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Abstract

Sakovich—Sormani introduced several notions of distance between certain classes of
Lorentzian manifolds. These distances use the Hausdorff and Gromov—Hausdorff dis-
tances and, therefore, extend naturally to a broader class of spaces. Here we show
that, for timed-metric-spaces, intrinsic timed—Hausdorff convergence implies (time-
less) Gromov—Hausdorff convergence as well as big bang convergence, among other
related implications for future-developed convergence.
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1 Introduction

Sakovich and Sormani in [8] introduced several notions of distance between certain
classes of Lorentzian manifolds. To do this, they gave a canonical method for convert-
ing smooth Lorentzian manifolds satisfying certain hypotheses—known as causally
null compactifiable—into compact timed-metric-spaces. This conversion uses the cos-

R. Perales was funded by the Austrian Science Fund (FWF) [Grant DOI: 10.55776/EFP6].

B Raquel Perales
raquel.perales @cimat.mx

Math Department, University of Vienna, Oskar-Morgenstern-Platz 1, 1090 Wien, Austria

Centro de Investigacion en Matemdticas, De Jalisco s/n, Valenciana, Guanajuato, Gto. Mexico 36023,
Austria

Published online: 15 May 2026 €\ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40590-026-00902-4&domain=pdf
http://orcid.org/0000-0002-7618-0197

70  Page2of 16 R. Perales

mological time function of Anderson—Galloway—Howard [2] together with the null
distance of Sormani—Vega [10].

Other approaches to convergence for Lorentzian manifolds were developed by
Minguzzi—Suhr [6] and by Mondino—Sdmann [7]. Minguzzi—Suhr established a com-
pactness theorem for “Lorentzian metric spaces” (which are not metric spaces). In
addition, Mondino—Sdmann introduced the notion of Lorentzian Gromov—Hausdorff
convergence for “Lorentzian pre-length spaces”, using causal diamonds and time sep-
aration functions, and proved a precompactness theorem.

In this short note, we prove several relationships between Sormani-Sakovich’s dis-
tances in the general setting of timed-metric-spaces, c.f. Conjectures 6.1—6.5 in [8].
No knowledge of Lorentzian geometry is required, but applications to the convergence
of Lorentzian manifolds are expected. We note that we do not use the compactness
and embedding theorem for the intrinsic timed-Hausdorff distance of Che—Perales—
Sormani [5], although it could provide alternative proofs of some of the results.

We begin by defining timed-metric-spaces and stating our first result. All remaining
relevant definitions can be found in Sect. 2.

Definition 1.1 A timed-metric-space, (X, d, t), is a metric space, (X, d), endowed
with a 1-Lipschitz function 7: X — [0, 00), that we call time function.

Theorem 1.2 (Part of Conjecture 6.1in [8]) If (X, d}, tj), j € N, and (X oo, doo, Too)
are compact timed-metric-spaces converging in the intrinsic timed-Hausdorff sense
as in Definition 2.4,

der (X5}, 1)), (oo doc, o)) = 0, (M)
then we have (timeless) Gromov-Hausdorff convergence:

don ((Xj.d)). (Xoo, dec) ) = 0. @)

There are special classes of timed-metric-spaces in which the time functions have
explicit formulas. These include big bang spaces and future-developed spaces. For big
bangs, Sormani—Vega [9] and Sakovich—Sormani [8] defined BB—-G H convergence,
while for future-developed spaces Sakovich—Sormani [8] introduced F D—H H con-
vergence, which can be seen as a particular case of the GH convergence for metric
pairs defined by Che, Galaz-Garcia, Guijarro, and Membrillo Solis [4]. We now state
some of the relationships between intrinsic timed—Hausdorff convergence and these
other two notions of convergence.

Theorem 1.3 (Part of Conjectures 6.2 and 6.4 in [8]) Let (X;,dj,t;), j € N, and
(X0, dos Too) be compact timed-metric-spaces.

Ifthe (Xj,dj, tj), j € N, are big bang as in Definition 2.5 and converge in the
intrinsic timed-Hausdorff sense as in Definition 2.4,

de-ir (X, 5, ), (Xoos doos o)) = O, 3
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Intrinsic timed-Hausdorff convergence and its implications Page3of16 70

then (X 5, doo, Too) s a big bang and we have convergence in the BB-GH sense as in
Definition 2.7,

dpp-GH ((Xj» dj, 7j), (Xoo, doo, Too)> — 0. 4

Conversely, ifall the (X, d}, t), j € NU{oo}, are big bang and converge in BB-GH
sense,

dep—cn((X} dj. 7)), Koo, doo, 7)) = 0 )

then they converge in the intrinsic timed-Hausdorff sense,

dr,H((X,-, d;. 7). (Xoo. doo, roo)) 0. 6)

We conclude this section with two results on future-developed spaces. We recall
that Conjecture 6.3 in [8] asks for a sequence of (smooth) future-developed spaces
that converges in the intrinsic timed—Hausdorff sense to a big bang space. Thus, one
should not expect a sequence of future-developed spaces that converges in the intrinsic
timed—Hausdorff sense to also converge in the FD-HH sense. However, convergence
does hold in the more general setting of metric pairs.

Theorem 1.4 Let (X;,dj, tj), j € N, and (Xeo, doo, Too) be compact timed-metric-
spaces converging in the intrinsic timed-Hausdorff sense as in Definition 2.4,

deir (X, 7. ), (Xoos doos 7)) = O, )

Ifthe (X, d;, tj), j € N, are future-developed as in Definition 2.6, then ro_ol ) £4,
Too = doo (ro_ol (0), ), and the sequence (X, T;l (0)) converges as metric pairs in the
Gromov-Hausdorff sense to (X, ro_ol 0)).

Theorem 1.5 (Partof Conjecture 6.5in [8]) Let (X j,d;, T;), j € N,and (X oo, doo, Too)

be compact future-developed timed-metric-spaces as in Definition 2.6 with

dip-nn (X} dj, 7)), (Xoo, doc, o)) = 0, ®)

then
de- (X}, dj, 7)), (Koo, doo, To0) ) = 0. ©)

The structure of the paper is as follows. In Sect.2 we review basic notions and
results on the Gromov—Hausdorff distance, followed by the convergence notions for
timed-metric-spaces introduced by Sakovich—Sormani. In Sect. 3 we prove the results
stated in the introduction.

2 Background

We review basic notions and results on the Gromov—Hausdorff distance, followed by
the convergence notions for timed-metric-spaces introduced by Sakovich—Sormani,
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closely following [8]. For further background on metric spaces, we refer the reader to

[3].
2.1 Metric spaces and distances between them

Given a metric space (Z, dz), the Hausdorff distance in Z between subsets, X, Y C
Z, is defined as

(10)

d[%[(X,Y)Zinf{g>O; VxEX,HyEYS.t.dz(x,y)<g }

VyeY,Ix e Xst.dz(x,y) <¢’

For two compact metric spaces (X, dx) and (Y, dy), the Gromov-Hausdorff dis-
tance (GH) between them is defined by

don((X,dx), (Y,dy)) = inf df (p(X), Y (Y)), (11)

where the infimum is over all distance-preserving maps, ¢ : X — Zand ¢ : ¥ — Z,
into all possible metric spaces, Z.
We now focus in a particular class of distance-preserving maps. For that, let

£° ={(s1,52,...) i85 € R, dpo((s1,52,...),(0,0,...)) < oo}

where
dgoo ((51,82,...), (r1,72,...)) =supfls; —r;| : i € N1

Definition 2.1 Given a compact metric space, (X, d), and a countable and dense col-
lection of points A" = {x{, x2, ...} C X, the Fréchet map of X given by AV,

kx = kx N (X, d) = (£, dpo),

is defined as
kx(x) = (d(x1,x),d(x2,x),...). (12)

Fréchet maps are distance-preserving, c.f. [8]. Following the notation of Sakovich-
Sormani (see Section 2.6 in [8]), given two compact metric spaces (X, dx) and (Y, dy),
let

de—Gu((X.dx), (Y, dy)) := inf dj; (kx(X), ky(Y)) 13)

where the infimum is taken over all pairs of Fréchet maps «x and xy. With this notation,
the following inequalities hold:

deon < d¢—cH < 2dgH. (14)

The first inequality follows right away. The second follows from the next proposition,
which is proven in [8].
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Proposition 2.2 Ler (X, dx) and (Y, dy) be two compact metric spaces. If
dou(X,Y) <R (15)
then there exist Fréchet maps kx : X — £° and ky : Y — £°° such that
dy” (kx(X), ky(Y)) < 2R. (16)
More explicitly, there exist countable dense sets
{x1,x2,...} C Xand{y1,y2,...} CY

such that the Fréchet maps defined by them satisfy (16).

2.2 Timed-metric-spaces and distances between them

For this section, recall the definition of timed-metric space, Definition 1.1.

Definition 2.3 Given a compact timed-metric-space, (X, d, t), and a countably dense
collection of points, N” C X, we define the timed-Fréchet map,

K, X = K¢ X N - X — [0, tax] x £ C e,

by k¢, x = (1, kx), where kx = kx _arisasinDefinition 2.1 and 7,4y = maxyex 7(x).

Timed-Fréchet maps are distance-preserving and restricting to them, one can define
the intrinsic timed-Hausdorff distance.

Definition 2.4 The intrinsic timed-Hausdorff distance between two compact timed-
metric-spaces, (X1, d1, 71) and (X3, da, 12), is defined as

deep((X1.d1 1), (X2, do, 7)) = inf iy (a3, (XD Ko (X2 (17)

where the infimum is taken over all possible timed-Fréchet maps «, x, and «+, x,.

We now define two special cases of timed-metric-spaces and corresponding intrinsic
distances between them.

Definition 2.5 A compact timed-metric-space (X, d, r) has a big bang if 77!(0)
consists of a single point, that we denote as ppp and call it the big bang point, and the
time function t equals the distance function to this point:

©(p) =d(p, ppp) Vp € X. (18)

In this case, we say that (X, d, 7) is a big bang timed-metric-space or a BB space.

Equivalently, we could define (X, d, ) to be a BB space if there exists a point
pBB € X, called the big bang point, such that the time function 7 is given as in (18).
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Definition 2.6 A future-developed timed-metric-space,l (X,d, 1), consists of a
timed-metric-space (X, d, ) and a non-empty set Y C X, of cardinality greater than
or equal to 2, such that

Y=7'0) and <t()=4d(,").

In this case, we also say that (X, d, t) is a FD space.

Definition 2.7 The intrinsic BB — G H distance between two compact big bang
timed-metric-spaces is defined as

dp—cu ((X1,d1, 1), (X2.d2, ©2)) = dpi—gu (X1, d1. psB.1), (X2, d2, pBB.2)),
(19)
where ppp.i = ri_l(O). Here,

dpi—ou ((X1,d1, pBB.1), (X2, d2, pBB.2))

is defined as the infimum over all distance-preserving maps ¢; : X; — Z and metric
spaces Z of sums of the form:

dE(p1(X1), 92(X2)) + dz (91 (pBB.1)s 92(PBE.2)).

Definition 2.8 The F D — H H distance between two compact future-developed space-
times is defined as

dip-nn (X1 di, 1), (Xa,do, ©2)) = (20)

= inf (dﬁ(fﬂl(xl), @2 (X2)) + df (o1(11), 902(Y2))>, 21

where the infimum is over all distance-preserving maps ¢; : X; — Z and over all
metric spaces Z.

Finally, we recall that given compact metric spaces (X ;, d;) and subsets Y; C X,

J € NU{oo}, itis said that (X, Y;), j € N, converge as metric pairs in the Gromov-
Hausdorff to (X, dxo) sense if

inf (dlzi((pj(xj)"ﬂoo(xoo)) +dIZ{(§0j(Yj)a§000(Yoo))) -0 asj—o0, (22)

where the infimimum is taken over all metric spaces Z and distance-preserving maps
¢j : Xj — Z. For additional details, see [1, 4].

! The current synthetic definition of a future-developed timed-metric-space is not yet fully satisfactory. In
the smooth Lorentzian setting, Y C X must be a hypersurface (satisfying suitable conditions). In particular,
it cannot be a big bang space and, thus, this definition precisely rules out this case.

@ Springer



Intrinsic timed-Hausdorff convergence and its implications Page70f16 70

3 Relationships between the notions of convergence

Here, we prove the results stated in the introduction.

3.1 Proof of Theorem 1.2

Lemma 3.1 If (X1, d1, 11) and (X2, da, T2) are compact timed-metric-spaces such that
their intrinsic timed-Hausdorff distance is bounded above,

dT*H((X]9d17 T])v (X25d27 7«'2)) < 87 (23)
then their (timeless) Gromov-Hausdorff distance is also bounded above:
don (X1, d), (X2, ) <. 24)

Proof By definition of intrinsic timed-Hausdorff distance, Definition 2.4, there exist
timed-Fréchet maps ¢ = k¢, x, and ¥ = k, x, such that setting Z = £°°, we have

df(p(X1), ¥(X2)) < e. (25)

Denote by F : Z — £°° the map that deletes the first coordinate, i.e.
F(x1,x2,x3,...) = (x2,x3,...).
Then, for the Fréchet maps kx, = F o ¢ and kx, = F o ¥ by (25), we have
diy (cx, (X1), kx,(X2)) < e
This implies, recalling the definition of Gromov-Hausdorff distance, that
don (X1, d), (X2, ) <,

which is what we wanted to prove. O
With the previous lemma at hand we establish our first main result.

Proof of Theorem 1.2 Assume
dT_H<(Xj,dj, 7). (Xoo. doo roo)) 0.

Then, for all ¢ > 0 there exists N(¢) € N such that for all j > N(e), we have
dr_H((Xj,dj, 77, (Xoo. doo roo)> <&
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Thus, by applying Lemma 3.1 we obtain

don (X, d), (Xoo,doo) ) < &,
which implies (2) and concludes the proof. m]

3.2 Proof of first part of Theorem 1.3 and Theorem 1.4

In this subsection, we give the proofs of two results stated in the introduction, which
are very similar.

Proof of first part of Theorem 1.3 Assume
dr—H((Xj’ dj, 1), Xeo, deo, Too)) — 0.

Thus, by definition, for all ¢ > 0 there exists N(¢) € N such that for all j > N(¢),
we have

d:— g ((Xj, dj, 7j), (Xoo, doo, Too)) < &.

By definition of intrinsic timed-Hausdorff distance, Definition 2.4, there exist timed-
Fréchet maps ¢; = Kz; X, and ¥; = K¢ x, such that for j > N(e) and setting
Z = £%°, we have

dfi (i (X)), ¥j(Xo0)) < €. (26)

Note that ¢; and v; also depend on ¢, when necessary and to avoid confusion, we
will add a superscript and denote them as <p; and w;., respectively.

First we show that ro’ol (0) # 0. Fix j = N(¢). By hypotheses, tj_l(O) consists of
only one point, which we denote by p; for brevity. By (26) there exist y; € X such
that

dz (@S (). V5 (Y9)) <e. 27)

By the previous inequality, and since <p;( pj) — 1//5())7) has as first entry 7;(p;) —
Too (y;), we see that '
Too(V5) = |7 (P)) — T (¥5)] < €. (28)

Hence, taking a sequence of positive numbers ¢ ; — 0, we can construct a subsequence
of points, that we do not relabel, y¢/ contained in X, such that 7,(y¢/) < €;. Since
X o 18 compact, there exists a point y € X, such that, up to a subsequence, y</ — y,
and by continuity of 74, we get Too(y) = 0.

Now we show that To_ol (0) consists of only one point. Assume that y;, y» € ro_ol 0).
Fix j > N(¢). By (26) there exist x;1, xj2 € X such that

dz(j(xji), ¥j(yi)) <e,  i=12. (29)
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Since y1, y2 € rogl (0), by the previous inequality and given that ¢; (x ;) — ¥ (y;) has
as first entry 7;(x;;) — Too(y;), we see that

Ti(xji) =11 (xji) —To(y) <€  i=12 (30)
By hypotheses d; (x;;, p;j) = 7 (x;;). Hence, by the triangle inequality, (29) and (30):

doo(y1, ¥2) = dz (¥ (y1), ¥ (32))
<dz(Wj(yD),ej(xj1) +dz(e;(xj1), 0;(p;))
+dz(pj(pj), 0j(xj2) +dz(pj(xj2), ¥j(y2))
< 4e.

Since ¢ > 0 is arbitrary, this shows that y; = y;. Denote by poo the only point in
-1
T (0).

Now we show that Too = doo(Poo, ). FiX j = N(e). First note that by (29) and
(30), we have

dz(¥j(pso), 9j(pj)) < dz(Vj(Peo)s @ (xji)) +dz(@;(xji), 9;(p;))
=dz(V;j(yi), 0j(xji)) + Tj(xji) < 2e. 3D

Let y € Xo. Take xy € X; such that

dz(@j(xy), ¥j(y)) <e. (32)

By considering the first coordinate function of ¢; and v, we know that |10 (y) —
7j(xy)| < &. Furthermore,

Tj(xy) =dz(pj(xy), 0;(p;))
<dz(@j(xy), ¥;(¥) +dz(¥;j(y), ¥j(poo)) +dz(¥j(pso), 9j(p)))
<dz(¥;j(y), ¥j(poo)) + 3e,

where we used the triangle inequality, (32) and (31). We can obtain a similar inequality
and conclude that

1Too (¥) = dz (W (y), ¥j(Po))| < 3e.

Since ¢ > 0 is arbitrary this proves that Too = doo(Poo, ). Hence, (Xoo, doo, Too) 1S @
BB space.

We finally show BB-GH convergence. Denote by F : £°° — ¢ the map given
by F(x1, x2, x3,...) = (x2, X3, ...). For the Fréchet maps Kx; = Fogpjandkyx,, =
F o by (26) and (31), we have

dfy (ex, (X)), kxo (Xoo)) +d° (kx, (P)). Kx oo (Poo)) < 3e. (33)
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Concluding that

dep—cn((X}dj, 7)), Koo, doc, o) ) < 32. (34)

Proof of Theorem 1.4 Assume
de—n((X;,d}, 7)), (Xoo, doc, To0) ) = 0.

Thus, by definition, for all ¢ > 0 there exists N(¢) € N such that for all j > N(¢),
we have

doy ((Xj, dj. 1)), (Xoo. doo, 1:00)) <s.

By definition of intrinsic timed-Hausdorff distance, Definition 2.4, there exist timed-
Fréchet maps ¢; = Ke; X, and V; = K¢ x,, such that for j > N(¢) and setting
Z = £*°, we have
dfy (9j (X)), ¥ (X)) < é. (35)

Note that ¢; and /; also depend on &, when necessary and to avoid confusion, we
will add a superscript and denote them as ¢ and ¥}, respectively.

First we show that To_ol (0) # 0. Fix j > N(¢g). By hypotheses, there exists p; €
rj_l(O). By (35) there exists y; € X such that

dz (5 (p)). W5 (9) < e. (36)

By the previous inequality, and since goﬁ( pj) — w;(yj.) has as first entry 7;(p;) —
Too (y;), we see that
T (¥5) = 7 (P)j) — T (V)] < €. (37)
Hence, taking a sequence of positive numbers ¢ ; — 0, we can construct a subsequence
of points, that we do not relabel, y°/ contained in X, such that 7o, (y“/) < €;. Since
X ~ 18 compact, there exists a point y € X, such that, up to a subsequence, y¢/ — y,
and by continuity of 7o, we get 7o(y) = 0.
We now show that too = doo (Yoo, )- Fix j > N(e). Let y € Xo. By (35) we can
take xy € X such that
dz(pj(xy), ¥i(y) <e. (38)

Since X ; is a compact FD space, there exists p € Y; such that
7j(xy) = dj(Yj. xy) = dj(p. xy). (39)
Furthermore, there exists y, € X such that

dz(pi(p), ¥j(yp)) <e. (40)
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Hence, recalling that 7; and 7, are the first coordinate functions of ¢; and v;,
respectively, we get

Too (Vp) = [Teo(¥p) — T (P)I 41)
<dzW;i(yp), vj(p) <e. (42)

By (39), (38), the triangle inequality, (40) and (39), we get

Too(¥) < Tj(xy) +dz (¥ (), @j(xy))
<dj(p,xy) +¢
<{dz(ej(p), ¥j(yp)) +dz(Wj(yp), ¥j(¥) +dz(P;(y), ¢j(xy))} + &
< deo(yp, ¥) + 3e.

Furthermore,

—Too(y) < =7 (xy) +dz (¥ (¥), 0j(xy))
< —dj(p,xy) +{dz(P; (), ¥jyp) +dz(¥j(yp), 0j(p)) +dz(@;i(p), ¥j(xy))}
S doo(yp,¥) t+ e

Hence,
[Too (¥) — doo(yp, ¥)| < 3e.

Since ¢ > 0 is arbitrary, one can construct a sequence of points y; € X such that
Too(yi) < & and

1Too (¥) — doo (yi, ¥)| < 3&;.
for &; N\ 0. Since X, is compact, up to a subsequence, y; converges to ¢ € X, and

since T, 18 continuous, g € Yoo. Hence, 150(y) = doo (¥, q) > doo(Y, y). Since 14
is 1-Lipschitz, the other inequality follows,

Too(¥) = min [Too(y) — Too(2)| < Min deo (¥, 2) = do (Y, ).
7€¥ 7€¥0
Hence, 100 = doo (Y0, ).

Denote by F : £*° — £°° the map given by F(xy, x2, x3, ...) = (x2, x3, ...). For
Jj = N(e), and the Fréchet maps Kx; = Fogjandkx, = F oy}, by (35), we have

dfy (ex, (X)), kxo (X)) < €. (43)
Finally, to see that N
df (kex;(Y)), kxp (Yoo)) < 28, (44)

we proceed as follows. Let p € Y;. By (35), we can take y, € X such that
dz(ej(p). vj(yp)) <e. (45)
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Hence, 700 (yp) = |To0(yp) — 7j(p)| < €. Since X« is a compact FD space, there
exists g € Yoo such that

Too (¥p) = doo(¥p, q)-

Furthermore, there exists y, € X oo such that

dz(ej(p), ¥j(yp)) <e. (46)
By the triangle inequality, we get

dz(j(p), ¥j(q)) < 2e. (47)

Similarly, for each g € Y there exists p € Y; such that the previous inequality holds.
This implies the required estimate and concludes the proof. O

3.3 Proof of second part of Theorem 1.3 and Proof of Theorem 1.5

In this subsection, we give the proofs of two results stated in the introduction, which
are very similar.

Lemma3.2 Let (X;,dj, tj) and (X0, doo, Too) be two compact big bang timed-
metric-spaces. Assume that

dggfgﬂ((xj, dj.7}), Xoor doo. roo>) <& (48)

Then
deoi (X}, dj, 7)), (Ko, doo, To0) ) < 26 (49)

More explicitly, there exist countable dense sets N'x ; and Nx_, such that the timed-
Fréchet maps k-; x; and k., x., defined by them satisfy

g (e, x,; (X)), K xoo (Xoo)) < 26 (50)

The proof is very similar to the proof of Proposition 2.2, but we give all the details
for completeness.

Proof Assume that
dpp—cu((X},dj, 7)), (X, doo, ) ) < 6. (51

By definition of BB —G H distance, there exist acompact metric space Z and isometric
embeddings ¢; : X; — Z and ¢oo : Xoo — Z such that

d%(9;(X}), 9oo(Xoo)) +dz(9; (PBB, ), Poo(PBE,0)) < €. (52)
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So for all x € X there exists y, € X« such that

dz(@j(x), ¢oo(yx)) < &, (53)

and for all y € X there exists x, € X; such that

dz(@j(xy), P (y)) < &. (54)

Let {x{, x}, ...} and {y], 5, ...} be two countably dense collection of points in X ;
and X, respectively. Applying (53) and (54), we obtain larger countably and dense
collections of points,

Nj={x1,x2,x3...} = {xi,xyi,xé,xyé,xg,xyé,...} CXj

and
NOO = {ylv Y2, y3, .. } = {yxi9 yiv yxév yév yxé’ yéf .. } C XOO
We then define timed-Fréchet maps, Koy, X = (T, /cxj) and k7 x,, = (Toos KXo )s

using these collections.
Given x € X; and y; € X that satisfy (53), we claim that

dpoo (krj x; (X)), Koy Xoo (Vx)) < 26 (55)
To prove the claim, recall that

ke;x; () =(7j(0), dj(x], x), dj (xyr, x), dj (x5, %), dj(xy7, %), ..)

Koo (76) =(Too (V%) doo (Vs Yx)s doc (9] ¥2)s oo (Vs Vi), doo (3, i), -+ )

Then by the fact that ¢; and ¢« are distance-preserving, the triangle inequality, (53)
and the second term to the left of (52), we have

ITj(x) — Too(Vx)| = |dj(x, pBBj) — doc(Yx, PBBoo)I (56)
<dz(@j(x), 9o (¥x)) +dz(@;j(PBBj)s Poo(PBBx))
< 2e.

Similarly, for any i € N,

|dj (i, %) = doo (37, )| = 1dz (9} (x7), 9 (%)) = dz(Poc (¥x7), Po0(¥2))
< dz(9;(x}), 9o (Vi) + dz (9} (x), Poo(¥x))
< 2e¢,
|dj(-xyl{7 x) - dOO(yl/v )’x)| < 28'
Hence, (55) holds. Analogously, one can show that for any y € X there exists

xy € X such that
o (kcr; X (Xy), Koy Xoo () < 26 (57)
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From (55) and (57) we conclude that (50) holds. ]
Proof of second part of Theorem 1.3 Assume that
dep—cu((X}dj, 7)), (Xoo, doo, o)) = 0, (58)

Then, for all & > 0 there exists N(¢) € N such that for all j > N(e), we have

dp—cu((X},dj, 7)), (Xoo, doo, ) ) < 6. (59)

Now by Lemma 3.2, for all j > N (&) we have

deen (X}, dj. 7)), (Koo, doos To0) ) < 26, (60)

which concludes the proof of the theorem. O

Lemma3.3 Let (Xj,d}, tj) and (Xeo, doo, Too) be two compact future-developed
timed-metric-spaces. Assume that

dFDfHH((Xj, dj, 1), (X0, doo> Too)) <e, (61)

then
dT_H((xJ-, d;. 7)), (Xoo. doo roo)) <2 (62)

More explicitly, there exist countable dense sets N'x ; and Nx_, such that the timed-
Fréchet maps k;, x; and k., x., defined by them satisfy

dfy (e, x; (X)), K xoo (Xoo)) < 26 (63)
Proof The proofis very similar to the one of Lemma 3.2. So, we use the same notation
as in that proof and only focus in the parts where they differ.

By definition of FF — DH, there exist a compact metric space Z and isometric
embeddings, ¢; : X; — Z and ¢ : Xoo —> Z, such that

dE (9 (X)), 9oo(Xoo)) + dE (9 (Y)), 9oo(Yoo)) < & (64)

Construct timed-Fréchet maps, KejX; = (T, KXj) and K7 x., = (Too, KX,,), a8 in
the proof of Lemma 3.2. Given x € X; and y; € X that satisfy

dz(9j(x), poo(yx)) < &,

we claim that
dpo (Krj X (x), Koo Xoo (yx)) < 2e.
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The proof of this claim proceeds as in the proof of Lemma 3.2, except for (56). For
this, note that Y; = r;l(O) C X is nonempty and compact, so there exists py € Y
such that

Ti(x) =d;(Y,x) =dj(x, px).

By the second term to the left of (64) there exist y,, € Yoo such that

dz(9j(Px), Poo(¥p,)) < &.

Hence,

Too (¥x) — Tj(X) = Too(Yx) — dj(x, px)
< doo(Yx» Ype) — dj(x7 Px)
=< dZ((Pj(x)» Yoo (Yx)) +dZ(‘pj(Px)’ (poo(pr)) < 2e,

where we used the fact that 7o, = d(Yo, ).Inasimilar way, we get the other inequality
and conclude that

1T (X) — Too (V)] < 2e.

This concludes the proof of the claim. The remaining part of the proof proceeds as in
the proof of the Lemma 3.2. O

Proof of Theorem 1.5 This follows applying Lemma 3.3. O
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