Diposit digital
U AB VI de documents
- . 11} delaUAB
Universitat Autonoma

de Barcelona

This is the accepted version of the journal article:

Alvarez Arias, Roman; Herbera i Espinal, Dolors; Prihoda, Pavel. «Torsion-free
modules over commutative domains of Krull dimension one». Revista
Matematica Iberoamericana, May 2025 DOI 10.4171/rmi/1564

This version is available at https://ddd.uab.cat/record/325852

under the terms of the (© Cpvrinr license.


https://ddd.uab.cat/record/325852

TORSION-FREE MODULES OVER COMMUTATIVE DOMAINS

OF KRULL DIMENSION ONE

ROMAN ALVAREZ, DOLORS HERBERA, AND PAVEL PRIHODA

ABSTRACT. Let R be a domain of Krull dimension one. We study when the
class F of modules over R that are arbitrary direct sums of finitely generated
torsion-free modules is closed under direct summands.

If R is local, we show that F is closed under direct summands if and
only if any indecomposable, finitely generated, torsion-free module has local
endomorphism ring. If, in addition, R is noetherian this is equivalent to saying
that the normalization of R is a local ring.

If R is an h-local domain of Krull dimension 1 and Fpg is closed under direct
summands, then the property is inherited by the localizations of R at maximal
ideals. Moreover, any localization of R at a maximal ideal, except maybe one,
satisfies that any finitely generated ideal is 2-generated. The converse is true
when the domain R is, in addition, integrally closed, or noetherian semilocal,
or noetherian with module-finite normalization.

Finally, over a commutative domain of finite character and with no restric-
tion on the Krull dimension, we show that the isomorphism classes of countably
generated modules in F are determined by their genus.
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INTRODUCTION

Let R be a commutative domain, A an R-algebra, and let F, denote the class of
A-modules that are direct sums of finitely generated A-modules which are torsion-
free over R (we should write F if the ring is clear). The class F is closed under
arbitrary direct sums, and we ask whether Fj is closed under direct summands.

If R is a semihereditary domain, then the modules in Fg are projective modules.
It is well known that, in this case, all projective modules are direct sums of finitely
generated ideals of R. In particular, Fg is the class of all projective modules, and
then it is closed under direct summands with no extra assumption on the Krull
dimension of R.

The interest in these kinds of questions was awakened with the study of the
so-called, generalized lattices. Let R be a Dedekind domain with field of fractions
@, and let A be an R-order in a separable Q-algebra (hence, A is finitely generated
and projective as R-module). Classically, a right A-module is a lattice if it is
finitely generated and projective as an R-module. Dropping the finitely generated
condition from the definition of lattice, we encounter the generalized A-lattices. In
this context, the class Fy coincides with the (arbitrary) direct sums of A-lattices. If
A is locally lattice-finite, the generalized lattices are precisely the direct summands
of modules in Fp. See [5 Theorem 4] for the proof in the lattice-finite case and
[31, p. 112, Corollary] for its extension to the locally lattice-finite case.

In [31, Theorem 4], W. Rump proved that if generalized A-lattices are direct
sums of lattices, then A is locally lattice-finite. Moreover, he answered the question
of when Fj is closed under direct summands, finding that the answer depended on
representation-theoretical data of A.

Pithoda in the paper [29] translated the question to A = R being a noetherian
domain of Krull dimension 1 with module-finite normalization. In the local case,
he proved that Fg is closed under direct summands if and only if its normalization
(which is assumed to be finitely generated) is local. In the global case, and under
the assumption that R is, in addition, lattice-finite (i.e., there are only finitely many
indecomposable finitely generated torsion-free R-modules up to an isomorphism) he
characterized when Fp is closed under direct summands by certain ring-theoretical
properties of R that will also appear in Theorem [B]

In the present paper, we consider the case A = R being a commutative domain
of Krull dimension 1, and we also follow the strategy of studying first the case of
a local domain, and then extending to a suitable global situation. For the case of
local domains, we get quite a satisfactory characterization that is summarized in
the following theorem,

Theorem A. (Corollary Corollary Let R be a local domain of Krull
dimension 1. The class F is closed under direct summands if and only if any finitely
generated, indecomposable, torsion-free module has local endomorphism ring. If R,
in addition, is noetherian this is equivalent to having local integral closure.
Therefore, in this situation, any module M in F can be written as M = @iel N;,
where each N; is a finitely generated module with local endomorphism ring, and such
decomposition is unique. In addition, any direct summand of M is isomorphic to

a direct sum of the modules {N;}icr.
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Our global setting will be the one of h-local domains. Matlis introduced h-local
domains in the 60s in [23] as commutative domains satisfying that:

(i) they have finite character. That is, every non-zero ideal is contained only
in finitely many maximal ideals.

(ii) every non-zero prime ideal is contained only in one maximal ideal.

However, Jaffard appears to be the first author to give an equivalent definition of
h-local domains in [16], but under the name of domains of Dedekind type. For the
story and characterizations of h-local domains, the reader is referred to Fuchs and
Salce’s monograph [9, §IV.3] and to the paper by Olberding [26, Theorem 2.1].

A domain of Krull dimension 1 is h-local if and only if it has finite character, and
noetherian domains of Krull dimension 1 are always h-local (equivalently, always
have finite character).

If R is a domain such that Fg is closed under direct summands then, in particu-
lar, all projective modules are direct sums of finitely generated projective modules.
Not so much is known about projective modules over arbitrary domains. How-
ever, Hinohara [15] proved that, over an h-local domain, an infinitely generated
projective module, which is not finitely generated, is always free.

The following theorem summarizes our results for this class of domains,

Theorem B. (Theorem Corollary Corollary Proposition Theo-
rem Let R be an h-local domain of Krull dimension 1. If the class Fr is closed

under direct summands, then R satisfies that

(1) Fr,, is closed under direct summands for any maximal ideal m of R;

(2) for any mazimal ideal m of R, except maybe one, all finitely generated ideals
of Ry are at most two-generated;

(3) the integral closure R of R in its field of fractions satisfies that F5 1s closed
under direct summands.

Conversely, if R is an h-local domain of Krull dimension 1 satisfying (1) and (2),
then Fr s closed under direct summands in the following situations:

(a) R is integrally closed, or
(b) R is semilocal noetherian, or

(¢) R is noetherian and has module-finite normalization.

That the closure of F under direct summands implies conditions (1) and (2)
was already proven by Pithoda for noetherian domains of Krull dimension 1 with
module-finite normalization [29]. The fact that a condition like (2) still holds in
the generality we are working has been an interesting surprise, and its proof is one
of the more involved in the paper.

A good description for torsion-free modules over a local ring with the 2-generated
property for finitely generated ideals is only available in the noetherian case: if R
has module-finite integral closure, then it is a Bass domain, and the theory goes
back to Bass’ fundamental paper [3]. The general case of noetherian domains with
two-generated ideals remained open for a long time and was finally settled by Rush
in [32]. In both cases, it is proven that finitely generated torsion-free modules are
isomorphic to a direct sum of (finitely generated) ideals. As far as we know, it is
an open question whether such a result could still hold outside the noetherian case.
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We also study the isomorphism classes of modules in F. For finitely generated
modules, the isomorphism class of a module M is usually determined by its genus
and some extra information on the class group. This is the case, for example, of
Bass domains as it was shown in [21, Theorem 4.2] and for general noetherian
domains with 2-generated ideals [32]. For countable direct sums in F we show that
the genus is enough to determine the isomorphism class. Now we state the precise
result we prove, notice that it is for finitely generated R-algebras and that there is
no assumption on the Krull dimension of the domain R.

Theorem C. (Theorem Let R be a commutative domain of finite character
with field of fractions Q. Let A be a module-finite R-algebra such that A ®r Q is
a simple artinian ring. Let M = @,cy, Ai and N = P,y
non-zero finitely generated right A-modules which are torsion-free as R-modules. If

B; be direct sums of

M and N are in the same genus, then there are decompositions
M = @iGNo Ml and N = GaiENo Ni

such that both M; and N; are finitely generated, and M; = N; for every i € Ny. In
particular, M and N are isomorphic.

Theorem extends a result proven by Rump in [31] for A an order in a separable
algebra over a Dedekind domain R.

Now we briefly describe the content of the different sections of the paper, taking
the chance to highlight some of the main ideas.

To work in a problem like the closure of F under direct summands, we need some
method to construct interesting and possibly infinitely generated direct summands.
This is the main topic of Section [I} in which we exploit that projective modules
can be lifted modulo the trace ideal of a projective module (cf. Theorem. This
machinery for projective modules was developed in the noetherian setting in 27|,
extended to general rings in [12] and the connection with the study of the category
Add(M), of direct summands of direct sums of copies of a finitely generated module
M, was developed in [13] (cf. Theorem [I.11)).

Section[2]is quite technical but essential for the rest of the paper. In it, we survey
the results needed on finitely generated (torsion-free) and/or finite rank modules
over a domain R, as well as properties of their endomorphism rings. Given a domain
R we also need to treat the case of finitely generated modules over an R-algebra
A that is torsion-free as R-modules. We also introduce the concepts of domain
of finite character and of h-local domain, developing the first basic properties of
endomorphism rings of finitely generated modules over these classes of rings.

In Section [3] we characterize local domains of Krull dimension 1 satisfying that
F is closed under direct summands. The results in this section prove Theorem [A]

In Section {4] we develop tools to relate the property of being locally a direct
summand with being a direct summand in the setting of finitely generated torsion-
free modules. If R is a domain of finite character, and N and M are finitely
generated torsion-free modules such that N ® Q is a direct summand of M Qg Q,
then Ny, is a direct summand of My, for almost all maximal ideals m of R. This
means that we only have a finite number of “problematic maximal ideals.” In
the remainder of the section, we prove several results on how to proceed for these
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problematic maximal ideals. Analogous results were proven in the one-dimensional
noetherian setting in |[11] and were inspired by the representation theory of orders.

In Section[5]we study finitely generated modules over an algebra A over an h-local
domain R. We prove the results that will serve as a bridge between the local and the
global case. A key observation is the following: if M and N are finitely generated
A-modules that are torsion-free as R-modules and satisfy M @z Q = N ® gz Q, where
@ is the field of fractions of R, then the localizations of M and N at maximal ideals
of R are isomorphic for almost all maximal ideals of R.

Then the problem is, given {X (m) | m € mSpec R} a family of right A,-modules,
when there is a right A-module N such that Ny, = X (m) for every maximal ideal
m of R. This question was already studied by Levy and Odenthal in [20] for
R being a noetherian domain of Krull dimension 1, and the answer is that mild
compatible conditions between the localizations are enough to warrant the existence
of N. Here we give a generalized version of Levy-Odenthal’s Package Deal Theorem
for localizations over h-local domains (cf. Theorem , and give another one
for localizations of trace ideals of countably generated projective A-modules (cf.
Theorem .

The case A = R is particularly neat. The localization at a maximal ideal of
a finitely generated torsion-free module is free for almost all maximal ideals (cf.
Corollary [5.3). Conversely, a family {X(m) | m € mSpec R} of Ry-modules can
be glued together in a finitely generated torsion-free R-module NV provided all the
modules X, have the same rank and they are free for almost all maximal ideals m
(cf. Corollary [5.8).

In Section [6] we exploit the theory developed in the previous sections, proving
the first part of Theorem [B] An important intermediate result is Theorem
which shows that if Fr is closed under direct summands, then finitely generated
indecomposable torsion-free modules over different localizations at maximal ideals
must have coprime rank. This type of result was first spotted by Pifhoda in [29)],
and our proof follows the same strategy as the original result.

In Section [7] the remaining part of the characterization of integrally closed do-
mains with F closed under direct summands, contained in Theorem [B] is proven.

In Section [§] we give the proof of Theorem [C] This section also includes exam-
ples showing that over a semilocal domain, being a direct summand of an infinite
direct sum of finitely generated torsion-free modules could be satisfied locally but
not globally. This contrasts with the case of finitely generated modules, cf. Corol-
lary

The noetherian part of Theorem [B]is proven in Section [J] We stress that Theo-
rem gives the converse of one of the main results in [29).

We close the paper in Section with a family of examples of h-local domains
of Krull dimension 1 satisfying Theorem [B] These examples are of the form R =
K+xL[x] where K C L is a field extension. If such an extension is finitely generated,
then R is noetherian. If the extension is transcendental, then R is integrally closed
in its field of fractions (and it is not a Priifer domain!). Moreover, under mild
restrictions over the dimension of the field extension, R has indecomposable finitely
generated torsion-free modules of all ranks.
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Throughout the paper, rings are associative with 1, and morphisms are unital.
In each section we try to be very precise about the setting we are working with.
Our main topic is (torsion-free) modules over commutative domains, so most of the
time R is a commutative domain with field of fractions ). We reserve A to denote
an algebra over a domain R. If M is a A-module (usually finitely generated and
torsion-free as an R-module), we denote by S its endomorphism ring.

We are very grateful to the anonymous referees for the careful reading of the
paper, and for a number of interesting observations that helped to improve its
readability.

1. LIFTING DIRECT SUMMANDS MODULO THE STABLE CATEGORY

Definition 1.1. Let R be a ring and let M be a right R-module. Then the trace
of M in R is the two-sided ideal of R defined as
Ter(M) = ) f(M).
feHomp(M,R)
To simplify the notation, we will just use Tr(M) to denote the trace in R of the
module M when the ring R is clear. Our main interest will be in traces of projective

modules. Recall that the trace of a projective module is always an idempotent ideal.
The following fact will be used throughout the paper.

Remark 1.2. Let R be a ring and M a right R-module. Let L be a two-sided ideal
of R. Then I = {f € Endgr(M) | f(M) C ML} is a two-sided ideal of Endr(M).

In addition, the R-R bimodule structure of R gives a structure of left R-module
to Homp (M, R) where r - w, for r € R and w € Hompg(M, R), is defined as the
module homomorphism r - w: M — R such that r - w(z) = rw(z) for any x € M.
This gives a canonical morphism

v: M @ Homp (M, R) — Endg(M)

where, for m € M and w € Homgr(M, R), ¢(m @ w) is the endomorphism of M

defined by p(m ® w)(x) = mw(x), for any x € M. Tt is not difficult to show that

©(M ®@r Homp(M,R)) = {f € S| f factors through R" for some n > 1}.
Throughout the paper we will use the notation

(M ®r Homg(M, R)) = M Homg(M, R).
Lemma 1.3. Let R be a ring. Let M be a right R-module with endomorphism ring

S = Endg(M). Let I = Trr(M), and J = {f € S| f(M) C MI} (which is a
two-sided ideal of S by Remark([1.4). Then M Hompg(M,R) C J.

PROOF. In the notation of Remark [I.2] and because of the definition of ¢, it
follows that ¢(m ® w)(M) C MI. So that, also p(} -, m; ® w;)(M) C MI for
m; € M and w; € Homg(M,R). m

Lemma 1.4. Let R be a ring and let P be a right R-module. Then, for any two-
sided ideal I of R,

(i) (Trr (P) +1)/1 C Trgy; (P/PI);
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(ii) If, in addition, P is projective, Trg,r (P/PI) = (Trr (P) +1)/1.

PROOF. (i). Let x € Trr(P), then there exist f1,..., f, € Homp(P, R) and
Pi,---,pn € P such that z = Y | fi(p;). Then, for each i = 1,...,n, there is
an induced homomorphism f,: P/PI — R/I given by f,(p + PI) = f(p) + I.
Since f;(P/PI) C Trp,;(P/PI), in particular, fi(p;) + 1 € Trg,;(P/PI). Since
=", fi(ps), it follows that x + I € Trg,;(P/PI).

Statement (i7) follows from the lifting property of projective modules, since every
R/I-module homomorphism f: P/PI — R/I lifts to an R-module homomorphism
f:P—>R. nm

Remark 1.5. In this section we will make repeated use of the so-called FEilenberg
trick, which implies, for example, that if P is a countably generated projective
module and X is a direct summand of P, then P @ X = P«),

We recall the definition of the class of modules generated by a projective module.

Definition 1.6. Let R be a ring. Let M be a right R-module. We define the
class Gen(M) of modules generated by M as the class of right R-modules that are
a homomorphic image of a direct sum of copies of M.

For further quoting, we recall the following characterization of the class Gen(P),
when P is a projective module.

Lemma 1.7. 13| Lemma 2.10] Let R be a ring, and let P be a projective right R-
module with trace ideal I. Then Gen (P) coincides with the class of right R-modules
M such that MI = M.

For further use, we note the following property of direct sums of finitely generated
modules.

Lemma 1.8. Let R be a ring, and assume there is a direct sum decomposition of
right R-modules M' @ M = X @Y with M finitely generated and X, Y direct sums
of finitely generated modules. Then there exist A and B direct summands of X
and Y, respectively, such that M & Z = A ® B with Z a finitely generated direct
summand of M'.

PROOF. Since M is finitely generated, by the hypothesis, M C A® B with A and
B being finitely generated direct summands of X and Y, respectively. Therefore,
by the modular law, A®@ B=M & Z, where Z=M'N(A® B). n

Theorem 1.9. Let R be a ring, and let I be an ideal of R that is the trace of a
countably generated projective right R-module Q.

(i) |12, Theorem 3.1] Let P’ be a countably generated projective right module
over R/I. Then there exists a countably generated projective right R-module
P such that P/PI = P’.

(ii) Let Py and Py be countably generated projective modules such that Py /Py I =
Py /P51 then Q) ¢ P, = QW & P;.
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(iil) Let Q' be a countably generated projective R-module such that Trr(Q') = 1.
Then Q) = (Q")«).

PRrROOF. Statement (i) follows from the proof of [27, Lemma 2.5]. We give a
self-contained proof for the reader’s convenience.

For each i = 1,2, let m;: P, — P;/P;I denote the canonical projection. Let
f: Py/PiI — P5/PsI be an isomorphism. Then there exists g1: P; — P such that
the diagram

Py
g1 fomi
P, — "= 5 P/PI

is commutative. Hence, Py = g1(Py) + P2 1.

Since I is the trace ideal of the countably generated projective module @, it
is idempotent and, by Lemma there exists an onto module homomorphism
go: Q("‘) — PyI, where « is an infinite cardinal. Let h: Q("”") @ P, — P/P,I be the
module homomorphism defined by h(q,p) = f o 71 (p) for any (¢,p) € Q" @ P;.
Then there is a commutative diagram

QW o Py
g h
P, —" s PP

where g is the onto module homomorphism defined by g(q,p) = g2(q)+g1(p) for any
(¢,p) € Q") @ P,. Since Py is countably generated, there exists C' C & countably
infinite such that P, = g(Q(c) ® Pp). Let ¢': Q) @ P, — P, be the restriction
of g to Q©) @ Py. Since P is projective, Q'©) @ P, = P} @ Ker g’ where Pj is a
submodule of Q(©) & P; isomorphic to Ps.

As Kerg’ C Kerh = Q" @ P, I, we deduce that

QY @ Pl =Kerg @ (Pyn(Q9 @ P I)).

By Lemma P, € Gen (Q). Hence, the countably generated module Ker ¢’ is a
homomorphic image of Q). Since it is also projective, it is a direct summand of
Q“). By the Eilenberg trick (cf. Remark [1.5), Q) @ Ker ¢’ = Q). Therefore,

QWP =2Q¥ePoKeyg =QW o P,
as we wanted to prove.
Statement (44i) is a consequence of (). Taking P; = Q) and P, = (Q")“), we
deduce from (i7),
Q(w) ~ Q(UJ) ® Q(w) o~ Q(w) e (Q’)(‘”).
Exchanging the roles of @ and Q’, we deduce from (i4) that (Q")*) = (Q")“) aQ),
which yields the claimed isomorphism. m

As a corollary of Theorem [I.9 we show that direct sums of projective modules
can be lifted modulo a trace ideal. This result is implicit in [13].
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Corollary 1.10. Let R be a ring, and let P be a countably generated projective right
R-module. Let I be the trace of a countably generated projective right R-module Q).
Assume that P/PI = X'®Y'. Then there exist countably generated projective right
R-modules X andY such that Q) @ P= X @Y and X/XI = X', Y/YI =Y as
R/I-modules.

If, in addition, P is finitely generated and X, Y are direct sums of finitely
generated modules, then there exist A and B isomorphic to direct summands of X
and Y, respectively, such that P ® Z = A @ B, with Z a finitely generated direct
summand of Q) and satisfying that AJAI = X', B/BI =Y.

PROOF. By Theorem [I.9] there exist countably generated projective right R-
modules X; and Y7, such that X1/X 1 & X', Y1/Y1I =2 Y’. Hence, P/PI =
X/ X1 IeY /NI

Set X = Q@ @ X, and Y = Q@ @ Y;. By Theorem[LY Q¥ & P~ X @Y

To prove the final part of the statement, assume for simplicity that Q) & P =
X @Y. Notice that the existence of A, B and Z follows from Lemmal[I.8] Therefore,
there are direct sum decompositions X = A® A’ and Y = B @ B’. Now

QWaP=AoA®BoB =Po(ZaA o B).

so that the canonical projection 7: Q) &P — Z@ A’® B’ induces an isomorphism
QW) — Z®A'®B'. Therefore Z, A’ and B’ are modules in Gen(Q). By Lemma
we deduce that X' = X/XT = A/AT and Y’ @Y /YT = B/BI. This concludes the
proof of the statement. m

Proposition 1.11. [6, Theorem 4.7] Let R be a ring. Let M be a right R-module.
Let S = Endr(M). Then the functor Hompg(M, —) induces a category equivalence
between add(M) and the category of finitely generated projective right S-modules.
The inverse of this equivalence is given by the functor — g M.

Assume, in addition, that Mg is finitely generated. Then the functor Homp (M, —)
induces a category equivalence between Add(M) and the category of projective right
S-modules.

Lemma 1.12. [13| Theorem 2.11(i)] Let R be a ring. Let M be a finitely generated
right R-module with endomorphism ring S. Let X be an object of Add(M), and let
Ps = Hompg (M, X). Set I = Trg(P). Then,

(i) I={f €S| f factors through X™ for some n € N}, that is
I = Hompg (X, M)Hompg(M, X).
(ii) For any Y € Add(M),
Hompg(M,Y)I = {f € Homgr(M,Y) | f factors through X™ for some n € N}.
Remark 1.13. Let M and M’ be two right modules over a ring R, and with endo-

morphism rings S and S’, respectively. Let

! !

Homp(M', M) S
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Consider the finitely generated projective right T-module P = (} )T = Hompg(M'®
M, M"). Tts trace ideal is

10 s/ Hom (M, M')
I1=T T = .
00 Homp(M', M) Hompg(M', M)Hompg(M, M)
Then T/I = S/Hompg(M', M) Homg(M, M").

We will use the case M’ = R, so that T/I = S/M Homp(M, R). That is, it is
the endomorphism ring of My in the stable category.

Corollary 1.14. Let R be a ring. Let M be a finitely generated right R-module
with endomorphism ring S. Let

J=A{f €S| f factors through R™ for some n € N} = M Hompg(M, R).

Let e be an idempotent of S/J. Then there is a direct sum decomposition R“)GM =
X @Y, such that

Homp(M, X)/X Homgr(M, R) 2 Homr(R® M, X)/X Homp(R® M, R) = e(S/J)
and
Hompg(M,Y)/Y Hompg(M, R) = Homp(R&M, Y)Y Homp(REM, R) = (1—e)(S/J).

If, in addition, X andY are direct sums of finitely generated modules, then there
exist A and B direct summands of X and Y, respectively, such that M@ P = A® B
with P a finitely generated projective right R-module and satisfying that

Hompg(M, A)/AHompg(M, R) = Homg(R & M, A)/AHomg(R @® M, R) = e(S/J)
and
Hompg(M, B)/BHompg(M, R) = Homr(R®M, B)/BHomg(R®&M, R) = (1—e)(S/J).

PROOF. Let T'= Endg(R® M). Taking into account Remark [1.13] S/J = T/I
with I the trace ideal of the projective right T-module @ = Homg(R® M, R). That

0 0

By Corollary and its proof, there is a direct sum decomposition Q) @
Hom(R & M, M) = X' & Y’ with X'/X'T = (S/J) and Y'/Y'T = (1 — €)(S/J)
and such that X’ @ Q) =~ X’ and Y’ ¢ Q) = Y. Notice that, by Theorem
these properties determine X’ and Y’ up to endomorphism.

Set X = X' ®r (R® M) and Y = Y’ @7 (R @ M). By Proposition [L.11]
R¥aeM=2XaY, RWae X=X, R¥aY =Y. By Lemma and using the
notation explained in Remark X and Y also satisfy

is, following the notation in Remark [1.13} I =T (1 0) T.

Homp(R® M, X)/X Homg(R® M, R) =2 e(S/J)
and
Homp(R® M,Y)/Y Homp(R® M, R) = (1 —¢€)(S/J).

These properties determine X and Y up to isomorphism.
Let m: R®& M — M denote the canonical projection. The assignment g — gom,
for any g € Homp(M, X), defines a morphism of abelian groups Homg(M, X) —
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Homp(R® M, X). Composed with the projection Homgr(R® M, X) — Hompg(R®
M, X)/X Hompg(R ® M, R) gives an onto morphism of right S-modules

®: Homp(M,X) - Homr(R® M, X)/X Homgr(R & M, R).
Recall that, since X € Add (R @& M),
Hompg(R® M, X)/X Homg(R & M, R) = Homg(R ® M, X)/Hompg(R & M, X)I.
Clearly,
Ker ® = {g € Hompg(M, X) | g factors through R™ for some n € N}.

That is, Ker® = X Hompg(M, R). This finishes the proof of the isomorphism
Hompg(M,X)/X Homg(M,R) = Homg(R & M, X)/X Homgr(R ® M, R) as right
S-modules.

In a similar way,

Homp(M,Y)/Y Hompg(M, R) = Homr(R® M,Y)/Y Homgr(R & M, R)

as right S-modules.
If X and Y are sums of finitely generated modules, then Lemma [1.8] allows us
to proceed as above to prove the final claim of the statement. m

Lemma 1.15. Let R be a ring. Let M be a right R-module with semiperfect
endomorphism ring. If X is a right R-module such that M & X = Y, & Yy for
suitable right R-modules Y1, Yo, then fori=1,2,Y; 2 N;®Y, where Ny &Ny 2 M
andY{ ®Yy 2 X.

PROOF. This is an easy consequence of the fact that modules with a semiperfect
endomorphism ring are a finite direct sum of modules with a local endomorphism
ring, and that modules with local endomorphism ring satisfy the exchange property
(cf. |6l Lemma 2.7 and Theorem 2.8]). Namely, if M & X = Y @Y, and M has local
endomorphism ring, then we may assume that M is isomorphic to a direct summand
of Y7 so that Y1 & M @Y{ and, moreover, X 2 Y/ @Y5. Nowif M = M1 &---® M,
with each M; having local endomorphism ring, the statement follows by induction

onn. A

Lemma 1.16. Let R be a semiperfect ring. Let M be a right R-module. Then
Trr(M) C J(R) if and only if M has no non-zero projective direct summands.

PROOF. Assume that Trr(M) € J(R). Hence, there exists f: M — R and
e? = e € R, with eR/eJ(R) simple, such that ef(M) # eJ(R). Therefore eR =
ef(M) + eJ(R). By Nakayama’s Lemma, eR = ef(M) so eR is a projective direct
summand of M.

The converse statement is clear because the trace of a non-zero projective module
is never contained in J(R). m

Lemma 1.17. Let R be a semiperfect ring. Then:
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(i) If M is a finitely generated module, M = P® M’ with P a finitely generated
projective module and M’ with no non-zero projective direct summands. In
addition, this decomposition is unique up to isomorphism.

(ii) If My and My are R-modules with no non-zero projective direct summand
then My & My has the same property.

PROOF. Statement (4) is [6, Theorem 3.15].

To prove statement (ii), notice that if P is an indecomposable projective R-
module, then its endomorphism ring is local because R is semiperfect. Therefore,
if such P is a direct summand of M; & Ms, then it is a direct summand either of
M or of My, which is not possible by our assumptions. m

Proposition 1.18. Let R be a semiperfect ring. Let M be a finitely generated
right R-module with endomorphism ring S. Set J = M Hompg(M,R). If every
direct summand of R“) @ M is a direct sum of finitely generated modules, then the
following statements hold:
(i) Let e € S/J be an idempotent, then there ewists f> = f € S such that
(f+)S/J=eS/J and (1 — f+ J)S/J=(1—e)S/J;
(ii) of M is indecomposable, then so is the right S-module S/J;
(iii) every direct summand of R“) @ M is of the form P® X, where X is a direct
summand of M and P is a direct summand of R (that is, a countably

generated projective module).

PROOF. (7). We consider the setting of Remark with M’ = R, and follow
the notation on that remark.

By Corollary there is a decomposition P & M = A @ B with P finitely
generated projective and A and B finitely generated such that

Hompg (M, A)/AHomg(M,R) = e(S/J)
and
Homp(M, B)/BHomgr(M, R) = (1 —e)(S/J).

By Lemmal[l.15] A= A; ® Ay and B = By @ By with M = A; ® B; and A, and
Bs projective R-modules. Therefore, Homp(M, A;) = fS and Hompg(M, By) =
(1—f)Sfor f2=f€S.

By Lemma [T.12]

e(S/J) 2 Hompr(M, A)/AHompg(M, R) = Homp(M, A;)/A; Hompg (M, R)
= Homg (M, A1)/ Homg(M, A))J = (f + J)S/J.

Similarly, (1 —e)S/J = (1 — f+ J)S/J.

Statement (i¢) is a consequence of (i).

(#41). Since R is semiperfect, M = P M’ where P is finitely generated projective
and M’ has no non-zero projective direct summands (cf. Lemma . Since
R @ P =~ R to prove our statement, we may assume that M = M’ has no
non-zero projective direct summands.

Let N be a finitely generated direct summand of R“) @ M. Then, there exists
n > 0 such that N is a direct summand of R"@® M. By Lemma[T.15] we can deduce
that N is of the required form.
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Assume now that N is a direct summand of R“) @ M that is not finitely gen-
erated. By hypothesis, N = @, 4 N; where N; are finitely generated modules.
By the previous step, for each i € A, N; = P; ® M; with P; finitely generated
projective and M; isomorphic to a direct summand of M. Notice that each M; has
no non-zero projective direct summands, by our assumptions.

Since the ring R is semiperfect, then M /M J(R) is a semisimple module of length
£. Then the maximal number of non-zero direct summands in a direct sum decom-
position of M is £. We claim that this implies that only ¢ of the direct summands
M; are different from zero.

Indeed, take i1,...,4s41 to be £+ 1 different elements of the index set .A. Then
N' = @jg M;; is a direct summand of R« @ M. By Lemma N’ has no
non-zero projective direct summands. By the first step, N’ is a direct summand of
M. Hence, there is some M;, = {0}.

Since only finitely many M;’s are different from zero, as before, we can deduce
that its direct sum is a direct summand of M. Since @, 4 P; is a countably
generated projective module, it is a direct summand of R“). This finishes the
proof of the claim. m

Now we want to interpret these results in terms of lifting of idempotents modulo
an ideal. The following fact characterizing when two idempotents are conjugated
by a unit will be useful.

Lemma 1.19. 18, Exercise 21.15] Let S be a ring, let e and g be idempotents of
S. Then there exists a unit u € S such that veu™! = g if and only if eS = ¢S and
(1—-e)S=(1-g)S.

Lemma 1.20. Let S be a ring, and let J be an ideal of S contained in J(S5).
Let e = 2 € S/J. Assume that Ss = X1 ® Xo and X1/X1J = e(S/J) and
Xo/Xod = (1 —¢€)(S/J).

Then there exists f2 = f € S such that f +J =e and fS = X1 and (1 — f)S =
Xo.

PROOF. Let g2 = g € S be such that there are isomorphisms f;: ¢S — X; and
fa: (1—9)S — Xo. Then restriction of fi and fo give isomorphisms gJ = X;J and
(1 —g)J = XaJ, so that

(g+J)S/J =gS/g] = X1/ X1J

and
(L—g+J)S/J=(1-9)S/(1—g)J = X2/XoJ.

By Lemma there exists v a unit of S/.J such that v(g+ J)v~! = e. Since J
is contained in J(S), any u € S such that u + J = v is also a unit of S. Pick such
an invertible element u, and set f = ugu~'. Then f is an idempotent element of
S with f +J = v(g+ J)v~! = e. Moreover, as f is conjugated of g we can apply
Lemma [1.19] to deduce that fS = X; and (1 — f)S = X,. m
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Corollary 1.21. Let R be a semiperfect ring. Let M be a finitely generated right
R-module with endomorphism ring S. Assume that onto endomorphisms of M are

bijective and that M has no non-zero projective direct summands. Then:

(i) S is semilocal and the ideal J = M Homp(M, R) is contained in J(S).

(ii) If the direct summands of R“) @ M are direct sum of finitely generated
modules, then idempotents of S/J can be lifted to idempotents of S. If, in
addition, J(S)/J is a nil-ideal then S is semiperfect.

Proor. (i). By hypothesis and Lemma f € J implies that f(M) C
MJ(R), so f(M) is superfluous in M. Then 1 — f is onto, hence bijective. This
implies that J C J(S). The ring S is semilocal because M /M J(R) is a semisimple
module of finite length, so we can apply the results in [14].

(#3). By Proposition any direct summand of S/J can be lifted to a direct
summand of S. By (i), J C J(S5), and we deduce that idempotents can be lifted
modulo J from Lemma [[.200

If J(S)/J is nil, then idempotents of S/J(S) can be lifted to S/J. Hence, to S.
Since, by (i), S is semilocal, we deduce that S is semiperfect. m

2. THE ENDOMORPHISM RING OF A FINITELY GENERATED MODULE

As implicit in Corollary[1.21} the condition that onto endomorphisms of a finitely
generated module are bijective is going to play an important role in our study. In
this section, we recall some more or less well-known facts on when this happens,
and some of the consequences it has.

We start with some well-known facts about the endomorphism ring of a finitely
generated module over a commutative ring. We will use them throughout the paper,
sometimes without previous acknowledgment.

Lemma 2.1. Let R be a commutative ring. Let M be a finitely generated R-module
with endomorphism ring S. Then:

(i) (Vasconcelos |33 Proposition 1.2]) Any onto endomorphism of M is bijec-
tive.
(ii) The central ring extension R/anng(M) < S is integral (that is, any ele-
ment of S satisfies a monic polynomial with coefficients in R/anng(M)).
(i) Let L be a two-sided ideal of R containing anng(M) and let I = {f € S |
f(M)C ML}. If M can be generated by £ elements, then for every f € I,
there exist by, ..., by € L such that f*+ f* by + --- 4+ fby 4+ by = 0, where

bi, i=1,...,¢, means the elements R/anngr (M) viewed inside S.

PROOF. Statements (i) and (ii7) are applications of the determinant trick. To
prove (i), let M = mqyR+---+myR and let f € S. Then there exists a matrix A €

my

My (R) such that (fId,— A) ( : ) = 0. Then we deduce that det(fId,— A)m; =0

me
for any i = 1,...,¢. Hence, det(fId, — A) € (R/anng(M))[f] is zero. Hence, f is
an integral element over R/anng(M).
To prove (iii), just observe that the coefficients of the polynomial det(fId, — A)
satisfy the claimed properties if f € I. m
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Remark 2.2. Let R be a commutative ring, and let A be a (non-necessarily com-
mutative) module-finite R-algebra. Let M be a finitely generated right A-module.
Then the conclusions of Lemma [2.1| also hold for S = Enda (M). My being finitely
generated and A being module-finite implies that Mp is also finitely generated as
an R-module. Moreover, Endj (M) is a subring of Endg(M).

Goodearl in [10] characterized which rings satisfy that any onto endomorphism
of a finitely generated module is bijective. The following result follows easily from
such characterization, and it includes an extension of Lemma 2.1 and Remark

Proposition 2.3. Let R be a commutative ring, and let A be a (non-necessarily
commutative) module-finite R-algebra. Let M be a finitely generated right A-module
with endomorphism ring S = Endy(M). Then

(i) Ewvery finitely generated right S-module X satisfies that any onto endomor-
phism of X is bijective.
(ii) If S is semilocal, then so is the endomorphism ring of any finitely generated
right (or left) S-module. In particular, if A is semilocal, then so is S.
(i) I = {f € Ends(X) | f(X) C XJ(5)} is a two-sided ideal of Endg(X)
contained in J(Ends(X)). In particular, {f € S| f(M) C MJ(A)} is a
two-sided ideal of S contained in J(S).

PrROOF. (7). Since M,(S) = Enda(M") for any n > 1, we deduce from
Lemma 2.1(ii) and Remark[2.2] that the extension R/anng(M) — M, (S) is integral
for any n > 1. Now, the conclusion follows from [10, Corollary 6].

(#4). The first part of the result is a particular case of 7], Proposition 3.2]. Taking
M = A gives the second part of the statement.

(#i1). By Remark I is a two-sided ideal of S, so it is enough to show that
1 — f is bijective for every f € I.

Let f € I. Then S = f(X)+(1— f)(X) = XJ(S)+ (1— f)(X). By Nakayama’s
Lemma, X = (1 — f)(X). By (i), 1 — f is bijective. m

Definition 2.4. A ring homomorphism f: R — S is said to be local if, for any
r € R, f(r) is invertible in S if and only if 7 is invertible in R.

Lemma 2.5. Let R be a commutative ring. Let R C S be a central integral exten-
sion of rings, where S is not necessarily commutative. Then,

(i) For any s € S, the inclusion R[s] < S is a local ring homomorphism.
Therefore J(S) N R[s] C J(R[s]).
(i1) If R is a ring of Krull dimension 0, then J(S) is a nil-ideal.

PrOOF. (i). Let s € S. To show that the inclusion R[s] C S is a local
homomorphism, we need to prove that if © € R[s] is invertible in S, then the
inverse is in R[s]. This is a well-known fact for integral extensions of commutative

rings. We recall the argument to see that it also works in our situation.

Since R C S is an integral extension, the element z~! satisfies ™™ —ntl_

1

— T

«+-—ry, = 0 for suitable rq,...,r, € R. Since £~ is invertible, we may assume r,, #

0. Therefore, multiplying by ™ we obtain the equality 1 = (r1+rqz+- - -+7r,2" 1)

Therefore, =1 = ry + rox + - + r,2" "1 € R[s].

Z.
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The second part of the statement follows immediately from the first part.

(7). Assume now that R has Krull dimension 0. Let s € J(S). By (i), s €
J(R][s]). Since R C R[s] is an integral extension of commutative rings, also R[s] is
a ring of Krull dimension 0. Hence, J(R]s]) coincides with the nilradical of R][s].
So we deduce that s is nilpotent. This shows that J(S) is a nil-ideal. m

Lemma 2.6. Let R be a commutative ring, and let A be a module-finite R-algebra.
If M is a finitely generated right A-module, then Endp(M)J(R) C J(End(M)).

PrOOF. Let f1,...,fr € Endp(M) and let r1,...,rp € J(R). Since Mg is
finitely generated, by Lemma to show that 1 — Zle fir; is invertible it suffices
to show that I—Ele fir; is an onto A-endomorphism of M. To this aim, notice that
M=0=" fr) (M) + (X, fir) (M) = (1 =Xk, fir)) (M) + MJ(R). Since
MJ(R) is a small R-submodule of M, we deduce that M = (1 — Zle fird)(M). m

Lemma 2.7. Let R be a commutative ring, and let A be a module-finite R-algebra.
Let M be a non-zero finitely generated right A-module with endomorphism ring
S = Enda(M). Let ¢: R — S denote the canonical homomorphism. Let n be a
two-sided maximal ideal of S. Then
(i) m = p~Y(n) is a mazimal ideal of R.
(i) I={f eS| f(M)C Mm} is a two-sided ideal of S contained in n and
satisfying m = o~ 1(I).

PROOF. (i). By Lemma [2.1] and Remark the morphism ¢: R — S induces
a central integral extension R/anng(M) — S. Then S/n is a simple ring and
R/¢7(n) = S/n is also a central integral extension. The center of the simple ring
S/nis always a field K (the two-sided ideal generated by a non-zero element x in the
center must be the total and, being the element central, this ideal is just the set of
multiples of x; this is to say that x is invertible in S/n because z is central, so is its
inverse). We deduce that R/o~1(n) — K is an integral extension of commutative
rings. Hence, R/p~'(n) is a field (cf. Lemma and m = ¢~ !(n) is a maximal
ideal of R.

(7). By Remark I is a two-sided ideal of S. Clearly, m C (). Since
annp (M) is contained in the maximal ideal m of R and My is finitely generated,
My # {0}. By Nakayama’s Lemma, M # Mm, so we conclude that 1 ¢ o=1(I).
Since m is a maximal ideal contained in p~1(I), we deduce that m = ¢~ 1(I).

By Lemma [2.1fiii), ( +n)/n is a two-sided nil-ideal of S/n. Since S/n is simple,
we deduce that (I +n)/n is the zero ideal, so I C n, as claimed. m

2.1. Finitely generated torsion-free modules. Let R be a domain with field
of fractions . An R-module M is torsion-free if the natural map M — Mg
is injective, where Mg denotes the localization of an R-module M at R\ {0}.
Sometimes we will also use the tensor product notation M ®g Q.

It is well known that, over commutative rings, Hom and localization commute
when the first variable of the Hom is a finitely presented module. The following
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lemma shows that this is true for finitely generated torsion-free modules. This
result is crucial throughout the paper. For a similar result (and proof) the reader
can check Warfield’s paper [34, Lemma 3.5].

Lemma 2.8. Let R be a domain, and let A be an R-algebra. Let X2 be a multiplica-
tive subset of R. If M is a finitely generated right A-module which is torsion-free
as an R-module, then the canonical injective homomorphism

p: Hompy (M, N)®g Ry — Hompgprs (M ®g Ry, N ®r Ryx)
is an isomorphism for every A-module N which is torsion-free as an R-module.

Proor. Note that, the A-modules that are torsion-free as R-modules can be
seen as submodules of its localization at X.

Let f € Homag,ry (M ®r Ry, N®pg Ry). Let mq,...,m, be a set of generators
of M. Then, there exists r € ¥, such that, for any ¢ € {1,...,n}, f(m;) =n; ® %
for n; € N. Therefore g = fr|y € Homp (M, N), so that f = ¢(g® 2). This shows
that ¢ is onto, as claimed in the statement. m

Let A be an algebra over a commutative domain R. We say that a short exact
sequernce

0 L M N 0 (%)

of right A-modules is locally split if it is split when we apply the functor Ry ®p —
for any maximal ideal m of R. Therefore, if X is a left A-module we obtain an
exact sequence of R-modules

00— K — > L3y X —> MIp X —> Nox X —— 0.

As is locally split, Ry ®gp K = 0 for any maximal ideal m of R. Therefore
K = 0. This proves that a locally split exact sequence of right A-modules is pure.

Now we show that the finitely generated A-modules that are torsion-free as R-
modules are projective with respect to the class of locally split exact sequences of
right A-modules that are torsion-free as R-modules.

Lemma 2.9. Let R be a commutative domain, and let A be an R-algebra. Let
L,M,N, X be right A-modules which are torsion-free as R-modules. Assume that
there is a short exact sequence,

f

0 L M-S N 0. (1)

Then:

(i) If Xu is finitely generated, and is a locally split exact sequence, then
the map Homp (X, g): Homy (X, M) — Homp (X, N) is onto. Equivalently,
finitely generated torsion-free modules are projective with respect to the class
of locally split exact sequences of torsion-free modules.

(ii) If N is a direct summand of a direct sum of finitely generated A-modules
that are torsion-free as R-modules, then the exact sequence splits if and
only if it is locally split.

ProoOF. (7). If gn: My — Ny is a splitting epimorphism for every maximal
ideal m of R. Then, Homp, (Xm, gm): Homy, (Xm, M) — Homyp, (Xm, Nm) is
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onto for every maximal ideal m of R. By Lemma2.8|we may identify Homy,, (Xm, gm)
with Ry, ® g Homp (X, g). Therefore, Ry, ® g Homp (X, g) is onto for every maximal
ideal m of R, so Homy (X, g) is onto, as desired.

(#3). As the class of modules that are projective with respect to the class of
locally split exact sequences is closed under direct sums and direct summands, we
deduce the statement (2) from (1). m

Corollary 2.10. Let R be a commutative domain, and let A be an R-algebra. Let
N be a direct summand of a direct sum of finitely generated right A-modules which
are torsion-free as R-modules. Then N is a projective A-module if and only if Ny
is a projective Ay -module for every maximal ideal m of R.

Proor. Let f: F — N be an epimorphism of A-modules for some free A-
module F. By Lemma ii), f is a splitting epimorphism if and only if fy, is a
splitting epimorphism for every maximal ideal m of R. This is equivalent to the
statement. m

The following easy lemma will be useful throughout the paper.

Lemma 2.11. Let R be a commutative domain, and let A be an R-algebra. Let Y be
a multiplicative subset of R. Let N be a right A-module which is torsion-free as an
R-module. If M is a finitely generated A-submodule of Ny, then dM is isomorphic
to a A-submodule of N for some d € 3.

PROOF. Note that, since N is torsion-free as an R-module, it can be seen as a
A-submodule of Ny..
Let m € M and let {ni/s1,...,n¢/st} € Ny be a finite set of A-generators of

M. Then,
o L e
1 s1 1 s4

for some ay,...,a; € A, and sy,...,s; € X. Multiplying by d = s1---s; € ¥
/ PR /
am =107 0 % e A(),

where A\: N — Ny denotes the localization map. Therefore, dM C A(N) = N. m

Remark 2.12. We note that Lemmas and could be stated for general com-
mutative rings, provided that the multiplicative set ¥ consists of non-zero divisors
of R. In this general context, we mean that a module M is torsion-free if md = 0,
for m € M and d a nonzero divisor of R, implies that m = 0.

Let R be a commutative domain, and let ) denote the field of fractions of R.
The rank of an R-module M is the dimension of Mg as a ()-vector space.

Remark 2.13. Let R be a commutative domain with field of fractions Q. Let N be a
torsion-free R-module of rank n. Then N contains a free R-module of rank n. Note
that, since NN is torsion-free of rank n, we can see N as an essential submodule of
its injective hull E(M) = Q™. On the other hand, R™ has the same injective hull
Q™. Therefore, by Lemma [2.11] since R" is a finitely generated R-submodule of
Ng =Q", dR"™ C N for some non-zero element d € R.
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Lemma 2.14. Let R be a commutative domain with field of fractions Q. Let M
and N be non-zero torsion-free R-modules of the same finite rankn. Let f: M — N
be an R-module homomorphism. Then,

(i) f is onto if and only if it is bijective;

(ii) f is injective if and only if Imf is an essential submodule of N.

PrOOF. Applying the functor — @ @ to the exact sequence,

o N 0

0 —— Ker f M

we get the exact sequence

00— Ker fORrQ — M®rQ Y NorQ — 0

in which the Q-module homomorphism f ®gIdg is an isomorphism because it is an

onto morphism between (Q-vector spaces of the same finite dimension. Therefore,

Ker f®@r Q = 0 and Ker f being torsion-free, it must be zero. Hence, f is bijective.
The statement (ii) is easy to prove. m

Proposition 2.15. Let R be a commutative domain with field of fractions Q, and
let A be a torsion-free R-algebra of finite rank. Let Ma be a non-zero finitely
generated right A-module which is torsion-free as an R-module. Then,
(i) any onto endomorphism of M is bijective;
(ii) of J(R) C J(A) then Endp(M)J(R) C J(Endp(M));
(iil) if A is semilocal then so is Endy(M).

PROOF. (). Since M is a homomorphic image of a finite number of copies of
A, M is a torsion-free R-module of finite rank. Since a A-module homomorphism
is also an R-module homomorphism, the statement follows from Lemma, i).

(#4). Our hypothesis allows us to repeat the proof of Lemma to conclude the
statement.

(#4i). If A is semilocal, then MJ(A) is a small submodule of M and M/MJ(A)
is semisimple artinian of finite length. By (i), any onto endomorphism ring of M
is bijective. As an application of [14], we deduce that Enda (M) is semilocal. m

2.2. Domains of finite character and h-local domains.

Definition 2.16. A commutative domain R is said to have finite character if
any non-zero element is contained only in a finite number of maximal ideals. A
commutative domain of finite character is said to be h-local if, in addition, any
non-zero prime ideal of R is contained in a unique maximal ideal.

The domain R has finite character if R/I is a semilocal ring for every non-zero
ideal T of R. If R is h-local then it also satisfies that R/p is a local domain for
every non-zero prime ideal p of R.

If R is a domain of Krull dimension 1, then the notion of h-locality and being
of finite character coincide. They are equivalent to saying that, for every non-zero
ideal T of R, R/I is a semiperfect ring whose Jacobson radical is a nil ideal. Because
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R/I is a ring of Krull dimension 0 with only a finite number of maximal ideals,
J(R/I) coincides with the nilradical of R/I.

Matlis introduced the notion of h-local domain in [23] as a generalization of local
domains and noetherian domains of Krull dimension 1. In the next result, we recall
the key property of h-local domains that we will use throughout the paper.

Lemma 2.17. A commutative domain R is h-local if and only if R/T is semiperfect
for every non-zero proper ideal I of R. In particular, if R is h-local, I is a non-
zero proper ideal of R, and {my,...,my} is the finite set of maximal ideals of R
containing I, then
(i) I=1I---1Ip, where I; = Iy, N R, so I, ..., I, are pairwise comazimal ideals
of R such that each I; is contained in exactly one mazximal ideal of R.
(ii) the canonical map R/I — (R/I)m, X+ X (R/I)m,, given by the localization
at each component, is an isomorphism, and (R/I)m, = (R/I;)m, for i =
1,...,4L.

PROOF. The first part is [4, Theorem 4.9]. Statement (i) is proven in |25, Lemma
5.1]. To prove (ii), notice that, by the Chinese Remainder Theorem, there is an
isomorphism

¢: R/I —— R/I x--- x R/I,.

Since each I; is contained only in the maximal ideal m;, we deduce that R/I; is a
local ring and that R/I; = (R/I;)m,. So that we have the isomorphisms claimed. m

Lemma 2.18. Let R be a commutative domain with field of fractions Q. Let M be
a non-zero finitely generated torsion-free module with endomorphism ring S. Then

(i) S is a torsion-free R-module containing R, and S is integral over R. The
restriction of the embedding R C S gives an embedding J(R) C J(S5).
(ii) Forany f € S, there is some non-zero d € R such that df € M Hompg(M, R).
In particular, M Hompg(M, R) # {0}.
(iii) Sg = M,(Q) where n is the rank of M. So S is a subring of the simple
artinian algebra M, (Q).
(iv) For any non-zero two-sided ideal I of S, IN R # {0}.
(v) Sm 2 Endg,, (My) is a semilocal ring for all mazimal ideals m of R.
If, in addition, R is h-local, then

(vi) Let I be any non-zero two-sided ideal of S. Then S/I is a semilocal ring.
Moreover, Iy, = Sw for almost all maximal ideals m of R. If R has Krull
dimension 1 then J(S/I) is a nilideal, so S/I is semiperfect.

(vil) If I is the trace ideal of a non-zero projective right S-module, then I is con-
tained only in a finite number of trace ideals of projective right S-modules.

PROOF. Recall that, since R is commutative, there is a ring morphism ¢: R — S
where, for any r € S, ¢(r) is the morphism given by multiplication of . Since M
is a faithful R-module, ¢ is injective, and we may identify R as a subring of S. We
will use this identification throughout the proof.

(7). Let f € S be such that there is some non-zero r € R with rf = 0. Equiva-
lently, rf(M) = {0} so that f(M) = {0} because M is torsion-free.
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The extension R C S is integral because of Lemmal[2.1} Repeating the arguments
in Lemma we deduce that J(R) C J(95).

(#3). Since M is finitely generated and torsion-free, we can see M as an essential
submodule of its injective hull E(M) = Q™ for some n > 1. On the other hand,
R™ has the same injective hull Q™. Therefore, since M is finitely generated, by
Lemma gM C R™ for some non-zero g € RC S.

Now we proceed with the proof of the statement. The claim is clear for the zero
endomorphism. Pick f € S\ {0}. Since Q" is an injective R-module, there exists
h € Hompg(R™, Q™) = M, (Q) such that the diagram

M ! M Qn

Rn
commutes. Since R™ is finitely generated and M is essential in @™, by Lemma|2.11
dh(R™) C M for some non-zero d € R, that is, dh € Homp(R"™, M). Therefore,
df = (dh) o g € M Hompg(M, R).

(#41). By Lemma So = Endg(Mg) = M,(Q), where n is the rank of M.
By (i), S is torsion-free as an R-module, so the localization map S — Sg is injective.

(iv). By (ii) we can identify S with a subring of its central localization at the
non-zero divisors of R which is the simple ring M, (Q). If I is a non-zero ideal of
S then Ig = IM,(Q) is a non-zero ideal of M, (Q). Therefore IM,(Q) = M,(Q).
Therefore, there is some f € I and some non-zero d € R such that 5 = Id,,. This
implies that f is the endomorphism of M given by multiplication by d. So f € RNI.

(v). By Lemma[2.8] Sm = Endpg,, (Mwm). By Lemma S is semilocal.

From now on, we are assuming that R is h-local.

(vi). Let I be a non-zero two-sided ideal of S. The inclusion ¢: R — S induces
an injective ring homomorphism R/(I N R) — S/I. By (iv), IN R # {0} and,
since R is h-local there are only finitely many maximal ideals of R, say my,..., my,
containing I N R. By Lemma the canonical homomorphisms

R/(INR) — (R/(INR))m, X -+ X (R/(INR))m,

and
S/T — (S/D)m, X -+ X (S/T)m,

are isomorphisms. Therefore, we have a commutative diagram

R/(INR) S/1

R
R

(R/(INR))g, ¥ - X (BR/(INR)) gy, = (/1) X=X (5/])y,

By (v), S/I is a finite product of semilocal rings, so it is a semilocal ring.

Since INR is only contained in a finite number of maximal ideals of R, (INR)y =
R, for almost all maximal ideals m of R. Therefore, I, = Sy, for almost all maximal
ideals m of R.
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Assume now that R has Krull dimension 1. As R/(I N R) C S/I is an integral
extension, and R/(I N R) is a ring of Krull dimension 0, Lemma implies that
J(S/I) is a nil-ideal. As idempotents can be lifted modulo a nilideal we deduce
that S/I is a semiperfect ring.

The statement (vi¢) follows from (vi) because semilocal rings only have a finite
number of trace ideals of projective modules. m

3. LOCAL DOMAINS OF KRULL DIMENSION ONE

Now we are ready to start our study of direct summands of direct sums of torsion-
free modules. In this section, we will specialize to the case of local domains of Krull
dimension one. The next lemma points out the key properties of endomorphism
rings of torsion-free modules over such domains that we will need.

Lemma 3.1. Let R be a commutative local domain of Krull dimension 1, and with
field of fractions Q. Let M be a mon-zero finitely generated torsion-free R-module
with endomorphism ring S. If M does not contain a non-zero free direct summand,
then:
(i) J = MHompgr(M,R) C J(S) and J(S)/M Hompr(M, R) is a nil-ideal of
S/J.
(i) If every direct summand of R“) @ M is a direct sum of finitely generated
modules, then S is semiperfect.

PROOF. By Lemma 2.1 M satisfies that any onto endomorphism ring of M is
bijective.

(i). By Corollary [[.21} J = M Hompg (M, R) C J(S). The rest of the statement
is included in Lemma 218

(i7). Follows from (i) and Corollary "

Proposition 3.2. Let R be a commutative local domain of Krull dimension 1, and
with field of fractions Q. Let M be a finitely generated torsion-free R-module. The
following statements are equivalent:

(i) every module in Add(R @ M) is a direct sum of finitely generated modules;
(ii) every direct summand of R“) @& M is a direct sum of finitely generated
modules;
(iii) Endgr(M) is semiperfect; and
(iv) every finitely generated indecomposable module in Add(R @ M) has local
endomorphism Ting.

PROOF. (i) = (i) is clear.

(i1) = (ii1) Write M = F ® M’, with F finitely generated free and M’ has no
projective direct summands. By Lemma ii), Endg(M’) is semiperfect. As R is
local, so is Endg(M).

Statement (ii7) is equivalent to saying that M =Y, & --- & Y,,, where each Y;
has local endomorphism ring for ¢ € {1,...,n} (cf. [6 Theorem 3.14]).

In general, over a commutative ring, direct summands of direct sums of finitely
generated modules with local endomorphism rings are also direct sums of finitely
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generated modules with local endomorphism rings, and such decomposition is unique
(cf. |6l Corollary 2.55]). Therefore, every element in Add(R @ M) is isomorphic to
a direct sum of copies of R,Y1,...,Y,,. This proves (i).

In particular, since every indecomposable in Add(R @& M) is isomorphic to one
in {R,Y1,...,Yn}, we deduce (iv).

Note that (iv) also implies that M is a direct sum of indecomposable modules
with local endomorphism rings, so this implies (¢:). m

Corollary 3.3. Let R be a commutative local domain of Krull dimension 1, and

with field of fractions Q. The following statements are equivalent:

(i) the class of direct sums of finitely generated torsion-free R-modules is closed

under direct summands;

(ii) for any finitely generated torsion-free R-module M, every direct summand
of R“) @ M is a direct sum of finitely generated modules;

(iii) for any finitely generated torsion-free R-module M, every module in Add(M)
1s a direct sum of finitely generated modules; and

(iv) every finitely generated, indecomposable, torsion-free R-module has local
endomorphism ring.

In addition, the above equivalent conditions are fulfilled by any intermediate ring S
between R and its integral closure.

PROOF. The equivalence of the four statements is an immediate consequence
of Proposition [3.2

To finish the proof of the statement, let S be a ring such that R € S C R. Notice
that if Xg is a finitely generated torsion-free S-module then it has finite rank n.
Identifying X with a submodule of Q"

Endg(X) = {A € Endg(Q") | AX C X} = Endg(X).

In particular, X is indecomposable as an S-module if and only if it is indecompos-
able as an R-module.

If S is finitely generated over R then, also X is finitely generated over R, so by
(iv), Xg is indecomposable if and only if Endg(X) is local.

Assume S is not finitely generated over R, and fix z1, ..., z, a family of genera-
tors of Xg. Then Endg(X) is the directed union of Endr(>"_, 2;7) where T varies
between all subrings of S that are finite extensions of S. If Xg is indecomposable
then so is the T-module >_!_, 2;7. By the previous step, Endr (Y, ;T) is a
local ring for any T'. Therefore, Endg(X) is also a local ring. m

We do not know of a characterization of local domains (of Krull dimension 1)
such that their indecomposable finitely generated torsion-free modules have local
endomorphism ring. If we restrict the condition to finitely generated, torsion-free,
rank one modules, then it is equivalent to having a local integral closure, as we
show in the next result.

Proposition 3.4. Let R be a commutative local domain of Krull dimension 1, and
with field of fractions Q. The following statements are equivalent:
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(i) the class of direct sums of finitely generated, rank-one, torsion-free R-
modules is closed under direct summands;
(ii) for any finitely generated, rank-one, torsion-free R-module M, every direct
summand of R“) @& M is a direct sum of finitely generated modules;
(iil) every finitely generated, rank-one, torsion-free module has local endomor-
phism ring; and
(iv) the integral closure of R (into its field of fractions) is a local ring.

PROOF. The equivalence of (i), (ii) and (iii) follows from Proposition [3.2]

(#41) = (). By (¢it) any finitely generated, integral extension of R inside @ is
local. Let S C @ be any integral extension of R inside @. If S has two different
maximal ideals m; and my, then for any i = 1, 2, choose s; € m; such that s;+so = 1.
Then R C RJ[s1, s2] is a finitely generated integral extension of R. By the first part
of the proof, R[s1, s3] is a local ring, but its maximal ideal should contain s; and
sg, which contradicts our assumptions. Therefore, S is a local ring.

(tv) = (4i7). If M is a finitely generated, rank-one, torsion-free module, then
its endomorphism ring S is a subring of @, integral over S. Hence, it is contained
in the integral closure R of R. Since S C R is integral and R is local, so is S (cf.
[24, Theorem 9.3]). m

In the case of noetherian domains of Krull dimension 1 with finitely generated
integral closure, Pithoda in [29] proved that having local integral closure (so the
integral closure is a discrete valuation ring) already implies that all indecomposable
finitely generated torsion-free modules have local endomorphism ring.

The following criteria to ensure local endomorphism ring encodes Pithoda’s ideas
in [29, Proposition 1]. It will allow us to prove that for any noetherian local domain
of Krull dimension 1 having local integral closure is equivalent to the fact that
indecomposable, finitely generated, torsion-free modules have local endomorphism
ring.

Lemma 3.5. Let R be a commutative local domain of Krull dimension 1, and with
field of fractions Q. Let Mg be a finitely generated, indecomposable, torsion-free
module. Assume that:

(i) there exists a local over ring T of R, of Krull dimension 1, contained in Q,
such that MTr is a direct sum of T-modules with local endomorphism ring;
(ii) the conductor ideal ¢ = {r € R | rT C R} is non-zero.

Then Mg has local endomorphism ring.

PROOF. Since MTr is a (finite) direct sum of modules with local endomorphism
ring, then Endr(MT) is a semiperfect ring. Since ¢ is a non-zero proper ideal of
both the rings R and T, it is contained in their corresponding maximal ideals. Since
R and T have Krull dimension 1, R/c and T'/c are rings of Krull dimension zero.

Let S = Endg(M) and J = {f € S| f(M) C Mc}. By Proposition[2.3] J is a
two-sided ideal of S contained in J(S). So it is enough to show that S/.J is a local
ring.

Since R C T C @ = E(R), M can be identified with an essential submodule
of Q" for some n. Via this identification, S = {4 € M,(Q) | AM C M} and
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Endy(MT) = {A € M,(Q) | AMT C MT}, so that S is a subring of the semi-
perfect ring Endy(MTr). Moreover J = {4 € M, (Q) | AM C Mc¢} = {A €
M, (Q) | AMT C Mc}, so it is also a two-sided ideal of Endy(MTr) contained in
its Jacobson radical.

By Lemma R/(JNR) C S/J is an integral extension. Since ¢ C J N R,
R/(J N R) has Krull dimension 0, by Lemma we deduce that J(S)/J is a nil-
ideal. So the idempotents of the semisimple artinian ring S/J(S) can be lifted to
S/J. Let e € S be such that e + J is an idempotent of S/J C Endy(MTyr)/J.
Since Endy(MTr) is a semiperfect ring, by [1, Proposition 27.4, Theorem 27.6],
there exists an idempotent ¢’ € Endp(M7Tr) such that e — ¢ € J. But then
eM C(e—e)M+eM C Mc+M = M. Hence ¢’ € S. Since M is indecomposable,
e’ is a trivial idempotent. Therefore, e + J is also a trivial idempotent of S/J and
we deduce that S/J is a local ring. m

Lemma 3.6. Let R be a commutative local domain of Krull dimension 1, and with
local integral closure. Let Mp be a finitely generated indecomposable torsion-free
module. Assume that there exists a finitely generated integral extension T of R
such that MTr is a direct sum of T-modules with local endomorphism ring. Then
Mg has local endomorphism ring.

PROOF. Since the integral closure of R is local, so is 7. Moreover, T is also a
ring of Krull dimension 1, and since Tg is finitely generated, the conductor ideal
¢c={r € R|rT C R} is different from zero. Therefore, the statement follows from
Lemma 3.5 m

Lemma 3.7. Let R be a commutative local domain of Krull dimension 1, and
with field of fractions Q. Assume that the integral closure R of R is a valuation
domain. For any mon-zero finitely generated torsion-free module M, there exists a
finite integral extension T of R inside Q such that MT = T & M’ for a suitable
T-module M'.

PROOF. Let n > 0 be the rank of M. We may assume that M is an essential
submodule of Q™ that contains R"™ as an (essential) submodule. Since R is a
valuation domain, the module MEE is free (see, for example, |9, Corollary V.2.8]),
so that Trg(MR) = R. Therefore, there exist fi,...,f; € Homz(MR, R) and
mi,...,my € M such that 1 = fi(mq) + -+ fo(me).

Since R" is a submodule of MR,

Homp(MR,R) = {(s1,...,5,) €R | (51,...,8,)M C R}.

So that, for i = 1,...,¢, f; = (s},...,s%). Let T be the finite integral extension of

generators of M.
By counstruction, Trp(MT) = T and then, by Lemma we deduce that there
exists M’ such that MT = T & M’'. This finishes the proof of the lemma. m
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Proposition 3.8. Let R be a commutative local domain of Krull dimension 1, and
with field of fractions Q. Assume that the integral closure R of R is a valuation
domain. Let Mg be a finitely generated torsion-free module. Then M is a direct
sum of modules with local endomorphism ring.

PROOF. We are going to prove the statement by induction on the rank n of M.
If n =1, Lemma|3.7|implies that MT = T. Then, since T must be also a local ring,
we may conclude by Lemma [3.6] Now assume that n > 1 and that the statement
is proven for modules of smaller rank. By the previous claim, there exists a finite
integral extension of T' such that MT = T & M’ for a suitable T-module M’ of
smaller rank. By the inductive hypothesis, M’ is a T-module that is a direct sum
of modules with local endomorphism ring. By Lemma [3.6] we conclude that M is
a direct sum of modules with local endomorphism ring. m

Corollary 3.9. Let R be a commutative local noetherian domain of Krull dimen-

sion 1, and with field of fractions Q. Then the following statements are equivalent:

(i) every direct summand of a direct sum of finitely generated, torsion-free
modules of rank one is a direct sum of finitely generated modules;
(ii) for any finitely generated, torsion-free R-module M of rank one, every direct
summand of R“) @& M is a direct sum of finitely generated modules;
(iii) every finitely generated, torsion-free module of rank one has local endomor-
phism ring;
(iv) the integral closure of R is local;
(v) every direct summand of a direct sum of finitely generated, torsion-free
modules is a direct sum of finitely generated modules;
(vi) for any finitely generated, torsion-free R-module M, every direct summand
of R“) @ M is a direct sum of finitely generated modules;
(vii) every finitely generated, indecomposable, torsion-free module has local en-
domorphism ring.

ProOF. The first four statements are equivalent because of Proposition [3.4]
Since R is a commutative local noetherian ring of Krull dimension 1, its integral
closure is a discrete valuation ring. Hence, by Proposition [3.8] all finitely generated
torsion-free modules are direct sums of modules with local endomorphism rings.
Now, the equivalence of the remaining statements follows from Corollary This
finishes the proof of the equivalence of the statements. m

The reader is referred to Lemma [8.6] for examples that satisfy the conclusion of

Corollary

4. LOCAL VERSUS GLOBAL DIRECT SUMMANDS

The following result, for finitely generated torsion-free modules over a domain
R, gives a general relation between the property of being locally a direct summand
and being a direct summand. Afterwards, we will see how the result can be refined
when we assume, in addition, that the domain is of finite character.
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Proposition 4.1. Let R be a commutative domain, and A be an R-algebra. Let
M, N be finitely generated right A-modules which are torsion-free as R-modules. If
My, is a direct summand of Ny, for every mazimal ideal m of R, then there exists
k > 0 such that M is a direct summand of N*.

PrROOF. Let {m,}aco denote the set of all maximal ideals of R and fix a € Q.
Since My, is a direct summand of Ny, , there are Ay, -module homomorphisms
fa: Nw, = My, and go: My, — Nu,, such that faoga = Idy,, - By Lemma|2.8
there are A-homomorphisms f,: N — M and g,: M — N such that fa = fo/Sas
Go = Ja/Sa and fo 0 go = s21dys for some s, € R\ my,.

Note that, by the definition of the elements s, I =3 52 R = R because no

maximal ideal of R contains I. Therefore, there exist k > 0, aq,...,ar € Q and

T1,...,7x € R such that 1 = Zle s, ri. Hence

k k
Z ’rif(li OGa; = <Z Siiri> IdJVI - IdM;
=1

i=1

and we conclude that M is a direct summand of N*. m

The following lemma is an extension of |11, Lemma 2.1] to the case of finitely
generated torsion-free modules over commutative domains of finite character.

Lemma 4.2. Let R be a commutative domain of finite character with field of
fractions Q. Let A be an R-algebra, and let M, N be right A-modules which are
torsion-free as R-modules. Assume that there exists a homomorphism of Ag-
modules F': Mg — Ng. If M is finitely generated, then

(i) If F is a monomorphism (resp. an epimorphism), then there is a A-
module homomorphism f: M — N such that the induced homomorphism
fm: My — Ny is a monomorphism (resp. an epimorphism) for almost all
mazximal ideals m of R.

Moreover, if N is also finitely generated, then

(ii) If F is a splitting monomorphism (resp. a splitting epimorphism), then
there is a A-module homomorphism f: M — N such that the induced ho-
momorphism fun: My — Ny is a splitting monomorphism (resp. a splitting
epimorphism) for almost all mazimal ideals m of R.

(iii) If F is an isomorphism, then there is a A-module homomorphism f: M —
N such that the induced homomorphism fum: My — Ny is an isomorphism
for almost all mazximal ideals m of R.

PROOF. (i). By Lemma there is a A-module homomorphism f: M — N
such that F = f/s for some non-zero s € R. Since R is of finite character, s is
contained only in finitely many maximal ideals of R. For any other maximal ideal
m, s/1 is a unit in Ry,. Therefore, fi, is a monomorphism (resp. an epimorphism)
for every maximal ideal not containing s.

(#7). If F is a splitting monomorphism, then there is a Ag-module homomor-
phism G: Ng — Mg such that G o F' = Idy,. In particular, G is a splitting
epimorphism. By Lemma[2.8] there are A-module homomorphisms f: M — N and
g: N — M such that F = f/s, G = g/s and go f = s?Id for some non-zero s € R.
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For any maximal ideal m not containing s, s/1 is a unit in Ry,. Therefore, fy, is a
splitting monomorphism and gy, is a splitting epimorphism for every maximal ideal
not containing s. The proof in the case where F' is a splitting epimorphism follows
by changing the roles of F' and G.

The proof of (iii) follows from () and (4¢) since F is an isomorphism if and only
if it is a monomorphism and a splitting epimorphism. m

Corollary 4.3. Let R be a commutative domain of finite character with field of
fractions Q. Let A be an R-algebra, and let N be a finitely generated right A-module
which is torsion-free as an R-module. If Ng is projective, then Ny, is projective for
almost all maximal ideals m of R.

PrROOF. Suppose Ng is projective and let f: Fg — Ng be a splitting epi-
morphism for some finitely generated free A-module F. By Lemma there
is a A-module homomorphism f: FF — N such that the induced homomorphism
fm: Fm — Ny is a splitting epimorphism for almost all maximal ideals m of R.
Thus, Ny, is projective for almost all maximal ideals m of R. m

Lemma 4.4. Let R be a commutative domain, and let A be a module-finite R-
algebra. Let M, N be finitely generated right A-modules which are torsion-free as
R-modules. If Nn is a direct summand of My, for each m in some finite subset
M C mSpec R, then there is a A-module homomorphism f: M — N such that
the induced homomorphism fu: My — Ny is a splitting epimorphism for every

me M.

PrROOF. Let M = {my,...,m;} and fix i € {1,...,k}. Since Ny, is a direct
summand of My,,, there are An,-module homomorphisms fz My, = Np, and
Gi: N, — My, such that f, 0g; = Idei. By Lemma there are A-module
homomorphisms f;: M — N and g;: N — M such that f; = fi/siy §i = gi/s; and
fiogi = s?Idy for some s; ¢ m;. Note that, for any 7 ¢ m;, (7f;)m, is a splitting
epimorphism.

For any i € {1,...,k}, because R = m,; + ﬂj# m;, 1 =s; +r; with s; € m; and
T € ﬂj# my. Let f = Zle rifi. We claim that fy,, is a splitting epimorphism.

Since (75 fi)m,; is a splitting epimorphism, there is a Agy,-module homomorphism
h: Nm, = My, such that (r;fi)m, o h = Idy,,, . Hence fu, oh =1Idn,, + k', where
h" € Endp,, (Nm;)m; R,. By Lemma h" € J(Enda,, (Nw,)). Therefore, fu,oh
is invertible and f,, is a splitting epimorphism, as claimed. m

i

Corollary 4.5. Let R be a commutative semilocal domain, and let A be a module-
finite R-algebra. Let M, N be finitely generated right A-modules which are torsion-
free as R-modules. Then

(i) N is a direct summand of M if and only if Ny, is a direct summand of My,
for all maximal ideals m of R.

(ii) N is isomorphic to M if and only if Ny, is isomorphic to My, for all mazimal
ideals m of R.
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PROOF. (i) follows immediately from Lemma To prove (i), observe that
by (i) there exist K and K’ finitely generated A-modules, such that M = N & K
and N =2 M ¢ K’. Since N and M are torsion-free R-modules of the same rank,
we deduce that K =K' =0.m

The following is an extension of |11, Lemma 6.1] to the case of torsion-free
modules over domains of finite character.

Proposition 4.6. Let R be a commutative domain of finite character with field
of fractions Q. Let A be a module-finite R-algebra, and let M, N, K be finitely
generated right A-modules which are torsion-free as R-modules. Assume that:

(i) My is a direct summand of Ny, for all maximal ideals m of R, and
(ii) Mg is a direct summand of Kq.
Then M is a direct summand of N ® K.

PRrROOF. It suffices to find A-module homomorphisms f: N — M, g: K —- M
such that, for any m € mSpec R, either f; or g, is a splitting epimorphism. For
then (f,g): N @ K — M is locally a splitting epimorphism and, by Lemma [2.9] is
a splitting epimorphism.

By (ii), since Mg is a direct summand of K¢, there is a splitting epimorphism
g: Kg — Mg. By Lemma @ there is a A-module homomorphism ¢g: K — M
such that the induced homomorphism gy, : K, — My, is a splitting epimorphism
for almost all maximal ideals m of R.

By (i), since My, is a direct summand of Ny, there is a splitting epimorphism
fm: Ny — My, for all maximal ideals m of R. Let M C mSpec R be the finite set of
maximal ideals such that gn is not a splitting epimorphism. By Lemma [£.4] there
is a A-module homomorphism f: N — M such that the induced homomorphism
fm : N — My, is a splitting epimorphism for every m € M. This finishes the proof
of the proposition. m

5. PACKAGE DEAL THEOREMS FOR LOCALIZATIONS OVER h-LOCAL DOMAINS

In this section we will develop tools to deal with modules over an algebra A over
an h-local domain R. A particular instance of this situation is when A is the endo-
morphism ring of a finitely generated, torsion-free, R-module (recall Lemma .
We are interested in knowing what modules over such endomorphism rings are.

In § [5.1] we prove basic properties of the localization at maximal ideals of R of
finitely generated modules over an algebra A over a domain of finite character.

In §[5.2) we enter the study of constructing A-modules having prescribed localiza-
tion at the maximal ideals of R, and proving the so-called Package Deal Theorems.
To do that, we extend the methods of Levy and Odenthal from algebras over noe-
therian rings of Krull dimension 1 to algebras over h-local domains.

Finally, in §[5.3|we prove a package deal theorem for traces of countably generated
projective modules. Trace ideals are not, in general, finitely generated but, as we
will see, they satisfy enough finiteness conditions to be able to extend our methods
to this case.
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5.1. Finitely generated modules over domains of finite character.

Lemma 5.1. Let R be a commutative domain of finite character with field of
fractions Q. Let A be an R-algebra, and let M be a finitely generated right A-
module, which is torsion-free as an R-module. Let N be a A-submodule of M such
that Mg = Ng. Then My = Ny for almost all mazimal ideals m of R.

In particular, Ny, is finitely generated as Ay -module for almost all mazimal ideals
m of R.

PRrROOF.  Since M is torsion-free as an R-module, it can be seen as a A-
submodule of Mg = Ng. Therefore, M C Ng, and since M is finitely generated,
by Lemma dM C N for some non-zero d € R. Since R is of finite character
and d is non-zero, d is contained only in finitely many maximal ideals of R. For any
other maximal ideal m, d/1 is a unit in Ry, hence, My, = Ny, and Ny, is finitely
generated. m

Lemma 5.2. Let R be a commutative domain of finite character with field of
fractions Q. LetY be a submodule of a finitely generated torsion-free R-module M .
Then there exist y1,...,y. € Y such that Yy, is a finitely generated free Ay -module

with basis Y-, ..., %= for almost all mazimal ideals m of R.

Proor. By Remark we may assume that M < R® for s = rank M, and
then Y is a submodule of R®.

Let r = rankY, and notice that r < s. Let y1,...,y, € Y such that they
are R-linearly independent (that is, they form a basis of Y). Then, there is an
embedding f: R" — R® given by f(a1,...a;) = Y ._, yia;. Since fq is a splitting
monomorphism, by Lemma fm is a splitting monomorphism for almost all
maximal ideals of R, which implies that Z, = Imfm = >.._, 4Ry is a direct
summand of R;, for almost all maximal ideals m of R. Since Z, C Y;, and they
have the same rank, we deduce, from the modular law, that Z,, = Yy, for almost all
maximal ideals m. Therefore, Yy, has 4-,..., 4" as a basis for almost all maximal
ideals m of R. m

Corollary 5.3. Let R be a commutative domain of finite character with field of
fractions Q. Let M be a finitely generated R-module. Then,

(i) If M is torsion-free then My, is a free Ry-module for almost all mazimal
ideals m of R;

(ii) My is a finitely presented Ry-module module of projective dimension at
most one for almost all mazimal ideals m of R.

PROOF. (i). Since M is torsion-free as an R-module, it can be seen as an
essential submodule of its injective hull Q™. By Remark 2.13] dR™ C M for some
non-zero d € R. By Lemma [5.1] with A = R and N = dR", My, = R}, for almost
all maximal ideals m of R, as claimed.

(#4). Assume now that M is a finitely generated R-module. Consider a presen-
tation of M

0 N R™ M 0.




TORSION-FREE MODULES OVER ONE DIMENSIONAL DOMAINS 31

By Lemmal5.2] Ny, is a finitely generated free module for almost all maximal ideals
m of R. This proves the claim. m

Corollary 5.4. Let R be a commutative domain of finite character. Let M be a
countable direct sum of finitely generated torsion-free R-modules. Then My, is a
free Ry -module for all but countably many mazximal ideals m of R.

PrROOF. Let M = @,y M;, where each M; is a finitely generated torsion-free
module. By Corollary (M;)m is free for almost all maximal ideals m of R.
Therefore, M, is free for all but countably many maximal ideals m of R. m

5.2. Gluing localizations over h-local domains. It is very important to keep
in mind the following structure result of torsion modules over h-local domains. It
was already proved by Matlis [22, Theorem 22|, but since the result and its proof
are quite important in our work, we also include a proof of it.

Lemma 5.5. Let R be an h-local domain, and let A be an R-algebra. Let M be a
A-module that is torsion as an R-module. Then M = ®mEmSpec(R) My, each My,
is a homomorphic image of M and its structure as Ay -module is the same as the
structure as A-module.

Moreover, M is finitely generated as A-module if and only if there exists a finite
set S of mazimal ideals of R such that My = {0} for any m ¢ S and My, is a
finitely generated Ay -module for any m € S

ProOF. For any maximal ideal m of R, let A\y: M — M, denote the local-
ization map. Then there is an inclusion \: M — HmEmSpec(R) My, defined by
m = (An(M))memspec(r) for any m € M.

For any m € M, mA is an R/anng(m)-module. Being M torsion as an R-
module, anng(m) # {0}. Since R is h-local, anng(m) is contained only in finitely
many maximal ideals of R. Therefore, mA,, = {0} for almost all maximal ideals m
of R. Hence, A has its image in @B, cnspec(r) Mm-

Let S denote the finite set of maximal ideals containing anng(m). By Lemmal[2.17}
mA = P, cs (MA),, and also A/anng(m) =[], cs (A/anng(m)),,.

This allows us to conclude that, for any m € M and m € mSpec(R), there exists
m’ € M such that A\,(m’) = 0 for any n # m and such that Ay (m’) = An(m). This
implies that A induces an isomorphism M =2 @mEmspec(R) M.

In particular, for any maximal ideal m of R, My, is a homomorphic image of
M and the structure as A-module is the same as the structure as Ay,-module. So
the statement about the finite generation of M easily follows from our previous
discussion. m

Next lemma will be used to determine when we get finitely generated modules
in our package deal results.

Lemma 5.6. Let R be an h-local domain with field of fractions Q. Let A be an R-
algebra, and let M be a finitely generated right A-module, which is torsion-free as an
R-module. Let N be a A-submodule of M such that Mg = Ng. Then N is finitely
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generated as a A-module if and only if Ny, is finitely generated as a An-module for
every mazimal ideal m of R.

PROOF. It is clear that if N is finitely generated as a A-module, then Ny is
finitely generated as a Ay-module for every maximal ideal m of R.

To prove the converse implication, assume that Ny, is finitely generated as a Ay,-
module for every maximal ideal m of R. Since M is torsion-free as an R-module,
it can be seen as a A-submodule of Mg = Ng. Therefore, M C Ng, and since M
is finitely generated as a A-module, by Lemma dM C N for some non-zero
d € R. Note that dM is also finitely generated. So we only need to prove that
N/dM is a finitely generated A/dA-module.

Since R is h-local and d is non-zero, d is contained only in finitely many maximal
ideals of R, say M = {ny,...,n;}. By Lemma [2.17] there is an isomorphism

¢: R/dR — (R/dR)y, % -+ x (R/dR)n,.

Therefore, N/dM = Ny, /dMy, &+ & Ny, /dM,,. By Lemmal5.5] N/dM is finitely
generated as a A/dA-module. Therefore, N is finitely generated as a A-module. m

Package Deal Theorem 5.7 (Localization of Submodules). Let R be an h-local
domain with field of fractions Q. Let A be an R-algebra, and let M be a finitely
generated right A-module, which is torsion-free as an R-module. For each mazimal
ideal m of R, let X(m) be a An-submodule of My, which is torsion-free as an
Ry -module, and such that X(m)g = (Mw)g. Then the following statements are
equivalent

(i) There is a A-submodule N C M, which is torsion-free as an R-module, and
such that Ny = X (m) for all mazimal ideals m of R.
(il) X (m) = My for almost all mazimal ideals m of R.

Moreover, if each of the X (m) is finitely generated as a Ay-module, then N is also
finitely generated as a A-module.

PROOF. (i) = (i). Suppose that X (m) = My, for almost all maximal ideals m
of R. Let M = {ny,...,n;} denote the finite set of maximal ideals of R such that
X(m) # My,.

Fix ¢ € {1,...,t}. Since M,, is torsion-free as an Ry,-module, it can be seen as
a Ay,-submodule of (M,,)o = X(n;)g. Therefore, M,, C X(n;)q, and since My,
is finitely generated, by Lemma d;M,, C X(n;) for some non-zero d; € R.
Since X (n;) # My,, d; € n; (otherwise d;/1 would be a unit in R, and, hence
X (n;) = M,,, a contradiction).

Letd=di---dy € nyN---Nng. Since R is h-local and d is non-zero, d is contained
only in finitely many maximal ideals of R, say {m; =ny,...,m; =ny,...,m;}. By
Lemma the canonical homomorphism

¢:R/AR — (R/dR)m, % -+ % (R/dR)m,

is an isomorphism. Therefore, there are non-zero by, ..., b, b € R such that ¢(b;) =
(0,...,14 ... ,0) and p(b) = (0,.¢.,0,1,...,1). Note that b;/1 is a unit in R, for
every i = 1,...,t, b/1,b;/1 € dR,, for every j # i, and b/1 is a unit in Ry, for
every it =t+1,... k.
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For each ¢ € {1,...,t}, let X/ be the A-submodule of M generated by the
numerators of some set of A, -generators of X (n;). Let N = by X{+- - -+b; X, +bM+
dM, which is a A-submodule of M. Since dM,, C X (n;), Nn, = X(n;) + dM,, =
X (n;) for every i = 1,...,t. On the other hand, Ny, = My, + dMy, = My, for
every i =t + 1,...,k. For any other maximal ideal m, d/1 is a unit in Ry, hence
Ny = My, as claimed.

(i) = (4i). Conversely, let N be a A-submodule of M C Mg, which is torsion-
free as an R-module, and such that Ny, = X(m) for all maximal ideals m of R.
Since Mg = X(m)g = (Nwm)g, by Lemma My = Ny = X (m) for almost all
maximal ideals m of R.

Finally, the last part of the statement follows from Lemmal[5.6] This finishes the
proof of the theorem. m

Corollary 5.8. Let R be an h-local domain with field of fractions Q. For each
mazimal ideal m of R, let X (m) be a finitely generated torsion-free Ry-module of
rank n. Then the following statements are equivalent

(i) There is a finitely generated torsion-free R-module N of rank n, such that
Ny 22 X (m) for all mazimal ideals m of R.
(ii) X (m) is a free Ryu-module of rank n for almost all mazimal ideals m of R.

PROOF. (i) = (i). Suppose that X (m) is a free Ry,-module of rank n for almost

all maximal ideals m of R. Let M = {my,..., m;} be the finite set of maximal ideals
of R such that X (m) is not free.
Fix i € {1,...,t}. Since X (m;) is finitely generated and torsion-free, we can see

X (m;) as an essential submodule of its injective hull @™. On the other hand, Ry,
has the same injective hull Q™. Since X (m;) is finitely generated, by Lemma [2.11]
d; X (m;) C Ry, for some non-zero d; € R.

Letd=d;...d; € R and let M = d~'R™. Note that X (m) is an Ry-submodule
of My,. Since R is h-local and d is non-zero, d is contained only in finitely many
maximal ideals of R. For any other maximal ideal m, d/1 is a unit in Ry,. There-
fore, My, = R = X(m) for almost all maximal ideals m of R. By Package
Deal Theorem there is a finitely generated torsion-free R-module N, such that
Npm = X (m) for all maximal ideals m of R.

(¢) = (i1). The converse is just Corollary ]

In § 4] we will prove some results that allow us to make the following consider-
ations about the (non)uniqueness of the modules constructed in Theorem and

Corollary

Remark 5.9. Tt is well known that two finitely generated modules M and M’ over
a commutative domain R that are in the same genus (that is, with isomorphic
localizations at maximal ideals of R) need not be isomorphic.

If M and M’ are also torsion-free, we will see in Proposition [4.1| that add(M) =
add(M’). If R has finite character then, by Proposition M is a direct summand
of M'® M’ and M’ is a direct summand of M @ M. If R is semilocal then M = M’

by Corollary
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5.3. Package deal for traces of projective modules. Now we want to focus on
localizations of trace ideals of countably generated projective modules over suitable
algebras over h-local domains. Trace ideals of countably generated projective right
modules were characterized by Whitehead in [35] and with more detail by Herbera
and Pithoda in [12]. We recall here this characterization.

Proposition 5.10. [12| Proposition 2.4] Let R be a ring, and let I be a two-sided
ideal of R. Then I is the trace ideal of a countably generated projective right R-
module if and only if there exists an ascending chain of finitely generated left ideals
(Jn)n>1 such that Jpi1Jy = J, and I =J,,~, JnR.

It is useful to keep in mind the following Lemma, as it explains some modifica-
tions that can be made in the ascending chain in Proposition [5.10

Lemma 5.11. |12, Lemma 2.2] Let R be a ring. Let J; C Jo be finitely generated
left ideals of R satisfying that JoJ, = J1. For i = 1,2, fir A; a finite set of
generators of J;. Let X be a finite subset of R such that1 € X. Fori=1,2, set
J = Z Razx.
zeX,a€A;
Then Jj C J4 and JyJ| = J|. Moreover, fori=1,2, J; C J;R = JR.

Lemma 5.12. Let R be an h-local domain with field of fractions Q. Let A be a
torsion-free R-algebra such that Ag is a simple artinian ring. Let I be a non-zero
two-sided ideal of A. Then I, = A for almost all mazximal ideals m of R.

PRrROOF. I is a non-zero two-sided ideal of Ag, so Ig = Ag. Therefore, there
is a non-zero ¢ € R such that ¢ =Y a;\; for a; € I and A; € A. Since R is h-local,
q is invertible in almost all maximal ideals of R. The claim follows. m

Package Deal Theorem 5.13 (Localization of Trace Ideals). Let R be an h-local
domain with field of fractions Q). Let A be a torsion-free R-algebra such that Ag
is a simple artinian ring. For each mazimal ideal m of R, let I(m) be a non-zero
two-sided ideal of Ay which is the trace ideal of a countably generated projective
right Ay -module. Then the following statements are equivalent

(i) There is a two-sided ideal I of A, which is the trace ideal of a countably gen-
erated projective right A-module, and such that I, = I(m) for all mazimal
ideals m of R.

(ii) I(m) = Ay for almost all mazimal ideals m of R.

Moreover, the ideal I that satisfies the equivalent conditions (i) and (ii) is unique.

PrROOF. By [13, Lemmas 10.3 and 10.4] two trace ideals with isomorphic local-
izations at maximal ideals of R are equal. This implies that the ideal I in statement
() is unique. Now we proceed to prove the equivalence of the two statements.

(#3) = (7). Let M = {ny,...,n;} and fix some ¢ € {1,...,t}. We may assume
that I(n;) # A,,. Since I(n;) is the trace ideal of a countably generated projective
right A,,-module, by Proposition there is an ascending chain of non-zero
finitely generated left ideals (J; ,)n>1 of Ay, such that J; ,q1J;n = Jin and I(n;) =

Unzl Ji,nAni-
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Fix n > 1. Let A;,, C A be a finite set of A,,-generators of J; ,,. Since J;,, is
non-zero and Ag is simple artinian, (J; »)oAg = Ag. Since A is torsion-free, it can
be seen as a A-submodule of Ag = (J;)gAg. Therefore, A C (J;,)gAg, and by
Lemma di nAn, C JinAy, for some non-zero d; , € n;. Then,

JEES Tiin Qin Si
_7 i,n Qin Sjin
. T 1AQ S AQ,
=1 ain€Ain
for some r; i n,S;in € A for every j=1,...,m; .
¢
Let Xn = {IA} U Ui:l{SLi,”? S2imy s Smi‘miﬂl} - A and define
!
Ji,n = Z Aniai,nxn-

wnexvuai,neAi,n
By Lemmal5.11} J, C J;nH, Jnirdln =]y and Jin C JinAn, = J], Ay, Let
dp=dipn...di, €0y N Nng. Note that dy Ay, C Ji’m by construction. Define
Li n — Z Aai,nxn + Adn7

)

Tn€Xn,ain€Ain

which are left ideals of A. Note that (L;,)n, = J;, because d,A,, C J;,,. Since
R is of finite character and d,, is non-zero, d,, is contained only in finitely many
maximal ideals of R. For any other maximal ideal m, d,,/1 is a unit in Ry,, hence
(Lin)m = Am. Let M, = {my =ny,...,my =0y, myyq,...,mg, } be the finite set
of maximal ideals containing d,,. By Lemma the canonical homomorphism

¢on: R/dyR — (R/dpR)my, X -+ X (R/dpR)m,

is an isomorphism. Therefore, there are non-zero elements by y,...,b:n,b, € R
such that ¢, (b;n) = (0,...,19,...,0) and ¢, (b,) = (0,.9.,0,1,...,1).

Let J, = L1 nbin + -+ + Lynbyn + Ab, + Ad,,. Note that (J, ) = Jz’n, nd
(Jn)m = A for every m # n;. Consider the short exact sequence of left A-modules

0—— Jn+1 —_— Jn+1 +J, —— (Jn+1 + Jn)/Jn+1 — 0.
Since localization is an exact functor,
0—— (JnJrl)m — (JnJrl + Jn)m — (Jn+1 + Jn)m/(Jn+1)m — 0

is also a short exact sequence of left Ap-modules. Note that, since J;, C J/, ,
(Jont1 + Jn)ni/(Tns)n, = (J i1 + Ji0)/Ji iy = 0 for every i = 1, ...,t. On
the other hand, (Jut1 + Jn)m/(Jnt1)m = (Am + Am)/Am = 0 for every m # n,.
Therefore, (Jy4+1 + Jp)/Jnt1 = 0 and we deduce that (J,),>1 is an increasing
sequence of left ideals of A.

Now, (Jnt1)n,(Jn)n; = Jini1din = Il = (Jn)n, for every i = 1,...,t, and
(JniD)m(Jn)m = A2 = An = (Jo)m for every m # n;. Therefore, J,,11J,, = Jp
for every n > 1, and by Proposition I =U,>; JnA is a two-sided ideal of A
such that it is the trace ideal of a countably generated projective right A-module,
I,, = I(n;) and I, = Ay, otherwise.

(7) = (i1). The converse is just Lemma ]
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6. THE GLOBAL CASE

In this section we study when the class F, of direct sums of finitely generated
torsion-free modules over an h-local domain R, is closed under direct summands.
In the next Proposition we prove that this property localizes at maximal ideals of
R, so the results from Section [3| hold for R, for any maximal ideal m of R.

It is worth mentioning that we do not know how to prove directly that if F is
closed under direct summands then the same holds for Ry, for any maximal ideal
m of R. The property that passes to the localization of R is that, for any finitely
generated torsion-free R-module, every direct summand of R(“) @ X is a direct sum
of finitely generated modules.

Proposition 6.1. Let R be an h-local domain of Krull dimension 1. Let X be
a finitely generated torsion-free R-module, and assume that every direct summand
of R“) @ X is a direct sum of finitely generated modules. Then, for any mazimal
ideal m of R, Endg, (Xw) is a semiperfect ring, so that X, satisfies the equivalent
conditions of Proposition[3.4

PrROOF. Fix a maximal ideal m of R, and set M’ = X,,. By Lemma v),
Endg, (M’) is a semilocal ring. We want to prove that it is semiperfect. We
decompose M’ = F @ M, where F is a finitely generated free Ry-module and M
is a finitely generated module with no projective direct summands. Notice that
Endg,, (M') is semiperfect if and only if so is Endg, (M).

By Lemma [3.1]i) (see also Corollary [1.21)), to prove that Endg, (M) is semi-
perfect, it suffices to show that the idempotents of Endg,, (M)/M Hompg,, (M, Ry)
can be lifted to idempotents of Endg,, (M). Therefore, we may assume that M is
non-zero and that J = M Hompg, (M, Ry) is a proper ideal of End g, (M) contained
in J(Endg,, (M)).

Let ¢ € Endg, (M)/J be a non-trivial idempotent. By Lemma[l.20]and Proposi-
tion [1.11} to show that e can be lifted to an idempotent of Endg,, (M) we only need
to find a decomposition M = A; @ Ay such that, if we set P, = Hompg, (M, A;) for
i=1,2, then P,/P,J = e (Endg,(M)/J) and Py/PoJ = (1 —e) (Endg,, (M)/J).

As M = A @ A,, it is easy to see that, for i = 1,2, P,J = {f € Hompg,, (M, 4;) |

f factors throught a free module} = A,Hompg, (M, Ry). Therefore, we need to
prove that M = A;® A, with Homp, (M, A1)/AiHomp, (M, Ry) = e (Endg,, (M)/J)
and Homp,, (M, Ag)/AsHomp, (M, Ry) = (1 —¢e) (Endg,, (M)/J).

By Lemma there is an extension of rings R/I C Endg(X)/X Hompg (X, R),
where 0 # I = RNX Homp(X, R). Since R is h-local, I is contained only in finitely
many maximal ideals {m =my,..., my} of R. So we have an isomorphism

4
Endg(X)/X Homg(X,R) — H (Endgr(X)/X Homp(X, R))mi =

i=1

L
= H EndRmi (Xmi)/Xmi HOHlRmi (Xmi’ Rmz)
i=1

given by taking localization at m; at each component (cf. Lemma [5.5)).
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Hence, there exists ¢? = ¢ € Endg(X)/X Hompg (X, R) such that A, (€) = 0 for

any maximal ideal n # m and A (€) = e, where
An: Endg(X)/X Hompg(X, R) = (Endg(X)/X Homg(X, R)), =
=~ Endg, (Xn)/Xn Homp, (X4, Rn)

denotes the localization morphism.

By Corollary RW @ X = X; ® X, with

Homp(R @ X, X1)/X1 Homg(R @ X, R) 2 ¢(Endg(X)/X Hompg(X, R))
= ¢ (Endg,, (M)/J)

and

1%

Homp(R & X, X2)/Xo Homp(R ® X, R) = (1 — &) (Endg(X)/X Homp(X, R))

¢
>~ (1 —e) (Endg,_(M)/J) x <H Endg,, (Xum,)/Xm, Homp,, (X, Rmi)> )

Therefore,
RO eM=RY & Xp = (X1)m & (Xo)m,

Homp, (Rm @ Xm, (X1)m)/(X1)m Hompg, (Ry & X, Ry) 2 e (Endg, (M)/J)

and
Homp, (Rm® Xum, (X2)m)/(X2)m Homp, (R @ Xm, Rm) = (1—¢) (Endg,, (M)/J).

By hypothesis, for ¢ = 1,2, X, is a direct sum of finitely generated R-modules;
hence, N; = (X;)m is also a direct sum of finitely generated Ry-modules. By
Lemma we obtain a decomposition M = A; @ A, such that, for each ¢ € {1, 2},

HOl’IlRm (Rm@M, Nz)/Nl HOIan (Rm@M, Rm) = HOIan (M, Az)/Az I‘IOI’HRm (]\47 Rm)
Therefore Homp,, (M, A1)/A1 Hompg,, (M, Ry) = e (Endg,, (M)/J) and
Hompg, (M, A3)/As Hompg, (M, Ry) = (1 —e) (Endg, (M)/J),

as we wanted to see. So we can conclude that e can be lifted to an idempotent of
Endg,, (M) by an application of Lemma L]

Next result shows that, over an h-local domain R, to have the class F closed
under direct summands we need that the ranks of indecomposable modules over
different localizations at maximal ideals are coprime.

This somewhat surprising Theorem is the extension of [29, Lemma 4] to our
setting. For its proof, we need our versions of the Package Deal Theorems and
(.13 as well as the results from § [I]

Theorem 6.2. Let R be an h-local domain with at least two different mazximal
ideals my,mo. For each i = 1,2, let M; be a finitely generated, indecomposable,
torsion-free Ry, -module with local endomorphism ring and with rank r;. Then,

(1) for i = 1,2, there exists a finitely generated, indecomposable, torsion-free
R-module X; such that (X;)m, = M; and X = Ry for every mazimal ideal
m different from m;;
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(2) if r1 and ro are not coprime then Add(X, @ X2) has elements that are not
a direct sum of finitely generated modules.

Proor. Corollary ensures the existence of finitely generated, indecompos-
able, torsion-free R-modules X; and X, with the claimed properties in statement
(1).

To prove (2), let d = ged(r1,72). We show that if d > 1, there exists a module in
Add(X;®X>) which is not a direct sum of finitely generated torsion-free R-modules.

Let A = Endg(X; & X»). By Lemma 2.1§[i) and (iii), A is a torsion-free R-
module and Ag a simple artinian ring. Recall from Remark that A can be
identified with the matrix ring:

A= EndR(X1> HOIHR(XQ,Xl)
-~ \Hompg(X1, X3) Endg(X2)

By Lemma[2.8] Ay 2 Endg,, ((X1)m ® (X2)m) for every maximal ideal m of R. Let

Y ) L S N () P

By Package Deal Theorem there is a non-zero two-sided ideal I of A, which
is the trace of a countably generated projective right A-module, such that Ir,, = I;
(i=1,2) and I, = Ay, for every maximal ideal m of R different from m;.

By Lemma [2.18(iv), I N R # {0}, so A/I is a torsion R-module. Note that
the only maximal ideals containing I N R are m; and my (otherwise, if there exists
another maximal ideal n containing I N R, I, N R, # Ry, and then I, # A,, a
contradiction). By Lemma vi), the canonical homomorphism

AT = Bmemspec R A/ Dm = (A/ Dy X (A D,

is an isomorphism.

From Remark [1.13]
Il _ Endle (Ml) HOHIRml (MhR;zl) '
Hompg,, (Ryz, My) Homp, (My, Ry2)) Homp, (Ry2, M)

Therefore, (A/I)m, = Am, /11 = M,,(Rw,)/J, where
J = Homg,, (M, Ry )Hompg, (Ry

my ) Ml ) .

Notice that J # Endg,, (Ry?) because this would imply that the identity map of
Ry isin J, so that R;? is a direct summand of M{" for some n € N. Since M; has
local endomorphism ring, the Krull-Schmidt Theorem implies that M; = Ry, , but
we are assuming that r; > 1, a contradiction.

Therefore, there is an isomorphism
©: AT — M, (Rn,)/J X (A)T)q,.

Then there is an idempotent element e € A/I such that ¢(e) = (E11 + J,0), where
FE4, is the idempotent matrix with 1 in the 1,1-entry and zeros elsewhere. Since
M’rz (le)EllM”’Q (le) = MTQ (le), Ell ¢ J.

By Theorem i), there is a countably generated projective right A-module @
such that Q/QI = e(A/I). We claim that such @ is neither finitely generated nor
a direct sum of finitely generated modules.



TORSION-FREE MODULES OVER ONE DIMENSIONAL DOMAINS 39

Recall that A, = Endg,, (My @ Ry2 ). Since My has local endomorphism ring,
there are only two finitely generated indecomposable projective Any,-modules up
to isomorphism, namely Py, = Hompg,, (M @ Ry, M) and Py = Hompg,,, (M &
RQ{"I,le). Notice that P, and Pj; are not isomorphic because M; has rank
ry > 1. In addition, by the Krull-Schmidt Theorem, all projective Any,-modules
can be written in a unique way as a direct sum of copies of P, and Pyy.

By the definition of Pi,, Tr(Pi,) = I;. On the other hand, (Q/QI)nm, =
(e(A/1))m, = (E11 + J)Myy(Run, ), 50 Qum, = P") @ Py, where &, is, at most,
a countable cardinal.

Similarly, there are two finitely generated indecomposable projective Am,-modules
up to isomorphism P, = Homg, (Ry, ® M, Ms) and Py, = Hompg, (R, ©
My, Ry,). By the definition of Py, Tr(Pa,) = Io. Therefore, since (Q/QI)m, =
(e(A/D)m, = {0}, Qum, = P2(Zz), where k9 is, at most, a countable cardinal.

Let L = Q ®a (X7 @ X3), which is in Add(X; & X»). By Proposition L
is a direct summand of (X; @ Xg)(‘“) and Homp (X7 ® X2, L) = Q. Moreover, by

Proposition [T.1T}
Ly, = Ml(ﬂl) @ Rm, (%) and Ly, = MQ(F”") (%)

If @ is finitely generated, k1 and ko are finite. But then, by the isomorphism (x),
the rank of L is congruent to 1 modulo d and, by the isomorphism (xx), the rank
of L is divisible by d, a contradiction.

To prove the second statement in the claim, assume that Q = P,y Qi, where the
Q.’s are finitely generated. Since Q/QI = e(A/I) is finitely generated, Q; = Q;I
for almost all i € N. If Iy :={i € N| Q; # Q;[}, then Qy = P, Qi is a finitely
generated projective right A-module such that Q¢/QsI = e(A/I). By the previous
part of the proof, such @y does not exist, hence @) is not a direct sum of finitely
generated modules. By Proposition L € Add(X; & X5) is not a direct sum of
finitely generated modules. This finishes the proof of (2). m

Next Proposition reviews a construction, that goes back to an idea of Bass [3],
of an indecomposable finitely generated torsion-free module of rank two over any
local domain that has a finitely generated ideal that cannot be generated by two
elements.

This construction is particularly relevant to us in view of Theorem [6.2] It is
going to imply that if F is closed under direct summands, then finitely generated
ideals of Ry, are two-generated for all maximal ideals of R except maybe one, see
Theorem

Proposition 6.3. Let R be a commutative local domain, with field of fractions
Q, and mazimal ideal m. Let a,b,c be elements in R such that the ideal K =
aR + bR + cR cannot be generated by two elements. Set a = (a,b,c) € R and let
H=R*NQa. Then:

(i) M = R3/H is an indecomposable, finitely generated torsion-free module of
rank 2.
(ii) If R is local, then so is Endr(M).
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PROOF. (i). Let k = R/m be the residue field of R. Let M = A;/H ® As/H be
a nontrivial decomposition with A; R-submodules of R? containing H. Consider
M®rk=(A1/H®rk)® (As/H ®gr k). Then, since M Qg k is at most a three-
dimensional vector space, one of the direct summands is one-dimensional. We may
assume it is As/H ®g k, which in turn implies that As/H = R3/A; is isomorphic
to R. Therefore, the exact sequence

0 A1 RS R3/A1 — 0

splits, and we deduce that A; is a 2-generated free module. So that if v; and vs is
a basis of Ay, there exists r1,79 € R such that (a,b,c¢) = v171 + vare. This implies
that K C r;1 R+ roR. Since v, and vy can be completed to a basis of R3, it follows
that K = ri R+7r9R, which contradicts the assumption that K cannot be generated
by two elements. This finishes the proof that M is indecomposable.

(#4). The module M fits into the exact sequence

0 H R3 M 0.

Let T = {f € Endg(R?) | f(H) C H}, which is a subring of Endg(R?). Then
there is an onto ring endomorphism ¢: T — Endg(M). We will prove that T is a
local ring, and then so is Endg(M).

Restriction to H induces a ring morphism ¢: T — Endg(H) with kernel I =
{(feT | f(H) =0},

We claim that the embedding T' < Endz(R?) is local. Indeed, let f € T be such
that f is invertible in Endg(R?). Then there is a commutative diagram

0 H R? M 0
w(f) f o(f)
0 H R3 M 0

Since f is invertible, it is onto and then so is ¢(f). Since M is a finitely generated
module over a commutative ring, we deduce that ¢(f) is bijective. Now the Snake
Lemma implies that 1 (f) is also bijective, and then we can deduce that f=! € T.

Now we prove that I C J(T'). Notice that if f € I, then it induces a module
homomorphism f : M — R? such that Imf = Im f Since M is indecomposable,
and R is local Imf C R3m. Hence, 1 — f is invertible in Endz(R?), and since the
embedding T < Endg(R?) is local, we deduce that 1 — f is invertible in 7. This
proves that the two-sided ideal I C J(T').

The image of the ring morphism 4 is the ring

S = {g € Endg(H) | g can be extended to an endomorphism of R3}.

Hence T/I = S, and T is local provided S is local. Notice that for any g € S its
extension to R3 satisfies a monic polynomial of degree 3 with coefficients in R, so g
also satisfies that polynomial. This is to say that the extension R < S is integral.

Since H is a torsion-free module of rank 1, Endg(H) can be identified with a
subring of . Then S is a subring of R. Since R is local, so is S. This finishes the
proof of the result. m
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The next Corollary shows that the conclusions of Proposition[6.3|can be extended
to any ring S between R and its integral closure.

Corollary 6.4. Let R be a commutative local domain, with field of fractions Q and
mazimal ideal m such that R is local. Let S be an intermediate ring R C S C R.
Let a, b, c be elements in S such that the ideal K = aS+bS+c¢S cannot be generated
by two elements. Set a = (a,b,c) € S* and let H = S* N Qa. Then:
(i) M = S3/H is a torsion-free R-module of rank 2 and Endg(M) = Endg(M)
18 a local ring. In particular, M is indecomposable.
(ii) Consider the ring T = R|a, b, ¢] which is a finite integral extension of R. Let
H' = HNT?3. Then M' =T3/H' is an indecomposable, finitely generated
R-module of rank 2 with local endomorphism ring.

PROOF. Since R is local, so is any intermediate ring R C S C R.

Notice also that an S-module M has finite rank n as S-module if and only if it
has finite rank n as R-module because M Qg Q = M ®s S Qr Q@ = M Qg Q. This
implies, in addition, that Endg(M) = {A € M,(Q) | AM C M} coincides with
Endg(M).

Therefore, the result is a consequence of Proposition applied to S in (¢) and
to T in (ii). m

The following lemma is a variation for domains of finite character of a well-known
fact about bounds on the number of generators of finitely generated ideals.

Lemma 6.5. |2, Proposition 1.4] Let R be a commutative domain of finite char-
acter. Let k > 2. If I is a non-zero finitely generated ideal of R such that IRy, is
k-generated for every mazimal ideal m of R, then I is also k-generated.

PrROOF. Let I be a non-zero ideal of R. Since R is of finite character, I is

contained only in finitely many maximal ideals {mj,...,m,} of R. First, observe
that there exists o € I such that § ¢ m;ly,, for every i = 1,...,n. Indeed, let
a; € I be such that 5§ & m; [, and let e1,...,en be such that e; — 1 € m; for every
i=1,...,n and e; € m; whenever 1 <i# j <n. Then let a = > ", e;a;.

Since R is of finite character, « is contained only in finitely many maximal ideals
of Ry say M ={my,...,m,, My i1,...,Myig}.

For each i = 1,...,n, there are a;1,...,a;,-1 € I such that Iy, = $Rn, +

Zflla”R Foreachi=n+1,...,n+4,j=1,....,k—1let a;; € [\ m; and
«;; = 0if j > 1. Notice that I, = O‘le+2k = le for every i =1,...,n+/.
As before, consider fi,..., fnr¢ € R such that fl —lemyand fem;if 1 <j#
i <n+Ll Set B;; = fioyj foreveryi=1,...,n+Cand j =1,. k—l For
j=1,...,k—1set a; = 22:12 ;. We clalm that I = OLR+Z “lajR. Tt is
sufficient to Verify this equality locally. If m ¢ M then both sides localize to Ry,.
Also, aRy, —I—Zj ~| jRm, + MIn, = aRy —I—ZJ 1awR + m;1I,,. Since I is

finitely generated we can conclude by Nakayama s lemma. m

Now we are ready to prove the main result of the section.

Theorem 6.6. Let R be a commutative domain of finite character, and of Krull
dimension 1. Assume that for any finitely generated torsion-free R-module X, every
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element of Add(X) is a direct sum of finitely generated modules. Then R satisfies
the following properties:

(1) For any mazimal ideal m of R and any ring S such that Ry € S C Ry
we have that finitely generated indecomposable torsion-free S-modules have
local endomorphism ring;

(2) for any mazximal ideal m of Ry, except maybe one mazimal ideal my, all
finitely generated ideals of Ry are at most two-generated. Then Ry is a
valuation ring for any mazimal ideal m # my.

(3) for each mazimal ideal m of R, there is a unique mazimal ideal of R lying
over m. In particular, R has also finite character.

If Ry, satisfies the two-generated property for any mazimal ideal m, then R is a
Priifer domain of Krull dimension 1, so any finitely generated ideal of R is, at
most, two-generated.

Proor. By Corollary and Proposition we deduce that for any maximal
ideal m of R, any ring S such that R, C S C Ry, satisfies that every finitely gen-
erated indecomposable torsion-free S-module has local endomorphism ring. This
shows (1).

Notice that (1) implies that R is also a ring of finite character because there is
just one maximal ideal of R lying over each maximal ideal of R. This shows (3).

By Theorem [6.2] the ranks of two finitely generated, indecomposable, torsion-
free modules over different localizations of R at maximal ideals must be coprime. In
view of Corollary[6.4] we deduce that finitely generated ideals of Ry, are 2-generated
for any maximal ideal m of R except maybe for one that we will denote by my. By
|9, Proposition II1.1.11], Ry, is a valuation ring for any maximal ideal m # mg. This
proves statement (2).

If the maximal ideal my does not exist, then R is a Priifer domain of Krull
dimension 1. Moreover, by Lemma [6.5] any finitely generated ideal of R is, at
most, 2-generated. m

7. THE INTEGRALLY CLOSED CASE

In this section, we will use the results developed until now to show that the con-
verse of Theorem [6.6]is true for integrally closed h-local domains of Krull dimension
1. This will be done in Corollary

We recall the following definition, which will be needed for this section.

Definition 7.1. Let R be a ring. Let M be a right R-module. A submodule N of
M is called relatively divisible or an RD-submodule if Nr = NN Mr for each r € R.

In particular, this definition tells us that if for some r € R, a € N, the equation
xr = a has a solution in M, then it has a solution in N as well. In this sense,
pure submodules are a generalization of RD-submodules to the case where instead
of an equation, we have a system of linear equations which has a solution in N"™
whenever it has a solution in M™, for some positive integer n > 1.

For a discussion of the basic properties of RD-submodules, the reader is referred
to [9, Chapter 1.7].
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Proposition 7.2. Let R be an h-local domain of Krull dimension 1, and with field
of fractions Q. Assume that Ry, is a valuation domain for all mazximal ideals m of
R except maybe one mazimal ideal my.

Then the class of R-modules that are direct sums of finitely generated torsion-free
R-modules is closed under direct summands if and only if the class of direct sums
of finitely generated torsion-free Ry,-modules is closed under direct summands.

PrOOF. By Proposition if the class of R-modules that are direct sums of
finitely generated torsion-free R-modules is closed under direct summands, then so
is the corresponding class for Ry,,. We need to prove the converse result.

Let {N; | ¢ € N} be a countable family of non-zero finitely generated torsion-free
R-modules and set N = @, N;. Let A be a direct summand of N. Then Ay, is
a direct summand of Ny,,. By hypothesis, Ay, is a direct sum of finitely generated
Ru,-modules, say Awm, = @,y Xi- Fori €N, let 4;:={a€ A|§ €D, X;}-
We claim that A; is an RD-submodule of A. Let a € A and r € R\ {0} be such
that 1 € Galgjgi X, since § is not a zero divisor of X, for any ¢, we deduce that
7 € A;. This finishes the proof of the claim.

Note also that there exists an ¢ > 1 such that EBlgjgz‘ X; is a submodule of
@le(Ni)mo. Hence, since all modules involved are torsion-free, A; < @521 N;.
We claim that this is also an RD-embedding. Assume that n € @521 N; is such
that there exists » € R such that nr € A; < A. As A is an RD-submodule of N, we
deduce that n € A, and since A; is an RD-submodule of A we deduce that n € A;.

Now we shall prove that A; is finitely generated. Since A; is a submodule of
a free module R", by Lemma there exist ay,...,as € A; and a finite set of
maximal ideals of the form § = {mg, my,...,m;} such that (4;)m = Z;Zl “ R
for any maximal ideal m ¢ S. In particular, (4;)q = >_5_, F@Q and in the exact
sequence,

0—— ZajR E— Al — AZ/(Z(I]R) — 0
j=1 j=1
the module A;/ (ijl a;R) is torsion. Since R is an h-local domain of Krull di-

mension 1,

Ai/(gaﬁ): ® (Ai/(gaﬁ))m:@(Ai/(gaﬂ))m.

memSpec(R) mes

Hence, to prove the claim, it is enough to show that (A;)m; is finitely generated as
a Am,-module for any j =0,...,t, cf. Lemma

Note that (A;)m, = @, <;<; X; is finitely generated. Assume now that j > 1.
Since A; is an RD-submodule of @i:l Ny, we deduce that (A;)m; is an RD-
submodule of @i:l(Nk)mj' Since Ry, is a valuation domain, and the module
@izl(Nk)mj /(Ai)m, is finitely generated and torsion-free, it is projective. There-
fore, (Ai)m, is a direct summand of @izl(Nk)mj, so it is finitely generated, as
claimed.

Now, A is a union of a chain of finitely generated modules A; C Ay C A3 C ---.
For any i € N, the exact sequence 0 — A; — A;v1 — A;11/A; — 0 splits upon
localization at my by construction. It also splits when localized at other maximal
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ideals since it is RD-exact, Ry, is a valuation domain, and all the involved modules
are finitely generated and torsion-free, and therefore projective.

By Lemma the sequence 0 — A; — A;+1 — A;y+1/A; — 0 splits in R for any
i € N. Therefore, A = A; © (P,cy Air1/Ai) is a direct sum of finitely generated
modules. m

Corollary 7.3. Let R be an h-local domain of Krull dimension 1 that is integrally
closed in its field of fractions Q. Then the following statements are equivalent:

(i) The class of R-modules that are direct sums of finitely generated torsion-free
R-modules is closed under direct summands.
(ii) For any finitely generated torsion-free R-module X , every element in Add(X)
18 a direct sum of finitely generated modules.
(iii) The ring R satisfies one of the following conditions:
(1) R is a Prifer domain; or
(2) there is a maximal ideal mg such that for every mazimal ideal m # my,
Ry is a valuation domain, Ry, is an integrally closed domain that is
not a valuation domain, and every indecomposable finitely generated
torsion-free Ry, -module has local endomorphism ring.

PROOF. It is clear that (i) implies (éi). Theorem shows that (i4) implies
(iid).

Assume (7i7) holds. If R is a Priifer domain, then it is semihereditary, so finitely
generated torsion-free modules are projective, and all projective modules are the
direct sum of finitely generated ideals. So (i) is trivially satisfied.

Now assume that R satisfies the condition (2). By Corollary Ry, satis-
fies that the class of finitely generated torsion-free modules is closed under direct
summands. Then (i) follows from Proposition L]

Corollary 7.4. Let R be an h-local domain of Krull dimension 1. Assume that the
class of R-modules that are direct sums of finitely generated torsion-free modules is

closed under direct summands. Then its integral closure also satisfies this property.

PrROOF. By Theorem R satisfies conditions (1) and (2) of Corollary [7.3|so
we can deduce that the class of finitely generated torsion-free R-modules is closed

by direct summands. m

8. INFINITE DIRECT SUMS ARE DETERMINED BY THE GENUS

Definition 8.1. Let R be a commutative ring, and let A be an R-algebra. Let M
and N be right A-modules. We say that M and N are in the same genus if My, is
isomorphic to Ny, for every maximal ideal m of R.

Lemma 8.2. Let R be a commutative ring, and let A be a module-finite R-algebra.
Let M, N, X be right A-modules. If X is finitely generated over R and M & X and
N @& X are in the same genus, then M and N are in the same genus.
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PROOF. Recall that if a module Y has semilocal endomorphism ring, then it
has the cancellation property, that is, Y ® A 2 Y @ B implies A = B (see, for
example, |6, Theorem 4.5]).

By Proposition X has semilocal endomorphism ring, so if My, & X, =
N @ Xy then My, = Ny, for every maximal ideal m of R. m

Lemma 8.3. Let R be a commutative domain of finite character with field of
fractions Q. Let A be a module-finite R-algebra such that Ag is a simple artinian
ring. Let M = @, ;
A-modules which are torsion-free as R-modules, and let N be a finitely generated

M; be an infinite direct sum of non-zero finitely generated right

right A-module which is torsion-free as an R-module. If Ny is a direct summand
of My, for every mazimal ideal m of R, then N is a direct summand of M.

PROOF. Suppose that Ny, is a direct summand of M, for every maximal ideal m
of R. Since Mg is a free Ag-module and N is finitely generated, there is some finite
subset 1 C I such that Nq is a direct summand of @, (M;)q. By Lemma
there is a A-module homomorphism f: P, 1, Mi — N such that the induced

homomorphism fun: P, ; (M;)m — Nu is a splitting epimorphism for almost all

i€l
maximal ideals m of R.

Let M be the finite set of maximal ideals m such that f,, is not a splitting
epimorphism. Since N is finitely generated, there is some finite subset Io C I
containing I; such that N, is a direct summand of @ieb (M) for every m € M.
Then Ny, is a direct summand of @, ;, (M;)m for all m € mSpec R.

Since Aq is simple artinian and N is finitely generated, there exists I3 C I\ I
finite such that N is a direct summand of @, ;. (M;)q. Then, by Proposition
N is a direct summand of € M;, where Iy = I, U I3. Hence, N is a direct
summand of M. =

i€l

Theorem 8.4. Let R be a commutative domain of finite character with field of
fractions Q. Let A be a module-finite R-algebra such that Ag is a simple artinian
ring. Let M = @y, Ai and N = @y,
generated right A-modules which are torsion-free as R-modules. If M and N are in

B; be direct sums of non-zero finitely

the same genus, then there are decompositions
M = @iENo Ml and N = @iENo Nz

such that both M; and N; are finitely generated, and M; = N; for every i € Ng. In
particular, M and N are isomorphic.

PROOF. Let {my}ocq denote the set of maximal ideals of R. Let {a;}ien, and
{b;}jen, be countable sets of generators for M and N, respectively. By Lemmal[2.3]
(Ai)m,, and (B;)m, have semilocal endomorphism rings for every a € Q, and ¢ € N.
Hence, both A; and B; satisfy the cancellation property locally for every i € N.

We claim that there exist mg,ng € N and decompositions

M:MO@ZO@®sz+1Ai and N:No@@(;innglBj

for some finitely generated modules My, Ny, Zy such that My is isomorphic to Ny,
ag € My, by € Ny, and Zy P @OO A; and @

i=mo+1 Bj are in the same genus.

o0
j=no+1
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Let m{ = min{m € Ny | ap € P]~,A;}, and consider Xy = P."} 4;. By
Lemma applied to Xy, there is nj, € Ny such that X is isomorphic to a direct

summand of @;Lio B;. Therefore, we can write
M= X0@®im6+l Al and N = }/E)@Z(I)@@;in6+l Bj

with Xg & Yy and Yy @ 2 = @?/io B;. By Lemma D2, 41 Ai and Zj @
@;’;%H Bj are in the same genus.

Let ng = max{ng + 1,min{n € No | by € @j_, B;j}}, and consider Y1 = Z; @
@;ﬁng 41 Bj. By Lemma applied to Y7, there is mg > m( such that Y7 is
isomorphic to a direct summand of @;’;"méj 41 Ai. Then

M:XO@Xl@ZO@@sz—&-lAi and N:K]@Y1@®JO-.;”0+1BJ'

with Xy = Yy and X; 2 Y;. By Lemma Zo & B2y 11 Ai and B2, 1 B;

are in the same genus. Take My = Xy @ X1 and Ny = Yy @ Y;. We can repeat this

argument w times to obtain ascending chains of positive integers mo < --- < my <
-and ng < --- <ng < ---, and decompositions

M = (@i M) ® 2 (@7, 1 4i) and N =(@ig Vo) @ (BF,,41 B))
such that M; is finitely generated and isomorphic to N; for every ¢ = 0,...,/,
ag,...,a¢ € @fzo M;, by, ... b € @fzo Ni, and Zy®(@;,,, 41 Ai) and @;‘;WH B;
are in the same genus. Therefore, we obtain two families of finitely generated A-
modules which are torsion-free as R-modules {M;}ien, € M and {N;}ien, € N
such that M; is finitely generated and isomorphic to N;, {a;}ien, C ®iENO M;,
and {b;}ien, C Dien, Ni- We deduce that M = Py, M; and N = Py, Ni-
Therefore, M is isomorphic to N. This finishes the proof of the proposition. m

The following proposition generalizes Lemma [8.3]

Proposition 8.5. Let R be a commutative domain of finite character with field of
fractions Q. Let A be a module-finite R-algebra such that Ag is a simple artinian
ring. Let M = @, ; M; be an infinite direct sum of non-zero finitely generated right
A-modules which are torsion-free as R-modules, and let A be a direct summand of
M of infinite rank. Let N be a finitely generated right A-module which is torsion-
free as an R-module. If Ny, is isomorphic to a direct summand of Am for each
maximal ideal m of R, then N is isomorphic to a direct summand of A.

PROOF. Since A is a direct summand of M, there are A-homomorphisms
t: A=~ M and w: M — A such that mc = 14. For every subset J C I, let

wy: M — Gaje g
cal projection and canonical embedding, respectively.

M; and vy @jc; M; — M denote the corresponding canoni-

Since Ng is a direct summand of Ag, there are Ag-homomorphisms f: Ng — Ag
and g: Ag — Ng such that gf = 1y,. By Lemma @ there is a A-module homo-
morphism fo: N — A such that f = fy/s for some non-zero s € R. Let Jy be a
finite subset of I such that Im fo C €D, ;, M;. Hence g(1s,mst)Qf = Ing-

Again, by Lemma there is a A-homomorphism g¢’: @je 5o Mj — N such
that g(ts,)o = ¢/t for some non-zero t € R. Let g9 = ¢g'my,¢, and note that
go/t: Ag — Nq is a Ag-homomorphism satisfying that (go/t)f = 1n,. Hence, we
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may assume that there exists a A-homomorphism go: A — N that factors through
mj,t, and such that g is of the form go/t for some non-zero t € R. In particular,
go.fo = stly. Also note that go(AN&D;cp 5, Mi) = 0 and Im fo € P c 5, M

Let 7p = st € R. Since R is of finite character, rg is contained only in ﬁmtely
many maximal ideals of R, say M = {m,mg,...,mg}. A similar argument as above
shows that there are A-homomorphisms fi,...,fx: N = A, g1,...,9x: A — N,
and non-zero elements r1,...,r; € R such that ¢;f; = r;1y and r; ¢ m;, for each
i = 1,...,k. These morphisms can be chosen such that there are finite subsets
Ji,J2,...,Jr € I such that g;(4AN @ieI\Jj M;)=0and Im f; C EBleJ

Let J = Ule Ji, and let J' := T\ J. Consider an exact sequence

0 X A g o,

where X = AN, M;. Since A is of infinite rank, X has infinite rank as
well, and hence there is a Ag-monomorphism f': Ng — Xg. Then vgf’ splits
because Ag is simple artinian. Let ¢’: Ag — Ng be a Ag-homomorphism such
that ¢'vgf’ = 1n,. As in the first part of the proof, we may assume that g’
factors through (mxt)q for some finite subset K C J'. Therefore, there are A-
homomorphisms fo: N = A and goo: A — N such that g foo = reoly for some
NON-Zero 7o € R. Moreover, Imfoo € X and goo (AN D¢, M;) = 0.

Since R is of finite character, ro is contained only in finitely many maximal
ideals of R, say N' = {ny,ng,...,ng}. By the Chinese Remainder Theorem, we can
find ey,...,e; € R such that e; = 0 mod n; whenever j # 7 and e; = 1 mod ny,
for every j = 1,...,£. Note that any maximal ideal of R either does not contain
ro or is in M. Hence, by the definition of the ri,...,r;, no maximal ideal of R
contains the whole set {ro,..., 74}

Forevery j =1,...,¢,leti(j) € {0,...,k} be such that r; ;) € n;. Let g: A = N
be the A-homomorphism given by g = goo + Z§:1 €jJi(5)-

We claim that ¢ is a locally split epimorphism, so by Lemma it is a split
epimorphism. Note that gfoc = goofoo = Tooln, 50 gn splits if n does not contain

- On the other hand,

‘
9fiwy =Y eigin fiwy = erinln + Y € fiw
j=1 1<5<¢e
J#
When we localize at n, the first summand is an invertible element, while the second
summand is in J(Enda,, (Ny,)) by Lemma Hence, g, splits for any maximal

ideal of R, and we conclude with the proof of the statement. m

Now we are going to give an example showing that Lemma is not true for
direct summands that are not finitely generated. We start with the following well-
known lemma that will provide us a source of noetherian local domains of Krull
dimension 1 with local integral closure. So that indecomposable finitely generated
torsion-free modules have local endomorphism ring (see, for example, Corollary.

Lemma 8.6. Let av, ..., ayp be (non-zero) coprime elements of N. Let K be a field,
R=K[t,...,t*"] andm =t*"R+---+t**R. Set ¥ = R\ m. Then:
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(i) R is a noetherian domain of Krull dimension 1 and field of quotients K (t).
The integral closure of R into its field of fractions is K[t].
(i) The integral closure of Ry into its field of fractions is K[t]s = K[t]y). In
particular, it is a local ring.
(iil) Every finitely generated, indecomposable, torsion-free Ry-module has local
endomorphism ring.

PROOF. (i). The field of fractions of R is a subfield of K(¢) that contains R
and also t (because a4, ..., q, are coprime) so it coincides with K (¢). Since K[t] is
a PID, it is integrally closed, and being an integral extension of R, it is the integral
closure.

(3). By (i) the extension Ry C K[t]x is integral. If n is a maximal ideal of K[t]x
then nN R = m. Therefore ¢t € n, so that n = tK|[t]y;, and K[t]y, is a local ring.

The statement (i) follows from (i4) and Corollary "

Example 8.7. There is a semilocal noetherian domain R of Krull dimension 1,
and R-modules M and N that can be written as infinite direct sums of non-zero
finitely generated torsion-free R-modules such that Ny, is a direct summand of My,
for every mazimal ideal m of R but N is not a direct summand of M.

Proor. Let K be an infinite field. Let Ry = K[tZ,tg](t27t3)7 and let Ry =
K[t3,t7] (t3,47)- So Lemma applies to Ry and Rs.

The local domain R; is a Bass domain with just two indecomposable finitely
generated torsion-free modules (or rank one) up to isomorphism. Namely, X = R;
and Y = m; where m; denotes the maximal ideal of R;. Note that, by Lemma
X and Y have local endomorphism ring.

The domain Ry has infinitely many indecomposable finitely generated torsion-
free modules of all ranks > 2, because it fails to satisfy the Drozd-Roiter conditions
(cf. [19, Theorem 4.2]). More precisely, if we denote by my the maximal ideal
of Ry, the Ry-module (moK[t];) + Ra)/R2 is not cyclic because a minimal set of
generators is t* and ¢°.

We single out an infinite family Z;, Zs, ... of indecomposable finitely generated,
torsion-free Rp-modules of rank 2. Note that, by Lemma such modules have
local endomorphism ring.

Let ¢: K(t) — K(t) be the automorphism that fixes K and ¢(t) =¢t+ 1. Let R
be the ring that fits in the pull-back diagram

R—— Ry

’

Ry —%—— K(t)

where ¢': Ry — K(t) 5 K(t).
By [36}, Theorem 4.4], R is a noetherian domain of Krull dimension 1 with exactly
two maximal ideals m and n and satisfying that R, = R; and R, = R,.
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Apply the results on [36] (or just Corollary [5.8)) to construct two sequences of
finitely generated torsion-free R-modules My, My, ..., N1, Na,... such that

(Mi)n = (Nz>n = 4, (Mi)m =XaY, (Ni)m =X o X.

Call M = @;cy Mi, N = @y Ni- Then N is locally a direct summand of M,
but N is not isomorphic to a direct summand of M. Indeed, if N & N’ = M
then (P, oy Zi) ® N, = @,y Zi- Since {Z;}ien are non-isomorphic and have local
endomorphism rings, N = {0}. Hence, as N’ is torsion-free, N’ = {0}. But
Ny 2 My, a contradiction. m

Remark 8.8. By Proposition [0.6] the ring R in Example [8.7] satisfies that the class
of direct sums of finitely generated torsion-free modules is closed under direct sum-

mands.

Proposition 8.9. Let R be a commutative domain of finite character. Let M be a
torsion-free R-module of countable rank. Let mg be a mazximal ideal of R. Assume
that

(a) My is a direct sum of finitely generated torsion-free modules of rank one
with local endomorphism ring for every mazimal ideal m # mgy, and
(b) My, is a direct sum of finitely generated torsion-free modules.

Then M is in the same genus as a direct sum of finitely generated torsion-free
modules if and only if

(i) My is a free module for all but countably many mazimal ideals m of R.

(ii) If M = {m € mSpec R | My, is not free}, and ry, denotes the number of
free direct summands in the decomposition of My,, then for every b € N the
set {m € M | rp, < b} is finite.

PrROOF. Let N = @,y
free module, and assume that M and N are in the same genus. (i) follows from
Corollary If M is finite, (ii) is clear. Assume M is infinite and let b € N.
Then there are only finitely many maximal ideals m € M such that at least one of
(N1)m, - (Np)m is not free, so ry > b for almost all m € M. This proves (ii).

Conversely, assume that (i) and (ii) are satisfied and let My, = @

N;, where each N; is a finitely generated torsion-

ieny Mm,i, where
each My, ; is a finitely generated torsion-free module and such that My, ; has rank
one for every maximal ideal m # mg. For each i € N, let d; denote the rank of the
module My, ;.

First, assume that M is finite. For each ¢ € N, apply Package Deal Theorem [5.7]
to X;(mg) = My, and X;(m) = @?ij%:ﬁdi,ﬁl My, ; for each m # mg (note
that, since M is finite, X;(m) is free for almost all maximal ideals m of R). Then,
for each j € N, there is an R-module N; such that (N;)m = X,;(m) for every
maximal ideal m in R. Therefore, @ jen IVj s in the same genus as M.

Now, assume that M is infinite and consider the case where ry, is finite for every
maximal ideal m of R. First, write the elements of M in a sequence my,mso, ...
in such a way that ry, < ry, <--- is non-decreasing, and assume that the direct
summands in the decompositions of My, are indexed such that My 1,..., Muy .

are the free direct summands. For each i € N, apply Package Deal Theorem to
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Xi(mg) = My, ; and X;(m) = 69?0:—5;.+fﬁdi71+1 My, ; for each m # mg (note that,
with this reordering and considering (i) and (ii) with b = do + - - - + d;, My ; is free
for almost all maximal ideals). Then, for each j € N, there is an R-module N; such
that (N;)m = X, (m) for every maximal ideal m in R. Therefore, €. IV; is in the

same genus as M.

jEN

Finally, assume that M is infinite and there is at least one maximal ideal m with

rm infinite. Let my,mo,... be a (finite or infinite) list of elements in {m € M | ry,
is finite} and let ny, no,... be a (finite or infinite) list of elements in {n € M | r, is
infinite}. The first sequence is chosen such that ry,, < ry, < --- is non-decreasing,

and again we assume the direct summands in the decompositions of M, are indexed
such that My 1,..., Mg, are the free direct summands. Moreover, we assume
that the direct summands in the decompositions of M,, are indexed such that
My, 1, .., My, ; are free.

Let us check that each M.y, ; is free for almost all m € M. If M,, ; is not free,
then i < j. If My, ; is not free for infinitely many m’s with finite ry, then b =7 —1
would contradict (ii). Hence, as before, we find finitely generated torsion-free R-
modules N; such that (N;)m = X;(m) for every maximal ideal m of R. Therefore,
@jeN Nj; is in the same genus as M. m

9. THE NOETHERIAN CASE

The results of Section I8 allow us to show in this section that the converse of
Theorem is true for semilocal noetherian domains of Krull dimension 1 (cf.
Proposition , and this result will allow us also to prove the converse of Theo-
rem for noetherian domains of Krull dimension 1 and with finitely generated
integral closure in Theorem

Let C be a pre-additive category, let M be an object of C, and let I be a two-sided
ideal of the ring End¢(M). Recall that the ideal of C associated to I is the ideal A
of the category C defined as follows. A morphism f: X — Y belongs to A;(X,Y)
if and only if Sfa € I for every pair of morphisms a: M — X and g: Y — M in
the category C.

Notice that if C’ is a full subcategory of C. Then the restriction of A; to C’ gives
an ideal of the category C'.

Remark 9.1. Let R be a commutative ring, and let A be a module-finite R-algebra.
Let M be a non-zero finitely generated right A-module with endomorphism ring
S = Endp(M). Let ¢: R — S denote the canonical homomorphism. Let n be
a two-sided maximal ideal of S, and let m = ¢~1(n). By Lemma i), mis a
maximal ideal of R.

Let X,Y be two objects in Mod-A. If f € Homy (X, Y) is such that f(X) C Ym,
then f € A,. Indeed, Sfa(M) C Mm for every pair of morphisms a: M — X,
B:Y — M. Hence, by Lemma i), ffa €n.

If C is a full subcategory of Mod-A, we will still denote by A, the restriction to
C of the ideal defined in the whole module category.
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Lemma 9.2. Let R be a commutative ring, and let m be a mazimal ideal of R. Let
f+ X =Y be a homomorphism of R-modules such that fuon(Xm) C YomRy. Then
f(X) CYm.

PrROOF. Let € X. Then there exist r; € m,y; € Y, s € R\ m such that

n
1
f(lx) _ yzlrzg:%7 yevYm
1=1

Therefore, there exists ¢t ¢ m such that f(z)st = yt. Then there exists u ¢ m such
that 1 —stu € m and f(z) = f(z)(1 —stu) + f(z)stu = f(z)(1 —stu)+ytu € Ym. m

Proposition 9.3. Under the assumptions of Remark let N = @;cny M be a
direct sum of finitely generated right A-modules which are torsion-free as R-modules,
and consider A, A’ two direct summands of N. Assume that C contains M, A, A’
and every M;, for each i € N. If Ay, = A}, then A is isomorphic to A’ in the
factor category C/A,.

PRrROOF. We have to check that there are homomorphisms f: A — A’ and
g: A" — A such that Ida — gf,Idas — fg € Ay By Remark [0.1 and Lemma[9.2] it
is sufficient to find f: A — A’ and g: A’ — A such that (Idg4—¢f)m(Am) € AnmPRy
and (Idar — fg)m(AL) C AL, mRy,.

Assume that Ay, = AL, Let a: Ay — A}, and B: A, — A, denote mutually
inverse isomorphisms. Then v = 14, ams, and 0 = LAmﬁﬁA(“ are elements in
Endg,, (B;cn(M;)m) such that the following diagram commutes

leN( m <7 @1EN(M )m

L ™
LAm Al Al

AI

By Lemma we can consider v as a column-finite matrix such that the i-th
column represents Homy , ((M;)m, D ,c;(Mj)m) = Homa (M;, @ ,c; M;) @p Bin.
For each ¢ € N, let s; ¢ m be the product of the denominators in the i-th
column, and define 7 = @,y sild(ar,),, € Auta,, (Nu). By Lemma there exists
h € Enda(N) such that v o7 = hy. For each i € N, take ¢; ¢ m such that
1 —t;s; € m and define § = @, tildy, € Enda(N). Similarly, define 7/ and 6’
starting with the endomorphism 4, i.e., 6 o 7/ = hl, for some k' € Enda(N). Note
that 70y, = Idy,, — r for some r € Endp,, (Ny) with Im r C (Np)mRy,. Similarly,
there exists ' € Endy,, (V) with Im r' C (Ny)mRy, such that 770, = Idy,, — 7.
Set f =mahOig and g =74h'0 1 4. Then
(IdA — gf)m = (IdA — WAhIQ/LA/WA/hQLA)m
=1Ida, — 74,070 tar Tar YTOmLA,,
=Ida, —ma,taA, BWA/ 70! mbAL TAL LAI QTTA, TOmta,
= IdA —TAn LAmﬂWAm (Ide —-Tr )LA:“WA;‘LA(T‘O(FA‘“ (Ide — T)LAm

ZIdAm —FAmLAmﬁﬂ'A'm1LA;H7TA;n//A;nOZ7TAm1LAm —I—S,
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where s € Endy,, (Ay) satisfies that Im s C AymRy,. A symmetric computation
shows that Im (Idar — fg)m € ApmRy,. m

Remark 9.4. The statement in Proposition [9.3|is also true if we assume that N
is a direct sum of finitely presented right A-modules instead of a direct sum of
finitely generated right A-modules which are torsion-free as R-modules using |30}
Theorem 3.18] instead of Lemma

Corollary 9.5. Let R be a commutative ring, and let A be a module-finite R-
algebra. Let M = @, M; be a direct sum of non-zero finitely presented right
A-modules with semilocal endomorphism rings. If A and A’ are direct summands
of M, then A= A’ if and only if An = A, for every mazimal ideal m of R.

PrOOF. Consider C = Add(€D,.y M;). We aim to apply [28, Proposition 3.6].
We have to check if n is a maximal ideal of Endy (M;) for some i € N, then A and
A’ are isomorphic objects of the factor category C/A,. Note that the preimage
of n in the canonical homomorphism R — Enda(JV;) is a maximal ideal of R by

Lemma i), so we can apply Proposition and Remark ]

From now on, we only consider the case when R is a noetherian domain of Krull
dimension 1. We can try to find appropriate generalizations reflecting the results
in the previous parts of the paper. For the semilocal case below, we need Krull
dimension 1 because of Corollary [3.9]

Proposition 9.6. Let R be a semilocal noetherian domain of Krull dimension 1.
Let mg,my, ..., my be the list of maximal ideals of R. Assume that

(i) R, has the two-generator property fori=1,... k.
(ii) The normalization of Rm, is a discrete valuation domain for every i =
0,1,...,k.
Then every pure projective torsion-free R-module is a direct sum of finitely presented
modules.

Proor. By Kaplansky’s Theorem |17, Theorem 1], every pure projective module
is a direct sum of countably generated modules. Therefore, we may consider A to
be a direct summand of P,y M;, where each M; is a non-zero finitely presented
torsion-free R-module, say A® A’ = P
finitely generated.

If m is a maximal ideal of R, then An ® A}, = @,cn(Mi)m, and by (ii) and
Corollary 3.9 Ay, is a direct sum of finitely generated Rpy-modules with local en-

ien Mi. Also, we may assume that A is not

domorphism ring.

For each i = 0,...,k, let An, = EBjeN N; j, where N; ; is a finitely generated
indecomposable Rp,-module. In |32, Theorem 4.3], Rush proved that over a noe-
therian ring with the two-generator property any finitely generated indecomposable
torsion-free module has rank 1, thus (¢) implies that V; ; is a module of rank 1 if
1> 1.

Therefore, the module A fulfills the hypothesis of Proposition [8:9] and since the
number of maximal ideals of R is finite, we can deduce that A is in the same genus
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as a module B that is a direct sum of finitely generated torsion-free modules. Since
A and B are direct summands of B & (€D, M;), we deduce from Corollary
that A~ B. m

The following lemma is a variation of Proposition adapted to the noetherian
setting.

Lemma 9.7. Let R be a noetherian domain of Krull dimension 1, and with module-
finite normalization R. Let M = {my,...,my} be the list of maximal ideals of R
such that Ry, is a principal ideal domain for any mazimal ideal m ¢ M, and let
Y =R\ Ule m;. Further, let M C R be such that My, is a direct sum of finitely
generated Ry-modules. Then M is a direct sum of finitely generated modules.

PrOOF. We may assume that the rank of M is infinite. Let My = @2, M;,
where each M; is a non-zero finitely generated Ry-module. For each i = 1,2,...
let Nj:={meM]|F e @2‘:1 M;}. Note that N; C R’ for some £, hence Nj; is a
finitely generated submodule of M. Further, we claim that N; is an RD-submodule
of M. Consider m € M,n € N; and 0 # r € R such that mr =n. Then 77 = ¢

in Mys. Since T is not a zero-divisor on each M;, 2t is an element of @;:1 M;.

1 1

We claim that for every ¢ € N the inclusion ¢;: N; — N; 41 splits. By Lemma [2.9

it is enough to check that ¢; ® g Ry splits for every maximal ideal m of R. Since

Li Or R = 1; O Ry, ®py, Ry for any m € M and ¢; ®r Ry, splits, t; @ Ry splits
for any m € M.

Now suppose that m ¢ M. Then it is easy to check that (N;)m is an RD-

submodule of (N;41)m and since Ry, is a valuation domain, also a pure submodule

of (N;)m. The pure exact sequence

0 (Ni)m 2258 (N ) —— (Nig1/Ni)m — 0

splits, since the right-hand term is finitely presented. From this, we conclude that
L; splits.

Overall, M is a union of the chain Ny C Ny C N3 C --- where each N; splits
in Nj;1, i.e., there exists a submodule D; 1 C N;41 such that N;11 = N; & D;y1.
Further let Dy := Ny. Then M = @fil D; is a direct sum of finitely generated
R-modules. m

Theorem 9.8. Let R be a noetherian domain of Krull dimension 1, and with
module-finite normalization R. Then the following statements are equivalent:

(1) Ewery pure projective torsion-free R-module is a direct sum of finitely pre-
sented modules.
(2) For any finitely generated, torsion-free R-module X, every element in Add(X)
s a direct sum of finitely generated modules.
(3) R satisfies the following two conditions:
(i) there exists at most one mazimal ideal my of R such that Ry, is not
a Bass domain, and
(ii) the normalization of Ry is a discrete valuation domain for every maz-
imal ideal m of R.
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PROOF. It is clear that (1) implies (2). Statement (2) implies (3) by Theo-
rem We only need to prove that (3) implies (1).

Note that, if R is integrally closed, then R is a Dedekind domain, and pure
projective torsion-free modules are projective. Assume that R # R, and let M =
{my,...,m;} be a finite set of maximal ideals of R such that R, is integrally
closed whenever m ¢ M. Let ¥ := R\ Ule m;. Therefore, Ry, is a semilocal ring
satisfying the assumptions of Proposition [9.6] Hence, any pure projective torsion-
free Ry-module is a direct sum of finitely presented modules.

Let A be a countably generated pure projective torsion-free R-module, i.e., a
direct summand of @, M;, where each M; is a finitely generated torsion-free
module. Note that each M; can be considered as a submodule of M;R (the R-
submodule of (M;)o generated by M;) which is a projective R-module. Hence, we
may consider A as a submodule of R(UJ).

Since Ay, is a pure projective torsion-free Ry-module, it has to be a direct sum of
finitely generated modules. By Lemma A is a direct sum of finitely generated
modules. m

10. A FAMILY OF EXAMPLES

In this section, we provide a family of examples of h-local domains of Krull di-
mension 1, not necessarily noetherian, that exemplifies well the situations described
in Theorem [6.6] and also in Corollary [7.3] as we show that they satisfy that direct
summands of finitely generated torsion-free modules are direct sums of finitely gen-
erated modules. This family of examples was suggested to us by Carmelo Antonio
Finocchiaro and Paolo Zanardo [§].

Let K C L be a field extension, and consider the ring R = K + zL[x] and its
localization Ry, at the maximal ideal m = xL[z]. The field of fractions of R is L(z),
and R fits in the pullback diagram of rings

R=K +aL[z] —2% 5 [[z]
evo evo (Cl)
K incl. L

where evg denotes the evaluation at 0. In fact, this diagram is a conductor square,
with conductor ideal ¢ = m since R/m = K and L{z]/m = L.
Note that Ry, = K + xL[x]n, since every element in Ry, can be written as

atap(e) _ | olpl) - oqle))
1+1‘q(z) 1 +9:q(x)

)

with a € K, p(z), q(x) € L[z].
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The localization of () at m gives also a conductor square for Ry,

Ry = K + 2L[z]y — 2% Liz]y
evp evo (02)
K incl. L

with conductor ¢y = L[x]m.

Lemma 10.1. Let K C L be a field extension, let R denote the ring K + xzL|x],
and m = zL[x]. Then
(i) If I is an ideal of R, then IL = L[z] if and only if I = R.
(ii) Fvery maximal ideal n £ m of R is generated by a polynomial q(z) € R that
is @rreducible in L]z] with ¢(0) = 1.
(iil) Rn = L[z]n, that is, Ry is a discrete valuation ring for every mazimal ideal
n#min R.
(iv) R is an h-local domain of Krull dimension 1.

PROOF.  (#). Suppose that IL = L[z], so yo + y1a1 + -+ + ynan, = 1 for
some elements y; € I and a; € L'\ K. Then, for every polynomial ¢(z) € L[z],
yorq(z) + yra1xq(z) + - - + ynanzq(x) = xq(x) € I. Therefore zL[xz] C I. Since
xL[x] is a maximal ideal of R and I Z zL[z], I = K + zL[z].

(i4). Let n # m be a maximal ideal of R. By (i) and because n is maximal,
nl # Liz] and nL N R = n. There exists p(xr) € L[z] with p(0) = 1 such that
p(x)L[z] = nL. Since p(z) € nL N R, p(z) € n. Notice that if ¢(z) € L[z] and
p(z)q(z) € R then also q(z) € R. Therefore p(x)R = n. If p(x) = g1(x)g2(x) in
Liz], and since p(0) = 1, we can assume that ¢1(0) = ¢2(0) = 1 so that it is also
a decomposition in R. Since n is maximal, either ¢;(x) or go(x) € n which implies
that either ¢; () or g2(z) is equal 1. This shows that p(x) is irreducible in L[z].

(#4i). Since the element € R\ n is invertible in Ry, we have a = ax/x € R, for
every element a € L, so we deduce that L C Ry, that is, L[z], C R,.

(iv). Let p(x) be a non-zero polynomial in R. If p(0) # 0, p(z) can be written as
p(z) = kq1(z) - - - gn(x), where k = p(0) € K* and ¢;(x) are irreducible polynomials
in L[z] with ¢;(0) = 1 for every ¢ = 1,...,n so, in particular, ¢;(z) € R. This
decomposition is unique up to a unit (an element in K) because L[x] is a UFD,
and in this case, p(z) is only contained in the maximal ideals generated by the
irreducible polynomials ¢;(z) for i = 1,...,n.

If p(0) = 0, then p(z) can be written as p(z) = z™q(z), where m > 1 and
q(z) € L[z] with ¢(0) # 0. Then g¢(x) can be written as q(z) = lgi(x) - ¢n (),
where | = ¢(0) € L* and ¢;(z) are irreducible polynomials in L[z] with ¢;(0) =1
for every i = 1,...,n, so again, ¢;(z) € R. Therefore, p(z) is only contained in the
maximal ideals generated by the irreducible polynomials ¢;(x) for i = 1,...,n and
it is also contained in m. Therefore, R has finite character.

Now we prove that Ry, has Krull dimension 1. Let p be a non-zero prime ideal
of Ry and let 0 #£ g € p. We can assume, up to a unit of Ry, that g is of the form
x"a with a € L'\ {0} and n > 1. If n > 1, then 2"a = x - (" 'a) which implies
that either 2 or 2" 'a are in p. By induction on n we can deduce that p contains
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an element of the form za with a € L\ {0} so it also contains 2%b = za - za~ b for
any b € L. As (xb)? € p for any b € L, we deduce that zb € p. Hence p = m.

Since the Krull dimension of R localized at any maximal ideal is 1, we deduce
that R has Krull dimension 1 and, being of finite character, it is h-local. m

From (iii) it follows that finitely generated torsion-free Ry-modules are free for
every maximal ideal n # m in R.

Remark 10.2. Assume K ¢ L.

(1) R is integrally closed if and only if the extension K C L is purely transcen-
dental. If o € L'\ K is algebraic over K then « is integral over R. So if R
is integrally closed, K C L is a purely transcendental extension.

To prove the converse, let f € L(z) satisfy a polynomial equation f™ +
A 1 f" 4+ +ap =0 with a; € R fori =0,...,n— 1. Since L[] is
already integrally closed, we can assume that f € L[z]. Let fy denote the
evaluation at 0 of f. Then fj satisfies a polynomial equation in K, so fy is
algebraic over K. Since L is purely transcendental, we deduce that fy € K,
so f € R.

(2) Ruw is noetherian if and only if the extension K C L has finite degree. In-
deed, let (a;);ca be a basis of L as K-vector space. The maximal ideal
m = xL[z] is generated by A = {xa;}ica and no proper subset of A gener-
ates m. Then Ry, is noetherian if and only if A is finite.

(3) Ru is not a valuation ring. Note that every element a € L\ K is in its field
of fractions L(x), but neither a nor a=! belong to Ry,.

Now we will study torsion-free modules over the ring R and over the ring R,. The
inclusion of R into the principal ideal domain L[x] allows us to use the techniques
of the conductor square and artinian pairs (see |19]). First, we fix some notation.

We shall describe a class of torsion-free modules over the ring 7" that can be either
R of Ry. The ring T is included in a principal ideal domain S, where S = L[z] if
T =Rand S = L[|y if T = Ry. The field of fractions of T' coincides with the
one of S and it is Q = L(x). We will denote by ¢ the conductor of both conductor
squares (C1) and (C2).

We denote by A\: T — Q and \: S — @ the corresponding localization maps,
and by €: T'— S the ring inclusion. Then if My is a torsion-free T-module, there
is a commutative diagram

M2 MerQ

’
M®e MM

M &t S

Therefore, we can identify M7 with an essential submodule of Q) for a suitable
set A, and then, we set (M @ X)(M @1 S) = MS.

In general, M ® X is not an injective map; it is when My is projective or, more
generally, when M is flat.

Lemma 10.3. Let My be a torsion-free module over T. Then:
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(i) MS =ML;

(iil) MLNM D Mc;

(iii) As K-vector space, M =V @ Mc, where V' is any complement of Mc¢ in
M. Moreover, as L-vector space, ML = VL & Mc. Setting W = VL, it
follows that dimg (V) > dimg (W).

(iv) As L-vector space, ML =W @ Mc, where W is any complement of Mc in
M. Moreover, V.= W N M is a K-vector space such that M =V & Mc
and W =V L.

(v) For any pair V., W chosen as in (iti) or (iv), V = M/Mc and W =
ML/Mc. In addition, there is a pullback diagram

incl.

M "t ML
(*)

incl.

Ve e—"""r W
PROOF. Statement (¢) follows because T'S = T'L, cf. Lemma i). Statement
(i) is clear.
The ring T fits in an exact sequence of T-modules

0 c T K 0

shows that () is a pull-back diagram. m

Definition 10.4. The category B of modules over the artinian pair K < L has as
objects the inclusions V < W where V is a K-subspace of the L-vector space W
satisfying that VL = W.

IfV — W and V' < W’ are two objects of B a morphism between them consists
of one K-linear map f: V — V'’ and one L-linear map g: W — W’ making the

diagram
v incl. W
f g
V/ incl. W/
commutative.

Corollary 10.5. As usual, T denotes the ring R = K + xL[x] or Ry where m =
xL[z]. Let Ar be the category of torsion-free modules over T'. Let B be the category
of modules over the artinian pair K — L. Then there is a functor Fr that assigns
to each object Mt in Ar the object of B, M/Mc¢— ML/Mec.

Moreover, Fr(M) = Fg, (My) for any object M of Ag.

PROOF. Lemma [10.3[v) and the fact that a morphism between torsion-free
modules over T induces a morphism between the modules over the artinian pair,
imply the existence of such a functor.

If M is an object in Ap then M/Mc¢ is an R-module and also an Ry-module.
Also, ML/Mc is an L[X] module as well as an L[x]n-module. So, the second part
of the statement is clear. m
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For a general torsion-free module M the pull-back diagram of Lemma v)
can be trivial. Take, for example, M = Q. As M = ML = Mcand V =W = 0.
So, in the notation of Corollary Fr(Q)=0.

To get a better correspondence, we need to restrict the class of torsion-free
modules we are interested in. We shall consider the class

Cr = {M | M is a torsion-free T-module such that ML is a free S-module}

Notice that Cp contains all finitely generated torsion-free modules, and it is
closed by arbitrary direct sums and direct summands. In addition, M = S € Crp.

Assume that ML is a free S-module, then we can fix an S-basis B = {v; }ica.
Then if W is the L-vector space generated by B, Mc¢ = We¢and ML =W & We.
Therefore, by the modular law and by Lemmal[I0.3] M = V@& W ¢ where V = WNM.

If My and M are two modules in Cr then, for i = 1,2, M;L = W; & W;c and
M; = V; @ W;c where V; = W; N M;. Therefore, if (f,g) is a morphism between the
artinian pairs V3 <— Wiy and Vo < Wh or, equivalently, f is a K-linear map and g
is an L-linear map, and there is a commutative diagram

incl.

V1 ‘—>W1

f g (*)

incl.

Vo ———— W
then f can be extended to an S-linear map
g: ML =W ®Wic— ML =Wsy® Wic

by setting g(wz™) = g(w)a™ for any w € W; and any n > 0. Notice that g is an
isomorphism if and only if § is an isomorphism because g=1 = (g)~*.

As a consequence, we have

Corollary 10.6. The functor Fr described in Corollary[10.5 is full when restricted
to the category Cr and it reflects isomorphisms.
Therefore,
(i) two objects My and My of Cr are isomorphic if and only if (M1)m and
(M) are isomorphic;
(ii) My is projective if and only if M € Cr and the inclusion M /Mc — ML/Mc
sends K-basis of M/Mc to L-basis of ML/Mc if and only if My is a free
T-module.

PROOF. The remarks before the statement prove that the functor Fp restricted
to the category Cr is full and reflects isomorphisms.

The statement (i) follows because, by Corollary Fr(M) = Fg,,(My,) for
any object M of Cg and, by the first part of the statement, two modules in Cg are
isomorphic if and only if their corresponding artinian pairs are isomorphic if and
only if their localizations at m are isomorphic.

To prove (ii), notice that since over Ry, all projective modules are free, it fol-
lows by (i) that all projective modules over R, since they are modules in Cg, are
isomorphic to a free module. It is easy to check that this happens if and only if a
K-basis of V = M/Mc is also an L-basis of W = ML/Mc. m
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Now we summarize some results on finitely generated torsion-free modules over
R = K +azL[z]. As observed before, these are always in Cr as well as infinite direct

sums of them.

Lemma 10.7. Let K C L be a field extension, let R denote the ring K +xL[x], and
m = xL[z]. Let M, N and {M;};cr be finitely generated, torsion-free R-modules.
Then

(i) Bvery finitely generated indecomposable torsion-free Ry-module has local
endomorphism ring.
(i) M 2 N if and only if My = Ny,.
(iii) M is indecomposable if and only if My, is indecomposable.
(iv) If M and {M;}icr are indecomposable and M is a direct summand of
D, My, then M = M; for some i € I.

PROOF. (i) This follows from Lemma 3.5 taking 7' = L[z]m. Note that m is the
conductor, so it is different from zero as required in the hypothesis of the Lemma.

Statement (4¢) is included in Corollary

(#4i). Suppose that My, = A @ B, and M is indecomposable. Let A’, B’ be
R-submodules of A and B generated by some finite set of Ry,-generators of A and
B, respectively. Then (A’ @ B')w = A® B = My, and by (ii), we deduce that
A" ® B’ =2 M. Therefore, A/ =0 or B’ =0, that is, A =0 or B = 0, and M, is
indecomposable. The other implication is clear.

(iv). Suppose that M is a direct summand of ,.; M;. Then My, is also a direct
summand of (P, ; Mi)m = B, ;(M;i)m. Since (M;)m has local endomorphism ring,
it satisfies the Krull-Schmidt property, that is, My, = (M;)n for some i € I. By
(ii), we deduce that M = M; for some i € [. m

Corollary 10.8. Let K C L be a field extension, let R denote the ring K + xL[z].
Then the class of modules that are direct sums of finitely generated torsion-free

R-modules is closed under direct summands.

ProoOFr. By Lemmas and the result follows from Proposition "

Now we want to explicitly construct finitely generated, indecomposable, torsion-
free T-modules where T denotes either R = K +xzL[x] or Ry,. First, we will specify
better how these modules and their endomorphism rings can look like.

Recall that if T'= R = K +xL[z] then S = L[z], and if T' = Ry, then S = L{z]m.

Remark 10.9. Let Mt be a finitely generated torsion-free T-module of rank n. As
ML is a finitely generated free S-module, we may assume that M is a T-submodule
of 8™ such that M L = S™, in particular (zS)™ C M. Therefore, My =V + (z5)",
where V is a K-subspace of L™ satisfying VL = L™. Notice that, this gives us a very
explicit construction of a T-module M € C such that F(M) (cf. Corollary
has as an image the module over the artinian pair V — W.

Now we can also identify the endomorphism ring of Mr with a subring of M,,(Q),
in fact Endr(Mr) = {A € M, (Q) | AM C M}. Since (zS)" C M, if A € M,(Q)
represents an endomorphism of Mr, then A € M,(S), i.e., Endr(Mr) = {A €
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M, (S) | AM C M}. Every matrix A € M, (S) can be uniquely decomposed as the
sum of a matrix B € M, (L) and a matrix C' € M, (xS). Since M, (xS) C Endp (M),
A € Endr(M) if and only if BV C V. This is to say that if A € Endp(Mr), then
F(A) = B.

Lemma 10.10. Let K C L be a field extension, let R denote the ring K + xL[x],
and m = zL[x]. Let M be a finitely generated torsion-free right Ry -module of rank
n. Then My (zL[z]w) C J(Endg,, (M)).

ProoF. Note that J(Ry) = mRy. Then, for every A € M, (zL[z]m), we
have M = AM + (I — A)M C J(Rmw)M + (I — A)M. By Nakayama’s Lemma,
M = (I-A)M and, by Lemmal[2.1{i), I—A is bijective. Hence A € J(Endg,, (M)).=

The following construction is a modification of |19, Construction 3.13] to build
indecomposable modules over artinian pairs. Using Remark this immediately
yields the existence of indecomposable finitely generated T-modules of arbitrary
finite rank n > 2.

Construction 10.11. Let n > 2 be a fized positive integer, and suppose we have
chosen o, 8 € L with {1, , 3,a%,af3, 32} linearly independent over K. Let I be the
identity n X n matrix and H be the nilpotent n X n matrix with 1 below the diagonal
and 0 elsewhere. Fort € K, we consider the n X 2n matriz,

10 - 0|a+ts 0 0

01 -~ 0| B a+tp - 0
U, :=[|al+ Bt +H)] = . . . . . :

00 --- 1 0 0 e a+tp

Let V; be the K -subspace of L™ spanned by the columns of Uy. Let A € Homg (V, Vi),
where

Homy(Vi, Va) = {A € My(L) | AV; C Vo,
The condition AV, C V,, implies that there is a 2n X 2n matriz 0 € My, (K) such

that AV, = ¥ ,0. Write 0 = g g] , where C, D, P,Q € M, (K). Then, using the
condition AV, = ¥,0, we have the following two equations:
A=C+aP+pul+ H)P
{aA + BA(tI + H) = D + aQ + B(ul + H)Q
Substituting the first equation into the second and combining terms, we get the
following:
—D+a(C—-Q)+p(tC —uQ +CH — HQ) + o*P
+aB(tP +uP + HP + PH) + B*(tuP + HPH + tHP + uPH) = 0.
From the linear independence of {1, a, B, a2, af3, 3%}, we have
D=P=0, A=C=Q, (t—u)A+ AH = HA.

In particular, we deduce that A € M, (K), and if A is an isomorphism and t # u,
then the third equation above gives a contradiction since the left side is invertible and
the right side is not. Thus, if V; 2 V,,, thent = u. To see that V; is indecomposable,
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we take w = t and suppose that A is idempotent. But AH = HA, and it follows
that A is in K[H], which is a local ring. Therefore A =0 or I, as desired.

By Remark My = Vi + (2S)"™, where V; is the K-subspace of L™ constructed

above, is an indecomposable T-module of rank n (as usual, T = R = K + zL[z] or
T = Rw). Notice that, in view of Corollary[10.5, there are, at least, |K| different
isomorphism classes of such modules.
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