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A B S T R A C T

We discuss a representation of any probability distribution on the set of non-negative integers
as a waiting time distribution in a sequence of independent Bernoulli trials. Several associated
results are derived and illustrated by examples. Multivariate extensions are briefly treated as
well.

1. Introduction

The concept of a discrete random variable representing the waiting time for the first success in a sequence of Bernoulli trials
finds applications in various fields, including engineering and science. While the geometric distribution serves as the most common
example when the trials are independent and identically distributed (IID), there are also many examples of distributions that arise
in the Bernoulli trials scheme when the trials are independent but not necessarily identically distributed. An important example of
current interest is the case of the ‘‘harmonic’’ probability of success of the underlying sequence {𝐵𝑛} of independent Bernoulli trials:

P(𝐵𝑛 = 1) =
𝑤1

𝑤1 +𝑤2 + 𝑛 − 1
, 𝑛 ∈ N = {1, 2,…}, 𝑤1 > 0, 𝑤2 ≥ 0, (1)

as recently studied by Huillet and Möhle (2023). As discussed therein, the one-parameter model with 𝑤2 = 0 is closely related
to the Ewens sampling formula (Ewens, 1972), the Ewens fragmentation process (Gnedin and Pitman, 2007), as well as to cycles
of permutations and Poisson spacings (Najnudel and Pitman, 2020). The general model (1) has been studied extensively, with
applications in reliability theory, ecology, biology, random records theory and models for random walks with disasters (see,
e.g., Chen and Liu, 1997; Hoshino, 2001; Kozubowski and Podgórski, 2018; Pitman and Yor, 1997; Sibuya, 2014). Other important
special cases of (1) include one where 𝑤1 ∈ (0, 1) and 𝑤2 = 1 − 𝑤1, and another where 𝑤2 = 1, leading to Sibuya and Yule–Simon
distribution of 𝑁 , respectively, where

𝑁 = inf{𝑛 ∶ 𝐵𝑛 = 1}. (2)

Moreover, for 𝑤1 = 𝑤2 = 1, in which case we have P(𝐵𝑛 = 1) = 1∕(1 + 𝑛), the distribution of 𝑁 is given by

P(𝑁 = 𝑛) = 1
1 + (𝑛 − 1)

− 1
1 + 𝑛

= 1
𝑛(𝑛 + 1)

, 𝑛 ∈ N, (3)

and provides the waiting time for the first record (the value greater than all the previous values) connected with a sequence of IID
continuous random variables (Rényi, 1976). For an excellent summary of the historical development, applications, and new results
on Bernoulli sequence-based models of the form (1) we refer to Huillet and Möhle (2023).
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The main goal of this paper is to show that, in fact, every discrete distribution supported on the set of non-negative integers
0 = {0, 1,…} is uniquely represented as the waiting time for the first success in a sequence of independent Bernoulli trials. This

nterpretation provides an insight into the structure of the particular distribution, which may be crucial in applications. For instance,
f the Bernoulli success probability is of the form

P(𝐵𝑛 = 1) = 𝑆(𝑔(𝑛)), 𝑛 ∈ N, (4)

where 𝑆(𝑥) = P(𝑋 > 𝑥) is the survival function (SF) of a random variable 𝑋 and 𝑔(⋅) is a function on N, then the variable 𝑁 defined by
(2) provides the waiting time for the event {𝑋𝑛 > 𝑔(𝑛)} connected with a sequence {𝑋𝑛} of IID copies of 𝑋. Applications where such
andom variables are of great interest include scenarios in engineering where 𝑁 represents the waiting time for the process values
𝑛 to get ‘‘out of control’’. Similar applications arise when the success probabilities are of the form P(𝐵𝑛 = 1) = 𝐹 (𝑔(𝑛)), 𝑛 ∈ N,
here this time 𝐹 (𝑥) = P(𝑋 ≤ 𝑥) is the cumulative distribution function (CDF) of 𝑋.

The ideas and results presented in this paper have several important consequences, including a new method for constructing
ivariate (or multivariate) discrete distributions of a random vector 𝐍 = (𝑁1,… , 𝑁𝑘) with any given marginals and nontrivial
ependence structures. Indeed, one can work with a 𝑘-dimensional sequence {𝐁𝑗 = (𝐵(1)

𝑗 ,… , 𝐵(𝑘)
𝑗 )} of random vectors with marginal

ernoulli distributions such that for each 𝑖 = 1,… , 𝑘 the sequence {𝐵(𝑖)
𝑗 } of univariate Bernoulli trials have independent components

nd defines the distribution of 𝑁𝑖 via 𝑁𝑖 = inf{𝑛 ∶ 𝐵(𝑖)
𝑛 = 1}. While this idea has appeared already in connection with multivariate

eometric distribution (see, e.g., Marshall and Olkin, 1985), it does not seem to have been explored much for other cases. Even in
he geometric case, one can obtain a multitude of new multivariate distributions with given (geometric) margins by dropping the
ssumption that the underlying multivariate Bernoulli variables 𝐁𝑗 are IID, as typically assumed in this construction (Marshall and
lkin, 1985), but still maintaining the independence of the components within each univariate sequence {𝐵(𝑖)

𝑗 }. In comparison with
he popular copula-based methodologies for constructing multivariate models with given marginal distributions, our approach is
omputationally simpler and allows for an intuitive interpretation of the model.

While we do not aim at an exhaustive account of the proposed methodology, particularly in the multivariate case, our goal is
o present important properties of this construction in the univariate case (Section 2) along with illustrative examples (Section 3).
inally, we provide a brief introduction to the multivariate case (Section 4). We hope that the ideas and results presented below
ill be useful to researchers in statistics and those in other disciplines working with modeling data.

. Main results

In this section we present our main result showing that every discrete distribution on N0 = {0, 1,…} has an interpretation as a
waiting time for the first success in a sequence of independent Bernoulli trials. The waiting time is understood as the number of
failures before the first success, although this can also be re-formulated in terms of the total number of trials. We also provide a
probabilistic interpretation of this result and go over several important properties, followed by illustrative examples. We start with
the main result.

Proposition 2.1. Let 𝑁 be a discrete random variable on N0 and let {𝐵𝑛, 𝑛 ∈ N0} be a sequence of independent Bernoulli trials with the
probabilities of success given by

𝑞𝑛 = P(𝐵𝑛 = 1) =
P(𝑁 = 𝑛)
P(𝑁 ≥ 𝑛)

= P(𝑁 = 𝑛 ∣ 𝑁 ≥ 𝑛), 𝑛 ∈ N0, (5)

whenever P(𝑁 ≥ 𝑛) > 0 and with 𝑞𝑛 = 1 when P(𝑁 ≥ 𝑛) = 0. Then,

𝑁
𝑑
= inf{𝑛 ∈ N0 ∶ 𝐵𝑛 = 1}. (6)

Proof. For each 𝑛 ∈ N0, set 𝑝𝑛 = P(𝑁 = 𝑛) and let {𝐵𝑛, 𝑛 ∈ N0} be a sequence of independent Bernoulli trials such that P(𝐵𝑛 = 1) = 𝑞𝑛
with the {𝑞𝑛} defined above. Further, let 𝑀 = inf{𝑛 ∈ N0 ∶ 𝐵𝑛 = 1}. We show below that 𝑀 𝑑

= 𝑁 , proving the result. We accomplish
this by showing that for each 𝑛 ∈ N0 we have P(𝑁 ≥ 𝑛) = P(𝑀 ≥ 𝑛). Note that for 𝑛 = 0 we have P(𝑁 ≥ 0) = P(𝑀 ≥ 0) = 1. Next,
assume that the distribution of 𝑁 is unbounded, so that P(𝑁 ≥ 𝑛) > 0 for all 𝑛 ∈ N. Then, for each 𝑛 ∈ N, we have

P(𝑀 ≥ 𝑛) = P(𝐵0 = 0,… , 𝐵𝑛−1 = 0) =
𝑛−1
∏

𝑗=0
(1 − 𝑞𝑗 ), (7)

where the {𝑞𝑗} are given by (5). Since 1 − 𝑞𝑗 = P(𝑁 ≥ 𝑗 + 1)∕P(𝑁 ≥ 𝑗), we have

𝑛−1
∏

𝑗=0
(1 − 𝑞𝑗 ) =

P(𝑁 ≥ 1)
P(𝑁 ≥ 0)

⋅
P(𝑁 ≥ 2)
P(𝑁 ≥ 1)

⋯
P(𝑁 ≥ 𝑛)

P(𝑁 ≥ 𝑛 − 1)
=

P(𝑁 ≥ 𝑛)
P(𝑁 ≥ 0)

= P(𝑁 ≥ 𝑛) (8)

or all 𝑛 ∈ N. Thus, P(𝑁 ≥ 𝑛) = P(𝑀 ≥ 𝑛) for each 𝑛 ∈ N0, as desired. Finally, assume that the support of the distribution of 𝑁 is
bounded, so that 𝑝𝑘 > 0 for some 𝑘 ∈ 𝑁0 while 𝑝𝑗 = 0 for 𝑗 ≥ 𝑘 + 1. In this case, the {𝑞𝑛} are given by (5) for all 𝑛 ≤ 𝑘 and 𝑞𝑗 = 1
or all 𝑗 ≥ 𝑘. Moreover, for all 𝑛 ≤ 𝑘 Eqs. (7)–(8) still hold while for 𝑛 ≥ 𝑘+ 1 we have P(𝑀 ≥ 𝑛) = P(𝑁 ≥ 𝑛) = 0. Thus, we conclude

that P(𝑁 ≥ 𝑛) = P(𝑀 ≥ 𝑛) for each 𝑛 ∈ N . This completes the proof. □
0
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Remark 2.2. Let us note that according to (6), the probabilities 𝑝𝑛 = P(𝑁 = 𝑛) are given by

𝑝𝑛 = 𝑞𝑛
𝑛−1
∏

𝑗=0
(1 − 𝑞𝑗 ), 𝑛 ∈ N0, (9)

ith the product above understood to be 1 for 𝑛 = 0. Moreover, the quantity 𝑞𝑛 in (5) is actually the hazard rate function of the
istribution of 𝑁 , which uniquely determines this distribution (Shaked et al., 1995). The sequence {𝑞𝑛} is also determined uniquely

by the sequence {𝑝𝑛} under the convention that 𝑞𝑛 = 1 when P(𝑁 ≥ 𝑛) = 0. While Eq. (9) appeared in Shaked et al. (1995), there
was no interpretation as a waiting time distribution mentioned in their work.

Remark 2.3. It should be pointed out that not every sequence of independent Bernoulli trials leads to a proper probability
distribution of 𝑁 with probabilities 𝑝𝑛 = P(𝑁 = 𝑛) defined via (9). If for some 𝑘 ∈ 𝑁0 we have P(𝐵𝑘 = 1) = 1 then the resulting
variable 𝑁 is bounded above by 𝑘. However, if all the Bernoulli probabilities P(𝐵𝑗 = 1) = 𝑞𝑗 are less than 1, then, as shown in Salvia
and Bollinger (1982), the formula in (9) defines a legitimate set of probabilities on 𝑁0 if and only if

∞
∑

𝑖=0
𝑞𝑖 = ∞. (10)

This will always be true for monotonically non-decreasing sequences {𝑞𝑛}, but in general may fail, particularly when {𝑞𝑛} converges
to zero with a high rate. For example, while the harmonic sequence 𝑞𝑛 given by the right-hand-side in (1) satisfies (10), the sequence
𝑞𝑛 = 𝛼∕(𝑛 + 1)2 with 𝛼 ∈ (0, 1) does not. Thus, when {𝑞𝑛} is taken to be the set of probabilities {𝑝̃𝑛} of an unbounded distribution
on N0, then it does not yield a proper distribution of 𝑁 in (6). However, if in this setting we set 𝑞𝑛 = 1 − 𝑝̃𝑛, then the distribution
of 𝑁 will be proper. In this case, 𝑁 represents the size of the string of the form (0, 1,… , 𝑘) that may come up (right away) when
observing IID values of a random variable 𝑁̃ with probabilities given by {𝑝̃𝑛}. We refer to Chapters VIII and XIII of Feller (1968)
for classical examples of waiting times of various patterns of successes and failures connected with Bernoulli sequences.

Remark 2.4. The result in Proposition 2.1 has the following probabilistic interpretation. Consider a sequence of independent
random variables {𝑋𝑛, 𝑛 ∈ N0}, where 𝑋𝑛

𝑑
= 𝑁|𝑁 ≥ 𝑛 whenever P(𝑁 ≥ 𝑛) > 0 and 𝑋𝑛 = 𝑛 otherwise. Further, define a sequence

{𝐵𝑛, 𝑛 ∈ N0} of independent Bernoulli random variables via 𝐵𝑛 = 𝐈(𝑋𝑛 = 𝑛). Since the probabilities of success of the {𝐵𝑛} are given
by (5), it follows that the variable 𝑁 admits the representation (6) based on this particular {𝐵𝑛}. In other words, 𝑁 is the waiting
time (in terms of the number of failures) for the event 𝑋𝑛 = 𝑛.

Remark 2.5. Note that if P(𝑁 = 𝑖) = 0 for some 𝑖 ∈ N0 then 𝑞𝑖 = P(𝐵𝑖 = 1) = 0 as well, so that P(𝑁 ≠ 𝑖) = 1. Further, if the support
of the distribution of 𝑁 is bounded, so that P(𝑛1 ≤ 𝑁 ≤ 𝑛2) = 1 for some 0 ≤ 𝑛1 ≤ 𝑛2 < ∞, then we have 𝑞𝑖 = 0 for 𝑖 < 𝑛1 (so that
P(𝑁 = 𝑖) = 0) and 𝑞𝑛2 = 1 (so that P(𝑁 ≤ 𝑛2) = 1). In this situation we also set 𝑞𝑖 = 1 for all 𝑖 > 𝑛2.

2.1. Further properties

We start with the following result concerning monotonic stochastic behavior of the distribution of 𝑁 under monotonic
transformations of the associated sequence of Bernoulli probabilities {𝑞𝑛}. In the result below the ordinary stochastic order 𝑋 ≤st 𝑌
of two random variables 𝑋 and 𝑌 is equivalent to the condition that 𝐹𝑌 (𝑥) ≤ 𝐹𝑋 (𝑥) for all 𝑥 ∈ R where 𝐹𝑋 (⋅) and 𝐹𝑌 (⋅) are the CDFs
of 𝑋 and 𝑌 , respectively (see, e.g., Belzunce et al., 2016).

Proposition 2.6. Let 𝑖 ∈ {1, 2}. If 𝑁𝑖 is a discrete random variable on N0 with an associated sequence {𝑞(𝑖)𝑗 } of Bernoulli probabilities,
where for each 𝑗 ∈ N0 we have 𝑞(1)𝑗 ≥ 𝑞(2)𝑗 , then 𝑁1 ≤st 𝑁2.

Proof. The result is a consequence of (8). □

We now proceed with several results related to common transformations, where in each case we provide an interpretation in
terms of the underlying sequence of Bernoulli variables and/or their probabilities. For univariate transformations, we assume that
𝑁 is a random variable with support in 𝐍0, probabilities {𝑝𝑗}, and an associated Bernoulli sequence {𝐵𝑗} where P(𝐵𝑗 = 1) = 𝑞𝑗 ,
𝑗 ∈ N0. The transformed variable, denoted by 𝑁̃ , has probabilities denoted by {𝑝̃𝑗} and an associated Bernoulli sequence {𝐵̃𝑗} where
P(𝐵̃𝑗 = 1) = 𝑞𝑗 .

2.1.1. Truncation below
Let 𝑁̃ = 𝑁|𝑁 ≥ 𝑘 for some 𝑘 ∈ N, so that 𝑝̃𝑗 = P(𝑁̃ = 𝑗) = 0 for 𝑗 = 0,… , 𝑘 − 1 and

𝑝̃𝑗 = P(𝑁 = 𝑗|𝑁 ≥ 𝑘) =
𝑝𝑗

∑

𝑖≥𝑘 𝑝𝑖
for 𝑗 ≥ 𝑘. (11)

imple algebra shows that 𝑞𝑗 = P(𝐵̃𝑗 = 1) = 0 for 𝑗 = 0,… , 𝑘 − 1 and

𝑞𝑗 =
𝑝̃𝑗

∑ =
𝑝𝑗∕

∑

𝑖≥𝑘 𝑝𝑖
∑ ∑ =

𝑝𝑗
∑ = 𝑞𝑗 for 𝑗 ≥ 𝑘. (12)
𝑚≥𝑗 𝑝̃𝑚 𝑚≥𝑗 𝑝𝑚∕ 𝑖≥𝑘 𝑝𝑖 𝑚≥𝑗 𝑝𝑚

3 
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For a random variable that is truncated from below, the sequence of Bernoulli trials associated with it has the same probabilities of
success as those associated with the original random variable for indexes at or above the truncation level, and these probabilities
are equal to zero for indexes below the truncation level. Thus, in view of Proposition 2.6, we have 𝑁 ≤st 𝑁̃ .

2.1.2. Truncation above
Similarly, if 𝑁̃ = 𝑁|𝑁 ≤ 𝑘 for some 𝑘 ∈ N0 then 𝑝̃𝑗 = P(𝑁̃ = 𝑗) = 0 for 𝑗 = 𝑘 + 1, 𝑘 + 2,… and

𝑝̃𝑗 = P(𝑁 = 𝑗|𝑁 ≤ 𝑘) =
𝑝𝑗

∑

𝑖≤𝑘 𝑝𝑖
for 𝑗 ≤ 𝑘. (13)

imple algebra shows that in this case we have

𝑞𝑗 =
𝑝̃𝑗

∑𝑘
𝑚=𝑗 𝑝̃𝑚

=
𝑝𝑗∕

∑

𝑖≤𝑘 𝑝𝑖
∑𝑘

𝑚=𝑗 𝑝𝑚∕
∑

𝑖≤𝑘 𝑝𝑖
=

𝑝𝑗
∑𝑘

𝑚=𝑗 𝑝𝑚
for 𝑗 ≤ 𝑘. (14)

Since the Bernoulli probabilities of the original random variable 𝑁 are given by 𝑞𝑗 = 𝑝𝑗∕
∑∞

𝑚=𝑗 𝑝𝑚, we see that 𝑞𝑗 ≤ 𝑞𝑗 for 𝑗 ≤ 𝑘 so
that by (8) we have P(𝑁̃ ≥ 𝑛) ≤ P(𝑁 ≥ 𝑛) for 𝑛 ≤ 𝑘. On the other hand, for 𝑛 > 𝑘 we have P(𝑁̃ ≥ 𝑛) = 0, so the above relation
etween the two tail probabilities is also true. This leads to the conclusion that 𝑁̃ ≤st 𝑁 , as expected. The conclusion also follows
rom Proposition 2.6 with the convention that 𝑞𝑗 = 1 for all 𝑗 > 𝑘.

.1.3. Translation
Let 𝑁̃ = 𝑁 + 𝑘 for some 𝑘 ∈ N. Then,

𝑝̃𝑗 = 𝑃 (𝑁̃ = 𝑗) =

{

𝑝𝑗−𝑘 for 𝑗 ≥ 𝑘
0 for 𝑗 < 𝑘.

t follows that 𝑞𝑗 = 0 for 𝑗 < 𝑘 and 𝑞𝑗 = 𝑞𝑗−𝑘 for 𝑗 ≥ 𝑘. Thus, for a random variable that is shifted up by 𝑘 ∈ N, the sequence of
Bernoulli trials associated with it has the probabilities of success of the original random variable shifted according to the translation
parameter 𝑘 for indexes at or above 𝑘 and zeros for indexes lower than 𝑘.

2.1.4. Zero-inflation
Let 𝑁̃ be a zero-inflated 𝑁 , which is a mixture of a point mass at zero taken with probability 𝜔 ∈ (0, 1) and the distribution of

𝑁 taken with probability 1 − 𝜔, so that

𝑝̃𝑗 = P(𝑁̃ = 𝑗) =

{

𝜔 + (1 − 𝜔)𝑝0 for 𝑗 = 0
(1 − 𝜔)𝑝𝑗 for 𝑗 > 0.

It follows that 𝑞0 = 𝜔 + (1 − 𝜔)𝑞0 and

𝑞𝑗 =
(1 − 𝜔)𝑝𝑗

∑

𝑖≥𝑗 (1 − 𝜔)𝑝𝑖
= 𝑞𝑗 for 𝑗 > 0.

he sequence of Bernoulli trials for zero-inflated variable has the same probabilities of success as the original variable except for
he first element of the sequence.

.1.5. Minima and mixtures
Consider a random vector (𝑁1,… , 𝑁𝑘) of mutually independent discrete random variables on N0 with probabilities given by

𝑝(𝑖)𝑛 = P(𝑁𝑖 = 𝑛), 𝑛 ∈ N0. Further, let {𝐵(𝑖)
𝑗 , 𝑗 ∈ N0} be the Bernoulli sequence associated with 𝑁𝑖, where the sequences {𝐵(𝑖)

𝑗 }
are mutually independent across 𝑖 = 1,… , 𝑘 and P(𝐵(𝑖)

𝑗 = 1) = 𝑞(𝑖)𝑗 , 𝑗 ∈ N0. The first result below provides the Bernoulli sequence
associated with the random variable

𝑁̃ = min{𝑁1,… , 𝑁𝑘}. (15)

Proposition 2.7. In the above setting, the Bernoulli sequence associated with 𝑁̃ in (15) is given by

𝐵̃𝑗 = max{𝐵(1)
𝑗 ,… , 𝐵(𝑘)

𝑗 }, 𝑗 ∈ N0, (16)

so that

𝑞𝑗 = P(𝐵̃𝑗 = 1) = 1 −
𝑘
∏

𝑖=1
(1 − 𝑞(𝑖)𝑗 ), 𝑗 ∈ N0. (17)
Proof. The proof is straightforward. □
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We now consider a random variable 𝑁̃ with distribution which is a mixture of the distributions of 𝑁𝑖, so that

𝑝̃𝑛 = P(𝑁̃ = 𝑛) =
𝑘
∑

𝑗=1
𝜔𝑗𝑝

(𝑗)
𝑛 , 𝑛 ∈ N0, (18)

here the {𝜔𝑗} are non-negative weights that sum to 1. It turns out that the Bernoulli probabilities 𝑞𝑗 associated with the variable
̃ also arise as a mixture, as shown in the result below.

roposition 2.8. In the above setting, the Bernoulli sequence {𝐵̃𝑗 , 𝑗 ∈ N0} associated with 𝑁̃ in (18) has probabilities of the form:

𝑞𝑗 = P(𝐵̃𝑗 = 1) =
𝑘
∑

𝑖=1
𝜔𝑖𝑗𝑞

(𝑖)
𝑗 , 𝑗 ∈ N0, (19)

here

𝜔𝑖𝑗 =
𝜔𝑖P(𝑁𝑖 ≥ 𝑗)

∑𝑘
𝑙=1 𝜔𝑙P(𝑁𝑙 ≥ 𝑗)

, 𝑖 = 1,… , 𝑘, 𝑗 ∈ N0. (20)

Proof. This is a straightforward consequence of the definition of 𝑞𝑛 and the fact that P(𝑁̃ ≥ 𝑗) =
∑𝑘

𝑖=1 𝜔𝑖P(𝑁𝑖 ≥ 𝑗), 𝑗 ∈ N0. □

Remark 2.9. We note that in the special case where 𝑘 = 2 and 𝑁1 is a point mass at zero, the result in Proposition 2.8 reduces to
that connected with zero-inflation, discussed in Section 2.1.4.

3. Illustrative examples

As shown in Proposition 2.1, all the classical discrete distributions on N0, including the Poisson, the binomial, the negative
binomial, and the logarithmic distributions, arise as a waiting time for the first success of a particular Bernoulli sequence. The
probabilities of success of their underlying Bernoulli sequences are provided by the hazard rates of these distributions, which are
all well-known and studied in the literature. This provides an additional interpretation of these distributions, which may be useful
in certain applications. Some of these distributions appear in the examples below, which are focused on the lesser known and new
distributions, illustrating the main results of this paper.

3.1. Discretization of continuous random variables

There is a large body of literature devoted to various discretization schemes that generate discrete distributions on N or N0 from
their continuous counterparts. In one particularly popular scheme, a discrete variable 𝑁 is generated by taking the integer part of
𝑋 (see, e.g., Chakraborty, 2015), so that 𝑁 = 𝑛 whenever 𝑛 ≤ 𝑋 < 𝑛 + 1, leading to 𝑝𝑛 = P(𝑁 = 𝑛) = 𝑆(𝑛) − 𝑆(𝑛 + 1), where 𝑆(⋅) is
the SF of 𝑋. Moreover, in this scheme 𝑁 and 𝑋 share the same tail probabilities: P(𝑁 ≥ 𝑛) = P(𝑋 ≥ 𝑛) for integer values of 𝑛. If
the underlying 𝑋 has distribution supported on R+, then its discrete counterpart 𝑁 will have a discrete distribution on N0. In this
case the success probabilities 𝑞𝑛 of the Bernoulli sequence connected with 𝑁 have a simple representation in terms of the SF of 𝑋,
shown in the result below.

Proposition 3.1. Let 𝑋 have a continuous distribution on R+ given by the SF 𝑆(⋅), and let 𝑁 be defined as the integer part of 𝑋. Then
𝑁 admits the representation given by (6), where the success probabilities {𝑞𝑛} of the Bernoulli sequence {𝐵𝑛} are given by

𝑞𝑛 = P(𝐵𝑛 = 1) = 1 −
𝑆(𝑛 + 1)
𝑆(𝑛)

, 𝑛 ∈ N0. (21)

Proof. The proof is straightforward. □

3.1.1. Discrete Weibull distribution
If the random variable 𝑋 in Proposition 3.1 has a Weibull distribution, given by the SF 𝑆(𝑥) = exp(−𝜆𝑥𝛽 ), 𝑥 ∈ R+, where

𝜆 > 0 is a scale parameter and 𝛽 > 0 is a shape parameter, then upon discretization we obtain a discrete Weibull distribution (see,
e.g., Nakagawa and Osaki, 1975). According to Propositions 2.1 and 3.1, the resulting discrete Weibull random variable 𝑁 admits
the waiting time representation (6), where the success probabilities {𝑞𝑛} of the Bernoulli sequence {𝐵𝑛} are given by

𝑞𝑛 = P(𝐵𝑛 = 1) = 1 − 𝑒−𝜆[(𝑛+1)
𝛽−𝑛𝛽 ], 𝑛 ∈ N0. (22)

These probabilities are increasing for 𝛽 > 1 and decreasing for 0 < 𝛽 < 1, while for 𝛽 = 1 they are constant. In the latter case, the
Weibull distribution is exponential and its discretization is a geometric distribution with parameter 𝑝 = 1− 𝑒−𝜆, denoted by 𝐺𝐸𝑂(𝑝)
nd given by the PDF

𝑛
𝑝𝑛 = P(𝑁 = 𝑛) = 𝑝(1 − 𝑝) , 𝑛 ∈ N0. (23)
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3.1.2. Discrete Pareto distribution
If the random variable 𝑋 in Proposition 3.1 has Pareto Type II (Lomax) distribution, given by the SF 𝑆(𝑥) = (1+𝜎𝛼𝑥)−1∕𝛼 , 𝑥 ∈ R+,

here 𝜎 > 0 is a scale parameter and 𝛼 > 0 is a tail parameter, then upon discretization we obtain a discrete Pareto distribution (see,
.g., Buddana and Kozubowski, 2014). According to Propositions 2.1 and 3.1, the resulting random variable 𝑁 admits the waiting
ime representation (6), where the success probabilities {𝑞𝑛} of the Bernoulli sequence {𝐵𝑛} are given by

𝑞𝑛 = P(𝐵𝑛 = 1) = 1 −
(

1 + 𝜎𝛼𝑛
1 + 𝜎𝛼(𝑛 + 1)

)1∕𝛼
, 𝑛 ∈ N0. (24)

These probabilities are monotonically decreasing to zero for any 𝛼, 𝜎 > 0, and the discrete Pareto distribution has a power-law
ail. At the boundary value of 𝛼 = 0 the probabilities 𝑞𝑛 in (24) are constant, given by 𝑝 = 1 − 𝑒−𝜎 , and we recover the geometric
istribution (23). Further, in the special case where 𝛼 = 1 and 𝜎 = 1, the probabilities 𝑞𝑛 in (24) turn into 𝑞𝑛 = 1∕(2 + 𝑛). If in this
ase the distribution of 𝑁 is shifted up by 𝑘 = 1, then according to the results of Section 2.1.3 we obtain the harmonic probabilities
1) with 𝑤1 = 𝑤2 = 1. The corresponding random variable on N, with probabilities given by the right-hand-side in (3), provides the
aiting time for the first record connected with a sequence of IID continuous random variables, as discussed in the introduction.

.2. Geometric distribution

Let 𝑁 have a geometric distribution with the PDF (23), so that 𝑞𝑛 = 𝑝 for all 𝑛 ∈ N0. If 𝑁̃ 𝑑
= 𝑁|𝑁 ≥ 𝑘 for some 𝑘 ∈ N0, then

ccording to the results of Section 2.1.1 we have 𝑞𝑗 = 𝑝 for 𝑗 ≥ 𝑘 and 𝑞𝑗 = 0 for 𝑗 < 𝑘. In turn, by the results of Section 2.1.3, the
istribution of 𝑁̃ is also a translation of the distribution of 𝑁 up by the same 𝑘, that is 𝑁̃

𝑑
= 𝑁 + 𝑘. Thus we have recovered the

ell-known memoryless property of the geometric distribution: If 𝑁 ∼ 𝐺𝐸𝑂(𝑝) then 𝑁
𝑑
= 𝑁 − 𝑘|𝑁 ≥ 𝑘 for all 𝑘 ∈ N0. On the other

and, if 𝑁̃ 𝑑
= 𝑁|𝑁 ≤ 𝑘 for some 𝑘 ∈ N, then, by the results of Section 2.1.2, the {𝑞𝑛} sequence of 𝑁̃ is given by

𝑞𝑛 =
𝑝

1 − (1 − 𝑝)𝑘+1−𝑛
, 𝑛 ≤ 𝑘, (25)

which is monotonically increasing to the largest value of 𝑞𝑘 = 1. By convention, we also set 𝑞𝑛 = 1 for all 𝑛 > 𝑘.
Consider now a random variable 𝑁̃ defined via 𝑁̃ = min{𝑛 ∶ 𝐵̃𝑛 = 1}, where 𝑞𝑛 = P(𝐵̃𝑛 = 1) = 1 − 𝑝𝑛, 𝑛 ∈ N0, and the {𝑝𝑛} are

the geometric probabilities in (23). It is easy to see that the PDF of 𝑁̃ is given by

𝑝̃𝑛 = P(𝑁̃ = 𝑛) = 𝑝𝑛(1 − 𝑝)𝑛(𝑛−1)∕2 − 𝑝𝑛+1(1 − 𝑝)𝑛(𝑛+1)∕2, 𝑛 ∈ N0, (26)

while the tail probability of 𝑁̃ is of the form P(𝑁̃ ≥ 𝑛) = 𝑝𝑛(1 − 𝑝)𝑛(𝑛−1)∕2, 𝑛 ∈ N0. The latter is the product of P(𝑁1 ≥ 𝑛) = 𝑝𝑛 and
P(𝑁2 ≥ 𝑛) = (1−𝑝)𝑛(𝑛−1)∕2, where 𝑁1 ∼ 𝐺𝐸𝑂(1−𝑝) and 𝑁2 has the PDF given by 𝑝(2)𝑛 = P(𝑁2 = 𝑛) = (1−𝑝)𝑛(𝑛−1)∕2−(1−𝑝)𝑛(𝑛+1)∕2, 𝑛 ∈ N.
This shows that 𝑁̃ 𝑑

= min{𝑁1, 𝑁2}, where 𝑁1 and 𝑁2 are independent. Since the q-sequences of 𝑁1 and 𝑁2 are given by 𝑞(1)𝑛 = 1− 𝑝
and 𝑞(2)𝑛 = 1− (1− 𝑝)𝑛, respectively, we have 𝑞𝑛 = 1− (1− 𝑞(1))(1 − 𝑞(2)), so our conclusion is also consistent with Proposition 2.7. The
distribution of 𝑁2 is obtained as follows. By the results of Section 2.1.3, we have 𝑁2

𝑑
= 𝑀 +1, where 𝑀 is a discrete distribution on

N0 with the q-sequence given by 𝑞𝑀𝑛 = 1− (1− 𝑝)𝑛+1 = 1−𝑆(𝑛+1)∕𝑆(𝑛), where 𝑆(𝑥) = (1− 𝑝)𝑥(𝑥+1)∕2 (𝑥 > 0) is the SF of a continuous
random variable 𝑋. By Proposition 3.1, 𝑀 is the integer part of this 𝑋. Finally, note that since 𝑔(𝑥) = 𝑥(𝑥 + 1)∕2 is a bijection on
[0,∞), it follows that 𝑋 𝑑

= ℎ(−𝐸∕ log(1 − 𝑝)), where 𝐸 is standard exponential and the function ℎ(⋅) is the inverse of 𝑔(⋅).

3.3. Sibuya distribution

When 𝑤1 = 𝛼 ∈ (0, 1) and 𝑤2 = 1 − 𝛼, then the harmonic probabilities (1) turn into 𝛼∕𝑛 (𝑛 ∈ N), and the distribution of 𝑁
defined via (2) is known as the Sibuya distribution (see, e.g., Kozubowski and Podgórski, 2018). This 𝑁 provides the number of
trials before the first success in a sequence of independent Bernoulli trials with the above probability of success. According to the
results of Section 2.1.3, this distribution is a translation by 𝑘 = 1 of a Sibuya distribution on 𝑁0, which represents the number of
failures before the first success, and for which we have

𝑞𝑛 = P(𝐵𝑛 = 1) = 𝛼
𝑛 + 1

, 𝑛 ∈ N0. (27)

ccording to (9), the probabilities of the random variable 𝑁 defined via (2) for which the {𝑞𝑛} in Proposition 2.1 are given by (27),
re as follows:

𝑝𝑛 = P(𝑁 = 𝑛) = (1 − 𝛼)(1 − 𝛼∕2)… (1 − 𝛼∕𝑛) 𝛼
𝑛 + 1

=
(

𝛼
𝑛 + 1

)

(−1)𝑛, 𝑛 ∈ N0. (28)

With the sequence {𝑞𝑛} slowly decreasing to zero, the distribution (28) is heavy tailed, and the tail probability of 𝑁 has power-law
asymptotics (see, e.g., Corollary 2.6 in Kozubowski and Podgórski, 2018):

P(𝑁 ≥ 𝑛) ∼ 1 1 as 𝑛 → ∞. (29)

𝛤 (1 − 𝛼) 𝑛𝛼
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Consequently, the moments of order 𝛼 and above of this distribution do not exist. On the other hand, a related distribution for which
the Bernoulli probabilities are given by 𝑞𝑛 = 1 − 𝑞𝑛 and the corresponding ‘‘waiting-time’’ random variable 𝑁̃ has probabilities of
the form1

𝑝̃𝑛 = P(𝑁̃ = 𝑛) = 𝛼
1
𝛼
2
⋯

𝛼
𝑛

(

1 − 𝛼
𝑛 + 1

)

= 𝛼𝑛

𝑛!
− 𝛼𝑛+1

(𝑛 + 1)!
, 𝑛 ∈ N0, (30)

has a very light tail, since here we have

P(𝑁̃ ≥ 𝑛) = 𝛼𝑛

𝑛!
, 𝑛 ∈ N0. (31)

Since the tail probability in (31) is the product of the tail probabilities of 𝑁1 and 𝑁2, where P(𝑁1 ≥ 𝑛) = 𝛼𝑛 and P(𝑁2 ≥
𝑛) = 1∕𝑛!, it follows that 𝑁̃

𝑑
= min{𝑁1, 𝑁2}, where 𝑁1 and 𝑁2 are independent. This is in agreement with Proposition 2.7, since

𝑞𝑛 = 1 − (1 − 𝑞(1)𝑛 )(1 − 𝑞(2)𝑛 ), 𝑛 ∈ N0, where 𝑞(1)𝑛 = 1 − 𝛼 are the success probabilities of the Bernoulli sequence corresponding to the
(geometric) variable 𝑁1 ∼ 𝐺𝐸𝑂(1 − 𝛼) and 𝑞(2)𝑛 = 1 − 1∕(𝑛 + 1) are the success probabilities of the Bernoulli sequence corresponding
o 𝑁2. This is a special case of the result below, which can be proven along the same lines.

roposition 3.2. For each 𝛼, 𝛽 ∈ [0, 1], let 𝑋𝛼 have the distribution given by the PDF (30) and let 𝑁𝛽 have a geometric 𝐺𝐸𝑂(1 − 𝛽)

distribution. Then, min{𝑁𝛽 , 𝑋𝛼}
𝑑
= 𝑋𝛼𝛽 .

4. Remarks on multivariate extensions

The results presented above lead to a new method for constructing multivariate discrete distributions of 𝐍 = (𝑁1,… , 𝑁𝑘) with
any given univariate marginals supported on N0 and with a nontrivial dependence structures. Indeed, one may be able to build such
istributions starting with a 𝑘-dimensional sequence {𝐁𝑗 = (𝐵(1)

𝑗 ,… , 𝐵(𝑘)
𝑗 )} of random vectors with univariate marginal Bernoulli

distributions such that for each 𝑖 = 1,… , 𝑘 the sequence {𝐵(𝑖)
𝑗 } of univariate Bernoulli trials have independent components and

𝑖 = inf{𝑛 ∶ 𝐵(𝑖)
𝑛 = 1}.

Below we sketch this idea in the bivariate case 𝑘 = 2. Since we are interested in bivariate distributions with fixed marginals, it is
onvenient to describe the Bernoulli random vector 𝐁 = (𝐵(1), 𝐵(2)) from the perspective of its marginal distributions, using marginal
robabilities of success 𝑞(𝑖) = P(𝐵𝑖 = 1) ∈ [0, 1], 𝑖 = 1, 2. The joint probabilities of 𝐁 can be conveniently described via a 2 × 2 table

(see Table 1). With the marginals being fixed, the distribution is driven by the parameter 𝛼, with range given by

𝐷(𝑞(1), 𝑞(2)) =
{

𝛼 ∶ 0 ∨
𝑞(1) + 𝑞(2) − 1
𝑞(1) ∧ 𝑞(2)

≤ 𝛼 ≤ 1
}

, (32)

here 𝑥 ∧ 𝑦 = min{𝑥, 𝑦} and 𝑥 ∨ 𝑦 = max{𝑥, 𝑦}. We denote this distribution by 𝐵𝐵(𝛼, 𝑞(1), 𝑞(2)). We note that the independent case
rises when 𝛼 = 𝑞(1) ∨ 𝑞(2), which always falls within the boundaries in (32), while the upper and lower boundaries for 𝛼 correspond
o extreme positive and negative linear dependence, respectively.

Table 1
A general bivariate Bernoulli distribution 𝐵𝐵(𝛼, 𝑞(1) , 𝑞(2)).
𝐵(1)∖𝐵(2) 1 0

1 𝛼(𝑞(1) ∧ 𝑞(2)) 𝑞(1) − 𝛼(𝑞(1) ∧ 𝑞(2)) 𝑞(1)

0 𝑞(2) − 𝛼(𝑞(1) ∧ 𝑞(2)) 1 − 𝑞(1) − 𝑞(2) + 𝛼(𝑞(1) ∧ 𝑞(2)) 1 − 𝑞(1)

𝑞(2) 1 − 𝑞(2)

Suppose we wish to construct a bivariate distribution of 𝐍 = (𝑁1, 𝑁2) on N2
0 with the 𝑁𝑖 having particular marginal distributions

efined through the set of probabilities {𝑝(𝑖)𝑗 } such that 𝑝(𝑖)𝑗 = P(𝑁𝑖 = 𝑗), 𝑗 ∈ N0. These {𝑝(𝑖)𝑗 } then ‘‘connect’’ with the success
probabilities {𝑞(𝑖)𝑗 } of the underlying Bernoulli sequences {𝐵(𝑖)

𝑗 } via Proposition 2.1, so that 𝑁𝑖 = inf{𝑗 ∶ 𝐵(𝑖)
𝑗 = 1}. Thus, given a

particular bivariate sequence {𝐁𝑗 = (𝐵(1)
𝑗 , 𝐵(2)

𝑗 ), 𝑗 ∈ N0} such that 𝐁𝑗 ∼ 𝐵𝐵(𝛼𝑗 , 𝑞
(1)
𝑗 , 𝑞(2)𝑗 ), 𝑗 ∈ N0, and where for each 𝑖 = 1, 2 the

Bernoulli variables {𝐵(𝑖)
𝑗 } are mutually independent across 𝑗 ∈ N0, the variables 𝑁1 and 𝑁2 defined via 𝑁𝑖 = inf{𝑗 ∶ 𝐵(𝑖)

𝑗 = 1} have
the required marginal distributions. There are multiple ways of constructing such multivariate Bernoulli distributions (cf. Lovison,
2006), with the simplest scenario being the case where the bivariate vectors 𝐁𝑗 are mutually independent. This was the underlying
assumption in this construction where it was used earlier to define bivariate geometric distribution (see, e.g., Marshall and Olkin,
1985 and references therein). However, this work (and other similar works) focused on the geometric model assume that the 𝐁𝑗
are actually IID, with the same parameter 𝛼 across different 𝑗, so that 𝐁𝑗 ∼ 𝐵𝐵(𝛼, 𝑞(1), 𝑞(2)), where the 𝑞(1) 𝑞(2) are the (constant)
sequences corresponding to the marginal geometric variables 𝑁𝑖 ∼ 𝐺𝐸𝑂(𝑞(𝑖)), 𝑖 = 1, 2. However, the assumption of constant 𝛼 in the
BB distribution can be relaxed with the 𝐁𝑗 still being mutually independent but not identically distributed. To illustrate this, we
re-visit the geometric case, where 𝑁𝑖 ∼ 𝐺𝐸𝑂(𝑞(𝑖)), 𝑖 = 1, 2 and where 𝐁𝑗 ∼ 𝐵𝐵(𝛼𝑗 , 𝑞(1), 𝑞(2)) are mutually independent across 𝑗 ∈ N0,

1 This distribution was briefly mentioned in Salvia and Bollinger (1982), see their example b on p. 458. However, the expression for the relevant probability

iven therein was not stated correctly.
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where each 𝛼𝑗 satisfies the boundary condition (32) but otherwise can vary arbitrarily with 𝑗. It is straightforward to derive the
joint PDF of (𝑁1, 𝑁2), where 𝑁𝑖 = inf{𝑗 ∶ 𝐵(𝑖)

𝑗 = 1}, leading to

𝑝𝑖𝑗 = P(𝑁1 = 𝑖,𝑁2 = 𝑗) =

⎧

⎪

⎨

⎪

⎩

𝑞(2)(1 − 𝑞(2))𝑗−𝑖−1(𝑞(1) − 𝛼𝑖𝑞)
∏𝑖−1

𝑘=0(1 − 𝑞(1) − 𝑞(2) + 𝛼𝑘𝑞) 𝑖 < 𝑗,
𝛼𝑖𝑞

∏𝑖−1
𝑘=0(1 − 𝑞(1) − 𝑞(2) + 𝛼𝑘𝑞) 𝑖 = 𝑗,

𝑞(1)(1 − 𝑞(1))𝑖−𝑗−1(𝑞(2) − 𝛼𝑗𝑞)
∏𝑗−1

𝑘=0(1 − 𝑞(1) − 𝑞(2) + 𝛼𝑘𝑞) 𝑖 > 𝑗,

here 𝑞 = 𝑞(1) ∧ 𝑞(2). It can be shown that this is a well defined distribution on N2
0. Moreover, this family of bivariate distributions

ith geometric 𝐺𝐸𝑂(𝑞(𝑖)) marginals of 𝑁𝑖 is more general than that studied in the literature (Marshall and Olkin, 1985), where it
as assumed that all {𝛼𝑖} are equal.

emark 4.1. There is a multitude of different multivariate geometric distributions in the literature, some of which are related to
he construction via Bernoulli trials discussed above. Nair et al. (2018) presented six different constructions. Other methods were
eveloped in Jayakumar and Mundassery (2007), Omey and Minkova (2014), Roy (1993), Phatak and Sreehari (1981), and Kimpton
t al. (2022), among others. It is worth mentioning that the model studied by Omey and Minkova (2014), which was defined via a
ingle sequence of independent trials with three different outcomes, is actually equivalent to the above construction via IID bivariate
ernoulli trials where 𝑞(1) + 𝑞(2) < 1 and 𝛼 = 0 (corresponding to the extreme negative correlation). Another popular model studied
y Phatak and Sreehari (1981) and others (see, e.g., Jayakumar and Mundassery, 2007) can also be related to the above scheme,
lthough the 𝑁1 and 𝑁2 are defined by different means. Namely, assuming that we observe a sequence of IID bivariate Bernoulli
rials 𝐁𝑗 ∼ 𝐵𝐵(0, 𝑞(1), 𝑞(2)) where 𝑞(1)+𝑞(2) < 1 (so that the event (1, 1) can never be observed), the variables 𝑁1 and 𝑁2 represent the

numbers of events (1, 0) and (0, 1), respectively, before the first event (0, 0) is observed. It should be noted that while the marginal
distributions of these 𝑁1 and 𝑁2 are indeed geometric, the parameters are no longer given by 𝑞(1) and 𝑞(2).

Data availability
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