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Abstract

We prove that the 7 -solvability of the homogeneous Dirichlet problem for an elliptic operator
L= —divAV with real and merely bounded coefficients is equivalent to the £/ solvability of
the Poisson Dirichlet problem L = H—div F, which is defined in terms of an /" estimate on the
non-tangential maximal function, assuming that dist (-,0Q)H and F lie in certain /7 7'_Carleson-
type spaces, and that the domain @ € '+ 1, n > 2, satisfies the corkscrew condition and has 7-
Ahlfors regular boundary. In turn, we use this result to show that, in a bounded domain with
uniformly #-rectifiable boundary that satisfies the corkscrew condition, L"'-solvability of the
homogeneous Dirichlet problem for an operator L = — div AV satisfying the Dahlberg-Kenig-
Pipher condition (of arbitrarily large constant) implies solvability of the Z/-regularity problem for
the adjoint operator L* = — div A7V, where 1/p+ 1/p’ = 1 and A” is the transpose matrix of A.
This result for Dahlberg-Kenig-Pipher operators is new even if €2 is the unit ball, despite the fact
that the I/" -solvability of the Dirichlet problem for these operators in Lipschitz domains has
been known since 2001.

Further novel applications include i) new local estimates for the Green’s function and its gradient
in rough domains, ii) a local T1-type theorem for the Z/-solvability of the *“Poisson-Regularity
problem”, itself equivalent to the )id -solvability of the homogeneous Dirichlet problem, in terms
of certain gradient estimates for local landscape functions, and iii) new £ estimates for the
eigenfunctions (and their gradients) of symmetric operators Z on bounded rough dormains.

Introduction

The LP-solvability of homogeneous boundary value problems for second-order linear
elliptic partial differential equations with non-smooth coefficients on rough domains has
been an area of intense and fruitful research in the last few decades, culminating in
shocking equivalences between certain geometric properties of domains in the Euclidean
space and LP-solvability of the homogeneous Dirichlet problem for the Laplacian. However,
the literature regarding the ZP-solvability of corresponding i problems is far

more scant. Here, by IP-solvability of a boundary value problem, we mean solvability of
the problem together with a natural, scale-invariant bound on the Z”-norm of an appropriate
non-tangential maximal function. For instance, a natural question to consider is to find the
quantitative conditions which should be put on A and F so that the solution w to the
problem

$$\label{eq.poisson} \left\{\begin {array} {1I} -\operatorname {div} A\nabla w=H-
\operatorname {div} F,\quad&\text {in }\Omega,\\w=g,\quad&\text{on
}\partia\Omega, \end {array } \right.$$

satisfies that | |(w) € LP(0€Q), where | | is the non-tangential maximal function, defined in
Section 1.1. Assuming that £2 has reasonable geometry, if H= 0, F =0, and 4 = I, then it
is known that g € LP(6%) implies that [I(w) € LP(89Q), but the problem for non-trivial H
and F is not well understood, although energy estimates for solutions of the Poisson
problem are well-known if the data lie in Besov spaces (see also Section 1.2.4 for some
related results in the literature).

In this paper, we prove that the ZP-solvability of the homogeneous Dirichlet problem
(denoted (D1

$$\label{eq.dirichlet} \left\{\begin{array} {II}-\operatorname{div} A\nabla
u=0,\quad&\text{in }\Omega,\\u=g,\quad&\text{on }\partiah\Omega,\end {array}\right.$$

is equivalent to the LP-solvability of the Poisson problem ([eq.poisson]), whenever H and F'
lie in certain Carleson spaces (see Theorems 1 and 1). Furthermore, we will see a non-
trivial application of this result to the regularity problem for elliptic PDEs with rough
coefficients, which was our initial motivation to study the Poisson problem and shows that
the question of the LP-solvability of the Poisson problem is far from being an isolated
curiosity.

We use the ZP-solvability of the Poisson problem to study the Dirichlet regularity problem
for Dahlberg-Kenig-Pipher operators, which are operators L = — div4V where dist
(. |VA\2 satisfies a Carleson measure condition. More precisely, we show that if Q C
"t l, n > 2 is bounded and uniformly n-rectifiable, and if A is a real, not necessarily
symmetric, DKP matrix in € (see Definition 1), then LP'-solvability of the Dirichlet problem
([eq.dirichlet]) for the adjoint operator L= —divalv implies Z/-solvability of the
Dirichlet regularity problem for the operator L (see Theorem 1). In particular, if Qis a
bounded domain satisfying the corkscrew condition which has #-Ahlfors regular boundary
and interior big pieces of chord-arc domains, then for any DKP operator associated with
Q, there exists p > 1 such that the regularity problem for L is ZP-solvable (Corollary 1).
Note that Corollary 1 is new even when Q is the unit ball, and our result complements the
study of the Dirichlet problem for DKP operators, initiated in 2001 .

Briefly, we mention several further novel applications of the ZP-solvability of the Poisson
problem:

e We present new local L7 estimates on the n.t. maximal function of the Green’s
function and its gradient (see ([eq.truentl]) and ([eq.truent2])), which are equivalent to



the solvability of (Dp'L) (Theorem 1(g),(h)).

‘We establish an equivalence between the solvability of (D[/L) and a certain L estimate

on the non-tangential maximal function of the gradient of (local) landscape functions of
the operator — div A7V (Theorem 1(f) and Remark 1). This result may be interpreted

as a local 71 theorem for the LP-solvability of a problem we call the Poisson-regularity
problem, itself also equivalent to the solvability of ( Dpv[‘) (Theorem 1(d),(e)).

‘We furnish new estimates (Corollary 1) for eigenfunctions and their gradients on
bounded rough domains, in terms of the landscape function (also known as the torsion
function), loosely related to the Hassell-Tao inequality.

Definitions and main results

Let us now state the main results more precisely, and in order to do so, we will need to
record some definitions. We always consider domains @ C 1" Ln=1 satisfying the
corkscrew condition and with #-Ahlfors regular boundary (see Section 2.1.2 for definitions
of these classical geometric concepts), while 4 = (4j) is always a real, not necessarily

symmetric (n+1) x (n+1) matrix of merely bounded measurable coefficients in Q verifying
the strong ellipticity conditions
$S\label{eq.elliptic} \lambda|\xi|"2\leq\sum_{i,j=1}"{n+1}A_{ij}(x)\xi_i\xi_j,\qquad \Vert
AWVert_{I*\infty} (\Omega)}\leq\frac 1 {\lambda},\quad
x\in\Omega,\quad\xi\in\mathbb {R} " {n+1},$$
for some 4 € (0,1). We denote L = — divAV, and L* = — divATYV where 4T is the
transpose of 4. Moreover, we denote d(x) = d(x) = dist (x,<X).

Fora=>0,U¢ "+ 1, and & € oU, we define the cone with vertex & and aperture a > 0 by
140 = {x € Uil < (Ha)oy)},

and if U= Q, we write o = yag. Define the non-tangential maximal function of u
€ Lioc™(Q) by

AW)(©) = supy e yu)], foré € 0Q.
Following , we introduce the modified non-tangential maximal function
$\widetilde{\mathcal{N}} {\alpha,\hat c, r}$ for a given aperture & > 0, a parameter ¢ €
(0,1/2], and r > 1: for any u € Ljo (), we write

$$\label{eq.mnt} \nonumber \widetilde {\mathcal{N}} _{\alpha,\hat c,r}(u)
(\xi)=\sup_ {x\in\gamma_\alpha(\xi) }\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox { $\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}

\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox

0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \Nint_{B(x,\hat
c\delta(x)) } ju(y)|"r\,dm(y)\Big)"{ 1/r},\qquad\xi\in\partial\Omega. $$

The L norms of non-tangential maximal functions are equivalent under changes of a or the
averaging parameter ¢ (see Lemma 1). For ease of notation, we will often write

$\widetilde {\mathcal {N} } _{\alpha,r}=\widetilde{\mathcal{N}}_{\alpha,\hat c,r}$ if we do
not wish to specify ¢. When we do not need to specify neither a nor ¢, we will write

=g 7 = o and $\widetilde {\mathcal{N}} r=\widetilde {\mathcal{N}}_{\alpha,\hat
c,r}$.

Definition 1 (The Z” Dirichlet and regularity problems). Let p € (1,00) and p' its Holder
conjugate. We say that the (homogeneous) Dirichlet problem for the operator L with 74
data in Q is solvable (write (Dp'L) is solvable in Q), if there exists C > 1 so that for each
g € CJ09), the solution u to the continuous Dirichlet problem ([eq.dirichlet]) with
boundary data g satisfies the estimate

1117 600) < OIS (60,00

where ¢ is the restriction of the #-dimensional Hausdorff measure to 2. We call C in

([eq.direst]) the (Dpr[‘) constant.

Let 2 be a bounded domain, and p € (1,00). We say that the (homogeneous) Dirichlet
regularity problem (or just regularity problem) for the operator L with $%
\accentset {\mbox {\Large\bfseries .} } {W}"{1,p}({\partia\Omega},\sigma)$ data is
solvable in Q (write (RPL) is solvable in Q), if there exists C > 1 so that for each /' € Lip
(09), the solution u to the continuous Dirichlet problem for L ([eq.dirichlet]) with
boundary data / satisfies the estimate

SS$\label{eq.regest} \Vert\widetilde {\mathcal{N}}_2(\nabla u)\Vert_{L*{p}

(\partial\Omega, \sigma) } \leq C\Vert f\Vert_{% \accentset{\mbox {\Large\bfseries .} }
{W}*{1,p}(\partia\Omega,\sigma)} .$$

Here, $% \accentset {\mbox {\Large\bfseries .} } {W}*{1,p}(\partialOmega)$ is the
Hajlasz-Sobolev space on 62, we defer its definition to Section 2.1.4. We call the constant

Cin ([eq.regest]) the (RpL) constant.

From now on we take ¢ = I"|50 to be the underlying measure on 8. The space $%
\accentset {\mbox {\Large\bfseries .} } {W}"{1,p}(\partia\Omega)$ was identified in as the
correct space to consider the P regularity problem in rough domains beyond the Lipschitz
setting; indeed, if Q is Lipschitz, then (RpL) has usually been defined with the estimate
$\Vert\widetilde{\mathcal{N}}_2(\nabla u)\Vert_{L"p(\partialOmega)}\leq
C\Vert\nabla_tf\Vert_{L"p(\partiahOmega)}$ taking the place of ([eq.regest]), where V;
denotes the tangential derivative. In two-sided chord arc domains, one has that $\Vert
f\Vert_{% \accentset {\mbox {\Large\bfseries .} } {W}*{1,p} (\partia\Omega) }
\approx\Vert\nabla_t f\Vert_{L"p(\partial\Omega)}$; for more information on the geometric
conditions that guarantee this bound, see and .

LP-solvability of the Poisson-Dirichlet problem

Letg > 1 and ¢ € (0, 1/2]. Define the g-Carleson functional of a function H : Q — |, H
€ L) by



$$\label{eq.carlesonfn} \mathscr{C}_{\hat c,q}(H)
(\xi)=\sup_{r>0}\frac1{r"n}\int_{B(\xi,r)\cap\Omega}\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \\int_{B(x,\hat c\delta(x))}|H"{q}\Big)*{1/q}\,dm(x),\qquad
\xi\in\partia\Omega. $$

The P norms of the Carleson functionals [ 4 defined in ([eq.carlesonfn]) are equivalent
under a change of the averaging parameter ¢ (see Lemma 1), and thus we write q=
¢ ¢ if we do not need to specify ¢.

Let us comment on the link between the Carleson functionals [1, and the modified non
tangential maximal functions $\widetilde{\mathcal{N}} r$. For any ¢ > 1 and p > 1, let
${\bf C}_{q,p}$ be the Banach space of functions H € Lioc¥(€2) such that [4(H)

€ [P(09Q), with norm

$$\Vert HiVert_{ {\bf C}_{q,p} }=\Vertimathscr{C}_q(H)\Vert_{L"p(\partia\Omega)}.$$
For any » € [1,00], and p > 1, let ${\bf N} _{r,p}$ be the Banach space of functions u

€ Ljod(Q) such that $\widetilde{\mathcal{N}}_r(u)\in L"p(\partial\Omega)$ (we identify
$\widetilde {\mathcal {N} } _{\infty}=\mathcal{N}$), with norm

$$\Vert u\Vert_{ {\bf
N} _{r,p} } =\Vert\widetilde{\mathcal{N}} _r(u)\Vert_{L"p(\partialOmega)}.$$

Let p,q € (1,0) and p', ¢’ the corresponding Holder conjugates. Then (see Proposition 1)
${\bf N} _{q.p}=({\bf C}_{q',p'})**$, and we have the estimates

$$\label{eq.dual2} \Big|\int \Omega Hu\,dm\Big|\lesssim\Vert\imathscr {C} _{q'}
(ED\Vert_{L"{p'}
(\partial\Omega) } \Vert\widetilde {\mathcal {N} } _q(u)\Vert_{L"p(\partial\Omega)},\qquad\text {for
each JHiin{\bf C} _{q',p'}, u\in{\bf N} _{q,p},$$

$S$\Vert\widetilde {\mathcal {N} } _q(u)\Vert_{L"p(\partial\Omega)}\lesssim\sup_{H:\Vert\mathscr{C}_{q'}
(H)\Vert_{L{p'} (\partiahOmega) } =1} \Big|\int_{\Omega} Hu\,dm\Big|,\qquad\text {for each
Juin{\bf N} _{q.p}.$$

The Carleson functionals as defined in ([eq.carlesonfn]) were introduced by Hyténen and
Rosén in when @ is the half-space; they were motivated by the question of identifying the
dual space of ${\bf N}_{2,p}$ which has applications for the solvability of the Neumann
problem . Hyténen and Rosén obtained dyadic versions of the above duality , and in the
proof of Proposition 1 we will see that their dyadic results translate to our setting of
domains satisfying the corkscrew condition and with n-Ahlfors regular boundary.
Moreover, observe that ([eq.dual2]) can be understood as a generalization of Carleson’s
theorem (see or ). Finally, the spaces ${\bf N} _{q,p}$ and ${\bf C}_{q',p'}$ are closely
related to the tent spaces of Coifman, Meyer and Stein , and reduce to them for certain
choices of the parameters. Indeed, if we define the area integral operators by

$$\label{eq.areaint} \mathcal{A}_{q}(H)
(\xi):=\Big(\int_{\gamma(\xi) } [H(x)|"q\,\frac {dm(x)}
{\delta(x)"{n+1} }\Big)"{\frac 1q},\qquad \widetilde {\mathcal{A}} {q}(H)
(\xi)=\Big(\int_{\gamma(\xi) }\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \\int_{B(x,\delta(x)/2)}|H"2\,dm\Big)"{\frac {q} 2}\,\frac {dm(x)}
{\delta(x)"{n+1} }\Big)*{\frac1q},$$

for ¢ > 0 and & € 0Q, then the proof of implies that, under the assumption that Q is a
Corkscrew domain with -Ahlfors regular boundary such that either Q is bounded or 8Q is

unbounded,
$$\label{eq.tentandcar}
\Vert\mathscr{C}_2(H)\Vert_{L"p(\partia\Omega) } \approx\Vert\widetilde {\mathcal{A} } _1(\delta_{\Omega}H)\Vert_{L"p(\partia\Omega)},\qc
all }p>1.98
Hence, if

$$T p_q:=\big\{Hiin L"q_{\operatorname {loc} } (\Omega):\mathcal{A} _q(H)\in
L p(\partial\Omega)\big\},\qquad \widetilde T"p_q:=\big\{H\in L"2_{\operatorname{loc} }
(\Omega):\widetilde {\mathcal{A} } _q(H)\in L"p(\partial\Omega)\big\},\quad 0<q\leq
p<\infty,$$
then for any p > 1, a given function H € LIOCZ(Q) lies in ${\bf C}_{2,p}$ if and only if
ooH € TP.

‘We are ready to state the first main result. Write $2/*=\frac {2(n+1)} {n-1}$ and $2_*=
(27*)'=\frac {2(n+1)} {n+3} 8.

Theorem 1. Let @ € P 1, n > 2 be a domain satisfying the corkscrew condition and with
n-Ahlfors regular boundary, such that either Q is bounded or 68 is unbounded. Let p > 1,
p' its Holder conjugate, and L = — div A V. Assume that (Dy") is solvable in Q. Let g
&€ C{09), and H,F € L. (Q). Then there exists a unique weak solution $w\in
C(\overline{\Omega})\cap W™{1,2} {\operatorname{loc}}(\Omega)$ to the problem
([eq.poisson]) satisfying that
$8\label{eq.ntmaxn} \Vert\widetilde{\mathcal{N}} _{2"*}(w)\Vert_{L"{p'}
(\partial\Omega) \leq C\Big[\Vert\mathscr{C}_{2_*}(\delta_\Omega H)\Vert {L"{p'}
(\partial\Omega) } +\Vert\mathscr{ C} _2(F)\Vert_{L"{p'}(\partial\Omega)}+\Vert
g\Vert_{L"p'}(\partial\Omega)}\Big].$$

Here, C depends only on n, 2, p', the corkscrew and n-Ahlfors regularity constants, and the
(Dpr) constant.

Remarlk 1. Note that, by the classical De Giorgi-Nash-Moser theory for elliptic equations

with non-zero right-hand side, the use of the exponent 2" for the modified non-tangential
maximal function in the left-hand side of ([eq.ntmaxn]) is sharp under our quantitative
assumptions on / and F. However, as will be clear by the method of proof in Section 3, if
$qin[ 1,\frac {n+1}n)$ and $r\in[1,\frac {n+1} {n-1})$, then we may also show that

10mIzr' @) < Al @) + 10 ¢(Pr' @) + 187 @)

Remark 1. The assumption H, FF € L:™(€2) in Theorem 1 can be generalized to $F\in{\bf



C}_{2,p'}$ and H such that $\delta_\Omega Hiin{\bf C}_{2_*p'}$; see Theorem 1.

Theorem 1 is new even when L = — 4 or Qis a ball. This is the first time that an estimate
such as ([eg.ntmaxn]) or ([eg.ntmaxtrue]) has appeared explicitly in the literature for the
solution to a Poisson-Dirichlet problem on a domain Q & 1"+ 1. On the other hand, certain
related estimates may be found in the literature , and Sobolev and Besov space estimates
for solutions to the Poisson problem with right-hand side in Sobolev-Besov spaces are
well-studied and have been considered many times; we will look into the connections of
Theorem 1 with these results a little deeper in Section 1.2.4.

The proof of Theorem 1 is presented in Section 3.1. The argument contains several novel
components; let us give a very brief sketch of the ideas for the case that g = 0, H = 0.
First, we may use Green’s representation formula to see that we must find appropriate
bounds for supy e M@f QVyG(xy)F(y)dm(y), for any ¢ & 0Q. To achieve the desired
bounds, we split £ into four regions tailored to the pole x and a non-tangential cone y(&).
Namely, the first region is a small Whitney ball around x, the second region is a small
Carleson tent over &, the third region is the rest of a large cone y4(<), and the last region
corresponds to a far-away, tangential (with respect to &) portion of Q.

Each of the regions described above is treated separately, using harmonic analysis
techniques: for the first, we use the properties of the solution operators Lg’l and LQ’]div
([eg.op]); for the second, we use a dyadic Carleson embedding result and the weak-RH),
property of the Poisson kernel; for the third, we relate the bound to an area integral
estimate and use ([eq.tentandcar]); and finally, we break up the fourth region into annular
regions on which we apply the same ideas as for the second region, but since these annular
regions are tangential and far-away from ¢ and x, we use the boundary Holder inequality
and a global weak-RH), inequality for the Poisson kernel to furnish summable decay. The
bounds corresponding to the second and fourth regions are the most difficult, since it is
here where a delicate Carleson embedding is used; indeed, this is one of the main technical
innovations of our paper.

It is natural to wonder how sharp Theorem 1 is. This question is solved by our second
main result, which gives several new characterizations of the solvability of (DP'L), anew
estimate for the gradient of the Green’s function, and a certain local 7’1 theorem, under
very mild geometric assumptions of the domain. First, we need a few more definitions.

Definition 1 (Landscape functions). Given a Whitney cube 7 in a Whitney decomposition
of Q (see Section 2.1.6 for definitions), we say that the unique weak solution u; € Y()lv
2(!2) to the equation Luj = 118 the local landscape function subordinate to /. If Q is
bounded, then the unique weak solution u € Yolvz(_Q) to the equation Lu = Qs the
landscape function of L.

Up to a rescaling, the landscape function is known in the literature of shape optimization as
the torsion function of L (see, for instance, ). The landscape function (introduced with this
name by Filoche and Mayboroda in ) has recently been a subject of heavy interest when L
is the Schrodinger operator L = —divAV + ¥, ¥ = 0, due to applications to mathematical
physics and the phenomenon of localization of eigenfunctions. For related literature, see .

Definition 1 ((PDprL) and (PRPL)). For any p € (1,»), we say that (PDprL) is solvable in
Q if there exists C > 0 so that for each /, F € L(Q), the unique weak solution w
S Yolvz(.Q) (see Section 2.2 for the definition of this space) to the equation Lw = H —
div F satisfies the estimate
$$\label{eq.pd1} \Vert\widetilde {\mathcal {N}} _{2/*}(w)\Vert_{L {p'}
(\partia\Omega) } \leq C\big[\Vert\mathscr{C} {2 *}(\delta_\Omega H)\Vert_{I {p'}
(\partia\Omega) } +\Vert\mathscr{C}_2(F)\Vert_{L{p'} (\partial Omega)}\big].$$

‘We say that (PDF'L) is solvable in Q for H = 0 if the estimate ([eq.pd1]) holds for H= 0
and arbitrary F € L(€Q).

‘We say that (PRpL) is solvable in Q if there exists C > 0 so that for each H, F € L (Q),
the unique weak solution v € Yolvz(Q) to the equation Lv = H — div F satisfies the
estimate
$$\label{eq.estreg} \[\widetilde {\mathcal{N}} {2} (\nabla v)\|_{L*{p}(\partia\Omega)}\leq
Clbig[\\mathscr{C}_{2_*}(H)\_{L {p}
(\partia\Omega) } +\\mathscr{C} _2(FAdelta_\Omega)\|_{L*{p} (\partia\Omega) } \big].$$
‘We say that (PRI,L) is solvable for local landscape functions in Q if there exist C > 0, C'

> 2 so that for each Whitney cube 7 in a Whitney decomposition of ©Q, the local landscape
function u; satisfies the estimate

$$\label{eq.estreg2} \Vert\widetilde {\mathcal{N} } 2*{C"ell(T)} (\nabla
u_D\Vert_{L"p(C'B_Q,\sigma)}\leq C\ell(I)"{1-+\frac np},$$

where Q is a boundary cube of 7 (see ([eq.truncated]) for the definition of the truncated
non-tangential maximal function $\widetilde {\mathcal{N} }*{s}$).

Remark 1. If (PRPL ) is solvable in Q, then an easy variant of allows for solvability with
general data in the space ${\bf C} _{2_* p}$. More precisely, for any $Hiin {\bf
C}_{2_*,p}$, there exists a weak solution v € Wlwlvz(.Q) to the equation Lv = H
satisfying ([eq.estreg]) and the non-tangential limit

$$\lim_ {\gamma(\xi)\ni x\rightarrowxi}\Big(\mathchoice {{\setbox

0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}

\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox

0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } %
\Nint_ {B(x,\delta(x)/2) } [v|*{2"*}\,dm\Big)"{\frac 1 {2"*} }=0,\qquad\text { for
Hsigma\text{-a.e.\ }\xi\in\partialOmega.$$

Similarly, if (RpL) is solvable in £, then by essentially the same argument of , we can
extend the solvability to general data in the space WLP(BQ): forany /' € Wlfp(ég), there

exists a weak solution v € Wlocl'z(!.?) to the equation Lu = 0 satisfying ([eq.regest]) and
that # — f non-tangentially -a.e. on Q.

Theorem 1 (Characterizations of (Dp'L)). Let @ € P+ n > 2 be a domain satisfying the
corkscrew condition and with n-Ahlfors regular boundary, such that either Q is bounded, or
0Q is unbounded. Let p € (1,), p' its Holder conjugate, and L = — div A V. The



following are equivalent.

a. (Dp'L) is solvable in Q.

o

b (PDI,L) is solvable in Q.

5 (PDP'L) is solvable in Q for H = 0.

I

L (PRpL) is solvable in Q.

[N

®

*
3 (PRpL) is solvable in Q for F = (.

(PRpL*) is solvable for local landscape functions in Q.

=

. There exist C > 0, C' > 2 so that for some $q\in(1, \frac{n+1}n)$ and for eachx € Q,
we have the estimate

S8\labelfeq.truent1} \Vert\widetilde{\mathcal{N}} _q"{C"delta(x)}\big(\nabla_2
G_L(x,\cdot)\big)\Vert_{L"p(B(x,C'\delta(x)), \sigma) }\leq C\delta(x)"{-n/p'},$$

where Gy, is the Green's function for the operator L (see Definition [def.green]).

[

=

. There exist C > 0, C' > 2 so that for some $q\in(1,\frac{n+1}{n-1})$ and for each x
€ Q, we have the estimate
$8\label{eq.truent2}
Vert\widetilde{\mathcal{N}}_q"{C'\delta(x)}\big(\frac{G_L(x,\cdot)}
{\delta}\big) \Vert_{L"p(B(x,C'\delta(x)),\sigma) }\leq C\delta(x)"{-n/p'}.$3

Theorem 1 is proved in Section 3.2. Note that (a)[(b) is directly implied by Theorem 1,
while (b)(c), (d)!(e) and (e)! /(f) follow by definition. The implications (c)!(d) and
(e)I(c) follow from an application of the [I-| duality, while the direction (c)(a) is
proved by combining this duality with an argument in . The statements (f) /(a), (g)©(a)
and (h)¢(a) are obtained via similar arguments to the proof of (c¢) I(a).

Let us discuss Theorem 1. It shows that one loses no information when switching from
the study of the homogeneous Dirichlet problem with 17 data, to the study of the Poisson
problem with inhomogeneous data div /" with F in the Carleson space ${\bf C} _{2.p'}$.
Perhaps surprisingly, both of these problems are also equivalent to the “Poisson regularity”
problem (PRpL*), even though the implication (DprL) (RPLA) remains an open problem
for arbitrary elliptic operators L on Lipschitz domains. We now emphasize two
observations, important enough to merit their own remarks.

Remarlk 1. The statements (g) and (h) give quantitative characterizations of ( Dp'[‘) in terms
of new local boundary estimates on the the Green’s function and its gradient. We have not
been able to find either estimate ([eq.truentl]) or ([eq.truent2]) written explicitly in the
literature even in significantly simpler geometric settings, or for L = — 4. On the other
hand, both estimates are natural since they are closely related to the RH), property of the
Poisson kernel. Moreover, observe that a global version of the estimate ([eq.truent1])
follows formally from applying that (PRPL*) is solvable in £, since L*GL(x,-) = Jy, and a
straightforward computation shows that, if $\mathscr{C}(\mu)

(\xi):=\sup_{r>0}\frac1 {r"n}\mu(B(\xi,r)\cap\overline{\Omega})$ for & € 6Qand i a
measure on $\overline{\Omega}$, then I11(dy)Iz7(g) = 5(.7:)7"/”/. This argument can be
made rigorous by approximating Jy by averages, along the lines of .

There has recently been strong interest in studying how estimates for the Green’s function
are related to the geometry of domains , and in this connection, let us point out that, when
coupled with the literature on free boundary results for (D‘,fA), Theorem 1 implies that
under its background assumptions, the estimates ([eq.truent1]), ([eg.truent?]) for L = — A
characterize the IBPCAD condition (or uniform rectifiability plus the weak local John
condition; see ).

Remark 1. Here, we give context to the statement (f) and why its equivalence to the
statements (a) and (e) is interesting in its own right. As remarked before, if (e) holds, then
(f) holds immediately, since
$$\label{eq.computew } \Vertimathscr {C}_2({\mathds
1} _D\Vert_{L"p(\sigma) }\approx\ell(I)"{1+\frac np},\qquad\text{for each Whitney box
1188

So (f)!I(e) tells us that in order to ascertain that (PR‘,,L*) is solvable for arbitrary $Hiin{\bf
C}_{2,p}$ and F' = 0, it is enough to obtain the estimate ([eq.estreg2]) (which itself is a
local version of the global estimate ([eg.estreg])) for the countable collection H = 7
where / runs over all Whitney boxes in 2. It is easy to interpret this result as a local 7'1
theorem, as follows: if 7= V(LQ*)71 (see ([eg.op])), then the statement (e) is equivalent
to asking that the map $T:{\bf C}_{2 * p}\rightarrow {\bf N} {2,p}$ is bounded (by
Remark 1). But (f)[I(e) gives that this map is bounded if the local estimate ([eq.estreg2])
holds for {T"//}; e = , which is exactly a local 71 theorem.

The implications (f)! /(a) and (f)!(d) join a family of results in the literature about the
landscape function which say, loosely speaking, that several distinct properties of the
operator L can be a priori controlled by properties of the landscape function; see for
instance , or . Finally, we mention that the equivalence (f)¢>(a) gives the first robust
connection between the theory of the landscape/torsion function (primarily developed for
the study of questions in mathematical physics and shape optimization) and the theory of
solvability of the Dirichlet problem with singular data.

We now give an immediate application of Theorems 1 and 1 toward estimates for
eigenfunctions and their gradients of elliptic operators L = — div4 'V on rough domains.

Corollary 1 (Boundary estimates for eigenfunctions). Retain the setting and assumptions
of Theorem 1, and moreover; assume that Q is bounded, that A is symmetric, and that
(Dpr) is solvable in Q. Let y € W()I' 2(.@) satisfy Ly = Ey in Q for some eigenvalue E
> (0, and let u be the landscape function of L on Q. Then there exists C > 0, depending
only on n, 2, p, the corkscrew condition and n-Ahlfors regularity constants, and the (Dp'L)
constant, such that
$8\label{eq.efnl} \Vert\widetilde{\mathcal{N}} {2"*}(\psi)\Vert_{Lp"}
(\partial\Omega) }\leq CE\Vert\mathscr{C}_{2_*}(\op {dist}
(\cdot, \partial\Omega) \psi) \Vert_{Lp'}(\partial\Omega) }\leq
CE"2\Vert\psi\Vert_{L"{\infty}(\Omega)}\Vert\mathscr{C} _{2_*}(\operatorname{dist}
(\cdot, \partial\Omega)u)\Vert_{L"{p'}(\partial\Omega)}, 33




S$8\label{eq.efn2} \Vert\widetilde{\mathcal{N}}_2(\nabla\psi)\Vert_{L"{p}
(\partial\Omega)}\leq CE\Vert\mathscr{C} _{2_*}(\psi)\Vert_{L"{p}(\partial\Omega) }\leq
C E"2\Vert\psi\Vert_{L"{\infty}(\Omega) }\Vert\mathscr{C} _{2_*}(u)\Vert_{L"{p}
(\partial\Omega)}. 38

In particular; if Q is a bounded Lipschitz domain and L = — A, then both estimates

(Leg.efnl]) and ([eq.efn2]) hold withp = p' = 2.

Proof. We prove ([eq.efn2]). Since (Dva) is solvable in €, then by Theorem 1 we have
that (PRpL) is solvable in 2, and so we see that

$$\Vert\widetilde {\mathcal {N}} 2(\nabla\psi)\Vert {L {p}
(\partia\Omega) } \lesssim\Vert\mathscr {C} _{2_*}(E\psi)\Vert_{L*{p}
(\partia\Omega) }\leq E\Vert\mathscr {C} _{2_*}(\psi)\Vert_{L"{p}(\partial\Omega)}.$$

Since (see ) |p(x)| < Elylp=(qyu(x) for eachx & €, the desired estimate ([eq.efn2])
follows. The estimate ([eq.efnl]) follows by an analogous argument, using Theorem 1.

The estimates ([eg.efn1]) and ([eg.efn2]) are new even for the eigenfunctions of the
Laplacian; although estimates related to ([eq.efn2]) controlling the normal derivative of
Dirichlet eigenfunctions have been studied heavily, such as the Hassell-Tao inequality ,
when the domain is smooth. On the other hand, the usual techniques in the literature rely
on Rellich identities, and thus do not extend to the optimally rough geometric setting that
we consider here. Indeed, since we merely assume that (D[/L) is solvable (in addition to
the background assumptions that the domain has Corkscrew points and its boundary is -
Ahlfors regular), the estimates ([eg.efn1]) and ([eq.efn2]) hold up to the IBPCAD domains
when L = — 4, and for certain other specific Z, the estimates hold even for domains with
fractal boundaries (see for the existence of such an operator in the complement of the 4-
corner Cantor set).

‘We emphasize that the constant C in the estimates ([eq.efn1]) and ([eg.efn2]) does not
depend on |€2}, nor on the eigenvalue E. There is a vast literature studying the geometry of
eigenfunctions of — A and estimates of eigenfunctions near the boundary; for a few related
results, see for instance, and the survey .

The regularity problem for Dahlberg-Kenig-Pipher operators

We now pass to an important application of Theorem 1. We will see that Theorem 1 helps
us solve the regularity problem for certain elliptic operators whose gradient satisfies a
Carleson measure condition. Denote

$${\rm osc}_{B(x,\delta(x)/2)}(A) = \sup_{y,z\in B(x,\delta(x)/2) }|A(y)-A(z)|.$$

Definition 1 (DKP and DPR conditions). We say that a real matrix function 4 in Q C 1”*
1,5 > 1, satisfies the K-Dahlberg-Kenig-Pipher condition (K-DKP) in Qif A € Lipjo(£2)
and
du(x) = Q(x)ess sup {Jg)(z)|VA(z)|2 1z € B(x,00(x)/2)} dm(x)
is a K-Carleson measure with respect to I”|a0. That is, for any ball B centered in 62,
U(BNQ) < KI(BNOQ).

We say that 4 satisfies the t-Dindos-Pipher-Rule condition (t-DPR) in Q if the measure

$8d\mu(x):= {{\mathds 1}} \Omega(x)\,\delta_\Omega(x)"{-1} {\rm
osc}_{B(x,\delta_\Omega(x)/2)}(A)"2\,dm(x)$$

is a r-Carleson measure with respect to 1|50

We will say that A4 is a DKP (DPR) matrix and that L = — divAV is a DKP (DPR)
operator if A satisfies the K-DKP (7-DPR) condition for some K > 0 (r > 0). It is easy to
see that if A satisfies the K-DKP condition, then it also satisfies the --DPR condition, with
7 < K. The DKP operators first arose in the literature as pullbacks of the Laplacian under a
mapping of Dahlberg-Kenig-Stein . The well-posedness of the LP-Dirichlet problem for
DKP operators in Lipschitz domains was shown in , and their result carries over to chord-
arc domains, and more generally to domains with interior big pieces of chord-arc domains
considered in (see Section 2.1.2 for the definition), by the methods of (see for instance the
remarks following Theorem 1.1 in ).

The question of establishing that (RpL) is solvable for some p > 1 when L is a DKP
operator has remained open since 2001, even when £ is the unit ball. The closest result in
the published literature is from , where the authors show that for any p € (1,00), (RpL) is
solvable if © is a Lipschitz domain with small enough Lipschitz constant € and if A satisfies
the z-DPR condition with small enough t > 0, depending on p.

.
The following theorem is our third main result, which establishes that (DprL ) (RpL) for
DKP operators on bounded Corkscrew domains with uniformly z-rectifiable boundaries
(see Section 2.1.2 for the definition of uniform n-rectifiability). This solves the question
posed in the previous paragraph.

Theorem 1 (D" ) [ (R,P) for DKP operators). Let @ € £/, n > 2, be a bounded
domain satisfying the corkscrew condition and with uniformly n-rectifiable boundary. Let
p € (L), p'its Holder conjugate, and L = — div AV, where A is a DKP matrix in Q.

*
Suppose that (DF'L ) is solvable in Q. Then (RFL) is solvable in Q, and the (RpL) constant
depends only on p, n, 2, the corkscrew constant, the uniform n-rectifiability constants, the

DKP constant, and the (Dp'L ) constant.

Remark 1. In the case of the Laplacian, a result analogous to Theorem 1 was recently
obtained in by two of us for p € (1,2+(), but the proof relied heavily on the 12
boundedness of the Riesz transform and the double layer potential on uniformly »-
rectifiable sets, while this theory is not available for layer potentials associated to DKP
operators. Because of this, our proof of Theorem 1 must by necessity be substantially
different from the argument in . In fact, our proof of Theorem 1 gives an alternative
argument to and improves upon it, since our result holds for p € (1,:0).

As mentioned before, for any DKP matrix A there exists p > 1 so that (DprL ) is solvable in
Q whenever Q satisfies the corkscrew condition and the IBPCAD condition, and its
boundary 0Q is n-Ahlfors regular ; and moreover, if Q2 satisfies the IBPCAD condition and
0Q is n-Ahlfors regular, then 022 is uniformly n-rectifiable (see Section 2.1.2 for the
definitions). Hence we have the following corollary.



Corollary 1 ((RPL) for DKP operators in IBPCAD domains). Let @ € ' 1 n>2bea
bounded domain satisfying the corkscrew condition and the IBPCAD condition, and
assume that 0Q is n-Ahlfors regular: Let L = — div A V where A is a DKP matrix in .
Then there exists p > 1 such that (RpL) is solvable in Q.

Corollary 1 fully answers the question of the solvability of (RPL) for some p > 1 when L is
a DKP operator on a bounded rough domain, but we mention again that this problem had
been open even when Q is the unit ball. If, in addition to the hypothesis of Corollary 1, we
have that Q satisfies the Harnack chain condition, then Q is a chord-arc domain (see
Section 2.1.2 for definitions), and in this case we can use the theory of Carleson
perturbations for the regularity problem to deduce the following improvement to Corollary
il

Corollary 1 ((RPL) for DPR operators). Let @ € F'* 1 n > 2, be a bounded chord-arc
domain, and let L = — div AV where A is a DPR matrix in . Then there exists p > 1
such that (RI,L) is solvable in Q.

Let us now give a very quick overview on the method of proof of Theorem 1, which is
presented in Sections 4-7. First, as a main innovation, we use the duality between non-
tangential maximal functions and Carleson functionals (Proposition 1) to reduce the
regularity problem to the study of the conormal derivative of solutions to Poisson Dirichlet
problems. Indeed, for a solution w to the Poisson-Dirichlet problem ([eg.poisson]) with /7
= 0, we show in Proposition 1 that the variational conormal derivative &, w (see Section 4
for the definition) is a bounded linear functional on the Hajlasz-Sobolev space $%
\accentset {\mbox {\Large\bfseries .} } {W}~{1,p}(\partia\Omega)$, and the new estimate
([eg.boundconormal]) is the main ingredient in our proof of Theorem 1, since it replaces a
1-sided Rellich estimate.

Given Proposition 1, Theorem 1 follows rather easily from the duality between [ and
and the LP-solvability of the Poisson-Dirichlet problem, as shown early in Section 4.
However, the main estimate ([eg.boundconormal]) of Proposition 1 requires a completely
new argument, even if one were to cut out the sharp geometric considerations.

To prove Proposition 1, first we conceive of an appropriate corona decomposition which is
able to invoke the results of as “black boxes™ on each corona subdomain. With the corona
decomposition at hand, we construct an “almost L-elliptic™ extension of Lipschitz boundary
data. Both the corona decomposition and the construction of the almost L-elliptic extension
are based on analogous ideas from where the regularity problem for the Laplace equation in
uniformly #-rectifiable domains was solved. Nevertheless, the corona decomposition in the
present manuscript requires highly non-trivial modifications from the one in to ensure that
the hypotheses of are satisfied by L on each corona subdomain.

The next step in the proof is to show Proposition 1, which is an L7 estimate on the
modified non-tangential maximal function of the gradient of the almost L-elliptic extension.
This estimate is interesting in its own right, since it illustrates the naturality of the almost L-
elliptic extension, and it is new even for the Laplacian. Indeed, Proposition 1 together with
imply that the almost harmonic extension is a correct analogue of the Varopoulos extension
for one “smoothness level” up. However, the proof is very delicate, and the tools which we
use to achieve it are quite sharp, such as the localization theorem for the regularity
problem, and the dyadic Carleson embedding results that we also invoked in the proof of
Theorem 1.

The last step in the proof of Proposition 1 is to show the estimate

AV WY vydn| < (gl ag) + 102l @IV Hpolrrea).
where $F\in{\bf C}_{2,p'}$, ¢ € Lip(6€), w is the unique weak solution to the problem
([eq.poisson]) with // = 0, and v is the almost L*-elljptic extension of . To prove
([eq.test]), we combine the LP'-solvability of the Poisson-Dirichlet problem (it is only here
where we use that ( DprL ) is solvable in ) with the [ -[| duality and the heuristic that L*Vf
should belong to ${\bf C} _{2_* p}$. Related estimates were shown in Sections 4 and 5 of

, although our argument for ([eq.test]) is different and does not follow from the arguments
in ; instead, we appeal substantially to the proof of Proposition 1.

Our manuscript is the first paper that considers the natural connections between the [~
N
duality, the ZP-solvability of the Poisson problem, and the duality between (Dp'L ) and

(RPL). It is the new marriage of these ideas that affords us the solution of the regularity
problem for DKP operators in such large geometric generality.

Historical remarks

Let us provide some historical context to our investigation. For elliptic operators L = —
divAV, solvability of (Dp/L ) and (RpL) in rough domains has garnered a lot of attention in
the last several decades. For a historical overview of the case L = — 4 in rough domains,
we refer the reader to the introduction of . Hence we shall focus now on the rich history
related to the boundary value problems for the operators L with rough (real) coefficients.
The problems are always homogeneous, unless stated otherwise.

Early history of the homogeneous problems with singular data

In 1924, the celebrated result of Wiener characterized the domains for which the
continuous Dirichlet problem for the Laplacian is solvable (now known as Wiener regular
domains). At the end of the 1950s, the De Giorgi-Nash-Moser theory opened the door for
the systematic study of boundary value problems for elliptic operators L = — div4V
whose matrices 4 are merely bounded and elliptic, and only a few years later, Littman,
Stampacchia, and Weinberger proved that the continuous Dirichlet problem for L with
merely bounded and elliptic coefficients is well-posed on a domain if and only if the domain
is Wiener regular. In other words, the continuous Dirichlet problem is well-posed for the
Laplacian if and only if it is well-posed for L.

Near the end of the 1970s, Dahlberg proved that (Dz’A) is solvable in Lipschitz domains ,
and it was then understood that in Lipschitz domains, the solvability of (DprL) for some p
> 1 is equivalent to quantitative absolute continuity of the L-elliptic measure ey, (namely,
that wj, € A(0) in a local sense). Despite the results of Caffarelli, Fabes, Mortola, and
Salsa , who proved that non-negative solutions # to Lu = 0 in the unit ball have
nontangential limits at wj-a.e. point in the boundary for symmetric operators L with merely
bounded and elliptic coefficients, examples were soon found by Caffarelli, Fabes, Kenig ,
and independently by Modica and Mortola , of elliptic measures which were mutually



singular with respect to the surface measure on smooth domains, in contrast to the
situation of the continuous Dirichlet problem described earlier.

In the positive direction, for symmetric operators L with smooth and bounded coefficients,
Jerison and Kenig solved (DZL) in Lipschitz domains, relying on a so-called Rellich identity,

available only in the symmetric case. On ¢! domains and for symmetric, globally
continuous operators, the solvability of (DpL) for any p > 1 became completely understood
in the work of Fabes, Jerison, and Kenig , who characterized the symmetric operators L
for which wy, € ¢ in terms of a Dini condition; this condition also guaranteed that (DFL) is
solvable for any p > 1.

Although had completely characterized the case of symmetric, globally continuous
operators on C' 1 domains, the characterization remained open for non-symmetric elliptic
operators with rough coefficients, and perhaps more importantly, it was hard to verify the
Dini-type condition of for certain important operators that arose in practice, except for 7-
independent operators, which we will briefly discuss a bit later.

Dahlberg’s conjectures

As mentioned in , Dahlberg posed two conjectures in 1984. The first conjecture concerned
whether the ZP-solvability of the Dirichlet problem was stable under certain perturbations
of the coefficients. More precisely, if Lo = —div4gV and L = — divAV are two elliptic

n+l

operators, such that (DFLO) is solvable in the half-space 14/ and

$$\label{eq.fkp} \frac {\mathop {\mathrm{ess\,sup} } _{y\in B(x,\delta(x)/2)}|A(y)-
A 0(y)|"2} {\delta(x) }\,dx\quad\text {is a Carleson measure, } $$

does it follow that (DqL) is solvable in 141, for some q > 1 possibly larger than p? This
question was resolved in the affirmative by Fefferman, Kenig, and Pipher in . The condition
([eq.fkp]) has come to be known as the Fefferman-Kenig-Pipher condition (FKP), and its
applicability in rough domains has continued to be heavily studied in recent years . For a
more thorough review of these results, see or . Let us also remark that the FKP condition
is known to also preserve the solvability of (RpL) (with some ¢ perhaps larger than p); this
was shown for symmetric operators on the ball by Kenig and Pipher in , and it has been
recently extended to the case of rough domains with Harnack chains and non-symmetric
operators by Dai, Feneuil and Mayboroda in .

Dahlberg’s second conjecture asked whether for some p > 1, (DPL) is solvable in the half-
space when L is a DKP operator (see Definition 1). As mentioned in Section 1.1.2, this
question was resolved in the affirmative by Kenig and Pipher in . Dindos, Petermichl, and
Pipher later proved in that for any p > 1, if 4 is a (possibly non-symmetric) K-DKP matrix
with small enough constant K = K(p) > 0 and Q is a Lipschitz domain with small enough
Lipschitz constant £ = {(p) > 0, then (DI,L) is solvable in €; under the same assumptions,
(RpL) is also solvable in Q, but this was shown a decade later by Dindo§, Pipher, and Rule .
Via the theory of FKP perturbations described above, the respective results of were also
generalized in the respective articles to the -DPR operators with 7 = 7(p) > 0 small
enough.

Further results

Let us return to the case of 7-independent real operators. Although the symmetric 7-
independent case was already understood by the work of , the first non-trivial positive
result for non-symmetric 7-independent operators on the half-space 1477 ! was obtained by
Kenig, Koch, Pipher, and Toro when n = 1. There, the authors showed that there exists p

> 1 such that (DI,'L) is solvable, and unlike the symmetric #-independent case, p may not
be made precise. Later, Kenig and Rule showed in that (Dp'L ) (RPL) for the #-
independent operators when » = 1, and thus it followed that (Rp[‘) was solvable for some
p > 1. These results of and were generalized to » > 2 by Hofmann, Kenig, Mayboroda, and
Pipher in and , where the solution to the Kato problem played a role in the proof. We
remark that there is an extensive literature regarding solvability of boundary value problems
in the complex, 7-independent case, which we do not review. For a recent review in this
direction, see .

‘We now comment on the solvability of the boundary value problems for DKP operators in
rough domains beyond the Lipschitz setting. As mentioned in Section 1.1.2, it has been
known from that if L is a DKP operator and Q satisfies the corkscrew condition and the
*

IBPCAD condition, then there exists p > 1 so that (DprL ) is solvable in Q. However, the
solvability of (RpfA) beyond the Lipschitz setting remained an open problem for over 30
years until the recent work of the first and third author of this manuscript , where it was
shown that (DprfA) 54 (RpfA) whenever the bounded domain £ satisfies the corkscrew

condition and has #-Ahlfors regular boundary, extending the duality between the Dirichlet
problem and regularity problem for the Laplacian shown by Jerison and Kenig in the
Lipschitz setting .

.
‘We turn to a few words on the duality between (Dp'L ) and (KDL). In the case that Qis a
*
star-like Lipschitz domain, Kenig and Pipher showed in that (RpL) (DP'L ), but the
*
converse direction has remained an open problem. Shen proved in that if (D[/L ) is solvable
and (Ry") is solvable for some ¢ > 1, then (R,) is solvable; later this result was extended
by Dindos and Kirsch . Complex analogues of the duality result of are hopeless in the full
generality, as was shown by Mayboroda in ; however, Hofmann, Kenig, Mayboroda, and
*
Pipher proved (DyX ) © () in the range p & (1,2+¢) for elliptic equations with
bounded #-independent coefficients under the assumption that De Giorgi-Nash-Moser
estimates hold, and Auscher and one of us proved the equivalence for p € (pg,2] for
elliptic systems with #-independent complex coefficients assuming De Giorgi-Nash-Moser
estimates, for some p(y < 1 determined by the exponent in the assumed interior Holder
condition.

Connections to the literature on the Poisson problem

So far, we have discussed results only for the homogeneous problem ([eq.dirichlet]). As
remarked in Section 1.1.1, estimates controlling the left-hand side of ([eq.ntmaxn]) have
never appeared explicitly for the Poisson-Dirichlet problem ([eq.poisson]) in a domain Q ¢
L Nevertheless, related estimates for the inhomogeneous case have been studied



extensively . Let us briefly describe some of these results and explain their connection to
our Theorem 1. Given p € [1,0] and @ € (—o0,+00), the Bessel potential space is defined

by Lef = (-4 21 : H € 120" 1)} with norm
Wiz = 1=y )

For 6 > 0, define the Sobolev space Lg’(£) as the space of restrictions of functions in Lg”
to Q2 For0>0andp € (1), let L()'()‘"(Q) be the space of functions in Lg” supported
on $\overline {\Omega}$, and let L—¢P(©2) = (Lg,¢(2))". By layer potential techniques and
the Calderén-Zygmund theory of singular integrals, one has the following result on C*
bounded domains : if p € (1,00) and 6 > 1/p, then for every H € Lg—2P(Q), there is a

unique solution w € Lg’(Q) to the problem — Aw = Hin Q, w = 0 on 9€; and moreover,
Wi p) < QHL, @), for each H € Ly—P(Q).

Note that when p = 2 and 6 = 1, ([eq.estp]) reduces to a very simple estimate obtained via
the Lax-Milgram theorem. Furthermore, the esti ([eq.estp]) are equivalent to
estimates on L7 for singular integral operators whose kernels are fractional gradients of the
Green’s function G(x,y). However, in the case of Lipschitz domains, the estimates
([eg.estp]) do not hold anymore for the full range p € (1,0) and @ > 1/p. The sharp
ranges of p and @ for which ([eg.estp]) holds in Lipschitz domains were found by Jerison
and Kenig in .

The estimates ([eqg.estp]) are linked to the solvability of the homogeneous Dirichlet problem
([eq.dirichlet]) with boundary data in Besov spaces $% \accentset{\mbox {\Large\bfseries
1 }{B}_\theta*{p,p} (\partia\Omega)$, & € (0,1) (for a definition, see ). These boundary
value problems with fractional data constitute a scale between the homogeneous Dirichlet
problem at one end, and the homogeneous regularity problem at the other end. For p > 1

and # € (0,1), define Z(p,0) as the space of functions F € L]\,CZ(Q) for which

$$\label{eq.z} \Vert F\Vert_{Z(p,\theta)} =\Big(\int_{\Omega}\Big(\mathchoice {{\setbox

0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\textstyle {\scriptstyle-} {\int} $} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox

0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-

$}}\kern-.5\wd 0} }% \Nint_ {B(x,\delta(x)/2) } |F|"2\,dm\Big)"{\frac p2}\delta(x)"{p(1-
\theta)-1}\,dm(x)\Big)"{\frac 1p} <+\infty.$$

If Q=141 5 >2, and 4 is areal, t-independent matrix, then for certain choices of p
€ (1,0) and @ € (0,1), it was shown in that there exists a unique solution u to the
problem ([eg.dirichlet]) with $g\in% \accentset{\mbox {\Large\bfseries .} }
{B}_\theta"{p,p} (\partia\Omega)$ and such that $\Vert\nabla
u\Vert_{Z(p,\theta) } \lesssim\Vert g\Vert_{% \accentset {\mbox {\Large\bfseries .} }
{B}_\theta"{p,p}(\partialOmega)} $.

Similar solvability results in Besov spaces were already known for the Laplacian in
Lipschitz domains . Barton and Mayboroda also obtained the well-posedness of the
inhomogeneous Dirichlet problem with Besov boundary data: they show in that for the
same choices of p and 6 as for the homogeneous problem, the problem Lw = — divF in Q,
w = g on 02 for $g\in% \accentset {\mbox {\Large\bfseries .} } {B} _\theta"{p,p}
(\partia\Omega)$ and F € Z(p,0) is uniquely solvable, and

$S\label{eq.z3} \Vert\nabla w\Vert_{Z(p,\theta) }\lesssim\Vert g\Vert_{%
\accentset {\mbox {\Large\bfseries .} } {B} \theta"{p,p}(\partial\Omega) }+\Vert
F\Vert_{Z(p,\theta)}.$$

Note that ([eq.z3]) is an estimate on a weighted energy integral of w, and is quite different
in nature from our I/’ estimate on $\widetilde {\mathcal {N}} _{2"*}(w)$ ([eg.ntmaxn]).

We now turn to results in the literature which are close to ([eq.ntmaxn]) and ([eq.estreg]).
Some closely related estimates for the Poisson problem appeared in . In the case that Q =

L+ p> 1, if Land 1" are complex bounded elliptic operators with #-independent

coefficients satisfying De Giorgi-Nash-Moser bounds, it was shown in that if Ly + 11y
the operator whose integral kernel is the fundamental solution of Z in I * 1 then

$$\label{eq.hmm1} \Vert\widetilde {\mathcal{N} } _2\big(\nabla L"{-
1}_{\mathbb {R}{n+1} } (F-
\operatorname {div} F)\big)\Vert_{L"p(\partialmathbb {R}"{n+1}_+)}\lesssim\Vert\widetilde {\mathcal{A}} 1(tH)\Vert_{L"p(\partial\mathbb{R]
pin(1,2+\varepsilon).$$

This estimate is related to ([eq.estreg]), in light of ([eq.tentandcar]). They used
([eq.hmm1]) to Ily obtain no ial and integral estimates for the
boundary layer potentials of complex elliptic operators whose coefficients satisfy a small

Carleson measure condition. Finally, in , for @ = 1,7+ 1 and L a bounded elliptic operator
with #-independent complex coefficients, Barton also obtained ([eq.hmm1]) in the case that
H =0, and the estimate $\Vert\widetilde{\mathcal{N}} 2(L{-

1}_{\mathbb {R}"{n+1} }\operatorname {div} F)\Vert_{L"{p'}

(\partialmathbb {R}{n+1}_+)}\lesssim\Vert\mathscr{C}_2(F)\Vert_{L{p'}
(\partialimathbb {R}"{n+1}_+)}$ (see ), for essentially optimal ranges of p. Note that this
last estimate is related to ([eq.pd1]) when // = 0. In fact, Barton’s estimates are more
general, since she considers higher-order elliptic equations and square function estimates as
well.

Related results

As we were finishing the first version of this manuscript, we learned that M. Dindos, S.
Hofmann, and J. Pipher had simultaneously and independently obtained the conclusion of
Corollary 1 in unbounded Lipschitz graph domains in I * 1 n>1, when L is a DPR
operator, via a different method. Both the first version of this manuscript and the first
version of the paper of M. Dindos, S. Hofmann, and J. Pipher were posted on arXiv.org on
July 21, 2022. Their proof of their analogue of Corollary 1 is significantly shorter than
ours, owing to the more restrictive geometric setting that they study. Indeed, they perform
a clever reduction of the problem to the solvability of (RqLU) for some ¢ > 1, where Lg is a
block form operator, but this approach does not work in more general domains since it
necessitates the existence of a uniform “preferred direction” at the boundary, as occurs in a
domain above a Lipschitz graph. The passage from Lipschitz graph domains to uniformly
n-rectifiable domains, or even to chord-arc domains, is highly non-trivial, and requires a
novel approach via the Poisson-Dirichlet problem. Even in the case of the Laplacian, the
same problem had remained open for over 30 years until its solution in , illustrating that the
geometry of the domain creates significant difficulties which are hard to overcome.



Outline

The rest of the paper is organized as follows. In Section 2, we provide basic definitions
and lemmas. In Section 3, we prove Theorems 1 and 1 on the ZP-solvability of the Poisson
problem. In Section 4, we give an overview of the structure of the proof of Theorem 1 on
the regularity problem for DKP operators. In Section 5, we construct the corona
decomposition tailored to exploit the results of on each corona subdomain. In Section 6,
we define the almost L-elliptic extension based on the corona decomposition of Section 5.
Then, in Section 7 we finish the proof of Theorem 1 by proving an estimate on the
conormal derivative of solutions to Poisson problems (see Proposition 1). Finally, in
Appendix 8 we provide proofs for some lemmas of Section 2.

Preliminaries

We write a < b if there exists a constant C > 0 so that @ < Cb and a<b if C depends on
the parameter 7. We write ¢ = b to mean a < b < a and define a= similarly.

All measures in this paper are assumed to be Radon measures. We denote by m = my, + |

the Lebesgue measure on 17 * 1 Given a measure  on 1" 1, the Hardy-Littlewood
maximal function of a measurable function / on suppy is defined as

$$\mathcal{M}_\mu(f)(\xi)=\sup_{B\xi\in
B}\frac1 {\mu(B) }\int_Bf]\,d\mu,\qquad\xi\in\mathop {\mathrm {supp} }\mu,$$

where the supremum is taken over all possible balls B centered at supp .

Given g € (0,0], aset U C I"* La measure 4 on 1"+ 1 and a function H € LUUp),
denote the L9(u) mean of H over U as
$Sm_{q,U\mu}(H):=\Big(\frac 1 {\mu(U)}\int_UH(x)|"q\,d\mu\Big)"{ 1/q}.S$
If yis the Lebesgue measure, we write mg, = mg - If ¢ = 1, we write myj
= Mg, U

Geometric preliminaries

Lipschitz domains

We say that Z C "™ lis an £-cylinder of diameter d if there is a coordinate system (x,?)

€ 1" x I'such that Z = {(x,7) : |x| < d, —20d < |f] < 2Ud}. Also, for all s > 0, we denote
SZ={(x,0) : |x| <sd, —20d < |f| < 2td}.

‘We say that Q is a Lipschitz domain with Lipschitz character (£,N,Cp) if there is 19 > 0 and
at most N -cylinders Zj, $j=\overline{1,N}$ of diameter d with C071r0 <d < Cyypsuch
that2

e 87;N 0Qis the graph of a Lipschitz function ¢; with // V¢l < €, $(0) =0,
o 02 =U{(ZiNoQ),
o Wehave that 87/ 1 = {(x) € 87): ¢x) > ).

We also say that Q is a Lipschitz domain with Lipschitz constant (.

Quantitative conditions on the geometry of domains

Ameasure  in "t Lis called n-Ahlfors regular if there exists some constant Cy > 0 such
that

C()*l;" < u(B(x,r)) < Cor» for allx € suppu and 0 < r < diam (suppy).
A measure y is uniformly n-rectifiable if it is n- Ahlfors regular and there exist constants
0, M > 0 such that for each x € suppu and each r € (0, diam (suppy)], there is a
Lipschitz mapping g from the n-dimensional ball B,,(0,R) to I’ 1 with Lip(g) < Mand
satistying the bound u(B(x,”) N g(B(0,7))) = 6. Aset E C 1" Lis n-Ahlfors regular if
1"|is n-Ahlfors regular, where I’ is the n-dimensional Hausdorff measure, which we
assume to be normalized so that it coincides with 1, in I”. Also, E is uniformly n-rectifiable
if 1" g is uniformly n-rectifiable. The notion of uniform rectifiability was introduced in and ,
and it should be considered a quantification of rectifiability.

By a domain we mean a connected open set. In this paper, Q is always a domain in I * 1
with n > 2. As mentioned in the introduction, we denote the restriction of the n-Hausdorff
measure to 022 by o, and we call it the surface measure on 0.

‘We say that Q satisfies the corkscrew condition if there exists ¢ > 0 such that for each x
€ 0Qand every r € (0,2diam), there exists a ball B C B(x,r) N Q so that (B) > cr.
Given two points x,x' € ©Q, and a pair of numbers M, N > 1, an (M,N)-Harnack chain
connecting x to x', is a chain of open balls By,...,By C Q, withx € B|,x’ € By, By
N Bj+1 # e and MldiamBk < dist (B,0Q2) < Mdiam Bj. We say that Q satisfies the
Harnack chain condition if there is a uniform constant M such that for any x,x" € Q,

there exists an (M,N)-Harnack chain connecting them, with N depending only on A and on
[x=x'|/min {6(x), 5(x")} .

We say that Q is a chord-arc domain if Q satisfies the Harnack chain condition, if both Q

and $\mathbb {R}"{n+1}\backslash\overline {\Omega} $ satisfy the corkscrew condition,

and if 6Q is n-Ahlfors regular.

‘We say that  has Interior Big Pieces of Chord-Arc Domains, or that Q satisfies the

IBPCAD condition, if there exist positive constants # and C, and N > 2, such that for

every x € Q, with 6¢(x) < diam (6Q), there is a chord-arc domain Q, C Q satisfying
* XxEQ

o dist(x,020) > ndg).

o diam(Q)) < Cog).



o o(OQNB(xNIQ))) = no(B(x,NoQx))=nd o).

e The chord-arc constants of the domains £y are uniform in x.

Dyadic lattices and the f numbers

Given an n-Ahlfors regular measure z in I+ 1. we consider the dyadic lattice [/, of
“cubes” built by David and Semmes . The properties satisfied by [/, are the following.
Assume first, for simplicity, that diam (suppu) = oo. Then for each j € Z there exists a
family [, j of Borel subsets of supp (the dyadic cubes of the j-th generation) such that:

a. each [ jis a partition of supp, i.e. suppu = Up e u»/Q andQNQ =0
whenever O, 0’ € wjand O # O

b ifQ € ,jandQ € (1 g withk <, then cither 0 € Q' or QN Q' = o;

o

_ifforallj € Zand Q0 € 11 4, we have 27 < diam (Q) < 27 and u(Q) = 27"

[N

. there exists C > 0 such that, forallj € Z, 0 € and0<t<1,

)
u(ix € Q: dist(x,suppnQ) < 127}) + u({x € suppu ™ Q : dist(x,0) < 127})
< G,

This property is known as the thin boundary condition, and it implies the existence of

apoint xg € Q (the center of Q) such that dist (xg,suppuQ) 2 27 (see).

We set [y, = Uj e zlly,j. If diam (suppu) < oo, the families [, ; are only defined for /
> jo, with 270 = diam (suppu), and the same properties above hold for =Y o

Given acube Q € 1.j» we say that its side length is 27 and denote it by ((Q). Notice
that diam Q < £(Q). We also denote

B(Q) = Blxpc1U(Q),  Bg= B lQ) 2 0,
where ¢] > 0 is chosen so that B(Q) N suppu C Q, forall 0 € u For>1, we
write

2Q = {x & suppu:dist(x,0) < (4-1) (D)}

The side length of a “true cube” P C 1”* 1is also denoted by {(P). On the other hand,

given aball B C 1t 1, its radius is denoted by 7(B). For 1 > 0, AB is the ball concentric
with B with radius 2 1(B).

Given £ € I"*1 aball B, and a hyperplane L, we denote
$$b\beta_{E}(B,L) = \sup_{y\in E\cap B} \frac {\operatorname{dist}(y,L)} {r(B)} +
\sup_{y\in L\cap BJ\!\! \frac {\operatorname{dist}(x,E)} {r(B)} .$$
We set bE(B,L) = infrhfp(x,r,L), where the infimum is taken over all hyperplanes L C
1"+ 1 For B = B(x,r), we also write bBg(x,r,L) = bBK(B,L), and bBg(x,r) = bBE(B).

For p = 1, a measure y, a ball B, and a hyperplane L, we set
$S\beta_{\mu,p}(B,L) = \left(\frac 1 {r(B)"n}\int_B\left(\frac {\operatorname {dist} (x,L)}
{r(B)}\right)"p\,d\mu(x)\right)"{1/p}.$$
We define §, (B) = infff3, (B,L), where the infimum is taken over all hyperplanes L. For
B = B(x,r), we also write f3,, (x,n,L) = f3, ;B,L), and By, p(x,r) = By, p(B). For a given
cube 0 € s We define:
$$\begin {aligned} \begin {array} {II} \beta_{\mu,p}(Q,L) = \beta_{\mu,p}(B_Q,L) ,&\quad
\beta_{\mu,p}(\lambda Q,L)= \beta_{\mu,p}(\lambda B_Q,L),\\ \quad \,\beta_{\mu,p}(Q)
=\beta_{\mu,p}(B_Q), & \quad \quad\,\beta_{\mu,p}(\lambda Q)= \beta_{\mu,p}(\lambda
B Q). \end{array} \end{aligned}$$
Also, we define similarly
bBUQ.L),  RGQL),  bB(Q).  bR(Q),
by identifying these coefficients with the analogous ones in terms of Bo. These
coefficients are defined in the same way as bfsupp u(B,L) and bfsupp ;(B), replacing again
BbyQ € por2Q.

The HajtaszSobolev spaces

Let (X,0) be a metric space with o a doubling measure on X, which means that there is a
uniform constant C; > 1 such that a(B(x,2r)) < Cza(B(x,r)), for allx € Zand r > 0.

For a Borel function /' : ' — |, we say that a non-negative Borel function g : X' — lis a
Hajlasz upper gradient of f if

@A) < kvl (g(x)+8())  foro-ac.xy € =
‘We denote the collection of all the Hajlasz upper gradients of / by D(f). Forp > 1, we
denote by $% ‘accentset {\mbox {\Large\bfseries .} } {W}"*{1,p}(\Sigma)$ the space of
Borel functions / which have a Hajlasz upper gradient in Z”(¢), and we let Wl'p(l) be the

space of functions /' € LP(c) which have a Hajlasz upper gradient in L”(0); that is,
$WA{1,p}(\Sigma)= % \accentset {\mbox {\Large\bfseries .} } {W}~{1,p}(\Sigma) \cap
L p(\sigma)$. We define the semi-norm

$$\label{eqseminorm}\nonumber \| f'\|_{% \accentset{\mbox {\Large\bfseries .} }
(W}A{1p}(Sigma)} = \inf_{g \in D(D)} \| 2|_{L"p(\Sigma)} $$
and the scale-invariant norm
Wfl whors) = diem L sy + infy < Dl gl sy
For any metric space %, if p € (1,%0), from the uniform convexity of L”(c), one easily
deduces that the infima in the definitions of // - // yi.p(s) and $\\\cdot\_{%

\accentset {\mbox {\Large\bfseries .} } {W}~{1,p}(\Sigma)}$ are uniquely attained. We
denote by V f f the function g which attains the infimum. The spaces $%

\accentset {\mbox {\Large\bfseries .} } {W}"{1,p}(\Sigma)$ and WLP(Z) were introduced in
, and are known as the Hajlasz-Sobolev spaces.

Properties of the Carleson and non-tangential maximal operators



First we state the well-known change-of-aperture lemma for the non-tangential maximal
functions.

Lemma 1. Fixp > 1, . f > 0, and ¢}, é; € (0, 1/2]. We have that

$8\label{eq.ch \ ber \Vert\widetilde{ hcal{N}}_{\alpha,\hat ¢_1,r}
(u)\Vert_{L"p(\partial\Omega) }\approx_{\alpha,\beta,n,p,(\hat c¢_2/\hat
c_1)}\Vert\widetilde{\mathcal{N}}_{\beta,\hat c_2,r}
(u)\Vert_{L"p(\partial\Omega)}, \qquad\text{for any }u\in L"r_{\operatorname{loc}}
(\Omega).$$

The L norms of the Carleson functionals ¢,¢ defined in ([eg.carlesonfn]) are equivalent
under a change of the parameter ¢, as the next lemma states. We defer its proof to
Appendix 8.1.

Lemma 1. Let ¢1,¢é2 € (0,1/2], ¢ € [1,%), andp > 1. Then
10, g(FVIP@Qn, g, p, (66 by, (VP00 Sfor any H € Lip (9.

As remarked in the introduction, there is a duality between the operators
$\widetilde{\mathcal{N}}$ and (. The precise results which we shall use are stated in
Proposition 1 below. When Q is the half-space, these results were shown by Hytonen and
Rosén in . For the benefit of the reader, in Appendix 8.2, we give the proof of the
proposition in our setting, by appealing to the discrete vector-valued model in .

Proposition 1 (Duality between [ and (). Let @ € P 1 n > 1, be a domain satisfying
the corkscrew condition and such that 6 is n-Ahlfors regular: Suppose that either Q is
bounded, or that 9Q is unbounded. Let p, q € (1,:0) and p', q' their Holder conjugates.
Then ${1bf Ni_{q,pi=({\bf C}_{q',p')™*S, and moreover
$8\label{eq.hr7}\nonumber \Vert
uH\Vert_{L"1(\Omega) }\lesssim\Vert\widetilde{\mathcal{N}}_q(u)\Vert_{L"p(\partial\Omega)}\Vert\mathscr{C}_{q"} H\Vert_{L"{p'}
(\partial\Omega)},\qquad u\in L"q_{\operatorname{loc}}(\Omega), Hlin
LMq'}_{\operatorname{loc}}(\Omega), 38
S8\labelfeq. hr8}\nonumber

\Vert\widetilde{\mathcal{N}}_q(u)\Vert_{L"p(\partial\Omega) }\lesssim\sup_{ H:\Vert\mathscr{C}_{q'}

(H)\Vert_{L"{p'}(\partial\Omega)}=1}\Big|\int_{\Omega}Hu\,dm\Big|,\qquad u\in

Lq_{\operatorname{loc}}(\Omega), $$
S$8\label{eq.hr9} \nonumber \Vert\mathscr{C} _{q'}H\Vert_{L"{p"}
(\partial\Omega) }\lesssim\sup_{u:\Vert\widetilde{\mathcal{N}} _qu\Vert_{L"p(\partial\Omega)}=1}\Big|\int_\Omega
Hu\,dm\Big|,\qquad H\in L™{q"} _{\operatorname{loc}}(\Omega).$$

Remark 1. For any p,q € (1,:0), the space ${\bf C} _{q'.p'}$ is not reflexive; indeed, we
have that ${\bf C}_{q',p'}\subsetneq( {\bf N}_{q,p})"*$. See .

To obtain the U"-solvability of the Poisson-Dirichlet problem with general data, we need
the following approximation lemma. Its proof is deferred to Appendix 8.3.

Lemma 1. Fix p,q € (1,%0) and $Hlin{\bf C}_{q,p}$.

i. There exists a sequence of functions $\{H_k\} _{k\in\mathbb{N}}\subset{\bf C} {q,p}$,
such that each Hy, is compactly supported in Q, Hy — H strongly in L, 4(€), Hy — H
pointwise a.e. in Q, and Hy, — H strongly in ${\bf C}_{q.p}$ as k — o.

i. Suppose that H is compactly supported in Q. Then there exists a family of functions $\
{H \varepsilon\} _{\varepsilon>0}\subset\op {Lip}(\Omega)\cap{\bf
C}_{q.p}$, each of which is compactly supported in £, such that H; — H strongly in

Lip1(Q), and $\Vert H \varepsilon-H\Vert_{{\bf C}_{q,p}}\rightarrow 08 as & — 0.

‘Whitney decompositions

Given an open set U ¢ I"* 1and a number ¢ € (0,4], let & € 1 be the unique integer such

that 2% < ¢/4 < 2%+ 1 and we say that a collection of closed cubes, [14U), is a ¢-
Whitney decomposition of U if the interiors of the cubes in [I(U) = AU) are pairwise
disjoint, Us e ( U)I = U, and moreover
2k+2giam [ < dist(1,0U) < 2K Sdiam1,  for each I € [I( U).

Such a ¢-Whitney decomposition always exists; this can be attained by dyadically
subdividing & + 2 times each Whitney cube from the standard decomposition.
Suppose that 6Q is n-Ahlfors regular and consider the dyadic lattice | |; defined in Section
2.1.3. Then foreach 7 € [/ = [/( Q) there is some cube 0 € o such that

$$\label{eq.bi} \ell(Q)=\ell(T),\qquad\text {and }\qquad\operatorname{dist}

(1,Q)\leq\frac {256} {\hat ¢ }\mathop {\mathrm {diam} } I.$$

Forany / € [I( Q), we let b(/) = bg(]) be the collection of all cubes O € & which
satisfy ([eq.bi]). If O € b(]), we say that O is a boundary cube of I. There is a uniformly
bounded number of QO € b(I), depending only on # and the n-Ahlfors regularity of 0.
Conversely, given O € o we let

wQ) =Ure 0: Qe ppl

It is easy to check that w(Q) is made up of at most a uniformly bounded number of cubes
1, but it may happen that w(Q) = o. Moreover, if / € (1 and I N w(Q) # o, then I
C w(Q) since the Whitney cubes are disjoint.

Given a Whitney cube / € [I( U), we use the notation I* for the slightly larger cube of
same center as / and such that diam /" = (1+6)diam 7, where 6 € (0,1/10) is a small fixed
constant. We also define

W =Uen: genpl™

Elliptic PDE preliminaries
Throughout this subsection, we assume only that Q is a domain in 1t 1, n > 2. We write

$2/=\frac {2(nt1)} {n-1}$ and that $2_*=(2"*)=\frac {2(n+1)} {n+3}$.

Recall that C;™(Q) is the space of compactly supported smooth functions in €2, and that
forp € [1,%), W‘»P(Q) is the Sobolev space of p-th integrable functions in Q whose
weak derivatives exist in © and are p-th integrable functions, while W()]'p(!Z) is the



completion of C,°(€2) under the norm lulp.-p(@) = hulp(@) + 1Vl [p(Q). Moreover, $%
\accentset{\mbox {\Large\bfseries .} } {W}"{1,p}(\Omega)$ consists of the LIOCI(Q)
functions whose weak gradient is p-th integrable over ©, and we denote by L () the
space of p-th integrable functions with compact support in Q. We let YOI'Z(Q) be the
completion of C,(€2) under the norm lul - 2() = IulLZ'(g) +IVulQ).
We assume throughout that 4 is a real, not necessarily symmetric matrix satisfying
([eg.elliptic]). Define the elliptic operator L acting formally on real-valued functions u by
$$Lu=-\operatorname {div} (A\nabla u)=-\sum_{ij=1}"{n+1}\frac {\partial} {\partial
x_i}\Big(a_{ij}\frac {\partial u} {\partial x_j}\Big).$$

We write 47 for the transpose of 4, and "= —divalv.

Properties of weak solutions

Given H € Llocz*(!Z) and F € LIOCZ(Q), we say that a function w € WIOCLZ(Q) solves
Lw = H— divF in the weak sense, or that w is a weak solution of the equation Lw = H —
divF, if for any ¢ € C,(Q), we have that

JoAV WY $dm = [ Hp + FV ] dm.
The proof of the following basic inequality which weak solutions verify is standard.

Lemma 1 (Caccioppoli inequality). Let B be a ball in Q and let w € Wjp:2(B”) be a
weak solution to the equation Lw = H — div F in B* =1 +0)B, where F € LZ(B *) H
& [2(BY), and 6 € (0,1). Then
$8\nonumber \int_B|\nabla
W"2ilesssim_\theta\fracl{r(B)"2}\int_{B"*}|w|"2\,dm+\Big(\int_{B | H|N2_*}\,dm\Big)\frac2{2 *}}+\int_{B"¥}|F|"2\,dm.$$

The next lemma comprises the conclusions of the De Giorgi-Nash-Moser theory, a
capstone result in the regularity of elliptic PDEs with rough coefficients.

Lemma 1. Let B be a ball in Q, B* = (1+0)B for some 0 € (0, 1], and let u € Wh2(B™)
be a weak solution to the equation Lu = 0 in B”. Then there exists n € (0,1) so that u is
Holder i with ext nin B* A ; forany g > 0,

$8\label{eq.moser}\nonumber \max_{x\in B}|u(x)|\lesssim_{\theta,n,q}\Big(\mathchoice
{{\setbox 0=\hbox{$\displaystyle{\textstyle-}{\int}$} \vcenter{\hbox{$\textstyle-8}}\kern-
Stwd 0% {{\setbox 0=\hbox{$\textstyle{\scriptstyle-}{\int}$} \vcenter{\hbox{$\scriptstyle-
8} kern-.5\wd 0}}% {{\setbox 0=\hbox{8\scriptstyle{\scriptscriptstyle-}{\int}$}
\veenter{\hbox{8\scriptscriptstyle-8} }\kern-.5\wd 0}} % {{\setbox
0=\hbox{$\scriptscriptstyle{\scriptscriptstyle-}{\int}$} \vcenter{\hbox{$\scriptscriptstyle-
8} }\kern-.5\wd 0}}%
\Nint_{B"*}|u|"q\,dm\Big)"{\fraclg}\lesssim\min_{x\in\frac12B}|u(x)|,$3

and

$8\sup_{x,y\in\frac1 2B} \frac{|u(x)-u(y)|}{|x-y|"eta}\lesssim(r(B))"{-\eta}\Big(\mathchoice
{{\setbox 0=\hbox{$\displaystyle{\textstyle-}{\int!$} \vcenter{\hbox{$\textstyle-3}} \kern-
Stwd 0}}% {{\setbox 0=\hbox{$\textstyle{\scriptstyle-}{\int}$} \vcenter{\hbox{$\scriptstyle-
8} kern-.5\wd 0}}% {{\setbox 0=\hbox{$\scriptstyle{\scriptscriptstyle-}{\int}$}
\veenter{\hbox{8\scriptscriptstyle-$} }\kern-.5\wd 0}} % {{\setbox
0=\hbox{$\scriptscriptstyle{\scriptscriptstyle-}{\int}$} \vcenter{\hbox{$\scriptscriptstyle-
8} \kern-.5\wd 0}}% \Nint_B|u|"2\,dm\Big)"{ \frac12}.$$

‘When 4 is Lipschitz, we have a control on the size of the gradient of the solution. The
precise technical result which we shall use is the following; it is a consequence of the
proof of .

Lemma 1. Let B be a ball in Q, L = — div AV, with A a Lipschitz matrix function
verifying ([eq.elliptic]) on 2B, and suppose that $\Vert\nabla A\Vert_{L"{\infty}
(2B)}\leq\frac{C}{r(B)}$. Let u solve Lu = 0 in 2B. Then Vu is continuous on 2B, and
$8\sup_{x\in B}|\nabla u(x)|\lesssim\Big(\mathchoice {{\setbox
0=\hbox{$\displaystyle{\textstyle-}{\int} 3} \vcenter{\hbox{$\textstyle-$} }\kern-.5\wd 0}}%
{{\setbox 0=\hbox{$\textstyle{\scriptstyle-}{\int}$} \vcenter{\hbox{$\scriptstyle-8} }\kern-
S\wd 02}% {{\setbox 0=\hbox{$\scriptstyle{\scriptscriptstyle-}{\int}$}
\veenter{\hbox{$\scriptscriptstyle-8}}\kern-. 5\wd 0}} % {{\setbox
0=\hbox{$\scriptscriptstyle{\scriptscriptstyle-}{\int}$} \vcenter{\hbox{$\scriptscriptstyle-
S \kern-.5\wd 02}% \Nint_{2B}|\nabla u(y)|"2\,dm(y)\Big)"{\frac12}.$8

Green’s function and elliptic measure

‘We start with the definition and properties of the integral kernel to the solution operator
L", known as the Green’s function.

Definition 1 (Green’s function). Assume that @ C 17" Lis an open, connected set, and
let L = —divAV where 4 is a real, strongly elliptic, not necessarily symmetric matrix of
bounded measurable coefficients. There exists a unique non-negative function Gy, : Q x Q
— |, called Green's function for L, satisfying the following properties:

For each x,y € @, G(x,y) < =y 77, and Gy(xy) > 0in Q.

ii. Foreaché € (0,1), x € Qandany y € B(x,éd(x)), we have [x—y|! ~"<:Gr(x.y).

iii. For eachx € Q, $G_L(x,\cdot)\in C(\overline {\Omega}\backslash\{x\})\cap
WA{1,2}_{\operatorname{loc} } (\Omega\backslash\{x\})$ and Gy(x, )|a0 = 0.

iv. For eachx € Q, the identity LGy(-,x) = Jy holds in the distributional sense; that is,
040) V4GV @) dm(y) = B(x),  forany & € CH(Q).
v. If $Hin L {\frac n2,1}(\Omega)$ and F € L™ I(Q), we have that the function
w(x) =[0G HY) din(y) + [0V yGLyx) F) dmy)

solves the equation L*w = H— divF in the weak sense in Qwe Yolvz(.(.]), and
$\Vert wiVert_{L"{\infty} (\Omega) } \lesssim\Vert H\Vert_{L"{\frac n2,1}
(\Omega)}+H\Vert F\Vert_{L"{n,1}(\Omega)}$.

vi. Foreachx,y € Qwithx # y,



GL(xy) = GL' ().
vii. Define the operators Lo ' and Lo ldiv by

(Lo "B = [QGLee)HY) dm(y), (Lo LdivF)(x) =
10V, GLae)Fp)dm(y), x € Q.

Then we have that L_(fl maps Lz*(Q) into 2 (), and the operator L_QildiV maps
L4(Q) into 12 (Q).

The construction of the Green’s function in bounded domains for real non-symmetric
elliptic matrices with bounded and measurable coefficients may be found in , while the
unbounded case is shown in . The sharp representation formula ([eg.represent]) for A and
F in Lorentz spaces has been shown in .

To define the elliptic measure, we borrow the setting of . Assume that 6Q is n-Ahlfors
regular; in this setting, £ is Wiener regular, so that the continuous Dirichlet problem for L
is solvable in Q. By the maximum principle and the Riesz Representation Theorem, there
exists a family of probability measures {w*}y e @ on 02 so that for each /' € C/0Q)
and each x € Q, the solution « to the continuous Dirichlet problem with data f satisfies
that u(x) = [a0f(&) dw¥(&). We call wf* the L-elliptic measure with pole at x.

‘We now turn to several well-known estimates that the L-elliptic measure verifies, see and .
For a proof of the next lemma, see .

Lemma 1 (Bourgain’s estimate). Let Q < /" L pe open with n-Ahlfors regular boundary.
Then there exists ¢ > 0 depending only on n, 1, and the n-Ahlfors regularity constant, such
that for any ¢ € 6Q and r € (0, diam (69)/2], we have that w*(B(&2r)N09Q) = c, for all
x € QN BE&r).

Moreover, the preceding lemma implies the following result via a standard argument
involving the maximum principle and the pointwise upper bound for the Green’s function in
Definition [def. green] (i). For a proof in the case that L = — 4, which is readily generalized
to our setting, see .

Lemma 1. Let @ € /1 be open with n-Ahlfors regular boundary. Let B = B(xqr) be a
closed ball with xg € 092 and 0 < r < diam (0Q). Then

$8\label{eq.upper}\nonumber G_L(x,y)\lesssim\frac{\omega"x(4B) }{r"{n-
1}},\qquad\text{for all }x\in\Omega\backslash2B \text{ and }y\in B\cap\Omega,$3

where the implicit constant depends only on n, 1, and the n-Ahlfors regularity constant.

The following generalization of the formula ([eq.represent]) is well-known; for a detailed
proof in our setting, see .

Lemma 1. Ler @ € # L be an open, connected set with n-Ahlfors regular boundary. For
any d € C2(F 1), we have that

D(x) = lpoder* + odT(y) V\Gr(xy) Vo) dm(y),  form-ae x € Q
Aboundary version of the Holder continuity of solutions will prove useful; see .

Lemma 1. Let @ € ¥ 1 be open with n-Ahlfors regular boundary, and let ¢ € 3Q, r €
(0,diamdQ). Suppose that u is a non-negative solution of Lu = 0 in Q N B(& 2r), which
vanishes continuously on B(& 2r) 0 0. Then there exist n € (0,1) and C > 1, depending
only on n, 2, and the n-Ahlfors regularity constant, so that

$8\nonumber u(x)\leq C\Big(\frac{\delta_\Omega(x)}
{r}\Big)Metalfracl{|B(\xi,2r)|}int_{B(\xi, 2r)\cap\Omegaju\,dm,\qquad\text{for all
Jx\in\Omega\cap B(\xi,r).$$

Now, we record a well-known equivalence between the solvability of (DP'L) and a
weak-RH), property of the Poisson kernel. Under our lax geometric assumptions, the
proposition is essentially shown in for the case of the Laplacian. The direction (b)[(a) in
the proposition below is already shown in ; for completeness, we give a full proof of the
direction (a)[/(b), but we defer it to Appendix 8.4.

Proposition 1. Ler Q@ € F pe open with n-Ahlfors regular boundary and satisfying the
corkscrew condition. Fix p € (1,:0), $\fraclp+\fracl{p'}=18. The following are
equivalent.

a. (DprL) is solvable in Q.

b. The L-elliptic measure wy, is absolutely continuous with respect to o, and for every ball
B centered at 0L satisfying that diam B < 2diam (0£2),

S8\label{eq.wrhp} \Big(\mathchoice {{\setbox 0=\hbox{$\displaystyle{\textstyle-}
{\int}$} \vcenter{\hbox{$\textstyle-$}}\kern-.5\wd 0}}% {{\setbox
0=\hbox{$\textstyle{\scriptstyle-}{\int} 8} \vcenter{\hbox{$\scriptstyle-$} }\kern-.5\wd
01}% {{\setbox 0=\hbox{$\scriptstyle{\scriptscriptstyle-}{\int} $}
\veenter{\hbox{$\scriptscriptstyle-$} }\kern-. 5\wd 0} }% {{\setbox
0=\hbox{$\scriptscriptstyle{\scriptscriptstyle-}{\int}$}
\veenter{\hbox{$\scriptscriptstyle-$} }\kern-. 5\wd 0} }%
\Nint_B\Big|\frac{d\omega_L"x}
{d\sigma}\Big|"p\,d\sigma\Big)"{\fraclp}\lesssim\frac{\omega_L"x(8B)}
{\sigma(B)},\qquad\text{for all }x\in\Omega\backslash2B.$$

c. The L-elliptic measure wy, is absolutely continuous with respect to o and there is some
A > 1 big enough such that, for every ball B centered in 6Q with diam (B) < 2diam
(6) and all x € AB such that dist (x,0Q) > A~1x(B), it holds that

88\Big(\mathchoice {{\setbox 0=\hbox{$\displaystyle{\textstyle-}{\int}$}
\veenter{\hbox{$\textstyle-$}}\kern-.5\wd 0}}% {{\setbox
0=\hbox{$8\textstyle{\scriptstyle-}{\int}$} \vcenter{\hbox{$8\scriptstyle-8}}\kern-.5\wd
0}}% {{\setbox 0=\hbox{$\scriptstyle{\scriptscriptstyle-}{\int}$}
\veenter{\hbox{$\scriptscriptstyle-8}}\kern-.5\wd 0}}% {{\setbox
0=\hbox{$\scriptscriptstyle{\scriptscriptstyle-}{\int}$}
\vcenter{\hbox{$\scriptscriptstyle-$} }\kern-. 5\wd 0}}% \l\int_{\Lambda B}
\Big|\frac{d\omega™(x}_L}{d\sigma}\Big|"p\ d\sigma\Big)"{1/p}
\lesssim_\Lambdal|fracl{\sigma(B)}.$$

In Section 7, we will make use of the following powerful localization result for the
regularity problem, shown in the proof of . Define



$$\label{eq.truncated} \widetilde {\mathcal{N}} _{\alpha,\hat c,r}"s(u)
(\xi):=\sup_{x\in\gamma_\alpha(\xi)\cap B(\xi,s)}\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \int_{B(x,\hat
c\delta(x)) } ju(y)|"r\.dm(y)\Big)"{ 1/r} ,\qquad\xi\in\partial\ Omega. $$

Theorem 1 (). Let Q be a bounded star-like Lipschitz domain in F'* In>2andl = -
div AV, where A is a matrix function in Q verifying ([eg.elliptic]). Suppose that (R, ZL) is
solvable in Q, that $f\in% \accentset{\mbox{\Large\bfseries .}} {W}"(1,p}(\partial\Omega) $
and that u is the solution to the Dirichlet problem Lu = 0in Q, u = f on 0Q. Let s €
(0,diam(0Q)/4), & € 0Q. Then,

$8\label{eq.loc}\nonumber \mathchoice {{\setbox 0=\hbox{$\displaystyle{ \textstyle-}
{\int}$} \veenter{\hbox{$\textstyle-$} }\kern-.5\wd 0} }% {{\setbox
0=\hbox{$\textstyle{\scriptstyle-}{\int}$} \vcenter{\hbox{$\scriptstyle-$}}\kern-.5\wd 0}}%
{{\setbox 0=\hbox{$\scriptstyle{\scriptscriptstyle-}{\int}$}
\veenter{\hbox{$\scriptscriptstyle-$} }\kern-.5\wd 0}}% {{\setbox
0=\hbox{$\scriptscriptstyle{\scriptscriptstyle-}{\int}$} \vcenter{\hbox{$\scriptscriptstyle-
8} M \kern-.5\wd 0}}% \l\int_{ B(\xi,s/2)}|\widetilde{\mathcal{N}}_2"{s/2}(\nabla
u)|"2\, d\sigma\leq C\Big[~\mathchoice {{\setbox 0=\hbox{$\displaystyle{\textstyle-}
{int}$} \veenter{\hbox{$\textstyle-$} }\kern-.5\wd 0} }% {{\setbox
0=\hbox{$\textstyle{\scriptstyle-}{\int}$} \vcenter{\hbox{$\scriptstyle-$}}\kern-.5\wd 0}}%
{{\setbox 0=\hbox{$\scriptstyle{\scriptscriptstyle-}{\int}$}
\veenter{\hbox{$\scriptscriptstyle-$} }\kern-.5\wd 0}}% {{\setbox
0=\hbox{$\scriptscriptstyle{\scriptscriptstyle-}{\int}$} \vcenter{\hbox{$\scriptscriptstyle-
8} \kern-. S\wd 0222 \lint_{B(\xi, 25)}|\nabla_f|"2 d\sigma-+\Big(s{-
(n+1)}\int_{B(\xi,2s)\cap\Omega\backslash B(\xi,s)}|\nabla u|\,dm\Big)"2\Big].$$

The Poisson-Dirichlet problem

In this section we prove Theorems 1 and 1. Recall that ¢ = dist(-,09),
$27*=\frac {2(n+1)} {n-1}$ and that $2_*=(2"*)'=\frac {2(n+1)} {n+3}$.

Proof of Theorem 1

Retain the setting of Theorem 1. Set

W) = [008() der’() + [V 2G () F() dm(y) + [QG(x.y) HO) dm(y) = wi() + wa(x)
+w3(x),

where G = G is the Green’s function for L, " is the L-elliptic measure on 62 with pole
at x, and V7 denotes the gradient in the second variable. Under our qualitative assumptions
on the data, it is known (see Section 2.2.2, ([eq.represent]), and ([eq.transpose])) that Lw
= H— div F holds in the weak sense in €, and that w is continuous on

S$\overline {\Omega} $, so that w = g on 0Q. It remains to show that ([eq.ntmaxn]) holds.
Since (DprL) is solvable, we have that

$$\begin {gathered} \label{eq.break} \Vert\widetilde{\mathcal{N}} _{2"*}(w)\Vert_{L{p'}
(\partialOmega) } \leq \Vert\widetilde{\mathcal {N} } _{2"*}(w_1)\Vert_{L {p'}
(\partial\Omega) } +\Vert \widetilde {\mathcal{N}} _{2"*}(w_2)\Vert_{L {p'}
(\partia\Omega) } +\Vert \widetilde {\mathcal{N} } {2"*}(w_3)\Vert_{L {p'}
(\partiahOmega) }\\ \leq C\Vert g\Vert_{L{p'}
(\partialOmega) } +\Vert\widetilde {\mathcal {N} } _{2*}(w_2)\Vert_{Lp'}
(\partia\Omega) } +\Vert \widetilde{\mathcal {N} } _{2"*}(w_3)\Vert_{L{p'}
(\partia\Omega)}. \end{gathered} $$

Step 1: A decomposition of 2

We will now focus our attention on estimating the second term on the right-hand side of
([eq.break]). Fix an aperture & > 0 and ¢ € 0Q, and for each x € (&) denote

B = B(&18(x)) N Qand By = B(x.0(x)/8), where € (0,2710) is a small constant to be
determined later. We think of B* as a “shrunk” Carleson region associated to x, and of By
as a small Whitney region associated to x. With this notation, we claim that

$$\begin {gathered} \label{eq.split} [\widetilde {\mathcal{N}}_{\alpha,2"{-5},2"*}(w_2)
(\xi)[\leq\sup_{x\in\gamma_{\alpha}(\xi) } \Big\{\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox { $\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \Nint_{B(x,\frac {\delta(x)} {32})}\Bigl\int_{B x}\nabla 2
G(zy)F(y)\,dm(y)\Big|"{2"*}\,dm(z)\Big)"{\frac 1 {2"*} }\\ \qquad+~\sup_{z\in
B(x,\delta(x)/32)}\Big[\Big|\int_{Bx}\nabla_2
G(z,y)F(y)\,dm(y)\Big|~+~\Big|\int_{\Omega\backslash(Bx\cup
B x)}\nabla_2G(z.y)F(y)\,dm(y)\Big|\Big]\Big\}\\ =\sup_{x\in\gamma_{\alpha} (\xi) } \big\
{T_1(x)+T_2(x)+T_3(x)\big\}. \end {gathered} $$

To see ([eq.split]), simply note that,

$$\nonumber \begin{array} {1ll} [\widetilde{\mathcal{N}}_{\alpha,2"{-5},2"*}(w_2)
(\xi)|&=&\sup_{x\in\gamma_{\alpha} (\xi) }\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} H\kern-.5\wd 0} }% \\int_{B(x,\frac {\delta(x)} {32})}\Big|\int_{\Omega}\nabla_2
G(z.y)F(y)\,dm(y)\Big {2/* ]\, dm(2)\Big){\frac 1 {2/*} }\\ & \leq&
\sup_ {x\in\gamma_{\alpha} (\xi) } \Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \Nint_{B(x,\frac {\delta(x)} {32})}\Bigl\int_{B x}\nabla_2
G(z,y)F(y)\.dm(y)\Bigl"{2*}\,dm(z)\Big){\frac 1 {2*} }\&



&+\sup_{x\in\gamma_{\alpha} (\xi) }\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\textstyle {\scriptstyle-} {\int}$} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \Nint_{B(x,\frac {\delta(x)} {32})}\Big|\int_{B"x}\nabla_2
G(z,y)F(y)\,dm(y)\Big|*{2"*}\,dm(z)\Big)" {\frac 1 {2"*} } \&&+\underset {x\in\gamma_{\alpha}
(\xi)} {\sup}\Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle {\textstyle-} {\int}$}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \Nint_{B(x,\frac {\delta(x)}
{32})}\Big|int_{\Omega\backslash(B"x\cup B x)}\nabla_2
G(z,y)F(y)\,dm(y)\Big|*{2"*}\,dm(z)\Big)" {\frac 1 {2"*} }\\&\leq&\sup_{x\in\gamma_{\alpha}
(\xi) }\Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$}
\veenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$3}\kern-.5\wd 0} }% \Nint_{B(x,\frac {\delta(x)} {32})}\Bigl\int_{B x}\nabla_2
G(z,y)F(y)\,dm(y)\Big|"{2"*}\,dm(z)\Big)"{\frac 1 {2"*} }\\&&+H\sup_{x\in\gamma_{\alpha}
(\xi)}~\sup_{z\in B(x,\delta(x)/{32})}\Big\int_{B"x}\nabla_2
G(zy)F(y)\,dm(y)\Big/\&&+\sup_ {x\in\gamma_{\alpha} (\xi)}~\sup_{z\in
B(x,\delta(x)/32) }\Big|\int_{\Omega\backslash(B"x\cup B x)}\nabla_2
G(z,y)F(y)\,dm(y)\Big| \end{array} $$

Step 2: Estimate for T}

Note that

$ST_1(x)\leq C\delta(x)" {-(n+1)/27*}\Big(\int_{\Omega}|w_{21}
(2)[*{27}\,dm(2)\Big)" {\frac 1 {2"*} },$$

where wa1 = Lgﬁldiv(F B) (see ([eg.op])), and C depends only on n. By the mapping
properties of Lg{l (see Definition [def.green] 1), it follows that

$$\begin { gathered} \nonumber T_I(x)\lesssim\delta(x)"{-
(n+1)/2"*}\Big(\int_{\Omega}|F|"2{{\mathds 1}}_{B x}\,dm\Big)"{1/2}\lesssim
C\delta(x)\Big(\mathchoice { {\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int} $}
\veenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }% \I\int_{B(x,\delta(x)/8)} [F|"2\,dm\Big)"{1/2}\\
\lesssim\frac 1 {\delta(x)"n}\int_{B(x,\delta(x)/8)} \Big(\mathchoice { {\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \int_{B(x,\delta(x)/8) }|F|"2\,dm\Big)"{ 1/2}\,dm(2)\\ \lesssim
\frac {\delta(x)"n}\int_{B(\xi,C\delta(x))\cap\Omega} \Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\textstyle {\scriptstyle-} {\int}$} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }%
\Nint_{B(z,\delta(z)/2) }|F|*2\,dm\Big)"{1/2}\,dm(z)\lesssim_{\alpha}
\mathscr{C} _{\frac12,2}(F)(\xi), \end {gathered} $$

where we used the fact that By C B(y.d(y)/2) for each y € By, and the definition of
$\mathscr{C}_{\frac12,2}(F)S. Hence

Isupy & 5,(HTIN P @Qdo(&)) < T2(PIF 0y
Step 3: Estimate for 7,

Let [ be a (1/2)-Whitney decomposition of € (see Section 2.1.6), let [ consist of / €
such that / N BY # o, and let # be the collection of 0 € o for which there exists /
€ [y with O € b(]). Then,

$$\begin {aligned} \label{eq.i2first} T_2(x)&\leq\sup_{z\in
B(x,\delta(x)/32)}\sum_{I\in\mathcal{W}_x}\int_I|\nabla_2G(z,y)||F(y)|\,dm(y)\\
\nonumber &\leq\sup_ {z\in
B(x,\delta(x)/32) }\sum_ {I\in\mathcal{W} _x}\Big(\int_I|\nabla_2G(z,y)|"2

\,dm(y)\Big)*{1/2}\Big(\int_I|F(y)|"2\,dm(y)\Big)"{1/2}\\ \nonumber &\lesssim\sup_{z\in

B(x,\delta(x)/32) P\sum_{T\in\mathcal{W}_x}\Big(\int_{I"*} G(z,y)"2

\,dm(y)\Big)*{1/2}\frac 1 {\ell(I) }\ell(1)*{\frac {n+1}2}m_{2,I}(F)\\ \nonumber
&\lesssim\sum_{Q\in\mathcal{F} }~\sum_ {T\in\mathcal{ W} _x:Q\in
b(I)}\Big(\int_{(1+2\theta)I} G(x,y)"2 \.dm(y)\Big)"{1/2}\ell(1)"{\frac {n-1}2}m_{2,1}(F),
\end {aligned} $$
where we have used the Holder inequality, ([eq.transpose]), Lemma 1, and Lemma 1. Note
that if 0 € %, then O C 20B¥ N 80, and $\ell(Q)\leq(32\sqrt{n+1})" {1} \tau\delta(x)$;
moreover, if I N w(Q) # o, then (1+20)1 C 2198y, Using these facts, we may guarantee
thatx € Q\ ZHBQift is chosen smaller than 276, Hence, for any / € xand any O
€ (1, which satisfies O € b(I), we apply Lemma 1 with B = 2980 to see that
$S\label{eq.useupper} G(x,y)\lesssim\frac {\omega”x(2"{12}B_Q)} {\ell(Q)"{n-
1}},\qquad\text{for each }y\in(1+2\theta)l.$$
‘We thus obtain that
$$\begin {gathered} \label{eq.i2}
T_2(x)\lesssim\sum_{Q\in\mathcal{F} }\frac {\omega"x(2"{12} B Q)}
{ell(Q)"n}\sum_{I:Q\in b(I)}\int_Im_{2,I}(F)\,dm(z)
\lesssim\sum_{Q\in\mathcal{F} }\frac {\omega"x(2"{12}B Q)}
{\ell(Q) n}\int_{w(Q)}m_{2,B(z\delta(z)/2)} (F)\,dm(2)\\ \leq
\Big(\sum_{Q\in\mathcal {F} }\Big\{\frac {\omega"x(2"{12} B _Q)}



{\ell(Q)"n}\Big\}*{p_1}\frac1 {\inf_{\zeta\in Q}(\mathscr{C}_2(F)
(\zeta)) P\int_{w(Q)}m_{2,B(z\delta(z)/2)} (F)\,dm(2)\Big)*{\frac 1 {p_1}}\\
\times\Big(\sum_{Q\in\mathcal{F} } (\inf_{\zeta\in Q}(\mathscr{C}_2(F)(\zeta)))"{p_1'-
1hint_{w(Q)}m_{2,B(z\delta(z)/2)} (F)\,dm(z)\Big)"{\frac1 {p_1'} }, \end {gathered} $$

where p1 > p will be determined later. Next we let

$$\label{eq.aq} \nonumber a_Q:=\frac 1 {\inf_{\zeta\in Q}\mathscr{C}_2(F)
(\zeta)P\int_{w(Q)}m_{2.B(z\delta(2)/2)} (F)\,dm(z).$$

and remark that {ap} 0 e  satisfies a Carleson packing condition: For any § & s

$$\begin {gathered} \label{eq.packing} \sum_{Q\in\mathcal{F}:Q\subset
Sta_Q\leq\fracl{\inf_{\zeta\in S}\mathscr{C}_2(F)
(\zeta)}\sum_{Q\in\mathcal{F} :Q\subset S}\int_{w(Q)}m_{2,B(z,\delta(z)/2) } (F)\,dm(z)\\
\lesssim\frac 1 {\inf_{\zeta\in S}\mathscr{C}_2(F)

(\zeta)}\int_{CB_S}m_{2,B(z\delta(z)/2) } (F)\,dm(z)\lesssim\sigma(S), \end { gathered} $$
where By is a ball with center in S and radius £(S), and we have used that there is
uniformly bounded overlap of the w(Q)’s when summing over all dyadic cubes Q C S, C
is chosen large enough to contain U c sw(Q), and in the last inequality we used the
definition of [12(F). By the dyadic Carleson’s embedding theorem (see ), we deduce that

$$\begin {gathered} \label{eq.i21} \sum_{Q\in\mathcal{F} }a_Q\Big\
{\frac {\omega"x(2"{12}B_Q)}

{\ell(Q)"n}\Big\}*{p_1 }\lesssim\int_{B(\xi,2"6\tau\delta(x)) } ~\sup_{Q\in\mathcal{F}:
\zeta\in Q}\Big\{\frac {\omega"x(2"{12} B_Q)} {\ell(Q)"n}\Big\} *{p_1}\,d\sigma(\zeta)\\
\lesssim\int_{B(\xi,2"6\tau\delta(x)) }\Big(\mathcal {M} _\sigma\Big(\frac {d\omega”"x}
{d\sigma} { {\mathds 1}} _{B(\xi,2"8\tau\delta(x))\cap\partia\Omega}\Big)
(\zeta)\Big)"{p_1}\,d\sigma(\zeta). \end {gathered} $$

On the other hand,

$8\begin{gathered} \label{eq.i22} \sum_{Q\in\mathcal{F} } (\inf_{\zeta\in Q}
(\mathscr{C}_2(F)(\zeta)))*{p_1'-1}\int_{w(Q)}m_{2,B(z,\delta(z)/2)}(F)\,dm(z)
\leq\sum_ {Q\in\mathcal{F} }\Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle {\textstyle-
}{\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter{\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} S}

\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \\int_Q\mathscr{C}_2(F)(\zeta)\,d\sigma(\zeta)\Big)"{p_1'}a_Q\\
\lesssim \int_{B(\xi,2"6\tau\delta(x)) } \Big(\sup_ {Q\in\mathcal {F} :\zeta\in Q}\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter{\hbox {$\textstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$}
\veenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} H\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % \\int_Q\mathscr{C} 2(F)
(\widetilde\zeta)\,d\sigma(\widetilde\zeta)\Big)* {p_1'}\,d\sigma(\zeta)\\

\leq\int_ {B(\xi,2"6\tau\delta(x)) } \big(\mathcal {M} _\sigma'\big(\mathscr{C}_2(F){{\mathds
11} {B(\xi,2"6\tau\delta(x))\cap\partial\Omega} \big)\big)"{p_1'}\,d\sigma(\zeta),

\end { gathered} $$

where we used Carleson’s embedding theorem. From ([eq.i2]), ([eq.i21]), and ([eq.i22]), it
follows that

$$\begin {gathered} \label{eq.i23}
T_2(x)\lesssim\Big(\int_{B(\xi,2"8\tau\delta(x))} \Big|\frac {d\omega”x} {d\sigma}
(\zeta)\Big|{p_1}\,d\sigma(\zeta)\Big)"{\frac1 {p_1} }\Big(\int_{B(\xi,2"6\tau\delta(x))}|\mathscr{C} _2(F)
(\zeta)|"{p_1'}\,d\sigma(\zeta)\Big)"{\frac1{p_1'} } \\ \lesssim\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \Nint_{B(\xi,2"6\tau\delta(x))} \mathscr {C} 2(F)
(\zeta)|{p_1'}\,d\sigma(\zeta)\Big)"{\frac1 {p_1'} }, \end { gathered} $$

where in the last estimate we used Proposition 1 with p1 > p sufficiently close to p. Finally,
we have that

$$\begin {gathered} \label{eq.i2done} \Vert\sup_{x\in\gamma_{\alpha}
(\xi)} T_2(x)\Vert_{IA{p'}
(\partia\Omega,d\sigma(\xi)) } \lesssim\Big(\int_{\partia\Omega}\sup_ {x\in\gamma(\xi) }\Big(\mathchoice

{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-

S} }kern-.5\wd 0} } % { {\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $}

\veenter {\hbox {$\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\Nint_{B(\xi,2"6\tau\delta(x))} \mathscr {C}_2(F)*{p_1'}\,d\sigma\Big)"{\frac {p'}
{p_1'} yd\sigma(\xi)\Big)"{\frac1 {p'} }\\
\leq\Big(\int_{\partial\Omega} \big(\mathcal{M}_\sigma(\mathscr{C}_2(F)"{p_1'})
(\xi)\big)M{p'/p_1'"}\,d\sigma(\xi)\Big)* {\frac {p_1'} {p'}\frac1{p_1'}} \lesssim
\Vert\mathscr{C}_2(F)\Vert_{L{p'}(\partialOmega)}. \end{gathered} $$

Step 4: Estimate for T3

It remains to estimate 73. To this end, we split it further as follows:

$S\begin{gathered} \label{eq.split2} T_3(x)\leq\sup_{z\in
B(x,\delta(x)/32)}\int_{\gamma_\beta(\xi)\backslash(B"x\cup
B x)}|\nabla_2G(z,y)F(y)\.dm(y)\\+\sup_{z\in
B(x,\delta(x)/32) }\Big|\int_{\Omega\backslash(\gamma_{\beta} (\xi)\cup
Bx)}\nabla_2G(z,y)F(y)\,dm(y)\Big| =T _{31}(x)+T_{32}(x), \end{gathered} $$
where > a will be determined soon. We control 73 first. For each integer m > — 3, let
" be the family of cubes O € o verifying 2"z5(x) < dist(0,&) < 2"+ le(x) and

Q) < 2"5(x) for a small ¢ € (0,1) to be determined later. We claim that, for large
enough f3,

$$\label{eq.inc} \Omega\backslash(\gamma_\beta(\xi)\cup
B'x)\subset\textstyle\bigcup_{m=-3}"{\infty}\bigcup_{Q\in\mathcal{F}"m}w(Q).$$

To see this, let y € Q\ (y(&)UBY), and let I € be such that y € I; we show that if
O € b(]), then Q € F" for some m > — 3. Forany O € b(J), it is casy to see that

dist(1,0) + diam Q < 55(y) < 5(1+8) 1p—d,



On the other hand, we have that $\operatorname{dist} (I,\xi)\geq\frac34|y-\xil$. By fixing
f = alarge enough that $(1+\beta)*{-1}\leq\frac1{10}$, we thus guarantee that

dist(Q,&) = dist (L) — (dist(,Q)+diamQ) > [y—&/4 > 16(x)/4 = 27315(x).
Now let m = mg > — 3 be the unique integer such that 2"zd(x) < dist(Q,¢) < 2" *les(x),
and suppose that {(Q) > ¢2"d(x). Then
$$\label{eq.contradict}\nonumber (1-+\beta)\ell(Q)\leq\frac 1 {2"5\sqrt {n+1} }[y-\xi|
\leg\frac 1 {2"5\sqrt{n+1} } \big\{\mathop {\mathrm {diam} } I+\operatorname {dist}
(Q,)+\mathop {\mathrm {diam} } Q+\operatorname {dist} (Q,\xi)\big\} \leq\frac {C}
{\widetilde c}\ell(Q),$$
which gives a contradiction if /8 is chosen large enough (depending on ¢). Thus we have
that £(Q) < é2(x), so that O € F, finishing the proof of ([eg.inc]).

‘With the claim at hand, for each m > — 3 we let {Q/"}j be the smallest family of cubes of
uniform generation & with 27k < @ome5(x) < 27k + 1 such that for each 0 € F", there
exists 0" with O S Q. We write F/" for the family of cubes contained in 0/". We now
claim that for any m > =3, j, and Q € /", we have thatx € Q\ 2]4BQ. Fix a large
integer mp > — 3 to be determined later. If m > my, the triangle inequality implies that

$$x-x_QJ\geq\operatorname {dist} (Q, \xi)-|x-\xil\geq2" {m-1} \tau\delta(x)-
(1+\alpha)\delta(x)\geq\frac {2"{m-1}\tau-2(1-H\alpha) } {\widetilde ¢2"m\tau}\ell(Q_j*m),$$
so that if we choose () large enough so that $2*{m_0-2}\geq\frac {2(1-+\alpha)} {\tau}$,
we may guarantee that 2"~ lr— 2(1+a) = 2= 2 for cach m > myg. Then, by choosing ¢
<2716, we obtain that [x-xg| > 2'4((Q) for all m > my. If m < mg, we have that $[x-
x_Q|\geq\delta(x)\geq\frac 1 {\widetilde c2"m\tau}\ell(Q)\geq\frac 1 {\widetilde c}
(2Mm_0PMaw) {-1}\ell(Q)S, so that if & < (20 7)1, we obtain that [x—xg| > 241(0Q)
forall —3 < m < my

‘We have thus shown that for any m > — 3, any j, and any Q € 9’/”, we have thatx € Q
\ 2]4BQ Proceeding as in ([eq.i2first]) and ([eq.i2]), and using the preceding claim to
apply Lemma 1 and obtain the appropriate analogue of ([eg.useupper]), we deduce that

S$\label{eq.i321} T_{32}(x)\lesssim\sum_{m\geq-
33\sum_jisum_{Q\in\mathcal{F}_j"m}\frac {\omega"x(2"{12}B Q)}
{\ell(Q) n}\int_{w(Q)}m_{2,B(z,\delta(z)/2)} (F)\,dm(z).$$

Arguing as in the proof of ([eq.i23]), for fixed m and j we may show that

$$\begin {gathered} \label{eq.i322}
\sum_{Q\in\mathcal{F}_j*m}\frac {\omega"x(2"{12}B_Q)}
{\ell(Q)"n}\int_{w(Q)}m_{2,B(z,\delta(z)/2) } (F)\,dm(z) \lesssim
\Big(\int_{2*{13}B_{Q_j"m} }\Big(\frac {d\omega”x}
{d\sigma}\Big)"{p_1}\,d\sigma\Big)"{\frac1{p_1} }\Big(\int_{Q_j*m}\mathscr{C}_2(F)*{p_1'}\,d\sigma\Big)"{\frac1{p_1'}}
\\ \lesssim\omega”x\big(2*{16} B_{Q_j*m} \big)\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-
$} N\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\vcenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } %
\Nint_ {B(\xi,2" {m+2} \tau\delta(x)) } \mathscr {C} _2(F)"{p_1'}\,d\sigma\Big)"{\frac1{p_1'} },
\end { gathered} $$

where we used the r-Ahlfors regularity of 0€, the fact that ¢(Q/") = 2"'%d(x), and
Proposition 1. It follows from ([eq.i321]) and ([eq.i322]) that

T3 < (T > - 30 (U2 Bom) e 2P )P,
Let £ = U2 lé'BQ,.M. By choosing ¢ small enough, we may guarantee that dist(E,¢) > 2"~
2e5(x), and therefore w(E) = 0 on B(&2™ ™ 26(x)) N 8. Moreover, for all m large
enough such that 2" > 8/z, we have that x € B(§,2m7216(x)), and for such m, since
v(x) = w¥(E) solves Lv = 0 in Q, the boundary Holder inequality, Lemma 1, implies that

$\omega”x(E)\lesssim\Big(\frac {(1-+\alpha)\delta(x) } {2"{m-
2}\tau\delta(x) } \Big)"\eta\lesssim2” {-m\eta} $, so that

Sz —30%E) < T M < C
Using this result on ([eq.i323]), it follows that
Isupy & 5@ T30 @0do(@) < WMol 12PNV a0y < 10 2(F)p oy

For 731, let [ 1 be the collection of Whitney cubes / € such that 7 N
(HONBYUBY) # o. Itis easy tosee that Uy e (1 / C y5+44¢). Forany / € i

andy € f, we distinguish two cases: either d(y) < Ko(x) or d(y) > Ko(x), for K large to
be specified. If () < Ko(x), then [y—x| > 2745(x) > 274K 15(y). If () > KS(x), then

] > g — =8 = 6() — (1+0)3(x) > 6() — (1+a)K 15(y),
so if we choose K large enough that $\frac {1-H\alpha} K\leq\frac 128, then we have that
v=x| > d(»)/2. Thus, in any case we have that [y—x| = d(y), and similarly, [y—z| = d(y) for
allz € B(x,6(x)/32). With this in mind, we see that

$$\begin {gathered} \label{eq.i31} T_{31}(x)\leq\sup_{z\in
B(x,\delta(x)/32) }\sum_{I\in\mathcal{ W} _1}\Big(\int_I|\nabla_2G(z,y)|"2
\,dm(y)\Big)"{1/2}\Big(\int_I|F(y)|"2\,dm(y)\Big)*{1/2}\\ \lesssim\sup_{z\in
B(x,\delta(x)/32) }\sum_ {I\in\mathcal{W} _1}\Big(\int_{I"*} G(z,y)"2
\,dm(y)\Big){1/2}\frac I {\ell(T) }\ell(I)*{\frac {n+1}2}m_{2,T}(F)\
\lesssim\sum_{I\in\mathcal{W}_1}\ell(I)"{-n}\int_Im_{2,I}(F)
\lesssim\int_{\gamma_{5+4\beta} (\xi) } \delta(y)"{-n-1}\{\delta(y)m_{2,B(y,\delta(y)/2)}
(F)\}\,dm(y), \end{gathered}$$

where we have used that G(z.y) < [y—z|! =7 < 8(y)! =" for cach y & 74 N (BXU By) and
each z € B(x,d(x)/32). From ([eq.i31]) it follows that

$8\begin{gathered} \label{eq.i31done}
\int_{\partiahOmega}\big|\sup_{x\in\gamma_{\alpha}(\xi)} T_{31}
(x)\big|* {p'}\,d\sigma(\xi) \lesssim\int_{\partia\Omega}\Big|\int_{\gamma_{5+4\beta}
(\xi)}\delta(y)™ {-n-1}\{\delta(y)m_{2,B(y,\delta(y)/2)}
(F)\}\.dm(y)\Big|*{p'}\,d\sigma(\xi)\\
\lesssim\int_{\partial\Omega} \widetilde {\mathcal{A} } _1(\delta F)(\xi)*{p'}\,d\sigma(\xi)
\lesssim\int_{\partiahOmega}\mathscr{C}_2(F)(\xi)*{p'}\,d\sigma(\xi), \end { gathered} $$



where in the last inequality we have used ([eq.tentandcar]).

Conclusion

From the estimates ([eq.ildone]), ([eq.i2done]), ([eq.i32done]) and ([eq.i31done]), we
deduce that
$S\label{eq.w2done} \Vert\widetilde{\mathcal{N} } {2"*}(w_2)\Vert_{L {p'}
(\partial\Omega) } \lesssim\Vert\mathscr{C} _2(F)\Vert_{L*{p'} (\partiahOmega)}.$$

It remains only to estimate the last term in the right-hand side of ([eg.break]). However,
this term is almost completely analogous to the term we have just bounded in
([eq.w2done]), thus let us only comment on the changes. First, as in ([eq.split]) we break
up $|\widetilde {\mathcal{N} } _{\alpha,2*{-5},2"*}(w_3)(\xi)|$ into three analogous parts
T\, T2/, T3'. The term T’ is controlled in the same way as 7] was controlled, except now
we use the fact that Lgfl S 12(Q) - Lz*(Q). The term 77’ is controlled similarly as 75
was controlled, but now we do not need to use the Caccioppoli inequality; instead, for
instance in the analogue of ([eq.i2first]) we use the basic estimate
$$\label{eq.change} \int_IG(z,y)|H(y)|\,dm(y)\lesssim\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter{\hbox{$\scriptstyle-
$} }\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } %
\Nint_IG(z,y) {2/*}\,dm(y)\Big)* {\frac 1 {27*} }\frac I {\ell(Ty"n}\ell()* {n+1}m_{2 *I}
(\delta H),$$

and mimic the proof of ([eg.i2done]) to finish the estimate for 7%". The term 73" is split into
two terms 731" and 73" analogously as in ([eq.split2]), and we bound each of these
separately; the only difference with the detailed proofs above will be the use of
([eg.change]) instead of the Caccioppoli inequality at the very beginning. As such, we
control all three terms 7y’, 72" and 73’ in the expected ways, and obtain the estimate

$$\label{eq.w3done} \Vert\widetilde {\mathcal{N}} _{2"*}(w_3)\Vert_{L {p'}
(\partial\Omega) } \lesssim\Vert\mathscr{C} _{2_*}(\delta H)\Vert_{L {p'}
(\partial\Omega)}.$$

From ([eq.break]), ([eq.w2done]), and ([eq.w3done]), the desired bound ([eq.ntmaxn])

follows.

‘We now consider an extension of Theorem 1 to the case of SF\in{\bf C}_{2,p'}$ and H
with $\delta \Omega Hin{\bf C} {2_*p'}$.

Theorem 1. Let @ € P 1, n > 2 be a domain satisfying the corkscrew condition and with
n-Ahlfors regular boundary. Let p > 1, p'its Holder conjugate, and L = — divA V.
Assume that (DP'L) is solvable in Q. Let g € IP '(09), H such that S\delta_\Omega
Hiin{\bf C}_{2_*p'}$, and $F\in{\bf C}_{2,p'}$. Then there exists a weak solution w
€ W[OCI - 2(9) to the problem ([eq.poisson]) satisfying the estimate ([eg.ntmaxn]). The
equation w = g on 89 is understood as
$8\label{eq.gnt}\nonumber \lim_{\gamma(\xi)\ni x\rightarrow\xi}\mathchoice {{\setbox
0=\hbox{$\displaystyle{\textstyle-}{\int}$} \vcenter{\hbox{$\textstyle-$} }\kern-.5\wd 0}}%
{{\setbox 0=\hbox{$\textstyle{\scriptstyle-}{\int}$} \vcenter{\nbox{$\scriptstyle-8} }\kern-
.Shwd 0}}% {{\setbox 0=\hbox{S$\scriptstyle{\scriptscriptstyle-}{\int}$}
\veenter{\hbox{8\scriptscriptstyle-8} }\kern-.5\wd 0}} % {{\setbox
0=\hbox{$\scriptscriptstyle{\scriptscriptstyle-}{\int}$} \vcenter{\hbox{$\scriptscriptstyle-
8} Mkern-.5\wd 0}}% \N\int_{B(x,\delta_\Omega(x)/2)}w\,dm=g(\xi), \qquad\text{for
}\sigmaltext{-a.e.\ }\xi\in\partial\Omega. $$

Proof. Since (D) is solvable in €, it is well-known that for any g € L'(29), there
exists a weak solution # € W]ocl»z(Q) N Ciod(Q) to the equation Lu = 0 in Q satisfying
that limy&) 5 x — qu(x) = g(9), for o-a.e. £ € 0Q. Hence, by linearity, it is enough for us
to consider the case g = 0. By Lemma 1, there exist sequences {Fy}, {hx} of compactly
supported Lipschitz functions on © such that Fy, — F strongly in ${\bf C}_{2,p'}$ and
hje — dQH strongly in ${\bf C}_{2_*p'}$, as k — oo. Let wy be the unique weak solution
in $C(\overline\Omega)\cap Y_0"{1,2}(\Omega)$ to the equation Lwy = (ig’lhk —divF.
For any k, [ € |, we have that

Liwgwp) = 00 () = div (F-F o),

and wy —wy € yol-z(g), Therefore, since we have already shown the bound
([eq.ntmaxn]) for the case of compactly supported Lipschitz data, we see that
$$\label{eq.ntc} \Vert\widetilde {\mathcal {N} } _{2"*}(w_k-w_\el)\Vert_{L {p'}
(\partialOmega) }\lesssim\Vert\mathscr {C} _{2_*}(h_k-h_\el)\Vert_{L {p'}
(\partial\Omega) } H\Vert\mathscr{C} _{2}(F_k-F_\ell)\Vert_{L"{p'}
(\partial\Omega) } \longrightarrow 0,$$
as k — oo. This shows that the sequence {wy} is strongly convergent in the Banach space
${\bf N} _{2*,p'}$, defined in Section 1.1.1. Let Sw\in{\bf N} _{2"* p'}$ be the limit of
{wi} in ${\bf N} _{2/*,p'}$, and furthermore, note that wy — w strongly in Lloczt(!Z) as
k — o0. Let us remark that since we also have that F — F strongly in Llocz(.Q) and that
hje — dQH strongly in Llocz‘(Q), then by the Caccioppoli inequality (Lemma 1), we see
that the sequence {V (wx—wp)} is strongly convergent in Llwz(.(.])‘ Then it is an exercise to
check that w & Wioe!2(Q) with Vwy — Vw strongly in Lioc2(€2). From this fact, it
casily follows that the equation Lw = H — div F holds in the weak sense in Q.

Finally, we claim that

$$\lim_ {\gamma(\xi)\ni x\rightarrowxi}\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } %
\Nint_ {B(x,\delta(x)/2) } |w|*{2"*}\,dm\Big)"{\frac  {2*} } =0,\qquad\text { for
Hsigma\text{-a.e.\ }\xi\in\partialOmega.$$

However, this follows easily since $\widetilde{\mathcal{N}} {2"*}(w-w_{k'})
(\xi)\rightarrow 0$ pointwise o-a.e. on 62 as k' — oo (after passing to a subsequence



{wy}), and by boundary Hélder continuity applied to the solution wy in small enough balls
centered at the boundary.

Proof of Theorem 1

The implication (a)! |(b) is contained in Theorem 1 already, while (b)! '(c) and (d) I(e)
follow immediately by definition. We will show (¢)(a), (e)I(c), (¢)[I(d), (e)[I(f),
O (@), (2)1(@), ()7 (g), () I(a), (@) I(h).

Proof of (c) /(a). We follow part of the argument for . Assume that (c) holds, and we
show that (a) holds by proving that the assumptions in Proposition 1 (c¢) hold. To this end,
we prove that for B, 4, and x € Q as in Proposition 1 (c),

$S\label{eqclau883} \left(\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-}
{\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd

0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} S}

\veenter {\hbox {S$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox

0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \\int_{\Lambda B} \big( {\mathcal{M}}_{\sigma,0}\,
‘omega_ L x\big)"p \,d\sigma\right)*{1/p} \lesssim_\Lambda \sigma(B)"{-1},$$

where Mg, ¢ is the truncated maximal operator defined by

$${\mathcal{M}}_{\sigma,0} \,\tau(\xi) = \sup_{0<r\leq \operatorname{dist}(x,
{\partiaOmega})/4} \frac {|\tau|(B(\xi,r))} {\sigma(B(\xi,r))},$$

for any signed Radon measure 7.

Given a ball Bz = B(&r), with & € 0Q N B, 0 < r < dist(x,02)/4, (so that x & 4B),
consider a smooth non-negative function ¢, B which equals 1 on Bzand vanishes away
from 2B Then we have that

$$\begin {gathered} \label{eq.compb} \omega L"x(B_\xi) \lesssim\mathchoice { {\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1}% {{\setbox 0=\hbox {$\textstyle {\scriptstyle-} {\int}$} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \Nint_{B(x,\delta(x)/8)}\omega_L"7\,dm(z)\leq\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter{\hbox {$\textstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $}
\veenter {\hbox {$\scriptstyle-$} } \kern-.5\wd 0} } % { {\setbox
0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\vcenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\Nint_{B(x,\delta(x)/8) }\int_{\partiah\Omega} \varphi_{B \xi}\,d\omega L z\,dm(2)\\ = -
\,\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} }% { {\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \int_{B(x,\delta(x)/8) }\int_\Omega A"T\nabla_y G_{L}(z,y)\nabla
\varphi_{B_\xi}(y)\,dm(y)\,dm(z) \lesssim \frac Ir\int_{2B \xi}\Big|\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter{\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \\int_{B(x,\delta(x)/8)}\nabla_y G_{L}(z,y)\,dm(z)\Big|\,dm(y)\\
\lesssim\int_{CB_\xi}\widetilde{\mathcal{N}}_2*{C"\delta(x)}\Big({\mathds
1}_{\Omega\backslash B(x,\delta(x)/4)}~\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \int_{B(x,\delta(x)/8)}\nabla_2 G_{L}
(z,\cdot)\,dm(z)\Big)\,d\sigma, \end { gathered } $$

where we used Lemma 1, ([eq.represent]), and Fubini’s theorem. Therefore,

$8\frac {\omega”x_L(B(\xi,r))} {\sigma(B(\xi,r)) }\lesssim \mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox{$\scriptstyle-
$} }\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} Nkern-.5\wd 0} }% \int_{B(\xi,Cr)}

\widetilde {\mathcal{N}} 2~{C"delta(x)}\Big({\mathds 1} _{\Omega\backslash
B(x,\delta(x)/4) } ~\mathchoice { {\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int} $}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} }% { {\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0} 1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}

\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \Nint_{B(x,\delta(x)/8)}\nabla_2 G_{L}
(z,\cdot)\,dm(z)\Big)\,d\sigma.$$

Taking the supremum over 0 < r < dist (x,062)/4, we derive

$${\mathcal{M}} _{\sigma,0}\,\omega"x_L(\xi) \lesssim
{\mathcal{M} } \sigma\Big( {\mathds
1} _{B(x,C"\delta(x)) }\widetilde {\mathcal {N} } _2*{C"delta(x)}\Big( {\mathds
1}_{\Omega\backslash B(x,\delta(x)/4)}~\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {S$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox{$\scriptstyle-
$} N\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int}$} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \Nint_{B(x,\delta(x)/8)}\nabla_2 G_{L}(z,\cdot)\,dm(z)\Big)\Big)
(\xi),$$

so that

$$\begin {gathered} \label{eq.fkf4} \| {\mathcal{M}} {\sigma,0}\,
‘omega”x_L\|_{L"p(\Lambda B,\sigma)} \lesssim



\Big\Vert {\mathcal {M} } \sigma\Big( {\mathds
1}_{B(x,C\delta(x)) }\widetilde {\mathcal {N} } _2~{C"\delta(x) }\Big({\mathds
1}_{\Omega\backslash B(x,\delta(x)/4)}~\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \int_{B(x,\delta(x)/8) }\nabla_2 G_{L}
(z,\cdot)\,dm(z)\Big)\Big)\Big\Vert_{L"p(\sigma)} \\ \lesssim
\Big\Vert\widetilde {\mathcal{N} } 2~{C"\delta(x)}\Big({\mathds 1}_{\Omega\backslash
B(x,\delta(x)/4) } ~\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int} $}
\veenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} S}

\veenter {\hbox {S$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \int_{B(x,\delta(x)/8) }\nabla_2 G_{L}
(z,\cdot)\,dm(z)\Big)\Big\Vert_{L"p(B(x,C"\delta(x)),\sigma)}. \end {gathered} $$

Next, we use the (/- duality to control the right-hand side of ([eq.fkf4]). We have that

$$\begin {gathered} \label{eq.casi} \Big\Vert\widetilde{\mathcal{N}} 2\Big({\mathds
1}_{\Omega\backslash B(x,\delta(x)/4)}~\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox{$\scriptstyle-
$} }\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \int_{B(x,\delta(x)/8) }\nabla_2 G_{L}
(z,\cdot)\,dm(z)\Big)\Big\Vert_{Lp(\sigma) }\\ \lesssim\sup_ {F\in {\bf
C}_{2,p'}\Vert\mathscr{C}_2(F)\Vert_{L{p'}

(\partiahOmega) }=1}\Big|\int_{\Omega}\Big({\mathds 1} _{\Omega\backslash
B(x,\delta(x)/4) } (y)\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int} $}
\veenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0} 1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} S}

\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \Nint_{B(x,\delta(x)/8)}\nabla_2 G_{L}
(z,y)\,dm(z)\Big)F(y)\,dm(y)\Big|\\ =\sup_{F\in{\bf
C}_{2,p'}\Vert\mathscr {C} _2(F)\Vert_{L"{p'} (\partia\Omega) } =1 } \Big|\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-
$} }\kern-.5\wd 0} }% { {\setbox 0=\hbox {S\textstyle{\scriptstyle-} {\int} $}
\veenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\vcenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } %

\Nint_ {B(x,\delta(x)/8) }\Big(\int_{\Omega}\nabla_2 G_{L}(zy)\big\{F {\mathds
1}_{\Omega\backslash B(x,\delta(x)/4)}\big\}\,dm(y)\Big)\,dm(z)\Big|, \end { gathered} $$

where we used Proposition 1 and Fubini’s theorem. By Lemma 1, we may assume without
loss of generality that the supremum in the right-hand side of ([eq.casi]) runs over the
compactly supported Lipschitz functions /" such that I '2(F)Iz¢'(a@) = 1. Then, let

wy 12) = [QV2GLE)FO) 0N Browya0)} dmy),  z € Q
so that Lwy p= — divFLIQ\ Brs(d) W F € YO]'Z(Q), and by hypothesis, we have

$$\Vert\widetilde {\mathcal {N}} _{2"*}(w_{x,F})\Vert_{L{p'}
(\partial\Omega) } \lesssim\Vert\mathscr{C}_2(F {\mathds 1}_{\Omega\backslash
B(x,\delta(x)/4)} )\Vert_{L"{p'} (\partia\Omega) } \leq\ Vert\imathscr{C} _2(F)\Vert_{L{p'}
(\partial\Omega)}.$$

Therefore, if { € 0Q satisfies that |x—{] = d(x), then

$8\begin{gathered} \label{eq.casi4} \Big\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} M\kern-.5\wd 0} }% \Nint_{B(x,\delta(x)/8) }\Big(\int_{\Omega}\nabla_2 G_{L}(zy)\big\
{F(y){\mathds 1}_{\Omega\backslash B(x,\delta(x)/4)} (y)\big\}\,dm(y)\Big)\,dm(z)\Big|\\
\lesssim\Big|\mathchoice {{\setbox 0=\hbox {$\displaystyle {\textstyle-} {\int}$}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
S} }kern-.5\wd 0} } % \Nint_{B(x,\delta(x)/8) } w_{x,F}\,dm\Big|\leq\Big(\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$}
\vcenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {S\scriptscriptstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\Nint_ {B(x,\delta(x)/8) } [w_{x,F}|*{2"*}\,dm\Big)"{\frac 1 {2"*} }\\ \lesssim\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$}
\vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {S\scriptscriptstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\Nint_{B(\zeta, C\delta(x)) }\widetilde {\mathcal {N} } _{2"*}
(w_{x,F})\,d\sigma\lesssim\delta(x)"{-n/p'} \Vert\imathscr {C} _2(F)\Vert_{L{p'}
(\partiaOmega) } \approx\delta(x)"{-n/p'}, \end { gathered } $$

so that from ([eq.fkf4]) and ([eq.casi]) we conclude that
W M, 001"l 1p(4B,g) < 5 P'< go(BY P,
which readily implies the desired bound ([eqclau883]).
Proof of () I(c). Fix F & L(€) and let w be the unique weak solution in Yo2(€) to

the equation Lw = — div F given by the Green’s representation formula ([eg.represent])
(with the Green’s function G7). Using Proposition 1, we see that



$S\label{eq.casi2b} \Vert\widetilde {\mathcal{N}} _{2/*}(w)\Vert_{L {p'}
(\partial\Omega) } \lesssim\sup_{Hiin{\bf C}_{2_*,p}:\Vert\mathscr{C}_{2_*}
(H)\Vert_{L*{p}(\partiahOmega) }=1}\Big|\int_\Omega Hw\,dm\Big|.$$

By Lemma 1, we may assume without loss of generality that the supremum in the estimate
above runs over all compactly supported Lipschitz functions H in Q satisfying that

102, (H)Izpa) = 1. Letv € YOI’Z(Q) be the unique weak solution to the equation v

= H. Then we have that

ToHwdm = [oATN v~ wdm = [gANV WV vdm = [QF Vv dm,

where we used that v,w € Y()l'z(.Q). Using this identity in ([eq.casi2b]) and Proposition 1
again, we obtain that

$8\begin {gathered} \nonumber \Vert\widetilde {\mathcal{N}} _{2"*}(w)\Vert_{L{p'}
(\partial\Omega) } \lesssim\sup_ {H:\Vert\mathscr{C}_{2_*}(H)\Vert_{L"{p}
(\partiahOmega) } =1}\Vert\imathscr {C} {2} (F)\Vert_{L"{p'}

(\partia\Omega) } \Vert\widetilde {\mathcal{N} } _{2}(\nabla v)\Vert_{L"{p}

(\partiahOmega) }\\ \lesssim\sup_ { H:\Vert\mathscr{C} {2_*}(H)\Vert_{L*{p}

(\partial\Omega) }=1}\Vert\mathscr {C}_{2_*}
(H)\Vert_{L"p(\partia\Omega) }\Vert\mathscr{C}_2(F)\Vert_{L"{p'}
(\partia\Omega) }=\Vert\mathscr{C} _{2}(F)\Vert_{L*{p'} (\partialOmega)},
\end{gathered} $$

where we used that the estimate ([eg.estreg]) holds (with F = 0).

Proof of (¢)!(d). First, let us note that one may prove (c¢)'/(e) in a perfectly analogous
manner to the proof of () /(c) shown just above, and for all other applications in this
paper, only the equivalence (c)¢>(e) is needed. Nevertheless, we prefer to show the
stronger result ([eg.estreg]) with non-trivial F, and that is what we account for in this
argument. Fix H, F € L) and let v be the unique weak solution in Yolvz(!Z) to the
equation L' =H-divF. Using Proposition 1, we see that

$$\label{eq.casi2} \Vert\widetilde {\mathcal{N}} 2(\nabla
v)\Vert_{L"p(\partiahOmega)} \lesssim\sup_{G\in {\bf'
C}_{2,p'}\Vert\mathscr{C}_2(G)\Vert_{L"{p'} (\partialOmega) }=1}\Big|\int_\Omega
G\nabla v\,dm\Big|.$$

By Lemma 1, we may assume without loss of generality that the supremum in the estimate
above runs over all compactly supported Lipschitz functions G in Q satisfying that
102Gl g = 1. Letw € Y0]>2(Q) be the unique weak solution to the equation Lw =
—divG. Then we have that

[0GVvdm = [aAV WY vdm = [0AT vV wdm = [oHwdm + [oF V wdm,
where we used that v,w € Yolv 2(.()), Next, using Proposition 1 again, we see that

$S\label{eq.cd3} \Big\int_\Omega Hw'\,dm\Big|\lesssim\Vert\mathscr{C}_{2_*}
(H)\Vert_{L"p(\partial\Omega) } \Vert\widetilde {\mathcal{N} } _{2"*}(w)\Vert_{L"{p'}
(\partial\Omega) } \lesssim\Vert\mathscr{C} _{2_*}
(H)\Vert_{L"p(\partial\Omega) } \Vert\mathscr{C}_2(G)\Vert_{L {p'}
(\partia\Omega) } =\Vert\imathscr {C} _{2_*} (H)\Vert_{L"p(\partia\Omega)},$$

where we used that (PDp'L) is solvable in Q. Furthermore,

$$\label{eq.cd4} \Big|\int_\Omega F\nabla
w\,dm\Big|\lesssim\Vert\mathscr {C} _2(F/\delta)\Vert_{L"p(\partia\Omega) } \Vert\widetilde {\mathcal {N} } 2(\delta\nabla
w)\Vert_{L*{p'} (\partia\Omega) } .$$

Assume for the time being the following estimate:

$$\label{eq.cd5} \widetilde {\mathcal {N}} _{\alpha,\frac18,2}(\delta\nabla w)
(\xi)\lesssim\widetilde {\mathcal{N} } _{\alpha_1,\frac12,2}(w)
(\xi)Hmathscr{C}_{\frac12,2}(G)(\xi),\qquad\sigma-\text{a.e. }\xi\in\partialOmega,$$

for some a1 > a. If ([eq.cd5]) holds, then we have that

$$\label{eq.cd6} \Vert\widetilde {\mathcal{N}} 2(\delta\nabla w)\Vert_{L{p'}
(\partiahOmega) } \lesssim\Vert\widetilde {\mathcal {N} } _2(w)\Vert_{L{p'}
(\partia\Omega) } +\Vert\mathscr{C}_2(G)\Vert_{L p'}
(\partialOmega) } \lesssim\Vert\mathscr{C} 2(G)\Vert_{L{p'} (\partiahOmega) } =1.$$

From ([eg.casi2])-([eg.cd6]), the desired estimate ([eg.estreg]) follows. It remains to
show that ([eq.cdS]) holds. Fix & € 0Q, x € y(&), and write B = B(x,5(x)/8), B =
1.1B. By the Caccioppoli inequality (Lemma 1),

$$\Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int} $}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int}$} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \\int_B|\delta\nabla
w|"2\,dm\Big)"{\frac 12} \lesssim'Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-
$} N\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.S\wd 0} }% \Nint_{B*}|w|"2\,dm\Big)*{\frac 12}-+\delta(x)\Big(\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter{\hbox {$\textstyle-
S} }\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$}
\veenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {S\scriptscriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\Nint_{B"*}|G|"2\,dm\Big)"{\frac 12} \lesssim\widetilde{\mathcal {N} } _{\alpha_1,\frac12,2}
(w)(\xi)+\delta(x)\Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle {\textstyle-} {\int}$}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} S}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} \kern-.5\wd 0} }% \Nint_{B"*}|G|"2\,dm\Big)"{\frac12},$$
and note that
$$\begin { gathered} \delta(x)\Big(\mathchoice { {\setbox 0=\hbox {$\displaystyle{\textstyle-
+{\int}$} \vcenter {\hbox {S\textstyle-$} } \kern-.5\wd 0} }% {{\setbox

0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0} 1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}



\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \Nint_{B**}|G|"2\,dm\Big)"{\frac 12} \lesssim\delta(x)"{-
nj\int_{B(x,\delta(x)/8) }\Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-}
{\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0} 1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \int_{B(y,\delta(y)/2)}|G|"2\,dm\Big)"{\frac 12}\,dm(y)\\
\leq\frac 1 {\delta(x)"n}\int_{B(\xi,(2+\alpha)\delta(x))\cap\Omega}\Big(\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter{\hbox {$\textstyle-
S} }kern-.5\wd 0} } % { {\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $}
\veenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S$\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\Nint_{B(y,\delta(y)/2)} |G]"2\,dm\Big)"{\frac 12}\,dm(y)\lesssim\mathscr {C}_{\frac12,2}
(G)(\xi), \end{gathered} $$

which completes the proof of ([eq.cd5]).
Proof of (¢) I(f). This follows from definition, using ([eg.computew]).

Proof of (f) (a). We show that (a) holds by proving that the assumptions in Proposition 1
(c) hold. Thus we endeavor to prove ([eqclau883]), and to do this, we mimic the argument
of (c)[I(a) written above with some small changes. Given B, 4, and x € Qas in
Proposition 1 (c), & € 0Q N 4B, r € (0,dist(x,02)/4), then similarly to ([eq.compb]) we
obtain the estimate

$$\label{eq.compd} \nonumber \omega_L"x(B_\xi) \lesssim\mathchoice { {\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \Nint_{I}\omega_L"z\,dm(z)
\lesssim\int_{CB_\xi}\widetilde{\mathcal {N}} 2*{C"ell(I)}\Big(\nabla_2\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox { $\textstyle-
S} }kern-.5\wd 0} } % { {\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $}
\veenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % \int_{I} G_{L}
(z,\cdot)\,dm(z)\Big)\,d\sigma \lesssim\ell(T)"{-
(n+1)}\int_{CB \xi}\widetilde{\mathcal {N}}_2{C"\el[(T)} (\nabla u_T)\,d\sigma$$

where / is a Whitney cube such that $x\in\overline I$ and uy is the local landscape function

(for the operator L*) subordinate to /. Proceeding as in the proof of (c)!(a), we use that
(f) holds to deduce that

$8\| {\mathcal{M}} _{\sigma,0}\, \omega”x_L\|_{L"p(\Lambda B,\sigma)}\lesssim\ell(I)"{-
(nt1)}\Vert\widetilde{\mathcal {N} }_2*{C\ell(T)} (\nabla
u_D\Wert_{L"p(C'B_Q,\sigma)}\lesssim\ell(1)*{-(n+1) }\el(1)"{ 1+\frac np}\approx\ell(1)"{-
n/p'\approx\delta(x){-n/p'} .$$

The desired result follows.
Proof of (g) '(a). This is very similar to the proof of (f) '(a); we omit further details.

Proof of (a)! I(g). We use Proposition 1 to see that

$$\nonumber
\Vert\widetilde {\mathcal{N} } _q\big(\nabla_2G_L(x,\cdot)\big)\Vert_{L"p(\sigma)}\lesssim\sup_{F\in{\bf
C}_{q.,p'}:\Vert\mathscr{C} _{q'} (F)\Vert_{L {p'}
(\partialOmega) }=1}\Big|\int_{\Omega}\nabla_y G_{L}(x,y)F(y)\,dm(y)\Big|.$$

Letw = L![]div F. Then, we have that

$$\nonumber \Big|\int_{\Omega}\nabla_y G_{L}
(x.,y)F(y)\,dm(y)\Big|=|w(x)[\lesssim\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-
$} kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}

\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox

0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
S} }kern-.5\wd 0} } % \\int_{B(x,C"\delta(x)) }\mathcal{N}_{\alpha}

(w)\,d\sigma\lesssim\delta(x)"{-n/p'}\Vert\mathcal {N} (w)\Vert_{L*{p'}(\sigma)}.$$

Since (a) holds, then by Theorem 1 (more specifically, Remark 1), we have that
15 (o) < 10¢(A P g) = 1,
which yields (g) by the estimates above.

Proof of (h) ¢ (a). This is shown very similarly to the proofs of (f) /() (using the
Caccioppoli inequality) and (a)! /(g) (using Theorem 1), we leave the details to the
interested reader.

Overview of the proof of Theorem 1

The main goal of the rest of this manuscript is to prove Theorem 1. In this section, we
begin the proof of this theorem and delegate to further sections the more technical yet
important details of the proof. Throughout this section we assume that Q C 1" Ln>2,
is a bounded open set with uniformly n-rectifiable boundary satisfying the corkscrew
condition, and that A is a real, not necessarily symmetric (n+1) x (n+1) matrix in 2 with
measurable coefficients satisfying ([eg.elliptic]) and the DKP condition in £.

First, to prove Theorem 1, due to the linearity of the PDE and the density of the Lipschitz
functions in $% \accentset{\mbox {\Large\bfseries .} } {W}~{1,p}(\partiaOmega)$ for
arbitrary p € (1,%0), it suffices to establish the main estimate ([eq.regest]) for /' € Lip
(69Q).

Thus assume that / € Lip(3€), and let # be the unique solution to the problem Lu = 0 in
Qand u = f on 6Q. By Proposition 1, we have that

$8\label{eq.ntbound1} \Vert\widetilde{\mathcal{N} } 2(\nabla
u)\Vert_{L"p(\partial\Omega) } \lesssim\sup_{F~:~\Vert\mathscr{C}_{2}(F)\Vert_{L {p'}



(\partial\Omega) } =1}\Big|\int_{\Omega} F\nabla u\,dm\Big|.$$

For the next step, we want to be able to control the right-hand side of ([eq.ntbound1]), and
it turns out that this may be done via studying the conormal derivative of solutions to
Poisson problems. Given a weak solution w to the Poisson-Dirichlet problem
([eg.poisson]), define the functional

o) = Blw,®] = JdVWY &dm — [QHPdm — [QF V ®dm, ¢ € Lip(0Q),
where $\Phi\in\operatorname{Lip} (\overline{\Omega} )$ is a Lipschitz extension of ¢ to Q,
with @|a0 = ¢. It is easy to see that (,(p) is well-defined, since w solves the equation Lw
= H - divF in the weak sense. We call £,(¢) the conormal derivative of w, and denote
Oy w = Ly
With the concept of the conormal derivative at hand, let us see how to control the right-
hand side of ([eg.ntbound1]). By Lemma 1, we may assume without loss of generality that
the supremum in the right-hand side of ([eq.ntbound1]) runs over F € L ™(Q) with
S$F\in{\bf C}_{2,p'}$. Fix such F, and let w be the unique weak solution to the transpose
equation L'w= —divF in the space YOI'Z(Q). It follows that

loFVudm = ,[QATVqudm* Oy m(f) = = Oy (),

where in the last identity we used that Lz = 0 in 2 and that w € YOIVZ(Q). Note that,

since 4 is a DKP matrix, then so is AT,

From ([eq.ntbound?]), it is clear that we want an estimate on the conormal derivative of
Poisson solutions. The following proposition shows that the conormal derivative &), w is a
bounded linear functional on $% \accentset{\mbox {\Large\bfseries .} } {W}*{1,p}$. It is
the main ingredient for our solution to the regularity problem with non-smooth coefficients,
as it completely takes the place of a 1-sided Rellich estimate. Indeed, the result can be seen
as an alternative to Lemmas 5.1 and 5.2 of (see also Remark 1).

Proposition 1 (Conormal derivative of the Poisson-Dirichlet problem). Let @ € I
> 2 be a bounded domain satisfying the corkscrew condition and with uniformly n-
rectifiable boundary. Let p > 1, p'its Holder conjugate, and L = — div AV, where A is a
DKP matrix in Q. Assume that the homogeneous Dirichlet problem (Dp'[‘) is solvable in Q,
thatg € LP’(EQ) and that $F\in{\bf C} _{2,p'}$. Let w be the unique solution to the
Poisson Dirichlet problem ([eq.poisson]) with H = 0. Then there exists a constant C > ()
such that

[0y (o)l < Cllglp' ) + 1L 2P\ 1P el VH pol1reg) foreach ¢ € Lip (0€).

Remarlk 1. Although Proposition 1 has a similar flavor to results in Section 5 of , our proof
is quite different, in that we do not study the properties of the signed measure L*v¢ for v,

the almost L*-e]]jp(ic extension of ¢ € Lip (0€) defined in Section 6.

Remark 1. One detail that may seem purely technical but is in fact quite important for our

choreography is that we show ([eq.boundconormal]) with the Carleson functional 15 in

the right-hand side, and not merely with ", although controlling the latter is easier for the

relevant term 7527, defined in ([eg.break4]) and studied in Section 7.1.4. Since | 12(F) <
p/(F) pointwise on 6Q for p & (1,2], the result with (12 is stronger.

Proposition 1 is proved in Section 7.2 below, after proving an important auxiliary estimate
in Section 7.1. Assuming for a moment that the above proposition holds, then putting the
pieces ([eg.ntboundl]), ([eq.ntbound2]), and Proposition 1 together, we have that
$$\Vert\widetilde {\mathcal{N}} 2(\nabla
u)\Vert_{L"p(\partiahOmega) } \lesssim\sup_{F~~\Vertimathscr{C} _{2}(F)\Vert_{L {p'}
(\partia\Omega) } =1 }\Vert\mathscr {C} _{2}(F)\Vert_{L{p'}
(\partiahOmega) }\Vert\nabla_{H,p}f\Vert_{L"p(\partiahOmega)}=\Vert\nabla_{H,p}f\Vert_{L"p(\partia\Omega)}.$$

which gives the proof of Theorem 1 modulo the proof of Proposition 1.

Let us finish this section with a few words about the idea of the proof of Proposition 1 and
how the following sections fit together. Notice that when defining the conormal derivative
0Oy m(p) of a given boundary function ¢, we are free to choose the extension @ to the
whole domain ©, and so a main part of our argument is to select an extension with certain
desirable properties. Given /€ Lip (02), we construct the almost L-elliptic extension vyof
/. which is designed using a corona decomposition of the rough domain into Lipschitz
subdomains where both the Lipschitz character as well as the DKP condition are
controlled. Roughly speaking, the extension vis then chosen to solve the equation Lvs= 0
in each subdomain, while on the exteriors of the corona subdomains, v_/equals a certain
Lipschitz extension of f with good gradient estimates.

In the next section, Section 5, the details of the corona decomposition into Lipschitz
subdomains is described. Then in Section 6, with the corona decomposition already at
hand, the almost L-elliptic extension is defined and its properties addressed. Finally, in
Section 7 we carry out the details of the estimates that prove Proposition 1.

A corona decomposition into Lipschitz
subdomains adapted to the DKP property

Throughout this section we assume that @ € 1”*1 5 > 1, is a bounded open set with
uniformly -rectifiable boundary satisfying the corkscrew condition, and that 4 is a real,
not necessarily symmetric (n+1) * (n+1) matrix in Q with measurable coefficients
satisfying ([eq.elliptic]) and the DKP condition in ©. Our objective in this section is to
show that, if {,z > 0 are arbitrary parameters, then there exists a corona decomposition of
Qinto Lipschitz subdomains Qp, with SR\in{\rm {Top} }\subset {\mathcal D} _\sigma$,
and a buffer region I like the one in such that

$$\label{eq.corona}\nonumber \Omega=\bigcup_{R\in{\rm {Top}} }\Omega_R\cup
\mathscr {H},\qquad\text{where }\mathscr{H}=\Omega\backslash\bigcup_{R\in{\rm
{Top}}}\Omega R.$$
Moreover, the domains Qg have uniform Lipschitz character and Lipschitz constant £ and
the matrix A satisfies the 7-DPR condition in each Q. Obviously, we allow the packing
condition of the corona decomposition to depend on 7 and €.

‘We will follow very closely the arguments in Section 3 from . The main difference is that
in the construction below we introduce another stopping condition to ensure that 4
satisfies the 7-DPR condition in each domain Qp, with $R\in{\rm {Top}}$.



Let us begin. For each 0 € o and a fixed M > 2 large to be chosen below, we let
20(0) = UQsup {| VAW : x € BxgMUQ) N 2,50() = M U(Q)}-

Lemma 1. Suppose that A satisfies the DKP condition in Q. Then there exists C(M) > 0
such that

Yoel ,:0cRADI(Q) < C(Ma(R),  foranyR € 1| 4

Proof. For a > 0, we denote
Qp=1{x € Q:0x) = a}.

Given Q0 € o applying the Besicovitch covering theorem we can cover B(xg, Mt(Q))
N Qpr'g(@) by a family of balls B;, i & Ig, centered in points x; € B(xg,M(Q))
N Qurig(Q) With radii rj = 9(x;)/8, so that moreover the family {Bj}; = Ip has finite
superposition. From the fact that 7~£(Q) for each i and the finite superposition, it easily
follows that #/g<pl. Then we have
$$\begin{gathered} \nonumber \int_{B(x_Q,Mell(Q))\cap \Omega_{M*{-1}\ell(Q)} }
\sup_{x\in B(z,\delta_\Omega(z)/2)} (\delta_\Omega(x)\,/\nabla A(x)|"2)\,dm(z) \gtrsim_M
\ell(Q) \sum_{i\in I_Q} \int_{B i} \sup_{x\in B(z,\delta \Omega(z)/2)} |\nabla
A(x)|"2\,dm(2)\\ \geq \ell(Q) \sum_{i\in I_Q} \sup_{x\in B_i} |\nabla A(x)["2\,m(B i)
\approx_M ‘\ell(Q)"2 \sum_{i\in I_Q} \sup_{x\in B i} [\nabla A(x)|"2\,\sigma(Q) \\ \geq
\W\ell(Q)2 \sup_{B(x_Q,M\el(Q))\cap\Omega_{M~{-1}\el(Q)}} [\nabla
A(x)|"2\,\sigma(Q) = \lambda_\Omega(Q)\,\sigma(Q), ‘end { gathered } $$
where in the second inequality we took into account that B; C B(z,0¢xz)/2) for any z
€ B;. Therefore,
$$\begin {aligned} \sum_{Q\in{\mathcal D}_\sigma:Q\subset
Rj}\lambda_\Omega(Q)\sigma(Q) & \lesssim_M\sum_{Q\in {\mathcal D} \sigma:Q\subset
R} \int_{B(x_Q,Mell(Q))\cap \Omega_{M*{-1}\ell(Q)} } \sup_{x\in
B(z,\delta \Omega(z)/2)} (\delta \Omega(x)\,|\nabla A(x)|"2)\,dm(2)\\ & \lesssim
\int_{B(x_R,C(M)\ell(R))} \sup_{x\in B(z,\delta_\Omega(z)/2)} (\delta_\Omega(x)\,|\nabla
A(x)|"2)\,dm(z) \lesssim_M \sigma(R), \end{aligned} $$
by the finite superposition of B(xg,ML(Q)) N 2rrl¢(Q), With O & o O C R, and the
DKP condition.

The approximating Lipschitz graph

In this subsection we describe how to associate an approximating Lipschitz graph to a
cube R € o assuming bB(k|R) to be small enough for some big constant k| > 2
(where we denoted b8 = bfsupp o). The construction is based on the arguments in . The
first step consists in defining suitable stopping cubes.

Givenx € I"* 1, we write x = (x',x, + 1). For a given cube R € o we denote by Lpa

best approximating hyperplane for bf(k1R). We also assume, without loss of generality,
that

$SL_R\\\textup {is the horizontal hyperplane}\,\, \{x_{n+1}=0\}.$$
We let xRO be the orthogonal projection of xg on Lp, (i.e., XRO = ((xp)",0)). For a given y
€ (0,1/4) to be chosen below, we let

$$x_R™M- = \big((x_R)',(\tfrac 14 - \gamma) r(B(R))\big), \qquad x_R*- = \big((x_R)',(-
\tfrac 14 + \gamma) r(B(R))\big),$$

and we consider the balls
$$BH(R) = B(x_R*,\tfrac 14r(B)),\qquad B-(R) = B(x_R™-,\tfrac 14r(B)),$$
and the cylinders

$$C(R) = \big\{x\in \mathbb{R}*{n+1}: |x'-(x_R)'\leq \tfrac14\gamma"{1/2} r(B(R)),\,
{|x_{n+1}| }\leq \tfrac 14\gamma\, r(B(R))\big\},$$

$$C'(R) = \big\{x\in \mathbb{R}"{n+1}: [X'-(x_R)'|\leq \tfrac14 r(B(R)),\, {|x_{n+1}| }\leq
\gamma\, r(B(R))\big\}.$$

It is easy to check that ((R) C BY(R) N B(R) C C(R). Also, in the case when dist
(xRLR) < n(B(R))/4, say, we have

B*(R) U B(R) C B(R).
We consider constants &,d, and @ such that 0 <& € 6 € y < 1/4and 0 <0 < 1to be
chosen later (depending on the corkscrew condition and the uniform rectifiability
constants), k] > 2, and we denote by B or B(¢,0) the family of cubes 0 € & such that
either bf(k10) > & or A(Q) > 6.
‘We consider now R € o\ B. Notice that in this case ([eqinc77]) holds, and also

S$\label{eqinc78} \big\{x\in R: [x'-(x_R)'|\leq \tfrac 14\gamma”{1/2} r(B(R))\big\}\subset
C(R).$$

We let ${\rm {Stop} }(R)$ be the family of maximal cubes O € (R) such that at least
one of the following holds:

e ONBYR)YNB(R) =o.

o 0 € Beh). ic. bfk10) > ¢ or AA0) > 6.

Z(Lg.LR) > 9, where Lo, LR are best approximating hyperplanes for S, «(k10) and
Po,x(k1R), respectively, and A(LQ,LR) denotes the angle between Lo and L.

* YPe ,:Q0c Pc RAP)Z0.
‘We denote by ${\rm Tree}(R)$ the family of cubes in [ |,(R) which are not strictly

contained in any cube from ${\rm {Stop} }(R)$. We also consider the function

$8d_R(x) =\inf_{Q\in{\rm Tree}(R)} \big(\operatorname{dist} (x,Q) +
\mathop {\mathrm {diam} } (Q)\big).$$

Notice that dp is 1-Lipschitz. Assuming k1 big enough (but independent of ¢ and J) and
arguing as in the proof of , the following holds:
Lemma 1. Denote by I1p the orthogonal projection on Lp. There is a Lipschitz function
A : Lp — Lgt with slope at most C5 such that



dist (x, (ITR(x), A(TIR(x)))) < Cjedp(x)  forall x € kjR.
Remark that in this lemma, and in the whole subsection, we assume that R is as above, so
that, in particular, b (k|R) < e.
‘We denote
Dp(x) = infy e 17,7 (wdR()-
It is immediate to check that D is also a 1-Lipschitz function. Further, as shown in , there
is some fixed constant C5 such that

Cy ldp(x) < DR(x) < dpx)  for allx € 3B(R).

‘We denote by Z(R) the set of points x € R such that dg(x) = 0. The following lemma is
an easy consequence of the results in , although it is not stated explicitly in .

Lemma 1. There are some constants C3(¢,0) > 0 and k| > 2 such that

$8\begin{aligned} \label{eqlempack1} \sigma(R) \approx_\gamma \sigma(C(R))& \leq
2\, \sigma(Z(R)) + 2\sum_{ Qlin{\rm {Stop}}(R)\cap{\mathcal B}(\varepsilon,\theta)}
\isigma(Q) \| & \quad + C_3 \sum_{Qlin{\rm Tree}(R)} \l\beta_{\sigma, 1}
(k_10)"2\,\sigma(Q)+ 2\ \theta™{-1} \sum_{Q\in{\rm Tree}(R)}
\Nlambda_\Omega(Q)\, \sigma(Q). \notag \end{aligned}$3

Proof. The fact that a(R)=o(C(R)) is an i di of the incl

([eqinc78]) and the n-Ahlfors regularity of o. Denote $ {\mathcal F} 1= \big\
{R\in{\mathcal D} _\sigma:\sigma\big(\bigcup_{Q\in {\rm {Stop}}(R)\cap {\rm{(c)}}}
Q\big)\geq \sigma(C(R))/2\big\}$, where $Q\in {\rm {Stop} }(R)\cap \rm{(c)}$ means
that Q satisfies the condition (c) in the above definition of ${\rm {Stop} }(R)$. Notice that
&1 is very similar to the analogous set &) defined in . A (harmless) difference is that we
wrote a( C(R))/2 in the definition above, instead of a(R)/2 as in . Assuming & > 0 small
enough (depending on d) in the definition of B(e,0), in equation (12.2) from (proved along
the Chapters 12-14) it is shown that there exists some & > 1 (independent of ¢ and J) such
that if R € &, then

$$\iint_X \beta_{\sigma, 1}(x,kt)"2\,\frac {d\sigma(x)\,dt}t \gtrsim_\delta \sigma(R),$$
where X = {(x,/) € suppo x (0,+0) : x € kR, k \dp(x) < 1 < kU(R)}. It is easy to
check that, choosing k1 > k large enough,
$$\iint_X \beta_{\sigma, 1} (x,t)"2\,\frac {d\sigma(x)\,dt}t \lesssim_k\sum_{Q\in {\rm
Tree}(R)}\beta_{\sigma,1}(k_1Q)"2\,\sigma(Q).$$
Hence, ([eqlempack1]) holds when R € .

In the case R € ], by the definition of ${\rm {Stop} }(R)$, taking into account that C(R)
C BY(R) N B(R), we have
$$\begin{aligned} \sigma(R) \approx_\gamma \sigma(C(R)) & \leq \sigma(Z(R)\cap C(R))
+\sum_{Q\in{\rm {Stop}}(R)\cap{\mathcal B} (\varepsilon,,\theta)} \sigma(Q\cap C(R))\\
\quad &+ \sum_{Q\in{\rm {Stop} }(R)\cap \rm{(c)}} \I\sigma(Q\cap C(R)) +
\sum_{Q\in{\rm {Stop}}(R)\cap \rm{(d)}} \!\sigma(Q\cap C(R)) . \end{aligned} $$

Since the third sum on the right hand side does not exceed o( ((R))/2, we deduce that

$$\label{eqstop88} \frac12\,\sigma(C(R)) \leq \sigma(Z(R)\cap C(R)) + \sum_{Q\in{\rm
{Stop} } (R)\cap{\mathcal B} (\varepsilon,\theta) }\! \sigma(Q\cap C(R)) + \sum_{Q\in {\rm
{Stop} }(R)\cap \rm{(d)}} \!\sigma(Q\cap C(R)).$$
finally with the last sum. By condition (d) we have

$8\begin{aligned} \sum_{Q\in{\rm {Stop} }(R)\cap \rm{(d)}} \sigma(Q\cap C(R))& \leq
\theta"{-1}\!\sum_{Q\in{\rm {Stop} }(R)}\,\sum_{P\in{\mathcal D}_\sigma:Q\subset
P\subset R}\!\lambda \Omega(P)\,\sigma(Q) \\ &= \theta"{-1}\I\sum_{P\in{\rm Tree}
(R)} \\lambda_\Omega(P) \!\sum_{Q\in{\rm {Stop} }(R):Q\subset P}\sigma(Q) \leq

\theta"{-1}\!\sum_{P\in{\rm Tree}(R)} \!\lambda_\Omega(P) \sigma(P). \end {aligned} $$

Plugging this equation into ([eqstop88]), the lemma follows.

The starlike Lipschitz subdomains Qp*

Abusing notation, we write Dp(x') = Dg(x) for x = (x',x; + 1).
Lemma 1. Let
UR={x € BY(R) : xy+1 > A(x) + CICxDR)),
VR=1{x € B (R) : xp+1 < A(x) = CjCxDRX)},
and
Wg = {x € B(R) : A(x) — CjCxDR(x) < xp+ ] < A(x) + C;CxDR(x)}.
Then 6Q N B(R) C Wy Also, URis cither contained in Q or in

Slmathbb{R}"{n+1}\setminus \overline\Omega$, and the same happens with V. Further;
at least one of the sets Up, VR is contained in Q.

Remark that it may happen that Ug and Vg are both contained in £, or that one set is
contained in Q and the other in $\mathbb {R}"{n+1}\setminus \overline\Omega$.

Proof. Let us see that 32 N B(R) C MR). Indeed, we have 62 N B(R) C R, by the
definition of B(R). Then, by Lemma 1 and [eqDR], for allx € 62 N B(R) we have

P, A(x))| = Cledpx) < C1Cpz DR,

which is equivalent to saying that x € W

Next we claim that if Up N Q # @, then Up C Q. This follows from connectivity, taking
into account that if x € Up N Q and r = dist (x,0UR), then B(x,r) C Q. Otherwise, there
exists some point $y\in B(x,r)\setminus \overline \Omega$, and thus there exists some z

€ 0Q which belongs to the segment $\overline{xy}$. This would contradict the fact that
092 C Wp. The same argument works replacing Ug and/or Q by Vg and/or
$\mathbb{R}"{n+1}\setminus\overline{\Omega}$, and thus we deduce that any of the sets
Up, VRis contained either in Q or in $imathbb {R}*{n+1}\setminus\overline{\Omega} $.

Finally, from the corkscrew condition we can find a point y € B(xg,A(B(R))) N Q with
dist (y,09) 2 {B(R)). So if ¢, d are small enough we deduce that y € (UgU Vg) N Q



because bfy(k|R) < ¢ and both Q2 N B(R) and the graphs of 4 in B(R) are contained in a
COL(R)-neighborhood of the hyperplane {x;,+ | = 0}. Then by the discussion in the
previous paragraph, we infer that either Ugp € Qor Vg C Q.

Suppose that Ur C Q. We denote BO(R) = B(xRO,r(B(R))) and we let I'g" be the Lipschitz
graph of the function BO(R) N Lp D x' = A(x') + d DR(x"). Notice that this is a Lipschitz
function with slope at most C5 < 1 (assuming d small enough). Then we define

Q= bx= Won+ 1) € B R) 1xps 1 > AW) + 0 DR}

Observe that Q" is a starlike Lipschitz domain (with uniform Lipschitz character) and that
Qp" C Up, assuming that C1Cre < 9.

In case that Vg C Q, we define /g and Qp analogously, replacing the above function
A(X') + 6 DR(x') by A(x") — § DR(x"). If $V_R\subset \mathbb {R}*{n+1}\setminus
\overline\Omega$, then we set Qg = . In any case, we define

Qp= Q" U Q.
From Lemma 1 and the assumption that C1Coe < 4, it is immediate to check that

$S\label{eqsep99} \operatorname {dist} (x,\partia\Omega)\geq
\frac\delta2\,D_R(x)\quad\mbox { for all $x\in\Omega RS.}$$

For a given @ > 1, we say that two cubes O, Q' are a-close if
al0) < (Q) < al(Q) and disL(Q.0) < A(U(OHUQ)).
We say that O € ois a-close to ${\rm Tree}(R)$ if there exists some $Q"\in{\rm

Tree}(R)$ such that Q and Q' are a-close. For 1 < a" < a™ 10 be fixed below, we define
the augmented trees

$${\rm Tree}"*(R) = \{Q\in{\mathcal D} _\mu: \text{$Q$ is $a"*$-close to ${\rm Tree}
(R)$}\},$8

$${\rm Tree} {**}(R) = \{Q\in{\mathcal D} \mu: \text{SQ$ is $a*{**}$-close to $ {\rm
Tree}(R)$}\}.$S

Obviously, ${\rm Tree}(R)\subset{\rm Tree}"*(R)\subset{\rm Tree}"{**}(R)$. Notice
also that the families of cubes from ${\rm Tree}"*(R)$ or ${\rm Tree}"{**}(R)$ may not
be trees.

We now let " /(U) be a (1/4)-Whitney decomposition of Q (see Section 2.1.6).

Lemma 1. Assuming a* > 110 be big enough, we have
S8\overline\Omega_R\cap\Omega\subset \bigcup_{ Q\in{\rm Tree}"*(R)} w(Q).$$
Recall that w(Q) is the Whitney region associated with O (see Section 2.1.6). Notice that if

QR # e, it may happen that w(Q) is the union of some Whitney cubes contained in Q"

and others in Qp , for example.

Proof. Let P € 11 Q) be such that $P\cap \overline\Omega_R\neq \varnothing$ and fix
0 € b(P). Tt suffices to show that $Q\in{\rm Tree}"*(R)$ if a” is taken big enough. To
this end, we show that there exists some $Q"\in{\rm Tree}(R)$ which is a"~close to 0.
Notice first that {(P) < C5{(R) for some fixed constant Cs, because P intersects
$\overline\Omega_R$ and thus $\overline{B(R)}$. Let $x\in P\cap \overline \Omega_RS.

Then by [eqsep99] we have $\frac\delta2\,D_R(x)\leq \operatorname {dist}
(x,\partial\Omega) \approx \ell(P)=\ell(Q)$, for O as above. Thus, dp(xp) = DR(x0)

< Dg(x) + CU(Q) < 51 £(Q). From the definition of dg we infer that there exists some
cube $Q\in{\rm Tree}(R)$ such that ¢(Q)) + dist(Q,0) < C51¢(0).

If 6(Q) = C571£(R), we let Q" = Q'. Otherwise, we let 0” be an ancestor of Q' belonging
to ${\rm Tree}(R)$ and satisfying Cs~10(Q) < £(Q") < 2Cs~1¢(Q). The above condition
(Q) = U(P) < C5{(R) ensures the existence of Q. Then, in any case, it follows that O’ is
a"~close to O, for a big enough depending on d.

In the rest of the lemmas in this subsection, we assume, without loss of generality, that
Ot c Uupc Q

Lemma 1. If $Q\in{\rm Tree} (R)S, then dist (w(Q), Q") < CL(Q). Also, if Qg™ # o, dist
(WQ),Q) < CLO).

Proof. We will prove the first statement. The second one follows by the same arguments.
It is clear that disl(w(Q),.Q]ﬁ < CIU(R), and so the statement above holds if ¢(Q) = ((R).

So we may assume that {(Q) < ¢ {(R) for some small ¢] to be fixed below. By
construction, the parent O of O satisfies O N BT(R) N B7(R) # o. Thus there exists z
€ B(R) N B(R) such that [z=xgl < €(Q). Clearly, it holds dist(z,0¢) < €(0). On the
other hand, we consider the point x = (z',z, + 1+20(0)), so that

dist(x.0QUIR) = ((O).
By definition of dg and Dg, Dr(x() < dr(xp) < U(Q). Hence, DR(x) < DR(xp) + C(Q) <
(Q) < dg(x). Assuming 6 small enough, we deduce that 105 Dr(x) < dist (x,02)
< CU(Q) < ¢]CU(R). By the definition of Qg it is easy to check that this implies that x
€ Qg"if ¢| is small enough. Indeed, since z € BT(R) N B(R), by ([egnew77]) and the
last estimate, A(x') + 0 DR(x') < xp+1< ¢, UR).

‘We denote $\partial{\rm Tree}"{**}(R):=\{Q\in{\rm Tree}"{**}(R): w(Q)\not
\subset\Omega R\}$.

Lemma 1. Forall S € & we have

S8\sum_{ Olin\partial{\rm Tree}"{**}(R):Q\subset S} \sigma(Q)
\lesssim_{a™{**}}\sigma(S).$$

Proof. We will prove the following:

Claim 1. For each $Q\in\partial{\rm Tree}"{**}(R)$ there exists some cube P = P(Q)



€ [ /() such that
PNOoQR# e, WP 5UQ),  dist(P.O)<4",5U(Q).
The lemma follows easily from this claim. Indeed, using that Qp is either a Lipschitz
domain or a union of two Lipschitz domains, that
1(2PNoQR) = U(PY*=q"™ 50(0),
the finite superposition of the cubes 2P, and the fact that #{P € [I( Q) : P = P(Q)}
< ((a™ 0) for every $Q\in\partial{\rm Tree} {**}(R)S, we get

$$\begin{gathered} \nonumber \sum_{Q\in\partial {\rm Tree}"{**}(R):Q\subset S}
\sigma(Q) \lesssim_{a”{**} \delta} \I\! \sum_ {\substack {P\in \mathcal{W}
(\Omega):\\P\subset B(x_S,C(a{**})\ell(S))} } \mathcal{H}"n(2P\cap
{\partial\Omega}_R) \lesssim_{a"{**}} \mathcal{H}"n\big( {\partialOmega}_R\cap
B(x_S,C'(a"{**})\ell(S))\big) \lesssim \ell(S)"n. \end {gathered} $$

To prove the claim we distinguish several cases:

Case 1. T 0(Q) = o(a™ 6)U(R) (with c(a™™,8) to be chosen), we let P(Q) be any Whitney
cube that intersects the upper half of 6B (R). It is immediate to check that this choice
satisfies the properties described in [eqclaim1].

Case 2. Suppose now that ((Q) < c(a“,r)‘)((R) and that dist (Q,8(BT(R)UB (R))) = C
£(Q) for some big Cﬁ(ﬂ**) > 1 to be chosen below. Let us see that this implies that xg

€ ((R). Indeed, from the defiition of ${\rm Tree}"{**}(R)$ there exists some
$S\in{\rm Tree}(R)$ such that O and S are a"-close. Since SN (B (R)NB™(R)) # o,
there exists some ig € SN BY(R) N B7(R). If xQ € (BY(R)UB(R)), by continuity the
segment $\overline{x_Q \,\widetilde x_S}$ intersects (B"(R) U B™(R)) at some point z. So
we have

dist (xp. 0B (R)UB™(R)) < g4 < gl < A(L(QH(S)) + diam (Q) < Ca™)U(Q).
which contradicts the assumption above if (,‘g(a**) is big enough. In particular, the
conditions that xg &€ C(R) and dist(Q,0(BT(R)UB(R))) = Cg 0(Q) imply that w(Q) C
(BY(R)UB(R)) if Cg is taken big enough.

If W(Q) N Qr # o, then we take a Whitney cube P with {(P) = ¢(0) contained in w(Q)
that intersects Q. Otherwise, w(Q) C Q\ Qp, and from the fact that {(Q)

< (@™ 0)L(R) we infer that w(Q) lies below the Lipschitz graph I'z" that defines the
bottom of 0Qg, and above the graph I’z in case that Qg # e. Then we take x € w(Q)
and x* = [T L(x) N I'gt, and also x~ = 1T 1(x) N I'g in case that Qg # o.

When Qg = e, we let P be the Whitney that contains x*. Since
$V_Risubset\mathbb {R}*{n+1}\setminus ‘\overline\Omega$, there exists y = 1'1;{1(,\') n
22 N BY(R). Then we deduce {(P) =~ dist(x",0Q) = x| = 1" Q)NITR (x") = Q).

Using again that there exists some $S\in{\rm Tree}(R)$ such that O and S are a™-close
we get

$$\begin{gathered} \label{eqcasel1} \ell(P) \approx\operatorname {dist} (x+,
{\partia\Omega} )\lesssim D_R(x"+) = D_R(x) \leq D_R(x_Q) + C\,\ell(Q)\\ \leq D_R(x_S)
+[x_Q - x_S| +C\\ell(Q) \lesssim C(a™{**},\delta)\ell(Q). \end { gathered} $$

Further,
dist(P.0) < [xgx"] < lxgx + x| < ((Q),

and so P satisfies the properties in the claim.

If Qg # o (ie., VR C Q), we let P be the largest Whitney cube that intersects {x",x}.
From the fact that b5(k10) < ¢ and the stopping condition (c) we easily infer that there
exists some point y &€ 75 '(x") N BY(R) such that dist (1.0Q) < £L(Q). Then it follows
oP) 2 ¥t > Il(w(Q)ﬂﬂRfl(er)) > ((Q). Also the estimates [eqcasell] and
eqcasel2] are still valid, replacing x™ by x™ if x~ € P. So P satisfies the required
properties.

Case 3. Suppose that £(Q) < c(a™™,8){(R) and that dist (Q,8(B*(R)UB(R))) < C6(Q)
for Ce(a™) > 1 as above. So there exists z € a(B(R)U B(R)) such that [vg—2[<5"*0(0).
We also denote 2 = IT71(2) N I'g". As above, we take $S\in{\rm Tree}(R)S$ such that O

and S are a**—closc, so that since Dgis 1-Lipschitz, we have

dist(z".00) = DRz") = DR2) < DR(xg) + [zxg + [xgxsi<a™ Q).
From this fact we infer that there exists some point y € 0Qpg such that |z—y| = |z, + 1-Vp +
115" () and dist (y,0Q)=4"1(Q). This point satisfies [xg| < [xg2 + 2314 U(Q),
and so letting P be the Whitney cube that contains y we are done.

The corona decomposition of 2

We will now perform a corona decomposition of € using the Lipschitz subdomains Qg
constructed above. We define inductively a family ${\rm {Top} }\subset {\mathcal

D} _\sigma$ as follows. First we let Ry € o be a cube such that bf,(k1R() < & having
maximal side length. Assuming R, Ry, ..., R; to be defined, we let R;+ | € o be a cube
from ${\mathcal D} _\sigma \setminus \bigcup_{O\leq K\le i} {\rm Tree}"{**}(R_k)$ such
that bB,(k1R;+ 1) < & with maximal side length. We set

$${\rm {Top}}=\{R_i\}_{i\geq0}.$$
For each $R\in{\rm {Top}}$ we consider the subdomain Qp constructed in the previous
subsection. We split
S$S$\label{eqpart93} \Omega = \bigcup_{R\in{\rm {Top}}} \Omega R \cup \mathscr{H},
\quad\text{ where }\quad \mathscr{H}=\Omega \setminus\bigcup_{R\in{\rm {Top}}}
\Omega_R.$$
Lemma 1. The sets $\overline\Omega_R\cap\Omega$, with $R\in{\rm {Top}}$, are

pairwise disjoint, assuming that the constant a*is big enough (possibly depending on a*).



In particular, from this lemma it follows that the union in [eqpart93] is a partition into
disjoint sets. The constants a" and ™ depend on J; however, this dependence is harmless
for our purposes.

Proof. Suppose that $SR,R"in{\rm {Top}}$ satisfy
$\overline\Omega_R\cap\overline\Omega_{R'}\cap\Omega\neq\varnothing$. Suppose also
that R = Rj, R' = Rj, with j > i, so that in particular {(R’) < {(R). From Lemma 1 we infer
that there exist cubes $Q\in{\rm Tree}"*(R)$ and $Q"\in{\rm Tree}"*(R")$ such that

W) N w(Q) # o. Clearly, this implies that £(Q) = [(Q'), and from the definition of ${\rm
Tree} *(R)$ and ${\rm Tree}"*(R')$ we deduce that there are two cubes $S\in{\rm Tree}
(R)$, $S"in{\rm Tree}(R')$ such that dist (5,5)<4L(S)=4(S). Let § be the ancestor of S
with €(S) = ((R) (or take § = Sif ((S) > U(R)). Clearly, $\widetilde S\in{\rm Tree}(R)S
and dist (S,R")<4*L(R"). So SR\in{\rm Tree}{**}(R)$ if «”* = a*"(a") is chosen big
enough, which contradicts the construction of ${\rm {Top}}$.

Lemma 1. The family ${\rm {Top}}$ satisfies the packing condition
S8\sum_{R\in{\rm {Top}}:R\subset S} \sigma(R)\lesssim_{\varepsilon,\delta}
\sigma(S)\quad \mbox{ for all $S\in{\mathcal D} _\sigma$}.3$
Proof. By Lemma 1 we have

$S\begin{gathered} \label{eqlala77} \sum_{R\in{\rm {Top} }R\subset S} \sigma(R)
\lesssim \sum_{R\in{\rm {Top}}:R\subset S} \sigma(Z(R)) + \sum_{R\in{\rm
{Top} } }\,\sum_{Q\in{\rm {Stop} }(R)\cap{\mathcal B} (\varepsilon,\theta)} \sigma(Q)\\
\quad + \sum_{R\in{\rm {Top}}R\subset S}\sum_{Q\in{\rm Tree}(R)}
\big(\beta_{\sigma,1}(k_1Q)"2+\lambda_\Omega(Q)\big)\,\sigma(Q). \end{gathered}$$
By construction, the sets Z(R) are disjoint, and thus the first sum does not exceed o(S).
The second term does not exceed Y0 & 11 (S) N B(e,H)7(D)<e, 6o(S), by the uniform
rectifiability of 0€2 and the DKP condition ([egDKP*]). Concerning the last term in
eqlala77], the families ${\rm Tree}(R)S, with $R\in{\rm {Top}}$, are also disjoint by
construction. Therefore, again by the uniform rectifiability of 0,
$$\sum_{R\in{\rm {Top}}:R\subset S}\sum_{Q\in{\rm Tree}(R)} \beta_{\sigma,1}
(k_1Q)"2\,\sigma(Q) \leq \sum_{Q\subset S} \beta_{\sigma,1}
(k_1Q)"2\,\sigma(Q)\lesssim_{\varepsilon,\delta} \sigma(S).$$
Analogously, by ([eqDKP*]),

$$\sum_{R\in{\rm {Top} }:\subset S}\sum_{Qun {\rm Tree}(R)}
\lambda_\Omega(Q)\,\sigma(Q)\leq \sum_{Q\subset S}
\lambda_\Omega(Q)\,\sigma(Q)\lesssim \sigma(S).$$

Lemma 1. There is a subfamily / C | g such that
1€ Up e MO
which satisfies the packing condition
Soerocs(@sofS) foralS e
with the implicit constant depending on ¢, J, a
Proof. By construction, $ {\mathcal D} _\sigma \subset {\mathcal B}\cup
\bigcup_{R\in{\rm {Top}}} {\rm Tree}"{**}(R)$, and thus

$$\Omega \subset \bigcup_{Q\in{\mathcal B} } w(Q) \cup \bigcup_{R\in{\rm
{Top} } }\,\bigcup_{Q\in\partial{\rm Tree}"{**}(R)}w(Q) \cup \bigcup_{R\in{\rm
{Top}}} \Omega R.$$
So [eqHH*] holds if we define

$$\mathcal {H} = {\mathcal B}\cup \bigcup_{R\in{\rm {Top}}} \partial{\rm Tree}"{**}
(R).$$

It remains to prove the packing condition [eqHH*2]. From the uniform rectifiability of 09,
the family B satisfies a Carleson packing condition, and so it suffices to show that the
same holds for $\bigcup_{R\in{\rm {Top}}} \partial{\rm Tree}"{**}(R)$. This is an
immediate consequence of Lemmas 1 and 1. Indeed, for any S € o let ST 0=\
{R\in{\rm {Top} }:{\rm Tree}"{**}(R)\cap {\mathcal D}_\sigma(S)\neq \varnothing\}$
and 71 = {R € T : U(R) = US)}, Ta = {R € T(: U(R) > (S)}, so that
$$\nonumber \sum_{R\in{\rm {Top} } }\,\sum_{Q\in\partial{\rm Tree}"{**}
(R)\cap{\mathcal D} \sigma(S)} \sigma(Q) \leq \sum_{R\in T_1}\,
\sum_{Q\in\partial{\rm Tree}"{**}(R)} \sigma(Q) +\sum_{R\in
T_2}\\sum_{Quin\partial{\rm Tree}"{**}(R)\cap{\mathcal D} \sigma(S)} \sigma(Q).$$
Since all the cubes from S$\partial{\rm Tree}"{**}(R)$ are contained in C(a"™)R, it follows
that the cubes from 77 are contained in C(a**)S, and thus
$$\sum_{R\in T_I}\, \sum_{Q\in\partial{\rm Tree}"{**}(R)} \sigma(Q)

\lesssim_{a"{**} }\sum_{R\in T_1}\sigma(R) \lesssim_{\varepsilon,\delta}\sigma(S).$$
Also, it is immediate to check that the number of cubes from 7% is uniformly bounded by
some constant depending on a"". Therefore,

$$\sum_{R\in T_2}\,\sum_{Q\in\partial{\rm Tree}"{**}(R)\cap{\mathcal D} \sigma(S)}

\sigma(Q)\lesssim_{a”{**}} \sum_{R\in T_2}\sigma(S)\lesssim_{a"{**} }\sigma(S).$$

The properties of 2p

Lemma 1. Assume that ¢, 6, and y are small enough. Then, for each $R\in{\rm {Top}}$,
Qg is a -Lipschitz domain or a disjoint union of two t-Lipschitz domains, with uniform
Lipschitz character:

Proof. This is an easy consequence of the definition of Qg*. Indeed, notice that in the
bottom part of Bg" (in a neighborhood of the cylinder C(R), say), Qg™ can be written as
a Lipschitz graph with slope bounded by Cimax (d,y) (namely the maximum of the graph
defining the bottom part of #B"(R) and the graph defined by x,,+ | = A(X') + J DR(x')).
The same happens with Qg . We leave the details for the reader.

Lemma 1. For each $R\in{\rm {Top}}$, Qg is a Lipschitz domain satisfying the t-DKP
condition, assuming 0, €, 0 small enough and M big enough.



Remark that, under the assumptions of the previous lemma, Qp also satisfies the Cr-DPR
condition.

Proof. Let B = B(C,r) be a ball centered in Qg with radius » < diam (Qg). Denote by
(Qp) the family of Whitney cubes of Qp. By standard arguments, it is enough to show
that
$$\label{eqguail } \sum_{Q\in\mathcal{W}(\Omega_R):Q\cap Bwneq\varnothing} {\rm
s} {2Q}(AY2\,\ell(Q)n \leq \tau\,r*n,$$
where we denoted ${\rm s} _{2Q}(A) = \sup_{x\in 2Q}|\nabla A(x)|\,\ell(Q)$. Suppose
first that r < Cfl()‘g(.f), for some big constant C7 > 1 to be chosen momentarily. In this
case, for any cube QO € [I( Qp) that intersects B(¢,r) (which implies that [(Q) < r), we
have Cyr < dist(£,09) < dist(20.09Q) — dist (£,20) < dist(20,09Q) — Cr. So dist(20,0Q)
> r 2 [(Q), choosing C7 big enough. This implies that 2Q is contained in a finite union of
Whitney cubes P & [I( Q) with £(P) = dist(20,0¢). We denote by /¢ the family of
such cubes P.

Recall now that, by Lemma 1, $\overline\Omega_R\cap\Omega\subset \bigcup_{Q\in {\rm
Tree}*(R)} w(Q)S. Hence for any P & Ig there exists $S\in{\rm Tree}"*(R)S, with
£(S) = L(P) such that P C w(S). By the definition of ${\rm Tree}"*(R)$ and the
properties of Whitney cubes, this implies that there exists some cube S’ which is a"~close
to S such that, for M big enough, depending on a" and the properties of Whitney cubes,

P CwS) € Blxg,MUS)) N rly(s)

Remark that here we have used the notation in ([eqomegaa]) and that M is the constant
appearing in the definition of the coefficients A¢x -). Observe also that the parameter a'is
independent of M.

By construction, for any cube $S"in{\rm Tree}(R)$ we have that either A(S") < 6, or
AAS") < 0, being S” the parent of §'. By choosing a larger M if necessary, we can assume
that the inclusion in ([eqinclup*]) also holds replacing S’ by S". Then, from both inclusions
and by the definition of 2(S") and A((S") we infer that |V A(x)| < €(S) o=z 0(P) 10
<716, for any x € P. Since this holds for all the cubes P € I, the estimate above holds
for allx € 20. Hence, ${\rm s}_{2Q}(A) \lesssim_{a"*} \theta\,\frac {\ell(Q)}r$, for any
Q € [1( Qp) such that O N B # o. Therefore, denoting by /p the family of cubes O
€ [1(Qp) such that O N B # o, we have

$$\label{eqosc1} \sum_{Q\in I_B} {\rms}_{2Q}(A)"2\\ell(Q)"n \lesssim_{a"*}
\frac {\thetajr\sum_{Q\in I_B} \ell(Q)"{n+1} \lesssim \frac {\theta}r\,m(B(\xi,Cr)) \lesssim

\theta\,r"n,$$

so that ([egguail]) holds for & small enough.

‘We consider now the case r > C7’IJQ(5). For any cube O € Ip, let &g & 0Qp be such
that dist (S0, Q) = dist(Q,002p). Notice that &g € (8B N 0L, for some fixed Cg > 1. Let
1 Bl be the family of cubes O € Ipsuch that $\operatorname{dist} (Q, {\partialOmega} R)
<\frac {C_7"{-1}}5\,\operatorname {dist} (\xi_Q, {\partiahOmega})$, and set I[g2 =1Ip
\ 73!, Denote U = Uy e GBNaggB, C77160(»)/5). By applying Vitali’s covering theorem,
there is a family of balls Bj,j € J, centered inyj € 0Qp, with radius = C7’lég(yj), S0
that the balls S\frac15B j$ are pairwise disjoint and U C U; e B;. Observe that if O
€ 131, then Q intersects the ball B(gVQ,Cfl&gig"Q)/S), and so it also intersects at least one
of the balls Bj, j € J. In this case, we write O & IBJ- We split
$$\sum_{Q\in T_B} {\rm s}_{2Q}(A)"2\\ell(Q)"n \leq \sum_{j\in J} \sum_{Qiin _{B j}}
{\rm s}_{2Q}(A)"2\\ell(Q)"n + \sum_{Q\in I_B*2} {\rm s}_{2Q}(A)"2\,\ell(Q)"n =:
S 1+S 2.$$
To deal with S1 we apply the estimate ([egosc1]) to each ball Bj and we take into account
that all the balls $\frac15B j$ are contained in CoB, for some Cg > 1, because 7;
= 0771500y < 60A&) + ¢y < . Then we get
$$S_1 \lesssim_{a™*} \theta\sum_{j\in J_B} r_j*n \approx \theta\sum_{j\in

J_B}\mathcal {H}“n(\tfrac15B_j\cap {\partiah\Omega} R)\lesssim
\theta\,\mathcal{H}"n(C_9B\cap {\partial\Omega} R) \lesssim \theta\,r"n.$$

Let us turn our attention to the sum S>. We claim that Q € 152 = dist(20,02)=,0(0).
One inequality follows from the fact that O is a Whitney cube for Qp: dist(20,0Q) > dist
(20.09Qp) = (Q). To see the converse inequality, notice that by the definition of 7, 32, dist
(20,09) < dist(0,09) < dist(.0) + o< < (1+5C7) dist(0,02p) = £(Q), which
proves the claim.

From the claim and the properties of Whitney cubes for Q, it follows that for each O

& I there is subfamily /g € [( @) such that 20 C Up e 1P with #1g < 1, and
&(P) = t(Q) for each P & Ip. By the same arguments as above, we know that for every
P & Ig there exists $S\in{\rm Tree}"*(R)S, with £(S) = ((P) such that P C w(S). As in
([eginclup*]), by the definition of ${\rm Tree}"*(R)$, this implies that there exists some
cube S which is a*-close to S such that, for M big enough, depending on ™ and the
properties of Whitney cubes, P C w(S) C B(xgs, MU(S) N Qprlg(s). Further, by
choosing a larger M if necessary, we can assume that $S"\in{\rm Tree}(R)\setminus {\rm

{Stop}}(R)S.
Let 75 be the family of $S"in{\rm Tree}(R)\setminus {\rm {Stop} }(R)$ associated in this
way to some Q0 € IBZA Then we have

$S\label{eqddd2} \sum_{Q\in I_B"2} {\rm s}_{2Q}(A)"2\,\ell(Q)"n \lesssim \sum_{Q\in
1 B2} \sum_{P\in I_Q} {\rms}_{2P}(A)"2\,\ell(P)"n \leq \sum_{S"\in I_B'} \sum_{Q\in
1_B2} \sum_{P\in I_Q:P\subset S} {\rm s} {2P}(A)"2\,\ell(P)"n.$$

By pigeonholing, it is easy to check that each §' € /g is associated, at most, to a bounded

number of cubes from 132 (with a bound depending on a*). Therefore, by the definition of
LS,

$$\begin {gathered} \nonumber \sum_{Q\in I_B"2} {\rm s} {2Q}(A)"2\,\ell(Q)"n =
\sum_{Q\in I_B"2} \[\nabla A\|_{LNinfty(2Q)}"2\,\ell(Q)"{n+2} \lesssim \sum_{Q\in
1_B"2} \sum_{P\in I_Q} \|\nabla A\|_{INinfty(P)}"2\,\ell(P)*{n+2} \\ \leq \sum_{S"in
I_B} \sum_{Q\in I_B"2} \sum_{\substack{P\in I_Q:\\P\subset
B(x_{S'},Mell(S)\cap\Omega_{M*{-1}\ell(S')} } }\\nabla
A\_{INinfty(P)}"2\,\el((P)*{n+2} \lesssim_{a"*} \sum_{S"in I_B} \lambda_\Omega(S)



\,\sigma(S). \end{gathered} $$

‘We will estimate the last sum above using the stopping condition (d) for the corona
decomposition.

First notice that there are constants C, C', C", C" > 1, possibly depending on a*, such that
ifO e Igz, P & g, and $S\in{\rm Tree}"*(R)$ and §' € /5 are associated with O and
P as above, then §' € CS € CP C C'Q C C"B. Since §(&) < Cqr, we deduce that
there exists some ball B’ centered in 8Q, with radius #'=,*r, such that C"B C B'. Thus,
S\sum_{Q\in I_B*2} {\rm s}_{2Q}(A)"2\,\ell(Q)"n \lesssim_{a"*}\sum_{S"in {\rm Tree}
(R)\setminus {\rm {Stop} } (R):S"subset B} \lambda_\Omega(S) \,\sigma(S)$. To deal with
the last sum, suppose first that the cubes from ${\rm {Stop} }(R)S cover R up to a set of
zero o-measure. Then we have

$$\begin {gathered} \nonumber \sum_{\substack {S"in {\rm Tree}(R)\setminus {\rm
{Stop} }(R):\\S"subset B} } \lambda_\Omega(S) \,\sigma(S) = \sum_ {\substack {S"\in {\rm
Tree}(R)\setminus {\rm {Stop} }(R):\\S"\subset B} } \,\sum_{P\in{\rm {Stop}}
(R)}\lambda_\Omega(S) \,\sigma(P)\\ \leq \sum_{P\in{\rm {Stop} } (R):P\subset B'}
\sigma(P) \sum_{\substack {S"in {\rm Tree}(R)\setminus {\rm {Stop} }(R):\\P\subset
S'\subset R} }\lambda_\Omega(S). \end{gathered}$$

By the condition (d), taking into account that $S"\not\in {\srm {Stop} }(R)$, we have
$\sum_{\substack {S"\in {\rm Tree}(R)\setminus {\rm {Stop} }(R):\\P\subset S"\subset
R} }\lambda_\Omega(S)\leq \theta$. Hence

S$\label{eqquals} \sum_{\substack{S"in {\rm Tree}(R)\setminus {\rm {Stop}}
(R):\S"\subset B} } \lambda_\Omega(S) \,\sigma(S)\leq \theta\,\sigma(B) \approx \theta\,
(r')"n \approx_{a"*} \theta\,r'n.$$

In the case when the cubes from ${\rm {Stop}}(R)$ do not cover R, for each k > 1 we
let ${\rm {Stop}} k(R)$ be the subfamily of maximal cubes from ${\rm {Stop}}
(R)\cup {\mathcal D} _k(R)$. By the same arguments as above, replacing the sum
$\sum_{P\in{\rm {Stop}}(R)}$ by $isum_{P\in{\rm {Stop}} k(R)}$ we deduce that

$$\sum_{\substack {S"in {\rm Tree}(R)\setminus {\rm {Stop} }(R):\S"subset B\!,\;
\ell(S")\geq 2"{-k}\ell(R)} } \lambda_\Omega(S) \,\sigma(S) \leq \theta\,r"n,$$

and letting & — oo we infer that ([egquals]) holds in any case. Together with ([eqgddd2])
and the previous estimate for S}, this shows that ([eqguail]) is also satisfied in the case

> Cfl(ig(f), for # small enough.

The almost L-elliptic extension

Throughout this section we assume that Q C 1+ 1, n =1, is a bounded open set with
uniformly n-rectifiable boundary satisfying the interior corkscrew condition, and that 4 is a
real, not necessarily symmetric (n+1) x (n+1) matrix function in Q2 with measurable
coefficients satisfying ([eq.elliptic]) and the DKP condition in . Recall that we write L =
—div4V.

Let / : 02 — | be a Lipschitz function, so that in particular /* € WLI’(EQ) forany p €
[1,0). In this brief section we define the “almost L-elliptic extension” of f to Q, following
closely where the case L = — 4 is considered. We omit proofs of the properties of the
almost L-elliptic extension, since these are essentially the same as in .

First, we define the auxiliary extension f of £; this is done exactly the same way as in .

Givenaball B C 1"* 1 centered in 8 and an affine map (1 : I+ 1 — 1, we consider the
coefficient
$$\gamma_{f}(B) =\inf_{\mathcal{A} }\left( |\nabl heal{A}| + hchoice {{\setbox

0-\hbox {$\displaystyle{\textstyle-} {\int} $} \veenter {\hbox {S\textstyle-8} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$} \kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \\int_B \frac {|f-\mathcal{A}|} {r(B)}\,d\sigma\right),$$

where the infimums are taken over all affine maps [ : I’ L 1. We denote by [Igan
affine map that minimizes y£B). Next, given a ¢-Whitney decomposition [(£), for each
‘Whitney cube / € [I( Q) we consider a C* bump function ¢ supported on 1.1/ such
that the functions 7, / € [I( ), form a partition of unity of yo. Thatis, Y7 e ( Q@7
= 1@ We define the extension $\widetilde f:\overline \Omega\to\mathbb {R}$ of 1 as
follows:

Socr, flo=Sre i @it 28y
It is clear that f'is smooth in Q. Here, 5(/) is any fixed boundary cube of / satisfying
([eq.bi]), and By is the ball concentric with 5(/) that contains b(/); see Sections 2.1.3
and 2.1.6. If / € Lip(0Q), then S\widetilde f\in\operatorname {Lip} (\overline {\Omega})$
with Lip(f) < Lip(f) . Let us also record the following useful fact.

Lemma 1 (). For eachp € (1,:), there exists C > 0 so that
[ V)| < mcs, ol VHp).  foreachx €11 &) Q.

Given the corona construction in terms of the family ${\rm {Top}}$ from Section 5, for
each $R\in{\rm {Top}}$ we denote by vp the solution of the continuous Dirichlet problem
for the operator L in Qg with boundary data, f\agk. ‘We define the function $v=v_f:\overline
\Omega'to \mathbb {R}$ by
$$v = \left\{\begin {array} {II} \widetilde f & \text{in $\overline\Omega \setminus
\bigcup_{R\in{\rm {Top} } }\Omega RS, }\\& \\ v_R & \text{in each $\Omega RS, with
$R\in{\rm {Top}}$,} \end{array} \right.$$

and we call it the almost L-elliptic extension of f.

If fis Lipschitz on 642, then v is continuous on $\overline{\Omega}$, and moreover,
$v\in% \accentset{\mbox {\Large\bfseries .} } {W}"{1,2}(\Omega)$ with IV v;2(q) < Lip
(/)m(.Q)l/2 (these facts follow by essentially the same argument that yields ). Furthermore,
for each $R\in{\rm {Top}}$, by virtue of the properties of Qg in Section 5.4 and the main
result of Dindos, Pipher, and Rule in , we have that v is the solution of the Regularity
problem (R)p" with boundary data fla0. Let us be more precise; define
$S$\label{eq.ntmaxtr] }\nonumber \widetilde {\mathcal{N}} 2*{\Omega R} (u)
(\zeta)=\sup_{x\in\gamma_1~{\Omega_ R} (\zeta)}\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd



0}1% {{\setbox 0=\hbox {$\textstyle {\scriptstyle-} {\int}$} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \Nint_{B(x,\delta_{\Omega R}
(x)/2)}[u|"2\,dm\Big)"{1/2} \qquad\zeta\in\partialOmega_R,$$

and let V;, be the tangential derivative in Qp.
Theorem 1 (). Fixp € (1,0). For each $R\in{\rm {Top}}$ and q € (1, max{2, p}], the

problem (Rq[‘) is solvable in Q. In particular; if f € Lip (0Q) and f, vR are as above,
then

$8\label{eq.regr} ber \Vert\widetilde{\mathcal{N}}"{\Omega_R}_2(\nabla
v_R)\Vert_{L"q(\partial\Omega_R,\mathcal{H}"n|_{\partial\Omega_R})}\lesssim\Vert\nabla_{t_R}\widetilde
fWert_{L"q(\partial\Omega_R,\mathcal{H}"n|_{\partial\Omega_R})}.$$

Proof of Proposition 1

In Section 4, we saw how to reduce the proof of Theorem 1 to proving Proposition 1.
‘With the almost L-elliptic extension at hand from Section 6 and the corona decomposition
into Lipschitz subdomains from Section 5, we are ready to plunge into the details of the
proof of Proposition 1. Throughout this section we assume that  C 1™ Ln>2isa
bounded open set with uniformly n-rectifiable boundary satisfying the corkscrew
condition.

A n.t. maximal function estimate for the almost L-
elliptic extension

We will need the following fact regarding the almost L-elliptic extension. It tells us that the
almost L-elliptic extension satisfies a similar estimate to ([eg.regest]).

Proposition 1. Let p > | and L = — div AV, where A is a DKP matrix in Q. Let p €
Lip (0€) and v,y the almost L-elliptic extension of ¢ (see Section 6). Then we have that

88\label{eq.ext} \Vert\widetilde{\mathcal{N}} 2(\nabla
v_\varphi)\Vert_{L"p(\partial\Omega)}\lesssim\Vert\nabla_{H,p}\varphi\Vert_{L"p(\partial\Omega)}.$$

Proof. Let p' be the Holder conjugate of p. We show that
$$\label{eq.ntal} \Big|\int_\Omega F\nabla
v_\varphi\,dm\Big|\lesssim\Vert\mathscr {C} _2(F)\Vert_{L{p'}

(\partia\Omega) } \Vert\nabla_{H,p}\varphi\Vert_{L"p(\partia\Omega)},\qquad\text{for any

JRin{\bf C}_{2,p'}.$$
Once we show that the above estimate holds, then ([eg.ext]) follows immediately by
Proposition 1. Fix SF\in{\bf C}_{2,p'}$, and denote3 Ty = |[oF Vvgdm|. We split T2 up
as follows:

$$\label{eq.break2} \nonumber
T_2\leq\Big|\int_{\mathscr {H} } F\nabla\widetilde\varphi\,dm\Big|-\sum_{R\in {\rm
{Top} } }\Big|\int_{\Omega R}F\nabla v_R\,dm\Big|=T_{21}+T_{22},$$

where $\mathscr{H} =\Or backslash\cup_{R\in{\rm {Top}}}\Omega RS and ${\rm
{Top}}$, Qg are defined in the corona construction in Section 5, and @, vg are defined in
Section 6.

Estimate for Ty

‘We estimate 75 first:

$$\begin {gathered} \label{eq.break3} T_{21}\leq\sum_{Q\in\mathcal{H} }\sum_{I\cap
w(Q)\neq\varnothing} \Big(\int_I|F|"2\,dm\Big)"{1/2}\Big(\int_I|\nabla\widetilde\varphi|"2\,dm\Big)"{1/2}\\
\lesssim \sum_{Q\in\mathcal{H} }\sum_{I\cap w(Q)\neq\varnothing}\Big(\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter{\hbox {$\textstyle-
S} }kern-.5\wd 0} } % { {\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $}
\veenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\Nint_{CB_Q\cap\partiahOmega}|\nabla_{H,p}\varphil\,d\sigma\Big)\int_Im_{2,I}(F)\,dm\\
\lesssim \sum_ {Q\in\mathcal {H} }\Big[\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }%

\Nint_{CB_Q\cap\partia\Omega} \nabla_{H,p}\varphil\,d\sigma\Big)\frac I {\ell(Q)"n}\int_{w(Q)}m_{2,4B y}
(F)\,dm(y)\Big]\ell(Q)"n\\ \lesssim\int_{\partiahOmega}\sup_{Q\in\mathcal{H} :\zeta\in
Q}\Big\{\Big(\mathchoice {{\setbox 0=\hbox {S\displaystyle{\textstyle-} {\int}$}
\veenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} S}

\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }%

\Nint_{CB_Q\cap\partia\Omega} \nabla_{H,p}\varphil\,d\sigma\Big)\frac I {\ell(Q)"n}\int_{w(Q)}m_{2,4B y}
(F)\,dm(y)\Big\}\,d\sigma(\zeta)\\ \lesssim\int_{\partial\Omega}\mathcal{M} _{\sigma}
(\nabla_{H,p}\varphi)(\zeta)\mathscr{C}_2(F)
(\zeta)\,d\sigma(\zeta)\lesssim\Vert\mathscr {C} _2(F)\Vert_{L"{p'}
(\partiahOmega) }\Vert\nabla_{H,p}\varphi\Vert_{L"p(\partia\Omega)}, \end{gathered}$$

where in the second line we used Lemma 1, and in the fourth line we used Carleson’s
Theorem and that the family | satisfies a Carleson packing condition (Lemma 1).

Estimate for 75,

We now consider 7). For each SR\in{\rm {Top}}$, let ${\rm {Ins}} RS be the family of
I € 7( Q) such that I'c Qpand let ${\rm {Bdry}}_R$ consistof all7 € [I( Q)
which intersect Qg and do not belong to ${\rm {Ins}}_RS$. With this notation, we split 722
further:



$$\begin {gathered} \label{eq.break4} T_{22}\leq\sum_{R\in{\rm
{Top}} }\Big(\sum_{I\in{\rm {Ins}}_R}\int_{I}|F|[\nabla v_R\,dm +\sum_{I\in{\rm
{Bdry}} R}\int_{I\cap\Omega R} |F||\nabla v_R[\,dm\Big)\\=\sum_{R\in{\rm {Top}}}
(T_{221,R}+T_{222.R}) =T {221}+T {222}. \end{gathered}$$

Estimate for Ty

By Holder’s inequality and arguing as in ([eq.break3]), it is not hard to see that

$S\label{eq.int1} T_{221,R}\leq\sum_{Nin{\rm {Ins}} R}\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox{$\scriptstyle-
$} }\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} Nkern-.5\wd 0} }% \int_I\nabla v_R["2\,dm\Big)*{1/2}\int_Im_{2,4B x}(F)\,dm.$$
Let & be the family of cubes O € o such that O € bgx(1) for some S$I\in{\rm
{Ins}}_RS$. Let og be the n-dimensional Hausdorff measure restricted to 0Qp, and define
g as in Section 2.1.3, with the oldest generation jo € 7 verifying $21{-
j_0}\geq\frac {\mathop {\mathrm {diam} } (\partial\Omega_R)}28$. Let us show that for any
QO € Fp, there exists P € o Such that £(P) = {(Q) and dist(P,Q) < KU(Q). Let £
€ 0Qp verify that dist(,0) = dist(Q,02p), and take P € op 1o be the largest dyadic
cube such that { € P and ((P) < £(Q). On the other hand, since O € bgx/), we have
that

$$\ell(Q)=\ell(I)=\frac {\mathop {\mathrm {diam } } (I) }
{\sqrt{n+1}}\leq\frac1{\sqrt{n+1} }\mathop {\mathrm {diam} }
(\Omega_R)\leq\frac1{\sqrt{n+1} }\mathop{\mathrm {diam} } (\partiahOmega_R)\leq 2"{-
j 0}.8$
where we have used that Qp is a bounded domain. Hence there are dyadic cubes of length
Q) in gy, and therefore we have £(P) = ((Q). Now, using ([eq.bi]), it is easy to see
that dist(P,Q) < K(Q) for K depending only on » and ¢.

Given Q € Fg if P € [, satisfies that 0(P) = {(Q) and dist(P,0) < K(0), we
denote it by P = L(Q) (P is a lift of Q). It is not hard to see that
card {P : P = L(Q)} < N,

where Ny depends only on #, K, and the n-Ahlfors regularity constant of 6Qg.

We let [ g be the family of all P € op such that P = L(Q) for some O € Fp.
Furthermore, let

$8\label{eq.ntmaxtr} \widetilde {\mathcal{N}}_{\beta,2}"{s,\Omega_R} (h)
(\zeta):=\sup_{x\in\gamma_\beta"{\Omega_R}(\zeta)\cap B(\zeta,s)}\Big(\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-
$} }\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$}
\vcenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {S\scriptscriptstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter{\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % \\int_{B(x,\delta_{\Omega R}
(x)/2)}|h|"2\,dm\Big)"{1/2},\qquad\zeta\in\partialOmega_R,$$

and given $I\in{\rm {Ins}} RS, let us show that

$$\label{eq.int2} \Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$}
\veenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} }% { {\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} S}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \!\int_I|\nabla v_R|"2\,dm\Big)*{1/2}\leq C_I\inf {\zeta\in
P}\widetilde{\mathcal{N}} _{\beta_0,2}*{C\ell(P),\Omega_R}(\nabla v_R)
(\zeta),\qquad\text {for each } P=I(Q), Q\in b_\Omega(I),$$

with C] and ff depending only on n, 6, and ¢, and C depending only on ¢ and n. Since
$hin{\rm {Ins}}_RS, then = (1+0)I < Qg, whence 0(]) < dist(P,]) < {(]). Let ¢ =

270, where ko € lis the smallest integer with $\frac {c\sqrt {n+1}} {\theta}\leq\frac12$.
Partition 7 into subcubes J of equal length ((J) = c€(/). Then

$$\label{eq.detaill } \mathchoice {{\setbox 0=\hbox {$\displaystyle {\textstyle-} {\int}$}
\veenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0} 1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} S}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} Nkern-.5\wd 0} }% \\int_I|\nabla v_R[*2\,dm=c”{n+1}\sum_J\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox{$\scriptstyle-
$} }\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \\int_J|\nabla v_R|"2\,dm.$$

Note that card {J} = ko) 1t is easy to see that for eachx € J, J © B(x,004(x)/2),
and therefore

$$\label{eq.detail2} \mathchoice {{\setbox 0=\hbox {$\displaystyle {\textstyle-} {\int}$}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0} 1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \'\int_J|\nabla v_R|"2\,dm\lesssim_{n,\theta,\hat ¢ }\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter{\hbox {$\textstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$}
\veenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % \\int_{B(x,\delta_{\Omega R}
(x)/2)}|\nabla v_R["2\,dm,\qquad\text {for each }x\in J.$$

However, for cachx & Jand each { € P, we have that x € y4,(0), for fg large enough
depending only on n, 6 and ¢. It follows that

$S\label{eq.detail3} \Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-}



{\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} }% { {\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-

$}}\kern-.5\wd 0} }% \\int_{B(x,\delta_{\Omega R}(x)/2)}|\nabla

v_R[A2\,dm\Big)*{1/2}\leqiinf_{\zeta\in
P}\widetilde{\mathcal{N}} _{\beta_0,2}*{C\ell(P),\Omega_R}(\nabla v_R)

(\zeta),\qquad\text{for each }x\in J.$$

Using ([eq.detaill]), ([eq.detail2]), and ([eq.detail3]), the estimate ([eq.int2]) follows.
Using ([eq.int2]) and the properties of the family [1p, from ([eq.int1]) we deduce that

$8\begin {gathered} \label{eq.int3}
T_{221,R}\lesssim\sum_{Q\in\mathcal{F} _R}\sum_{I\in{\rm {Ins}}_R: Q\in
b_\Omega(I)}a_Q\Big(\mathchoice { {\setbox 0=\hbox {$\displaystyle {\textstyle-} {\int} $}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int}$} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \int_{P}\widetilde{\mathcal{N}} _{\beta,2}"{C\ell(P),\Omega_R}
(\nabla v_R)\,d\sigma_R\Big)\big(\inf_{\xi\in Q}\mathscr{C}_2(F)(\xi)\big)\\ \lesssim
\sum_{Q\in\mathcal{F}_R}a_Q\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\textstyle {\scriptstyle-} {\int}$} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} N\kern-.5\wd 0} }% \Nint_{P}\widetilde{\mathcal{N}} _{\beta,2}"{C\ell(P),\Omega_R}
(\nabla v_R)\,d\sigma_R\Big)\big(\inf_{\xi\in Q}\mathscr{C}_2(F)(\xi)\big)\\ \leq\Big\
{\sum_{Q\in\mathcal{F}_R}a_Q\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {S$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$} N\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int}$} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \int_{P}\widetilde{\mathcal{N}} _{\beta,2}"{C\ell(P),\Omega_R}
(\nabla v_R)\,d\sigma_R\Big)"p\Big\}"{\frac 1p}\Big\
{\sum_{Q\in\mathcal{F}_R}a_Q\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\textstyle {\scriptstyle-} {\int}$} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \int_Q\mathscr{C}_2(F)\,d\sigma\Big)"{p'}\Big\} *{\frac1 {p'} }
\end { gathered} $$
where
$$\label{eq.aq2} \nonumber a_Q:=\frac1 {\inf_{\zeta\in Q}\mathscr{C}_2(F)
(\zeta)}\int_{w(Q)}m_{2,B(z\delta(z)/2) } (F)\,dm(z),$$
P is any cube such that P = L(Q), and in the second line we used that there are at most a
uniform number of Whitney cubes / with O € b(/). It was shown in ([eq.packing]) that
the family {ap} g e 1 satisfies the following Carleson packing condition:

Yoe i ,:0c Qs a(8), foranySeE [l

Given P € R one can easily prove that card {Q € Fp: P = L(Q)} < C, where C
depends only on K, n, and the n-Ahlfors regularity constant of 0Q. For any P € R
define

dp =30 € Fz: P= L(ONAQ-
We now claim that {dp}p e | jsatisfies a Carleson packing condition. Given § & R
fix a cube O(S) € Fg which satisfies that S = L(O(S)). Fix P € Rwith P S S, and
let Q € Fpwith P = L(Q). Let us show that there exists O € [1 ,with O S O, ()
= ((Q(S)) and dist (0,0(S)) < L(Q(S)). Indeed, let O € o be the unique ancestor of O
verifying ((Q) = L(Q(S)). By construction, we have that O S 0, and finally, note that

$$\begin {gathered} \nonumber \operatorname {dist} (\widetilde
Q,Q(S))\leq\operatorname{dist} (Q,Q(S))\leq\operatorname { dist}
(Q,S)+\mathop {\mathrm {diam} } S+\operatorname {dist} (S,Q(S))\\ \leq\operatorname{dist}
(Q,P)Hell(S)+K\ell(Q(S))\leq Kiell(P)+Hell(Q(S))+K\ell(Q(S)\ \leq(2K+1)\ell(Q(S)),
\end { gathered} $$

as desired. Now let 5 consist of all cubes Oe & such that ((Q) = 0(Q(S)) and dist
(0,0(8)) < K+1)U(Q(S)). It is easy to show that

card {0 € 5y < C.
‘With these observations, we deduce that

ZPe | g:PSSP=LPe [ p:PSSLQ € Fp: P=LQPQS 20 € FLQ < (90 <
Y0 € 559(0) < o(QS) < oS,

where we used ([eg.cardp]), the properties of the family %S, the Carleson packing
condition of {ap}, (leq.cards]), and the fact that 02 is n-Ahlfors regular. This completes
the proof of the claim that {dp}p e 11 j satisfies a Carleson packing condition.

‘With this fact at hand, we see that

$S\begin{gathered} \label{eq.int4} \sum_{Q\in\mathcal{F} R}a Q\Big(\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter{\hbox {$\textstyle-
$} 1 \kern-.5\wd 0} } % {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $}
\veenter {\hbox {$\scriptstyle-$} } \kern-.5\wd 0} } % { {\setbox
0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\vcenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\int_{P:P=I(Q)}\widetilde {\mathcal {N}} _{\beta,2}"{C\ell(P),\Omega_R}(\nabla
v_R)\,d\sigma_R\Big)"p \leq\sum_{P\in\mathcal{G}_R}\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter{\hbox{$\scriptstyle-
$} }\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \Nint_{P}\widetilde {\mathcal{N}} _{\beta,2}"{C\ell(P),\Omega_R}



(\nabla v_R)\,d\sigma_R\Big)"p\sum_{Q\in\mathcal{F} _R: P=L(Q)}a_Q\\
=\sum_{P\in\mathcal{G}_R}\widetilde a_P\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \int_{P}\widetilde {\mathcal{N}} _{\beta,2}*{C\ell(P),\Omega_R}
(\nabla v_R)\,d\sigma_R\Big)"p
\lesssim\int_{\partialOmega_R}\Big(\sup_{P\in\mathcal{G}_R:\zeta\in P}\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter{\hbox {$\textstyle-
S} }kern-.5\wd 0} }% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $}
\veenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\Nint_{P}\widetilde {\mathcal{N}} _{\beta,2}*{C\ell(P),\Omega_R}(\nabla
v_R)\.d\sigma_R\Big)"p\,d\sigma_R(\zeta)\\
\leq\int_{\partiah\Omega_R}\mathcal{M} _{\sigma_R}
(\widetilde{\mathcal{N}} _{\beta,2}"{\Omega_R}(\nabla v_R))"p \,d\sigma_R \lesssim
\Vert\widetilde {\mathcal{N}} _{\beta,2}"{\Omega R} (\nabla
v_R)\Vert_{L"p(\partial\Omega_R)}"p\lesssim\Vert\nabla_{t_R}\widetilde\varphi\Vert_{L"p(\partia\Omega_R)}"p,
\end{gathered} $$

where in the third line we used ([eq.packing?]) and Carleson’s theorem, and in the last line

we used Theorem 1 for L. With ([eq.int3]) and ([eq.int4]), another application of Holder’s
inequality for sums yields

$$\begin {gathered} \label{eq.int5} \sum_{R\in{\rm {Top}}}T_{221,R}\lesssim\Big\
{\sum_{R\in{\rm
{Top}}}\Vert\nabla_{t R}\widetilde\varphi\Vert_{L"p(\partialOmega_R)}"p\Big\}"{\frac1p}\Big\
{\sum_{R\in{\rm {Top}}}\sum_{Q\in\mathcal{F}_R}a_Q\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
S} }\kern-.5\wd 0} } % \Nint_Q\mathscr{C}_2(F)\,d\sigma\Big)"{p'}\Big\} {\frac1{p'} } \\
\lesssim\Big\{\sum_{R\in{\rm
{Top}}}\Vert\nabla_{t R}\widetilde\varphi\Vert_{L"p(\partialOmega_R)}"p\Big\}"{\frac1p}\Big\
{\sum_{Q\in\mathcal{D}_\sigma}a_Q\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter{\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \Nint_Q\mathscr{C}_2(F)\,d\sigma\Big)"{p'}\Big\} *{\frac1 {p'} }\\
\lesssim \Big\{\sum_{R\in {\rm
{Top}}}\Vert\nabla_{t R}\widetilde\varphi\Vert_{L"p(\partialOmega_R)}"p\Big\}"{\frac1p}\Big\
{\int_{\partial\Omega}\Big(\sup_{Q:\zeta\in Q}\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter{\hbox{$\scriptstyle-
$} }\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } %
\Nint_Q\mathscr{C}_2(F)\,d\sigma\Big)"{p'}\,d\sigma(\zeta)\Big\} *{\frac1 {p'} } \\ \lesssim
\Big\{\sum_{R\in{\rm
{Top}} }\Vert\nabla_{t R}\widetilde\varphi\Vert_{L"p(\partialOmega_R)}"p\Big\}*{\frac1p}\Vert\mathcal{M}_\sigma(\mathscr{C}_2(F))\Ver
(\partial\Omega)} \lesssim\Big\{\sum_{R\in {\rm
{Top} } }\Vert\nabla_{t R}\widetilde\varphi\Vert_{L"p(\partiahOmega_R)}"p\Big\}*{\frac 1p}\Vert\mathscr{C}_2(F)\Vert_{L {p'}
(\partialOmega)}, \end {gathered} $$

where in the second line we used that a given cube O € & belongs to at most a
uniformly bounded number of the families &g, and in the third line we used Carleson’s
theorem and the Carleson packing condition of {ag}. Finally, since the sets 0Qg N 02 are
pairwise disjoint, and following the argument of , we note that

$8\begin {gathered} \label{eq.int6} \sum_{R\in{\rm
{Top} } }\Vert\nabla_{t R}\widetilde\varphi\Vert_{L"p(\partialOmega_R)}"p\lesssim\Vert\nabla_{H,p}\varphi\Vert_{L"p(\partiahOmega)}"p+\s
{Top}} }\Vert\nabla_{t_R}\widetilde\varphi\Vert_{L"p(\partialOmega_R\backslash\partial\Omega)}"p\\
\lesssim\Vert\nabla_{H,p}\varphi\Vert_{L"p(\partialOmega)}"p+\sum_{Q\in\mathcal{H} } \ell(Q)"n\Big(\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter{\hbox {$\textstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$}
\veenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {S\scriptscriptstyle-
$} }\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\Nint_{CB_Q\cap\partia\Omega}|\nabla_{H,p}\varphil\,d\sigma\Big)"p\lesssim\Vert\nabla_{H,p}\varphi\Vert_{L"p(\partia\Omega)}"p,
\end{gathered} $$

where once again we used Carleson’s theorem. From ([eq.int5]) and ([eq.int6]), we
conclude that

To1 < 1AW P @)V H,pol1reQ)
Estimate for T5);

Fix $Nin{\rm {Bdry}} RS, and by Holder’s inequality, note that
[0 odPIv v dm < (fF2dm) (01 oV vidm) 2.
Let 7(Qp) be a 4-Whitney decomposition of Qp (see Section 2.1.6), and observe that

$$\begin {gathered} \label{eq.break5} \int_{I\cap\Omega R}|\nabla v_R|"2\,dm \leq
\sum_{J\in\mathcal{W}(\Omega_R): J\cap I\neq\varnothing}\int J|\nabla v_R["2\,dm
\lesssim \sum_{J\in\mathcal{W} (\Omega_R): J\cap

I\neq\varnothing}\ell(J)\int_{CJ\cap\partiahOmega_R}\widetilde {\mathcal{N}}_{\beta,2}"{C\ell(J),\Omega R}

(\nabla v_R)"2\,d\sigma_R\\ \lesssim\sum_ {k\in\mathbb {N} }\sum_ {J\in\mathcal { W}

(\Omega_R): J\cap I'\neq\varnothing, \ell(J)=2"{-k-+k_0}\ell(I) } \frac {\ell(T) }
{2k Nint_{CJ\cap\partia\Omega_R}\widetilde{\mathcal{N}} _{\beta,2}"{C\ell(J),\Omega R}
(\nabla v_R)"2\,d\sigma_R \lesssim\ell(T)\int_{\widetilde
CI\cap\partiahOmega_R}\widetilde{\mathcal{N}} _{\beta,2}"{\widetilde
Cell(I),\Omega_R}(\nabla v_R)"2\,d\sigma_R \end{gathered}$$

where C, C, ko, and 8 are uniform constants depending only on the parameters of 1, and
$\widetilde{\mathcal {N} }*{\Omega_R}$ was defined in ([eg.ntmaxtr]). In the last



estimate of ([eq.break5]), we used that the uniform dilations of Whitney cubes J €
(Qp) of a given generation which intersect / have uniformly bounded overlap. Now, we
take ¢ to be small enough that C¢ < 1/2, and this guarantees that

$$\label{eq.far} \frac 12\operatorname{dist} (I,\partialOmega)\leq\operatorname {dist}
(16\widetilde CI,\partial\Omega)\leq\operatorname{dist } (I,\partiahOmega).$$

Using the localization result for the regularity problem, Theorem 1, we obtain that

$$\label{eq.locuse} \int_{\widetilde
Cl\cap\partiahOmega_R}\widetilde{\mathcal{N}} {\beta,2}"{\widetilde
Cell(I),\Omega_R}(\nabla v_R)"2\,d\sigma_R\lesssim\int_{16\widetilde
Cl\cap\partial\Omega R}|\nabla_{t R}\widetilde\varphi|"2\,d\sigma_R-+\ell(I)"n\Big(\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter{\hbox {$\textstyle-
S} \kern-.5\wd 0} } % {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $}
\veenter {\hbox {$\scriptstyle-$} } \kern-.5\wd 0} } % { {\setbox
0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % \!\int_{4\widetilde
Cl\cap\Omega_R}[\nabla v_R|\,dm\Big)"2.$$

Next, let O € bg)(/), and by ([eq.far]), Lemma 1, and standard computations, it is easy to
show that

Vo) < Cl”’CzBQ,a(VH,;ﬂ’)v for each x € 16CI,

with the constants Cj, C; depending on ¢. It follows that

T16¢10 00yl ¥ 1o dor < U mCy o V 1))
On the other hand, by essentially the same argument as in ([eq.break5]), we have that

$$\label{eq.nt2} \mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} S}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \\int_{4\widetilde CI\cap\Omega_R}|\nabla
v_R|\,dm\lesssim\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$}
\veenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} S}
\veenter {\hbox {S$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \N\int_{\widetilde
C 2I\cap\partia\Omega R}\widetilde {\mathcal{N}} _{\beta,1}"{\widetilde
C_2\ell(I),\Omega_R}(\nabla v_R)\,d\sigma_R.$$

Putting together ([eq.holder1]), ([eq.break5]), ([eg.locuse]), ([eq.loc3]), and ([eq.nt2]), we

see that

$$\label{eq.breaks5.5} \int_{I\cap\Omega_R}|F|[\nabla v_R|\,dm\lesssim m_{2,I}
(F)\el(T)*{n+1} \Big[m_{C 2B Q,\sigma}(\nabla_{H,p}\varphi)~+~\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\textstyle {\scriptstyle-} {\int} $} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} \kern-.5\wd 0} } % \\int_{\widetilde
C_2I\cap\partialOmega_R}\widetilde {\mathcal{N}} _{\beta, 1}"{\widetilde
C 2\ell(T),\Omega_R}(\nabla v_R)\,d\sigma_R\Big].$$

Therefore,

$$\begin {gathered} \label{eq.break6} \sum_{I\in{\rm
{Bdry}} R}\int_{I\cap\Omega R}|F|[\nabla v_R|\,dm \lesssim\sum_{I\in {\rm
{Bdry}}_R}m_{C 2B {\hat b_\Omega(I)},\sigma}
(\nabla_{H,p}\varphi)\int_Im_{2,4B x}(F)\,dm(x) \\ + \sum_{DNin{\rm {Bdry}} R}\Big\
{\el()*{\frac n{p'} }\frac1 {\ell(T)"n}\int_Im_{2,4B x}(F)\,dm(x)\Big\} \Big\{\ell(1)"{\frac
np}\Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle {\textstyle-} {\int} $}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \Nint_{\widetilde
C_2I\cap\partial\Omega R}\widetilde{\mathcal{N}} _{\beta,2}"{\Omega_R}(\nabla
v_R)"p\,d\sigma_R\Big)*{\fracIp}\Big\} \\ = T_{2221,R}+T_{2222,R},
\end{gathered} $$

where h¢x(I) is any boundary cube of 7 (see Section 2.1.6).

Note that the term $\sum_{R\in{\rm {Top}}}T_{2221,R}$ may be handled exactly the
same way as how we handled 771 before; as such, we have that

$$\label{eq.breakingl} \sum_{R\in{\rm
{Top}}}T_{2221,R}\lesssim\Vert\mathscr{C}_2(F)\Vert_{L"{p'}
(\partial\Omega) }\Vert\nabla_{H,p}\varphi\Vert_{L"p(\partiaOmega)}.$$

We study now the term 7227 g Note that if $I\in{\rm {Bdry}} R$ and O € bex/), then
O € I Let Igbe the family of O € I such that O € bgx([) for some $I\in {\rm
{Bdry}} RS. By Holder’s inequality, we obtain

$$\begin {gathered} \label{eq.breaking2} T_{2222,R}\lesssim'\Big(\sum_{I\in{\rm
{Bdry}}_R}\ell(I)*n\Big[\frac1 {\ell(I)"n}\int_Im_{2,4B x}
(F)\,dm(x)\Big]"{p'}\Big)"{1/{p'} } \Big(\int_{\partiahOmega_R}\widetilde{\mathcal{N}}_{\beta,2}"{\Omega R}
(\nabla v_R)"p\,d\sigma_R\Big)"{1/p}\\ \lesssim

\Big(\sum_{Q\in\mathcal {H}_R}\ell(Q)"n\Big[\frac1 {\ell(Q)*n}\int_{w(Q)}m_{2,4B x}

(F)\,dm(x)\Big]*{p'}\Big)"{1/{p'} }\Vert\nabla_{t_R}\widetilde\varphi\Vert_{L"p(\partiahOmega R)}
\end{gathered} $$

where in the first line we used that the sets Co/ have uniformly bounded overlap, and in the
last line we used the solvability of (R)), in the Lipschitz domain Qg. Using ([eq.breaking2])
and Holder’s inequality once again, we see that

$$\begin {gathered} \label{eq.break7} \sum_{R\in{\rm {Top}}}T_{2222,R}
\lesssim\Big(\sum_ {Q\in\mathcal{H} }\ell(Q)"n\Big[\frac I {\ell(Q)"n}\int_{w(Q)}m_{2,4B x}
(F)\,dm(x)\Big]"{p'} \Big)"{\frac1{p'} } \Big(\sum_{R\in {\rm
{Top}} }\Vert\nabla_{t_R}\widetilde\varphi\Vert_{L"p(\partiaOmega_R)}"p\Big)"{\frac1p}\\
\lesssim\Big(\int_{\partia\Omega}\sup_{Q\in\mathcal {H} :\xi\in
Q}\Big[\frac1 {\ell(Q)"n}\int_{B(\xi,C\ell(Q))\cap\Omega}m_{2,4B x}



(F)\,dm\Big]*{p'}\,d\sigma(\xi)\Big)"{\frac 1 {p'} } \Big(\sum_{R\in {\rm
{Top}} }\Vert\nabla_{t_R}\widetilde\varphi\Vert_{L"p(\partialOmega_R)}"p\Big)"{\frac1p}\\
\lesssim\Big(\int_ {\partialOmega}\mathscr{C}_2(F)*{p'}\,d\sigma\Big)"{1/{p'} }\Vert\nabla_{H,p}\varphi\Vert_{L"p(\partiaN\Omega)},
\end{gathered} $$

where in the second line we used Carleson’s theorem and the fact that I satisfies a Carleson
packing condition, and in the last line we used the definition of [, and ([eq.int6]). From

([eq.breake6]), ([eq.breakingl]), and ([eq.break7]), we conclude that
Ty < 1P 0l V H po\12(00)-

Putting ([eq.break3]), ([eq.t321]), and ([eq.ivcalc]) together, we have shown the desired
estimate ([eg.ntal]).

Proof of Proposition 1

Let vy be the almost L*-e]liptic extension of ¢ defined in Section 6. Since w solves Lw =
—divF, it follows that B[w,®] = B[w,v,]. Hence

[0(@)| < A VWY vydm| + | QF V' vydm| = Ty + T.
From Proposition 1 and Proposition 1, we see that
T2 < 1) @)V H ppl1r Q)
Hence we need only control 7. Fortunately, several parts of the argument to control 77

may be reduced to terms considered in the proof of Proposition 1. We split up 77 as
follows:

$$\label{eq.t1} T_I\leq\Big|\int_{\mathscr {H} } A\nabla
w'nabla\widetilde\varphi\,dm\Big|\sum_{R\in{\rm {Top}}}\Big|\int_{\Omega R} A\nabla
winabla v_R\,dm\Big=T_{11}-\sum_{R\in{\rm {Top}}}T_{12,R}=T_{11}+T_{12},58

Estimate for Ty

By the Caccioppoli inequality (Lemma 1), we have that

$$\begin {gathered} \label{eq.t11} T_{11}\lesssim\sum_{Q\in\mathcal{H} }\sum_{I\cap
w(Q)\neq\varnothing}\Big(\int_I|\nabla
w|2\,dm\Big)"{\frac 12}\Big(\int_I|\nabla\widetilde\varphi|"2\,dm\Big)"{\frac 12 }\\
\lesssim\sum_ {Q\in\mathcal{H} }\sum_{I\cap
w(Q)\neq\varnothing }\ell(T){n} \Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1}% {{\setbox 0=\hbox {$\textstyle {\scriptstyle-} {\int}$} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} Nkern-.5\wd 0} } % \Nint_ {1} |w|"2\,dm\Big)"{\frac 12 }\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }%
\Nint_I\nabla\widetilde\varphi|"2\,dm\Big)"{\frac 12} +\sum_ {Q\in\mathcal {H} }\sum_{I\cap
w(Q)\neq\varnothing }\Big(\int_{I"*}|F|"2\,dm\Big)"{\frac 12} \Big(\int_I|\nabla\widetilde\varphi|"2\,dm\Big)"{\frac 12}
W=T_{111}+T_{112}. \end{gathered} $$

The term 7717 is estimated in exactly the same way as the term 751, which was controlled
in Section 7.1.1. Thus we obtain that

T2 < 10O @l V B ppl12@0)-

We consider the term 7711 now. Recall that the truncated non-tangential maximal function
was defined in ([eq.truncated]). It is not hard to show that for any O € @

$$\label{eq.t111.1} \Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int} $}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.S\wd 0} }% \Nint_{I"*}|w|*2\,dm\Big)"{\frac12}\leq C_1\inf_{\xi\in
Q}\widetilde{\mathcal{N}} _{\beta_1,2}*{C_2\ell(Q)} (w)(\xi),\qquad\text{for each
}\in\mathcal{ W} (\Omega) \text{ s.t. }I\cap w(Q)\neq\varnothing,$$

where C1 and C; depend only on #, and ¢, and we may take ] = 17. Now, using
([eq.t111.1]), Lemma 1, and the fact that card {7 : / N w(Q) # e} < C, we obtain that

$$\begin{gathered} \label{eq.t111.2} T_{111}\lesssim\sum_{Q\in\mathcal{H} }\Big\
Qell(Q) {\frac {n} {p'} Ninf_{\xi\in Q}\widetilde{\mathcal{N}} {2} {C_2\ell(Q)} (w)
(\xi)\Big\}\Big\ {\ell(Q)"{\frac np}\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-
$} N\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } %
\Nint_{CB_Q\cap\partiahOmega}|\nabla_{H,p}\varphil\,d\sigma\Big)\Big\}\\
\lesssim\Big(\sum_{Q\in\mathcal {H} } \ell(Q)"n\Big(\mathchoice { {\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\textstyle {\scriptstyle-} {\int}$} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \Nint_Q\widetilde{\mathcal{N}} 2*{C 2\el(Q)}
(w)\,d\sigma\Big)"{p'}\Big)"{\frac1{p'} } \Big(\sum_{Q\in\mathcal{H} } \ell(Q)"n\Big(\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$}
\vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {S\scriptscriptstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\Nint_{CB_Q\cap\partia\Omega}|\nabla_{H,p}\varphi\,d\sigma\Big)"p\Big)"{\frac Ip}\\
\lesssim\Big(\int_{\partia\Omega}\mathcal{M} \sigma(\widetilde {\mathcal{N}}_2(w))*{p'}\,d\sigma\Big)"{\frac1{p'} }\Big(\int_{\partiahOme,
\lesssim'\ Vert\widetilde {\mathcal{N} } _2(w)\Vert_{L"{p'}
(\partial\Omega) }\Vert\nabla_{H,p}\varphi\Vert_{L"p(\partiah\Omega) }\\ \lesssim\big[\Vert
g\Vert_{L*p'}(\partiahOmega) } +\Vert\mathscr {C} _2(F)\Vert_{L*{p'}



(\partialOmega) } \big]\Vert\nabla_{H,p}\varphi\Vert_{L"p(\partial\Omega)},
\end{gathered} $$

where in the second line we used Holder’s inequality, in the third line we used Carleson’s
theorem and the fact that the family | satisfies a Carleson packing condition, and in the last

line we used ([eg.ntmaxn]). From ([eq.t112]) and ([eg.t111.2]), we conclude that
T < (gl @) + 12BN P @Y H,pol1req)

Estimate for T,

Write w = wg + wp; where wg solves the homogeneous problem with Dirichlet data g on
09, and wgsolves the Poisson problem with source data — div F and 0 Dirichlet data on
the boundary. With these definitions, note that

12, R < |@pA V wgV v + [ @AV WiV vdm| = T, R+ Tiz, R

Estimate for $T_{121}:=\sum_{R\in{\rm {Top}}}T_{121,R}$

Let us see how to control T21. Let N¢be the unit outer normal on 6Qg, which is well
defined og-almost everywhere. We will argue similarly as in the proof of , with some small
technical differences. For each k € 1, let Gy, = G  be the family of dyadic cubes / C I”
* 1 with side length 27k such that 3/ N 0QR # o, and let
$$\Omega_k=\Omega_{R,k}=\Omega_R\backslash\bigcup_{I\in G_k}\overline{I}.$$
It is easy to see that 3Q; C Qp, that 0Qy is n-Ahlfors regular uniformly on & and R, and
that dist (x,0Qp) = 27 for cach x € 09y Since |, 4 vy, RV wgdm| < + oo, then by the
Lebesgue Dominated Convergence Theorem and the facts that 4 Te Lipjoe(2) and L*VR
= 0 pointwise a.e. in Qf, we have that

10T VRV wodm = limg. _, of AT VR wadm = limy. _, ool v ((ATV v Rwe) dim.

Seeing as the vector field (4 vy, 'Rwg is continuous in $\overline{\Omega}_kS, we use the
divergence theorem to obtain

ngdiv((A TVVR)Wg)dm = If}Qk(ATVt’R) Nawgdl”, for each .

From ([eq.limit4]), ([eq.div]), and Holder’s inequality, we obtain that

$$\nonumber T_{121,R}\lesssim\Big\
{\limsup_ {k\rightarrow\infty}\Big(\int_{\partia\Omega_k}|\nabla
v_R|"p\,d\mathcal {H}"n\Big)" {\frac Ip}\Big\} \Big\

{\limsup_ {k\rightarrow\infty }\Big(\int_{\partia\Omega_k}|w_g|"{p'}\,d\mathcal {H} "n\Big)"{\frac1 {p'} }\Big\}=T_{1211,R}\times

T_{1212,R},$$
and so

$$\label{eq.limit6} \sum_{R\in{\rm {Top}}}T_{121,R}\lesssim\Big(\sum_{R\in{\rm
{Top}}}T_{1211,R}"p\Big)"{\frac 1p}\Big(\sum_{R\in{\rm
{Top} }} T_{1212,R}*p'}\Big)*{\frac1{p'} }=T_{1211}\times T_{1212}.$$

Let us control the factor 7212. Since $w_g\in C(\overline{\Omega R})$ and Qg is
bounded, we have that
T, = loadwal " = 1117 capnoal’ + loag oawgV i,
Note that
$$\begin {gathered} \label{eq.tricky5}

\int_{\partiahOmega_R\backslash\partiahOmega}|w_g|*{p'}\,d\mathcal{H} "n\leq\sum_{I\in {\srm

{Bdry}}_R}\int_{I\cap\partiahOmega R}|w_g|"{p'}\,d\mathcal{H}"n\\
\lesssim\sum_{T\in{\rm {Bdry}}_R}\ell(Ty"n\Vert w_g\Vert_{L{\infty}(I)}*{p'}
\lesssim\sum_{I\in{\rm {Bdry}}_R}\ell(I)"{n}\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \Nint_{I"*}[w_g|"2\,dm\Big)"{\frac {p'} 2} \lesssim
\sum_{Q\in\mathcal{H} R}\ell(Q)"n\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {S\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \Nint_{Q}\widetilde {\mathcal {N} } _2(w_g)\,d\sigma\Big)"{p'},
\end{gathered} $$

where we have used the interior Moser estimate for wg and ([eq.t!11.1]). From
([eq.tricky4]) and ([eq.tricky5]) and the fact that the sets 0Qg N 6Q are disjoint, we see
that

$$\begin{gathered} \label{eq.tricky6} T_{1212}\lesssim\Vert g\Vert_{L"{p'}
(\partia\Omega) } +\Big(\sum_{Q\in\mathcal{H} } \ell(Q)"n\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter{\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } %
\Nint_{Q}\widetilde {\mathcal{N}}_2(w_g)\,d\sigma\Big)"{p'}\Big)"{\frac 1 {p'} }\\
\lesssim\Vert g\Vert_{L*{p'}
(\partia\Omega) } +\Big(\int_{\partia\Omega}\mathcal{M} _\sigma(\widetilde{\mathcal{N} }
\lesssim\Vert g\Vert_{L*{p'}
(\partia\Omega) } +\Vert\widetilde {\mathcal {N} } _2(w_g)\Vert_{L*{p'} (\partiah\Omega)}
\lesssim\Vert g\Vert_{L"{p'} (\partia\Omega)}, \end { gathered} $$

where we used that | satisfies a Carleson packing condition, Carleson’s theorem, and

([eq.ntmaxn]).

‘We turn to the factor 721 in ([eq.limit6]). Note that \VAT\ < (dgin Q, and since for
eachx & Qpwe have that 9 g,(x) < dg(x), then it follows that \VAT\ < Cogyin Qp. For
cach J &€ [I( Qp), there exists a boundary cube bo(J)) € op such that £(J) =
U(by()) and dist(J,bgy()) = €(J). Let [1] = 1, R be the family of cubes P € or
such that there exists some J € [I( Q) with P = by(J) and J N 02 # o. Consider the

_2(w_g))p'}\disigma\Big) {\frac 1 {p'} }



estimate

$$\begin{gathered} \label{eq.limit7} T_{1211,R}"p\leq\sum_{J\in\mathcal{ W}
(\Omega_R):J\cap\partia\Omega_k\neq\varnothing}\int_{J\cap\partiahOmega_k} \nabla
v_R/*p\,d\mathcal{H} “n\leq\sum_ {J\in\mathcal{ W}
(\Omega_R):J\cap\partia\Omega_k\neq\varnothing}\Vert\nabla v_R\Vert_{L"{\infty}
(D} plell(J)"n\ \lesssim\sum_{J\in\mathcal{ W}
(\Omega_R):J\cap\partial\Omega_k\neq\varnothing}\Big(\mathchoice { {\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\textstyle {\scriptstyle-} {\int}$} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \Nint_{J"*} \nabla v_R|"2\,dm\Big)"{\frac p2}\eli(J)"n
\lesssim\sum_{J\in\mathcal{ W}
(\Omega_R):J\cap\partial\Omega_k'\neq\varnothing}\big(\inf _{\zeta\in\hat b_{\Omega R}
(1)} (\widetilde {\mathcal{N} } 2*{\Omega_R}(\nabla v_R)(\zeta)\big)"p\ell(J)"n\\
\lesssim\sum_ {P\in\mathcal{G}_1}\big(\inf_{\zeta\in
P}\widetilde {\mathcal{N}} _2~{\Omega R} (\nabla v_R)(\zeta)\big)"p‘ell(P)"n,

\end { gathered} $$

where we used Lemma 1 and a similar estimate to ([eq.int2]). In the proof of , it is shown
that the family [ |1 satisfies the Carleson packing condition
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Hence, from ([eq.limit7]), ([eg.carl king]), and Carleson’s theorem, we see that

$$\label{eq.limit8}
T_{1211,R}"p\lesssim\int_{\partiahOmega_R}\mathcal{M} \sigma(\widetilde{\mathcal{N}} 2{\Omega R}
(\nabla v_R))"p\,d\mathcal {H}"n\lesssim\Vert\widetilde {\mathcal{N}} _2"{\Omega_R}
(\nabla
v_R)\Vert_{L"p(\partial\Omega_R)}"p\lesssim\Vert\nabla_{t_R}\widetilde{\varphi}\Vert_{L"p(\partia\Omega_R)},$$

where in the last estimate we used Theorem 1 for L. Therefore, from ([eg.limit8]) and
([eq.int6]),
$$\label{eq.t1211} T_{1211}\lesssim\Big(\sum_{R\in{\rm
{Top}} }\Vert\nabla_{t R}\widetilde\varphi\Vert_{L"p(\partia\Omega_R)}"p\Big)"{\frac1p}\lesssim\Vert\nabla_{H,p}\varphi\Vert_{L"p(\partial

Combining ([eq.limit6]), ([eq.tricky6]), and ([eq.t1211]), we deduce that

$$\label{eq.t121} \sum_{R\in{\rm {Top}}}T_{121,R}\lesssim\Vert g\Vert_{L"{p'}
(\partial\Omega) }\Vert\nabla_{H,p}\varphi\Vert_{L"p(\partiaOmega)}.$$

Estimate for $T_{122}:=\sum_{R\in{\rm {Top}}}T_{122,R}$

Recall that 7122, g has been defined in ([eq.trick]); it remains to bound 722. Recall that for
each $R\in{\rm {Top}}$, we denote by ${\rm {Ins}} RS the family of Whitney cubes /
€ [1(9Q) such that I" = (1+0) € Qp, and we denote by ${\rm {Bdry}}_RS all the

cubes $J\in\mathcal{ W} (\Omega)\backslash{\rm {Ins}} RS which intersect Qp. For each
$Nin{\rm {Ins}} RS, let no ; € ch(l*) be such that 70,7 = 1 on 7 and
$|\nabla\eta_{0,I}|\lesssim\frac 1 {\theta\ell(1)}$. Let $\eta_0:=\sum_{I\in{\rm
{Ins}}_R}\eta_{0,I}$, and note that 79 > 0 on $\cup_{I\in{\rm {Ins}} R}I**$. For each
$hin{\rm {Ins}}_RS, let $\eta_I=\frac {\eta_{0,I}} {\eta_0}$, and define

Seta R=\sum_{Nin{\rm {Ins}}_R}\eta_IS. Then np € C(QR), 0<nr<1,yg=1on
$\bigcup_{I\in{\rm {Ins}} R}IS, and

$$\label{eq.etar} \mathop {\mathrm {supp} } ((1-\eta_R){ {\mathds
1}}_{\Omega_R})\subset\bigcup_{J\in{\rm
{Bdry}}_R}J,\qquad\qquad|\nabla\eta_R|\lesssim\frac1 {\theta\ell(J)} ,~\text{on }J, \text{
for each }J\in{\rm {Bdry}} R.$$

Moreover, 77z = 0 on 6Qg \ dQ. Now note that

$$\begin {gathered} \label{eq.tricky} \int_{\Omega R} A\nabla w_F\nabla
v_R\,dm=\int_{\Omega_ R} A\nabla(w_F\eta_{R})\nabla
v_R\,dmH\int_{\Omega_R} A\nabla(w_F(1-\eta_{R}))\nabla v_R\,dm\\
=\int_{\Omega_R} A*T\nabla
v_Rinabla(w_Fleta_R)\,dm+\int_{\Omega_R} A\nabla(w_F(1-\eta_R))\nabla
v_R\,dm=\int_{\Omega_R} A\nabla(w_F(1-\eta_R))\nabla v_R\,dm, \end{gathered} $$

where we used that L*vR = 0in Qpand that wem g € ngﬁz(!JR). Next, we see that

$$\begin{gathered} \label{eq.morebreak} T_{122,R}\lesssim\sum_{N\in{\rm

{Bdry}}_R}\int_{I\cap\Omega_R}|\nabla(w_F(1-\eta_R))||\nabla v_R|\,dm\\
\lesssim\sum_{I\in {\rm
{Bdry}}_R}\Big(\int_{I\cap\Omega_R}\big(w_F"2|\nabla\eta_R|"2+|\nabla
w_F|"2\big)\,dm\Big)"{\frac 12}\Big(\int_{I\cap\Omega_R}|\nabla
v_R|"2\,dm\Big)" {\frac 12}\\ \lesssim\sum_ {T\in {\rm
{Bdry}}_R}\fracl {\ell(T)}\Big(\int_{I"*}w_F"2\,dm\Big)"{\frac12}\Big(\int_{I\cap\Omega R} |\nabla
v_RI"2\,dm\Big)*{\frac12}\\sum_{Din{\rm {Bdry}} R}

\Big(\int_{I"*}|F|"2\,dm\Big)"{\frac12}\Big(\int_{I\cap\Omega_R}|\nabla
v_R|"2\,dm\Big)*{\frac12}=T_{1221,R}+T_{1222,R}, \end{gathered}$$

where we have used ([eq.etar]), Lemma 1, Lemma 1. Note that the term $\sum_{R\in {\rm
{Top}}}T_{1222,R}$ may be controlled in exactly the same way which we controlled the
term 7222 in Section 7.1.4. Hence, we have that

$$\label{eq.t1222} \sum_{R\in{\srm
{Top}}}T_{1222,R}\lesssim\Vert\mathscr {C}_2(F)\Vert_{L"{p'}
(\partialOmega) }\Vert\nabla_{H,p}\varphi\Vert_{L"p(\partial\Omega)}.$$

We turn our attention to $T_{1221}=\sum_{R\in{\rm {Top}}}T_{1221,R}$. For fixed
SR\in{\rm {Top}}$, we see that

$S\begin {gathered} \label{eq.t1221} T_{1221,R}\lesssim\sum_{I\in {\rm
{Bdry}}_R}\ell(I)"n\big(\inf_{\xi\in \hat b_\Omega(1) }\widetilde {\mathcal{N}}_2(w_F)
(\xi)\big)\Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int} $}
\veenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} S}
\veenter {\hbox {S$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \N\int_{\widetilde
CI\cap\partiahOmega_R}\widetilde{\mathcal{N}} {\beta,2}"{\widetilde
Cell(T),\Omega_R}(\nabla v_R)"2\,d\sigma_R\Big)"{\frac 12}\\ \lesssim\sum_{I\in{\rm
{Bdry}}_R}\ell(I)*n\big(\inf_{\xi\in \hat b_\Omega(T) }\widetilde {\mathcal{N}} 2(w_F)
(\xi)\bigm_{C_2B {\hat b_\Omega(I)},\sigma}(\nabla_{H,p}\varphi)\\ + \sum_{I\in{\rm
{Bdry}}_R}\ell(l)*n\big(\inf_{\xi\in \hat b_\Omega(1) }\widetilde {\mathcal{N}} 2(w_F)



(\xi)\big) \mathchoice {{\setbox 0=\hbox {$\displaystyle {\textstyle-} {\int}$}
\veenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % { {\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \N\int_{\widetilde
C_2I\cap\partiahOmega_R}\widetilde {\mathcal{N}} _{\beta,1}"{\widetilde
C_2\ell(I),\Omega_R} (\nabla v_R)\,d\sigma_R=T_{12211,R}+T_{12212,R},
\end{gathered} $$

where in the first estimate we used ([eq.t111.1]) and ([eg.break5]), and in the second we
used ([eg.locuse]), ([eq.loc3]), and ([eq.nt2]).

‘We control ST_ {12211} =\sum_{R\in{\rm {Top}}}T_{12211,R}$ now. Let I be the
family of O € I such that O € bg([) for some $I\in{\rm {Bdry}} RS. Note that

$$\begin {gathered} \label{eq.t12211} \sum_{R\in{\rm
{Top}}}T_{12211,R}\lesssim\sum_{R\in{\rm {Top}} }\sum_{Q\in\mathcal{H}_R}\Big\
{ell(Q) M {\frac n{p'} P\inf_{\xi\in Q}\widetilde {\mathcal{N}} 2(w_F)(\xi)\Big\} \Big\
{\ell(Q)"{\frac np}m_{C_2B _Q,\sigma}(\nabla_{H,p}\varphi)\Big\}\\
\lesssim\sum_{Q\in\mathcal{H} }\Big\{\ell(Q)"{\frac n{p'} }\inf_{\xi\in
Q}\widetilde {\mathcal{N} }_2(w_F)(\xi)\Big\}\Big\ {\ell(Q)*{ \frac
npym_{C 2B Q,\sigma}(\nabla_{H,p}\varphi)\Big\}\\
\lesssim\Big(\sum_ {Q\in\mathcal{H} } \ell(Q)"n\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox { $\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }%
\Nint_Q\widetilde {\mathcal {N}} 2(w_F)\,d\sigma\Big)"{p'}\Big)"{\frac1 {p'} }\Big(\sum_{Q\in\mathcal {H} } \ell(Q)"n'big(m_{C_2B_Q,\sigma}
(\nabla_{H,p}\varphi)\big)"{p}\Big)"{\frac1{p} }\\
\lesssim\Big(\int_ {\partialOmega}\mathcal{M} \sigma(\widetilde{\mathcal{N}} 2(w_F))*{p'}\,d\sigma\Big)"{\frac1{p'} }\Big(\int_{\partiahO1
\lesssim\Vert\widetilde {\mathcal{N}}_2(w_F)\Vert_{L"{p'}

(\partia\Omega) } \Vert\nabla_{H,p}\varphi\Vert_{L"p(\partialOmega)}\lesssim\Vert\mathscr{C} 2(F)\Vert_{L*{p'}

(\partialOmega) }\Vert\nabla_{H,p}\varphi\Vert_{L"p(\partia\Omega)}, \end{gathered} $$

where in the second line we used that any given O may only belong to a uniformly bounded
number of the families Ip, in the third line we used Holder’s inequality, in the fourth line we
used Carleson’s theorem and the fact that the family | satisfies a Carleson packing
condition, and in the last line we used ([eg.ntmaxn]).

One last term remains to bound, $T_{12212} =\sum_{R\in{\rm {Top}}}T_{12212,R}S$.
Actually, this term is similar to term 72222 which was defined in ([eg.break6]). Indeed,
note that

S$\label{eq.t12212} T_{12212,R}\leq\sum_{I\in{\rm {Bdry}} R}\Big\{\ell()"{\frac
n{p'} Ninf_{\xi\in\hat b_\Omega(I)} \widetilde {\mathcal{N} } 2(w_F)(\xi)\Big\} \times\Big\
{\el(T)*{\frac np}\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} }% { {\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}

\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \\int_{\widetilde
C_2I\cap\partiahOmega R}\widetilde{\mathcal{N}} _{\beta,1}"{\widetilde
C_2\ell(I),\Omega_R}(\nabla v_R)\,d\sigma_R\Big\}.$$

We control the first factor of ([eq.t12212]) similarly as ([eq.t12211]), while we control the
second factor of ([eq.t12212]) similarly as in the proof of ([eq.ivcalc]). Putting the
arguments together, one arrives at the estimate

S$$\label{eq.t12212done} \sum_{R\in{\rm
{Top}}}T_{12212,R}\lesssim\Vert\mathscr {C} _2(F)\Vert_{L*{p'}
(\partial\Omega) }\Vert\nabla_{H,p}\varphi\Vert_{L"p(\partial\Omega)}.$$

From the splits ([eq.trick]), ([eq.morebreak]), ([eq.t1221]), and the esti ([eq.t121]),
([eq.t1222]), ([eq.t12211]), and ([eq.t12212done]), it follows

12 < (gl (60 + 102 Gl Y 1 po\ 1700
From ([eq.t1]), ([eq.tl1done]), and ([eq.t12]), we conclude that
T1 < [lgir' o) + 1 2(F')Hyl’(,;g)]“V].Lwﬂyv(;jg).

Finally, from ([eq.breaki]), ([eq.t3]) and ([eg.tIdone]), the desired estimate
([eg.boundconormal]) follows.

Proofs of auxiliary results

Proof of Lemma 1

Assume without loss of generality that ¢| < ¢, and then in this case, the direction < in
([eg.changeavg?]) is straightforward. Thus it suffices to prove the direction 2 in
(Leq.changeavg2]). Let B be the unit ball centered at the origin in 1”1, and let {Bj};= ¥
be a family of balls of radius $\frac {\hat c_1} {2\hat ¢_2}<1$ centered at points e] € B,
such that B C U ;B;and the Bj’s have uniformly bounded overlap (depending only on n);

we have that N depends only on 7 and ¢1/(2¢3). For eachx € Qandj = 1,..., N, let Bj" be
the ball of radius ¢1(x)/2 centered at x; = x + ¢2d(x)ej; clearly we have that {B;*}; = 1N is
an open cover of B(x,é2d(x)). Then we see that

$$\begin {gathered} \label{eq.cq} \mathscr{C}_{\hat c_2.q}(H)

(\xi)\leq\sup_{r>0}\frac1 {r*n}\int_{\Omega\cap B(\xi,r)}\frac 1 {m(B(x,\hat
¢_2\delta(x)))"frac1q}\sum_{j=1}"N\Big(\int_{B j"x}|/H"q\,dm\Big)*{\frac1q}\,dm(x)\\
\lesssim\sum_{j=1}"N\sup_{r>0}\frac {r"n}\int_{\Omega\cap B(\xi,r)}'\Big(\mathchoice

{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-
$} }\kern-.5\wd 0} }% { {\setbox 0=\hbox {S\textstyle{\scriptstyle-} {\int} $}
\veenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-

$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}

\vcenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % \!\int_{B(x_j,\hat

c_I\delta(x_j))}[H"q\.dm\Big)"{\frac 1q}\,dm(x) \end {gathered} $$

where in the second estimate we used the Minkowski inequality. To continue, we claim



that for eachj = 1, ...,n and each » > 0, we have that

$S\label{eq.claim2} \int_{\Omega\cap B(\xi,r)}\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox { $\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \\int_{B(x_j,\hat
c_I\delta(x_j))}|H"q\,dm\Big)*{\frac1q}\,dm(x)\leq2\int_{\Omega\cap
B(\xi,2r) }\Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$}
\veenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
S} \kern-.5\wd 0} } % \Nint_{B(y,\hat c_1\delta(y))} [H"q\,dm\Big)"{\frac 1q}\,dm(y).$$

Using ([eq.claim2]) in ([eg.cq]) immediately yields the estimate [1g, ((H)(<) < é,q(H)
(&), from which the desired bound follows. Thus it remains only to prove ([eq.claim2]),
which we do via a change of variables. First, define the map Fj : 1t g

$SF_j(x)=\left\{\begin {array} {ll} x-+\hat c¢_2\delta_\Omega(x)e_j,&\text {if
1x\in\Omega,\\x,&\text {if }x\in\mathbb {R}"{n+1}\backslash\Omega,\end{array} \right.$$

|n+l

and the non-negative function Q : — las

$8Q(x)=\left\ {\begin {array} {Il}m_{q,B(F_j(x),\hat c_1\delta(F_j(x)))} (H),&\text {if
}x\in\Omega\cap B(\xi,r),\\0,&\text{if }x\in\mathbb{R}"{n+1}\backslash(\Omega\cap
B(\xi,r)).\end {array} \right.$$

Note that xj = Fj(x) whenever x € . It is not hard to see that Fj is Lipschitz continuous

in 1"+, with Lipschitz constant 1 + ¢ < 3/2. Denote by JFj the Jacobian of the map F;
(see ); then by the matrix determinant lemma, we have that

$$JF_j(x)=1+hat ¢_2\nabla\delta_\Omega(x)e_j>\frac12,\qquad\text{for }~m_n\text{-a.e.\
1x\in\Omega,$$

since Vg < 1, |ef < 1, and ¢ < 1/2. Next we claim that Fj is injective: Indeed, say that
Y € 1L satisfy that Fj{x1) = Fj(xp). If both x1,xy € "1\ Q) then it trivially
follows that x| = x2. Suppose now that both x1,xp & Q. Then Fj(x]) = Fj(x2) implies that
|x1=x2| = éz\ejﬂég(xl)—(ig(xz)\ < |x1=x|/2, which implies that x| = xp. Finally, if x; € 17
1\ Qand xp € Q, then |x;—x2| = églefd(x) < [xj—x2)/2, which is a contradiction.
Thus Fjis injective.

Let us define FfI L FLONB(Er)) — 2N B(&r) the inverse map in 2 N B(Sr), so that
F'/(Ffl(v)) =y for eachy € F{QNB(Cr)). We observe that

$$\begin { gathered} \nonumber \int_{\Omega\cap B(\xi,r)}\Big(\mathchoice { {\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }% \l\int_{B(x_j,\hat
c_I\delta(x_j))}[H"q\,dm\Big)"{\frac 1q}\,dm(x)=\int_{\Omega} Q(x)\,dm(x)
<2\int_\Omega Q(x)JF_j(x)\,dm(x)\\=2\int_{\mathbb {R}*{n+1}} Q(x)JF_j(x)\,dm(x)
=2\int_{\mathbb{R}"{n+1} }\Big[\sum_{x\in F_j*{-1}\
{y\11Q(x)\Big]\,dm(y)=2\int_{F_j(\Omega\cap B(\i,))} Q(F_j*{-1}(y))\,dm(y)\\
\leq2\int_{\Omega'\cap B(\xi,2r)}\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox { $\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \Nint_{B(y,\hat c_I\delta(y))} [H"q\.dm\Big)"{\frac1q}\.dm(y),
\end { gathered} $$

where in the third line we used the change of variables for Lipschitz maps , and in the last
line we used the definition of O and the fact that F{QNB(¢,r)) S 2 N B(E.2r). From these
estimates, the claim ([eg.claim?]) follows.

Proof of Proposition 1

To prove the proposition, we will show that the operators $\widetilde{\mathcal{N}}$ and
, as defined in Section 1.1, can be discretized. After this, we will appeal to the discrete
duality result of Hyténen and Rosén to finish the proof.

Before we get started though, let us record a technical lemma, which is Lemma 3.5 in
when @ = 1.1 This lemma is what essentially allows us to obtain “change of aperture”
results, and it is needed in the proofs of Lemmas 1 and 1. Its proof in our case is very
similar to that of , and thus we omit it.

Lemma 1. Let f, g be two non-negative functions on 0%2. Assume that there exist constants
c1, C2 € (0,0) such that for every & € 0Q, the bound f(&) > t implies that there exists a
Borel set E = E(&) C 0 such that g > ¢yt on E, and

0 < (sup; e §¢=E)" < Coo(E).
Then there exists C3 € (0,%) such that for any p € [1,%], Np@ag) < Cilglreg)

The discrete model of Hytonen and Rosén

Let us quickly describe the particular version of Theorem 2.2 of which we shall use. Let

be a 1/2-Whitney decomposition of £2 (see Section 2.1.6), and define w*(Q) as in
([eq.wq2]) for 6 small enough. For fixed ¢ € [1,%0], let (1) = (uQ)p e 11 ,bea

sequence of functions ug € Lq(w*( 0)), and define the discrete non-tangential maximal
function (acting on sequences (u)) by

F@@ =swo e ,:ze o Q) Mlugiani ) € € 02

For a sequence (H) = (Hg)p e 11 ,where Hg € Lq'(w’(Q)), we define the discrete
Carleson functional (acting on sequences (H)) by



$$\mathscr{C}_{q'}"s(H)(\xi)=\sup_{Q\in\mathcal{D}_\sigma:\xi\in
Q}\frac1 {\sigma(Q) }\sum_{R\in\mathcal{D}_\sigma: R\subseteq Q} m(w"*(R))"{1-
\frac1{q'} }\Vert H R\Vert_{L*{q'}(w"*(R))},\qquad\xi\in\partia\Omega.$$

Let p € [1,0) and p' its Holder conjugate. Then ()

$$\begin{gathered} \label{eq.hr1} \sum_{Q\in\mathcal{D} \sigma}\Big|\int_{w"*
(Q)}u_QH_Q\,dm\Big|\lesssim\Vert\mathcal {N}_q"s(u)\Vert_{L"p(\partial\Omega) }\Vert\mathscr{C}_{q'}"s(H)\Vert_{L {p'}
(\partia\Omega)},\quad \text{ for any } u_Q\in L"q(w”"*(Q)), H_Q\in L{q'}(Ww"*(Q)).
\end{gathered} $$

106 @)1p@0) < SUPI (1l oo = 120 € Mt opotodn,  ug € LIW Q).
10 D\ @0 = SIS wipeg = 150 € 1 W' (QpoHgdnl.  Hg € L9 (Q).

Passing from functions to sequences and viceversa

In order to use the estimates ([eq.hr1])-([eq.hr3]) to prove Proposition 1, we need to pass
from the discrete model to our setting. As a first step, we need a natural way to identify

sequences (uQ)Q e 11, with functions v & Lioc(Q).

Given u € Lipd(Q), we define a sequence S(u) = (uQ)g e 11, as follows: for each O
€ Ug, letug = uly’(g) € Lq(w*(Q)). Given a sequence (ug)g e 11, with ug
e L9w*(0)), we construct a function F(u)) € Liocd(9) as follows:

$SF(u)(x)=\frac {\sum_{Q\in\mathcal{D}_\sigma} {\mathds 1} _{w"*(Q)}
(x)P\sum_{Q\in\mathcal{D}_\sigma}u_Q(x){\mathds 1}_{w"*(Q)}(x),\qquad
x\in\Omega.$$
Note that 1 <39 w'(Q)x) < C for every x & €. Morcover, for any function u
€ L1oc1(£), we have that F(S(u)) = u pointwise in £, but S © F is not the identity on
sequences.
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Let us now see that with these maps, we are able to extend the estimates ([eg.hr1])-
([eq.hr3]) to dyadic versions of $\widetilde{\mathcal{N}}$ and | acting on functions. Let

Fud =swo e ze oW Q) Mgty ¢ € 0Qu € Lind(Q),
$$\mathscr{C}_{q'}*dH(\xi)=\sup_{Q\in\mathcal{D} \sigma:\xi\in
Q}\frac1 {\sigma(Q) }\sum_{R\in\mathcal{D}_\sigma: R\subseteq Q} m(w"*(R))"{1-
\frac1{q'} }\Vert H\Vert_{L*{q'}(Ww"*(R))},\quad~\xi\in\partiahOmega, Hiin
17{q'}_{\operatorname{loc} } (\Omega).$$

It is easy to see then that
¢S =11 g, ¢SE =10 H,

pointwise on 0, for any u € Liod(Q),H € Lk,cqy(Q). The behavior of F(u) is a bit more
subtle in our setting; we record it in the following lemma.

Lemma 1. Letp € [1,0), ¢ € [1,], and p',q’ the Hilder conjugates. Suppose that
either Q is bounded, or 08 is unbounded. Then

10F I peg) =< 10 pee,  foreach () = (ugo e 11
and
I q’dF (Er' e = 10y Hir o) Joreach (HQg e 1
Proof. Proof of (leq.ns]). Let us prove the direction = first; in fact, we show that
Jus 1 R pointwise on 0Q.

Without loss of generality, we may assume that ug > 0 for ecach O & o and then, by
the definition of F(u),

ug) < Fu)(x),  forallx € Q.
Fix$ € 0Qand Q0 € o such that £ € Q. Then

$$\label{eq.ns1} \Big(\int_{w”*(Q)}[u_Q|"q\,dm\Big)"{\frac 1q} \lesssim\Big(\int_{w"*
(Q)}|F(u)|"q\,dm\Big)*{\frac1q},$$

so that ([eg.nsp]) follows.
‘We now consider the direction < in ([eq.ns]). We will show that the hypotheses of Lemma

1 are verified. Without loss of generality, we may again assume that g = 0 for each O
€ (5 Fix ¢ € dQand 7 > 0, and assume that qu(u)(f) > . Then there exists O
€ [lgwith & € Oso that

$S\label{eq.ns2} \tau<\Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-}
{\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} S}
\veenter {\hbox {S$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \int_{w”*(Q)}|F(u)|"q\,dm\Big)"{\frac 1q} \lesssim m(w"*(Q))"{-
\frac1q}\sum_{\substack {S\in\mathcal{D} _\sigma\\w"*(S)\cap w"*
(Q)\neq\varnothing} }\Big(\int_{w"*(S)}|u_S|"q\,dm\Big)"{\frac1q},$$
where we used the Minkowski inequality and the definition of 7. Let ) be the family of all
Sse & such that w*(S) n w*(Q) # 0. 1f S & F, then by standard geometric
arguments, we may see that ((S) = {(Q) and dist(S,0) < ((Q); these facts imply that card
Fo = 1 and that m(w'(S)) = m(w"(Q)) for all § € F. With these observations in mind,
from ([eq.ns2]) we deduce that there exists § € Fso that

$$\label{eq.ns3} \nonumber \tau\lesssim\Big(\mathchoice { {\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-

$} N\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}

\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }% \Nint_{w"*(\widetilde S)}[u_{\widetilde
S}|°q\,dm\Big)"{\frac 1q}\leq\inf_{\zeta\in\widetilde S}\mathcal{N}_q"su(\zeta).$$

In other words, there exists ¢ > 0 so that [’ > cjz on S. On the other hand, since

sup; e §¢-d < diam S+ dist(S.0) + diam 0 < £(8) + L(Q) = U(S),



it follows that the hypotheses of Lemma 1 are satisfied, and we immediately conclude the
desired estimate.

Proof of ([eq.cs]). The direction 2 is straightforward by applying the estimate ([eq.ns1]).
‘We show the direction <; once again, our strategy is to show that the hypotheses of
Lemma 1 are verified. We assume without loss of generality that Hp > 0 for each Q0 &
o Fix £ € 0Qand 7 > 0, and assume that q/jF(H)(i) > 7. Then there exists Q €
o with & € O 'so that
$$\begin {gathered} \label{eq.cs1}
\tau<\frac1{\sigma(Q)}\sum_{\substack {R\in\mathcal{D} _\sigma\\R\subseteq Q} } m(w"*
(R)M{1-\frac1{q'} }\Big(\int_{w"*(R)}|F(H)|*{q'}\,dm\Big)"{\frac1 {q'} }\\
\lesssim\frac 1 {\sigma(Q) }\sum_{\substack {R\in\mathcal{D} \sigma\\R\subseteq
Q} P\sum_{S\in\mathcal{F}_R}m(w"*(S))*{1-\frac1{q'} }\Big(\int_{w"*
(S)}H_S|*{q'}\,dm\Big)*{\frac1{q'} }, \end { gathered } $$
where we used a similar estimate as in ([eq.ns2]), and Fg is the family of all § € G
such that w'(S) N w'(R) # 0. If S € Fp, then £(S) < 20(R) < 2((Q), and
dist(S,0) < dist(S.R) < U(R) < €(Q).
Forany S € Frand R € sWithR S O, let Os € & be the unique cube
satisfying that S S QOgand ((Qg) = 20(Q). By the previous remarks, there is a uniformly
bounded number of distinct Os; more precisely U p{Os}s e 5, = {0)}j = ]N. Moreover,
forany;=1,..,Nand S € o with § © O, we have that card {R € o R
€ 0,5 € Fp} < 1. With these facts in mind, from ([eq.cs1]) we obtain that

$$\begin { gathered}
\tau\lesssim\frac I {\sigma(Q)}\sum_{j=1}"N\sum_{\sut k {S\in\mathcal{D} \si S\sut ]
Q_j}ym(w™*(S))*{1-\frac1{q'} }\Big(\int_ {WA*(S)HH S\ {q)\dm\Blg)A(\fracl{q}}\\
\lesssim\frac 1 {\sigma(Q_k)}\sum_{\substack {R\in {D}_\ Risubseteq

Q_k} ym(w *(R)M1-\frac1{q'} }\Blg(\mti{w/\*
(R)}H RMq'}\,dm\Big)*{\frac1{q'} }\leq\inf_{\zeta\in Q_k}\mathscr{C}_{q'}"sH(\zeta),
\end{gathered} $$
for some k € {1,...,N}. It is also not hard to see that sup; e ,|¢=¢] < L(Qp), so that the
hypotheses of Lemma 1 are satisfied. The desired estimate follows.

‘With Lemma 1 at hand, we are ready to interpret the estimates ([eq.hr1])-([eq.hr3]) for the
dyadic operators acting on functions. The following lemma is an analogue of .

Lemma 1. Let p € [1,0), q € [1,%] and $\fraclp+\fracl{p'}=\fraclq+\fracl{q'}=13.
Assume that either Q is bounded, or 6 is unbounded. Then

L) <10 ulpeo) P e, u € Lid(Q, H € Lind (9,
104 ey < sup) g = L@, u € Lipd(Q),
11"y gy < supi Sypeg = WL, H € Lipd ().
Proof. Proof of ([eq.hrd]). We may assume that # > 0 and H > 0. Then we see that
lquttdm ~ Yo e o Jwoutdn =Yo e = Jwouotigdn <
11 Sw)l o)l g "SI (00),
where we used ([eg.hr1]). Then ([eq.hr4]) follows from the above bound and ([eg.nsg]).

Proof of ([eq.hr5]). Assume without loss of generality that « > 0. We have that

$$\begin{gathered} \nonumber
\Vert\mathcal {N}_q"du\Vert_{L"p(\partia\Omega) }=\Vert\mathcal{N} _q"sS(u)\Vert_{L"p(\partia\Omega)}
\lesssim\sup_ {(H):\Vert\mathscr{C}_{q'}"s(H)\Vert_{L"{p'} (\partiahOmega) }
<\infty}\frac I {\Vert\mathscr {C}_{q'}"s(H)\Vert_{L{p'}
(\partiahOmega)} }\sum_{Q\in\mathcal{D} _\sigma}\int_{w"*(Q)}u_QH_Q\,dm\\ \lesssim
\sup_{(H):\Vert\mathscr {C}_{q'}"s(H)\Vert_{L"{p'} (\partiah\Omega) }
<infty}\frac1 {\Vert\mathscr{C}_{q'}"dF(H)\Vert_{L {p'}
(\partial\Omega)} }\sum_{Q\in\mathcal{D} \sigma}\int_{w”*(Q)}uF(H)\,dm\\
\lesssim\sup_ {H:\Vert\mathscr {C} _{q'}"dH\Vert_{L"{p'} (\partiah\Omega)}
<\infty}\frac1 {\Vert\imathscr{C}_{q'}"dH\Vert_{L"{p'}
(\partia\Omega)} }\sum_{Q\in\mathcal{D}_\sigma}\int_{w"*(Q)}uH\,dm
\lesssim\sup_ {\Vert\mathscr{C}_{q'}"dH\Vert_{L*{p'} (\partia\Omega)}=1}\int_\Omega
uH\,dm, \end{gathered}$$

where first we used ([eq.nsg]), in the second line we used ([eq.hr2]) and the definition of
S(u), in the third line we used ([eq.cs]) and ([eq.ful]) (we have that Hp > 0 since up >
0), and in the last estimate we used the uniformly bounded overlap of the Whitney regions
w(O).

Proof of ([eq.hr6]). This estimate is obtained similarly as ([eq.hr5]), but using ([eq.hr3])
and ([eq.ns]) instead of ([eq.hr2]) and ([eq.cs]), respectively. We omit further details.

Discretization of $\widetilde{\mathcal {N}}$ and [

The following lemma shows that the dyadic versions of $\widetilde {\mathcal{N} }$ and
are compatible with the non-dyadic versions that we use throughout this manuscript. In the
case that Q is the half-space, the lemma is shown in Propositions 3.6 and 3.7 in . Our
proof has some similarities to that of ; let us give the details for the benefit of the reader.

Lemma 1. Let p € [1,), ¢ € [1,%0], and p',q' the Holder conjugates. Suppose that
either Q is bounded, or 6Q is unbounded. Then

$8\label{eq.nd}
\Vert\widetilde{\mathcal{N}}_qu\Vert_{L"p(\partial\Omega) }\approx\Vert\mathcal{N}*"d_{q}u\Vert_{L"p(\partial\Omega)},\qquad\text{for
each Julin L"q_{\operatorname{loc}}(\Omega), $8

and

M) =V g? My e, foreach H € Lipd'(9).

Proof. Proof of (leq.nd]). Fix u € Lioc?(€), and let us show the direction * first. In fact,
we show that

$$\label{eq.ndp}
\mathcal{N}_q"du\lesssim\widetilde {\mathcal{N}} _{\alpha,\frac 12,q}u\qquad\text{pointwise
on }\partial\Omega \text{ for large enough }\alpha.$$

Fix £ € 0Q, and let 0 € o be any cube with & € Q. Note that
$$\label{eq.nd1} \Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$}



\veenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % { {\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \Nint_{w"*

(Q)}[u]"q\,dm\Big)"{\frac 1q} \approx\Big(\sum_{I\in\mathcal { W} :Q\in b(T) } \mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$}
\veenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\Nint_{I"*}[u|"q\,dm\Big)"{\frac 1q} \approx\max_{I\in\mathcal{W}:Q\in
b(I)}~\Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int} $}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}

\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int}$} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \I\int_{I"*} |u|q\,dm\Big)"{\frac1q},$$

where we used the definition of w*(Q), the fact that m(w*(Q)) = m(f*) for any I €

with 7 N w(Q) # e, that the I" have uniformly bounded overlap depending only on n, and
that there exists Ny € | so that for any O € emcad{l € [1: Q€ b} <Ny
Now fix / € such that O € b(J), and let x € I. Then it is not hard to see that for
some a > 0 large enough depending only on », we have that x € y,(¢). Since r

C B(x,0(x)/2) and E(I*) =~ d(x), it follows that

$$\label{eq.nde} \Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int} $}
\veenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} S}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \Nint_{I"*}|u|"q\,dm\Big)"{\frac 1q}\lesssim\Big(\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-
$} }kern-.5\wd 0} } % { {\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $}
\veenter {\hbox {$\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox

0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-

$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\Nint_{B(x,\delta(x)/2)} [u|"q\,dm\Big)"{\frac 1q} \leq\sup_{y\in\gamma_\alpha(\xi) } \Big(\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox { $\textstyle-
S} }kern-.5\wd 0} } % { {\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $}
\veenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox

0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-

$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\N\int_{B(y,\delta(y)/2)} Ju]"q\,dm\Big)"{\frac 1q} $$

and so from this estimate and ([eq.nd1]), the estimate ([eg.ndp]) follows.

‘We turn to the direction < in ([eq.nd]); actually we show that

$$\label{eq.ndp2}
\widetilde {\mathcal{N}} _{\alpha,c_\theta,q}u\lesssim\mathcal{N} _q"du\qquad\text {pointwise
on }\partialOmega \text{ for small enough }\alpha,c_\theta.$$

Fix ¢ € 6Qand x € y,(¢) for $\alpha\in(0,\frac {255} {257})$. Let / € be the
unique Whitney cube such that x € 7, and O € & the unique boundary cube such that
Q) = (/) and & € Q. We claim that O € b([). To see this, from ([eq.bi]) we only need
to show that dist(/,0) < 2°diam /, and indeed,

dist(1,0) < x4 < (1+0)d(x) < (1+e)257diam I < 2%diam 1.
Thus Q € b(I), and so B(x,cgi(x)) € I'c w*(Q) for some cg small depending only on »
and 0. Since we also have that m(B(x,cp0(x)))=gm(I") = m(w'(0)), we deduce that

$$\label{eq.ndp3} \Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int} $}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\vcenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } %

\Nint_{B(x,c_\theta\delta(x)) } [u|"q\,dm\Big)"{\frac 1q} \lesssim\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-
$} kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} Nkern-.5\wd 0} }% \Nint_{w”"*(Q) }|u]"q\,dm\Big)"{\frac1q},$$

from which ([eq.ndp2]) follows.
Finally, ([eq.nd]) follows from ([eq.ndp]), ([eq.ndp2]), and Lemma 1.

Proof of ([eq.cd]). Fix H € Liod (2), and we show the direction 2. We prove that

$$\label{eq.cdp}
\mathscr{C}_{q'}"dH\lesssim\mathscr{C} _{\frac12,q'} H,\qquad\text {pointwise on
Hpartia\Omega.$$
Fix{ € 0Qand Q € gwithé € Q. Givenany R € owith R € O, let /g be any
one Whitney cube such that /g N w(R) # e. Consider that

$$\begin {gathered} \nonumber \sum_{R\in\mathcal{D}_\sigma: R\subseteq Q} m(w"*
(R))\Big(\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int} $}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}

\vcenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \\int_{w"*
(R)}H"{q'}\,dm\Big)"{\frac 1 {q'} } \lesssim\sum_{R\in\mathcal{D} \sigma: R\subseteq
Q}m(I_R)\Big(\mathchoice {{\setbox 0=\hbox {S\displaystyle{\textstyle-} {\int} $}



\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int}$} \vcenter {\hbox {$\scriptscriptstyle-
$} J\kern-. S\wd 0} }% \Nint_{w~*(R)} [H{q'}\,dm\Big)* {\frac 1 {q'} }\\
\lesssim\sum_ {R\in\mathcal{D}_\sigma: R\sub 1 Qh\int_{I_R}\Big(\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-
$} }\kern-.5\wd 0} } % { {\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $}
\veenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\Nint_ {B(x,\delta(x)/2)}[H"{q'}\.dm\Big)"{\frac1{q'} }\,dm(x)
\lesssim\int_{B(\xi,C\ell(Q))\cap\Omega}\Big(\mathchoice { {\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1}% {{\setbox 0=\hbox {$\textstyle {\scriptstyle-} {\int} $} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \Nint_{B(x,\delta(x)/2)} [H"{q'}\,dm\Big)"{\frac1 {q'} }\.dm(x),
\end { gathered} $$

where we used that m(w*(R)) =~ m(Ip), and in the second line we used ([eq.nd1]) and

([eq.nde]). From the above bound and the fact that o(Q) = ((Q)", the estimate ([eq.cdp])
follows.

‘We now consider the direction < in ([eq.cd]). Here, it is not possible to prove a pointwise
estimate; instead, we will verify that the hypotheses of Lemma 1 are satisfied. Fix ¢ € Q2
and assume that ¢, /H(S) > 7, where cp € (0,1/2] is small. By definition of [1¢,, 4/,
there exists € (0,diamQ) so that

$$\begin {gathered} \label{eq.cd1} \tau r'n<\int_{B(\xi,r)\cap\Omega}\Big(\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter{\hbox {$\textstyle-
S} }kern-.5\wd 0} } % { {\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $}
\veenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\Nint_{B(x,c_\theta\delta(x)) }|[H"{q'}\,dm\Big)"{\frac 1 {q'} }\,dm(x)
\leq\sum_ {I\in\mathcal{ W} :I\cap B(\xi,r)\neq\varnothing}\int_{I}\Big(\mathchoice
{{\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter{\hbox {$\textstyle-
$}}\kern-.5\wd 0} } % {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$}
\veenter {\hbox {S\scriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } %
\Nint_{B(x,c_\theta\delta(x)) } [H"{q'}\,dm\Big)"{\frac1 {q'} }\,dm(x)\\ \lesssim
\sum_{R\in\mathcal{D}_\sigma: w(R)\cap
B(\xi,r)\neq\varnothing}\int_{w(R)}\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \Nint_{w"*(R)}|H"{q'}\.dm\Big)"{\frac1{q'} }\,dm(x) \lesssim
\sum_{R\in\mathcal {D} \sigma: w(R)\cap B(\xi,r)\neq\varnothing} m(w"*(R))"{1-
\frac1{q'} }\Vert H\Vert_{L"{q'}(w"*(R))}, \end{gathered} $$
where in the third estimate we used ([eq.ndp3]), the uniformly bounded overlap of the
“Whitney regions” w(R), and the assumption that either Q is bounded or 02 is unbounded.
Let # be the family of R € o such that w(R) N B(,r) # o. Then it is easy to see that
S\ell(R)\leq r/(32\sqrt{n+1})$ and that R S B(&,Cr) N 02 for any R € &. For any R €
F, let O € o be the unique cube such that R & Qg and
$\frac1 {32\sqrt{n+1} }r\leq\ell(Q_R)<\frac1{16\sqrt{n+1}}r$. By the previous
observations, we have that {Opjr e = {0)}j = leor a universal constant N € 1, and
g c B(&,Cr). Hence, from ([eg.cdl]) we see that

$$\begin{gathered} \nonumber
\tau\lesssim\frac 1 {r*n}\sum_{j=1}"N\sum_{R\in\mathcal{D} \sigma:R\subseteq
Q jym(w (R 1-\frac T {q'} }\Vert HVert_{TA{q'} (W (R))}\
\lesssim\frac 1 {\sigma(Q_k)}\sum_{R\i heal{D}_\sigma:R\sut 1 Q_kym(w"*
(R)M1-\frac1{q'} }\Vert H\Vert_{L{q'}(w**(R))} \leq\inf_{\zeta\in Q _k}
(\mathscr {C}_{q'}"dH)(\zeta), \end{gathered} $$

for some k € {1,...,N}. In other words, we have that q'dHZ cir on Of. By the
definition of O, it is straightforward to see that (sup; e @|¢~¢)" < Cao(Qp)-

Consequently, the hypotheses of Lemma 1 are verified, and therefore it follows that
I

cnqgHIr@o) <1 quHI 17(6Q), as desired.

Conclusion

The estimates in Proposition 1 follow from the estimates in Lemmas 1 and 1. Finally, the
fact that ${\bf N} _{q,p}=({\bf C}_{q'.p'})"*$ is proven similarly as in , using the density
of compactly supported functions in ${\bf C}_{q',p'}$ (Lemma 1 (i)). We omit further
details. This finishes the proof of Proposition 1.

Proof of Lemma 1

We show (i) first. Fix $Hin{\bf C}_{q,p}$. Let S and F be the maps defined in Section
8.2.2 which pass between sequences and functions. By , we may find a sequence {hk}k
e with ik = (hghyg e 1 108H I pag) < . so that 11 S (SUD-HN) I pag) — 0 as k
— oo, For each k € |, it is straightforward that F(hk) is compactly supported in Q and

that $\{F(h"k)\} _Kk\subset{\bf C}_{q,p}$. Since H = F(S(H)), by Lemmas 1 and 1 we
have that

11 H-F)p(a0) = 10 AR gy = 10165 (S -HO ppagy — 0,
as k — oo. Hence F(hk) — H strongly in ${\bf C}_{q.,p}$, as desired.

We turn to (ii). Fix $Hin{\bf C}_{q.p}$ such that / is compactly supported in 2, and fix



a bump function ¢ € C2(B(0,1)) satisfying that 0 < ¢ < 1. For each 7 > 0, let
$\phi_\tau(x):=\frac 1 {\tau"{n+1} }\phi\big(\frac {x} {\tau}\big)$ and then given ¢ € (0,
1/6], for each & € (0,1) define

$SH._\varepsilon(x)=(H*\phi_{\hat c\delta(x)\varepsilon})(x)=\frac1 {(\hat
c\delta(x)\varepsilon)*{n+1} }\int_{\mathbb{R}"{n+1} } H(x-y)\phi\Big(\frac y{\hat
c\delta(x)\varepsilon}\Big)\,dm(y).\qquad x\in\Omega.$$

For fixed & € (0,1), since the function ¢gy(-) is locally Lipschitz in Q and / is compactly
supported in £, it follows that /1, is Lipschitz continuous and compactly supported in Q.
We will show that H; — Hin ${\bf C} _{q,p}$ as & — 0. First, let us prove that

S$$\label{eq.lipl} \sup_{\varepsilon\in(0,1)}\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter{\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \int_{B(x,\hat
c\delta(x)) }|H \varepsilon|"q\,dm\Big)"{\frac 1 q}\lesssim\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {S$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.S\wd 0} }% \Nint_{B(x,3\hat
c\delta(x)) }[H"q\,dm\Big)"{\frac 1q},\qquad\text{for each }x\in\Omega.$$

Fix x € Q, and note that

$$\begin {gathered} \mathchoice {{\setbox 0=\hbox {$\displaystyle {\textstyle-} {\int} $}
\veenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \int_{B(x,\hat
c\delta(x))}|H \varepsilon(y)|"q\,dm(y)=|B(0,1)|"q\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \Nint_{B(x,\hat c¢\delta(x)) }\Big|\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\textstyle {\scriptstyle-} {\int}$} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \'\int_{B(y,\hat c\delta(y)\varepsilon)} H(z)\phi\Big(\frac {y-z} {\hat
c\delta(y)\varepsilon}\Big)\,dm(z)\Big|"q\,dm(y) \\ \leq|B(0, 1)|"q\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int} $} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0} 1% {{\setbox 0=\hbox {$\textstyle {\scriptstyle-} {\int}$} \vcenter{\hbox {$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \int_{B(x,\hat c\delta(x))} \mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \\int_{B(y,\hat c\delta(y)\varepsilon) } |H(z)|"q\,dm(z)\,dm(y)
\leq2"{n+1}37{(n+1)q}[B(0,1)|"q\mathchoice {{\setbox 0=\hbox {$\displaystyle {\textstyle-
}{\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} S}
\veenter {\hbox {S$\scriptscriptstyle-$} } \kern-.5\wd 0} }% {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} Nkern-.5\wd 0} }% \\int_ {B(x,3\hat c\delta(x)) }|[H(z)|"q\,dm(z), \end {gathered } $$

where we used Fubini’s theorem and the fact that d(x) < 26(y) whenever y € B(x,¢d(x)).

‘We now show that éq(H,fH) — 0 pointwise g-almost everywhere in 0Q. Since
SHn{\bf C}_{q,p}$, we have that [14(H) € LP(0Q,0), whence Lemma 1 implies that

3¢,g(H) is finite on a set § € Q2 with o(02\S) = 0. Now fix & € S, and let us prove
that [g o(Hg=H)(&) — Oas e — 0.

Since H € L9(Q), then by the properties of convolution, we have that for any bounded
open set K compactly contained in ©, I1H; — Hlzq(k) — 0 as ¢ — 0. In particular, for any
x € Q, we have that

$8\Big(\mathchoice {{\setbox 0=\hbox {S\displaystyle{\textstyle-} {\int}$}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} S}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \Nint_{B(x,\hat c\delta(x))}[H_\varepsilon-
H"q\,dm\Big)"{\frac 1q} \rightarrow 0,\qquad\text{as }\varepsilon‘rightarrow 0.$$

In other words, the sequence {my, B(- é5(-))(HgH)} ¢ > 0 converges pointwise to 0 in £.
On the other hand, by ([eq.lipl]) we have that

g, B 65 ) HeH) < mg g 36 () € L@NBEn),  forallr>0,
since £ € S. By the Lebesgue Dominated Convergence Theorem, it follows that

$$Q_r(H_\varepsilon-H):=\int_{\Or p B(\xi,r) }\Big(\mathchoice {{\setbox
0=\hbox {$\displaystyle{\textstyle-} {\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox{$\scriptstyle-
$}}\kern-.5\wd 0} }% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} } % \Nint_{B(x,\hat c\delta(x))}[H_\varepsilon-
H"q\,dm\Big)"{\frac 1q}\,dm(x)\longrightarrow0,\qquad \text{ for any }r>0.$$

Next, since H is compactly supported in £, there exists s > 0 so that $\mathscr{C}_{\hat



¢,q}(H_\varepsilon-H)(\xi)=\sup_{r\in[s, 1/s]}\frac 1 {r*n}Q_r(H \varepsilon-H)$, for any
& > 0. We thus see that $\mathscr{C}_{\hat ¢,q}(H_\varepsilon-H)
(\xi)\leq\frac1{s"n}Q_{\fracls}(H \varepsilon-H)\longrightarrow0$, as ¢ — 0. Since &

€ Swas arbitrary, it follows that [z 4(H~H) — 0 pointwise o-almost everywhere in 6.
Furthermore, by ([eq.lipl]) we have that [z ((Hz—H) < éqH) € 1P(09), so that by
the Lebesgue Dominated Convergence Theorem we conclude that g o(Hz~H) — 0in

IP(89). This finishes the proof of (ii).

Proof of Proposition 1

The direction (b)[/(a) is shown in , while the argument for (b)¢>(c) is the same as that for
. Thus we only need to prove (a)l I(b). Fix & € 0Q, r € (0,diamdQ), andx € Q\ 2B.
Write B = B(¢,r). First, let us show that for any /' € C/(BNQ) with f > 0, we have that

$$\label{eq.wrhp1} \Big|\int_Bf\,d\omega”x\Big|\lesssim\frac I {\sigma(B)"{1/p'} }\Vert
f\Vert_{L {p'}(B)}.$$

Let u(y) = [gfdes” for each y € @, so that u solves the continuous Dirichlet problem for
L in Q with data f on 6. Since f/ > 0, then « > 0 in Q by the maximum principle. Let [] be
a 1/2-Whitney decomposition of @ (see Section 2.1.6), and let / € be the unique
‘Whitney cube such that x € 1. Let O € bgx]), and note that ((Q) = (]) = &(x).

Fix a large constant M > 1 to be specified later, and we distinguish two cases: either d(x)
> r/Mor d(x) < r/M. If 5(x) = /M, then note that

$$\label{eq.wrhp2} u(x)\leq\inf_{\zeta\in Q}\mathcal{N} \alpha(u)
(\zeta)\leq\Big(\mathchoice { {\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int} $}
\veenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % { {\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int} $} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}}% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int} $}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$}}\kern-.5\wd 0} }%
\Nint_Q|\mathcal {N} \alpha(u)|*{p'}\,d\sigma\Big)"{\frac1 {p'} } \lesssim\frac 1 {\sigma(Q)"{1/p'} } \Vert
A\Vert_{LMp'}(B)}\lesssim_M\frac1{\sigma(B)"{1/p'} }\Vert f\Vert_{L"{p'}(B)},$$

where we have used an aperture o large enough, Hlder’s inequality, the fact that (DplL) is
solvable in Q, the n-Ahlfors regularity of 0€2, and the fact that £(Q) 2 d(x) = /M.

If instead we have that 6(x) < r/M, let O be the unique ancestor of O such that 7/M <

€(Q) < 2+/M, and $K=2"{10}\sqrt{n+1}$. Then x € KB, and if M > 8K, then we have
that KBQ N B = o, sincex € 2\ 2B. Using the boundary Holder continuity, Lemma 1, on
the ball KBQ for the solution u, we see that

$$\begin{gathered} \label{eq.wrhp3} u(x)\lesssim\Big(\frac {\delta(x)} {K\ell(\hat
Q)}\Big)"\cta}\frac1 {|2KB_{\hat Q}[}\int_{2KB_{\hat
Q}\cap\Omega}u\,dm\lesssim\mathchoice {{\setbox 0=\hbox {$\displaystyle{\textstyle-}
{\int}$} \vcenter {\hbox {$\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\vcenter {\hbox {S\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle{\scriptscriptstyle-} {\int}$} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} } % \Nint_{\widetilde KB_{\hat Q} }\mathcal{N} (u)\,d\sigma\\
\lesssim\Big(\mathchoice { {\setbox 0=\hbox {$\displaystyle{\textstyle-} {\int} $}
\veenter {\hbox { $\textstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\textstyle{\scriptstyle-} {\int}$} \vcenter {\hbox {$\scriptstyle-$} } \kern-.5\wd
0}1% {{\setbox 0=\hbox {$\scriptstyle{\scriptscriptstyle-} {\int}$}
\veenter {\hbox {$\scriptscriptstyle-$} } \kern-.5\wd 0} } % {{\setbox
0=\hbox {$\scriptscriptstyle {\scriptscriptstyle-} {\int} $} \vcenter {\hbox {$\scriptscriptstyle-
$} }\kern-.5\wd 0} }% \Nint_{\widetilde KB_{\hat Q} } \mathcal {N}
(u)[M{p'}\,d\sigma\Big)"{\frac1{p'} } \lesssim\frac1 {\sigma(\widetilde KB_{\hat
QM{1/p'} P\Vert A\Vert_{L*{p'}(B)}\approx\frac {\sigma(B)"{1/p'} }\Vert f\Vert_{L{p'}
(B)}, \end{gathered} $$

where K = K. From ([eq.wrhp2]) and ([eq.wrhp3]), the estimate ([eq.wrhp1]) follows for
anyx € Q\2B.

Although we obtained ([eq.wrhp1]) for /> 0, we can obtain the same estimate for general
/€ CAB) by simply splitting / into the non-negative and negative parts. Let us see how to
obtain ([eq.wrhp]) from ([eq.wrhpl]). First, for any x € Q N &(2B), by Lemma 1 we
have that »(88) = 1, and hence ([eg.wrhp1]) implies that
$S\label{eq.wrhp5} [u(x)[\leq C\frac {1} {\sigma(B)"{1/p'} }\Vert f\Vert_{L{p'}
(B) }\omega"x(8B),\qquad\text {for all }x\in\Omega\cap\partial(2B).$$

$$v(y)=C\frac {1} {\sigma(B)"{1/p'} }\Vert f\Vert_{L"{p'}(B)}\omega"y(8B)-
u(y),\qquad\text {for any }y\in\Omega\backslash2B,$$
and note that v > 0 on 6(2\2B) due to ([eq.wrhp5]), the fact that « = 0 on 62\ B, and
the fact that »”(8B) > 0 on $\overline\Omega$. Moreover, by linearity we have that Ly = 0
in @\ 2B. Then, by the maximum principle (see, for example, ), we have that v > 0 on Q
\ 2B. In other words, we have the bound
$$\label{eq.wrhp6} \Big|\int_Bf\,d\omega”x\Big|\lesssim\frac {\omega"x(8B)}
{\sigma(B)*{1/p'} }\Vert f\Vert_{L*{p'}(B)},\qquad\text{for each
}x\in\Omega\backslash2B~\text{ and }f\in C_c(B).$$

From ([eq.wrhp6]), since C«B) is dense in U’/(B), it follows that the functional {,(f) =

I gf der is bounded on IP (B); hence there exists g € LP(B) so that L(f) = [gfgdo for

every f € IP(B). It follows immediately that & < o for any x € @, that derdo = g o-
a.e. in B, and the estimate ([eq.wrhp]) is obtained directly from ([eq.wrhp6]).
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S

. We could also say that Q has character (€,N,ro,Cp). However, notice that, since 04 is
covered by at most N cylinders of diameter comparable to r, we have r( 2 diam
(2Q)/N. So rp/diam (6) depends on N.</ |

3. The reason for the choice of the subscript 2 in 75 will be apparent in Section 7.2.</ |



