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TORSION-FREE MODULES OVER COMMUTATIVE DOMAINS

OF KRULL DIMENSION ONE

ROMÁN ÁLVAREZ, DOLORS HERBERA, AND PAVEL PŘÍHODA

Abstract. Let R be a domain of Krull dimension one. We study when the

class F of modules over R that are arbitrary direct sums of finitely generated

torsion-free modules is closed under direct summands.

If R is local, we show that F is closed under direct summands if and

only if any indecomposable, finitely generated, torsion-free module has local

endomorphism ring. If, in addition, R is noetherian this is equivalent to saying

that the normalization of R is a local ring.

If R is an h-local domain of Krull dimension 1 and FR is closed under direct

summands, then the property is inherited by the localizations of R at maximal

ideals. Moreover, any localization of R at a maximal ideal, except maybe one,

satisfies that any finitely generated ideal is 2-generated. The converse is true

when the domain R is, in addition, integrally closed, or noetherian semilocal,

or noetherian with module-finite normalization.

Finally, over a commutative domain of finite character and with no restric-

tion on the Krull dimension, we show that the isomorphism classes of countably

generated modules in F are determined by their genus.
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Introduction

Let R be a commutative domain, Λ an R-algebra, and let FΛ denote the class of

Λ-modules that are direct sums of finitely generated Λ-modules which are torsion-

free over R (we should write F if the ring is clear). The class FΛ is closed under

arbitrary direct sums, and we ask whether FΛ is closed under direct summands.

If R is a semihereditary domain, then the modules in FR are projective modules.

It is well known that, in this case, all projective modules are direct sums of finitely

generated ideals of R. In particular, FR is the class of all projective modules, and

then it is closed under direct summands with no extra assumption on the Krull

dimension of R.

The interest in these kinds of questions was awakened with the study of the

so-called, generalized lattices. Let R be a Dedekind domain with field of fractions

Q, and let Λ be an R-order in a separable Q-algebra (hence, Λ is finitely generated

and projective as R-module). Classically, a right Λ-module is a lattice if it is

finitely generated and projective as an R-module. Dropping the finitely generated

condition from the definition of lattice, we encounter the generalized Λ-lattices. In

this context, the class FΛ coincides with the (arbitrary) direct sums of Λ-lattices. If

Λ is locally lattice-finite, the generalized lattices are precisely the direct summands

of modules in FΛ. See [5, Theorem 4] for the proof in the lattice-finite case and

[31, p. 112, Corollary] for its extension to the locally lattice-finite case.

In [31, Theorem 4], W. Rump proved that if generalized Λ-lattices are direct

sums of lattices, then Λ is locally lattice-finite. Moreover, he answered the question

of when FΛ is closed under direct summands, finding that the answer depended on

representation-theoretical data of Λ.

Př́ıhoda in the paper [29] translated the question to Λ = R being a noetherian

domain of Krull dimension 1 with module-finite normalization. In the local case,

he proved that FR is closed under direct summands if and only if its normalization

(which is assumed to be finitely generated) is local. In the global case, and under

the assumption that R is, in addition, lattice-finite (i.e., there are only finitely many

indecomposable finitely generated torsion-free R-modules up to an isomorphism) he

characterized when FR is closed under direct summands by certain ring-theoretical

properties of R that will also appear in Theorem B.

In the present paper, we consider the case Λ = R being a commutative domain

of Krull dimension 1, and we also follow the strategy of studying first the case of

a local domain, and then extending to a suitable global situation. For the case of

local domains, we get quite a satisfactory characterization that is summarized in

the following theorem,

Theorem A. (Corollary 3.3, Corollary 3.9) Let R be a local domain of Krull

dimension 1. The class F is closed under direct summands if and only if any finitely

generated, indecomposable, torsion-free module has local endomorphism ring. If R,

in addition, is noetherian this is equivalent to having local integral closure.

Therefore, in this situation, any moduleM in F can be written asM =
⊕

i∈I Ni,

where each Ni is a finitely generated module with local endomorphism ring, and such

decomposition is unique. In addition, any direct summand of M is isomorphic to

a direct sum of the modules {Ni}i∈I .
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Our global setting will be the one of h-local domains. Matlis introduced h-local

domains in the 60s in [23] as commutative domains satisfying that:

(i) they have finite character. That is, every non-zero ideal is contained only

in finitely many maximal ideals.

(ii) every non-zero prime ideal is contained only in one maximal ideal.

However, Jaffard appears to be the first author to give an equivalent definition of

h-local domains in [16], but under the name of domains of Dedekind type. For the

story and characterizations of h-local domains, the reader is referred to Fuchs and

Salce’s monograph [9, §IV.3] and to the paper by Olberding [26, Theorem 2.1].

A domain of Krull dimension 1 is h-local if and only if it has finite character, and

noetherian domains of Krull dimension 1 are always h-local (equivalently, always

have finite character).

If R is a domain such that FR is closed under direct summands then, in particu-

lar, all projective modules are direct sums of finitely generated projective modules.

Not so much is known about projective modules over arbitrary domains. How-

ever, Hinohara [15] proved that, over an h-local domain, an infinitely generated

projective module, which is not finitely generated, is always free.

The following theorem summarizes our results for this class of domains,

Theorem B. (Theorem 6.6, Corollary 7.3, Corollary 7.4, Proposition 9.6, Theo-

rem 9.8) Let R be an h-local domain of Krull dimension 1. If the class FR is closed

under direct summands, then R satisfies that

(1) FRm
is closed under direct summands for any maximal ideal m of R;

(2) for any maximal ideal m of R, except maybe one, all finitely generated ideals

of Rm are at most two-generated;

(3) the integral closure R of R in its field of fractions satisfies that FR is closed

under direct summands.

Conversely, if R is an h-local domain of Krull dimension 1 satisfying (1) and (2),

then FR is closed under direct summands in the following situations:

(a) R is integrally closed, or

(b) R is semilocal noetherian, or

(c) R is noetherian and has module-finite normalization.

That the closure of F under direct summands implies conditions (1) and (2)

was already proven by Př́ıhoda for noetherian domains of Krull dimension 1 with

module-finite normalization [29]. The fact that a condition like (2) still holds in

the generality we are working has been an interesting surprise, and its proof is one

of the more involved in the paper.

A good description for torsion-free modules over a local ring with the 2-generated

property for finitely generated ideals is only available in the noetherian case: if R

has module-finite integral closure, then it is a Bass domain, and the theory goes

back to Bass’ fundamental paper [3]. The general case of noetherian domains with

two-generated ideals remained open for a long time and was finally settled by Rush

in [32]. In both cases, it is proven that finitely generated torsion-free modules are

isomorphic to a direct sum of (finitely generated) ideals. As far as we know, it is

an open question whether such a result could still hold outside the noetherian case.
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We also study the isomorphism classes of modules in F . For finitely generated

modules, the isomorphism class of a module M is usually determined by its genus

and some extra information on the class group. This is the case, for example, of

Bass domains as it was shown in [21, Theorem 4.2] and for general noetherian

domains with 2-generated ideals [32]. For countable direct sums in F we show that

the genus is enough to determine the isomorphism class. Now we state the precise

result we prove, notice that it is for finitely generated R-algebras and that there is

no assumption on the Krull dimension of the domain R.

Theorem C. (Theorem 8.4) Let R be a commutative domain of finite character

with field of fractions Q. Let Λ be a module-finite R-algebra such that Λ ⊗R Q is

a simple artinian ring. Let M =
⊕

i∈N0
Ai and N =

⊕
i∈N0

Bi be direct sums of

non-zero finitely generated right Λ-modules which are torsion-free as R-modules. If

M and N are in the same genus, then there are decompositions

M =
⊕

i∈N0
Mi and N =

⊕
i∈N0

Ni

such that both Mi and Ni are finitely generated, and Mi
∼= Ni for every i ∈ N0. In

particular, M and N are isomorphic.

Theorem C extends a result proven by Rump in [31] for Λ an order in a separable

algebra over a Dedekind domain R.

Now we briefly describe the content of the different sections of the paper, taking

the chance to highlight some of the main ideas.

To work in a problem like the closure of F under direct summands, we need some

method to construct interesting and possibly infinitely generated direct summands.

This is the main topic of Section 1, in which we exploit that projective modules

can be lifted modulo the trace ideal of a projective module (cf. Theorem 1.9). This

machinery for projective modules was developed in the noetherian setting in [27],

extended to general rings in [12] and the connection with the study of the category

Add(M), of direct summands of direct sums of copies of a finitely generated module

M , was developed in [13] (cf. Theorem 1.11).

Section 2 is quite technical but essential for the rest of the paper. In it, we survey

the results needed on finitely generated (torsion-free) and/or finite rank modules

over a domain R, as well as properties of their endomorphism rings. Given a domain

R we also need to treat the case of finitely generated modules over an R-algebra

Λ that is torsion-free as R-modules. We also introduce the concepts of domain

of finite character and of h-local domain, developing the first basic properties of

endomorphism rings of finitely generated modules over these classes of rings.

In Section 3 we characterize local domains of Krull dimension 1 satisfying that

F is closed under direct summands. The results in this section prove Theorem A.

In Section 4 we develop tools to relate the property of being locally a direct

summand with being a direct summand in the setting of finitely generated torsion-

free modules. If R is a domain of finite character, and N and M are finitely

generated torsion-free modules such that N ⊗RQ is a direct summand of M ⊗RQ,

then Nm is a direct summand of Mm for almost all maximal ideals m of R. This

means that we only have a finite number of “problematic maximal ideals.” In

the remainder of the section, we prove several results on how to proceed for these
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problematic maximal ideals. Analogous results were proven in the one-dimensional

noetherian setting in [11] and were inspired by the representation theory of orders.

In Section 5 we study finitely generated modules over an algebra Λ over an h-local

domain R. We prove the results that will serve as a bridge between the local and the

global case. A key observation is the following: if M and N are finitely generated

Λ-modules that are torsion-free as R-modules and satisfyM⊗RQ ∼= N⊗RQ, where

Q is the field of fractions of R, then the localizations ofM and N at maximal ideals

of R are isomorphic for almost all maximal ideals of R.

Then the problem is, given {X(m) | m ∈ mSpecR} a family of right Λm-modules,

when there is a right Λ-module N such that Nm
∼= X(m) for every maximal ideal

m of R. This question was already studied by Levy and Odenthal in [20] for

R being a noetherian domain of Krull dimension 1, and the answer is that mild

compatible conditions between the localizations are enough to warrant the existence

of N . Here we give a generalized version of Levy-Odenthal’s Package Deal Theorem

for localizations over h-local domains (cf. Theorem 5.7), and give another one

for localizations of trace ideals of countably generated projective Λ-modules (cf.

Theorem 5.13).

The case Λ = R is particularly neat. The localization at a maximal ideal of

a finitely generated torsion-free module is free for almost all maximal ideals (cf.

Corollary 5.3). Conversely, a family {X(m) | m ∈ mSpecR} of Rm-modules can

be glued together in a finitely generated torsion-free R-module N provided all the

modules Xm have the same rank and they are free for almost all maximal ideals m

(cf. Corollary 5.8).

In Section 6 we exploit the theory developed in the previous sections, proving

the first part of Theorem B. An important intermediate result is Theorem 6.2,

which shows that if FR is closed under direct summands, then finitely generated

indecomposable torsion-free modules over different localizations at maximal ideals

must have coprime rank. This type of result was first spotted by Př́ıhoda in [29],

and our proof follows the same strategy as the original result.

In Section 7, the remaining part of the characterization of integrally closed do-

mains with F closed under direct summands, contained in Theorem B, is proven.

In Section 8 we give the proof of Theorem C. This section also includes exam-

ples showing that over a semilocal domain, being a direct summand of an infinite

direct sum of finitely generated torsion-free modules could be satisfied locally but

not globally. This contrasts with the case of finitely generated modules, cf. Corol-

lary 4.5.

The noetherian part of Theorem B is proven in Section 9. We stress that Theo-

rem 9.8 gives the converse of one of the main results in [29].

We close the paper in Section 10, with a family of examples of h-local domains

of Krull dimension 1 satisfying Theorem B. These examples are of the form R =

K+xL[x] whereK ⊆ L is a field extension. If such an extension is finitely generated,

then R is noetherian. If the extension is transcendental, then R is integrally closed

in its field of fractions (and it is not a Prüfer domain!). Moreover, under mild

restrictions over the dimension of the field extension, R has indecomposable finitely

generated torsion-free modules of all ranks.
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Throughout the paper, rings are associative with 1, and morphisms are unital.

In each section we try to be very precise about the setting we are working with.

Our main topic is (torsion-free) modules over commutative domains, so most of the

time R is a commutative domain with field of fractions Q. We reserve Λ to denote

an algebra over a domain R. If M is a Λ-module (usually finitely generated and

torsion-free as an R-module), we denote by S its endomorphism ring.

We are very grateful to the anonymous referees for the careful reading of the

paper, and for a number of interesting observations that helped to improve its

readability.

1. Lifting direct summands modulo the stable category

Definition 1.1. Let R be a ring and let M be a right R-module. Then the trace

of M in R is the two-sided ideal of R defined as

TrR(M) =
∑

f∈HomR(M,R)

f(M).

To simplify the notation, we will just use Tr(M) to denote the trace in R of the

moduleM when the ring R is clear. Our main interest will be in traces of projective

modules. Recall that the trace of a projective module is always an idempotent ideal.

The following fact will be used throughout the paper.

Remark 1.2. Let R be a ring and M a right R-module. Let L be a two-sided ideal

of R. Then I = {f ∈ EndR(M) | f(M) ⊆ML} is a two-sided ideal of EndR(M).

In addition, the R-R bimodule structure of R gives a structure of left R-module

to HomR(M,R) where r · ω, for r ∈ R and ω ∈ HomR(M,R), is defined as the

module homomorphism r · ω : M → R such that r · ω(x) = rω(x) for any x ∈ M .

This gives a canonical morphism

φ : M ⊗R HomR(M,R) → EndR(M)

where, for m ∈ M and ω ∈ HomR(M,R), φ(m ⊗ ω) is the endomorphism of M

defined by φ(m ⊗ ω)(x) = mω(x), for any x ∈ M . It is not difficult to show that

φ(M ⊗R HomR(M,R)) = {f ∈ S | f factors through Rn for some n ≥ 1}.
Throughout the paper we will use the notation

φ(M ⊗R HomR(M,R)) =M HomR(M,R).

Lemma 1.3. Let R be a ring. Let M be a right R-module with endomorphism ring

S = EndR(M). Let I = TrR(M), and J = {f ∈ S | f(M) ⊆ MI} (which is a

two-sided ideal of S by Remark 1.2). Then M HomR(M,R) ⊆ J.

Proof. In the notation of Remark 1.2 and because of the definition of φ, it

follows that φ(m ⊗ ω)(M) ⊆ MI. So that, also φ(
∑n
i=1mi ⊗ ωi)(M) ⊆ MI for

mi ∈M and ωi ∈ HomR(M,R).

Lemma 1.4. Let R be a ring and let P be a right R-module. Then, for any two-

sided ideal I of R,

(i) (TrR (P ) + I)/I ⊆ TrR/I (P/PI);
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(ii) If, in addition, P is projective, TrR/I (P/PI) = (TrR (P ) + I)/I.

Proof. (i). Let x ∈ TrR(P ), then there exist f1, . . . , fn ∈ HomR(P,R) and

p1, . . . , pn ∈ P such that x =
∑n
i=1 fi(pi). Then, for each i = 1, . . . , n, there is

an induced homomorphism f i : P/PI → R/I given by f i(p + PI) = f(p) + I.

Since f i(P/PI) ⊆ TrR/I(P/PI), in particular, fi(pi) + I ∈ TrR/I(P/PI). Since

x =
∑n
i=1 fi(pi), it follows that x+ I ∈ TrR/I(P/PI).

Statement (ii) follows from the lifting property of projective modules, since every

R/I-module homomorphism f : P/PI → R/I lifts to an R-module homomorphism

f : P → R.

Remark 1.5. In this section we will make repeated use of the so-called Eilenberg

trick, which implies, for example, that if P is a countably generated projective

module and X is a direct summand of P , then P (ω) ⊕X ∼= P (ω).

We recall the definition of the class of modules generated by a projective module.

Definition 1.6. Let R be a ring. Let M be a right R-module. We define the

class Gen(M) of modules generated by M as the class of right R-modules that are

a homomorphic image of a direct sum of copies of M .

For further quoting, we recall the following characterization of the class Gen(P ),

when P is a projective module.

Lemma 1.7. [13, Lemma 2.10] Let R be a ring, and let P be a projective right R-

module with trace ideal I. Then Gen (P ) coincides with the class of right R-modules

M such that MI =M .

For further use, we note the following property of direct sums of finitely generated

modules.

Lemma 1.8. Let R be a ring, and assume there is a direct sum decomposition of

right R-modules M ′⊕M = X ⊕Y with M finitely generated and X, Y direct sums

of finitely generated modules. Then there exist A and B direct summands of X

and Y , respectively, such that M ⊕ Z = A ⊕ B with Z a finitely generated direct

summand of M ′.

Proof. SinceM is finitely generated, by the hypothesis,M ⊆ A⊕B with A and

B being finitely generated direct summands of X and Y , respectively. Therefore,

by the modular law, A⊕B =M ⊕ Z, where Z =M ′ ∩ (A⊕B).

Theorem 1.9. Let R be a ring, and let I be an ideal of R that is the trace of a

countably generated projective right R-module Q.

(i) [12, Theorem 3.1] Let P ′ be a countably generated projective right module

over R/I. Then there exists a countably generated projective right R-module

P such that P/PI ∼= P ′.

(ii) Let P1 and P2 be countably generated projective modules such that P1/P1I ∼=
P2/P2I then Q(ω) ⊕ P1

∼= Q(ω) ⊕ P2.
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(iii) Let Q′ be a countably generated projective R-module such that TrR(Q
′) = I.

Then Q(ω) ∼= (Q′)(ω).

Proof. Statement (ii) follows from the proof of [27, Lemma 2.5]. We give a

self-contained proof for the reader’s convenience.

For each i = 1, 2, let πi : Pi → Pi/PiI denote the canonical projection. Let

f : P1/P1I → P2/P2I be an isomorphism. Then there exists g1 : P1 → P2 such that

the diagram

P1

P2 P2/P2I

g1
f◦π1

π2

is commutative. Hence, P2 = g1(P1) + P2I.

Since I is the trace ideal of the countably generated projective module Q, it

is idempotent and, by Lemma 1.7, there exists an onto module homomorphism

g2 : Q
(κ) → P2I, where κ is an infinite cardinal. Let h : Q(κ) ⊕P1 → P2/P2I be the

module homomorphism defined by h(q, p) = f ◦ π1(p) for any (q, p) ∈ Q(κ) ⊕ P1.

Then there is a commutative diagram

Q(κ) ⊕ P1

P2 P2/P2I

g
h

π2

where g is the onto module homomorphism defined by g(q, p) = g2(q)+g1(p) for any

(q, p) ∈ Q(κ) ⊕ P1. Since P2 is countably generated, there exists C ⊆ κ countably

infinite such that P2 = g(Q(C) ⊕ P1). Let g′ : Q(C) ⊕ P1 → P2 be the restriction

of g to Q(C) ⊕ P1. Since P2 is projective, Q(C) ⊕ P1 = P ′
2 ⊕ Ker g′ where P ′

2 is a

submodule of Q(C) ⊕ P1 isomorphic to P2.

As Ker g′ ⊆ Kerh = Q(κ) ⊕ P1I, we deduce that

Q(C) ⊕ P1I = Ker g′ ⊕ (P ′
2 ∩ (Q(C) ⊕ P1I)).

By Lemma 1.7, P1I ∈ Gen (Q). Hence, the countably generated module Ker g′ is a

homomorphic image of Q(ω). Since it is also projective, it is a direct summand of

Q(ω). By the Eilenberg trick (cf. Remark 1.5), Q(ω) ⊕Ker g′ ∼= Q(ω). Therefore,

Q(ω) ⊕ P1
∼= Q(ω) ⊕ P2 ⊕Ker g′ ∼= Q(ω) ⊕ P2,

as we wanted to prove.

Statement (iii) is a consequence of (ii). Taking P1 = Q(ω) and P2 = (Q′)(ω), we

deduce from (ii),

Q(ω) ∼= Q(ω) ⊕Q(ω) ∼= Q(ω) ⊕ (Q′)(ω).

Exchanging the roles of Q and Q′, we deduce from (ii) that (Q′)(ω) ∼= (Q′)(ω)⊕Q(ω),

which yields the claimed isomorphism.

As a corollary of Theorem 1.9 we show that direct sums of projective modules

can be lifted modulo a trace ideal. This result is implicit in [13].
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Corollary 1.10. Let R be a ring, and let P be a countably generated projective right

R-module. Let I be the trace of a countably generated projective right R-module Q.

Assume that P/PI = X ′⊕Y ′. Then there exist countably generated projective right

R-modules X and Y such that Q(ω) ⊕P ∼= X ⊕ Y and X/XI ∼= X ′, Y/Y I ∼= Y ′ as

R/I-modules.

If, in addition, P is finitely generated and X, Y are direct sums of finitely

generated modules, then there exist A and B isomorphic to direct summands of X

and Y , respectively, such that P ⊕ Z = A ⊕ B, with Z a finitely generated direct

summand of Q(ω), and satisfying that A/AI ∼= X ′, B/BI ∼= Y ′.

Proof. By Theorem 1.9, there exist countably generated projective right R-

modules X1 and Y1, such that X1/X1I ∼= X ′, Y1/Y1I ∼= Y ′. Hence, P/PI ∼=
X1/X1I ⊕ Y1/Y1I.

Set X = Q(ω) ⊕X1 and Y = Q(ω) ⊕ Y1. By Theorem 1.9, Q(ω) ⊕ P ∼= X ⊕ Y .

To prove the final part of the statement, assume for simplicity that Q(ω) ⊕ P =

X⊕Y . Notice that the existence of A, B and Z follows from Lemma 1.8. Therefore,

there are direct sum decompositions X = A⊕A′ and Y = B ⊕B′. Now

Q(ω) ⊕ P = A⊕A′ ⊕B ⊕B′ = P ⊕ (Z ⊕A′ ⊕B′).

so that the canonical projection π : Q(ω)⊕P → Z⊕A′⊕B′ induces an isomorphism

Q(ω) → Z⊕A′⊕B′. Therefore Z, A′ and B′ are modules in Gen(Q). By Lemma 1.7,

we deduce that X ′ ∼= X/XI ∼= A/AI and Y ′ ∼= Y/Y I ∼= B/BI. This concludes the

proof of the statement.

Proposition 1.11. [6, Theorem 4.7] Let R be a ring. Let M be a right R-module.

Let S = EndR(M). Then the functor HomR(M,−) induces a category equivalence

between add(M) and the category of finitely generated projective right S-modules.

The inverse of this equivalence is given by the functor −⊗S M .

Assume, in addition, thatMR is finitely generated. Then the functor HomR(M,−)

induces a category equivalence between Add(M) and the category of projective right

S-modules.

Lemma 1.12. [13, Theorem 2.11(i)] Let R be a ring. Let M be a finitely generated

right R-module with endomorphism ring S. Let X be an object of Add(M), and let

PS = HomR(M,X). Set I = TrS(P ). Then,

(i) I = {f ∈ S | f factors through Xn for some n ∈ N}, that is

I = HomR(X,M)HomR(M,X).

(ii) For any Y ∈ Add(M),

HomR(M,Y )I = {f ∈ HomR(M,Y ) | f factors through Xn for some n ∈ N}.

Remark 1.13. Let M and M ′ be two right modules over a ring R, and with endo-

morphism rings S and S′, respectively. Let

T := EndR(M
′ ⊕M) =

(
S′ HomR(M,M ′)

HomR(M
′,M) S

)
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Consider the finitely generated projective right T -module P = ( 1 0
0 0 )T

∼= HomR(M
′⊕

M,M ′). Its trace ideal is

I = T

(
1 0

0 0

)
T =

(
S′ HomR(M,M ′)

HomR(M
′,M) HomR(M

′,M)HomR(M,M ′)

)
.

Then T/I ∼= S/HomR(M
′,M)HomR(M,M ′).

We will use the case M ′ = R, so that T/I ∼= S/M HomR(M,R). That is, it is

the endomorphism ring of MR in the stable category.

Corollary 1.14. Let R be a ring. Let M be a finitely generated right R-module

with endomorphism ring S. Let

J = {f ∈ S | f factors through Rn for some n ∈ N} =M HomR(M,R).

Let e be an idempotent of S/J . Then there is a direct sum decomposition R(ω)⊕M =

X ⊕ Y , such that

HomR(M,X)/X HomR(M,R) ∼= HomR(R⊕M,X)/X HomR(R⊕M,R) ∼= e(S/J)

and

HomR(M,Y )/Y HomR(M,R) ∼= HomR(R⊕M,Y )/Y HomR(R⊕M,R) ∼= (1−e)(S/J).

If, in addition, X and Y are direct sums of finitely generated modules, then there

exist A and B direct summands of X and Y , respectively, such that M⊕P = A⊕B
with P a finitely generated projective right R-module and satisfying that

HomR(M,A)/AHomR(M,R) ∼= HomR(R⊕M,A)/AHomR(R⊕M,R) ∼= e(S/J)

and

HomR(M,B)/BHomR(M,R) ∼= HomR(R⊕M,B)/BHomR(R⊕M,R) ∼= (1−e)(S/J).

Proof. Let T = EndR(R⊕M). Taking into account Remark 1.13, S/J ∼= T/I

with I the trace ideal of the projective right T -module Q = HomR(R⊕M,R). That

is, following the notation in Remark 1.13, I = T

(
1 0

0 0

)
T .

By Corollary 1.10 and its proof, there is a direct sum decomposition Q(ω) ⊕
Hom(R ⊕M,M) = X ′ ⊕ Y ′ with X ′/X ′I ∼= e(S/J) and Y ′/Y ′I ∼= (1 − e)(S/J)

and such that X ′ ⊕Q(ω) ∼= X ′ and Y ′ ⊕Q(ω) ∼= Y ′. Notice that, by Theorem 1.9,

these properties determine X ′ and Y ′ up to endomorphism.

Set X = X ′ ⊗T (R ⊕ M) and Y = Y ′ ⊗T (R ⊕ M). By Proposition 1.11,

R(ω) ⊕M ∼= X ⊕ Y , R(ω) ⊕X ∼= X, R(ω) ⊕ Y ∼= Y . By Lemma 1.12 and using the

notation explained in Remark 1.2, X and Y also satisfy

HomR(R⊕M,X)/X HomR(R⊕M,R) ∼= e(S/J)

and

HomR(R⊕M,Y )/Y HomR(R⊕M,R) ∼= (1− e)(S/J).

These properties determine X and Y up to isomorphism.

Let π : R⊕M →M denote the canonical projection. The assignment g 7→ g ◦π,
for any g ∈ HomR(M,X), defines a morphism of abelian groups HomR(M,X) →
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HomR(R⊕M,X). Composed with the projection HomR(R⊕M,X) → HomR(R⊕
M,X)/X HomR(R⊕M,R) gives an onto morphism of right S-modules

Φ: HomR(M,X) → HomR(R⊕M,X)/X HomR(R⊕M,R).

Recall that, since X ∈ Add (R⊕M),

HomR(R⊕M,X)/X HomR(R⊕M,R) = HomR(R⊕M,X)/HomR(R⊕M,X)I.

Clearly,

KerΦ = {g ∈ HomR(M,X) | g factors through Rn for some n ∈ N}.

That is, KerΦ = X HomR(M,R). This finishes the proof of the isomorphism

HomR(M,X)/X HomR(M,R) ∼= HomR(R ⊕M,X)/X HomR(R ⊕M,R) as right

S-modules.

In a similar way,

HomR(M,Y )/Y HomR(M,R) ∼= HomR(R⊕M,Y )/Y HomR(R⊕M,R)

as right S-modules.

If X and Y are sums of finitely generated modules, then Lemma 1.8 allows us

to proceed as above to prove the final claim of the statement.

Lemma 1.15. Let R be a ring. Let M be a right R-module with semiperfect

endomorphism ring. If X is a right R-module such that M ⊕ X = Y1 ⊕ Y2 for

suitable right R-modules Y1, Y2, then for i = 1, 2, Yi ∼= Ni⊕Y ′
i where N1⊕N2

∼=M

and Y ′
1 ⊕ Y ′

2
∼= X.

Proof. This is an easy consequence of the fact that modules with a semiperfect

endomorphism ring are a finite direct sum of modules with a local endomorphism

ring, and that modules with local endomorphism ring satisfy the exchange property

(cf. [6, Lemma 2.7 and Theorem 2.8]). Namely, ifM⊕X = Y1⊕Y2, andM has local

endomorphism ring, then we may assume thatM is isomorphic to a direct summand

of Y1 so that Y1 ∼=M⊕Y ′
1 and, moreover, X ∼= Y ′

1 ⊕Y2. Now ifM =M1⊕· · ·⊕Mn

with each Mi having local endomorphism ring, the statement follows by induction

on n.

Lemma 1.16. Let R be a semiperfect ring. Let M be a right R-module. Then

TrR(M) ⊆ J(R) if and only if M has no non-zero projective direct summands.

Proof. Assume that TrR(M) ̸⊆ J(R). Hence, there exists f : M → R and

e2 = e ∈ R, with eR/eJ(R) simple, such that ef(M) ̸= eJ(R). Therefore eR =

ef(M) + eJ(R). By Nakayama’s Lemma, eR = ef(M) so eR is a projective direct

summand of M .

The converse statement is clear because the trace of a non-zero projective module

is never contained in J(R).

Lemma 1.17. Let R be a semiperfect ring. Then:
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(i) If M is a finitely generated module, M = P⊕M ′ with P a finitely generated

projective module and M ′ with no non-zero projective direct summands. In

addition, this decomposition is unique up to isomorphism.

(ii) If M1 and M2 are R-modules with no non-zero projective direct summand

then M1 ⊕M2 has the same property.

Proof. Statement (i) is [6, Theorem 3.15].

To prove statement (ii), notice that if P is an indecomposable projective R-

module, then its endomorphism ring is local because R is semiperfect. Therefore,

if such P is a direct summand of M1 ⊕M2, then it is a direct summand either of

M1 or of M2, which is not possible by our assumptions.

Proposition 1.18. Let R be a semiperfect ring. Let M be a finitely generated

right R-module with endomorphism ring S. Set J = M HomR(M,R). If every

direct summand of R(ω) ⊕M is a direct sum of finitely generated modules, then the

following statements hold:

(i) Let e ∈ S/J be an idempotent, then there exists f2 = f ∈ S such that

(f + J)S/J ∼= eS/J and (1− f + J)S/J ∼= (1− e)S/J ;

(ii) if M is indecomposable, then so is the right S-module S/J ;

(iii) every direct summand of R(ω)⊕M is of the form P⊕X, where X is a direct

summand of M and P is a direct summand of R(ω) (that is, a countably

generated projective module).

Proof. (i). We consider the setting of Remark 1.13 with M ′ = R, and follow

the notation on that remark.

By Corollary 1.14, there is a decomposition P ⊕M = A ⊕ B with P finitely

generated projective and A and B finitely generated such that

HomR(M,A)/AHomR(M,R) ∼= e(S/J)

and

HomR(M,B)/BHomR(M,R) ∼= (1− e)(S/J).

By Lemma 1.15, A = A1 ⊕A2 and B = B1 ⊕B2 with M ∼= A1 ⊕B1 and A2 and

B2 projective R-modules. Therefore, HomR(M,A1) ∼= fS and HomR(M,B1) ∼=
(1− f)S for f2 = f ∈ S.

By Lemma 1.12,

e(S/J) ∼= HomR(M,A)/AHomR(M,R) ∼= HomR(M,A1)/A1 HomR(M,R)

= HomR(M,A1)/HomR(M,A1)J ∼= (f + J)S/J.

Similarly, (1− e)S/J ∼= (1− f + J)S/J .

Statement (ii) is a consequence of (i).

(iii). Since R is semiperfect,M = P⊕M ′ where P is finitely generated projective

and M ′ has no non-zero projective direct summands (cf. Lemma 1.17). Since

R(ω) ⊕ P ∼= R(ω), to prove our statement, we may assume that M = M ′ has no

non-zero projective direct summands.

Let N be a finitely generated direct summand of R(ω) ⊕M . Then, there exists

n ≥ 0 such that N is a direct summand of Rn⊕M . By Lemma 1.15, we can deduce

that N is of the required form.
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Assume now that N is a direct summand of R(ω) ⊕M that is not finitely gen-

erated. By hypothesis, N =
⊕

i∈ANi where Ni are finitely generated modules.

By the previous step, for each i ∈ A, Ni = Pi ⊕ Mi with Pi finitely generated

projective and Mi isomorphic to a direct summand of M . Notice that each Mi has

no non-zero projective direct summands, by our assumptions.

Since the ring R is semiperfect, thenM/MJ(R) is a semisimple module of length

ℓ. Then the maximal number of non-zero direct summands in a direct sum decom-

position of M is ℓ. We claim that this implies that only ℓ of the direct summands

Mi are different from zero.

Indeed, take i1, . . . , iℓ+1 to be ℓ+ 1 different elements of the index set A. Then

N ′ =
⊕ℓ+1

j=1Mij is a direct summand of R(ω) ⊕M . By Lemma 1.17, N ′ has no

non-zero projective direct summands. By the first step, N ′ is a direct summand of

M . Hence, there is some Mij = {0}.
Since only finitely many Mi’s are different from zero, as before, we can deduce

that its direct sum is a direct summand of M . Since
⊕

i∈A Pi is a countably

generated projective module, it is a direct summand of R(ω). This finishes the

proof of the claim.

Now we want to interpret these results in terms of lifting of idempotents modulo

an ideal. The following fact characterizing when two idempotents are conjugated

by a unit will be useful.

Lemma 1.19. [18, Exercise 21.15] Let S be a ring, let e and g be idempotents of

S. Then there exists a unit u ∈ S such that ueu−1 = g if and only if eS ∼= gS and

(1− e)S ∼= (1− g)S.

Lemma 1.20. Let S be a ring, and let J be an ideal of S contained in J(S).

Let e = e2 ∈ S/J . Assume that SS ∼= X1 ⊕ X2 and X1/X1J ∼= e(S/J) and

X2/X2J ∼= (1− e)(S/J).

Then there exists f2 = f ∈ S such that f + J = e and fS ∼= X1 and (1− f)S ∼=
X2.

Proof. Let g2 = g ∈ S be such that there are isomorphisms f1 : gS → X1 and

f2 : (1−g)S → X2. Then restriction of f1 and f2 give isomorphisms gJ ∼= X1J and

(1− g)J ∼= X2J , so that

(g + J)S/J ∼= gS/gJ ∼= X1/X1J

and

(1− g + J)S/J ∼= (1− g)S/(1− g)J ∼= X2/X2J.

By Lemma 1.19, there exists v a unit of S/J such that v(g+J)v−1 = e. Since J

is contained in J(S), any u ∈ S such that u+ J = v is also a unit of S. Pick such

an invertible element u, and set f = ugu−1. Then f is an idempotent element of

S with f + J = v(g + J)v−1 = e. Moreover, as f is conjugated of g we can apply

Lemma 1.19 to deduce that fS ∼= X1 and (1− f)S ∼= X2.
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Corollary 1.21. Let R be a semiperfect ring. Let M be a finitely generated right

R-module with endomorphism ring S. Assume that onto endomorphisms of M are

bijective and that M has no non-zero projective direct summands. Then:

(i) S is semilocal and the ideal J =M HomR(M,R) is contained in J(S).

(ii) If the direct summands of R(ω) ⊕ M are direct sum of finitely generated

modules, then idempotents of S/J can be lifted to idempotents of S. If, in

addition, J(S)/J is a nil-ideal then S is semiperfect.

Proof. (i). By hypothesis and Lemma 1.16, f ∈ J implies that f(M) ⊆
MJ(R), so f(M) is superfluous in M . Then 1 − f is onto, hence bijective. This

implies that J ⊆ J(S). The ring S is semilocal because M/MJ(R) is a semisimple

module of finite length, so we can apply the results in [14].

(ii). By Proposition 1.18, any direct summand of S/J can be lifted to a direct

summand of S. By (i), J ⊆ J(S), and we deduce that idempotents can be lifted

modulo J from Lemma 1.20.

If J(S)/J is nil, then idempotents of S/J(S) can be lifted to S/J . Hence, to S.

Since, by (i), S is semilocal, we deduce that S is semiperfect.

2. The endomorphism ring of a finitely generated module

As implicit in Corollary 1.21, the condition that onto endomorphisms of a finitely

generated module are bijective is going to play an important role in our study. In

this section, we recall some more or less well-known facts on when this happens,

and some of the consequences it has.

We start with some well-known facts about the endomorphism ring of a finitely

generated module over a commutative ring. We will use them throughout the paper,

sometimes without previous acknowledgment.

Lemma 2.1. Let R be a commutative ring. Let M be a finitely generated R-module

with endomorphism ring S. Then:

(i) (Vasconcelos [33, Proposition 1.2]) Any onto endomorphism of M is bijec-

tive.

(ii) The central ring extension R/annR(M) ↪→ S is integral (that is, any ele-

ment of S satisfies a monic polynomial with coefficients in R/annR(M)).

(iii) Let L be a two-sided ideal of R containing annR(M) and let I = {f ∈ S |
f(M) ⊆ML}. If M can be generated by ℓ elements, then for every f ∈ I,

there exist b1, . . . , bℓ ∈ L such that f ℓ + f ℓ−1bℓ + · · ·+ fb2 + b1 = 0, where

bi, i = 1, . . . , ℓ, means the elements R/annR(M) viewed inside S.

Proof. Statements (ii) and (iii) are applications of the determinant trick. To

prove (ii), letM = m1R+ · · ·+mℓR and let f ∈ S. Then there exists a matrix A ∈

Mℓ(R) such that (fIdℓ−A)

(
m1

...
mℓ

)
= 0. Then we deduce that det(fIdℓ−A)mi = 0

for any i = 1, . . . , ℓ. Hence, det(fIdℓ −A) ∈ (R/annR(M))[f ] is zero. Hence, f is

an integral element over R/annR(M).

To prove (iii), just observe that the coefficients of the polynomial det(fIdℓ −A)

satisfy the claimed properties if f ∈ I.
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Remark 2.2. Let R be a commutative ring, and let Λ be a (non-necessarily com-

mutative) module-finite R-algebra. Let M be a finitely generated right Λ-module.

Then the conclusions of Lemma 2.1 also hold for S = EndΛ(M). MΛ being finitely

generated and Λ being module-finite implies that MR is also finitely generated as

an R-module. Moreover, EndΛ(M) is a subring of EndR(M).

Goodearl in [10] characterized which rings satisfy that any onto endomorphism

of a finitely generated module is bijective. The following result follows easily from

such characterization, and it includes an extension of Lemma 2.1 and Remark 2.2.

Proposition 2.3. Let R be a commutative ring, and let Λ be a (non-necessarily

commutative) module-finite R-algebra. LetM be a finitely generated right Λ-module

with endomorphism ring S = EndΛ(M). Then

(i) Every finitely generated right S-module X satisfies that any onto endomor-

phism of X is bijective.

(ii) If S is semilocal, then so is the endomorphism ring of any finitely generated

right (or left) S-module. In particular, if Λ is semilocal, then so is S.

(iii) I = {f ∈ EndS(X) | f(X) ⊆ XJ(S)} is a two-sided ideal of EndS(X)

contained in J(EndS(X)). In particular, {f ∈ S | f(M) ⊆ MJ(Λ)} is a

two-sided ideal of S contained in J(S).

Proof. (i). Since Mn(S) ∼= EndΛ(M
n) for any n ≥ 1, we deduce from

Lemma 2.1(ii) and Remark 2.2 that the extension R/annR(M) →Mn(S) is integral

for any n ≥ 1. Now, the conclusion follows from [10, Corollary 6].

(ii). The first part of the result is a particular case of [7, Proposition 3.2]. Taking

M = Λ gives the second part of the statement.

(iii). By Remark 1.2, I is a two-sided ideal of S, so it is enough to show that

1− f is bijective for every f ∈ I.

Let f ∈ I. Then S = f(X)+(1−f)(X) = XJ(S)+(1−f)(X). By Nakayama’s

Lemma, X = (1− f)(X). By (i), 1− f is bijective.

Definition 2.4. A ring homomorphism f : R → S is said to be local if, for any

r ∈ R, f(r) is invertible in S if and only if r is invertible in R.

Lemma 2.5. Let R be a commutative ring. Let R ⊆ S be a central integral exten-

sion of rings, where S is not necessarily commutative. Then,

(i) For any s ∈ S, the inclusion R[s] ↪→ S is a local ring homomorphism.

Therefore J(S) ∩R[s] ⊆ J(R[s]).

(ii) If R is a ring of Krull dimension 0, then J(S) is a nil-ideal.

Proof. (i). Let s ∈ S. To show that the inclusion R[s] ⊆ S is a local

homomorphism, we need to prove that if x ∈ R[s] is invertible in S, then the

inverse is in R[s]. This is a well-known fact for integral extensions of commutative

rings. We recall the argument to see that it also works in our situation.

Since R ⊆ S is an integral extension, the element x−1 satisfies x−n− r1x
−n+1 −

· · ·−rn = 0 for suitable r1, . . . , rn ∈ R. Since x−1 is invertible, we may assume rn ̸=
0. Therefore, multiplying by xn we obtain the equality 1 = (r1+r2x+· · ·+rnxn−1)x.

Therefore, x−1 = r1 + r2x+ · · ·+ rnx
n−1 ∈ R[s].
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The second part of the statement follows immediately from the first part.

(ii). Assume now that R has Krull dimension 0. Let s ∈ J(S). By (i), s ∈
J(R[s]). Since R ⊆ R[s] is an integral extension of commutative rings, also R[s] is

a ring of Krull dimension 0. Hence, J(R[s]) coincides with the nilradical of R[s].

So we deduce that s is nilpotent. This shows that J(S) is a nil-ideal.

Lemma 2.6. Let R be a commutative ring, and let Λ be a module-finite R-algebra.

If M is a finitely generated right Λ-module, then EndΛ(M)J(R) ⊆ J(EndΛ(M)).

Proof. Let f1, . . . , fk ∈ EndΛ(M) and let r1, . . . , rk ∈ J(R). Since MR is

finitely generated, by Lemma 2.1, to show that 1−
∑k
i=1 firi is invertible it suffices

to show that 1−
∑k
i=1 firi is an onto Λ-endomorphism ofM . To this aim, notice that

M = (1−
∑k
i=1 firi)(M) + (

∑k
i=1 firi)(M) = (1−

∑k
i=1 firi)(M) +MJ(R). Since

MJ(R) is a small R-submodule of M , we deduce that M = (1−
∑k
i=1 firi)(M).

Lemma 2.7. Let R be a commutative ring, and let Λ be a module-finite R-algebra.

Let M be a non-zero finitely generated right Λ-module with endomorphism ring

S = EndΛ(M). Let φ : R → S denote the canonical homomorphism. Let n be a

two-sided maximal ideal of S. Then

(i) m = φ−1(n) is a maximal ideal of R.

(ii) I = {f ∈ S | f(M) ⊆ Mm} is a two-sided ideal of S contained in n and

satisfying m = φ−1(I).

Proof. (i). By Lemma 2.1 and Remark 2.2, the morphism φ : R → S induces

a central integral extension R/annR(M) → S. Then S/n is a simple ring and

R/φ−1(n) → S/n is also a central integral extension. The center of the simple ring

S/n is always a fieldK (the two-sided ideal generated by a non-zero element x in the

center must be the total and, being the element central, this ideal is just the set of

multiples of x; this is to say that x is invertible in S/n because x is central, so is its

inverse). We deduce that R/φ−1(n) → K is an integral extension of commutative

rings. Hence, R/φ−1(n) is a field (cf. Lemma 2.5) and m = φ−1(n) is a maximal

ideal of R.

(ii). By Remark 1.2, I is a two-sided ideal of S. Clearly, m ⊆ φ−1(I). Since

annR(M) is contained in the maximal ideal m of R and MR is finitely generated,

Mm ̸= {0}. By Nakayama’s Lemma, M ̸= Mm, so we conclude that 1 /∈ φ−1(I).

Since m is a maximal ideal contained in φ−1(I), we deduce that m = φ−1(I).

By Lemma 2.1(iii), (I +n)/n is a two-sided nil-ideal of S/n. Since S/n is simple,

we deduce that (I + n)/n is the zero ideal, so I ⊆ n, as claimed.

2.1. Finitely generated torsion-free modules. Let R be a domain with field

of fractions Q. An R-module M is torsion-free if the natural map M → MQ

is injective, where MQ denotes the localization of an R-module M at R \ {0}.
Sometimes we will also use the tensor product notation M ⊗R Q.

It is well known that, over commutative rings, Hom and localization commute

when the first variable of the Hom is a finitely presented module. The following
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lemma shows that this is true for finitely generated torsion-free modules. This

result is crucial throughout the paper. For a similar result (and proof) the reader

can check Warfield’s paper [34, Lemma 3.5].

Lemma 2.8. Let R be a domain, and let Λ be an R-algebra. Let Σ be a multiplica-

tive subset of R. If M is a finitely generated right Λ-module which is torsion-free

as an R-module, then the canonical injective homomorphism

φ : HomΛ(M,N)⊗R RΣ → HomΛ⊗RRΣ(M ⊗R RΣ, N ⊗R RΣ)

is an isomorphism for every Λ-module N which is torsion-free as an R-module.

Proof. Note that, the Λ-modules that are torsion-free as R-modules can be

seen as submodules of its localization at Σ.

Let f ∈ HomΛ⊗RRΣ(M⊗RRΣ, N⊗RRΣ). Let m1, . . . ,mn be a set of generators

of M . Then, there exists r ∈ Σ, such that, for any i ∈ {1, . . . , n}, f(mi) = ni ⊗ 1
r

for ni ∈ N . Therefore g = fr|M ∈ HomΛ(M,N), so that f = φ(g⊗ 1
r ). This shows

that φ is onto, as claimed in the statement.

Let Λ be an algebra over a commutative domain R. We say that a short exact

sequence

0 L M N 0 (∗)
of right Λ-modules is locally split if it is split when we apply the functor Rm ⊗R −
for any maximal ideal m of R. Therefore, if X is a left Λ-module we obtain an

exact sequence of R-modules

0 K L⊗Λ X M ⊗Λ X N ⊗Λ X 0.

As (∗) is locally split, Rm ⊗R K = 0 for any maximal ideal m of R. Therefore

K = 0. This proves that a locally split exact sequence of right Λ-modules is pure.

Now we show that the finitely generated Λ-modules that are torsion-free as R-

modules are projective with respect to the class of locally split exact sequences of

right Λ-modules that are torsion-free as R-modules.

Lemma 2.9. Let R be a commutative domain, and let Λ be an R-algebra. Let

L,M,N,X be right Λ-modules which are torsion-free as R-modules. Assume that

there is a short exact sequence,

0 L M N 0.
f g

(1)

Then:

(i) If XΛ is finitely generated, and (1) is a locally split exact sequence, then

the map HomΛ(X, g) : HomΛ(X,M) → HomΛ(X,N) is onto. Equivalently,

finitely generated torsion-free modules are projective with respect to the class

of locally split exact sequences of torsion-free modules.

(ii) If N is a direct summand of a direct sum of finitely generated Λ-modules

that are torsion-free as R-modules, then the exact sequence (1) splits if and

only if it is locally split.

Proof. (i). If gm : Mm → Nm is a splitting epimorphism for every maximal

ideal m of R. Then, HomΛm
(Xm, gm) : HomΛm

(Xm,Mm) → HomΛm
(Xm, Nm) is
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onto for every maximal idealm ofR. By Lemma 2.8 we may identify HomΛm
(Xm, gm)

with Rm⊗RHomΛ(X, g). Therefore, Rm⊗RHomΛ(X, g) is onto for every maximal

ideal m of R, so HomΛ(X, g) is onto, as desired.

(ii). As the class of modules that are projective with respect to the class of

locally split exact sequences is closed under direct sums and direct summands, we

deduce the statement (2) from (1).

Corollary 2.10. Let R be a commutative domain, and let Λ be an R-algebra. Let

N be a direct summand of a direct sum of finitely generated right Λ-modules which

are torsion-free as R-modules. Then N is a projective Λ-module if and only if Nm

is a projective Λm-module for every maximal ideal m of R.

Proof. Let f : F → N be an epimorphism of Λ-modules for some free Λ-

module F . By Lemma 2.9(ii), f is a splitting epimorphism if and only if fm is a

splitting epimorphism for every maximal ideal m of R. This is equivalent to the

statement.

The following easy lemma will be useful throughout the paper.

Lemma 2.11. Let R be a commutative domain, and let Λ be an R-algebra. Let Σ be

a multiplicative subset of R. Let N be a right Λ-module which is torsion-free as an

R-module. If M is a finitely generated Λ-submodule of NΣ, then dM is isomorphic

to a Λ-submodule of N for some d ∈ Σ.

Proof. Note that, since N is torsion-free as an R-module, it can be seen as a

Λ-submodule of NΣ.

Let m ∈ M and let {n1/s1, . . . , nt/st} ⊆ NΣ be a finite set of Λ-generators of

M . Then,

m =
n1
1

a1
s1

+ · · ·+ nt
1

at
st

∈ NΣ

for some a1, . . . , at ∈ Λ, and s1, . . . , st ∈ Σ. Multiplying by d = s1 · · · st ∈ Σ,

dm =
n1a

′
1 + · · ·+ nta

′
t

1
∈ λ(N),

where λ : N → NΣ denotes the localization map. Therefore, dM ⊆ λ(N) ∼= N .

Remark 2.12. We note that Lemmas 2.8 and 2.11 could be stated for general com-

mutative rings, provided that the multiplicative set Σ consists of non-zero divisors

of R. In this general context, we mean that a module M is torsion-free if md = 0,

for m ∈M and d a nonzero divisor of R, implies that m = 0.

Let R be a commutative domain, and let Q denote the field of fractions of R.

The rank of an R-module M is the dimension of MQ as a Q-vector space.

Remark 2.13. Let R be a commutative domain with field of fractions Q. Let N be a

torsion-free R-module of rank n. Then N contains a free R-module of rank n. Note

that, since N is torsion-free of rank n, we can see N as an essential submodule of

its injective hull E(M) ∼= Qn. On the other hand, Rn has the same injective hull

Qn. Therefore, by Lemma 2.11, since Rn is a finitely generated R-submodule of

NQ = Qn, dRn ⊆ N for some non-zero element d ∈ R.
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Lemma 2.14. Let R be a commutative domain with field of fractions Q. Let M

and N be non-zero torsion-free R-modules of the same finite rank n. Let f : M → N

be an R-module homomorphism. Then,

(i) f is onto if and only if it is bijective;

(ii) f is injective if and only if Imf is an essential submodule of N .

Proof. Applying the functor −⊗R Q to the exact sequence,

0 Ker f M N 0
f

we get the exact sequence

0 Ker f ⊗R Q M ⊗R Q N ⊗R Q 0
f⊗RIdQ

in which the Q-module homomorphism f⊗R IdQ is an isomorphism because it is an

onto morphism between Q-vector spaces of the same finite dimension. Therefore,

Ker f ⊗RQ = 0 and Ker f being torsion-free, it must be zero. Hence, f is bijective.

The statement (ii) is easy to prove.

Proposition 2.15. Let R be a commutative domain with field of fractions Q, and

let Λ be a torsion-free R-algebra of finite rank. Let MΛ be a non-zero finitely

generated right Λ-module which is torsion-free as an R-module. Then,

(i) any onto endomorphism of M is bijective;

(ii) if J(R) ⊆ J(Λ) then EndΛ(M)J(R) ⊆ J(EndΛ(M));

(iii) if Λ is semilocal then so is EndΛ(M).

Proof. (i). Since M is a homomorphic image of a finite number of copies of

Λ, M is a torsion-free R-module of finite rank. Since a Λ-module homomorphism

is also an R-module homomorphism, the statement follows from Lemma 2.14(i).

(ii). Our hypothesis allows us to repeat the proof of Lemma 2.6 to conclude the

statement.

(iii). If Λ is semilocal, then MJ(Λ) is a small submodule of M and M/MJ(Λ)

is semisimple artinian of finite length. By (i), any onto endomorphism ring of M

is bijective. As an application of [14], we deduce that EndΛ(M) is semilocal.

2.2. Domains of finite character and h-local domains.

Definition 2.16. A commutative domain R is said to have finite character if

any non-zero element is contained only in a finite number of maximal ideals. A

commutative domain of finite character is said to be h-local if, in addition, any

non-zero prime ideal of R is contained in a unique maximal ideal.

The domain R has finite character if R/I is a semilocal ring for every non-zero

ideal I of R. If R is h-local then it also satisfies that R/p is a local domain for

every non-zero prime ideal p of R.

If R is a domain of Krull dimension 1, then the notion of h-locality and being

of finite character coincide. They are equivalent to saying that, for every non-zero

ideal I of R, R/I is a semiperfect ring whose Jacobson radical is a nil ideal. Because
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R/I is a ring of Krull dimension 0 with only a finite number of maximal ideals,

J(R/I) coincides with the nilradical of R/I.

Matlis introduced the notion of h-local domain in [23] as a generalization of local

domains and noetherian domains of Krull dimension 1. In the next result, we recall

the key property of h-local domains that we will use throughout the paper.

Lemma 2.17. A commutative domain R is h-local if and only if R/I is semiperfect

for every non-zero proper ideal I of R. In particular, if R is h-local, I is a non-

zero proper ideal of R, and {m1, . . . ,mℓ} is the finite set of maximal ideals of R

containing I, then

(i) I = I1 · · · Iℓ, where Ii = Imi
∩R, so I1, . . . , Iℓ are pairwise comaximal ideals

of R such that each Ii is contained in exactly one maximal ideal of R.

(ii) the canonical map R/I → (R/I)m1 ×· · ·×(R/I)mℓ
, given by the localization

at each component, is an isomorphism, and (R/I)mi
= (R/Ii)mi

for i =

1, . . . , ℓ.

Proof. The first part is [4, Theorem 4.9]. Statement (i) is proven in [25, Lemma

5.1]. To prove (ii), notice that, by the Chinese Remainder Theorem, there is an

isomorphism

φ : R/I R/I1 × · · · ×R/Iℓ.

Since each Ii is contained only in the maximal ideal mi, we deduce that R/Ii is a

local ring and that R/Ii = (R/Ii)mi
. So that we have the isomorphisms claimed.

Lemma 2.18. Let R be a commutative domain with field of fractions Q. Let M be

a non-zero finitely generated torsion-free module with endomorphism ring S. Then

(i) S is a torsion-free R-module containing R, and S is integral over R. The

restriction of the embedding R ⊆ S gives an embedding J(R) ⊆ J(S).

(ii) For any f ∈ S, there is some non-zero d ∈ R such that df ∈M HomR(M,R).

In particular, M HomR(M,R) ̸= {0}.
(iii) SQ ∼= Mn(Q) where n is the rank of M . So S is a subring of the simple

artinian algebra Mn(Q).

(iv) For any non-zero two-sided ideal I of S, I ∩R ̸= {0}.
(v) Sm

∼= EndRm
(Mm) is a semilocal ring for all maximal ideals m of R.

If, in addition, R is h-local, then

(vi) Let I be any non-zero two-sided ideal of S. Then S/I is a semilocal ring.

Moreover, Im = Sm for almost all maximal ideals m of R. If R has Krull

dimension 1 then J(S/I) is a nilideal, so S/I is semiperfect.

(vii) If I is the trace ideal of a non-zero projective right S-module, then I is con-

tained only in a finite number of trace ideals of projective right S-modules.

Proof. Recall that, since R is commutative, there is a ring morphism φ : R→ S

where, for any r ∈ S, φ(r) is the morphism given by multiplication of r. Since M

is a faithful R-module, φ is injective, and we may identify R as a subring of S. We

will use this identification throughout the proof.

(i). Let f ∈ S be such that there is some non-zero r ∈ R with rf = 0. Equiva-

lently, rf(M) = {0} so that f(M) = {0} because M is torsion-free.
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The extension R ⊆ S is integral because of Lemma 2.1. Repeating the arguments

in Lemma 2.6, we deduce that J(R) ⊆ J(S).

(ii). Since M is finitely generated and torsion-free, we can see M as an essential

submodule of its injective hull E(M) ∼= Qn for some n ≥ 1. On the other hand,

Rn has the same injective hull Qn. Therefore, since M is finitely generated, by

Lemma 2.11, gM ⊆ Rn for some non-zero g ∈ R ⊆ S.

Now we proceed with the proof of the statement. The claim is clear for the zero

endomorphism. Pick f ∈ S \ {0}. Since Qn is an injective R-module, there exists

h ∈ HomR(R
n, Qn) ∼=Mn(Q) such that the diagram

M M Qn

Rn

g

f

h

commutes. Since Rn is finitely generated andM is essential in Qn, by Lemma 2.11,

dh(Rn) ⊆ M for some non-zero d ∈ R, that is, dh ∈ HomR(R
n,M). Therefore,

df = (dh) ◦ g ∈M HomR(M,R).

(iii). By Lemma 2.8, SQ ∼= EndQ(MQ) ∼= Mn(Q), where n is the rank of M .

By (i), S is torsion-free as an R-module, so the localization map S → SQ is injective.

(iv). By (iii) we can identify S with a subring of its central localization at the

non-zero divisors of R which is the simple ring Mn(Q). If I is a non-zero ideal of

S then IQ = IMn(Q) is a non-zero ideal of Mn(Q). Therefore IMn(Q) = Mn(Q).

Therefore, there is some f ∈ I and some non-zero d ∈ R such that f
d = Idn. This

implies that f is the endomorphism ofM given by multiplication by d. So f ∈ R∩I.
(v). By Lemma 2.8, Sm

∼= EndRm
(Mm). By Lemma 2.1, Sm is semilocal.

From now on, we are assuming that R is h-local.

(vi). Let I be a non-zero two-sided ideal of S. The inclusion φ : R→ S induces

an injective ring homomorphism R/(I ∩ R) → S/I. By (iv), I ∩ R ̸= {0} and,

since R is h-local there are only finitely many maximal ideals of R, say m1, . . . ,mt,

containing I ∩R. By Lemma 2.17, the canonical homomorphisms

R/(I ∩R) −→ (R/(I ∩R))m1
× · · · × (R/(I ∩R))mt

and

S/I −→ (S/I)m1 × · · · × (S/I)mt

are isomorphisms. Therefore, we have a commutative diagram

R/(I ∩R) S/I

(R/(I ∩R))m1
× · · · × (R/(I ∩R))mℓ

(S/I)m1
× · · · × (S/I)mℓ

∼= ∼=

By (v), S/I is a finite product of semilocal rings, so it is a semilocal ring.

Since I∩R is only contained in a finite number of maximal ideals of R, (I∩R)m =

Rm for almost all maximal ideals m of R. Therefore, Im = Sm for almost all maximal

ideals m of R.
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Assume now that R has Krull dimension 1. As R/(I ∩ R) ⊆ S/I is an integral

extension, and R/(I ∩ R) is a ring of Krull dimension 0, Lemma 2.5 implies that

J(S/I) is a nil-ideal. As idempotents can be lifted modulo a nilideal we deduce

that S/I is a semiperfect ring.

The statement (vii) follows from (vi) because semilocal rings only have a finite

number of trace ideals of projective modules.

3. Local domains of Krull dimension one

Now we are ready to start our study of direct summands of direct sums of torsion-

free modules. In this section, we will specialize to the case of local domains of Krull

dimension one. The next lemma points out the key properties of endomorphism

rings of torsion-free modules over such domains that we will need.

Lemma 3.1. Let R be a commutative local domain of Krull dimension 1, and with

field of fractions Q. Let M be a non-zero finitely generated torsion-free R-module

with endomorphism ring S. If M does not contain a non-zero free direct summand,

then:

(i) J = M HomR(M,R) ⊆ J(S) and J(S)/M HomR(M,R) is a nil-ideal of

S/J .

(ii) If every direct summand of R(ω) ⊕M is a direct sum of finitely generated

modules, then S is semiperfect.

Proof. By Lemma 2.1, M satisfies that any onto endomorphism ring of M is

bijective.

(i). By Corollary 1.21, J = M HomR(M,R) ⊆ J(S). The rest of the statement

is included in Lemma 2.18.

(ii). Follows from (i) and Corollary 1.21.

Proposition 3.2. Let R be a commutative local domain of Krull dimension 1, and

with field of fractions Q. Let M be a finitely generated torsion-free R-module. The

following statements are equivalent:

(i) every module in Add(R⊕M) is a direct sum of finitely generated modules;

(ii) every direct summand of R(ω) ⊕ M is a direct sum of finitely generated

modules;

(iii) EndR(M) is semiperfect; and

(iv) every finitely generated indecomposable module in Add(R ⊕M) has local

endomorphism ring.

Proof. (i) ⇒ (ii) is clear.

(ii) ⇒ (iii) Write M = F ⊕M ′, with F finitely generated free and M ′ has no

projective direct summands. By Lemma 3.1(ii), EndR(M
′) is semiperfect. As R is

local, so is EndR(M).

Statement (iii) is equivalent to saying that M = Y1 ⊕ · · · ⊕ Ym, where each Yi
has local endomorphism ring for i ∈ {1, . . . , n} (cf. [6, Theorem 3.14]).

In general, over a commutative ring, direct summands of direct sums of finitely

generated modules with local endomorphism rings are also direct sums of finitely
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generated modules with local endomorphism rings, and such decomposition is unique

(cf. [6, Corollary 2.55]). Therefore, every element in Add(R⊕M) is isomorphic to

a direct sum of copies of R, Y1, . . . , Ym. This proves (i).

In particular, since every indecomposable in Add(R ⊕M) is isomorphic to one

in {R, Y1, . . . , Ym}, we deduce (iv).

Note that (iv) also implies that M is a direct sum of indecomposable modules

with local endomorphism rings, so this implies (iii).

Corollary 3.3. Let R be a commutative local domain of Krull dimension 1, and

with field of fractions Q. The following statements are equivalent:

(i) the class of direct sums of finitely generated torsion-free R-modules is closed

under direct summands;

(ii) for any finitely generated torsion-free R-module M , every direct summand

of R(ω) ⊕M is a direct sum of finitely generated modules;

(iii) for any finitely generated torsion-free R-moduleM , every module in Add(M)

is a direct sum of finitely generated modules; and

(iv) every finitely generated, indecomposable, torsion-free R-module has local

endomorphism ring.

In addition, the above equivalent conditions are fulfilled by any intermediate ring S

between R and its integral closure.

Proof. The equivalence of the four statements is an immediate consequence

of Proposition 3.2.

To finish the proof of the statement, let S be a ring such that R ⊆ S ⊆ R. Notice

that if XS is a finitely generated torsion-free S-module then it has finite rank n.

Identifying X with a submodule of Qn,

EndS(X) = {A ∈ EndQ(Q
n) | AX ⊆ X} = EndR(X).

In particular, X is indecomposable as an S-module if and only if it is indecompos-

able as an R-module.

If S is finitely generated over R then, also X is finitely generated over R, so by

(iv), XS is indecomposable if and only if EndS(X) is local.

Assume S is not finitely generated over R, and fix x1, . . . , xr a family of genera-

tors of XS . Then EndS(X) is the directed union of EndT (
∑r
i=1 xiT ) where T varies

between all subrings of S that are finite extensions of S. If XS is indecomposable

then so is the T -module
∑r
i=1 xiT . By the previous step, EndT (

∑r
i=1 xiT ) is a

local ring for any T . Therefore, EndS(X) is also a local ring.

We do not know of a characterization of local domains (of Krull dimension 1)

such that their indecomposable finitely generated torsion-free modules have local

endomorphism ring. If we restrict the condition to finitely generated, torsion-free,

rank one modules, then it is equivalent to having a local integral closure, as we

show in the next result.

Proposition 3.4. Let R be a commutative local domain of Krull dimension 1, and

with field of fractions Q. The following statements are equivalent:
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(i) the class of direct sums of finitely generated, rank-one, torsion-free R-

modules is closed under direct summands;

(ii) for any finitely generated, rank-one, torsion-free R-module M , every direct

summand of R(ω) ⊕M is a direct sum of finitely generated modules;

(iii) every finitely generated, rank-one, torsion-free module has local endomor-

phism ring; and

(iv) the integral closure of R (into its field of fractions) is a local ring.

Proof. The equivalence of (i), (ii) and (iii) follows from Proposition 3.2.

(iii) ⇒ (iv). By (iii) any finitely generated, integral extension of R inside Q is

local. Let S ⊆ Q be any integral extension of R inside Q. If S has two different

maximal idealsm1 andm2, then for any i = 1, 2, choose si ∈ mi such that s1+s2 = 1.

Then R ⊆ R[s1, s2] is a finitely generated integral extension of R. By the first part

of the proof, R[s1, s2] is a local ring, but its maximal ideal should contain s1 and

s2, which contradicts our assumptions. Therefore, S is a local ring.

(iv) ⇒ (iii). If M is a finitely generated, rank-one, torsion-free module, then

its endomorphism ring S is a subring of Q, integral over S. Hence, it is contained

in the integral closure R of R. Since S ⊆ R is integral and R is local, so is S (cf.

[24, Theorem 9.3]).

In the case of noetherian domains of Krull dimension 1 with finitely generated

integral closure, Př́ıhoda in [29] proved that having local integral closure (so the

integral closure is a discrete valuation ring) already implies that all indecomposable

finitely generated torsion-free modules have local endomorphism ring.

The following criteria to ensure local endomorphism ring encodes Př́ıhoda’s ideas

in [29, Proposition 1]. It will allow us to prove that for any noetherian local domain

of Krull dimension 1 having local integral closure is equivalent to the fact that

indecomposable, finitely generated, torsion-free modules have local endomorphism

ring.

Lemma 3.5. Let R be a commutative local domain of Krull dimension 1, and with

field of fractions Q. Let MR be a finitely generated, indecomposable, torsion-free

module. Assume that:

(i) there exists a local over ring T of R, of Krull dimension 1, contained in Q,

such that MTT is a direct sum of T -modules with local endomorphism ring;

(ii) the conductor ideal c = {r ∈ R | rT ⊆ R} is non-zero.

Then MR has local endomorphism ring.

Proof. SinceMTT is a (finite) direct sum of modules with local endomorphism

ring, then EndT (MT ) is a semiperfect ring. Since c is a non-zero proper ideal of

both the rings R and T , it is contained in their corresponding maximal ideals. Since

R and T have Krull dimension 1, R/c and T/c are rings of Krull dimension zero.

Let S = EndR(M) and J = {f ∈ S | f(M) ⊆ Mc}. By Proposition 2.3, J is a

two-sided ideal of S contained in J(S). So it is enough to show that S/J is a local

ring.

Since R ⊆ T ⊆ Q = E(R), M can be identified with an essential submodule

of Qn for some n. Via this identification, S = {A ∈ Mn(Q) | AM ⊆ M} and
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EndT (MT ) = {A ∈ Mn(Q) | AMT ⊆ MT}, so that S is a subring of the semi-

perfect ring EndT (MTT ). Moreover J = {A ∈ Mn(Q) | AM ⊆ Mc} = {A ∈
Mn(Q) | AMT ⊆ Mc}, so it is also a two-sided ideal of EndT (MTT ) contained in

its Jacobson radical.

By Lemma 2.1, R/(J ∩ R) ⊆ S/J is an integral extension. Since c ⊆ J ∩ R,

R/(J ∩ R) has Krull dimension 0, by Lemma 2.5, we deduce that J(S)/J is a nil-

ideal. So the idempotents of the semisimple artinian ring S/J(S) can be lifted to

S/J . Let e ∈ S be such that e + J is an idempotent of S/J ⊆ EndT (MTT )/J .

Since EndT (MTT ) is a semiperfect ring, by [1, Proposition 27.4, Theorem 27.6],

there exists an idempotent e′ ∈ EndT (MTT ) such that e − e′ ∈ J . But then

e′M ⊆ (e′−e)M+eM ⊆Mc+M =M . Hence e′ ∈ S. SinceM is indecomposable,

e′ is a trivial idempotent. Therefore, e+ J is also a trivial idempotent of S/J and

we deduce that S/J is a local ring.

Lemma 3.6. Let R be a commutative local domain of Krull dimension 1, and with

local integral closure. Let MR be a finitely generated indecomposable torsion-free

module. Assume that there exists a finitely generated integral extension T of R

such that MTT is a direct sum of T -modules with local endomorphism ring. Then

MR has local endomorphism ring.

Proof. Since the integral closure of R is local, so is T . Moreover, T is also a

ring of Krull dimension 1, and since TR is finitely generated, the conductor ideal

c = {r ∈ R | rT ⊆ R} is different from zero. Therefore, the statement follows from

Lemma 3.5.

Lemma 3.7. Let R be a commutative local domain of Krull dimension 1, and

with field of fractions Q. Assume that the integral closure R of R is a valuation

domain. For any non-zero finitely generated torsion-free module M , there exists a

finite integral extension T of R inside Q such that MT ∼= T ⊕M ′ for a suitable

T -module M ′.

Proof. Let n > 0 be the rank of M . We may assume that M is an essential

submodule of Qn that contains Rn as an (essential) submodule. Since R is a

valuation domain, the module MRR is free (see, for example, [9, Corollary V.2.8]),

so that TrR(MR) = R. Therefore, there exist f1, . . . , fℓ ∈ HomR(MR,R) and

m1, . . . ,mℓ ∈M such that 1 = f1(m1) + · · ·+ fℓ(mℓ).

Since R
n
is a submodule of MR,

HomR(MR,R) = {(s1, . . . , sn) ∈ R
n | (s1, . . . , sn)M ⊆ R}.

So that, for i = 1, . . . , ℓ, fi = (si1, . . . , s
i
n). Let T be the finite integral extension of

R generated by the elements {sij} i=1,...,ℓ
j=1,...,n

and ∪ℓi=1fi(G), where G is a finite set of

generators of M .

By construction, TrT (MT ) = T and then, by Lemma 1.16 we deduce that there

exists M ′ such that MT ∼= T ⊕M ′. This finishes the proof of the lemma.
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Proposition 3.8. Let R be a commutative local domain of Krull dimension 1, and

with field of fractions Q. Assume that the integral closure R of R is a valuation

domain. Let MR be a finitely generated torsion-free module. Then M is a direct

sum of modules with local endomorphism ring.

Proof. We are going to prove the statement by induction on the rank n of M .

If n = 1, Lemma 3.7 implies thatMT ∼= T . Then, since T must be also a local ring,

we may conclude by Lemma 3.6. Now assume that n > 1 and that the statement

is proven for modules of smaller rank. By the previous claim, there exists a finite

integral extension of T such that MT ∼= T ⊕M ′ for a suitable T -module M ′ of

smaller rank. By the inductive hypothesis, M ′ is a T -module that is a direct sum

of modules with local endomorphism ring. By Lemma 3.6, we conclude that M is

a direct sum of modules with local endomorphism ring.

Corollary 3.9. Let R be a commutative local noetherian domain of Krull dimen-

sion 1, and with field of fractions Q. Then the following statements are equivalent:

(i) every direct summand of a direct sum of finitely generated, torsion-free

modules of rank one is a direct sum of finitely generated modules;

(ii) for any finitely generated, torsion-free R-moduleM of rank one, every direct

summand of R(ω) ⊕M is a direct sum of finitely generated modules;

(iii) every finitely generated, torsion-free module of rank one has local endomor-

phism ring;

(iv) the integral closure of R is local;

(v) every direct summand of a direct sum of finitely generated, torsion-free

modules is a direct sum of finitely generated modules;

(vi) for any finitely generated, torsion-free R-module M , every direct summand

of R(ω) ⊕M is a direct sum of finitely generated modules;

(vii) every finitely generated, indecomposable, torsion-free module has local en-

domorphism ring.

Proof. The first four statements are equivalent because of Proposition 3.4.

Since R is a commutative local noetherian ring of Krull dimension 1, its integral

closure is a discrete valuation ring. Hence, by Proposition 3.8, all finitely generated

torsion-free modules are direct sums of modules with local endomorphism rings.

Now, the equivalence of the remaining statements follows from Corollary 3.3. This

finishes the proof of the equivalence of the statements.

The reader is referred to Lemma 8.6 for examples that satisfy the conclusion of

Corollary 3.9.

4. Local versus global direct summands

The following result, for finitely generated torsion-free modules over a domain

R, gives a general relation between the property of being locally a direct summand

and being a direct summand. Afterwards, we will see how the result can be refined

when we assume, in addition, that the domain is of finite character.



TORSION-FREE MODULES OVER ONE DIMENSIONAL DOMAINS 27

Proposition 4.1. Let R be a commutative domain, and Λ be an R-algebra. Let

M,N be finitely generated right Λ-modules which are torsion-free as R-modules. If

Mm is a direct summand of Nm for every maximal ideal m of R, then there exists

k > 0 such that M is a direct summand of Nk.

Proof. Let {mα}α∈Ω denote the set of all maximal ideals of R and fix α ∈ Ω.

Since Mmα
is a direct summand of Nmα

, there are Λmα
-module homomorphisms

f̃α : Nmα →Mmα and g̃α : Mmα → Nmα such that f̃α ◦ g̃α = IdMmα
. By Lemma 2.8,

there are Λ-homomorphisms fα : N → M and gα : M → N such that f̃α = fα/sα,

g̃α = gα/sα and fα ◦ gα = s2αIdM for some sα ∈ R \mα.
Note that, by the definition of the elements sα, I =

∑
α∈Ω s

2
αR = R because no

maximal ideal of R contains I. Therefore, there exist k > 0, α1, . . . , αk ∈ Ω and

r1, . . . , rk ∈ R such that 1 =
∑k
i=1 s

2
αi
ri. Hence

k∑
i=1

rifαi
◦ gαi

=

(
k∑
i=1

s2αi
ri

)
IdM = IdM ,

and we conclude that M is a direct summand of Nk.

The following lemma is an extension of [11, Lemma 2.1] to the case of finitely

generated torsion-free modules over commutative domains of finite character.

Lemma 4.2. Let R be a commutative domain of finite character with field of

fractions Q. Let Λ be an R-algebra, and let M,N be right Λ-modules which are

torsion-free as R-modules. Assume that there exists a homomorphism of ΛQ-

modules F : MQ → NQ. If M is finitely generated, then

(i) If F is a monomorphism (resp. an epimorphism), then there is a Λ-

module homomorphism f : M → N such that the induced homomorphism

fm : Mm → Nm is a monomorphism (resp. an epimorphism) for almost all

maximal ideals m of R.

Moreover, if N is also finitely generated, then

(ii) If F is a splitting monomorphism (resp. a splitting epimorphism), then

there is a Λ-module homomorphism f : M → N such that the induced ho-

momorphism fm : Mm → Nm is a splitting monomorphism (resp. a splitting

epimorphism) for almost all maximal ideals m of R.

(iii) If F is an isomorphism, then there is a Λ-module homomorphism f : M →
N such that the induced homomorphism fm : Mm → Nm is an isomorphism

for almost all maximal ideals m of R.

Proof. (i). By Lemma 2.8, there is a Λ-module homomorphism f : M → N

such that F = f/s for some non-zero s ∈ R. Since R is of finite character, s is

contained only in finitely many maximal ideals of R. For any other maximal ideal

m, s/1 is a unit in Rm. Therefore, fm is a monomorphism (resp. an epimorphism)

for every maximal ideal not containing s.

(ii). If F is a splitting monomorphism, then there is a ΛQ-module homomor-

phism G : NQ → MQ such that G ◦ F = IdMQ
. In particular, G is a splitting

epimorphism. By Lemma 2.8, there are Λ-module homomorphisms f : M → N and

g : N →M such that F = f/s, G = g/s and g◦f = s2IdM for some non-zero s ∈ R.
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For any maximal ideal m not containing s, s/1 is a unit in Rm. Therefore, fm is a

splitting monomorphism and gm is a splitting epimorphism for every maximal ideal

not containing s. The proof in the case where F is a splitting epimorphism follows

by changing the roles of F and G.

The proof of (iii) follows from (i) and (ii) since F is an isomorphism if and only

if it is a monomorphism and a splitting epimorphism.

Corollary 4.3. Let R be a commutative domain of finite character with field of

fractions Q. Let Λ be an R-algebra, and let N be a finitely generated right Λ-module

which is torsion-free as an R-module. If NQ is projective, then Nm is projective for

almost all maximal ideals m of R.

Proof. Suppose NQ is projective and let f̃ : FQ → NQ be a splitting epi-

morphism for some finitely generated free Λ-module F . By Lemma 4.2, there

is a Λ-module homomorphism f : F → N such that the induced homomorphism

fm : Fm → Nm is a splitting epimorphism for almost all maximal ideals m of R.

Thus, Nm is projective for almost all maximal ideals m of R.

Lemma 4.4. Let R be a commutative domain, and let Λ be a module-finite R-

algebra. Let M,N be finitely generated right Λ-modules which are torsion-free as

R-modules. If Nm is a direct summand of Mm for each m in some finite subset

M ⊆ mSpecR, then there is a Λ-module homomorphism f : M → N such that

the induced homomorphism fm : Mm → Nm is a splitting epimorphism for every

m ∈ M.

Proof. Let M = {m1, . . . ,mk} and fix i ∈ {1, . . . , k}. Since Nmi
is a direct

summand of Mmi , there are Λmi-module homomorphisms f̃i : Mmi → Nmi and

g̃i : Nmi
→ Mmi

such that f̃i ◦ g̃i = IdNmi
. By Lemma 2.8, there are Λ-module

homomorphisms fi : M → N and gi : N → M such that f̃i = fi/si, g̃i = gi/si and

fi ◦ gi = s2i IdN for some si /∈ mi. Note that, for any r /∈ mi, (rfi)mi
is a splitting

epimorphism.

For any i ∈ {1, . . . , k}, because R = mi +
⋂
j ̸=imj , 1 = si + ri with si ∈ mi and

ri ∈
⋂
j ̸=imj . Let f =

∑k
i=1 rifi. We claim that fmi

is a splitting epimorphism.

Since (rifi)mi
is a splitting epimorphism, there is a Λmi

-module homomorphism

h : Nmi →Mmi such that (rifi)mi ◦ h = IdNmi
. Hence fmi ◦ h = IdNmi

+ h′, where

h′ ∈ EndΛmi
(Nmi

)miRmi
. By Lemma 2.6, h′ ∈ J(EndΛmi

(Nmi
)). Therefore, fmi

◦h
is invertible and fmi

is a splitting epimorphism, as claimed.

Corollary 4.5. Let R be a commutative semilocal domain, and let Λ be a module-

finite R-algebra. Let M,N be finitely generated right Λ-modules which are torsion-

free as R-modules. Then

(i) N is a direct summand of M if and only if Nm is a direct summand of Mm

for all maximal ideals m of R.

(ii) N is isomorphic toM if and only if Nm is isomorphic toMm for all maximal

ideals m of R.



TORSION-FREE MODULES OVER ONE DIMENSIONAL DOMAINS 29

Proof. (i) follows immediately from Lemma 4.4. To prove (ii), observe that

by (i) there exist K and K ′ finitely generated Λ-modules, such that M ∼= N ⊕K

and N ∼= M ⊕K ′. Since N and M are torsion-free R-modules of the same rank,

we deduce that K = K ′ = 0.

The following is an extension of [11, Lemma 6.1] to the case of torsion-free

modules over domains of finite character.

Proposition 4.6. Let R be a commutative domain of finite character with field

of fractions Q. Let Λ be a module-finite R-algebra, and let M,N,K be finitely

generated right Λ-modules which are torsion-free as R-modules. Assume that:

(i) Mm is a direct summand of Nm for all maximal ideals m of R, and

(ii) MQ is a direct summand of KQ.

Then M is a direct summand of N ⊕K.

Proof. It suffices to find Λ-module homomorphisms f : N → M , g : K → M

such that, for any m ∈ mSpecR, either fm or gm is a splitting epimorphism. For

then (f, g) : N ⊕K →M is locally a splitting epimorphism and, by Lemma 2.9, is

a splitting epimorphism.

By (ii), since MQ is a direct summand of KQ, there is a splitting epimorphism

g̃ : KQ → MQ. By Lemma 4.2, there is a Λ-module homomorphism g : K → M

such that the induced homomorphism gm : Km → Mm is a splitting epimorphism

for almost all maximal ideals m of R.

By (i), since Mm is a direct summand of Nm, there is a splitting epimorphism

f̃m : Nm →Mm for all maximal ideals m of R. Let M ⊆ mSpecR be the finite set of

maximal ideals such that gm is not a splitting epimorphism. By Lemma 4.4, there

is a Λ-module homomorphism f : N → M such that the induced homomorphism

fm : Nm →Mm is a splitting epimorphism for every m ∈ M. This finishes the proof

of the proposition.

5. Package deal theorems for localizations over h-local domains

In this section we will develop tools to deal with modules over an algebra Λ over

an h-local domain R. A particular instance of this situation is when Λ is the endo-

morphism ring of a finitely generated, torsion-free, R-module (recall Lemma 2.18).

We are interested in knowing what modules over such endomorphism rings are.

In § 5.1 we prove basic properties of the localization at maximal ideals of R of

finitely generated modules over an algebra Λ over a domain of finite character.

In § 5.2 we enter the study of constructing Λ-modules having prescribed localiza-

tion at the maximal ideals of R, and proving the so-called Package Deal Theorems.

To do that, we extend the methods of Levy and Odenthal from algebras over noe-

therian rings of Krull dimension 1 to algebras over h-local domains.

Finally, in § 5.3 we prove a package deal theorem for traces of countably generated

projective modules. Trace ideals are not, in general, finitely generated but, as we

will see, they satisfy enough finiteness conditions to be able to extend our methods

to this case.
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5.1. Finitely generated modules over domains of finite character.

Lemma 5.1. Let R be a commutative domain of finite character with field of

fractions Q. Let Λ be an R-algebra, and let M be a finitely generated right Λ-

module, which is torsion-free as an R-module. Let N be a Λ-submodule of M such

that MQ = NQ. Then Mm = Nm for almost all maximal ideals m of R.

In particular, Nm is finitely generated as Λm-module for almost all maximal ideals

m of R.

Proof. Since M is torsion-free as an R-module, it can be seen as a Λ-

submodule of MQ = NQ. Therefore, M ⊆ NQ, and since M is finitely generated,

by Lemma 2.11, dM ⊆ N for some non-zero d ∈ R. Since R is of finite character

and d is non-zero, d is contained only in finitely many maximal ideals of R. For any

other maximal ideal m, d/1 is a unit in Rm, hence, Mm = Nm, and Nm is finitely

generated.

Lemma 5.2. Let R be a commutative domain of finite character with field of

fractions Q. Let Y be a submodule of a finitely generated torsion-free R-module M .

Then there exist y1, . . . , yr ∈ Y such that Ym is a finitely generated free Λm-module

with basis y1
1 , . . . ,

yr
1 for almost all maximal ideals m of R.

Proof. By Remark 2.13, we may assume that M ≤ Rs for s = rankM , and

then Y is a submodule of Rs.

Let r = rankY , and notice that r ≤ s. Let y1, . . . , yr ∈ Y such that they

are R-linearly independent (that is, they form a basis of YQ). Then, there is an

embedding f : Rr → Rs given by f(a1, . . . ar) =
∑r
i=1 yiai. Since fQ is a splitting

monomorphism, by Lemma 4.2, fm is a splitting monomorphism for almost all

maximal ideals of R, which implies that Zm = Imfm =
∑r
i=1

yi
1 Rm is a direct

summand of Rsm for almost all maximal ideals m of R. Since Zm ⊆ Ym and they

have the same rank, we deduce, from the modular law, that Zm = Ym for almost all

maximal ideals m. Therefore, Ym has y1
1 , . . . ,

yr
1 as a basis for almost all maximal

ideals m of R.

Corollary 5.3. Let R be a commutative domain of finite character with field of

fractions Q. Let M be a finitely generated R-module. Then,

(i) If M is torsion-free then Mm is a free Rm-module for almost all maximal

ideals m of R;

(ii) Mm is a finitely presented Rm-module module of projective dimension at

most one for almost all maximal ideals m of R.

Proof. (i). Since M is torsion-free as an R-module, it can be seen as an

essential submodule of its injective hull Qn. By Remark 2.13, dRn ⊆ M for some

non-zero d ∈ R. By Lemma 5.1 with Λ = R and N = dRn, Mm = Rnm for almost

all maximal ideals m of R, as claimed.

(ii). Assume now that M is a finitely generated R-module. Consider a presen-

tation of M

0 N Rn M 0.



TORSION-FREE MODULES OVER ONE DIMENSIONAL DOMAINS 31

By Lemma 5.2, Nm is a finitely generated free module for almost all maximal ideals

m of R. This proves the claim.

Corollary 5.4. Let R be a commutative domain of finite character. Let M be a

countable direct sum of finitely generated torsion-free R-modules. Then Mm is a

free Rm-module for all but countably many maximal ideals m of R.

Proof. Let M =
⊕

i∈NMi, where each Mi is a finitely generated torsion-free

module. By Corollary 5.3, (Mi)m is free for almost all maximal ideals m of R.

Therefore, Mm is free for all but countably many maximal ideals m of R.

5.2. Gluing localizations over h-local domains. It is very important to keep

in mind the following structure result of torsion modules over h-local domains. It

was already proved by Matlis [22, Theorem 22], but since the result and its proof

are quite important in our work, we also include a proof of it.

Lemma 5.5. Let R be an h-local domain, and let Λ be an R-algebra. Let M be a

Λ-module that is torsion as an R-module. Then M ∼=
⊕

m∈mSpec(R)Mm, each Mm

is a homomorphic image of M and its structure as Λm-module is the same as the

structure as Λ-module.

Moreover, M is finitely generated as Λ-module if and only if there exists a finite

set S of maximal ideals of R such that Mm = {0} for any m ̸∈ S and Mm is a

finitely generated Λm-module for any m ∈ S

Proof. For any maximal ideal m of R, let λm : M → Mm denote the local-

ization map. Then there is an inclusion λ : M ↪→
∏

m∈mSpec(R)Mm defined by

m 7→ (λm(m))m∈mSpec(R) for any m ∈M .

For any m ∈ M , mΛ is an R/annR(m)-module. Being M torsion as an R-

module, annR(m) ̸= {0}. Since R is h-local, annR(m) is contained only in finitely

many maximal ideals of R. Therefore, mΛm = {0} for almost all maximal ideals m

of R. Hence, λ has its image in
⊕

m∈mSpec(R)Mm.

Let S denote the finite set of maximal ideals containing annR(m). By Lemma 2.17,

mΛ ∼=
⊕

m∈S (mΛ)m, and also Λ/annR(m) ∼=
∏

m∈S (Λ/annR(m))m.

This allows us to conclude that, for any m ∈M and m ∈ mSpec(R), there exists

m′ ∈M such that λn(m
′) = 0 for any n ̸= m and such that λm(m

′) = λm(m). This

implies that λ induces an isomorphism M ∼=
⊕

m∈mSpec(R)Mm.

In particular, for any maximal ideal m of R, Mm is a homomorphic image of

M and the structure as Λ-module is the same as the structure as Λm-module. So

the statement about the finite generation of M easily follows from our previous

discussion.

Next lemma will be used to determine when we get finitely generated modules

in our package deal results.

Lemma 5.6. Let R be an h-local domain with field of fractions Q. Let Λ be an R-

algebra, and letM be a finitely generated right Λ-module, which is torsion-free as an

R-module. Let N be a Λ-submodule of M such that MQ = NQ. Then N is finitely
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generated as a Λ-module if and only if Nm is finitely generated as a Λm-module for

every maximal ideal m of R.

Proof. It is clear that if N is finitely generated as a Λ-module, then Nm is

finitely generated as a Λm-module for every maximal ideal m of R.

To prove the converse implication, assume that Nm is finitely generated as a Λm-

module for every maximal ideal m of R. Since M is torsion-free as an R-module,

it can be seen as a Λ-submodule of MQ = NQ. Therefore, M ⊆ NQ, and since M

is finitely generated as a Λ-module, by Lemma 2.11, dM ⊆ N for some non-zero

d ∈ R. Note that dM is also finitely generated. So we only need to prove that

N/dM is a finitely generated Λ/dΛ-module.

Since R is h-local and d is non-zero, d is contained only in finitely many maximal

ideals of R, say M = {n1, . . . , nt}. By Lemma 2.17, there is an isomorphism

φ : R/dR→ (R/dR)n1
× · · · × (R/dR)nt

.

Therefore, N/dM ∼= Nn1
/dMn1

⊕· · ·⊕Nnt
/dMnt

. By Lemma 5.5, N/dM is finitely

generated as a Λ/dΛ-module. Therefore, N is finitely generated as a Λ-module.

Package Deal Theorem 5.7 (Localization of Submodules). Let R be an h-local

domain with field of fractions Q. Let Λ be an R-algebra, and let M be a finitely

generated right Λ-module, which is torsion-free as an R-module. For each maximal

ideal m of R, let X(m) be a Λm-submodule of Mm, which is torsion-free as an

Rm-module, and such that X(m)Q = (Mm)Q. Then the following statements are

equivalent

(i) There is a Λ-submodule N ⊆M , which is torsion-free as an R-module, and

such that Nm = X(m) for all maximal ideals m of R.

(ii) X(m) =Mm for almost all maximal ideals m of R.

Moreover, if each of the X(m) is finitely generated as a Λm-module, then N is also

finitely generated as a Λ-module.

Proof. (ii) ⇒ (i). Suppose that X(m) =Mm for almost all maximal ideals m

of R. Let M = {n1, . . . , nt} denote the finite set of maximal ideals of R such that

X(m) ̸=Mm.

Fix i ∈ {1, . . . , t}. Since Mni
is torsion-free as an Rni

-module, it can be seen as

a Λni-submodule of (Mni)Q = X(ni)Q. Therefore, Mni ⊆ X(ni)Q, and since Mni

is finitely generated, by Lemma 2.11, diMni
⊆ X(ni) for some non-zero di ∈ R.

Since X(ni) ̸= Mni
, di ∈ ni (otherwise di/1 would be a unit in Rni

and, hence

X(ni) =Mni , a contradiction).

Let d = d1 · · · dt ∈ n1∩· · ·∩nt. Since R is h-local and d is non-zero, d is contained

only in finitely many maximal ideals of R, say {m1 = n1, . . . ,mt = nt, . . . ,mk}. By
Lemma 2.17, the canonical homomorphism

φ : R/dR→ (R/dR)m1
× · · · × (R/dR)mk

is an isomorphism. Therefore, there are non-zero b1, . . . , bt, b ∈ R such that φ(bi) =

(0̄, . . . , 1̄(i), . . . , 0̄) and φ(b) = (0̄, (t. . ., 0̄, 1̄, . . . , 1̄). Note that bi/1 is a unit in Rni for

every i = 1, . . . , t, b/1, bj/1 ∈ dRni
for every j ̸= i, and b/1 is a unit in Rmi

for

every i = t+ 1, . . . , k.
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For each i ∈ {1, . . . , t}, let X ′
i be the Λ-submodule of M generated by the

numerators of some set of Λni-generators ofX(ni). LetN = b1X
′
1+· · ·+btX ′

t+bM+

dM , which is a Λ-submodule of M . Since dMni
⊆ X(ni), Nni

= X(ni) + dMni
=

X(ni) for every i = 1, . . . , t. On the other hand, Nmi
= Mmi

+ dMmi
= Mmi

for

every i = t + 1, . . . , k. For any other maximal ideal m, d/1 is a unit in Rm, hence

Nm =Mm, as claimed.

(i) ⇒ (ii). Conversely, let N be a Λ-submodule of M ⊆ MQ, which is torsion-

free as an R-module, and such that Nm = X(m) for all maximal ideals m of R.

Since MQ = X(m)Q = (Nm)Q, by Lemma 5.1, Mm = Nm = X(m) for almost all

maximal ideals m of R.

Finally, the last part of the statement follows from Lemma 5.6. This finishes the

proof of the theorem.

Corollary 5.8. Let R be an h-local domain with field of fractions Q. For each

maximal ideal m of R, let X(m) be a finitely generated torsion-free Rm-module of

rank n. Then the following statements are equivalent

(i) There is a finitely generated torsion-free R-module N of rank n, such that

Nm
∼= X(m) for all maximal ideals m of R.

(ii) X(m) is a free Rm-module of rank n for almost all maximal ideals m of R.

Proof. (ii) ⇒ (i). Suppose that X(m) is a free Rm-module of rank n for almost

all maximal ideals m of R. Let M = {m1, . . . ,mt} be the finite set of maximal ideals

of R such that X(m) is not free.

Fix i ∈ {1, . . . , t}. Since X(mi) is finitely generated and torsion-free, we can see

X(mi) as an essential submodule of its injective hull Qn. On the other hand, Rnmi

has the same injective hull Qn. Since X(mi) is finitely generated, by Lemma 2.11,

diX(mi) ⊆ Rnmi
for some non-zero di ∈ R.

Let d = d1 . . . dt ∈ R and let M = d−1Rn. Note that X(m) is an Rm-submodule

of Mm. Since R is h-local and d is non-zero, d is contained only in finitely many

maximal ideals of R. For any other maximal ideal m, d/1 is a unit in Rm. There-

fore, Mm = Rnm = X(m) for almost all maximal ideals m of R. By Package

Deal Theorem 5.7, there is a finitely generated torsion-free R-module N , such that

Nm = X(m) for all maximal ideals m of R.

(i) ⇒ (ii). The converse is just Corollary 5.3.

In § 4 we will prove some results that allow us to make the following consider-

ations about the (non)uniqueness of the modules constructed in Theorem 5.7 and

Corollary 5.8.

Remark 5.9. It is well known that two finitely generated modules M and M ′ over

a commutative domain R that are in the same genus (that is, with isomorphic

localizations at maximal ideals of R) need not be isomorphic.

If M and M ′ are also torsion-free, we will see in Proposition 4.1 that add(M) =

add(M ′). If R has finite character then, by Proposition 4.6,M is a direct summand

of M ′⊕M ′ and M ′ is a direct summand of M ⊕M . If R is semilocal then M ∼=M ′

by Corollary 4.5
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5.3. Package deal for traces of projective modules. Now we want to focus on

localizations of trace ideals of countably generated projective modules over suitable

algebras over h-local domains. Trace ideals of countably generated projective right

modules were characterized by Whitehead in [35] and with more detail by Herbera

and Př́ıhoda in [12]. We recall here this characterization.

Proposition 5.10. [12, Proposition 2.4] Let R be a ring, and let I be a two-sided

ideal of R. Then I is the trace ideal of a countably generated projective right R-

module if and only if there exists an ascending chain of finitely generated left ideals

(Jn)n≥1 such that Jn+1Jn = Jn and I =
⋃
n≥1 JnR.

It is useful to keep in mind the following Lemma, as it explains some modifica-

tions that can be made in the ascending chain in Proposition 5.10.

Lemma 5.11. [12, Lemma 2.2] Let R be a ring. Let J1 ⊆ J2 be finitely generated

left ideals of R satisfying that J2J1 = J1. For i = 1, 2, fix Ai a finite set of

generators of Ji. Let X be a finite subset of R such that 1 ∈ X. For i = 1, 2, set

J ′
i =

∑
x∈X, a∈Ai

Rax.

Then J ′
1 ⊆ J ′

2 and J ′
2J

′
1 = J ′

1. Moreover, for i = 1, 2, Ji ⊆ JiR = J ′
iR.

Lemma 5.12. Let R be an h-local domain with field of fractions Q. Let Λ be a

torsion-free R-algebra such that ΛQ is a simple artinian ring. Let I be a non-zero

two-sided ideal of Λ. Then Im = Λm for almost all maximal ideals m of R.

Proof. IQ is a non-zero two-sided ideal of ΛQ, so IQ = ΛQ. Therefore, there

is a non-zero q ∈ R such that q =
∑
aiλi for ai ∈ I and λi ∈ Λ. Since R is h-local,

q is invertible in almost all maximal ideals of R. The claim follows.

Package Deal Theorem 5.13 (Localization of Trace Ideals). Let R be an h-local

domain with field of fractions Q. Let Λ be a torsion-free R-algebra such that ΛQ
is a simple artinian ring. For each maximal ideal m of R, let I(m) be a non-zero

two-sided ideal of Λm which is the trace ideal of a countably generated projective

right Λm-module. Then the following statements are equivalent

(i) There is a two-sided ideal I of Λ, which is the trace ideal of a countably gen-

erated projective right Λ-module, and such that Im = I(m) for all maximal

ideals m of R.

(ii) I(m) = Λm for almost all maximal ideals m of R.

Moreover, the ideal I that satisfies the equivalent conditions (i) and (ii) is unique.

Proof. By [13, Lemmas 10.3 and 10.4] two trace ideals with isomorphic local-

izations at maximal ideals of R are equal. This implies that the ideal I in statement

(i) is unique. Now we proceed to prove the equivalence of the two statements.

(ii) ⇒ (i). Let M = {n1, . . . , nt} and fix some i ∈ {1, . . . , t}. We may assume

that I(ni) ̸= Λni
. Since I(ni) is the trace ideal of a countably generated projective

right Λni-module, by Proposition 5.10, there is an ascending chain of non-zero

finitely generated left ideals (Ji,n)n≥1 of Λni
such that Ji,n+1Ji,n = Ji,n and I(ni) =⋃

n≥1 Ji,nΛni
.
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Fix n ≥ 1. Let Ai,n ⊆ Λ be a finite set of Λni
-generators of Ji,n. Since Ji,n is

non-zero and ΛQ is simple artinian, (Ji,n)QΛQ = ΛQ. Since Λ is torsion-free, it can

be seen as a Λ-submodule of ΛQ = (Ji,n)QΛQ. Therefore, Λ ⊆ (Ji,n)QΛQ, and by

Lemma 2.11, di,nΛni
⊆ Ji,nΛni

for some non-zero di,n ∈ ni. Then,

1

di,n

mi,n∑
j=1

∑
ai,n∈Ai,n

rj,i,n
1

ai,n
1

sj,i,n
1

= 1ΛQ
∈ ΛQ,

for some rj,i,n, sj,i,n ∈ Λ for every j = 1, . . . ,mi,n.

Let Xn = {1Λ} ∪
⋃t
i=1{s1,i,n, s2,i,n, . . . , smi,n,i,n} ⊆ Λ and define

J ′
i,n =

∑
xn∈Xn, ai,n∈Ai,n

Λni
ai,nxn.

By Lemma 5.11, J ′
i,n ⊆ J ′

i,n+1, J
′
i,n+1J

′
i,n = J ′

i,n, and Ji,n ⊆ Ji,nΛni = J ′
i,nΛni . Let

dn = d1,n . . . dt,n ∈ n1 ∩ · · · ∩ nt. Note that dnΛni
⊆ J ′

i,n by construction. Define

Li,n =
∑

xn∈Xn, ai,n∈Ai,n

Λai,nxn + Λdn,

which are left ideals of Λ. Note that (Li,n)ni = J ′
i,n because dnΛni ⊆ J ′

i,n. Since

R is of finite character and dn is non-zero, dn is contained only in finitely many

maximal ideals of R. For any other maximal ideal m, dn/1 is a unit in Rm, hence

(Li,n)m = Λm. Let Mn = {m1 = n1, . . . ,mt = nt,mt+1, . . . ,mkn} be the finite set

of maximal ideals containing dn. By Lemma 2.17, the canonical homomorphism

φn : R/dnR −→ (R/dnR)m1 × · · · × (R/dnR)mkn

is an isomorphism. Therefore, there are non-zero elements b1,n, . . . , bt,n, bn ∈ R

such that φn(b̄i,n) = (0̄, . . . , 1̄(i), . . . , 0̄) and φn(b̄n) = (0̄, t). . ., 0̄, 1̄, . . . , 1̄).

Let Jn = L1,nb1,n + · · · + Lt,nbt,n + Λbn + Λdn. Note that (Jn)ni
= J ′

i,n, and

(Jn)m = Λm for every m ̸= ni. Consider the short exact sequence of left Λ-modules

0 Jn+1 Jn+1 + Jn (Jn+1 + Jn)/Jn+1 0.

Since localization is an exact functor,

0 (Jn+1)m (Jn+1 + Jn)m (Jn+1 + Jn)m/(Jn+1)m 0

is also a short exact sequence of left Λm-modules. Note that, since J ′
i,n ⊆ J ′

i,n+1,

(Jn+1 + Jn)ni
/(Jn+1)ni

= (J ′
i,n+1 + J ′

i,n)/J
′
i,n+1 = 0 for every i = 1, . . . , t. On

the other hand, (Jn+1 + Jn)m/(Jn+1)m = (Λm + Λm)/Λm = 0 for every m ̸= ni.

Therefore, (Jn+1 + Jn)/Jn+1 = 0 and we deduce that (Jn)n≥1 is an increasing

sequence of left ideals of Λ.

Now, (Jn+1)ni(Jn)ni = J ′
i,n+1J

′
i,n = J ′

i,n = (Jn)ni for every i = 1, . . . , t, and

(Jn+1)m(Jn)m = Λ2
m = Λm = (Jn)m for every m ̸= ni. Therefore, Jn+1Jn = Jn

for every n ≥ 1, and by Proposition 5.10, I =
⋃
n≥1 JnΛ is a two-sided ideal of Λ

such that it is the trace ideal of a countably generated projective right Λ-module,

Ini
= I(ni) and Im = Λm otherwise.

(i) ⇒ (ii). The converse is just Lemma 5.12.
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6. The global case

In this section we study when the class F , of direct sums of finitely generated

torsion-free modules over an h-local domain R, is closed under direct summands.

In the next Proposition we prove that this property localizes at maximal ideals of

R, so the results from Section 3 hold for Rm for any maximal ideal m of R.

It is worth mentioning that we do not know how to prove directly that if F is

closed under direct summands then the same holds for Rm for any maximal ideal

m of R. The property that passes to the localization of R is that, for any finitely

generated torsion-free R-module, every direct summand of R(ω)⊕X is a direct sum

of finitely generated modules.

Proposition 6.1. Let R be an h-local domain of Krull dimension 1. Let X be

a finitely generated torsion-free R-module, and assume that every direct summand

of R(ω) ⊕X is a direct sum of finitely generated modules. Then, for any maximal

ideal m of R, EndRm
(Xm) is a semiperfect ring, so that Xm satisfies the equivalent

conditions of Proposition 3.2.

Proof. Fix a maximal ideal m of R, and set M ′ = Xm. By Lemma 2.18(v),

EndRm
(M ′) is a semilocal ring. We want to prove that it is semiperfect. We

decompose M ′ = F ⊕M , where F is a finitely generated free Rm-module and M

is a finitely generated module with no projective direct summands. Notice that

EndRm
(M ′) is semiperfect if and only if so is EndRm

(M).

By Lemma 3.1(i) (see also Corollary 1.21), to prove that EndRm
(M) is semi-

perfect, it suffices to show that the idempotents of EndRm
(M)/M HomRm

(M,Rm)

can be lifted to idempotents of EndRm
(M). Therefore, we may assume that M is

non-zero and that J =M HomRm
(M,Rm) is a proper ideal of EndRm

(M) contained

in J(EndRm
(M)).

Let e ∈ EndRm
(M)/J be a non-trivial idempotent. By Lemma 1.20 and Proposi-

tion 1.11, to show that e can be lifted to an idempotent of EndRm
(M) we only need

to find a decomposition M ∼= A1 ⊕A2 such that, if we set Pi = HomRm
(M,Ai) for

i = 1, 2, then P1/P1J ∼= e (EndRm
(M)/J) and P2/P2J ∼= (1− e) (EndRm

(M)/J).

As M ∼= A1⊕A2, it is easy to see that, for i = 1, 2, PiJ = {f ∈ HomRm
(M,Ai) |

f factors throught a free module} = AiHomRm
(M,Rm). Therefore, we need to

prove thatM ∼= A1⊕A2 with HomRm
(M,A1)/A1HomRm

(M,Rm) ∼= e (EndRm
(M)/J)

and HomRm
(M,A2)/A2HomRm

(M,Rm) ∼= (1− e) (EndRm
(M)/J).

By Lemma 2.18 there is an extension of rings R/I ⊆ EndR(X)/X HomR(X,R),

where 0 ̸= I = R∩X HomR(X,R). Since R is h-local, I is contained only in finitely

many maximal ideals {m = m1, . . . ,mℓ} of R. So we have an isomorphism

EndR(X)/X HomR(X,R) →
ℓ∏
i=1

(EndR(X)/X HomR(X,R))mi

∼=

∼=
ℓ∏
i=1

EndRmi
(Xmi)/Xmi HomRmi

(Xmi , Rmi)

given by taking localization at mi at each component (cf. Lemma 5.5).
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Hence, there exists ẽ2 = ẽ ∈ EndR(X)/X HomR(X,R) such that λn(ẽ) = 0 for

any maximal ideal n ̸= m and λm(ẽ) = e, where

λn : EndR(X)/X HomR(X,R) → (EndR(X)/X HomR(X,R))n
∼=

∼= EndRn
(Xn)/Xn HomRn

(Xn, Rn)

denotes the localization morphism.

By Corollary 1.14, R(ω) ⊕X = X1 ⊕X2 with

HomR(R⊕X,X1)/X1 HomR(R⊕X,R) ∼= ẽ (EndR(X)/X HomR(X,R))

∼= e (EndRm
(M)/J)

and

HomR(R⊕X,X2)/X2 HomR(R⊕X,R) ∼= (1− ẽ) (EndR(X)/X HomR(X,R)) ∼=

∼= (1− e) (EndRm
(M)/J)×

(
ℓ∏
i=2

EndRmi
(Xmi

)/Xmi
HomRmi

(Xmi
, Rmi

)

)
.

Therefore,

R
(ω)
m ⊕M ∼= R

(ω)
m ⊕Xm = (X1)m ⊕ (X2)m,

HomRm
(Rm ⊕Xm, (X1)m)/(X1)m HomRm

(Rm ⊕Xm, Rm) ∼= e (EndRm
(M)/J)

and

HomRm
(Rm⊕Xm, (X2)m)/(X2)m HomRm

(Rm⊕Xm, Rm) ∼= (1−e) (EndRm
(M)/J) .

By hypothesis, for i = 1, 2, Xi is a direct sum of finitely generated R-modules;

hence, Ni = (Xi)m is also a direct sum of finitely generated Rm-modules. By

Lemma 1.15, we obtain a decompositionM = A1⊕A2 such that, for each i ∈ {1, 2},

HomRm
(Rm⊕M,Ni)/NiHomRm

(Rm⊕M,Rm) ∼= HomRm
(M,Ai)/AiHomRm

(M,Rm).

Therefore HomRm
(M,A1)/A1 HomRm

(M,Rm) ∼= e (EndRm
(M)/J) and

HomRm
(M,A2)/A2 HomRm

(M,Rm) ∼= (1− e) (EndRm
(M)/J) ,

as we wanted to see. So we can conclude that e can be lifted to an idempotent of

EndRm
(M) by an application of Lemma 1.20.

Next result shows that, over an h-local domain R, to have the class F closed

under direct summands we need that the ranks of indecomposable modules over

different localizations at maximal ideals are coprime.

This somewhat surprising Theorem 6.2 is the extension of [29, Lemma 4] to our

setting. For its proof, we need our versions of the Package Deal Theorems 5.7 and

5.13, as well as the results from § 1.

Theorem 6.2. Let R be an h-local domain with at least two different maximal

ideals m1,m2. For each i = 1, 2, let Mi be a finitely generated, indecomposable,

torsion-free Rmi
-module with local endomorphism ring and with rank ri. Then,

(1) for i = 1, 2, there exists a finitely generated, indecomposable, torsion-free

R-module Xi such that (Xi)mi
∼=Mi and Xm

∼= Rrim for every maximal ideal

m different from mi;
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(2) if r1 and r2 are not coprime then Add(X1 ⊕X2) has elements that are not

a direct sum of finitely generated modules.

Proof. Corollary 5.8 ensures the existence of finitely generated, indecompos-

able, torsion-free R-modules X1 and X2 with the claimed properties in statement

(1).

To prove (2), let d = gcd(r1, r2). We show that if d > 1, there exists a module in

Add(X1⊕X2) which is not a direct sum of finitely generated torsion-free R-modules.

Let Λ = EndR(X1 ⊕ X2). By Lemma 2.18(i) and (iii), Λ is a torsion-free R-

module and ΛQ a simple artinian ring. Recall from Remark 1.13 that Λ can be

identified with the matrix ring:

Λ =

(
EndR(X1) HomR(X2, X1)

HomR(X1, X2) EndR(X2)

)
By Lemma 2.8, Λm

∼= EndRm
((X1)m ⊕ (X2)m) for every maximal ideal m of R. Let

I1 = Λm1

(
1 0

0 0

)
Λm1 and I2 = Λm2

(
0 0

0 1

)
Λm2 .

By Package Deal Theorem 5.13, there is a non-zero two-sided ideal I of Λ, which

is the trace of a countably generated projective right Λ-module, such that Imi
= Ii

(i = 1, 2) and Im = Λm for every maximal ideal m of R different from mi.

By Lemma 2.18(iv), I ∩ R ̸= {0}, so Λ/I is a torsion R-module. Note that

the only maximal ideals containing I ∩R are m1 and m2 (otherwise, if there exists

another maximal ideal n containing I ∩ R, In ∩ Rn ̸= Rn, and then In ̸= Λn, a

contradiction). By Lemma 2.18(vi), the canonical homomorphism

Λ/I →
⊕

m∈mSpecR(Λ/I)m = (Λ/I)m1
× (Λ/I)m2

is an isomorphism.

From Remark 1.13,

I1 =

(
EndRm1

(M1) HomRm1
(M1, R

r2
m1

)

HomRm1
(Rr2m1

,M1) HomRm1
(M1, R

r2
m1

)HomRm1
(Rr2m1

,M1)

)
.

Therefore, (Λ/I)m1
∼= Λm1

/I1 ∼=Mr2(Rm1
)/J , where

J = HomRm1
(M1, R

r2
m1

)HomRm1
(Rr2m1

,M1).

Notice that J ̸= EndRm1
(Rr2m1

) because this would imply that the identity map of

Rr2m1
is in J , so that Rr2m1

is a direct summand of Mn
1 for some n ∈ N. Since M1 has

local endomorphism ring, the Krull-Schmidt Theorem implies that M1
∼= Rm1 , but

we are assuming that r1 > 1, a contradiction.

Therefore, there is an isomorphism

φ : Λ/I →Mr2(Rm1)/J × (Λ/I)m2 .

Then there is an idempotent element e ∈ Λ/I such that φ(e) = (E11 + J, 0), where

E11 is the idempotent matrix with 1 in the 1,1-entry and zeros elsewhere. Since

Mr2(Rm1)E11Mr2(Rm1) =Mr2(Rm1), E11 /∈ J .

By Theorem 1.9(i), there is a countably generated projective right Λ-module Q

such that Q/QI ∼= e(Λ/I). We claim that such Q is neither finitely generated nor

a direct sum of finitely generated modules.
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Recall that Λm1
∼= EndRm1

(M1 ⊕Rr2m1
). Since M1 has local endomorphism ring,

there are only two finitely generated indecomposable projective Λm1-modules up

to isomorphism, namely P1a = HomRm1
(M1 ⊕Rr2m1

,M1) and P1b = HomRm1
(M1 ⊕

Rr2m1
, Rm1

). Notice that P1a and P1b are not isomorphic because M1 has rank

r1 > 1. In addition, by the Krull-Schmidt Theorem, all projective Λm1 -modules

can be written in a unique way as a direct sum of copies of P1a and P1b.

By the definition of P1a, Tr(P1a) = I1. On the other hand, (Q/QI)m1
∼=

(e(Λ/I))m1
∼= (E11 + J)Mr2(Rm1), so Qm1

∼= P
(κ1)
1a ⊕ P1b, where κ1 is, at most,

a countable cardinal.

Similarly, there are two finitely generated indecomposable projective Λm2-modules

up to isomorphism P2a = HomRm2
(Rr1m2

⊕ M2,M2) and P2b = HomRm2
(Rr1m2

⊕
M2, Rm2

). By the definition of P2a, Tr(P2a) = I2. Therefore, since (Q/QI)m2
∼=

(e(Λ/I))m2 = {0}, Qm2
∼= P

(κ2)
2a , where κ2 is, at most, a countable cardinal.

Let L = Q ⊗Λ (X1 ⊕ X2), which is in Add(X1 ⊕ X2). By Proposition 1.11, L

is a direct summand of (X1 ⊕X2)
(ω) and HomR(X1 ⊕X2, L) ∼= Q. Moreover, by

Proposition 1.11,

Lm1
∼=M

(κ1)
1 ⊕Rm1 (∗) and Lm2

∼=M
(κ2)
2 (∗∗)

If Q is finitely generated, κ1 and κ2 are finite. But then, by the isomorphism (∗),
the rank of L is congruent to 1 modulo d and, by the isomorphism (∗∗), the rank

of L is divisible by d, a contradiction.

To prove the second statement in the claim, assume thatQ =
⊕

i∈NQi, where the

Qi’s are finitely generated. Since Q/QI ∼= e(Λ/I) is finitely generated, Qi = QiI

for almost all i ∈ N. If I0 := {i ∈ N | Qi ̸= QiI}, then Qf =
⊕

i∈I0 Qi is a finitely

generated projective right Λ-module such that Qf/QfI ∼= e(Λ/I). By the previous

part of the proof, such Qf does not exist, hence Q is not a direct sum of finitely

generated modules. By Proposition 1.11, L ∈ Add(X1 ⊕X2) is not a direct sum of

finitely generated modules. This finishes the proof of (2).

Next Proposition reviews a construction, that goes back to an idea of Bass [3],

of an indecomposable finitely generated torsion-free module of rank two over any

local domain that has a finitely generated ideal that cannot be generated by two

elements.

This construction is particularly relevant to us in view of Theorem 6.2. It is

going to imply that if F is closed under direct summands, then finitely generated

ideals of Rm are two-generated for all maximal ideals of R except maybe one, see

Theorem 6.6.

Proposition 6.3. Let R be a commutative local domain, with field of fractions

Q, and maximal ideal m. Let a, b, c be elements in R such that the ideal K =

aR + bR + cR cannot be generated by two elements. Set α = (a, b, c) ∈ R3 and let

H = R3 ∩Qα. Then:

(i) M = R3/H is an indecomposable, finitely generated torsion-free module of

rank 2.

(ii) If R is local, then so is EndR(M).
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Proof. (i). Let k = R/m be the residue field of R. Let M = A1/H⊕A2/H be

a nontrivial decomposition with Ai R-submodules of R3 containing H. Consider

M ⊗R k ∼= (A1/H ⊗R k) ⊕ (A2/H ⊗R k). Then, since M ⊗R k is at most a three-

dimensional vector space, one of the direct summands is one-dimensional. We may

assume it is A2/H ⊗R k, which in turn implies that A2/H ∼= R3/A1 is isomorphic

to R. Therefore, the exact sequence

0 A1 R3 R3/A1 0

splits, and we deduce that A1 is a 2-generated free module. So that if v1 and v2 is

a basis of A1, there exists r1, r2 ∈ R such that (a, b, c) = v1r1 + v2r2. This implies

that K ⊆ r1R+ r2R. Since v1 and v2 can be completed to a basis of R3, it follows

that K = r1R+r2R, which contradicts the assumption that K cannot be generated

by two elements. This finishes the proof that M is indecomposable.

(ii). The module M fits into the exact sequence

0 H R3 M 0.

Let T = {f ∈ EndR(R
3) | f(H) ⊆ H}, which is a subring of EndR(R

3). Then

there is an onto ring endomorphism φ : T → EndR(M). We will prove that T is a

local ring, and then so is EndR(M).

Restriction to H induces a ring morphism ψ : T → EndR(H) with kernel I =

{f ∈ T | f(H) = 0}.
We claim that the embedding T ↪→ EndR(R

3) is local. Indeed, let f ∈ T be such

that f is invertible in EndR(R
3). Then there is a commutative diagram

0 H R3 M 0

0 H R3 M 0

ψ(f) f φ(f)

Since f is invertible, it is onto and then so is φ(f). Since M is a finitely generated

module over a commutative ring, we deduce that φ(f) is bijective. Now the Snake

Lemma implies that ψ(f) is also bijective, and then we can deduce that f−1 ∈ T .

Now we prove that I ⊆ J(T ). Notice that if f ∈ I, then it induces a module

homomorphism f̃ : M → R3 such that Imf = Imf̃ . Since M is indecomposable,

and R is local Imf̃ ⊆ R3m. Hence, 1 − f is invertible in EndR(R
3), and since the

embedding T ↪→ EndR(R
3) is local, we deduce that 1 − f is invertible in T . This

proves that the two-sided ideal I ⊆ J(T ).

The image of the ring morphism ψ is the ring

S = {g ∈ EndR(H) | g can be extended to an endomorphism of R3}.

Hence T/I ∼= S, and T is local provided S is local. Notice that for any g ∈ S its

extension to R3 satisfies a monic polynomial of degree 3 with coefficients in R, so g

also satisfies that polynomial. This is to say that the extension R ↪→ S is integral.

Since H is a torsion-free module of rank 1, EndR(H) can be identified with a

subring of Q. Then S is a subring of R. Since R is local, so is S. This finishes the

proof of the result.
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The next Corollary shows that the conclusions of Proposition 6.3 can be extended

to any ring S between R and its integral closure.

Corollary 6.4. Let R be a commutative local domain, with field of fractions Q and

maximal ideal m such that R is local. Let S be an intermediate ring R ⊆ S ⊆ R.

Let a, b, c be elements in S such that the ideal K = aS+bS+cS cannot be generated

by two elements. Set α = (a, b, c) ∈ S3 and let H = S3 ∩Qα. Then:

(i) M = S3/H is a torsion-free R-module of rank 2 and EndR(M) = EndS(M)

is a local ring. In particular, M is indecomposable.

(ii) Consider the ring T = R[a, b, c] which is a finite integral extension of R. Let

H ′ = H ∩ T 3. Then M ′ = T 3/H ′ is an indecomposable, finitely generated

R-module of rank 2 with local endomorphism ring.

Proof. Since R is local, so is any intermediate ring R ⊆ S ⊆ R.

Notice also that an S-module M has finite rank n as S-module if and only if it

has finite rank n as R-module because M ⊗S Q =M ⊗S S ⊗R Q =M ⊗R Q. This

implies, in addition, that EndS(M) ∼= {A ∈ Mn(Q) | AM ⊆ M} coincides with

EndR(M).

Therefore, the result is a consequence of Proposition 6.3 applied to S in (i) and

to T in (ii).

The following lemma is a variation for domains of finite character of a well-known

fact about bounds on the number of generators of finitely generated ideals.

Lemma 6.5. [2, Proposition 1.4] Let R be a commutative domain of finite char-

acter. Let k ≥ 2. If I is a non-zero finitely generated ideal of R such that IRm is

k-generated for every maximal ideal m of R, then I is also k-generated.

Proof. Let I be a non-zero ideal of R. Since R is of finite character, I is

contained only in finitely many maximal ideals {m1, . . . ,mn} of R. First, observe

that there exists α ∈ I such that α
1 ̸∈ miImi

for every i = 1, . . . , n. Indeed, let

αi ∈ I be such that αi

1 ̸∈ miImi and let e1, . . . , en be such that ei−1 ∈ mi for every

i = 1, . . . , n and ei ∈ mj whenever 1 ≤ i ̸= j ≤ n. Then let α =
∑n
i=1 eiαi.

Since R is of finite character, α is contained only in finitely many maximal ideals

of R, say M = {m1, . . . ,mn,mn+1, . . . ,mn+ℓ}.
For each i = 1, . . . , n, there are αi,1, . . . , αi,k−1 ∈ I such that Imi

= α
1Rmi

+∑k−1
j=1

αi,j

1 Rmi
. For each i = n+ 1, . . . , n+ ℓ, j = 1, . . . , k − 1 let αi,1 ∈ I \ mi and

αi,j = 0 if j > 1. Notice that Imi
= α

1Rmi
+
∑k−1
j=1

αi,j

1 Rmi
for every i = 1, . . . , n+ℓ.

As before, consider f1, . . . , fn+ℓ ∈ R such that fi − 1 ∈ mi and fi ∈ mj if 1 ≤ j ̸=
i ≤ n + ℓ. Set βi,j = fiαi,j for every i = 1, . . . , n + ℓ and j = 1, . . . , k − 1. For

j = 1, . . . , k − 1 set αj :=
∑n+ℓ
i=1 βi,j . We claim that I = αR +

∑k−1
j=1 αjR. It is

sufficient to verify this equality locally. If m ̸∈ M then both sides localize to Rm.

Also, αRmi
+
∑k−1
j=1 αjRmi

+ miImi
= αRmi

+
∑k−1
j=1 αi,jRmi

+ miImi
. Since I is

finitely generated, we can conclude by Nakayama’s lemma.

Now we are ready to prove the main result of the section.

Theorem 6.6. Let R be a commutative domain of finite character, and of Krull

dimension 1. Assume that for any finitely generated torsion-free R-module X, every
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element of Add(X) is a direct sum of finitely generated modules. Then R satisfies

the following properties:

(1) For any maximal ideal m of R and any ring S such that Rm ⊆ S ⊆ Rm

we have that finitely generated indecomposable torsion-free S-modules have

local endomorphism ring;

(2) for any maximal ideal m of Rm, except maybe one maximal ideal m0, all

finitely generated ideals of Rm are at most two-generated. Then Rm is a

valuation ring for any maximal ideal m ̸= m0.

(3) for each maximal ideal m of R, there is a unique maximal ideal of R lying

over m. In particular, R has also finite character.

If Rm satisfies the two-generated property for any maximal ideal m, then R is a

Prüfer domain of Krull dimension 1, so any finitely generated ideal of R is, at

most, two-generated.

Proof. By Corollary 3.3 and Proposition 6.1, we deduce that for any maximal

ideal m of R, any ring S such that Rm ⊆ S ⊆ Rm satisfies that every finitely gen-

erated indecomposable torsion-free S-module has local endomorphism ring. This

shows (1).

Notice that (1) implies that R is also a ring of finite character because there is

just one maximal ideal of R lying over each maximal ideal of R. This shows (3).

By Theorem 6.2, the ranks of two finitely generated, indecomposable, torsion-

free modules over different localizations of R at maximal ideals must be coprime. In

view of Corollary 6.4, we deduce that finitely generated ideals of Rm are 2-generated

for any maximal ideal m of R except maybe for one that we will denote by m0. By

[9, Proposition III.1.11], Rm is a valuation ring for any maximal ideal m ̸= m0. This

proves statement (2).

If the maximal ideal m0 does not exist, then R is a Prüfer domain of Krull

dimension 1. Moreover, by Lemma 6.5, any finitely generated ideal of R is, at

most, 2-generated.

7. The integrally closed case

In this section, we will use the results developed until now to show that the con-

verse of Theorem 6.6 is true for integrally closed h-local domains of Krull dimension

1. This will be done in Corollary 7.3.

We recall the following definition, which will be needed for this section.

Definition 7.1. Let R be a ring. Let M be a right R-module. A submodule N of

M is called relatively divisible or an RD-submodule if Nr = N ∩Mr for each r ∈ R.

In particular, this definition tells us that if for some r ∈ R, a ∈ N , the equation

xr = a has a solution in M , then it has a solution in N as well. In this sense,

pure submodules are a generalization of RD-submodules to the case where instead

of an equation, we have a system of linear equations which has a solution in Nn

whenever it has a solution in Mn, for some positive integer n ≥ 1.

For a discussion of the basic properties of RD-submodules, the reader is referred

to [9, Chapter I.7].
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Proposition 7.2. Let R be an h-local domain of Krull dimension 1, and with field

of fractions Q. Assume that Rm is a valuation domain for all maximal ideals m of

R except maybe one maximal ideal m0.

Then the class of R-modules that are direct sums of finitely generated torsion-free

R-modules is closed under direct summands if and only if the class of direct sums

of finitely generated torsion-free Rm0
-modules is closed under direct summands.

Proof. By Proposition 6.1, if the class of R-modules that are direct sums of

finitely generated torsion-free R-modules is closed under direct summands, then so

is the corresponding class for Rm0 . We need to prove the converse result.

Let {Ni | i ∈ N} be a countable family of non-zero finitely generated torsion-free

R-modules and set N =
⊕

i∈NNi. Let A be a direct summand of N . Then Am0
is

a direct summand of Nm0 . By hypothesis, Am0 is a direct sum of finitely generated

Rm0
-modules, say Am0

=
⊕

i∈NXi. For i ∈ N, let Ai := {a ∈ A | a1 ∈
⊕

1≤j≤iXj}.
We claim that Ai is an RD-submodule of A. Let a ∈ A and r ∈ R \ {0} be such

that a
1
r
1 ∈

⊕
1≤j≤iXj , since

r
1 is not a zero divisor of Xℓ for any ℓ, we deduce that

a
1 ∈ Ai. This finishes the proof of the claim.

Note also that there exists an ℓ ≥ 1 such that
⊕

1≤j≤iXj is a submodule of⊕ℓ
i=1(Ni)m0 . Hence, since all modules involved are torsion-free, Ai ≤

⊕ℓ
i=1Ni.

We claim that this is also an RD-embedding. Assume that n ∈
⊕ℓ

i=1Ni is such

that there exists r ∈ R such that nr ∈ Ai ≤ A. As A is an RD-submodule of N , we

deduce that n ∈ A, and since Ai is an RD-submodule of A we deduce that n ∈ Ai.

Now we shall prove that Ai is finitely generated. Since Ai is a submodule of

a free module Rr, by Lemma 5.2 there exist a1, . . . , as ∈ Ai and a finite set of

maximal ideals of the form S = {m0,m1, . . . ,mt} such that (Ai)m =
∑s
j=1

aj
1 Rm

for any maximal ideal m /∈ S. In particular, (Ai)Q =
∑s
j=1

aj
1 Q and in the exact

sequence,

0

s∑
j=1

ajR Ai Ai/
( s∑
j=1

ajR
)

0

the module Ai/(
∑s
j=1 ajR) is torsion. Since R is an h-local domain of Krull di-

mension 1,

Ai/
( s∑
j=1

ajR
)
=

⊕
m∈mSpec(R)

(
Ai/

( s∑
j=1

ajR
))

m
=
⊕
m∈S

(
Ai/

( s∑
j=1

ajR
))

m
.

Hence, to prove the claim, it is enough to show that (Ai)mj is finitely generated as

a Λmj
-module for any j = 0, . . . , t, cf. Lemma 5.5.

Note that (Ai)m0
=
⊕

1≤j≤iXj is finitely generated. Assume now that j ≥ 1.

Since Ai is an RD-submodule of
⊕ℓ

k=1Nk, we deduce that (Ai)mj
is an RD-

submodule of
⊕ℓ

k=1(Nk)mj
. Since Rmj

is a valuation domain, and the module⊕ℓ
k=1(Nk)mj

/(Ai)mj
is finitely generated and torsion-free, it is projective. There-

fore, (Ai)mj
is a direct summand of

⊕ℓ
k=1(Nk)mj

, so it is finitely generated, as

claimed.

Now, A is a union of a chain of finitely generated modules A1 ⊆ A2 ⊆ A3 ⊆ · · · .
For any i ∈ N, the exact sequence 0 → Ai → Ai+1 → Ai+1/Ai → 0 splits upon

localization at m0 by construction. It also splits when localized at other maximal
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ideals since it is RD-exact, Rm is a valuation domain, and all the involved modules

are finitely generated and torsion-free, and therefore projective.

By Lemma 2.9, the sequence 0 → Ai → Ai+1 → Ai+1/Ai → 0 splits in R for any

i ∈ N. Therefore, A ∼= A1 ⊕ (
⊕

i∈NAi+1/Ai) is a direct sum of finitely generated

modules.

Corollary 7.3. Let R be an h-local domain of Krull dimension 1 that is integrally

closed in its field of fractions Q. Then the following statements are equivalent:

(i) The class of R-modules that are direct sums of finitely generated torsion-free

R-modules is closed under direct summands.

(ii) For any finitely generated torsion-free R-module X, every element in Add(X)

is a direct sum of finitely generated modules.

(iii) The ring R satisfies one of the following conditions:

(1) R is a Prüfer domain; or

(2) there is a maximal ideal m0 such that for every maximal ideal m ̸= m0,

Rm is a valuation domain, Rm0 is an integrally closed domain that is

not a valuation domain, and every indecomposable finitely generated

torsion-free Rm0-module has local endomorphism ring.

Proof. It is clear that (i) implies (ii). Theorem 6.6 shows that (ii) implies

(iii).

Assume (iii) holds. If R is a Prüfer domain, then it is semihereditary, so finitely

generated torsion-free modules are projective, and all projective modules are the

direct sum of finitely generated ideals. So (i) is trivially satisfied.

Now assume that R satisfies the condition (2). By Corollary 3.3, Rm0 satis-

fies that the class of finitely generated torsion-free modules is closed under direct

summands. Then (i) follows from Proposition 7.2.

Corollary 7.4. Let R be an h-local domain of Krull dimension 1. Assume that the

class of R-modules that are direct sums of finitely generated torsion-free modules is

closed under direct summands. Then its integral closure also satisfies this property.

Proof. By Theorem 6.6, R satisfies conditions (1) and (2) of Corollary 7.3 so

we can deduce that the class of finitely generated torsion-free R-modules is closed

by direct summands.

8. Infinite direct sums are determined by the genus

Definition 8.1. Let R be a commutative ring, and let Λ be an R-algebra. Let M

and N be right Λ-modules. We say that M and N are in the same genus if Mm is

isomorphic to Nm for every maximal ideal m of R.

Lemma 8.2. Let R be a commutative ring, and let Λ be a module-finite R-algebra.

Let M,N,X be right Λ-modules. If X is finitely generated over R and M ⊕X and

N ⊕X are in the same genus, then M and N are in the same genus.
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Proof. Recall that if a module Y has semilocal endomorphism ring, then it

has the cancellation property, that is, Y ⊕ A ∼= Y ⊕ B implies A ∼= B (see, for

example, [6, Theorem 4.5]).

By Proposition 2.3, Xm has semilocal endomorphism ring, so if Mm ⊕ Xm
∼=

Nm ⊕Xm then Mm
∼= Nm for every maximal ideal m of R.

Lemma 8.3. Let R be a commutative domain of finite character with field of

fractions Q. Let Λ be a module-finite R-algebra such that ΛQ is a simple artinian

ring. LetM =
⊕

i∈IMi be an infinite direct sum of non-zero finitely generated right

Λ-modules which are torsion-free as R-modules, and let N be a finitely generated

right Λ-module which is torsion-free as an R-module. If Nm is a direct summand

of Mm for every maximal ideal m of R, then N is a direct summand of M .

Proof. Suppose that Nm is a direct summand ofMm for every maximal ideal m

of R. SinceMQ is a free ΛQ-module and N is finitely generated, there is some finite

subset I1 ⊆ I such that NQ is a direct summand of
⊕

i∈I1(Mi)Q. By Lemma 4.2,

there is a Λ-module homomorphism f :
⊕

i∈I1 Mi → N such that the induced

homomorphism fm :
⊕

i∈I1(Mi)m → Nm is a splitting epimorphism for almost all

maximal ideals m of R.

Let M be the finite set of maximal ideals m such that fm is not a splitting

epimorphism. Since N is finitely generated, there is some finite subset I2 ⊆ I

containing I1 such that Nm is a direct summand of
⊕

i∈I2(Mi)m for every m ∈ M.

Then Nm is a direct summand of
⊕

i∈I2(Mi)m for all m ∈ mSpecR.

Since ΛQ is simple artinian and N is finitely generated, there exists I3 ⊆ I \ I2
finite such that NQ is a direct summand of

⊕
i∈I3(Mi)Q. Then, by Proposition 4.6,

N is a direct summand of
⊕

i∈I0 Mi, where I0 = I2 ∪ I3. Hence, N is a direct

summand of M .

Theorem 8.4. Let R be a commutative domain of finite character with field of

fractions Q. Let Λ be a module-finite R-algebra such that ΛQ is a simple artinian

ring. Let M =
⊕

i∈N0
Ai and N =

⊕
i∈N0

Bi be direct sums of non-zero finitely

generated right Λ-modules which are torsion-free as R-modules. If M and N are in

the same genus, then there are decompositions

M =
⊕

i∈N0
Mi and N =

⊕
i∈N0

Ni

such that both Mi and Ni are finitely generated, and Mi
∼= Ni for every i ∈ N0. In

particular, M and N are isomorphic.

Proof. Let {mα}α∈Ω denote the set of maximal ideals of R. Let {ai}i∈N0
and

{bj}j∈N0 be countable sets of generators forM and N , respectively. By Lemma 2.3,

(Ai)mα
and (Bi)mα

have semilocal endomorphism rings for every α ∈ Ω, and i ∈ N.
Hence, both Ai and Bi satisfy the cancellation property locally for every i ∈ N.

We claim that there exist m0, n0 ∈ N and decompositions

M =M0 ⊕ Z0 ⊕
⊕∞

i=m0+1Ai and N = N0 ⊕
⊕∞

j=n0+1Bj

for some finitely generated modules M0, N0, Z0 such that M0 is isomorphic to N0,

a0 ∈M0, b0 ∈ N0, and Z0 ⊕
⊕∞

i=m0+1Ai and
⊕∞

j=n0+1Bj are in the same genus.
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Let m′
0 = min{m ∈ N0 | a0 ∈

⊕m
i=0Ai}, and consider X0 =

⊕m′
0

i=0Ai. By

Lemma 8.3 applied to X0, there is n′0 ∈ N0 such that X0 is isomorphic to a direct

summand of
⊕n′

0
j=0Bj . Therefore, we can write

M = X0 ⊕
⊕∞

i=m′
0+1Ai and N = Y0 ⊕ Z ′

0 ⊕
⊕∞

j=n′
0+1Bj

with X0
∼= Y0 and Y0 ⊕ Z ′

0 =
⊕n′

0
j=0Bj . By Lemma 8.2,

⊕∞
i=m0+1Ai and Z ′

0 ⊕⊕∞
j=n′

0+1Bj are in the same genus.

Let n0 = max{n′0 + 1,min{n ∈ N0 | b0 ∈
⊕n

j=0Bj}}, and consider Y1 = Z ′
0 ⊕⊕n0

j=n′
0+1Bj . By Lemma 8.3 applied to Y1, there is m0 > m′

0 such that Y1 is

isomorphic to a direct summand of
⊕m0

i=m′
0+1Ai. Then

M = X0 ⊕X1 ⊕ Z0 ⊕
⊕∞

i=m0+1Ai and N = Y0 ⊕ Y1 ⊕
⊕∞

j=n0+1Bj

with X0
∼= Y0 and X1

∼= Y1. By Lemma 8.2, Z0 ⊕
⊕∞

i=m0+1Ai and
⊕∞

j=n0+1Bj
are in the same genus. Take M0 = X0 ⊕X1 and N0 = Y0 ⊕ Y1. We can repeat this

argument ω times to obtain ascending chains of positive integers m0 < · · · < mℓ <

· · · and n0 < · · · < nℓ < · · · , and decompositions

M = (
⊕ℓ

i=0Mi)⊕ Zℓ ⊕ (
⊕∞

i=mℓ+1Ai) and N = (
⊕ℓ

i=0Ni)⊕ (
⊕∞

j=nℓ+1Bj)

such that Mi is finitely generated and isomorphic to Ni for every i = 0, . . . , ℓ,

a0, . . . , aℓ ∈
⊕ℓ

i=0Mi, b0, . . . , bℓ ∈
⊕ℓ

i=0Ni, and Zℓ⊕(
⊕∞

i=mℓ+1Ai) and
⊕∞

j=nℓ+1Bj
are in the same genus. Therefore, we obtain two families of finitely generated Λ-

modules which are torsion-free as R-modules {Mi}i∈N0 ⊆ M and {Ni}i∈N0 ⊆ N

such that Mi is finitely generated and isomorphic to Ni, {ai}i∈N0
⊆
⊕

i∈N0
Mi,

and {bi}i∈N0
⊆
⊕

i∈N0
Ni. We deduce that M =

⊕
i∈N0

Mi and N =
⊕

i∈N0
Ni.

Therefore, M is isomorphic to N . This finishes the proof of the proposition.

The following proposition generalizes Lemma 8.3.

Proposition 8.5. Let R be a commutative domain of finite character with field of

fractions Q. Let Λ be a module-finite R-algebra such that ΛQ is a simple artinian

ring. LetM =
⊕

i∈IMi be an infinite direct sum of non-zero finitely generated right

Λ-modules which are torsion-free as R-modules, and let A be a direct summand of

M of infinite rank. Let N be a finitely generated right Λ-module which is torsion-

free as an R-module. If Nm is isomorphic to a direct summand of Am for each

maximal ideal m of R, then N is isomorphic to a direct summand of A.

Proof. Since A is a direct summand of M , there are Λ-homomorphisms

ι : A ↪→M and π : M → A such that πι = 1A. For every subset J ⊆ I, let

πJ : M →
⊕

j∈JMj and ιJ :
⊕

j∈JMj ↪→ M denote the corresponding canoni-

cal projection and canonical embedding, respectively.

SinceNQ is a direct summand ofAQ, there are ΛQ-homomorphisms f : NQ → AQ
and g : AQ → NQ such that gf = 1NQ

. By Lemma 2.8, there is a Λ-module homo-

morphism f0 : N → A such that f = f0/s for some non-zero s ∈ R. Let J0 be a

finite subset of I such that Im f0 ⊆
⊕

j∈J0 Mj . Hence g(ιJ0πJ0ι)Qf = 1NQ
.

Again, by Lemma 2.8, there is a Λ-homomorphism g′ :
⊕

j∈J0 Mj → N such

that g(ιJ0)Q = g′/t for some non-zero t ∈ R. Let g0 = g′πJ0ι, and note that

g0/t : AQ → NQ is a ΛQ-homomorphism satisfying that (g0/t)f = 1NQ
. Hence, we
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may assume that there exists a Λ-homomorphism g0 : A→ N that factors through

πJ0ι, and such that g is of the form g0/t for some non-zero t ∈ R. In particular,

g0f0 = st1N . Also note that g0(A ∩
⊕

i∈I\J0 Mi) = 0 and Im f0 ⊆
⊕

j∈J0 Mj .

Let r0 = st ∈ R. Since R is of finite character, r0 is contained only in finitely

many maximal ideals of R, sayM = {m1,m2, . . . ,mk}. A similar argument as above

shows that there are Λ-homomorphisms f1, . . . , fk : N → A, g1, . . . , gk : A → N ,

and non-zero elements r1, . . . , rk ∈ R such that gifi = ri1N and ri /∈ mi, for each

i = 1, . . . , k. These morphisms can be chosen such that there are finite subsets

J1, J2, . . . , Jk ⊆ I such that gj(A ∩
⊕

i∈I\Jj Mi) = 0 and Im fj ⊆
⊕

i∈Jj Mi.

Let J =
⋃k
i=1 Ji, and let J ′ := I \ J . Consider an exact sequence

0 X A
⊕

j∈JMj ,
ν πJ |A

where X = A ∩
⊕

j∈J′ Mj . Since A is of infinite rank, X has infinite rank as

well, and hence there is a ΛQ-monomorphism f ′ : NQ → XQ. Then νQf
′ splits

because ΛQ is simple artinian. Let g′ : AQ → NQ be a ΛQ-homomorphism such

that g′νQf
′ = 1NQ

. As in the first part of the proof, we may assume that g′

factors through (πKι)Q for some finite subset K ⊆ J ′. Therefore, there are Λ-

homomorphisms f∞ : N → A and g∞ : A → N such that g∞f∞ = r∞1N for some

non-zero r∞ ∈ R. Moreover, Imf∞ ⊆ X and g∞(A ∩
⊕

j∈JMj) = 0.

Since R is of finite character, r∞ is contained only in finitely many maximal

ideals of R, say N = {n1, n2, . . . , nℓ}. By the Chinese Remainder Theorem, we can

find e1, . . . , eℓ ∈ R such that ej ≡ 0 mod ni whenever j ̸= i and ej ≡ 1 mod nj ,

for every j = 1, . . . , ℓ. Note that any maximal ideal of R either does not contain

r0 or is in M. Hence, by the definition of the r1, . . . , rk, no maximal ideal of R

contains the whole set {r0, . . . , rk}.
For every j = 1, . . . , ℓ, let i(j) ∈ {0, . . . , k} be such that ri(j) ̸∈ nj . Let g : A→ N

be the Λ-homomorphism given by g = g∞ +
∑ℓ
j=1 ejgi(j).

We claim that g is a locally split epimorphism, so by Lemma 2.9 it is a split

epimorphism. Note that gf∞ = g∞f∞ = r∞1N , so gn splits if n does not contain

r∞. On the other hand,

gfi(t) =

ℓ∑
j=1

ejgi(j)fi(t) = etri(t)1N +
∑

1≤j≤ℓ
j ̸=t

ejgi(j)fi(t).

When we localize at nt, the first summand is an invertible element, while the second

summand is in J(EndΛnt
(Nnt

)) by Lemma 2.6. Hence, gn splits for any maximal

ideal of R, and we conclude with the proof of the statement.

Now we are going to give an example showing that Lemma 8.3 is not true for

direct summands that are not finitely generated. We start with the following well-

known lemma that will provide us a source of noetherian local domains of Krull

dimension 1 with local integral closure. So that indecomposable finitely generated

torsion-free modules have local endomorphism ring (see, for example, Corollary 3.9).

Lemma 8.6. Let α1, . . . , αn be (non-zero) coprime elements of N. Let K be a field,

R = K[tα1 , . . . , tαn ] and m = tα1R+ · · ·+ tαnR. Set Σ = R \m. Then:
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(i) R is a noetherian domain of Krull dimension 1 and field of quotients K(t).

The integral closure of R into its field of fractions is K[t].

(ii) The integral closure of Rm into its field of fractions is K[t]Σ = K[t](t). In

particular, it is a local ring.

(iii) Every finitely generated, indecomposable, torsion-free Rm-module has local

endomorphism ring.

Proof. (i). The field of fractions of R is a subfield of K(t) that contains R

and also t (because α1, . . . , αn are coprime) so it coincides with K(t). Since K[t] is

a PID, it is integrally closed, and being an integral extension of R, it is the integral

closure.

(ii). By (i) the extension Rm ⊆ K[t]Σ is integral. If n is a maximal ideal of K[t]Σ
then n ∩R = m. Therefore t ∈ n, so that n = tK[t]Σ, and K[t]Σ is a local ring.

The statement (iii) follows from (ii) and Corollary 3.9.

Example 8.7. There is a semilocal noetherian domain R of Krull dimension 1,

and R-modules M and N that can be written as infinite direct sums of non-zero

finitely generated torsion-free R-modules such that Nm is a direct summand of Mm

for every maximal ideal m of R but N is not a direct summand of M .

Proof. Let K be an infinite field. Let R1 = K[t2, t3](t2,t3), and let R2 =

K[t3, t7](t3,t7). So Lemma 8.6 applies to R1 and R2.

The local domain R1 is a Bass domain with just two indecomposable finitely

generated torsion-free modules (or rank one) up to isomorphism. Namely, X = R1

and Y = m1 where m1 denotes the maximal ideal of R1. Note that, by Lemma 8.6,

X and Y have local endomorphism ring.

The domain R2 has infinitely many indecomposable finitely generated torsion-

free modules of all ranks ≥ 2, because it fails to satisfy the Drozd-Roiter conditions

(cf. [19, Theorem 4.2]). More precisely, if we denote by m2 the maximal ideal

of R2, the R2-module (m2K[t](t) + R2)/R2 is not cyclic because a minimal set of

generators is t4 and t5.

We single out an infinite family Z1, Z2, . . . of indecomposable finitely generated,

torsion-free R2-modules of rank 2. Note that, by Lemma 8.6, such modules have

local endomorphism ring.

Let φ : K(t) → K(t) be the automorphism that fixes K and φ(t) = t+ 1. Let R

be the ring that fits in the pull-back diagram

R R1

R2 K(t)
φ′

where φ′ : R2 ↪→ K(t)
φ→ K(t).

By [36, Theorem 4.4], R is a noetherian domain of Krull dimension 1 with exactly

two maximal ideals m and n and satisfying that Rm
∼= R1 and Rn

∼= R2.
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Apply the results on [36] (or just Corollary 5.8) to construct two sequences of

finitely generated torsion-free R-modules M1,M2, . . . , N1, N2, . . . such that

(Mi)n = (Ni)n = Zi, (Mi)m = X ⊕ Y, (Ni)m = X ⊕X.

Call M =
⊕

i∈NMi, N =
⊕

i∈NNi. Then N is locally a direct summand of M ,

but N is not isomorphic to a direct summand of M . Indeed, if N ⊕ N ′ ∼= M

then
(⊕

i∈N Zi
)
⊕N ′

n
∼=
⊕

i∈N Zi. Since {Zi}i∈N are non-isomorphic and have local

endomorphism rings, N ′
n = {0}. Hence, as N ′ is torsion-free, N ′ = {0}. But

Nm ̸∼=Mm, a contradiction.

Remark 8.8. By Proposition 9.6, the ring R in Example 8.7 satisfies that the class

of direct sums of finitely generated torsion-free modules is closed under direct sum-

mands.

Proposition 8.9. Let R be a commutative domain of finite character. Let M be a

torsion-free R-module of countable rank. Let m0 be a maximal ideal of R. Assume

that

(a) Mm is a direct sum of finitely generated torsion-free modules of rank one

with local endomorphism ring for every maximal ideal m ̸= m0, and

(b) Mm0 is a direct sum of finitely generated torsion-free modules.

Then M is in the same genus as a direct sum of finitely generated torsion-free

modules if and only if

(i) Mm is a free module for all but countably many maximal ideals m of R.

(ii) If M = {m ∈ mSpecR | Mm is not free}, and rm denotes the number of

free direct summands in the decomposition of Mm, then for every b ∈ N the

set {m ∈ M | rm ≤ b} is finite.

Proof. Let N =
⊕

i∈NNi, where each Ni is a finitely generated torsion-

free module, and assume that M and N are in the same genus. (i) follows from

Corollary 5.4. If M is finite, (ii) is clear. Assume M is infinite and let b ∈ N.
Then there are only finitely many maximal ideals m ∈ M such that at least one of

(N1)m, . . . , (Nb)m is not free, so rm ≥ b for almost all m ∈ M. This proves (ii).

Conversely, assume that (i) and (ii) are satisfied and letMm =
⊕

i∈NMm,i, where

each Mm,i is a finitely generated torsion-free module and such that Mm,i has rank

one for every maximal ideal m ̸= m0. For each i ∈ N, let di denote the rank of the

module Mm0,i.

First, assume that M is finite. For each i ∈ N, apply Package Deal Theorem 5.7

to Xi(m0) = Mm0,i and Xi(m) =
⊕d0+···+di

i=d0+···+di−1+1Mm,i for each m ̸= m0 (note

that, since M is finite, Xi(m) is free for almost all maximal ideals m of R). Then,

for each j ∈ N, there is an R-module Nj such that (Nj)m ∼= Xj(m) for every

maximal ideal m in R. Therefore,
⊕

j∈NNj is in the same genus as M .

Now, assume that M is infinite and consider the case where rm is finite for every

maximal ideal m of R. First, write the elements of M in a sequence m1,m2, . . .

in such a way that rm1 ≤ rm2 ≤ · · · is non-decreasing, and assume that the direct

summands in the decompositions of Mm are indexed such that Mm,1, . . . ,Mm,rm

are the free direct summands. For each i ∈ N, apply Package Deal Theorem 5.7 to
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Xi(m0) = Mm0,i and Xi(m) =
⊕d0+···+di

j=d0+···+di−1+1Mm,j for each m ̸= m0 (note that,

with this reordering and considering (i) and (ii) with b = d0 + · · ·+ di, Mm,i is free

for almost all maximal ideals). Then, for each j ∈ N, there is an R-module Nj such

that (Nj)m ∼= Xj(m) for every maximal ideal m in R. Therefore,
⊕

j∈NNj is in the

same genus as M .

Finally, assume that M is infinite and there is at least one maximal ideal m with

rm infinite. Let m1,m2, . . . be a (finite or infinite) list of elements in {m ∈ M | rm
is finite} and let n1, n2, . . . be a (finite or infinite) list of elements in {n ∈ M | rn is

infinite}. The first sequence is chosen such that rm1
≤ rm2

≤ · · · is non-decreasing,
and again we assume the direct summands in the decompositions ofMmi are indexed

such that Mm,1, . . . ,Mm,rmi
are the free direct summands. Moreover, we assume

that the direct summands in the decompositions of Mni
are indexed such that

Mni,1, . . . ,Mni,i are free.

Let us check that each Mm,j is free for almost all m ∈ M. If Mni,j is not free,

then i < j. If Mm,j is not free for infinitely many m’s with finite rm, then b = j− 1

would contradict (ii). Hence, as before, we find finitely generated torsion-free R-

modules Nj such that (Nj)m ∼= Xj(m) for every maximal ideal m of R. Therefore,⊕
j∈NNj is in the same genus as M .

9. The noetherian case

The results of Section 8 allow us to show in this section that the converse of

Theorem 6.6 is true for semilocal noetherian domains of Krull dimension 1 (cf.

Proposition 9.6), and this result will allow us also to prove the converse of Theo-

rem 6.6 for noetherian domains of Krull dimension 1 and with finitely generated

integral closure in Theorem 9.8.

Let C be a pre-additive category, letM be an object of C, and let I be a two-sided

ideal of the ring EndC(M). Recall that the ideal of C associated to I is the ideal AI

of the category C defined as follows. A morphism f : X → Y belongs to AI(X,Y )

if and only if βfα ∈ I for every pair of morphisms α : M → X and β : Y → M in

the category C.
Notice that if C′ is a full subcategory of C. Then the restriction of AI to C′ gives

an ideal of the category C′.

Remark 9.1. Let R be a commutative ring, and let Λ be a module-finite R-algebra.

Let M be a non-zero finitely generated right Λ-module with endomorphism ring

S = EndΛ(M). Let φ : R → S denote the canonical homomorphism. Let n be

a two-sided maximal ideal of S, and let m = φ−1(n). By Lemma 2.7(i), m is a

maximal ideal of R.

Let X,Y be two objects in Mod-Λ. If f ∈ HomΛ(X,Y ) is such that f(X) ⊆ Ym,

then f ∈ An. Indeed, βfα(M) ⊆ Mm for every pair of morphisms α : M → X,

β : Y →M . Hence, by Lemma 2.7(ii), βfα ∈ n.

If C is a full subcategory of Mod-Λ, we will still denote by An the restriction to

C of the ideal defined in the whole module category.
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Lemma 9.2. Let R be a commutative ring, and let m be a maximal ideal of R. Let

f : X → Y be a homomorphism of R-modules such that fm(Xm) ⊆ YmmRm. Then

f(X) ⊆ Ym.

Proof. Let x ∈ X. Then there exist ri ∈ m, yi ∈ Y, s ∈ R \m such that

f(x)

1
=

n∑
i=1

yiri
1

1

s
=
y

s
, y ∈ Ym

Therefore, there exists t /∈ m such that f(x)st = yt. Then there exists u /∈ m such

that 1− stu ∈ m and f(x) = f(x)(1− stu)+f(x)stu = f(x)(1− stu)+ytu ∈ Ym.

Proposition 9.3. Under the assumptions of Remark 9.1, let N =
⊕

i∈NMi be a

direct sum of finitely generated right Λ-modules which are torsion-free as R-modules,

and consider A,A′ two direct summands of N . Assume that C contains M,A,A′

and every Mi, for each i ∈ N. If Am
∼= A′

m, then A is isomorphic to A′ in the

factor category C/An.

Proof. We have to check that there are homomorphisms f : A → A′ and

g : A′ → A such that IdA − gf, IdA′ − fg ∈ An. By Remark 9.1 and Lemma 9.2, it

is sufficient to find f : A→ A′ and g : A′ → A such that (IdA−gf)m(Am) ⊆ AmmRm

and (IdA′ − fg)m(A
′
m) ⊆ A′

mmRm.

Assume that Am
∼= A′

m. Let α : Am → A′
m and β : A′

m → Am denote mutually

inverse isomorphisms. Then γ = ιA′
m
απAm

and δ = ιAm
βπA′

m
are elements in

EndRm
(
⊕

i∈N(Mi)m) such that the following diagram commutes⊕
i∈N(Mi)m

⊕
i∈N(Mi)m

Am A′
m

γ

πAm

δ

πA′
m

α

ιAm

β

ιA′
m

By Lemma 2.8, we can consider γ as a column-finite matrix such that the i-th

column represents HomΛm
((Mi)m,

⊕
j∈I(Mj)m) ∼= HomΛ(Mi,

⊕
j∈IMj)⊗R Rm.

For each i ∈ N, let si /∈ m be the product of the denominators in the i-th

column, and define τ =
⊕

i∈N siId(Mi)m ∈ AutΛm
(Nm). By Lemma 2.8, there exists

h ∈ EndΛ(N) such that γ ◦ τ = hm. For each i ∈ N, take ti /∈ m such that

1 − tisi ∈ m and define θ =
⊕

i∈N tiIdMi
∈ EndΛ(N). Similarly, define τ ′ and θ′

starting with the endomorphism δ, i.e., δ ◦ τ ′ = h′m for some h′ ∈ EndΛ(N). Note

that τθm = IdNm
− r for some r ∈ EndΛm

(Nm) with Im r ⊆ (Nm)mRm. Similarly,

there exists r′ ∈ EndΛm
(Nm) with Im r′ ⊆ (Nm)mRm such that τ ′θ′m = IdNm

− r′.

Set f = πA′hθιA and g = πAh
′θ′ιA′ . Then

(IdA − gf)m = (IdA − πAh
′θ′ιA′πA′hθιA)m

= IdAm
− πAm

δτ ′θ′mιA′
m
πA′

m
γτθmιAm

= IdAm
− πAm

ιAm
βπA′

m
τ ′θ′mιA′

m
πA′

m
ιA′

m
απAm

τθmιAm

= IdAm
− πAm

ιAm
βπA′

m
(IdNm

− r′)ιA′
m
πA′

m
ιA′

m
απAm

(IdNm
− r)ιAm

= IdAm
− πAm

ιAm
βπA′

m
1ιA′

m
πA′

m
ιA′

m
απAm

1ιAm
+ s,
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where s ∈ EndΛm
(Am) satisfies that Im s ⊆ AmmRm. A symmetric computation

shows that Im (IdA′ − fg)m ⊆ A′
mmRm.

Remark 9.4. The statement in Proposition 9.3 is also true if we assume that N

is a direct sum of finitely presented right Λ-modules instead of a direct sum of

finitely generated right Λ-modules which are torsion-free as R-modules using [30,

Theorem 3.18] instead of Lemma 2.8.

Corollary 9.5. Let R be a commutative ring, and let Λ be a module-finite R-

algebra. Let M =
⊕

i∈NMi be a direct sum of non-zero finitely presented right

Λ-modules with semilocal endomorphism rings. If A and A′ are direct summands

of M , then A ∼= A′ if and only if Am
∼= A′

m for every maximal ideal m of R.

Proof. Consider C = Add(
⊕

i∈NMi). We aim to apply [28, Proposition 3.6].

We have to check if n is a maximal ideal of EndΛ(Mi) for some i ∈ N, then A and

A′ are isomorphic objects of the factor category C/An. Note that the preimage

of n in the canonical homomorphism R → EndΛ(Ni) is a maximal ideal of R by

Lemma 2.7(i), so we can apply Proposition 9.3 and Remark 9.4.

From now on, we only consider the case when R is a noetherian domain of Krull

dimension 1. We can try to find appropriate generalizations reflecting the results

in the previous parts of the paper. For the semilocal case below, we need Krull

dimension 1 because of Corollary 3.9.

Proposition 9.6. Let R be a semilocal noetherian domain of Krull dimension 1.

Let m0,m1, . . . ,mk be the list of maximal ideals of R. Assume that

(i) Rmi
has the two-generator property for i = 1, . . . , k.

(ii) The normalization of Rmi is a discrete valuation domain for every i =

0, 1, . . . , k.

Then every pure projective torsion-free R-module is a direct sum of finitely presented

modules.

Proof. By Kaplansky’s Theorem [17, Theorem 1], every pure projective module

is a direct sum of countably generated modules. Therefore, we may consider A to

be a direct summand of
⊕

i∈NMi, where each Mi is a non-zero finitely presented

torsion-free R-module, say A⊕A′ =
⊕

i∈NMi. Also, we may assume that A is not

finitely generated.

If m is a maximal ideal of R, then Am ⊕ A′
m =

⊕
i∈N(Mi)m, and by (ii) and

Corollary 3.9, Am is a direct sum of finitely generated Rm-modules with local en-

domorphism ring.

For each i = 0, . . . , k, let Ami
=
⊕

j∈NNi,j , where Ni,j is a finitely generated

indecomposable Rmi-module. In [32, Theorem 4.3], Rush proved that over a noe-

therian ring with the two-generator property any finitely generated indecomposable

torsion-free module has rank 1, thus (i) implies that Ni,j is a module of rank 1 if

i ≥ 1.

Therefore, the module A fulfills the hypothesis of Proposition 8.9, and since the

number of maximal ideals of R is finite, we can deduce that A is in the same genus
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as a module B that is a direct sum of finitely generated torsion-free modules. Since

A and B are direct summands of B ⊕
(⊕

i∈NMi

)
, we deduce from Corollary 9.5

that A ∼= B.

The following lemma is a variation of Proposition 7.2 adapted to the noetherian

setting.

Lemma 9.7. Let R be a noetherian domain of Krull dimension 1, and with module-

finite normalization R. Let M = {m1, . . . ,mk} be the list of maximal ideals of R

such that Rm is a principal ideal domain for any maximal ideal m /∈ M, and let

Σ = R \
⋃k
i=1 mi. Further, let M ⊆ R

(ω)
be such that MΣ is a direct sum of finitely

generated RΣ-modules. Then M is a direct sum of finitely generated modules.

Proof. We may assume that the rank of M is infinite. Let MΣ =
⊕∞

i=1Mi,

where each Mi is a non-zero finitely generated RΣ-module. For each i = 1, 2, . . .

let Ni := {m ∈ M | m1 ∈
⊕i

j=1Mj}. Note that Ni ⊆ R
ℓ
for some ℓ, hence Ni is a

finitely generated submodule ofM . Further, we claim that Ni is an RD-submodule

of M . Consider m ∈ M,n ∈ Ni and 0 ̸= r ∈ R such that mr = n. Then m
1
r
1 = n

1

in MΣ. Since
r
1 is not a zero-divisor on each Mt,

m
1 is an element of

⊕i
j=1Mj .

We claim that for every i ∈ N the inclusion ιi : Ni → Ni+1 splits. By Lemma 2.9,

it is enough to check that ιi ⊗R Rm splits for every maximal ideal m of R. Since

ιi ⊗R Rm
∼= ιi ⊗R RΣ ⊗RΣ

Rm for any m ∈ M and ιi ⊗R RΣ splits, ιi ⊗R Rm splits

for any m ∈ M.

Now suppose that m /∈ M. Then it is easy to check that (Ni)m is an RD-

submodule of (Ni+1)m and since Rm is a valuation domain, also a pure submodule

of (Ni)m. The pure exact sequence

0 (Ni)m (Ni+1)m (Ni+1/Ni)m 0
ι⊗RRm

splits, since the right-hand term is finitely presented. From this, we conclude that

ιi splits.

Overall, M is a union of the chain N1 ⊆ N2 ⊆ N3 ⊆ · · · where each Ni splits

in Ni+1, i.e., there exists a submodule Di+1 ⊆ Ni+1 such that Ni+1 = Ni ⊕Di+1.

Further let D1 := N1. Then M =
⊕∞

i=1Di is a direct sum of finitely generated

R-modules.

Theorem 9.8. Let R be a noetherian domain of Krull dimension 1, and with

module-finite normalization R. Then the following statements are equivalent:

(1) Every pure projective torsion-free R-module is a direct sum of finitely pre-

sented modules.

(2) For any finitely generated, torsion-free R-module X, every element in Add(X)

is a direct sum of finitely generated modules.

(3) R satisfies the following two conditions:

(i) there exists at most one maximal ideal m0 of R such that Rm0
is not

a Bass domain, and

(ii) the normalization of Rm is a discrete valuation domain for every max-

imal ideal m of R.
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Proof. It is clear that (1) implies (2). Statement (2) implies (3) by Theo-

rem 6.6. We only need to prove that (3) implies (1).

Note that, if R is integrally closed, then R is a Dedekind domain, and pure

projective torsion-free modules are projective. Assume that R ̸= R, and let M =

{m1, . . . ,mk} be a finite set of maximal ideals of R such that Rm is integrally

closed whenever m ̸∈ M. Let Σ := R \
⋃k
i=1 mi. Therefore, RΣ is a semilocal ring

satisfying the assumptions of Proposition 9.6. Hence, any pure projective torsion-

free RΣ-module is a direct sum of finitely presented modules.

Let A be a countably generated pure projective torsion-free R-module, i.e., a

direct summand of
⊕

i∈NMi, where each Mi is a finitely generated torsion-free

module. Note that each Mi can be considered as a submodule of MiR (the R-

submodule of (Mi)0 generated by Mi) which is a projective R-module. Hence, we

may consider A as a submodule of R
(ω)

.

Since AΣ is a pure projective torsion-free RΣ-module, it has to be a direct sum of

finitely generated modules. By Lemma 9.7, A is a direct sum of finitely generated

modules.

10. A family of examples

In this section, we provide a family of examples of h-local domains of Krull di-

mension 1, not necessarily noetherian, that exemplifies well the situations described

in Theorem 6.6 and also in Corollary 7.3 as we show that they satisfy that direct

summands of finitely generated torsion-free modules are direct sums of finitely gen-

erated modules. This family of examples was suggested to us by Carmelo Antonio

Finocchiaro and Paolo Zanardo [8].

Let K ⊆ L be a field extension, and consider the ring R = K + xL[x] and its

localization Rm at the maximal ideal m = xL[x]. The field of fractions of R is L(x),

and R fits in the pullback diagram of rings

R = K + xL[x] L[x]

K L

incl.

ev0 ev0

incl.

(C1)

where ev0 denotes the evaluation at 0. In fact, this diagram is a conductor square,

with conductor ideal c = m since R/m ∼= K and L[x]/m ∼= L.

Note that Rm = K + xL[x]m, since every element in Rm can be written as

a+ xp(x)

1 + xq(x)
= a+

x(p(x)− aq(x))

1 + xq(x)
,

with a ∈ K, p(x), q(x) ∈ L[x].
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The localization of (∗) at m gives also a conductor square for Rm

Rm = K + xL[x]m L[x]m

K L

incl.

ev0 ev0

incl.

(C2)

with conductor cm = xL[x]m.

Lemma 10.1. Let K ⊆ L be a field extension, let R denote the ring K + xL[x],

and m = xL[x]. Then

(i) If I is an ideal of R, then IL = L[x] if and only if I = R.

(ii) Every maximal ideal n ̸= m of R is generated by a polynomial q(x) ∈ R that

is irreducible in L[x] with q(0) = 1.

(iii) Rn = L[x]n, that is, Rn is a discrete valuation ring for every maximal ideal

n ̸= m in R.

(iv) R is an h-local domain of Krull dimension 1.

Proof. (i). Suppose that IL = L[x], so y0 + y1a1 + · · · + ynan = 1 for

some elements yi ∈ I and ai ∈ L \ K. Then, for every polynomial q(x) ∈ L[x],

y0xq(x) + y1a1xq(x) + · · · + ynanxq(x) = xq(x) ∈ I. Therefore xL[x] ⊆ I. Since

xL[x] is a maximal ideal of R and I ̸⊆ xL[x], I = K + xL[x].

(ii). Let n ̸= m be a maximal ideal of R. By (i) and because n is maximal,

nL ̸= L[x] and nL ∩ R = n. There exists p(x) ∈ L[x] with p(0) = 1 such that

p(x)L[x] = nL. Since p(x) ∈ nL ∩ R, p(x) ∈ n. Notice that if q(x) ∈ L[x] and

p(x)q(x) ∈ R then also q(x) ∈ R. Therefore p(x)R = n. If p(x) = q1(x)q2(x) in

L[x], and since p(0) = 1, we can assume that q1(0) = q2(0) = 1 so that it is also

a decomposition in R. Since n is maximal, either q1(x) or q2(x) ∈ n which implies

that either q1(x) or q2(x) is equal 1. This shows that p(x) is irreducible in L[x].

(iii). Since the element x ∈ R \ n is invertible in Rn, we have a = ax/x ∈ Rn for

every element a ∈ L, so we deduce that L ⊆ Rn, that is, L[x]n ⊆ Rn.

(iv). Let p(x) be a non-zero polynomial in R. If p(0) ̸= 0, p(x) can be written as

p(x) = kq1(x) · · · qn(x), where k = p(0) ∈ K∗ and qi(x) are irreducible polynomials

in L[x] with qi(0) = 1 for every i = 1, . . . , n so, in particular, qi(x) ∈ R. This

decomposition is unique up to a unit (an element in K) because L[x] is a UFD,

and in this case, p(x) is only contained in the maximal ideals generated by the

irreducible polynomials qi(x) for i = 1, . . . , n.

If p(0) = 0, then p(x) can be written as p(x) = xmq(x), where m ≥ 1 and

q(x) ∈ L[x] with q(0) ̸= 0. Then q(x) can be written as q(x) = lq1(x) · · · qn(x),
where l = q(0) ∈ L∗ and qi(x) are irreducible polynomials in L[x] with qi(0) = 1

for every i = 1, . . . , n, so again, qi(x) ∈ R. Therefore, p(x) is only contained in the

maximal ideals generated by the irreducible polynomials qi(x) for i = 1, . . . , n and

it is also contained in m. Therefore, R has finite character.

Now we prove that Rm has Krull dimension 1. Let p be a non-zero prime ideal

of Rm and let 0 ̸= g ∈ p. We can assume, up to a unit of Rm, that g is of the form

xna with a ∈ L \ {0} and n ≥ 1. If n > 1, then xna = x · (xn−1a) which implies

that either x or xn−1a are in p. By induction on n we can deduce that p contains
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an element of the form xa with a ∈ L \ {0} so it also contains x2b = xa · xa−1b for

any b ∈ L. As (xb)2 ∈ p for any b ∈ L, we deduce that xb ∈ p. Hence p = m.

Since the Krull dimension of R localized at any maximal ideal is 1, we deduce

that R has Krull dimension 1 and, being of finite character, it is h-local.

From (iii) it follows that finitely generated torsion-free Rn-modules are free for

every maximal ideal n ̸= m in R.

Remark 10.2. Assume K ⊊ L.

(1) R is integrally closed if and only if the extension K ⊆ L is purely transcen-

dental. If α ∈ L \K is algebraic over K then α is integral over R. So if R

is integrally closed, K ⊆ L is a purely transcendental extension.

To prove the converse, let f ∈ L(x) satisfy a polynomial equation fn +

an−1f
n−1 + · · · + a0 = 0 with ai ∈ R for i = 0, . . . , n − 1. Since L[x] is

already integrally closed, we can assume that f ∈ L[x]. Let f0 denote the

evaluation at 0 of f . Then f0 satisfies a polynomial equation in K, so f0 is

algebraic over K. Since L is purely transcendental, we deduce that f0 ∈ K,

so f ∈ R.

(2) Rm is noetherian if and only if the extension K ⊆ L has finite degree. In-

deed, let (ai)i∈A be a basis of L as K-vector space. The maximal ideal

m = xL[x] is generated by A = {xai}i∈A and no proper subset of A gener-

ates m. Then Rm is noetherian if and only if A is finite.

(3) Rm is not a valuation ring. Note that every element a ∈ L\K is in its field

of fractions L(x), but neither a nor a−1 belong to Rm.

Now we will study torsion-free modules over the ringR and over the ringRm. The

inclusion of R into the principal ideal domain L[x] allows us to use the techniques

of the conductor square and artinian pairs (see [19]). First, we fix some notation.

We shall describe a class of torsion-free modules over the ring T that can be either

R of Rm. The ring T is included in a principal ideal domain S, where S = L[x] if

T = R and S = L[x]m if T = Rm. The field of fractions of T coincides with the

one of S and it is Q = L(x). We will denote by c the conductor of both conductor

squares (C1) and (C2).

We denote by λ : T → Q and λ′ : S → Q the corresponding localization maps,

and by ε : T → S the ring inclusion. Then if MT is a torsion-free T -module, there

is a commutative diagram

M M ⊗T Q

M ⊗T S

M⊗λ

M⊗ε M⊗λ′

Therefore, we can identify MT with an essential submodule of Q(A) for a suitable

set A, and then, we set (M ⊗ λ′)(M ⊗T S) =MS.

In general, M ⊗ λ′ is not an injective map; it is when MT is projective or, more

generally, when MT is flat.

Lemma 10.3. Let MT be a torsion-free module over T . Then:
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(i) MS =ML;

(ii) ML ∩M ⊇Mc;

(iii) As K-vector space, M = V ⊕Mc, where V is any complement of Mc in

M . Moreover, as L-vector space, ML = V L ⊕Mc. Setting W = V L, it

follows that dimK(V ) ≥ dimL(W ).

(iv) As L-vector space, ML =W ⊕Mc, where W is any complement of Mc in

M . Moreover, V = W ∩M is a K-vector space such that M = V ⊕Mc

and W = V L.

(v) For any pair V , W chosen as in (iii) or (iv), V ∼= M/Mc and W ∼=
ML/Mc. In addition, there is a pullback diagram

M ML

V W

incl.

incl.

(∗)

Proof. Statement (i) follows because TS = TL, cf. Lemma 10.1(i). Statement

(ii) is clear.

The ring T fits in an exact sequence of T -modules

0 c T K 0

shows that (∗) is a pull-back diagram.

Definition 10.4. The category B of modules over the artinian pair K ↪→ L has as

objects the inclusions V ↪→ W where V is a K-subspace of the L-vector space W

satisfying that V L =W .

If V ↪→W and V ′ ↪→W ′ are two objects of B a morphism between them consists

of one K-linear map f : V → V ′ and one L-linear map g : W → W ′ making the

diagram

V W

V ′ W ′

incl.

f g

incl.

commutative.

Corollary 10.5. As usual, T denotes the ring R = K + xL[x] or Rm where m =

xL[x]. Let AT be the category of torsion-free modules over T . Let B be the category

of modules over the artinian pair K ↪→ L. Then there is a functor FT that assigns

to each object MT in AT the object of B, M/Mc ↪→ML/Mc.

Moreover, FR(M) = FRm
(Mm) for any object M of AR.

Proof. Lemma 10.3(v) and the fact that a morphism between torsion-free

modules over T induces a morphism between the modules over the artinian pair,

imply the existence of such a functor.

If M is an object in AR then M/Mc is an R-module and also an Rm-module.

Also, ML/Mc is an L[X] module as well as an L[x]m-module. So, the second part

of the statement is clear.
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For a general torsion-free module M the pull-back diagram of Lemma 10.3(v)

can be trivial. Take, for example, M = Q. As M = ML = Mc and V = W = 0.

So, in the notation of Corollary 10.5, FT (Q) = 0.

To get a better correspondence, we need to restrict the class of torsion-free

modules we are interested in. We shall consider the class

CT = {M |M is a torsion-free T -module such that ML is a free S-module}

Notice that CT contains all finitely generated torsion-free modules, and it is

closed by arbitrary direct sums and direct summands. In addition, M = S ∈ CT .
Assume that ML is a free S-module, then we can fix an S-basis B = {vi}i∈A.

Then if W is the L-vector space generated by B, Mc = W c and ML = W ⊕W c.

Therefore, by the modular law and by Lemma 10.3,M = V ⊕W c where V =W∩M .

If M1 and M2 are two modules in CT then, for i = 1, 2, MiL = Wi ⊕Wic and

Mi = Vi⊕Wic where Vi =Wi ∩Mi. Therefore, if (f, g) is a morphism between the

artinian pairs V1 ↪→ W1 and V2 ↪→ W2 or, equivalently, f is a K-linear map and g

is an L-linear map, and there is a commutative diagram

V1 W1

V2 W2

incl.

f g

incl.

(∗)

then f can be extended to an S-linear map

g̃ : M1L =W1 ⊕W1c →M2L =W2 ⊕W1c

by setting g̃(wxn) = g(w)xn for any w ∈ W1 and any n ≥ 0. Notice that g is an

isomorphism if and only if g̃ is an isomorphism because g̃−1 = (g̃)−1.

As a consequence, we have

Corollary 10.6. The functor FT described in Corollary 10.5 is full when restricted

to the category CT and it reflects isomorphisms.

Therefore,

(i) two objects M1 and M2 of CR are isomorphic if and only if (M1)m and

(M2)m are isomorphic;

(ii) MT is projective if and only ifM ∈ CT and the inclusionM/Mc ↪→ML/Mc

sends K-basis of M/Mc to L-basis of ML/Mc if and only if MT is a free

T -module.

Proof. The remarks before the statement prove that the functor FT restricted

to the category CT is full and reflects isomorphisms.

The statement (i) follows because, by Corollary 10.5, FR(M) = FRm
(Mm) for

any object M of CR and, by the first part of the statement, two modules in CR are

isomorphic if and only if their corresponding artinian pairs are isomorphic if and

only if their localizations at m are isomorphic.

To prove (ii), notice that since over Rm all projective modules are free, it fol-

lows by (i) that all projective modules over R, since they are modules in CR, are
isomorphic to a free module. It is easy to check that this happens if and only if a

K-basis of V ∼=M/Mc is also an L-basis of W =ML/Mc.
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Now we summarize some results on finitely generated torsion-free modules over

R = K+xL[x]. As observed before, these are always in CT as well as infinite direct

sums of them.

Lemma 10.7. Let K ⊆ L be a field extension, let R denote the ring K+xL[x], and

m = xL[x]. Let M , N and {Mi}i∈I be finitely generated, torsion-free R-modules.

Then

(i) Every finitely generated indecomposable torsion-free Rm-module has local

endomorphism ring.

(ii) M ∼= N if and only if Mm
∼= Nm.

(iii) M is indecomposable if and only if Mm is indecomposable.

(iv) If M and {Mi}i∈I are indecomposable and M is a direct summand of⊕
i∈IMi, then M ∼=Mi for some i ∈ I.

Proof. (i) This follows from Lemma 3.5, taking T = L[x]m. Note that m is the

conductor, so it is different from zero as required in the hypothesis of the Lemma.

Statement (ii) is included in Corollary 10.6.

(iii). Suppose that Mm = A ⊕ B, and M is indecomposable. Let A′, B′ be

R-submodules of A and B generated by some finite set of Rm-generators of A and

B, respectively. Then (A′ ⊕ B′)m = A ⊕ B = Mm and by (ii), we deduce that

A′ ⊕ B′ ∼= M . Therefore, A′ = 0 or B′ = 0, that is, A = 0 or B = 0, and Mm is

indecomposable. The other implication is clear.

(iv). Suppose thatM is a direct summand of
⊕

i∈IMi. ThenMm is also a direct

summand of (
⊕

i∈IMi)m ∼=
⊕

i∈I(Mi)m. Since (Mi)m has local endomorphism ring,

it satisfies the Krull-Schmidt property, that is, Mm
∼= (Mi)m for some i ∈ I. By

(ii), we deduce that M ∼=Mi for some i ∈ I.

Corollary 10.8. Let K ⊆ L be a field extension, let R denote the ring K + xL[x].

Then the class of modules that are direct sums of finitely generated torsion-free

R-modules is closed under direct summands.

Proof. By Lemmas 10.1 and 10.7, the result follows from Proposition 7.2.

Now we want to explicitly construct finitely generated, indecomposable, torsion-

free T -modules where T denotes either R = K+xL[x] or Rm. First, we will specify

better how these modules and their endomorphism rings can look like.

Recall that if T = R = K+xL[x] then S = L[x], and if T = Rm then S = L[x]m.

Remark 10.9. Let MT be a finitely generated torsion-free T -module of rank n. As

ML is a finitely generated free S-module, we may assume thatM is a T -submodule

of Sn such that ML = Sn, in particular (xS)n ⊆M . Therefore, MT = V + (xS)n,

where V is aK-subspace of Ln satisfying V L = Ln. Notice that, this gives us a very

explicit construction of a T -module M ∈ C such that F (M) (cf. Corollary 10.5)

has as an image the module over the artinian pair V ↪→W .

Now we can also identify the endomorphism ring ofMT with a subring ofMn(Q),

in fact EndT (MT ) = {A ∈ Mn(Q) | AM ⊆ M}. Since (xS)n ⊆ M , if A ∈ Mn(Q)

represents an endomorphism of MT , then A ∈ Mn(S), i.e., EndT (MT ) = {A ∈
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Mn(S) | AM ⊆M}. Every matrix A ∈Mn(S) can be uniquely decomposed as the

sum of a matrixB ∈Mn(L) and a matrix C ∈Mn(xS). SinceMn(xS) ⊆ EndT (M),

A ∈ EndT (M) if and only if BV ⊆ V . This is to say that if A ∈ EndT (MT ), then

F (A) = B.

Lemma 10.10. Let K ⊊ L be a field extension, let R denote the ring K + xL[x],

and m = xL[x]. Let M be a finitely generated torsion-free right Rm-module of rank

n. Then Mn(xL[x]m) ⊆ J(EndRm
(M)).

Proof. Note that J(Rm) = mRm. Then, for every A ∈ Mn(xL[x]m), we

have M = AM + (I − A)M ⊆ J(Rm)M + (I − A)M . By Nakayama’s Lemma,

M = (I−A)M and, by Lemma 2.1(i), I−A is bijective. Hence A ∈ J(EndRm
(M)).

The following construction is a modification of [19, Construction 3.13] to build

indecomposable modules over artinian pairs. Using Remark 10.9, this immediately

yields the existence of indecomposable finitely generated T -modules of arbitrary

finite rank n ≥ 2.

Construction 10.11. Let n ≥ 2 be a fixed positive integer, and suppose we have

chosen α, β ∈ L with {1, α, β, α2, αβ, β2} linearly independent over K. Let I be the

identity n×n matrix and H be the nilpotent n×n matrix with 1 below the diagonal

and 0 elsewhere. For t ∈ K, we consider the n× 2n matrix,

Ψt := [I | αI + β(tI +H)] =


1 0 · · · 0 α+ tβ 0 · · · 0

0 1 · · · 0 β α+ tβ · · · 0
...

...
. . .

...
...

...
. . .

...

0 0 · · · 1 0 0 · · · α+ tβ


Let Vt be the K-subspace of Ln spanned by the columns of Ψt. Let A ∈ HomK(Vt, Vu),

where

HomK(Vt, Vu) = {A ∈Mn(L) | AVt ⊆ Vu}.
The condition AVt ⊆ Vu implies that there is a 2n × 2n matrix θ ∈ M2n(K) such

that AΨt = Ψuθ. Write θ =

[
C D

P Q

]
, where C,D, P,Q ∈Mn(K). Then, using the

condition AΨt = Ψuθ, we have the following two equations:{
A = C + αP + β(uI +H)P

αA+ βA(tI +H) = D + αQ+ β(uI +H)Q

Substituting the first equation into the second and combining terms, we get the

following:

−D + α(C −Q) + β(tC − uQ+ CH −HQ) + α2P

+ αβ(tP + uP +HP + PH) + β2(tuP +HPH + tHP + uPH) = 0.

From the linear independence of {1, α, β, α2, αβ, β2}, we have

D = P = 0, A = C = Q, (t− u)A+AH = HA.

In particular, we deduce that A ∈ Mn(K), and if A is an isomorphism and t ̸= u,

then the third equation above gives a contradiction since the left side is invertible and

the right side is not. Thus, if Vt ∼= Vu, then t = u. To see that Vt is indecomposable,
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we take u = t and suppose that A is idempotent. But AH = HA, and it follows

that A is in K[H], which is a local ring. Therefore A = 0 or I, as desired.

By Remark 10.9, Mt = Vt+(xS)n, where Vt is the K-subspace of Ln constructed

above, is an indecomposable T -module of rank n (as usual, T = R = K + xL[x] or

T = Rm). Notice that, in view of Corollary 10.5, there are, at least, |K| different
isomorphism classes of such modules.
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