parameters

Bj.€j,v; — 0 appropriately as required by Main Lemma I. Moreover, for each j €
N, choose r; > 0 such that

20r; d —
/ (en(y, $)* +a(y, 5)%) Ts <§; forevery y € ENB(x,r)),
0
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and such that, for any r < r;, (4.8) is satisfied. In particular, for each of these pairs
(x,r), r <rj, the measure p satisfies the hypothesis of Main Lemma I, (iii), and thus
for every r < r; there exists a plane L, so that

HHHE NQFNB(x,r/2) = (1= CypH"  (H N B(x,7/2))

where H Li, are the complementary half-space associated to L,. It is not difficult to
see that L, — L, as r — 0 in the sense of Hausdorff convergence by recalling that

Boo,£(x,7; Ly) < 2€.
For h = +, —, the subset (Hi’x NN B(x, r)) is contained in

(Hfr nQ" N B(x, r))
U{y e B(x,r) : dist(y, Ly) <c(n)dy(Lx N B(x,r), L, N B(x,r))}.

This means that for every r < r}, where ', is taken smaller than r /2 so that the
Hausdorff distance between the planes Ly, L, in the balls B(x,r) is smaller than
yjr, we have

H'(H] NQ"NBx.r) = (1 —cm)y)H" T (HE N B(x.r)).
This establishes local L' convergence. g
4.3 The third main lemma and existence of true tangents

In this subsection, we prove Theorem B using Theorem 1.3, Theorem A and our third
main lemma, which we now state.

Main Lemma lll Ler QF, Q= c R**! be open and disjoint, and F = R\ (Q+ U
Q7). Fix cg € (0, 1). For any t > 0, there exists § > 0 small enough such that the
following holds. Let T C R**! be a Lipschitz graph with slope at most 8, let By =
B(xq, ro) be a ball centered at E, where E C I'N\ By is such that H" (E N %Bo) > cory

and EN(By\ %Bo) £ . If QT UQ™ satisfies the s-CDC for some s € (n — 1, n) and

1000rad(Bo) dr
2 2 2
/ (en(x,r)* +&5—1(x,r)* +a(x,r)*) — <& forall x€ E,
0 r

where a, ¢ in the definition of es_1 are chosen appropriately depending on t, then
Bos,F(3Bo) < 7. 4.9)

Proof of Theorem B We are now in the position to prove Theorem B. From Theo-
rem A, we know that E is n-rectifiable. Hence for 4" almost all points, it admits an
approximate tangent. By replacing E with a subsets of positive measure, by Theo-
rem 1.3 we can assume that

: ' 2 2 2y dr :

lim (sn(x, r)y +e—1(x,r)"+alx,r) ) - =0 uniformly on E. 4.10)

t—0 Jo
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To reach a contradiction, let Tg be the subset of tangent points of E. Letx € E\Tg
and assume moreover that E has an approximate tangent at x. Then there exists an
a € (0, 1) such that for all radii » > 0 we have that

@t NIQT) N B, ) N Xa(x, uy) # 3, @.11)

where u, is the unit vector perpendicular to the approximate tangent of E at x. We
write x € H, if this happens. Then we have

E\Tg = U Hij.
k>1

We now show that H" (Hj /i) = 0 for every k > 1. To this end, for a given k, by
the rectifiability of Hy/x we can write

Hy= U (FI; N Hl/k) U Zg,
Jj=1

where H"(Zy) = 0 and each F’j‘. is a Lipschitz graph with slope at most &, where
8 > will be chosen soon, depending on k.
Next, set Ek = Fk N Hj/i and suppose that H”(Ek) > (0 for some j > 1. Let

moreover x € Ek = Fk N Hyk such that ©"(x, Ek) = 1. Note that (4.11) implies
that there exists a sequence of radii r; — 0 so that

F A, rir) 0 X1k(x, u)

= @QT NI N A, dri,r) N X1y(x,u) # 2. 4.12)

By (4.10) there exists #y > 0 small enough such that

10001
/ (en (e, 1) + 521 (x, 1)* + a(x, r) )— <& forallerj‘-.
0

Then we can choose 7y > 0 sufficiently small so that if r; < ty, we have

4000r; dr
/ (G, 1) + 0 (x, 1) + 51 (x, 1)) — < &, (4.13)

0 r
H'(B(x,ri) NES) > cor], (4.14)
EXN(B(x,4r)) \ $B(x,4r;)) # @, and (4.15)
H"(B(x,4r:) N E N Xap(x,u)) K H (Bx,4r) N E). (4.16)

For each such r;, EX satisfies the hypotheses of Main Lemma III (with By =
B(x,4r;)). Hence we deduce that, for any given 7 > 0, if §; is small enough,

1
Boo, F(B(x, 1)) <1 K 2
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It is immediate to check that this contradicts (4.12) for t small enough. Indeed,
thanks to (4.16) and (4.14) we can conclude that there are n 4 1 points yi, ..., yp+1
contained in E N B(x,7;) \ Xq/2(x,u) and such that they are linearly independent
with good constants (i.e., such that the n-dimensional volume of their convex hull
is comparable to rl.”). Then, if z € F N A(x, %ri, ri) N X1/x(x, u), the volume of the
simplex with vertices z, y1, ..., yp+1 is bounded away from 0, which implies that
Boo,F(B(x, 7)) 2 1. O

Part I. Weak geometric and topological results

This part of the paper is devoted to the proof of the following first main lemma.
Throughout Part I and Part II, we will keep writing (x, r) = &, (x, r).

5 Existence of almost corkscrews
For the convenience of the reader, we state again the first main lemma:

Lemma 5.1 Ler Qt, Q= ¢ R**! be disjoint Borel sets. Fix ¢y € (0,1). For each
appropriately'® chosen triple of positive and small parameters (B, €, y) there exists
ad=468(B,¢€,y) > 0 such that the following holds true. Let By = B(xo, ro) be a ball
and let  be a Radon measure with (n, Co)-polynomial growth supported on a subset
E C By and such that i(Bg) > cory - If

2Or0 dr
/ (s(x, r)2 + ai(x, r)2) — < § foreach x € E, 5.1
0 r

then
(i) There exist two balls BT, B~ C 6By such that both B and B~ are B-almost
corkscrew for 6By and QT and Q™ respectively. Further, we have rad(Bi) >
c1ro for some universal constant ¢ > 0.
(i1) It holds that

Boo.E(Bo) < €. (5.2)

(iii) Assume that xo € E and that EN (B \ %Bo) # & and denote by Lg a hyperplane
minimizing Boo.g(Bo). Then the two components D, D™ of %B \ Maer, (L B)
satisfy (up to relabeling)

HFTU(D NQY = (1 —y)H"TH(DY) with i =+, —. (5.3)

Remark 5.2 The choice of parameters is as follows. In Lemma 5.3 we show that for
any B there exists a 61 () so that (i) holds. Next, in Lemma 6.1, we show that for any
€ there exists a 6, (¢) so that (ii) holds; thus for both (i) and (ii) to hold for the same §,

10See Remark 5.2 for what appropriate means here.
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it suffices to pick §3(8, €) = min(81(B), 52(€)) (see Remark 6.2). In Lemma 9.1, we
show that, given A > 0, as long as € < A, we can find a 84 = §4(A, €) so that if (5.1)
holds with a §5 = 85(B, €, 1) satisfying §5 < min(d4, &3), then (i), (ii) and the conclu-
sions of Lemma 9.1 holds with this choice of parameters. Finally, in Lemma 10.1, we
show that for any y > 0, conclusion (iii) holds as long as we choose §¢ = 6(8, €, A, ¥)
with ¢ < J5, 8¢ <K B and §¢ < y. In the end, we take & = J¢.

In the remainder of this section we will prove Lemma 5.1(i). Recall the definition
of B-almost corkscrew in Definition 4.1.

Lemma 5.3 Let 8,8 > 0 and let x, y € R"*! be such that |x — y| = R and

S8R dt
/ (en(x,t)2+8n(y,t)2)7 <.
0

If6=6()>0is small enough, then there exist B+,' B~ C B(x, 6R) such that each
B' is a B-almost corkscrew ball for B(x,6R) and Q', with rad(B') > ¢ R, where ¢
is an absolute constant.

We need an intermediate result.

Lemma 5.4 Ler 6 € (0,1/2). Let I C R be an interval and consider a measurable
subset G C I such that |G| > c |I|. Then there exists an interval J C I which satis-
fies the following properties:

(a) €(J) = c(c2,0) €(1),

(b) Any dyadic descendant J of J such that Z(f ) >0 L(J) satisfies

GN 7= 27
2

We prove now the existence of almost corkscrew balls assuming Lemma 5.4. Let
us sketch the proof in words first, to aid the intuition.

By pigeonholing we can assume that the best approximating half spaces are very
close to one half space (call it H;rk) for many radii. Denote this set of radii by Ay and
call the union of spheres S(x, t) forr € Ay by G (see Fig. 1). Then there is a location,
represented by the ball B in Fig. 1, where B N S(x, 1) C H;I;, r € Ag. Since for all
these radii we can also assume that ¢, (x, ) < 1, this means that S(x,7) N B will
be essentially devoid of points from Q7 for each t € A;. Basically, we can imagine
G, N B to be contained in Q1.

Let us now look at the spheres S(y, ) which intersect B. Since Ay is rather large,
this means that S(y,r) N G, is large for most spheres S(y, r). Hence we can find
n + 1 (or 2 in Fig. 1) linearly independent cones X (v;, y) of aperture y and axis v;,
such that if A = X (v;, ) N S(y,r) then A contains plenty of G, and thus of Q7.
Since we know that ¢,(y,7) < 1, this forces A to intersect H;,f . By then, for any

n + 1-tuple of points yo, ..., y,, its geodesic convex hull'! must lie in Hyf,. Since

HThat is, the convex hull in S(y, r).
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f

2
%5

¥,

QZ/[[\SS

Fig. 1 The set up of the proof of Lemma 5.3. On top, the labelled 2d case. At the bottom left, the 3d case:
the spheres on the left represent G and the three red dots the points y;, y2, y3 (Color figure online). The
shaded area will contain the hull of {yy, yp, y3}. At the bottom right, another 3d rendering

&n(y, r) < 1, this in turn implies that most of this hull must belong to Q1 - and this
is true for essentially all spheres centered at y and intersecting B. Hence by Fubini
most of B is in Q.

Proof of Lemma 5.3 We will just show the existence of the almost corkscrew ball B
since the arguments for B~ are analogous. For a fixed x € R"*!, we identify each
half-space H C R"*! such that x € 9 H with the inner unit vector to  H, which we
denote by u . Then, for some 7 € (0, 1/10) to be fixed below, we consider a maximal
r-separated family of unit vectors u;, 1 <i < N, so that S" C | J; B(u;, 7).

We let

Ai={r€2R,3R):up,, € Bu;, 1)},

where upg, , is the unit vector identifying the subspace H;; that minimizes &,(z,t)
(this might not be unique, in which case we simply choose one). So we have
[2R,3R] = UlN:’1 A;. We choose k such that Ay has maximal Lebesgue measure
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among all the A;’s, so that

1
Axl > —R.
|Ak| = .
For I = [2R, 3R] and some constant 8 € (0, 1/2) to be fixed below, consider a
subinterval J C [ satisfying the properties given by Lemma 5.4, with A in place of
G in the lemma. Denote by r; the center of J. Notice that

disty (Hy, N B(x,8R), Hy , N B(x,8R)) St R forallr € A;. 5.4)

Then we infer that, for some absolute constant T small enough, there is a geodesic
ball Ag C S" of radius 1/10 such that

Ay ,:={zeSkx,r) rlz—x) e Ao} C Hy, foreveryr e Ag, (5.5)
and moreover
dist(Ay -, Lx,y) 2 R forallr € [R/2,4R], (5.6)

where Ly y is the line through x, y.

Let &5 € S(x, ry) be the geodesic center of A, ., (recall that r; is the center of
the interval J). Without loss of generality we assume that y = 0. Observe that §; €
S, &) N S(x,ry) and |&y| = |5 — y| & R. Further, the condition (5.6) ensures
that dist(£;, L y) 2 R and so the intersection of both spheres is “transversal” near
& 7.12 From this fact and the condition (b) in Lemma 5.4 with 6 small enough, we
infer that for any y > 0 there exists some small constant c3(y) € (0, 1/10) such that,
for every r > 0 and every geodesic ball A C S§(0,r) = S(y, r) such that

Lor =&/l < 3R,
ii. dist(§y, A) <c3R,
1ii. radS(oyr)(A) > yc3 R,

it holds
H'(ANGy) 2¢,y H'(A), where G,= U S(x,1). 5.7
teAg
Now we choose unit vectors v, ..., v, € S(0,1) N B(|$1|_1$1, %C3) such that
dist(vi, Ly,,....v;_,) 23 1 for 1 <i <n, where Ly, ,, , stands for the (i — 1)-plane
through vy, ..., v;_1, and we consider the (one-sided) cones
X(vi,y) ={z e R"™\ {0} : |z| 'z — vil < ¥/2},
for i =0,...,n. Choosing y small enough, it is clear that, for all » &~ R and all

vi € X(vi, y) N S(0, r), the geodesic convex hull of yg, ..., y, in S(0,r), which we
denote by hullg, ) (yo, . .., Yu), satisfies

Hn(huuS(O,r) o, .-+, ¥n)) ZC},V r" Nesy R". (5.8)

12Roughly speaking, this is because the points x, y, & are far from being colinear.
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To shorten notation, we write r; = |£7] — ¢c3R and rp = || 4+ c3R. Then, for
j=0,...,n we have

H'TUAQO, r1,12) N X (), ) NG, NQT)
=H"TN (A0, r1,12) N X (v}, y) N Gy)
—H" (A, r1,12) N X (), y) NGy \ Q).

Regarding the last term, notice that A(0,r1,72) N X (v}, y) is contained in a small
neighborhood of &; and then, assuming c3 small enough with respect to t,

AQ,r,1)N X, y) NG, NS(x,t) C Hy, foreveryte Ayg.
Therefore, by the definition of G,
H' (A, 11, r2) N X (v, ) NG \ Q1)

< | H'(Sx,0)NH,, \Q")dt (5.9)
Ak

<R" f en(x,t)dt
Ag

4R dt 1/2 4R
<R" (/ enlx, 1)? —) (/ tdt)
0 t 0

< 52 R+,

172

We denote

Bad; = {r € [r1,r2] : H" (S0, r) N X (vj, ) N G \ QF)
> 51/4’}.[”(5‘(0,;’) NX@j,y)N Gx)}'

In a sense, Bad; is the set of radii for which there is a lot of mass from S(0,7) N
X(;,y) NGy out51de Q7T. By (5.7) and the condition iii above, we have

H' (SO, r)NX @, y)NGy) Zy H'(SO,r)NX(vj,y)) ~, R".

Then, by Chebyshev and (5.9), we obtain

Hl(Bad‘)<8_1/4/r2 H"(S(O,F)QX(UJ,)/)HGX\Q+)
7= Il H (SO, r)NXj,y)NGy)
~1/4

Sr / H'(SO,r)NX(j, ) NG\ Q) dr

s—1/4
Ay WH"“(A(O, rLr) N X, y) NG\ Q) <, 84R.
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Let
Goodg = {r € [r1,r2] s ea(y, 1) <84}

By Chebyshev and Cauchy-Schwarz, we have

4r
#'([r1, 21\ Goodg}) < 5*1/4/ en(y, 1) dt (5.10)
0

4R dr\ 2 4R 172
<14 (/ sn(y,t)z—) (/ rdr) < §/4R.
0 r 0

Finally, let Good = Goodg \ U'}:O Bad;. From the last estimates we deduce
n
H'([r1, 721\ Good) < H'([r1, 721\ Goodp) + Y _H'(Bad)) 8'*R.  (5.11)
j=0
Observe also that for r € Good, since r ¢ Bad, it holds

H'(SO, 1) NX@j,y)NQT) >H"(SO, )N X(;,y) NG, NQT)
> (1= 8YH (SO, 1) NX@j,y)NGy) 2y 1"

Since €,(0,r) = &,(y,r) < 1 for r € Good, we deduce that the half-sphere Sj:r =
S(y,r) N Hy , satisfies

S5 NX ), y)#2.

Since S;:r is geodesically convex in S(y, r) = S(0, r) we infer that, forall y; € S;:r )
X(vj,y),0<j=<n,

hullgo,-) (y0, - -» yn) C S;fr-

Consequently, if we let

V, = ﬂ hullso, ) (Yo, - -+ Yn),
0<j<n
ijX(Uj,)/)ﬂS(O,r)

it is clear that V, C SI - Therefore,
H'(VA\QY) <H (S, \ QD) <r"en(y.r) <84 forall r € Good. (5.12)

Next we let
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It is immediate to check that

V=A0r,r)N [ hull(y,..., ),
0<j<n
yvi€X(vj,y)

and from (5.8) it follows easily that V contains some ball B¥ with rad(B™) ~, R.
Further, by (5.12) and (5.11) we deduce that

HBT\QN) <HT (V@) = /rz H'(V,\Q5)dr

< H'(V,\ QY dr + R"H' ([r1, r2] \ Good) < §/4 g1,

~ Good
So B* is a (C8'/%)-almost corkscrew. Notice that its radius does not depend on &,
but on 7 and y, which are fixed geometric parameters. g

Proof of Lemma 5.4 We need to introduce some notation. Given an arbitrary half-open
interval L C R and k > 0, we denote by Dy (L) the family half-open intervals con-
tained in L with side length 27%¢(L) generated by splitting L dyadically k times. We
denote by £(L) the length of the interval L. We also set D(L) = | ;o Dx(L).

Let I and G be as in the statement of the lemma. Without loss of generality, we
assume that 7 is half open-closed. Given L € D(I), we say that L has low density,
and we write L e LD, if |GNL| < %2 £(L). We also denote by LDy, the family of
maximal intervals from LD N D(I). Since the intervals L € LD,y are disjoint and
they satisfy

IL| <

1 2
L\G|=——L\G]|,
g lL\Gl=3 LG

taking also into account that |/ \ G| < (1 — ¢2) £(I), we deduce

2
L‘: (L) < L\ G| < I\G
U > UL =5 3 IL\GIS 5 lI\Gl
Lel.D LelDpax LeLlDpax
2—-2c
< L) =:cq4 (1), (5.13)
2—c

with ¢4 € (0, 1).

We say that an interval J € D([) is good, and we write J € G, if every subinterval
L € Dy(J) with k € [0, —log, 0] satisfies L ¢ LD. Otherwise we say that J is bad
and we write J € B. In this language, the lemma will be proved if we find a good
interval J € D(I) such that £(J) 2 c(cp,0)L(1).

We write Ny = [—1log, 7. Given J € B, we denote by Next(J) the subfamily of
the intervals from Dy, (J) which are not contained in any interval from D(J) NLD.
Notice that the condition J € B ensures that there exists some L € D(J) N LD such
that £(L) > 2=Neg(J), so that Dn, (J) \ Next(J) # <. In particular, this implies that

Z L) < (1—2"Nye). (5.14)

LeNext(J)
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In the case J € G, we set Next(J) = @. Of course, the preceding estimate is trivially
true in this case too.

Next we define inductively a family of intervals Top C D([). First we set Top, =
I.Fork>1, we set

T()pk = U Next(J),

JeTopy_4
and then
Top = U Topy.
k>0

Notice that Top, C Diy, (1) and by construction, if L € Dyy, (1) \ Topy, then there
exists some J € D(I) with L C J C I such that either J € LD or J € G N Top.
Observe also that, by (5.14),

SN s(1-27") Y wwhs-<(1-27%) ).

LeTopy, L’€Top;_
So for k large enough depending on ¢4 and Ny, so on ¢ and 9,
1—c4
D L) = ——ed)

LeTop,

and thus

1
DI zc“z(l)mml).
LeDy ny, (I)\Topy,

From (5.13) we infer that there exists some L € Dy n,(I) \ Top, which is not con-
tained in any J € LD. Hence, by the discussion above, for such L there exists
J e D(I) with L C J C I suchthat J € GNTop. This is the interval we were looking
for, which satisfies the properties stated in the lemma. g

We also need the following lemma.

Lemma 5.5 Let Qt, Q™ c R"*! be disjoint Borel sets. Given x € R"*!, r > 0, and
a>0,let A C S(x,r) be a geodesic ball such that ar <radg ) (A) < %r, so that
A is contained in a half-sphere in S(x, r). Denote by H);"r , the half-space minimizing
&n(x,r). Then there exists some § = §(a) > 0 such that:

() If
HY(ANQT)>aH"(A) and  e,(x,r) <8,

then ANHT, # @.
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) If
HYA\QT) <SH"(A) and e,(x,r) <8,

then %A C HY ., where %A is the spherical ball in S(x,r) concentric with A

x,r>

such that radg(y 1) (3 A) = 3radgy ) (A).

Proof Set o = H"|s(x,r) and S = S(x,r) N HE,(x,r). To see (a), notice that if
AN H;", =@, then A C ST, and thus

o(ST\Q) >0 (S NN >0 (ANQT) >ac(A) >, r".
For an appropriate choice of § = §(a), this contradicts the fact that &, (x,r) < and
proves (a).

To show (b), suppose that %A - H;:,. Put D := H, N A. Then there is a fixed

numerical constant ¢ > 0 such that ¢ (D) > co (A). Putalso F := R\ (QTUQ™).
If § is sufficiently small with respect to ¢, we have

o(DN(FUQT) =c(AN(FUQT) —a((A\D)N(FUQ™))
> (1 —=8)o(A) —o(A\ D)
>((1=8)—1—-c)a(A)Zo(D).

‘We then see that
o(ST\Q)=0(S N(FUQT)>a(DN(FUQ")) > a(D)>,r".

Again, for an appropriate choice of § = §(a), this contradicts the hypothesis that
enlx,r) =6. O

Below we will also need the following variant of Lemma 5.3.

Lemma5.6 Letd,a,R>0andletx,y € Rt pe such that aR < |[x —y| < R and

S8R dt
/ (8n(x,t)2+8n(y,t)2)7 <.
0

Let n > 0 and let Bfr be a ball contained in B(x, R) such that

2B NLyy#2, rad(Bf)>aR, and H'T' (B nQb)=nH"T(B),
where Ly y is the line passing through x and y. For any B > 0, if § = 8(a, B,n) > 0
is small enough, then there exists a B-almost corkscrew ball BT C ZBl+ for QT such

that rad(B*) > c(a, n)rad(B{"), with c(a, n) > 0.

Proof The arguments are similar to the ones for Lemma 5.3, and so we will sketch
the proof.
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Let Xpt be the center of B;L and let R; = |x — xBl+|. Since x ¢ 2B}, we have

Ry >2aR. Let Iy =[R] — rad(Bfr), Ry + rad(Bfr)]. For each ¢t € Iy, consider the
spherical ball A; = BlJr N B(x,1). Let

Go:={t € lp: H"(A,NQT) > n’rad(B])"}.

To bound H!(Gg) from below we write

nH (B <HN B nQt)y= | H'(ANQT)dr
Io

< n?rad(B;")" H'(Ip \ Go) + Crad(B;")" H' (Go)
S HTHBT) + rad(BH)" HY (Go).
For n small enough, this implies that
#'(Go) 2 nrad(B)).

Notice that, for t € G, the spherical ball A; satisfies H"(A;) = H"(A, N Q1) >
n*rad(B{")". Thus,

t 2 radsen(Ar) 2 n*rad(B)) > nat. (5.15)
Now, by Chebysheyv, arguing as in (5.10), it follows easily that
H ({t € Io: en(x, 1) > 8%Y) < C V4R <, 8/ *rad(BY).
So assuming § small enough (depending on a and 1), we deduce that the set
Gi:={t € Go:en(x,1) < 8%

satisfies H!'(G1) > %HI(GO) > nrad(Br). Observe now that, by Lemma 5.5 (a),
(5.15), and the fact that ,(x,r) < 8/* for t € Gy, assuming § small enough (de-
pending on 1 and a) it follows that

ANHY #@ forallt € Gy. (5.16)

As in Lemma 5.3, we identify each half-space H C R"*! such that x € 3 H with
the inner unit vector to d H, which we denote by u . Then, for some t € (0, 1/10) to
be fixed below, we consider a maximal t-separated family of unit vectors u;, 1 <i <
N, sothat S" C | J; B(u;, v). We let

Aj={teGi:un,, €Bu;, 1)},

where u g, , is the unit vector identifying the subspace H;, that minimizes &, (x, 7).

So we have G| = UlN:T1 A;. We choose k such that A; has maximal Lebesgue mea-
sure among all the A;’s, so that

1 n
H(Ap) > N HY(G)I 2 Frad(Br).

T
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For some constant 6 € (0, 1/2) to be fixed below, consider a subinterval J C Iy
satisfying the properties given by Lemma 5.4, with Iy, Ax in place of I, G in the
lemma, respectively. Denote by r; the center of J. Consider now the cone X (B1+)
made up of all the half-lines with origin in x and passing through B]+ . Thatis, X (Bl+ )
is the smallest cone with vertex in x that contains B1+. Analogously, let X (%BIJF)

made up of all the half-lines with origin in x and passing through %Bf’ . Notice that,
by (5.16),

XBHNH, NSx,n=XBHNST(x,1)#£2 forallreqy,
and thus, in particular, for all # € Aj. Together with the fact that
disty (H,, N B(x,8R), H, , N B(x,8R)) St R forallr € Ay,

we infer that, for some constant T small enough (depending on a, 7, §), there is a
geodesic ball Ag C S” of radius comparable to R such that

Ay, ={zeSx,r) r i z=x) e Ag} C Hy,N X(%Bl"’)
for every r € Ay, 5.17)
and moreover

dist(Ay,,, Lyx,y) > caR forallr € Iy, (5.18)

where L, , is the line through x, y and c is an absolute constant. This estimate is
analogous to (5.6) in the proof of Lemma 5.3. Now we continue the proof as in that
lemma, allowing the different parameters there to depend on a and 7. It is easy to
check that the ball BT found at the end of that proof should be contained in C BlJr .

To ensure that this is contained in 2B1+ , we could just replace the ball Bl+ in these

arguments by a suitable smaller ball §1+ contained in Bl+ . We leave the details for the
reader. 0

6 Weak flatness: finding an analytic variety

In this section and the two following ones, we will carry out the proof of Lemma 5.1
(i1), which we recall (with a slight change in the condition (6.1) below).

Lemma 6.1 Given co € (0, 1), there exists €y > 0 so that for each € € (0, €g) we can
find 8 = 8(€) > 0 such that the following holds true. Let Q, Q= c R"*! be disjoint
Borel sets and By = B(xg, ro). Suppose also that there is a Radon measure [t with
(n, 1)-polynomial growth supported on a subset E C By such that

n(Bo) > coryy -

If
101‘0 dr
/ (sn(x,r)2+a(x,r)2)— <46 forall x €E, 6.1)
0 r
then Boo,E(Bo) <E€.
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Notice that in the assumption (6.1) the integral runs over r € (0, 10ry) while in
Lemma 5.1 we wrote the integral over (0, 20r(). This is minor technical improvement
which will be useful later to prove Lemma 5.1 (iii) in Sect. 10.

Remark 6.2 For each pair (8, €), in order for conclusions (i) and (ii) of Lemma 5.1 to
hold at the same time, it suffices to choose §(8, €) = min(§(B), (€)).

Let us fix Borel sets 7, Q7 ¢ R"*! so that QT N Q7 = & for each j. For the
remainder of this section, we will write (x, r) = &, (x, ). We denote by ¢;(x, r) and
a;(x,r) the coefficients £(x, r) and a(x, r) associated to the pair Q;.r, Q;

The following lemma is an immediate consequence of the weak * compactness of
the unit ball of L.

Lemma6.3 Let {Q,j'[}j be a sequence of pairs of disjoint Borel sets in R"*1 as above.

Then there are non-negative functions g+, g~ € L¥(R") such that, for a subse-
quence Qﬁ it holds

]lﬂ;i — g% weakly x in L®(R"1),
and
gt+g =L
Under the assumptions of the preceding lemma, we denote

ap(x,r)* = af (x,r)? +ay (x,r)?

(D)2 2
b4 1 ly—x[2/2
== " /g+(y)e =l dy‘
(n+1)/2 1 2
T _ e 1272
+ T—m/g (y)e dy‘ : (6.2)

Our next objective is to prove a key geometric fact: roughly speaking, the set of
points where the square function ag is zero (in the limit) must lie in an n-dimensional
analytic variety. Moreover, that the square function ¢ is zero (in the limit) implies that
the quasi-corkscrews found in Lemma 5.3 are real corkscrews, albeit in a measure
theoretic sense. This is made precise in the lemma below.

Lemma 6.4 Fix co > 0. Let {Qi}j be as above and g*, g~ as in Lemma 6.3. Let
By C R" be a ball and, for each j, let E; C By be a compact set such that

8rad(By) dr 1
/ (ej(x,r)z—i-aj(x,r)z)TS; forallx e E;. (6.3)
0
Suppose that the sets E j converge in Hausdorff distance to a compact set Eq. Let {4 ;}
be a sequence of measures with (n, 1)-polynomial growth supported on E; and con-
verging weakly to a measure g, so that supp(o) C Eg and it has (n, 1)-polynomial
growth and suppose moreover that wo(Bo) > corad(By)". Then the following holds:
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(a) There are two balls B, B~ C 6By such that rad(B¥) ~ rad(By) with
¢t =1H"""ae inBt and g =1H"""ae. inB".
(b) There is an n-dimensional real analytic variety Z C R"*! such that
supp(uo) N8By C Z C R\ (B* U B™).

The analytic variety equals

z= {x R ao(x,z—k)=0}, (6.4)
k>0

with ag(x, 2%) defined by (6.2).

We prove this lemma, we rescale and take By = B(0, 1). Using Lemma 6.3 we
find a subsequence of Borel sets {ka} whose characteristic functions 1+ converge
Jk

weakly- to functions g € L (R"*1). First, we show the following.

Claim 6.5 For all x € B(0, 8) Nsupp(wo) and all r € (0, 8) it holds that

ag (x,r) =0, (6.5)
where we recall that
g t+D/2 1 vy 252
ag (6,1 =|=—5— =~ /g+(y)e Tyl

and g% is the weak limit in L™ of 1o+ as per Lemma 6.3 (2).
Tk

Proof of Claim 6.5 For any r > 0, the mapping x > ag' (x,r) is continuous on R"*!,
Hence, to prove (6.5) it suffices to show that

8
/ / al (x, )2 r¥drdug(x) =0. (6.6)
B(0,8) JO
Recall that r € (0, 8); then, using (6.3), we conclude that
8 2.3 1
f / ajk(x,r) rdrduj (x) < Cj . (6.7)
B(0,8) JO

Now let @ : R"*! — R be a non-negative smooth function compactly supported on
B(0, 8), and let ¢ : R — R be a non-negative smooth function compactly supported
on (0, 8). For x € R*t! r e R, set

3 1 _|;}2 n(l’H—l)/Z
hj(x,r):=0x)-d(r)r me r *]19;(()()_7 , and
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(n+1)/2
2 T
Al agr - 7)

rn+l 2

ho(x, r) := ®(x) .¢(r)r3<

Since 1o+ converges weakly-+ in L®(R"*1) to g™, we see that
Jk

hj.(x,r) = ho(x,r) pointwise.

Note that {(x,r) — hj, (x,r)} is a uniformly bounded sequence of functions on
B(0, 8) x (0, 8), with uniformly bounded derivatives. By the Arzela-Ascoli Theo-
rem, we deduce that &, converges uniformly to 4y on compact subsets - up to a
subequence which is immediately relabelled. After these preliminaries, we compute

8 8
/ f ho(x,r)drduo(X)=/ / ho(x,r)dr(po — ) (x)
B(©0,8) Jo B(0,8) Jo

8
+f / (ho—hjk) (x,r)drdpj (x)
B(0,8) JO

8
+/ f hj (x,r)drdu;, (x).
B(0,8) JO

The first integral on the right hand side of the equation above tends to 0 as k —
oo since drdu j, converges weakly to dr o (clearly hg is continuous). The second
integral also converges to 0 as k — oo, this time by the uniform convergence of # j,
to ho on compact subsets. As for the third integral, we bound it above by the left hand
side of (6.7). All in all, we obtain that

8
/ /ho(x,r)drd,uo(x):o.
B(0,8) JO

Since ® and ¢ are arbitrary non-negative smooth functions compactly supported on
B(0, 8) and (0, 8), respectively, we conclude that (6.6) holds true. This, as previously
mentioned, implies (6.5) and thus Claim 6.5. O

Proof of Lemma 6.4, (b) We define

z= {x eR™ o (x,275) = 0} .
k>0

By Claim 6.5, if x € B(0, 8) N supp(io) and r € (0, 8), then aa'(x, r) =0. In partic-
ular, this implies that supp(uo) N B(0,8) C Z.

We verify Z is a real analytic variety; that is, there exists a real analytic function
on R"*! whose zero set is Z. Considering R"*! ¢ C**!, it is enough to construct
instead an entire holomorphic function whose real zero set is Z. We consider the

following extension of the convolution of two functions f : C"t! — C, g : R"*! —
R:

(g* Hx+iy):= / gw) f(x +iy —u)du,
]Rn+l
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whenever the integral makes sense. Fora > 0, z = (z1, ..., Zp+1), With zx = xx + iy,

n+1
we define f,(z) := atD/2e= il (ki for g > 0 and the holomorphic exten-

sion
a(T(z, r?i=(g" * fiy @ = gD/ for 7 e CMHL

The convolution is well defined since g™ € L and f, has exponential decay with
fixed y. The desired function suitable to show that Z is a real analytic variety can be
taken as

2k+172
Fz)i=Y 2% 2 Fab 2, 2702,
k>0

See the appendix in [17] for a detailed proof that this function is entire holomorphic.

To conclude the proof of Lemma 6.4, we need to show that Z # Rt In fact,
we claim that for every x € supp(uo) N B(0, 8) C Z, and for all r € (0, 8) such that
no(B(x,r)) > cor™ there exists aball B C B(x, r) withrad(B) =~ r suchthat BNZ =
@. Indeed, let x € supp(uo) N B(0,8). Let {x;} be a sequence of points in RrH
so that x; € supp(u ;) and |x; — x| — 0. There exists a subsequence j; such that
Wi (B(x,r)) > ‘—0 " for k large enough. For all these k’s, this implies that there
exists a point yi e Ej, suchthatr > |x;, — yk| Z¢, 7. Recall that, since x,, yx € Ej,,
then it holds that

8|X_/k Ykl 5 5 dt
/0 (€ (i 7 + €5 Ok D7) —
8rad(By) 5 5 dt
E/ (Ejk(.x]'k,t) +ajk(x]‘k,t) )7
0

8rad(By) 5 5 dt )
+/ € Ok D+ aj, g, D)) — < —.
0 t Jk

This is due to the hypothesis (6.3). In particular, for an arbitrary § > 0, we can pick
k large enough so that the hypotheses of Lemma 5.3 hold, and hence it may be
applied with the preferred 8. In fact, we first pick a sequence of numbers g; con-
verging to 0. We then find a subsequence {ji;} such that for each i, the conclu-
sion of Lemma 5.3 holds with g;. That is, for each i, there exists two balls Bi

B(x; Ji C(co)r) C B(x,r) such that each of them is an almost §;-corkscrew ball W1th

rad(B [) > |x.,ki — Yk, | = ¢1C(co)r. We can assume the balls Bki to be convergent
in Hausdorff distance. Then we let BT be two balls with rad(B¥) ~ rad(B,i) and
such that B C B,f for all sufficiently large k;. For « > 0, let ¢, be a smooth cut off

of Bt sothat ¢ =1 on (1 — x)B™. Then we see that, for any 1 > 0, there is an iy so
that for all i > i,

n+/ g*(y)dyZnJr/ g*(y)tm(y)dyz/ lg, (Mee(y)dy
B+ R+l R+l i

= / e () dy.
B+mijl»
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Moreover,

/ ¢Kdy>|(1—lc)B+ﬂiji|.
B+ﬁ9jk

This is true for each « > 0 and hence n+ [z g*(y)dy > |BT N Q. | Since BT C
B,ji' for all sufficiently large i, and rad(B™) ~ rad(B,ji'), it follows that |BT N Q1=

(1 — CB;)|BT|, where C depends on n, co and c;. In particular, it is independent of
i. We conclude that

n+/ gtdy>|B™|.
B+

Since 7 was arbitrary, and g* < 1, this implies that g™ =1 a.e. on BT.

To conclude the proof of the claim, we want to show that Z N B = &. Suppose
that z € Z N BT, But then there exists an m such that B(z,2~™) C BT and, because
gt =1ae., we get that

o (n+1)ym / g+(y)e—22'"|z—y|2 dy > 2(n+l)mf e~ 2"yl dy "= g (D)2,
Rn+! - B

+

In particular, a(‘)Ir (z,27"™)? is bounded away from 0 for m large enough. Thus F(z) #
0 and we run into a contradiction. This ends the proof of the claim. This completes
the proof of Lemma 6.4 (2). O

In fact, a closer look the proof of Lemma 6.4 shows that we have proven the
following lemma, which implies Lemma 6.4, conclusion (a).

Lemma 6.6 Fix co > 0. Let {Qj'[}j be as above and g¥, g~ as in Lemma 6.3. Let

Bo C R™ be a ball and, for each j, let E; C By be a compact set such that

8rad(By) dr 1
/0 (s,-(x,r)z+a,»(x,r)2)757 forall x € E;. (6.8)

Suppose that the sets E; converge in Hausdorff distance to a compact set Ey. Let
{j} be a sequence of measures with (n, 1)-polynomial growth supported on E;
and converging weakly to a measure L, so that supp(uo) C Eg and it has (n, 1)-
polynomial growth and suppose moreover that j1o(Bo) > corad(Bo)". Then for every
x € supp o N By, and radius 0 < r < ro such that pwo(B(x,r)) > cor” there are two
balls B*, B~ C B(x, r) such that rad(B¥) Rco I satisfying

gt=1H"""aeinB" and g =1H""'ae inB".

7 Weak flatness: the analytic variety contains a hyperplane

In this section we improve upon Lemma 6.4 to conclude that the analytic variety Z in
fact contains an n-dimensional affine plane. This is yet not enough to end the proof
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of Lemma 6.1 since a priori there could be pieces of Eq lying outside this plane. We
will see in the next section that this cannot be the case.

Lemma 7.1 Let {Q]i} j be a sequence of Borel sets satisfying the assumptions of
Lemma 6.4. Let |10, Bo, Z be as in Lemma 6.4. Then Z contains a hyperplane L
such that po(L N By) > 0.

Before getting into the proof of this Lemma, we recall some facts about real an-
alytic varieties. A real analytic variety in an open set W C R™*! is the zero set of a
function F : W — R which is real analytic. The zero set Z of a real analytic function
in a compact subset of W and not vanishing everywhere can be written as

n
z=|J V. where v, =|_JU}.
k=0 >0

and Ulf‘ are k-dimensional real analytic submanifolds and the union over £ > 0 is
finite. First, each U é‘ can be locally realized as the graph of a real analytic map defined
on some k-dimensional affine plane. Second, we have that U l{‘ nuU é‘,/ = @ unless
k=K' and £ = ¢'. Finally, for each k, the closure of V; contains all the other V. for
k' <k.

Under the assumptions of Lemma 6.4, it is easy to see that there exists an £ such
that

po(Uf) > 0.

This follows from the fact that the Hausdorff dimension of UZ;(I) Vi is at mostn — 1,
and then the polynomial growth of degree n of p( implies that 1o ( Z;é Vk) =0.

Proof of Lemma 7.1 Using the notation above, let U := Ulf’ for some £ such that
mo(Uy) > 0. We can further assume that U is given by a real analytic graph over
an affine n-plane Py (up to restricting to a local chart). Without loss of generality,
assume that Py is the horizontal plane {x,+; = 0}. Then the analytic function ®y
whose graph is U is of the form

Oy (x) =) agx”. (7.1)

Our objective is to show that V>dy; vanishes in a set of positive measure jq. This
implies that V2<I>U vanishes identically, and then as in [22], U is contained in a
hyperplane which in turn is contained in Z, which will prove the lemma.

The polynomial growth of degree n of 1o ensures that ug|y is absolutely contin-
uous with respect to " |yy. Denote g = jﬁ%l‘% . We may assume that Py is tangent to
U in the origin, so that there are neither constant nor linear terms in the above Taylor

expansion of @y, and that the origin is a Lebesgue point of g (with respect to H"|y7).
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Now, up to an orthogonal change of coordinates (by the orthogonal classification of
quadrics) there is a radius r > 0 such that for all x € B(0, 2r) C Py,

n
Dy (x) = aix] + E(x),
i=1

where |[E(x)| < C |x|3. It suffices to prove that V2®y(0) = 0. Aiming for a contra-
diction, suppose this is not the case. Under this assumption, we have:

Claim 7.2 For any sufficiently small r € (0, 1), there exists zo € supp o N B(0,r),
ro € (ﬁr, r), and four disjoint closed balls B, B;r, B[, B, satisfying the following
properties:

(a) Fori=1,2,rad(Bf) ~rZ, B C G*,and g* =1 H""'-a.e. in BE.

(b) There exists a circumference I'g C S(zo, ro) that intersects the balls éBl“L, %Bl_ ,
5855,

(¢) There is a half-circumference Fo C g such that BijE NIy C Fo fori=1,2,and
moreover, if we denote by AaL (resp. Ayy) the shortest sub-arc from T which
joins Bf' and B;‘ (resp. B| and B, ), then either there exists a ball B;” such
that B, N f‘o - Aa' or there exists a ball Bl.+ such that Bl.+ N f‘o CAy.

Let us see how Lemma 7.1 follows from Claim 7.2. Denote by Py the plane that
contains I'g. From the fact that zo € supp o, it follows that there exists a sequence of
points z; € supp i ; converging to zo. For each j, let P; be vertical plane parallel to
Py through z;. Let p = % min{rad(Bl.h) :i=1,2, h=x}andset Jo=[ro—p,r0+
o1, so that ! (Jp) ~ r2. From the properties of Ty, we deduce that, for Jj large enough
and every ¢ € Jo, there exist a circumference I';; and a half-circumference f,',t C
I'; , both centered at z; with radius # such that I'; , intersects %Bfr, %B;, %B; , %B{
and %Bli Nrj:C Fj,t for i = 1, 2. Further, from the weak convergence in L> of ]19%

to g%, up to a subsequence, and the fact that gt =1H"ae in Bii, we get

HH@QnBH - H'T(B) and ’H”“(Q]T NB7)— H'(B))

as j — oo, fori =1,2. (7.2)
For each j > 1 and a given y € (0, 1), let

Ii={tely:ejzj,t) <y, H'(B} NSz, 1)\ Q}“) <y H"(B" N S(z;,1),
and H"(B;” N S(z;, )\ Q) <y H"(B; NS(z;, ).
Notice that H”(Bl.i NS(zj, 1)~ rad(Bl.i)" ~ r?" foreach t € I;. By an easy applica-
tion of Chebyshev’s inequality, from the assumption (6.8) and (7.2), we deduce that

H! (1;) > 0 for j large enough, possibly depending on y and H'(Jo)/r and so on r.
By Lemma 5.5, the condition that ¢ € I; with y small enough implies that

1B NSz, 1) CHY (z),1),
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where H;’ (zj, ) is the half-space that minimizes ¢;(z;,t) and Hj_ (zj,1) = Rrt! \
HJf (zj,1).
Suppose that one of the balls B;, say B|, satisfies B, N TocC Aa’ . From the fact

that (%B?‘ U %B;‘) NS(zj, 1) C H]?L (zj, 1), we deduce that, for j large enough and a
fixed t € Ij,

hullse;, (3B U 3B NSz, 1) C Hf (z).1). (7.3)

Let Aj; be the shortest arc contained in r j,+ which intersects the two geodesic
balls %Bfr N S(zj,1), %B; N S(zj,t). This arc is strictly contained in the half-
circumference Fj,t because %BIJ“ N, C Fj’, for eachi. So A, is a geodesic curve
from S(z;, t) which joins %Bf“ NS(zj,t) and %Bfr N S(zj, 1), and consequently

Ajs Chulls, (3B ULBH) NS(z;.0) C Hf (zj,0).

However, A ;; intersects AITBI_ , which is a contradiction because AITBI_ C Hj_ (zj,1).
In the case when one of the balls B;r satisfies BiJr NTy c A, we argue analo-

gously, interchanging the roles of the balls B}, B;' with B, B, . So in any case, we
get a contradiction, which proves the lemma, assuming the Claim 7.2. O

Proof of Claim 7.2 Since V>®y(0) # 0, there is at least an i with @; # 0. Now pick
1 <i <nsothat|a;| > |a;| for j #i. Without loss of generality i =1 and a; > 0.
For 0 € (0, 1/2), consider the cones in R” defined by
Xh={x=(x1,x) eRx R |x'| < —6x1)
and

Xp=1{x=(1x) eRx R x| <6xy},

and set Xy = Xé U X}. There exists some 6 > 0 and r € (0, 1) such that, for x €
X9 N B(0, 10r),

Sy (x) > a—zlx%.

In this way, Z N B(0, r) lies above the tangent plane Py in the cone Xy. By reducing
r if necessary, we also assume that

1 1
3 Dy (x) > San =g |07 @y (x)|  forall x € B(O,10r), 1 <i, j <n

and

Bfudh}(x) > %1 for all x € B(0, r) and every unit vector u € Xy. (7.4)

Since 0 is a Lebesgue point of g, then 0 is also a density point of supp wg in U
with respect to H"|7. We take 7 € (0, 1073) small enough (to be chosen below) and
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then we assume r > 0 small enough so that
H" (supp o N B0, 1)) > (1 — ) H"(U N B(0,t)) forallt<r. (7.5)

Next we consider three n-dimensional cubes R;,R., R, contained in Py = {x,+1 =
0} N B(0, r) satisfying

e R; is centered at (—%, 0,...,0), R, is centered at the origin, and R, is centered
at (3,0,...,0).

e We have £(R;) = kor fori =1, c, r, where kg is such that kg € (0, m), Ko &
1, and small enough so that SR; C Xé and SR, C Xj and so that any vector of
the form y — x with y € R; U R, and x € R, belongs to Xj.

Notice that the parameter ko above depends on the aperture of the cone Xy and so on
V2, but noton r.

Next we take N = (C5£(Rl))’1, with ¢5 € (0, 1) to be chosen below (depend-
ing on V2dy(0) among other parameters, but not on r) and we split R; into N”
n-dimensional cubes with disjoint interiors and equal side length. We denote by
Qll, ... QIN this family of n-dimensional cubes. Notice that their side length is com-
parable to 2 and that N & r~!. By standard arguments, we find a subfamily {Q;‘ Ykek,
of {Qll, e, Q{V} such that the n-dimensional cubes {IOQf‘}keK, are pairwise disjoint
and moreover

3 M (506 2 H (¢(R) 2 H' (U N BO. 1))

kekK;

(here and in the estimates below we allow the implicit constants to depend on the
parameter ko above). Provided t is small enough, then it easily follows that there is a
subfamily {Qf‘}keH, C {Qf‘}keK, of the n-cubes Qf‘ such that

H" (supp o N g(QF) ~ H" (g(0F)), (7.6)

and

3 H supp 20 N g(Q1)) 2 H'(U N B, r)). .7
keH,;

See Lemma 8.6 from [22] for more details.
Next, note that the condition (7.6) ensures that we can apply Lemma 6.6 for each
k € Hj to find a ball B,j satisfying

8B} C/\/K(Qf)(g(Qf)) with gt =1 H"ae. in 8B, and rad(B;") ~ £(05),

where Ny (A) stands for the £-neighborhood of A. Observe that, because of the fact
that ®y (x) > %-x? for all x € Xo N B(0, 10r), we have dist(g(Q}), Pu) ~ £(R))* ~
rZ. On the other hand,

£(R)

dist(B;", g(0F)) < €(0F) < =cst(R))>.
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So if we choose ¢5 small enough, then the balls SB,j are contained in R’fl and far
from Py.

Next, let A, k € H, be the projection of the balls B,j , k € Hj, on the hyperplane
Py . The n-dimensional balls Ag, k € Hj, are disjoint, and moreover,

1.7
YoM (AN Z Y H g(A) 2
keH,; keH,;

Therefore, by standard arguments (once again, see Lemma 8.6 from [22] for more
details), we find a family of indices M; C H; such that

H" (supp o N g (15 M%) ~ H" (g({5Ak)) ~rad(Ap)"  foreveryk e M; (7.8
and

D H(supp po N g (75 A0) ~ 1"
keM,;

Since (7.8) holds, we may apply Lemma 6.6 for each k € M; to find some ball B~
satisfying

SB,; c Ny

1
mrad(Ak)(g( IOAk))

with g~ =1H""'-ae. in 8B, and rad(B; ) ~rad(Ay).

Again, since ®y(x) > %lez for all x € Xy N B(0, 10r), the balls 8B, are contained
in R’fl and far away from Py . Further, if I1p, stands for the orthogonal projection
on Py, by construction the n-dimensional ball I1p, (B, ) is contained deep inside
Ip, (B,;|r ) for each k € M;. In fact, by shrinking the balls B, if necessary, we can
assume that

Mp, (By) CHp,(3B]) foreachke M.
Now we denote

W= e, 3B
kEM]

By the disjointness of the n-dimensional cubes IOQf‘, k € M;, the n-dimensional
balls Ip, (%B,;) are disjoint and we deduce that H" (W;) ~ r".

Next we define an analogous family of balls {Bki}kE um, and a set W,., replacing the
left n-dimensional cube R; by the right one R,.

We claim that there is some x € R. N Il p, (supp o) such that

W,NQ2x —W,) # 2.

In fact, for an arbitrary point y. € W,, the set {2x — y, : x € R N I1p, (supp o)}
is of the form R \ X, where R C Py is an n-dimensional cube of side length
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2¢(R.) centered at —y, € R; (so it contains R;) and X is an exceptional set with
‘H"-measure at most 2"H" (R \ I1p, (supp (o)) < cH"(g(R) \ supp o) < ct€(R)".
So for T small enough,'® {2x — y, :x € R. N I py (supp o)} intersects W;, since
HY (W) = L(R)" > ctl(R)".

The preceding argument shows that there exist y; € Wy, y, € W,, and xg € R, N
I1p, (supp o) such that y; = 2xo — y,, or equivalently,

Y+ yr
Xo= T

Observe that, in particular, this implies that [xg — y;| = |xg — y,| & 7.
Let kK € M; be such that y; € HpU(%B,:) and h € M, such that y, € HpU(%B,f).
By construction, there are points yljt € %Bki and y,i € %Bhi such that

Mp,(y,)=Mp, (3 )=y and Tp,(y,)=Mp, )=y,

We claim that the circumference centered at g(xp) (observe that g(xo) € U Nsupp o)

with radius |xo — y;| intersects the four balls B,?E and Bff. To see this, notice that
|1g(x0) — ¥jT1 = Ixo — wil| < (1 — cosa®) r < (@®)?r,

where o is the slope of the line passing through g(x) and yli, which satisfies a® < r

(taking into account that |xg — y;| = |xo — y»| & r and the quadratic behavior of g
close to the origin). Thus,

llg(x0) — i — |x0 — yil| S 7° <« r? ~rad(BY).
Analogously,
|lg(x0) — yE — Ix0 — y/l| S <« r? ~rad(B}).

Thus, since |xo — y,| = |xo — i, the aforementioned circumference passes through
the balls B, BiF.

Let zo = g(x9) and ro = |xo — y;| and let Py be the vertical plane containing
X0, 20, Y1, ¥r. Let Ty be the circumference contained in Py, centered at zg, and with
radius rg. Using the condition (7.4), it is easy to check that there is an arc f:o c Ty
satisfying the required properties in the claim, with the balls Bli, 82jE in the claim
replaced by SBki, 8Bhi. To see this, let H,, be the open half-space whose boundary
equals the tangent to U at zg and containing U N B(0, r) \ {zo}. It is easy to see that
the four balls SB,fE, SB;TL are contained in H,,, taking into account (7.4) with u being
a unit vector with the same direction as y, — xo and choosing the constant c5 above
small enough if necessary. g

1I3Recall that T was introduced in (7.5) and notice that 7 may depend on the parameter «q above, and so
on 6 and V2®U(0). However, t does not depend on r.
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8 Weak flatness: the set E is flat

In this section we conclude the proof of Lemma 6.1, and thus that of Main
Lemma I(ii), by showing that the entire the limit set £y from Lemma 6.4 is contained
in an n-dimensional plane.

Lemma 8.1 Let {Qf}j, {Ej}j, Z,and L be as in Lemmas 6.3, 6.4, and 7.1. Suppose
that the sets E; converge in Hausdorff distance to a compact set Eqg. Then Eo C L.

Proof Let L be a hyperplane such that po(L N Bg) > 0; its existence is ensured by
Lemma 7.1. Without loss of generality we assume that L = R"” x {0}. Aiming for a
contradiction, suppose that xo € Ep \ L, with xp belonging to the upper half space
Riﬂ, say. Notice that supp o C Eog C By. Let [T, denote the orthogonal projection
on L and let yp € EgN L be a Lebesgue point for Eq (with respect to 74" |1 ) such that
yo # I11 (x0). The existence of yo follows from the fact that 1o(L N Bg) > 0.

Denote by 6 the angle between the line through x¢, yo and the vertical line through
xo. Because of the choice of yp, we have 8 > 0. Let §g, § be small positive parameters
to be chosen below, with 0 < § < §p < siné. Since yy is a Lebesgue point for Eg with
respect to H" |1, we can pick p € (0, % |xo — yo| sin 9) such that Ey is (§p)-dense in
B(yo, p)NL.By Lemma 6.6, there is a ball BT C B(yo, 8op) such that g+ =1 H"*1-
a.e.in Bt with rad(B*) &~ §pp. By reducing and moving B a little if necessary, we
may assume that 2BT N L = @.

Let P be the vertical plane (i.e., orthogonal to R"” x {0}) containing x¢ and the
center of BT, which we denote by zg . Consider the circumference I" contained in
P, centered at xg, with radius |xg — zaL |, so that zg' e I'. Notice that T" intersects
L N P in two points z1, 22, and the closest one to zg , which we assume to be z1, is
contained in B(yo, p). See Fig. 2. Hence there exists some point z| € Eg N L such
that |71 — 2| < 8p. By Lemma 6.6, there is a ball B~ C B(z},8p) such that g~ =1
H" 1 ae. with rad(B™) ~ 8p.

Denote by z, the center of B~. Notice that |z, — z1| < ép, so that

|1x0 — 28 | — Ix0 — 2o || = |Ix0 — 21l — 1x0 — 25 || < 29 — 211 < Sp- 8.1

Let Py be the vertical plane containing xo and z, . Consider the circumference I'g
contained in Py, centered at xo, with radius ro = |x — z; |, so that z; € I'¢. It is
immediate to check that distg (I', 'g) — 0 as § — 0. This follows from (8.1) and the
fact that

dist(z, , P) <l|zg — 21| S 8p,

since z1 € P. Then we choose § small enough so that
. 1 n
disty (", Tp) < 3 rad(B™)

Recall that rad(B™) ~ §pp, and so § depends on &), among other parameters. In this
way [y intersects both %BJF and %B‘, and it intersects L N Py in points wy, wy such
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\\
Hj+ (xj,7) \\\\
\‘\ \\
1\
I
xo ° /L}L,i
=
1
\\\ H: (z5,7) ///’/‘r\\ B(yo, p)
\ Jj o\t (/o _+)
\ y \ /] z(y \
\\ f/ z’ \//74/ \\
\ o= &1 o/ \
z2 w2 &) (—y/ 1
T S = | L
B(ws, 1) ),/M( 2 WO /
\\* ) B~ /
N // 7'4 4
N S //Z?&O /
= _—— \\1, y

Fig.2 The setup of the proof of Lemma 8.1, in the case where wg = z, . The figure also shows the case
where wq € 1/8B7 (see the ball centered at the other point labelled 23' in the shaded area)

that
1 +
Joi — wil < g rad(B*) ~ dop.

Let Fo the shortest arc of I'g containing wy and z;, that intersects the closure of
%B*. For §p and § small enough, we have

H!(To) < %HI(FO)- (8.2)

This is due to the fact that, if we let F(/) =Ty NR"T! (where R™*! is the lower half-
space), it holds that H! (fé) < %’Hl (To), since xg belongs to the upper half space.
Since B* and B~ are in a §pp-neigborhood of the endpoints wy, wy of I, (8.2)
follows if §g is taken small enough.

Observe that one of the end-points of Fo is wy, and the other which we denote
by wy, either coincides with z; or it belongs to %BJF. From now on, suppose that
wo =7 -

Claim There exists some t > 0 such that g =1 H"*'-a.e. in B(w», 1).

Assume this for the moment. It is immediate to check that this implies that
ap(wz, r) > 0 for any » > 0 small enough. By the definition of Z in (6.4), this can-
not happen because wy € L C Z. So we get the desired contradiction that proves the
lemma.

Now we turn to the proof of the claim. For contradiction, for some small 7 > 0
and some ty € (0, % rad(B ™)), both to be fixed below, suppose that

/ gmdH"™ < (1 —20) H" ™ (B(wa, 19)).
B(wy, 1)
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Since xo € Ey, there exist a sequence of points x; € supp u; C E; converging to xg.
From the weak convergence in L of 1+ to g™, up to a subsequence, and the fact
J

that g* =1 H"*!-a.e. in B*, we get that for j large enough,
HHHQT N B(wa, 10)) < (1= D) H™ (B(wa, o). (8.3)
Also, for any given y' > 0,
HH(BE\ QD) <y H T (B (8.4)

for j large enough too.
For each j > 1, consider the interval of radii

Jj=[Ixj — wal —to, |xj — wa| + o]
Next, for a given y € (0, 1), let I; the subset of those t € J; such that g;(x;,t) <y,
H"(B(w2, 1) N S(x;,1) \ QF) = cer 1, and H"(B" N S(xj, )\ Q) <y H"(B" N
S(xj,t)) for h = £. It is not difficult to check that /; # & for ¢ > 0 being a suitable
absolute constant. Indeed, consider first the set
I ={reJj: H"(B(ws, 1) N S(xj, N\ Q) = cet 17}
By (8.3) we have

T H" TN (B(wy, 10)) < H" T (B(wa, t0) \ Qj)

= H" (B(wa, 1) N S(x;, 1)\ Qj)dr
VAVS;
I

+/0H"(B(w2,t)ﬁS(xj,t)\Q;“)dt
10 .
J
5/ cet 1§ dit +H'(I7) sup H" (B(wa, 10) N S(x;, 1))
Jj tel?
<2cet T+ HI D).

Since H" 1 (B(wa, o)) = C,,t(’)Z+1 for a suitable constant C,, > 0, rearranging terms,
for c¢ = C,, /4 we get

n+1 n+1
Cntty —2c67Tt

n

X

Ha)z ~ 1.

Next notice that
Ii={tel):ej(xj,t) <y and H"(B" N S(x;, 1)\ Q")

<yH"(B"NS(x;, 1) for h==£}.
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Taking into account that ’HI(I})) = Tty, together with (6.8) and (8.4) (with y’
small enough), by an easy application of the Chebyshev inequality we deduce that
H! (1;) > 0 for j large enough, and thus /; # &, as wished.

For j large enough and r € I;, from the fact that & (x;, r) <y and H" (B(w2, tp) N
S(xj,r)\ Q;r) > T tg, we deduce that for y small depending on 7 and ¢y (and thus
for j large enough),

B(wz,to)ﬂS(xj,r)ﬁHj_(xj,r);éQ. (8.5)

Also, again by the fact that ¢;(x;,r) < y together the condition that H" (BN
S(xj, 1)\ Q )<y H" (BTN S(xj,1)), applying Lemma 5.5, we deduce

1B N S(xj,r) C Hy (xj,7). (8.6)

By (8.5) and (8.6) we can take w3 € B(wz,1) N S(xj,r) N Hj_(xj, r) and z3 €
%B‘ NS(xj,r)C Hj_ (xj, r). Further, we can choose z3 such that

lz3 — 2o | < |x0 — x| + to,

because |r — |x0 — za|| < ty. Then the geodesic I:j in S(x;,r) joining z3 and w3
intersects B Indeed, let P; be the plane passing through x;, z3, w3. Since x; — xg
as j — 00, w3 — w asto—>0 and 73 — 7, as j — o0 and ty — 0, it follows that
F = P;NS(x;, r) tends in Hausdorff distance to Fo = PyNS(xg, ro) (recall that rg =
|x — Z; | and that Fo is a geodesic in S(x, o) because H! (Fo) < é?—[ (T'o) and Iy is
a great circle contained in S(xg, 7¢)). Remark that we can choose #y indepently of j,
so that then we can take j large enough depending on #y. The fact that both w3 and z3
belong to Hj_ (xj,r) imply that r jCH j_ (xj, r) because of the geodesic convexity

of H j_ (xj,r) in S(x;,r). However, I'; intersects %B*‘ for j large enough, taking
into account that FO intersects %B‘* and the convergence of r j to FO in Hausdorff
distance. Since %B* CH(x 7, 7), this is not possible. This contradiction proves the
claim, and concludes the proof of the lemma in the case when the end-point wq of Fo
coincides with z".

The arguments for the case when wy is a point belonging to %B*’ are very similar.
In this case, it turns out that there exists some ¢ > 0 such that g~ =1 H"*!-ae. in
B(w3, t), which cannot hold because wy € L C Z, arguing as above. The existence of
the ball B(ws, t) is proven by arguments very similar to the ones of the claim above,
interchanging the role of BT, Q;L g+ by the one of B™, Q7,87 We leave the details
for the reader. U

Proof of Lemma 6.1 and Lemma 5.1 (ii) The arguments are standard. For complete-
ness, we will show the details.

By renormalizing it suffices to prove the lemma for the ball By := B(0, 1). We
argue by contradiction: we suppose that there exists an € > O such that, for all j €
N, there exist disjoint Borel sets Q;r, Q; c R"*! and a measure wj with (n, 1)-
polynomial growth supported on E; C By such that

wj(Bo) = cory -
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and
10rg d 1
/ (Sj(x,r)2+aj(x,r)2)7r<7 forall x € Ej,
0

while ﬁoo,Ej (Bp) > €.

We can assume that the sets E; converge in Hausdorff distance to a compact set Ey
and that the measures 11 ; converge weakly to another measure (o C Eo, so that we
can apply Lemmas 6.4, 7.1, and 8.1 to deduce that Ej is contained in a hyperplane.
That is, the sequence of sets E; converge in Hausdorff distance to a subset of a
hyperplane, which contradicts the fact that B, £, (Bo) > € for every j. g

9 Propagation of smallness of the smooth square function

In this section we prove an auxiliary and rather easy fact: a(x, r) is small everywhere
near the plane which well approximates the set E.

Lemma9.1 Let @1, Q7, co, By, it and E as in Lemma 5.1. For all . € (0, %) there
exists an € = €(L) > 0 and a § = §(e, \) such that the following holds. If

10r0 ) 2 dV
(sn(x,r) +a(x,r) )T <8 forallx € E, ©.1)
0

then for all points x € NZero (Ly) N By, where Lp, is the plane minimizing
Boo.E(By), and for all radii r € [10€r, rol, we have that

at(x,r) <A 9.2)

Remark 9.2 Before starting the proof, we pick A > 0, and then € = €(A) sufficiently
small with respect to A, and hence, by Lemma 6.1, we find a § = §(¢) so that
Boo,E(Bo) < € whenever (9.1) is satisfied with this §(e). Our proof will be by contra-
diction; thus it will output another § = §(e, 1) for which (9.2) holds as long as (9.1)
holds with this § = 8 (€, A) and moreover € < A.

Proof Choose € sufficiently small. Then by Lemma 5.1 (ii), we know that there is a
8(€) > O such thatif (9.1) holds with this §, then S £(Bo) < €. Now suppose that the
conclusion of Lemma 9.1 is false. Then we find a A > 0 and a sequence of Borel sets
Q]i and measures p; with the properties as stated in the hypotheses of Lemma 6.4

(so in particular (6.3)), such that there exists a point z; € Nae,, (L p,) N By (Where
L, p, is the n-plane minimizing B, E; (Bo)) and aradius r; € [10erg, ro] such that

either a(zj,r)) = A, or a;(zj,r})) = A

Recall that E; — Ej in the Hausdorff distance. Recall moreover that we proved in
Lemma 8.1 that Eg C Lo C Z, where L is an n-plane and Z is an n-dimensional
analytic variety where ag(x, r) =0 for all x € Z and r > 0 (to recall the definition of
ap, see (6.2)). Choose a subsequence, immediately relabelled, such that
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(i) Lj p,— L for some n-plane L{;
(if) rj — v for some t € [10ero, ro];
(iii) zj — z0 € Naery(L(y) N Bo.

It is clear that this subsequence exists, by compactness. Note moreover, that we have
that dist(BoN L}, BoN Lo) < €ro. If not, then for sufficiently large j, dist(x, L j.By) <
erg for each x € £}, but also, by the convergence in the Hausdorff metric E; —
Eo we would have that disty (E;, Lo) < €rg, and this is impossible. Suppose that
ajr(z j»7j) > A (as the other case is treated in the same way). Let z6 the orthogonal

projection of zg onto Lo. We see that |zg — 16| < 2€rp. Then we compute
+ +
A= 0] (z). 1)) — ag (2o, t)‘

< /ﬂmeflzrylz/r% dy—/g+e_‘Z6_y‘2/t2 dy‘

)

< / ﬂm(e‘zf'—y'z/r?—e'Zbylz/tz)dyH/ (1ap —g*)e 5 ay ‘
J J

Making j sufficiently large, we can ensure that the above terms are controlled by 2e.
Then, choosing

10e < A, 9.3)

we reach a contradiction, completing the proof. |

10 Domain splitting

In this section we prove the third conclusion of Lemma 5.1, that is, (5.3). Roughly
speaking, this asserts that whenever the square functions are sufficiently small in
E N By, then a large part of the component D7 is in Q; here D7 is the component
of %Bo \ Lo which contains B, the quasi-corkscrew mostly in Q*; L is the plane
minimizing Bso, £ (Bo). The same can of course be said about D™. More precisely,
we prove the following lemma.

Lemma 10.1 Let Qt, Q= c R**! pe disjoint Borel sets. Fix cy € (0, 1). For each
y > 0, we can choose the parameters B,€, . > 0 from Lemma 5.3, 6.1, and 9.1,
respectively, so that there exists a § = 5(B, €, A, y) > 0 such that the following holds.
Let By = B(xo, ro) be a ball centered at a subset E C By. Supposeminim moreover
that there is a Radon measure p with (n, 1)-polynomial growth such that

wn(Bo) = coryy .

If
20/‘() dr
/ (en(x,r)2+a(x,r)2)— <8 forallx e E (10.1)
0 r
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and E N (By \ ‘5—‘30) #+ &, then the two components DV, D™ of %Bo \Nzero(Lo)
satisfy (up to a relabelling)

HH DI\ <y W (DY) and HT(DT\QT) <y H' (D), (10.2)
where L denotes a hyperplane minimizing Boo, £ (Bo).
To prove this result we will first show the following.

Lemma10.2 Let QT, Q=  R**! be disjoint Borel sets. Let By = B(xo, ro) be a ball
and let E C By be a subset with xo € E. Suppose moreover that there is a Radon
measure [t with (n, 1)-polynomial growth such that, for a given cg € (0, 1),

w(Bo) = corg .

Let Ly be a hyperplane minimizing oo £(Bo) and let Py be the hyperplane parallel
to Lg through xq. For a given k € (0, 1/10), suppose there is a ball B* C By such
that

HHBT\QY) <BH"™(BY) and rad(BY) >« ro. (10.3)

Let Hd" be the a closed half-space with boundary Py and suppose that 4B+ C H(;" .
Let x™T be the center of BT and consider the annulus and the half-annulus defined by

Ag+ :=A (xo, lxo —xT| — %rad(B*'), lxo —xT| + %rad(B+)) and
Apyi=Ags NHY .

Suppose that

10rg dr
2 2
/ (en(x, r)” 4 ax,r) ) — <8 forallxeE, (10.4)
0 r

For all co > 1, o1 > 0 and « € (0,1/10), if § and B are small enough, then the
following holds:

HH AT\ QD) <o H' ™ (A, (10.5)

Remark that the ball BT above is assumed to be a S-corkscrew ball. We allow its
radius to be pretty small compared to r(, as soon as it is at least « rg. To prove the
lemma, we will need to take §, € < k.

Proof Without loss of generality, we assume that o7 < min(«, 1/10). By Lemma 6.1,
we know that B £(Bo) < €, so that dist(Py, Lg) < €rp. Also, by Lemma 9.1, if
X € Nkro (Lo) N By, then ot (x,r) < X for each r € [10€erg, ro]. See Figs. 3 and 4 for
the setup.

We write 7.+ = |xo — x|, so that

Age = A (x(), rer — Lrad(BY), rer + %rad(Bﬂ) .
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Fig.3 The setup of the proof of Lemma 10.2

Fig.4 The setup of the proof of
Lemma 10.2 in the three
dimensional case. Note,
however, that the plane which
contains I" needn’t be
orthogonal to Py

Notice that
Tyt > 4rad(B+) > 8k ro,

because xg ¢ 4B™. To prove (10.5), we split

AL ANQT C[AL N\ Ny, (P)]U[AG N NGy (P)]U[ALL. N F], (10.6)
where F =R\ (Q+ U Q™). Clearly we have

H'H (A N NGy s (Po) Sor 1 (AT ). (10.7)
Concerning the term A; N F, since A; C By and for any r > 0,
H" (S(x0,7) N F) < H"(ST(xo, 1) \ QF) +H" (S (x0,7) \ Q7) <" e(x0, 1),

then we have

ro ro
H AL NF) <H™ T (BynF) = / H"(S(x0,r) N F)dr < / " e(xo, ) dr
0 0
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ro dr 1/2
< (/ £(x0, 1) 7) gt <82 H T (By). (10.8)
0

Since H"t1(By) <, H'TH(BT) <, HH! (A}r), for § small enough (depending on
k and o1) we deduce

H'H AL NF) <oy HTH(AL). (10.9)

It remains to estimate ";'-L/,"JFI(AEJr N~ \NUIVX + (Po)). To this end, by a trivial
application of the Besicovitch covering theorem, we find a family of balls B;, j € J,
such that:

e Each B; is centered at A;+ \ N, rot (Py) and satisfies rad(B;) = %01 Tyt

o A;;_Jr \NO'I"X-F (Po) C UjeJ B
e The balls B; have finite superposition, i.e., ) jes xB; =C.

‘We will show below that
HT(B;NQT) <o H"™ I (B;) forall jelJ. (10.10)

From this estimate, the above properties of the balls B, and the fact that these balls
are contained in A (xo, ro+ — rad(B™), ry+ +rad(B1)), we get

H AL NQT\ Noyr, (P0))
<N HHBNQ) <o Y HT(B))

jedJ jedJ
SorH" (A (xo, ro+ —rad(B1), ro+ +1ad(BT))) & oy H'TH(ATL).

Together with (10.7) and (10.9), this yields %"t (A%, \ Q%) <o H"t!(A},), and
proves (10.5) up to harmless constant factor.

Next we turn our attention to (10.10). For the sake of contradiction, suppose
that "H”H(B N7 > aﬁ-l"“(B ;) for a given j € J. From Lemma 5.6 we in-
fer that there exists a S-corkscrew ball B~ C 2B; for 7 such that rad(B ) 2ok
rad(B ) X, « rad(BT). Taking into account that B C 2Bj, that B; is centered at

B+ \N(,lrer (Py), and that rad(B;) = Solrx+, it follows that
B C A (x0.rer = Jrad(BY), rys + 3rad(B)) N H \ N, (Po).
In particular, denoting r,— := |xo—x~ |, we also have |+ —r,-| < % rad(B™). Hence

there is a ball BY C BT with the same radius as B~ such that its center ¥ satisfies

Ixo =Xt =|x0 — x| =r,-.

So there is a unique great circle I' C S(x, r,-) passing through X and x~. Since
both X and x~ belong to the interior of H + it follows that [ intersects Py = 8HO+
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in two points. Call zo one such point and let B, = B(zo, nrad(§_)), where n €
(0, 1/10) is some small constant which will be fixed below depending on o} and «,
but neither on § nor 8. _

Notice that the three balls B + B, B, are all centered at I' N HO+ . Further,

BYUB™ CHf \Ny,,  (Po) (10.11)

and By, is centered at E)H(;L . By Lemma 9.1, the latter condition implies that, for any
given small A > 0, we can assume that

a(zo,r) <A forall r € [10erg, rol,

assuming 4, € small enough. In turn, it is easy to check that this implies that there is
an absolute constant ¢7 > 0 such that

H (B, N QF) > s H'" T (B,,) (10.12)

(recall that n will be chosen below depending just on o} and k). This condition,
together with the fact that most of B* is in T and most of B~ in Q~, will lead
to a contradiction. The arguments are quite similar to the ones used at the end of
Lemma 8.1. However, for completeness we will show the details.

Indeed, recall that B* and B~ are B-corkscrews for QT and Q™ respectively. This
tells us that

Hn+1(§+ \ Q+) < 7—["+1(B+ \ Q"") < ,3 Hr1+1(B+)
<C(oy, k) H" (BT = prH" T (BT),
and also
W BT\ Q) < pHTEBT) < pHTHB).

Suppose, for example that x~ is contained in shortest arc from I' joining zo and x™
(when this does not happen, x T is contained in shortest arc from I" joining zo and x ~
and the arguments are similar). Let /1 = [r,- —rad(By,), ry- +rad(B,,)] and denote
by G the subset of those r € I7 such that

1/2
1/2

(1) H*(B* N S(xp, 1)\ Q) < B, rad(BH)",

(2) H"(B~ N S(xg,r)\ Q2 )<,3 rad(B™)",

(3) H" (B N S(x0, ) NQ2H) > L e H' (B, N S(x0, 7)), and
4) e(xg,r) <84

Fork=1,...,4, we write r € G if r € I; satisfies condition (k), so that G = G N
N Gy.
We claim that H'(G) > rad(B;,). Indeed, by Chebyshev,

H(11\G) < Gy H'(B* N S(xo,r)\ Q) dr
1 ra I
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1

D — Hn+1(§+ \ QJr)
B *rad(B+)y"

< o B < OB P rd (B = O BPH .
B, “rad(B*T)"

The same estimate holds for H! (] \ G»). Concerning G3, we have

1
/ H" (B, N S(x0,7) NQT)dr < =7 H" (B, N S(xo, 1)) dr
I\G3 2 JinGs

1
SEWH”W&J
Thus, by (10.12),

HY(G3)rad(B,,)" = | H"(By, N S(xo,r) N QY )dr
G3

1
> i H" (B, N S(x0,7) N Q) dr — 57 H™(B,)
1

1

=H"" (B, nQ") - 57 H"™(B,,)
1

> 56 H"™ 1 (B,,) ~ c7rad(B,,)" L.

Consequently, H'(G3) = ¢7 H'(I1). Regarding G4, by Chebyshev and the assump-
tion (10.4) it follows

210 12

2ro
HWh\GUSS”“/1 dmmﬁﬁ§54“m</
0 0

< C(o1,x,m) 8+ 1 (Iy).

zdr)
8(X(),r) —
r

So assuming both 81 and 8 small enough, we deduce that H!(G) > rad(B,), as
claimed.

From the claim just proved, we deduce that there exists some r € G such that
H" (B, N S(xp,7)) ~ rad(B,))" and HY (Bt N S(xo,r) = H* (B~ N S(x0,7)) ~
rad(E‘)”, besides the properties (1)-(4) above. For this r, let

At =B NS(xo,r), A =B NSxo,r), Ag=BNS(xo,r).

It is immediate to check that AT, A~ and Ay are spherical balls centered at a great
circle T, from S(xo, 7). Moreover, ATUA™ C H \W Lour (Py) and Ay is centered
at I'o N Py. By Lemma 5.5 (b), if § and 8 are assumed small enough, then
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and by Lemma 5.5 (a),
AoNHS #@.

Letzi € AgNH g - and let ', be the great circle passing through z; and the center

of A+, Ttis easy to check that if n is assumed small enough, then F; intersects %K’,
and the required smallness of n depends only on o7 and «, because the condition
(10.11) guarantees that the centers of Ag and A™ are far from being antipodal points
in S(xp, r) in terms of o1 and ry, R4, , r. This leads to a contradiction because the

arc of I, whose end-points are z; and the center of A and intersects %Z‘ is shorter
than a half great circle, by (10.11) and the closeness of z; to 9HT, and then by the

geodesic convexity of ST (xg, r), it follows that %K’ N S*(xg, r) # @, which is not
possible. So (10.10) holds and the lemma follows. Il

Proof of Lemma 10.1 From the condition (10.4) it easily follows that
H" (A(xo, Sr0, 15r0) N QD) ~H T (Axo, S0, tyro) N Q) A gt
So there exist balls Bli centered at A(xg, %ro, %ro) with rad(B]i) = ﬁro such that
H (B nQH) ~H T (B N At

Since the condition (10.4) holds for xg and for another point yp € E N (Bp \ ‘5—‘80),
from Lemma 5.6 we infer that there exists two B-corkscrew balls B* for Q* such
that

B* C2Bf C A(x, 3r0.r0) and rad(B*) ~ry.

By reducing and moving B¥ suitably and replacing 8 by a suitable multiple if nec-
essary, we can assume 8 B¥ N Lo = @.

As in Lemma 10.2, let Py be the hyperplane parallel to Ly through xo. From the
fact that 8BT N Lo = @ and rad(B™) & ry it follows that 4B™ N Py = & for € small
enough in (5.2). Let HO+ be the closed half-space with boundary Py that contains
4B, and let

Apt :=A (xo, lxo —xF| — grad(B1), [xo —xT| + %rad(BJr)) and
AL, = Agy NHY,

where x7 is the center of BT. Then Lemma 10.2 ensures that, given o1 > 0 to be
chosen below (with 0] < y), if § is small enough, then

HH AT\ Q) <o H T AT, (10.13)

We let DY be the component of %B() \./\/26,0 (L) which is contained in H(;" . We
split

DT\ QT C[DYNQT\ N,y (Po)|U[DT NN, (P)]U[DT N F].
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Notice the analogy with (10.6). It is clear that
H DT ANy (Po) Sy gt~y HTH(DT). (10.14)
To deal with D™ N F, we argue as in (10.8) and (10.9), and then we obtain
H DY NF) <yrgt ~y H (D). (10.15)

To estimate H" ™! (D* N Q™ \ N, (Py)), as in the proof of Lemma 10.2, by the
Besicovitch covering theorem, we find a family of balls B;, j € J, such that:

e Each B; is centered at Dt \Ner(Po) and satisfies rad(B;) = %yro.
e DT \ Ny r (Po) C Ujel B;.
e The balls B; have finite superposition.

Arguing as in Lemma 10.2, to prove the first inequality in (10.2) (up to replacing y
by a constant mutiple of y), it suffices to show that

H(B;NQT) <yH"T'(B;) forall jeJ. (10.16)

For contradiction, suppose that the preceding estimate does not hold for some ball
Bj. Then, from Lemmg 5.6 we infer that there exists a 8-corkscrew ball ~B_ C2B;
for Q7 such that rad(B~) 2, rad(B;) ~, ro. Taking into account that B~ C 2B,

that B; is centered at Dt \Ner(Po), and that rad(B;) = %yro, for y small enough
it follows that

B~ C 35B0 N Hy \ N1, (o).

Recall that there exists a point yg € E N (Bp \ ‘5—‘B0). Then we apply Lemma 10.2

with the ball B(yg, 2r) in place of By, with B—,Q in place of BT and Q*, and with
cy in place of « and also y in place of oy in that lemma. Let Py, be the hyperplane
parallel to L¢ through yo and let Hy‘; be the closed half-space with boundary Py,

that contains 4B~ (notice that 4B~ C Hf n H). Let X~ be the center of B~ and
consider the annulus and the half-annulus defined by

Az = A (yo, lyo — %1 — Lrad(B), lyo — % | + %rad(ﬁ—)) and
+ i A~ +
AL = Ap N H),

Then, assuming § and 8 small enough (depending on y among other parameters), it
holds:

H"“(A; \Q7) < yH”“(Ag,). (10.17)

From the fact that yg € By \ %Bo and X~ € %Bo it follows that |yg — X~ | > %ro.
Then one can check that the half annuli A}, and AJEZ intersect in a transversal way
and that

W (AL, N AL ) Zrad(B7) 1,
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taking into account that the thickness (i.~e., the difference between the outer radius
and the inner radius) of Agf equals rad(B ™) and the thickness of A‘g+ is comparable
to ro. Consequently,

(A N AT ) 2 HTH AL,
where the implicit constant is absolute. Therefore,
WAL AL Q) < H T AL @) <y R AL
<CH'"TN (AL, NAL).
So, assuming Cy < 1/2,
HH A \QH =H A, nAf ne) = -CyH M Af NAL)

> WAL N AL ) Zrad(B7)rg = c(y) g™

N =

~e()H'T (AL,

However, this estimate contradicts (10.13) if oy is chosen small enough (depending
on ). So (10.16) holds and the first inequality in (10.2) follows. The second inequal-
ity is proven in a similar way. Further, the estimates in (10.2) imply that D" and D™
are located at different sides from L. Il

Part I1. Fourier analytic estimates and stopping time arguments
11 Sketch of the proof of the second main lemma
Recall that
y(x,r)= rin max H (AT (2) N S(x, 1)), (11.1)
where Ty (y) = 2x — y. We also set
g(x,r) = r}% max H T ((QATA(Q7)) N B(x, r)). (11.2)
i=+,—

Now recall the Main Lemma II.

Lemma 11.1 Ler Q1, Q~ c R**! pe disjoint Borel sets. Fix co € (0, 1), 8 > 0 and
e > 0. Let By be a ball, let E be compact, and let |1 be a measure with n-polynomial
growth with constant 1 supported on E satisfying the following conditions:

(@) u(BoN E) > corad(By)".
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(b) For any ball B with radius at most 200rad(By) centered at E such that u(B) >
Orad(B)", it holds Bso.(B) < € and moreover, if EN (B \ %B) #* @ and Lp
stands for the hyperplane minimizing Boo. g (B), the two components D*, D™ of
%B \ L p satisfy (up to relabeling)

Hn+l(Di ﬂQl) > (1 _6)H11+I(Di) fOl" i=4,—.

(¢) It holds that
10rad(By) Ldr
gx,r)"— <¢ foreveryx € E.
0 r

If 0 is small enough in terms of cq, and ¢ is small enough in terms of co and 6, then
there exists an n-dimensional Lipschitz graph I" with slope at most 1/10 such that

99
w() > —u(By),
100

Moreover, the slope of T' can be made arbitrarily small assuming § small enough.

We sketch how this part goes. We follow a strategy that goes back to David and
Semmes [12, Sect. 8] and Léger [24]. We need to construct a Lipschitz graph I" that
intersects a portion of supp(u). To this end, we will use a stopping time argument
which stops either because the angle from the approximating hyperplane becomes
too big (BA, ‘big angle’) or because the measure w has too low density (LD). In
order to show that the graph intersects a portion of large measure supp(u), we must
show that the places where we stopped, both BA and LD have small measure. That
LD has small measure is standard; indeed having low density along a small slope
graph means that by a packing argument it can only have a small proportion of the
whole measure. The difficulty lies in showing that BA has small measure.

It can be shown that if I = {(x, A(x))} is the Lipschitz graph we construct, then

(BA) S VA3

Thus if w(BA) is large, this forces ||VA||% to be large. From this, a contradiction
should (and will) arise. By a Fourier inequality, we will estimate ||VA||% in terms
of a smooth square function over the approximating Lipschitz graph I'. In turn, this
smooth square function will be controlled by the square function g associated with
the symmetry coefficients for Q*. The key lemma will be 14.12, which allow us to
estimate the symmetry square function g associated to the Lipschitz domains induced
by I' in terms of the symmetry square function associated with QF. The arguments in
this step require to argue with the symmetry square function g, instead of the smooth
square function ay, as in [22], say. The subtlety here is that we do not have control
of B over the whole set R"*1\ (@ U Q™) (which equals Q7 in [22]), but rather
of Boo over the support of the measure . The advantage of the coefficients g, which
somewhat resemble the local symmetry condition of David-Semmes [12] (but at the
level of the domains), is that they contain more information than the smooth square
function ay .
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12 The smooth square function A on Lipschitz graphs

Recall that, given an integrable C™ function ¥ : R"*! — R, and disjoint Borel sets

QF c R"M and x e R"H, r > 0, we denote
1 y—Xx
— dy|.
o=t v ()@

cy = y(ydy, e, r)=
v \/):eRi‘Fl v
We also set
2 - 2, - 2, dr
Ay (x)” = A (o (e, 1)+ ay (x,1)%) —.
Remark that we allow i to be non-radial.

We fix an even C*° function ¢ : R — R such that 1y 13 <@ < 1j_1.1,1.1], and we
denote

70 =15(5). forceRr=o0.
r r

We denote by ¢ : R” — R the radial function such that ¢(x) = @(]x|) and we set

1 /x
or(x0) = —(p(—), forx eR", r > 0.
r't \r
Our objective in this section is to prove the following.
Lemma 12.1 Consider a Lipschitz function f :R" — R with compact support and
let T' C R™*! be its Lipschitz graph. Let QT = {(x, y) e R"* 1y > f(x)} and @~ =
{(x,y) e R 1y < f(x)). Let ¢ be a function as above and let

v(x)=o¢(x|), forxeR'*L

Let Ay, and al, be the associated coefficients defined above. There exists some o > 0
such that if |V fleo < o, then

/F Ay X AH ()~ 1V F 12 g

We will prove this result by using the Fourier transform. We need first some aux-
iliary results.

Lemma 12.2 Let f : R" — R be a Lipschitz function with compact support. Then we
have

N - 2
//0 ‘f*gar(x) (@) f (x) ﬂdxzc”vlfniz(w),

r r

where ¢(¢) = [ga ¢ dx and ¢ > 0.
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Proof By Plancherel, we have

2
d
i

/ /OO ‘f * @r (x) — c(@) f(x)

r

_ / /w‘f@)a(rs)—f(s)a(m T
n r

r

2 o ~ ~ 2 d
= [ [f&l [0r§) —9(0)|” — d¢
R* 0
By the change of variable r|&| = ¢, and using that @ is radial we get

o . dr d
fo Iw(ré)—¢(0)|2r |s|f |¢(re1>—¢(0)|2 ’.

The last integral is finite because @(te;) — @(0) = 0(t2) ast — 0, since ¢ is a radial
function in the Schwartz class. Hence,

/ /“"fwr(x) — @) fx)|? dr
n Jo r

d =5<<p>fR|sf<s>|2ds
=clIV 72 O

Lemma 12.3 Let f :R" — R be a Lipschitz function with compact support. Then we
have

o
/(; /"/ye]R"jy—xSr

= IV 1720 (12.1)

@@k VN -0 =0+ S0~ fO)| dy | dr
r n r

Proof By replacing ¢ by c(¢)~'¢ if necessary, we may assume that Jodx =1.
This is due to the fact that, as we shall see below, the assumption that 1|_j 1] < ¢ <
1—1.1,1.1] is not necessary for the validity of this lemma.

Appealing to the change of variable z = y — x and Fubini’s theorem, the left hand
side of (12.1) (with c(¢) = 1) equals

/OO/ ./
0 zeR:|z|<r JxeR
Plancherel + Fubini f o /
EeR” zeR™:|z|<r

dz dr
=L

r't r

/EER” /0 /zeR":|z§r
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@ *VH@) -2+ fx) = fx+2 |

r

dz d
PRl (12.2)
r

r}’l

it 23(rE) F &) + (&) — i f (&)

r

2t -2 (rE) + 1 — 2| 2 — IF©)1de.
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We claim that the inner integral on the right hand side only depends on |£|. Indeed, let
R :R" — R" be a rotation such that R(§) = |£|e; and apply the change of variable
7' = R(z). Using also the fact that @ is radial, then we deduce that the inner integral
equals

l’eR”:lz’fr

el 2
2riE - RN @(rIEler) + 1 — 26RO g

i’eR“:lz/ISr

Now we plug this identity into (12.2) and we change variables again writing y = |§|z’.
Then we get that the triple integral on the right hand side of (12.2) equals

[
§eR" JO  JyeR™:|y|<[§lr

Next we write ¢ = |&|r, so that the triple integral above becomes
2 dy I#EI”Jr2 dt -~

d
‘/EkeRn ‘/(\) /yGR”ZI}’IEI |§—|n t" |f(§)| s

00 . dt -~
-7 primpaen+1-emn [ ay S [ e fotae.
0 JyeRm|y|<r " §eRe

Hence, to prove the lemma it suffices to show that the double integral

=l
yeRmy| <t

is absolutely convergent and positive. It is immediate that this is positive. To show
that this is absolutely convergent, we split it as follows:

o0 o0
0 Jlyl<min(1,1) L JIg|y|<t

First we estimate I5:

Iz</00/ (1+|y1f/7(t61)|2)dy di
N Sisyis tn+3
<1 *© 2 dt o 2 dt
< _ n+2 |~ < ~ at
N/] 3 dl+/1 1" |@(ter)| prEe: N1+/1 |@(ter)| ; <1,

taking into account the fast decay of ¢ at oo for the last estimate. Concerning 1, we
have

o0
115/ /
0 Jly|<min(1,r)

. ;12
27Tl|€:|el 'Z/@\(V|‘§|el)+1_ezmlf\em dZ/

. 12d .
2iy Grlglen) +1— e |" S S Fe) P ds.

g1

2iy @(ter) + 1 — 2™ ‘

2
dy

2miy; p(ter) +1— e2”’y“ dy t”+3

dt
tn—i—3

. 2miy] 2
2miy1+1—e ‘ dy
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+/w/ iy @en — D2 dy -2 (123)
iy @(ter) — D dy ——. :
0 Jly|<min(1,r) 3

The first term on the right hand side satisfies

o
/0 /|y|<min(1,z)

priv |2
5/ / ‘2711')/1 +1— e
B(0,1) Jt=|y|

. i 2
,Sf ‘2my1—|—1—e’”y1
B(0,1)

iy + 1 — ¥

2 dt
‘ dy ln+3

dt
tn+3 y

[ <
prrz st

taking into account that 2wiy; + 1 — e = O(|y|*) as y — 0. Finally we turn our
attention to the second term on the right hand side of (12.3):

/OO/ 2riv @e) — DI dy -2
iy (@ller) — y
0 Jly|<min(1,t) 3

. dt
st [ e 1P iy
B(0.1) 1=yl t
R dt
§1+/ Iylzf @(ter) — 11> —=dy.
B(0,1) lyl<t<1 t

Since ¢ € C* is radial, and $(0) = 1, we have ¢(re;) — 1 = O(¢?) as t — 0, and so
the last integral is bounded above by

1
C/ |y|2f —_ldrdysf ly[* " dy S 1.
B(O,1) yl<i<t t" B(O,1)

So I} < oo and the proof of the lemma is concluded. O

In the remaining of this section, we will use the notation x = (xq, x,+1) for x €
R,

Lemma 124 Let f : R" — R be a Lipschitz function with compact support with
IVflloo < 1/10 and let T and QF be as in Lemma 12.1. For x = (x0, Xp+1) €
R" x R, denote

p(x) = @(x0) (xn+1)-
Then we have

@r * f (x0) — c(@) f(x0)

r

forall x € R on the graph of f andallr >0

+ _
a,(x,r)=
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and

00 _ 2
/RA,)((XO,f(XO)))deO=2/R /0 ‘f*‘ﬁr(xo) c(p) f(xo) |” dr

n+1 r
where c(¢) = fR pdx.

Proof Observe that

1 y—x
Cp,— — d
P sz+p( r ) Y
1 Y0 — X0 \_{ Yn+1 — Xn+1
=—n/ / </’( o= “— ) dyat1dyo

T JyoeR™ Jyui1> f(x0) r r
1 Y0 = X0 \—{ Ynt1 — Xn+1

- 7/ / €0< o — | dyns1dyo
" JyoeR" Jyup1> £ (o) r r

f (o)

= / or (Yo — xo) @, Ynt1 — Xu1) dynt1dyo
yoeR” f(x0)

Observe also that, if ¢, (yo — x0) # 0, then because ||V f|loo < 1/10,

1
@r (Vng1 — Xng1) = - for yp+1 € [f (x0), f (o)l

As a consequence

cp—i ,O(y_x)dy:/ gor(yo—xo)MdyO
yoeR” r

" Jo+ r

_ P f(x0) —clp) fxo)

r

Hence,

2 _ + 2dr _
Ay (x) —2/(; ag (x,r) ;. 2/0

Integrating with respect to xp in R”, the lemma follows.

r r

—dxg
,

¢, * [ (x0) — c(g) f(xo) |* dr

O

Lemma 12.5 Let f : R" — R be a Lipschitz function with compact support with
IV flloo < 1/10 and let T' and Q* be as in Lemma 12.1. For x = (X, Xp4+1) €

R" x R, denote
p(x) =@ x0) P(xnt+1) and P (x)=@(x]).

Then we have

/F A, () = Ay I dH" @) STV Flla 1V 172 -
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Notice that for the open sets equal to the two components of R"*! \ ", we have
a?;(x, r) = av_/ (x,r) and a;j(x, r)= a;(x, r). So quite often we will drop the su-
perindices 4+, — in this situation.

Proof Forr > 0, x € R"t1, we denote

p@=—mo(D). ww=amv (D) e =—e(X)

-
Then we have
la, (e, ) —ay (e, )| < |(or % Lgv —¢p) — (Y # Lo+ —cy)|. (12.4)

For x e I', r > 0, we denote by Ly , the hyperplane passing through x with slope
equal to c(¢) " (¢, * V f)(xo) (as a graph over R"), and we let H;r, H_, be two
complementary half spaces whose common boundary is Ly ,, so that H);"r , 1s above
Ly, and H, is below Ly ,.

Observe that, by the radial symmetry of 1,

Cy =/ LY dy =1yl (x) forallxe R and r = 0.
yeRY

We claim that the same identity holds replacing ¥ by p. To check this, suppose that
x = 0 for easiness of notation and let y,; = b - yo be equation of the line Lg ;. Then,
by the evenness of ¢ we have

orx 1y, (0) = f(pr(yo)/ @ (Ynt1) dyn+1dyo
Yn+1>b-yo

1 _
=5 / or (¥0) @ (Ynr1) dynt1dyo
Yn+1>b-yo

1 _
+ 5/%@0)/ @, ny1) dyns1dyo
yn+1<_b'y0

1 _
= 5/%@0) @, nr1) dynr1dyo
Ynt+1>b-yo

1 _
+§/<Pr(YO) 0, On+1) dyns1dyo
Yn+1<b-yo

1
=§/pr(y)dy=f or(y)dy =cp,
R::H

which proves the claim.
From the above identities and (12.4), for x € I', we obtain

lap(x, 1) — ay (x, )| < |pr * (Lg+ — Ly ) () = Y % (Lot — ]lH;r)(x)\ (12.5)

= |(,0r —¥r) x Lo+ — ]1H;f,)(x)‘
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5/ 17 (v = %) — Y (y — )| dy.
QtAHT

x,r

But now observe that, if |[x — y| < 3r, then using the fact that ||V f|ls < 1/10, we
have @, (Vni1 — Xni1) = % forallx eland y € Q*AH;. Thus, by the definition
of p and ¥,

1
or(y —x) =Y (y —x) =@ (Yo — x0) @ Ynt1 — Xnt1) — ;‘Pr(b’ —x|)

1
= 77 (#-Go = x0) =1y = x).

Still for x € T" and y € QT AH, notice that if |x — y| < r/2, then ¢, (yp — x0) =

X,r?

L, (y —xD = L and thus p, (y —x) — Y (v — x) = 0; while if |x — y| = r/2

1 _ [Ynt1 — Xnp1]?
|or (v = %) = Y (v = )| = = 11@) llo0 | (30 — x0) — |y — x| S =
r r

Since supp p, U supp ¥ C B(0, 3r), in any case we get

IV £fllor)® _ IIVAIZ
lor(y =) =¥ (v —0)| S rn+°3° = forxelandye QtAH,.

Plugging this estimate into (12.5), we obtain

\V/ 2
lap(x,r) —ay(x, )] < % H QY AHT) N B(x,3r)).

Next, using the fact that the equation of the line Ly , is
a1 = (@)~ (¢ %V )(x0) - (yo = x0) + f (x0),
we get

H'TH((QTAHS,) N B(x,3r))

f[ = |C(§0)_1((pr * Vf)(xo)(yo —x0) + f(xO) _ f()’o)ldyo
Yo—X0|=3r

1/2
</ (f - le(@) ™! (@r * V £) (x0) (yo — x0) + f (x0) — f(yo)|2dyo> :
Yo—Xo|=3r
Hence,

lap(x,7) —ay(x,r)|

Vv £12
< Dl ( / (@) ™" (gr %V £)(x0) (o — x0)
r [yo—xo0l<3r

12
+ f(x0) — f(o)I? dyo) :
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Therefore,

|Ap(x) = Ay (x)]

00 dr\'? 00 dr\/?
:‘(/0 ap(x,r)2 7) — </0 aw(x,r)2 T)
o 1/2
< (/ la, (x, 7) —a¢<x,r>|2ﬂ)
0 r

< ||Vf||§o<f / le(@) ™ (@r % V ) (x0) (yo — X0)
0 Jlyo—xo|=3r

dr \'2
rn+2) !

Squaring and integrating on x and applying Lemma 12.3, we get

+ f(x0) — fFOO)I*dyo

/F |A, (x) — Ay ()P dH (x) ~ / |A, (x) — Ay () > dxo

5||Vf||‘;o/ / / (@)™ (@r * V1) (x0) (yo — x0)
R* JO J|yg—xo|<3r

dr
rn+2

+ f(x0) — £ (o) * dyo —— dxo
~ 4 2
RV FIE NV Iy O
Proof of Lemma 12.1 By Lemma 12.2 and Lemma 12.4, we have
2 ~ 2
/r Ap ()2 dH () 2 IV f 1172z
On the other hand, by Lemma 12.5,
/F A () = Ay ORI @) S IV L1 19 F gy
Hence,
/A,/,(x)Zd'H"(x) 52/ Ap(x)de"(tz/ | A, (x) — Ay (x) |2 dH" (x)
r r r
2
S ”Vf”LZ(Rn)
In the converse direction, we have
1
/ Ay ()2 dH" (x) > 5/ Ay (x)* dH" (x) — / Ay () dH" (x)
r r r
=V f 2@y = CIV IS Y F 172 gy

So if ||Vf||fiO < ¢/2C, the lemma follows. O
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13 Construction of an approximate Lipschitz graph

To prove Lemma 11.1 we need to construct a Lipschitz graph which covers a fairly
large proportion of the measure ;. Many lemmas will not be proved, and we leave it
to the reader to apply the (mostly cosmetic) changes from the planar case in [22] (or
[29, Chap. 7]).

Fix € > 0 and € > 0. We assume that the hypotheses of Lemma 11.1 are satisfied
with these choices of parameters € and 6. We shall also introduce o > 0, o < 1. Here
o will regulate the slope of a Lipschitz graph that will well approximate the support
of u. We will eventually determine 6, then we will pick o depending on &, and finally
€ can be chosen to depend on both 6 and «.

Recall that E N By # &, since w(E N By) > corad(Bpy)"”. Also, we require
supp u C E, but we do not require suppu = E

Claim 13.1 It suffices to prove Lemma 11.1 under the following conditions:
e The center of By satisfies xo € E.
e suppu C By.
e EN(100By\ 99By) # 2.

Proof From the (n, 1)-growth of u and the fact that w(Bo) > cory, it follows that
there exists two balls B, B> centered at E such that

dist(B1, B2) 2, rad(By),
rad(By) <S¢, rad(B1) =rad(B;) < rad(By),
and

w(B;i) Zeo 1(Bo),

for i =1,2. See Lemma 7.6 from [29], for example. Further, we can assume that
dist(B1, B>) > 1000rad(B;) = 1000 rad'(Bg). To check this, cover each ball B; by a

finite family of suitable smaller balls Bij and for each i = 1, 2 replace B; by the ball
B with largest measure.

Let 31 be the smallest ball concentric with B contalmng B (so rad(Bl) =
dist(B1, B>) +3rad(By)). Iti 1s easy to check that By C 200 B1 and B; C B1 \ 0. 99B1

So replacing the ball By by -1 106 B, W by w|p,, and adjusting suitably the constant ¢
and other constants in Lemma 11.1, the claim then follows. O

We denote ro = rad(Bg) and we set
Ey=E N By.

Besides the conditions in the claim above, we will assume that xo = 0 and that the
hyperplane L g, that minimizes Boo £(Bo) is horizontal. We denote by Lo the hor-
izontal hyperplane passing through xo, and we identify it with R”. Notice that if
disty (Lo, Lp,) < €19, because x € Ej.
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Recall that for a ball B, L g denotes a best approximating plane for B, £ (B). Also
we denote

That is, ®,(B) is the n-dimensional density of u on B.
Let x € Eg = EN Bg and 0 < r < 50rg. We call the ball B = B(x, r) good, and
write B € G if
(a) ®,(B)>06,and
(b) Z(Lp,Lp,) <.
Therefore, by the assumptions of Lemma 11.1

Boo,E(B) < € whenever B € G. (13.1)

We say that B = B(x, r) is very good, and write B € VG, if B(x, s) € G for every
r <s < 50r¢. Since 6 < cp, we have that any ball B centered on E that contains
By with rad(B) < 50r¢ is very good. In particular, By is very good. Notice also that
Boo.E(20By) < €, and thus

dist(x, Lo) < erp for all x € E N 20By.
For x € Ey we then set
h(x) =inf{r : 0 <r < 50rg, B(x,r) € VG}.

Observe that h(x) < 2rg, as B(x,2rg) D Bg. Notice that, if x € Ey and r €
(h(x), 50rg), then, from (13.1),

®M(B(xa r)) =0, ﬂOO,E(B(-xa r)) <e, and 4(LB(x,r)a Lo) <a.

Put
Z=Eyn{h=0}
We now set
LD ={x € Eo\Z : ©,(B(x, h(x))) <0},
and

BA =Ep\(LDU Z),

so that Eg = Z ULD U BA. Since, for x € BA, ©,(B(x, h(x)) > 6, we must have
that L g(x n(x)) has a big angle with Ly, moreover

Lemma 13.2 [29, Lemma 7.13] Provided that € is sufficiently small in terms of 6 and
o, if x € BA, then

o
Z(L (x,2h(x)), Lo) = 5

for any approximating n-plane L p(x 2h(x))-
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Remark 13.3 As remarked above, the cited lemma is stated for the construction of a
one-dimensional Lipschitz graphs in R2. The very same construction can be carried
out in our context without changes. Hence we omit the details. The same remark
applies to all cited lemmas in this section.

We now introduce a regularized version of the function /. Denote by IT the orthog-
onal projection onto Lo and by IT' the projection onto its orthogonal complement.
For x € R* ! get

d(x):B 1r§t; G[|x—z|+r]. (13.2)

(z,r)eV

(Recall here that in order for B(z,r) € VG we must have that z € Eg = E N By.) Now
define, for p € Lo,

D(p)= inf d(x).
xel~1(p)

As infima over 1-Lipschitz functions, we see that d and then D are both 1-Lipschitz
functions. Observe that d(x) < h(x) whenever x € Ey, so the closed set

Zo={x e R :d(x) =0}
contains Z.
Lemma 13.4 [29, Lemma 7.19] Forall x,y € R we have
T () = ()] < 6e|T1(x) — TI()| +4d (x) +4d ().
As a consequence of this lemma, we have that if x, y € Zy, then
T (0) = 0+ ()] < 6 T (x) = TT(y)].
In particular, the map I : Zo — L is injective and the function
A:T1(Zy) —> R, A(I1(x)) = HJ‘(x) for x € Zy,

is Lipschitz with norm at most 6¢. To extend the definition of A to Lg, we appeal to
a Whitney decomposition.

13.1 Whitney decomposition

Let Dy, be the collection of dyadic cubes in Lo (which we identify with R* ¢ R"*!
under an affine transformation). For I € Dy,

D(I) := inf D(p), where D(p)= inf d(x).
pel xell=1(p)

Set

W = {I maximal in Dy, : £(I) < 207" D(I)}.
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We index W as {R;};cy,, - The basic properties of the cubes in VW are summarized
in the following lemma. The proof of this result is standard, and can be found as
Lemma 7.20 in [29].

Lemma 13.5 The cubes R;, i € Iy, have disjoint interiors in Ly and satisfy the fol-
lowing properties:

(a) If x € I15R;, then 5L(R;) < D(x) <50£4(R;).

(b) There exists an absolute constant C > 1 such that if 15R; N 15R; # &, then

C'e(R;) < U(R)) < CL(Ry). (13.3)

(c) For each i € Iy, there are at most N cubes R such that 15R; N 15R; # &,
where N is some absolute constant.

@) Lo\T1(Zo) =Ujcp,, Ri = Uicr, 15R:.
Now set
Ip:={i el : RN B(0, 10ry) # o}.
Lemma 13.6 [29, Lemma 7.21] The following two statements hold.
o Ifi e lp, then £(R;) <roand 3R; C Lo N 12By = (—12rp, 12rp)".
e Ifi ¢ Iy, then
L(R;) ~ dist(0, R;) = |p| Z ro for all p € R;.
Lemma 13.7 [29, Lemma 7.22] Let i € Iy; there exists a ball B; € VG such that
L(R;) Srad(B;) SL(R;), and (13.4)
dist(R;, I1(B;)) S L(Ry). (13.5)

For i € Iy, denote by A; the affine function Ly — Lé whose graph is the n-
plane Lp,. Insofar as B; € VG, Z(Lp,, Lp,) < a, so A; is Lipschitz with constant
tane < . On the other hand, for i € Iyy \ Iy, we put A; = 0. We are now in a
position to be able to define A on L.

13.2 Extending A to L

Consider a smooth partition of unity {¢;};es,, subordinate to {3R;}icyy,, i.€., ¢; €
CP(BR;) with Y-, ¢y =10n Lo =R" C R"*! which moreover satisfies that for
every i € Iy,

IV@illoo S E(RD™" and [V lloe S €(R) 2.

(See [29, p. 250] for an explicit construction.)
Now, if p € Lo\I1(Zp), we set

A(p) =Y di(PAI(p) =) di(p)Ai(p).

ielhy iely
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We require the following lemma, which combines Lemmas 7.24 and 7.27 from
[29].

Lemma 13.8 The function A : Ly — Lé is supported in [—12rg, 12r9]" and is Lips-
chitz with slope < a. Moreover, if i € Iy, then for any x € 15R;,

IV2A@)| <o E(;).

We will denote the graph of A by I', that is
I' := Graph(A) = {(x, A(x)) | x € Lo}. (13.6)
13.3 The Lipschitz graph I' and E are close to each other

The next four results, concerning the relationship between I' and E, are central to
our analysis.

Lemma 13.9 [29, Lemma 7.28] Every x € B(0, 10ry) satisfies
dist(x, T) <d(x).
Lemma 13.10 [29, Lemma 7.29] For B € VG and x € I' N\ 3B, it holds that
dist(x, Lg) <p erad(B). (13.7)
Lemma 13.11 [29, Lemma 7.30] We have
dist(x, ) <ged(x) foreveryx € Ej.
Lemmas 13.11 and 13.10 combine to yield the following statement.
Corollary 13.12 Suppose that B € VG. As long as € is small enough in terms of 0,
dist(x, ") <g erad(B) forallx € Ly N2B. (13.8)
Proof If B = B(z,r) € VG, then z € Eg so by Lemma 13.11, dist(z, ") Sg er,so I’
(as well as Lp) passes close to z. On the other hand, Lemma 13.10 ensures that if
B e VG, then' N 3B C NC(Q)Erad(B)(LB). Since both I and L are connected, we
readily deduce the conclusion. g
Lemma 13.13 [29, Lemma 7.32] We have
dist(x, Lg) <g €rg forallx eT.
Lemma 13.14 Assuming € small enough, for all x € Eo and for all x € ", we have

DT (x)) =d(x) < D(I1(x)).
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Proof The inequality D(I1(x)) < d(x) holds for any x € R"*! by the definition of
D. For the converse inequality suppose first that x € I". For any 7 > 0, let x’ € R*t!
be such that IT(x) = IT(x) and d(x") < D(IT(x")) 4+ 7. Then |x’ — x| ~ dist(x’, T") <
d(x’) by Lemma 13.9. Thus, since d is 1-Lipschitz,

dix) <dx)+|x — x| <d(x") < DII(x") + = DI1(x)) + 7. (13.9)

In the case x € Ep, consider again z € I' such that IT(x) = I1(z), so that by
Lemma 13.11,

lx — z| &= dist(x, ') g ed(x).
Then,
dx)<|x —z|+d(@) <C@®)ed(x)+ CDII(z)) =C)ed(x)+ C D(I1(x))

which implies D(IT(x)) <d(x) < D(I1(x)) for € small enough. (I

14 Small measure of LD and BA

14.1 LD has small measure

The following lemma shows that LD has small measure. The reason for this is that LD
can be covered by balls of small density that are closely aligned to the n-dimensional

Lipschitz graph I".

Lemma 14.1 [29, Lemma 7.33] If 0 is sufficiently small, and € > 0 is sufficiently small
in terms of 0, then

1
LD) < — u(By).
a( )—1000“( 0)

This lemma determines our choice of 6.
14.2 BA has small measure
Our objective in this section is to prove the following.

Lemma 14.2 If « is chosen sufficiently small, and € is chosen sufficiently small, with
respect to o and 0, then

(BA) S '/ (). (14.1)

Recall our assumption that the hyperplane Lg coincides with the {x € R"*!:
Xn+1 =0}, and so L(J)- is the vertical axis. For a radial function v as in Lemma 12.1,
we denote by ag y and Agq y the respective square functions ay, and Ay, associated
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with the sets Q1, Q. The analogous square functions associated with the Lipschitz
domains

Vt={xeR": 1k > A(M(x)), V ={xeR":ntx) < A(T(x))}

are denoted by ay y and Ay y.
For the reader’s sake, we recall here the assumption (b) of Lemma 11.1.

Assumption 14.3 For any ball B with radius at most 200rad(By) centered at E such

that u(B) > Orad(B)", it holds B £(B) < € and moreover, if £ N (B \ ‘5—‘3) * O

and Lp stands for the hyperplane minimizing B £(B), the two components DJ{B
2

and Dl_B of %B \ L p satisfy (up to relabeling)
2
H' (DT nQt) > 1 -1 (DT )
3B 2B
and

n+1 - - n+1 —
H (D%BHQ )>(1—€e)H (D%B))'

Applying this lemma to a ball B’ € G containing 15Bj, interchanging the upper
half plane by the lower half plane if necessary, we deduce that

H T ASBy NRIT N Q) > (1 — Ce) H™ (15BN RITY)  fori =+, —. (14.2)
Lemma 14.4 Assume € small enough in terms of 0. For every ball B € VG it holds
HTYBNVI\QT) <y e HH(B)
and
H'TUBNVT\ Q) <y e H™H(B).

Proof We prove the lemma for V™ and Q. We claim that for every B € VG there
exists a concentric ball B’ with 2rad(B) < rad(B’) <y rad(B) such that E N (B’ \
g—‘B’ ) # . This follows immediately from the Assumption 14.3 when B is a large
ball, that is when ¢(0) rg < rad(B) < 50rg, where c(0) is a small constant to be fixed
in a moment. On the other hand, for smaller balls, we use the fact that for any ball
B” € Gand A € (0, 1), by the (n, 1)-growth of u and the stopping condition for low
density balls, we have

w(B") < \"rad(B")" < A" 6~ u(B").

So for A = A(0) = (1",
1
w(B"\ AB") > 3 n(B")).

@ Springer



282 I. Fleschler et al.

Consequently, the ball 20A(6) ™' B satisfies (201(0)"'B \ 20B) > 0, assuming
20A(9)~'rad(B) < 50r. From this fact, it easily follows that we can find a ball B’ as
claimed above, whenever 20A(6)~'rad(B) < 50ry.
By the Assumption 14.3 applied to B”, we know that H"H(DTB/, \ Q) <
2

e ! (D—li_BH)' Since B C %B” and rad(B") ~% rad(B), it follows that
2

HTH(DE\NQT) < 1T (DF, nB\Q)+H"T (D} A (D}, NB)) Sp erad(B)",

where we took into account that disty (B N Ly, B N Lgr) <y erad(B) for the last
inequality. Now, recall from Lemma 13.10 that if x € I' N 3B, where I is the graph
of A (see (13.6)), then dist(x, Lg) <g e rad(B). In other words,

I'N B C Neyerads)(LB)-
In particular, this implies that
BNV A\ Q) \ Neyeradsy(Lp) € D\ QT either fori =+ ori = —.

Note moreover that H" ™ (N, eraacp) (L)) So €H" (D). Hence we conclude
that, either fori =+ ori = —,

HnJrl(B N Vi \ Q+)
=H"TN (BN VI\ Q") NNeyeraan) (Lp))
+H" (BN VI QN \ Ngyeraden) (LB))

So eH"TH(B) + eH" T (D) Sp e HT(B).

This estimate holds for B and also for any ball B concentric with B such that
rad(B) < rad(E) < 50r¢p, with i = 4 or i = — depending on B. Then by the con-
dition (14.2) and connectivity it follows easily that i = + for any such ball B and so
also for B. We leave the details for the reader. g

To prove Lemma 14.2 we will show first that if BA has noticeable measure, then
||VA||§ is (relatively) large, and later we will see that this in turn contradicts the
smallness assumption of the square function involving the coefficients g(x, r) in Main
Lemma 11.1. The proof is split into several lemmas. The first one is analogous to
Lemma 7.35 of [29], which is a consequence of Lemmas 13.2 and 13.11.

Lemma 14.5 [29, Lemma 7.35] Provided that € is small enough in terms of o,

n(BA) Sa?|VA|3. (14.3)

Assume that « is small enough to apply Lemma 12.1. Then

/I;Av,,/,(x)2d7-l"(x) ~ VA3, (14.4)
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where Ay y stands for the square function Ay associated with the graph I" and
the components V¥ of R**!\ I', with ¢ and ¢ as in Lemma 12.1. From this and
Lemma 14.5 we infer that

w(BA) Sa™? / Ay (0> dH" (x). (14.5)
r

Our next objective is to estiimate f I Ay y (x)2 dH" (x).
We denote

1 1
= —D(kx)=—D((II .
£(x) 50 (x) 50 (T1(x))
Lemma 13.5 ensures that if x € 151, I € W, then
1
EZ(I) <Ll(x)<¢e(). (14.6)
We set

~ ro d
Av,,/,(x)2 ::/ cu/,ll,()c,r)2 Tr

£(x)

It will be convenient to denote L2(I") = L2(H"|r). The following lemma is proved
like Lemma 11.5 from [22] and so we omit the detailed arguments.

Lemma 14.6 We have
1AV, = Av y I3y S CO G+ VAL
Observe that, from (14.4) and the previous lemma, we have that
IVAIZ S 1Ayl 20y + 1AV, — Avy 12
SIAVy 172y + COE TG + I VAIL.
Hence, for o small enough, we obtain
IVAIR S AV 13 ) + COErG,
and combining this inequality with (14.5) we get
RBA) S a2 Ay g 172, + COIEC 15, (14.7)

2

To estimate || Ay, y ”Lz(l")’

we split

r
1y s = f / " v e o)
rJew r

min(e 1 £(x),rg) ro
=// +f/ L (48)
r Je) I Jmin(e~1£(x),rp)
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Concerning the first integral on the right hand side, we have:

Lemma 14.7 We have
min(e 1 £(x),rg) d
// ay.y (e, 1) L dH" (x) <p €] loge|rll. (14.9)
I Je(x) r

The arguments for this lemma are the same as the ones in Lemma 11.6 from [22],
and so we skip them again.

To estimate the second integral on the right hand side of (14.8) we need some
additional notation. We let ITr be the projection R”*! — T orthogonal to L¢. We let
Dr be the family of “dyadic cubes” on I' of the form

Dr ={Mr{):I € Dy,}.

We define the side-length of R € Dr (and write £(R)) to be equal to £(I), where
I € Dy, satisfies R = Iy (1). Then £(R)" is comparable to H" (R). Then we set

Wr={Ip(I): 1 e W}. (14.10)

Denote by Wr o = {IIr(R;) : i € Ip},so I € Wr o if I =IIr(R;) for some R; that
intersects B(0, 10rp). The following is the analog of Lemma 11.7 from [22].

Lemma 14.8 If I ¢ Wro, x € I,and 0 <r <ry, then B(x,2r) C 15By.

We now claim that there is an absolute constant C, such that for each I € Wr that
intersects 15 By, there exists a ball B; € VG (centered at z; € E) such that

Cz_lrad(BI) <{(I) < Corad(By), (14.11)
I C CyBy, and I (z7) € C2 By. (14.12)

The arguments are the same as the ones following (11.6) in [22], and so we omit them
again.

The following auxiliary result is proven in the same way as Lemma 7.41 in [29]
and Lemma 11.8 in [22].

Lemma 14.9 For each I € Wr o there exists some function g5 € L* (), g1 > 0 sup-
ported on By such that

/gzdu=H”(l), (14.13)
and
> g Sc®). (14.14)
1eWr o

The first main step to bound the first integral on the right hand of (14.8) is con-
tained in the following lemma.

@ Springer



Carleson’s &2 conjecture 285

Lemma 14.10 We have

"o dr
/f ay.y (x,r)? —dH" (x)
I Jmin(e~1¢(x),rp) r
o dr
<o €2rf +/ / ay.y (x, 1) —dup(x), (14.15)
Ey Jmin(ce=14(x),ro) r

for some absolute constant ¢ > 0.

Throughout the proof of Lemma 14.10, we will let the implicit constant in the
symbol < depend on 6 without further mention.

Proof By Lemma 13.6, e‘lﬁ(x) > rg for x € I € Wr \ Wr,0, so we may write

i dr
// av,,/,(x,r)z—d']-l"(x)
I Jmin(e=1¢(x),rg) r

=Y //0 av,w(x,r)zgdﬂn(x). (14.16)
I Jmi

W0 in(e~1(x),rp)

Given x € I € Wr,, we consider an arbitrary point x’ € B;. Using the fact that
r>e (x)~ e 1(I) > £(I) and taking into account that |x — x’| < dist(I, By) <

£(I) by (14.12), we get
r r

=] _Ed)
pn+2 Y ’

lay,y (e, r) —ay g (', r)| <r ! /
v+
S ||V1//||oo/
B(x,2r)

Plugging this inequality into the right hand side of (14.16), we estimate the integral
on the left side of (14.15) as follows:

"o dr
/1/ av (e, ) 8 d (x)
I Jmin(e~1€(x),ro) r

< 0 . / Zdrd n
oY A inf ayy (x',r)? — dH" (x)

i -1 x'€B
1eWr in(ce ' €(1),rp) 1

o o2 d
+ Z /I/m (rz) TVd'Hn(X)

1eWro in(ce~1¢(I1),rp)

=T +T.

First we bound 7> in a straightforward manner by evaluating the double integral:

< n * 6(1)2 < 2 n < 2. n
T < Z o) — dr<e Z (Nt <erry.

3
-1 r
1eWr cem D) IeWr
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Finally we estimate the term 77. To this end, we consider the functions g; con-
structed in Lemma 14.9. It is clear that

0 . dr
n= Z // inf ayy(x', )% — gr(x)du(x).
1eWry min(ce r

~le().ro) ¥'€B1

Observe now that, for each x € By, since £(-) is %-Lipschitz and taking into account
(14.6), denoting by x; the center of 7,

Lix) <e( ! < e
() = D) + 5 b —x1 S D),

Therefore, using also (14.14) and the fact that we are assuming that supp u C Ep,

ro dr
T 5// Yo i@ ayy )’ —du)
min(ce~1€(x),r0) 1eWry '

"o dr
5/ / ﬂv,w(X,r)z—dpL(x).
Eo Jmin(c’e1€(x),rp) r

Gathering the estimates obtained for the terms 7 and T3, the lemma follows. O
Next we intend to estimate the square integral on the right hand side of (14.15)

in terms of the coefficients g(x,r) defined in (11.2). To distinguish the coefficients
associated to T from the ones associated to V*, we write

1 i -
oo (¥, 1) = —op max W@ AT(QM) N B(x, 1)
and
1 . .
ov(x,r) = g max WU (VIAT(VE) N BGx, 7).

We also define coefficients yq(x,r) and yy (x, r) as in (11.1) associated to QT and
V*, respectively.

Lemma 14.11 We have

"o zdr
ay,y(x, r)” —dp(x)
Eo Jmin(ce=1¢(x),ro) r

2ro dr
5/ / gv(x,r)* —du(x).
Ey r

min(ce14(x),rg)

Proof Integrating in polar coordinates as in (3.6) and applying Lemma 3.1, we get

1 © s n
s A (p(;)av(x,s)s ds

a:\l/:,w(-xvr) S
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1 00 s ; 1 2r ;
§4rn+1/(; W(;)VV(X,S)S ds,sr"“"l‘/o ]/V(x,s)s ds.

By polar coordinates again, we obtain

1 2r
sy /0 yy(x,s)s" ds

1 2r i .
= Z rn+1/0 H'((VIAT (VP N S(x, ) ds

1

=7 Z HT((VIAT(VE) N B(x,2r)) S gy (x, 2r).

i=+,—

d

Thus, aj‘f ll/()c, r) < gy (x, 2r). Integrating with respect to @ dit(x), the lemma fol-
’ r

lows. O

The next key step for the proof of Lemma 14.2 consists in estimating gy (x, r) in
terms of go(x, ). To ease notation, we set

Kk =rK(€) =€/t (14.17)

Lemma 14.12 There exists an absolute constant C > 1 such that, for all x € Ey and
re [ce_lﬂ(x), 2rol,

K
v ) S 00, 2) + -y oo upyth
PeWr:PCB(x,Cr)

Proof Without loss of generality we assume that x = 0, so that 7 (A) = —A for any
set A. We define the function 4 : R"*! — [0, co) given by

d(y) =max (d(y), d(—y)).

Recall thaNt the function d is defined in (13.2). Since this is 1-Lipschitz, the same
holds for d. Next we define the following family of cubes

W= {Q maximal in Da+1 : £(0) < 207" &2 irglfg(y)}.

Here Dgu+1 is the family of the usual dyadic cubes form R"*!, which we assume
here to be closed.

The cubes from W satisfy properties analogous to the ones in Lemma 13.5. In
particular, it holds:

(a) If 0 € W and y €150, then £(Q) ~ k2d(y).

(b) For each Q € W there are at most N cubes R € W such that 150N 15R # 2,
where NN is some absoluNte constant.

(¢c) If Q € W, then —Q € W too.
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The properties (a) and (b) follow by arguments analogous to the ones in Lemma 13.5.
We leave the details for the reader. The property (c) is due to the fact that d y) =
57( y) for all y € R"*! and that Q € Dgn+1 if and only if —Q € Dpa+1.

To shorten notation, we write B = B(0, r) (recall we are assuming x = 0). Also,
we let WB be the family of the cubes from W which intersect B. We claim that if
Qe WB, then Q C C B for some absolute constant C > 1. Indeed, if y €e Q N B,
then d(y) = d(y") either for y’ = y or for y’ = —y, and taking into account that, by
Lemma 13.14 and the fact that r € [ce ~1£(0), 2r¢], d(0) &~ £(0) < cer, we have

Q) ~Kkrd(y) =12d(y) <«>d(0) + K2 |y'| < 2r.

Together with the condition that Q N B # &, this implies that 2Q C CB. Remark that
from the above estimates it follows also easily that £(Q) < K 0.
We say that a cube Q € W is good, and we write Q € W if either

e QCVTand—-QcC V™, or
e OCV-and—QC V™.

We also set
Wy = W \ W,. (14.18)

For i =+, —, write

oy = ’H"“((v ATy (VE)) N B(y,r)),

so that gy (y,r) = maxi=+,,giv(y, r). We also let j = —i (i.e., j = F for i = &).
Notice that if Q € W,, then, modulo a set of Lebesgue measure zero,

VINOA TV ) N =V NOAT(V/ N(-Q) =2

Then, for i = +, —, we have

; 1 . .
BN = oo Y HTHVINOA TN 0)
QeWs

2 HTHVIN QA TN Q).
QeW,

- rn+1

Next we need to distinguish different types of cubes from Q € Wb:

(1) We write Q € W} ifboth QNT =@ and ~Q NI = .

(2) We write Q € VA\% if either QNT # @ or —Q NI # &, and moreover any
cube P € Wr (recall that Wr was defined in (14.10) and that cubes from Wr
are subsets of I') which intersects either 2Q or —2Q satisfies £(P) <k ~14(Q)
(here =20 = —(20Q)).
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(3) We write Q € Wg if neither (1) nor (2) hold. That is, either Q N I" # & or
—Q NT # &, and moreover there exists some cube P € Wr which intersects
either 2Q or —2Q satistying €(P) > k12(0).

Then we split

3 3
. 1 . ,
o= 5 X ATV INOAMIHN Q) =) S
k=1

k=1 QeW,f

Estimate of S;. In this case =0Q C R"*!\ I'. Together with the condition that Q €
Wb (recall (14.18)), this implies that either both Q and —Q are contained in VT,
or both Q and —Q are contained in V. Suppose, for example, that the first option
holds (the arguments for the second one are analogous). Since the center xp of Q
satisfies

d(xg) <d(xg) ~ K 2(Q),
from the definition of d(x) it follows easily that there exists some ball B(Q) € VG
that contains Q and satisfies rad(B(Q)) < k24(0). Similarly, there exists some ball
B(—Q) € VG that contains — Q and satisfies rad(B(—Q)) < K_ZE(Q) =Kk~ 0).
Since both Q and —Q are contained in VT, by Lemma 14.4 and recalling that x =

€l/@+9 we have

HTQ\ QM) <H"T' B NVT\QN) SeH™ T (B(Q)) (14.19)
Se ™" 0) =12 H (),

and analogously,
Hn-’rl (_Q \ Q+) 5 K2 H"+1(—Q).
Hence, for € small enough
3 3
Hn+l(QﬂQ+) > ZHVH-](Q) and Hl‘l-‘rl(_QmQ-i-) > ZHn+1(_Q)-
Consequently,

HT(@QTATHEQT)DN Q) =H"T (( QT NOA(THEQTN-0)) (14.20)
> an-H (Q-i- nQ)— /Hn-i-l (TO(Q+,C N _Q))
— Hn+1(9+ N Q) _ Hn+1 (Q+,C N _Q)

E n+1 _l n+l,_ _l n+1
z Q) - HT (=) =S HTHD).
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The same inequality holds with Q% interchanged by Q™ in the case when both Q
and —Q are contained in V. Therefore,

1 2
Sis—g DM@ = D ) W@ ATE@ )N 0.

QEVA\;[} k=+,— QEVT}B

Estimate of S,. We claim that in this case one of the cubes 2Q or —2 Q does not inter-
sect I'. Indeed, either g(xQ) =d(xgp) or g(xQ) =d(—xp). Suppose the first option
holds and suppose that 2Q NI" # &. Then take y € 20 N T, so that by Lemma 13.14
d(y)~ D(I1(y)). Let P € Wr be such that y € P, so that by the definition of VT/Z it
holds £(P) < x~12(Q). We deduce that

d(xg) =d(xg) <d(y) + |y — xo| S D)) + £(Q) ~ £(P) + £(Q) Sk~ £(Q).

which contradicts the fact that £(Q) ~ x2d (x@), by the property (a) of the family W.
So our claim is proven.

So in this case, up to an interchange between Q and —Q, we have 20 NI' =@
and —Q N T # @. The last condition implies that

HH (20N VHaH T (20N V)~ Q)" L. (14.21)

By almost the same arguments as above in the case of Si, there are balls B(Q),
B(—Q) € VG that contain 2Q and —2(Q respectively and satisfy rad(B(Q)),
rad(B(—Q)) <« 24(Q).

Suppose that 2Q C Q7 (the arguments for 2Q C Q™ are analogous). Then, from
Lemma 14.4 applied to B(Q), arguing as in (14.19), we derive

H' 20\ Q) < 2H'(20). (14.22)
We also deduce
H (20N VI\QT) <HT BNV QY) SeH T (B(-0)
5 € (K—Z);H—l 7'["+1 (—2Q) ~ K2 an-H (—ZQ n V+),
using (14.21) in the last estimate. Thus, for € small enough,
H' T (—20n QY =1 (—20nVvINnQt)
~H' TN (20N VH 2 H'T(=20). (14.23)
Now we argue as in (14.20):
H T ((QTATHQT)) N20) =H"T ((QT N20)A (Ty(QT N —20))
> 1@t n 20) — 1 (TO(Q+,C N —2Q))
=H"N QT N20) -1 QPN —20).
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By (14.22) we have
1@t N20) = (1 - CkHH' (20).
and by (14.23),
Hrh@ten-20)=H""(-20) - 1" (20N Q") < (1 —cx) K" (-20)
for some cg > 0. Thus,
HH( QT ATHQT) N20) > (s — Ck*) H' (—=20) ~ 1T (—20)

for € small enough. The same inequality holds with Q% interchanged by Q™ in the
case when 20 C Q7. Therefore,

1 1
Sy D MO X0 ) W@ AT@ ) n20).

Qerf k=+,— 0eWyg

Estimate of S3. For Q € Wg, we write Q € W,f“ if there exists some cube P € Wr
which intersects 2Q satisfying £(P) > « ~1¢(Q). Since Q € W if and only if —Q €
Wg and in this case either Q € Wg“ or —Q € W74, it follows that

1 2
S35 2L @ =5 Y WO,
QeW; QeWws

Observe also that if Q € V~V£“ and P is as above, then Q C N¢ye(p)(2P) (recall that
2P is a subset of I'). Consequently,

ooty s Y W WNewr)2P))

Qe;?\}i}a PeWr:PM2B#Q

<k > Py,

PEWr:PM2B4D

From the properties of the cubes from Wr, Lemma 13.14, and the fact that r >
e 12(0) ~ €71d(0), we deduce that if y € P N 2B # @, then

(P)y~DIT(y) ~d(y) =d0)+ |y =d0)+2r S(e+Dr.

Hence P C CB, for some absolute constant C > 1. Thus,

K

1

835 prany E epy" .
PeWr:PCCB

Gathering the estimates obtained fgr the terms Si, S2, and S3, and taking into
account that the cubes 2Q with Q € Wp have finite superposition (by the property
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(b) above) and they are contained in 2B, we obtain

. 1 )
OS5 Do Y W@ AT ) N20)

k=+.— 0eWy
K n+1
o 2. P
PeWr:PcCB
1 n+l( ok ke K n+1
S o > (@ ATy NN2B) + —op Yooyt

k=+,— PeWr:PCCB

which proves the lemma. g

Lemma 14.13 We have

2Zro o dr
gy (x,r)" —dp(x)
Eqo Jmin(ce=1¢(x),ro) r

5/
Eo

Proof By Lemma 14.12, we have

4ro d
/ gar. ) L du(x) + k25l
r

min(ce~14(x),rg)

2ro dr
/ / gv (x, 1) —dp(x) (14.24)
Eo r

min(ce~1e(x),rg)
2ro dr

< f / ga(x, 2r)> —du(x)
Eo Jmin(ce~14(x),rg) r

2r0 P 5 dr
—_— (P n+1 “a )
" /;0 [Ilin(cele(x),ro) <I’”+1 Z (P) , wu(x)

PeWr:PCB(x,Cr)

So we just have to show that the last summand is bounded above by Kzr(’)1 =
el/(”+2)r8~

By Cauchy-Schwarz and the fact that £(P)" ~ H"(P), we get

E(P)n—H 2
(,Z %)

PeWr:PCB(x,Cr)

e(P)n—i-Z L(P)"
< ( > W)( ) p )

PeWr:PCB(x,Cr) PeWr:PCB(x,Cr)

E(P)’H_z

< 7

~ Z pnt+2 !
PeWr:PCB(x,Cr)
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Therefore,

210 K n+1 Zdr
fEO/ (m Z ¢(P) ) —du) (14.25)

min(ce~14(x),rg)

PeWr:
PCB(x,Cr)
2ry E(P)nJrz dr
2
sef | Y .
Eo Jmin(ce~1¢(x),ro) PeWr: " ’

PCB(x,Cr)

Since all the cubes P in the last sum are contained in C By for some C > 1, for each
x € Ey we have, by Fubini,

/-Zro Z E(P)'H_z dr Z / K(P)}H_z dr
min(ce 1E(x)r0)  pEp S peyy: r=0:PCB(x.Cr) rmt2
PCB(x,Cr) PCCBO

Notice that the condition that P C B(x, Cr) implies that r = £(P) + dist(x, P) =
D(x, P). Thus,

n+2 n+2
/ L(P) : dr < Z / £(P) : d_r
r>0:PCB(x,Cr) it r r2D(x,P) rrt r

PeWr: PeWWr:
PCCBy PCCBy
Z Z(P)n+2
N D P Diy Py+2°
PeWr: (x, P)
PCCBO

Plugging this estimate in (14.25), we obtain

2
2ro K dr
— Pyt —dux)
/EO/m(celZ(x),ro) (F”H Z r

PeWr:
PCB(x,Cr)
/(P n+2
<2 f ( S R ).
Eo peyyp: P)
PCCB()

Using Fubini and the polynomial growth of degree n of u, we easily obtain

Z(P)n+2 e(P)n—i-Z
— < n
[ Y sommaw= Y [ gimdns Y ap)
Eo peyyp: T ey Eo P PEWr:
PCCBy PCCBy PCCBy
.
Putting together the last estimates and (14.24), the lemma follows. O
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Proof of Lemma 14.2 By (14.7), Lemma 14.7, and Lemma 14.10, we have

@ (BA) S 1AV 172, + COI 1

< A 2 d_r d
S ay,y(x,r) m(x)
Eqo Jmin(ce~14(x),rg) r

+ CO)* 1l + C(O)e*| loge|ry.

On the other hand, by Lemma 14.11, Lemma 14.13, and the assumption (c) of Main
Lemma 11.1,

"o 5 dr
ay,y(x,r)” —dux)
Ey Jmin(ce=1€(x),ro) r

2Zro dr
S/ / gy (x,r)? —du(x)
E r

o Jmin(ce1€(x),ro)
S f
Eo

< e u(Eg) 4 €/ i < e/t

o dr
/ EQ(X,F)ZTd/,L(x)+El/(n+2) e

min(ce*ll(x),ro)

Putting the estimates above together, we obtain
1(BA) < C(0)a® e/t it < /043 1y (Ey),
assuming € small enough, depending on « and 6. g

14.3 Proof of the Main Lemma 11.1

By Lemmas 14.1 and 14.2, if 6 is chosen small enough and then € (and thus «) also
small enough (depending on « and 6), then we have

1
BAULD) < — u(Ejp).
wu( )—100”“( 0)

Consequently, u(Z) > %M(Eo), and Z C Zy C I'. This completes the proof of the
Lemma 11.1.

Part III. True tangents

In this (small) Part we assume that Q*+ and Q™ are disjoint open sets. We will show
that, if in addition to a Dini-type condition on the square function &(x, r) = &,(x, r)
we assume a Dini condition on &(x,r)? on a set E C F =R"*1\ (Qt U Q™) of
positive H" measure, where s € (0, n — 1) is not necessarily integer, and moreover
we assume that F is s-content regular, then not only is E n-rectifiable, but it also
admits true tangents.
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15 Spherical slicing with respect to points in a Lipschitz graph

In this section we prove some slicing results involving the capacities Cap, defined in
Sect. 2.2.

Proposition 15.1 Let B(0,r9) C R"! and let T be a Lipschitz graph through the
origin with slope at most t (with respect to R" x {0}). Let B C B(0, rg) be a ball
with rad(B) < % ro such that dist(B,I") > 100t ro. Let F C B and G C I" both be
compact sets. Then, for any s > 1,

n 2 [e'e)
Cap, (F) i (nG) < C(r)/ / Cap,_(FNS(z,r))drdH"(2).
G JO

o
To prove this proposition we will use the following auxiliary result.

Lemma 15.2 Under the assumptions of Proposition 15.1, for all x,y € F and all
8 > 0, we have

n

or,
H'({zeG:llx—zl—ly—zl <£8}) < " _°y|.

Proof Clearly, to prove the lemma we may assume that § < % |x —y].

Let L be the hyperplane orthogonal to the segment [x, y] passing through the
midpoint of that segment, so that y is the point symmetric to x with respect to L. Let
z € G be such that ||x — z| — |y — z|| < §. We claim that this condition implies that

8r0

dist(z, L) <, )
lx — ¥l

(15.1)

To prove this, we assume that z is at the same side of L as x and we let L, be the
plane parallel to L passing through z. We distinguish two cases. Suppose first that

1
dist(z, L) > dist(x, L) = 3 lx —yl. (15.2)

Let z' be the orthogonal projection of z on the line Ly , passing through x, y, so
that the points z’, x, y are aligned. The condition (15.2) ensures that dist(z’, L) =
dist(z, L) > dist(x, L). So x is contained in the segment [z, y] (because z is at the
same side of L as x). Then, denoting h =dist(z, Ly y) = |z — 7’|, by Pythagoras,

52 ly—zl—lx—zl =2+ Iy — 2P = B+ 1x = 2P

=P =Py —xly =2+l =D

~r

ly —z| +|x —z] ro
|y — x| dist(z, L)
~T 70 5

which implies (15.1).

@ Springer



296 I. Fleschler et al.

Suppose now that (15.2) does not hold. That is, dist(z, L) < dist(x, L). In this
case, the point z’, the orthogonal projection of z on Ly , is contained in the segment
[x, y]. Let x” be the point symmetric to x with respect to L, (here a drawing would
help). From the fact that z is at the same side of L as x, it follows that x” € [x, y].
Obviously, |x — z| = |x’ — z|, and also |x” — y| = 2dist(z, L). Then, by Pithagoras,

32|y—z|—Ix—z|=|y—z|—lx’—zl=\/h2+|y—z’|2—\/h2+|x’—z’|2

=P =Py =Xy =+ =2
- ~.

ly —z| + |x" —z| o
2dist(z, L) |x — y|
-7 }"0 )

where in the last inequality we took into account that |y — 7’| + |x' — 7| = |y — Z/| +
|x — | = |x — y|. So (15.1) also holds in this case and our claim is proved.
Because of the claim above, the set

Gry={zeG:|lx—zl=|y—zll =8}

is contained in N, (L), the 8y neighborhood of the above hyperplane L, with §y =

C(7) |f_r(;|. Observe that the mid point of [x, y], which we denote by p, belongs to
B, since both x, y € B. Recalling that dist(B, I') > 100tr( and that the slope of I" is
at most 7 it follows that there is some “transversality” between I and L depending
on 7. More precisely, the angle between L and any line intersecting I' N B(0, rp) in
at least two points is bounded away from O with a bound depending on t. It is easy

to check that this implies that

Srlt
H" (N5 (L)NT) < C(0)dory "~ » _°y| .

Since G,y is contained in N3, (L), the lemma follows. [l

For z € G and r > 0, we consider the measures u, , defined by

/wduz,r = lim pdu
8=>0JA(z,r—8,r+8)

for a.e. r > 0. See also Chap. 10 from [28] for more details in the case of slicing by
planes.

Lemma 15.3 Under the assumption of Lemma 15.1, for any Borel set A C [0, 00), all
¢ € CR"), and for H"-a.e. z € F, the sliced measures |1, , satisfy

/ / pdpus, dr < / o) dpnx),
A x:x—z|€eA

with equality if Iy (1) < oo.
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Proof Consider the spherical projection P, : R” — [0, 00) given by P,(x) = |x —
z|. The lemma follows arguing as in (10.6) from [28]. To prove the equality when
I1 () < 00, it is enough to show that the measure P,z is absolutely continuous with
respect to Lebesgue measure in [0, +00) for H"-a.e. z € F.

Denote

Py (B(t,9))

OL(t, Poyyr) = liminf

By Theorem 2.12 from [28], to show that P, is absolutely continuous with respect

to Lebesgue measure in [0, 00), it is enough to show that @i(t, Poap) < oo for Poypu-
a.e.t € [0, +00). To this end, using Fatou’s lemma, we write

// ®l(tst#M)sz#M(t)dHn(Z)
G JO

<11§n1(1)lf—// Py (B(t,8)) d Pryu(t) dH" (2).

Notice that
Pyp(B(t,8) = w(A(z, t — 8,1 +8)) = u({x e R"™ 1 |Ix —z| — 1] < 8}).

Thus,

/ P4 (B(1,8)) d Poypu(r) = / u({x e RMlx — 2| — |y — 2l | < 8}) du(y).

Then, by Fubini and Lemma 15.2,
o0
/ / OLt, Pap) d Py (t) dH" (2)
G JO

<hm1nf—/ H'({zeF: [lx —z] — |y—z||<8})d,u(y)du(x)

/ f ) ) e 1) < o

which implies that ®i (t, Pap) < oo for Pgu-ae. t € [0, 400), as wished. O

Lemma 15.4 Let F, B(0,rg), ", G be as in Lemma 15.1. Let u be a measure sup-
ported on F. Then we have

o0
/ / Lot (ey) dr dH () <o P2 L (10,
G JO

where (L, is the sliced measure |u on the sphere S(z,r).

Proof By Fubini and Fatou’s lemma, we have

1;=// It () dr dH" (2)
G JO
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00
1
:/ / / / ﬁdﬂz,r(x) di; (y)drdH"(2)
S@r) JS@r) Ix -yl
1
————— du(x)dpz,(y)drdH" (2)
/ / /S(z r) 5*)0 25 A(z,r—8,r+8) |x —_ |S—] z,r

1
<11m1nf—// / / — 1d,u(x)d,uzr(y)alrd?’-l”(z)
30 SGr) JAG@r—s.r+8) 1X — Y[

Notice that the condition x € A(z, r —§, r +§) is equivalent to saying ||z — x| —r| <,
and for y € S(z, r) this implies ||z — x| — |y — z|| <. So by Fubini, for each z € G,

1
/ / ———du(x)duz (y)dr
S JAaGr—s.r+s) X =yl

1
Z/ f / ﬁdﬂz,r()’)drdﬂ(x)
F Jllz—x|—r|<8 Jyes@,r 1X — ¥l

1
5// ———du(y)du(x).
FJllx—zl—ly—zll<s [X — VI

Thus, by Fubini,

1
I<11m1nf—/ // — 1du(y)d,u(x)d?-i"(z)
§-0 llx—zl—ly—zli<s 1¥ = I

—timint o= [ [ e (e € Gl = 2l by = 2l <0 d () dc)

By Lemma 15.2 we know that

n

or,
H'({zeG:llx—zl—ly—zll<8}) <o P —Oyl'

Then we deduce that

ro//F| du(y)du(X)” ro Is (1),

which proves the lemma. g
Proof of Proposition 15.1 Let u be a probability measure supported on F such that
Cap, (F) = I, (M)_l. Obviously, we may assume that Cap,(F) > 0 and I;(u) < oo,

which implies that /; (1) < oo. For each z € G, r > 0, consider the measure v, , =
||/LZ,,||_1 Wz r. For H"-ae. z € G, by Lemma 15.3 and Cauchy-Schwarz,

’ 2
- </ MZJ(F) dr) - (f MZJ(F) L1 (vz*r)l/z I (Vz,r)_l/z d}")

@ Springer



Carleson’s &2 conjecture 299

< ([ Ix_l(u“)dr) (/ Cap,_{(FNS(z,r)) dr> .

Thus, (/ Cap,_(F N S(z,r)) alr)_1 < [I;—i(ju;,)dr, and by Lemma 15.4,

-1
f (/ CapS_l(FﬂS(z,r))dr> d?—["(z)f/ flx_l(uz,r)drd'ﬂ”(z)
G G

Se 1 I () & 1 Capy(F)™ 1.

Then, again by Cauchy-Schwarz,

—1/2
H"(G)f/ (/Caps_l(FﬂS(z,r))dr)
G

1/2
X (/ Cap,_;(FNS(z,r)) dr) dH"(2)

-1 12
< </ </ Cap,_,(F N S(z, r))dr) dH”(Z))
G

1/2
X (/ /Caps_l(F NS(z,r))dr dH”(Z))
G

12
<: (rg Caps(F))_l/2 (/G/Caps_l(F NSz, r)) drd’H"(z)) ,

which proves the proposition. g

16 Weak flatness for FF
In this section we prove Main Lemma III, which we restate for the reader’s sake.

Lemma 16.1 Let @1, Q= C R"*! be open and disjoint, and F = R" 1\ (Qt U Q™).
Fix cg, 06 € (0,1). For any t > 0, there exists § > 0 small enough such that the
following holds. Let T C R"*! be a Lipschitz graph with slope at most 8, let By =
B(xq, ro) be a ball centered at T", and let E C T’ N By be such that H" (E N %Bo) >

corg and EN(By\ %Bo) + @ If QT UQ™ satisfies the s-CDC for some s € (n— 1, n)
and

1000rad(By) dr
/ (en(x, r)2 + ai(x, r)2 + e5—1(x, r)2) — < forall x e E, (16.1)
0 r

where a, ¢ in the definition of &5 are chosen appropriately depending on t, then
Bos,F (4 Bo) <. (16.2)
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Remark that the constant § in the preceding lemma depends on 7, cp, ¢, and also
on s and the parameters involved in the s-CDC condition and in the definition of the
coefficients 5 (x, r).

Remark 16.2 For the proof of the Lemma 16.1, we take €, y > 0 with €, y < t and
then we assume § small enough so that the conclusion of Main Lemma I holds. In
particular, this ensures that S, £(Bo) < €, and, if we denote Lo = L, and we let
Dat be the two components of %Bo \ Lp,, we have

H'TH(DF\ @F) <y H'TH(DF). (16.3)
Note that the condition E N By \ %Bo # & is needed to apply Main Lemma L.

We start with an easy technical lemma. Before stating it, we introduce some nota-
tion. Let z € R"*! and let L. be an affine n-plane containing z; put L. = L, — z. We
define the spherical projection onto L, with center x by

lz =yl

I =—_—
z,Lz(y) |HZZ(Z—}’)|

Nz -y +z,

where Il is the orthogonal projection on ZZ. When z, L, are understood we will
simply write [1,(y).

Lemma 16.3 With notation and assumptions of Lemma 16.1, if 0 <€ <y and y
is sufficiently small, then the following holds. Let Lo be an n-plane minimizing
Boo,E(Bp), let z € EN }TBO, let L, be the n-plane parallel to Lo through z, and
denote by T1,(y) = Il 1 (y) the spherical projection defined above. Let B be any
ball satisfying

(1) B is centered on L, N %Bo and B C %Bo;

(2) rad(B) =y /"y,

(3) B C X;, where, denoting by uy _ the unit vector perpendicular to L,

X;={xeR"™ :|(x —2)-up | < 3x —zl).

Denote by D:,f be the two components of B\ Naey, (L), so that D; - D(jf N B. Then
we have

H' ({y e QT N DL I (T.(y) NQ™ N Dy # 2}
> (1= Gy /"2y H (D), (16.4)

for some constant C3 only depending on n.

If y is sufficiently small such balls can be found. Note also that condition (3)
implies that the set on the right hand side of (16.4) is well-defined, and moreover
Lip(no|B) 5 L.
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Proof Without loss of generality, we can assume z =0 and L. = R” ¢ R"*!. Note
that B N Ly # & because B is centered at L, N }TBO and

Boo. E(Bo)ro < erg L v/ " rg =rad(B)

since € < y. We also have that ’H”H(D;) ~ H'"H(B) ~ D/t gy
Using (16.3) and the fact that B C %Bo, and thus Df C Di, we obtain

Hn-‘rl(D;- \ Q+) < H'H_I(Da_ \ Q+) < ]/Hn+1(D8_)

1 +
— H”J" (DO ) an-H (D+) < C 1/(n+2)an+l (D+)
y’]—[”l-f—l(D;) B/ — 3)’ B/

for some constant C3 = C3(n). Clearly the same holds for HrH! (Dg \ 7). Now set
Ari={yeQ nD}: ;' {Tl.(mWH N NB+#2)} and
(16.5)
Ay:=Qt N DL\ Ay

Consider the reflection ¢ with respect to L, defined by ¥ (y) = (¥1, ..+, Yns —Yn+1)-
As ¥ (y) € H;l({l'[o(y)}), it follows that

yeAy = Y(y) e(QTUF)NDj.
Consequently,
H' (A =H"T (Y (A) < H'™T (QTUF)N DY)
_ H"H(Dg \Q7) < C3yl/(n+2) H"H(Dg) _ C3yl/(n+2) an—H(Dg—)’
which is equivalent to (16.4). O

An immediate consequence of the previous lemma is that IT, (F N B) is large.

Lemma 16.4 Notation and assumptions as in Lemma 16.3. Then, for any B satisfying
(1)-(3) there, we have

H (MIo(F N B)) > (1 — Cay V"2 H"(B N Ly),
where Cqy = C4(n).

Proof Let D, := HO(D}') =TI1,(Dy) and Fp =I1,(F N B). Suppose that H" (D} \
Fp) > Csyl/+2qn (Dg) for some constant Cs to be fixed below. Set

At :={ye D3\ Fp: 117 ({yh c @t n B).

Clearly D%\ Fp = AT UA~ and A* N A~ = @. Suppose that A* has the largest H"

1/(n+2) .
measure out of A%, so that H"(A1) > CSVfH” (D$) (the argument in the other
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case is the same). Then, using the fact that I1g|p is Lipschitz with constant < 1, and
recalling the definition of A; in (16.5), by the coarea formula we obtain

H(Ar) > / . HUTIS () N A2 dL" (x) 2 Csy /T2 T (D ).
A

This, however, contradicts the conclusion of Lemma 16.3, namely (16.4), whenever
Cs is chosen appropriately with respect to C3 in (16.4). Hence, H" (Dg \ Fp) <
Csy 1/("+2)’Hn(DCé)_

2
On the other hand, note that %" (ITo(B) \ Tlo(D}; U Dy)) ~ (%) ! rad(B)" ~
€"H" (I1,(B)). We conclude that

H"(Fp) =H"(Fg N D) +H"(Fp \ Dp)
> (1= Csy /" D)yn(ph)
> (1 — Csy )1 — Ce"YH" (T1,(B))
> (1 — Chy VOt D)yH™(I1,(B)),

where the last inequality holds because € < y. Setting now C4 = Cj5 gives the lemma.
0

Lemma 16.5 Let I1, denote the spherical projection onto R" = R" x {0} centered
at the origin. Let x; € R" be a point with |x1| = R and consider a ball B in R"*!
centered at x| and contained in the cone

Xo={y eR"™ s |ynl < IyI}-
Denote [ =[R —rad(B)/2, R +rad(B)/2]. If a set Fy C R+ satisfies
H"(To(Fo N B)) = (1 — Ca)H"(I1o(B)) (16.6)
with a € (0, 1/10), then
#! ({r eI H'TI(S0. 1) N FoN B) >, rad(B)"—l})
= (1= Ca' AN (D), (16.7)
where the constant C can only depend on n.

Proof Let B, = I1,(B) and Fg = I1,(B N F). Note that B, is a ball in R" with
rad(B, ) =rad(B) and center x1. By Fubini, we can write

H"(Fp) = H' (Fp N S(0,r))dr,
re2l

where 21 = [R —rad(B), R +rad(B)]. (Note that FgNS(0,r) C R"NS(0, r), which
is an (n — 1)-dimensional manifold). Set

Ig={re2l :H" (S0, r)N B, \ Fg) > a'*rad(B)""}.
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From (16.6), we have H" (B, \ Fp)) < a H"(B,,). Then, by Chebyshev’s inequality,
it follows

H (Ig) <€ VPrad(B)'™" | H""'(S(0,r)N B, \ Fp)dr
21

=a 2rad(B)" " H" (B, \ Fp) <a'/?rad(B) ~ o> H (D).

It is easy to see that if moreover r € I, then H"~!(S(0, ) N B,) = rad(B)"~!. Thus,
ifr € Ig =1\ Ip and « is small enough,

H'1(S0,r) N By \ Fp) <a'/*rad(B)"~! < Ca'/*H""1(5(0,r) N B,)

< %H"*‘ (S(0, 7)1 By).

Then, using that Lip(I1,|p) is comparable to 1, because B C X,, we see that, for
relg,

M (SO, 1) N BNF) 2 Hig (Mo 3(SO0,r) N BN F))
=H">1(S(0,r) N B, N Fg))
~H""1(5(0,r) N B, N F3)

2 H"1(50,r) N B,) Z rad(B)" ',

where we used the fact that H* and HX_ coincide up to a constant in k-dimensional
manifolds. So adjusting constants if necessary, the set on the left hand side of (16.7)
contains I. As shown above, H' (1 \ Ig) < H'(Ig) S a!/>H!(I), and so the lemma
is proven. g

Proof of Lemma 16.1 Without loss of generality, we can assume that the n-plane Lg
minimizing Beo, E(}‘BO) is horizontal. Suppose that there is a point x € F N ]Bo
such that dist(x, Lg) > trg. Set B = B(x, yl/(”+2)ro) We suppose § K €=y <K 4
so that d1st(B Lo) ~ dlst(B r) = rro Set F := F N B and note that F C By and
d1am(F) <rp/5. Set also E=En! Bo By Lemma 15.1, we deduce that

n(E)Z

Cap, (F) H"(E) < ;" Cap,(F) i
0
R ~
<C(1) /N/ Cap,_(FNS(z,r))drdH"(z)
EJo
for any s > 1. Consequently, there exists some z € E=EN %Eo such that

o0
Cap,(F) ,Er/ Cap,_;(F N S(z,r))dr.
0
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Because of the s-CDC, we know that Cap, (f) = Cap,(F N B) Z rad(B)*. Using also
that Cap,_;(G) S HiS L(G) for any Borel set G, we deduce

o o0
rad(B)* <, / Cap,_(FNS(z,r))dr <. / ’Hﬁ;l(F NS(z,r))dr.
0 0

LetR=|x—z| < %ro, and set ] =[R —rad(B), R + rad(B)]. For some constant
b € (0, 1) to be chosen soon, let I C I be the subset of radii such that
—1 ~ —
HS(S(z,r) N F) > brad(B)* L.

We now compute:

c(myrad(B)* < | HZ'(SG.r)NF)dr+ HSN(S(z r)NF)dr
I g

<|Ig|rad(B)*~! + brad(B)*,
which implies, with a choice of b = c¢(7)/2, say,

H' (Ig) >; rad(B) = c(z) y /"D r.

Fori =1,...,n, consider the points
xi=z+Re,
where eq, ..., e, is the standard orthonormal basis of R+ Notice that the points

X1,...,X, belong to L, N S(z,r), where L, is the n-plane parallel to Lg through z.
Denote by B; the ball centered at x; with radius rad(B;) = yl/ (”“‘z)ro. Now, with the
choice of € and y stipulated at the beginning of this proof, we can apply Lemma 16.3
to obtain through Lemma 16.4 the conclusion (16.7) with o = y /2 for each of
these balls; that is, for R = |x —z| and [ = [R — y YDy /2. R + /Dy /2] it
holds

H(Ue.) =M (Ir € 1M (S N F N B 20 HAT (S 1) N B)Y)
Z (1 _ Cyl/(2n+4))r}_[1(l)’

where C can only depend on n.
Picking s € (n — 1, n) for which (16.1) holds, via Chebyschev’s inequality we see
that the subset I, , of radii r € I where &;_1(z,r) > s1/4 satisfies

H(I, ) 55—1/2/83,1(z,r)2dr 55—1/2}[‘(1)/8&,1(@”2@ <82HN(1).
I I r

Recalling that H'(Ig) > c¢(t) H'(I), it is then immediate to see that, for § and e
small enough,

i (IG AVARLIA IG,,-) > 0.
i=1
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But note that if r € J, ;== (I \ I, ) N Ig N[/, IG.i, because s — 1 <n — 1, then
we have

HSV(S(z,r) N B; N F) >, rad(B;)* !, (16.8)

and the same estimate holds for B.
Recall from Definition 2.5 that &;_1 (x, ) is given by

o1 - -
gs-1(z,r) =inf — (80, ) /r)" " anss o),
H re Jve z.rs HINF

where V¢ (z,7; H) = Tclo)a(z, r; H)U Tczo’a(z, r; H), and
T! (z,r; H)

co.a
={y € S};(z.r)\ @ : Cap, 1 (B(y,adL, (y)) N S(z. 1)\ Q) = o8] 2 (1)}
Let H be the half space minimizing &5_1(z,7), r € J;. Denote by B, a ball farthest
from Ly outof B, By, ..., By,. In particular, it must hold that
dist(Bfar, Li) > v/ "+ r (16.9)
by our choice of parameters. Let p € By, N S(z,r) N F. Then from (16.9) we see
that 8., (p) > ¥ /2. We claim that
€V (z,rs H), (16.10)
whenever ¢g and a are appropriately chosen. Recall thatrad(Bf4,) =y 1/42) 15+ then
choosing a € (0, 1) appropriately (e.g. a =2/3) we can ensure that

Byar N S8(z,r) C B(p,adr, (p)) NS(z,r).

Hence we see that

M (Bser (P, adr, () NF) = HS (S, 1) N Brar NF) Z1ad(Bar)'™
> %08}, (),

where we used (16.8) in the penultimate inequality and the choice T = y "~ D/("+2)
in the last one. We claim that p € V;‘:) (z,r; H) with the appropriate choice of a, ¢
and p € By, N F N S(z,r). Indeed, by Lemma 2.1 from [18] we have

— i o i\ =2
Cap,_»(Bser)(pr adL, (p)\ Q1) = ¢(s. mHLS (Bs(zr) (p, adL, (p) \ )57
~ N\ en—2
> c(s,n,%0) 87, " (p),

where i =+, —. So choosing ¢y = c(s, 1, ¢p) our claim (16.10) holds. This and (16.8)
imply that

HIS(VE @y H)) = HS (S(2. ) N Brar N F) Zrad(Bray)* ™" 2y 77!

~ ’

recalling that r € J; and thus r ~; r and that rad(B f4,) = yl/(”+2)r0. It is now easy
to see that &5_1(z,7) 2u,, 1. An appropriate choice of § < € < y now contradicts
that r € I \ I, which completes the proof of Lemma 16.1. O
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