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Abstract
In this paper we prove a higher dimensional analogue of Carleson’s ε2 conjecture.
Given two arbitrary disjoint Borel sets Ω+,Ω− ⊂ ℝ

n+1, and x ∈ ℝ
n+1, r > 0, we

denote

εn(x, r) := 1

rn
inf
H+ ℋ

n
(︁
((∂B(x, r) ∩H+) \Ω+)∪ ((∂B(x, r)∩H−) \Ω−)

)︁
,

where the infimum is taken over all open affine half-spaces H+ such that x ∈ ∂H+
and we define H− = ℝ

n+1 \H+. Our first main result asserts that the set of points
x ∈ ℝ

n+1 where
∫︂ 1

0
εn(x, r)

2 dr

r
<∞

is n-rectifiable. For our second main result we assume that Ω+, Ω− are open and
that Ω+ ∪Ω− satisfies the capacity density condition. For each x ∈ ∂Ω+ ∪ ∂Ω− and
r > 0, we denote by α±(x, r) the characteristic constant of the (spherical) open sets
Ω± ∩ ∂B(x, r). We show that, up to a set of ℋn measure zero, x is a tangent point for
both ∂Ω+ and ∂Ω− if and only if

∫︂ 1

0
min(1, α+(x, r)+ α−(x, r)− 2)

dr

r
<∞.

The first result is new even in the plane and the second one improves and extends to
higher dimensions the ε2 conjecture of Carleson.
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1 Introduction

In this paper we prove a higher dimensional analogue of Carleson’s ε2 conjecture.
Consider a Jordan domain Ω+ ⊂ ℝ

2 and set Ω− = ℝ
2 \Ω+. For x ∈ ℝ

2 and r > 0
denote by I+(x, r) and I−(x, r) the longest open arcs of the circumference S(x, r)≡
∂B(x, r) contained in Ω+ and Ω− respectively (note that they might be empty). Then
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set

ε(x, r)= 1

r
max

(︂
|πr −ℋ1(I+(x, r))|, |πr −ℋ1(I−(x, r))|

)︂
, (1.1)

and define the Carleson’s ε2 square function as

ℰ(x)2 :=
∫︂ 1

0
ε(x, r)2

dr

r
. (1.2)

Carleson’s ε2 conjecture, now a theorem, see [22], asserts the following.

Theorem 1.1 Let Ω+ ⊂ ℝ
2 be a Jordan domain, Γ = ∂Ω+, and ℰ the associated

square function as defined in (1.2). Then the set of tangent points for Ω+ coincides
with the subset of those points x ∈ Γ such that ℰ(x) <∞, up to a set of ℋ1-measure
zero.

Let us recall our notion of tangents. For a point x ∈ ℝ
n+1, a unit vector u and

a parameter a ∈ (0,1), we denote the two sided cone with axis in direction u and
aperture a by

Xa(x,u)= {y ∈ ℝ
n+1 | |(y − x) · u|> a|y − x|}.

Given two disjoint open subsets Ω+,Ω− ⊂ ℝ
n+1, we say that x ∈ ∂Ω+ ∩ ∂Ω− is

a tangent point of the pair Ω+,Ω− if there exists a unit vector u such that for all
a ∈ (0,1) there exists a radius r > 0 so that

(∂Ω+ ∪ ∂Ω−)∩Xa(x,u)∩B(x, r)= ∅,

and moreover one component of Xa(x,u)∩B(x, r) is contained in Ω+ and the other
in Ω−. The hyperplane orthogonal to u passing through x is the tangent to the pair
Ω+,Ω− at x. Sometimes, we will call it true tangent, to distinguish it from the ap-
proximate tangent.1

Carleson’s initial conjecture appeared naturally in a two-phase free boundary
problem about harmonic measure; the necessary implication in Theorem 1.1 was
proven by Bishop [5], see also [8] and [20, Theorem 6.3]. The sufficient implica-
tion is more recent, see [22]. We refer to the introduction of [22] for a more thorough
explanation about its connection with harmonic measure.

It is natural to consider whether some analogue of Carleson’s conjecture holds
in higher dimension.2 In other words, we would like to characterise tangent points

1Recall that a set E ⊂ ℝ
n+1 has an approximate tangent at x ∈ E if there exists a unit vector u such that

for all a ∈ (0,1)

lim
r→0

ℋn(E ∩Xa(x,u)∩B(x, r))

rn
= 0.

2Not only natural, but also useful: see the applications on free boundary problems and spectral inequalities
in the companion paper [18], and below in this introduction.
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of codimension-one ‘surfaces’ in terms of a Carleson’s ε-like square function. In
analogy with the case of the Analyst’s Travelling Salesman Theorem (ATST), even
before being able to precisely state the problem we are confronted with two issues:
(A) What is the right analogue of Carleson’s ε square function?
(B) What sort of higher dimensional sets can we work with?
Issue (A) is rather obvious: ε as defined in (1.1) won’t possibly make sense in higher
dimensions and some obvious generalisations of the coefficient ε may vanish on cer-
tain non-flat surfaces; Issue (B) might be a little more mysterious. After all, why not
simply consider continuous images of ℝ

n in ℝ
n+1? This is by now a well-known

fact: connectedness in higher dimension doesn’t say much at all about geometry. In-
deed, note that Jordan curves possess measure theoretic qualities that are false for
higher dimensional topological manifolds; for example, curves are 1-lower content
regular: for any x ∈ Γ, where Γ is a curve, and radius 0 < r < diam(Γ), we have
ℋ1∞(Γ ∩ (B(x, r)) ≥ r . This is definitely not true for a topological 2-plane, for ex-
ample. Some form of lower bound on the size of sets is usually needed when trying
to deduce geometrical properties from the decay rate of integral quantities (see e.g.
[2] in the context of the ATST). The obvious reason is that there might be very lit-
tle to integrate upon, and thus finiteness of the square function says nothing about
geometry.

1.1 A new coefficient and the rectifiability result

To state our first main result, we need some more notation. For x ∈ ℝ
n+1, r > 0

and an affine half-space H such that x ∈ ∂H , denote by S+
H (x, r)= S(x, r)∩H and

S−
H (x, r) := S(x, r) ∩ (ℝn+1 \ H). Given two disjoint Borel sets Ω+,Ω− ⊂ ℝ

n+1,
we put

εn(x, r) := 1

rn
inf
H

ℋn
(︁
(S+

H (x, r) \Ω+)∪ (S−
H (x, r) \Ω−)

)︁
. (1.3)

It is clear that if Ω+ and Ω− are themselves complementary (open) half-spaces, then
εn(x, r) = 0 for any x ∈ ∂Ω+ = ∂Ω− and r > 0. Note that in the plane ε1(x, r) ≲
ε(x, r). The following result, our first main, shows that, indeed, this quantity does
encode geometric information. Put

ℰn(x)2 :=
∫︂ 1

0
εn(x, r)

2 dr

r
. (1.4)

We will prove the following.

Theorem A For n ≥ 1 let Ω+,Ω− ⊂ ℝ
n+1 be two disjoint Borel subsets, and let

E ⊂ {x ∈ℝ
n+1 |ℰn(x) <∞} be Borel.3 Then E is n-rectifiable.

Our proof is in fact quantitative and as such it yields more information than what
Theorem A reveals. We make this explicit in

3When Ω+,Ω− are open, the set {x ∈ ℝ
n+1 |ℰn(x) <∞} is Borel, and by the theorem it is n-rectifiable.

So any subset is also n-rectifiable. See Remark 2.6.
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Theorem A* Let n ≥ 1 and Ω+,Ω− ⊂ ℝ
n+1 be two disjoint Borel subsets. Fix c0 ∈

(0,1) and let x0 ∈ ℝ
n+1 and r0 > 0. There exists a number δ > 0 such that if μ

is a positive Radon measure such that μ(B(x, r)) ≤ rn for all x ∈ ℝ
n+1 and r >

0, E ⊂ B(x0, r0) is Borel, and μ is supported on E, then the following is true. If
μ(B(x0, r0))≥ c0r

n
0 and if

∫︂ 20r0

0
εn(x, r)

2 dr

r
< δ for all x ∈E,

then there exists a Lipschitz graph Γ with slope cΓ ≤ 1/10 such that μ(Γ) ≥
99
100μ(B(x0, r0)). Moreover, the slope cΓ can be taken to be arbitrarily small, as-
suming δ is small enough.

Theorem A is both somewhat surprising and somewhat unsatisfactory. Surprising
because, given what was said above, it nevertheless holds for arbitrary Borel subsets
which do not need to be open and without size assumptions on4

ℝ
n+1 \ (Ω+ ∪Ω−)

(henceforth denoted by F ). In fact, our proof yields some control on the behaviour of
Ω+ and Ω−, albeit very weak:

Corollary 1.2 Notation and assumptions as in Theorem A. ℋn-almost every point
x ∈E is an L1 tangent point5 for the pair of sets Ω+ and Ω−.

Still, Theorem A is somewhat unsatisfactory because it achieves less than desired:
in Theorem 1.1 the set where the square function is finite coincides with the set of
true tangents for Ω±. For E ⊂ {ℰn(x) < ∞}, its rectifiability implies existence of
approximate tangents of E, but, aside from Corollary 1.2, we have no additional
control on the behaviour of F or on Ω+ and Ω−.

1.2 A family of new coefficients, slicing and (true) tangents

The coefficient εn does not detect pieces of F of zero ℋn measure: to prove existence
of true tangents (assuming Ω± to be open) we need a stronger quantity. To proceed
further we require additional notation. Given an open set V in some manifold ℳ, its
characteristic constant α = αV is the number which satisfies λ(V )= α(n− 1 + α),
where λ(V ) is the first Dirichlet eigenvalue of V (defined in terms of the Laplace-
Beltrami operator Δℳ, the relevant case here being the spherical Laplacian). The
Friedland-Hayman [19] inequality states that, given any two disjoint open subsets
V +,V − of 𝕊n,

αV+ + αV− − 2 ≥ 0, (1.5)

and equality holds if and only if V +, V − are two complementary half-spheres. Note
that all the above can be applied to the domains V ± = S(x, r)∩Ω±, where Ω+,Ω−

4Since we do not assume that Ω+,Ω− are complementary domains, it might very well happen that ∂Ω+ ≠
∂Ω−; hence the writing ℝ

n+1 \ (Ω+ ∪Ω−) to denote what, in the obvious examples, would simply be the
common boundary.
5See Definition 4.5 for the precise definition of L1 tangent points.
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are open and disjoint subsets of ℝn+1. In this case, we use the notation α±(x, r) for
the relative and rescaled characteristic constants. More precisely, for i = +,−, we let
αi(x, r)= αV i (x, r) where V i(x, r)= {r−1(x − y) : y ∈ S(x, r)∩Ωi}. Now set

𝒜(x)2 :=
∫︂ 1

0
min(1, α+(x, r)+ α−(x, r)− 2)

dr

r
.

By (1.5), this is a nonnegative quantity and vanishes when Ω± are complementary
half-spaces. What’s intriguing, is that in [1] the authors observe that, in the planar
case n= 1,

ε(x, r)2 ≲ min(1, α1(x, r)+ α2(x, r)− 2), (1.6)

where ε here is the classical Carleson’s coefficient (see also [6] for a related discus-
sion). Then, if Ω± are complementary Jordan domains in the plane, it follows from
[22] that 𝒜(x) <∞ implies that x is a tangent point (up to a set of ℋ1 measure zero).
The inequality (1.6) is easy to check, see [18]. It is rather harder to see that

εn(x, r)
2 ≲n min(1, α+(x, r)+ α−(x, r)− 2), (1.7)

for Ω± ⊂ ℝ
n+1. This is a special case of [18, Theorem C], and the proof goes through

a quantitative Faber-Krahn inequality for spherical domains. In [18] moreover, it is
shown that if x is a tangent point of a pair of open sets Ω± satisfying the so called ca-
pacity density condition (CDC), a rather weak size condition (satisfied, in particular,
when Ω+ is a Jordan domain in the plane and Ω− = ℝ

2 \Ω+), then 𝒜(x) <∞, up
to a set of zero ℋn measure. See Theorem D there. The proof uses the Alt-Caffarelli-
Friedman monotonicity formula.

The previous discussion clearly suggests that the square function 𝒜 is the good
object for a putative Carleson’s ε2 conjecture in higher dimension. Indeed, this is our
next result.

Theorem B For n≥ 1 let Ω+,Ω− ⊂ ℝ
n+1 be two open and disjoint subsets. Suppose

that Ω+ ∪Ω− satisfies the capacity density condition6 (CDC). Then, up to a set of
zero ℋn measure,

𝒜(x) <∞ if and only if x is a tangent point of the pair Ω+,Ω−.

As mentioned above, the “if” part is shown in [18, Theorem D]. It is in this impli-
cation that the minimum in the integrand of 𝒜 appears naturally, for even at a tangent
point x it might happen that at large scales r , Ωi ∩ S(x, r) = ∅ for either i = + or
i = −, in which case the characteristic constant α+(x, r) degenerates to infinity.

We also remark that 𝒜 is in fact a much stronger quantity than what (1.7) suggests.
Set

εs(x, r)= inf
H

1

rs

∫︂

V a
𝔠0 (x,r;H)

(︃
δLH (y)

r

)︃n−s
dℋs∞(y) when 0< s < n− 1, (1.8)

6See Definition 2.2.
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where the infimum is over all affine half-spaces H ⊂ ℝ
n+1 such that x ∈ ∂H ,

δA(y) := dist(y,A), and integration with respect to Hausdorff content is defined
in (2.1). Also V a

𝔠0
(x, r;H) is a set of ‘thick points’ in S(x, r) with respect to

F = ℝ
n+1 \ (Ω+ ∪Ω−), which will be defined accurately below, see Definition 2.5

(for the moment, the reader might simply read S(x, r) ∩ F instead). Then the full
Theorem C from [18] reads as follows.

Theorem 1.3 Let n ≥ 1. Suppose that 0 < s ≤ n. Let V +,V − ⊂ S(x, r) ⊂ ℝ
n+1 be

relatively open in S(x, r) and disjoint. If α±(x, r) denote the characteristic constants
of V ±, then for any 𝔠0 > 0 and a ∈ (0,1), we have

εs(x, r)
2 ≲s,𝔠0,a min(1, α+(x, r)+ α−(x, r)− 2), (1.9)

where εs(x, r) is as in (1.8) if s < n and as in (1.3) when s = n.

As we will see, in order to prove the existence of true tangents, we require the
full strength of 𝒜(x), and in particular the fact that ℰs(x), defined as in (1.4) but
now integrating εs(x, r), is finite for some s < n. For εs to access geometric in-
formation on F , F ∩ S(x, r) needs to be somewhat “thick”, or, phrased differently,
V a
𝔠0
(x, r;H)∩F should have sizeable measure. This motivates our next result, which

allows for the “thickness” of F , guaranteed by the CDC, to be transferred onto the
slices S(x, r)∩ F .

Proposition 1.4 Let B(0, r0)⊂ ℝ
n+1 and let Γ be a Lipschitz graph through the ori-

gin with slope at most τ (with respect to ℝ
n × {0}). Let B ⊂ B(0, r0) be a ball with

rad(B) ≤ 1
10 r0 such that dist(B,Γ) ≥ 100τr0. Let K ⊂ B and G ⊂ Γ both be com-

pact sets. Then, for any s > 1,

Caps(K)
ℋn(G)2

rn0
≤ C(τ)

∫︂

G

∫︂ ∞

0
Caps−1(K ∩ S(z, r)) dr dℋn(z).

How to use this? We know from Theorem A that E = {𝒜(x) <∞} is n-rectifiable.
In particular, it can be split into parts Ei which lie in Lipschitz graph with small
slope. Hence we can locally apply Proposition 1.4 with G = Ei and K = B ∩ F =
B \ (Ω+ ∪Ω−) to translate the size condition CDC onto slices and hence access the
geometric strength of εs , for some appropriate s < n.

1.3 A brief panorama on related literature

Aside from Theorem 1.1 (over which Theorem B is an improvement), there are sev-
eral related results which characterise tangent points of different types of sets. To the
authors knowledge, one of the first and most influential result of this type is that of
Bishop and Jones, [7, Theorem 2], where they prove the following: let E ⊂ ℝ

2 be
compact. Then, up to a set of ℋ1-measure zero, x ∈ E is a tangent point of E if and
only if

∫︂ 1

0
β∞,E(x, r)

2 dr

r
<∞.
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Here β∞,E(x, r) is the well-known Jones’ (see [23]) β-number β∞,E(x, r) :=
infL supy∈E∩B(x,r)

δL(y)
r

, where the infimum is taken over all affine lines in ℝ
2. In

fact, the result of Bishop and Jones was partly motivated by Carleson’s ε2 conjecture.
In higher dimensions, Theorem B should be compared to [31, Theorem 1.4], where
tangent points of lower content regular sets are characterised in terms of integral β
coefficients, and integration is with respect to Hausdorff content. In general, it is more
difficult to work with ‘spherical’ square functions, such as ε, εn, εs , as they are un-
stable with respect to the radii. Indeed, the current proof is twice as long and rather
more subtle than that of [31]. We mention another related result,7 [21], where the
authors characterise tangent points of general compact sets (no lower size conditions
assumed). This might come as a surprise. The point in that work is to use a modi-
fied Hausdorff content, which essentially sees any set as ‘lower regular’. More akin
to Theorem A is the characterization of rectifiability [3, 30], later extended in [15];
these works show that a measure with positive upper density and finite lower density
is rectifiable if and only if a Dini integral as in (1.4) integrating β2,μ(x, r) is finite
μ-a.e. We refer the reader to those works for a precise definition of these coefficients.

Tangent (or cone) points are of course basic objects in rectifiability, hence there is
a vast literature characterizing them in various manners (remark that characterisations
are often in terms of approximate tangents, as in Theorem A). See for example the
works [4, 9, 11, 14, 26] and references therein.

1.4 Some open questions

We believe that Proposition 1.4 has its standalone interest. Unfortunately, the assump-
tions we make are rather strong. However, a theorem by Mattila, see [27], says that
slicing by planes holds for general sets. See also [28, Chap. 10]. A natural question is
then whether Proposition 1.4 holds in this level of generality. More interesting from
the rectifiability point of view, is slicing with respect to Hausdorff measures/contents.
The question is the following:

Question 1 Is it true that (some form of ) slicing with respect to Hausdorff mea-
sure/contents, and either by planes or sphere, implies rectifiability?

Of course, the question could be formulated rather more precisely, but we leave it
vague deliberately.

Another question that naturally arises concerns a higher co-dimensional setting:

Question 2 Are there higher co-dimensional analogues of Theorems A and B?

In this context, the definition of Carleson ε coefficients is once again part of the
problem. The techniques used in [22] and in this paper do not immediately generalize,
as they rely in both cases on structures specific to codimension one: the presence of an
analytic variety and the fact that the coefficients are defined essentially with respect
to complementary domains.

7There and in other instances the term ‘cone point’ is used instead of ‘tangent point’.
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1.5 Structure of the article

Very broadly, the proof splits into three steps, corresponding to the three parts of the
paper. The first and second steps prove Theorem A, the third improves on this to
prove Theorem B.
Step 1. We work assuming that ℰn is small; we have no assumptions of ∂Ω+ ∪∂Ω−.

Denote by E the set where ℰn is finite. There are three main preliminary results
that we achieve in this first step:
Step 1.1 Here we prove a key preliminary fact (see Lemma 5.3): the smallness

of ℰn implies the existence of quasi-corkscrew balls (see Definition 4.1).
Step 1.2 This step, one of the most involved of the paper and carried through

in Sects. 6, 7, 8, shows that, whenever we have a ball with substantial
measure of E, and εn(x, r) is small, then E is flat, that is, β∞,E(B) < ϵ.

Step 1.3 The last step to prove the Main Theorem A is to show that wherever
the square function is small (and we have substantial measure) then not
only E is very flat, but moreover while one side of the minimizing n-plane
is 99% contained in Ω+ in terms of Lebesgue measure, the other side is
99% contained in Ω−. See Sect. 10.

In Sect. 4 we put together these three steps (summarised in Main Lemma I) to
prove Theorem A.

Step 2. This step is summarised in Main Lemma II. We prove Theorem A assuming
these two steps in Sect. 4.
Step 2.1. A preliminary result (Sect. 12) gives us some precise Fourier analytic

estimates on certain auxiliary square functions on Lipschitz graphs.
Step 2.2. Next, via a Corona-type construction, we approximate E by a Lips-

chitz graph Γ to then transfer the Fourier analytic estimates onto E. This
will allow us to say that, indeed, the approximation is so good that it in fact
intersects E on a sizeable portion. See Sects. 13, 14.

Step 3. The final step is concerned with improving Theorem A to obtain true tan-
gents via slicing and assuming CDC. See Sects. 15, 16. The proof of Theorem B
can be found in Sect. 4.

2 Preliminaries

2.1 Notation

In the paper, constants denoted by C or c depend just on the dimension unless other-
wise stated. We will write a ≲ b if there is C > 0 such that a ≤ Cb. We write a ≈ b

if a ≲ b≲ a.
Open balls in ℝ

n+1 centered at x with radius r > 0 are denoted by B(x, r), and
closed balls by B̄(x, r). For an open or closed ball B ⊂ ℝ

n+1 with radius r , we
write rad(B) = r . An open annulus in ℝ

n+1 centered at x with inner radius r1 and
outer radius r2 is denoted by A(x, r1, r2), and the corresponding closed annulus by
Ā(x, r1, r2). We use the two notations S(x, r) ≡ ∂B(x, r) for spheres in ℝ

n+1 cen-
tered at x with radius r , so that 𝕊n = S(0,1).
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The Hausdorff distance between two compact sets A,B ⊂ ℝ
n+1 is defined by

dH (A,B)= max

{︃
sup
x∈A

dist(x,B), sup
x∈B

dist(x,A)

}︃
.

We say a that a measure μ in ℝ
n+1 has n-polynomial growth if there exists some

constant C0 such that

μ(B(x, r))≤ C0 r
n for all x ∈ℝ

n+1 and r > 0.

If we want to be precise about the constant C0, we will say that μ (n,C0)-polynomial
growth or that it has n-polynomial growth with constant C0.

Given a set F ⊂ ℝ
n+1, the notation M+(F ) stands for the set of (positive) Radon

measures supported on F . For s > 0, the s-dimensional Hausdorff measure is denoted
by ℋs , and the s-dimensional Hausdorff content by ℋs∞. We also define integration
with respect to ℋs∞ as the Choquet integral

∫︂

A

f (x)p dℋs∞(x) :=
∫︂ ∞

0
ℋs∞ ({x ∈A |f (x) > t}) tp−1 dt. (2.1)

Recall that Hausdorff content is not a measure. For more on Hausdorff contents and
Choquet integration, see [2, Preliminaries].

2.2 Capacities and the CDC

Given a Radon measure μ in ℝ
n+1 and s > 0, we consider the potential Usμ(x) =∫︁ 1

|x−y|s dμ(y). In the case s = 0, we set U0μ(x)= ∫︁ 1
2π log 1

|x−y| dμ(y). Then, for
s ≥ 0, we consider the energy Is(μ) defined by

Is(μ)=
∫︂
Usμ(x)dμ(x).

The s-capacity of a compact set F ⊂ ℝ
n+1 is defined by

Caps(F )= 1

infμ∈M1(F ) Is(μ)
,

where the infimum is taken over all probability measures μ supported on F . For
subsets F ⊂ 𝕊

n, we define Caps(F ) in the same way, understanding that 𝕊n ⊂ ℝ
n+1.

For s > 0, equivalently, we can write

Caps(F )= sup
{︁
μ(F) : μ ∈M+(F ), ∥Usμ∥∞,F ≤ 1

}︁
, (2.2)

where M+(F ) is the family of all Radon measures supported in F . It is easy to check
that the capacity Caps is homogeneous of degree s. In the case when s = n− 1 with
n≥ 2, Capn−1 coincides the Newtonian capacity, modulo a constant factor.

In the case s = 0, n= 1, Cap0(F ) is the Wiener capacity of F . The Wiener capac-
ity is not homogeneous. However, the logarithmic capacity CapL, defined by

CapL(F )= e
− 2π

Cap0(F ) ,

is homogeneous of degree 1.
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We have the following well-known relationship between s-capacities and Haus-
dorff contents.

Lemma 2.1 Let F ⊂ ℝ
n+1 be compact and 0< s < t ≤ n+ 1. We have

ℋt∞(F )
s
t ≲s,t Caps(F )≲ℋs∞(F ). (2.3)

On the other hand, for s > 0, we have

CapL(E)≳s ℋs∞(E)
1
s . (2.4)

The proof of the second inequality in (2.3) follows easily from the identity (2.2),
while the first one is a direct consequence of Frostman’s Lemma. See [28, Chap. 8],
for example. The estimate (2.4) follows also from Frostman’s Lemma (see [10,
Lemma 4]).

Definition 2.2 For n ≥ 1, let Ω ⊂ ℝ
n+1 be an open set. For s > 0, we say that Ω

satisfies the s-capacity density condition (s-CDC) if there exists some constant c > 0
such that, for every x ∈ ∂Ω and r ∈ (0,diam(Ω)),

Caps(B(x, r) \Ω)≥ c rs.

In the case s = 0, we say that Ω satisfies the 0-capacity density condition (0-CDC)
if, for every x ∈ ∂Ω and r ∈ (0,diam(Ω)),

CapL(B(x, r) \Ω)≥ c r.

In the case s = n− 1 (for Ω⊂ ℝ
n+1), we just say that Ω satisfies the CDC.

The following result is a direct consequence of a more general result due to Lewis
[25].

Lemma 2.3 For n ≥ 1, let Ω⊂ ℝ
n+1 be an open set satisfying the CDC. Then there

exists a value s > n− 1 such that Ω also satisfies the s-CDC. The parameter s de-
pends only on n and the constant c involved in the definition of CDC for Ω.

2.3 The coefficients 𝜺𝒔

In this section, we make precise the definition of εs (recall that we left suspended
the definition of the ‘thick points’ set V𝔠0 ) and show the measurability of the various
square functions. First, however, we rewrite the definition of εn, for future reference.

Definition 2.4 LetΩ+,Ω− ⊂ ℝ
n+1 be disjoint Borel sets. For x ∈ ℝ

n+1, r > 0 and an
affine half-space H with x ∈ ∂H , denote by S+

H (x, r)= S(x, r)∩H and S−
H (x, r) :=

S(x, r)∩ (ℝn+1 \H). We put

εn(x, r;H) := ℋn
(︁
(S+

H (x, r) \Ω+)∪ (S−
H (x, r) \Ω−)

)︁
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and

εn(x, r) := inf
H
εn(x, r;H), (2.5)

where the infimum is taken over all affine half-spaces such that x ∈ ∂H .

Definition 2.5 (Thick points) Let 𝔠0 > 0 and a ∈ (0,1). Let Ω+,Ω− be two open
disjoint subsets in ℝ

n+1 and put F := ℝ
n+1 \ (Ω+ ∪Ω−). Let x ∈ F and r > 0 and

L be an n-plane through x. Then, if n≥ 3 we set, for i = +,−,

T i
𝔠0,a

(x, r,H)

:= {y ∈ SiH (x, r) \Ωi | Capn−2(B(y, aδLH (y))∩ S(x, r) \Ωi)≥ 𝔠0δ
n−2
LH

(y)}.
In the case n= 2, we set

T i
𝔠0,a

(x, r,H)

:= {y ∈ SiH (x, r) \Ωi | CapL(B(y, aδLH (y))∩ S(x, r) \Ωi)≥ 𝔠0δLH (y)}.
Then we put

V a
𝔠0
(x, r;H) := T +

𝔠0,a
(x, r;H)∪ T −

𝔠0,a
(x, r;H).

With this, we set

εs(x, r) := inf
H

1

rs

∫︂

V a
𝔠0 (x,r;H)

(︃
δLH (y)

r

)︃n−s
dℋs∞(y).

Remark 2.6 (About measurability) (i) First some remarks about the coefficients
εn(x, r). The fact that Ω± are Borel ensures that for each fixed x and r, the
sets S(x, r)∩Ω± are Borel, which ensures the coefficient is well-defined for all
x, r . Moreover, for each fixed x, the function r ↦→ εn(x, r) is Lebesgue measur-
able in ℝ, by using Fubini in polar coordinates. We omit the details. Let us also
remark that the function (a, b) ↦→ ∫︁ b

a
εn(x, r)

2 dr/r is continuous with respect
to the parameters a, b.

(ii) As far as ℋn-measurability of x ↦→ ∫︁ 1
0 εn(x, r)

2 dr/r is concerned, note first
that it suffices to prove ℋn-measurability of x ↦→ εn(x, r;H) for any affine half-
spaceH . IfΩ+ andΩ− are open subsets this can be done directly since, givenH
an affine half-space, εn(x, r;H) is an upper semi-continuous function of (x, r).
In the more general case of Ω+ and Ω− being Borel subsets, we appeal to a
coarea inequality of Esmayli and Hajłasz [16, Theorem 1.1], which in particular
says that if X,Y are metric spaces, X is boundedly compact, 0 ≤ t ≤ s < ∞,
˜︁E ⊂X an ℋs -measurable subset with ℋs(˜︁E) <∞, and f :X → Y a Lipschitz
function, then

∫︂

Y

ℋs−t (˜︁E ∩ f−1(y)) dℋt (y)≲ (Lip(f ))tℋs(˜︁E), (2.6)
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and the function y ↦→ ℋs−t (f−1(y)∩ ˜︁E) is ℋt -measurable.
To use (2.6), we put X = ℝ

n+1 × ℝ
n+1 = ℝ

2n+2 and Y = ℝ
n+1 × ℝ × ℝ; for

R ≪ diam(E) + 1 (which for our purposes we can assume to be finite), set
˜︁E = E × (B(0,R) \ Ω+) - note that ℋ2n+1(˜︁E) < ∞. Finally, let f (x, y) =
(x, |x− y|, yn+1 − xn+1). Note that f (x, y)= (x, r, h) if and only if |x− y| = r

and h= yn+1 − xn+1. As mentioned above, it suffices to show measurability of
x ↦→ εn(x, r;H). For simplicity we take H = ℝ

n+1 ∩ {xn+1 > 0}. We apply the
Esmayli-Hajłasz result with s = 2n+ 1 and t = n+ 2, to obtain that

(z, r, h) ↦→ ℋn−1(˜︁E ∩ f−1(z, r, h)) is ℋn+2-measurable.

It follows by Fubini-Tonelli that, for fixed r ,

z ↦→
∫︂ r

0
ℋn−1(˜︁E ∩ f−1(z, r, h)) dh is ℋn-measurable.

Now it is enough to note that the integral in the last display equals to
ℋn(S+

H (x, r) \ Ω+). Repeating the same argument with ℋn(S−
H (x, r) \ Ω−)

proves that x ↦→ εn(x, r;H) is ℋn-measurable.
(iii) In the case in which Ω+ and Ω− are two disjoint open sets. The coeffi-

cients εn(x, r) are upper semicontinuous in (x, r). Note first that, given H an
affine half space, εn(x, r;H) is an upper semi-continuous function of (x, r).
Then, since the infimum of upper semicontinuous functions is upper semi-
continuous we get that εn(x, r) is upper semicontinuous and thus the map
x ↦→ ∫︁ 1

s
εn(x, r)

2 dr
r

is upper semicontinuous in x for each s. The set where the
square function is finite is the countable union over s = 1/m of the intersection
of the sets where

∫︁ 1
s
εn(x, r)

2 dr
r

≤N and thus in the open case it E is borel.
(iv) The coefficients

˜︁εn(x, r) := lim
t→0

sup
|(x−y,r−s)|<t

εn(y, s),

which are defined as the upper semicontinuous envelope of ε(x, r) in ℝ
n × ℝ,

enjoy better measurability properties than εn(x, r). In fact, for arbitrary Borel
sets Ω+, Ω−, they are upper semicontinuous in (x, r) and thus

{︂
x :

∫︂ 1

0
˜︁εn(x, r)2

dr

r
<∞

}︂

is a Borel subset of E for which our theorem applies.
(v) As far as the quantity α(x, r) is concerned, it is upper semicontinuous in (x, r)

when Ω± are open, as a consequence of the upper semicontinuity of λ(x, r),
namely the first eigenvalue of the spherical laplacian of the rescaled open set in
the sphere. Indeed, for any function u ∈ C∞ in Ω, let

Fu(x, r)= ∥∇u∥L2(Ω∩S(x,r))
∥u∥L2(Ω∩S(x,r))

.
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For a smooth function Fu(x, r) is continuous on (x, r) and thus when taking the
infimum over u we get that λ(x, r) = infu Fu(x, r) is an upper semicontinuous
function of (x, r).

(vi) Finally, the square function ℰs is also upper semicontinuous when Ω± are open.
Again it is enough to show that for a fixed plane H

(x, r) ↦→ 1

rs

∫︂

V a
𝔠0 (x,r;H)

(︃
δLH (y)

r

)︃n−s
dℋs∞(y)

is upper semicontinuous on ℝ
n+1 × (0,∞). It is easy to notice that if xi → x

and ri → r then, since capacity over compact sets is upper semicontinuous with
respect to Hausdorff distance,

lim sup
i→∞

V a
𝔠0
(xi, ri;H)⊂ V a

𝔠0
(x, r;H).

Since upper semicontinuity with respect to Hausdorff distance also holds for the
Hausdorff content, and recalling that εs(x, r) is defined as a Choquet integral,
upper semicontinuity follows for ℰs as well.

3 Auxiliary coefficients

In this section, we introduce a few coefficients that will help us in various stages of
the proof. Throughout this section, let ε(x, r)= εn(x, r).

3.1 The symmetry coefficients

Let Ω+,Ω− ⊂ ℝ
n+1 be disjoint Borel sets and let B(x, r) ⊂ ℝ

n+1 be a ball. For a
given x ∈ ℝ

n+1, we consider the symmetry map with respect to x given by Tx(y)=
2x − y. For U ⊂ ℝ

n+1, we write Uc = ℝ
n+1 \U . For x ∈ ℝ

n+1, r > 0, we consider
the coefficients

γ (x, r)= 1

rn
max
i=+,−ℋn

(︁
(Ωi△Tx(Ω

i,c))∩ S(x, r)
)︁
, (3.1)

(where Ωi,c stands for the complement of Ωi ) and

a(x, r)= 1

rn
max
i=+,−

⃓⃓
⃓ℋn(Ωi ∩ S(x, r))− 1

2
ℋn(S(x, r))

⃓⃓
⃓. (3.2)

Lemma 3.1 Let Ω+,Ω− ⊂ ℝ
n+1 be disjoint Borel sets and let x ∈ ℝ

n+1, r > 0. The
associated coefficients ε(x, r), γ (x, r), a(x, r), satisfy

2a(x, r)≤ γ (x, r)≤ 2 ε(x, r).

Proof First we show 2a(x, r) ≤ γ (x, r). To shorten notation, we write S = S(x, r).
Then, for i = +,−, we have

ℋn
(︁
(Ωi△Tx(Ω

i,c))∩ S
)︁
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= ℋn
(︁
(Ωi \ Tx(Ωi,c))∩ S

)︁ +ℋn
(︁
(Tx(Ω

i,c) \Ωi)∩ S
)︁

≥ (︁ℋn(Ωi ∩ S)−ℋn(Tx(Ω
i,c)∩ S)

)︁++ (︁ℋn(Tx(Ω
i,c)∩ S)−ℋn(Ωi ∩ S)

)︁+

= ⃓⃓ℋn(Ωi ∩ S)−ℋn(Tx(Ω
i,c)∩ S)

⃓⃓ = ⃓⃓ℋn(Ωi ∩ S)−ℋn(Ωi,c ∩ S)
⃓⃓
,

where we wrote t+ = max(t,0) for any t ∈ℝ. Observe now that
⃓⃓ℋn(Ωi ∩ S)−ℋn(Ωi,c ∩ S)

⃓⃓ = ⃓⃓ℋn(Ωi ∩ S)− (ℋn(S)−ℋn(Ωi ∩ S)
⃓⃓

= ⃓⃓
2ℋn(Ωi ∩ S)−ℋn(S)

⃓⃓
.

Dividing the preceding estimates by rn and maximizing in i = 1,2, we obtain
γ (x, r)≥ 2a(x, r).

Next we show that γ (x, r)≤ 2 ε(x, r). Let H be an arbitrary half-space such that
x ∈ ∂H . Again to shorten notation, we write SiH = SiH (x, r). Then we split

ℋn
(︁
(Ωi△Tx(Ω

i,c))∩ S
)︁

= ℋn
(︁
(Ωi△Tx(Ω

i,c))∩ S+
H

)︁ +ℋn
(︁
(Ωi△Tx(Ω

i,c))∩ S−
H

)︁
. (3.3)

We have

ℋn
(︁
(Ωi△Tx(Ω

i,c))∩ S+
H

)︁ ≤ℋn(S+
H ∩Ωi \ Tx(Ωi,c))+ℋn(S+

H ∩ Tx(Ω
i,c) \Ωi)

≤ℋn(S+
H \ Tx(Ωi,c))+ℋn(S+

H \Ωi).

Since

ℋn(S+
H \ Tx(Ωi,c))= ℋn(Tx(S

−
H \Ωi,c))= ℋn(S−

H \Ωi,c)≤ℋn(S−
H \Ωj)

with i ≠ j , we get

ℋn
(︁
(Ωi△Tx(Ω

i,c))∩ S+
H

)︁ ≤ℋn(S+
H \Ωi)+ℋn(S−

H \Ωj).

Concerning the last summand on the right hand side of (3.3), we have

ℋn
(︁
(Ωi△Tx(Ω

i,c))∩ S−
H

)︁ ≤ℋn(S−
H ∩Ωi \ Tx(Ωi,c))+ℋn(S−

H ∩ Tx(Ω
i,c) \Ωi)

≤ℋn(S−
H ∩Ωi)+ℋn(S−

H ∩ Tx(Ω
i,c)).

Now we use that ℋn(S−
H ∩Ωi)≤ ℋn(S−

H \Ωj) for j ≠ i and that

ℋn(S−
H ∩ Tx(Ω

i,c))= ℋn(Tx(S
+
H ∩Ωi,c))= ℋn(S+

H \Ωi),

and the we obtain

ℋn
(︁
(Ωi△Tx(Ω

i,c))∩ S−
H

)︁ ≤ℋn(S−
H \Ωj)+ℋn(S+

H \Ωi).

Plugging the preceding estimates into (3.3), we obtain

ℋn
(︁
(Ωi△Tx(Ω

i,c))∩ S
)︁ ≤ 2

[︁ℋn(S+
H \Ωi)+ℋn(S−

H \Ωj)
]︁
.
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By the same arguments, we get

ℋn
(︁
(Ωj△Tx(Ω

j,c))∩ S
)︁ ≤ 2

[︁ℋn(S+
H \Ωi)+ℋn(S−

H \Ωj)
]︁

(with j ≠ i) and so

max
k=+,−ℋn

(︁
(Ωk△Tx(Ωk,c))∩ S

)︁ ≤ 2
[︁ℋn(S+

H \Ωi)+ℋn(S−
H \Ωj)

]︁
.

Dividing by rn and taking the infimum over all H , we deduce

γ (x, r)≤ 2 ε(x, r). □

We also set

𝔤(x, r)= 1

rn+1 max
i=+,−ℋn+1(︁(Ωi△Tx(Ω

i,c))∩B(x, r)
)︁
. (3.4)

Notice that, for i = +,−,

1

rn+1
ℋn+1(︁(Ωi△Tx(Ω

i,c))∩B(x, r)
)︁ = 1

rn+1

∫︂ r

0
ℋn

(︁
(Ωi△Tx(Ω

i,c))∩ S(x, t)
)︁
dt

= 1

rn+1

∫︂ r

0
γ (x, t) tn dt.

We have the following lemma. Its proof resembles that of Lemma 3.3 below, so we
omit it.

Lemma 3.2 There is a constant C1 such that for every x ∈ℝ
n+1 and every R > 0, we

have
∫︂ R

0
𝔤(x, r)2

dr

r
≤ C1

∫︂ R

0
γ (x, r)2

dr

r
≤ 4C1

∫︂ R

0
ε(x, r)2

dr

r
.

3.2 The smoothed coefficients

For a non-negative smooth function φ : ℝ → [0,∞) satisfying
∫︁ ∞

0 φ(t)tn ×√︁
log(e+ t)dt <∞, set ψ(x)= φ(|x|). For i = +,−, consider

𝔞iψ (x, r)=
⃓⃓
⃓cψ − 1

rn+1

∫︂

Ωi

ψ
(︂x − y

r

)︂
dy

⃓⃓
⃓, where cψ =

∫︂

ℝ
n+1+

ψ(y)dy.

Then define

𝔞ψ(x, r)
2 := 𝔞+

ψ(x, r)
2 + 𝔞−

ψ(x, r)
2, (3.5)

and set

𝒜ψ(x)
2 =

∫︂ 1

0
𝔞ψ(x, r)

2 dr

r
.
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Lemma 3.3 There is a constant C1,ψ such that for every x ∈ℝ
n+1, every R > 0, and

M ≥ 1, we have

∫︂ R

0
𝔞iψ (x, r)

2 dr

r
≤ C1,ψ

∫︂ MR

0
ε(x, r)2

dr

r
+Cn

∫︂ ∞

M

φ(t) tn
(︂

log+ t

M

)︂1/2
dt.

Proof Observe that, by integrating polar coordinates centered at x,

𝔞iψ (x, r)=
⃓⃓
⃓⃓cψ − 1

rn+1

∫︂ ∞

0
φ
(︂ s
r

)︂
ℋn(S(x, s)∩Ωi)ds

⃓⃓
⃓⃓ (3.6)

= 1

rn+1

⃓⃓
⃓⃓
∫︂ ∞

0
φ
(︂ s
r

)︂(︂1

2
ℋn(S(x, r))−ℋn(S(x, s)∩Ωi)

)︂
ds

⃓⃓
⃓⃓

≤ 1

rn+1

∫︂ ∞

0
φ
(︂ s
r

)︂
a(x, s) sn ds,

where recall that a(x, r) was defined in (3.2). Squaring both sides and integrating
over r ∈ (0,R) and using the fact that a(x, s)≤ ε(x, s) (see Lemma 3.1), yields

(︃∫︂ R

0
𝔞iψ (x, r)

2 dr

r

)︃1/2

≤
(︄∫︂ R

0

(︃
1

rn+1

∫︂ ∞

0
φ
(︂ s
r

)︂
ε(x, s) sn ds

)︃2
dr

r

)︄1/2

=
(︄∫︂ R

0

(︃∫︂ ∞

0
φ(t) ε(x, tr) tn dt

)︃2
dr

r

)︄1/2

Minkowski’s inequality≤
∫︂ ∞

0

(︃∫︂ R

0
ε(x, tr)2

dr

r

)︃1/2

φ(t) tn dt

=
∫︂ ∞

0

(︃∫︂ tR

0
ε(x,u)2

du

u

)︃1/2

φ(t) tn dt.

For t ≥ 1 and some M > 1, we split

∫︂ tR

0
ε(x,u)2

du

u
≤

∫︂ MR

0
ε(x,u)2

du

u
+C

∫︂ tR

MR

du

u

=
∫︂ MR

0
ε(x,u)2

du

u
+C log+ t

M
.

This bound certainly also holds for t ∈ (0,1), so we get

∫︂ ∞

0

(︃∫︂ tR

0
ε(x,u)2

du

u

)︃1/2

φ(t) tn dt ≤
(︃∫︂ MR

0
ε(x,u)2

du

u

)︃1/2 ∫︂ ∞

0
φ(t) tn dt

+
∫︂ ∞

M

φ(t) tn
(︂

log+ t

M

)︂1/2
dt.

This completes the proof. □
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From now on, for the choice ψ(x)= e−|x|2 , we denote

𝔞i (x, r)= 𝔞iψ (x, r)=
⃓⃓
⃓
⃓

1

rn+1

∫︂

ℝ
n+1+

e−|y−x|2/r2
dy − 1

rn+1

∫︂

Ωi

e−|y−x|2/r2
dy

⃓⃓
⃓
⃓,

and then, as in (3.5),

𝒜(x)2 =
∫︂ 1

0
𝔞(x, r)2

dr

r
. (3.7)

4 The three Main Lemmas and the proofs of Theorem A and
Theorem B

In this section we combine all our main tools, Main Lemmas I, II and III, to prove
our main results, Theorems A and B.

4.1 The first two main lemmas and the rectifiability of 𝑬

The first main lemma is concerned with deriving some weak, but key, geometric
and topological information from the smallness of the square functions εn(x, r) and
𝔞(x, r). To state it, we need to introduce the following notion.

Definition 4.1 Let B ⊂ ℝ
n+1 be a ball and β ∈ (0,1), and let i = +,−. We say that

a ball B ′ ⊂ ℝ
n+1 is a β-almost corkscrew ball for B and Ωi if B ′ ⊂ B , rad(B ′) ≈

rad(B), and

ℋn+1(B ′ \Ωi)≤ βℋn+1(B ′).

Main Lemma I Let Ω+, Ω− ⊂ ℝ
n+1 be disjoint Borel sets. Fix c0 ∈ (0,1). For each

appropriately8 chosen triple of positive and small parameters (β, ϵ, γ ) there exists a
δ = δ(β, ϵ, γ, c0) > 0 such that the following holds true. Let B0 = B(x0, r0)⊂ ℝ

n+1

and let μ a Radon measure with (n,1)-polynomial growth supported on a subset
E ⊂ B0 and such that μ(B0)≥ c0r

n
0 . If

∫︂ 20r0

0

(︁
εn(x, r)

2 + 𝔞(x, r)2
)︁ dr
r

≤ δ for each x ∈E, (4.1)

then:
(i) There exist two balls B+,B− ⊂ 6B0 such that both B+ and B− are β-almost

corkscrew for 6B0 and Ω+ and Ω−, respectively. We have rad(Bi) ≥ c1r0 for
some universal constant c1 > 0.

(ii) It holds that

β∞,E(B0) < ϵ. (4.2)

8See Remark 5.2 for what appropriate means here.
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(iii) Assume that x0 ∈E and thatE∩(B0 \ 4
5B0) ≠ ∅ and denote by L0 a hyperplane

minimizing β∞,E(B0). Then the two components D+,D− of 1
2B \ 𝒩2ϵr0(LB)

satisfy (up to relabeling)

ℋn+1(Di ∩Ωi)≥ (1 − γ )ℋn+1(Di) with i = +,−. (4.3)

Above, in (iii), the notation 𝒩t (A) stands for the t-neighborhood of a set A.
The second main lemma builds upon the first one to conclude that whenever the

square functions are small, then, in fact, the set E intersects, in a large portion, a
Lipschitz graph. Recall that the coefficient 𝔤(x, r) was defined in (3.4). We also take
an even C∞ function φ :ℝ → ℝ such that 1[−1,1] ≤ φ ≤ 1[−1.1,1.1], and we denote

ψ(x)= φ(|x|) for x ∈ ℝ
n+1. (4.4)

Next we will consider the coefficients 𝔞ψ(x, r) associated to ψ .

Main Lemma II Let Ω+,Ω− ⊂ ℝ
n+1 be disjoint Borel sets. Fix c0 ∈ (0,1), θ > 0,

ϵ > 0 and δ > 0. Let B0 ⊂ ℝ
n+1 be a ball, let E be compact, and let μ be a measure

with n-polynomial growth with constant 1 supported on E satisfying the following
conditions:
(a) μ(B0 ∩E)≥ c0 rad(B0)

n.
(b) For any ball B with radius at most 200 rad(B0) centered at E such that μ(B)≥

θ rad(B)n, it holds β∞,E(B) ≤ ϵ and moreover, if E ∩ (B \ 4
5B) ≠ ∅ and LB

stands for the hyperplane minimizing β∞,E(B), the two components D+, D− of
1
2B \LB satisfy (up to relabeling)

ℋn+1(Di ∩Ωi)≥ (1 − ϵ)ℋn+1(Di) for i = +,−.
(c) For ψ chosen as in (4.4), it holds that

∫︂ 20rad(B0)

0

(︁
𝔤(x, r)2 + 𝔞ψ(x, r)

2)︁ dr
r

≤ δ for every x ∈E.

If θ is small enough in terms of c0, ϵ is small enough in terms of c0 and θ , and δ

sufficiently small depending on ϵ, then there exists an n-dimensional Lipschitz graph
Γ with slope at most 1/10 such that

μ(Γ)≥ 99
100μ(B0).

Moreover, the slope of Γ can be made arbitrarily small assuming δ is small enough.

Assuming the two main lemmas above, we are ready to prove our first main result,
Theorem A. First we recall some basic facts about densities: for a set E ⊂ ℝ

n we set

Θs,∗(x,E)= lim sup
r→0

ℋs(E ∩B(x, r))

ωsrs
, Θs∗(x,E)= lim inf

r→0

ℋs(E ∩B(x, r))

ωsrs
.

These are called the upper and lower density of E at x, respectively. If the two coin-
cide, and thus the limit limr→0 ℋs(E ∩B(x, r))/ωsr

s exists, we denote this number
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by Θs(x,E) - the density of E at x. When dealing with a Radon measure μ, we write
Θs,∗(x,μ),Θs∗(x,μ) and Θs(x,μ). For the proof of the following simple lemma, see
for example [28, Theorem 6.1].

Lemma 4.2 If E ⊂ ℝ
n satisfies ℋs(E) <∞, then

2−s ≤Θs,∗(x,E)≤ 1 for ℋs-a.e.x ∈E.

4.1.1 Proof of Theorem A using the Main Lemmas I and II

Claim 4.3 Any Borel subset of finite ℋn measure of E0 := {x ∈ ℝ
n+1 : ℰn(x) <∞}

is n-rectifiable.

Proof Indeed, suppose there is subset E ⊂ E0 with finite ℋn measure which is not
n-rectifiable. Then there exists another subset E∗ ⊂E with 0<ℋn(E∗) <∞ which
is purely n-unrectifiable. Since the Carleson square function ℰn(x)2 <∞ for ℋn-a.e.
x ∈E, we have from Lemma 3.3 and Lemma 3.2 that

∫︂ 1

0

(︁
εn(x, r)

2 + 𝔞(x, r)2 + 𝔞ψ(x, r)
2 + 𝔤(x, r)2

)︁ dr
r
<∞ for ℋn-a.e. x ∈E∗,

where ψ is the function from Main Lemma II. By replacing E∗ by a subset with
positive ℋn measure if necessary, we may assume that

lim
s→0

∫︂ s

0

(︁
εn(x, r)

2 + 𝔞(x, r)2 + 𝔞iψ (x, r)
2 + 𝔤(x, r)2

)︁ dr
r

= 0

uniformly in E∗, (4.5)

and

ℋn(B(x, r)∩E∗)≤ 2ωnr
n for all x ∈ ℝ

n+1 and r > 0. (4.6)

This second inequality is a consequence of the fact that Θn,∗(x,E∗)≤ 1 for ℋn-a.e.
x ∈E∗. To lighten notation, for the sequel of the proof, we will relabel E∗ simply by
E.

For the choice c0 = 9−n, pick θ > 0, then ϵ ∈ (0, θ) and then δ(ϵ) small enough
positive numbers so that Main Lemma II is applicable. Then, having chosen three
parameters (β, ϵ, γ ) appropriately,9 reduce δ = δ(β, ϵ, γ ) > 0 if necessary so that
Main Lemma I holds with the choice c0 replaced by θ .

Let R be small enough so that

∫︂ 7R/ϵ

0

(︁
εn(x, r)

2 + 𝔞(x, r)2 + 𝔞ψ(x, r)
2 + 𝔤(x, r)2

)︁ dr
r

≤ δ. (4.7)

for all x ∈E.

9See Remark 5.2 below.
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Denote μ = (2ωn)−1ℋn|E . Then μ has n-polynomial growth with constant 1.
Recalling that Θn,∗(x,E)≥ 2−n for ℋn-a.e. x ∈E, we can find a ball B0 centered at
E with radius smaller than R such that μ(B0)≥ 9−nrad(B0)

n = c0 rad(B0)
n.

Now we can apply Main Lemma II with the measure ν = μ|B0 , which satisfies
ν(B0)≥ c0 rad(B0)

n. The assumptions of this lemma are satisfied by Main Lemma I
(and an appropriate choice of γ with respect to ϵ). So there is a Lipschitz graph Γ

such that the set E1 =E ∩Γ satisfies ℋn(E1) > 0. This yields a contradiction, since
E is purely n-unrectifiable. □

To complete the proof of Theorem A it suffices to show that any Borel subset
E ⊂E0 has σ -finite ℋn measure. For the sake of contradiction, suppose that ℋn|E is
non-σ -finite. We now appeal to a result of the first author and C. De Lellis stating that
whenever a subset A⊂ ℝ

n is analytic and ℋk|A is non-σ -finite for some k, then there
exists a purely k-unrectifiable subset A′ ⊂A with finite and positive ℋk measure (see
[13, Theorem 1.1]). Since E is assumed to be Borel, this means it is analytic, and thus
we can find a purely n-unrectifiable subset E′ ⊂ E with 0 <ℋn(E′) < ∞. But this
contradicts Claim 4.3, completing the proof of Theorem A.

Remark 4.4 Theorem A* follows immediately from these two main lemmas and their
proofs.

4.2 Proof of Corollary 1.2

Definition 4.5 Given x ∈ ∂Ω+ ∩ ∂Ω−, H+ = {y : (y − x) · u > 0}, we say that x is
an L1 tangent point for the pair Ω+ and Ω− if, for

Ω+
x,r = Ω+ − x

r
+ x

the function 1Ω+
x,r

converges in L1
loc to 1H+ , and the equivalent local L1 convergence

for Ω− and H− = {y : (y − x) · u < 0} is satisfied.

Proof of Corollary 1.2 Let μ be the measure constructed as in the proof of Theorem A.
Then μ= cℋn|E′ , where E′ ⊂ E satisfies (4.5) and c is a positive absolute constant
chosen so that μ has (n,1)-polynomial growth. By Theorem A, E′ is n-rectifiable.
Denote by E∗ the subset of E′ where Θn(x,μ) = c = cΘn(x,E) and such that for
any x ∈E∗, E′ has a unique approximate tangent n-plane Lx . Then, μ(E′)= μ(E∗).
For the sequel of this proof, we relabel E∗ as E to ease notation. For each x ∈E there
exists an rx > 0 so that

E ∩
(︂
B(x, r) \ 4

5B(x, r)
)︂

≠ ∅ and μ(B(x, r)) > c · 0.99ωnr
n, (4.8)

for r < rx .
Fix now x ∈ E, take a decreasing sequence {δj }, and for each j pick parameters

βj , ϵj , γj → 0 appropriately as required by Main Lemma I. Moreover, for each j ∈
ℕ, choose rj > 0 such that

∫︂ 20rj

0

(︁
εn(y, s)

2 + 𝔞(y, s)2
)︁ ds
s

≤ δj for every y ∈E ∩B(x, rj ),
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and such that, for any r ≤ rj , (4.8) is satisfied. In particular, for each of these pairs
(x, r), r < rj , the measure μ satisfies the hypothesis of Main Lemma I, (iii), and thus
for every r < rj there exists a plane Lr so that

ℋn+1(H±
Lr

∩Ω± ∩B(x, r/2))≥ (1 −Cγj )ℋn+1(H±
Lr

∩B(x, r/2))

where H±
Lr

are the complementary half-space associated to Lr . It is not difficult to
see that Lr → Lx as r → 0 in the sense of Hausdorff convergence by recalling that
β∞,E(x, r;Lr) < 2ϵj .

For h= +,−, the subset
(︂
Hh
Lx

∩Ωh ∩B(x, r)
)︂

is contained in

(︂
Hh
Lr

∩Ωh ∩B(x, r)
)︂

∪ {y ∈ B(x, r) : dist(y,Lx)≤ c(n)dH (Lx ∩B(x, r),Lr ∩B(x, r))}.
This means that for every r ≤ r ′

j , where r ′
j is taken smaller than rj /2 so that the

Hausdorff distance between the planes Lx,Lr in the balls B(x, r) is smaller than
γj r , we have

ℋn+1(Hh
Lx

∩Ωh ∩B(x, r))≥ (1 − c(n)γj )ℋn+1(Hh
Lx

∩B(x, r)).

This establishes local L1 convergence. □

4.3 The third main lemma and existence of true tangents

In this subsection, we prove Theorem B using Theorem 1.3, Theorem A and our third
main lemma, which we now state.

Main Lemma III Let Ω+, Ω− ⊂ ℝ
n+1 be open and disjoint, and F = ℝ

n+1 \ (Ω+ ∪
Ω−). Fix c0 ∈ (0,1). For any τ > 0, there exists δ > 0 small enough such that the
following holds. Let Γ ⊂ ℝ

n+1 be a Lipschitz graph with slope at most δ, let B0 =
B(x0, r0) be a ball centered atE, whereE ⊂ Γ∩B0 is such that ℋn(E∩ 1

4B0)≥ c0r
n
0

and E∩ (B0 \ 4
5B0) ≠ ∅. If Ω+ ∪Ω− satisfies the s-CDC for some s ∈ (n−1, n) and

∫︂ 1000rad(B0)

0

(︁
εn(x, r)

2 + εs−1(x, r)
2 + 𝔞(x, r)2

)︁ dr
r
< δ for all x ∈E,

where a, 𝔠0 in the definition of εs−1 are chosen appropriately depending on τ , then

β∞,F (
1
4B0) < τ. (4.9)

Proof of Theorem B We are now in the position to prove Theorem B. From Theo-
rem A, we know that E is n-rectifiable. Hence for ℋn almost all points, it admits an
approximate tangent. By replacing E with a subsets of positive measure, by Theo-
rem 1.3 we can assume that

lim
t→0

∫︂ t

0

(︁
εn(x, r)

2 + εs−1(x, r)
2 + 𝔞(x, r)2

)︁ dr
r

= 0 uniformly on E. (4.10)
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To reach a contradiction, let TE be the subset of tangent points ofE. Let x ∈E\TE
and assume moreover that E has an approximate tangent at x. Then there exists an
a ∈ (0,1) such that for all radii r > 0 we have that

(∂Ω+ ∩ ∂Ω−)∩B(x, r)∩Xa(x,ux) ≠ ∅, (4.11)

where ux is the unit vector perpendicular to the approximate tangent of E at x. We
write x ∈Ha if this happens. Then we have

E \ TE =
⋃︂

k≥1

H1/k.

We now show that ℋn(H1/k) = 0 for every k ≥ 1. To this end, for a given k, by
the rectifiability of H1/k we can write

H1/k =
⋃︂

j≥1

(︁
Γkj ∩H1/k

)︁ ∪Zk,

where ℋn(Zk) = 0 and each Γkj is a Lipschitz graph with slope at most δk , where
δk > will be chosen soon, depending on k.

Next, set Ek
j := Γkj ∩ H1/k and suppose that ℋn(Ek

j ) > 0 for some j ≥ 1. Let

moreover x ∈ Ek
j := Γkj ∩ H1/k such that Θn(x,Ek

j ) = 1. Note that (4.11) implies
that there exists a sequence of radii ri → 0 so that

F ∩A(x, 1
2 ri , ri)∩X1/k(x,u)

= (∂Ω+ ∩ ∂Ω−)∩A(x, 1
2 ri, ri)∩X1/k(x,u) ≠ ∅. (4.12)

By (4.10) there exists t0 > 0 small enough such that

∫︂ 1000t0

0

(︁
εn(x, r)

2 + εs−1(x, r)
2 + 𝔞(x, r)2

)︁ dr
r

≤ δk for all x ∈Ek
j .

Then we can choose t0 > 0 sufficiently small so that if ri ≤ t0, we have

∫︂ 4000ri

0

(︁
εn(x, r)

2 + 𝔞±(x, r)2 + εs−1(x, r)
2)︁ dr

r
< δk, (4.13)

ℋn(B(x, ri)∩Ek
j )≥ c0r

n
i , (4.14)

Ek
j ∩ (B(x,4ri) \ 4

5B(x,4ri)) ≠ ∅, and (4.15)

ℋn(B(x,4ri)∩E ∩Xa/2(x,u))≪ ℋn(B(x,4ri)∩E). (4.16)

For each such ri , Ek
j satisfies the hypotheses of Main Lemma III (with B0 =

B(x,4ri)). Hence we deduce that, for any given τ > 0, if δk is small enough,

β∞,F (B(x, ri)) < τ ≪ 1

k
.
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It is immediate to check that this contradicts (4.12) for τ small enough. Indeed,
thanks to (4.16) and (4.14) we can conclude that there are n+ 1 points y1, . . . , yn+1
contained in E ∩ B(x, ri) \ Xa/2(x,u) and such that they are linearly independent
with good constants (i.e., such that the n-dimensional volume of their convex hull
is comparable to rni ). Then, if z ∈ F ∩A(x, 1

2 ri, ri) ∩X1/k(x,u), the volume of the
simplex with vertices z, y1, . . . , yn+1 is bounded away from 0, which implies that
β∞,F (B(x, ri))≳ 1

k
. □

Part I. Weak geometric and topological results

This part of the paper is devoted to the proof of the following first main lemma.
Throughout Part I and Part II, we will keep writing ε(x, r)= εn(x, r).

5 Existence of almost corkscrews

For the convenience of the reader, we state again the first main lemma:

Lemma 5.1 Let Ω+, Ω− ⊂ ℝ
n+1 be disjoint Borel sets. Fix c0 ∈ (0,1). For each

appropriately10 chosen triple of positive and small parameters (β, ϵ, γ ) there exists
a δ = δ(β, ϵ, γ ) > 0 such that the following holds true. Let B0 = B(x0, r0) be a ball
and let μ be a Radon measure with (n,C0)-polynomial growth supported on a subset
E ⊂ B0 and such that μ(B0)≥ c0r

n
0 . If

∫︂ 20r0

0

(︁
ε(x, r)2 + 𝔞±(x, r)2

)︁ dr
r
< δ for each x ∈E, (5.1)

then
(i) There exist two balls B+,B− ⊂ 6B0 such that both B+ and B− are β-almost

corkscrew for 6B0 and Ω+ and Ω−, respectively. Further, we have rad(B±) ≥
c1r0 for some universal constant c1 > 0.

(ii) It holds that

β∞,E(B0) < ϵ. (5.2)

(iii) Assume that x0 ∈E and thatE∩(B0 \ 4
5B0) ≠ ∅ and denote by L0 a hyperplane

minimizing β∞,E(B0). Then the two components D+,D− of 1
2B \ 𝒩2ϵr0(LB)

satisfy (up to relabeling)

ℋn+1(Di ∩Ωi)≥ (1 − γ )ℋn+1(Di) with i = +,−. (5.3)

Remark 5.2 The choice of parameters is as follows. In Lemma 5.3 we show that for
any β there exists a δ1(β) so that (i) holds. Next, in Lemma 6.1, we show that for any
ϵ there exists a δ2(ϵ) so that (ii) holds; thus for both (i) and (ii) to hold for the same δ,

10See Remark 5.2 for what appropriate means here.
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it suffices to pick δ3(β, ϵ)= min(δ1(β), δ2(ϵ)) (see Remark 6.2). In Lemma 9.1, we
show that, given λ > 0, as long as ϵ ≪ λ, we can find a δ4 = δ4(λ, ϵ) so that if (5.1)
holds with a δ5 = δ5(β, ϵ, λ) satisfying δ5 <min(δ4, δ3), then (i), (ii) and the conclu-
sions of Lemma 9.1 holds with this choice of parameters. Finally, in Lemma 10.1, we
show that for any γ > 0, conclusion (iii) holds as long as we choose δ6 = δ(β, ϵ, λ, γ )

with δ6 ≤ δ5, δ6 ≪ β and δ6 ≪ γ . In the end, we take δ = δ6.

In the remainder of this section we will prove Lemma 5.1(i). Recall the definition
of β-almost corkscrew in Definition 4.1.

Lemma 5.3 Let β, δ > 0 and let x, y ∈ ℝ
n+1 be such that |x − y| =R and

∫︂ 8R

0

(︁
εn(x, t)

2 + εn(y, t)
2)︁ dt

t
≤ δ.

If δ = δ(β) > 0 is small enough, then there exist B+,B− ⊂ B(x,6R) such that each
Bi is a β-almost corkscrew ball for B(x,6R) and Ωi , with rad(Bi)≥ c1R, where c1
is an absolute constant.

We need an intermediate result.

Lemma 5.4 Let θ ∈ (0,1/2). Let I ⊂ ℝ be an interval and consider a measurable
subset G⊂ I such that |G| ≥ c2 |I |. Then there exists an interval J ⊂ I which satis-
fies the following properties:
(a) ℓ(J )≥ c(c2, θ) ℓ(I ),
(b) Any dyadic descendant ˜︁J of J such that ℓ(˜︁J )≥ θ ℓ(J ) satisfies

|G∩ ˜︁J | ≥ c2

2
|˜︁J |.

We prove now the existence of almost corkscrew balls assuming Lemma 5.4. Let
us sketch the proof in words first, to aid the intuition.

By pigeonholing we can assume that the best approximating half spaces are very
close to one half space (call it H+

uk
) for many radii. Denote this set of radii by Ak and

call the union of spheres S(x, t) for t ∈Ak byGx (see Fig. 1). Then there is a location,
represented by the ball B in Fig. 1, where B ∩ S(x, t) ⊂ H+

uk
, r ∈ Ak . Since for all

these radii we can also assume that εn(x, t) ≪ 1, this means that S(x, t) ∩ B will
be essentially devoid of points from Ω− for each t ∈ Ak . Basically, we can imagine
Gx ∩B to be contained in Ω+.

Let us now look at the spheres S(y, t) which intersect B . Since Ak is rather large,
this means that S(y, r) ∩ Gx is large for most spheres S(y, r). Hence we can find
n+ 1 (or 2 in Fig. 1) linearly independent cones X(vi, γ ) of aperture γ and axis vi ,
such that if Δ = X(vi, γ ) ∩ S(y, r) then Δ contains plenty of Gx , and thus of Ω+.
Since we know that εn(y, r) ≪ 1, this forces Δ to intersect H+

y,r . By then, for any

n + 1-tuple of points y0, . . . , yn, its geodesic convex hull11 must lie in H+
y,r . Since

11That is, the convex hull in S(y, r).
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Fig. 1 The set up of the proof of Lemma 5.3. On top, the labelled 2d case. At the bottom left, the 3d case:
the spheres on the left represent Gx and the three red dots the points y1, y2, y3 (Color figure online). The
shaded area will contain the hull of {y1, y2, y3}. At the bottom right, another 3d rendering

εn(y, r)≪ 1, this in turn implies that most of this hull must belong to Ω+ - and this
is true for essentially all spheres centered at y and intersecting B . Hence by Fubini
most of B is in Ω+.

Proof of Lemma 5.3 We will just show the existence of the almost corkscrew ball B+
since the arguments for B− are analogous. For a fixed x ∈ ℝ

n+1, we identify each
half-space H ⊂ ℝ

n+1 such that x ∈ ∂H with the inner unit vector to ∂H , which we
denote by uH . Then, for some τ ∈ (0,1/10) to be fixed below, we consider a maximal
τ -separated family of unit vectors ui , 1 ≤ i ≤Nτ , so that 𝕊n ⊂ ⋃︁

i B(ui, τ ).
We let

Ai = {︁
t ∈ [2R,3R] : uHx,t ∈ B(ui, τ )

}︁
,

where uHz,t is the unit vector identifying the subspace Hz,t that minimizes εn(z, t)
(this might not be unique, in which case we simply choose one). So we have
[2R,3R] = ⋃︁Nτ

i=1Ai . We choose k such that Ak has maximal Lebesgue measure
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among all the Ai ’s, so that

|Ak| ≥ 1

Nτ

R.

For I = [2R,3R] and some constant θ ∈ (0,1/2) to be fixed below, consider a
subinterval J ⊂ I satisfying the properties given by Lemma 5.4, with Ak in place of
G in the lemma. Denote by rJ the center of J . Notice that

distH (Huk ∩B(x,8R),Hx,r ∩B(x,8R))≲ τ R for all r ∈Ak . (5.4)

Then we infer that, for some absolute constant τ small enough, there is a geodesic
ball Δ0 ⊂ 𝕊

n of radius 1/10 such that

Δx,r := {z ∈ S(x, r) : r−1(z− x) ∈Δ0} ⊂Hx,r for every r ∈Ak , (5.5)

and moreover

dist(Δx,r ,Lx,y)≳R for all r ∈ [R/2,4R], (5.6)

where Lx,y is the line through x, y.
Let ξJ ∈ S(x, rJ ) be the geodesic center of Δx,rJ (recall that rJ is the center of

the interval J ). Without loss of generality we assume that y = 0. Observe that ξJ ∈
S(0, |ξJ |) ∩ S(x, rJ ) and |ξJ | = |ξJ − y| ≈ R. Further, the condition (5.6) ensures
that dist(ξJ ,Lx,y) ≳ R and so the intersection of both spheres is “transversal” near
ξJ .12 From this fact and the condition (b) in Lemma 5.4 with θ small enough, we
infer that for any γ > 0 there exists some small constant c3(γ ) ∈ (0,1/10) such that,
for every r > 0 and every geodesic ball Δ⊂ S(0, r)= S(y, r) such that

i. |r − |ξJ || ≤ c3R,
ii. dist(ξJ ,Δ)≤ c3R,

iii. radS(0,r)(Δ)≥ γ c3R,

it holds

ℋn(Δ∩Gx)≳τ,γ ℋn(Δ), where Gx =
⋃︂

t∈Ak

S(x, t). (5.7)

Now we choose unit vectors v0, . . . , vn ∈ S(0,1) ∩ B(|ξJ |−1ξJ ,
1
2c3) such that

dist(vi,Lv0,...,vi−1)≳c3 1 for 1 ≤ i ≤ n, where Lv0,...,vi−1 stands for the (i − 1)-plane
through v0, . . . , vi−1, and we consider the (one-sided) cones

X(vi, γ )= {z ∈ ℝ
n+1 \ {0} : ||z|−1z− vi | ≤ γ /2},

for i = 0, . . . , n. Choosing γ small enough, it is clear that, for all r ≈ R and all
yi ∈X(vi, γ ) ∩ S(0, r), the geodesic convex hull of y0, . . . , yn in S(0, r), which we
denote by hullS(0,r)(y0, . . . , yn), satisfies

ℋn(hullS(0,r)(y0, . . . , yn))≳c3,γ r
n ≈c3,γ R

n. (5.8)

12Roughly speaking, this is because the points x, y, ξJ are far from being colinear.
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To shorten notation, we write r1 = |ξJ | − c3R and r2 = |ξJ | + c3R. Then, for
j = 0, . . . , n we have

ℋn+1(A(0, r1, r2)∩X(vj , γ )∩Gx ∩Ω+)

= ℋn+1(A(0, r1, r2)∩X(vj , γ )∩Gx)

−ℋn+1(A(0, r1, r2)∩X(vj , γ )∩Gx \Ω+).

Regarding the last term, notice that A(0, r1, r2) ∩ X(vj , γ ) is contained in a small
neighborhood of ξJ and then, assuming c3 small enough with respect to τ ,

A(0, r1, r2)∩X(vj , γ )∩Gx ∩ S(x, t)⊂Hx,t for every t ∈Ak .

Therefore, by the definition of Gx ,

ℋn+1(A(0, r1, r2)∩X(vj , γ )∩Gx \Ω+)

≤
∫︂

Ak

ℋn(S(x, t)∩Hx,t \Ω+) dt (5.9)

≲Rn

∫︂

Ak

εn(x, t) dt

≤Rn

(︃∫︂ 4R

0
εn(x, t)

2 dt

t

)︃1/2 (︃∫︂ 4R

0
t dt

)︃1/2

≲ δ1/2Rn+1.

We denote

Badj = {︁
r ∈ [r1, r2] : ℋn(S(0, r)∩X(vj , γ )∩Gx \Ω+)

≥ δ1/4 ℋn(S(0, r)∩X(vj , γ )∩Gx)
}︁
.

In a sense, Badj is the set of radii for which there is a lot of mass from S(0, r) ∩
X(vj , γ )∩Gx outside Ω+. By (5.7) and the condition iii above, we have

ℋn(S(0, r)∩X(vj , γ )∩Gx)≳γ ℋn(S(0, r)∩X(vj , γ ))≈γ R
n.

Then, by Chebyshev and (5.9), we obtain

ℋ1(Badj )≤ δ−1/4
∫︂ r2

r1

ℋn(S(0, r)∩X(vj , γ )∩Gx \Ω+)
ℋn(S(0, r)∩X(vj , γ )∩Gx)

dr

≲γ

δ−1/4

Rn

∫︂ r2

r1

ℋn(S(0, r)∩X(vj , γ )∩Gx \Ω+) dr

≈γ

δ−1/4

Rn
ℋn+1(A(0, r1, r2)∩X(vj , γ )∩Gx \Ω+)≲γ δ

1/4R.
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Let

Good0 = {︁
r ∈ [r1, r2] : εn(y, r)≤ δ1/4}︁.

By Chebyshev and Cauchy-Schwarz, we have

ℋ1(︁[r1, r2] \ Good0}
)︁ ≤ δ−1/4

∫︂ 4r

0
εn(y, t) dt (5.10)

≤ δ−1/4
(︃∫︂ 4R

0
εn(y, t)

2 dr

r

)︃1/2 (︃∫︂ 4R

0
r dr

)︃1/2

≲ δ1/4R.

Finally, let Good = Good0 \ ⋃︁n
j=0 Badj . From the last estimates we deduce

ℋ1([r1, r2] \ Good)≤ℋ1([r1, r2] \ Good0)+
n∑︂

j=0

ℋ1(Badj )≲ δ1/4R. (5.11)

Observe also that for r ∈ Good, since r /∈ Badj , it holds

ℋn(S(0, r)∩X(vj , γ )∩Ω+)≥ ℋn(S(0, r)∩X(vj , γ )∩Gx ∩Ω+)

≥ (1 − δ1/4)ℋn(S(0, r)∩X(vj , γ )∩Gx)≳γ r
n.

Since εn(0, r) = εn(y, r) ≪ 1 for r ∈ Good, we deduce that the half-sphere S+
y,r =

S(y, r)∩Hy,r satisfies

S+
y,r ∩X(vj , γ ) ≠ ∅.

Since S+
y,r is geodesically convex in S(y, r)≡ S(0, r) we infer that, for all yj ∈ S+

y,r ∩
X(vj , γ ), 0 ≤ j ≤ n,

hullS(0,r)(y0, . . . , yn)⊂ S+
y,r .

Consequently, if we let

Vr =
⋂︂

0≤j≤n
yj∈X(vj ,γ )∩S(0,r)

hullS(0,r)(y0, . . . , yn),

it is clear that Vr ⊂ S+
y,r . Therefore,

ℋn(Vr \Ω+)≤ℋn(S+
y,r \Ω+)≤ rn εn(y, r)≤ δ1/4rn for all r ∈ Good. (5.12)

Next we let

V =
⋃︂

r∈[r1,r2]
Vr .
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It is immediate to check that

V = Ā(0, r1, r2)∩
⋂︂

0≤j≤n
yj∈X(vj ,γ )

hull(y0, . . . , yn),

and from (5.8) it follows easily that V contains some ball B+ with rad(B+) ≈γ R.
Further, by (5.12) and (5.11) we deduce that

ℋn+1(B+ \Ω+)≤ ℋn+1(V \Ω+)=
∫︂ r2

r1

ℋn(Vr \Ω+) dr

≲
∫︂

Good
ℋn(Vr \Ω+) dr +Rnℋ1([r1, r2] \ Good)≲ δ1/4Rn+1.

So B+ is a (Cδ1/4)-almost corkscrew. Notice that its radius does not depend on δ,
but on τ and γ , which are fixed geometric parameters. □

Proof of Lemma 5.4 We need to introduce some notation. Given an arbitrary half-open
interval L ⊂ ℝ and k ≥ 0, we denote by 𝒟k(L) the family half-open intervals con-
tained in L with side length 2−kℓ(L) generated by splitting L dyadically k times. We
denote by ℓ(L) the length of the interval L. We also set 𝒟(L)= ⋃︁

k≥0 𝒟k(L).
Let I and G be as in the statement of the lemma. Without loss of generality, we

assume that I is half open-closed. Given L ∈ 𝒟(I ), we say that L has low density,
and we write L ∈ LD, if |G ∩ L| ≤ c2

2 ℓ(L). We also denote by LDmax the family of
maximal intervals from LD ∩ 𝒟(I ). Since the intervals L ∈ LDmax are disjoint and
they satisfy

|L| ≤ 1

1 − c2
2

|L \G| = 2

2 − c2
|L \G|,

taking also into account that |I \G| ≤ (1 − c2) ℓ(I ), we deduce
⃓⃓
⃓

⋃︂

L∈LD

L

⃓⃓
⃓ =

∑︂

L∈LDmax

ℓ(L)≤ 2

2 − c2

∑︂

L∈LDmax

|L \G| ≤ 2

2 − c2
|I \G|

≤ 2 − 2c2

2 − c2
ℓ(I )=: c4 ℓ(I ), (5.13)

with c4 ∈ (0,1).
We say that an interval J ∈ 𝒟(I ) is good, and we write J ∈ 𝒢, if every subinterval

L ∈ 𝒟k(J ) with k ∈ [0,− log2 θ ] satisfies L /∈ LD. Otherwise we say that J is bad
and we write J ∈ ℬ. In this language, the lemma will be proved if we find a good
interval J ∈𝒟(I ) such that ℓ(J )≳ c(c2, θ)ℓ(I ).

We write Nθ = ⌈− log2 θ⌉. Given J ∈ ℬ, we denote by Next(J ) the subfamily of
the intervals from 𝒟Nθ (J ) which are not contained in any interval from 𝒟(J ) ∩ LD.
Notice that the condition J ∈ ℬ ensures that there exists some L ∈ 𝒟(J ) ∩ LD such
that ℓ(L)≥ 2−Nθ ℓ(J ), so that 𝒟Nθ (J ) \ Next(J ) ≠ ∅. In particular, this implies that

∑︂

L∈Next(J )

ℓ(L)≤ (1 − 2−Nθ ) ℓ(J ). (5.14)
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In the case J ∈ 𝒢, we set Next(J )= ∅. Of course, the preceding estimate is trivially
true in this case too.

Next we define inductively a family of intervals Top ⊂ 𝒟(I ). First we set Top0 =
I . For k ≥ 1, we set

Topk =
⋃︂

J∈Topk−1

Next(J ),

and then

Top =
⋃︂

k≥0

Topk.

Notice that Topk ⊂ 𝒟kNθ (I ) and by construction, if L ∈ 𝒟kNθ (I ) \ Topk , then there
exists some J ∈ 𝒟(I ) with L ⊂ J ⊂ I such that either J ∈ LD or J ∈ 𝒢 ∩ Top.
Observe also that, by (5.14),

∑︂

L∈Topk

ℓ(L)≤ (︁
1 − 2−Nθ

)︁ ∑︂

L′∈Topk−1

ℓ(L′)≤ · · · ≤ (︁
1 − 2−Nθ

)︁k
ℓ(I ).

So for k large enough depending on c4 and Nθ , so on c2 and θ ,

∑︂

L∈Topk

ℓ(L)≤ 1 − c4

2
ℓ(I )

and thus

∑︂

L∈𝒟kNθ
(I )\Topk

ℓ(L)≥ 1 + c4

2
ℓ(I ) > c4 ℓ(I ).

From (5.13) we infer that there exists some L ∈ 𝒟kNθ (I ) \ Topk which is not con-
tained in any J ∈ LD. Hence, by the discussion above, for such L there exists
J ∈𝒟(I ) with L⊂ J ⊂ I such that J ∈ 𝒢∩Top. This is the interval we were looking
for, which satisfies the properties stated in the lemma. □

We also need the following lemma.

Lemma 5.5 Let Ω+,Ω− ⊂ ℝ
n+1 be disjoint Borel sets. Given x ∈ ℝ

n+1, r > 0, and
a > 0, let Δ⊂ S(x, r) be a geodesic ball such that a r ≤ radS(x,r)(Δ)≤ π

2 r , so that
Δ is contained in a half-sphere in S(x, r). Denote by H+

x,r the half-space minimizing
εn(x, r). Then there exists some δ = δ(a) > 0 such that:
(a) If

ℋn(Δ∩Ω+)≥ aℋn(Δ) and εn(x, r)≤ δ,

then Δ∩H+
x,r ≠ ∅.
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(b) If

ℋn(Δ \Ω+)≤ δℋn(Δ) and εn(x, r)≤ δ,

then 3
4Δ ⊂ H+

x,r , where 3
4Δ is the spherical ball in S(x, r) concentric with Δ

such that radS(x,r)(
3
4Δ)= 3

4 radS(x,r)(Δ).

Proof Set σ = ℋn|S(x,r) and S± = S(x, r) ∩ H±
x,r (x, r). To see (a), notice that if

Δ∩H+
x,r = ∅, then Δ⊂ S+, and thus

σ(S− \Ω−)≥ σ(S− ∩Ω+)≥ σ(Δ∩Ω+)≥ a σ(Δ)≳a r
n.

For an appropriate choice of δ = δ(a), this contradicts the fact that εn(x, r) ≤ δ and
proves (a).

To show (b), suppose that 3
4Δ ⊊ H+

x,r . Put D := H−
x,r ∩Δ. Then there is a fixed

numerical constant c > 0 such that σ(D)≥ c σ (Δ). Put also F := ℝ
n+1 \(Ω+ ∪Ω−).

If δ is sufficiently small with respect to c, we have

σ(D ∩ (F ∪Ω+))= σ(Δ∩ (F ∪Ω+))− σ((Δ \D)∩ (F ∪Ω+))

≥ (1 − δ)σ (Δ)− σ(Δ \D)
≥ ((1 − δ)− (1 − c))σ (Δ)≳ σ(D).

We then see that

σ(S− \Ω−)= σ(S− ∩ (F ∪Ω+))≥ σ(D ∩ (F ∪Ω+))≳ σ(D)≳a r
n.

Again, for an appropriate choice of δ = δ(a), this contradicts the hypothesis that
εn(x, r)≤ δ. □

Below we will also need the following variant of Lemma 5.3.

Lemma 5.6 Let δ, a,R > 0 and let x, y ∈ ℝ
n+1 be such that aR ≤ |x − y| ≤R and

∫︂ 8R

0

(︁
εn(x, t)

2 + εn(y, t)
2)︁ dt

t
≤ δ.

Let η > 0 and let B+
1 be a ball contained in B(x,R) such that

2B+
1 ∩Lx,y ≠ ∅, rad(B+

1 )≥ a R, and ℋn+1(B+
1 ∩Ω+)≥ ηℋn+1(B+

1 ),

where Lx,y is the line passing through x and y. For any β > 0, if δ = δ(a,β, η) > 0
is small enough, then there exists a β-almost corkscrew ball B+ ⊂ 2B+

1 for Ω+ such
that rad(B+)≥ c(a, η) rad(B+

1 ), with c(a, η) > 0.

Proof The arguments are similar to the ones for Lemma 5.3, and so we will sketch
the proof.
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Let xB+
1

be the center of B+
1 and let R1 = |x − xB+

1
|. Since x /∈ 2B+

1 , we have

R1 ≥ 2aR. Let I0 = [R1 − rad(B+
1 ),R1 + rad(B+

1 )]. For each t ∈ I0, consider the
spherical ball Δt = B+

1 ∩B(x, t). Let

G0 := {t ∈ I0 : ℋn(Δt ∩Ω+)≥ η2rad(B+
1 )

n}.
To bound ℋ1(G0) from below we write

ηℋn+1(B+
1 )≤ ℋn+1(B+

1 ∩Ω+)=
∫︂

I0

ℋn(Δt ∩Ω+) dt

≤ η2 rad(B+
1 )

nℋ1(I0 \G0)+C rad(B+
1 )

nℋ1(G0)

≲ η2 ℋn+1(B+
1 )+ rad(B+

1 )
nℋ1(G0).

For η small enough, this implies that

ℋ1(G0)≳ η rad(B+
1 ).

Notice that, for t ∈ G0, the spherical ball Δt satisfies ℋn(Δt ) ≥ ℋn(Δt ∩ Ω+) ≥
η2rad(B+

1 )
n. Thus,

t ≳ radS(x,t)(Δt )≳ η2 rad(B+
1 )≥ η2a t. (5.15)

Now, by Chebyshev, arguing as in (5.10), it follows easily that

ℋ1(︁{t ∈ I0 : εn(x, t) > δ1/4})︁ ≤ C δ1/4R ≲a δ
1/4 rad(B+

1 ).

So assuming δ small enough (depending on a and η), we deduce that the set

G1 := {t ∈G0 : εn(x, t)≤ δ1/4}
satisfies ℋ1(G1) ≥ 1

2 ℋ1(G0) ≳ η rad(B+
1 ). Observe now that, by Lemma 5.5 (a),

(5.15), and the fact that εn(x, r) ≤ δ1/4 for t ∈ G1, assuming δ small enough (de-
pending on η and a) it follows that

Δt ∩H+
x,t ≠ ∅ for all t ∈G1. (5.16)

As in Lemma 5.3, we identify each half-space H ⊂ ℝ
n+1 such that x ∈ ∂H with

the inner unit vector to ∂H , which we denote by uH . Then, for some τ ∈ (0,1/10) to
be fixed below, we consider a maximal τ -separated family of unit vectors ui , 1 ≤ i ≤
Nτ , so that 𝕊n ⊂ ⋃︁

i B(ui, τ ). We let

Ai = {︁
t ∈G1 : uHx,t ∈ B(ui, τ )

}︁
,

where uHx,t is the unit vector identifying the subspace Hz,t that minimizes εn(x, t).

So we have G1 = ⋃︁Nτ

i=1Ai . We choose k such that Ak has maximal Lebesgue mea-
sure among all the Ai ’s, so that

ℋ1(Ak)≥ 1

Nτ

ℋ1(G1)| ≳ η

Nτ

rad(B+
1 ).
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For some constant θ ∈ (0,1/2) to be fixed below, consider a subinterval J ⊂ I0
satisfying the properties given by Lemma 5.4, with I0,Ak in place of I,G in the
lemma, respectively. Denote by rJ the center of J . Consider now the cone X(B+

1 )

made up of all the half-lines with origin in x and passing through B+
1 . That is, X(B+

1 )

is the smallest cone with vertex in x that contains B+
1 . Analogously, let X( 3

2B
+
1 )

made up of all the half-lines with origin in x and passing through 3
2B

+
1 . Notice that,

by (5.16),

X(B+
1 )∩H+

x,t ∩ S(x, t)=X(B+
1 )∩ S+(x, t) ≠ ∅ for all t ∈G1,

and thus, in particular, for all t ∈Ak . Together with the fact that

distH (Huk ∩B(x,8R),Hx,r ∩B(x,8R))≲ τ R for all r ∈Ak ,

we infer that, for some constant τ small enough (depending on a,η, δ), there is a
geodesic ball Δ0 ⊂ 𝕊

n of radius comparable to τR such that

Δx,r := {z ∈ S(x, r) : r−1(z− x) ∈Δ0} ⊂Hx,r ∩X( 3
2B

+
1 )

for every r ∈Ak , (5.17)

and moreover

dist(Δx,r ,Lx,y)≥ caR for all r ∈ I0, (5.18)

where Lx,y is the line through x, y and c is an absolute constant. This estimate is
analogous to (5.6) in the proof of Lemma 5.3. Now we continue the proof as in that
lemma, allowing the different parameters there to depend on a and η. It is easy to
check that the ball B+ found at the end of that proof should be contained in CB+

1 .
To ensure that this is contained in 2B+

1 , we could just replace the ball B+
1 in these

arguments by a suitable smaller ball ˜︁B+
1 contained in B+

1 . We leave the details for the
reader. □

6 Weak flatness: finding an analytic variety

In this section and the two following ones, we will carry out the proof of Lemma 5.1
(ii), which we recall (with a slight change in the condition (6.1) below).

Lemma 6.1 Given c0 ∈ (0,1), there exists ϵ0 > 0 so that for each ϵ ∈ (0, ϵ0) we can
find δ = δ(ϵ) > 0 such that the following holds true. Let Ω+, Ω− ⊂ ℝ

n+1 be disjoint
Borel sets and B0 = B(x0, r0). Suppose also that there is a Radon measure μ with
(n,1)-polynomial growth supported on a subset E ⊂ B0 such that

μ(B0)≥ c0r
n
0 .

If
∫︂ 10r0

0

(︁
εn(x, r)

2 + 𝔞(x, r)2
)︁ dr
r
< δ for all x ∈E, (6.1)

then β∞,E(B0) < ϵ.
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Notice that in the assumption (6.1) the integral runs over r ∈ (0,10r0) while in
Lemma 5.1 we wrote the integral over (0,20r0). This is minor technical improvement
which will be useful later to prove Lemma 5.1 (iii) in Sect. 10.

Remark 6.2 For each pair (β, ϵ), in order for conclusions (i) and (ii) of Lemma 5.1 to
hold at the same time, it suffices to choose δ(β, ϵ)= min(δ(β), δ(ϵ)).

Let us fix Borel sets Ω+
j ,Ω

−
j ⊂ ℝ

n+1 so that Ω+
j ∩Ω−

j = ∅ for each j . For the
remainder of this section, we will write ε(x, r)= εn(x, r). We denote by εj (x, r) and
𝔞j (x, r) the coefficients ε(x, r) and 𝔞(x, r) associated to the pair Ω+

j ,Ω
−
j .

The following lemma is an immediate consequence of the weak * compactness of
the unit ball of L∞.

Lemma 6.3 Let {Ω±
j }j be a sequence of pairs of disjoint Borel sets in ℝ

n+1 as above.

Then there are non-negative functions g+, g− ∈ L∞(ℝn+1) such that, for a subse-
quence Ω±

jk
it holds

1Ω±
jk

→ g± weakly ∗ in L∞(ℝn+1),

and

g+ + g− ≤ 1.

Under the assumptions of the preceding lemma, we denote

𝔞0(x, r)
2 = 𝔞+

0 (x, r)
2 + 𝔞−

0 (x, r)
2

=
⃓⃓
⃓⃓π

(n+1)/2

2
− 1

rn+1

∫︂
g+(y) e−|y−x|2/r2

dy

⃓⃓
⃓⃓
2

+
⃓⃓
⃓
⃓
π(n+1)/2

2
− 1

rn+1

∫︂
g−(y) e−|y−x|2/r2

dy

⃓⃓
⃓
⃓

2

. (6.2)

Our next objective is to prove a key geometric fact: roughly speaking, the set of
points where the square function 𝔞0 is zero (in the limit) must lie in an n-dimensional
analytic variety. Moreover, that the square function ε is zero (in the limit) implies that
the quasi-corkscrews found in Lemma 5.3 are real corkscrews, albeit in a measure
theoretic sense. This is made precise in the lemma below.

Lemma 6.4 Fix c0 > 0. Let {Ω±
j }j be as above and g+, g− as in Lemma 6.3. Let

B0 ⊂ ℝ
n be a ball and, for each j , let Ej ⊂ B0 be a compact set such that

∫︂ 8 rad(B0)

0

(︁
εj (x, r)

2 + 𝔞j (x, r)
2)︁ dr

r
≤ 1

j
for all x ∈Ej . (6.3)

Suppose that the setsEj converge in Hausdorff distance to a compact setE0. Let {μj }
be a sequence of measures with (n,1)-polynomial growth supported on Ej and con-
verging weakly to a measure μ0, so that supp(μ0)⊂E0 and it has (n,1)-polynomial
growth and suppose moreover that μ0(B0)≥ c0 rad(B0)

n. Then the following holds:
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(a) There are two balls B+,B− ⊂ 6B0 such that rad(B±)≈ rad(B0) with

g+ = 1 ℋn+1-a.e. in B+ and g− = 1 ℋn+1-a.e. in B−.

(b) There is an n-dimensional real analytic variety Z ⊂ ℝ
n+1 such that

supp(μ0)∩ 8B0 ⊂ Z ⊂ ℝ
n+1 \ (B+ ∪B−).

The analytic variety equals

Z =
⋂︂

k≥0

{︂
x ∈ℝ

n+1 : 𝔞0(x,2−k)= 0
}︂
, (6.4)

with 𝔞0(x,2−k) defined by (6.2).

We prove this lemma, we rescale and take B0 = B(0,1). Using Lemma 6.3 we
find a subsequence of Borel sets {Ω±

jk
} whose characteristic functions 1Ω±

jk

converge

weakly-∗ to functions g± ∈ L∞(ℝn+1). First, we show the following.

Claim 6.5 For all x ∈ B(0,8)∩ supp(μ0) and all r ∈ (0,8) it holds that

𝔞+
0 (x, r)= 0, (6.5)

where we recall that

𝔞+
0 (x, r)=

⃓⃓
⃓
⃓⃓
π(n+1)/2

2
− 1

rn+1

∫︂
g+(y)e−|y−x|2/r2

dy

⃓⃓
⃓
⃓⃓ .

and g+ is the weak limit in L∞ of 1Ω+
jk

as per Lemma 6.3 (2).

Proof of Claim 6.5 For any r > 0, the mapping x ↦→ 𝔞+
0 (x, r) is continuous on ℝ

n+1.
Hence, to prove (6.5) it suffices to show that

∫︂

B(0,8)

∫︂ 8

0
𝔞+

0 (x, r)
2 r3 drdμ0(x)= 0. (6.6)

Recall that r ∈ (0,8); then, using (6.3), we conclude that

∫︂

B(0,8)

∫︂ 8

0
𝔞+
jk
(x, r)2 r3 drdμjk (x)≤ Cj−1

k . (6.7)

Now let Φ : ℝn+1 → ℝ be a non-negative smooth function compactly supported on
B(0,8), and let ϕ : ℝ → ℝ be a non-negative smooth function compactly supported
on (0,8). For x ∈ℝ

n+1, r ∈ ℝ, set

hjk (x, r) :=Φ(x) · ϕ(r) r3

(︄
1

rn+1
e−⃓⃓ ·

r

⃓⃓2 ∗ 1Ω+
jk

(x)− π(n+1)/2

2

)︄

, and
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h0(x, r) :=Φ(x) · ϕ(r) r3

(︄
1

rn+1
e−⃓⃓ ·

r

⃓⃓2 ∗ g+(x)− π(n+1)/2

2

)︄

.

Since 1Ω+
jk

converges weakly-∗ in L∞(ℝn+1) to g+, we see that

hjk (x, r)→ h0(x, r) pointwise.

Note that {(x, r) ↦→ hjk (x, r)} is a uniformly bounded sequence of functions on
B(0,8)× (0,8), with uniformly bounded derivatives. By the Arzelà-Ascoli Theo-
rem, we deduce that hjk converges uniformly to h0 on compact subsets - up to a
subequence which is immediately relabelled. After these preliminaries, we compute

∫︂

B(0,8)

∫︂ 8

0
h0(x, r) drdμ0(x)=

∫︂

B(0,8)

∫︂ 8

0
h0(x, r) dr(μ0 −μjk )(x)

+
∫︂

B(0,8)

∫︂ 8

0

(︁
h0 − hjk

)︁
(x, r) drdμjk (x)

+
∫︂

B(0,8)

∫︂ 8

0
hjk (x, r) drdμjk (x).

The first integral on the right hand side of the equation above tends to 0 as k →
∞ since dr dμjk converges weakly to dr μ0 (clearly h0 is continuous). The second
integral also converges to 0 as k → ∞, this time by the uniform convergence of hjk
to h0 on compact subsets. As for the third integral, we bound it above by the left hand
side of (6.7). All in all, we obtain that

∫︂

B(0,8)

∫︂ 8

0
h0(x, r) dr dμ0(x)= 0.

Since Φ and ϕ are arbitrary non-negative smooth functions compactly supported on
B(0,8) and (0,8), respectively, we conclude that (6.6) holds true. This, as previously
mentioned, implies (6.5) and thus Claim 6.5. □

Proof of Lemma 6.4, (b) We define

Z =
⋂︂

k≥0

{︂
x ∈ℝ

n+1 |𝔞+
0 (x,2−k)= 0

}︂
.

By Claim 6.5, if x ∈ B(0,8) ∩ supp(μ0) and r ∈ (0,8), then 𝔞+
0 (x, r)= 0. In partic-

ular, this implies that supp(μ0)∩B(0,8)⊂ Z.
We verify Z is a real analytic variety; that is, there exists a real analytic function

on ℝ
n+1 whose zero set is Z. Considering ℝ

n+1 ⊂ ℂ
n+1, it is enough to construct

instead an entire holomorphic function whose real zero set is Z. We consider the
following extension of the convolution of two functions f : ℂn+1 → ℂ, g : ℝn+1 →
ℝ:

(g ∗ f )(x + iy) :=
∫︂

ℝn+1
g(u)f (x + iy − u)du,
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whenever the integral makes sense. For a > 0, z= (z1, . . . , zn+1), with zk = xk + iyk ,

we define fa(z) := a(n+1)/2e−a∑︁n+1
k=1(xk+iyk)2 for a > 0 and the holomorphic exten-

sion

𝔞+
0 (z, r)

2 := (g+ ∗ f1/r2(z)− π(n+1)/2)2 for z ∈ℂ
n+1.

The convolution is well defined since g+ ∈ L∞ and fa has exponential decay with
fixed y. The desired function suitable to show that Z is a real analytic variety can be
taken as

F(z) :=
∑︂

k≥0

2−ke−22k+1k2
𝔞+

0 (z,2−k)2.

See the appendix in [17] for a detailed proof that this function is entire holomorphic.
To conclude the proof of Lemma 6.4, we need to show that Z ≠ ℝ

n+1. In fact,
we claim that for every x ∈ supp(μ0) ∩ B(0,8)⊂ Z, and for all r ∈ (0,8) such that
μ0(B(x, r))≥ c0r

n there exists a ballB ⊂ B(x, r)with rad(B)≈ r such thatB∩Z =
∅. Indeed, let x ∈ supp(μ0) ∩ B(0,8). Let {xj } be a sequence of points in ℝ

n+1

so that xj ∈ supp(μj ) and |xj − x| → 0. There exists a subsequence jk such that
μjk (B(x, r)) >

c0
2 rn for k large enough. For all these k’s, this implies that there

exists a point yk ∈Ejk such that r ≥ |xjk −yk| ≳c0 r . Recall that, since xjk , yk ∈Ejk ,
then it holds that

∫︂ 8|xjk−yk |

0
(εjk (xjk , t)

2 + εjk (yk, t)
2)
dt

t

≤
∫︂ 8rad(B0)

0
(εjk (xjk , t)

2 + 𝔞jk (xjk , t)
2)
dt

t

+
∫︂ 8rad(B0)

0
(εjk (yk, t)

2 + 𝔞jk (yk, t)
2)
dt

t
≤ 2

jk
.

This is due to the hypothesis (6.3). In particular, for an arbitrary δ > 0, we can pick
k large enough so that the hypotheses of Lemma 5.3 hold, and hence it may be
applied with the preferred β . In fact, we first pick a sequence of numbers βi con-
verging to 0. We then find a subsequence {jki } such that for each i, the conclu-
sion of Lemma 5.3 holds with βi . That is, for each i, there exists two balls B±

ki
⊂

B(xjki
,C(c0)r)⊂ B(x, r) such that each of them is an almost βi -corkscrew ball with

rad(B±
ki
)≥ c1|xjki − yki | ≥ c1C(c0)r . We can assume the balls B±

ki
to be convergent

in Hausdorff distance. Then we let B± be two balls with rad(B±) ≈ rad(B±
ki
) and

such that B± ⊂ B±
ki

for all sufficiently large ki . For κ > 0, let ϕκ be a smooth cut off
of B+ so that ϕ = 1 on (1 − κ)B+. Then we see that, for any η > 0, there is an i0 so
that for all i ≥ i0,

η+
∫︂

B+
g+(y) dy ≥ η+

∫︂

ℝn+1
g+(y)ϕκ(y) dy ≥

∫︂

ℝn+1
1Ωjki

(y)ϕκ(y) dy

=
∫︂

B+∩Ωjki

ϕκ(y) dy.
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Moreover,
∫︂

B+∩Ωjki

ϕκ dy > |(1 − κ)B+ ∩Ωjki
|.

This is true for each κ > 0 and hence η+ ∫︁
B+ g+(y) dy ≥ |B+ ∩Ωjki

|. Since B+ ⊂
B+
ki

for all sufficiently large i, and rad(B+)≈ rad(B+
ki
), it follows that |B+ ∩Ωjki

| ≥
(1 − Cβi)|B+|, where C depends on n, c0 and c1. In particular, it is independent of
i. We conclude that

η+
∫︂

B+
g+ dy ≥ |B+|.

Since η was arbitrary, and g+ ≤ 1, this implies that g+ = 1 a.e. on B+.
To conclude the proof of the claim, we want to show that Z ∩ B+ = ∅. Suppose

that z ∈ Z ∩B+. But then there exists an m such that B(z,2−m)⊂ B+ and, because
g+ = 1 a.e., we get that

2(n+1)m
∫︂

ℝn+1
g+(y)e−22m|z−y|2 dy ≥ 2(n+1)m

∫︂

B+
e−22m|z−y|2 dy m→∞−→ π(n+1)/2.

In particular, 𝔞+
0 (z,2−m)2 is bounded away from 0 for m large enough. Thus F(z) ≠

0 and we run into a contradiction. This ends the proof of the claim. This completes
the proof of Lemma 6.4 (2). □

In fact, a closer look the proof of Lemma 6.4 shows that we have proven the
following lemma, which implies Lemma 6.4, conclusion (a).

Lemma 6.6 Fix c0 > 0. Let {Ω±
j }j be as above and g+, g− as in Lemma 6.3. Let

B0 ⊂ ℝ
n+1 be a ball and, for each j , let Ej ⊂ B0 be a compact set such that

∫︂ 8 rad(B0)

0

(︁
εj (x, r)

2 + 𝔞j (x, r)
2)︁ dr

r
≤ 1

j
for all x ∈Ej . (6.8)

Suppose that the sets Ej converge in Hausdorff distance to a compact set E0. Let
{μj } be a sequence of measures with (n,1)-polynomial growth supported on Ej

and converging weakly to a measure μ0, so that supp(μ0) ⊂ E0 and it has (n,1)-
polynomial growth and suppose moreover that μ0(B0)≥ c0 rad(B0)

n. Then for every
x ∈ suppμ0 ∩B0, and radius 0 < r < r0 such that μ0(B(x, r))≥ c0r

n there are two
balls B+,B− ⊂ B(x, r) such that rad(B±)≈c0 r satisfying

g+ = 1 ℋn+1-a.e. in B+ and g− = 1 ℋn+1-a.e. in B−.

7 Weak flatness: the analytic variety contains a hyperplane

In this section we improve upon Lemma 6.4 to conclude that the analytic variety Z in
fact contains an n-dimensional affine plane. This is yet not enough to end the proof
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of Lemma 6.1 since a priori there could be pieces of E0 lying outside this plane. We
will see in the next section that this cannot be the case.

Lemma 7.1 Let {Ω±
j }j be a sequence of Borel sets satisfying the assumptions of

Lemma 6.4. Let μ0,B0,Z be as in Lemma 6.4. Then Z contains a hyperplane L

such that μ0(L∩B0) > 0.

Before getting into the proof of this Lemma, we recall some facts about real an-
alytic varieties. A real analytic variety in an open set W ⊂ ℝ

n+1 is the zero set of a
function F :W →ℝ which is real analytic. The zero set Z of a real analytic function
in a compact subset of W and not vanishing everywhere can be written as

Z =
n⋃︂

k=0

Vk, where Vk =
⋃︂

ℓ≥0

Uk
ℓ ,

and Uk
ℓ are k-dimensional real analytic submanifolds and the union over ℓ > 0 is

finite. First, eachUk
ℓ can be locally realized as the graph of a real analytic map defined

on some k-dimensional affine plane. Second, we have that Uk
ℓ ∩ Uk′

ℓ′ = ∅ unless
k = k′ and ℓ= ℓ′. Finally, for each k, the closure of Vk contains all the other Vk′ for
k′ ≤ k.

Under the assumptions of Lemma 6.4, it is easy to see that there exists an ℓ such
that

μ0(U
n
ℓ ) > 0.

This follows from the fact that the Hausdorff dimension of
⋃︁n−1

k=0 Vk is at most n− 1,

and then the polynomial growth of degree n of μ0 implies that μ0

(︂⋃︁n−1
k=0 Vk

)︂
= 0.

Proof of Lemma 7.1 Using the notation above, let U := Un
ℓ for some ℓ such that

μ0(U
n
ℓ ) > 0. We can further assume that U is given by a real analytic graph over

an affine n-plane PU (up to restricting to a local chart). Without loss of generality,
assume that PU is the horizontal plane {xn+1 = 0}. Then the analytic function ΦU

whose graph is U is of the form

ΦU(x)=
∑︂

α

aαx
α. (7.1)

Our objective is to show that ∇2ΦU vanishes in a set of positive measure μ0. This
implies that ∇2ΦU vanishes identically, and then as in [22], U is contained in a
hyperplane which in turn is contained in Z, which will prove the lemma.

The polynomial growth of degree n of μ0 ensures that μ0|U is absolutely contin-
uous with respect to ℋn|U . Denote g = dμ0|U

dℋn|U . We may assume that PU is tangent to
U in the origin, so that there are neither constant nor linear terms in the above Taylor
expansion of ΦU , and that the origin is a Lebesgue point of g (with respect to ℋn|U ).
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Now, up to an orthogonal change of coordinates (by the orthogonal classification of
quadrics) there is a radius r > 0 such that for all x ∈ B(0,2r)⊂ PU ,

ΦU(x)=
n∑︂

i=1

aix
2
i +Ξ(x),

where |Ξ(x)| ≤ C |x|3. It suffices to prove that ∇2ΦU(0)= 0. Aiming for a contra-
diction, suppose this is not the case. Under this assumption, we have:

Claim 7.2 For any sufficiently small r ∈ (0,1), there exists z0 ∈ suppμ0 ∩ B(0, r),
r0 ∈ ( 1

100 r, r), and four disjoint closed balls B+
1 ,B

+
2 ,B

−
1 ,B

−
2 satisfying the following

properties:
(a) For i = 1,2, rad(B±

i )≈ r2
0 , B±

i ⊂G±, and g± = 1 ℋn+1-a.e. in B±
i .

(b) There exists a circumference Γ0 ⊂ S(z0, r0) that intersects the balls 1
8B

+
1 ,

1
8B

−
1 ,

1
8B

+
2 ,

1
8B

−
2 .

(c) There is a half-circumference ˜︁Γ0 ⊂ Γ0 such that B±
i ∩Γ0 ⊂ ˜︁Γ0 for i = 1,2, and

moreover, if we denote by Λ+
0 (resp. Λ−

0 ) the shortest sub-arc from ˜︁Γ0 which
joins B+

1 and B+
2 (resp. B−

1 and B−
2 ), then either there exists a ball B−

i such
that B−

i ∩˜︁Γ0 ⊂Λ+
0 or there exists a ball B+

i such that B+
i ∩˜︁Γ0 ⊂Λ−

0 .

Let us see how Lemma 7.1 follows from Claim 7.2. Denote by P0 the plane that
contains Γ0. From the fact that z0 ∈ suppμ0, it follows that there exists a sequence of
points zj ∈ suppμj converging to z0. For each j , let Pj be vertical plane parallel to
P0 through zj . Let ρ = 1

20 min{rad(Bh
i ) : i = 1,2, h= ±} and set J0 = [r0 − ρ, r0 +

ρ], so that ℋ1(J0)≈ r2. From the properties of ˜︁Γ0, we deduce that, for j large enough
and every t ∈ J0, there exist a circumference Γj,t and a half-circumference ˜︁Γj,t ⊂
Γj,t both centered at zj with radius t such that Γj,t intersects 1

4B
+
1 ,

1
4B

−
1 ,

1
4B

+
2 ,

1
4B

−
2

and 1
2B

±
i ∩Γj,t ⊂ ˜︁Γj,t for i = 1,2. Further, from the weak convergence inL∞ of 1Ω±

j

to g±, up to a subsequence, and the fact that g± = 1 ℋn+1-a.e. in B±
i , we get

ℋn+1(Ω+
j ∩B+

i )→ ℋn+1(B+
i ) and ℋn+1(Ω−

j ∩B−
i )→ ℋn+1(B−

i )

as j → ∞, for i = 1,2. (7.2)

For each j ≥ 1 and a given γ ∈ (0,1), let

Ij = {︁
t ∈ J0 : εj (zj , t)≤ γ, ℋn(B+

i ∩ S(zj , t) \Ω+
j )≤ γ ℋn(B+

i ∩ S(zj , t)),

and ℋn(B−
i ∩ S(zj , t) \Ω−

j )≤ γ ℋn(B−
i ∩ S(zj , t))

}︁
.

Notice that ℋn(B±
i ∩S(zj , t))≈ rad(B±

i )
n ≈ r2n for each t ∈ Ij . By an easy applica-

tion of Chebyshev’s inequality, from the assumption (6.8) and (7.2), we deduce that
ℋ1(Ij ) > 0 for j large enough, possibly depending on γ and ℋ1(J0)/r and so on r .
By Lemma 5.5, the condition that t ∈ Ij with γ small enough implies that

1
2B

±
i ∩ S(zj , t)⊂H±

j (zj , t),
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where H+
j (zj , t) is the half-space that minimizes εj (zj , t) and H−

j (zj , t) = ℝ
n+1 \

H+
j (zj , t).

Suppose that one of the balls B−
i , say B−

1 , satisfies B−
i ∩˜︁Γ0 ⊂Λ+

0 . From the fact
that ( 1

2B
+
1 ∪ 1

2B
+
2 )∩ S(zj , t)⊂H+

j (zj , t), we deduce that, for j large enough and a
fixed t ∈ Ij ,

hullS(zj ,t)
(︁
( 1

2B
+
1 ∪ 1

2B
+
2 )∩ S(zj , t)

)︁ ⊂H+
j (zj , t). (7.3)

Let Λj,t be the shortest arc contained in ˜︁Γj,t which intersects the two geodesic
balls 1

2B
+
1 ∩ S(zj , t), 1

2B
+
2 ∩ S(zj , t). This arc is strictly contained in the half-

circumference ˜︁Γj,t because 1
2B

+
i ∩Γj,t ⊂ ˜︁Γj,t for each i. So Λj,t is a geodesic curve

from S(zj , t) which joins 1
2B

+
1 ∩ S(zj , t) and 1

2B
+
1 ∩ S(zj , t), and consequently

Λj,t ⊂ hullS(zj ,t)
(︁
( 1

2B
+
1 ∪ 1

2B
+
2 )∩ S(zj , t)

)︁ ⊂H+
j (zj , t).

However, Λj,t intersects 1
4B

−
1 , which is a contradiction because 1

4B
−
1 ⊂H−

j (zj , t).

In the case when one of the balls B+
i satisfies B+

i ∩ ˜︁Γ0 ⊂ Λ−
0 we argue analo-

gously, interchanging the roles of the balls B+
1 ,B

+
2 with B−

1 ,B
−
2 . So in any case, we

get a contradiction, which proves the lemma, assuming the Claim 7.2. □

Proof of Claim 7.2 Since ∇2ΦU(0) ≠ 0, there is at least an i with ai ≠ 0. Now pick
1 ≤ i ≤ n so that |ai | ≥ |aj | for j ≠ i. Without loss of generality i = 1 and a1 > 0.

For θ ∈ (0,1/2), consider the cones in ℝ
n defined by

Xl
θ = {x = (x1, x

′) ∈ ℝ×ℝ
n−1 : |x′|<−θx1}

and

Xr
θ = {x = (x1, x

′) ∈ ℝ×ℝ
n−1 : |x′|< θx1},

and set Xθ = Xl
θ ∪ Xr

θ . There exists some θ > 0 and r ∈ (0,1) such that, for x ∈
Xθ ∩B(0,10r),

ΦU(x) >
a1

2
x2

1 .

In this way, Z ∩B(0, r) lies above the tangent plane PU in the cone Xθ . By reducing
r if necessary, we also assume that

∂2
11ΦU(x)≥ 1

2
a11 ≥ 1

4
|∂2
ijΦU(x)| for all x ∈ B(0,10r), 1 ≤ i, j ≤ n

and

∂2
uuΦU(x)≥ a1

2
for all x ∈ B(0, r) and every unit vector u ∈Xθ . (7.4)

Since 0 is a Lebesgue point of g, then 0 is also a density point of suppμ0 in U

with respect to ℋn|U . We take τ ∈ (0,10−3) small enough (to be chosen below) and
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then we assume r > 0 small enough so that

ℋn(suppμ0 ∩B(0, t))≥ (1 − τ)ℋn(U ∩B(0, t)) for all t ≤ r . (7.5)

Next we consider three n-dimensional cubes Rl ,Rc, Rr contained in PU = {xn+1 =
0} ∩B(0, r) satisfying

• Rl is centered at (− r
2 ,0, . . . ,0), Rc is centered at the origin, and Rr is centered

at ( r2 ,0, . . . ,0).
• We have ℓ(Ri)= κ0r for i = l, c, r , where κ0 is such that κ0 ∈ (0, 1

10n1/2 ), κ0 ≈
1, and small enough so that 5Rl ⊂ Xl

θ and 5Rr ⊂ Xr
θ and so that any vector of

the form y − x with y ∈Rl ∪Rr and x ∈Rc belongs to Xθ .

Notice that the parameter κ0 above depends on the aperture of the cone Xθ and so on
∇2ΦU , but not on r .

Next we take N = (c5ℓ(Rl))
−1, with c5 ∈ (0,1) to be chosen below (depend-

ing on ∇2ΦU(0) among other parameters, but not on r) and we split Rl into Nn

n-dimensional cubes with disjoint interiors and equal side length. We denote by
Q1
l , . . .Q

N
l this family of n-dimensional cubes. Notice that their side length is com-

parable to r2 and thatN ≈ r−1. By standard arguments, we find a subfamily {Qk
l }k∈Kl

of {Q1
l , . . . ,Q

N
l } such that the n-dimensional cubes {10Qk

l }k∈Kl
are pairwise disjoint

and moreover
∑︂

k∈Kl

ℋn(g(Qk
l ))≳ℋn(g(Rl))≳ℋn(U ∩B(0, r))

(here and in the estimates below we allow the implicit constants to depend on the
parameter κ0 above). Provided τ is small enough, then it easily follows that there is a
subfamily {Qk

l }k∈Hl
⊂ {Qk

l }k∈Kl
of the n-cubes Qk

l such that

ℋn(suppμ0 ∩ g(Qk
l ))≈ ℋn(g(Qk

l )), (7.6)

and
∑︂

k∈Hl

ℋn(suppμ0 ∩ g(Qk
l ))≳ℋn(U ∩B(0, r)). (7.7)

See Lemma 8.6 from [22] for more details.
Next, note that the condition (7.6) ensures that we can apply Lemma 6.6 for each

k ∈Hl to find a ball B+
k satisfying

8B+
k ⊂ 𝒩ℓ(Qk

l )
(g(Qk

l )) with g+ = 1 ℋn+1-a.e. in 8B+
k and rad(B+

k )≈ ℓ(Qk
l ),

where 𝒩ℓ(A) stands for the ℓ-neighborhood of A. Observe that, because of the fact
that ΦU(x) >

a1
2 x

2
1 for all x ∈Xθ ∩B(0,10r), we have dist(g(Qk

l ),PU )≈ ℓ(Rl)
2 ≈

r2. On the other hand,

dist(B+
k , g(Q

k
l ))≤ ℓ(Qk

l )≤ ℓ(Rl)

N
= c5ℓ(Rl)

2.
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So if we choose c5 small enough, then the balls 8B+
k are contained in ℝ

n+1+ and far
from PU .

Next, let Δk , k ∈Hl , be the projection of the balls B+
k , k ∈Hl , on the hyperplane

PU . The n-dimensional balls Δk , k ∈Hl , are disjoint, and moreover,

∑︂

k∈Hl

ℋn(g( 1
10Δj))≳

∑︂

k∈Hl

ℋn(g(Δj ))
(7.7)
≳ rn.

Therefore, by standard arguments (once again, see Lemma 8.6 from [22] for more
details), we find a family of indices Ml ⊂Hl such that

ℋn(suppμ0 ∩ g( 1
10Δk))≈ ℋn(g( 1

10Δk))≈ rad(Δk)
n for every k ∈Ml (7.8)

and
∑︂

k∈Ml

ℋn(suppμ0 ∩ g( 1
10Δk))≈ rn.

Since (7.8) holds, we may apply Lemma 6.6 for each k ∈Ml to find some ball B−
k

satisfying

8B−
k ⊂ 𝒩 1

10 rad(Δk)
(g( 1

10Δk))

with g− = 1 ℋn+1-a.e. in 8B−
k and rad(B−

k )≈ rad(Δk).

Again, since ΦU(x) >
a1
2 x

2
1 for all x ∈Xθ ∩ B(0,10r), the balls 8B−

k are contained

in ℝ
n+1+ and far away from PU . Further, if ΠPU stands for the orthogonal projection

on PU , by construction the n-dimensional ball ΠPU (B
−
k ) is contained deep inside

ΠPU (B
+
k ) for each k ∈ Ml . In fact, by shrinking the balls B−

k if necessary, we can
assume that

ΠPU (B
−
k )⊂ΠPU (

1
2B

+
k ) for each k ∈Ml .

Now we denote

Wl =
⋃︂

k∈Ml

ΠPU (
1
2B

−
k ).

By the disjointness of the n-dimensional cubes 10Qk
l , k ∈ Ml , the n-dimensional

balls ΠPU (
1
2B

−
k ) are disjoint and we deduce that ℋn(Wl)≈ rn.

Next we define an analogous family of balls {B±
k }k∈Mr and a set Wr , replacing the

left n-dimensional cube Rl by the right one Rr .
We claim that there is some x ∈Rc ∩ΠPU (suppμ0) such that

Wl ∩ (2x −Wr) ≠ ∅.

In fact, for an arbitrary point yr ∈ Wr , the set {2x − yr : x ∈ Rc ∩ ΠPU (suppμ0)}
is of the form R \ X, where R ⊂ PU is an n-dimensional cube of side length
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2ℓ(Rc) centered at −yr ∈ Rl (so it contains Rl) and X is an exceptional set with
ℋn-measure at most 2nℋn(R \ΠPU (suppμ0)) ≤ cℋn(g(R) \ suppμ0) ≤ cτℓ(R)n.
So for τ small enough,13 {2x − yr : x ∈ Rc ∩ ΠPU (suppμ0)} intersects Wl , since
ℋn(Wl)≈ ℓ(R)n ≫ cτℓ(R)n.

The preceding argument shows that there exist yl ∈ Wl , yr ∈ Wr , and x0 ∈ Rc ∩
ΠPU (suppμ0) such that yl = 2x0 − yr , or equivalently,

x0 = yl + yr

2
.

Observe that, in particular, this implies that |x0 − yl | = |x0 − yr | ≈ r .
Let k ∈ Ml be such that yl ∈ ΠPU (

1
2B

−
k ) and h ∈ Mr such that yr ∈ ΠPU (

1
2B

−
h ).

By construction, there are points y±
l ∈ 1

2B
±
k and y±

r ∈ 1
2B

±
h such that

ΠPU (y
−
l )=ΠPU (y

+
l )= yl and ΠPU (y

−
r )=ΠPU (y

+
r )= yr .

We claim that the circumference centered at g(x0) (observe that g(x0) ∈U ∩suppμ0)
with radius |x0 − yl | intersects the four balls B±

k and B±
h . To see this, notice that

⃓⃓|g(x0)− y±
l | − |x0 − yl |

⃓⃓ ≤ (1 − cosα±) r ≲ (α±)2 r,

where α± is the slope of the line passing through g(x) and y±
l , which satisfies α± ≲ r

(taking into account that |x0 − yl | = |x0 − yr | ≈ r and the quadratic behavior of g
close to the origin). Thus,

⃓⃓|g(x0)− y±
l | − |x0 − yl |

⃓⃓
≲ r3 ≪ r2 ≈ rad(B±

k ).

Analogously,

⃓⃓|g(x0)− y±
r | − |x0 − yr |

⃓⃓
≲ r3 ≪ r2 ≈ rad(B±

h ).

Thus, since |x0 − yr | = |x0 − yl |, the aforementioned circumference passes through
the balls B±

k , B±
h .

Let z0 = g(x0) and r0 = |x0 − yl | and let P0 be the vertical plane containing
x0, z0, yl, yr . Let Γ0 be the circumference contained in P0, centered at z0, and with
radius r0. Using the condition (7.4), it is easy to check that there is an arc ˜︁Γ0 ⊂ Γ0

satisfying the required properties in the claim, with the balls B±
1 , B±

2 in the claim
replaced by 8B±

k , 8B±
h . To see this, let Hz0 be the open half-space whose boundary

equals the tangent to U at z0 and containing U ∩B(0, r) \ {z0}. It is easy to see that
the four balls 8B±

k , 8B±
h are contained in Hz0 , taking into account (7.4) with u being

a unit vector with the same direction as yr − x0 and choosing the constant c5 above
small enough if necessary. □

13Recall that τ was introduced in (7.5) and notice that τ may depend on the parameter κ0 above, and so
on θ and ∇2ΦU(0). However, τ does not depend on r .
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8 Weak flatness: the set 𝑬0 is flat

In this section we conclude the proof of Lemma 6.1, and thus that of Main
Lemma I(ii), by showing that the entire the limit set E0 from Lemma 6.4 is contained
in an n-dimensional plane.

Lemma 8.1 Let {Ω±
j }j , {Ej }j , Z, and L be as in Lemmas 6.3, 6.4, and 7.1. Suppose

that the sets Ej converge in Hausdorff distance to a compact set E0. Then E0 ⊂ L.

Proof Let L be a hyperplane such that μ0(L ∩ B0) > 0; its existence is ensured by
Lemma 7.1. Without loss of generality we assume that L = ℝ

n × {0}. Aiming for a
contradiction, suppose that x0 ∈ E0 \ L, with x0 belonging to the upper half space
ℝ
n+1+ , say. Notice that suppμ0 ⊂E0 ⊂ B0. Let ΠL denote the orthogonal projection

on L and let y0 ∈E0 ∩L be a Lebesgue point for E0 (with respect to ℋn|L) such that
y0 ≠ΠL(x0). The existence of y0 follows from the fact that μ0(L∩B0) > 0.

Denote by θ the angle between the line through x0, y0 and the vertical line through
x0. Because of the choice of y0, we have θ > 0. Let δ0, δ be small positive parameters
to be chosen below, with 0< δ ≤ δ0 ≪ sin θ . Since y0 is a Lebesgue point for E0 with
respect to ℋn|L, we can pick ρ ∈ (︁

0, 1
10 |x0 − y0| sin θ

)︁
such that E0 is (δρ)-dense in

B(y0, ρ)∩L. By Lemma 6.6, there is a ball B+ ⊂ B(y0, δ0ρ) such that g+ = 1 ℋn+1-
a.e. in B+ with rad(B+)≈ δ0ρ. By reducing and moving B+ a little if necessary, we
may assume that 2B+ ∩L= ∅.

Let P be the vertical plane (i.e., orthogonal to ℝ
n × {0}) containing x0 and the

center of B+, which we denote by z+0 . Consider the circumference Γ contained in
P , centered at x0, with radius |x0 − z+0 |, so that z+0 ∈ Γ. Notice that Γ intersects
L ∩ P in two points z1, z2, and the closest one to z+0 , which we assume to be z1, is
contained in B(y0, ρ). See Fig. 2. Hence there exists some point z′1 ∈ E0 ∩ L such
that |z1 − z′1| ≤ δρ. By Lemma 6.6, there is a ball B− ⊂ B(z′1, δρ) such that g− = 1
ℋn+1-a.e. with rad(B−)≈ δρ.

Denote by z−0 the center of B−. Notice that |z−0 − z1|≲ δρ, so that

⃓⃓|x0 − z+0 | − |x0 − z−0 |⃓⃓ = ⃓⃓|x0 − z1| − |x0 − z−0 |⃓⃓ ≤ |z−0 − z1|≲ δρ. (8.1)

Let P0 be the vertical plane containing x0 and z−0 . Consider the circumference Γ0

contained in P0, centered at x0, with radius r0 = |x − z−0 |, so that z−0 ∈ Γ0. It is
immediate to check that distH (Γ,Γ0)→ 0 as δ → 0. This follows from (8.1) and the
fact that

dist(z−0 ,P )≤ |z−0 − z1| ≲ δρ,

since z1 ∈ P . Then we choose δ small enough so that

distH (Γ,Γ0)≤ 1

8
rad(B+)

Recall that rad(B+)≈ δ0ρ, and so δ depends on δ0, among other parameters. In this
way Γ0 intersects both 1

8B
+ and 1

8B
−, and it intersects L∩P0 in points w1, w2 such
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Fig. 2 The setup of the proof of Lemma 8.1, in the case where w0 = z−0 . The figure also shows the case

where w0 ∈ 1/8B+ (see the ball centered at the other point labelled z+0 in the shaded area)

that

|zi −wi |≲ 1

8
rad(B+)≈ δ0ρ.

Let ˜︁Γ0 the shortest arc of Γ0 containing w2 and z−0 that intersects the closure of
1
8B

+. For δ0 and δ small enough, we have

ℋ1(˜︁Γ0) <
1

2
ℋ1(Γ0). (8.2)

This is due to the fact that, if we let ˜︁Γ′
0 = Γ0 ∩ℝ

n+1− (where ℝ
n+1− is the lower half-

space), it holds that ℋ1(˜︁Γ′
0) <

1
2ℋ1(Γ0), since x0 belongs to the upper half space.

Since B+ and B− are in a δ0ρ-neigborhood of the endpoints w1, w2 of ˜︁Γ′
0, (8.2)

follows if δ0 is taken small enough.
Observe that one of the end-points of ˜︁Γ0 is w2, and the other which we denote

by w0, either coincides with z−0 or it belongs to 1
8B

+. From now on, suppose that
w0 = z−0 .

Claim There exists some t > 0 such that g+ = 1 ℋn+1-a.e. in B(w2, t).

Assume this for the moment. It is immediate to check that this implies that
𝔞0(w2, r) > 0 for any r > 0 small enough. By the definition of Z in (6.4), this can-
not happen because w2 ∈ L⊂ Z. So we get the desired contradiction that proves the
lemma.

Now we turn to the proof of the claim. For contradiction, for some small τ > 0
and some t0 ∈ (0, 1

8 rad(B−)), both to be fixed below, suppose that

∫︂

B(w2,t0)

g+ dℋn+1 ≤ (1 − 2τ)ℋn+1(B(w2, t0)).
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Since x0 ∈ E0, there exist a sequence of points xj ∈ suppμj ⊂Ej converging to x0.
From the weak convergence in L∞ of 1Ω±

j
to g±, up to a subsequence, and the fact

that g± = 1 ℋn+1-a.e. in B±, we get that for j large enough,

ℋn+1(Ω+
j ∩B(w2, t0))≤ (1 − τ)ℋn+1(B(w2, t0)). (8.3)

Also, for any given γ ′ > 0,

ℋn+1(B± \Ω±
j )≤ γ ′ℋn+1(B±) (8.4)

for j large enough too.
For each j ≥ 1, consider the interval of radii

Jj = [︁|xj −w2| − t0, |xj −w2| + t0|
]︁

Next, for a given γ ∈ (0,1), let Ij the subset of those t ∈ Jj such that εj (xj , t)≤ γ ,
ℋn(B(w2, t0) ∩ S(xj , t) \Ω+

j ) ≥ c6τ t
n
0 , and ℋn(Bh ∩ S(xj , t) \Ωh

j ) ≤ γ ℋn(Bh ∩
S(xj , t)) for h= ±. It is not difficult to check that Ij ≠ ∅ for c6 > 0 being a suitable
absolute constant. Indeed, consider first the set

I 0
j = {︁

t ∈ Jj :ℋn(B(w2, t0)∩ S(xj , t) \Ω+
j )≥ c6τ t

n
0

}︁
.

By (8.3) we have

τ ℋn+1(B(w2, t0))≤ ℋn+1(B(w2, t0) \Ω+
j )

=
∫︂

Jj \I 0
j

ℋn(B(w2, t0)∩ S(xj , t) \Ω+
j ) dt

+
∫︂

I 0
j

ℋn(B(w2, t)∩ S(xj , t) \Ω+
j ) dt

≤
∫︂

Jj

c6τ t
n
0 dt +ℋ1(I 0

j ) sup
t∈I 0

j

ℋn(B(w2, t0)∩ S(xj , t))

≤ 2c6τ t
n+1
0 +C tn0 ℋ1(I 0

j ).

Since ℋn+1(B(w2, t0))= Cnt
n+1
0 for a suitable constant Cn > 0, rearranging terms,

for c6 = Cn/4 we get

ℋ1(I 0
j )≳

Cnτ t
n+1
0 − 2c6τ t

n+1
0

tn0
≈ τ t0.

Next notice that

Ij = {︁
t ∈ I 0

j : εj (xj , t)≤ γ and ℋn(Bh ∩ S(xj , t) \Ωh
j )

≤ γ ℋn(Bh ∩ S(xj , t)) for h= ±}︁
.
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Taking into account that ℋ1(I 0
j ) ≳ τ t0, together with (6.8) and (8.4) (with γ ′

small enough), by an easy application of the Chebyshev inequality we deduce that
ℋ1(Ij ) > 0 for j large enough, and thus Ij ≠ ∅, as wished.

For j large enough and r ∈ Ij , from the fact that εj (xj , r)≤ γ and ℋn(B(w2, t0)∩
S(xj , r) \Ω+

j )≥ c6τ t
n
0 , we deduce that for γ small depending on τ and t0 (and thus

for j large enough),

B(w2, t0)∩ S(xj , r)∩H−
j (xj , r) ≠ ∅. (8.5)

Also, again by the fact that εj (xj , r) ≤ γ together the condition that ℋn(B± ∩
S(xj , t) \Ω±

j )≤ γ ℋn(B± ∩ S(xj , t)), applying Lemma 5.5, we deduce

1
2B

± ∩ S(xj , r)⊂H±
j (xj , r). (8.6)

By (8.5) and (8.6) we can take w3 ∈ B(w2, t0) ∩ S(xj , r) ∩ H−
j (xj , r) and z3 ∈

1
2B

− ∩ S(xj , r)⊂H−
j (xj , r). Further, we can choose z3 such that

|z3 − z−0 | ≤ |x0 − xj | + t0,

because
⃓⃓
r − |x0 − z−0 |⃓⃓ ≤ t0. Then the geodesic ˜︁Γj in S(xj , r) joining z3 and w3

intersects B+. Indeed, let Pj be the plane passing through xj , z3,w3. Since xj → x0
as j → ∞, w3 →w2 as t0 → 0, and z3 → z−0 as j → ∞ and t0 → 0, it follows that
˜︁Γj = Pj ∩S(xj , r) tends in Hausdorff distance to ˜︁Γ0 = P0 ∩S(x0, r0) (recall that r0 =
|x− z−0 | and that ˜︁Γ0 is a geodesic in S(x0, r0) because ℋ1(˜︁Γ0) <

1
2ℋ1(Γ0) and Γ0 is

a great circle contained in S(x0, r0)). Remark that we can choose t0 indepently of j ,
so that then we can take j large enough depending on t0. The fact that both w3 and z3
belong to H−

j (xj , r) imply that ˜︁Γj ⊂ H−
j (xj , r) because of the geodesic convexity

of H−
j (xj , r) in S(xj , r). However, ˜︁Γj intersects 1

2B
+ for j large enough, taking

into account that ˜︁Γ0 intersects 1
8B

+ and the convergence of ˜︁Γj to ˜︁Γ0 in Hausdorff
distance. Since 1

2B
+ ⊂H+(xj , r), this is not possible. This contradiction proves the

claim, and concludes the proof of the lemma in the case when the end-point w0 of ˜︁Γ0
coincides with z−0 .

The arguments for the case when w0 is a point belonging to 1
8B

+ are very similar.
In this case, it turns out that there exists some t > 0 such that g− = 1 ℋn+1-a.e. in
B(w2, t), which cannot hold because w2 ∈ L⊂ Z, arguing as above. The existence of
the ball B(w2, t) is proven by arguments very similar to the ones of the claim above,
interchanging the role of B+,Ω+

j , g
+ by the one of B−,Ω−

j , g
−. We leave the details

for the reader. □

Proof of Lemma 6.1 and Lemma 5.1 (ii) The arguments are standard. For complete-
ness, we will show the details.

By renormalizing it suffices to prove the lemma for the ball B0 := B(0,1). We
argue by contradiction: we suppose that there exists an ϵ > 0 such that, for all j ∈
ℕ, there exist disjoint Borel sets Ω+

j , Ω−
j ⊂ ℝ

n+1 and a measure μj with (n,1)-
polynomial growth supported on Ej ⊂ B0 such that

μj (B0)≥ c0r
n
0 .
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and
∫︂ 10r0

0

(︁
εj (x, r)

2 + 𝔞j (x, r)
2)︁ dr

r
<

1

j
for all x ∈Ej ,

while β∞,Ej (B0) > ϵ.
We can assume that the setsEj converge in Hausdorff distance to a compact setE0

and that the measures μj converge weakly to another measure μ0 ⊂ E0, so that we
can apply Lemmas 6.4, 7.1, and 8.1 to deduce that E0 is contained in a hyperplane.
That is, the sequence of sets Ej converge in Hausdorff distance to a subset of a
hyperplane, which contradicts the fact that β∞,Ej (B0) > ϵ for every j . □

9 Propagation of smallness of the smooth square function

In this section we prove an auxiliary and rather easy fact: 𝔞(x, r) is small everywhere
near the plane which well approximates the set E.

Lemma 9.1 Let Ω+, Ω−, c0, B0, μ and E as in Lemma 5.1. For all λ ∈ (0, 1
2 ) there

exists an ϵ = ϵ(λ) > 0 and a δ = δ(ϵ, λ) such that the following holds. If

∫︂ 10r0

0

(︁
εn(x, r)

2 + 𝔞(x, r)2
)︁ dr
r
< δ for all x ∈E, (9.1)

then for all points x ∈ 𝒩2ϵr0(LB0)∩B0, where LB0 is the plane minimizing
β∞,E(B0), and for all radii r ∈ [10ϵr0, r0], we have that

𝔞±(x, r) < λ. (9.2)

Remark 9.2 Before starting the proof, we pick λ > 0, and then ϵ = ϵ(λ) sufficiently
small with respect to λ, and hence, by Lemma 6.1, we find a δ = δ(ϵ) so that
β∞,E(B0) < ϵ whenever (9.1) is satisfied with this δ(ϵ). Our proof will be by contra-
diction; thus it will output another δ = δ(ϵ, λ) for which (9.2) holds as long as (9.1)
holds with this δ = δ(ϵ, λ) and moreover ϵ ≪ λ.

Proof Choose ϵ sufficiently small. Then by Lemma 5.1 (ii), we know that there is a
δ(ϵ) > 0 such that if (9.1) holds with this δ, then β∞,E(B0) < ϵ. Now suppose that the
conclusion of Lemma 9.1 is false. Then we find a λ > 0 and a sequence of Borel sets
Ω±
j and measures μj with the properties as stated in the hypotheses of Lemma 6.4

(so in particular (6.3)), such that there exists a point zj ∈ 𝒩2ϵr0(Lj,B0)∩B0 (where
Lj,B0 is the n-plane minimizing β∞,Ej (B0)) and a radius rj ∈ [10ϵr0, r0] such that

either 𝔞+
j (zj , rj )≥ λ, or 𝔞−

j (zj , rj )≥ λ.

Recall that Ej → E0 in the Hausdorff distance. Recall moreover that we proved in
Lemma 8.1 that E0 ⊂ L0 ⊂ Z, where L0 is an n-plane and Z is an n-dimensional
analytic variety where 𝔞0(x, r)= 0 for all x ∈Z and r > 0 (to recall the definition of
𝔞0, see (6.2)). Choose a subsequence, immediately relabelled, such that
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(i) Lj,B0 → L′
0 for some n-plane L′

0;
(ii) rj → 𝔯 for some 𝔯 ∈ [10ϵr0, r0];

(iii) zj → z0 ∈ 𝒩2ϵr0(L
′
0)∩B0.

It is clear that this subsequence exists, by compactness. Note moreover, that we have
that dist(B0 ∩L′

0,B0 ∩L0) < ϵr0. If not, then for sufficiently large j , dist(x,Lj,B0) <

ϵr0 for each x ∈ Ej , but also, by the convergence in the Hausdorff metric Ej →
E0 we would have that distH (Ej ,L0) ≪ ϵr0, and this is impossible. Suppose that
𝔞+
j (zj , rj ) > λ (as the other case is treated in the same way). Let z′0 the orthogonal

projection of z0 onto L0. We see that |z0 − z′0|< 2ϵr0. Then we compute

λ=
⃓⃓
⃓𝔞+
j (zj , rj )− 𝔞+

0 (z
′
0, 𝔯)

⃓⃓
⃓

≤
⃓⃓
⃓⃓
∫︂

1Ω+
j
e
−|zj−y|2/r2

j dy −
∫︂
g+e−|z′0−y|2/𝔯2

dy

⃓⃓
⃓⃓

≤
⃓⃓
⃓⃓
∫︂

1Ω+
j
(e

−|zj−y|2/r2
j − e−|z′0−y|2/𝔯2

) dy

⃓⃓
⃓⃓ −

⃓⃓
⃓⃓
∫︂ (︂

1Ω+
j

− g+)︂
e−|z′0−y|2/𝔯2

dy

⃓⃓
⃓⃓

Making j sufficiently large, we can ensure that the above terms are controlled by 2ϵ.
Then, choosing

10ϵ < λ, (9.3)

we reach a contradiction, completing the proof. □

10 Domain splitting

In this section we prove the third conclusion of Lemma 5.1, that is, (5.3). Roughly
speaking, this asserts that whenever the square functions are sufficiently small in
E ∩B0, then a large part of the component D+ is in Ω+; here D+ is the component
of 1

2B0 \ L0 which contains B+, the quasi-corkscrew mostly in Ω+; L0 is the plane
minimizing β∞,E(B0). The same can of course be said about D−. More precisely,
we prove the following lemma.

Lemma 10.1 Let Ω+, Ω− ⊂ ℝ
n+1 be disjoint Borel sets. Fix c0 ∈ (0,1). For each

γ > 0, we can choose the parameters β, ϵ,λ > 0 from Lemma 5.3, 6.1, and 9.1,
respectively, so that there exists a δ = δ(β, ϵ, λ, γ ) > 0 such that the following holds.
Let B0 = B(x0, r0) be a ball centered at a subset E ⊂ B0. Supposeminim moreover
that there is a Radon measure μ with (n,1)-polynomial growth such that

μ(B0)≥ c0r
n
0 .

If

∫︂ 20r0

0

(︁
εn(x, r)

2 + 𝔞(x, r)2
)︁ dr
r
< δ for all x ∈E (10.1)
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and E ∩ (B0 \ 4
5B0) ≠ ∅, then the two components D+,D− of 1

2B0 \ 𝒩2ϵr0(L0)

satisfy (up to a relabelling)

ℋn+1(D+ \Ω+)≤ γ ℋn+1(D+) and ℋn+1(D− \Ω−)≤ γ ℋn+1(D−), (10.2)

where L0 denotes a hyperplane minimizing β∞,E(B0).

To prove this result we will first show the following.

Lemma 10.2 Let Ω+, Ω− ⊂ ℝ
n+1 be disjoint Borel sets. Let B0 = B(x0, r0) be a ball

and let E ⊂ B0 be a subset with x0 ∈ E. Suppose moreover that there is a Radon
measure μ with (n,1)-polynomial growth such that, for a given c0 ∈ (0,1),

μ(B0)≥ c0r
n
0 .

Let L0 be a hyperplane minimizing β∞,E(B0) and let P0 be the hyperplane parallel
to L0 through x0. For a given κ ∈ (0,1/10), suppose there is a ball B+ ⊂ B0 such
that

ℋn+1(B+ \Ω+)≤ βℋn+1(B+) and rad(B+)≥ κ r0. (10.3)

Let H+
0 be the a closed half-space with boundary P0 and suppose that 4B+ ⊂H+

0 .
Let x+ be the center of B+ and consider the annulus and the half-annulus defined by

AB+ :=A
(︂
x0, |x0 − x+| − 1

2 rad(B+), |x0 − x+| + 1
2 rad(B+)

)︂
and

A+
B+ :=AB+ ∩H+

0 .

Suppose that

∫︂ 10r0

0

(︁
εn(x, r)

2 + 𝔞(x, r)2
)︁ dr
r
< δ for all x ∈E, (10.4)

For all c0 > 1, σ1 > 0 and κ ∈ (0,1/10), if δ and β are small enough, then the
following holds:

ℋn+1(A+
B+ \Ω+)≤ σ1ℋn+1(A+

B+). (10.5)

Remark that the ball B+ above is assumed to be a β-corkscrew ball. We allow its
radius to be pretty small compared to r0, as soon as it is at least κ r0. To prove the
lemma, we will need to take δ, ϵ ≪ κ .

Proof Without loss of generality, we assume that σ1 ≪ min(κ,1/10). By Lemma 6.1,
we know that β∞,E(B0) < ϵ, so that dist(P0,L0) ≤ ϵ r0. Also, by Lemma 9.1, if
x ∈ 𝒩2ϵr0(L0)∩B0, then 𝔞±(x, r) < λ for each r ∈ [10ϵr0, r0]. See Figs. 3 and 4 for
the setup.

We write rx+ = |x0 − x+|, so that

AB+ :=A
(︂
x0, rx+ − 1

2 rad(B+), rx+ + 1
2 rad(B+)

)︂
.



Carleson’s ε2 conjecture 259

Fig. 3 The setup of the proof of Lemma 10.2

Fig. 4 The setup of the proof of
Lemma 10.2 in the three
dimensional case. Note,
however, that the plane which
contains Γ needn’t be
orthogonal to P0

Notice that

rx+ ≥ 4 rad(B+)≥ 8κ r0,

because x0 /∈ 4B+. To prove (10.5), we split

A+
B+ \Ω+ ⊂ [︁

A+
B+ ∩Ω− \𝒩σ1rx+ (P0)

]︁∪ [︁
A+
B+ ∩𝒩σ1rx+ (P0)

]︁∪ [︁
A+
B+ ∩F ]︁

, (10.6)

where F = ℝ
n+1 \ (Ω+ ∪Ω−). Clearly we have

ℋn+1(A+
B+ ∩𝒩σ1rx+ (P0))≲ σ1 ℋn+1(A+

B+). (10.7)

Concerning the term A+
B+ ∩ F , since A+

B+ ⊂ B0 and for any r > 0,

ℋn(S(x0, r)∩ F)≤ ℋn(S+(x0, r) \Ω+)+ℋn(S−(x0, r) \Ω−)≤ rn ε(x0, r),

then we have

ℋn+1(A+
B+ ∩ F)≤ℋn+1(B0 ∩ F)=

∫︂ r0

0
ℋn(S(x0, r)∩ F)dr ≤

∫︂ r0

0
rn ε(x0, r) dr
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≲
(︃∫︂ r0

0
ε(x0, r)

2 dr

r

)︃1/2

rn+1
0 ≲ δ1/2 ℋn+1(B0). (10.8)

Since ℋn+1(B0) ≲κ ℋn+1(B+) ≲κ ℋn+1(A+
B+), for δ small enough (depending on

κ and σ1) we deduce

ℋn+1(A+
B+ ∩ F)≤ σ1 ℋn+1(A+

B+). (10.9)

It remains to estimate ℋn+1(A+
B+ ∩ Ω− \ 𝒩σ1rx+ (P0)). To this end, by a trivial

application of the Besicovitch covering theorem, we find a family of balls Bj , j ∈ J ,
such that:

• Each Bj is centered at A+
B+ \𝒩σ1rx+ (P0) and satisfies rad(Bj )= 1

8σ1rx+ .
• A+

B+ \𝒩σ1rx+ (P0)⊂ ⋃︁
j∈J Bj .

• The balls Bj have finite superposition, i.e.,
∑︁

j∈J χBj ≤ C.

We will show below that

ℋn+1(Bj ∩Ω−)≤ σ1ℋn+1(Bj ) for all j ∈ J . (10.10)

From this estimate, the above properties of the balls Bj , and the fact that these balls
are contained in A

(︁
x0, rx+ − rad(B+), rx+ + rad(B+)

)︁
, we get

ℋn+1(A+
B+ ∩Ω− \𝒩σ1rx+ (P0))

≤
∑︂

j∈J
ℋn+1(Bj ∩Ω−)≤ σ1

∑︂

j∈J
ℋn+1(Bj )

≲ σ1 ℋn+1 (︁
A

(︁
x0, rx+ − rad(B+), rx+ + rad(B+)

)︁)︁ ≈ σ1 ℋn+1(A+
B+).

Together with (10.7) and (10.9), this yields ℋn+1(A+
B+ \Ω+)≤ σ1ℋn+1(A+

B+), and
proves (10.5) up to harmless constant factor.

Next we turn our attention to (10.10). For the sake of contradiction, suppose
that ℋn+1(Bj ∩ Ω−) > σ1ℋn+1(Bj ) for a given j ∈ J . From Lemma 5.6 we in-
fer that there exists a β-corkscrew ball ˜︁B− ⊂ 2Bj for Ω− such that rad(˜︁B−) ≳σ1,κ

rad(Bj ) ≈σ1,κ rad(B+). Taking into account that ˜︁B− ⊂ 2Bj , that Bj is centered at
A+
B+ \𝒩σ1rx+ (P0), and that rad(Bj )= 1

8σ1rx+ , it follows that

˜︁B− ⊂A
(︂
x0, rx+ − 3

4 rad(B+), rx+ + 3
4 rad(B+)

)︂
∩H+

0 \𝒩 1
2σ1rx+

(P0).

In particular, denoting rx− := |x0 −x−|, we also have |rx+ −rx−| ≤ 3
4 rad(B+). Hence

there is a ball ˜︁B+ ⊂ B+ with the same radius as ˜︁B− such that its center ˜︁x+ satisfies

|x0 −˜︁x+| = |x0 − x−| = rx− .

So there is a unique great circle Γ ⊂ S(x0, rx−) passing through ˜︁x+ and x−. Since
both ˜︁x+ and x− belong to the interior of H+

0 , it follows that Γ intersects P0 = ∂H+
0



Carleson’s ε2 conjecture 261

in two points. Call z0 one such point and let Bz0 = B(z0, η rad(˜︁B−)), where η ∈
(0,1/10) is some small constant which will be fixed below depending on σ1 and κ ,
but neither on δ nor β .

Notice that the three balls ˜︁B+,˜︁B−,Bz0 are all centered at Γ ∩H+
0 . Further,

˜︁B+ ∪ ˜︁B− ⊂H+
0 \𝒩 1

2σ1rx+
(P0) (10.11)

and Bz0 is centered at ∂H+
0 . By Lemma 9.1, the latter condition implies that, for any

given small λ > 0, we can assume that

𝔞(z0, r) < λ for all r ∈ [10ϵr0, r0],
assuming δ, ϵ small enough. In turn, it is easy to check that this implies that there is
an absolute constant c7 > 0 such that

ℋn+1(Bz0 ∩Ω±)≥ c7 ℋn+1(Bz0) (10.12)

(recall that η will be chosen below depending just on σ1 and κ). This condition,
together with the fact that most of ˜︁B+ is in Ω+ and most of ˜︁B− in Ω−, will lead
to a contradiction. The arguments are quite similar to the ones used at the end of
Lemma 8.1. However, for completeness we will show the details.

Indeed, recall that B+ and ˜︁B− are β-corkscrews for Ω+ and Ω− respectively. This
tells us that

ℋn+1(˜︁B+ \Ω+)≤ ℋn+1(B+ \Ω+)≤ βℋn+1(B+)

≤ C(σ1, κ)βℋn+1(˜︁B+)=: β1ℋn+1(˜︁B+),

and also

ℋn+1(˜︁B− \Ω−)≤ βℋn+1(˜︁B−)≤ β1ℋn+1(˜︁B−).

Suppose, for example that x− is contained in shortest arc from Γ joining z0 and x+
(when this does not happen, x+ is contained in shortest arc from Γ joining z0 and x−
and the arguments are similar). Let I1 = [rx− − rad(Bz0), rx− + rad(Bz0)] and denote
by G the subset of those r ∈ I1 such that

(1) ℋn(˜︁B+ ∩ S(x0, r) \Ω+) < β
1/2
1 rad(˜︁B+)n,

(2) ℋn(˜︁B− ∩ S(x0, r) \Ω−) < β
1/2
1 rad(˜︁B−)n,

(3) ℋn(Bz0 ∩ S(x0, r)∩Ω+)≥ 1
2 c7 ℋn(Bz0 ∩ S(x0, r)), and

(4) ε(x0, r)≤ δ1/4.

For k = 1, . . . ,4, we write r ∈Gk if r ∈ I1 satisfies condition (k), so that G=G1 ∩
· · · ∩G4.

We claim that ℋ1(G)≳ rad(Bz0). Indeed, by Chebyshev,

ℋ1(I1 \G1)≤ 1

β
1/2
1 rad(˜︁B+)n

∫︂

I1

ℋn(˜︁B+ ∩ S(x0, r) \Ω+) dr
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≤ 1

β
1/2
1 rad(˜︁B+)n

ℋn+1(˜︁B+ \Ω+)

≤ β1

β
1/2
1 rad(˜︁B+)n

ℋn+1(˜︁B+)≤ C β
1/2
1 rad(˜︁B−)= C η−1β

1/2
1 ℋ1(I1).

The same estimate holds for ℋ1(I1 \G2). Concerning G3, we have

∫︂

I1\G3

ℋn(Bz0 ∩ S(x0, r)∩Ω+) dr ≤ 1

2
c7

∫︂

I1\G3

ℋn(Bz0 ∩ S(x0, r)) dr

≤ 1

2
c7 ℋn+1(Bz0).

Thus, by (10.12),

ℋ1(G3) rad(Bz0)
n ≳

∫︂

G3

ℋn(Bz0 ∩ S(x0, r)∩Ω+) dr

≥
∫︂

I1

ℋn(Bz0 ∩ S(x0, r)∩Ω+) dr − 1

2
c7 ℋn+1(Bz0)

= ℋn+1(Bz0 ∩Ω+)− 1

2
c7 ℋn+1(Bz0)

≥ 1

2
c7 ℋn+1(Bz0)≈ c7 rad(Bz0)

n+1.

Consequently, ℋ1(G3) ≳ c7 ℋ1(I1). Regarding G4, by Chebyshev and the assump-
tion (10.4) it follows

ℋ1(I1 \G4)≤ δ−1/4
∫︂ 2r0

0
ε(x0, r) dr ≤ δ−1/4r0

(︃∫︂ 2r0

0
ε(x0, r)

2 dr

r

)︃1/2

≤ C(σ1, κ, η) δ
1/4 ℋ1(I1).

So assuming both β1 and δ small enough, we deduce that ℋ1(G) ≳ rad(Bz0), as
claimed.

From the claim just proved, we deduce that there exists some r ∈ G such that
ℋn(Bz0 ∩ S(x0, r)) ≈ rad(Bz0)

n and ℋn(˜︁B+ ∩ S(x0, r)) = ℋn(˜︁B− ∩ S(x0, r)) ≈
rad(˜︁B−)n, besides the properties (1)-(4) above. For this r , let

˜︁Δ+ = ˜︁B+ ∩ S(x0, r), ˜︁Δ− = ˜︁B− ∩ S(x0, r), Δ0 = Bz0 ∩ S(x0, r).

It is immediate to check that ˜︁Δ+, ˜︁Δ− and Δ0 are spherical balls centered at a great
circle Γr from S(x0, r). Moreover, ˜︁Δ+ ∪˜︁Δ− ⊂H+

0 \𝒩 1
2σ1rx+

(P0) and Δ0 is centered
at Γ0 ∩ P0. By Lemma 5.5 (b), if δ and β are assumed small enough, then

3
4
˜︁Δ+ ⊂H+

x0,r
, 3

4
˜︁Δ− ⊂H−

x0,r
,
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and by Lemma 5.5 (a),

Δ0 ∩H+
x0,r

≠ ∅.

Let z1 ∈Δ0 ∩H+
x0,r

and let Γ′
r be the great circle passing through z1 and the center

of ˜︁Δ+. It is easy to check that if η is assumed small enough, then Γ′
r intersects 3

4
˜︁Δ−,

and the required smallness of η depends only on σ1 and κ , because the condition
(10.11) guarantees that the centers of Δ0 and ˜︁Δ+ are far from being antipodal points
in S(x0, r) in terms of σ1 and rx+ ≈σ1,κ r . This leads to a contradiction because the
arc of Γ′

r whose end-points are z1 and the center of ˜︁Δ+ and intersects 3
4
˜︁Δ− is shorter

than a half great circle, by (10.11) and the closeness of z1 to ∂H+
0 , and then by the

geodesic convexity of S+(x0, r), it follows that 3
4
˜︁Δ− ∩ S+(x0, r) ≠ ∅, which is not

possible. So (10.10) holds and the lemma follows. □

Proof of Lemma 10.1 From the condition (10.4) it easily follows that

ℋn+1(A(x0,
8
10 r0,

9
10 r0)∩Ω+)≈ ℋn+1(A(x0,

8
10 r0,

9
10 r0)∩Ω−)≈ rn+1

0 .

So there exist balls B±
1 centered at A(x0,

8
10 r0,

9
10 r0) with rad(B±

1 )= 1
100 r0 such that

ℋn+1(B+
1 ∩Ω+)≈ ℋn+1(B−

1 ∩Ω−)≈ rn+1
0 .

Since the condition (10.4) holds for x0 and for another point y0 ∈ E ∩ (B0 \ 4
5B0),

from Lemma 5.6 we infer that there exists two β-corkscrew balls B± for Ω± such
that

B± ⊂ 2B±
1 ⊂A(x0,

3
4 r0, r0) and rad(B±)≈ r0.

By reducing and moving B± suitably and replacing β by a suitable multiple if nec-
essary, we can assume 8B± ∩L0 = ∅.

As in Lemma 10.2, let P0 be the hyperplane parallel to L0 through x0. From the
fact that 8B+ ∩L0 = ∅ and rad(B+)≈ r0 it follows that 4B+ ∩ P0 = ∅ for ϵ small
enough in (5.2). Let H+

0 be the closed half-space with boundary P0 that contains
4B+, and let

AB+ :=A
(︂
x0, |x0 − x+| − 1

2 rad(B+), |x0 − x+| + 1
2 rad(B+)

)︂
and

A+
B+ :=AB+ ∩H+

0 ,

where x+ is the center of B+. Then Lemma 10.2 ensures that, given σ1 > 0 to be
chosen below (with σ1 ≪ γ ), if δ is small enough, then

ℋn+1(A+
B+ \Ω+)≤ σ1ℋn+1(A+

B+). (10.13)

We let D+ be the component of 1
2B0 \ 𝒩2ϵr0(L0) which is contained in H+

0 . We
split

D+ \Ω+ ⊂ [︁
D+ ∩Ω− \𝒩γ r0(P0)

]︁ ∪ [︁
D+ ∩𝒩γ r0(P0)

]︁ ∪ [︁
D+ ∩ F

]︁
.
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Notice the analogy with (10.6). It is clear that

ℋn+1(D+ ∩𝒩γ r0(P0))≲ γ rn+1
0 ≈ γ ℋn+1(D+). (10.14)

To deal with D+ ∩ F , we argue as in (10.8) and (10.9), and then we obtain

ℋn+1(D+ ∩ F)≤ γ rn+1
0 ≈ γ ℋn+1(D+). (10.15)

To estimate ℋn+1(D+ ∩Ω− \ 𝒩γ r0(P0)), as in the proof of Lemma 10.2, by the
Besicovitch covering theorem, we find a family of balls Bj , j ∈ J , such that:

• Each Bj is centered at D+ \𝒩γ r0(P0) and satisfies rad(Bj )= 1
8γ r0.

• D+ \𝒩γ r0(P0)⊂ ⋃︁
j∈J Bj .

• The balls Bj have finite superposition.

Arguing as in Lemma 10.2, to prove the first inequality in (10.2) (up to replacing γ
by a constant mutiple of γ ), it suffices to show that

ℋn+1(Bj ∩Ω−)≤ γ ℋn+1(Bj ) for all j ∈ J . (10.16)

For contradiction, suppose that the preceding estimate does not hold for some ball
Bj . Then, from Lemma 5.6 we infer that there exists a β-corkscrew ball ˜︁B− ⊂ 2Bj
for Ω− such that rad(˜︁B−) ≳γ rad(Bj ) ≈γ r0. Taking into account that ˜︁B− ⊂ 2Bj ,
that Bj is centered at D+ \𝒩γ r0(P0), and that rad(Bj )= 1

8γ r0, for γ small enough
it follows that

˜︁B− ⊂ 11
20B0 ∩H+

0 \𝒩 1
2 γ r0

(P0).

Recall that there exists a point y0 ∈ E ∩ (B0 \ 4
5B0). Then we apply Lemma 10.2

with the ball B(y0,2r0) in place of B0, with ˜︁B−, Ω− in place of B+ and Ω+, and with
cγ in place of κ and also γ in place of σ1 in that lemma. Let Py0 be the hyperplane
parallel to L0 through y0 and let H+

y0
be the closed half-space with boundary Py0

that contains 4˜︁B− (notice that 4˜︁B− ⊂ H+
0 ∩H+

y0
). Let ˜︁x− be the center of ˜︁B− and

consider the annulus and the half-annulus defined by

A˜︁B− :=A
(︂
y0, |y0 −˜︁x−| − 1

2 rad(˜︁B−), |y0 −˜︁x−| + 1
2 rad(˜︁B−)

)︂
and

A+
˜︁B− :=A˜︁B− ∩H+

y0
.

Then, assuming δ and β small enough (depending on γ among other parameters), it
holds:

ℋn+1(A+
˜︁B− \Ω−)≤ γ ℋn+1(A+

˜︁B−). (10.17)

From the fact that y0 ∈ B0 \ 4
5B0 and ˜︁x− ∈ 11

20B0 it follows that |y0 −˜︁x−| ≥ 1
4 r0.

Then one can check that the half annuli A+
B+ and A+

˜︁B− intersect in a transversal way
and that

ℋn+1(A+
B+ ∩A+

˜︁B−)≳ rad(˜︁B−) rn0 ,



Carleson’s ε2 conjecture 265

taking into account that the thickness (i.e., the difference between the outer radius
and the inner radius) of A+

˜︁B− equals rad(˜︁B−) and the thickness of A+
B+ is comparable

to r0. Consequently,

ℋn+1(A+
B+ ∩A+

˜︁B−)≳ℋn+1(A+
˜︁B−),

where the implicit constant is absolute. Therefore,

ℋn+1(A+
B+ ∩A+

˜︁B− \Ω−)≤ℋn+1(A+
˜︁B− \Ω−)≤ γ ℋn+1(A+

˜︁B−)

≤ Cℋn+1(A+
B+ ∩A+

˜︁B−).

So, assuming Cγ ≤ 1/2,

ℋn+1(A+
B+ \Ω+)≥ ℋn+1(A+

B+ ∩A+
˜︁B− ∩Ω−)≥ (1 −C γ )ℋn+1(A+

B+ ∩A+
˜︁B−)

≥ 1

2
ℋn+1(A+

B+ ∩A+
˜︁B−)≳ rad(˜︁B−) rn0 ≥ c(γ ) rn+1

0

≈ c(γ )ℋn+1(A+
B+).

However, this estimate contradicts (10.13) if σ1 is chosen small enough (depending
on γ ). So (10.16) holds and the first inequality in (10.2) follows. The second inequal-
ity is proven in a similar way. Further, the estimates in (10.2) imply that D+ and D−
are located at different sides from L0. □

Part II. Fourier analytic estimates and stopping time arguments

11 Sketch of the proof of the second main lemma

Recall that

γ (x, r)= 1

rn
max
i=+,−ℋn

(︁
(Ωi△Tx(Ω

i,c))∩ S(x, r)
)︁
, (11.1)

where Tx(y)= 2x − y. We also set

𝔤(x, r)= 1

rn+1 max
i=+,−ℋn+1(︁(Ωi△Tx(Ω

i,c))∩B(x, r)
)︁
. (11.2)

Now recall the Main Lemma II.

Lemma 11.1 Let Ω+,Ω− ⊂ ℝ
n+1 be disjoint Borel sets. Fix c0 ∈ (0,1), θ > 0 and

ε > 0. Let B0 be a ball, let E be compact, and let μ be a measure with n-polynomial
growth with constant 1 supported on E satisfying the following conditions:
(a) μ(B0 ∩E)≥ c0rad(B0)

n.
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(b) For any ball B with radius at most 200 rad(B0) centered at E such that μ(B)≥
θ rad(B)n, it holds β∞,E(B) ≤ ϵ and moreover, if E ∩ (B \ 4

5B) ≠ ∅ and LB
stands for the hyperplane minimizing β∞,E(B), the two components D+, D− of
1
2B \LB satisfy (up to relabeling)

ℋn+1(Di ∩Ωi)≥ (1 − ϵ)ℋn+1(Di) for i = +,−.
(c) It holds that

∫︂ 10rad(B0)

0
𝔤(x, r)2

dr

r
≤ ε for every x ∈E.

If θ is small enough in terms of c0, and ε is small enough in terms of c0 and θ , then
there exists an n-dimensional Lipschitz graph Γ with slope at most 1/10 such that

μ(Γ)≥ 99

100
μ(B0),

Moreover, the slope of Γ can be made arbitrarily small assuming δ small enough.

We sketch how this part goes. We follow a strategy that goes back to David and
Semmes [12, Sect. 8] and Léger [24]. We need to construct a Lipschitz graph Γ that
intersects a portion of supp(μ). To this end, we will use a stopping time argument
which stops either because the angle from the approximating hyperplane becomes
too big (BA, ‘big angle’) or because the measure μ has too low density (LD). In
order to show that the graph intersects a portion of large measure supp(μ), we must
show that the places where we stopped, both BA and LD have small measure. That
LD has small measure is standard; indeed having low density along a small slope
graph means that by a packing argument it can only have a small proportion of the
whole measure. The difficulty lies in showing that BA has small measure.

It can be shown that if Γ = {(x,A(x))} is the Lipschitz graph we construct, then

μ(BA)≲ ∥∇A∥2
2.

Thus if μ(BA) is large, this forces ∥∇A∥2
2 to be large. From this, a contradiction

should (and will) arise. By a Fourier inequality, we will estimate ∥∇A∥2
2 in terms

of a smooth square function over the approximating Lipschitz graph Γ. In turn, this
smooth square function will be controlled by the square function 𝔤 associated with
the symmetry coefficients for Ω±. The key lemma will be 14.12, which allow us to
estimate the symmetry square function 𝔤 associated to the Lipschitz domains induced
by Γ in terms of the symmetry square function associated with Ω±. The arguments in
this step require to argue with the symmetry square function 𝔤, instead of the smooth
square function 𝔞ψ , as in [22], say. The subtlety here is that we do not have control
of β∞ over the whole set ℝn+1 \ (Ω+ ∪Ω−) (which equals ∂Ω+ in [22]), but rather
of β∞ over the support of the measure μ. The advantage of the coefficients 𝔤, which
somewhat resemble the local symmetry condition of David-Semmes [12] (but at the
level of the domains), is that they contain more information than the smooth square
function 𝔞ψ .
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12 The smooth square function 𝓐𝝍 on Lipschitz graphs

Recall that, given an integrable C∞ function ψ : ℝn+1 → ℝ, and disjoint Borel sets
Ω± ⊂ ℝ

n+1 and x ∈ ℝ
n+1, r > 0, we denote

cψ =
∫︂

y∈ℝn+1+
ψ(y)dy, 𝔞±

ψ(x, r)=
⃓⃓
⃓
⃓cψ − 1

rn+1

∫︂

Ω±
ψ

(︃
y − x

r

)︃
dy

⃓⃓
⃓
⃓.

We also set

𝒜ψ(x)
2 =

∫︂ ∞

0
(𝔞+
ψ(x, r)

2 + 𝔞−
ψ(x, r)

2)
dr

r
.

Remark that we allow ψ to be non-radial.
We fix an even C∞ function φ :ℝ → ℝ such that 1[−1,1] ≤ φ ≤ 1[−1.1,1.1], and we

denote

φr(ζ )= 1

r
φ
(︂ζ
r

)︂
, for ζ ∈ℝ, r > 0.

We denote by φ :ℝn → ℝ the radial function such that φ(x)= φ(|x|) and we set

φr(x0)= 1

rn
φ
(︂x
r

)︂
, for x ∈ℝ

n, r > 0.

Our objective in this section is to prove the following.

Lemma 12.1 Consider a Lipschitz function f : ℝn → ℝ with compact support and
let Γ ⊂ ℝ

n+1 be its Lipschitz graph. Let Ω+ = {(x, y) ∈ ℝ
n+1 : y > f (x)} and Ω− =

{(x, y) ∈ℝ
n+1 : y < f (x)}. Let φ be a function as above and let

ψ(x)= φ(|x|), for x ∈ℝ
n+1.

Let 𝒜ψ and 𝔞iψ be the associated coefficients defined above. There exists some α0 > 0
such that if ∥∇f ∥∞ ≤ α0, then

∫︂

Γ

𝒜ψ(x)
2 dℋn(x)≈ ∥∇f ∥2

L2(ℝn)
.

We will prove this result by using the Fourier transform. We need first some aux-
iliary results.

Lemma 12.2 Let f : ℝn →ℝ be a Lipschitz function with compact support. Then we
have

∫︂

ℝn

∫︂ ∞

0

⃓⃓
⃓⃓f ∗ φr(x)− c(φ)f (x)

r

⃓⃓
⃓⃓
2
dr

r
dx = c ∥∇f ∥2

L2(ℝn)
,

where c(φ)= ∫︁
ℝn φ dx and c > 0.
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Proof By Plancherel, we have

∫︂

ℝn

∫︂ ∞

0

⃓⃓
⃓
⃓
f ∗ φr(x)− c(φ)f (x)

r

⃓⃓
⃓
⃓

2
dr

r
dx

=
∫︂

ℝn

∫︂ ∞

0

⃓
⃓⃓
⃓
ˆ︁f (ξ)ˆ︁φ(rξ)− ˆ︁f (ξ)ˆ︁φ(0)

r

⃓
⃓⃓
⃓

2
dr

r
dξ

=
∫︂

ℝn

|f (ξ)|2
∫︂ ∞

0

⃓⃓
ˆ︁φ(rξ)− ˆ︁φ(0)

⃓⃓2 dr

r3 dξ.

By the change of variable r|ξ | = t , and using that ˆ︁φ is radial we get
∫︂ ∞

0

⃓⃓
ˆ︁φ(rξ)− ˆ︁φ(0)

⃓⃓2 dr

r3
= |ξ |2

∫︂ ∞

0

⃓⃓
ˆ︁φ(te1)− ˆ︁φ(0)

⃓⃓2 dt

t3
.

The last integral is finite because ˆ︁φ(te1)− ˆ︁φ(0)=O(t2) as t → 0, since φ is a radial
function in the Schwartz class. Hence,

∫︂

ℝn

∫︂ ∞

0

⃓⃓
⃓⃓f ∗ φr(x)− c(φ)f (x)

r

⃓⃓
⃓⃓
2
dr

r
dx = c̃(φ)

∫︂

ℝ

|ξ ˆ︁f (ξ)|2 dξ

= c ∥∇f ∥2
L2(ℝn)

. □

Lemma 12.3 Let f : ℝn →ℝ be a Lipschitz function with compact support. Then we
have

∫︂ ∞

0

∫︂

ℝn

∫︂

y∈ℝn:|y−x|≤r

⃓⃓
⃓⃓c(φ)

−1(φr ∗ ∇f )(x) · (y − x)+ f (x)− f (y)

r

⃓⃓
⃓⃓
2
dy

rn
dx

dr

r

= c ∥∇f ∥2
L2(ℝn)

. (12.1)

Proof By replacing φ by c(φ)−1φ if necessary, we may assume that
∫︁
φ dx = 1.

This is due to the fact that, as we shall see below, the assumption that 1[−1,1] ≤ φ ≤
1[−1.1,1.1] is not necessary for the validity of this lemma.

Appealing to the change of variable z= y − x and Fubini’s theorem, the left hand
side of (12.1) (with c(φ)= 1) equals

∫︂ ∞

0

∫︂

z∈ℝ:|z|≤r

∫︂

x∈ℝ

⃓⃓
⃓⃓ (φr ∗ ∇f )(x) · z+ f (x)− f (x + z)

r

⃓⃓
⃓⃓
2

dx
dz

rn

dr

r
(12.2)

Plancherel + Fubini=
∫︂

ξ∈ℝn

∫︂ ∞

0

∫︂

z∈ℝn:|z|≤r

⃓⃓
⃓⃓2πiξ · zˆ︁φ(rξ) ˆ︁f (ξ)+ ˆ︁f (ξ)− e2πiξz ˆ︁f (ξ)

r

⃓⃓
⃓⃓
2

dz

rn

dr

r
dξ

=
∫︂

ξ∈ℝn

∫︂ ∞

0

∫︂

z∈ℝn:|z|≤r

⃓
⃓⃓2πiξ · zˆ︁φ(rξ)+ 1 − e2πiξz

⃓
⃓⃓2
dz

dr

rn+3
| ˆ︁f (ξ)|2 dξ.
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We claim that the inner integral on the right hand side only depends on |ξ |. Indeed, let
R : ℝn → ℝ

n be a rotation such that R(ξ) = |ξ |e1 and apply the change of variable
z′ = R(z). Using also the fact that ˆ︁φ is radial, then we deduce that the inner integral
equals

∫︂

z′∈ℝn:|z′|≤r

⃓⃓
⃓2πiξ ·R−1(z′)ˆ︁φ(r|ξ |e1)+ 1 − e2πiξR−1(z′)

⃓⃓
⃓
2
dz′

=
∫︂

z′∈ℝn:|z′|≤r

⃓⃓
⃓2πi|ξ |e1 · z′ ˆ︁φ(r|ξ |e1)+ 1 − e2πi|ξ |e1·z′

⃓⃓
⃓
2
dz′

Now we plug this identity into (12.2) and we change variables again writing y = |ξ |z′.
Then we get that the triple integral on the right hand side of (12.2) equals

∫︂

ξ∈ℝn

∫︂ ∞

0

∫︂

y∈ℝn:|y|≤|ξ |r

⃓⃓
⃓2πiy1 ˆ︁φ(r|ξ |e1)+ 1 − e2πiy1

⃓⃓
⃓
2 dy

|ξ |n
dr

rn+3 | ˆ︁f (ξ)|2 dξ.

Next we write t = |ξ |r , so that the triple integral above becomes

∫︂

ξ∈ℝn

∫︂ ∞

0

∫︂

y∈ℝn:|y|≤t

⃓
⃓⃓2πiy1 ˆ︁φ(te1)+ 1 − e2πiy1

⃓
⃓⃓2 dy

|ξ |n
|ξ |n+2 dt

tn+3
| ˆ︁f (ξ)|2 dξ

=
∫︂ ∞

0

∫︂

y∈ℝn:|y|≤t

⃓⃓
⃓2πiy1 ˆ︁φ(te1)+ 1 − e2πiy1

⃓⃓
⃓
2
dy

dt

tn+3

∫︂

ξ∈ℝn

|ξ ˆ︁f (ξ)|2 dξ.

Hence, to prove the lemma it suffices to show that the double integral

I :=
∫︂ ∞

0

∫︂

y∈ℝn:|y|≤t

⃓⃓
⃓2πiy1 ˆ︁φ(te1)+ 1 − e2πiy1

⃓⃓
⃓
2
dy

dt

tn+3

is absolutely convergent and positive. It is immediate that this is positive. To show
that this is absolutely convergent, we split it as follows:

I =
∫︂ ∞

0

∫︂

|y|≤min(1,t)
· · · +

∫︂ ∞

1

∫︂

1≤|y|≤t
· · · =: I1 + I2.

First we estimate I2:

I2 ≲
∫︂ ∞

1

∫︂

1≤|y|≤t
(︁
1 + ⃓⃓

y1 ˆ︁φ(te1)
⃓⃓2)︁

dy
dt

tn+3

≲
∫︂ ∞

1

1

t2
dt +

∫︂ ∞

1
tn+2

⃓⃓
ˆ︁φ(te1)

⃓⃓2 dt

tn+3
≲ 1 +

∫︂ ∞

1

⃓⃓
ˆ︁φ(te1)

⃓⃓2 dt

t
≲ 1,

taking into account the fast decay of ˆ︁φ at ∞ for the last estimate. Concerning I1, we
have

I1 ≲
∫︂ ∞

0

∫︂

|y|≤min(1,t)

⃓⃓
⃓2πiy1 + 1 − e2πiy1

⃓⃓
⃓
2
dy

dt

tn+3
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+
∫︂ ∞

0

∫︂

|y|≤min(1,t)
|2πiy1 (ˆ︁φ(te1)− 1)|2 dy dt

tn+3 . (12.3)

The first term on the right hand side satisfies

∫︂ ∞

0

∫︂

|y|≤min(1,t)

⃓⃓
⃓2πiy1 + 1 − e2πiy1

⃓⃓
⃓
2
dy

dt

tn+3

≤
∫︂

B(0,1)

∫︂

t≥|y|

⃓⃓
⃓2πiy1 + 1 − e2πiy1

⃓⃓
⃓
2 dt

tn+3 dy

≲
∫︂

B(0,1)

⃓⃓
⃓2πiy1 + 1 − e2πiy1

⃓⃓
⃓
2 1

|y|n+2
dy ≲ 1,

taking into account that 2πiy1 + 1 − e2πiy1 =O(|y|2) as y → 0. Finally we turn our
attention to the second term on the right hand side of (12.3):

∫︂ ∞

0

∫︂

|y|≤min(1,t)
|2πiy1 (ˆ︁φ(te1)− 1)|2 dy dt

tn+3

≲
∫︂

B(0,1)
|y|2

∫︂

t≥|y|
|ˆ︁φ(te1)− 1|2 dt

tn+3
dy

≲ 1 +
∫︂

B(0,1)
|y|2

∫︂

|y|≤t≤1
|ˆ︁φ(te1)− 1|2 dt

tn+3 dy.

Since φ ∈ C∞ is radial, and ˆ︁φ(0)= 1, we have ˆ︁φ(te1)− 1 =O(t2) as t → 0, and so
the last integral is bounded above by

C

∫︂

B(0,1)
|y|2

∫︂

|y|≤t≤1

1

tn−1 dt dy ≲
∫︂

B(0,1)
|y|4−n dy ≲ 1.

So I1 <∞ and the proof of the lemma is concluded. □

In the remaining of this section, we will use the notation x = (x0, xn+1) for x ∈
ℝ
n+1.

Lemma 12.4 Let f : ℝn → ℝ be a Lipschitz function with compact support with
∥∇f ∥∞ ≤ 1/10 and let Γ and Ω± be as in Lemma 12.1. For x = (x0, xn+1) ∈
ℝ
n ×ℝ, denote

ρ(x)= φ(x0)φ(xn+1).

Then we have

𝔞±
ρ (x, r)= φr ∗ f (x0)− c(φ)f (x0)

r

for all x ∈ℝ
n+1 on the graph of f and all r > 0
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and

∫︂

ℝ

𝒜ρ((x0, f (x0)))
2 dx0 = 2

∫︂

ℝn+1

∫︂ ∞

0

⃓⃓
⃓⃓f ∗ φr(x0)− c(φ)f (x0)

r

⃓⃓
⃓⃓
2
dr

r
dx0,

where c(φ)= ∫︁
ℝ
φ dx.

Proof Observe that

cρ − 1

rn

∫︂

Ω+
ρ

(︃
y − x

r

)︃
dy

= 1

rn

∫︂

y0∈ℝn

∫︂

yn+1>f (x0)

φ

(︃
y0 − x0

r

)︃
φ

(︃
yn+1 − xn+1

r

)︃
dyn+1 dy0

− 1

rn

∫︂

y0∈ℝn

∫︂

yn+1>f (y0)

φ

(︃
y0 − x0

r

)︃
φ

(︃
yn+1 − xn+1

r

)︃
dyn+1dy0

=
∫︂

y0∈ℝn

φr(y0 − x0)

∫︂ f (y0)

f (x0)

φr (yn+1 − xn+1) dyn+1dy0

Observe also that, if φr(y0 − x0) ≠ 0, then because ∥∇f ∥∞ ≤ 1/10,

φr(yn+1 − xn+1)= 1

r
for yn+1 ∈ [f (x0), f (y0)].

As a consequence

cρ − 1

rn

∫︂

Ω+
ρ

(︃
y − x

r

)︃
dy =

∫︂

y0∈ℝn

φr(y0 − x0)
f (y0)− f (x0)

r
dy0

= φr ∗ f (x0)− c(φ)f (x0)

r
.

Hence,

𝒜φ(x)
2 = 2

∫︂ ∞

0
𝔞+
φ (x, r)

2 dr

r
= 2

∫︂ ∞

0

⃓⃓
⃓
⃓
φr ∗ f (x0)− c(φ)f (x0)

r

⃓⃓
⃓
⃓

2
dr

r
.

Integrating with respect to x0 in ℝ
n, the lemma follows. □

Lemma 12.5 Let f : ℝn → ℝ be a Lipschitz function with compact support with
∥∇f ∥∞ ≤ 1/10 and let Γ and Ω± be as in Lemma 12.1. For x = (x0, xn+1) ∈
ℝ
n ×ℝ, denote

ρ(x)= φ(x0)φ(xn+1) and ψ(x)= φ(|x|).
Then we have

∫︂

Γ

|𝒜ρ(x)−𝒜ψ(x)|2 dℋn(x)≲ ∥∇f ∥4∞ ∥∇f ∥2
L2(ℝn)

.
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Notice that for the open sets equal to the two components of ℝn+1 \ Γ, we have
𝔞+
ψ(x, r) = 𝔞−

ψ(x, r) and 𝔞+
ρ (x, r) = 𝔞−

ρ (x, r). So quite often we will drop the su-
perindices +,− in this situation.

Proof For r > 0, x ∈ℝ
n+1, we denote

ρr(x)= 1

rn+1
ρ
(︂x
r

)︂
, ψr(x)= 1

rn+1
ψ

(︂x
r

)︂
, φr(x0)= 1

rn
φ
(︂x0

r

)︂
.

Then we have
⃓⃓
𝔞ρ(x, r)− 𝔞ψ(x, r)

⃓⃓ ≤ ⃓⃓
(ρr ∗ 1Ω+ − cρ)− (ψr ∗ 1Ω+ − cψ)

⃓⃓
. (12.4)

For x ∈ Γ, r > 0, we denote by Lx,r the hyperplane passing through x with slope
equal to c(φ)−1(φr ∗ ∇f )(x0) (as a graph over ℝn), and we let H+

x,r , H
−
x,r be two

complementary half spaces whose common boundary is Lx,r , so that H+
x,r is above

Lx,r and H−
x,r is below Lx,r .

Observe that, by the radial symmetry of ψ ,

cψ =
∫︂

y∈ℝn+1+
ψ(y)dy =ψr ∗ 1Hx,r (x) for all x ∈ℝ

n+1 and r > 0.

We claim that the same identity holds replacing ψ by ρ. To check this, suppose that
x = 0 for easiness of notation and let yn+1 = b ·y0 be equation of the line L0,r . Then,
by the evenness of φ we have

ρr ∗ 1H0,r (0)=
∫︂
φr(y0)

∫︂

yn+1>b·y0

φr(yn+1) dyn+1 dy0

= 1

2

∫︂
φr(y0)

∫︂

yn+1>b·y0

φr(yn+1) dyn+1 dy0

+ 1

2

∫︂
φr(y0)

∫︂

yn+1<−b·y0

φr(yn+1) dyn+1 dy0

= 1

2

∫︂
φr(y0)

∫︂

yn+1>b·y0

φr(yn+1) dyn+1 dy0

+ 1

2

∫︂
φr(y0)

∫︂

yn+1<b·y0

φr(yn+1) dyn+1 dy0

= 1

2

∫︂
ρr(y) dy =

∫︂

ℝ
n+1+

ρr(y) dy = cρ,

which proves the claim.
From the above identities and (12.4), for x ∈ Γ, we obtain
⃓⃓
𝔞ρ(x, r)− 𝔞ψ(x, r)

⃓⃓ ≤ ⃓⃓
ρr ∗ (1Ω+ − 1H+

x,r
)(x)−ψr ∗ (1Ω+ − 1H+

x,r
)(x)

⃓⃓
(12.5)

= ⃓⃓
(ρr −ψr) ∗ (1Ω+ − 1H+

x,r
)(x)

⃓⃓
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≤
∫︂

Ω+ΔH+
x,r

|ρr(y − x)−ψr(y − x)|dy.

But now observe that, if |x − y| < 3r , then using the fact that ∥∇f ∥∞ < 1/10, we
have φr(yn+1 − xn+1) = 1

r
for all x ∈ Γ and y ∈ Ω+ΔH+

x,r . Thus, by the definition
of ρ and ψ ,

ρr(y − x)−ψr(y − x)= φr(y0 − x0)φr(yn+1 − xn+1)− 1

r
φr(|y − x|)

= 1

rn+1

(︁
φr(y0 − x0)− φr(|y − x|))︁.

Still for x ∈ Γ and y ∈ Ω+ΔH+
x,r , notice that if |x − y| ≤ r/2, then φr(y0 − x0) =

1
rn−1φr(|y − x|)= 1

r
and thus ρr(y − x)−ψr(y − x)= 0; while if |x − y| ≥ r/2

⃓⃓
ρr(y − x)−ψr(y − x)

⃓⃓ ≤ 1

rn
∥(φr)′∥∞

⃓⃓
(y0 − x0)− |y − x|⃓⃓ ≲ |yn+1 − xn+1|2

rn+3 .

Since suppρr ∪ suppψr ⊂ B(0,3r), in any case we get

⃓⃓
ρr(y − x)−ψr(y − x)

⃓⃓
≲ (∥∇f ∥∞ r)2

rn+3
= ∥∇f ∥2∞

rn+1
for x ∈ Γ and y ∈Ω+ΔH+

x,r .

Plugging this estimate into (12.5), we obtain

⃓⃓
𝔞ρ(x, r)− 𝔞ψ(x, r)

⃓⃓
≲ ∥∇f ∥2∞

rn+1 ℋn+1(︁(Ω+ΔH+
x,r )∩B(x,3r)

)︁
.

Next, using the fact that the equation of the line Lx,r is

yn+1 = c(φ)−1(φr ∗ ∇f )(x0) · (y0 − x0)+ f (x0),

we get

ℋn+1(︁(Ω+ΔH+
x,r )∩B(x,3r)

)︁

≤
∫︂

|y0−x0|≤3r
|c(φ)−1(φr ∗ ∇f )(x0)(y0 − x0)+ f (x0)− f (y0)|dy0

≲ rn/2
(︃∫︂

|y0−x0|≤3r
|c(φ)−1(φr ∗ ∇f )(x0)(y0 − x0)+ f (x0)− f (y0)|2 dy0

)︃1/2

.

Hence,
⃓⃓
𝔞ρ(x, r)− 𝔞ψ(x, r)

⃓⃓

≲ ∥∇f ∥2∞
rn/2+1

(︃∫︂

|y0−x0|≤3r
|c(φ)−1(φr ∗ ∇f )(x0)(y0 − x0)

+ f (x0)− f (y0)|2 dy0

)︃1/2

.
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Therefore,

|𝒜ρ(x)−𝒜ψ(x)|

=
⃓⃓
⃓
⃓⃓
(︃∫︂ ∞

0
𝔞ρ(x, r)

2 dr

r

)︃1/2

−
(︃∫︂ ∞

0
𝔞ψ(x, r)

2 dr

r

)︃1/2
⃓⃓
⃓
⃓⃓

≤
(︃∫︂ ∞

0
|𝔞ρ(x, r)− 𝔞ψ(x, r)|2 dr

r

)︃1/2

≲ ∥∇f ∥2∞
(︃∫︂ ∞

0

∫︂

|y0−x0|≤3r
|c(φ)−1(φr ∗ ∇f )(x0)(y0 − x0)

+ f (x0)− f (y0)|2 dy0
dr

rn+2

)︃1/2

.

Squaring and integrating on x and applying Lemma 12.3, we get
∫︂

Γ

|𝒜ρ(x)−𝒜ψ(x)|2 dℋ1(x)≈
∫︂

|𝒜ρ(x)−𝒜ψ(x)|2 dx0

≲ ∥∇f ∥4∞
∫︂

ℝn

∫︂ ∞

0

∫︂

|y0−x0|≤3r
|c(φ)−1(φr ∗ ∇f )(x0)(y0 − x0)

+ f (x0)− f (y0)|2 dy0
dr

rn+2 dx0

≈ ∥∇f ∥4∞ ∥∇f ∥2
L2(ℝn)

. □

Proof of Lemma 12.1 By Lemma 12.2 and Lemma 12.4, we have
∫︂

Γ

𝒜ρ(x)
2 dℋn(x)≈ ∥∇f ∥2

L2(ℝn)
.

On the other hand, by Lemma 12.5,
∫︂

Γ

|𝒜ρ(x)−𝒜ψ(x)|2 dℋn(x)≲ ∥∇f ∥4∞ ∥∇f ∥2
L2(ℝn)

.

Hence,
∫︂

Γ

𝒜ψ(x)
2 dℋn(x)≤ 2

∫︂

Γ

𝒜ρ(x)
2 dℋn(x)+ 2

∫︂

Γ

|𝒜ρ(x)−𝒜ψ(x)|2 dℋn(x)

≲ ∥∇f ∥2
L2(ℝn)

.

In the converse direction, we have
∫︂

Γ

𝒜ψ(x)
2 dℋn(x)≥ 1

2

∫︂

Γ

𝒜ρ(x)
2 dℋn(x)−

∫︂

Γ

𝒜ψ(x)
2 dℋn(x)

≥ c∥∇f ∥2
L2(ℝn)

−C ∥∇f ∥4∞ ∥∇f ∥2
L2(ℝn)

.

So if ∥∇f ∥4∞ ≤ c/2C, the lemma follows. □
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13 Construction of an approximate Lipschitz graph

To prove Lemma 11.1 we need to construct a Lipschitz graph which covers a fairly
large proportion of the measure μ. Many lemmas will not be proved, and we leave it
to the reader to apply the (mostly cosmetic) changes from the planar case in [22] (or
[29, Chap. 7]).

Fix ϵ > 0 and θ > 0. We assume that the hypotheses of Lemma 11.1 are satisfied
with these choices of parameters ϵ and θ . We shall also introduce α > 0, α ≪ 1. Here
α will regulate the slope of a Lipschitz graph that will well approximate the support
of μ. We will eventually determine θ , then we will pick α depending on δ, and finally
ϵ can be chosen to depend on both θ and α.

Recall that E ∩ B0 ≠ ∅, since μ(E ∩ B0) ≥ c0 rad(B0)
n. Also, we require

suppμ⊂E, but we do not require suppμ=E

Claim 13.1 It suffices to prove Lemma 11.1 under the following conditions:
• The center of B0 satisfies x0 ∈E.
• suppμ⊂ B0.
• E ∩ (100B0 \ 99B0) ≠ ∅.

Proof From the (n,1)-growth of μ and the fact that μ(B0) ≥ c0 r
n
0 , it follows that

there exists two balls B1, B2 centered at E such that

dist(B1,B2)≳c0 rad(B0),

rad(B0)≲c0 rad(B1)= rad(B2)≤ rad(B0),

and

μ(Bi)≳c0 μ(B0),

for i = 1,2. See Lemma 7.6 from [29], for example. Further, we can assume that
dist(B1,B2) ≥ 1000 rad(B1) = 1000 rad(B2). To check this, cover each ball Bi by a
finite family of suitable smaller balls Bj

i and for each i = 1,2 replace Bi by the ball

B
j
i with largest measure.

Let ˜︁B1 be the smallest ball concentric with B1 containing B2 (so rad(˜︁B1) =
dist(B1,B2)+ 3 rad(B2)). It is easy to check that B1 ⊂ 1

200
˜︁B1 and B2 ⊂ ˜︁B1 \ 0.99˜︁B1.

So replacing the ball B0 by 1
100

˜︁B1, μ by μ|B1 , and adjusting suitably the constant c0
and other constants in Lemma 11.1, the claim then follows. □

We denote r0 = rad(B0) and we set

E0 =E ∩B0.

Besides the conditions in the claim above, we will assume that x0 = 0 and that the
hyperplane LB0 that minimizes β∞,E(B0) is horizontal. We denote by L0 the hor-
izontal hyperplane passing through x0, and we identify it with ℝ

n. Notice that if
distH (L0,LB0)≤ ϵ r0, because x ∈E0.
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Recall that for a ball B , LB denotes a best approximating plane for β∞,E(B). Also
we denote

Θμ(B)= μ(B)

rad(B)n
.

That is, Θμ(B) is the n-dimensional density of μ on B .
Let x ∈ E0 = E ∩ B0 and 0 < r ≤ 50r0. We call the ball B = B(x, r) good, and

write B ∈ G if
(a) Θμ(B)≥ θ , and
(b) ∠(LB,LB0)≤ α.

Therefore, by the assumptions of Lemma 11.1

β∞,E(B)≤ ϵ whenever B ∈ G. (13.1)

We say that B = B(x, r) is very good, and write B ∈ VG, if B(x, s) ∈ G for every
r ≤ s ≤ 50r0. Since θ ≪ c0, we have that any ball B centered on E0 that contains
B0 with rad(B) ≤ 50r0 is very good. In particular, B0 is very good. Notice also that
β∞,E(20B0)≤ ϵ, and thus

dist(x,L0)≲ ϵr0 for all x ∈E ∩ 20B0.

For x ∈E0 we then set

h(x)= inf{r : 0< r < 50r0, B(x, r) ∈ VG}.
Observe that h(x) ≤ 2r0, as B(x,2r0) ⊃ B0. Notice that, if x ∈ E0 and r ∈
(h(x),50r0), then, from (13.1),

Θμ(B(x, r))≥ θ, β∞,E(B(x, r))≤ ϵ, and ∠(LB(x,r),L0)≤ α.

Put

Z =E0 ∩ {h= 0}.
We now set

LD = {x ∈E0\Z :Θμ(B(x,h(x)))≤ θ},
and

BA =E0\(LD ∪Z),

so that E0 = Z ∪ LD ∪ BA. Since, for x ∈ BA, Θμ(B(x,h(x)) ≥ θ , we must have
that LB(x,h(x)) has a big angle with L0, moreover

Lemma 13.2 [29, Lemma 7.13] Provided that ϵ is sufficiently small in terms of θ and
α, if x ∈ BA, then

∠(LB(x,2h(x)),L0)≥ α

2
,

for any approximating n-plane LB(x,2h(x)).
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Remark 13.3 As remarked above, the cited lemma is stated for the construction of a
one-dimensional Lipschitz graphs in ℝ

2. The very same construction can be carried
out in our context without changes. Hence we omit the details. The same remark
applies to all cited lemmas in this section.

We now introduce a regularized version of the function h. Denote by Π the orthog-
onal projection onto L0 and by Π⊥ the projection onto its orthogonal complement.
For x ∈ℝ

n+1, set

d(x)= inf
B(z,r)∈VG

[︁|x − z| + r
]︁
. (13.2)

(Recall here that in order for B(z, r) ∈ VG we must have that z ∈E0 =E∩B0.) Now
define, for p ∈ L0,

D(p)= inf
x∈Π−1(p)

d(x).

As infima over 1-Lipschitz functions, we see that d and then D are both 1-Lipschitz
functions. Observe that d(x)≤ h(x) whenever x ∈E0, so the closed set

Z0 = {x ∈ℝ
n+1 : d(x)= 0}

contains Z.

Lemma 13.4 [29, Lemma 7.19] For all x, y ∈ ℝ
n+1, we have

|Π⊥(x)−Π⊥(y)| ≤ 6α|Π(x)−Π(y)| + 4d(x)+ 4d(y).

As a consequence of this lemma, we have that if x, y ∈ Z0, then

|Π⊥(x)−Π⊥(y)| ≤ 6α|Π(x)−Π(y)|.
In particular, the map Π :Z0 → L0 is injective and the function

A :Π(Z0)→ ℝ, A(Π(x))=Π⊥(x) for x ∈Z0,

is Lipschitz with norm at most 6α. To extend the definition of A to L0, we appeal to
a Whitney decomposition.

13.1 Whitney decomposition

Let 𝒟L0 be the collection of dyadic cubes in L0 (which we identify with ℝ
n ⊂ ℝ

n+1

under an affine transformation). For I ∈ 𝒟L0 ,

D(I) := inf
p∈I D(p), where D(p)= inf

x∈Π−1(p)
d(x).

Set

𝒲 := {I maximal in 𝒟L0 : ℓ(I ) < 20−1D(I)}.
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We index 𝒲 as {Ri}i∈I𝒲 . The basic properties of the cubes in 𝒲 are summarized
in the following lemma. The proof of this result is standard, and can be found as
Lemma 7.20 in [29].

Lemma 13.5 The cubes Ri , i ∈ I𝒲 , have disjoint interiors in L0 and satisfy the fol-
lowing properties:
(a) If x ∈ 15Ri , then 5ℓ(Ri)≤D(x)≤ 50ℓ(Ri).
(b) There exists an absolute constant C > 1 such that if 15Ri ∩ 15Rj ≠ ∅, then

C−1ℓ(Ri)≤ ℓ(Rj )≤ Cℓ(Ri). (13.3)

(c) For each i ∈ I𝒲 , there are at most N cubes Rj such that 15Ri ∩ 15Rj ≠ ∅,
where N is some absolute constant.

(d) L0 \Π(Z0)= ⋃︁
i∈I𝒲 Ri = ⋃︁

i∈I𝒲 15Ri .

Now set

I0 := {i ∈ I𝒲 : Ri ∩B(0,10r0) ≠ ∅}.
Lemma 13.6 [29, Lemma 7.21] The following two statements hold.

• If i ∈ I0, then ℓ(Ri)≤ r0 and 3Ri ⊂ L0 ∩ 12B0 = (−12r0,12r0)
n.

• If i /∈ I0, then

ℓ(Ri)≈ dist(0,Ri)≈ |p| ≳ r0 for all p ∈Ri.

Lemma 13.7 [29, Lemma 7.22] Let i ∈ I0; there exists a ball Bi ∈ VG such that

ℓ(Ri)≲ rad(Bi)≲ ℓ(Ri), and (13.4)

dist(Ri,Π(Bi))≲ ℓ(Ri). (13.5)

For i ∈ I0, denote by Ai the affine function L0 → L⊥
0 whose graph is the n-

plane LBi . Insofar as Bi ∈ VG, ∠(LBi ,LB0) ≤ α, so Ai is Lipschitz with constant
tanα ≲ α. On the other hand, for i ∈ I𝒲 \ I0, we put Ai ≡ 0. We are now in a
position to be able to define A on L0.

13.2 Extending 𝑨 to 𝑳0

Consider a smooth partition of unity {ϕi}i∈I𝒲 subordinate to {3Ri}i∈I𝒲 , i.e., ϕi ∈
C∞

0 (3Ri) with
∑︁

i ϕi ≡ 1 on L0 = ℝ
n ⊂ ℝ

n+1, which moreover satisfies that for
every i ∈ I𝒲 ,

∥∇ϕi∥∞ ≲ ℓ(Ri)
−1 and ∥∇2ϕi∥∞ ≲ ℓ(Ri)

−2.

(See [29, p. 250] for an explicit construction.)
Now, if p ∈ L0\Π(Z0), we set

A(p) :=
∑︂

i∈I𝒲
ϕi(p)Ai(p)=

∑︂

i∈I0

ϕi(p)Ai(p).
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We require the following lemma, which combines Lemmas 7.24 and 7.27 from
[29].

Lemma 13.8 The function A : L0 → L⊥
0 is supported in [−12r0,12r0]n and is Lips-

chitz with slope ≲ α. Moreover, if i ∈ I𝒲 , then for any x ∈ 15Ri ,

|∇2A(x)| ≲θ

ϵ

ℓ(Ri)
.

We will denote the graph of A by Γ, that is

Γ := Graph(A)= {(x,A(x)) |x ∈ L0}. (13.6)

13.3 The Lipschitz graph 𝚪 and 𝑬0 are close to each other

The next four results, concerning the relationship between Γ and E0, are central to
our analysis.

Lemma 13.9 [29, Lemma 7.28] Every x ∈ B(0,10r0) satisfies

dist(x,Γ)≲ d(x).

Lemma 13.10 [29, Lemma 7.29] For B ∈ VG and x ∈ Γ ∩ 3B , it holds that

dist(x,LB)≲θ ϵrad(B). (13.7)

Lemma 13.11 [29, Lemma 7.30] We have

dist(x,Γ)≲θ ϵ d(x) for every x ∈E0.

Lemmas 13.11 and 13.10 combine to yield the following statement.

Corollary 13.12 Suppose that B ∈ VG. As long as ϵ is small enough in terms of θ ,

dist(x,Γ)≲θ ϵrad(B) for all x ∈ LB ∩ 2B. (13.8)

Proof If B = B(z, r) ∈ VG, then z ∈ E0 so by Lemma 13.11, dist(z,Γ)≲θ ϵr , so Γ
(as well as LB ) passes close to z. On the other hand, Lemma 13.10 ensures that if
B ∈ VG, then Γ ∩ 3B ⊂ 𝒩C(θ)ϵrad(B)(LB). Since both Γ and LB are connected, we
readily deduce the conclusion. □

Lemma 13.13 [29, Lemma 7.32] We have

dist(x,L0)≲θ ϵ r0 for all x ∈ Γ.

Lemma 13.14 Assuming ϵ small enough, for all x ∈E0 and for all x ∈ Γ, we have

D(Π(x))≤ d(x)≲D(Π(x)).
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Proof The inequality D(Π(x)) ≤ d(x) holds for any x ∈ ℝ
n+1 by the definition of

D. For the converse inequality suppose first that x ∈ Γ. For any τ > 0, let x′ ∈ ℝ
n+1

be such that Π(x)=Π(x′) and d(x′)≤D(Π(x′))+ τ . Then |x′ − x| ≈ dist(x′,Γ)≲
d(x′) by Lemma 13.9. Thus, since d is 1-Lipschitz,

d(x)≤ d(x′)+ |x − x′| ≲ d(x′)≤D(Π(x′))+ τ =D(Π(x))+ τ. (13.9)

In the case x ∈ E0, consider again z ∈ Γ such that Π(x) = Π(z), so that by
Lemma 13.11,

|x − z| ≈ dist(x,Γ)≲θ ϵ d(x).

Then,

d(x)≤ |x − z| + d(z)≤ C(θ)ϵ d(x)+CD(Π(z))= C(θ)ϵ d(x)+CD(Π(x))

which implies D(Π(x))≤ d(x)≲D(Π(x)) for ϵ small enough. □

14 Small measure of LD and BA

14.1 LD has small measure

The following lemma shows that LD has small measure. The reason for this is that LD
can be covered by balls of small density that are closely aligned to the n-dimensional
Lipschitz graph Γ.

Lemma 14.1 [29, Lemma 7.33] If θ is sufficiently small, and ϵ > 0 is sufficiently small
in terms of θ , then

μ(LD)≤ 1

1000
μ(B0).

This lemma determines our choice of θ .

14.2 BA has small measure

Our objective in this section is to prove the following.

Lemma 14.2 If α is chosen sufficiently small, and ϵ is chosen sufficiently small, with
respect to α and θ , then

μ(BA)≲ ϵ1/(n+3)μ(E0). (14.1)

Recall our assumption that the hyperplane L0 coincides with the {x ∈ ℝ
n+1 :

xn+1 = 0}, and so L⊥
0 is the vertical axis. For a radial function ψ as in Lemma 12.1,

we denote by 𝔞Ω,ψ and 𝒜Ω,ψ the respective square functions 𝔞ψ and 𝒜ψ associated
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with the sets Ω+,Ω−. The analogous square functions associated with the Lipschitz
domains

V + = {x ∈ℝ
n+1 :Π⊥(x) > A(Π(x))}, V − = {x ∈ℝ

n+1 :Π⊥(x) < A(Π(x))}
are denoted by 𝔞V,ψ and 𝒜V,ψ .

For the reader’s sake, we recall here the assumption (b) of Lemma 11.1.

Assumption 14.3 For any ball B with radius at most 200 rad(B0) centered at E such
that μ(B) ≥ θ rad(B)n, it holds β∞,E(B) ≤ ϵ and moreover, if E ∩ (B \ 4

5B) ≠ ∅

and LB stands for the hyperplane minimizing β∞,E(B), the two components D+
1
2B

and D−
1
2B

of 1
2B \LB satisfy (up to relabeling)

ℋn+1(D+
1
2B

∩Ω+)≥ (1 − ϵ)ℋn+1(D+
1
2B
)

and

ℋn+1(D−
1
2B

∩Ω−)≥ (1 − ϵ)ℋn+1(D−
1
2B)

).

Applying this lemma to a ball B ′ ∈ G containing 15B0, interchanging the upper
half plane by the lower half plane if necessary, we deduce that

ℋn+1(15B0 ∩ℝ
n+1
i ∩Ωi)≥ (1 −Cϵ)ℋn+1(15B0 ∩ℝ

n+1
i ) for i = +,−. (14.2)

Lemma 14.4 Assume ϵ small enough in terms of θ . For every ball B ∈ VG it holds

ℋn+1(B ∩ V + \Ω+)≲θ ϵℋn+1(B)

and

ℋn+1(B ∩ V − \Ω−)≲θ ϵℋn+1(B).

Proof We prove the lemma for V + and Ω+. We claim that for every B ∈ VG there
exists a concentric ball B ′ with 2 rad(B) ≤ rad(B ′) ≲θ rad(B) such that E ∩ (B ′ \
4
5B

′) ≠ ∅. This follows immediately from the Assumption 14.3 when B is a large
ball, that is when c(θ) r0 ≤ rad(B)≤ 50r0, where c(θ) is a small constant to be fixed
in a moment. On the other hand, for smaller balls, we use the fact that for any ball
B ′′ ∈ G and λ ∈ (0,1), by the (n,1)-growth of μ and the stopping condition for low
density balls, we have

μ(λB ′′)≤ λn rad(B ′′)n ≤ λn θ−1μ(B ′′).

So for λ= λ(θ)= ( θ2 )
1/n,

μ(B ′′ \ λB ′′)≥ 1

2
μ(B ′′)).
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Consequently, the ball 20λ(θ)−1B satisfies μ(20λ(θ)−1B \ 20B) > 0, assuming
20λ(θ)−1rad(B)≤ 50r0. From this fact, it easily follows that we can find a ball B ′ as
claimed above, whenever 20λ(θ)−1rad(B)≤ 50r0.

By the Assumption 14.3 applied to B ′′, we know that ℋn+1(D+
1
2B

′′ \ Ω+) ≲
ϵℋn+1(D+

1
2B

′′). Since B ⊂ 1
2B

′′ and rad(B ′′)≈θ rad(B), it follows that

ℋn+1(D+
B \Ω+)≤ℋn+1(D+

B ′′ ∩B \Ω+)+ℋn+1(D+
B △ (D+

B ′′ ∩B))≲θ ϵ rad(B)n+1,

where we took into account that distH (B ∩ LB,B ∩ LB ′′) ≲θ ϵ rad(B) for the last
inequality. Now, recall from Lemma 13.10 that if x ∈ Γ ∩ 3B , where Γ is the graph
of A (see (13.6)), then dist(x,LB)≲θ ϵ rad(B). In other words,

Γ ∩B ⊂ 𝒩Cθ ϵ rad(B)(LB).

In particular, this implies that

(B ∩ V i \Ω+) \𝒩Cθ ϵrad(B)(LB)⊂D+
B \Ω+ either for i = + or i = −.

Note moreover that ℋn+1(𝒩Cθ ϵ rad(B)(LB)) ≲θ ϵℋn+1(D+
B ). Hence we conclude

that, either for i = + or i = −,

ℋn+1(B ∩ V i \Ω+)

= ℋn+1((B ∩ V i \Ω+)∩𝒩Cθ ϵ rad(B)(LB))

+ℋn+1((B ∩ V i \Ω+) \𝒩Cθ ϵ rad(B)(LB))

≲θ ϵℋn+1(B)+ ϵℋn+1(D+
B )≲θ ϵℋn+1(B).

This estimate holds for B and also for any ball ˜︁B concentric with B such that
rad(B) ≤ rad(˜︁B) ≤ 50r0, with i = + or i = − depending on ˜︁B . Then by the con-
dition (14.2) and connectivity it follows easily that i = + for any such ball ˜︁B and so
also for B . We leave the details for the reader. □

To prove Lemma 14.2 we will show first that if BA has noticeable measure, then
∥∇A∥2

2 is (relatively) large, and later we will see that this in turn contradicts the
smallness assumption of the square function involving the coefficients 𝔤(x, r) in Main
Lemma 11.1. The proof is split into several lemmas. The first one is analogous to
Lemma 7.35 of [29], which is a consequence of Lemmas 13.2 and 13.11.

Lemma 14.5 [29, Lemma 7.35] Provided that ϵ is small enough in terms of α,

μ(BA)≲ α−2∥∇A∥2
2. (14.3)

Assume that α is small enough to apply Lemma 12.1. Then
∫︂

Γ

𝒜V,ψ(x)
2 dℋn(x)≈ ∥∇A∥2

2, (14.4)
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where 𝒜V,ψ stands for the square function 𝒜ψ associated with the graph Γ and
the components V ± of ℝn+1 \ Γ, with ψ and φ as in Lemma 12.1. From this and
Lemma 14.5 we infer that

μ(BA)≲ α−2
∫︂

Γ

𝒜V,ψ(x)
2 dℋn(x). (14.5)

Our next objective is to estiimate
∫︁
Γ
𝒜V,ψ(x)

2 dℋn(x).
We denote

ℓ(x) := 1

50
D(x)= 1

50
D(Π(x)).

Lemma 13.5 ensures that if x ∈ 15I , I ∈𝒲 , then

1

10
ℓ(I )≤ ℓ(x)≤ ℓ(I ). (14.6)

We set

˜︁𝒜V,ψ(x)
2 :=

∫︂ r0

ℓ(x)

𝔞V,ψ(x, r)
2 dr

r
.

It will be convenient to denoteL2(Γ)= L2(ℋn|Γ). The following lemma is proved
like Lemma 11.5 from [22] and so we omit the detailed arguments.

Lemma 14.6 We have

∥𝒜V,ψ − ˜︁𝒜V,ψ∥2
L2(Γ)

≲ C(θ)ϵ2rn0 + α4∥∇A∥2
2.

Observe that, from (14.4) and the previous lemma, we have that

∥∇A∥2
2 ≲ ∥ ˜︁𝒜V,ψ∥2

L2(Γ)
+ ∥𝒜V,ψ − ˜︁𝒜V,ψ∥2

L2(Γ)

≲ ∥ ˜︁𝒜V,ψ∥2
L2(Γ)

+C(θ)ϵ2rn0 + α4∥∇A∥2
2.

Hence, for α small enough, we obtain

∥∇A∥2
2 ≲ ∥ ˜︁𝒜V,ψ∥2

L2(Γ)
+C(θ)ϵ2rn0 ,

and combining this inequality with (14.5) we get

μ(BA)≲ α−2∥ ˜︁𝒜V,ψ∥2
L2(Γ)

+C(θ)ϵ2α−2 rn0 . (14.7)

To estimate ∥ ˜︁𝒜V,ψ∥2
L2(Γ)

, we split

∥ ˜︁𝒜V,ψ∥2
L2(Γ)

=
∫︂

Γ

∫︂ r0

ℓ(x)

𝔞V,ψ(x, r)
2 dr

r
dℋn(x)

=
∫︂

Γ

∫︂ min(ϵ−1ℓ(x),r0)

ℓ(x)

· · · +
∫︂

Γ

∫︂ r0

min(ϵ−1ℓ(x),r0)

· · · . (14.8)
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Concerning the first integral on the right hand side, we have:

Lemma 14.7 We have

∫︂

Γ

∫︂ min(ϵ−1ℓ(x),r0)

ℓ(x)

𝔞V,ψ(x, r)
2 dr

r
dℋn(x)≲θ ϵ

2| log ϵ|rn0 . (14.9)

The arguments for this lemma are the same as the ones in Lemma 11.6 from [22],
and so we skip them again.

To estimate the second integral on the right hand side of (14.8) we need some
additional notation. We let ΠΓ be the projection ℝ

n+1 → Γ orthogonal to L0. We let
𝒟Γ be the family of “dyadic cubes” on Γ of the form

𝒟Γ = {︁
ΠΓ(I) : I ∈𝒟L0

}︁
.

We define the side-length of R ∈ 𝒟Γ (and write ℓ(R)) to be equal to ℓ(I ), where
I ∈𝒟L0 satisfies R =ΠΓ(I). Then ℓ(R)n is comparable to ℋn(R). Then we set

𝒲Γ = {︁
ΠΓ(I) : I ∈𝒲}︁

. (14.10)

Denote by 𝒲Γ,0 = {ΠΓ(Ri) : i ∈ I0}, so I ∈ 𝒲Γ,0 if I =ΠΓ(Ri) for some Ri that
intersects B(0,10r0). The following is the analog of Lemma 11.7 from [22].

Lemma 14.8 If I ∈𝒲Γ,0, x ∈ I , and 0< r ≤ r0, then B(x,2r)⊂ 15B0.

We now claim that there is an absolute constant C2 such that for each I ∈ 𝒲Γ that
intersects 15B0, there exists a ball BI ∈ VG (centered at zI ∈E0) such that

C−1
2 rad(BI )≤ ℓ(I )≤ C2rad(BI ), (14.11)

I ⊂ C2BI , and ΠΓ(zI ) ∈ C2BI . (14.12)

The arguments are the same as the ones following (11.6) in [22], and so we omit them
again.

The following auxiliary result is proven in the same way as Lemma 7.41 in [29]
and Lemma 11.8 in [22].

Lemma 14.9 For each I ∈𝒲Γ,0 there exists some function gI ∈ L∞(μ), gI ≥ 0 sup-
ported on BI such that

∫︂
gI dμ= ℋn(I ), (14.13)

and
∑︂

I∈𝒲Γ,0

gI ≲ c(θ). (14.14)

The first main step to bound the first integral on the right hand of (14.8) is con-
tained in the following lemma.
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Lemma 14.10 We have
∫︂

Γ

∫︂ r0

min(ϵ−1ℓ(x),r0)

𝔞V,ψ(x, r)
2 dr

r
dℋn(x)

≲θ ϵ
2rn0 +

∫︂

E0

∫︂ r0

min(cϵ−1ℓ(x),r0)

𝔞V,ψ(x, r)
2 dr

r
dμ(x), (14.15)

for some absolute constant c > 0.

Throughout the proof of Lemma 14.10, we will let the implicit constant in the
symbol ≲ depend on θ without further mention.

Proof By Lemma 13.6, ϵ−1ℓ(x)≥ r0 for x ∈ I ∈ 𝒲Γ \𝒲Γ,0, so we may write
∫︂

Γ

∫︂ r0

min(ϵ−1ℓ(x),r0)

𝔞V,ψ(x, r)
2 dr

r
dℋn(x)

=
∑︂

I∈𝒲Γ,0

∫︂

I

∫︂ r0

min(ϵ−1ℓ(x),r0)

𝔞V,ψ(x, r)
2 dr

r
dℋn(x). (14.16)

Given x ∈ I ∈ 𝒲Γ,0, we consider an arbitrary point x′ ∈ BI . Using the fact that
r ≥ ϵ−1ℓ(x)≈ ϵ−1ℓ(I )≫ ℓ(I ) and taking into account that |x − x′| ≤ dist(I,BI )≲
ℓ(I ) by (14.12), we get

⃓⃓
𝔞V,ψ(x, r)− 𝔞V,ψ(x

′, r)
⃓⃓ ≤ r−n−1

∫︂

V+

⃓⃓
⃓⃓ψ

(︃
x − y

r

)︃
−ψ

(︃
x′ − y

r

)︃ ⃓⃓
⃓⃓dy

≲ ∥∇ψ∥∞
∫︂

B(x,2r)

|x − x′|
rn+2

dy ≲ ℓ(I )

r
,

Plugging this inequality into the right hand side of (14.16), we estimate the integral
on the left side of (14.15) as follows:

∫︂

Γ

∫︂ r0

min(ϵ−1ℓ(x),r0)

𝔞V,ψ(x, r)
2 dr

r
dℋn(x)

≲θ

∑︂

I∈𝒲Γ,0

∫︂

I

∫︂ r0

min(cϵ−1ℓ(I ),r0)

inf
x′∈BI

𝔞V,ψ(x
′, r)2 dr

r
dℋn(x)

+
∑︂

I∈𝒲Γ,0

∫︂

I

∫︂ r0

min(cϵ−1ℓ(I ),r0)

ℓ(I )2

r2

dr

r
dℋn(x)

=: T1 + T2.

First we bound T2 in a straightforward manner by evaluating the double integral:

T2 ≲
∑︂

I∈𝒲Γ,0

ℓ(I )n
∫︂ ∞

cϵ−1ℓ(I )

ℓ(I )2

r3 dr ≲ ϵ2
∑︂

I∈𝒲Γ,0

ℓ(I )n ≲ ϵ2 rn0 .
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Finally we estimate the term T1. To this end, we consider the functions gI con-
structed in Lemma 14.9. It is clear that

T1 =
∑︂

I∈𝒲Γ,0

∫︂∫︂ r0

min(cϵ−1ℓ(I ),r0)

inf
x′∈BI

𝔞V,ψ(x
′, r)2 dr

r
gI (x) dμ(x).

Observe now that, for each x ∈ BI , since ℓ(·) is 1
50 -Lipschitz and taking into account

(14.6), denoting by xI the center of I ,

ℓ(x)≤ ℓ(I )+ 1

50
|x − xI | ≲ ℓ(I ).

Therefore, using also (14.14) and the fact that we are assuming that suppμ⊂E0,

T1 ≤
∫︂∫︂ r0

min(cϵ−1ℓ(x),r0)

∑︂

I∈𝒲Γ,0

gI (x)𝔞V,ψ(x, r)
2 dr

r
dμ(x)

≲
∫︂

E0

∫︂ r0

min(c′ϵ−1ℓ(x),r0)

𝔞V,ψ(x, r)
2 dr

r
dμ(x).

Gathering the estimates obtained for the terms T1 and T2, the lemma follows. □

Next we intend to estimate the square integral on the right hand side of (14.15)
in terms of the coefficients 𝔤(x, r) defined in (11.2). To distinguish the coefficients
associated to Ω± from the ones associated to V ±, we write

𝔤Ω(x, r)= 1

rn+1 max
i=+,−ℋn+1(︁(Ωi△Tx(Ω

i,c))∩B(x, r)
)︁

and

𝔤V (x, r)= 1

rn+1
max
i=+,−ℋn+1(︁(V i△Tx(V

i,c))∩B(x, r)
)︁
.

We also define coefficients γΩ(x, r) and γV (x, r) as in (11.1) associated to Ω± and
V ±, respectively.

Lemma 14.11 We have
∫︂

E0

∫︂ r0

min(cϵ−1ℓ(x),r0)

𝔞V,ψ(x, r)
2 dr

r
dμ(x)

≲
∫︂

E0

∫︂ 2r0

min(cϵ−1ℓ(x),r0)

𝔤V (x, r)
2 dr

r
dμ(x).

Proof Integrating in polar coordinates as in (3.6) and applying Lemma 3.1, we get

𝔞±
V,ψ(x, r)≤ 1

rn+1

∫︂ ∞

0
φ
(︂ s
r

)︂
aV (x, s) s

n ds
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≤ 1

4rn+1

∫︂ ∞

0
φ
(︂ s
r

)︂
γV (x, s) s

n ds ≲ 1

rn+1

∫︂ 2r

0
γV (x, s) s

n ds.

By polar coordinates again, we obtain

1

rn+1

∫︂ 2r

0
γV (x, s) s

n ds

≤
∑︂

i=+,−

1

rn+1

∫︂ 2r

0
ℋn

(︁
(V i△Tx(V

i,c))∩ S(x, s)
)︁
ds

= 1

rn+1

∑︂

i=+,−
ℋn+1(︁(V i△Tx(V

i,c))∩B(x,2r)
)︁
≲ 𝔤V (x,2r).

Thus, 𝔞±
V,ψ(x, r)≲ 𝔤V (x,2r). Integrating with respect to

dr

r
dμ(x), the lemma fol-

lows. □

The next key step for the proof of Lemma 14.2 consists in estimating 𝔤V (x, r) in
terms of 𝔤Ω(x, r). To ease notation, we set

κ = κ(ϵ)= ϵ1/(2n+4). (14.17)

Lemma 14.12 There exists an absolute constant C > 1 such that, for all x ∈ E0 and
r ∈ [cϵ−1ℓ(x),2r0],

𝔤V (x, r)≲ 𝔤Ω(x,2r)+ κ2

rn+1

∑︂

P∈𝒲Γ :P⊂B(x,Cr)
ℓ(P )n+1.

Proof Without loss of generality we assume that x = 0, so that Tx(A)= −A for any
set A. We define the function ˜︁d :ℝn+1 → [0,∞) given by

˜︁d(y)= max
(︁
d(y), d(−y))︁.

Recall that the function d is defined in (13.2). Since this is 1-Lipschitz, the same
holds for ˜︁d . Next we define the following family of cubes

˜︁𝒲 = {Q maximal in 𝒟ℝn+1 : ℓ(Q) < 20−1 κ2 inf
Q

˜︁d(y)}.

Here 𝒟ℝn+1 is the family of the usual dyadic cubes form ℝ
n+1, which we assume

here to be closed.
The cubes from ˜︁𝒲 satisfy properties analogous to the ones in Lemma 13.5. In

particular, it holds:

(a) If Q ∈ ˜︁𝒲 and y ∈ 15Q, then ℓ(Q)≈ κ2˜︁d(y).
(b) For each Q ∈ ˜︁𝒲 , there are at most N cubes R ∈ ˜︁𝒲 such that 15Q∩ 15R ≠ ∅,

where N is some absolute constant.
(c) If Q ∈ ˜︁𝒲 , then −Q ∈ ˜︁𝒲 too.
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The properties (a) and (b) follow by arguments analogous to the ones in Lemma 13.5.
We leave the details for the reader. The property (c) is due to the fact that ˜︁d(y) =
˜︁d(−y) for all y ∈ ℝ

n+1 and that Q ∈𝒟ℝn+1 if and only if −Q ∈𝒟ℝn+1 .
To shorten notation, we write B = B(0, r) (recall we are assuming x = 0). Also,

we let ˜︁𝒲B be the family of the cubes from ˜︁𝒲 which intersect B . We claim that if
Q ∈ ˜︁𝒲B , then Q ⊂ CB for some absolute constant C > 1. Indeed, if y ∈ Q ∩ B ,
then ˜︁d(y)= d(y′) either for y′ = y or for y′ = −y, and taking into account that, by
Lemma 13.14 and the fact that r ∈ [cϵ−1ℓ(0),2r0], d(0)≈ ℓ(0)≤ cϵr , we have

ℓ(Q)≈ κ2 ˜︁d(y)= κ2 d(y′)≤ κ2 d(0)+ κ2 |y′| ≤ 2r.

Together with the condition that Q∩B ≠ ∅, this implies that 2Q⊂ CB . Remark that
from the above estimates it follows also easily that ℓ(Q)≲ κ2r0.

We say that a cube Q ∈ ˜︁𝒲B is good, and we write Q ∈ ˜︁𝒲g if either

• Q⊂ V + and −Q⊂ V −, or
• Q⊂ V − and −Q⊂ V +.

We also set

˜︁𝒲b = ˜︁𝒲B \ ˜︁𝒲g. (14.18)

For i = +,−, write

𝔤iV (y, r)= 1

rn+1
ℋn+1(︁(V i△Ty(V

i,c))∩B(y, r)
)︁
,

so that 𝔤V (y, r) = maxi=+,− 𝔤iV (y, r). We also let j = −i (i.e., j = ∓ for i = ±).
Notice that if Q ∈ ˜︁𝒲g , then, modulo a set of Lebesgue measure zero,

(V i ∩Q)△ (T0(V
i,c)∩Q)= (V i ∩Q)△T0(V

j ∩ (−Q))= ∅.

Then, for i = +,−, we have

𝔤iV (x, r)≤ 1

rn+1

∑︂

Q∈˜︂𝒲B

ℋn+1(︁(V i ∩Q)△ (T0(V
j )∩Q)

)︁

= 1

rn+1

∑︂

Q∈˜︂𝒲b

ℋn+1(︁(V i ∩Q)△ (T0(V
j )∩Q)

)︁
.

Next we need to distinguish different types of cubes from Q ∈ ˜︁Wb:

(1) We write Q ∈ ˜︁𝒲1
b if both Q∩ Γ = ∅ and −Q∩ Γ = ∅.

(2) We write Q ∈ ˜︁𝒲2
b if either Q ∩ Γ ≠ ∅ or −Q ∩ Γ ≠ ∅, and moreover any

cube P ∈ 𝒲Γ (recall that 𝒲Γ was defined in (14.10) and that cubes from 𝒲Γ

are subsets of Γ) which intersects either 2Q or −2Q satisfies ℓ(P )≤ κ−1ℓ(Q)

(here −2Q= −(2Q)).
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(3) We write Q ∈ ˜︁𝒲3
b if neither (1) nor (2) hold. That is, either Q ∩ Γ ≠ ∅ or

−Q ∩ Γ ≠ ∅, and moreover there exists some cube P ∈ 𝒲Γ which intersects
either 2Q or −2Q satisfying ℓ(P ) > κ−1ℓ(Q).

Then we split

𝔤iV (x, r)≤
3∑︂

k=1

1

rn+1

∑︂

Q∈˜︂𝒲k
b

ℋn+1(︁(V i ∩Q)△ (T0(V
j )∩Q)

)︁ =:
3∑︂

k=1

Sk.

Estimate of S1. In this case ±Q ⊂ ℝ
n+1 \ Γ. Together with the condition that Q ∈

˜︁𝒲b (recall (14.18)), this implies that either both Q and −Q are contained in V +,
or both Q and −Q are contained in V −. Suppose, for example, that the first option
holds (the arguments for the second one are analogous). Since the center xQ of Q
satisfies

d(xQ)≤ ˜︁d(xQ)≈ κ−2ℓ(Q),

from the definition of d(xQ) it follows easily that there exists some ball B(Q) ∈ VG
that contains Q and satisfies rad(B(Q))≲ κ−2ℓ(Q). Similarly, there exists some ball
B(−Q) ∈ VG that contains −Q and satisfies rad(B(−Q))≲ κ−2ℓ(Q)= κ−2ℓ(−Q).
Since both Q and −Q are contained in V +, by Lemma 14.4 and recalling that κ =
ϵ1/(2n+4) we have

ℋn+1(Q \Ω+)≤ ℋn+1(B(Q)∩ V + \Ω+)≲ ϵℋn+1(B(Q)) (14.19)

≲ ϵ (κ−2)n+1 ℋn+1(Q)= κ2 ℋn+1(Q),

and analogously,

ℋn+1(−Q \Ω+)≲ κ2 ℋn+1(−Q).

Hence, for ϵ small enough

ℋn+1(Q∩Ω+)≥ 3

4
ℋn+1(Q) and ℋn+1(−Q∩Ω+)≥ 3

4
ℋn+1(−Q).

Consequently,

ℋn+1(︁(Ω+△T0(Ω
+,c))∩Q)= ℋn+1(︁(Ω+ ∩Q)△ (T0(Ω

+,c ∩ −Q))︁ (14.20)

≥ℋn+1(Ω+ ∩Q)−ℋn+1(︁T0(Ω
+,c ∩ −Q))︁

= ℋn+1(Ω+ ∩Q)−ℋn+1(Ω+,c ∩ −Q)

≥ 3

4
ℋn+1(Q)− 1

4
ℋn+1(−Q)= 1

2
ℋn+1(Q).
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The same inequality holds with Ω+ interchanged by Ω− in the case when both Q

and −Q are contained in V −. Therefore,

S1 ≤ 1

rn+1

∑︂

Q∈˜︂𝒲1
b

ℋn+1(Q)≤ 2

rn+1

∑︂

k=+,−

∑︂

Q∈˜︂𝒲B

ℋn+1(︁(Ωk△T0(Ω
k,c))∩Q).

Estimate of S2. We claim that in this case one of the cubes 2Q or −2Q does not inter-
sect Γ. Indeed, either ˜︁d(xQ) = d(xQ) or ˜︁d(xQ) = d(−xQ). Suppose the first option
holds and suppose that 2Q∩Γ ≠ ∅. Then take y ∈ 2Q∩Γ, so that by Lemma 13.14
d(y)≈D(Π(y)). Let P ∈ 𝒲Γ be such that y ∈ P , so that by the definition of ˜︁𝒲2

b it
holds ℓ(P )≤ κ−1ℓ(Q). We deduce that

˜︁d(xQ)= d(xQ)≤ d(y)+ |y − xQ|≲D(Π(y))+ ℓ(Q)≈ ℓ(P )+ ℓ(Q)≲ κ−1ℓ(Q),

which contradicts the fact that ℓ(Q)≈ κ2˜︁d(xQ), by the property (a) of the family ˜︁𝒲 .
So our claim is proven.

So in this case, up to an interchange between Q and −Q, we have 2Q ∩ Γ = ∅

and −Q∩ Γ ≠ ∅. The last condition implies that

ℋn+1(−2Q∩ V +)≈ ℋn+1(−2Q∩ V −)≈ ℓ(Q)n+1. (14.21)

By almost the same arguments as above in the case of S1, there are balls B(Q),
B(−Q) ∈ VG that contain 2Q and −2Q respectively and satisfy rad(B(Q)),
rad(B(−Q))≲ κ−2ℓ(Q).

Suppose that 2Q⊂Ω+ (the arguments for 2Q⊂Ω− are analogous). Then, from
Lemma 14.4 applied to B(Q), arguing as in (14.19), we derive

ℋn+1(2Q \Ω+)≲ κ2 ℋn+1(2Q). (14.22)

We also deduce

ℋn+1(−2Q∩ V + \Ω+)≤ ℋn+1(B(−Q)∩ V + \Ω+)≲ ϵℋn+1(B(−Q))
≲ ϵ (κ−2)n+1 ℋn+1(−2Q)≈ κ2 ℋn+1(−2Q∩ V +),

using (14.21) in the last estimate. Thus, for ϵ small enough,

ℋn+1(−2Q∩Ω+)≥ℋn+1(−2Q∩ V + ∩Ω+)

≈ ℋn+1(−2Q∩ V +)≈ ℋn+1(−2Q). (14.23)

Now we argue as in (14.20):

ℋn+1(︁(Ω+△T0(Ω
+,c))∩ 2Q)= ℋn+1(︁(Ω+ ∩ 2Q)△ (T0(Ω

+,c ∩ −2Q)
)︁

≥ ℋn+1(Ω+ ∩ 2Q)−ℋn+1(︁T0(Ω
+,c ∩ −2Q)

)︁

= ℋn+1(Ω+ ∩ 2Q)−ℋn+1(Ω+,c ∩ −2Q).
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By (14.22) we have

ℋn+1(Ω+ ∩ 2Q)≥ (1 −Cκ2)ℋn+1(2Q),

and by (14.23),

ℋn+1(Ω+,c ∩ −2Q)= ℋn+1(−2Q)−ℋn+1(−2Q∩Ω+)≤ (1 − c8)ℋn+1(−2Q)

for some c8 > 0. Thus,

ℋn+1(︁(Ω+△T0(Ω
+,c))∩ 2Q)≥ (c8 −Cκ2)ℋn+1(−2Q)≈ ℋn+1(−2Q)

for ϵ small enough. The same inequality holds with Ω+ interchanged by Ω− in the
case when 2Q⊂Ω−. Therefore,

S2 ≤ 1

rn+1

∑︂

Q∈˜︂𝒲2
b

ℋn+1(Q)≲ 1

rn+1

∑︂

k=+,−

∑︂

Q∈˜︂𝒲B

ℋn+1(︁(Ωk△T0(Ω
k,c))∩ 2Q).

Estimate of S3. For Q ∈ ˜︁𝒲3
b , we write Q ∈ ˜︁𝒲3a

b if there exists some cube P ∈ 𝒲Γ

which intersects 2Q satisfying ℓ(P ) > κ−1ℓ(Q). Since Q ∈ ˜︁𝒲3
b if and only if −Q ∈

˜︁𝒲3
b , and in this case either Q ∈ ˜︁𝒲3a

b or −Q ∈ ˜︁𝒲3a
b , it follows that

S3 ≤ 1

rn+1

∑︂

Q∈˜︂𝒲3
b

ℋn+1(Q)≤ 2

rn+1

∑︂

Q∈˜︂𝒲3a
b

ℋn+1(Q).

Observe also that if Q ∈ ˜︁𝒲3a
b and P is as above, then Q⊂ 𝒩Cκℓ(P )(2P) (recall that

2P is a subset of Γ). Consequently,

∑︂

Q∈˜︂𝒲3a
b

ℋn+1(Q)≤
∑︂

P∈𝒲Γ :P∩2B≠∅

ℋn+1(𝒩Cκℓ(P )(2P))

≲ κ
∑︂

P∈𝒲Γ :P∩2B≠∅

ℓ(P )n+1.

From the properties of the cubes from 𝒲Γ , Lemma 13.14, and the fact that r ≳
ϵ−1ℓ(0)≈ ϵ−1d(0), we deduce that if y ∈ P ∩ 2B ≠ ∅, then

ℓ(P )≈D(Π(y))≈ d(y)≤ d(0)+ |y| ≤ d(0)+ 2r ≲ (ϵ + 1) r.

Hence P ⊂ CB , for some absolute constant C > 1. Thus,

S3 ≲
κ

rn+1

∑︂

P∈𝒲Γ :P⊂CB
ℓ(P )n+1.

Gathering the estimates obtained for the terms S1, S2, and S3, and taking into
account that the cubes 2Q with Q ∈ ˜︁𝒲B have finite superposition (by the property



292 I. Fleschler et al.

(b) above) and they are contained in 2B , we obtain

𝔤iV (0, r)≲
1

rn+1

∑︂

k=+,−

∑︂

Q∈˜︂𝒲B

ℋn+1(︁(Ωk△T0(Ω
k,c))∩ 2Q)

+ κ

rn+1

∑︂

P∈𝒲Γ :P⊂CB
ℓ(P )n+1

≲ 1

rn+1

∑︂

k=+,−
ℋn+1(︁(Ωk△T0(Ω

k,c))∩ 2B)+ κ

rn+1

∑︂

P∈𝒲Γ :P⊂CB
ℓ(P )n+1,

which proves the lemma. □

Lemma 14.13 We have

∫︂

E0

∫︂ 2r0

min(cϵ−1ℓ(x),r0)

𝔤V (x, r)
2 dr

r
dμ(x)

≲
∫︂

E0

∫︂ 4r0

min(cϵ−1ℓ(x),r0)

𝔤Ω(x, r)
2 dr

r
dμ(x)+ κ2 rn0 .

Proof By Lemma 14.12, we have

∫︂

E0

∫︂ 2r0

min(cϵ−1ℓ(x),r0)

𝔤V (x, r)
2 dr

r
dμ(x) (14.24)

≲
∫︂

E0

∫︂ 2r0

min(cϵ−1ℓ(x),r0)

𝔤Ω(x,2r)2
dr

r
dμ(x)

+
∫︂

E0

∫︂ 2r0

min(cϵ−1ℓ(x),r0)

(︃
κ

rn+1

∑︂

P∈𝒲Γ :P⊂B(x,Cr)
ℓ(P )n+1

)︃2
dr

r
dμ(x).

So we just have to show that the last summand is bounded above by κ2rn0 =
ϵ1/(n+2)rn0 .

By Cauchy-Schwarz and the fact that ℓ(P )n ≈ ℋn(P ), we get

(︃ ∑︂

P∈𝒲Γ :P⊂B(x,Cr)

ℓ(P )n+1

rn+1

)︃2

≲
(︃ ∑︂

P∈𝒲Γ :P⊂B(x,Cr)

ℓ(P )n+2

rn+2

)︃(︃ ∑︂

P∈𝒲Γ :P⊂B(x,Cr)

ℓ(P )n

rn

)︃

≲
∑︂

P∈𝒲Γ :P⊂B(x,Cr)

ℓ(P )n+2

rn+2
.
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Therefore,

∫︂

E0

∫︂ 2r0

min(cϵ−1ℓ(x),r0)

(︄
κ

rn+1

∑︂

P∈𝒲Γ :
P⊂B(x,Cr)

ℓ(P )n+1

)︄2
dr

r
dμ(x) (14.25)

≲ κ2
∫︂

E0

∫︂ 2r0

min(cϵ−1ℓ(x),r0)

∑︂

P∈𝒲Γ :
P⊂B(x,Cr)

ℓ(P )n+2

rn+2

dr

r
dμ(x).

Since all the cubes P in the last sum are contained in CB0 for some C > 1, for each
x ∈E0 we have, by Fubini,

∫︂ 2r0

min(cϵ−1ℓ(x),r0)

∑︂

P∈𝒲Γ :
P⊂B(x,Cr)

ℓ(P )n+2

rn+2

dr

r
≤

∑︂

P∈𝒲Γ :
P⊂CB0

∫︂

r>0:P⊂B(x,Cr)
ℓ(P )n+2

rn+2

dr

r
.

Notice that the condition that P ⊂ B(x,Cr) implies that r ≳ ℓ(P ) + dist(x,P ) =:
D(x,P ). Thus,

∑︂

P∈𝒲Γ :
P⊂CB0

∫︂

r>0:P⊂B(x,Cr)
ℓ(P )n+2

rn+2

dr

r
≲

∑︂

P∈𝒲Γ :
P⊂CB0

∫︂

r≳D(x,P )

ℓ(P )n+2

rn+2

dr

r

≲
∑︂

P∈𝒲Γ :
P⊂CB0

ℓ(P )n+2

D(x,P )n+2
.

Plugging this estimate in (14.25), we obtain

∫︂

E0

∫︂ 2r0

min(cϵ−1ℓ(x),r0)

(︄
κ

rn+1

∑︂

P∈𝒲Γ :
P⊂B(x,Cr)

ℓ(P )n+1

)︄2
dr

r
dμ(x)

≲ κ2
∫︂

E0

∑︂

P∈𝒲Γ :
P⊂CB0

ℓ(P )n+2

D(x,P )n+2
dμ(x).

Using Fubini and the polynomial growth of degree n of μ, we easily obtain

∫︂

E0

∑︂

P∈𝒲Γ :
P⊂CB0

ℓ(P )n+2

D(x,P )n+2 dμ(x)=
∑︂

P∈𝒲Γ :
P⊂CB0

∫︂

E0

ℓ(P )n+2

D(x,P )n+2 dμ(x)≲
∑︂

P∈𝒲Γ :
P⊂CB0

ℓ(P )n

≈ rn0 .

Putting together the last estimates and (14.24), the lemma follows. □
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Proof of Lemma 14.2 By (14.7), Lemma 14.7, and Lemma 14.10, we have

α2μ(BA)≲ ∥ ˜︁𝒜V,ψ∥2
L2(Γ)

+C(θ)ϵ2 rn0

≲
∫︂

E0

∫︂ r0

min(cϵ−1ℓ(x),r0)

𝔞V,ψ(x, r)
2 dr

r
dμ(x)

+C(θ)ϵ2 rn0 +C(θ)ϵ2| log ϵ|rn0 .
On the other hand, by Lemma 14.11, Lemma 14.13, and the assumption (c) of Main
Lemma 11.1,

∫︂

E0

∫︂ r0

min(cϵ−1ℓ(x),r0)

𝔞V,ψ(x, r)
2 dr

r
dμ(x)

≲
∫︂

E0

∫︂ 2r0

min(cϵ−1ℓ(x),r0)

𝔤V (x, r)
2 dr

r
dμ(x)

≲
∫︂

E0

∫︂ 4r0

min(cϵ−1ℓ(x),r0)

𝔤Ω(x, r)
2 dr

r
dμ(x)+ ϵ1/(n+2) rn0

≲ ϵ μ(E0)+ ϵ1/(n+2) rn0 ≲ ϵ1/(n+2) rn0 .

Putting the estimates above together, we obtain

μ(BA)≤ C(θ)α2 ϵ1/(n+2) rn0 ≤ ϵ1/(n+3) μ(E0),

assuming ϵ small enough, depending on α and θ . □

14.3 Proof of the Main Lemma 11.1

By Lemmas 14.1 and 14.2, if θ is chosen small enough and then ϵ (and thus κ) also
small enough (depending on α and θ ), then we have

μ(BA ∪ LD)≤ 1

100
μ(E0).

Consequently, μ(Z)≥ 99
100μ(E0), and Z ⊂ Z0 ⊂ Γ. This completes the proof of the

Lemma 11.1.

Part III. True tangents

In this (small) Part we assume thatΩ+ andΩ− are disjoint open sets. We will show
that, if in addition to a Dini-type condition on the square function ε(x, r)= εn(x, r)

we assume a Dini condition on εs(x, r)
2 on a set E ⊂ F = ℝ

n+1 \ (Ω+ ∪ Ω−) of
positive ℋn measure, where s ∈ (0, n− 1) is not necessarily integer, and moreover
we assume that F is s-content regular, then not only is E n-rectifiable, but it also
admits true tangents.
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15 Spherical slicing with respect to points in a Lipschitz graph

In this section we prove some slicing results involving the capacities Caps defined in
Sect. 2.2.

Proposition 15.1 Let B(0, r0) ⊂ ℝ
n+1 and let Γ be a Lipschitz graph through the

origin with slope at most τ (with respect to ℝ
n × {0}). Let B ⊂ B(0, r0) be a ball

with rad(B) ≤ 1
10 r0 such that dist(B,Γ) ≥ 100 τ r0. Let F ⊂ B and G ⊂ Γ both be

compact sets. Then, for any s > 1,

Caps(F )
ℋn(G)2

rn0
≤ C(τ)

∫︂

G

∫︂ ∞

0
Caps−1(F ∩ S(z, r)) dr dℋn(z).

To prove this proposition we will use the following auxiliary result.

Lemma 15.2 Under the assumptions of Proposition 15.1, for all x, y ∈ F and all
δ > 0, we have

ℋn
(︁{z ∈G : ||x − z| − |y − z|| ≤ δ})︁≲τ

δ rn0

|x − y| .

Proof Clearly, to prove the lemma we may assume that δ ≤ 1
2 |x − y|.

Let L be the hyperplane orthogonal to the segment [x, y] passing through the
midpoint of that segment, so that y is the point symmetric to x with respect to L. Let
z ∈G be such that ||x − z| − |y − z|| ≤ δ. We claim that this condition implies that

dist(z,L)≲τ

δ r0

|x − y| . (15.1)

To prove this, we assume that z is at the same side of L as x and we let Lz be the
plane parallel to L passing through z. We distinguish two cases. Suppose first that

dist(z,L)≥ dist(x,L)= 1

2
|x − y|. (15.2)

Let z′ be the orthogonal projection of z on the line Lx,y passing through x, y, so
that the points z′, x, y are aligned. The condition (15.2) ensures that dist(z′,L) =
dist(z,L) ≥ dist(x,L). So x is contained in the segment [z′, y] (because z is at the
same side of L as x). Then, denoting h= dist(z,Lx,y)= |z− z′|, by Pythagoras,

δ ≥ |y − z| − |x − z| =
√︂
h2 + |y − z′|2 −

√︂
h2 + |x − z′|2

= |y − z′|2 − |x − z′|2
|y − z| + |x − z| ≈τ

|y − x| (|y − z′| + |x − z′|)
r0

≳τ

|y − x|dist(z,L)

r0
,

which implies (15.1).
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Suppose now that (15.2) does not hold. That is, dist(z,L) < dist(x,L). In this
case, the point z′, the orthogonal projection of z on Lx,y , is contained in the segment
[x, y]. Let x′ be the point symmetric to x with respect to Lz (here a drawing would
help). From the fact that z is at the same side of L as x, it follows that x′ ∈ [x, y].
Obviously, |x − z| = |x′ − z|, and also |x′ − y| = 2 dist(z,L). Then, by Pithagoras,

δ ≥ |y − z| − |x − z| = |y − z| − |x′ − z| =
√︂
h2 + |y − z′|2 −

√︂
h2 + |x′ − z′|2

= |y − z′|2 − |x′ − z′|2
|y − z| + |x′ − z| ≈τ

|y − x′| (|y − z′| + |x′ − z′|)
r0

≥τ

2 dist(z,L) |x − y|
r0

,

where in the last inequality we took into account that |y − z′| + |x′ − z′| = |y − z′| +
|x − z′| = |x − y|. So (15.1) also holds in this case and our claim is proved.

Because of the claim above, the set

Gx,y := {z ∈G : ||x − z| − |y − z|| ≤ δ}
is contained in 𝒩δ0(L), the δ0 neighborhood of the above hyperplane L, with δ0 =
C(τ)

δ r0|x−y| . Observe that the mid point of [x, y], which we denote by p, belongs to
B , since both x, y ∈ B . Recalling that dist(B,Γ)≥ 100τr0 and that the slope of Γ is
at most τ it follows that there is some “transversality” between Γ and L depending
on τ . More precisely, the angle between L and any line intersecting Γ ∩ B(0, r0) in
at least two points is bounded away from 0 with a bound depending on τ . It is easy
to check that this implies that

ℋn(𝒩δ0(L)∩ Γ)≤ C(τ)δ0 r
n−1
0 ≈τ

δ rn0

|x − y| .

Since Gx,y is contained in 𝒩δ0(L), the lemma follows. □

For z ∈G and r > 0, we consider the measures μz,r defined by
∫︂
φ dμz,r = lim

δ→0

∫︂

A(z,r−δ,r+δ)
φ dμ

for a.e. r > 0. See also Chap. 10 from [28] for more details in the case of slicing by
planes.

Lemma 15.3 Under the assumption of Lemma 15.1, for any Borel set A⊂ [0,∞), all
φ ∈ C(ℝn), and for ℋn-a.e. z ∈ F , the sliced measures μz,r satisfy

∫︂

A

∫︂
φ dμz,r dr ≤

∫︂

x:|x−z|∈A
φ(x)dμ(x),

with equality if I1(μ) <∞.
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Proof Consider the spherical projection Pz : ℝn → [0,∞) given by Pz(x) = |x −
z|. The lemma follows arguing as in (10.6) from [28]. To prove the equality when
I1(μ) <∞, it is enough to show that the measure Pz#μ is absolutely continuous with
respect to Lebesgue measure in [0,+∞) for ℋn-a.e. z ∈ F .

Denote

Θ1∗(t,Pz#μ)= lim inf
δ→0

Pz#μ(B(t, δ))

2δ
.

By Theorem 2.12 from [28], to show that Pz#μ is absolutely continuous with respect
to Lebesgue measure in [0,∞), it is enough to show that Θ1∗(t,Pz#μ) <∞ for Pz#μ-
a.e. t ∈ [0,+∞). To this end, using Fatou’s lemma, we write

∫︂

G

∫︂ ∞

0
Θ1∗(t,Pz#μ)dPz#μ(t) dℋn(z)

≤ lim inf
δ→0

1

2δ

∫︂

G

∫︂ ∞

0
Pz#μ(B(t, δ)) dPz#μ(t) dℋn(z).

Notice that

Pz#μ(B(t, δ))= μ(A(z, t − δ, t + δ))= μ
(︁{︁
x ∈ ℝ

n+1 : ⃓⃓|x − z| − t
⃓⃓ ≤ δ

}︁)︁
.

Thus,
∫︂
Pz#μ(B(t, δ)) dPz#μ(t)=

∫︂
μ

(︁{︁
x ∈ℝ

n+1 : ⃓⃓|x − z| − |y − z|⃓⃓ ≤ δ
}︁)︁
dμ(y).

Then, by Fubini and Lemma 15.2,
∫︂

G

∫︂ ∞

0
Θ1∗(t,Pz#μ)dPz#μ(t) dℋn(z)

≤ lim inf
δ→0

1

2δ

∫︂∫︂
ℋn

(︁{︁
z ∈ F : ⃓⃓|x − z| − |y − z|⃓⃓ ≤ δ

}︁)︁
dμ(y)dμ(x)

≲τ

∫︂∫︂
rn0

|x − y| dμ(y)dμ(x)≈τ r
n
0 I1(μ) <∞,

which implies that Θ1∗(t,Pz#μ) <∞ for Pz#μ-a.e. t ∈ [0,+∞), as wished. □

Lemma 15.4 Let F,B(0, r0),Γ,G be as in Lemma 15.1. Let μ be a measure sup-
ported on F . Then we have

∫︂

G

∫︂ ∞

0
Is−1(μz,r ) dr dℋn(z)≲τ r

n
0 Is(μ),

where μz,r is the sliced measure μ on the sphere S(z, r).

Proof By Fubini and Fatou’s lemma, we have

I : =
∫︂

G

∫︂ ∞

0
Is−1(μz,r ) dr dℋn(z)
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=
∫︂

G

∫︂ ∞

0

∫︂

S(z,r)

∫︂

S(z,r)

1

|x − y|s−1 dμz,r (x) dμz,r (y) dr dℋn(z)

=
∫︂

G

∫︂ ∞

0

∫︂

S(z,r)

lim
δ→0

1

2δ

∫︂

A(z,r−δ,r+δ)
1

|x − y|s−1
dμ(x)dμz,r (y) dr dℋn(z)

≤ lim inf
δ→0

1

2δ

∫︂

G

∫︂ ∞

0

∫︂

S(z,r)

∫︂

A(z,r−δ,r+δ)
1

|x − y|s−1
dμ(x)dμz,r (y) dr dℋn(z).

Notice that the condition x ∈A(z, r−δ, r+δ) is equivalent to saying ||z−x|−r| ≤ δ,
and for y ∈ S(z, r) this implies ||z− x| − |y − z|| ≤ δ. So by Fubini, for each z ∈G,

∫︂

S(z,r)

∫︂

A(z,r−δ,r+δ)
1

|x − y|s−1
dμ(x)dμz,r (y) dr

=
∫︂

F

∫︂

||z−x|−r|≤δ

∫︂

y∈S(z,r)
1

|x − y|s−1
dμz,r (y) dr dμ(x)

≤
∫︂

F

∫︂

||x−z|−|y−z||≤δ
1

|x − y|s−1
dμ(y)dμ(x).

Thus, by Fubini,

I ≤ lim inf
δ→0

1

2δ

∫︂

G

∫︂

F

∫︂

||x−z|−|y−z||≤δ
1

|x − y|s−1
dμ(y)dμ(x)dℋn(z)

= lim inf
δ→0

1

2δ

∫︂

F

∫︂

F

1

|x − y|s−1
ℋn

(︁{z ∈G : ||x − z| − |y − z|| ≤ δ})︁dμ(y)dμ(x).

By Lemma 15.2 we know that

ℋn
(︁{z ∈G : ||x − z| − |y − z|| ≤ δ})︁≲τ

δ rn0

|x − y| .

Then we deduce that

I ≲τ r
n
0

∫︂

F

∫︂

F

1

|x − y|s dμ(y)dμ(x)≈τ r
n
0 Is(μ),

which proves the lemma. □

Proof of Proposition 15.1 Let μ be a probability measure supported on F such that
Caps(F ) = Is(μ)

−1. Obviously, we may assume that Caps(F ) > 0 and Is(μ) < ∞,
which implies that I1(μ) < ∞. For each z ∈ G, r > 0, consider the measure νz,r =
∥μz,r∥−1μz,r . For ℋn-a.e. z ∈G, by Lemma 15.3 and Cauchy-Schwarz,

1 =
(︃∫︂

μz,r (F )dr

)︃2

=
(︃∫︂

μz,r (F ) Is−1(νz,r )
1/2 Is−1(νz,r )

−1/2 dr

)︃2

≤
(︃∫︂

μz,r (F )
2 Is−1(νz,r ) dr

)︃(︃∫︂
Is−1(νz,r )

−1 dr

)︃
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≤
(︃∫︂

Is−1(μz,r ) dr

)︃(︃∫︂
Caps−1(F ∩ S(z, r)) dr

)︃
.

Thus,
(︁∫︁

Caps−1(F ∩ S(z, r)) dr
)︁−1 ≤ ∫︁

Is−1(μz,r ) dr , and by Lemma 15.4,

∫︂

G

(︃∫︂
Caps−1(F ∩ S(z, r)) dr

)︃−1

dℋn(z)≤
∫︂

G

∫︂
Is−1(μz,r ) dr dℋn(z)

≲τ r
n
0 Is(μ)≈τ r

n
0 Caps(F )

−1.

Then, again by Cauchy-Schwarz,

ℋn(G)≤
∫︂

G

(︃∫︂
Caps−1(F ∩ S(z, r)) dr

)︃−1/2

×
(︃∫︂

Caps−1(F ∩ S(z, r)) dr

)︃1/2

dℋn(z)

≤
(︃∫︂

G

(︃∫︂
Caps−1(F ∩ S(z, r)) dr

)︃−1

dℋn(z)

)︃1/2

×
(︃∫︂

G

∫︂
Caps−1(F ∩ S(z, r)) dr dℋn(z)

)︃1/2

≲τ

(︁
rn0 Caps(F )

)︁−1/2
(︃∫︂

G

∫︂
Caps−1(F ∩ S(z, r)) dr dℋn(z)

)︃1/2

,

which proves the proposition. □

16 Weak flatness for 𝑭

In this section we prove Main Lemma III, which we restate for the reader’s sake.

Lemma 16.1 Let Ω+, Ω− ⊂ ℝ
n+1 be open and disjoint, and F = ℝ

n+1 \ (Ω+ ∪Ω−).
Fix c0, c

′
0 ∈ (0,1). For any τ > 0, there exists δ > 0 small enough such that the

following holds. Let Γ ⊂ ℝ
n+1 be a Lipschitz graph with slope at most δ, let B0 =

B(x0, r0) be a ball centered at Γ, and let E ⊂ Γ ∩ B0 be such that ℋn(E ∩ 1
4B0)≥

c0r
n
0 and E∩ (B0 \ 4

5B0) ≠ ∅. If Ω+ ∪Ω− satisfies the s-CDC for some s ∈ (n−1, n)
and

∫︂ 1000rad(B0)

0

(︁
εn(x, r)

2 + 𝔞±(x, r)2 + εs−1(x, r)
2)︁ dr

r
< δ for all x ∈E, (16.1)

where a, 𝔠0 in the definition of εs are chosen appropriately depending on τ , then

β∞,F (
1
4B0) < τ. (16.2)
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Remark that the constant δ in the preceding lemma depends on τ , c0, c′
0, and also

on s and the parameters involved in the s-CDC condition and in the definition of the
coefficients εs(x, r).

Remark 16.2 For the proof of the Lemma 16.1, we take ϵ, γ > 0 with ϵ, γ ≪ τ and
then we assume δ small enough so that the conclusion of Main Lemma I holds. In
particular, this ensures that β∞,E(B0) ≤ ϵ, and, if we denote L0 = LB0 and we let
D±

0 be the two components of 1
2B0 \LB0 , we have

ℋn+1(D±
0 \Ω±) < γ ℋn+1(D±

0 ). (16.3)

Note that the condition E ∩B0 \ 4
5B0 ≠ ∅ is needed to apply Main Lemma I.

We start with an easy technical lemma. Before stating it, we introduce some nota-
tion. Let z ∈ℝ

n+1 and let Lz be an affine n-plane containing z; put ˜︁Lz = Lz − z. We
define the spherical projection onto Lz with center x by

Πz,Lz(y) := |z− y|
|Π˜︁Lz(z− y)|Π˜︁Lz(z− y)+ z,

where Π˜︁Lz is the orthogonal projection on ˜︁Lz. When z,Lz are understood we will
simply write Π◦(y).

Lemma 16.3 With notation and assumptions of Lemma 16.1, if 0 < ϵ < γ and γ

is sufficiently small, then the following holds. Let L0 be an n-plane minimizing
β∞,E(B0), let z ∈ E ∩ 1

4B0, let Lz be the n-plane parallel to L0 through z, and
denote by Π◦(y) = Πz,Lz(y) the spherical projection defined above. Let B be any
ball satisfying
(1) B is centered on Lz ∩ 1

4B0 and B ⊂ 1
2B0;

(2) rad(B)= γ 1/(n+2)r0;
(3) B ⊂Xz, where, denoting by uLz the unit vector perpendicular to Lz,

Xz = {x ∈ ℝ
n+1 : |(x − z) · uLz | ≤ 3

4 |x − z|}.

Denote by D±
B be the two components of B \𝒩2ϵr0(Lz), so that D±

B ⊂D±
0 ∩B . Then

we have

ℋn+1({y ∈Ω+ ∩D+
B : Π−1◦ (Π◦(y))∩Ω− ∩D−

B ≠ ∅})
≥ (1 −C3γ

1/(n+2))ℋn+1(D+
B ), (16.4)

for some constant C3 only depending on n.

If γ is sufficiently small such balls can be found. Note also that condition (3)
implies that the set on the right hand side of (16.4) is well-defined, and moreover
Lip(Π◦|B)≲ 1.
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Proof Without loss of generality, we can assume z = 0 and Lz = ℝ
n ⊂ ℝ

n+1. Note
that B ∩L0 ≠ ∅ because B is centered at Lz ∩ 1

4B0 and

β∞,E(B0)r0 < ϵr0 ≪ γ 1/(n+2)r0 = rad(B)

since ϵ ≤ γ . We also have that ℋn+1(D±
B ) ≈ ℋn+1(B) ≈ γ (n+1)/(n+2)ℋn+1(B0).

Using (16.3) and the fact that B ⊂ 1
2B0, and thus D±

B ⊂D±
0 , we obtain

ℋn+1(D+
B \Ω+)≤ ℋn+1(D+

0 \Ω+)≤ γℋn+1(D+
0 )

= γ
ℋn+1(D+

0 )

ℋn+1(D+
B )

ℋn+1(D+
B )≤ C3 γ

1/(n+2)ℋn+1(D+
B ),

for some constant C3 = C3(n). Clearly the same holds for ℋn+1(D−
B \Ω−). Now set

A1 := {y ∈Ω+ ∩D+
B : Π−1◦ ({Π◦(y)})∩Ω− ∩B ≠ ∅} and

A2 :=Ω+ ∩D+
B \A1.

(16.5)

Consider the reflection ψ with respect to Lz defined by ψ(y)= (y1, . . . , yn,−yn+1).
As ψ(y) ∈Π−1◦ ({Π◦(y)}), it follows that

y ∈A2 ⇒ ψ(y) ∈ (Ω+ ∪ F)∩D−
B .

Consequently,

ℋn+1(A2)= ℋn+1(ψ(A2))≤ℋn+1((Ω+ ∪ F)∩D−
B )

= ℋn+1(D−
B \Ω−)≤ C3γ

1/(n+2)ℋn+1(D−
B )= C3γ

1/(n+2)ℋn+1(D+
B ),

which is equivalent to (16.4). □

An immediate consequence of the previous lemma is that Π◦(F ∩B) is large.

Lemma 16.4 Notation and assumptions as in Lemma 16.3. Then, for any B satisfying
(1)-(3) there, we have

ℋn(Π◦(F ∩B))≥ (1 −C4γ
1/(n+2))ℋn(B ∩L0),

where C4 = C4(n).

Proof Let D◦
B :=Π◦(D+

B )=Π◦(D−
B ) and FB =Π◦(F ∩B). Suppose that ℋn(D◦

B \
FB) > C5γ

1/(n+2)ℋn(D◦
B) for some constant C5 to be fixed below. Set

A± := {y ∈D◦
B \ FB :Π−1◦ ({y})⊂Ω± ∩B}.

Clearly D0
B \FB =A+ ∪A− and A+ ∩A− = ∅. Suppose that A+ has the largest ℋn

measure out of A±, so that ℋn(A+)≥ C5γ
1/(n+2)

2 ℋn(D◦
B) (the argument in the other
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case is the same). Then, using the fact that Π0|B is Lipschitz with constant ≲ 1, and
recalling the definition of A2 in (16.5), by the coarea formula we obtain

ℋn+1(A2)≳
∫︂

A+
ℋ1(Π−1◦ ({y})∩A2) dℒn(x)≳ C5γ

1/(n+2)ℋn+1(D+
B ).

This, however, contradicts the conclusion of Lemma 16.3, namely (16.4), whenever
C5 is chosen appropriately with respect to C3 in (16.4). Hence, ℋn(D◦

B \ FB) <
C5γ

1/(n+2)ℋn(D◦
B).

On the other hand, note that ℋn(Π◦(B)\Π◦(D+
B ∪D−

B ))≈
(︂

ϵr0
rad(B)

)︂2n
rad(B)n ≈

ϵnℋn(Π◦(B)). We conclude that

ℋn(FB)= ℋn(FB ∩D◦
B)+ℋn(FB \D◦

B)

≥ (1 −C5γ
1/(n+2))ℋn(D+

B )

≥ (1 −C5γ
1/(n+2))(1 −Cϵn)ℋn(Π◦(B))

≥ (1 −C′
5γ

1/(n+2))ℋn(Π◦(B)),

where the last inequality holds because ϵ ≤ γ . Setting now C4 = C′
5 gives the lemma.

□

Lemma 16.5 Let Π◦ denote the spherical projection onto ℝ
n ≡ ℝ

n × {0} centered
at the origin. Let x1 ∈ ℝ

n be a point with |x1| = R and consider a ball B in ℝ
n+1

centered at x1 and contained in the cone

X◦ = {y ∈ ℝ
n+1 : |yn+1| ≤ 3

4 |y|}.
Denote I = [R − rad(B)/2,R + rad(B)/2]. If a set F0 ⊂ ℝ

n+1 satisfies

ℋn(Π◦(F0 ∩B))≥ (1 −Cα)ℋn(Π◦(B)) (16.6)

with α ∈ (0,1/10), then

ℋ1
(︂
{r ∈ I : ℋn−1∞ (S(0, r)∩ F0 ∩B)≳n rad(B)n−1}

)︂

≥ (1 −Cα1/2)ℋ1(I ), (16.7)

where the constant C can only depend on n.

Proof Let Bn = Π◦(B) and FB = Π◦(B ∩ F). Note that Bn is a ball in ℝ
n with

rad(Bn)= rad(B) and center x1. By Fubini, we can write

ℋn(FB)=
∫︂

r∈2I
ℋn−1(FB ∩ S(0, r)) dr,

where 2I = [R− rad(B),R+ rad(B)]. (Note that FB ∩S(0, r)⊂ ℝ
n∩S(0, r), which

is an (n− 1)-dimensional manifold). Set

IB = {r ∈ 2I : ℋn−1(S(0, r)∩Bn \ FB) > α1/2rad(B)n−1}.
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From (16.6), we have ℋn(Bn \ FB))≤ αℋn(Bn). Then, by Chebyshev’s inequality,
it follows

ℋ1(IB)≤ ϵ−1/2rad(B)1−n
∫︂

2I
ℋn−1(S(0, r)∩Bn \ FB)dr

= α−1/2rad(B)1−nℋn(Bn \ FB)≲ α1/2 rad(B)≈ α1/2 ℋ1(I ).

It is easy to see that if moreover r ∈ I , then ℋn−1(S(0, r)∩Bn)≳ rad(B)n−1. Thus,
if r ∈ IG = I \ IB and α is small enough,

ℋn−1(S(0, r)∩Bn \ FB)≤ α1/2rad(B)n−1 ≤ C α1/2ℋn−1(S(0, r)∩Bn)

≤ 1

2
ℋn−1(S(0, r)∩Bn).

Then, using that Lip(Π◦|B) is comparable to 1, because B ⊂ X◦, we see that, for
r ∈ IG,

ℋn−1∞ (S(0, r)∩B ∩ F)≳ℋn−1∞ (Π◦|B(S(0, r)∩B ∩ F))

= ℋn−1∞ (S(0, r)∩Bn ∩ FB))

≈ ℋn−1(S(0, r)∩Bn ∩ FB)

≳ℋn−1(S(0, r)∩Bn)≳ rad(B)n−1,

where we used the fact that ℋk and ℋk∞ coincide up to a constant in k-dimensional
manifolds. So adjusting constants if necessary, the set on the left hand side of (16.7)
contains IG. As shown above, ℋ1(I \ IG)≤ ℋ1(IB)≲ α1/2ℋ1(I ), and so the lemma
is proven. □

Proof of Lemma 16.1 Without loss of generality, we can assume that the n-plane L0

minimizing β∞,E(
1
4B0) is horizontal. Suppose that there is a point x ∈ F ∩ 1

4B0

such that dist(x,L0) > τr0. Set B = B(x, γ 1/(n+2)r0). We suppose δ ≪ ϵ ≤ γ ≪ τ 4,
so that dist(B,L0) ≈ dist(B,Γ) ≳ τr0. Set ˜︁F := F ∩ B and note that ˜︁F ⊂ B0 and
diam(˜︁F)≤ r0/5. Set also ˜︁E :=E ∩ 1

4B0. By Lemma 15.1, we deduce that

Caps(˜︁F)ℋn(˜︁E)≤ c−1
0 Caps(˜︁F)

ℋn(˜︁E)2

rn0

≤ C(τ)

∫︂

˜︁E

∫︂ ∞

0
Caps−1(

˜︁F ∩ S(z, r)) dr dℋn(z)

for any s > 1. Consequently, there exists some z ∈ ˜︁E =E ∩ 1
4B0 such that

Caps(˜︁F)≲τ

∫︂ ∞

0
Caps−1(

˜︁F ∩ S(z, r)) dr.
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Because of the s-CDC, we know that Caps(˜︁F)= Caps(F ∩B)≳ rad(B)s . Using also
that Caps−1(G)≲ℋs−1∞ (G) for any Borel set G, we deduce

rad(B)s ≲τ

∫︂ ∞

0
Caps−1(

˜︁F ∩ S(z, r)) dr ≲τ

∫︂ ∞

0
ℋs−1∞ (˜︁F ∩ S(z, r)) dr.

Let R = |x − z| ≤ 1
4 r0, and set I = [R − rad(B),R + rad(B)]. For some constant

b ∈ (0,1) to be chosen soon, let IG ⊂ I be the subset of radii such that

ℋs−1∞ (S(z, r)∩ ˜︁F)≥ b rad(B)s−1.

We now compute:

c(τ ) rad(B)s ≤
∫︂

IG

ℋs−1∞ (S(z, r)∩ ˜︁F)dr +
∫︂

I\IG
ℋs−1∞ (S(z, r)∩ ˜︁F)dr

≤ |IG| rad(B)s−1 + b rad(B)s,

which implies, with a choice of b= c(τ )/2, say,

ℋ1(IG)≳τ rad(B)≥ c(τ ) γ 1/(n+2)r0.

For i = 1, . . . , n, consider the points

xi = z+R ei,

where e1, . . . , en+1 is the standard orthonormal basis of ℝn+1. Notice that the points
x1, . . . , xn belong to Lz ∩ S(z, r), where Lz is the n-plane parallel to L0 through z.
Denote by Bi the ball centered at xi with radius rad(Bi)= γ 1/(n+2)r0. Now, with the
choice of ϵ and γ stipulated at the beginning of this proof, we can apply Lemma 16.3
to obtain through Lemma 16.4 the conclusion (16.7) with α = γ 1/(n+2) for each of
these balls; that is, for R = |x − z| and I = [R− γ 1/(n+2)r0/2,R+ γ 1/(n+2)r0/2], it
holds

ℋ1(IG,i)= ℋ1
(︂
{r ∈ I : ℋn−1∞ (S(z, r)∩ F ∩Bi)≳n ℋn−1∞ (S(z, r)∩Bi)}

)︂

≥ (1 −Cγ 1/(2n+4))ℋ1(I ),

where C can only depend on n.
Picking s ∈ (n− 1, n) for which (16.1) holds, via Chebyschev’s inequality we see

that the subset Iεs−1 of radii r ∈ I where εs−1(z, r) > δ1/4 satisfies

ℋ1(︁Iεs−1

)︁ ≤ δ−1/2
∫︂

I

εs−1(z, r)
2 dr ≤ δ−1/2ℋ1(I )

∫︂

I

εs−1(z, r)
2 dr

r
≤ δ1/2ℋ1(I ).

Recalling that ℋ1(IG) ≥ c(τ )ℋ1(I ), it is then immediate to see that, for δ and ϵ

small enough,

ℋ1
(︂
IG ∩ (I \ Iεs−1)∩

n⋂︂

i=1

IG,i

)︂
> 0.
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But note that if r ∈ Jz := (I \ Iεs−1) ∩ IG ∩ ⋂︁n
i=1 IG,i , because s − 1 < n− 1, then

we have

ℋs−1∞ (S(z, r)∩Bi ∩ F)≳n rad(Bi)
s−1, (16.8)

and the same estimate holds for B .
Recall from Definition 2.5 that εs−1(x, r) is given by

εs−1(z, r)= inf
H

1

rs

∫︂

V a
𝔠0 (z,r;H)∩F

(︁
δLH (x)/r

)︁n−s+1
dℋs−1∞ (x),

where V a
𝔠0
(z, r;H)= T 1

𝔠0,a
(z, r;H)∪ T 2

𝔠0,a
(z, r;H), and

T i
𝔠0,a

(z, r;H)

= {y ∈ SiH (z, r) \Ωi : Capn−2(B(y, aδLH (y))∩ S(z, r) \Ωi)≥ 𝔠0δ
n−2
LH

(y)}.
Let H be the half space minimizing εs−1(z, r), r ∈ Jz. Denote by Bfar a ball farthest
from LH out of B,B1, . . . ,Bn. In particular, it must hold that

dist(Bf ar ,LH )≫ γ 1/(n+2)r0 (16.9)

by our choice of parameters. Let p ∈ Bfar ∩ S(z, r) ∩ F . Then from (16.9) we see
that δLH (p)≫ γ 1/(n+2)r0. We claim that

p ∈ V a
𝔠0
(z, r;H), (16.10)

whenever 𝔠0 and a are appropriately chosen. Recall that rad(Bf ar )= γ 1/(n+2)r0; then
choosing a ∈ (0,1) appropriately (e.g. a = 2/3) we can ensure that

Bfar ∩ S(z, r)⊂ B(p,aδLH (p))∩ S(z, r).

Hence we see that

ℋs−1∞ (BS(z,r)(p, aδLH (p))∩ F)≥ ℋs−1∞ (S(z, r)∩Bfar ∩ F)≳ rad(Bf ar )
s−1

≥˜︁𝔠0δ
s−1
LH

(p),

where we used (16.8) in the penultimate inequality and the choice˜︁𝔠0 = γ (n−1)/(n+2)

in the last one. We claim that p ∈ V a
˜︁𝔠0
(z, r;H) with the appropriate choice of a,˜︁𝔠0

and p ∈ Bfar ∩ F ∩ S(z, r). Indeed, by Lemma 2.1 from [18] we have

Capn−2(BS(z,r)(p, aδLH (p)) \Ωi)≥ c(s, n)ℋs−1∞ (BS(z,r)(p, aδLH (p)) \Ωi)
n−2
s−1

≥ c(s, n,˜︁𝔠0) δ
n−2
LH

(p),

where i = +,−. So choosing 𝔠0 = c(s, n,˜︁𝔠0) our claim (16.10) holds. This and (16.8)
imply that

ℋs−1∞ (V a
𝔠0
(z, r;H))≥ ℋs−1∞ (S(z, r)∩Bfar ∩ F)≳ rad(Bf ar )

s−1 ≳γ,τ r
s−1,

recalling that r ∈ Jz and thus r ≈τ r0 and that rad(Bf ar )= γ 1/(n+2)r0. It is now easy
to see that εs−1(z, r) ≳n,γ 1. An appropriate choice of δ ≪ ϵ ≤ γ now contradicts
that r ∈ I \ Iεs , which completes the proof of Lemma 16.1. □
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